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Abstract

We study factorization properties of bounded linear operators on the Rosenthal spaces X, ., and
the Bourgain-Rosenthal-Schechtman spaces Rg’o, 1 €< a < wi. Specifically, we prove that the
Rosenthal spaces X, ,, and the limit Bourgain-Rosenthal-Schechtman spaces Rﬁ’o, equipped with
their natural bases, have the factorization property, and that the isomorphic spaces Rﬁ’o and X .,
have the primary factorization property.

We establish the factorization property of the spaces R%Y and Xpw with their respective bases
separately. For the spaces X, ,, the proof relies on the notion of a strategically reproducible basis.
In contrast, for Rfjo, the proof is based on an approximate orthogonal reduction to a diagonal
operator: every bounded linear operator on RPY can, via distributional embedding and up to
arbitrary precision, be reduced to a diagonal operator. Moreover, we show that R%Y has the
primary factorization property, which immediately implies the same property for X, ,,. The proof
of the aforementioned reduction relies on an approximate orthogonal reduction to a scalar multiple
of the identity operator.

In addition, we establish the factorization property for the limit spaces RPY with their stan-
dard martingale difference sequence bases. Although this proof is derived from an approximate
orthogonal reduction to a scalar finite-dimensional decomposition (FDD)-diagonal operator, the
construction is significantly more involved than in the case a = w.

For every 1 < a < wy, we construct an explicit unconditional FDD (X )xe7, of the Bourgain-
Rosenthal-Schechtman space Rﬂ’o. This FDD has strong reproducing properties and supports a
theory of distributional representations between the spaces Ra’o, for 1 < a < wy;. We use this

framework to establish the approximate orthogonal reduction to a scalar FDD-diagonal operator.
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Chapter 1
Introduction

This work is motivated by the study of conditions under which a bounded linear operator T on a
Banach space X becomes a factor of the identity operator id on X; that is, there exist bounded
linear operators L, R: X — X such that

id = LTR.

Factors of the identity have played a crucial role in Banach space theory—for instance, in the study
of decompositions of classical Banach spaces and in the analysis of closed ideals in the Banach
algebras

L(X)={T:X — X:T is a bounded linear operator on X}.

In this work, we focus on complemented subspaces of L, for a fixed 1 < p < o0. Specifically, we
study operators on the Rosenthal spaces X, ,, [24] and the Bourgain-Rosenthal-Schechtman spaces
Rh,1<a<w [4.

The Rosenthal space is the first known complemented subspace of L, apart from L,, {2, ¢,

lo®YLp, and £, (¢2). It is the closed linear span in L, of an independent 3-valued symmetric sequence

(fn)_q such that, if p > 2,
<fn|2>oo
[ fnllp/ s

vanishes at a slow rate (when p < 2, we consider its conjugate exponent). To study the properties

of these spaces, such as their complementation, for p > 2, Rosenthal introduced what is now known

0
n=1

|35 el ~pms (33 ant10lg) " (3 lenl12) ")
n=1

n=1 n=1

as Rosenthal’s inequality, which states that for any scalar sequence (ay,)

This equivalence makes it possible to study the aforementioned space as a sequence space, X}, 4,
whose norm admits a simple and explicit description.

The Bourgain-Rosenthal-Schechtman spaces Rh, o < wy, are defined by transfinite recursion.



The first space R{ consists of the constant functions. If R is defined, then R, is the disjoint
sum of two 1/2-compressed, isometric copies of Rh. More formally, for I = [a,b) = [0,1), define
Tr : L, — Ly, by setting (T7f)(t) = f((t —a)/(b—a)) for t € I and (T7f)(t) = 0 otherwise. This 17

is an example of a scaled isometry of a special type, called a #-compression, where 8 = b — a. Then,

RY ., = Tjo/2)(RE) + Tiaja,1y (RE).

For a limit ordinal number «, the space Rk is the independent sum of the spaces Rg, 0<f8<a,
that is, there are distributional embeddings Tﬂo‘ : RZ — Ly, 0 < B < a with independent ranges

such that the space R is the following closed linear span in Ly,

R, = [(T5(RE))p<al-

By construction, each space Rh is spanned by the constant function together with a symmetric
three-valued martingale difference sequence, and thus by Burkholder’s martingale theorem from [5]

the space admits an unconditional basis. Now, an appropriate cofinal subset of
{RP : a0 < wi}

yields uncountably many pairwise non-isomorphic complemented subspaces of L,. Specifically, we
focus on RZ’O, more accurately, on its isomorphic hyperplanes of all mean-zero random variables.
In all aforementioned cases, the complementation in L, is witnessed via an orthogonal projection
that is also well defined on L,,.

The first two results we prove concern the factorization property of the Rosenthal spaces X, 4,
and the Bourgain-Rosenthal-Schechtman spaces RZ’O. In particular, we establish the following

theorems.

Theorem. [11] For 1 < p < o0, X, and RP? with their respective standard bases have the

factorization property.

Theorem. [10] For 1 < p < oo, the limit RO spaces with their standard martingale difference

sequence bases have the factorization property.

This means the following. If X is one of the above spaces and (e, )s_; denotes its standard basis,
then every bounded linear operator T': X — X with large diagonal, i.e., such that inf,, e} (T'(e,))| =
d > 0, is a factor of the identity. The factorization property, formally introduced in [13], has driven
the study of reproducing properties of bases in Banach spaces and has led to further developments
in the theory of L, and other classical Banach spaces (see, e.g., [15], [17], [18], [19], [25]).

The third result that we prove concerns the primary factorization property of the spaces X, .,
and RPO.

Theorem. [11] For 1 < p < o, the spaces X, ,, and RP° have the primary factorization property.



The above means that for every bounded linear operator T: X — X, where X is one of these
spaces, either T or id — T is a factor of the identity. Note that the statement of this theorem
is basis-free, and the spaces X, and Rﬁ’o are isomorphic. We prove the primary factorization
property for Rﬁ’o, using its basis; this result then immediately implies the same property for X, .
It has long been known that Banach spaces satisfying the primary factorization property together
with Pelczyniski’s accordion property are primary. Although this is a basis-free concept, it has been
long studied for classical Banach spaces, often using their standard bases. Examples of primary
spaces derived from this technique can be found in [3], [8], [17] [20] and [22]. Additionally, the
aforementioned property is closely related to the study of closed ideals in £(X), e.g., if the space
X has the primary factorization property, then the set

My ={T e L(X): id# LTR for all L,Re L(X)}

is a maximal ideal of £(X) [7].

In most of the above papers given a bounded linear operator T: X — X, it is shown that there
are bounded linear operators L, R: X — X and a “simpler” operator S: X — X such that LT R is
approximately S. This process is referred to as reducing 7" to S. After several successive reductions,
usually, T" is reduced to a scalar operator, i.e., an operator A -id, for some A € R. In this work
we develop and study a specific kind of reduction called orthogonal reduction. For this purpose,
we utilize the notion of an orthogonally complemented subspace of L,, that was introduced by
Alspach in 1999 [2]. A subspace X of L, is called orthogonally complemented if the bounded linear
projection from L, onto X is derived from an orthogonal projection. For example, the Rosenthal
space and the Bourgain-Rosenthal-Schechtman spaces are of this type. If X is such a subspace of
L, and T,S : X — X are bounded linear operators, we say that 7" is an orthogonal factor of §
with error € > 0 if there exists a distributional embedding J : X — L, with J(X) < X, such that
|JTTJ — S| < e. The operator J : L, — X denotes the formal adjoint operator of J, satisfying
J'J=4id: X — X,and JJ': L, — L, is the orthogonal projection onto J(X).

The proof of the factorization property of X, ,, with its natural basis relies on some machinery
developed in [16], namely of strategical reproducibility of Schauder bases. This means that in a
certain two-player game, one of the players has a winning strategy allowing them to reproduce the
basis and its biorthogonal sequence in the dual. Using Rosenthal’s analysis of block sequences of
the standard basis of X, ,,, we deduce that it is strategically reproducible and thus it satisfies the
factorization property.

With regards to the factorization property of R with its standard martingale difference se-
quence basis, it requires use of probabilistic and combinatorial arguments. For each n € N, let D™
denote the set of left-closed, right-open dyadic intervals of length 1/2" in [0, 1), and D,, = UZ:ODk .
For every n € N, denote h} = T¥(hr), I € Dy_1, where T, n € N are the distributional embeddings
with independent ranges involved in the construction of the limit space R%. The space R%Y is the
closed linear span of the collection ((h})rep, _, )nen, Where for n e N, (h})ep,_, is a distributional

n—17

copy of the first (n — 1)-levels of the Haar system and the collection of the o-algebras o(h})ep



n € N, is independent. With an appropriate enumeration, this basis is a martingale difference
sequence, and thus, by Burkholder’s inequality, it is an unconditional basis of R, Because each
part (h})rep,_, spans a distributional copy of Lg’o = (hy : I € D,,_1), the probabilistic techniques
from [14] apply to this setting. We refine them to construct, for every T': RPY - Rw’o, an opera-
tor D: R%® — RZ° that is diagonal with respect to the basis, and its eigenvalues are averages of
finitely many diagonal entries ((|I|~X(h?, Th?))1ep,, _, Jnen of T', and show that T is an approximate
orthogonal factor of D. With this, the factorization property follows relatively easily from the un-
conditionality of the basis. The proof of the primary factorization property of R%Y is based on an
orthogonal reduction of an arbitrary diagonal operator to a scalar multiple A - id of the identity,
where A is an average of eigenvalues of T'. Because approximate orthogonal factorization is transi-
tive, every T': Rﬁ’o — Rﬁ’o is an approximate orthogonal factor of a scalar operator A - id, where A
is in the convex hull of the diagonal entries of T. The primary factorization property then follows
easily. The orthogonal reduction of D to A -id is based on a probabilistic future-level stabilization
argument from [18] that has its roots in [17], together with some combinatorial arguments. Because
Xpw is isomorphic to Rw’o, we directly obtain the primary factorization property of X, ,,.

Although the factorization property of the limit RPYO spaces with their standard martingale
difference sequence bases is based on an approximate orthogonal reduction to a diagonal operator,
the proof is significantly more involved than in the case a = w. Toward this direction, for every
a < wi, we construct an explicit unconditional FDD (X)) xe7, for Rﬁ’o, and we we develop a theory
around the martingale difference sequence basis of RPY. Moreover, we define and study general
distributional embedding schemes that define a class of distributional embeddings between the
spaces RPO. Utilizing the aforementioned appropriate framework, for every countable limit ordinal
number «, we prove that every bounded linear operator on RPOis an approximate orthogonal factor
of a scalar FDD-diagonal operator, yielding the factorizational property of RRO.

With regards to the explicit unconditional FDD (X)))e7;, for each space Ra’o, it is constructed
recursively, following the recursive structure of the spaces RPC for 1 < @ < wy. For every n € N,
RPO = L;,L’O, and we consider the trivial FDD L;,L’O for this space. For a countable limit ordinal «,
assume that for each Rp’o, 1 < B < a, an FDD (X)))e7, has been defined. We then define (X))xe7,
by taking a union of the independent FDDs (TE(X)\)))\GT[?, 1< B < a. If «is a limit ordinal, then
for every n € N,

R"Y

a+n

= L0 + (Tr(RE®) : T e D™).

We define the FDD (X))je7,,, by letting one component be Lg’o and taking the 2" disjointly
supported 1/2"-compressed copies (T7(Xx))re7,, L € D", of (X))aer,- For 1 < a < wi, we
formalize the index set 7T, of the FDD as an explicit tree of finite sequences of ordinal numbers and
dyadic intervals, in accordance with the above construction. Each X is an isometric copy of some

M0 Gia a 0)-compression operator Ty determined, e.g., by the entries

finite-dimensional space L;
of A
Next, we introduce a class of distributional embeddings between the spaces Ra’o, later used in

the factorization of operators. Let a < wi. A distributional embedding scheme of Rﬂ’o into Rg’o



is a family ¥ = (M, (Ju)uem, )reTn, Where (My)ae7, is a collection of finite subsets of 73 that
respect the tree structure. For instance, for each A € 75, the associated compressions (7},) e, have
pairwise disjointly supported ranges and the family (J,)uem, consists of distributional embeddings

OV

with common domain a finite-dimensional L'; 0 space. A substantial portion of the paper is

devoted to proving that the operator Ty : REY — R’é’o given by

Tolx, = Y. T T3
HEM )

is a distributional embedding. While the finite-dimensional components Ty |x,, A € T, are almost
trivially distributional embeddings, the main difficulty lies in controlling how these pieces interact
with one another. Proceeding by transfinite induction on «, we decompose Ty into component oper-
ators determined by distributional embedding schemes on Bourgain-Rosenthal-Schechtman spaces
on smaller ordinals. Each piece satisfies the hypothesis, and reassembling the pieces recovers Ty
and establishes it as a distributional embedding. The inductive step differs for successor and limit
ordinals «.

Utilizing the above framework, we prove the approximate orthogonal reduction to a FDD-
diagonal operator: Let a be a limit countable ordinal number. For every bounded linear operator
T : R?° — REY and € > 0 there exist a distributional embedding scheme ¥ of R2? into itself and a
scalar FDD-diagonal bounded linear operator D : RPY - REO such that T is an orthogonal factor
of D with error e. Furthermore, the entries of D are averages of finitely many diagonal entries of the
matrix representation of T" with respect to the standard martingale difference sequence basis of the
space. As an easy conclusion, we obtain that the limit spaces Rﬁ’o with their standard martingale

difference sequence bases satisfy the factorization property.



