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Abstract

Maximum likelihood estimation of a log-concave density has certain advantages
over other nonparametric approaches, such as kernel density estimation, which re-
quires a bandwidth selection. Furthermore, finding the optimal bandwidth gets more
difficult as a dimension increases. On the other hand, the shape-constrained approach
is automatic and does not need any tuning parameters. However, for both the kernel
and log-concave estimators, the rate of convergence slows down as the dimension d
increases. To handle this “curse of dimensionality”, we study an intermediate semi-
parametric copula approach and we estimate the marginals using the log-concave
shape-constrained MLE and use a parametric approach to fit the copula parameters.
We prove \/n rate of convergence for the parametric estimator and that the joint
density converges at a rate of n=2/> regardless of dimension. This is faster than the
conjectured rate of n=2/(¢+4) for the multivariate log-concave estimators [Cule, [2009)].
We examine the performance of our proposed method via simulation studies and real

data example.

1



Acknowledgements

This thesis would not be submitted without support from a number of people. 1
would like to thanks my supervisor Dr. Hanna Jankowski for her numerous helpful
and valuable guidance since I am a Ph.D. student at York University. I also would
like to thanks my committee members, Dr. Hélene Massam and Dr. Xin Gao, for
their comments both in dissertation subject oral exam and colloquium dissertations.
Those comments are significant for improving this thesis. 1 also want to thanks all
the staff members and friends for their helpful in several ways. Moreover, I would
like to thanks my family for thier supports and always stand by my side. Finally, I
would like to special thanks to my sponsorship, Chulalongkorn University, Thailand

for their support throughout the degrees.

1l



Table of Contents

[Abstractl ii
[Acknowledgements| iii
(Table of Contentsl iv
[List_of Tables| ix
[List of Figures| Xi
1__Introductionl 1
(L1 Motivationl. . . . . . . . . 1
(1.2 Density estimation| . . . . . ... ... ... ... .. )
(1.2.1 Parametric density estimation|. . . . . ... ... ... ... ... 5}

[1.2.2  Nonparametric density estimation . . . . ... ... ... ... .. 6

[1.2.3  Log-concave density estimation| . . . . . ... .. ... ... ... 12

v



[1.2.4  Semiparametric density estimation| . . . . . . .. ... ... ...

(1.3 Rate of convergence] . . . ... .. ... ... ... ... 16
LA Outlind . . . .. ... 17

|2 Log-concave density estimation| 20
[2.1  Definitions and properties|. . . . . . .. ... ... .. .. ... 20
[2.2  One-dimensional log-concave density| . . . . .. ... ... ... ... .. 25
[2.2.1  Log-concave maximum likelihood estimation| . . . . . . . . . .. 25

[2.2.2  Log-concave density estimator &, . . ... ... ... ... ... 26

[2.2.3 A computational aspect of the univariate log-concave MLE| . . 28

[2.2.4  Auxiliary results ford=1| . . .. ... ... ... ... ... 30

[2.2.5  Pointwise limiting distributions of the log-concave ML estimator| 31

[2.2.6  Global rates of convergence for the log-concave ML estimator|. 34

[2.3  Multi-dimensional log-concave density| . . . . ... ... ... ... ... 35
[2.3.1  Log-concave maximum likelihood estimation| . . . . . . . .. .. 35

[2.3.2 A computational aspect of the multivariate log-concave ML |

[ estimator] . . ... ... . 37
[2.3.3  Rate of convergence|. . . . . . ... ... .. L. 38

[2.3.4  Computational time|. . . . . . .. .. ... ... ... L. 40




[3 Dependence modeling with copulas| 41

3.1 Introductionl. . . . . ... ... L 41
[3.1.1  Definitions and properties| . . . . ... ... ... ... ...... 42
[3.1.2  Dependence|. . . . . . ... ... 46
[3.1.3  Copula families| . . ... ... ... ... ... ... ... ... 53

[3.2  Copula Selection| . . . ... ... ... ... 61

[3.3  Density estimation| . . . . . .. ... ... 62
B.3.1 Fstimator . . .. ... ... . 62

[3.3.2  One-stage estimation: maximum likelihood estimation (MLE)| 64

[3.3.3  Two-stage estimation: inference function for margins (IFM)| . 64

[3.3.4  Asymptotic relative efficiency ot MLE and IFM| . . . .. .. .. 65

8.4 Ourworkl . ... ... . . . . 68

[4  Simulation study] 70
[4.1  Density estimation| . . . . . .. .. ... L o 70

[ Main theorem and proof] 86
b1 Define estimatorsl . . . . .. ... ... 86
6.2 Main theoretical results . . . . . .. .. ... o o 88

[.2.1 Consistency|. . . . . . . . . ... 89




[5.2.2  Rate of convergence|. . . . . ... . ... ... L. 96

[.2.3  Support tor the proots| . . . ... ... ... ... ... 109

[5.2.4  Regularity Conditions| . . ... ... ... ... ... ....... 118

6 Finite mixture models| 122
[6.1 Concept of EM algorithm|. . . . ... ... ... ... ... . ....... 123
(6.2  EM algorithm in Gaussian mixture models (GMM)| . .. ... ... .. 126
[6.3  EM algorithm in log-concave mixture models| . . . . . .. ... ... .. 127
(6.4  Simulation study| . . . ... 128

[7  Breast cancer data example| 133
8 Further researchl 138
[8.1 Vine copulas| . ... ... ... . ... .. 138
[8.2  Asymptotic normality for copula estimator| . . . . ... ... ... ... 142

[9 Clustering using log-concave densities in d = 1| 145
[9.1  Derivation of proposed BIC under LCMM|. . . ... ... ... ... .. 145
0.2 Simulation studies . . . . ... ... ... 155
(Bibliography| 158

(A Appendices| 166




[A.2  Explicit tormulas of J functions| . . . . ... ... ... ... ... L. 168

[A.3 Samplecodes| . . ... ... 169

[A.3.1 Sample code for a univariate log-concave MLE (Figure [2.1)| . . 169

[A.3.2 Sample code for a univariate log-concave MLE showing loca- |

tions and values of knots (Figure[2.2)| . . . . ... ... .. ... 170

[A.3.3 Sample code for a multivariate log-concave MLE[ . . . . . . .. 171

[A.3.4 Sample code for breast cancer example] . . . . . ... ... ... 172




List of Tables

(1.1 Convergence rate for density estimators| . . . .. ... ... ....... 17
[4.1  Copulas in the simulation study| . . . . ... ... ... ... ....... 71
[4.2  Details of specification cases| . . . . .. ... ... ... ... ..., . 74
(4.3 Details of misspecification cases| . . . . . ... ... ... ... 75
[4.4 % of how often each copula has been selected with BIC|. . . . . .. .. 78
[6.1  Details for the simulation study| . . . . ... ... ... ... ....... 130
[6.2  Classification results of case I: average number of misclassification |

cases from 100 simulation sets where the number in brackets are per- |

centages from (6.7). . . . . . . ... o 131

6.3

Classification results of case Il: average number of misclassification |

cases from 100 simulation sets where the number in brackets are per- |

centages from (6.7). . . . . . . ... 132

X



[9.1  Details for simulation study| . . ... ... ... ... ... . .......

[9.2  Clustering results for univariate case| . . . . . . .. .. ... ... ....




List of Figures

(1.1 Kernel density estimation of standard Gaussian with several band-

| width selections in the same graph of using log-concave density esti-

[ mation and true density|. . . . .. .. ... L L 14
[2.1 Estimated density from log-concave MLE with a true density of stan- |
[ dard Gaussian distributionl . . . . . . ... ... .. L 26
[2.2  Logarithm density of standard Gaussian distribution with the vertical |
[ dotted lines represent the locations of knots|. . . . ... ... ... ... 28
[2.3  Tent-like structure for the logarithm of MLE when d = 2 (Figure from |
| (Cule et al. [2010])] . . . . ... 35
(3.1 Graphics of M, W, and II (figure from Nelsen| [2006])| . . . . ... ... 46

x1



a1

MISE for d = 2 MLE, - -- parametric IFM, — log-concave 1FM, -----

kernel [FM, - - kernel IFM with G-L, - -- multivariate log-concave, and

----- multivariate kernell . . . . ... .. ... ... ... ... ... ..... 19
|4.2  MISE for d = 2 MLE, - -- parametric IFM, — log-concave 1FM, ----- |
kernel IFM, - - kernel IFM with G-L, - -- multivariate log-concave, and |
----- multivariate kernell . . . . .. ... ... ... ... ........... 80
4.5 MISE for d =4 MLE, - -- parametric IFM, — log-concave IFM, ----- |
kernel IFM, - - - multivariate log-concave, and - multivariate kernel| . . . 81
4.4 MISE for d =5 MLE, - -- parametric IFM, — log-concave 1FM, ----- |
kernel IFM, and - multivariate kernel.| . . . . ... .00 82
4.0  MISE for d =6 MLE, - -- parametric IFM, — log-concave IFM, ----- |
kernel IFM, and - multivariate kernel.| . . . . ... ... ... L. 83
4.6 MISE from top left to bottom right: d=2,d=4,d=5,and d=6 MLE |
- - - parametric IFM, — log-concave [F'M, ----- kernel IFM, - - - multivariate |
log-concave, and - multivariate kernel] . . . . . ... ... ... 84
4.7 MISE for two-parameter copula when d = 2 MLE, --- parametric |
IFM, — log-concave IF'M, ----- kernel IFM, and - multivariate kernel.|. . 85
[5.1 Study /n rate of convergence for N(0,1)[. . . . . . ... ... ... .... 115
[5.2  Study /n rate of convergence for I'(2,1)[ . . . . .. ... ... ... .... 116




[5.3 Study /n rate of convergence for ¢5| . . . .. ... ... L.

[5.4 Estimated rate of convergence for § when fo(z) = e®%ho(z)| . . .. .. ..

7.1 Breast cancer data with benign as light grey dots and malignant as

dark grey dots| . . . . ... ... ...

[7.2  Surface plots for Breast cancer data set from (a) Gaussian mixture model (b)

mixture of Frank copula with log-concave marginals (c¢) multivariate log-concave

mixturel . ... e

[7.0  Contour plots with misclassification cases (benign as light grey dots and malignant

as dark grey dots) for Breast cancer data set from (a) Gaussian mixture model (b)

mixture of Frank copula with log-concave marginals (¢) multivariate log-concave

mixturel . ...

[/.4  Contour plots with misclassification cases for Breast cancer data set from (a)

Gaussian mixture model (b) mixture of Frank copula with log-concave marginals

(c) multivariate log-concave mixture; each symbol is for misclassification cases in e

all methods, = both GMM & multivariate log-concave mixture, 4 GMM & copula

model, ¢ copula model & multivariate log-concave mixture, x only multivariate

log-concave mixture, + only copula model, O only GMM| . . . . . . ... .. ..

(8.1 D-vine with 6 dimensions, 5 trees and 15 edges|. . . . . . ... ... ..

[8.2  C-vine with 6 dimensions, 5 trees and 15 edges| . . . . . . ... ... ..




1 Introduction

1.1 Motivation

Multivariate density estimation is a common and much studied problem in statis-
tics. When we have d-dimensional independent and identically distributed (i.i.d.)
data, say X1, Xs,..., X, € R% the ideal way to estimate a density f is using para-
metric density estimation in which the true distribution function needs to be known.
However, in several cases, we do not have any clue for the distribution of f. The
general way to estimate f is to use nonparametric approaches, which require fewer
assumptions than parametric approaches and do not need information about the
distributions.

When we have no idea about the distribution of data, we can easily consider the
distribution function as a step function, which jumps up by 1/n at each point of
observation. We call this idea an empirical cumulative distribution function. How-

ever, it is not a density function, so it is not our preferred approach. The popular



nonparametric density estimation is a kernel density estimation, which requires a
good bandwidth selection in order to have a good density estimation. However, a
bandwidth parameter is not easy to find, but we can choose this smoothing param-
eter by using a cross-validation approach or normal reference rule, (see Wasserman
[2006] for more details). However, the bandwidth selection will be an issue when the
dimension, d, is getting large because, instead of choosing one bandwidth parameter
for one-dimensional data, you need to define a bandwidth matrix with its dimension
according to the data’s dimension. For example, when your data have four dimen-
sions, your bandwidth will be a 4 x 4 matrix, which has a symmetric and positive
definite property. Furthermore, there is a tradeoff between bias and variance, be-
cause, if you choose too large a bandwidth, the bias will be huge while the variance
small. This event is an oversmoothing problem. On the contrary, if your bandwidth
is too small, you will get an undersmoothing density estimation. Further details of
kernel density can be found in Section [1.2.2.3]

To overcome the difficulty of bandwidth selection, a shape-restricted density es-
timation has been introduced and has become more popular in recent years. Instead
of dealing with the additional tuning parameters, the shape-constrained density esti-
mation works with some good characteristics of its functions. Such examples include

monotonic, unimodal, or log-concavity. Among several shape-constrained models,



our work focuses on the log-concave densities.

One advantage of the log-concave density estimation above the kernel density es-
timation is that it does not need any tuning parameters. Furthermore, a log-concave
maximum likelihood estimator always exists and is unique, and it can be done auto-
matically. However, the multivariate log-concave MLE is computationally intensive,
which makes the algorithm not friendly in practice. The univariate log-concave ML
estimator converges with rate n=2/5, but the conjectured rate of convergence for mul-
tivariate log-concave ML estimator is n=2/(4*4)  which depends on the dimension d
(see |Cule| [2009]). This makes the estimators from multivariate log-concave distribu-
tions have much slower convergence rate than the univariate log-concave, especially
when d is large.

Sklar| [1959] introduced a dependence modeling called “copula”. The copula is
a function, which splits joint distribution function to its one-dimensional marginal
distributions and dependence part with its parameters, which are called the copula
parameters. Suppose we observe n i.i.d. random variables X = (Xi,...,X,) € R%,
let f;(x;) be the univariate marginal density functions of X in dimension jth with
corresponding cumulative distribution functions Fj(s) = [ fi(r)dr;j = 1,....d.

The joint density function with the copula density ¢ and the copula parameter 6 can



be represented in this form

flxy, ... ) = c(Fi(x1),. .., Fa(xq);0) Efj(xj), (1.1)

where f; can be any parametric or nonparametric univariate density functions. Sim-
ilary, ¢ represents the dependence of d dimensions and its density can be chosen from
several well-known copula families (more details in Chapter . Copula models have
been widely used in recent years, for example, in finance, see Jouanin et al.| [2011]
and epidemiology, see (Chen| [2012].

The main objective of this thesis is to improve the rate of convergence and com-
putational time for multivariate log-concave density estimators by using the copula
model with univariate log-concave marginals. We propose the semiparametric den-
sity estimation for R¢, where the main tools of our study are the copula models
together with the univariate log-concave densities. We work on estimating the den-
sity in equation by applying the method from | Joe| [2005], which has been widely
used in recent years. This method has been called an “inference function for mar-
ging” (IFM). It is a two-stage estimation method which estimates marginal densities
and copula parameters separately.

Moreover, we also prove that our proposed semiparametric density estimation
method converges at a rate of n~2/°, and the rate of convergence for the copula

estimator is n~1/2. This rate improves the conjectured rate of multivariate log-concave
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estimators mentioned in [Cule| [2009], which is n~2/(4+4). However, the convergence
rate of the copula estimators is never better than a parametric ML estimators, which
converge at a rate of n~1/2.

In this chapter, we will discuss each type of density estimation, which belong
to the parametric density estimations in Section [I.2.1] to the nonparametric density
estimations in Section|1.2.2 and to the semiparametric density estimations in Section
[1.2.4 The nonparametric density estimations that we will focus on consist of the
empirical cumulative distribution function, the histogram, and the kernel density
estimation. The log-concave density estimation will be presented in Section [1.2.3

In addition, the rate of convergence for each method will be summarized in Section

Lol

1.2 Density estimation

1.2.1 Parametric density estimation

Let X = {X1,Xs,..., X, } ~ F be the n i.i.d. random variables from a distribution
function, F', with a probability density, f = F', the density estimation of f can be

represented as f,. A likelihood function of the n observations, z = {x1,...,2,}, for



the density f with distribution’s parameter(s) 6 € © can be expressed as

uwyﬁﬁm)

Then, we get a log-likelihood function

mm:imﬁm) (1.2)

To simplify, we denote £(z|f) as £(#). Then, we maximize (|1.2]) to get a maximum

likelihood estimator ’9\”, which

0,, = argmax £(0).
0e©

Hence, the density estimator of f can be expressed as f,(z) = fz,(z). In several
distributions, 0,, has a closed form, for instance, Gaussian, exponential, Poisson,
binomial and also other distributions in exponential family. This makes parametric
approach easy to use. Moreover, the parametric maximum likelihood estimator under
the regularity conditions also satisfies a convergence rate of n=1/2, which is the fastest

rate among other density estimation methods.

1.2.2 Nonparametric density estimation

Knowing the distribution functions of data is hard in practice. Therefore, the
parametric density estimation may not be a good choice. The nonparametric ap-

6



proaches were introduced because they can model the unknown distribution func-
tions. For example, the upcoming method has the fewest assumptions for estimat-
ing distributions by just giving a mass 1/n to each observation. For the follow-
ing nonparametric methods, suppose we observe n i.i.d. random variables, X =

{X1,Xs,..., X}, from an unknown density f.

1.2.2.1 Empirical cumulative distribution function

Definition of the cumulative distribution function (CDF) is F'(t) = P(X <t). We

can estimate F(t) by

F\n(t) = ﬁ Z ﬂxiét'

We call Fn(t) an empirical CDF, which can be found by not assuming any underlying
distributions to the data. However, the empirical CDF is a mass function, which is
not a density function. It means that this method may not be a desired answer for

the density estimation.



1.2.2.2 Histogram

One of the simple nonparametric density estimations is histogram, which is not

a smooth function. The density estimator for n observations can be represented as

v|@)

7o) i 1, (x).

where B; are the jth bin. B; = [O, %) , By = [%,%) ooy By = [mT_l, 1], where m is
the total number of bins. The binwidth h equals 1/m. Let A; be the number of

observations in Bj, then p; = A;/n.

Theorem 1.1. (Wasserman| [2006], Theorem 6.9) Consider fived x and fized m, let

B; be the bin containing x and let p; = fBj f(u)du. Then,

- E@) _p; _ Jo f(w)du (sc)h

E(fu(x)) = e - - = f(x) and Var(fn(x)) pj(l—h%)

The expectation and variance in Theorem are calculated with respect to the
random quantity ﬁ which depends on Xi,...,X,,. When h approaches zero, ﬁ(a:)
will become an unbiased estimator, however its variance will become large. It turns
out that choosing a reasonable h is necessary for histogram.

A convergence rate of this estimator is computed via a risk function, which is
calculated from an expectation of an integrated square loss function. Let R and L

denote a risk function and a loss function, respectively. The risk function is given by



R = E(L), where

L= [ (@) - f(@))"do.

Theorem 1.2. (Wasserman [2006], Theorem 6.11) Suppose that f' is absolutely

continuous and that [(f'(u))?du < oo. Then

R(F. f) = %f{f’(u))zdu+n—1h+o(h2)+o(%). (1.3)

A wvalue h* that minimizes (1.3)) is

1 6 1/3
" ‘n1/3(1<f'<u>>2du) |

With this choice of bandwidth,

(3/4)* (J (f'(w))*du)'””

n2/3

R(fu f) =

Hence, when we choose the optimal h*, the risk decreases to zero at a rate of
n~2/3. Tt means the histogram density estimator converges with a rate of n=1/3,

which is slower than a rate of n~!/2 from the parametric density estimation.

1.2.2.3 Kernel density estimation

A kernel density estimation is another simple and well known nonparametric

density estimation. A kernel is a smooth function K such that K(z) >0, [ K (z)dx =



1, [ 2K (z)dz =0, and 0% = [ 22K (x)dz > 0. There are several choices of kernel such

as

Gaussian kernel: K(z) = \/Q_e -=*/2
boxcar kernel: K(x) =11 11(z),
Epanechnikov kernel: K(z) =3(1-22)1_ ().

One-dimensional density estimation of n observations with a bandwidth A and a

kernel K can be written in this form

An effect of the bandwidth selection can be clearly seen in Figure[1.1] Furthermore,

the risk function for a kernel estimator is presented in the following theorem.

Theorem 1.3. (Wasserman, [2006], Theorem 6.28) Let R = [ E(f(z) - f(z))%dz be

the integrated risk. Assume that " is absolutely continuous and that [ (f"(z))?dx <

oo. Then,

K2(x)dx
nh

R(fo, f) = ia}*(h‘* [(f”(a: )dr + ———— / +O(%) +O(h?), (1.4)

where 0% = [ 22K (x)dz. The optimal h* that minimizes (1.4) is

e ( [ K (x)*dz )1/5
n(f 22K (x)dz)? [(f"(z))2dz ]

Plug in h* into (1.4]), we get

R(fa, f) = O(n™*).
10



Therefore, the kernel density estimator converges with a rate of n=2/5 which is
faster than n~'/3 from the histogram. However, it is still slower than n~'/2 from the
parametric MLE.

For d > 1, suppose we have n ii.d random variables X; = (X;1,...,X;q);0 =

1,...,n, then the density estimator with a bandwidth matrix H is given by

ﬁ(x):%iKH(x—xi), (1.5)

where H is a d xd symmetric and positive definite matrix. K is a multivariate kernel
function with Ky (z) = |H|"Y/2K (H-'2z). A popular kernel function is a multivariate

Gaussian kernel, which can be written in this form
1
K () = (27) 2| H 2 exp {—§xTH1x},

where H plays the role of a covariance matrix. From (|1.5)), to avoid building the
bandwidth matrix H, we can estimate f at x = (x1,...,24) by using the following

formula

o) = e ST (252

where hq, ..., hg denote the bandwidth for each dimension.

For multivariate kernel estimator, the risk function can be expressed as

B(J. ) = igé{ [Zd:h? / (@)de + Y hihg f fgyfkkdx] + (J K*(x)dz)?
=t

Y
itk nhy---hg

11



where f;; denote the second partial derivative of f. The optimal bandwidth satisfies
h; = O(n~1/(4+4)) Therefore, the risk converges to zero at a rate O(n=4/(¢+%)) which
leads us to the density estimator with a rate of convergence n~2/(d+4),

To summarize, one-dimensional kernel density estimator converges with the rate
n~2/5 which is slower than n-1/2 of the parametric ML estimator. On the other hand,
the rate of convergence of multivariate kernel density estimator is n=2/(¢+4) which is

the slowest density estimation method in our work.

