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Abstract

An image signal captured by a photonic sensor is corrupted by noise and other dis-
tortions, and requires several operations before rendering a presentable photo, including
denoising, demosaicking, rectification, and white balancing. Specifically, denoising re-
duces acquisition noise without destroying image details, while interpolation generates
novel pixels at new 2D locations using acquired image data.

Such image operations are typically applied in sequence—e.g., denoising an image
first followed by interpolation—which is sub-optimal in general.

In this thesis, we jointly optimize denoising and interpolation operations from a
graph signal processing (GSP) perspective. Specifically, we first develop two theo-
rems that show one-to-one mappings between (pseudo-)linear denoisers / interpolators
and undirected / directed graph filters that are solutions to variational optimization
problems regularized using different graph smoothness priors. Leveraging these theo-
rems, we investigate scenarios where joint denoising / interpolation operations would
outperform separate operations in sequence, and mathematically derive those optimal
joint operators. Experiments demonstrate validation results, where optimized joint
operators outperformed separate operators in sequence in various practical imaging

scenarios.
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1 Introduction

An image signal captured by a photonic sensor is often corrupted by noise and other dis-
tortions due to a variety of reasons, such as physical sensor defects, lens imperfections, en-
vironmental factors (e.g., rain, fog, haze), insufficient or uneven lighting, and camera focus
or motion-related effects. There exist statistical noise models aim to capture the resulting
adverse effects due to different causes, including Gaussian noise [3], Poisson noise [4], impulse
noise (e.g., salt-and-pepper noise) [5], and quantization noise [6].

Given a noise-corrupted image as input, in addition to denoising, there exist many pro-
cessing steps, such as demosaicking [7], rectification [8], contrast enhancement [9], white
balancing [10], gamma correction [11], colour correction [12], before a presentable image
can be rendered. In this thesis, we focus on two fundamental operations: denoising and
interpolation. Examples of image interpolation abound. Demosaicking [7] is the process of
interpolating missing colour pixels given only sparse colour observations in a Bayer-patterned
2D grid (with only one of red / green / blue component at each pixel location). Many image
transformation tasks, such as rotating, warping and rescaling [8], can also be considered as
interpolation. In stereo vision, rectifying a pair of images so that pixels in one row in the left
image correspond to pixels of the same row in the right image is important; rectified stereo
image pairs are used to estimate a disparity map, which in turn is used for 3D tasks such as
3D object reconstruction and recognition [13,14].

The need for both image denoising and interpolation naturally leads to the question of
how to jointly perform them optimally, so that the output image quality can be maximized.
One straightforward approach is to do the two operations sequentially, i.e., either denoise
first and then interpolate, or interpolate and then denoise the image. Denoising an image
before interpolation reduces noise, ensuring that interpolation operates on a cleaner image.

However, denoising is fundamentally a tradeoff between noise reduction and inadvertent
removal of intrinsic image details, and thus an overly-aggressive denoiser would “oversmooth”
an image, leaving little details for the interpolator to operate on. On the other hand,
an inadequate denoiser would leave nontrivial noise behind in the image, and subsequent

interpolator would then spread the noise further to newly interpolated pixels.



Image interpolation before denoising would enable interpolation of new pixels using orig-
inal image details that would otherwise be damaged by an aggressive denoiser.

However, interpolation first also means spreading acquisition noise in observed pixels to
newly interpolated pixels, creating correlated noise patterns that are more difficult to remove
subsequently. It would also mean that the noise energy in the signal is amplified through
the interpolator.

In this thesis, we investigate the optimal joint denoising / interpolation problem for im-
ages from a graph signal processing (GSP) perspective [15,16]. GSP studies mathematical
tools like transforms, wavelets, and filters to process discrete signals residing on irregular
data kernels described by finite graphs. Assuming signals are smooth with respect to (w.r.t.)
the underlying graph kernels, numerous image restoration algorithms have been developed
for various applications, including image denoising, interpolation, dequantization, deblur-
ring, contrast enhancement, point cloud denoising, super-resolution, etc [17-21]. Leveraging
these works, for joint image denoising / interpolation, we first develop two new theorems
that establish one-to-one mappings between a (pseudo-)linear denoiser / interpolator and a
undirected / directed graph filter that is a solution to a variational optimization problem
regularized by a chosen graph smoothness prior: graph Laplacian regularizer (GLR) [22]
and graph shift variation (GSV) [23], respectively. These one-to-one mappings allow us to
combine the denoising and interpolation operations in a unified variational objective for joint
optimization. Analyzing these joint optimizations for different combinations of denoisers and
interpolators, we identify scenarios where separate denoising / interpolation operations in
sequence would be optimal, and scenarios where joint denoising / interpolation operations
would outperform separate operations in sequence. For the latter scenarios, we mathemat-
ically derive the optimal joint denoising / interpolation operators as functions of initial
denoising and interpolation operators. Experiments demonstrate validation results, where
optimized joint operators outperformed separate operators in sequence in various practical
imaging scenarios.

The outline of the thesis proposal is as follows. Section 2 discusses related works on topics
such as image denoising, image interpolation, joint image denoising and interpolation, and

graph spectral image processing in detail. Section 3 introduces fundamental concepts and



notations in GSP, laying the foundation for this proposal. In Section 4, we dive deeper into
graph interpretations of denoiser and interpolator and our joint optimization formulation.
Penultimate Section 5 describes the experimentations carried out to test the validity of
the proposed theorems and the results of the tests. Finally, Section 6 arrives at conclusions
based on the theory and experiments and points to future research areas based on the

learnings of this undertaking.

Figure 1: Bayer pattern [1] used in camera sensors with its blue, green, and red components



2 Related Works

We discuss existing works under two broad categories. The first is literature in image inter-
polation and denoising. The second is graph signal processing (GSP) and its application to

imaging.

2.1 Image Denoising

Image denoising is a basic problem in image restoration that aims at removing additive noise
from a noise-corrupted image to recover the original pristine image. Noise can be introduced
during image acquisition, transmission, or processing; it degrades the visual quality and
impairs the performance of subsequent image analysis tasks. Various denoising techniques
have been developed over the years, each leveraging different model-based or data-driven

signal priors.

2.1.1 Model-based Local Filters

Traditional image denoising methods include spatial domain filters such as mean [24] and
median filters [25], which are simple but often lead to loss of image details and blurring.
Gaussian filter is a very basic denoising method that employs a Gaussian function to smooth
the image, but often blurs fine details as well. Gaussian filter is signal-independent and
inherently linear, and is not sufficiently powerful for practical image denoising.

Bilateral filter (BF') [26] combines domain and range filters to preserve object boundaries
while smoothing. Mathematically, BF is expressed as

1) = g S 100 e (120 e (110 O "

p qeN

where I;(p) is the filtered intensity of pixel at coordinate p, I(q) is the intensity of pixel
at coordinate ¢ within the neighborhood Q, W, = quQ exp <—%> exp (—W)
is a normalization factor, and o, and o, are parameters for the domain and range filters,
respectively.

Unlike Gaussian filter, BF is signal-dependent: the filtered intensity I¢(p) is a function

of the difference in intensity values |I(p) — I(g)|. This makes BF nonlinear or pseudo-linear.
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However, when BF is applied iteratively, it can cause undesirable “staircase” effect in the
resulting image—artificially created boundaries between adjacent constant pieces that do
not exist in the original image.

In a variational optimization approach, a denoising filter can be derived from an opti-
mization problem, with a well-defined fidelity term and a signal regularization term. As an
example, restoration of a signal corrupted by additive white Gaussian noise (AWGN) can
be written as

x" = argmin [[y — x[[3 + p R(x), (2)

where ||y — x| is the fidelity term, and R(-) is a chosen prior for regularization. The
parameter p controls the trade-off between the fidelity term and the regularization term,

also known as the bias-variance tradeoff in the machine learning literature [27].