Chapter 2

Preliminaries

In this chapter, we introduce the standard terminology and notation used throughout the thesis.
We begin with basic notation, basic concepts from Banach space theory, recall the notation for the

Haar system and conclude by recalling basic notions from probability theory.

2.1 Basic notation

This section introduces the notation employed throughout the thesis.

We write N = {1,2,...} for the set of positive integers and Ny = {0} u N. We denote by R the
set of real numbers and by RY the set of real sequences. If 7 is a real number, we denote by [r] the
integer part of r. Moreover, if A is a set, we denote by # A the cardinality of A. For a subset S of
a linear (respectively, normed) space, we denote by {S) (respectively, [S]) its linear (respectively,
closed linear) span. For a normed linear space X we write X* for the dual space of X. In this
thesis, we consider Banach spaces over the real field.

Given a probability space (£2,.4, i), the characteristic function of a set A < Q is denoted by
XA : Q2 — {0,1}. Whenever we work within a probability space, all set relations are understood in
the essential sense; for instance, A — B means that u(A\B) = 0. Given a o-subalgebra B of A,
the conditional expectation of an integrable function f : Q — R with respect to B is denoted by
E(f|B). The support of f is the set supp(f) = [f # 0] :== {we Q: f(w) # 0}. If Q is endowed
with a topology, its Borel o-algebra is denoted B(2). The Lebesgue measure of a measurable
subset A of R is denoted |A|. Throughout the thesis, we fix 1 < p < o0, denote by ¢ its conjugate
exponent and denote p* = max{p,¢}. An L, space refers to a space of the form L,(2, A, u) for
some probability space (€2, A, p); for brevity we write L,(1). When the underlying probability
space is the unit interval [0, 1] with its Borel o-algebra and the Lebesgue measure, we simply write

L,. When multiple such spaces are considered simultaneously, we may denote them, for instance,
as Ly(u), Lp(v), or Ly(€). For f € Ly(p) and g € Ly(p), we write (g, f) = §gf dp.



2.2 Concepts from Banach space theory

In this section, we recall fundamental concepts from Banach space theory, including the notions of
a Schauder basis and a Schauder decomposition. The following can be found in [1] and [21].

In the following definition we recall the notion of a Schauder basis. If we select a basis in a
finite-dimensional vector space, then we are, in effect, selecting a system of coordinates. Bases in

infinite-dimensional Banach spaces play the same role.

Definition 2.2.1. Let X be an infinite dimensional Banach space and let (ey,):"_; be a sequence in

X. The sequence (ey,)y_ is called a Schauder basis or simply basis if every = € X admits a unique

0

. 0
representation x = » ", apey, for some scalar sequence (an)_;.

n=1

The convergence is in the norm topology of X, that is we require that the sequence (ZnN:1 anen)N_1

converges to x in the norm topology of X. Notice that a basis consists of linearly independent, and

0
n=1

(en)_; in X coincides with the space X, that is X = [(en);~_], and thus, X is separable.

in particular nonzero, vectors. Moreover, if (ey) is a basis of X, then the closed linear span of

Definition 2.2.2. A Schauder basis (e;,);~_; of a Banach space X induces the sequence of bounded

linear projections (S,)*_; defined by Sn (> _; @mem) = > _1 Gmem. The projections (S,)X_; are

0

called natural projections associated with the basis (e ).

It is well known that K = sup,, S| < 0. The number K is called the basis constant. In the

optimal case that K = 1 the basis (e,), is said to be monotone.

Definition 2.2.3. A Schauder basis (e;,);"_; of a Banach space X induces the sequence of bounded
* )OO

o) et is called

in X* defined by e* (> _; amem) = an. The sequence (e)>

linear functionals (e o et

0

the biorthogonal sequence associated with the basis ().

Note that the unique representation of each element of X can be expressed via the biorthogonal

sequence, that is x = >, ek (x)ey.
In the next definition we relax the assumption that a basis must span the entire space.

Definition 2.2.4. Let X be an infinite dimensional Banach space. A sequence (ej)y_; in X is

called a Schauder basic sequence or simply basic sequence if (e,);°_; is a basis for [(e,);_;]-

Example 2.2.5.

0

(a) The sequence of the standard unit vectors (e, ),

is a monotone basis for cg and ¢, for all

1<p<oo.

(b) The sequence of the standard unit vectors (e;)s_; is not a basis for £, but it is a monotone

basic sequence.

In the next definition we recall the definition of two equivalent bases or basic sequences. Equiv-
alent bases allow flexibility in choosing bases for computations, expansions, or theoretical work

without changing the underlying structure of the space.



Definition 2.2.6. Two bases (or basis sequences) (e)>_; and (e},)°_; in the respective Banach
spaces X and X' are called equivalent, if there exists a constant C' > 0 such that for all finitely

non zero sequences of scalars (a,),_, we have

1 [ee} e} ee}
6” Z aney| < | Z anen| < O 2 aney|.
n=1 n=1 n=1

Or, equivalently, there exists an isomorphism 7' : [e, : n € N] — [e], : n € N| such that

T(ey) = €], for each n € N.

Let X be a Banach space with a basis (ey,);_;. We identify a bounded linear operator 7" : X — X

ee]

mm=1- Thus, the concept of a diagonal operator with

with its matrix representation (e}, (Tey))

respect to a basis naturally arises.

Definition 2.2.7. Let X be a Banach space with a basis (e, )_; and let 7' : X — X be a bounded

linear operator. The operator T is said to be diagonal with respect to (e,)%

%, (or simply diagonal

when the basis is understood) if e}, (Te;,) = 0 for all m # n. Equivalently, each e, is an eigenvector

of T corresponding to some eigenvalue \,.

We will now take a closer look at particular classes of bases. Namely, unconditional, shrinking

and boundedly-complete bases.
Definition 2.2.8. A basis (e, ),_; is said to be C-unconditional for some C > 1 if, for all scalars

ai,...,an and by, ..., b, satisfying |ag| < |bg| for 1 < k < n,

n n
| 2 ove] < 0] 3 uei]
k=1 k=1
A basis that is C-unconditional for some C > 1 is simply called unconditional.

Definition 2.2.9. A basis (e,);_; of a Banach space X is called shrinking if the biorthogonal

0

»_1 is a basis for X*.

sequence (e})>_; associated with (e;)

Definition 2.2.10. A basis (e,);_; of a Banach space X is said to be boundedly-complete if

whenever (ay,)._; is a sequence of scalars such that

N
sup | Z anen| < 0,
N

n=1

. [ee}
then the series >, ; ane, converges.

oe]

o1, then X is reflexive if

In 1951, James proved that if X is a Banach space with a basis (e;,)

o0
n=

and only if (e,)”_; is both boundedly-complete and shrinking.

Example 2.2.11.



(a) The standard unit vector basis (e, ),_; is an unconditional basis of ¢g and £, for all 1 < p < 0.
It is shrinking for ¢y and ¢, for all 1 < p < 00, and it is boundedly-complete for ¢,, for all

1 < p < o0, but it is not boundedly-complete for cg.

(b) For every n € N denote f,, = >/_, ex, where (ey)5_; is the standard unit vector basis of ¢p.

*

n+1 for

The sequence (fy,):_; is a basis of ¢y with biorthogonal sequence defined by f¥ = e —e
all n € N, and it is known as the summing basis. The basis (fy,):_; is neither unconditional,

nor shrinking, nor boundedly-complete.

A Schauder basis decomposes, in a sense, a Banach space into a sum of one dimensional spaces.
It is sometimes useful to consider cruder decompositions where the components into which we

decompose a given Banach space are subspaces of dimension larger than 1.

Definition 2.2.12. Let X be a Banach space and let (E,)°_; be a sequence of closed subspaces
of X.

(a) The sequence (E,)_; is called a Schauder decomposition of X if every x € X can be uniquely
written as z = Z;‘Lozl Xy with z, € E,,. If each E,, is finite-dimensional, (F,) is called a finite-
dimensional decomposition (FDD). A Schauder decomposition induces a sequence of bounded

linear projections (P,)*_; defined by P,,(3 o _; Tm) = Zp.

(b) If every sequence of non-zero vectors (zy)5_; with x, € E, forms an unconditional basis of

its closed linear span, the decomposition is called an unconditional Schauder decomposition.

Remark 2.2.13. In [26], the author constructs a Banach space admitting a FDD but not a

Schauder basis.

Let (Ey);°_; be an FDD of a Banach space X with corresponding projections (P,),°_; and let

T : X — X be a bounded linear operator. The matrix representation of T with respect to the

0

aforementioned FDD naturally arises and can be visualized as (P, TFPpn)y, ;-1

Definition 2.2.14. Let X be a Banach space that admits an FDD (E,,);"; and let T : X — X be
a bounded linear operator. The operator T : X — X is said to be diagonal with respect to (E,,)>

n=1
(or FDD-diagonal when the decomposition is understood) if P, TP, = 0 for all m # n. If each

FE,, is an eigenspace of T corresponding to some eigenvalue )\,,, we say that T is scalar diagonal

0
n=1

(An)s_ the entries of T

with respect to (E,) (or simply scalar FDD-diagonal when the FDD is understood) and we call

2.3 Haar system notation

In this section, we recall basic notation for the standard Haar system. Although this system is not
a basis of the RE® spaces, the canonical basis of each such space can be blocked into an FDD whose
components are spanned by compressed copies of finite initial segments of the Haar system. For

this reason, we will use Haar-related notation extensively.



We enumerate the Haar basis over the dyadic intervals of [0, 1], ordered lexicographically.

Notation 2.3.1. We establish the following notation used in handling the Haar system.

(a)

We denote by D the set of all dyadic intervals I of [0, 1], i.e., of the form

SR
~[34)
on ’on
where n € Ng and 1 <1 < 2™,

For n € Ny we denote
n . n i—1 4\ ) n
n
D, = J D"
k=0
We enumerate D in the lexicographical order as follows. Let I € D™ and J € D". Then

I < J means either m < n, or both m = n and min(/) < min(J). That is, [0,1) < [0,1/2) <
[1/2,1) < [0,1/4) < [1/4,1/2) < [1/2,3/4) < [3/4,1) < ....

Let ne Ng and I = [(i —1)/2",i/2") € D". We denote the left and right half of I in D"! by

I+:[2(i—1) 22’—1) and]_:[2¢—1 2 >

on+1 ’ on+1 on+1 ’2n+1

We call I the immediate predecessor of IT and I~ and write
a(IT)=Tand 7(I") = 1.

In this context, the term “predecessor” refers to an implicit binary tree structure of D, rather

than the lexicographical order. We define the signs of I and I~ as
e(ITy=1and (") = —1.

Notation 2.3.2. We recall the standard Haar system and its relation to standard subspaces
of Ly.

(a) For I € D, we define
hr =X+ — X1~

The collection (X[O,l])U (h1)1ep is the standard Haar system. Moreover, by the Burkholder

inequality, it forms an unconditional basis of L,, and then,

Ly = [(x[0,1]) © (k1) 1ep]-
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(b) We denote
Ly ={f € Ly:E(f) = 0} = [(h1)1ep)-

(¢) For n € N denote
Ly = {(x1)repn) = {(x0,1)) © (h1)reD>, 1)

and
L0 = {feLy:EB(f) =0} = {(h1)rep,_,)-

2.4 Basic notions from probability theory

In this section, we recall basic notions from probability theory, including the concepts of the dis-

tribution of a random variable and a martingale difference sequence.

Definition 2.4.1. Let f be a real-valued random variable on a probability space (€2, .4, ). The
distribution of f, denoted dist(f), is the probability measure on the Borel sets of R defined by

(dist(f))(A) = p([f € A]).

In the following example we make use of the notions of the Dirac measure and the standard
Rademacher functions. Recall that the Dirac measure centered on some fixed point ¢ in some

measurable space (€2, .4), denoted J;, is the probability measure on (€2,.4) defined by

1 teAd
0t(A) =

0, otherwise.

Moreover, recall that for every n € Ny, the n-th Rademacher function, denoted r,, is defined by

Ty = Z hr

IeDm

Example 2.4.2.

1. For every n € Ny,
) 1
dist(ry,) = 5(5,1 + 01)

2. For every I € D,

. I
aist(hr) = 26y +00) + (1= 110

Based on the above definition, we recall the notion of a distributional embedding, which is used

extensively.
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Definition 2.4.3. Let X, Y be subspaces of some L,-spaces. A linear operator 7' : X — Y is
called a distributional embedding if, for all f € X, dist(T'f) = dist(f). If T is additionally onto

then it is called a distributional isomorphism, and we write X =45t V.

A distributional embedding is an isometry, but it is much more than that. When the domain
of a distributional embedding is not closed, its extension to the closure remains a distributional
embedding. This can be proved through the characteristic function of random variables.

Next, we present an example of a distributional embedding associated with a measurable,
measure-preserving function—known as the Koopman operator—which is used in the definition

of the RE spaces.

Example 2.4.4. Let A be a o-subalgebra of B[0,1] and let ¢: ([0,1],.4) — ([0,1], B([0,1])) be
measurable and measure-preserving, that is [~ 1(A4)| = |A| for all A € B[0,1]. Then the Koopman
operator of ¢, denoted T,: L, — L, and defined by

To(f) = fogp

is a distributional embedding.

Each RL space has a basis given by a 3-valued symmetric martingale difference sequence. In
the following definition we recall the notions of a symmetric random variable and of a martingale

difference sequence.
Definition 2.4.5.