1.2.3 Log-concave density estimation

Suppose we observe n independent random variables X = { X3, X5, ..., X,} from
an unknown density f : R ~ [0,00) where f(z) is said to be a univariate log-
concave density if f(x) = expp(x) for some concave functions ¢ : R — [—o0, 00).
The corresponding cumulative distribution function of f is F(z) = [*_ f(r)dr.

A maximum likelihood estimation (MLE) of the log-concave density gets more
attention in recent years, because its ML estimator always exists and is unique, (see
Diimbgen and Rufibach| [2009]). The MLE of log-concave densities has an obvious
advantage above the kernel density estimation, because it is fully automatic and it
does not need any smoothing parameters. We can clearly see from Figure[I.T]that the

log-concave density estimation works better than the kernel density estimation. The

12



studies of log-concave distributions become more popular - see, for example, the work
from Walther| [2002]. This is the first paper that discussed the log-concave distribu-
tions in a statistical aspect. They worked on one kind of shape restricted maximum
likelihood inference, called log-concavity. |Walther| [2009] showed a good explanation
of log-concave distributions and an application in a clustering problem. Moreover,
the class of log-concave distributions contains various common parametric distribu-
tions such as Gaussian, I'(«, 8) with a > 1, $(a,b) with both parameters greater
than 1, Weibull(a) with « > 1, Laplace, and exponential distributions. Moreover,
Diimbgen and Rufibach! [2009] showed the uniform consistency of a nonparametric
ML estimator for one-dimensional log-concave densities. Balabdaoui et al.| [2009,
Theorem 2.1, page 1305] also showed that the log-concave density estimator ﬁ and
the piecewise linear @, converge pointwise to the true density f and the true ¢
with the rate n=2/> and characterized the limiting distributions. Furthermore, Doss
and Wellner| [2016, Theorem 3.2, page 9] proved that the univariate log-concave ML
estimator has a global rate of convergence at a rate n=2/°> under the Hellinger distance.

For multidimensional log-concave distributions, Cule| [2009] studied the limiting
behavior of the log-concave ML estimator and conjectured that the rate of conver-
gence with respect to the Hellinger bracketing entropy is n=2/(¢+4) for all d. This rate

is the same as the convergence rate from multivariate kernel density estimator. Since

13
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Figure 1.1: Kernel density estimation of standard Gaussian with several bandwidth

selections in the same graph of using log-concave density estimation and true density

this rate depends on d, the multidimensional log-concave MLE is computationally
intensive especially when d is high. Moreover, |Cule et al. [2010] presented some
attractive theoretical properties of the multivariate log-concave MLE both when the

model is log-concave and when it is a misspecified model.

1.2.4 Semiparametric density estimation

In between parametric and nonparametric models, we have a semiparametric
model, which is a statistical model in which some parameters do not belong to a
Euclidean space but lie in an infinite dimensional space. A log-concave space, which

is a nonparametric space, is the infinite dimensional space that we work on. In order

14



to estimate the joint density function, we integrate the parametric copula model
together with the univariate log-concave densities.

As we discussed in the previous section that finding the multivariate log-concave
density estimator is computationally intensive which is because of the curse of dimen-
sionality problem. To overcome this issue, we use the univariate log-concave density
estimation and the copula model as our proposed density estimation method. Hence,

our proposed semiparametric model is given by

d
f(.l’l, Ce 7$d;F17 Ce ,Fd,H) = C(Fl(xl), . 7Fd($d)>9) HGXPQDJ'(QZ']').
7=1

Estimating this model will be done in two stages where the first stage is to find the
log-concave ML estimators for each marginal density separately. Then, we estimate
the copula parameter. This is a reason why the proposed method performs faster
than the multivariate log-concave MLE, since it is not depend on the dimension.
Note that all marginals do not depend on the copula parameters. A log-likelihood

function for estimating the copula parameters is given by
glogc(ﬁ(xl), L F(aa):0). (1.6)
6 from maximizing is also the ¢ that would solve
nl gae log ¢(Fy(21), .. Fa(wa):0) = 0. (1.7)
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Hence, estimating the copula parameter can be viewed as a Z-estimation, which Z
denote the zero from setting the above score function equals to zero. Moreover, the
copula estimator from can be called as a “Z-estimator”.

Furthermore, we prove that the Z-estimator is consistent and converges at rate
n~1/2. Moreover, the joint density estimator converges at rate n~2/> regardless of
dimension. This rate makes our proposed semiparametric density estimator con-
verges faster than the multivariate log-concave MLE and multivariate kernel density

estimation. However, it is still slower than the parametric model.

1.3 Rate of convergence

Table [L.1| shows the rates of convergence for all density estimators that have been

discussed in the previous sections.
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Table 1.1: Convergence rate for density estimators

Estimator from Rate of convergence
parametric model n-1/2

copula model n-1/2

log-concave (d = 1) n-2/5

kernel (d =1) n-2/5

histogram n-1/3

log-concave (d > 1)~ n~2/(d+4)

kernel (d>1) n~2/(d+4)

Note: * is a conjectured rate of convergence for all d.

1.4 Outline

The organization of this thesis is as follows. In Chapter [2 we discuss the log-
concave density estimation both in the univariate and multivariate cases. The avail-
able R packages, logcondens and LogConcDEAD, that use to calculate the log-concave
ML estimators will be mentioned with details of their algorithms. We also show
the theoretical parts, which are pointwise limiting distributions and global rates

of convergence, for the log-concave ML estimators. Moreover, drawbacks of using
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LogConcDEAD package to estimate the multivariate log-concave ML estimators are
presented in the form of computational time.

In Chapter [3| we present the copula model to solve the curse of dimensionality
problem. This chapter will talk about several copula families such as Gaussian
copula and Archimedean copula families. Note that we only focus on parametric
copula families. The details of semiparametric Z-estimation will be summarized, and
the two-stage estimation method will also be discussed. Moreover, some literature
reviews about the asymptotic relative efficiency of the two-stage estimation method
and the MLE method will be presented in this chapter too.

Some simulation studies are shown in Chapter [} The performance on the den-
sity estimation of our proposed method and other parametric, nonparametric and
semiparametric methods will be presented.

The main theorems and proofs are in Chapter |5, We will show that the copula
estimators under the log-concave marginals satisfy the consitency property and has
V/n convergence rate. Therefore, the joint density estimator by using the copula
model with the log-concave marginals converges at a rate n~2/5, irrespective of the
dimension. Some necessary regularity conditions and assumptions for proving the
main theorems also be demonstrated at the end of this chapter.

We also work on a classification problem with real data example which will be
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shown in Chapter [ where the background of finite mixture models and expectation-
maximization (EM) algorithm will be presented in Chapter @ Some further exten-
sions will be discussed in Chapter [8] In this chapter, we focus on vine copulas, which
allow us to account for the multiple dependence structures.

Other than the main part of this thesis, we work on another applied project.
This project works on the univariate log-concave densities. We do some simulation
studies on clustering problems and proposed a new criterion for selecting the number
of subpopulations. We call this criterion as a “proposed BIC”. This application is

presented in Chapter [9}
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2 Log-concave density estimation

2.1 Definitions and properties

A function f is said to be concave if

fQz+(1=-Ay) 2 Af(x)+(1-2)f(y)

for all z,y € R? and X € (0,1). We also say that a density f will be a log-concave
density if log f is concave. Let X1, Xo,..., X,, be independent random variables from
some unknown densities f : R ~ [0,00), the log-concave density function can be

expressed as

f(x) = expp(x). (2.1)

From (2.1)), we also have log f(z) = ¢(z), for some concave functions ¢ : R —
[-00,00). The cumulative distibution function (CDF) can be represented as F'(x) =

[ f(r)dr. The following are examples of log-concave distributions.
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Example 2.1. Gaussian distribution

1

1
£(2) = gz exp {5 (@ = 10 e [-oo,c0], 02> 0

log f () = ~log(270) -5 (x - )?

0y log f(v) = —(””;—2’”

1
0?log f(x) = ~—;  concave for all x

Example 2.2. Weibull distribution

k-1
f@»:%(%) e @M 150, kA0

L k
log f(x) zlogx+(k,‘—1)log§— (;)

9, log f(x) = k-1 § (;)k1

T
k-1 k(k-1) (z
Olog () = -"- - T (S

F(z)=1-e @M 250, kA>0
k
log F(x) = (;)

k-1
Oy log F(x) = ; (%)

k-2
) not concave when k < 1

-1 k-2
0?log F(x) = k(k=1) (f) concave when k < 1

A2 A
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Example 2.3. gamma distribution

flx) = Ff;) e P, 5>0

log f(z) = alogf —logl'(a) + (v — 1) logz — fx

0108 /() = = - 5

1
concave for a > 1

) 1-
8:(: log f(I) - 2
x

Moreover, the log-concave shape constraint is attractive for various reasons. Some

of them are as follows.

1. Most common parametric distributions such as Gaussian, gamma with shape
parameter > 1, beta with both parameters > 1, exponential, Laplace, Weibull
with shape parameter > 1 are log-concave. In contrast, some distributions are
not log-concave for all values of parameters, for instance, Cauchy, log-normal,

F, and Student’s t-distribution.

2. The cumulative distribution function (CDF) of all log-concave functions are
log-concave. Nevertheless, some non log-concave densities have log-concave
CDFs such as log-normal, gamma when shape parameter < 1, and Weibull

when shape parameter < 1, (see Example .

3. All marginal and conditional of log-concave densities are again log-concave.

The reverse is not necessarily true.
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. All log-concave densities are unimodal, but not all unimodals are log-concave.
According to Birgé| [1997, Definition 1], a density f of the realines is called
unimodal if there exists some number M (not necessary unique) such that f
is nondecreasing on (—oco, M) and nonincreasing on (M, +00). Any such M is
called a mode of the density. The density f is said to be decreasing if f =0 for

x < M and increasing if f =0 for x > M.

. Log-concave is called a strongly unimodal density. (Ibragimov||1956]) A distri-
bution function is called strong unimodal if its composition with any unimodal

distribution function is unimodal.

. The sum of two independent log-concave random variables is log-concave whereas

a unimodal class does not satisfy this attractive property.

. The nonparametric ML estimator of the log-concave density always exists and
is unique. The corresponding theorem is shown in Diimbgen and Rufibach
[2009, Theorem 2.1} and its proof is in |Dumbgen et al. [2011, Section 2]. On
the contrary, the nonparametric ML estimator of a unimodal density does not

exist, see Birgé [1997].

. Balabdaoui et al. [2009] proved that the pointwise limiting distribution is

n2/5 (ﬁ(xo) - fo(xo)), where f, is the univariate log-concave ML estimator.
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10.

Furthermore, |Doss and Wellner| [2016] showed that the univariate log-concave
ML estimator has a global rate of convergence at a rate of n=2/5. This rate was
proved with respect to the Hellinger metric. On the other hand, the nonpara-
metric ML estimator of the unimodal density converges at a slower rate than

the log-concave ML estimator. The rate is n=1/3.

The rate of convergence for univariate log-concave density estimator is better
than n=2/(4+4) which is the conjectured rate of multivariate log-concave density

estimator and multivariate kernel density estimator.

The use of log-concave densities appears in several applications. |Chang and
Walther| [2007] presented clustering with a mixture model. They extend an
EM algorithm to work with the univariate log-concave densities and compare
the simulation results with the Gaussian mixture model (GMM). It shows that
modeling with the log-concave densities has smaller misclassification cases than

the GMM especially when the distributions are non-normal.
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2.2  One-dimensional log-concave density
2.2.1 Log-concave maximum likelihood estimation

According to the density in (22.1]), a log-likelihood function can be expressed as

o) = 5 3ol

Then, we add a Lagrange term to ¢(¢) in order to relax a constraint of f being a
density. Moreover, the objective function in (2.2)) will be set to maximize over all
concave functions and will still satisfy the equation of [ exp §(t)dt = 1, see Silverman

[1982]. Therefore, the modified log-likelihood function is given by

booi2) = = 3 o(w) = [ exp ) a. 22

Hence, the nonparametric ML estimator of ¢ is the maximizer of the function

(2.2)) over all concave functions, which can be represented as

P

Pn = argmax  Lpoq(p).

@ concave

We also show a comparison between the estimated density from the log-concave ML
estimator and the true density in Figure 2.1 Moreover, [Dimbgen and Rufibach
[2009] showed that there exists a unique concave function $, that maximizes the

lmod() function. In the next section, we will present some properties of 3,,.
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0.0
I

Figure 2.1: Estimated density from log-concave MLE with a true density of standard

Gaussian distribution

2.2.2 Log-concave density estimator ¢,

We denote S, as a set of all knots from some continuous piecewise linear functions
gn [ X1y, X(ny] = R, where X (1) <--- < X(;,) denote an order statistics of X1,..., X,.

The set of knots can be represented as

Sn(gn) = {u € (Xa), X)) 2 9(u=) > g (u)} U {X 1), Xy }- (2.3)

As we can see, knots occur when the function changes slope. The minimum and
maximum observations always are knots. The density estimation is of the form
Fu(x) = exp @, (2). Figure shows the estimated logarithm function of standard
Gaussian distribution where its knots represent at the vertical dashed line. More-
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over, ﬁ = 0 outside the data range since ,, = —oo. The followings are some other

characterizations of knots.

e {, occur at some points of data in [X(l),X(n)]. This is different from k-

monotone density for k> 1 where the knots always lie between observations.

e According to Dumbgen and Rufibach| [2009], for z > X (1), let

Fy(x) = fx exp P (u)du,
X

Gulw) = [ Fuu)du,
X

Gu(z) = [m Fn(u)dUZI:Fn(u)du.

X()

Then, the concave function 3, is the ML estimator of the log-density ¢q if and

only if

. SGn(x) VIZX(l),
Gn(x)

=Gu(z) fxeS (D).

e A consequence from the previous characterization of 5, is that the estimator
of the distribution function F, is close to the empirical distribution function

F, on S,.(%,).
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Figure 2.2: Logarithm density of standard Gaussian distribution with the vertical

dotted lines represent the locations of knots

2.2.3 A computational aspect of the univariate log-concave MLE

Theorem 2.4. [Dimbgen and Rufibach, |2009] The nonparametric ML estimator
P exists and is unique. It is linear on all intervals [ X;, X;1], 1 <i <n. Moreover,

(ﬁn = —00 0N R\[X(l),X(n)].

From Theorem [2.4] exp¢(t) from (2.2)) can be written as a linear function for

each interval of [X;, X;;1]. We define S;,1 as a slope of z € [ X}, X;,1]. Hence,

Pi+1 — P
Sis1 = ———.
Li+1 — L4

28



Then, the second term of ,,,4(¢) in (2.2]) can be expressed as

n=l g
fengD(t) dt Z / 6@i+(t—xi)3i+1 dt
R i=1 Y ZTi

-1
= nz: (e‘pi-#l _ 6901) (:EZJrl — :Ez ) .
=1

Piv1 — Y5

Now we can write (2.2) in an explicit form, which is

. 12 n—1 . . Tir1 — T4
Fe)= 02 () - X (et - o) (2220 ),
=1 =1 1+ i

Finding one-dimensional log-concave ML estimator is quite convenient because
there is an available package in R called logcondens. This package is built by
Diimbgen and Rufibach| [2011] and can be accessible from CRAN at http://CRAN.
R-project.org/package=logcondens. According to their work, they presented two
algorithms for calculating the univariate log-concave ML estimator, which are itera-
tive convex minorant algorithm (ICMA) and active set algorithm (ASA). According
to Walther [2009], ASA appears to be an efficient algorithm to calculate the MLE
nowadays. Thus, we decide to use ASA, which is implemented by Diimbgen et al.
[2011], in our thesis. The ASA is a useful tool from optimization theory, see Fletcher
[1987]. The main idea of this algorithm is that it solves a finite number of uncon-
strained optimization problems, see |Diimbgen et al.| [2011] Section 3]. A function for
finding the log-concave ML estimator in logcondens package with ASA is activeSet-

LogCon. An example code can be found in Appendix [A.3.1]
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2.2.4 Auxiliary results for d=1

Gradient and Hessian matrices of f are also important to be studied. Since the
expressions of these two matrices are complicated, we introduce a new auxiliary
function J, which can rewrite the partial derivatives of in terms of the J
functions. The following J functions will be discussed again in Chapter [J] when
we calculate a criterion for choosing the number of subpopulations in the clustering
problem. We will show the expressions of these two matrices only for one-dimensional
data. First, the modified log-likelihood function can be represented in the term of J

function, which is given by
1 n—1
(o) = n 290(551,) - Z J(i, is1) (@iv1 — 2;).
i=1 i=1

The J function can be expressed as

splon)-ople)
e
J(pj, 1) = J(r, ;) =

exp(p;) if ©; = o,

(2.4)

with the fact that J(¢;, o) = exp(p;)J(0, ¢k — ¢;). In addition, J(0,0) = 1 and

J(0,7) = %. Letting Jpq(¢j, 0x) = 05,05, J (@), vr) and A; = z;,.1 — x5, then the
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gradient and Hessian matrices of £*(¢) when we have m knots are given by

LAy Jio(pr,2)  for j=1,

D, 0(9) =4 L = Ao 9501) = DjorJon (@jo1,05)  for 2<j<m, (25)

% - An1Jor(Pm-1,pm)  for j=m.

Arda(pr,2)  for j=k=1,

AT (@5, i) = DjarJoa(@j-1,05)  for2<j=Fk<m,
~0p; 0 L7 (i) = A 1Joo(On-1,0m) for j=k=m, (2.6)
AjJi(pk,pj) forl<j=k+1<m,

0 for|j-Fk|l>1.

More details of J functions are in Appendix

2.2.5 Pointwise limiting distributions of the log-concave ML estimator

Balabdaoui et al.|[2009] derived the pointwise limiting distributions of n#/(2k+1) (ﬁ(xo) - fo(q:o)),
kD) (B, (20) = po(wo)) and also nk/ k41 (1 (29) = fi (o)), n/ R0 (@7, (o) = ¥ (0)),
where k is the smallest kth derivative of ¢ which ¢®*) # 0. They showed that these
limiting distributions depend on the lower invelope of an integrated Brownian motion

process starting at 0 minus a drift term ¢¥+2, which depends on the value of k. Fix
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zo € R, let W (t) be a standard Brownian motion starting from zero and define

[ W (s) ds—tk+2, if t >0
Yi(t) = (2.7)

fto W(s) ds—tF2 if t<0.

Let fy = expyy denote the true density and satisfies the following assumptions:
(al) The density function fj € the class of log-concave densities Fi 4.
(a2) fo(xo) > 0.

(a3) The function is at least twice continuously differentiable in a neighborhood of

Zg-

(ad) If p (7o) # 0, then k = 2, see|Groeneboom et al.| [2001a] and |Groeneboom et al.

[20010).

(a5) The random continuous function H in Theorem [2.5| satisfying Hy(t) < Yi(t)

for all t € R. Thus, the function H is everywhere below Y.

(a6) Hj has a second derivative in which H]' is concave. On top of that, Hy(t) =

Yi(t), if the slope of H, is strictly decreasing at t.

(a7) With probability 1, H is three times differentiable at ¢ = 0 and [ {Y(¢t) - H(¢)}dH"(t) =

0.
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According to (ad), we have ¢y () # 0, so k = 2. Therefore, we have the process

of Y as
JiW(s)ds—t4, ift>0,
Ya(t) =
[P W (s)ds -4, ift<0.

Moreover, (al) to (a7) are also true for k = 2. Hence, we get Theorem [2.5]

Theorem 2.5. [Balabdaoui et al|, 2009, Corollary 2.2, page 1306] Suppose that

assumptions (al) - (a7) hold. Then,
n?/® (ﬁ(%) - fo(ifo)) 5 ca (20, 0) Hy (0)
and
n?* (Ba(w0) = 20(20)) > Calwo, o) Hy (0),

where H, (0) is the second derivative at 0 of the invelope H of Y. The constant c;

and Cy are given by

{fo(xo)}3|w8($o)l)l/5

and

e\
Colo, o) = (24{fo<xo>}2) /

where @, (z0) denote the second derivative of ¢o(o).
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2.2.6 Global rates of convergence for the log-concave ML estimator

Doss and Wellner|[2016] studied the global rate of convergence for one-dimensional
log-concave ML estimator. They proved that the log-concave ML estimator converges
with a rate of n=2/5 with respect to the Hellinger distance. Let Q be any measur-
able space, and if ﬁ, fo are the estimated and true densities of the measures P,

respectively. The Hellinger distance, dy is given by

du(Fu, fo) = [fg (\/ﬁ— ﬁ)zdP]I/z. (2.8)

Let log Npj(e, Faricd, dr) denote a bracketing entropy of an appropriate subclass
Futica of log-concave densities Fj.q with respect to the Hellinger distance dg, where
Foarjed = {f € Frea : supger f(s) < M and 1/M < f(s) if s € [-1,1]}. More details of
the bracketing entropy can be found in Definition . Doss and Wellner| [2016,
Theorem 3.1, page 8] showed that this bracketing entropy obtains a bound of the

form
IOgN[](é‘,fM,lcd,dH) < AM€_1/2, (2.9)

where the constant Ay, depends on M and € > 0. The equation (2.9)) is the main
result to obtain the rate of convergence for the log-concave ML estimator. Under this
bound, we get Theorem [2.6] which is similar to Doss and Wellner| [2016, Theorem

3.2].
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Figure 2.3: Tent-like structure for the logarithm of MLE when d = 2 (Figure from

Cule et al.| [2010])

Theorem 2.6. Suppose that ﬁl 18 the univariate log-concave ML density estimator

of fo, then

i (Fa, fo) = Op(n72%). (2.10)

2.3 Multi-dimensional log-concave density
2.3.1 Log-concave maximum likelihood estimation

In multivariate cases, the log-concave MLE was studied by |Cule et al.| [2010] and
Cule| [2009]. (Cule et al.| [2010] showed that with probability one, the log-concave ML

estimator f, of f, again exists and is unique. Computation of the multivariate log-
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concave ML estimator is different from univariate log-concave ML estimator because
we cannot write an objective function in the terms of slopes. Figure [2.3| shows an
example of a two-dimensional log-concave ML estimator in a log-scale. We can view
this ML estimator as pulling a tent or a sheet in the vertical way, where the heights
of the tent poles represent the values of log f,,, which is built from bivariate data that
are the black dots in the Figure. However, it will be harder to visualize when we
deal with data more than two dimensions, because the illustrations are not obvious.
Let X1, ..., X, be random samples from fy on R? and denote C), = conv(Xy,..., X,,)
as a convex hull of data. According to |Cule et al.| [2010], an objective function for

finding the ML estimator is

o(y) =—%§;yl-+[cn exp (f_ly(x))d:c. (2.11)

Theorem 2.7. [Cule et al., 2010, Theorem 3] The function o is a convex function.