Sparse Representation: Sparse coding is another variational approach to image denoising
[28]. In this method, an image (or image patch) x € R? is represented as a linear combination
Da of atoms from an overcomplete dictionary D € R?*" such that n > d, and the code
vector a € R" is assumed to be sparse. The optimization problem can be formulated as
follows:

o’ = argmin |y — Da|l; + Al (3)

The overcomplete dictionary D can be trained offline using data and learning methods
such as K-SVD [29], or constructed from multiple known orthogonal transforms, such as the
discrete cosine transform (DCT). Given that the fp-norm is combinatorial and minimizing it
is NP-hard, greedy algorithms such as matching pursuit or orthonormal matching pursuit [30]
are employed to approximately solve (3).

Alternatively, promoting sparsity in a can be done by convexifying the non-convex fy-
norm to a convex ¢1-norm (thus relaxing an NP-hard problem to a convex problem). Then, it
can be solved using basis pursuit [31], iterative shrinkage-thresholding algorithm (ISTA) [32],
or fast iterative shrinkage-thresholding algorithm (FISTA) [33]. However, the ¢;-norm is
non-differentiable, necessitating iterative algorithms like ISTA and FISTA, which are com-
putationally intensive.

Although sparse coding is a general and intuitive framework, it faces two main challenges:



(i) acquiring a suitable overcomplete dictionary essential for these methods can be demanding
and complex, and (ii) solving the sparse optimization objective, as formulated in (3), poses

considerable computational challenges.

Total Variation: A widely used prior in variational denoising is total variation (TV)-
based regularization [2, 3], based on the principle that natural images are mostly smooth,
with occasional large discontinuities. Mathematically, the (discrete) total variation Rpy (x)

is defined as:

Rrv(X) = Y [l — 2l (4)

JeQ
where €); represents the set of four horizontal and vertical neighboring pixels of x;, and
| - |4 denotes the ¢,-norm—typically ¢ = 1. A concise notation for Ry (x) is ||Vx||,, where
Vx is the gradient of x, calculated by the difference between consecutive samples. For an
image, two pixels are consecutive if they are either horizontally or vertically adjacent. Hence,
the dimensionality of |Vx||, is 2N(N — 1). Generally, the ¢;-norm is applied to promote
sparsity in the optimal solution. In this scenario, Rpy can be solved using ISTA [34] or
FISTA [33]. However, as with other sparse representations, solving TV is computationally
intensive, mainly because of the non-differentiable ¢;-norm term, which lacks closed-form
solutions [35]. Further, the ¢;-norm induces a sparse gradient that leads to piecewise constant
signals, resulting in an undesirable staircase effect in denoised images (Figure 2).

To address this, total generalized variation (TGV) [36] was proposed as an extension
of TV, which includes higher-order derivatives alongside the first derivative to mitigate the
staircase effect. However, TGV still involves the non-differentiable /;-norm, making it chal-

lenging to solve efficiently.

2.1.2 Model-based Non-Local Filters

Non-local means (NLM) [37] denoises an image by averaging pixels in a target patch with
similar patches, preserving texture and fine details better than local methods. BM3D (Block-
Matching and 3D Filtering) [38] is a highly effective image denoising algorithm that combines
non-local means and collaborative filtering. The algorithm works by dividing the image into

overlapping blocks, searching for similar blocks within a predefined window, and grouping



Figure 2: Noisy image denoised using total variation (TV) minimization. Denoised image exhibits staircase

effect along gradient changes [2].

these blocks to form a 3D array. This array undergoes a 3D transform, such as the Discrete
Cosine Transform, followed by Wiener filtering to attenuate noise. The inverse transform
then reconstructs the denoised blocks, which are aggregated back into their original positions

to form the final image.

2.1.3 Deep Learing-based Denoisers

Recently, deep learning-based methods has become dominant in the image denoising problem
domain. DnCNN [39] leverages residual learning to efficiently remove Gaussian noise from
images. Denoising autoencoder [40] is a type of neural network that learns to reconstruct
a clean input from a corrupted version of it. The model consists of an encoder that maps
the input to a latent space, and a decoder that reconstructs the input from the latent
representation. Lately, transformer networks such as Swin Transformer [41] are employed for
image denoising. Swin Transformer is a hierarchical vision transformer that processes visual
data by using shifted windows for self-attention computation. This enables the capturing
of both local and global dependencies. In SwinlR [42], the network is adapted for image

restoration. The architecture consists of three modules: shallow feature extraction, deep



feature extraction using residual Swin Transformer blocks (RSTBs), and a reconstruction
module. SwinlR reconstructs a high-quality image by focusing on recovering lost high-

frequency details while maintaining low-frequency stability through skip connections.

2.1.4 Graph-based Filters based on GSP

GSP-based methods have shown great promise in image denoising in recent years. In [43],
a regularization termed called optimal graph Laplacian reqularizer (OGLR), which assumes
that the target pixel is smooth with respect to a graph, is derived for denoising in the
discrete domain. An iterative algorithm with the same name OGLR is developed based
on the derived Laplacian. Experimental results show that this method is competitive with
state-of-the-art denoising schemes such as BM3D [38]. [44] combines model-based approach
and deep learning by integrating graph Laplacian regularization as a trainable module in a
deep learning network. This is shown to be less susceptible to overfitting than traditional
CNNs and achieve higher performance with smaller datasets.

In [45], unrolling of graph total variation (GTV) [19,46] as layers of a neural network is
studied. GTV is defined as,

GTV(x) = Z w; ;T — x| (5)

(i,5)e€
where x is the image signal represented as a vector of pixel intensities. w; ; of edge (3, j) is the
non-negative weight encoding the similarity between nodes (pixels) i and j. These weights
can be computed based on pairwise spatial or intensity similarity, as done in bilateral filter

(BF) [26]. The denoising problem then can be formulated as
min [ly — x|5 + £ GTV(x), (6)

where 1 is a tradeoff parameter balancing the fidelity term and the signal smoothness term.

In [19], An ¢;-Laplacian matriz Ly is introduced as
Lr = diag(T'1) — T, (7)

where I' is the adjacency matrix with edge weights I';;, given a signal estimate x°, as



w. .
L, = J ’ (8)
P max{(af — a5}

where p > 0 is a chosen parameter to circumvent numerical instability when |27 — 2| ~ 0.

Using these definitions, (6) is reformulated as

x* = argmin ||y — x||2 + px " Lrx. (9)

Then, the optimization with only /5-norm terms has a closed-form solution,
x* = (1+ uL)ly. (10)

(10) is computed multiple times to solve the original denoising problem. This iteration is
unrolled into several GTV layers in a neural network called DeepGTV, where each layer uses
the signal reconstructed by the previous layer to generate an even better approximation of

the signal as output.

2.2 Image Interpolation

Image interpolation is another fundamental operation in image processing, used for tasks
such as image rescaling, translating, shrinking, rotating, warping, etc. Several techniques
have been proposed for image interpolation, ranging from classical methods to modern deep
learning approaches. Nearest neighbor interpolation is the simplest method, where the value
of the nearest pixel is assigned to the interpolated pixel. It is computationally efficient but
can produce blocky images with jagged edges. Bilinear interpolation [47] is another classical
method, which calculates the interpolated pixel value as a weighted average of the four
nearest pixel values. It provides smoother results than nearest neighbor interpolation but
can introduce blurring. Bicubic interpolation [48] computes the weighted average of the 16
nearest pixels, providing even smoother results and better edge preservation compared to
bilinear interpolation. However, it is more computationally intensive.

Spline interpolation (including B-splines [49], [50] and cubic splines [48]) is a more ad-
vanced interpolation technique modelling the image as a piecewise polynomial function. This

method offers high-quality results, especially for smooth regions and gradual transitions.



Lanczos resampling image interpolation [51], which is based on sinc function, is effective in
reducing aliasing artifacts and preserving image details. It is widely used in high-quality
image scaling applications.

Recently, deep learning based image interpolation methods have been proposed. Super-
Resolution Convolutional Neural Network (SRCNN) [52] employs a deep convolutional neural
network (CNN) to perform image super-resolution. The network learns to map low-resolution
images to high-resolution counterparts, effectively interpolating missing pixel values. Deep
Image Prior (DIP) [53] proposed a randomly initialized CNN as a prior to reconstruct images.
Without any training data, the network is optimized to fit the corrupted image, which can

be applied to tasks like super-resolution and inpainting.