(a) A random variable f in a space Ly(u) is called symmetric if for all A € B(R) we have
u(ifeA]) = n(l-rea).
(b) A sequence (fy);_; in a space Ly() is called a martingale difference sequence if, for all n > 2,

E(fn|f17 . '7fn71) =0.

Example 2.4.6. The standard Haar system (x[o,1]) U (hr)rep is a martingale difference sequence

with the lexicographic order of D. Each function A is symmetric.

Remark 2.4.7. Let (f,);_; be a martingale difference sequence in a space L,(x). When all the
terms of (fy), are non-zero, by the non-expansiveness of the conditional expectation operator,
(fn)y_y is a monotone Schauder basic sequence. Moreover, by the Burkholder inequality ([5,
Theorem 9]), it is unconditional.

12



Chapter 3
Basic concepts

In this chapter, we recall key notions from the theory of operator factorizations, we then outline
the framework of orthogonally complemented subspaces of L, and we conclude with the notion of

an orthogonal factor.

3.1 Factorization of operators

In this section, we recall the notions of a factor and a projectional factor of an operator, note
their distinction, and prepare for the discussion of orthogonal factors in the last subsection. We
also recall the factorization property for Banach spaces with a Schauder basis and the primary
factorization property for a Banach space.

We begin with the concepts of a factor and a projectional factor of an operator.

Definition 3.1.1. Let X be a Banach space, T,5 : X — X be bounded linear operators, and
K > 0.

(a) We call T a K-factor of S if there exist bounded linear operators A, B : X — X such that
S = ATB and |A|||B|| < K.

When we do not need to be specific about the constant K, then we call T" a factor of S.

(b) We call T a K-projectional factor of S is there exist bounded linear operators A, B : X — X
such that
S =ATB, |A||B|| < K, and AB =id: X — X.

When we do not need to be specific about the constant K, then we call T' a projectional
factor of S.

Remark 3.1.2. An operator T : X — X is a factor of the identity operator id : X — X if and
only if there exist projections P : X — Y and @ : X — Z, with images isomorphic to X, such
that QT|y : Y — Z is an isomorphism. By contrast, T' is a projectional factor of the identity

13



operator precisely when there exists a projection P : X — Y, with image isomorphic to X, such
that PT]y =id : Y — Y. More generally, if T is a projectional factor of S, then there exists a
decomposition X =Y @ Z such that X ~ Y and the 2 x 2 matrix representation of 7" with respect
to this decomposition contains a matrix similar to S in the upper left entry. Thus, S may be viewed
as a “simpler” operator than T', with T effectively “reduced” to S. Projectional factorizations enjoy
stronger properties and are employed in stepwise reductions that lead to clean factorization results
often related to decompositions of Banach spaces (see, e.g., [17, 18]).

In this work we impose additional structure, further tightening the notion of a projectional fac-
tor: the decomposition X = Y@ Z must be orthogonal, and the spaces X and Y are distributionally
isomorphic. These notions are well defined for subspaces of L,-spaces. This refinement grants addi-
tional properties to the factorization, notably the automatic continuity of certain operators. One of
our main results is that every bounded linear operator on a limit space RPYO “orthogonally reduces”
to a scalar FDD-diagonal operator. The necessary, though elementary, theory to define orthogonal

factorizations is developed in Section 3.2.

To recall the notion of the factorization property, we first review the concept of the large
diagonal of an operator defined on a Banach space with a basis. In Chapters 4 and 6 we show that
the Rosenthal X, ., space and the Bourgain-Rosenthal-Schechtman RP space with their respective
natural bases have the factorization property. Additionally, in Chapter 10 we prove that the

standard bases of the limit k%" spaces have the factorization property.

Notation 3.1.3. Let X be a Banach space with a basis (ey,);; and let T : X — X be a bounded
linear operator. Denote by D(T') the set of the diagonal elements of 7" with respect to the basis
(en)_q, that is

D(T) = {e;(Te,) : neN}.

Additionally, denote by A(D(T)) the collection of all averages of finitely many elements of D(T).

Definition 3.1.4. Let X be a Banach space with a basis (ey);~_;. We say that the basis (ey);_;
has the factorization property if every bounded linear operator T: X — X with large diagonal with
respect to the basis (ep),_;, that is for some § > 0, we have inf{|d| : d € D(T)} > J, is a factor of

the identity operator id on X.

The preceding definition depends on the basis of the Banach space. In contrast, the following
definition of the primary factorization property is basis-free.
In Chapter 6, we prove that the Rosenthal X, ,, spaces and the Bourgain-Rosenthal-Schechtman

RPY space have the primary factorization property.

Definition 3.1.5. Let X be a Banach space. We say that the space X has the primary factorization
property if for every bounded linear operator 7' : X — X we have that T or id — T is a factor of
the identity operator id on X.
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Remark 3.1.6.

(a) In [16, Remark 2.4, page 17|, the authors provide an example of a Banach space, namely the

James space, that admits a Schauder basis but does not satisfy the factorization property.

(b) There is an example of a Banach space that does not satisfy the primary factorization property.

Indeed, let 1 < p # ¢ < 0, and set
X =0,D/,

where P denotes the natural projection onto ¢,. If P were a factor of the identity, then ¢,
would embed isomorphically into ¢,, which is absurd. An analogous argument applies to the

projection i¢d — P onto ¢,. Hence, X does not satisfy the primary factorization property.

(c) The factorization property and the primary factorization property are related and rely on
similar techniques, but they are not equivalent. For instance, the standard basis of £, ® (3,
for 1 < p # 2 < o0, satisfies the factorization property (as a strategically reproducible basis),

but fails the primary factorization property (see (b)).

3.2 Orthogonally complemented spaces

A subspace of a space L,(u) is called orthogonally complemented if it is the image of a bounded
linear projection stemming from an orthogonal projection on Lo(r). To our knowledge, this con-
cept was initially presented in [2] for p > 2, but it will be used extensively to create the suitable
framework for examining the factorization properties of operators on the Rosenthal space, X,,, and
the limit Bourgain-Rosenthal-Schechtman spaces, R5. We introduce the notion of an orthogonally
complemented space and we construct and study the formal adjoint operator of a distributional em-
bedding that allows us to show that orthogonal complementability is preserved under distributional
isomorphisms.

In the following definition we give a name to the orthogonal projections on a space La(u)
bounded with respect to the | - [|,-norm, and next, we introduce the notion of an orthogonally
complemented subspace of Ly(u).

Recall that 1 < p < o0, and let g denote the conjugate exponent of p.
Definition 3.2.1. Consider the space L,(x) and let C' > 1.

(a) An orthogonal projection P : La(u) — La(u) is called p-C-bounded if, for every f e La(u) N
Lp(); 1P fllp < Clf]p-

(b) A subspace X of L,(p) is called C-orthogonally complemented if there exists a p-C-bounded
orthogonal projection P : La(p) — Lo(u) such that

X = P(La() 0 Ly() .
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Notation 3.2.2. Consider the space L,(u), C > 1, let P : La(n) — Lo(p) be a p-C-bounded
orthogonal projection, and denote X = P(La(u) N Lp(u))”'Hp.

a) By the density of Ly N L in L , there exists a unique bounded linear projection
(a) By y ) O Lyp(p p(p X

Pyt Ly(p) — Lp(p)

such that Px|r,(unL,(u) = Plia(u)nL, ). Furthermore, Px(Ly(1)) = X and |Px| < C.

(b) The self-adjointness of P implies that it is ¢-C-bounded. We denote

X' = P(La(p) o Ly()

and Pxs : Lg(p) — Lg(p) the projection onto X’ stemming from P.

Remark 3.2.3. In the context of the above notation, the following hold.
(a) The projection Px : Ly(p) — Lg(p) is the Banach space adjoint of Px : Ly(p) — Lp(p).
Consequently, the space X’ is C-isomorphic to X*.
(b) Because the intersection X n X’ contains P(Lq,(p)), it is dense in both X and X’ with respect

to the norms | - |, and | - [|4, respectively.

For every a < w1, the space Rh admits a basis consisting of a symmetric martingale difference
sequence taking values in {—1,0, 1}, with all terms nonzero. This naturally leads to the following
topic.

Our next goal is to show that the formula of the projection onto an orthogonally complemented
{—1,0,1}-valued symmetric martingale difference sequence with non-zero terms in a space Ly(u)
admits an explicit expression in terms of the martingale difference sequence itself, that is Proposition

3.2.5. The following remark will be used in the proof of the aforementioned proposition.

Remark 3.2.4. Let f be a 3-valued symmetric random variable in a space L, (x). Then | f|,]flq =
[£13 (see [24, page 280]).

Proposition 3.2.5. Let (f,)_; be a {—1,0, 1}-valued symmetric martingale difference sequence
with non-zero terms in a space L,(u) and assume that X = [(fy)s_;] is C-orthogonally comple-

mented. Then
(a‘) <|‘meC;1fm7 an|‘;1fn> = 5m,n fOI' a].l m,n S N’
(b) the biorthogonal sequence associated with (| f. |, Lf)% 2, is equivalent to (| anq_l fn)®_,, and

(c) the projection Px has the explicit formula

Pxf =3 falg " us Olfally fos
n=1

where the above series convergences with respect to | - [, and X' = [(fn)o ;] in Ly(p).
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Proof. Remark 3.2.4 yields {| fu|;* fn, | fal, ' fn) = 1 for all n € N, and since (f,);_; is a martingale
difference sequence from basic properties of the conditional expectation we have {f,,, f) = 0 for
all m # n € N, which proves (a). Remark 2.4.7 implies that the sequence (f,),;_; is a monotone
basis of X. Denote by (¢n)nen the biorthogonal sequence associated with (|| fully! fn)pz; in X*,
and denote by (S,);_; the natural projections associated with the basis (|| fn ;' fn);,. We prove
that (¢n)nen is equivalent to (|| f]; " fu)jz;. Since P is derived from an orthogonal projection we
obtain that P¥(f,) = fn for all n e N. Let ay, ...,a, € R. We observe that

S, - [P us)], = (30 ()

for some g € L, with |g| < 1. Note (ZZ:1 akfk) (PXg> = (ZZ:I akgﬁk) (PXg>. Thus,
CH Dy akqﬁkH. Now, we have

Sioafi] <
q

| Y] = (L o) 0

for some g € X with |g| < 1, and observe that (ZZ:1 ak¢k> (9) = <ZZ:1 akfk>(g). Thus,

H i1 ak¢kH < H Dokt Ak Jr
defined by

, which proves (b). Now, we prove the boundedness of Q : L, — L,
q

QF = X I fally *Lfns DIl s

n=1

which in combination with

Q[L2(p) N Lp(p) = Px[La(p) 0 Lp(p),

and the fact that Px is derived from an orthogonal projection, we obtain (¢). Next we establish
the boundedness of Q). Let f € L, with | f| < 1. Since the basis (f,)y_; is boundedly-complete it
suffices to show that for all n.€ N, | Y3_; [ /il (frs I fell,  fxl < C. Indeed, for n e N, we have

| S s e DUy ] = o 3 1l e DL )
k=1 k=1

for some g € X* with |g| < 1, and observe that

n

(Z@¢MJMﬁM%yﬁ<Mi@¢m;mm;%W.
k=1

k=1
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From part (b) and the monotonicity of the basis (fy);_; we obtain that

H (§1<97 ka“;lf>||ka;1fk>H < C)<}§1<g’ ||ka;;1f>¢k> H _ C‘ S;f(g)” <cC
which proves | S_y | filg " (e DI il frll < C. .

We next construct the formal adjoint operator of a distributional embedding.
Notation 3.2.6. Consider the spaces L,(1t), Ly(v), a C-orthogonally complemented subspace X
of L,(p), and a distributional embedding T': X — L,(r). We construct the formal adjoint of T,

T L,(v) - X,

as follows. Initially, we extend T'|x~x’ to a distributional embedding 7" : X" — L4(v) (see the
comment below Definition 2.4.3), which by slightly abusing notation, we also denote 7. We then
identify L,(v)* with L,(v) and X* with X’ and let 7T be the Banach-space adjoint of T : X’ —

Ly(v). Because the identification X’ ~ X* is not isometric, |77 < C.

Remark 3.2.7. By beginning with the operator T : X’ — L,(v), we analogously construct its
formal adjoint 77 : L,(v) — X'. By definition, for all f € L,(v),g € X',u € X,v € L,(v),

considering the operators T and TT with appropriate domains,

(g, TTf> =(Tg, f) and (u, TTw) = (T, v).
In particular, the two distinct versions of T'T coincide on L,(v) n Ly(v), and thus
THL,(v) N Ly(v)) € X n X'
In the following proposition we prove that C-orthogonal complementability is preserved under
distributional isomorphisms.

Proposition 3.2.8. Consider the spaces L,(u) and L,(v). Let X be a C-orthogonally com-
plemented subspace of Ly(u) and T' : X — L,(v) be a distributional embedding. Denoting
TT: L,(v) — X its formal adjoint, the following hold.

(a) T'T =id: X - X

(b) TT" : L,(v) — Ly(v) is a linear projection of norm at most C' onto T'(X) witnessing the
C-orthogonal complementation of T'(X) in L,(v).