It has a unique minimum at y* € R, say, and log f, = By

According to [Cule et al. [2010], they called logﬁ as a ‘tent function’, which is a
function h, : R > R for a fixed vector y = (y1,...,y,) € R*. h, is a least concave

function where

h,(z) = inf{h(z) : h is concave, h(X;) 2 y;,i=1,...,n}.
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2.3.2 A computational aspect of the multivariate log-concave ML esti-

mator

The idea is to use Shor’s r-algorithm, which presented in |Cule et al| [2010]. It
is built for solving a convex and non-differentiable problems. This algorithm is to
generate a sequence y’, which o(y') - ;IGII%I% o(y) ast - oo. o(y') and do(y?) will be
required at each iteration where do(y?) represents the direction moving from y* to
Y+l

Maximizing the multivariate log-concave objective function can be viewed as the
infinite dimensional optimization problem. It can be reduced to the problem of
maximizing function h,, for some suitable vector y. In other words, we can imagine
that the function h, is when we place the pole height y; at X; and pull the sheet
over the top of the pole. Thus, a key for finding the log-concave ML estimator for
multidimensional data is to find an appropriate vector y* € R", where y* comes from
minimizing o(y) in (2.11)). From this minimization problem, we will get a unique
v =(yr, .. un) eR™

In order to calculate o(y), we need to evaluate [, exp (hy(x))dz. We can write
the closed form of this integral by triangulating the convex hull of data, C,. An
example of the triangulations for d = 2 can be found in Figure 2.3] Each simplex

represents an affine function of log f,. This step uses much computational time to
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find a proper y* which makes By* as a tent function that all tent poles touch the
tent.

It can also be noticed that there is an available package in R that builts from
Chen et al. [2015] for finding the multidimensional log-concave ML estimator. The
package is called LogConcDEAD and the useful function is “mlelcd”. In this function,

the stopping criteria after the (r + 1)th iteration are given by

‘y“l—yﬂéﬂyﬂ for i=1,...,n,

)

lo(y™) = o(y")| < elo(y)].

‘[C exp hyr(z)dx - 1] <,

for some small values of 9, ¢, and 7.

In the algorithm, these tolerances has been set to 6 = 1074, ¢ = 1078, and n = 10~
However, these stopping criteria can be set by a user in the mlelcd function with
parameters ytol, sigmatol, and integraltol, respectively. An example code for finding

the multivariate log-concave ML estimator by using the LogConcDEAD package is in

Appendix [A.3.2]

2.3.3 Rate of convergence

Cule [2009] showed that the multivariate ML estimator f, is a consistent esti-

mator of the true density f;. Moreover, they conjectured that the optimal rate of
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convergence with respect to the Hellinger distance is n~2/(d+4),

Theorem 2.8. [Cule, 2009, Theorem 5.11] Let fo be a log-concave density and let
ﬁ denote the log-concave mazximum likelthood estimator. Then, with probability 1,

Ay (F, fo) = 0 as n - oo.
Moreover, Cule [2009, page 97] conjectured that dg (., fo) = Op(d,) Wwhere

n~2/(d+4) when d < 4,
On = n~Y4(logn)'? when d = 4,

n=1/4 when d > 4.

Then, they use the results from Cule 2009, Section 5.2.6] and conjectured that
Ay (Fo, fo) = Op(n=2/(@D) for all d.

Furthermore, Kim and Samworth| [2016, Theorem 5, page 2762] proved that the
actual rates of convergence for the log-concave ML estimator with respect to the
Hellinger distance converges up to the logarithmic factors. However, they stated the

results only for d < 3.

Theorem 2.9. (Kim and Samworth, (2016, Theorem 5, page 2762] Let X1,..., X,

be i.i.d. random wvectors with density fo € Fq, and let ﬁ denote the corresponding
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log-concave ML estimator. Then,
O(n=2%) ifd=1,
du(fn: Fa) = YO(n-13/Togn) if d =2,

O(n'"*\/logn) ifd=3

where Fy denote the set of upper semi-continuous, log-concave densities on RY.

2.3.4 Computational time

As we mentioned before, the conjectured rate of convergence of the multivari-
ate log-concave ML estimator is n~2/(4+4) which is computationally intensive. The
running time for four-dimensional data with sample size 1,000 is 18 minutes for a
1.60GHz/8GB RAM desktop PC. Unlike, for one-dimensional data, finding the ML
estimator with the ASA in the logcondens package takes under one second. Because
it is a time-consuming algorithm, we propose a new method that works well with
multivariate density estimation and is also applicable in practice. This method will
combine the knowledge of one-dimensional log-concave MLE with a copula model,

which will be presented in the next Chapter.
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3 Dependence modeling with copulas

3.1 Introduction

Because of the computationally intensive problem when we find the multivariate
log-concave ML estimator with Shor’s r-algorithm, we propose another useful method
that works with the “copula model”. Copula can use to model the dependencies
between variables and allows us to form a multivariate model in which its margins
are modeled separately from the dependence structure. We can find the estimators
of each marginal density separately. Since our marginal densities are univariate log-
concave densities, their ML estimators give us a better convergence rate than the
multivariate log-concave ML estimators. This is how the convergence rate can be
improved.

Copula model has been widely used in several fields such as economics and finance,
see |[Patton| [2012]. He applied the copula model with time series of the stock index

returns and also presented the goodness of fit test for choosing an appropriate copula
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family. Rémillard et al.|[2012] presented the copula model with Archimedean copulas
to work with the multivariate time series on the Canadian/US exchange rate and the
values of oil in the future ten-year period.

In this chapter, we show how to find the estimators under the copula model. The
estimation can be done in two steps. First, we estimate the univariate log-concave
marginals. Then, we estimate the copula parameters. This two-stage estimation
is called inference function for margins (IFM). As we mentioned before, univariate
log-concave ML estimator gives the better rate of convergence than multivariate log-
concave ML estimator. Therefore, modeling under the copula model improves the
performance of the density estimation in terms of the convergence rate. Moreover,
it gaurantees that the convergence rate of our proposed method is much faster than
n~2/(d+4) " which is from the conjectured rate of multivariate log-concave ML esti-
mator. However, our proposed rate is never better than the convergence rate of

parametric estimator which is n~1/2.

3.1.1 Definitions and properties

Copula is a multivariate function with uniform marginal distribution functions.
Moreover, it can be called as a uniform representation or a dependence function,

which describes the dependencies between each margin. Sklar| [1959] introduced a
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concept of copula to work with a d-dimensional distribution function . We can split
F' into two parts, the marginal distribution functions F; and the copula distribution

function C' with its parameters 6 € R”.

Definition 3.1. The joint distribution function F'is a function with its domain in

R which

F' is nondecreasing.

o Fy, ..., Fy are distribution functions.

F has margins F, ..., Fysuch that Fj(z) = F(oco,...,xj,...,00) forj=1,...,d.

o F(xy,...,—00,...,24) = 0 especially for d =2. F(x,-00) = F(-o00,y) =0 and

F(oo,...,00)=1.

Theorem 3.2. (Sklar’s theorem) Let X = (X,...,X4) be a random vector with dis-

tribution function F and F € F(Fy,...,Fy) be a d-dimensional distribution function
with margins Fy,...,Fy. Then there exists a d-copula C' with uniform margins such
that

F(xb...,.ilﬁd)ZO(Fl(Qfl),...,Fd(Qfd)). (31)

Theorem [3.2 tells us that every joint distribution function F has at least one cop-

ula function. Moreover, if C'is a copula, then it is the distribution of a multivariate
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uniform random vector [Joe, 1997]. Note that a copula, C| is defined as a cumulative
distribution function with support in [0, 1]¢. Moreover, a copula density function of

the copula distribution function C' is given by

QIC(F,, ..., Fy)
OF,-0F;

C(Fl,...,Fd)= (32)

Furthermore, some properties of C' are as follows.

1. The copula function is always unique if all marginal functions are continuous.
Conversely, if C' is a d-copula with distribution function Fi,...,Fy, then F

from (3.1)) is a d-dimensional distribution function with margins Fi,..., Fy.

2. For Fj € [0,1];7 =1,...,d, when 0¢C(F1,...,Fy)/(0F,---0F,;) exists, C' is ab-

solutely continuous.

3. Every copula C'is continuous and satisfies the following inequality
|C(F, ..., F))-C(G,...,Ga)| < X0, |Fj-Gy| when V1 < j < d, and 0 < F}, G, <

1.

4. Forall 1<j<d, 0<F; <1, wehave C;(F;)=C(1,...,1,F;,...,1,...,1) = F}

and C'j(Fj)=C(Fl,...,O,...,E,...,Fd)=0.

5. If g1,..., g4 are monotone, nondecreasing mappings of R in itself, any copula

function of (X1,...,X,) is also a copula function of (¢1(X1),...,94(Xa)).
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6. For a bivariate copula, there are some interesting properties as follows.

C(1,u) =C(u,1) =u and C(0,u) = C(u,0) =0 for all uwe[0,1].

C' is nondecreasing in each variable.

For every s,t,u,v € [0,1], such that s <t and u < v, then

C(t,v) - C(t,u) - C(s,v) + C(s,u) >0.

For every s,t,u,v € [0,1], C satisfies the following Lipschitz condition

|C(t,v) = C(s,u)| <[t —s|+|v-ul

Moreover, copulas have their universal bound called “Fréchet-Hoeffding bounds

inequality” as given in Theorem [3.3|

Theorem 3.3. Let C be any d-copula with Fi, ..., F; be marginal distribution func-

tions with support in [0,1]¢. Then,

W(Fi(x1),...,Fy(xq)) < C(Fi(x1),...,Fq(xq)) < M(Fi(x1),...,Fq(zq))

where W(Fy(x1), ..., Fy(xq)) = max(Fy(x1) +--+ Fy(xq) —d+1,0) and
M(Fi(x1),...,Fq(xg)) = min(Fi(z1),. .., Fy(zy)). Moreover, an independence cop-

ula can be expressed as TI(Fy(x1),..., Fy(xq)) = F1(x1)Fa(zg).
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Figure 3.1: Graphics of M, W and II (figure from Nelsen| [2006])

W and M are called lower and upper Fréchet-Hoeffding bounds. The copula
C(Fi(x1),...,Fq(xq)) = M(Fi(x1),..., Fy(xs)) represents the most positive depen-
dence. The functions M and II are d-copulas for all d > 2. On the other hand, W is
a copula only when d < 2. When C(Fy(x1),...,Fi(zq)) = max(Fi(z1)+--+ Fy(xq) -
d+1,0), it represents the most negative dependence. Furthermore when X3, ..., Xy

are independent, C'(Fy(xy),..., Fa(zq)) = II(Fi(z1),. .., Fi(xq)) = Fi(z1)--Fa(zq).

3.1.2 Dependence

For a set of distributions F(F}, ..., Fy), there are several statistics for measuring
the level of dependences between random variables. In our work, we first discuss

concordance. Then, we present two famous measures, which are Spearman’s rho and

46



Kendall’s tau.

3.1.2.1 Concordance

The random variables with distribution function F' and G are said to be concor-
dant if the large values of F' are associated with the large values of G and also the

small values of ' and GG are being small together.

Definition 3.4. (Concordance) Let F' and G be distribution functions in F(F, ..., Fy)
where X ~ F|Y ~ G and X,Y are continuous random variables such that (z;,y;) and
(z;,y;) are the two observations from a vector (X,Y). Then, (z;,v;) and (z;,y;)
are concordant if x; > x; and y; > y; or z; < x; and y; <y;. Conversely, we say that
they are discordant when x; > x; but y; < y; or if x; < x; and y; > y;. The formula
can be represented as (z; —z;)(y; —y;) > 0 for concordance and (x; —x;)(y; —y;) <0

for discordance.

Theorem 3.5. [Nelsen, |2006, Theorem 5.1.1] Let (X1,Y1) and (Xa,Y2) be indepen-
dent vectors of continuous random variables with joint distribution functions Hy and
H,, respectively, with common margins F (of X1 and Xs) and G (of Y1 and Y3).
Let u=F(x),v=G(y), and Cy and Cy denote the copulas of (X1,Y1) and (X2,Y3),
respectively, so that Hi(x,y) = C1(F(x),G(y)) and Hy(x,y) = Co( F(x),G(y)). Let

Q denote the difference between the probabilities of concordance and discordance of
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(X1, Y1) and (X5,Y3), i.e., let
Q= P[(X1 - X5)(Y1 - Y2) > 0] - P[(X:1 - X)(Y1 - Y2) < 0].
Then,

Q=00 =4 [ [ o)y () -1

3.1.2.2 Spearman’s rho

Spearman’s rho correlation is based on both concordance and discordance. We
will show details of this correlation via examples of three independent random vec-
tors. Let (X1,Y1),(X2,Y5),(X3,Y3) be three independent random vectors from a
joint distribution function H where F' and G are the marginal distribution functions

of X and Y, respectively. The Spearman’s rho for (Xi,Y]) and (X3,Y5) is given by
pc =3{P[(X1 - X3)(Y1-Y2) > 0] - P[(X1 - X3)(Y1 - Y2) <0]}. (3.3)

The equation represents a probability of concordance minus a probability of
discordance times a normalizing constant. Note that we can also use (X5, Y3) instead
of (X3,Y3). The idea is that one vector has the joint distribution function H, which
is (X1,Y7), and another vector (X3,Y5) is independent. Thus, the joint distribution

function of (X3,Y3) is F(2)G(y). The copula of (X1,Y7) is C' and because X3 and
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Y, are independent, the copula of (X3,Y3) is II. Then from Theorem , we get

Q(C,1I) :4f01‘/:uv dC(u,v) - 1. (3.4)

The Spearman’s rho can also be viewed as the measurement of how far from inde-
pendent of the variables. To study the range of Q(C,II), we work on the boundaries

of (3.4). The lower and upper bounds of Q(C,II) are given by

Q(VV,H)ZZL‘/OI[)IUU dW (u,v) -1, and Q(M,H)=4/01/01uv dM (u,v) - 1.

Because the support of W is the second diagonal G(y) =1 - F(z), therefore

[Olfolh(u,w) dW(u,v):folh(u,l—u) du (3.5)

for all integrable function h, which domain is in [0,1]2. Likewise, the support of M

is the main diagonal G(y) = F'(z) in [0,1]%. Because M has a uniform margin, then

1,1 1
f / h(u,v) dM (u,v) = [ h(u, ) du. (3.6)
o Jo 0
Therefore, we have
1 1
Q(W,1I) :4f u(l—-u) du—lz—g and
0
1 1
Q(M,1I) :4f u? du-1= 3
0

Consequently, for any copula C, Q(C,II) € [-1/3,1/3]. A multiplier 3 in (3.3) is

added to make Q(C,II) covers the whole possibility range of dependence.
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Theorem 3.6. [Nelsen, 2006, Theorem 5.1.6] Let X and Y be continuous random
variables whose copula is C. Then the population version of Spearman’s rho for X

and Y s given by

pc = 3Q(Oa H)

1,1
= 12] f wv dC(u,v) -3
o Jo

1,1
= 12f / C(u,v) dudv -3
o Jo

1,1
= 12[ / {C(u,v) —uv} dudv.
o Jo
Example 3.7. Farlie-Gumbel -Morgenstern (FGM) copula
C(u,v) =uv +0uv(l -u)(1-v); Ge[-1,1], (3.7)

then

1l
pc 12] f {uv + Quv(1 -—u)(1-v) —uv} dudv
o Jo

12(%)/{;191)(1—0) dv

7

3

Hence, pc € [-1/3,1/3].

3.1.2.3 Kendall’s tau

A population version of Kendall’s tau is also related to the concordance and dis-

cordance of random variables. Let (X1,Y]), (X2,Y2) be independent and identically
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distributed random vectors from the same joint distribution function H. Therefore,

the population version of Kendall’s tau is in the form of
7o = P[(X1 - X5)(Y1 - Y2) > 0] - P[(X1 - X2) (Y1 - Y2) <0]. (3.8)

Theorem 3.8. [Nelsen, 2006, Theorem 5.1.3] Let X and Y be continuous random
variables whose copula is C'. Then, the population version of Kendall’s tau for X

and Y 1s given by

Tc = Q(Cv C)

4/01[010(u,v) dC(u,v) -1
4A1A10(u,v)c(u,v) dudv - 1.

The lower and upper bounds of Q(C,C') can be calculated from Q(W, W) and

Q(M, M), respectively. We use the calculations in (3.5) and (3.6)), hence we get

Q(W,W):zxfolfolmax(qu,()) AW (u,0) -1

1
=4/‘Odu—1=—L
0

Q(M,M):él'/()l]:min(u,v) dM(u,v) -1

1
:4/Nudu—1:L
0

Therefore, Q(C,C) € [-1,1].
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Example 3.9. Farlie-Gumbel -Morgenstern (FGM) copula

Refer to the FGM copula distribution function in (3.7)), we get

0,C(u,v) =v+0v(l-v)(1-2u)

0u0,C(u,v) =1+ 60(1 = 2u)(1-2v) = c(u,v).
Then,

TC:4/:[01{uv+0uv(1—u)(l—v)}{l+9(1—2v)(1—2u)}dudv—1

:4(1+i):2_9
4 18 9

Because of # € [-1,1], therefore 7 € [-2/9,2/9]. According to Example and
3.9 FGM has restricted usefulness because pc and 7¢ have the limited ranges of
dependence.

Although, both Spearman’s rho (p) and Kendall’s tau (7) are the measurements
of dependence. There are some differences. First, the range of dependence that po
and 7o can cover are different as shown in Example and 3.9 Second, Nelsen

[2006] showed universal inequality for these two measures.

Theorem 3.10. [Nelsen, 2006, Theorem 5.1.10] Let X andY be continuous random
variables, and let p and T denote Spearman’s rho and Kendall’s tau, defined by (3.3))

and (3.8)), respectively. Then,

-1 < 37-2p < L.
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3.1.3 Copula families

In this thesis, we focus on parametric copula families. However, there are also
nonparametric copulas such as empirical copula and kernel copula. Some parametric
copula families contain one parameter. Some contain more than one parameter, see
Durrleman et al.| [2000], Nelsen| [2006] and |[Yan| [2007]. We show some examples
of bivariate Gaussian and Archimedean copula families. Gaussian copula has one
parameter but Archimedean copulas contain both one parameter and two parameters
families. In each example, we present the copula distribution function, the copula
density that derives from the representation in , and also the explicit form of
Spearman’s tho and Kendall’s tau if they can be shown explicitly. For examples

below, let w,v be the uniform representations of F'(x) and G(y).

3.1.3.1 Gaussian copula

C'(u,v) = Ng (CID_I(u), CI)_I(U)) ; u,ve(0,1)

The bivariate Gaussian copula density function can be represented as

1 1|27 (w) 7t (u)
c(u,v) = exp| —= (R -1)
e P e 510
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146

Let consider the correlation matrix R = where det(R) =1 - 62, then
0 1
| Lol 1o
-l= 1 )
-0 1 01
0 0 -1
T 1-
-1 0
Therefore,
T
1 1 6 |0 (w) -2 (v) [ [©7H(u)
c(u,v) = = exp —5(—1_92)
-0 _o 1 (u) + 001 (v) | | @1()
= 1 exp —L [G(CI)‘I(u))2 -207 1 (u)® 7 (v) + 9(@‘1(1)))2]
= P\ |

Kendall’s tau is given by

2
T = —arcsin(f), where 6 is the Spearman’s rho.
T

3.1.3.2 The t copula

Let x = (21, 22)7,

Clu.v) ftgl(u) ftgl(v) r(%?) (1 . xTRll.)_(5+2)/2 ;
U, v)= a;-’
—o0 —o T(2)moV1- 62 0
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where ¢3! denote the quantile function of a standard univariate ¢5 distribution with §
degrees of freedom, and R is the correlation matrix with off-diagonal elements equal

to 0. The density of t copula has a form

foo (5.5 ()
f5 (651 (w) f5. (851 ()" 00,

c(u,v) =

where f54 is the joint density of bivariate standard ¢-distributed random vectors and
fs is the standard ¢ density function with degrees of freedom §. The ¢ copula has the

same Spearman’s tho and Kendall’s tau as the Gaussian copula.

3.1.3.3 Archimedean copulas

Let ¢l=1] denote a pseudo-inverse of ¢ and considers ¢ as a continuously strictly
decreasing convex function from [0, 1] to [0, c0]. The function ¢ is called a generator

of the copula. Thus, we have

¢7i(t) for te[0,¢(0)],
o) -
0 for t>¢(0).

Note that ¢[-1] is continuous and nonincreasing on [0, co] but strictly decreasing on

[0,$(0)]. The distribution function of Archimedean copula is given by

C(u,v) = g (u) + ¢(v)). (3.9)
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We say that C' is strict, when ¢(0) = oo and C(u,v) > 0 for all (u,v) € [0,1]2.
On the contrary, C' is non-strict when ¢(0) < oco. When the copula C' is strict,
¢l-11 = p=1. The copula in is said to be a strict Archimedean copula, which
equals to ¢~ (p(u) + ¢(v)). Kendall’s tau of the Archimedean copula has an explicit

expression, which relates to their generator. An expression is given by

_ L o(t)
Teled oSt (3.10)

where ¢/(t) = do(t)/dt.

We show some examples of one-parameter Archimedean copula as follows.

Example 3.11. Clayton copula

The generator is

t=9-1

o(t) = 7 0 € [-1,00)\{0}.

Then, the copula distribution function can be expressed as

C(u,v) = {max(u?+v7? -1, 0)}71/0 :

The copula density is given by

(1+0)(uv) N (u? +0v0 =1)1D-2 when u?+v?>1,
c(u,v) =

0, otherwise.
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Kendall’s tau derived by (3.10) can be represented as

9
1

1t9+1—t
1+4/ dt when6+0
0 0
0

0+2

Therefore, 7 € [-1,1]. In contrast, the closed form of p is complicated to find.

Example 3.12. Gumbel-Hougaard

The generator is
o(t) = (-Int)?,  He[l,00).
Thus, the copula function is
C(u,v) = exp [~ ((~Inw)? + (~nv)*)""].

Note that the copula density function has a complex form, which will not be stated
here. There is also no closed form for Spearman’s rho whereas Kendall’s tau has a

simple form, which is

1--.

93
Il

However, there is a restriction that 7 does not cover the negative correlations because

when 6 € [1,00),7 € [0, 1].
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Example 3.13. Frank copula

The generator is

et 1

(b(t) :_lnle_g_l

], GE(—oo,oo)\{O}.