2.2.1 Demosaicking

Demosaicking is a critical interpolation task in digital imaging, aimed at reconstructing a
full-color image from the incomplete color samples captured by a camera sensor equipped
with a color filter array (CFA), such as the widely used Bayer pattern [1] (see Figure 1). In
a Bayer-patterned grid, each pixel records only one of the three primary color components—
red, green, or blue—leaving the other two components to be estimated. This process is
inherently an interpolation problem, as it involves generating missing pixel values based on
sparse observations, and is often complicated by noise in the raw sensor data. We study
demosaicking as an practical example in our joint interpolation / denoising framework in
this thesis.

Traditional demosaicking methods rely on simple interpolation techniques. For instance,
bilinear interpolation [47] estimates missing color values by averaging neighboring pixel in-
tensities of the same color channel. For a pixel at position (i,j) in a Bayer pattern, the

missing green value G(7, j) at a red pixel location can be computed as:

where G(i—1,7), G(i+1, ), etc., are the green values at neighboring positions. While com-
putationally efficient, this method often introduces artifacts like color aliasing and blurring

near edges due to its inability to exploit inter-channel correlations or local structures [7].
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Bicubic interpolation [54], a more advanced technique than bilinear interpolation, es-
timates missing pixel values using a cubic polynomial over a 4x4 neighborhood of known

pixels [48]. For a pixel value f(x,y) at fractional coordinates (x,y), it can be expressed as:

flay) =Y > fm+in+j)w(e—(m+i)wly - (n+j), (12)

i=—1j=—1

where m = |z|, n = |y|, f(m+i,n+ j) are the known pixel values in the 4 x 4 grid, and

SIe)® - 2[t)* +1 if [t] <1,
w(t) = —LtP SR — 4t +2 if1< [t <2 (13)
0 if |¢| > 2

is the cubic weighting function [48]. While offering smoother results than bilinear interpo-
lation, its application in demosaicking can lead to color artifacts and smoothing in textured
or edge regions [55].

Spline interpolation [56], particularly cubic splines, provides a smooth reconstruction of
missing pixel values by fitting piecewise cubic polynomials between known data points [57].
For a 1D signal with known values f(x;) at points x;, the cubic spline s(x) between z; and

Zip1 1S given by:
s(x) = a; + bi(x — ;) + ¢;(x — xi)2 +di(z — $¢)3, < w< Xy, (14)

where coefficients a;, b;, ¢;, and d; are determined by ensuring continuity of the function and
its first and second derivatives across knots [57]. In demosaicking, this can be extended to
2D by applying splines separably along rows and columns of the CFA data. While effec-
tive for smooth transitions, spline interpolation may oversmooth sharp edges and increase
computational complexity [7].

To address some of these issues such as color artifacts and aliasing, adaptive homogeneity-
directed demosaicking [58] leverages local edge directionality. It selects interpolation direc-
tion (horizontal or vertical) based on homogeneity measures, such as intensity differences, to
preserve edges, though it may falter under noisy conditions.

Model-based approaches enhance demosaicking by casting it as an optimization problem.

A notable example is total variation (T'V)-based demosaicking [59], which jointly reconstructs

11



the full-color image while suppressing noise. In [59], Condat proposes a variational framework
for joint demosaicking and denoising using total variation (TV) minimization. The approach
formulates demosaicking as a constrained optimization problem, minimizing a TV norm that

separates luminance and chrominance components:
lallrv = pl[Va® |l + [[Vas, (15)

for some parameter ;o > 0, where a” and a“ are the luminance and chrominance components
of the vector-valued image a, and |(al|,, = >, .z v/alk/Ha[k] with H indicating the complex

conjugate transpose [59]. The optimization problem is then:
d = argmin ||a|pv st. a*[k] =vk], Vke€ Z? (16)

where v[k] contains the noisy CFA measurements at pixel positions k, and a*[k] denotes the
color channel X € {R, G, B} sampled at k. While effective for edge preservation and noise
reduction, the TV prior can introduce staircase artifacts.

Another model-based method, gradient-based demosaicking [60], interpolates using direc-
tional gradients, which improves edge fidelity. For instance, the green value at a red pixel is
estimated as:

Gli—1,)+G(G+1,5)+ G, — 1)+ G(i,j+ 1)
4

G(i,j) = +alg(i,g),  (17)

where Ag(i, j) is the gradient of the red channel at that location, computed by:

. o1 : :
AR(Z7.]) :r(zvj)_z E : T(Z+ma]+n)a (18)
(m,n)E{(O,—2),(0,2),(—2,0),(2,0)}

where (i, j) denotes red pixel.

Deep learning-based methods have also been applied to demosaicking in recent years. [61]
proposes a cascade of convolutional residual denoising networks (CRDNs) for demosaicking,
modeling it as an inverse problem solved iteratively via proximal gradient descent. The
CRDNSs are trained to approximate the proximal operator by minimizing the following loss

function:

Q) = gmlx =gl + o)+ where z=y+(I-M)x. (19
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with o as the noise level, a is a scaling factor for noise, M as the CFA sampling mask, ¢(x)
as the learned regularizer, c is a constant, y is the observed mosaicked image, and x; is the
initial estimate of the image.

[62] introduces a deep residual learning approach for demosaicking, focusing on recovering
fine details in noise-free Bayer CFA data. They formulate demosaicking as an optimization

problem inspired by MAP estimation with a Markov random fields prior:

K N
1
m}gngﬂy—M@XHgJﬁ\ZZPk((fk*X)p), (20)

k=1 p=1
where y is the CFA image, x is the full-color image, M is the CFA sampling mask, \ is the
regularization parameter, and the second term is an MRF prior with filters f; and penalty

functions pg(-). The optimization is solved iteratively via gradient descent:
K
Xt = Xp—1 — A Z (fk * ¢k (fk * Xt_1)> s (21)
k=1

where f;, is the adjoint filter, and ¢y(-) = p,(-). The CNN learns to approximate these
updates to refine the demosaicked image.

While effective, these methods depend on extensive training data, limiting adaptabil-
ity to diverse noise profiles—a challenge our operator-agnostic GSP framework addresses

analytically.

2.3 Joint Image Denoising / Interpolation

Joint demosaicking and denoising (JDD) is a well-studied problem in the imaging literature.
Bayer-patterned grid pixels captured by cameras need to be demosaicked (interpolated) to
produce missing RGB values on the 2D image grid. Doing this with every color channel
will produce a full colour image. As with all other raw images, captured pixels on the
Bayer-patterned grid are noise-corrupted, and thus require denoising.

To solve this problem, various approaches have been proposed to combat noise con-
tamination during interpolation. A total least squares based denoising method is studied
in [63]. In [64], the authors address the JDD problem by learning a series of energy min-

imizations. In [65], a convolutional neural network (CNN) is trained to map noisy Bayer

13



inputs M; to clean RGB outputs O;, minimizing an L. loss function over a training dataset
D = {(0;, M;, I;)};, where o; is the noise variance, and I; is the ground-truth patch. The

loss function is defined as:
1
L ({w®,0'9},) = D] > lo; = L)%, (22)

where p is the patch size, and the weights w® and biases b9 are optimized using the ADAM
algorithm [66]. The network learns to simultaneously interpolate missing colors and denoise,
achieving high PSNR and detail preservation.

[67] employs a Generative Adversarial Network (GAN), optimizing a combined loss
function that includes pixel-wise, perceptual, and adversarial terms. The pixel-wise loss is

defined as:

| B W A
Lyse = S Z Z Z || o (TN e — 15

c=1 w=1 h=1

, (23)

where I'™PU is the noisy CFA input, I¢ is the ground-truth image for channel ¢, and
Go (I is the network’s output. The perceptual loss, based on features from the 19th
layer of a pre-trained VGG19 network, is

Wi Hij
1 - c inpu 2
L= > (61, — 6ij(Goe(I"™))ay), (24)
WZJ‘HZJ z=1 y=1

where ¢; denotes the feature map at layer j. The adversarial loss for the generator is

= —— Z log De,, (I7"™), (25)

where I?"P"" = G, (™), and De,, is the discriminator. The total loss combines these
terms:

L = Lysg + ApLyp +AaLa, (26)

where )\, and A4 are Lagrangian parameters to control tradeoff among the regularization
terms.