Proof. The first statement is shown as follows: for f € X, g € X', we have that (g, f) = (Tg,Tf)
since (g, f) and (T'g,Tf) have the same joint distribution. Hence, (g, > = (g, TTTf), and thus,
T'T = id : X — X. This yields that TT" is a projection onto T(X). It remains to show that

TT7| Lo(v)nLy(v) has norm one with respect to || - |2, because in Hilbert spaces norm-one projections
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are automatically orthogonal (see, e.g., [6, Chapter 3 §I1I, Proposition 3.3]). For f € La(v)nL,(v) =
Ly(v) 0 Ly(v), we have TTf € X n X’ < Ly(u), and therefore,

|TTf15 = |TTF13 = TV T = L TTHD < | f | T -

We deduce | TTTf|a < | ] O

From Proposition 3.2.5 (c¢) and Proposition 3.2.8 (b) we obtain a formula for the formal adjoint of
a distributional embedding that acts on an orthogonally complemented {—1, 0, 1}-valued symmetric
martingale difference sequence. This formula will be used in the orthogonal reductions of operators

on the limit Rﬂ’o spaces.

Corollary 3.2.9. Let (fy,)5_, bea {—1,0, 1}-valued symmetric martingale difference sequence with
non-zero terms in a space Ly(p) and assume that X = [(f,);2;] is C-orthogonally complemented.
Let T : X — L,(v) be a distributional embedding into some space L,(r) and, for n € N, denote
b, = T'f,. Then, for all f e X and g€ L,(v),

Tf= Z anH;1<fn7f>anH;1bn and TTQ = 2 an|‘;1<bna9>anH;1fn-

n=1 n=1
We next note that the formal adjoint acts as an anti-automorphism.

Remark 3.2.10. If X is C-orthogonally complemented in L,(p) and T : X — L,(v), S: T[X] —
L, (&) are distributional embeddings, we have (ST)! = T1ST.

3.3 Orthogonal factors

With the necessary theory in place, we give the definition of approximate orthogonal factors of
operators that is used in our main theorems. The key term of orthogonal factors of operators is

primarily modeled on projectional factors from [17].

Definition 3.3.1. Let X, Y be subspaces of some spaces Ly(n) and L,(v), respectively, and
assume that Y is a C-orthogonally complemented. Let R: X — X and S: Y — Y be bounded
linear operators. For € > 0, we say that R is an orthogonal factor of S with error € if there exists
a distributional embedding T': Y — L,(u) with T'(Y') < X such that

ITTRT — S| < e.

If the above holds for € = 0, then we call R an orthogonal factor of S.

The following remark highlights the relation between orthogonal factors and projectional factors.
In Definition 3.1.1 (b), we introduced the notion of a projectional factor, which is a special case of

the more general concept of a projectional factor with error e > 0. Let K > 0, andlet 7,5 : X — X
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be bounded linear operators on a Banach space X. We say that T is a K-projectional factor of S
with error € > 0 if there exist bounded linear operators A, B : X — X such that |[ATB — S| < ¢
and AB =id: X — X and ||A||B| < K.

Remark 3.3.2. Let C > 1 and € > 0. Let X be a C-orthogonally complemented subspace of a
space L,(u). Moreover, let T, S: X — X be bounded linear operators. If T' is an orthogonal factor
of S with error € > 0, then T is a C-projectional factor of S with error € > 0. Note that C' is the

orthogonal complementation constant of X.

When R is an orthogonal factor of .S, this should be understood as a reduction of R to S, which
in applications is typically the simpler operator. In the following proposition we prove that being

an approximate orthogonal factor is a transitive property. This follows from Remark 3.2.10.

Proposition 3.3.3. Let X, Y, and Z be subspaces of some Lj,-spaces, and assume that Y and
Z are C' and D-orthogonally complemented. Let R: X — X, S:Y - Y, and U : Z — Z be
bounded linear operators, and assume that R is an orthogonal factor of S with error € and S is an

orthogonal factor of U with error §. Then R is an orthogonal factor of U with error De + 6.

Proof. From the assumptions we have

ITTRT, — S| <€ (3.1)
and

| T} STy — U <6, (3.2)

where T1: Y — X and T5: Z — Y are distributional embeddings. Denote T' = T17T5. From Remark
3.2.10, (3.1) and (3.2) we obtain that

IT'RT — U | < |TITI RTVT, — TISTo| + | TS ST, — U
<|TJ||T{ RTy — S| + |T]ST, - U
< De+6

Therefore, R is an orthogonal factor of U with error De + 4. O

Remark 3.3.4. By Proposition 3.2.8 (a), being an orthogonal factor showcases symmetry around
the identity operator, which means the following: Let X, Y be subspaces of some L,-spaces, and
assume that Y is C-orthogonally complemented. Let R: X — X and S: Y — Y be bounded linear
operators. If R is an orthogonal factor of S with error ¢, then id — R : X — X is an orthogonal

factor of id — S : Y — Y with the same error e.

We state a general result on the factorization property of orthogonally complemented symmetric

three-valued martingale difference sequences, formulated so as to apply in our context. In view of
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Theorems 6.2.6 and 10.2.1, it yields the factorization property of the standard basis of the limit
spaces RZ’O, that is, Theorems 6.2.7 and 10.2.3.

Proposition 3.3.5. Let X = [(fn);_1] < Lp(n), where (fy)p_; is a {—1,0,1}-valued symmetric
=

martingale difference sequence and let C' > 1. Assume that

(a) X is C-orthogonally complemented, and

(b) for every n > 0 and bounded linear operator T: X — X, there exists a diagonal operator
R: X — X with diagonal entries in A(D(T')) such that T is an orthogonal factor of R with

error 7.

Then, for every 0 < € < 1, every operator 1" with J-large diagonal, i.e.,

inf || fully *(fos T )| 2 6,

neN
is a C(p* — 1)(1 — €)= 19 Ifactor of the identity. In particular, the basis (f,)?; of X has the
factorization property.

Proof. Define the multiplication operator M : X — X given by

furs (Il Tid) " fur meN.

Because every martigale difference sequence in L, is (p* — 1)-unconditional, |M| < (p* —1)5~!
and observe that the diagonal entries of T'M are all equal to one. From the assumptions, we have
that there exists a diagonal operator R: X — X with diagonal entries one, i.e. R = id, such
that TM is an orthogonal factor of ¢d with error e. Thus, there exists a distributional embedding
J: X — Ly(p), with J(X) < X, such that

|JTTMT —id| < e.
—1
Thus, the operator JITM.J is invertible with H (JT TMJ) H < (1—¢)~L. Now, letting

L= (JTTMJ>_1JT and R = M.J

we have LTR' = id and

Cp* - 1)
/
. < —
I1- IR < =55
O

We state a general result on the primary factorization property of orthogonally complemented
spaces. In view of Theorem 6.3.5, it implies that Rﬁ’o has the primary factorization property, that
is, Theorem 6.3.6.
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Proposition 3.3.6. Let C' > 1 and let X be a C-orthogonally complemented subspace of Ly(u).

Assume that for every > 0 and operator T': X — X, there exists a scalar A such that T is an

orthogonal factor of A-id with error . Then, for every 0 < € < 1, either T' or id — T is a IQ_CG—factor

of the identity. In particular, X has the primary factorization property.

Proof. Let 0 < € < 1. From the assumptions, we have that there exists a scalar A such that T is an
orthogonal factor of A -id: X — X with error ¢/2. Thus, there exists a distributional embedding
J: X — Ly(p) with J(X) < X such that

|JTTT — X -id| < €/2.
If |A] = 1/2, then

INTLITTT —id| < e
Hence, the operator A~'.JTTJ is invertible with H ()FkﬂTJ)AH <(1—e L If

L=W\YTHA\"'J" and R=1J
then LTR = id and
2C
ILIIRI < 7

Now, if |A| < 1/2, then from Remark 3.3.4 we have

|JT(id — T)J — (1 = \) - id|| < /2.

Hence, we achieve the same conclusion for id — T instead of T'. ]
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Chapter 4

Factorizing in the Rosenthal X,

spaces

In this chapter, the main goal is to show that the Rosenthal X, ,, spaces with their natural bases
have the factorization property. We recall the definition of the X, spaces and some of their
properties that will be used in the main theorem of this chapter. Next, we recall the notion of a
strategically reproducible basis, which characterizes the factorization property of a basis, and we

conclude by proving that the Rosenthal X, ,, spaces have the factorization property.

4.1 Definition of the X, , spaces

In this section, we recall the definition of the X, spaces and we present some of their basic
properties. Moreover, we show that the Rosenthal X, space is isomorphic to an orthogonally

complemented subspace of L.

Definition 4.1.1. Let 2 < p < o0 and w = (wy,)~_; be a sequence of positive real numbers. Define
Xpw = {(xn)p_; € RN (n)p—q € Ly and (zpwy)o_; € £2}.
The space X, ,, equipped with the norm
[@n)nilx, . = max{||(zn)i lp, [(@nwn)nzill2},

admits the sequence (e;)_; as an unconditional basis. Recall that the n-th coordinate of (e;)s_;

is 1 and all other coordinates are 0.
In the following definition, we assign a name to sequences w that vanish at a slow rate.

Definition 4.1.2. Let 2 < p < 0 and w = (wy)5_, be a sequence of positive real numbers. We
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say that w satisfies the () property if

0
wy, — 0 and Z wP/(P=2) — o,

n=1

We focus on such sequences throughout this chapter. The following result implies that all X, ,,
spaces, with w as specified above, have the same linear and topological structure. This can be
found in [24, Theorem 13].

Theorem 4.1.3. Let 2 < p < o0 and w, w’ be sequences of positive reals satisfying the (x) property.

Then X, ,, is isomorphic to X, .
Based on the above theorem we recall the following definition.

Definition 4.1.4. Let 2 < p < c0. The Rosenthal X, space is an X,,,, space, where w satisfies the

(%) property.

It is proved in [24, Corollary, page 282] that for 2 < p < o0, the Rosenthal X, space is isomorphic

to a complemented subspace of L,. Additionally, we have the following.

Theorem 4.1.5. Let 2 < p < . The Rosenthal X, space is isomorphic to a 7.35(p/log(p))-

orthogonally complemented subspace of L.

This is not stated in [24], but it can be easily deduced as follows: The Rosenthal X, space is
isomorphic to the closed linear span of a 3-valued symmetric independent sequence (fy),"_; in L,
and this closed linear span is 7.35(p/log(p))-orthogonally complemented subspace of L, because
the restriction of the orthogonal projection P: Ly — Lo, defined by

[o0]

P(f) = Y. | falla X Fns £ fns

n=1

to L, is a projection onto the closed linear span of (fy,)_; in L, of norm at most K, ([24, Theorem
4]). The constant K, is at most 7.35(p/log(p)) from [9, Theorem 4.1].

The following can be found in [24, Lemma 7]. This will be used in the main theorem of this
chapter, that is Theorem 4.3.1.

Lemma 4.1.6. Let 2 < p < o0 and w be a sequence of positive reals satisfying the () property.

Let (Ej)jo-';1 be a sequence of disjoint finite subsets of the positive integers. For each j, put

fi= Y wDe,

’rLEEj

(p—2)/2p

gi= | 3 w2

’I’LEEJ'
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and

fi = 1£i5 £

Let Y denote the closed linear span of ( fj)f:l in X,,. Then (f;)®_, is an unconditional basis of
Y, isometrically equivalent to the natural basis of X, 5.) and Y is a 1-complemented subspace of

Xp,w with projection defined by
w ~
P(x) = 3 | filpl £il22<f5 20 ;-
j=1

4.2 Strategically reproducible bases

In this section, we recall the notion of a strategically reproducible basis, which will be used to
deduce the factorization property for a basis of a Banach space.

The following two definitions are from [16]. See Remark 4.2.3 below for an intuitive explanation
of them.

Definition 4.2.1. Let (z,)°_; and (yn )5, be basic sequences in (possibly different) Banach spaces
and C > 1. We say that (z,,);_; and (yn),_; are impartially C-equivalent if for any finite choice

of scalars (an)y_q € coo we have

1 0 0 0
\fCH D antnl < | D) anzal < VC| Y anynl.
n=1 n=1 n=1

Definition 4.2.2. Assume that X is a Banach space with a basis (ey),-_; which is unconditional

09]

and shrinking. Let (e%)°_; < X* be the biorthogonal sequence associated with the basis ().

n=1

We say that (ep)o_; is strategically reproducible if the following condition is satisfied for some
c=1

Vnie N 3by eley:n =ny), T eler in=ny)
Vng e N by ele, :n = no), b5 ey :n=ng)
Vng e N 3bz e e, :n = ng), b; eley :n=mng)

such that
(a) (bg)j2 is impartially C-equivalent to (ex);L,
(b) (b3)y, is impartially C-equivalent to (ef){,, and
(c) bi(b) = 6ky Yk, leN.
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Remark 4.2.3. The condition in Definition 4.2.2 can be interpreted as player (II) having a winning
strategy in a two-player game:
We fix C > 1. Player (I) chooses n; € N, then player (II) chooses

by elen:n>mny1y and b} €{el :n>ny).

They repeat the moves infinitely many times, obtaining, for every k € N, numbers ny, and vectors
by and bf. Player (II) wins if they were able to choose the sequences (by);—, in X and (b})L, in
X* such that (a), (b) and (c) are satisfied. Thus, the basis (e,);"_; is strategically reproducible if

and only if for some C > 1 player (II) has a winning strategy.

The following theorem will be used inside the proof of the main theorem of the following section,
Theorem 4.3.1, and it can be found in [16, Theorem 3.12].

Theorem 4.2.4. Let X be a Banach space with an unconditional and shrinking basis (ey)n;. If

the basis (e,)°_; is strategically reproducible, then the basis has the factorization property.