Hence, the copula function is

a1 D D)

e?-1
Then, the copula density function is given by

96791#91)(1 _ 679)
[(e0=1)+ (e = 1) (e - )]

c(u,v) =

Kendall’s tau and Spearman’s rho can be calculated; however, they depend on the

Debye function Dy (6), which is defined for any positive integer k by

k o tk
Di(6) = — f "
#(0) Ok Jo et-1
Spearman’s rho can be expressed as

12

p = 1-=[Dy(0) - Da(0)]
and Kendall’s tau is given by
4
T = 1—5[1—D1(0)].
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Example 3.14. Joe copula

The generator is

P(t) = -log(1-(1-1)%), Oe[l,00).

Hence, the copula function is

Clu,v) = 1-{(1-u)’ + (1 -v)" = (1-u)’(1- )"}

The copula density function has a complicated form. Similarly, there are no explicit

formula for Kendall’s tau and Spearman’s rho.

3.1.3.4 Empirical copulas

Sometimes choosing one copula from the parametric copula families is not easy
and may cause a misspecification problem. The nonparametric copulas are another
choice that we can consider. First, we focus on empirical copulas, which first intro-

duced by |Deheuvels| [1979).

Definition 3.15. [Nelsen, 2006, Definition 5.6.1] Let {(xx,yx)}}., denote a sample
of size n from a continuous bivariate distribution. The empirical copula C), is given

by

)

c ( i ) number of pairs (z,y) in the sample with = < z@),y <y(;)
n’'n

n
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where z(;y and y;y, 1 <4, j < n, denote order statistics from the sample. The empirical

copula frequency ¢, is given by

(i j) = if (z(),Y(;)) is an element of the sample,
enl—, 2] =
0 otherwise.
Theorem 3.16. [Nelsen|,|20006, Theorem 5.6.2] Let C,, and ¢,, be the empirical copula
and the empirical copula frequency function for sample {(xy, yx)}7_,, respectively. If

r and t denote respectively the sample version of Spearman’s rho and Kendall’s tau,

then

3.1.3.5 Kernel copulas

Nagler| [2017] presented a bivariate kernel copula for n i.i.d. observations, see
Charpentier et al.| [2007]. We denote (U;,V;) as the i.i.d. observations from the

copula C' where i =1,...,n. U; and V; are the empirical functions where

U =

ZIL(X <)

n+1:-

and

ZH(YZ <y).

60
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An idea of n+1 is to avoid the boundary problems. Hence, the kernel copula is given

by

1 » U -V
c(u,v)ZWZ;K(u hUZ)K(U hvz), where (u,v) € [0,1]?,

with the kernel function K and the bandwidth parameter h as described in [1.2.2.3]

3.2 Copula Selection

Among several copulas, we need some good criteria for the copula selection. We
study Akaike information criterion (AIC), Bayesian information criterion (BIC), and
distance method. AIC and BIC are model selection criteria which penalized the
log-likelihood function by depending on the size of parameters. For n observations
with a copula C' and uniform marginal distribution functions u and v, let n ob-
servations be u;; where ¢ = 1,...,n, and j = 1,...,d with a log-likelihood function
> logle(us, - - ., uiqgl@)], the AIC of a d-copula density ¢ with parameter 6 is given
by

AIC := =23 log[c(ui, - . ., ual0)] + 2k,
=1

where k is the size of copula parameters. Similarly, the BIC can be expressed as

BIC := -2 log[c(u, . .., ual0)] + klog(n).

i=1
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Copula which has the minimum AIC or BIC values will be chosen. Usually, BIC has

a stronger penalty term than AIC.

The distance method |[Durrleman et al.,|2000] is a criterion that measure distances

between finite M interested copulas, {C), }1<m<nr, and empirical copula, @\(T). Let us

consider the discrete L? norm, the distance formula can be represented as

d(é(T)7Cm)

|
Q
3

|
:
&

o R R
= e cee T_7...7_’...7__m_7...,_7...
) ~ e O\ T

where 1 < b <d. The best copula is the copula that has a minimum distance.

3.3 Density estimation

3.3.1 Estimator

tq

T

)]

Suppose that we observe Xi,..., X, random variables from an unknown density

f:Ré [0, 00) with cumulative distribution function F': R? — [0, 1]. Let ¢ represents

the copula density function of a copula distribution function C'. For each j where

Jj=1,...,d, the density f; are modeled as log-concave densities, which has a form

fi(z;) = expp;(x;) where ¢; : R = [-00,00) is a concave function for all j=1,...,d,

and Fj(s) = [°_expp;(r)dr : R = [0,1]. For simplicity, let x = (x1,...,24) € R%,
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then the joint density function is given by

d
f(,0) = c(Fi(x1),..., Fa(zq);0) [Texpp;(x;). (3.11)

j=1
c(Fi(x1),...,Fi(xq);0) is a copula density function with uniform margins and pa-

rameters § € © ¢ R*. To simplify notation, we write c¢(Fy(x1),...,Fi(xq);60) =
c(F(x);8), likewise functions Fy,..., Fy denote Fy(x1),..., Fy(zq). Hence, the log-

likelihood function of (3.11]) for n observations can be defined as

=17

n n d
((Fy,...,F,0) = ;logc(F(x);9)+Z;¢j(:vj)

d
EC(F1,7Fd,0)+Z€](F}) (312)
j=1

We can present the ¢; as a function of F} instead of ¢; which is easy to follow
because these F); are represented as uniform margins for copula density. can
be estimated by using the maximum likelihood estimation (MLE). However, this
method is time consuming when the dimension is large. |Joe [2005] introduced a
useful method called inference function for margins (IFM), which estimates
in two stages. We will discuss the MLE first, after that we will discuss the IFM

method.

63



3.3.2 One-stage estimation: maximum likelihood estimation (MLE)

From the log-likelihood in (3.12), let ¢ = (F1,. .., Fy,0) denote a set of parameters

and qz~5 = (Fl, Ly, 0~) denote a set of corresponding ML estimator. Therefore,

¢ = argmax ((Fy, ..., Fy,0).

3.3.3 Two-stage estimation: inference function for margins (IFM)

IFM method is a two-stage estimation, which estimates each margin and copula
density separately. Steps of IFM can be described as follows.
Step 1: We find the log-concave estimators for each margin by maximizing each

¢;(F;) separately. Then, we get

n
$; = argmax Z ©i(xi;).
¢ concave ;_|

We also get the corresponding F’] After that, we plug-in F1, ..., Fy in (3.12). There-

fore, we get
—_ —_ —_ —_ d —
E(Fl, ceey Fd,é’) = Ec(Fl, R ,Fd,G) + ZKJ(FVJ) (313)
j=1

Step 2: We can clearly see that § from maximizing (3.13) is the same as max-
imizing only ¢,(FY,..., Fy;6) because all marginal densities do not depend on the

copula parameter 6. Hence,

0 := argmax (.(F,,...,Fy;0).
0O
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Generally, IFM procedure is simpler than MLE. However, [IFM and MLE are the

same in Gaussian copula with correlation matrix R and F} corresponds to N (u;, a?).

3.3.4 Asymptotic relative efficiency of MLE and IFM

MLE is a well-known optimization method with good properties under regularity
conditions. However, IFM is more flexible and consumes less computational time. In
some situations the performance of MLE and IFM are really close to each other. For
example, |[Kim et al. [2007] presented the simulation study of bivariate data to com-
pare the performance between MLE and IFM via six one-parameter copulas, which
are Ali-Mikhail-Haq (AMH), Clayton, Frank, Gumbel, Joe, and Plackett copulas.
The marginal distributions that were used are assumed to be normal. Moreover,
they studied the misspecification of marginal distribution by considering ¢ and other
skewed distributions, which are skew ¢ and chi-square distributions. Dependences
of the model are from Kendall’s tau and sample sizes to be used are 40, 100, and
500. The performance is measured with an efficiency of estimated mean square error
(MSE), which can be given by an estimated MSE of IFM/an estimated MSE of MLE.
They showed that in a normal case, [IFM and MLE are equally good. Similarly, for

misspecification cases, MLE and IFM still give small values of bias.
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Joe| [2005] also studied the asymptotic efficiency of IFM. Let n = («q, ..., aq,0)
be a set of parameters in the model where aq, ..., a4 represent marginal parameters
and 6 is a copula parameter. We can study the performance of IFM compare to MLE
from asymptotic relative efficiency (ARE) of the IFM estimators 7 = (ay, . . ., ég, 0)
and the ML estimators 7 = (@, ..,a4 0) via covariance matrices of IFM (M) and
MLE (I-1'), where M and I are given below. Let subscript 1,...,d represent each
dimension of the marginal distributions and subscript m is for the copula density

function,

Li ... Lag ©Lim

I = )
Idl cee [dd Idm
]ml s Imd Imm

where Iy, = ~E[0%(/0a;a[ ] for 1< j, k < d, Ly, = ~E[0?(/0a;00T] and I,,; = I} for
j=1,...,d. Unlike I, matrix M is more complicated.

Let Vj, = E[(0¢;/0a;)(0CF [0ad)];1 < j, k < d, so that V}; equal to the information
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matrix of the jth marginal log-likelihood. We get

Vii ... 0 0
A =
0 Vaa 0
Iml s ]md ]mm

Let D = cov(0l(ay,...,aq,0)]0n), so we get

Vii ... Vig O
D =
Vai Vaa 0
0 0 ILnm

For an analytic purpose, an estimated covariance matrix for 7 and 7 are n~*M and
(n - 1)71T71, respectively, where M is the consistent estimator of M and T is the

observed Fisher information matrix of 7. Hence, the ARE of 1 and 7 is given by

(n-1)M

ARE(),7) = ~—
U
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Then, the conclusions are

<1, 71 is more efficient than 7.

ARE(#,7) = 1, the efficiency of 77 and 7 are the same.

>1, 7 is less efficient than 77.

Furthermore, covariance matrices of [IFM and MLE are the same when indepen-
dence copula is approached. Let #; denote the parameter values of independence

copula. Then, Theorem |3.17|is applied.

Theorem 3.17. [Joe, |2005] As 6 — 0;, under the usual regularity conditions for
mazimum likelihood, M — I71 — 0. That is, the covariance matriz for the IFM esti-
mator becomes the same as the covariance matrix of the MLE when the independence

copula is approached.

3.4 Our work

An objective is to study the performance of multivariate density estimation by
using the copula model and univariate log-concave marginals. We do some simulation
studies, which are in Chapter ] by using the two-stage IFM as our density estimation
method. As mentioned before, the joint density function is in the form of where

its marginal density fucntions are estimated with univariate log-concave distributions
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and the copula density is from one of the six well-known copulas, which are Gaussian,
t, Clayton, Gumbel, Frank, and Joe. Details of all copulas are already stated in
Section B.1.3l

We also work on the asymptotic behavior of the copula estimator 6. Because
the marginal density function is log-concave, which is a nonparametric density, and
we work on the parametric copula. Hence, our problem turns out to be the semi-
parametric model. We prove that the copula estimator 6 is consistent and converges
at rate n=1/2. Moreover, we also prove that our proposed joint density estimator is
consistent and converges with rate n=2/5. We will show in Chapter |5| for the details

of our proofs and also some necessary assumptions and regularity conditions.
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4 Simulation study

4.1 Density estimation

A goal of this simulation study is to show the performance of multivariate density
estimation by using parametric copulas with log-concave marginals. Recalling that

our proposed model is given in the form of

d
f(2,0) = c(Fi(21),. .., Fa(zq);0) HGXP%‘(%);

j=1
where c¢(Fy(x1),...,Fy(xq);0) is a copula selected with the BIC as described in Sec-
tion [3.2] We use inference functions for margins (IFM) as our density estimation
method, which its details are described in Section [3.3.3] The copula in each simula-
tion is selected from six well-known one parameter copulas, which can be summarized

in Table [4.1] In the simulation studies, we use a Gaussian copula as our true copula.

We compare our proposed method with other density estimation methods. They

consist of parametric, semiparametric, and nonparametric density estimations, which
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Table 4.1: Copulas in the simulation study

Copula C(u,v) = 0 e
Gaussian No (DY (u), P H(v)) [-1,1]
' JERRN AR F(;g;i_? (1+ ITR;’”)*(M)/Q de | [1.1]
Clayton {max(u=?+v7?0-1, 0)}71/9 -1, oo)\{O}
Gumbel-Hougaard | exp [— ((-Inu)? + (-In v)g)l/e] [1,00)
Frank —%ln(l + %) (—o0, oo)\{O}
Joe 1= {(1-u)?+(1-v)° = (1-u)?(1-v)o}"/* [1,00)

details of each method are presented below. To simplify, we create the short terms

for each method, which are given in the brackets with italic text after their details.

1. Parametric methods

e We use parametric MLE with parametric marginal densities. (parametric

MLE)

e We do the same as previous method but the IFM method is used instead

of the MLE. (parametric IFM)

2. Semiparametric methods
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e (proposed method) We use IFM method with univariate log-concave

marginals. (log-concave IFM)

e We use IFM method with univariate kernel marginals. We use Gaussian
kernel with least-squares cross-validation bandwidth (k). The copula den-

sities are still selected with BIC. (kernel IFM).

e We use IFM method with univariate kernel marginals. We use Gaussian
kernel with bandwidth from Goldenshluger-Lepski (G-L) method, (see

[Chagnyl, 2016, Section 4.4, page 115]). (kernel IFM with G-L)
3. Nonparametric methods
e We do multivariate log-concave density estimation. (multivariate log-

concave)

e We do multivariate kernel density estimation with Gaussian kernel and

least-squares cross-validation bandwidth matrix (H). (multivariate ker-

nel)

The concept of G-L method is to select a reasonable bandwidth 7 among (ﬁ)he%n.

The objective is to choose T that satisfies the following criterion;

h = argmin Critgy(h),
heH,

72



with Critgr(h) = A(h) + V(h), where

A) = xpax (1T = Tl = V(1)

(K| KIFIK?)
nh '

+7

V(h) =

We choose H,, = {27%:k=1,2,...,log,(n)}, which satisfies the assumptions in
[Chagnyl 2016, Theorem 4.5 page 116]. Moreover, there is no systematic way for
choosing a constant &', so we use &’ = 1. The definition of ., fi s, |K |2, and | K>

are as follows.

z, =max(z,0),  fau = / Kp(x — ") fr (2 da'
R

K1t = [ K @ldr, 1K= [ K(@)da.

We perform simulation studies for d = 2,4,5, and 6 with various sample sizes
n = 100, 200, 500, 1000 and different levels of dependence 7 =0,0.2,0.6. We consider
both symmetric and skew marginal densities. The details of these simulation studies
are in Table [£.2]

However, in the kernel IFM with G-L, we consider only for d = 2 cases. Each
element in H,, is considered as a candiate for a bandwidth selection. The results are
shown in Figure and [4.2]

Furthermore, we also highlight the performance of our proposed method under

misspecification. We choose t distribution because it is not a log-concave distribution
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Table 4.2: Details of specification cases

Dimensions Distributions T

2 N(0,1), N(0,1) 0,0.2,0.6
N(0,1), T'(2,1)
r(2,1), I'(2,1)

4 N(0,1), T(2,1), N(0,1), T(2,1) 0.2,0.6
r'(2,1), T(2,1), T(2,1), T(2,1) 0.2
r'(2,1), T(2,1), B(2,5), B(2,5) 0.6

5+ N(0,1), T(2,1), T(2,1), T(2,1), N(0,1) 0.2,0.6
r'(2,1), T(2,1), B(2,5), B(2,5), T(2,1)

6* N(0,1), T(2,1), T(2,1), T(2,1), N(0,1), T'(2,1) 0.2,0.6
r'(2,1), T(2,1), B(25), B(2,5), T(2,1), T(2,1)

* means there are no multivariate log-concave results because of the computationally intensive problem.

for any degrees of freedom. Details of simulation studies under misspecification are
in Table [£.3]

Moreover, we also perform some simulations when the copula densities are from
two-parameter copula families. In each set of simulation, we choose one copula
from these four copulas, which are BB1 (Clayton-Gumbel), BB6 (Joe-Gumbel), BB7
(Joe-Clayton), and BB8 (Joe-Frank), (see Brechmann and Schepsmeier| [2013]). The
simulation results can be found in Figure 4.7

Because finding the MLE for multivariate log-concave distribution is time-consuming,

so we do 100 sets of simulation. In our simulation, we use some available packages in
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Table 4.3: Details of misspecification cases

Dimensions Distributions T
2 la,to 0
4 N(0,1), T'(2,1), ta, 1o 0.2
5* N(0,1), T'(2,1), T'(2,1), B(2,5), t2 0.6
6* N(0,1), T'(2,1), T'(2,1), B(2,5), 5(2,5), Lo 0.6

* means there are no multivariate log-concave results because of the computationally intensive problem.

R. For kernel density estimation, we use “kedd” |Guidoum| 2015] and “ks” |[Duongj,
2017] packages to find bandwidth estimators for univariate and multivariate kernel
density estimations, respectively. Package “copula” [Hofert et al. 2017] is used for
estimating copula densities and finding copula estimators. For copula selection, we
use “BiCopSelect” in VineCopula package [Schepsmeier et al., 2018], which can be
accessible from CRAN https://github.com/tnagler/VineCopula. For finding the
log-concave MLE, the packages are already stated in Chapter 2]

Steps for these simulation studies can be summarized as follows:

1. We choose the best copula among six well-known copulas with BIC. Copula

which has the smallest BIC will be chosen.

2. We estimate the density by using methods represented above.

3. We calculate the mean integrated square error (MISE), which is our criterion

5


https://github.com/tnagler/VineCopula

for the performance measurement. Let ﬁ(x) and fo(x) be the estimated and
the true density functions of x € R%. The estimated MISE is given by

1

3

Zn;/Rd (Fn(@) = fo(z))” da. (4.1)

Moreover, (4.1) can be estimated by Riemann sum. Let Az = Azy---Azy, x;;
be the ith observation of dimension jth, and Az; = x;; — ;1,51 =1,...,n,7 =

., d, then the estimated MISE can be expressed as

= % Zn: (falzi) - fo(%'))2 Az

=1
The simulation results from Figure (1], {1.2], [£.3] [£.4] and [4.5] can be summarized

in the following bullet points.

e When sample size increases, M ISFE decreases regardless of the level of depen-
dences and marginal density functions. This makes sense because when the
sample size is large, f, of each density estimation method converges to the

true density function fy. This follows by the law of large number (LLN).

e When we consider the results by type of methods, we can conclude that para-
metric models, which are parametric MLE and parametric IFM, perform al-
most the same and they give the best performance. Log-concave IFM performs
better than kernel IFM while nonparametric models, which are multivariate

log-concave and multivariate kernel, are the worst.
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e The best to the worst results are parametric MLE, parametric IFM, log-concave
I[FM, and multivariate kernel, regardless of the marginal distributions, levels of
dependence, and sample sizes. The performance of kernel IFM and multivariate
log-concave are close to each other and usually lie between the log-concave IFM

and the multivariate kernel.

e Among the semiparametric and nonparametric models, log-concave IFM pro-
vides the best results. However, it is worse than parametric MLE and para-

metric IFM.

e The kernel IFM with G-L method performs well when sample sizes are moder-
ate (n =100, 200), but gives higher MISE when sample sizes are large. However,

it is still better than multivariate kernel.
e In general, higher dependence gives higher MISFE.

For misspecification cases, results are shown in Figure 4.6| which can be summa-

rized as follows:

e [t is obvious that the proposed method does not perform as good as the non-
parametric methods which makes sense because the marginal densities are not
log-concave densities. However, it is still better than nonparametric density

estimation for moderate sample sizes. This similar result has been presented
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Table 4.4: % of how often each copula has been selected with BIC

Figure Gaussian | ¢ Clayton G-H Frank Joe
4.1] (a) 40.25 0.75 2.25 3 41.75 12
11| (b) 54.75 0.25 1.25 13.75 23.5 6.5
1.1 (c) 85 0.75 3.25 7 3.75 0.25
277) (d) 40.25 1.25 1.75 2.75 42.5 11.5
4.1 (e) 54.75 0.25 0.75 13.5 24 6.75
4] (f) 85 0.75 3.25 7 3.75 0.25
1.2 (2) 40.5 1.25 1 2.75 42.5 12
12| (h) 55.25 0.25 0.25 13.25 24 7
12 (i) 82.25 1 4 7.25 5.5 0
1.3 (j) 95.75 0 1.5 1.75 1 0
4.3 (k) 97.5 2.25 0 0 0.25 0
4.3 (1) 82 0.25 0.25 3 11.5 3
13 (m) | 97.5 2.25 0 0 0.25 0
4.4 (n) 98.5 0 0 1.25 0.25 0
14| (o) 93.5 6.25 0 0 0.25 0
44 (p) 90 4.75 0 0 0.25 0
14 (q) 98.5 0 0 1.25 0.25 0
4.5 (1) 98.75 0 0 0.5 0.75 0
45| (s) 97.75 2.25 0 0 0 0
1.5 (t) 98.75 0 0 0.5 0.75 0
4.5 (u) 96.25 3.75 0 0 0 0
6] (v) 58.5 0.25 0.75 1.75 31.5 7.25
1.6 (w) 96 0 1.5 1.5 1 0
1.6 (x) 94.5 5.25 0 0 0.25 0
1.6| (v) 97.25 2.75 0 0 0 0

before in (Cule et al.| [2010, Figure 3, 4]. Moreover, this result also stated the

robustness property in |Cule et al.| [2010, Theorem 4].

Furthermore, Table [4.4] shows percentages of how often each copula has been used
in each Figure. Copulas that have been selected with the highest percentage will be

presented as the bold numbers.
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(a) 7=0, N(0,1), N(0,1) (b) 7=0.2, N(0,1), N(0,1)
(c) 7=0.6, N(0,1), N(0,1) (d) 7=0, N(0,1), I'(2,1)
n 79 n
(e) 7=0.2, N(0,1), T(2,1) (f) 7=0.6, N(0,1), I'(2,1)
Figure 4.1: MISE for d = 2 MLE, --- parametric IFM, — log-concave IFM, ----
kernel TFM, kernel IFM with G-L, multivariate log-concave, and multivariate

kernel
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(g) 7 =0, F(27 1)7 F(27 1) (h) T7=0.2, F(Qvl)a F(2a 1)
(i) 7=0.6, I'(2,1), ['(2,1)
Figure 4.2: MISE for d = 2 MLE, --- parametric IFM, — log-concave IFM, -----
kernel IFM, - - kernel IFM with G-L, - - - multivariate log-concave, and multivariate
kernel
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(J) 7-:02,N(O,1),F(2,1),N(O,l),F(Z, ]_) (k) T:067N(071)7 F<271)7N(071>7F(27 1)
(1) 7=0.2,1°(2,1), I'(2,1),I'(2,1),I'(2,1) (m) 7=0.6,I"(2,1),I'(2,1),5(2,5),8(2,5)
Figure 4.3: MISE for d = 4 MLE, --- parametric IFM, — log-concave IFM, -----
kernel ITFM, multivariate log-concave, and multivariate kernel.
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(n) T:O'27N(07]‘)7F(271)7F(271)7F(271)7N(071) (O> T:0'67N(071)7F(271)7F(271)7F(271)7N(071)

(p) 7=0.2,1'(2,1),I'(2,1),6(2,5),8(2,5),I'(2,1)

Figure 4.4: MISE for d = 5

kernel IFM, and multivariate kernel.