Another well-studied joint denoising / interpolation problem is joint denoising and super-
resolution. The goal of super-resolution problem is to reconstruct a high-resolution image

from one or more low-resolution images. During this process, noise in a low-resolution
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image will be amplified and affect the quality of the reconstructed high-resolution image. A
dictionary-based solution for solving super-resolution of depth images is presented in [68].
Existing literature often deals with specific denoisers and interpolators. In our work,
however, we develop theorems that are operator-agnostic, as long as they satisfy certain
specified conditions (to be discussed in detail). This results in broad applicability to a wide
range of image transformation tasks. Note also that we are not proposing any new denoiser
or interpolator; rather, we investigate how best to combine a denoiser and an interpolator,

so that the joint task can be optimally performed.

2.4 Graph Spectral Image Processing

Graph signal processing (GSP) is a relatively new field that studies computation tools like
transforms and wavelets for discrete signals on irregular data kernels described by finite
graphs. An image can be interpreted as a graph signal, where each pixel is represented by
a node in the graph. GSP tools have been used for many imaging problems [16], such as
image compression [17], [69], denoising [43], [44], [45], soft decoding of JPEG images [70],
deblurring [19], contrast enhancement [20], and interpolation [35]. The general approach in
GSP-based image processing literature is to construct an undirected similarity graph that
encodes inter-pixel relations based on predefined metrics, such as pixel intensity similarity.
This similarity graph serves as an underlying data kernel to derive optimal low-pass graph
filters via convex optimization, which are then used to perform specific image processing
tasks. Specifically, given a similarity graph, a suitable graph filter is derived by solving
a mazimum a posteriori (MAP) problem regularized by a chosen graph smoothness prior.
Popular graph smoothness priors include graph Laplacian regularizer (GLR) [43] and graph
total variation (GTV) [19,46]. Each smoothness prior requires a well-defined graph, which
can be constructed either statistically or using machine learning techniques. There are
model-based statistical graph learning approaches [71-74], as well as deep learning based
methods [44,45], which can be used to construct the underlying graphs.

In this proposal, we study the optimization of a joint denoising / interpolation operation
from a GSP perspective. To derive an optimal graph-based denoiser, GLR [43] is used as

the signal prior in our formulation, where an undirected graph is used to model inter-pixel
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similarities. On the other hand, to derive an optimal graph-based interpolator, we study the
mapping from original pixels to interpolated pixels using a directed graph; this leads to a
directed graph regularization term called graph shift variation (GSV) [23] for optimization.
Using a directed graph here makes sense for image interpolation, as original pixels should
influence newly interpolated pixels but not vice versa. To our knowledge, we are the first in

the literature to employ a directed graph for image interpolation.
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3 Preliminaries

3.1 Graph Signal Processing

We review basic definitions in GSP to facilitate subsequent discussions on algorithm develop-
ment. A graph G = (V, £) is composed of a set of N nodes V = {1,..., N} and a set of edges
E. The edge set can be specified as {(4, j, w; ;) }, where 7,7 € V, and w; ; € R is a real-valued
scalar weight (which can be positive or negative) of an edge (i, ) € £ that connects nodes i
and j. This weight reflects the degree of (dis)similarity between signal values at nodes ¢ and
Jj—the larger the weight w; ;, the more similar the signal values x; and z; are expected to
be.

An adjacency matriz can be defined as W € RY*Y  where W, ; = w; ; if (i,7) € &, and
Wi ; = 0 otherwise. In our analysis, we consider both undirected and directed graphs. For
an undirected graph, W is symmetric, i.e., W; ; = W;;,Vi,j € V.

A diagonal degree matriz can be defined as D € RY*Y where D;; = > Wij. Given
defined W and D, we can define a combinatorial graph Laplacian matriz as L & D —W. To
account for cases where the graph includes self-loops (i.e., w;; # 0 for some i) the generalized
graph Laplacian matriz L, is defined as Ly, 2 D — W +diag(W). In both cases, we assume
that the Laplacian matrix is positive semi-definite (PSD), which means that it satisfies the
condition x"Lx > 0, Vx. If the constructed graph is positive, i.e., w;; > 0,Vi,j € V, then
L and L, are provably PSD [75]. If a matrix L is real and symmetric, then by the Spectral
Theorem [76], it can be eigen-decomposed into L = VAV where V = [vq,...,vy] is the
matrix of orthonormal eigenvectors as columns, and A = diag(A, ..., Ay) is the diagonal
matrix of real-valued eigenvalues. L being PSD means A\, > 0, Vk.

If we assign a signal value x; € R to each node 4, then the ensemble x = [z, ...zx]|" € RY
is called a graph signal on graph G. The graph spectrum of an undirected graph G consists
of the eigen-pairs (Ag, vi), for k € {1,..., N}, of the Laplacian matrix L. In this context,
the eigenvalue A\, represents the k-th frequency, and the corresponding eigenvector vy, is the

k-th graph Fourier mode. The GFT coefficients of a signal x are given by X = V 'x.
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3.1.1 Graph Smoothness Priors

There are various graph smoothness priors proposed in the GSP literature, each assuming
that the signal x is smooth with respect to the underlying graph G, but expressed using dif-
ferent mathematical formulations. The most common prior is the graph Laplacian reqularizer

(GLR) [22):

x'Lx = Z w; (v, — x;)* = Z A3 (27)

(i,5)€E k

Here, L is the combinatorial graph Laplacian for graph G, A is the k-th eigenvalue of L, and
7y, is the k-th GFT coefficient for signal x, obtained by computing x = U'x. From (27),
in the nodal domain, a small GLR implies that connected node pairs (i, j) with large edge
weights w; ; should have similar signal values z; and x;. In the graph frequency domain,
a small GLR indicates that the signal energies 77 should primarily be concentrated in low
frequencies )\, implying that the signal x should exhibit low-pass characteristics.

Another frequently used graph smoothness prior is the graph shift variation (GSV) [23].
To define it, we first introduce the row-stochastic adjacency matrix A, = D~'A. The GSV

is then expressed as

I — Aux|3 = [1(T— Ap)x|l = |Lyx|l2 (28)
DN
k

Here, A is the k-th eigenvalue of the random walk graph Laplacian L, £ D~'L, and &, is the
k-th coefficient obtained from the transform VTx, where V contains the right eigenvectors
of L, as its columns, i.e., L, = Udiag(\) VT,

GSV (28) represents the ¢y-norm difference between the signal x and its shifted version
A, x, where the row-stochastic adjacency matrix A, serves as the graph shift operator. Similar
to GLR in (27), a small GSV indicates that signal x has its energy predominantly in the low
frequencies M.

The GSV can also be expressed as x ' L' L,x, which was referred to as the left eigenvectors
of the random walk graph Laplacian (LERaG) in [77]. This formulation was proposed for

JPEG image dequantization as a normalized signal prior that evaluates to zero for a constant
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signal. Unlike GLR (27), a notable feature of GSV (28) is that it remains well-defined even
when the graph G is directed.

There are other graph smoothness priors discussed in the literature, such as graph total
variation (GTV) [78,79] and gradient graph Laplacian regularizer (GGLR) [80]. However,
in this thesis, we focus on GLR and GSV not only because they are widely used, but also

due to their convenient quadratic form that is amenable to fast optimization.
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4 Mappings between Linear Denoiser / Interpolator

and Graph Filters

We first describe two theorems that connect a linear denoiser / interpolator to a correspond-

ing undirected / directed graph filter.