4.3 The factorization property of the basis of the X, , space

In this section, we prove the main theorem of this chapter, that is the natural basis of X, ,, has

the factorization property.

Theorem 4.3.1. Let 2 < p < 0. For every w satisfying the (x) property, the basis (e,),_; of the

Xp.w space has the factorization property.

Proof. From Theorem 4.2.4 it is enough to show that the basis (e,),_; of the X, ,, space is strate-
gically reproducible for some C' > 1. In the two-player game of Remark 4.2.3 we assume the role
of player (II).

Let € > 0 and let C' = 1 + €. In each round, after player (I) chooses nj € N, we choose a finite
subset Fj, of the positive integers such that min(Ey) > ng, max(Ey_1) < min(Ey), where Ey = ¢,

(p—2)/2p
Bi = ( Z wgp/(P—2)>

nEEk

and such that putting

we have
wi < B < V1 + ewg.

Now, put

b= 3 w2,

TLGEk
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by = [[bell, b
and

bk = 23 1balplbnlly *wy @ 2es,.

n
nGEk

We show that this choice satisfies Definition 4.2.2. We observe that by € (e, : n > n;) and
bi € (e : m = ng). Moreover, put 8 = (8),. From Lemma 4.1.6 we have that (by)%, is
isometrically equivalent to the usual basis of the X, 5 space. Now, we will show that the usual
basis of X, 3 is impartially (1 + €)-equivalent to the usual basis for X, ,,.

Indeed, let aq, ..., a, € R. We have

n n n
I anerlx, s = max{l Y aerlp, | Y anBrerlo}
k=1 k=1 k=1
and
n n n
| > anerlx,.. = max{]| Y. axexlp, | D axwrex|s}.
k=1 k=1 k=1
Since for every k € N, wy, < B < +/1 + ewy,, we obtain
n n
I Z arBrerla < V1 + €| Z arwkek |2
k=1 k=1
and
n n
H Z akwkekHQ < H Z akﬁkeng.
k=1 k=1
Hence,

n n n
| Y arerlx,. <D arerlx, s < VI+el D arerlx, .,
k=1 k=1 k=1

Thus, (l;k)koozl is impartially (1 + €)-equivalent to the usual basis for X, .. Let Y be the closed
linear span of the sequence (l;k),zo:l in X, ,,. From Lemma 4.1.6 we know that Y is 1-complemented

subspace of X, ,, with
0 ~
P(x) = 3 bl pllbx 3 *Cor, 2)br
k=1

as the norm-1 projection onto Y. Since (Bk)le is impartially (1 + €)-equivalent to the usual basis
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for X, there exists an isomorphism T:Y — X, with T(by) = e, and |T]| < /1 +e.
observe that b} = ;TP and b*(bl) = 0k,. Now, it remains to prove that (b))}, is impartially
(1 + €)-equivalent to (ef);L;.

Indeed, let aq, ..., a, € R. We observe that

n n
|| Z aby| = | Z arey TP| = [(TP)* ( kek> <VL+e| )] arefl.
k k=1

k=1 k=1 =1

For the other inequality, we have

n n
| D] axeil = (Z awZ) (),
k=1 k=1

where z belongs to the unit sphere of X, ,, and x = 220:1 Ap€i. We have

n

| arekl = D axhe = (Z akbi) <2 )\k:b~k:> <VI+e| ), abil.
=1 =1 P h—1

O]

It is easy to see that a reflexive Banach space with a basis (e,,) has the factorization property if
and only if the dual space X* with the biorthogonal sequence (e) has the factorization property.
For 1 < ¢ < 2, Rosenthal (see [24, page 280]) defines X, , to be the dual space X, of X} ..

Therefore, we have the following.

Theorem 4.3.2. For 1 < ¢ < 2 and w satisfying the (x) property with respect to p, the Rosenthal
Xg,w space with the biorthogonal sequence associated with the natural basis of the X, ,, space has

the factorization property.

From the paragraph below Theorem 4.1.5, it follows that, for 1 < ¢ < 2, the Rosenthal X,
space is isomorphic to the closed linear span in L, of an independent sequence of 3-valued symmetric

random variables (fy)_;.
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Chapter 5

The Bourgain-Rosenthal-Schechtman

RY spaces

In this chapter, we recall the original definition of the Bourgain-Rosenthal-Schechtman spaces Rk
and we observe that they are orthogonally complemented spaces, giving explicitly the steps even
though it was established implicitly in [4]. Next, we introduce an equivalent definition of the RE
spaces as subspaces of L,[0, 1], providing clearer intuition and insight into this class of spaces, used
throughout the rest of the thesis. We conclude with the description of the spaces Ra’o, that is the
spaces of all mean zero random variable of R%, and we observe that they enjoy the orthogonal

complementation.

5.1 The R’ spaces

In this section, we recall the original definition of the Bourgain-Rosenthal-Schechtman spaces R%,
and their orthogonal complementation from [4]. Each space R was originally defined as a subspace
of L,({0,1}T=), for some countable index set T, depending on «. While we briefly revisit this
approach here, in the next section we present an equivalent formulation in which these spaces are
realized as subspaces of L, = L,[0,1].

In the following definition we recall the notions of the disjoint sum and the independent sum.
Definition 5.1.1.
(a) For a subspace B of L,(2, A, p1), the disjoint sum (B @ B), of B is the subspace

{b(w, €) € Lp(2 x {0,1}) : there exists b, € B with b(w, €) = be(w)

forall we Q, e=0or 1},

of L,(Q x {0,1}), where {0,1} is equipped with the uniform probability measure.

(b) For every n € N, let B), be a subspace of Ly(£,, Ap, itr,). We define the independent sum of

29



B,, as follows. For every n, let
B, = {b €L, (H Qk> : there exists f € By, with b(w) = f(wy) for allwe [ | Qk}
k k

in L, (T],, Q). The subspace B, is a distributional copy of B,, that depends only on the n-th

coordinate. Then the independent sum of (B;,)~_; is defined as

<Z B")Ind,p - [Uﬁn],

in L, ([ [,, ). Independent sums can be taken over any countable collection of spaces, as

their enumeration does not matter.

The spaces Rb are defined recursively on the countable ordinals. The first Bourgain-Rosenthal-
Schechtman space is the space of constant functions, while the successor and limit steps are carried

out using the disjoint and independent sums, respectively.

Definition 5.1.2. Define Rj = (x0,1}) in L{0,1}. Let o be an ordinal with 0 < o < wy. Suppose
that we have defined the Rg space for all § < a.

(a) If a = B+ 1, then RG, = (R ® Rp)p.
(b) If v is a limit ordinal, then R, = (Xp<a Rg’)lnd,p'

The orthogonal complementation of the RS spaces is established implicitly in [4], with the steps
made explicit in [11, Theorem 4.6].

Theorem 5.1.3. Let o < wy. The RY, space is (p* — 1)2(p*/2)3/?-orthogonally complemented.

Proof. The proof is based on technical details from [4]. We give a description that avoids some of
them, but the unfamiliar reader is invited to skip this proof. For 1 < p < o0, Bourgain, Rosenthal,
and Schechtman define an explicit auxiliary subspace X7 of Ly{0, 1}P, for some countable set D.
The specific form of D and X% is not relevant to this proof, but, for context, we mention it is the
closed linear span, with respect to | - |, of a vector space X of measurable functions that is the
same for all values of p. For more details on X7, the interested reader may refer to [4, Section 3].
According to [4, Theorem 3.1], X% is complemented in L,{0,1}?. More precisely, it is stated in [4,
page 222, paragraph above equation 3.8] that the projection Py onto X7, is in fact orthogonal. A
precise formula for Py is given, and it is independent of p. The estimate | Py| < K7 (p/2)%? (where
K, = (p—1) is the constant in Burkholder’s inequality, see, e.g. [23, Theorem 8.6]) is given in [4,
bottom of page 222] only for the case p > 2. However, the “selfadjointness” of Py yields that the
same estimate is true for 1 < p < 2 replacing p with p*, i.e., | Po|| < (Kp#)?(p*/2)%/?, for 1 < p < 0.

Fixing o < wy, it is shown in [4, Lemma 3.9] that there exists a distributional copy Xé:a of
RG in X7, In [4, line 1 of proof of Lemma 3.6] it is stated that X7, is complemented in X7, via

a conditional expectation operator E,. Therefore, E,Fy is a p-C-bounded orthogonal projection
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on L,{0,1}? onto X7, , for O = (Kp)%(p*/2)%2. Therefore, R is (p* — 1)2(%)3/2-0rth0gonally

complemented. O

5.2 The RE spaces as subspaces of L,[0, 1]

In this section, we give an equivalent definition of the R}, spaces as subspaces of L, = Ly[0,1].
In this framework, disjoint sums are described in terms of compressions with disjointly supported
ranges, and independent sums in terms of images under distributional embeddings with independent
ranges.

The notion of a #-compression is central to this work and will be used repeatedly through-
out. It is essentially the same as the classical 6-dilation associated with the Boyd indices of a
rearrangement-invariant space. However, contrary to standard convention, we adopt the term

“compression” since we restrict to values 6 € (0, 1].

Definition 5.2.1. Let 1 < p <00, 0 <60 <1 and X, Y be subspaces of L,. A linear operator
T: X - Y is called a f-compression if for every f € X and A € B(R),

[T'f € A]l = 0[f € Al + (1 — 0)xa(0),
ie., dist(Tf) = Odist(f) + (1 — 6)dp.
Remark 5.2.2. Let 0 <0 <1,0<n<1,and X, Y, Z be subspaces of L,.

(a) If T: X - Y is a f-compression and S: Y — Z is an n-compression, then 7S: X — Z is a

fn-compression.

(b) If T: X — Y is a f-compression, then for every f € X we have
ITflp = 677 1f -

(¢) fT: X - Y is a l-compression, then T is a distributional embedding.

The following piece of notation will be used extensively to define and study the Bourgain-

Rosenthal-Schechtman spaces as subspace of L, = L,[0, 1].

Notation 5.2.3. Let 0 <a <b<1and I = [a,b). Let T7: L, — L, be defined by

fE2), a<t<b

0, otherwise.
Evidently, T is a (b — a)-compression.

Recall that set relations and operations should be interpreted in the essential sense.
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Remark 5.2.4. Let X be a subspace of L,, 0 <0 <1,and T': X — L, be a f-compression. For
f,9 € X, we have that

(a) supp(g) < supp(f) if and only if supp(7T'g) = supp(7'f) and

(b) supp(g) nsupp(f) = & if and only if supp(T'g) nsupp(T'f) = &.

The first assertion arises from the linearity of T" and the characterization

supp(g) < supp(f) if and only if rlingo ‘[rf +g# 0]‘ = |[f # 0]|.
The second assertion is simpler.

Notation 5.2.5. For every limit ordinal o < wy, we fix, for the rest of the thesis, a collection
Tg: Ly —> Ly, 0< B <a

of distributional embeddings with independent ranges; that is, for any family (fg)g<q in Ly, the
functions (Tﬁo‘ f8)g<a are independent. For example, this can be achieved by fixing a collection
e5: ([0,1], B([0,1])) — ([0,1],B([0,1])), B < «, of independent measure-preserving maps, and
setting T¢'(f) = f o ¢§, as in Example 2.4.4.

Using Notation 5.2.3 and 5.2.5, the spaces Rf, can equivalently be defined as subspaces of L,

as follows.

Definition 5.2.6. Let Rh = <X[0’1]>, and, if « is a countable ordinal number such that, for all
0<fB<a, RZ has been defined then

(a) ifa=p5+1let

Ry = Tjo 1) (1) + Ty 1) (Bp),

«

(b) and if « is a limit ordinal let
RP = [T;;(Rg) .8 < a] .

Henceforth, we will always work with this version of the Bourgain-Rosenthal-Schechtman spaces.

Remark 5.2.7. The choice of maps at each step does not matter: at successor steps one may
use any 1/2-compressions with disjointly supported ranges, and at limit steps any distributional

embeddings with independent ranges; the outcome is distributionally isomorphic.
Notation 5.2.8. Let 0 < o < wy. Denote RY? = {f € R%, : E(f) = 0}.

For the purpose of this work we will mostly work with R instead of RY, where 1 < o < wy.
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Remark 5.2.9. We point out the following recursive relations satisfied by the spaces RRO.

(a) For 1 < a < wy, for every n € N, by induction, we have that

Rp70

a+n

= L0 + (T (REO) : T € D) = (hy o I € Dy + (Ty(REC) : T € D).

(b) For a limit ordinal «,

-3 <<= (3 ),

1<B8<a
Example 5.2.10. Let n € N.
(a) RY® =Ly
(b) R = [Upen T2 (RE") |.
(©) B2 = |25 0 Urepn TH(RE")| = < 2 € Dact) 0 Upepn T (1)),
In the following remark we observe that the RPYO space is orthogonally complemented.

Remark 5.2.11. Let a < wy. By Theorem 5.1.3, RL, and by Proposition 3.2.8 every distributional

*

copy of it, is (p* — 1)2(%)3/ 2_orthogonally complemented. Let P denote the corresponding p-C-

*

orthogonal projection, where C' = (p* — 1)2(%)3/ 2. Since Lg is 2-orthogonally complemented via

Q(f) = f —E(f), it follows that RPY is 2C-orthogonally complemented via QP.
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Chapter 6
. . . p,0
Factorizing in R,

In this chapter, we establish the factorization and primary factorization property of RPO. We begin
by introducing the standard martingale difference sequence basis of RP°. We then show that every
bounded linear operator on RP? can be orthogonally approximately reduced to a diagonal operator,
which yields the factorization property of R%Y with respect to its natural basis. We conclude by
deriving the primary factorization property of RP? from the orthogonal reduction of every bounded

linear operator on R% 0 a scalar multiple of the identity operator on RO,

6.1 The basis of R

In this section, we present the natural martingale difference sequence basis of RPP. For the higher
order countable ordinals, in Chapter 7, we develop a theory around the bases of the spaces RPO
resulting in an explicit description of the martingale difference sequence bases of the RPO spaces.