MLE, ---
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(q) 7=0.6,I'(2,1),I'(2,1),5(2,5),8(2,5),I'(2,1)

parametric IFM, — log-concave IFM,
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Figure 4.5: MISE for d = 6 MLE, --- parametric IFM, — log-concave IFM, ----.

kernel IFM, and multivariate kernel.

83



N T - --_-._"““‘“‘—— ___________________________
(V) 7=0,t2,t2 (W) T:O'QaN(071)7P(271)’t27t2
(x) 7=0.6,N(0,1),I'(2,1),I'(2,1),8(2,5) %2 (v) 7=0.6,N(0,1),I'(2,1),I'(2,1),5(2,5),8(2,5) t2

Figure 4.6: MISE from top left to bottom right: d =2, d=4,d=5, and d =6 MLE,
- - - parametric IFM, — log-concave IFM, ----- kernel TFM, multivariate log-concave,

and multivariate kernel.
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0.008
|

0.008
0.008

7= 0.2, N(0,1), N(0,1) 7= 0.6, N(0,1), T(2,1)

T =0.6,T(21), T(2,1) (q) T = 0.6, T(2,1), B(2,5)
Figure 4.7: MISE for two-parameter copula when d = 2 MLE, - -- parametric IFM,
— log-concave IFM, ---- kernel IFM, and multivariate kernel.
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5 Main theorem and proof

5.1 Define estimators

Suppose that we observe X1, ..., X, random variables from an unknown density
f R4 [0, 00) with cumulative distribution function ' : R? ~ [0, 1]. Let ¢ represents
the copula density function of copula distribution function C' with parameters 6 €
© c R¥. For each j where j = 1,...,d, the density f; are modeled as log-concave
densities, which has the form f;(z) = expy;(z;) where ¢; : R = [-00,00) is a
concave function for all j = 1,...,d, and Fj(s) = [°_expp;(r)dr: R » [0,1]. For
simplicity, let © = (x1,...,24) € RL. We write c(Fi(x1),..., Fy(zq);0) = c¢(F(z);0),
likewise functions F' = (Fi,..., Fy) denote F(z) = (Fi(z1),...,F4(xq)). Then, the

log-likelihood function is given by

n n d
Z(Fl,...,Fd,G) = Zlogc(Fl(xﬂ),,Fd(xzd),0)+zz:logf](xu)

i=1j=1

d
gc(Fl, Ce ,Fd,e) + ZKJ(F})
j=1
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where
C(Fy, ... Fg;0) = Zlogc(Fl(:vil), ooy Fy(49);0),
i=1
(i (Fy) = Y log fi(2i).
-1

Let Fi.q denote the class of log-concave densities f: R~ [0, 00). We also let Fred

denote the class of corresponding CDF where

Fled = {F tF(s) = [; f(r)dr, fe ﬂcd}

where Fj.q is an infinite-dimensional space with supremum norm, that is |F|« =

sup|F'(s)|. We define the univariate log-concave density estimators for each j
seR

1,...,d as
ﬁj = argmax (;(F})
fi€Ficd
with F,;(s) = [ fn;(r)dr where s € R. Next, we estimate the copula parameters 6.
Finding the copula estimators from maximizing EC(FM, o Eoa 0) is also a solution

of a score function. That is,
U,(0,F) =n"09l,(Fyy, ..., Fpg;0) = 0. (5.1)

We call the estimators 8, from (5.1)) as Z-estimator.
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—_

Hence, the joint density estimator with copula estimator 6,, univariate log-

concave density estimators f,,;, and corresponding F,,; can be represented as

—_ — —_ —_ d —_
fu(x) = c(Fni(21), ... Fra(a); 0n) Efm(xj)

5.2 Main theoretical results

Let fo(z) denote the true joint density function with true copula parameters 6
and true univariate log-concave marginal fj;. Hence, the true joint density function

is given by

d
fo(z) = c(Foi(21), -, Foa(xa); 0o) 11 foj (),

where fj; € Fi.q and consequently Fj; € Fred-

For asymptotic results, let U(6, F') = Ey, [0plog c(F'(x);0)] denote the asymptotic
version of W, (6, F). We first prove consistency and rate of convergence for 6,,. Then,
we prove rate of convergence for joint density estimator. To prove these theorems,
we use empirical processes theory and also the covering numbers and bracketing
numbers. The proofs are done under some regularity conditions which have been
stated in Section [5.2.4l From the definition in [van der Vaart and Wellner| [1996],
let (2, A, P) denote an arbitrary probability space. We use p* to denote the “in

outer probability” where the outer probability P* of an arbitrary subset B of {2 is
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P*(B) =inf{P(A): A> B, AeA}. Our results are in outer probability, as is typical
of empirical process theory results.

First of all, we need to define the notations of derivatives that will be used in the
following theorems. Let 0pW, (0, F)[h] denote the d—dimensional vector with jth

element given by
[0p9,(0, F)[R]]; = n™' )" Ou,0plogc(F (:); 0)hy(wij).
i=1

The supremum norm | F||. can also be written as

-----

77777

5.2.1 Consistency

Theorem 5.1. The estimators ﬁ, ﬁl, ce ﬁd and 0, are consistent:
1. [Dimbgen and Rufibach, 2009, Theorem 4.2] The log-concave estimators satisfy
/ |ﬁj(s) - foj(s)| ds—0 and ign§|ﬁn](s) - Foj(s)‘ - 0,
in probability, for each j=1,...,d.

2. Assume that (U), (B) and that the regularity conditions (R1), (R2), (R3) hold.

Then 0,, - 6y in outer probability.
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3. Assume that (U), (B) and that the regularity conditions (R1), (R2), (R3),

(R8), (R9) hold. Then,

[ 7@ - fow)|de >0
in probability.

Proof of Theorem[5.1. Consistency of the log-concave density estimators follows well-
known results from [Diimbgen and Rufibach| [2009, Corollary 4.2, page 48]. Next, we
prove the consistency result for copula estimator 0,,. In order to establish the result,
we follow Nan and Wellner| [2013, Lemma 1, page 1157]. We need to check three

conditions from this Lemma.

(i) For the first condition, we assume that 6, is the unique solution to W(6, Fy) =0

which is the assumption (U).
(ii) Secondly, |F}, — Fy|les = 0,+(1)

has already been proved in Diimbgen and Rufibach [2009, Corollary 4.2, page

48].

(iii) Finally, we prove that

|W,.(0, F)-V(0, Fy)|
su =o0.+(1
o s T 0, B e, - Y
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for every sequence {d,} | 0. We will show a stronger version of this condition

by showing that

sup |\I]n(97F)_\IJ(‘97F0)|:OP*(I)'
0¢0,| F—Fo | <6n

First, we show that

W (0, ) - W (0, Fo)

|U,.(0,F)-V,(0,F) +%,(0, Fy) - Y (0, Foy)|

n= Y dgloge(F(x;);0) —n~' " dplog c(Fy(w;);0)
- i=1

03 Oplog e Fy(:):0) — Epy [ 1ogc(Fo(X);e>]‘

i=1

AN

0SS Oy log o F(.):6) — 3 0y log e Fa(:): e>|

i=1 =1

+

n! anae log c(Fo(x:);0) = Ef,[Op log c(Fo(X); 9)]‘ :

i=1

We will prove these two terms in the last inequality separately. For the first
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term, we use Taylor’s expansion. Then, we get

W (0, ) = W0 (0, Fp)

IN

nl i 10y log c(F(2:): 0) - 9 log c( Fo(x:): 0)|

n | d
= 07 Y > 0y, 0plog c(Fy(x:);0)(Fy — Foy)(wij)

=1 ]:1

+27! Z au]-awaO IOgC(F*(%)%@)(Fj - FOj)(Iij)(Fl - Fo) (i)
j=1

.

Z:: 0., 00 log c(Fo(:): 0) (Fj ~ Foy) ()|

AN
LM=

d
+(2n)™ Z > |00, 0 B log ¢(F* (:); 0) (F = Foj) (i) (Fy = For) ()|

i=14,0=1

n d
< ZZ|aujaglogC(Fo(Iz)70)‘HFJ—FOJHOO
i=14=1
n d
)Y Y [0, 0D log o F (2); 0)| | = Fusllool B~ Ful
=1 j,l=1
< '3 3]0, dloge(Fy(z): )] |F - Fol

i=1j=1

n d
+(2n)' Y Y ‘8uj0ul8910gc(F*(xi);9)| |EF - Fy|?,.

=1 j,i=1

~

By assumptions (R1), (R2), and applying law of large numbers, we can show
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that

sup [V, (0, F) - V,(0, Fp)|

A

wn

=

o)
—

:|
™
M=

|8 0p log c(Fo(z;); 9)‘}||F Foloo +

0<© 0e© i=1j=1
n d
sup{@n)-lz 3" (01,1 log e(F* () e>|} IF- Rl
0e© i=1 j,l=1
d n
< 35 maxup it Sl b tog et )] 1 -
=150 0O i=1

Z max Sup{(Qn) 2‘8 0y, 00log c(F* (x;); 9)|}||F %

j,l=1‘7 1.,

2dM1||F— F()”oo + d2M2||F— F()HZO

IA

Therefore,

sup |\Ijn(67F)_\Ijn(97F0)|
0€0,| F~Fy|<6n

IN

2dM;5,, + d? M52

IN

B,
for constant B = 2dM; + d?>M56,,. Hence, when 6, | 0,

sup |\Iln(‘97F)_\Ijn(97F0)| :Op*(l)'
0O, | F-Fy|<6n

For the second term, we use law of large numbers. For a fixed value of 6,
|U,.(0, Fy) -V (0, Fy)| 128910gc(F0(xZ) 0) — Ef,[0glogc(Fo(X);0)]| = 0p-(1).

Next, we will prove that the convergence is uniformly in 8. We need to show

that the class of {Jplogc(Fy(x);0)}eeo is Glivenko-Cantelli where 6 € © c R¥,
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see Lemma |A .4, Hence, we need to show that Nyj(e,©, L1(P)) < co. From the
(1

well-known result in [van der Vaart| 1998 Example 19.7, page 271],

2diam(@))k
——=| <oo,
£

Ny(2,0,L,(P)) < (

where k is the dimension of ©. To prove that this bracketing number is finite,

we need assumption (B) and (R3). Therefore,
%u(}))'\lln(e? FO) - \11(97 FO)‘ = Op*(l)'
Then,

sup |U,.(0, F) - WU(8, Fy)| = 0, (1).
0O, | F~Fo|<6n

This complete all three conditions. Hence, 0,, - 6, in outer probability.

Next, we prove consistency for the joint density estimator.

[ |Fa@) - fo(@)|de
/ |C(Fn i

d
o) [ 15
d d
[ |e@ata): 0u) T o) = e(Fo(): 00) T fog ) = e(Fo(): B )Hfoj(xmc(F € >Hfm<xj>\dx

d
() = c(Fo(z);00) H oj(xj)|dx

IA

/ |c<F‘n(x>;92,,>—c(Fo<x>;eo>|Hf0j(xj>dx+ / \_Hﬁj(zj)—Hf0j<xj)\c<ﬁn<m);a‘n> da

fTL](':EJ) foj $])‘{Hfm CCZ)}{HfOL(l'L)}C(F (2); on) €L.

i<j >3]

f|c(F (z); o, ) = c(Fo(x); 90)|Hf0]($3)d5'3+2[

Now, each f,; is consistent and each fy; is bounded since it is log-concave, and hence

for large enough n we assume that for some B < oo, { [T, ﬁw(x,)}{ [1s; fOz(I’Z)} <
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Bd-1, Therefore,

/

IN

IN

IN

IN

IN

IN

Fai() = foiCap|{ TT FusCo) { TT fouC) (B )

|
(f
[ |Fosta) - fstay)
B! {23 /

5 {28 [ [Fute) - doalacf | suo_ [ tetrtaro)?ac]

B2 pa-1 {23 f

Fai (3) = foi(z)|e(Fu(x):8,)dz

s~ e[ ) | [ (eFutey ) ar)
e~ fteplae) | [ (eFu@):B)) as)
Pt~ duteplae) [ (Bt )

1/2

1/2

1/2

R 1/2
o)~ fos(ay)|da |

with the consistency of E,, ,, and (R8), sup [ (¢(F(z);6))*dz is bounded with
,0)eN

(F

B,. Then, we combine this result with the consistency of ﬁj(xj) foreach j=1,..., d.

Therefore,

For the first part of the last inequality of [

/

ﬁzj(xj) - ij(%)H 1:[ ﬁn(iﬁz)}{ 1:[ fOi(xi)}C(Fn(x);@\n)dx = 0p+(1).

Fu(z) - fg(x)|dx, we use Taylor’s
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expansion and the fact that fj; is bounded. Hence,

[ [eBa@)B) - e(Fo();60)| ﬁfoj(xj)dx

IN

IN

IN

IN

IN

d k p
J 12 0 @6 ) (B = Fig) () + 3 e (2):6°) Bt = )| T s ()

B3 {| Fy = Folloo + [0 — Oo|e }

Ou, (B (2);07) (o - Foy) ()| da + i [ [one(F(2):67) B - (901)|d:v}

Ou,c(F*(2);07)

k
dx} IFy = Fojle +de{ [ fowetE= @) dx} B - b0l
=1

Oy, c(F*(x);0%)

k
do} |Fu=Fole+ BUY{ [ [o0e(F (@:6)
=1

dx} 1B, = 6o

(5.2)

with a new constant Bs = 2dB%D; + 2kB?D,. The integral terms are bounded with

(R9). This result combines with the consistency of E, and 8,,. Then,

[|C(Fn(x);§n)—C(Fo(x);eo)@foj(xj)dx = o (1),

Hence, we can conclude that

/

Fal@) = fol@)|dz = 0, (1),

5.2.2 Rate of convergence

Theorem 5.2. Assume that consistency, (U), (B), (LC), and that the reqularity con-

ditions (R1), (R2), (R3), (R4), (R5), (R6), (R7) hold. Then, 8, is /n—consistent
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and
(@, = 00) = Vi {=B5 (60, Fo)} " {(W = ) (b, Fo) + T p(60, Fo) [Fo = Fo]} +0,e (1).

Note that from the simulation study in Section [5.2.3.3] Theorem still holds

without (LC).

Theorem 5.3. Assume that the conditions of Theorem[5.1] and[5.9 hold. Then,

/

Proving Theorem we need some lemmas as follows:

Fa(@) = fo@)|dz = Oy (n72P).

Lemma 5.4.
| E = Folloo = Ope (n72%)

Proof of Lemmal[5.)

It is enough to show that sup ‘Fnj(s) — Fy;(s)| = Op(n2/5) for any j = 1,...,d. From
seR

[Gibbs and Su, [2002], we have the relationship of di (F, G) < dg(f, g) where dx (F,G)

and dg(f,g) are defined in Definition and ([2.8]), respectively. Moreover, from

Theorem 2.6, we have dH(ﬁmej) = 0,(n™?%) for each j =1,...,d. Hence,
dic(Fo, Fy;) = Sup |Ej(5) = Fos(5)| < du(Fjy fog) = Op(nF).

Therefore, we can conclude that |E, = Fy|e = O+ (n2/5) O
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Lemma 5.5. Let Fy; . denote the class of functions
Fure = {0plogc(F(x);0):0€0,F € Fariea},
where
Frrgea = {f€Fiea: iljﬂgf(s) <M and 1/M < f(s) if se[-1,1]}.

and J_TM,zcd = {F(x) = [*_f(s)ds: [ € Farjea}. Assume that (B), (R6), and (R7)

hold. Then there exists a constant A such that
log Ny (g, Fare, Lo(P)) < Ae™'/2

Proof of Lemmal[5.5. We provide the details when k,d = 2, as the proof generalizes
casily. Let ¥(0, F(z)) = Oplogc(F'(x);0). By Taylor’s expansion, we have that
2

(0, F(x)) = (6o, Fo(x)) + Zﬁeﬂ/}(@* F*(2)) (00 = Oor) + ) 00,00 (07, F* (2)) (F) = Foj) ().

7=1

Then,

(02, Fo()) = (6, Fi(x)) = éaeﬂﬂ(@*? Fr()) (02 = 0u) + iauﬂ/}(@*, F(2)) (Fyy = Fj) ().

Next, we need to find the bracketing number for the class Fys .. Let N(g4,0, || o)
, N(&,Fntica, || - |o) denote covering numbers of the sets © and Fjreq. Since, we
consider the case where k = 2, we cover the two spaces of ©. Let 911',05 denote
centers of the balls of the two coverings of © with ey = €4,,€4,. Also we consider

the case where d = 2. We cover two spaces ?M,lcd. Therefore, let FF, Fl denote the
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centers of the balls of the two coverings of ?M,lcd with € = €1, €9, respectively. This
differentiation is not technically necessary, but it makes the exposition below slightly

easier to follow. Then,

P(0, F(x))

¥(01,02, Fi(x), Fo(x))

) (01,02, Fi (2), Fa(x)) = (61, 03, F (2), Fy () + (61, 63, Ff (), Fy(x))

(05,0, Ff (), Fy()) + 00, 1(0", F* () (61 — 0}) + 9p, (07, F* (x)) (62 - 63)

+0u, (0%, F*(2)) (P = FY ) (1) + 0wy (0%, F*(2)) (Fa - F3)(22).

Let 0,65, Fy, Fy be such that each lies in the covering ball with center 6,65, F¥ Fl.

From assumption (R6) it therefore follows that

V(0. F(x)) > (85,603, Ff (x), F3(2)) ~ &0, ()0, — &o, (2)e0, — & (2)e1 — &)z,

[\

1/}(07 F(x)) Qﬁ(@i,@%,Flk(l‘), FQZ(J:)) + 591 (:L‘)591 + 592(93)56’2 +€1($)51 +€2('x)52'

IN

Hence, (60, F') = (6,1, 02, F1, F») is inside the bracket [l;jx;, wijr] where

Ljm(z) = (0,05, FF(2), Fy()) - &, (2)e0, — &o, ()0, — &1(2)e1 = Ea ()22,

uij () (05,05, Ff(2), F5(2)) + &, ()e0, + o, (2)Eg, + &1 (w)er + ().
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The size of the bracket is

[ (@) = @) o)

[ (265, ()20, + 260, ()20, + 261 (2)e1 + 265(2)22)2 fo () dx

IN

1653, [ &, (o) fo(@)da + 1653, [ & () fo(@)da + 162} [ &) fo(@)dr +1653 [ (@) fo(w)da

82

IN

ifej =e2/(64 [ & () fo(x)dx), 5 =€2/(64 [ & (x) fo(x)dx), €] = €2/(64 [ & () fo(x)dx),
and €2 =2/(64 [ &3(z) fo(x)dz). The bracketing number for the space Fy . is then

N[](E:’]:]W,cv H . ”2,)"0)
< N(6;,0, ] oo) x N(€05,0, | - lloo) x N(e1, Fas,icas | lloo) x N(e2, Fasjicas || - o)

= N(87'e/€0, 12,0+ ©, - loo) x N (87 e/ 0, 12,56, ©: | - oo ) x N(87 e/ €112, 0s Faytcas | - o) x N(87 e/ €2]2, 05 Fastcas | - oo)

IA

Npy (47" /€0, 12,5050, 11 lloo) x Ny (47 e/ €05 12,50, ©5 1 - o) x Ny (47 e/l N2, g0, Fatteds |- loo) x Ny (47 e/ 12112, 505 Fattcas |- lloo)

IN

Np (47%/ €0, 12,505 05 - lloo) x Ny (47 e/ [€0, 12,505 ©5 | - o) % Ny (47 /€1 112, 50 » Fasreas drr) x Npy(4~ e/ €22, 50 » Fas s drr)-
It was shown in |Doss and Wellner| [2016, Theorem 3.1] that
log N[]({:‘, Ftied, dH) < AM€_1/2,

where the constant A,; depends on M. On the other hand, from the well-known

result
2diam(©)\*
N0, ) < (2O

where k is the dimension of ©. Therefore, returning to the general case of dimension
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k and d, we get

L (9(d ) diem(O) [ g, | | & S
logN[](é?,fM,c;H‘HZfo) < Zlog( < - +ZAM m
1=1 g=1 T
k 2(d + k) diam(© ; 12 d
) 221Og(< )i >||fez|27f) +AM\/d+k{Z\/|§jH2,fo}5_1/2
=1 I=1
<

d
—

=1 i

2/2(d+ F) dam(©) {Z VT uz,fo} 2y AT k{ n@-ug,fo}a-”z

= Ae?
with A = 4/diam(©)(d + &)/ {zgle NI ||27f0}+2(d+k)1/2AM {z;ﬁl \/||§j|\27f0} . O

Proof of Theorem[5.3. We need to show that all four conditions from Nan and Well-

ner| [2013, Corollary 1, page 1159] are satisfied. First, we show that

(i) (stochastic equicontinuity)

V(W = 0) o F) = (0 = 0) (60, F)|
Lo /a0, Bl + /il ¥ (@, )

0p+(1).

We will show the slightly stronger version of this condition which is
(W = W) (8, F) = V(W = ) (60, Fo)| = 0+ (1).

To prove this condition, we need to show that the class of dglogc(F(z);0) is
Donsker and appealing to van der Vaart and Wellner, [1996, Corollary 2.3.12,
page 115]. Let gpgo(x) = dploge(F(x);0) and G,, = \/n(P, — P) we have that

G (970 = 9r00) = V(U =U)(0,F) —/n(¥, - 0)(bp, Fp).
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Recall that under the assumptions of the theorem, F‘n,ﬁn are both consistent.
Since Fy is such that each density is log-concave, we can assume that for n

large enough each f;j € Fticd, Where
Farjea = {f€Fiearsupf(s) <M and 1/M < f(s) if se[-1,1]}.
seR

T:M,zcd is the class of associated cumulative distribution functions. Therefore,

to prove this result, it is sufficient to show that |G,,| o where .7:]‘\;/170 ={9r 0,

P05 GF1.00: 9B 0, € Faie, |9r1 .0, — 90| <0} and
Fuare={0plogc(F(x);0):0€0,F € Fariea}

By van der Vaart and Wellner| 1996, Corollary 2.3.12, page 115], it is enough

to show that Fy . is P-Donsker. By (R7), an envelope function for F; . exists.