[ R —— 2 1 2
TN kS ~ ARy A | A S~ A 4
[ W16~ oW 4 s w; 6 g W
1 Wis = */ * 2| 15 = g/ *\ ’
1 \, S [ 1 1 [Vy— [ ) /4
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Figure 3: Illustrations of mixed graphs for joint interpolation / denoising. Pixels 5,6,7,8 are interpolated
using pixels 1,2,3,4. Directed edges for interpolation are shown as red dashed arrows, while undirected
edges for denoising are shown as green dashed lines. (a) corresponds to equation 41 where input pixels are
denoised before interpolation. (b) corresponds to equation 46 where interpolated pixels are denoised after

interpolation.

4.1 Mapping between Denoiser and Undirected Graph Filter

We begin by stating a theorem, similar to one in [81], that connects a denoising matrix
U ¢ RY*N to the solution filter of a graph-regularized mazimum a posteriori (MAP) opti-
mization problem. Unlike [81], which relied on a proximal map property to demonstrate the
relationship, our derivation is based purely on linear algebra, providing a simpler and more
direct interpretation.

Consider a linear denoising operation described by
x =Wy (29)
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where x,y € R are the output and input signals of the denoiser, respectively. Theorem
1 in [81] assumes that ¥ is symmetric, doubly stochastic’, and invertible. The doubly
stochastic property implies non-expansiveness, meaning ||¥x||? < ||x||* for all x, which in
turn means that the eigenvalues \;’s of W satisfy [\g| < 1 for all k.

In contrast, we assume that ¥ is non-expansive, symmetric, and positive definite (PD),
i.e., 0 < Ay < 1 for all k. Thus, unlike [81], we do not require the largest eigenvalue of ¥
to be exactly one (corresponding to eigenvector 1), i.e., ¥1 = 1. On the other hand, we
require eigenvalues to be strictly positive.

The filter weights of a signal-dependent denoiser ¥(x), such as the well-known bilateral
filter (BF) [26], depend on the target signal x, and thus W¥(x) is non-linear. However, it
can be considered pseudo-linear [81]: in each iteration ¢ of an iterative filtering process, we
use a fixed linear filter W¥(x;_1) calculated from the previous estimated solution x;_1, as is
commonly done [82].

Next, consider the following standard MAP optimization problem for denoising the input

y, using GLR (27) [22] as the signal prior:
min ||y — x||3 + ux " Lx. (30)

Here, 1 > 0 is a strictly positive weight parameter, and L is a graph Laplacian matrix for the
underlying graph G. Assuming that L is PSD, (30) is an unconstrained and convex quadratic

programming (QP) problem with solution
x* = (Iy +pl) 'y (31)

where Iy is the N x N identity matrix. Note that the coefficient matrix Iy + pL is provably
positive definite (PD) via Weyl’s Inequality [83] and thus invertible. We now connect denoiser
¥ (29) and the solution to the MAP problem (30):

Theorem 1. Denoiser W (29) is the solution filter for the MAP problem (30) if L =

p~ (B — 1), assuming matriz W is non-expansive, symmetric, and PD [84].

!Entries of each row and column of a doubly stochastic matrix sum to one. [82] also assumed that the

filtering matrix is doubly stochastic.
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Proof. Symmetry means ¥ has real eigenvalues. Non-expansiveness and PDness mean W
is invertible with positive eigenvalues 0 < A\ < 1,Vk. Thus, W' exists and has positive
eigenvalues {)\,;1}. Condition A\; < 1,Vk means that 1 < A,;l,Vk. Thus, the eigenvalues of
U Iy are /\,;1 —1>0,Vk. This implies L = p~*(¥~! —Iy) is PSD, and thus quadratic
objective (30) is convex. Taking derivative w.r.t. x and setting it to zero, optimization (30)
has (31) as solution. Inserting L = p~'(¥~! — Iy) into (31), we get x* = Wy, and thus ¥

is the resulting solution filter. m

4.2 Mapping between Interpolator and Directed Graph Filter

We now describe an analogous theorem for a linear interpolator. Consider a linear interpola-
tor @ € RV*M that generates N new pixels from M original pixels y € RM. Mathematically,

we express this as
X" = y. (32)

Here, x = [y' x'|" € RM*V is the length-(M + N) target signal that includes the original
M pixels.

Next, we state a MAP optimization objective for interpolation, similar to the previous
objective (30) for denoising. Let H = [Iy; Opn] be a M x (M + N) sampling matriz that
selects the original M pixels from signal x, where 0y 5 is a M x N matrix of zeros. Denote
by A an asymmetric adjacency matrix that specifies directional edges in a directed graph
G? for signal x. Specifically, A describes edges only from the M original pixels to the N new

pixels:

0 A
A MM AMN | (33)

Onav Onn

We now formulate a MAP optimization objective using GSV (28) as the signal prior:
min [ly — Hx|); +v[[H(x — Ax)]l3, (34)

where v > 0 is a strictly positive weight parameter. The term ||H(x — Ax)||3 in GSV states

that a smooth graph signal x should be similar to its shifted version Ax, but it considers
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only the M original pixels in the objective. We note that (34) is convex for any definition
of A. We state formally a theorem to connect interpolator [I;; ®] in (32) and the solution

to the MAP problem (34).

Theorem 2. The interpolator [I; ©] (32) is the solution filter to the MAP problem (34) if
M = N, © is invertible, and Ay y = O~ [84].

Proof. we rewrite H(x — Ax) = H(I — A)x. Given (34) is convex for any A, we take the

derivative w.r.t. x and set it to 0, resulting in

(HTH Fy(I—A)THTH(I - A)) x=H'y. (35)
Given the definitions of H and A, we can rewrite (35) as

(I+Iy —YAunN
—’YAL,N ’YA?V,N

(. J

C

x=H'y, (36)

where A?v’ N = AL, NvAMuN. (We write AL’ y instead of Ay to remind ourselves that

though M = N is a required condition in Theorem 2, A y is asymmetric in general.)

Using a matrix inversion formula [85],

_1 . . . .

P ~PBD!

= . e (37)
~-D'CP D !4+D 'CPBD!

A B
C D

where P = (A — BD'C)™!, we first compute P for coefficient matrix C in (36) as

_ -1
P (1 4+ )y — (—vAuN) (VAN N) (—7ALN))
( L+ — VAMN(AMNAMN) 1ALJ\/)_l

( (1 + )1y — VAMNAMN(ALN) 1ALN)_1

= ((1+~v)Iy — ’)/IM) = I, (38)

a

N

where in (a) we apply the assumptions that N = M and Ay = © ',

We can now write x from (36) as
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x=C'H'y=

IM IM
= o - T y = . y. (39)
Ay n(Ay )T Ay AN
Given Az\_gl, y = © by assumption, we conclude that
I
x=| "1y (40)
©
Hence, [I5/; ®] is the solution filter to (34). O

4.3 Joint Denoising and Interpolation

Having described the mappings between linear denoisers / interpolators to their correspond-
ing graph filters, we next investigate joint denoising and interpolation from a graph perspec-
tive. Let A € RIMFEN)IX(MHN) “ip the form (33), be the adjacency matrix of a directed graph
G? that connects M original pixels to N new pixels, corresponding to an interpolator ©.
Additionally, let L € RM*M be the graph Laplacian matrix for an undirected graph G* that

interconnects the M noisy original pixels, corresponding to a denoiser W.

4.3.1 Joint Formulation with Separable Solution

A direct approach to formulate a joint denoising / interpolation scheme is to combine the

MAP problems (30) and (34) as

min |y — Hx]|3 + 7| H(x — Ax)|3 + p(Hx) " L(Hx). (41)

In words, (41) states that the desired signal x should be smooth with respect to two graphs,
G% and G¥. Specifically, x should resemble its shifted version Ax, where A is the adjacency
matrix of a directed graph G¢, and the original pixels Hx should be smooth with respect to an
undirected graph G* defined by L. This approach aligns with our intuition from Section 4.1
and 4.2: using directional edges to connect original and interpolated pixels and bidirectional

edges to connect noisy pixels.

24



We show that the optimal solution to the posed MAP problem (41) takes a particular

form.
Corollary 1. (41) has an optimal separable solution.