We conclude by establishing the relationship between the spaces Rf;o, Rf and X,

Notation 6.1.1. From Example 5.2.10 (a) and (b) we have

RPO — [U T;(Lg@)] :

neN

Recall that L;’O = (hy: I € Dy_1), for all n € N, and for every n € N and I € D,,_; denote
» — T9(hy). Thus,

RPO—[n?:T1€D, 1,neN].

We will use the following linearly ordered set to enumerate the basis of RPO.

Notation 6.1.2. Denote

Dw = {(7%[) : nGN,IGanIL
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and define the linear order on D,, as follows: (m,J) < (n,I) if and only if m < n or both m =n
and J < I in the lexicographic order of D,,_1. The set D, can be visualized as disjoint copies of
the sets D,,_1, n € N. Thus,

REY = [(h}) (n,ryep.,)-

The subscript w for the set D,, indicates the space Rﬂ’o. We now observe that the sequence

(h})(n,1)ep,, is an unconditional basis of RPY.

Remark 6.1.3. The sequence (A7) nep, described in Notation 6.1.1 is a martingale difference
sequence with respect to the linear order of D,,. This follows from the fact that (h})rep,_,, n € N,
are independent and for every n € N we have that (h})ep, , is a distributional copy of the
martingale difference sequence basis (hy)rep, , of L. Therefore, (R})(n,1ep,, is an unconditional

basis of R%’ by the Burkholder inequality.

n—1

In the reminder of this section we focus on the relation between the spaces RL, RP and Xp.
The following is proved in [2] (see the penultimate paragraph of page 11 until the first seven lines
of page 12).

Proposition 6.1.4. The Bourgain-Rosenthal-Schechtman space R%Y and the Rosenthal space X,

are isomorphic.

Note that RY, is isomorphic to its hyperplanes as an infinite-dimensional complemented subspace
of L,. In particular, Rf, ~ RPO ~ Xp.

6.2 The orthogonal reduction to a diagonal operator

In this section, we approximately orthogonally reduce an arbitrary operator 7" on R to a diagonal
operator R on Rfjo, that is for every small error € > 0 we construct a distributional embedding
J: RY® — L, with J(R%®) = R and a diagonal operator R on R% such that |JITJ — R| < e.
This is based on probabilistic arguments first used in [14]. This reduction in combination with
Proposition 3.3.5 yields the factorization property of the basis of RZ’O.

We describe now in broad strokes the general idea of the proof of Theorem 6.2.6, that is the
orthogonal reduction to a diagonal operator. Let T': RPY — RPY be a bounded linear operator.
Recall that

D(T) = {{I|7h}, ThY) = (n, 1) € Do},

and A(D(T)) is the collection of all averages of finitely many elements of D(T').
Using an induction on the linear order of D,, for every n € N, we construct finite sets of

dyadic intervals (B})rep,_, and blocks (b})rep, , of the basis (h})rep, , of Ty (LZ’O) in some
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T]"\J,(n)(Lé,V(n)’O), N(n) > n, with b} = ZKeB}l Hth(n), where (0k)kenp € {—1, 1}57 | such that

supp(bfy 17) = [0,1]
supp(by+) = [bf = 1]
supp(by-) = [bf = —1],

for every n € N. From this we obtain that (b})(,, r)ep, is a distributional copy of (A})(, rep, - We

construct the block sequence (b})(y, r)ep,, such that
[V, TO| < €7
for every (m,J) # (n,I) € D, and

n n N(n N(n n
o, oy — Y (g™ Thi ™| < €,
KeBY}

for every (n,I) € D,, where €};" and €} are small errors. From this we obtain that T is an

approximate orthogonal factor of a diagonal operator R, that is
|JTTT — R|| < e,
where J : REY — L, with J (R%Y) <« REY is the distributional embedding defined by J (h7}) = b},
and R is the diagonal operator on RP? defined by
R = (1117 3 <™, 7™ | g
KeB}

and has diagonal element in A(D(T)).
In each inductive step, the choice of the block vector b7 is performed probabilistically, and for

this purpose, we give the following notation.

Notation 6.2.1. Fix a finite collection of disjointly supported and symmetric {—1,0, 1}-valued

measurable functions B = (hy)j-,. Denote
Hy =supp(hg),1 <k <m, and H = U}, Hy.

Considering the probability space Q = {—1,1}"™ equipped with the uniform probability measure,
we define the random vector bg : Q@ — ({h; : 1 < k < m}) given by

b(0) = ) Ok,
k=1

where ¥ = (i)}, € Q. For ge Ly, f € Ly, and a linear operator T': ({hj, : 1 < k <m}) — L,, we
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define the random variables Y5 4, W5 ¢, Zg 1 : {2 — R given by

Yi,g() = {g,b5(9)) and W ;(0) = (b (V). f),

and
Zpr(0) = bp(V), Tos(V)) — i<hk,Thk>.

In the above notation, the random vector bz will be used in the inductive step of the previously
described proof to choose an appropriate vector b}7. The random variables Yz 4, W5, and Zp 1
describe the interaction of this vector with previously constructed vectors via T, and they are
employed to obtain the small errors €7';" and €}.

With regards to this notation, we formulated the statement in a general setting in order to
derive estimates for the expectation and variance of more general random variables. We will use
specific instances of Notation 6.2.1 in Lemmas 6.2.5 and 10.1.2

In Lemma 6.2.5, the general random variables hj; will be replaced by distributional copies of
the Haar functions. We now establish estimates for the variance of the above random variables.

These estimates will be used in the proof of Lemma 6.2.5.

Lemma 6.2.2. Following Notation 6.2.1, we have E(Yg,) = 0 and

V(¥i,) < lol2 (18] max |Hxl) "

1<k<m

Proof. We have
Yi4(9) = {g,b8(9)) = Y, 0k(g, -
k=1

We follow the common convention of denoting by 6y :  — {—1, 1} the random variable defined by

(6;)1" 1 — 0. Each random variable 6 : Q@ — {—1,1} is of mean zero, and thus, we obtain that

E(Yg) = > E(0k){g, hxy = 0.
h=1

Now, observe that
V(Yp,4) = E(Yj,)-

)

We have

Y ,(0) = ( i 0x<g, hk>> <i 0i{g, hz>>
k=1 =1
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= i 9k91<97 hk><gv hl>'

k=1

Now, taking the expectation we observe that
E(YS,) = Z E(016){g, hx){g, hi)-

From the fact that the random variables ()" ; are independent, and for every 1
02 = 1, we obtain that E(6;0;) = 0, for all k # [, and E(6?) = 1. Hence,

V(Yg,) = Z<9, hi)®.
Put ay ), = (g, hy) and we observe that |a, x| < ||g|lq|Hk|"/P. Therefore,

V(Ys,4) = (g, Z ag.khi) < |94l Z aghp
k=1

< lglly max Jag.ll thup Iglla, max ag,cl| HI17

1/p
< lgl2|E1? max [Hyl"? = g)2(1H| max |Hy|)

< k < m we have

We skip the proof of the following lemma as it is almost identical to that of Lemma 6.2.2.

Lemma 6.2.3. Following Notation 6.2.1, we have E(Wp ¢) = 0 and
V(Wap) < | FI2(1H] max Hk])"
Lemma 6.2.4. Following Notation 6.2.1, we have E(Zz 1) = 0 and
1/q
V(Zp.x) < 2T HIP( max [Hl)

1<k<

Proof. We observe that

Zpr(0) = Y. 0x0i(hy, Th),
k=1
k#l
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and thus,

E(0,6,)hy,, Th) = 0.

1

NgE

E(Zpr) =
Kl
k

Hence, V(Zp 1) = E(ZéT). Now, we observe that

Zr(9) = Z Ok, 01, Chiey s Thy, ) Z Oy 01, Pty s Thyy )
ki,l1=1 ko,lo=1
k£l ko #ly

= Z ‘9k1 911 9k2 9l2 <h/€1 ) Thl1><hk2aThl2>'

kq,l1=1,kg,lg=1
k1l ka#ly

Now, taking the expectation we obtain that

m

]E(ZZ%,T) = Z E(0k1 011 9k2912)<hk17Th11><hk27 Th12>'

ky,lq=1ko,lg=1
k1#ly,ko#lo

We have that E(6k,6;,01,0;,) = 1 if and only if k1 = ko,l1 = l2 and k;
E(0k19l19k20l2) =0. Thus,

V(Zs1) = Z Chiy Thi) hy, Thyy + Z Chy, Th?
k,l=1 k,l=1
k#l k#l

=:A =:B

We compute bounds for A and B separately:

A= 2<m, (X <hk,Thl>hk)><HTuiuqu§<hk,m>hk\p
=1 k=1

k;&l k#l

lo, ko = l1, otherwise,

m m m
< TP 25 Wl e (Phelalflo)] 35 ], = 71 35 Lol e e 107
=1 =1

— |2 ( e [11]) 417

and

B-Y (i ( i<hk,Thl>hl)> <
k=1 =1

1%k 1k

Thl>thp

1/
<7, ely e (Jbulliul) HZmH i (e (el) S

k=1
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1/]7 2/(]71 l/q
< |2 e Y2 (oo (Ef) " ( mex ()T HD = PR max (),
slsm <ksm <m

1<l
U

In the following lemma, we present a specific instance of Notation 6.2.1 that fits into the
proof of the main theorem of this section described above. Using the preceding estimates for the
expectation and variance of the aforementioned random variables, we now determine a value for a

random vector. This will be used in the inductive step of the proof of Theorem 6.2.6.

Lemma 6.2.5. Let T: R%? — R%° be a bounded linear operator. Let (n,I) € D,,, M, N € N with
M > N and B < DV with | U B| = |I|. Let fim,7) € RP and 9(m,J) € Lq, where (m,J) < (n,I)
such that

| fomny | < | I[P
and
L9 | < T

For ¥ = (0x)kes € {—1,1}% we define the random vector

bea(0) = Y Oxchiyl,
KeB

and the random variables

Z(9) = b (9), Thpar (0)) — > il , Thid),
KeB

Yim, 1) (0) = {T*Gm, 1), b0 (9)),  (m, J) < (n, 1)
and

Wn,n(0) =g (9), T fm,y), (M, J) < (0, 1).
Let n > 0 and 7, sy > 0, where (m, J) < (n,I). If

22n+3 1

N > p* | 2log |T|| + log +

, (6.1)

2
(m,J)=<(n,1) T(m.J)
then there exists 90 = (6%) ke such that
|Z(9°)| <,
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Y, (9 <, (m,J) < (n,1)
and
(Wn,y(9°) < hm,ys (m, J) < (1, ).
Proof. To prove the existence of 90, we define the following events:

Z={0:|Z2()| > n},

Y(m,J) ={0: YD) >n},  (m,J) < (n,1)
and
W(m, J) = {0« [Win, (D) > ngn.ny}, - (my J) < (0, 1),
Denote by A the union of the aforementioned events, that is

A=Zu( g y(m,J)>u< U W(m,J)).

(m,J)<(n,I) (m,J)<(n,I)

Now, taking the probability and using the Chebyshev inequality, we observe that

PA)<PE2)+ Y PQmJ)+ Y, PW(m,J)

(m,J)<(n,I) (m,J)<(n,I)

1 1 1
<S5V +5 Y VWmn)+ D, VW)

n T (. Jy=(n,1) (m, ) =<(n,1) (m.J)

Using the upper estimates of the variance of the random variables Z, Y(,, ;) and W, ), that is
Lemmas 6.2.4, 6.2.2 and 6.2.3, we obtain

2 _ 1 B
P(A) < ﬁ"T"2|l‘(l/p)+12 N/g 4 — Z HTH2‘J’2/q|[‘1/p2 N/p
g (m,J)<(n,I)

1
D TP e

(m,J)<(n,I) "(m,J)

22n+3

N

1 _
+ D] 5 |T |22~ NP,
(m,J)<(n,I) "(m,J)

772

Now, (6.1) yields P(A) < 1, that is the existence of ¥°. O

This is the main theorem of this section, that is the approximate orthogonal reduction to a
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diagonal operator. We use the probabilistic Lemma 6.2.5.

Theorem 6.2.6. Let T': Rfjo — Rfjo be a bounded linear operator and ¢ > 0. Then there
exist a distributional embedding S : Rfjo — L, with § (Rf,’o) c Rﬁ’o and a diagonal operator
R: R5%" — RP? with diagonal entries in A(D(T)) such that

ISTTS — R| <e.

In particular, T" is an orthogonal factor of R with error e.