Next, by Lemma [5.5] we have that

o B
[ Viog Ny(e, Fares Lo(P)) de < VA f e e = (4/3) BY*VA < oo,
0 0

since Njj(e, Fare, L2(P)) = 1 for e large enough. Thus, by van der Vaart and
Wellner| [1996, Theorem 2.5.6, page 130], Fas is P-Donsker. Then, the result

follows.

(ll) \/ﬁ\lln(eo, F()) = Op*(l)
To prove this condition, we use central limit theorem (CLT). From assumption

(U), we have U(6y, Fy) = Ef,[0plogc(Fy(X);00)] = 0 and also ¥, (6y, Fp) =
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nt Yt Oglog c(Fo(x;);6p). Thus,

VU, (0g, Fy) n1/2 {% 289 log c(Fo(x:);00) — Ef,[0plog c(Fo(X); 90)]}

OP* (1)7
since By [[051og e(Fo(X):80) ] is finite by (Rd).

(iii) (smoothness)

For some (5 > 5/4, we have

(W (0, F) = W (0, Fy) - Wo(o, Fo) (0 - b) = Ui (0, Fo)[F - F]|

= 0([0 = o)) + O(| F - Fo[[2).

To prove this condition, we need Lemma for interchanging between abso-

lute value and integration. We use Taylor’s expansion around (6, Fy). Then,
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(W (0, F) =W (0y, Fo) — Wo(8o, Fo) (0 - 0p) — ¥ (6o, Fo)[F - ]|

= |R(6", F7")|
< |2_1f 2139 0p,0glog c(F*(x);07) (04— 00q)(0s — bos) fo(x)dx
+2° [Z;Z;aujae Oplog c(F™ (x);07)(0s — 0us) (Fj — Foj)(z5) fo(x)dx

12" fzgau]ag By log c(F* (2); 0" ) (0, - Oog) (Fj — Fo;)(x5) fo(z)dz

qul

w27t [ Za B, Dy log (I (2):07) (Fy ~ Fop) () (B~ Fo) (1) fo () da]

Jsl
91 2: { ‘é@qé@s

: }|9f1_90q”08_903|

q,s=1
1 k d

27 23 [ fou, o b6 = B0l - Fogle
s=1j=1
1 d k

127 Y Y { [ [0u,00,00 Yo (" (2):0” H0u = 001 - Fos
j=1g=1
1 d

27 | [ o, )i} 1Fy = Fog ol - it
7,0=1
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Applying (R2) and (R5), therefore we get

U (0, F) =¥ (b0, Fo) = Wa(bo, Fo) (6 = o) = Wi (6o, Fo) [F - Fy]|

IN

1 1
§k‘2M3|9q - 00q||95 - 903| + §de4|95 - 905|”E - FOJ'HOO

1 1
+§de4|9q = Ol Fj = Foj]o + §d2M2||Fj = Fojll oo [ 7 = Fot] oo

IN

1 1
§k‘2M3||9—90||30 + kdMy |0 = Oo|oo | F' — Foll oo + §d2M2HF— Foll2,

(%/&M3 . %M) 16— 602 + (%m . %d2M2) IF-R2

IN

IN

o([0 = 0so) + O(| F = Fy1%,).
Therefore, 5 = 2 which greater than 5/4. Then, condition (iii) has been proved.

(iv) /A r (0o, Fo)[Fy - Fo] = Ope (1)

Letting 1o(u) = 0y;0s1log c(u; 0y), for each j =1,...,d, we get

[Vn¥ (6, Fy)[F, - Fo]]j

g i@bo(Fo(fEi))(ﬁnj - Foj) (z3;)

V(P = Po)[tbo(Fo(2)) (Fj = Fog) ()] + \/ﬁf o (Fox)) (Fy = Fog) () fo(x)de.

For the first term, we show that the class of {to(Fo(2))F(x): F € Farjea} is P-
Donsker. Since |F| <1 and by (R6), the envelope function of 1o (Fy(x)) F(x) ex-
ists. Since, we have the relationship between the supremum norm and Hellinger

metric. Moreover, from the bracketing entropy log Njj(e, Fareds dir) < Ape™/2.
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The relationship of the bracketing entropy with respect to these two metrics

are
logN[](&JT:M,lcd, | o) <log Ny (e, Fasea, dr) < Aye V2,

Therefore,

%) D
[\ log Ny (e, Farueas La(P)) de < Ay [ e de = (4f3)D% Ay < oo,
0 0

with D < co. Since for big enough €, Npj(e, Farica, L2(P)) is 1. Then, the class

of {to(Fo(z))F(z): F € Fargea} is P-Donsker. Hence,
V(B = Po)[o(Fo()) (Frj = Fop) (27)] = 0+ (1)
For the second term, we will show that it is O,+(1).

\/ﬁfl/}o(Fo(x))(Fnj—FOj)(xj)fo(Jf)dx < \/ﬁ{/‘%(Fo(x))fo(fﬁ)|d$} | Enj = Fojloo

By (R1), [ |¢0(F0(x))f0(m)|dx is bounded. The left of this proof is to show that
|y = Fojlloo = Op(n~12). The proof follows Marshall’s inequality in [Kim et al.
[2018| Lemma 2, page 2284] and it satisfies under fo;(x;) = e*%ihg;(x;), for all z; €
[ X, (1), Xj,(m)], for some o € R, and hg : [Xj 1), Xjn)] = R is concave. Then,

we can show that

Vi [ d(Fs@) oy - Fo) @) fo@)de < il [ Joo(Fa(@) fo(@)|df paDIEny - Fole
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where x = ag (X () - Xj7(1)). When ag # 0, the support of fy; is bounded with
(LC), say [ao, bo], then in particular we have that X (,) < by and X 1) > ag so

that

Xy = Xjml = Xjm) = Xja) <bo—ag=0p(1).

Therefore,

Vit [ Go(Fo(@) (Fus = Fop) () fo(w)de = VRO (n2) = 0;(1),

The limitation of this proof under fy;(z;) = e®%hgy;(z;) is that not all log-
concave densities can be written in this form. However, we will show by the
simulation studies of fy; ~ I'(5,1) and also Exp(1.5), and £(5,2) that /n
convergence of 8, still satisfies even if the true marginal densities are not follow

the form of fo;.

Therefore,

VU (0, F)[F, - Fy] = [V r (b, Fo)[F, - FO]]j

d
=1

<

= 0,(1).

Hence, 6, is \/n—consistent.
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Proof of Theorem[5.5. From the consistency proof of the joint density estimator, we

have

[ |Fa@) - fo(@)|de
- /|c(F‘n(m>;5n)—c(Fo(x>;eo)|1f[1f0j(:cj)dm+i[\fm—(xj)—ij(xj)\{Hfm(mi)}{HfoZ-(xi)}c@(x);ﬁn) da.

i<j >7

For the first term,

d
[ [e@a@yi) = e(Fo@): 00)| T fos (e < By {IFo = Follw + 180 = o)}
j=1
From the result that |F, = Fy|le = Ope (n2/%) and |8, = Og|le = Op+ (n~1/2), we can
conclude that
L d
[ 1eFu@);h) - e(Fola): 00)| T fus (e = Ope(n72F).
j=1

For the second term,

Z J Pt = sl T }{ T fe(Fo(0:8,) da

< Bd—l{f|ﬁj(xj)—foj(xj)|2dx}l/2{[ (C(Fn(x),an))de}
< 5o [ [t -] | o [ rorar)

1/2

/2

Fai (25)=fos ;)| dx = Ope (n/%). Then, [ |ﬁzj($j)—f0j($j)|2d$ = Ope(n~*°).

Therefore, { /

Since, [

- 2 1/2
fnj(z5) - foj(xj)‘ d:v} = 0,+(n~2/%) and the second term is bounded

with (R8). Hence, we can conclude that

>/

Fai (@) = fo @D [{ TT B { TT foi(ea) be(Bu(@)iB) do = Ope (n2F9).

i<j >7
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Therefore,

/

5.2.3 Support for the proofs

Fa(@) = fo(@)|dz = Oy (7).

5.2.3.1 Example of unique solution for Gaussian copula

From assumption of unique solution (U), we will show that it is true for Gaussian

copula. Let z = (z1,..

uy = Fi(x1),...,uq = Fy(zg). The d-dimensional Gaussian copula density can be

represented as

16 0
0 1 0
R= :
0 6 1

O (uy)

~(I)71 (Ud)_

109

o)

B A B B

Ot (ugq)

.,xq) be a d-variate data with Gaussian copula and marginals

D1 (uy)




with A and B depend on 6. To simplify notations, we denote ug; = Fy;(x;),and

Yo; = P (ug;) for each j=1,...,d. Then,

lOg C(u017 -+, Uod; 6)

{ygy‘l +yo1(Yo2 + -+ Yoa) B+ + ySdA +Yod(Yor + -+ + yo,d—1)B} .

1 1
= —Zlop(detR) - ——
5 log(det ) = 5o mms

Hence,

Oglog c(ugr, - - -, upq; 6)

{3/(2)15914 +Yo1(Yo2 + -+ + Yoa) Do B + -+ + fl/gdaeA +Yoa(Yor + -+ + yO,d—l)aeB}

Opdet R
+ {y§1A +Yo1 (Yoz + -+ + Yoa) B+ -+ + Yo A+ yoa(yor + -+ + yO,d—l)B} 2(0det R)?’

1(39detR) 1

2\ detR ] 2detR

Since for each j, ug; are distributed as U(0,1), and ® ~ N(0,1). Then, ®~!(ug;) ~
N(0,1). Then, Eg,(yo;) =0, Eg, (y5;) = var(yo;) = 1, and E(yo;y0r) = corr(yo;, yor) = 0o

for 5,0l =1....,d. Therefore,

\I/(H,U(n, e ,U,Od)

f (O log c(uot, - - -, uopq; 0)) c(Fo;00)go(x) dx

_1(89detR)_ 1
2\ detR 2det R

Opdet R )

{ddgA +d(d - 1)000p B} + {dA +d(d - 1) B} (W
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We will show an explicit formula for d = 2 and d = 3. First, we show each part of

‘I’(9>U01>U02)-

det R=1-6% Oydet R =-20
A=1, 0yA=0

B=-0, 0yB-=-1.
Hence,
@(97U017U02)

1( 26 1 -2
) _5(1—02)_2(1—92) (_290)+(2_2009)(2(1—92)2)'

Then, we set W (6, up,up2) =0. We get

93—9290+9—00=0

02(0 - 6y) + (0 - )

0
(0—00) (62 +1) =0

9:90.

Thus, 6y is a unique solution of W (8, ug1,up2) = 0.
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Next, each term of W(0,ug;, ug2, up3) can be expressed as

det R=1+26%-36?, 0pdet R =660%-660
A=-20%+20% 0pA=-60%+40

B=62-0, 9,B=20-1.

Hence,

‘I/(H; Uo1, U2, U03)

1( 662 - 60 ) 1

2\1+268-362)  2(1+26% - 362

2 ){3(—692 +40) +600(20 - 1)}

4 [3(226° + 26%) + 660(6> ~ 0)) (2( 66" - 60 )

1+263 - 362)2

Then, we set W (6, ug1, g2, uo3) = 0. We get
[120* - 246° + 186* - 126 + 6] (6 - 6,) = 0.

Thus, 6y is a unique solution of W (6, ug;, gz, ugz) = 0.

5.2.3.2 Study of \/n rate of convergence for 0,

In this chapter, we already proved that the copula estimator is \/n consistent.
However, it is good to know how the copula estimator performs in the simulation
study. We expect that the simulation results should provide approximately the \/n

rate of convergence, which represents in the same way as the theory does. We work
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on three methods, which are parametric IFM, log-concave IFM, and kernel IFM.
Moreover, we focus on d = 2,7 =0,0.2,0.6, and both margins have the same marginal
densities. The simulation results in Figure [5.1] to [5.3] are from 50 sets of simulation.
For finding the copula estimator, we use a “Newton’s-Raphson” method, which needs
the first and second derivatives of the log-likelihood function. In order to make the
simulation simple, we choose the Gaussian copula as our interested copula because
its derivatives can be found easily. A log-likelihood function of the Gaussian copula

is given by

i[——loga #) - iy (00’

i=1

B () - 5 (@ —1@))2].

Then, the corresponding first derivative is

i[l 7~ g (@ )+ (@7 0))

+—(11_+;22)2qu(u)qu(u)].

The expression of the second derivative is

n 02 ‘92
v - z[(l“w g (071 )+ (@7 (0))?)

)

66 +203 1
+m@ (u)® (U)]
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Hence, the updating scheme for Newton’s-Raphson method is given by

(e(0©)
L(0®)

p(t+1) — p(t) _

where (t) represents set tth of the simulation study.

Next, we plot graphs between log-scale of standard deviations (y-axis) and sample
sizes (x-axis). Then, we fit logarithm of standard deviations of § with logarithm of
sample sizes by using a least square estimation. After that, we plot slopes, which are
shown as the straight lines in Figure to . These lines are approximately —1/2,

which represent the rate of convergence for the estimator 0.

5.2.3.3 /n convergence for §, when condition (LC) is not satisfied

This section is to show that when fy; does not follow the conditions in Kim et al.
[2018, Lemma 2, page 2284], then \/n rate of convergence is still satisfied. We will
show by three log-concave distributions, which are I'(5,1), Exp(1.5), and 5(5,2). For
['(a,b), when we take ag = ~b, and ho;(;) = (b%/T'(a))x97", ho;(;) is not concave for
all z; € [ X 1), Xj,n)] when a ¢ (1,2). For Exp()), we set ap = -\ and hg,(z;) = A.
We can clearly see that hgj(z;) is not concave for all A\. For 3(a,b), we take o =0
and ho;(z;) = (x?‘l(l —z;)"1) /(B(a,b)), where B(a,b) = (a-1)!(b-1)!/(a+b-1)L.
Since the second derivative of hg;(z;) is complicated, so it is hard to find the values

of a and b which hg;(z;) is concave. In the simulation study, we choose 5(5,2) as an
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Figure 5.1: Study \/n rate of convergence for N(0,1)
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5.2.4 Regularity Conditions

(U) There is a unique solution 6, to ¥ (6, Fy) = 0.
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(B) The state space of the copula parameter © is a bounded subset of R*.

(LC) The true density has the form fy = e*%hg(z) and the support of fy is bounded

if g * 0.
(R1) There exists a finite constant M; such that

max sup Ey, [[0,,0log c(Fo(X);0)|] < M.
J=1,...d ge@

(R2) There exists a neighbourhood N such that F € A and a finite constant Mo

such that for all F e N

max sup Ey, [0y, 00,00 log c(F(X);0)|]] < M.

Jl=1,....d ge@
(R3) There exists a function m(x) such that
sup|0log e(Fo(2):0)| < m(x),
and m(z) has a bounded moment E[m*(X)] < oo for some integer k > 1.
(R4) Ey,[[9plog c(Fo(X);60)?] < o0

(R5) (i) There exists a neighbourhood A such that (Fp,6p) € N and a finite con-

stant Mz such that for all (F,0) e N

max fy, [|06,00,00 log c(F(X);0)|] < M.

q,s=1,...,
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(ii) There exists a neighbourhood N such that (Fp,f0y) € N and a finite con-

stant My such that for all (F,0) e N

max max Ey, Haujagqaglogc(F(X);H)H < My

q=1,..., kj=1,....d

(R6) For j=1,....d,

sup sup |0y, 0plogc(F(x);0)] < & (x)
FeF s 1ca 9€©
sup  sup [0y, 0plogc(F(z);0)] < ()

FeFprcq 9€©

where Efo [égl(X)z] < oo and Efo [fj(X)g] < 0.
(R7)

sup supl|dflogc(F(x);0)] < G(z),

FeF pr1cq 969

where Ef [G?(X)] < 0.

(R8) There exists a neighbourhood N such that (Fp,6y) € N and a finite constant

By such that for all (F,0) e N

sup [ (c(F(2);0))*dx < Bs,.
(F,0)eN

(R9) (i) There exists a neighbourhood A such that (Fp,6y) € N and a finite con-

stant D; such that for all (F,0) e N/

max f|8ujc(F(x);0)|dx < Ds.
j=1,...d
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(ii) There exists a neighbourhood N such that (Fp,f0y) € N and a finite con-

stant Dy such that for all (F,0) e NV

max/|89lc(F(x);9)|da: < D».

I=1,...k

121



6 Finite mixture models

In several applications, mixture models take part in data analysis; for example,
in finance, customers are segmented into several groups where the financial institu-
itions can treat them accordingly to their needs. In biology, mixture models help
us categorizing flu strains into groups. We can see the evolution over the influenza
seasons which leads to the developing of a vaccine, see |Li et al.| [2016]. Moreover,
nowadays the trend of big data is booming. Several techniques of clustering and
classification with mixture models have been used. Suppose we observe n random
variables X = {X;,...,X,,} € R? with the observations represent an existence of

subpopulations. Then, a finite mixture model is given by

k
f(z) = ;ijj(x% (6.1)

where k denote a number of finite subpopulations, 7; are the mixing proportions
for subpopulation jth, where m = 1 -3, 7;, and fi,..., f; are the densities of

subpopulation kth.
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Since has missing values, which is the mixing proportions 7; for all j =
1,...,k, so we will use an expectation-maximization (EM) algorithm to find the
MLE. First, we present a concept of EM algorithm. Then, we will focus on a Gaussian
mixture model (GMM). After that, we will present the EM algorithm for log-concave

mixture model (LCMM).

6.1 Concept of EM algorithm

The EM algorithm is an iterative method for finding MLE of a model with un-
observed variables. It has two main steps, which are from its short notation E and
M. First, we do the expectation (E-step), which is for filling in the missing group
labels. Then, we maximize the model from E-step with the maximum likelihood
estimation, so we call this step as the maximization (M-step). Suppose each f; in
has corresponding parameters «;. We denote A = {av,..., o, m1,..., 7} as a

set of parameters for (6.1). Then, a likelihood function is given by

L) = 1 7 ().

i=1 j=1

Also, a log-likelihood function can be represented as

n k
((ANx) = ; log (; ijj(xi)) : (6.2)
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However, we cannot find the ML estimator from (/6.2)) because of their missing values,

so we introduce a new variable which is
1, if x; is from f;,

0, otherwise,

where 1 <7 <n and 1 < j < k. Then, the log-likelihood function of x and w can be

represented as

((A|z,w) = ilog (Z wijfj(a:i))

i zk: w;;log fi(x;). (6.3)

=1 j=1

v

The last inequality is from using Jensen’s inequality and it is a lower bound of
((Ax,w). To simplify notation, we denote £(\|z,w) as £(\). In E-step, the algorithm
will choose a lower bound that clings to £()\) and in M-step, that lower bound will
be maximized. Since ¢(\) is bigger than the lower bound, ¢(\) will be increased too.
We describe details of E and M-steps as follows.

E-step is to take an expectation of (6.3) with respect to the parameter A that is

n k
E)\ Z Z W5 lOg fj (%z)

i=1j=1

A, :c] : (6.4)
In (6.4), only w;; are random variables, so we can reduce ([6.4) to

E)\ (’LUZ']'|)\, 37) .
124



Since w;; follow Bernoulli distribution. The expectation of Bernoulli distribution is
its probability. Hence,

Py(wq; = 1) Py (Xilwi; = 1,\)
Y Pa(wig = 1) Py (Xiw; = 1,X)

Ey\(wij|\x) = p = Py(wy; =1\ x) =

Therefore, the membership weights for each data point x; in cluster j are given by

oo afi(ilA)
TS Sl

(6.5)

Next, we use the membership weights in (6.5)) to estimate A. We do the maximum
likelihood estimation, which maximizes the objective function @) in with respect

to aq,...,ay. This is the M-step where function @) is given by

Q@,2) = 3 3 @,y log f, (). (6.6)

i=1j=1

Therefore,
a; =argmax Q(Nw,z) forj=1,... k.
To summarize, the EM algorithm follows these steps:

1. Start with an initial guess for X, say A(©)

2. For iteration rth and j=1,... k,
E-step:

) _ 7 fi (i AeD)
AT f(Nen)
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n =(r)
~() _ 2ie1 Wy

M-step:

&y) = argmax QA" D|@("), 2).

g('):(r))_g(’)\\(?“—l))

3. Step 2 is iterated until T

< e for some small positive values of e.

6.2 EM algorithm in Gaussian mixture models (GMM)

When f; in (6.1) are estimated with Gaussian distributions, the mixture model
is called GMM. A set of parameters for k& subpopulations is \ = {uj,aj?,ﬂj} for
j=1,... k. To estimate A\, we use EM algorithm where its M-step is to maximize
the @ function, which is

n k )
Q(/\|ﬂi, .’L‘) = Z Z wij lOg fj(Ii|/L]’, O'j .
i=1 j=1
The explicit formulas for 7z; and Ef]?. can be derived by setting the first derivative of

the @ function with respect to each parameter equals to zero. Therefore, for each j

we get

- _ Z?:l Wi w;
P o
Y Wiy
=2 i1 Wi (5 = 105)?
! Yicy Wi
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As we can see, for GMM, the estimators fi; and ’0‘]2 are just the weighted mean and

variance. Since we get @;; from E-step, the mixing proportions are given by

n —

—~ Z,ﬂ Wy 4

= .
n

6.3 EM algorithm in log-concave mixture models

Estimating (6.1) by using GMM does not perform well when each true density
f; is skewed. Hence, we will estimate f; with log-concave distribution instead of
Gaussian distribution. We call this model a log-concave mixture model (LCMM),

that is given by

f(x)= ;Wj exp p;(z).

Steps of EM algorithm for LCMM are similar to the EM algorithm of GMM.
The only difference is that each f; is estimated with log-concave distribution instead
of Gaussian distribution. Hence, in the maximization step, the estimator f; can be
found by doing the log-concave MLE, which is available in the logcondens packgage
for d=1.

Note that the mixture models may be unbounded in some cases, for example,
when f; is a Gaussian distribution with p; = 27 and 02 - 0. The likelihood function
will be infinite which is an unboundness issue for the mixture model. Similarly,

127



the mixtures of log-concave distributions may have this problem too. |[Hu et al.
[2016] presented the algorithm, which defines a log-concave MLE on a constrained
parameter space. Moreover, they claimed that if the algorithm starts with a good

initial value, the unboundness problem will be very rare.