Proof. Optimization (41) is an unconstrained convex QP problem. Taking the derivative

w.r.t. x and setting it to 0, we get

H'H+~(I-A)H'HI-A)+uH LH)x*=H"y. (42)

Denote by C the coefficient matrix on the left-hand side. Given H = [I;; Oy n], H'LH
has nonzero term L only in the upper-left sub-matrix. Given (36), C differs only in the

upper-left block, i.e.,

+ DIy + pl —vA
C— (’Y )M % YAMN . <43)

- A;l\—/[,N ’YA?V,N

Using the matrix inverse formula (37), we can first write block P = (A — BD7!C)~! as:

P = ((7 + DIy + pL — (_’YAM,N)('YA?V,N)_l(_'YAL,N))

= ((y+ DIy + pL —41y) " = (L + pL) (44)

Thus, the solution x* for optimization (42) is

X* — C—IHTy
(Ing + pL)™
= y
| (AR V) T (=AY ) (T + pL) ™
(Tas + pL) = v
= Y= Y, (45)
| Al (T + pL)” v

where W = (I, + pL)~" is the denoiser, and © = A]TEN is the interpolator. We see that
solution (45) to optimization (41) is entirely separable: input y first undergoes denoising via

original denoiser W, then subsequently interpolation via original interpolator ©. O]
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4.3.2 Joint Formulation with Non-separable Solution (One Denoiser)

Next, we consider a scenario where we introduce a GLR smoothness prior [22] for the N
interpolated pixels instead of a smoothness prior for the M original pixels in (41), resulting
n

min(ly — Hx||3 + 7|[H(x — Ax)[[3 + 5(Gx) ' L(Gx), (46)

where G = [Oy s Iy], a complementary matrix to H, selects only the N new pixels from
signal x, and L € RV*N denotes a graph Laplacian matrix for an undirected graph G*

connecting the interpolated pixels.
Corollary 2. (46) has an optimal non-separable solution.

Proof. (46) is convex, quadratic and differentiable. The optimal solution x* can be computed

via a system of linear equations,
HH+~(I-A)HHI-A))+L)x"=H'y, (47)
where £ = kGTLG and is block-diagonal, i.e.,

re O Oun

ON,M HI_J

A similar derivation shows that coefficient matrix C changes from (43) to

+1)I —vA
C— (v I8V v M,N_ . (49)
—yAin VA% N + AL
Using again the matrix inverse formula (37), we first write block P = (A — BD~'C)~!

as

P = (v + DI — (—7Aun) (vA% g +£L) (AL )

-1

= ((v+ 1)Ly = YAy n(yAX x + L) Ay ) (50)
The solution for x* in (47) is
P
x'=C'Hly= 2 ry—1 T T
—(yA% y + KL) T (=7Ay NP
p o
_ ) | = (51)
V(AR v + L) A P e" v
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where U* = P is a derived denoiser for original pixels, and @* = V(YA N + KL)TTA Y,y s

an augmented interpolator. Since @*W* # WO, the solution to (46) is not separable?.  [J

In Section 5, we will evaluate the derived joint interpolation / denoising operators in
(51) for joint denoising and interpolation and compare them to the conventional sequential
approach in non-separable scenarios. Next, we extend the joint formulation (46) to a more
general case with two denoisers: one for the M original pixels, and one for the N interpolated

pixels.

4.3.3 Joint Formulation with Non-separable Solution (Two Denoisers)

We consider a scenario where we introduce an additional GLR smoothness prior [22] for the

N interpolated pixels to the formulation in (41), resulting in
min|y — Hx|)3 +~[[H(x — Ax)[[3 + p(Hx) 'L(Hx) + #(Gx) 'L(Gx) (52)

where G = [0y In| again selects only the N interpolated pixels from signal x, and
L € RY*N denotes a graph Laplacian matrix for an undirected graph G* connecting the

interpolated pixels.
Corollary 3. (52) has an optimal non-separable solution.

Proof. Like (41) and (46), (52) remains convex, quadratic and differentiable. The optimal

solution x* can be computed via a system of linear equations,
(H'H+~(I-A)H'HI-A))+L)x"=H'y, (53)

where £ = pH"LH + kG TLG combines the two GLR priors corresponding to undirected
graphs G* and G* and is block-diagonal, i.e.,

L 0
o e (54)

ON,M li]:

2Though the solution @*¥* to (46) is a sequence of two separate matrix operations, each matrix is a

non-separable function of input matrices {A, L} or {©, ¥}.
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A similar derivation shows that coefficient matrix C changes from (43) to

C_ (v+ DIn+ oL —vAun (55)
—VAJE,N VA?V,N + kL

Using again the matrix inverse formula (37), we first write block P = (A — BD'C)~!

as

: N -1
P = ((v+ DIy + pL — (—yAun)(YAX v + L) (—7A 1 N))

= (v + DIy + pL — Ay n(7AL v + L)AL ) (56)

The solution for x* in (47) is

x*=C 'H'y
P
i _(’YA?V,N + "ff‘)_l(—’YAL,N)P
P T*
- 2 TV-1AT T - o | 57)
i Y(YAR y + kL) A, VP CAR

where ¥* = P is a modified denoiser, and ©* = y(yA% y + xL)7'AJ, y is a modified
interpolator. Since @*¥* £ WOW, the optimal solution to (46) is not separable?. m

Remarks:

If K = 0 (i.e., no second denoiser ¥ for N interpolated pixels), then ¥* = ¥, ©* = O,
(57) defaults to (45), and the solution becomes separable.

On the other hand, if 4 = 0 (i.e., no first denoiser ¥ for M original pixels*), then

_ -1
W= (7 + DIy — P Ann (AR + kD) ALy ) (58)

In words, ¥* is a function of interpolator ® and second denoiser W¥; i.e., a new denoiser
W™ for M original pixels is created due to the joint optimization (52). The solution remains

non-separable.

3Though the solution @*¥* to (46) is a sequence of two separate matrix operations, each matrix is a

non-separable function of input matrices {A,L,L} or {®, ¥, ¥},
4This case was discussed in the conference version of this paper [?].
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4.4 Generalization to Multiple Interpolators

One difficulty in using Theorem 2 in practice is that interpolator ® must be square and full
rank. This means that the number of new interpolated pixels is the same as the number of
original pixels, and the interpolated pixels must be linearly independent.

We generalize (32) to the case where there are multiple full-rank square interpolators for
a given signal x.

Consider P interpolators {@©,}f",, each of size RM*M that interpolates M linearly in-

dependent pixels from M original ones, where P M = N. We can write the general linear

interpolation operation as

Ins

©,

Op

Next, denote by {Ap};::1 the set of adjacency matrices corresponding to interpolators
{©,}F_,, where cach A, € RWHM)*NVHM) is defined as

A, = Ovar Ouwy Apvrw Oy | (60)

ON,M ON,N,; On M ON,N;

N, £ (p—1)M and N7 £ (P — p)M are the number of interpolated pixels before and after
the p-th interpolator, respectively. Each (typically asymmetric) sub-matrix A, yy y € RM*M
in A, connects directional edges from M original pixels to M new interpolated pixels.

We generalize MAP objective (34) using GSV as prior to

P
min |y — Hx|[3 +7 ) [Hx — Ax)|3. (61)

p=1

We now state formally the extension of Theorem 2 to multiple linear interpolators as follows.

Theorem 3. Interpolator [I5;0q;...;Op] is the solution filter to the MAP problem (61) if

A, N = @;1,‘v’p, given all P interpolators {GP};I::I are square and full rank.