Proof. We choose an increasing sequence of positive integers k(n) such that

k(n) > p* <12n +13 + 2log <T|)>

€

and put N(n) = k(n) + n.
By induction on the linear order of D, we will construct a distributional copy (b?)(n, nep,, of

the basis (h7)(,rep,, of RPY consisting of blocks of the basis (A7), nep,,, of the form

n n,J); N(n
1= Z 0&( )hK( )’ (6'2)
KeBy}

where B} © D4 with I € D' and (685" kepy € {~1,1}5%. The blocks (b}) (. nep, will be
chosen to satisfy certain properties, which will be given explicitly in the inductive construction (see
(6.4), (6.5) and (6.6)). Using the formulas of the operators S and ST from Corollary 3.2.9, we will
show that (see (6.7))

€

|(STTS — R)(h})| < 22n+1+n/p’

(6.3)

where R: R%? — R is a diagonal operator defined by

n — N(n N(n n
R = (11170 Y ™, Thi ™) | ny
KeB?

with diagonal elements in A(D(T)). Given (6.3), we prove |STTS — R|| < €. Let f e RPY with
g p

F=2 > UITKnt pny.

n=11eD,_1

We have

I(STTS = RY(AHI =1, Do 17 KhG, H(STTS - R)(R7)|

n=1I1eDy_1
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e}
€
<Z Z 2n/pm||f”<f|\f”-

n=1 IGDn,1

We skip the basis step as it is simpler than the induction step. Now, let (n,I) € D,, be fixed and
assume that we have constructed the blocks (b'7) for every (m,J) < (n,I) as in (6.2). We will only
treat the case I # [0,1], as the case I = [0, 1] is slightly simpler.

We will define a random block

n n,0); N(n
) = > o™,
KEB?

with B} < DFM+i 6 be chosen later, where i is such that I € D¢, such that for the random

variables

Z7(9) = BR0), ToF(9)) — ) g™ Thiy ™,
K eB?

Y(”J)(m, J) () = {T*F, 01 (9)) for (m,J) < (n,I)

WD (m, J)(9) = BF(9), TV} for (m,J) < (n, 1),

where 9 = (95?’[))](65? e {—1,1}B7 there exists ¥y € {—1,1}57 such that

€

127 (90)] <z (6.4)
YD, DN < gy Tor (m, ) < (1) and (65)
(WD (m, J) (90)] < ‘ for (m,J) < (n,1). (6.6)

392n+m+3+n/q+m/p

The choice of signs will be given by an appropriate application of Lemma 6.2.5.

We now explicitly define the set B}. Let J = w(I) (such J exists because we assumed I # [0, 1])
and we assume without loss of generality that I = J*. By the induction hypothesis there exists a
block 0% with B? < DF(™+J and J € D’, where j = i — 1. Define

By = {K e D+ supp(hy™) < [ = 1]}
Note that B} is the subset of DFM+i guch that

L supp(h™) = b5 = 1].
KeBY}

(If I = J~, then B} = {K e DE(m+i supp(h%(n)) c b} = —1]}, and the set B} is the subset of
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DFM+i guch that UKeB}L supp(hg(n)) = [0} = —1]). We define the random block

n n,0l); N(n
brw) = ) O hg,
KeBy}

where ¥ = (05?’1))[(63? e {—1,1}57. We will show that the assumptions of Lemma 6.2.5 are
satisfied, and this will yield the existence of signs ¥y = (0%”’1)) e {—1,1}57 satisfying inequalities
(6.4), (6.5) and (6.6). By the choice of k(n), N(n) satisfies (6.1), and therefore we may apply
Lemma 6.2.5, where now the g(,, 5y and f(;, ) of Lemma 6.2.5 are g, ) = b} and f, j = b7

,(n,I
0%y

Lemma 6.2.5 yields the existence of signs 6y = and we put

n n 0,(n,I); N(n
bp = b7 (o) = > O™,
KeBy

For brevity, we denote
21 = Z1 (Vo)

YD (m, 7)) = YD (m, J) (0
WD (m, 7y = WD (m, J)(9).

We have constructed a distributional copy (b7)n,nep,, of (P7)m,nep, that satisfies (6.4), (6.5) and
(6.6).
It remains to show (6.3), so fix (n,I) € D,. We have

|(STTS — R)(h})| =

o0
— m n\ 7,mM — N(n N(n n
IS e ey — (17 Y ™, TR | hy

m=1JEDy, 1 KeBYy
= > I Te R L [T QR T ki

(m,J)<(n,I) —y D) (1, ) (m,J)>(n,I) —W D) (1)
17 op o = 3 ™ Thi ™) vl

KeBY}
5
Using inequalities (6.4), (6.5) and (6.6) we obtain
|(STTS — R)(h})| (6.7)
<2V Zp| 4 22 max Y ™D (m, )|
(m,J)<(n,I)
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m+1+m/q (m,J) __°
+7§n2 Jmax (WO (0, D] < o

O]

Theorem 6.2.6 and Proposition 3.3.5 imply the factorization property of the natural basis of
RE.

Theorem 6.2.7. The standard martingale difference sequence basis of RPY has the factorization

property.

6.3 The orthogonal reduction to a scalar multiple of the identity

In this section, we approximately orthogonally reduce an arbitrary diagonal operator on R to a
scalar multiple of the identity operator on R% using a probabilistic lemma from [18] with origin
in [17] (Lemma 6.3.1). This yields the approximate orthogonal reduction of an arbitrary operator
on REY to a scalar multiple of the identity operator on R, Then we conclude with the primary
factorization property of R%".

The proof of the following probabilistic lemma can be found in [18, Lemma 3.9]. We will
use it inside the proof of Theorem 6.3.3, that is the finite dimensional stabilization, to construct,
of (hr)rep,, , that

stabilizes the eigenvalues of a diagonal operator. As in the proof of Theorem 6.2.6, in each step of

by induction on the linear order of D,,_1, a distributional copy (br)rep,, ,
the induction, we use a random block b;(##), defined using a family of dyadic intervals B; that has
been fixed in a previous inductive step. Because R is diagonal, the value (by, R(bs)) is independent
of the outcome 6, but the latter defines two families of dyadic intervals, B;+(#) and B;-(6), to
be used in a future inductive step. The role of the following Lemma is to establish conditions
under which, with positive probability, there is a vector by such that the associated families B+
and Br-, define future random blocks by+(6),b;-(0) with values (by+,T(b;+)) and <b;—,T(b;-))

approximately equal.

Lemma 6.3.1. Let R: Lg — Lg be a diagonal operator with diagonal elements d; = |I|~'(hr, Rhr),
where (hr)rep is the standard Haar system. Let m, k € N with m < k and let B < D™. Consider the
probability space {—1,1}? equipped with the uniform probability measure. We define the random

vector

b(W) = Y 6hy

JeB

where ¥ = (67) jep, and denote

BYW)={JeD": Jc[b(®) =1]} and B~ (¥) = {JeD*: J c [b(¥) = —1]}.
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We define the random variables

M {-1,1} P 5 R and A : {-1,1}) >R

with
VO = gy S md A 0) = s S dy

JeB*(9) o

Then
1
BV = EA) = renr e o) {Jeﬂ’%:cug} v
and
V) < o | RIP and VO) < gl RIE
| U B| w8

Remark 6.3.2. Let m € N and S : L;n’o — Lg be a distributional embedding. The orthogonal

projection E: Lg — Lg onto S [L;n’o] can be expressed as

E(f)= Y. HI"%Shs, f)Shs.

IEDm_1

The above projection is of norm 1 as it is equal to the conditional expectation operator with respect
to o(Shy: I € Dpy—1).

The following finite dimensional stabilization plays a key role in the proof of Theorem 6.3.4.
The proof of the latter then relatively easily follows from a compactness argument. To prove this
finite dimensional stabilization we use a combinatorial argument, based on the pigeonhole principle
and a repeated application of the earlier probabilistic future-level stabilization argument (Lemma

6.3.1) to stabilize the eigenvalues of a given diagonal operator.

Lemma 6.3.3. Let me N, I' > 0 and ¢ > 0. If

r
M>m+3+310g(m)+210g(;) +m

4(p*€—1)T + 2log(p* — 1) (6.8)

then for every diagonal operator R: Léw 0 Léw Y with |R| < T, there exists a distributional copy

(br)rep,, , of (hr)rep,, , in L;f,w 0 satisfying the following:

(i) There are 0 < ng <mny < -+ < N1 < M — 1 such that, for 0 <i <m —1and I € D',

b= Y. Okhk,
KEB[
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where By < D" and (0k)ken, € {—1, 1}81,
(ii) Denote Y = (br: I € D,,—1), E the conditional expectation operator onto the space Y as in
Remark 632, and )\0 = <b[071], Rb[071]> € A(D(R)) Then
H (ER ~ o id) \YH <e

Proof. Denote by (dr)rep,,_, the diagonal entries of R with respect to the basis (hr)ep,, , of Léw,
that is d; = |I|~'(hs, Rhy), for all I € Dy;_1. Choose

r
x = [m+ 3+ 3log(m) + 2log(—) + 2log(p* — 1)] + 1.

€

For every k € {x,z + 1,..., M — 1}, denote

that is the finite average of the diagonal elements of R over the level D*. Note |\;| < T, for all
ke {x,x+1,...,.M — 1}. Now, (6.8) and the pigeonhole principle yield the existence of levels

(nj)?"‘:_ol with
TNy <ng < ..<Npmo1<M-—1
such that

|)\nk - )\m‘ < m>

for every 0 < k,l < m — 1.
By induction on the linear order of D,,_; we will construct families (B)ep,, , of dyadic

intervals and signs ((6s)jeB;)1ep,,_, With Bjg1; = D" and if

br= Y 0hy,
JEB[

where T € D*, 0 <k <m — 1, then
B+ ={JeD™+ : Jc[br =1]}
and
B- ={JeD" :Jc by =—1]}.

The vectors (br)rep,, , will form a distributional copy of (hr)rep,, , and they will be constructed

m—1
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such that (i) and (ii) of the statement are satisfied.
We begin the inductive construction. Let By} = D". For signs 6 = (HJ)JeB[OJ] define the

random vector

bjo,1)(0) = 2 Oshy.
JGB[OJ]

and denote

n

[075](0) ={JeD"% : Jc by (0) =1]} and B (0) ={JeD" :Jc [bpq(0) = —1]},

[5.1]

for every 1 < j < m — 1. Moreover, we define the random variables

Ny (=1, 11500 S R and A s {=1,1)800 5 R
' ’

(3

with
)\"jl(e):; > dy and \Y (9):; dody
[0,4] i [11] B (0 ’
: FBun ) s o : #B(f (6)) ses] ®
vj fv

for every 1 < 7 < m — 1. We will choose signs 6 = (9])]68[071] such that

€

N O) = A, | < and INE 1 (0) = | < 5

€
2m(p* — 1)

for every 1 < j < m — 1. Lemma 6.3.1 implies that

njooy ooy
E(/\[o,%]) = E()\[%’l]) = An,

and

, 1 , 1
5 o 12 nj T 12
V()\[O,%]) < Qnor and V(A[%,l]) < 2nOF ,

for every 1 < j < m — 1. To choose signs we define the events,

€

ng o qp .\ _
2o =10 Py 1y @) = Al > 500
and
nj_ gp .\ _ €
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for every 1 < 5 < m — 1. Using the Chebyshev inequality we obtain that

nj 4m® (p* — 1)° n; 20, % 2112 1
P2 < g V) <4mi T - D 5o
and
n; dm?(p* —1)%_ » ZI2 1
J < J _ -
PE7 ) < =g VI 4’0" - 1) 550,

for every 1 < j < m — 1. Thus

P ( U (g5, Z@@) < X (P, +B(ZY )

1<j<m—1

I’ 1 I’ 1
< Z 8m?*(p* — 1)267270 <PmPp* — 12— — <1,

2 2n0
1<j<m—1

as T < ng. Hence, there exist signs 6 = (GJ)JGB[O ,; such that

€

n; .
|)\[0:%](9) Anj| < 2m(p* — 1)

_° & _
o —1) ¢ Ay O) = Al <

forevery 1 < j<m —1.
Now, let T € DF, 0 < k < m — 1, and assume that we have found By < D". For signs

0 = (0y)jen, define the random vector

= Z 0;h,.

JGB[

Moreover, denote
B(0) ={JeD" :Jc [br(0) =1]} and B}”(0) ={J e D™ : J < [b;() = —1]},
and define the random variables
A {-1, 1P >R and AP :{-1,1}F" >R
with

nj _ 1 an U] _
O - Gy 5 O - s 3

JeB?i () J B ]( )
for every k +1 < j <m — 1. We will choose signs 6 = (6;)jes, such that

I (6) — AP | < and |\ (0) — \}J7| < ¢

2m(p* — 1) 2m(p* — 1)
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for every k+ 1 < j < m — 1. To choose signs we define the events

€

Z1 =10 [AA0) =AY > 2mp — 1)

}

and

€

ng _ . Uz
2 = {01 |\ 2l —T)

- - I (0) B )‘?j| >

b

for every k+1 < j < m — 1. Lemma 6.3.1 implies that

E(\L) =E(L) = A7,

I+ -
and
gy 2k 2 L] 2k 2
V(/\I+) < 2ka and V()\I,) < QTI@ s

for every k + 1 < j < m — 1. Using the Chebyshev inequality we obtain that

" 4m2 p* -1 2 "
p(zy) < Oy
and
" 4 2 *_ 2 "
P(ZM) < - p - ) VM),

for every k + 1 < j < m — 1. Therefore,

m—1 m—1
P (z}ﬁ uz}?) < ) (P(Zﬁ) +1P>(Z?Z))
j=k+1 j=k+1
m—1 2, % 2 9k 2
gm-(p* —1)% 2% +3. 3/ % oI 1
j=k+1
as x < ng < ng < ... < npy_1. Hence, there exist § = (6)jep, such that
A@B) N < — " and NY@) A<
| [+( ) I | 2m(p*_1) an | I ( ) I | 2m(p*_1)a

forevery k+1<j<m-—1.
Now, choose A\g = A,,. For I € D* and k < j < m — 1, we observe that

€

k-1
n; 3\ e
A7 = Anjl < ;) ’)‘W(I)l /\w(1)1+1’ < 2(p* — 1)
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for every k < j < m — 1, where )\:J( o = AP and )\:J( e = An;. Thus,

A9 ol < VY = A L+ (A — Aol < ——< £ ¢
A= Aol S I = A+ Py = ol 20° 1) 2 1) pr o1

for every k < j <m — 1. Now, for I € D¥, 0 < k < m — 1, put B; = B}* and A\; = A7*. We have
[Ar — Xo| < €/(p* —1), for every I € D,,,—1, and note A\; = (br, Rbr). Finally, for an arbitrary f €Y
with f = )] IeD,,_, @1br, from the Paley-Burkholder inequality, we obtain that

|ER = Xo-id)(f)] = > (A\r—Xo)asbs|
IEDm_l

>, arbi| =€l fl.