6.4 Simulation study

We perform a simulation study for multivariate LCMM by focusing on the per-
fomance of classification results. (Chang and Walther| [2007] studied multivariate
LCMM via the copula model. They used a Gaussian copula to model dependence
between two dimensions. The EM algorithm has been used where its M-step com-
putes the log-concave ML estimators for each subpopulation. Similarly, our simu-
lation study also use the Gaussian copula with both symmetric and skew marginal
distributions. As we mentioned before, the copula model can solve the computation-
ally intensive problem that occurs when we find the log-concave ML estimators with
Shor’s r-algorithm in the LogConcDEAD package. Our study will show percentages
of misclassification cases of our proposed model compare with GMM, and multivari-
ate log-concave with Shor’s r-algorithm. Suppose we observe n random variables

X ={Xy,...,X,} € R% The joint density function of LCMM is given by

f(z) = ;ijj(ﬂf),
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where each f;(z) is the d-dimensional data with Gaussian copula and log-concave

marginals. Its joint density function with correlation matrix R can be represented

as
d
fi(@) = c(Fi(z1), ..., Fa(zq);0) [ ] exp (),
1=1
where
_ ST _ -
O~ (Fi(z1)) O~ (F1(z1))
1 1
F .. F :0) = —— : o7
C( 1(1’1), ) d(l’d), ) \/mexp 2 : (R )
O L(Fy(2a)) O (Fa(za))
The random vectors ®=1(Fi(z1)),..., D1 (Fy(xq)) are quantile functions of cumu-
lative distribution function of Xj,..., Xy, respectively. Moreover, we consider the

parameter of Gaussian copula when # = 0. In our study, we compare the simulation

results of three methods, which are

1. Gaussian copula with log-concave marginals (proposed method),
2. GMM, and

3. multivariate log-concave with Shor’s r-algorithm in LogConcDEAD package.

We compare the performance of each method by using percentages of average mis-

classification cases in which a formula can be represented as

t
1 (—Z; m") x 100, (6.7)

n
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where m; is the number of misclassification cases from simulation set ith for @

1,...,t. t and n denote sets of simulation and sample sizes, respectively. Details

of the simulation study are in Table [6.1] and the corresponding results are shown in

Table and [6.3]

Table 6.1: Details for the simulation study

Dimensions (d)
Number of subpopulations (k)

Mixing proportions (77, ms)

2
2

0.6, 0.4

Distributions 1st subpopulation 2nd gubpopulation
case I N(2,2) and N(2,2) N(7,2) and N(7,2)

case II ~(2,2) and 7(5,2) Beta(2,8) and Beta(6,8)
Dependence 0

Sample sizes (n)

Sets of simulation (t)

50, 100, 300, 500, 1000

100
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Table 6.2: Classification results of case I: average number of misclassification cases

from 100 simulation sets where the number in brackets are percentages from (6.7))

n GMM Copula+log-concave margins | Multivariate log-concave
50 | 0.49 (0.98%) 0.49 (0.98%) 0.55 (1.1%)
100 | 0.87 (0.87%) 0.95 (0.95%) 0.94 (0.94%)
300 | 1.91 (0.64%) 2.01 (0.67%) 2.55 (0.85%)
500 | 2.94 (0.59%) 3.16 (0.632%) 3.74 (0.75%)
1000 | 6.08 (0.61%) 6.17 (0.617%) 7.4 (0.74%)

As expected, the proposed method performs better than multivariate log-concave
especially when the sample size is large. On the contrary, GMM performs the best in
this case but not too far ahead of our proposed method. Hence, GMM is the best for

symmetric distribution. However, the proposed method still performs good results.
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Table 6.3: Classification results of case II: average number of misclassification cases

from 100 simulation sets where the number in brackets are percentages from (6.7))

n GMM Copula+log-concave margins | Multivariate log-concave
50 | 0.55 (1.10%) 0.64 (1.28%) 0.51 (1.02%)
100 | 0.9 (0.90%) 0.74 (0.74%) 0.73 (0.73%)
300 | 2.42 (0.81%) 1.81 (0.60%) 2.04 (0.68%)
500 | 3.84 (0.77%) 3.1 (0.62%) 3.38 (0.68%)
1000 | 7.95 (0.79%) 5.71 (0.57%) 6.12 (0.61%)

Similar to case I, in case II the proposed method performs better than multivariate
log-concave when the sample size is large. In contrast, GMM for skew distributions
performs the worst unlike GMM for Gaussian distribution in case 1. However, for

small sample size, GMM still works well and performs better than the copula model.
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7 Breast cancer data example

For a real data set, we study the performance of our proposed method in clas-
sification problem. We choose the Wisconsin breast cancer data set from http://
archive.ics.uci.edu/ml/datasets/Breast+Cancer+Wisconsin+%28Diagnosticy
29 as an example. This is also an example that can be found in [Cule et al. [2010].
This data set has 30 dimensions with 2 subpopulations, which are benign and ma-
lignant. The sample size is 569 where 357 are benign and 212 are malignant. The

study of breast cancer data set follows these steps.

1. We do principal component analysis (PCA) of 30 dimensions and choose the
first two components for the classification problem. The first two components
can capture 63% of variability of the whole data set (44% in the 1st component,
19% in the 2nd component). A data plot can be found in Figure . The joint

density function for breast cancer data set can be expressed as

f(x1,29) = w1 f1(21, 02) + T2 fo (21, 2).
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For our proposed method, f; are modeled as the copula density with log-concave

marginals, which can be represented as
fi(@1,22,0) = c(F1 (1), Fa(2); O, exppy(w1); j=1,2.

. Before doing an EM algorithm, we choose a copula density for both subpopu-
lations f; and fy with Bayesian information criterion (BIC). It turns out that
Frank copula has been chosen for both subpopulations but with different pa-
rameters 6. Frank copula is one of the Archimedean copulas which its copula

density function is given by

06—0F1($1)—0F2(:B2) (1 _ e—@)

C(FI(I1)7F2('T2)) = [(6_9 _ 1) + (6—9F1(361) - 1)(6—9F2(332) — 1)]27

0 € (o0, oo)\{O}

We use BiCopSelect package for copula selection and the corresponding estima-
tor 8 is obtained from MLE. We get 0 = —2.44 and 0.18 for the first and second
subpopulations, respectively. We use Frank copula for every iteration in EM

algorithm with updated copula estimators g from the M step.

. Then, we do EM algorithm. E-step is for finding w;; to estimate proportions
7, me. M-step is for estimating the log-concave ML estimators and also copula

estimator . Hence, we get the group number for each individual observations.

. Then, we compare our proposed method with GMM and multivariate log-

concave EM.
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We measure the performance of our proposed method by using percentage of mis-
classification cases. The results show that the misclassification cases of our proposed
method, GMM, and multivariate log-concave EM are 49, 59 and 46, respectively.
As expected, our proposed method performs much better than GMM but it is three
more misclassification cases than multivariate log-concave that is 0.5% of the total
569 observations. However, to fit the mixture model, our proposed method uses only
30 seconds which much less computational time than multivariate log-concave that

uses almost 30 minutes. All corresponding plots are given below.
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Figure 7.1: Breast cancer data with benign as light grey dots and malignant as dark

grey dots
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(a) (b) (c)

Figure 7.2: Surface plots for Breast cancer data set from (a) Gaussian mixture model (b) mixture

of Frank copula with log-concave marginals (¢) multivariate log-concave mixture

Figure 7.3: Contour plots with misclassification cases (benign as light grey dots and malignant as
dark grey dots) for Breast cancer data set from (a) Gaussian mixture model (b) mixture of Frank

copula with log-concave marginals (c¢) multivariate log-concave mixture
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Figure 7.4: Contour plots with misclassification cases for Breast cancer data set from (a) Gaussian
mixture model (b) mixture of Frank copula with log-concave marginals (¢) multivariate log-concave
mixture; each symbol is for misclassification cases in e all methods, = both GMM & multivariate
log-concave mixture, 4 GMM & copula model, ¢ copula model & multivariate log-concave mixture,

x only multivariate log-concave mixture, + only copula model, © only GMM
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8 Further research

8.1 Vine copulas

Along the thesis, we model dependencies between dimensions with the same cop-
ula family. However, the dependencies can be modeled differently for each pair of
dimensions, which is the idea of vine copula. The first regular vine is introduced from
Joe [1994]. The concept of vine copulas relates to a mixture of both unconditional
and conditional distribution functions. First, we look at the joint density function in
terms of conditional density functions. Suppose we consider the d-dimensional data,

the joint density function is given by

f(xy, .. zq) = f(x1]xe, . xa) f(x|Xs, .y xq) - f(zaoa|za) f(24). (8.1)

From Sklar’s theorem, the joint density in (8.1)) can be written in terms of the

copula density times the marginal distributions, which is

flxy, ... zq) = c{Fi(x1), ..., Fy(xq) } fr(x1)- fa(xq).
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Moreover, the conditional distribution functions can split into a set of pair-copula
times marginal distribution functions. We present an example of three dimensional

data where their joint density function is

f(@1,22,23) = f(21|v2, 23) f (22| 3) f (3). (8.2)

Each term of conditional density function in (8.2)) is given by

f(l’2,963)
f(x3)

= co3{ Fo(12), F3(x3)} fo(x2),

f($1,$3)
f(z3)

= Clg{Fl(xl); F3(x3)}f1('r1)7

f(zalz3) =

f(zilzs) =

f (@1, wa|a3)

f(zalx3)
_ copi{Fi(@ifes), Fo(@sfes) [ (1]2s) f(2a]s)
f(zaz3)

= cop{ F1(21|zs), Fo(xa|rs) ) f(21]23)

f($1|962,9€3) =

= ciyp{ F1(1|23), Fa(@a|zs) fers{F1 (1), F3(x3) }fi(2).
Plug in all conditional density functions into , we gets
f(w1,20,23) = ci3{F1(21), F3(w3) feas{ Fa(w2), F3(w3) ferop{ Fi(w1|zs), Fa(walrs) } f1(21) fo(w2) f3(23) (8.3)

As we can see, the joint density function can be written as the product of pair

copula densities and marginal densities where the pair-copula densities consist of
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unconditional pairs such as c;3,cp3 and conditional pair such as cjg3. More than
that, each pair of copulas can come from different copula families. However, the
decomposition of (8.3]) is not unique. There are some other ways of writing the joint

density function for three variables, for instance,

f(@1,22,23) = cra{ F1(21), Fo(w2) feas{ Fa(22), F3(w3) fersp{ Fi(@1]z2), F3(ws|w2) } fi(21) fo(@2) f3(23).

For higher dimensions, the number of pair-copula is d(d — 1)/2, which depends
on the dimension d. Bedford and Cooke, [2001] introduced a graphical model called
“regular vine” (R-vine) that helps to organize the complexity of the pair-copula
construction. Moreover, regular vine consists of several ways of writing. We will
concentrate on two famous types, which are drawable vine (D-vine) and canonical
vine (C-vine). In Figure and [8.2] there are three notations to be clarified, which
are variables, trees, and edges. The variables are data for each dimension, trees are
represented as T; and edges are line connected between dimensions. Figure shows
an example of six dimensions for the D-vine copula with 5 trees and 15 edges. In
addition, Figure represents the C-vine diagram with the same number of trees
and edges as D-vine. Note that when the first tree is decided, the following trees are

straightforward and there is only one way to be assigned.

Definition 8.1. Dibmanna et al.| [2012] Let V = (T1,...,T,,-1) is an R-vine on n

elements if
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1. Ty is a tree with nodes Ny = {1,...,n} and a set of edges denoted F;.

2. Fori=2,....,n-1,7T; is a tree with nodes N; = F;_; and edge set E;.

3. Fori=2,...,n—1and {a,b} € E; with a = {a1,as} and b = {b;, by} it must hold

that #(anb) =1 (proximity condition).

Steps for using vine copulas can be summarized as follows:

1. model selection, i.e., selecting which conditioned and unconditioned pairs to

use,

2. choosing bivariate copula family for each pair from the first step, where details
of the copula families and their corresponding parameters are in Chapter

and

3. estimating all parameters corresponding to the copula family that has been

chosen from the previous step.

For model selection in the first step, it is done tree by tree via some model selection
methods such as optimal C-vines structure selection, see |Czado et al.| [2012], or the
traveling salesman problem for D-vines. An objective of model selection is to choose
the model that can capture the most dependence of the lower trees. For the copula

selection in the second step, AIC, BIC, or goodness of fit tests can be used. Finally,
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we do the parameter estimation. The MLE can also be done. However, sequential
estimation is another choice where the parameters are estimated sequentially from
the top of the tree. Moreover, sometimes the sequential estimation is used for the

starting values of the MLE.

8.2 Asymptotic normality for copula estimator

We already show that the copula estimator has the \/n rate of convergence.
However, the asymptotic normality of the copula estimator under the log-concave

marginals still be an open problem to study.
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Figure 8.1: D-vine with 6 dimensions, 5 trees and 15 edges
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Figure 8.2: C-vine with 6 dimensions, 5 trees and 15 edges



9 Clustering using log-concave densities in d =1

In this chapter, we focus on a clustering problem with one-dimensional log-
concave densities. Our objective is to study the performance of using the log-concave
MLE for estimating the density of each subpopulation compare with the classical
GMM. We also propose a new criterion for selecting the number of subpopulations.
Our proposed criterion derives from the concept of Bayesian approach which is simi-
lar to the derivation of BIC. We will present the derivation of our proposed criterion,
which is called “proposed BIC”. Then, we will do some simulation studies by using

the log-concave mixture model (LCMM) with this proposed criterion.

9.1 Derivation of proposed BIC under LCMM

Let X be a set of parameters in a model M, the Bayesian approach for a model se-

lection is to maximize a posterior probability of a model M given data x = {z1,...,z,}.
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We get the posterior probability of the model as

P(x | M)P(M)
P(x) '

P(M|z) =

If we assume that all candidate models are equally likely, maximizing the posterior
probability will be the same as maximizing the marginal likelihood P(x | M). Let

p(\) denote a prior density. Hence,

P M) = [ | Np() dn

/ exp[log f(z | \)]p(\) dA. (9.1)

Let £(\) = log f(x | A) denote a log-likelihood function. Then, we do the Taylor

series around the maximum likelihood estimator . Therefore, we get
() = () + (A =NTo(R) + %(/\ CN)THs (A=) + 0,(1),
where Hs = 9,07¢(X). We know that at the ML etimator V¢(\) = 0. Thus,
() = (0)+ %()\—’X)THX()\—X) +o,(1). 9.2)
Similarly, Taylor’s expansion of the prior density at A is given by

p(A) = p(N) + (A= X)Tap(X) +0,(1). (9.3)
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Then, substituting (9.2) and (9.3) in (9.1) and ignoring the term of o,(1), the
marginal likelihood function can be expressed as
- 1. = - - - -
Pa| M) ~ /exp(ﬁ()\)+i(A—A)THX(/\—)\))(p(/\)+()\—/\)T6>\p()\))d)\

« expt(Rp(R) [ exp(%(A—X)THX(A—X))dA.

Let J; = —Hs denote the Fisher information matrix and let Y = (A = X). Thus,

P(x| M) ~ expl(N)p(N) f exp (—%YTJXY)) dA.

Since J5 is a symmetric matrix, we can diagonalize it as J5 = STAS for some or-
thogonal matrices S where A is a diagonal matrix. S is a unitary matrix where
STS = SST, which det(S) = 1. Then, we make substitution Y = STU. The Jacobian

matrix Jy,,(U) = g%’:, then J(U) = ST and det J(U) = 1. Hence,

R

Pl M) = epl(Mp() [ exp{—%(UTAU)}detJ(U)du

N A
expﬂ(/\)p(/\)fexp{—%ZAju?}du
=1

Al

expf(/)\\)p(/):)H/exp{—%)\jui}du,
j=1

where A; is the jth eigenvalue of the matrix J5.
Next, we use Laplace’s method for estimating an integral. Laplace’s method hold

when f(x) has a unique global maximum at zy and it decays to zero away from its
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maximum where M is a large number and f”(zy) < 0. Then,

f P OME@) g | 2T MEG0) g 0
e Ty [ ————e — 00.
a M| f" (o)

Therefore,
~ o~ 21 1 )
P(z| M) ~ expl(MN)p(N) o) (by M = 5 and f(u) = -A\u*)
J=1 247
~ o~ (27r)%
= e (M)
[T5-1 A
Y
~ ~ (2m)=
_ expempm—(u} - (9.4
3\\2

When we take logarithm to the equation and multiply by -2, we get
2log P(z | M) ~ -20(X)-2logp(X) - |A|log(27) +log | J5].
Moreover, when p()) is a uniform prior, p(X) = 1. Hence,
2log P(z | M) =~ -20(X)—|\log(2n) +log|J5]. (9.5)

Each element in the observed Fisher information matrix at the ML estimators \ can

be expressed as

Jpg = =0x,0x, L (Nz)

n

= 7 Z aAPaAqe (’X|ZL‘1)
=1

= 1 zn: na/\paAqg (Xll’z) .

L
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Since the data are i.i.d and n is large, we can apply the weak law of large numbers
on the random variable nf(Nx;). Hence, we get

12 (X)) > E[ne(IX)].

3

By using the weak law of large numbers, each element in the observed Fisher infor-

mation matrix is given by
Jpg = =00\ E[nt(NX)]
= —ndy, 0, E[((NX)]
= —ndy, 0, E[((NX1)]
= nly,.
Therefore,
|51 = AP, (9.6)
Then, we plug in the result from (9.6) into (9.5). Hence, we get
2log P(z | M) =~ -20(X)—|\log(2r) + |\ logn + log| L]

= —20(\) +|\{logn - log(2m)} + log |I5]. (9.7)

For a large n, a classical BIC ignores the terms that do not depend on the sample

size. Hence, the classical BIC can be expressed as

BIC = -20(X) +|\|logn. (9.8)
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On the contrary, LCMM has the form

f(z) = ;Wj exp ¢; ().

The unknown parameters are {k,my,..., T, @1, .., ¢k} Where ¢; : R - [-00, 00) are
concave functions. Since @; are the ML estimators for each j = 1,...,k, §; are
piecewise linear on [X(1), X(»)] and contains m; knots. Recall that knots occurs at
some points of data [X 1), X(,)] and X(1), X(») always be knots, then 2 < m; < n.
Moreover, [Balabdaoui et al.| [2009] showed that m; also depends on the sample
size. Let Kj; € [X(1), X(n)] denote knot ith of subpopulation jth, then a set of
knots for each subpopulation j is {K;1,Kj2,...,Kjm,}. At each piecewise linear 3;,
the slopes can also be denoted as {Sj1,Sj2,...,Sjm,;-1} where Sj; denote the slope
between ;(K;;) and $;(K;;+1). Hence, the number of knots and the number of
slopes for k£ subpopulations are p = Zf:l m; and s = Z;Zl(mj —-1) = p—k, respectively.
Moreover, we also need one starting point for each subpopulation. Therefore, |\
in comes from knots IC, slopes S, starting points, and mixing proportions 7.
Hence, [N =p+(p-k)+k+(k-1)=2p+k-1.

For the last part of (9.7), we need to calculate the |I5]. The observed Fisher
information matrix for the LCMM consists of three parts which are ¢, K, and 7. For
j=1,...,k, let I($;) denote the Fisher information matrix of the jth subpopulation,

which contains the information about both ¢ and K, M denote the observed Fisher
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information matrix that contains the information for k£ mixing proportions which

follows a multinomial distribution. Then, I5 is given by

Then,

e

)= 1M TTI(@)l,

j=1

where |M| = (my---m)~t. Therefore,

H?:l |[(@)|

IO =
[1(\)] T,

Finally, we get
. k k
loglI(A)] = ), log|I(@))| - . logm;. (9.9)
j=1 j=1
Substituting into (9.7)), then

—2log P(x | M) = =2¢(X) + |\|{logn —log(2m)} - Xk: log 7, + Xk: log [1(7;)]. (9.10)

j=1 j=1
An objective of the last three terms in (9.10)) is for penalizing the log-likelihood
function in the first term. Since when n large, logn always dominates log(2m).

Therefore, we can ignore the log(27) term. Then, the “proposed BIC” is given by

k k
proposed BIC = =20(X) + [A|logn - Y logm; + > log |I(%;)], (9.11)

j=1 j=1
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where |A\| =2p+k - 1.

Next, we discuss how to calculate the observed Fisher information matrix for
the LCMM. As mentioned above, I($;) contains the information of ¢ and K. The
derivatives for ¢ are already presented in and where the derivatives for
the K are stated below. Note that IC e [ X (1), X(»].

We use the directional derivative to derive the observed Fisher information ma-
trix. For simplicity, let ¢ and ¢y denote the short terms of ¢(x) and p(xg), respec-
tively. Then, let ¢ = ¢y + €A where A is a suitable basis function. According to
Diimbgen et al.| [2011], we use A; = min(z — x;,0) where 2 <i <m, m is the number
of knots, and x; are locations of the ith knot. Note that A; =1 and f;‘;m eroreldy = 1.

Then, the log function of the subpopulation jth is given by

log(eapoﬂA)

6500+6A
IOg j‘iﬂm €¢0+€Ad{f

1

©vo + €A —log f " erored gy
z1

()

To get rid of subscript j, let @ be the log-concave ML estimators of subpopulation

Jth, then

¢:¢5+6A—log/ " ePred (g,
1
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Therefore, the first derivative can be calculated from

lin& ) -4@) _ lirrol{/zm AdF,(x) - llog /xm ePrea da:}
€~ € €= 1 € 1

f " AdF,(x) - lim ! log f " ePred dy
x1 e~0 € x1
f " AdF, () - lim = (log f " P dr —log 1)
x1 e~0 € x1
Tm 1 Tm Tm __
f AdF, () - lim (log Pz —log f e‘Pdac)
x1 e~0 € x1 T

m AePreAdyr

fm AdF(z) - 1513(} [Im ePred dy

fxm AdF, (x) - fxm Ae? du.

Then, the second derivative can be represented as

lim = ( [ vaw @) - [ s [T A @) [ Ake@‘dx)

e—0 €
. 1 Tm > Zm GreAs
- lim- f ApePda - f ApePdi g
e—~0 € 1 x1
= lirrol(—/ mAkAiefp?eAi dm)
€— 1

= —fxm Ap\e? dx
z1

x; _
= - Z Ar\;e? dx.
i=2 J T

Therefore, for i = k=1,

a§1€(@) = _17
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for2<i=k<m,

—fxi (A;)%€% dx = —/xi (min(z - x;,0))%? dx
= —fxi (z - 1;)%e? du. (9.12)

i—1

By following Dumbgen et al.| [2011], page 5], we can rewrite (9.12)) as follows:

6:3/(@ = 5?—1J11(90i—1, %’) - 5?—1J10(90i—1, %’)-
For1<i=k-1<m,
- f i A A€ do = - f i min(z;_; — z,0) min(z - 2;,0)e? dx
Ti-1 XTq—

i—1

= ./:jll(xl_l —x) (7 - 2;)e? du. (9.13)

We can rewrite (9.13]) by following [Dtiimbgen et al. [2011, page 17]. Hence,

811811_1£(@) = _6?—1‘]11(s01‘—17 <)07,)
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Finally, we need partial derivatives for knots and locations.