Proof. Taking the derivative of the objective in (61) w.r.t. x and setting it to 0, we get
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P
H'H++) (Iy-A,) H'HIy - A) | x* =H'y. (62)
p=1

Using the definitions of H and A,, the linear system simplifies to Cx* = H'y, where

coefficient matrix C is

QI+Iv —vAi L un —YAsunN... —YVApun
—~vAT A? 0 . 0
C— 8 .1,M,N YA MM M,M M,M (63)
i —VAJI,M,N Ons s o Opr 7A2P,M,M |

Using again matrix inverse formula (37), and letting sub-block D be the lower-right sub-

matrix diag(yA3 y/ yr - .., YA 1) above, we first compute block P = (A — BD™'C)~:

P = ((1+ )1y — vec" (yApan}) diag™ ({yA2 \ a})
~1
VeC({_VA;,M,N}))
= ((1 + ) — ’Ydiag({Ap,M,N(AZ,MM)flA;,M,N))

(@ + Ny — L) = g, (64)

-1

where vec({v;}) denotes a column vector with {v;} as entries. In (a), we apply the assumption
that Ap,M,N = (@p)_l,Vp.
Using (37) and P = I, we can now write x* as
x*=C 'H'y

Iy

i —diag_l (’VA;%,M,M}) Vec({—yA;MW})

IM IM
(AT i) " A @ | ©1
= o Ty = |y (65)
i (A?D,M,M)_lA;,M,N ] L Op ]
where in (a) we apply the assumption that A, ;v = O, Vp. n
D, M, p
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4.4.1 Computation of Joint Denoising / Multi-Interpolation

The joint denoising / interpolation formulation (46) generalizes for the multiple-interpolator
case to
P
min|ly” — Hx|3 +7 ) [[H(x — A,x)|3 + p(Hx) 'L(Hx)
p=1

+ k(Gx) 'L(Gx). (66)

We show how (66) can also be solved efficiently. Generalizing from (49), solution x* to
(66) can be obtained by solving a linear system Cx* = H'y, where the coefficient matrix C

18

| (v+ DIy +pL | —vA1 N - — VAP MN ]
C— —’YA1T,M,N
: D + kL
L _VAJTD,M,N i
D= Vdiag(AiN,Na e 7A2P,N,N)~ (67)

As done previously, linear system Cx* = H'y can be solved efficiently via CG.

4.4.2 Application of Theorem 3 for Rectangular ®

When given an interpolator matrix ® that is rectangular, we use Theorem 3 as follows. If
O € RT*N is a long matrix (assuming the rows are independent) for H < N, then we
simply add N — H linearly independent dummy row to ® so that the resulting interpolator
is square.

On the other hand, if ® € R¥*Y is a tall matrix (assuming the columns are independent)
for H > N, then we first divide © into P = [ 4 | square interpolators ©,, each of size N x N.
Then, to the remaining H — PN < N rows in ®, we add N — H — PN dummy rows to

compose Op,1; t.e.,

O,

o—| (68)
®r

Op.1.
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We can now treat modified @' as a set of P + 1 interpolators {®,}7!, each of size N x N.

=1 >
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5 Experiments and Results

5.1 Experimental Setup

Experiments were conducted to test our derived operators in (51) for joint denoising /
interpolation (denoted by joint) compared to original sequential operations (denoted by
sequential) in the non-separable case.

For denoisers, we employed Gaussian filter [82], bilateral filter (BF) [26], and nonlocal
means (NLM) [37,86]. For interpolators, we used linear operators for image rotation, warping
using homography transform, and demosaicking operator with bilinear interpolation. The
output images were evaluated using signal-to-noise ratio (PSNR).

First, we discuss the experiments involving interpolators for rotation and warping. Pop-
ular 512 x 512 grayscale images, Lena and peppers, were used for rotation and warping,
respectively. The experiments were run in Matlab R2022a°. Gaussian noise of different
variances were added to the images.

The joint denoising / interpolation operation was performed on 10 x 10 output patches.
The size and location of the input patch from which the output patch is generated depend
on the interpolation operation and the output location.

To ensure that the number of input pixels is equal to the output pixels (i.e., M = N),
we interpolated dummy pixels by adding linearly independent rows to ©. It is important to
ensure that @ is full rank (thus invertible) when adding new rows.

To ensure denoiser W is non-expansive, symmetric and PD according to Theorem 1, we
ran the Sinkhorn-Knopp procedure [87] for an input linear denoiser with non-negative entries
and independent rows, so that matrix W was double stochastic, and thus its eigenvalues
satisfied |\;| < 1,Vi. Note that for a chosen interpolation operation, ® changed from patch
to patch, and so the denoiser needed to adapt to the input and output dimensions when using
the Gaussian filter. For BF, and NLM, the denoiser itself changed from patch to patch. To
solve (47) in each iteration, pcg function in MATLAB implementing a version of conjugate

gradient [88] was used.

>The code developed for these experiments are made available at https://github.com /sybernix/tip-joint-

experiments
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For experiments in Section 5.2.1 to test Corollary 2, the following setting were used.
Image rotation was performed at 20 degrees anti-clockwise, and for image warping a homog-
raphy matrix of [1, 0.2, 0; 0.1, 1, 0; 0, 0, 1] was used. For the experiments with Gaussian
filter and BF, the hyperparameters were selected as p = 0.3, v = 0.5, kK = 0.3. For Gaussian
denoiser, a variance of 0.3 was used, and for BF, variance of 0.3 was used for both spatial
and range kernels. For experiments with NLM, v = 0.6, x = 0.2, while u was kept the same.
The patch size for NLM was 3 x 3 and the search window size was 9 x 9.

For experiments in Section 5.2.2 to test Corollary 3, the following setting were used.
Image rotation was performed at 20 degrees anti-clockwise, and for image warping a homog-
raphy matrix of [1, 0.2, 0; 0.1, 1, 0; 0, 0, 1] was used. For the experiments with Gaussian
filter and BF, the hyperparameters were selected as p = 0.3, v = 0.5, kK = 0.3. For Gaussian
denoiser, o was set to 0.3, and for Bilateral filter, both spatial and range kernel paameters
0s, 0. were set to 0.3. For experiments with NLM, v = 0.6, x = 0.2, while y was kept the
same.

For image demosaicking experiment in Section 5.2.3 to test Theorem 3, the McMaster
dataset [89] was used. Code was developed in Python and shared in the same Github repos-
itory. The formulation in the equation (66) was used to combine multiple interpolators and
denoisers to achieve demosaicking with denoising of both CFA grid and the output channel.
For the purpose of testing, the blue channel was interpolated from the CFA image. For red
and green channels, the procedure is similar with minor modifications to the interpolator.

The hyperparameters used were v = 0.2, k = 0.1, p = 0.3. Another parameter ¢ = 0.035

was used to regularize ©,, to ensure non-singular matrices as follows:
®, =0, + . (69)

Patches of size 8 x 8 were extracted from the CFA. One out of four pixels in CFA is a
blue pixel; see Figure 4 for an illustration. This means that 16 pixels out of the 64 pixels in
a 8 x 8 patch correspond to the blue channel. From the 8 x 8 CFA patch, we can select the
16 blue pixels, using which we need to interpolate the remaining 64 — 16 = 48 blue pixels.
Together with the original 16 blue pixels, the output image will be of same size as the input

CFA, i.e., 64. Hence, the interpolator © is of size 64 x 16.
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Figure 4: Interpolation of blue channel from color filter array (CFA) grid. In the first step we are extracting

the blue pixels from an 8 x 8 bayer grid. In the second step, the extracted pixels are rearranged into 4 x 4

patch. In the third step final 8 x 8 blue channel output is interpolated from the 4 x 4 blue patch.

We slice the tall matrix into four 16 x 16 ©,. Consider the following equation which

64x1 16x1

shows the interpolation of 8 x 8 blue channel (flattened as X< hanner) Where Yye oo, 1
the flattened 4 x 4 blue patch from CFA

64x1 64x16 161

blué channel — © S blu>; patch* (70)

To slice @516 into four submatrices 0O, (for p=1,2,3,4), each of size 16 x 16, we first
partition the 64 rows of ® into four groups of 16 rows each. The matrix ® can be written

as )
16x16
0,

16x16
@64><16 _ @2 ) (71)

16x16
@3

16x16
0,

where each ©,, (for p = 1,2, 3,4) is a submatrix of size 16 x 16. In the context of the original
equation (70), each ©, can be used to compute a portion of Xgsx1. Since Xgax; is the result

of Og4x16 - Yi6x1, We can write:

64x1 —

(72)

where each x, (for p=1,2,3,4) is a 16 x 1 vector, computed as:

X;GXl _ 911)6><16 . y16><1 (73)
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Figure 5: Output of demosaicking with sequential and joint processes.

The solution to system Cx* = H'y, where C is as defined in (67), is calculated using

conjugate gradient with tolerance of 1073 and a maximum of 3000 iterations.

5.2 Experimental Results
5.2.1 Experiments for Corollary 2

Figure 6 show the performance of joint and separate processing of image rotation (interpola-
tion) and bilateral denoiser (denoising) applied to output pixels, given that the input image
patch was corrupted by iid Gaussian noise of different variances. The performance is shown
in PSNR. We observe a maximum PSNR gain of 1.35dB for the derived joint operator in
(51) over separate operators in this setting.

Figure 7 show the performance of joint and separate processing of image rotation (in-
terpolation) and non-local means denoiser (denoising) applied to output pixels, given that
the input image patch was corrupted by iid Gaussian noise of different variances. The per-
formance is shown in PSNR. We observe a maximum PSNR gain of 0.77dB for the derived
joint operator in (51) over separate operators in this setting.

Figure 8 show the performance of joint and separate processing of image warping (inter-
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polation) and bilateral denoiser (denoising) applied to output pixels, given that the input
image patch was corrupted by iid Gaussian noise of different variances. The performance is
shown in PSNR. We observe a maximum PSNR gain of 1.05dB for the derived joint operator
in (51) over separate operators in this setting.

Figure 9 show the performance of joint and separate processing of image warping (inter-
polation) and Gaussian denoiser (denoising) applied to output pixels, given that the input
image patch was corrupted by iid Gaussian noise of different variances. The performance is
shown in PSNR. We observe a maximum PSNR gain of 1.14dB for the derived joint operator
in (51) over separate operators in this setting.

Overall, the plots show that joint (derived joint operator in (51)) performed better
than sequential (separate operators) in general. While the performance of both schemes
degraded as noise variance increased, the performance of sequential degraded faster than

joint.

I I
22 |- —

—e— Joint

—=— Sequential

PSNR (dB)

Noise Variance (x1072)

Figure 6: Performance comparison of joint vs sequential processing over a range of noise variances using

image rotation and bilateral denoiser on output pixels.
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Figure 7: Performance comparison of joint vs sequential processing over a range of noise variances using

image rotation and Non-local Means denoiser on output pixels.
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Figure 8: Performance comparison of joint vs sequential processing over a range of noise variances using

image warping and Bilateral denoiser on output pixels.
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Figure 9: Performance comparison of joint vs sequential processing over a range of noise variances using

image warping and Gaussian denoiser on output pixels.

5.2.2 Experiments for Corollary 3

Figure 10 shows the performance of the experiment where interpolator was image rotation
and denoiser was bilateral filter. The denoiser was applied twice—both to the input and
and the output pixels using the formulation in (53). PSNR of joint and sequential were
evaluated for iid Gaussian noise variance from 0.01 to 0.05. The maximum PSNR gain for
joint (joint operator in (57)) over sequential was at the maximum noise variance tested;
gain of 1.32 dB at 0.05 noise variance. We also noted structural similarity index measure
(SSIM) gain when using joint over sequential. SSIM gain of 0.02 was observed at noise
level of 0.04.

Figure 11 show the performance of joint and separate processing of image rotation (inter-
polation) and Gaussian denoiser (denoising) applied to both input and output pixels, given
that the input image patch was corrupted by iid Gaussian noise of different variances. The
performance is shown in PSNR. PSNR gain of joint (joint operator in (57)) increases over
sequential as noise variance increases from 0.01 to 0.05 reaching maximum gain of 1.82 dB
at 0.05. SSIM gain of 0.06 was observed at noise level of 0.015.

Similar to the experiments with image rotation, image warping was tested with Gaussian
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filter and bilateral filter as the two denoisers. Figure 13 show the performance of joint
and separate processing of image warping (interpolation) and Gaussian denoiser (denoising)
applied to both input and output pixels, given that the input image patch was corrupted by
iid Gaussian noise of different variances. The performance is shown in PSNR. The maximum
PSNR gain 1.46 dB for joint (joint operator in (57)) was observed at noise variance of 0.01
which. However, the gain at maximum noise was 1.38 dB, which is still substantial compared
to the gain at lowest noise setting. SSIM gain of 0.017 was observed at noise level of 0.04.

Figure 12 show the performance of joint and separate processing of image warping (in-
terpolation) and Bilateral filter (denoising) applied to both input and output pixels, given
that the input image patch was corrupted by iid Gaussian noise of different variances. The
performance is shown in PSNR. The plots show trends similar to that observed with image
rotation experiments. PSNR gain for joint (joint operator in (57)) increases with image
noise to a maximum of 1.07 dB at 0.05.

Overall, the plots show that similar to the experiments in Section 5.2.1, joint schemes
performed better than sequential in general, and while the performance of both schemes
degraded as noise variance increased, the performance of sequential degraded faster than

joint.
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Figure 10: Performance comparison of joint vs sequential processing over a range of noise variances using

image rotation and a bilateral denoiser.
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Figure 11: Performance comparison of joint vs sequential processing over a range of noise variances using

image rotation and a Gaussian denoiser.
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Figure 12: Performance comparison of joint vs sequential processing over a range of noise variances using

image warping and Gaussian denoiser.
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Figure 13: Performance comparison of joint vs sequential processing over a range of noise variances using

image warping and bilateral denoiser.
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5.2.3 Experiments for Theorem 3

Figure 14 shows the performance for the experiments designed to test Theorem 3 with multi-
ple interpolators. Demosaicking was the interpolation operation and Gaussian denoiser was
applied on input and output pixels. General trend of joint showing increasing PSNR gain
over sequential was exhibited over a noise range 0.05 to 0.45. Maximum PSNR gain 0.79

dB was observed at variance 0.45.
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Figure 14: Performance comparison of joint vs sequential processing over a range of noise variances using

demosaicking and a Gaussian denoiser.
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6 Conclusion and Future Direction

We presented two theorems, under mild conditions, connecting any linear denoiser / inter-
polator to optimal graph filter using undirected / directed graph smoothness priors, respec-
tively. Specifically, Theorem 1 connects any denoiser to a solution filter to GLR-regularized
MAP optimization problem, given that the denoiser is non-expansive, symmetric, and PD.
Theorem 2 connects any interpolator to a solution filter to a GSV-regularized MAP opti-
mization problem, given that the interpolator is square and invertible.

Corollary 1 utilizes results from Theorems 1 and 2 to show that the joint denoising and
interpolation problem has a separable optimal solution, if the denoiser is applied exclusively
on input pixels; i.e., the denoiser and interpolator can be sequentially applied for an optimal
solution. Corollary 2 shows that the joint optimization is non-separable if the denoiser is
exclusively applied to interpolated pixels; i.e., for optimal output we cannot apply interpo-
lator and denoiser one after the other. Corollary 3 shows that when denoising is applied to
both input pixels as well as output pixels, the optimal solution is again non-separable.

Finally, we generalize Theorem 2 to Theorem 3 to handle multiple interpolators. This is
useful in scenarios where the number of output pixels are more than the input pixels, i.e.,
the interpolator matrix © is a tall matrix. Experimental results confirm our hypothesis, and
the joint optimization framework proposed in this thesis outperforms sequential processing
considerably.

Further studies can be conducted on how pseudo-linear filters learned from data [90] can
be used in the proposed joint framework. We can also study how to reduce the computational
complexity of certain steps in the algorithms used in our work. Specifically, to compute the
corresponding Laplacian matrix L and adjacency matrix A, we need to invert denoiser matrix
¥ and interpolator matrix ©. Inverting a general matrix is an operation of order O(N?) [91].
By utilizing Taylor series expansion [91,92] or CLIME [93] we can potentially bring down

the complexity of these operations.
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