Jio(e1,92) fori=k=1,

Jio(pis piv1) = Jio(pis pic1) for 2<i=k<m,

~Jo1(Pm-1, Pm) for i =k =m,

0,00, (D) =
=Ji0(s, ir1) for1<i=k-1<m,
JOl(SOi—hSOi) for2§i=k:+1§m,
0 for |i — k| > 1.

9.2 Simulation studies

An objective of this simulation is to study the clustering performance of univariate
LCMM by using the proposed BIC in . We compare our proposed method with
the classical BIC in , where the mixture models have been considered in two
ways, which are GMM and LCMM. These three methods can be summarized as

follows.
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Table 9.1: Details for simulation study

Number of subpopulations (k)

Mixing proportions (7, m2)

2

0.6, 0.4

Distribution 1st subpopulation 2nd subpopulation
case I N(2,2) N(8,2)

case 11 Beta(2,5) Beta(2,5) +5
Parameters casel: ,ul,ug,(f%,a%,m,ﬂ'g

Sample sizes (n)

Sets of simulation (t)

casell: 051705275175277[-1771-2

500, 1000, 2000, 3000

200

1. LCMM with proposed BIC (proposed method)

k k
proposed BIC = =20(X) + |A|logn — " logm; + > log |1(3;)]

J=1 J=1

2. LCMM with BIC

3. GMM with BIC

BIC = -20(X) + |\ logn

BIC = -2((X) + |\ logn

Table|9.2|shows percentages of choosing the correct number of subpopulations for

156

each method. The LCMM with our proposed BIC performs similarly to the GMM




Table 9.2: Clustering results for univariate case

Sample sizes 500 | 1,000 | 2,000 | 3,000

Case I: Gaussian distribution

GMM with BIC 100% | 99.5% | 100% | 100%

LCMM with proposed BIC (proposed method) | 99.5% | 100% | 99.5% | 99.5%

LCMM with BIC 68.5% | 97% 95.5% | 97%

Case II: beta distribution

GMM with BIC 5.5% 0% 0% 0%

LCMM with proposed BIC (proposed method) | 99.5% | 100% | 100% | 100%

LCMM with BIC 98% 100% | 99.5% | 97%

with BIC in Gaussian case but performs much better than GMM with BIC in beta
distribution. Moreover, when we compare our proosed BIC with classical BIC in the
LCMM, the proposed BIC gives better reults in all cases. Furthermore, GMM with
classical BIC works well with Gaussian distribution as it usually does. Unlike skew
distributions such as beta distribution, GMM provides the worst results since it is

suitable for symmetric distributions.
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A Appendices

A.1 Definitions and Lemmas

Definition A.1. For any probability measure P, let
1/r
Lo(P) = f e = ( [ 157aP) "
For a supremum norm L,
| flleo = suplf(2)].
reX
For a maximum norm £,
|l = mae.

Definition A.2. Let y and yg are the vector of length d. The pth-order Taylor series

expansion around yo can be represented as

9*A(yo)

Aly) = 3 = 7Ph + Ry(y*.h) where h=y~yo and
ol <p ’
aA *
Rp(y*,h) — Z a—(y)ha for some y* € (y>ZUO)

|
laj=p+1 &
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Definition A.3. (P-Glivenko-Cantelli)[van der Vaart,|1998, page 269] Let X7, ..., X,
is a random sample from a probability distribution P on a measurable space (X, .A).

A class F of measurable functions f: X — R is called P-Glivenko-Cantelli if

IP.f - Pflr = sup IP,.f - Pf| =5 0.

Lemma A.4. (Glivenko-Cantelli)fvan der Vaart, |1998, Theorem 19.4, page 270]
Every class F of measurable functions such that Npj(e,F, L1(P)) < oo for every e >0

1s P-Glivenko-Cantelli.

Lemma A.5. (Cauchy-Schwarz inequality for integral)

ff(x)g(x)dx < (f fg(x)dx)lm (fgz(l’)d$)

Definition A.6. Let state space is R. Kolmogorov metric can be represented as the

1/2

distance between their distribution functions F' and G, which can be represented as
dx(F,G) = su£|F(x) - G(x)|.

Definition A.7. (Donsker class)|van der Vaart and Wellner, |1996] A Donsker class is
a set of function for which the empirical distribution with independent and identically
distributed random variables verifies a uniform central limit theorem, with limiting

distribution as a Gaussian process.

Definition A.8. The covering number N(e,F,d) is the minimum number of balls

of radius € needed to cover the set F.
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Definition A.9. Given [,u : X — R the bracket [[,u] is the set of all functions f

with [ < f <u.
Definition A.10. An e-bracket in L.(P) is a bracket [I,u] with P(u-1)" <e".

Definition A.11. The bracketing number Np(e, F,d) is the minimum number of

e-brackets needed to cover F.
Definition A.12. The bracketing entropy is the logarithm of the bracketing number.

Lemma A.13. Let g be a real function which is continuous on the interval [a,b].

Then,

< fab|g(x)dx|.

‘fabg(x)dx

Lemma A.14. The Taylor series for an exponential function e* at a =0 is

S

i !
A.2 Explicit formulas of J functions

From (2.4), the J(g;, ¢x) function can be represented as

exp —exp(p;
J(SO];SOk) _ (Spk’) (90])
Pk~ Pj
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Therefore, the partial derivative of J functions are in the following form.

Jlo(%', or) = a@jj(%, ©r)
exp(pr) —exp(p;) —exp(p;) (o — ;)

) (or = ;)2
Jo1(wj,06) = g J (5, pk)
_ oxp(pn) (pr = 95) — exp(pr) = exp(y;)
(o = ©5)?
Joo(pjs0k) = 05, d(w5, 08)
_ 2exp(or) —exp(p)) [(pr =5 + 1) +1]
(or = 05)3
Jo2(j o) = 92, T(05, k)

2exp(yr) = exp(p;)[(pr — @ + 1) + 1]
(or — %‘)3

Clearly see that Joo(¢;, 0x) = Jo2 (5, ¢k)-

Julps, or) = 8<pja<ka(90ja90k)

exp(r) (pr = pj = 2) + exp(p;) (r = @; +2)
(on - %‘)3

A.3 Sample codes

A.3.1 Sample code for a univariate log-concave MLE (Figure |2.1])
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> library(logcondens)

> set.seed (1)

> x <- rnorm(1000)

> res <- activeSetLogCon(x)

> plot(res$x, exp(res$phi), type=’1l’, 1lwd=2, xlab="x", ylab="y", lty=1)
> lines(res$x, dnorm(res$x), lwd=2, 1lty=2)

> legend("topright", c("estimated density", "true,density"),

> 1lty=c(1,2), 1lwd=c(2,2))

> plot(res$x, res$phi, type=’1l’, lwd=2, xlab="x", ylab="phi")

> kn <- res$knots

> abline(v=kn, col="red", 1lty=2)

A.3.2 Sample code for a univariate log-concave MLE showing locations

and values of knots (Figure [2.2)

> set.seed (1)
> n <- 500
> x <- rnorm(n)

> res <- activeSetLogCon(x)

\4

res$knots
[1] -3.0080486 -2.2852355 -1.5235668 -1.4707524 -0.3836321 -0.3672215

[7] 0.5939013 1.0691615 1.5868335 2.3079784 3.8102767
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>

head (res$phi)

[1] -4.828354 -4.587058 -3.986300 -3.603007 -3.480720

>

>

f <- exp(res$phi)

head (f)

[1] 0.0079997 0.010183 0.018568 0.027242 0.030785

>

plot (x=res$x, y=res$phi, type="1")

A.3.3 Sample code for a multivariate log-concave MLE

\'4

library (LogConcDEAD)

library (mvtnorm)

set.seed (1)

d <- 2

n <- 500

x <- rmvnorm(n, mean=c(0,0), sigma=diag(l,d,d))
res <- mlelcd(x)

head (res$1logMLE)

[1] -3.109657 -2.399040 -3.635341 -4.660609 -3.019291

>

>

f <- exp(res$logMLE)

head (f)

[1] 0.044616 0.090805 0.026375 0.009461 0.048836
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A.3.4 Sample code for breast cancer example

> library(logcondens)
> library (copula)
> library(LogConcDEAD)

> library(VineCopula)

> set.seed (12345)

> data <- read.csv("BreastCancer.csv", header=F)

> dat <- datal[,3:32]

> pca <- prcomp(x=dat, center = TRUE, scale. = TRUE)
> plot(pca, type = "1", ylim = c(0,15))

> pcadat <- pca$x

> x <- pcadat[,1:2]

> k <- length(table(datal[,2]))

> n <- nrow(x)

> d <- ncol(x)

> truecomp <- replace(c <- c(datal[,2]),c=="B",1)

> prec <- le-5
> precl <- 1le-8
> # starting values

> mc_start <-hc(modelName="VVV", x)
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class <- c(hclass(mc_start, k))
props<-table(class)
if (min (props) <2){
mc_start<-hc(modelName="EEE", x)
class <- c(hclass(mc_start, k))
}
cprops <- as.vector(table(class)/length(class))
gq<-matrix (0, nrow=n, ncol=k)
qcop<-matrix (0, nrow=n, ncol=k)
mean <- matrix(rep(0,kx*d),k,d)
var <- matrix(rep(0,kx*d),k,d)
corr <- c(rep(0,2))
for (c in 1:k){
mean[c,] <- apply(x[class==c,],2,mean)
var[c,] <- apply(xlclass==c,],2,var)
}
for(i in 1:k){
ql,il<-dmvnorm(x, mean=mean[i,], sigma=diag(var[i,],d,d))
qcopl[,i]<-dmvnorm(x, mean=mean[i,], sigma=diag(var[i,],d,d))}
fit<-as.vector (cprops %*% t(q))
fitcop<-as.vector (cprops %*% t(qcop))
likold <- -100000000

likoldcop <- -100000000
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#####R Copula+tLog—-concave marginals #HH###H

propscop <- cprops

classdat <- class

# 1. copula selection for each component

par <- c(0,0)

for(i in 1:k){
sel <- BiCopSelect(pobs(x[classdat==1i,1]), pobs(x[classdat==i,2]),

selectioncrit = "BIC",familyset = 1:10, rotations = F)

par[i] <- sel$par
if (i==1){

copseldl <- frankCopula(param = par[i], dim = d)

}else{

d)

copseld2 <- frankCopula(param = par[i], dim

r <- 500
for(jj in 1:r){
### 2. find copula estimator
estpar <- c(0,0)
for(i in 1:k){
count <- nrow(x[classdat==i,])

FFhat <- matrix(rep(0,count*d),count,d)
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for(j in 1:d){
dx <- x[classdat==1i,j]
densx <- logConDens(dx, smoothed = F)
Fres <- evaluateLogConDens (dx,densx)[,4]
FFhat[,j] <- round(Fres,10)
FFhat[,jl [which(FFhat[,jl==0)]1 <- 1/(count+1)

FFhat[,j] [which(FFhat[,j]l==1)] <- count/(count+1)

}
if (i==1){
fitcop <- fitCopula(copula=copseldl, data = FFhat,start = parl[i],
method = "ml",optim.control = list(maxit=1000))
estpar[i] <- fitcop@estimate
Yelseq
fitcop <- fitCopula(copula=copseld2, data = FFhat,start = par[i],
method = "ml",optim.control = list(maxit=1000))
estpar[i] <- fitcop@estimate
}

par <- estpar

### 3. fit marginal density
wcop<-t (t(qcop)*propscop)

fitcop<-as.vector (propscop %*% t(qcop))
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wcop<-wcop/fitcop

gqcop<-matrix (0, nrow=n, ncol=k)

for (i in 1:k){
whichxc<-wcop[,i]/sum(wcop[,i]) > precl/mn
wcopuse <- wcop[whichxc,i]
count <- nrow(x[whichxc,])
xx <- x[whichzxc,]
mlel <- activeSetLogCon(x=xx[,1], w=wcopuse)
mle2 <- activeSetLogCon(x=xx[,2], w=wcopuse)
fihat <- rep(0,count)
f2hat <- rep(0,count)
for (ii in 1:count){

fihat [ii] <- exp(mlel$phi) [which(xx[ii,1]==mlel$xn)]

f2hat [ii] <- exp(mle2$phi) [which(xx[ii,2]==mle2$xn)]

fhat <- cbind(fihat, f2hat)
FFlhat <- rep(0,count)
FF2hat <- rep(0,count)
for (ii in 1:count){
FFihat [ii] <- mlel$Fhat [which(xx[ii,1]l==mlel$xn)]

FF2hat[ii] <- mle2$Fhat[which(xx[ii,2]==mle2$xn)]

Fihat <- round(FFihat ,10)
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Filhat [which(Flhat==0)] <- 1/(count+1)
Fihat [which(Flhat==1)] <- count/(count+1)
F2hat <- round(FF2hat ,10)

F2hat [which (F2hat==0)] <- 1/(count+1)
F2hat [which (F2hat==1)] <- count/(count+1)

FFhat <- cbind(Fihat, F2hat)

### 4. fit copula demnsity
if (i==1){
copseldl <- frankCopula(param = par[i], dim =
copfit <- dCopula(u=FFhat,copula = copseldl)
Yelseq
copseld2 <- frankCopula(param = par[i], dim =

copfit <- dCopula(u=FFhat,copula = copseld2)

### 5. fit joint demsity
cqcop <- 1
for(l in 1:d){

cqcop <- cqcop*fhat[,1]
}

gcop [whichxc ,i] <- copfit*cqcop

#update class of data
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classdat <- rep(0,n)
for (lc in 1:n){

classdat[lc] <- which.max(wcop[lc,])

propscop <-apply(wcop, 2, sum)/sum(wcop)
fitcop<-as.vector (propscop %*% t(qcop))
tempcop<-t(log(t(t(qcop)*propscop))) *propscop
liknewcop<-sum(tempcop [tempcop >-Infl)

changecop <-abs((liknewcop-likoldcop)/likoldcop)
if (changecop < prec) break

likoldcop <-liknewcop

llcop <-sum(log(fitcop))
copcomp <- rep(0,n)
for (lc in 1:n){

copcomp [1c] <- which.max(wcop[lc,])
}
copcomp [which (copcomp==1)] <- 0
copcomp [which (copcomp==2)] <- 1
copcomp [which (copcomp==0)] <- 2
ind <- which(copcomp != truecomp)
ncopmis <- length(ind)

ncopmis
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[11 49

> copmiscase <- x[ind,]
> res <- cbind(ind, truecomp[ind], copmiscase)

> write.csv(res, "CopCaseMisclassification.csv", row.names = F)

> #HA#### Gaussian Mizture Model #H##H##H
> GMM <- Mclust(x, modelNames="VVV", G=k)
> GMMcomp <- GMM$classification

> 11GMM <- GMM$loglik

> mGMM <- GMM$parameters$mean[1,1]

> GMMcomp [which (GMMcomp==1)] <- 0

> GMMcomp [which (GMMcomp==2)] <- 1

> GMMcomp [which (GMMcomp==0)] <- 2

> ind <- which(GMMcomp != truecomp)

> nGMMmis <- length(ind)

> nGMMmis

(1] 59

> GMMmiscase <- x[ind,]

> res <- cbind(ind, truecomp[ind],GMMmiscase)

> write.csv(res, "GMMCaseMisclassification.csv", row.names = F)

179



\

+

+

+

##A##A# Multivatiate log-concave by LogConcDEAD ######
props <- cprops
for (j in 1:r) {
w<-t(t(q)*props)
fit<-as.vector (props %*% t(q))
w<-w/fit
g<-matrix (0, nrow=n, ncol=k)
for(i in 1:k){
whichx<-w[,i]/sum(w[,i]) > precil/n
wuse <- wlwhichx,i]l/sum(w[whichx,i])
if (i==1){
mlel <- mlelcd(x[whichx,], w = wuse)
glwhichx ,i] <- exp(mlel$logMLE)
}elsed{
mle2 <- mlelcd(x[whichx,], w = wuse)

glwhichx,i] <- exp(mle2$logMLE)

props <-apply(w, 2, sum)/sum(w)
fit<-as.vector (props %*% t(q))
temp<-t(log(t(t(q)*props))) *props
liknew<-sum(temp [temp>-Inf])

change <-abs((liknew-1likold)/1likold)
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+ if (change < prec) break

+ likold <-liknew

> 11 <-sum(log (fit))
> LCcomp <- rep(0,n)
> for (lc in 1:n){

+ LCcomp[1lc] <- which.max(w[lc,])

> LCcomp [which(LCcomp==1)] <- 0

> LCcomp [which(LCcomp==2)] <- 1

> LCcomp [which(LCcomp==0)] <- 2

> ind <- which(LCcomp != truecomp)
> nLCmis <- length(ind)

> nLCmis

[1] 46

> LCmiscase <- x[ind,]
> res <- cbind(ind, truecomp[ind],LCmiscase)

> write.csv(res, "LCCaseMisclassification.csv", row.names = F)

> ##A##A##H#A#X Contour and surface plots for each method
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gr <- grey.colors(10)
level <- seq(0.001,0.1, length.out=21)
GG <- 100

s <= c(min(x[,1]), max(x[,1]),min(x[,2]), max(x[,2]))

gl <- seq(s[1],s[2],length.out GG)

g2 <- seq(s[3],s[4],length.out GG)
grid <- expand.grid(X=gl, Y=g2)

grid <- as.matrix(grid)

######R Copula+Log—-concave marginals #HH###AH

xcl <- x[which(copcomp==1),]

fitdl <- logConDens(x=xcl[,1], smoothed = F)
fitdires <- evaluateLogConDens(grid[,1],fitd1)
fdl <- fitdires[,3]

Fdl <- fitdlresl[,4]

fitd2 <- logConDens(x=xcl[,2], smoothed = F)
fitd2res <- evaluateLogConDens(grid[,2],fitd2)
fd2 <- fitd2res|[,3]

Fd2 <- fitd2res/|[,4]

copcl <- frankCopula(param = par[1l], dim = d)
copdens <- dCopula(u=cbind(Fd1,Fd2),copula = copcl)

zcl <- matrix(copdens*fdlx*xfd2,GG,GG)
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xc2 <- x[which(copcomp==2),]

fitdl <- logConDens(x=xc2[,1], smoothed = F)
fitdires <- evaluateLogConDens (grid[,1],fitd1)
fdl <- fitdilres[,3]

Fd1 <- fitdilres/[,h4]

fitd2 <- logConDens(x=xc2[,2], smoothed = F)
fitd2res <- evaluateLogConDens(grid[,2],fitd2)
£fd2 <- fitd2res|[,3]

Fd2 <- fitd2res[,4]

copc2 <- frankCopula(param = par[2], dim = d)
copdens <- dCopula(u=cbind(Fd1l,Fd2),copula = copc2)
zc2 <- matrix(copdens*fdlxfd2,GG,GG)

zhat <- (propscopl[1]*zcl)+(propscop[2]*zc2)

miscase <- read.csv("CopCaseMisclassification.csv", header=T)
xpl <- miscasel[,3:4]
Bdat <- xpl[which(miscasel[,2]==1),]

Mdat <- xpl[which(miscasel[,2]==2),]

contour (gl,g2,zcl,xlim=c(-15,5), ylim=c(-10,7),levels=level)
par (new=T)
contour (gl,g2,zc2,xlim=c(-15,5), ylim=c(-10,7),levels=level)

par (new=TRUE)
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plot (Bdat, col=gr[7],type="p", pch=20, cex=1.5,xlim=c(-15,5), ylim=c(-10,7))
par (new=TRUE)
plot (Mdat, col=gr[1],type="p", pch=20, cex=1.5,xlim=c(-15,5), ylim=c(-10,7))

persp(gl,g2,zhat ,box=F,phi = 0, theta = 0, col=gr[10])

##A##A# Gausstian Mizture Model ###A###
GMMprop <- GMM$parameters$pro
mean <- GMM$parameters$mean
sigmaCl <- GMM$parameters$variance$sigmasq[1]
sigmaC2 <- GMM$parameters$variance$sigmasq[2]
fhatl <- dmvnorm(expand.grid(gl,g2),mean = c(mean[,1]),
sigma = cov(x[which(GMM$classification==1),]))
z1 <- matrix(fhatl,GG,GG)
fhat2 <- dmvnorm(expand.grid(gl,g2),mean = c(mean[,2]),
sigma = cov(x[which(GMM$classification==2),]))
z2 <- matrix(fhat2,GG,GG)

zmix <- matrix (GMMprop[1]*fhatl+GMMprop [2]*fhat2,GG,GG)

miscase <- read.csv("GMMCaseMisclassification.csv", header=T)
xpl <- miscasel[,3:4]
Bdat <- xpl[which(miscasel[,2]==1),]

Mdat <- xpl[which(miscase[,2]==2),]
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contour (gl,g2,z1,xlim=c(-15,5), ylim=c(-10,7),levels=1level)

par (new=TRUE)

contour (gl,g2,2z2,xlim=c(-15,5), ylim=c(-10,7),levels=1level)

par (new=TRUE)

plot (Bdat, col=gr[7],type="p", pch=20, cex=1.5,xlim=c(-15,5),

par (new=TRUE)

plot (Mdat, col=gr[1],type="p", pch=20, cex=1.5,xlim=c(-15,5),

,xlab=" n s ylab=" n)

persp(gl,g2,zmix, box=F,phi = 0, theta = 0,

col=gr[10])

#un### Multivatiate log-concave by LogConcDEAD ######

flcl <- dlcd(grid,mlel)

flc2 <- dlcd(grid,mle2)

zlc <- matrix(props[1]*flcl+props[2]*flc2,GG,GG)

miscase <- read.csv("LCCaseMisclassification.csv", header=T)

xpl <- miscasel[,3:4]

Bdat <- xpl[which(miscasel[,2]==1),]
Mdat <- xpl[which(miscase[,2]==2),]
cgl <- interplcd(mlel, gridlen = 100)

plot (mlel, g=cgl, type="c",

xlim=c(-15,5) ,ylim=c(-10,7) ,addp=F, main="", col="black",

levels=level)
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par (new=TRUE)

cg2 <- interplcd(mle2, gridlen = 100)

plot (mle2, g=cg2, type="c",
xlim=c(-15,5), ylim=c(-10,7),addp=F, main="", col="black",
levels=level)

par (new=TRUE)

plot (Bdat, col=gr[7],type="p", pch=20, cex=1.5,xlim=c(-15,5), ylim=c(-10,7))

par (new=TRUE)

plot (Mdat, col=gr([1],type="p", pch=20, cex=1.5,xlim=c(-15,5), ylim=c(-10,7)
,xlab="", ylab="")

persp(gl,g2,zlc,box=F,phi = 0, theta = 0, col=gr[10])
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