=l
(p* = 1) I€Dm—1
finishing the proof. O

The above finite-dimensional stabilization result remains valid with the same estimates and
properties if the spaces L;' and LIJ,V[ are replaced by any of their distributional copies.
We now orthogonally reduce an arbitrary diagonal operator to a scalar multiple of the identity

operator using the above finite dimensional stabilization.

Theorem 6.3.4. Let R: R — R’ bea diagonal operator with diagonal elements d} = |I|~'(h"}, RR}),
where (n,I) € D,,, and € > 0. Then there exists a distributional embedding J : R%® — L, with
J(RE) = RE and a scalar A\g € A(D(R)) such that

|JTRT — Xo - id| < e.

In particular, R is an orthogonal factor of g - id: RE® — RE with error e.

Proof. For the parameters § and || R|, choose an increasing sequence of non-negative integers IV (m)
with

2| R

8(p* —DIR|
€

N(m) > m + 3 + 3log(m) + 2log( ) +m + 2log(p* —1).

Then, for every m, Theorem 6.3.3 implies the existence of a distributional copy (b}")rep,, , of
(h7*)1ep,,_, in the space <h§v(m) : I € Dy(m)—1, satisfying (i) and (ii) of Theorem 6.3.3. From the
proof of the aforementioned theorem, for every m, if we put A\f' = <bf&1], Rbf&l]% and for every

I € Dy, we put AT* = (b}, Rb") then we have

€

A=A < ———
’I 0’ 2(])*_1)’

for every I € Dy,—1. Since for every m we have \J' € A(D(R)), the sequence (AJ"):5_; is bounded.
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Thus, there exists a subsequence (A\j*){_; and A\g € A(D(R)) such that

€

ATE N <
Ao 0’<2(p*—1)

for every k = 1,2.... Thus,

€

(p* —1)’

AT o <
for every I € Dy, —1 and k = 1,2.... Now, put

Y = [(07")iep, , : k=1,2,..]

and define the distributional isomorphism J: R%? — Y with J (RY) = b7, for all I € Dj_;.
Using the aforementioned distributional embedding J : Rﬁ’o — L, with J (R%O) c R%O and the
above scalar \g € A(D(R)) we observe that JTR.J is a diagonal operator with entries (A7) (k,)eD,, -

Therefore,
|JTRT = Xo - id| < e,

completing the proof. ]

Recall that Theorem 6.2.6 proves that an arbitrary operator T : Rﬁ’o — Rﬁ’o is an approximate
orthogonal factor of a diagonal operator R : REO Rf’jo, and Theorem 6.3.4 shows that an arbitrary
diagonal operator R : RP? — RPY is an approximate orthogonal factor of a scalar multiple of the
identity Ao - id: RE® — RE®. The aforementioned theorems and Proposition 3.3.3, that is the

transitivity of the orthogonal factors yield the following.

Theorem 6.3.5. Let T': Rfjo — Rf;o be a bounded linear operator and € > 0. Then there exists
a distributional embedding J : R%® — L, with J(R%®) ¢ RE® and Ao € conv(D(T)) such that

|JTTT = Xo - id| < e.

In particular, T" is an orthogonal factor of \g - id: RPY 5 RPY with error e.

Theorem 6.3.5 and Proposition 3.3.6 yield the primary factorization property of Rﬁ’o, which in

combination with Proposition 6.1.4 we obtain the following.

Theorem 6.3.6. The spaces RZ’O and X, have the primary factorization property.
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Chapter 7
Decompositions of joo

The main goal of this chapter is to construct an unconditional Schauder decomposition of RPYO
with the required reproducing properties, suitable for defining and studying classes of distributional
embeddings of REY relevant to the orthogonal reduction of operators. For every ordinal o < wy, we
construct a countable well-founded tree 7,. The elements of each tree 7, are finite sequences whose
entries are ordinal numbers and dyadic intervals, ordered by initial segments. For each A € Ty, its
entries encode information that determine a positive integer k(\), a parameter 0, € (0, 1], and
a corresponding #y-compression Ty, which in turn define the space Xy = T A(L;(A)’O). We then
show that, under a suitable enumeration, the collection ((T\hr) [epnm_l) AeT, forms a martingale
difference sequence spanning joo. Finally, we study the supports of the spaces (X))aer,, a fact
needed in subsequent sections where the aforementioned distributional embeddings are introduced
and studied.

7.1 The trees 7,

In this section, for every 1 < a < wi, we construct a countable well-founded tree 7,. Each member
A of T4 is a finite sequence (z1,...,x;), where each z; is either an ordinal number or a dyadic
interval, and this information encodes the position of the subspace X (which will be defined in
Section 7.2) inside RE".

Notation 7.1.1. For every ordinal number « we define its integer part x(a) € N U {0} as follows:
e x(a) =0, for every limit ordinal o and o = 0.
o k(a+1) = k(a)+ 1, for every ordinal a.

For example, x(0) = 0, k(n) = n and k(w+n) = n. More generally, when we write o = S+ r(«),

then g is a limit ordinal number.

Notation 7.1.2. For a finite sequence A = (z1,...,z;) we denote its length by |\| = [ and for
1 <m <1 we denote Ay, = (21,...,2m) and A(m) = z,,,. Let p = (y1,...,yx) be another finite

sequence.
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(a) Denote the concatenation of A and p by

)\’_\M = («le ey L YLy weey yk)

(b) If 2; = yj, then denote the gluing of A and u by

)\@/‘L = ('Ila - L1, Y2, 7yk:)

The operation “~” is used in the definition of the trees 7, whereas both “~” and “@” will be

employed in the study of distributional embedding schemes in Chapters 8 and 9.

We define the trees 75, 1 < a < wp in two equivalent ways. The first is recursive and high-

lights how 7, depends on the trees for smaller ordinals; the second is direct and gives an explicit

description of the elements of 7,.

The recursive definition of 7, naturally mirrors the recursive structure of the spaces RO de-

scribed in Remark 5.2.9. For practical reasons, however, we postpone this until after we introduce

the operators (T))ae7, in Section 7.2, which allows a more convenient treatment of these spaces.

Definition 7.1.3. Let 1 < o < wj.

(a)

If « =n < w, then
Tn = {(n)}.

This is based on RY® = Li" and 7, = {(n)} because the FDD will be trivial in this case.

If « is a limit ordinal, then

Ta = U {()"A: Xe Tz}

1<f<a

Because RPY =dist > By Rg’o)lndm, the index set 7, of the FDD of R2Y is the disjoint union
of the sets 73, 8 < .

If @ = 8 + k() is a successor, then

To={(@}u |J {(.)7A:xeT5}

IeDr(«)

In this case, RE = L;(a)’o + [TI(R’/;’O) : I € D], Therefore the index set 7T, for the

FDD of R is the disjoint union of 2%(®) copies of the set T3 together with (o), the latter

(a),0

corresponding to the space L; , viewed as lying “above” the spaces T; I(Rg’o), I € DR,

The pair (74, E), where = is the initial-segment order, is a countable well-founded tree.
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We follow standard tree terminology. For A, u € Ta, if 4 & A, we say that A is a successor of
and that p is a predecessor of A. If p is the maximum predecessor of A, then we say that A is an

immediate successor of u. A member A € T, with no predecessors is called a root. Denote
Root(To) = {A € To: Alis aroot}.

The height of a member A € 7,, denoted h()), is the minimal path distance from a root of 7, to
A. There can be indices m with 1 < m < |A| for which A|,, ¢ 7a, hence in general h(\) can be

arbitrarily smaller than |A|.
Remark 7.1.4. Let a < wy.
(a) If a is a limit ordinal, then Root(7,) is countably infinite.
(b) If it is a successor ordinal and o = 8 + k(«), then Root(7,) is the singleton {(8 + x(«))}.

Example 7.1.5. The trees 7., Ty+n, and 7.2 can be easily described as follows:

T = {(w,n) sne N},

Toin ={(w+n)} v{(w+n,I,wk):IeD" keN}, wheren e N is fixed, and

Too2={(w-2,w+n):neN}u{(w-2,w+n,l,w,k):neNTeD" keN}u
(

{(w-2,w,k): ke N} U {(w-2,k): ke N}

The following definition provides an explicit alternative description of all trees 7, highlighting
the structure of the entries of a sequence \ = (x1,...,2;) € T, and giving a clearer intuition for the
form of these trees. Moreover, the entries of A carry a more specific meaning, as they can be used

directly to construct the operator T and consequently the space X,.

Definition 7.1.6. Let T be the collection of all finite sequences (z1, ..., 2;) in [1,w;) U D satisfying
the following:

® I E [1,&]1).
e For 1 <i <, if x; is a limit ordinal, then i <[ and x;41 € [1,wq) with 2,41 < z;.

e For 1 < i < I, if x; is a successor ordinal, then either i = [ or ¢ < [ — 2. In the latter case

Tit1 € D"(’“) and x; 9 + k(z;) = ;.
The following remark can be shown easily by induction on the countable ordinal numbers.

Remark 7.1.7. For every 1 < a < wy, we have that

7:)‘ = {(1‘17 "'7xl) eT: T = a}_
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Notation 7.1.8. Let a < w; and A = (z1, ..., x;) € Tq, Definition 7.1.6 yields that x; is a successor
ordinal number, i.e., there is a limit (or zero) ordinal £ such that x; = £ + k(x;). Denote
b(\) = ¢ and
k(A) = k(xy).
For example, for A = (w - 2,w + n) € T,.2 we have £K(A) = n and b(\) = w.
Remark 7.1.9. Let o < wq and A € 7,.

(a) If p is a predecessor of a A, then there exist I € D*®) and v e Ty() such that
A=pu" I
If, furthermore, A is an immediate successor of p then v is a root of Ty(,,.

(b) If v € Tyr)4r(n) then A@Q v € Ty

(¢) Ais aroot if and only if A\(z) € [1,w;) for every 1 < i < |A|.

7.2 Operators and spaces indexed over 7,

In this section, following the recursive definition of the trees 7, we define, for every A € T, the

O-compression T} : L, — L, which will be used to directly define X = T} (LZ()‘)’O), but also later

to study distributional copies of the FDD (X))xe7s, -

Definition 7.2.1. Recursively on the countable ordinal numbers «, we define, for every A € Ty, a

number 0 < 0y <1 and a 0)-compression T : L, — L, as follows.
(a) Let a =nand A = (n) € T,. Welet 6 =1 and T) = id.

(b) Let « be a limit ordinal and A € 7,. Then there are 1 < § < a and p € T3 such that
A= ()" p. Welet 0y =6, and T) = Tj o T),, where T is as in Notation 5.2.5.

(c) Let @ = B+ k(a) be an infinite successor ordinal and A € 75. Then

(i) if A = (), let 0y =1 and Ty = id.
(ii) if A = (a, )", where I € D) and p € T, let 0 = |I|0, and Ty = TyT),, where T} is

the |I]-compression as in Notation 5.2.3.

Example 7.2.2. Let A = (w-2,w+n,I,w, k) € T,.2, where n € N, I € D" and k € N. Then,
Ox = Owrn,rwk) = H0(wr) = [110k) = 1|
and
T\ = T2 Tiorntony = TR T T = TE2TITE.
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Remark 7.2.3. Let @ < wy and A € 7,.

(a) If b()) is infinite, for I € DM and p e T(n), We have

9)(«[/-\” = 9)\|I|0N and T)\AI/-\M = T)\T[Tu.

(b) For € Tyr)4r(n), We have

9)\®“ = GAGN and T>\®“ = T)\TM.
In the next remark, we provide an explicit definition of 8y and T}, although it will not be used
directly.
Remark 7.2.4. Let a <w; and A = (21,...,27) € T

(a) Following the convention [ [ = 1,

0, = H |.Tz’ = H 2 (i)

(b) For 1 < j < define
id cj=1lorxj_1€D,
T; = Tff*l D xjo1, x5 € [1,wr),
Ty cx;=JeD.

Then, T)\ = T1T2 cee ﬂ
For example, if A = (w-3,w + n, [,w, k) € T3 then 0y = |I| = 27" and T = T¥3 T1TY.

Definition 7.2.5. Let a < wj and A € 7.

(a) For I € Dyy)_1, let

hy = Ta(hy),

(b) and let
Xy = Ta(LEMC) = (h) : T € Dyry—1) and

Y)\Z[XH:,LL;)\].

Remark 7.2.6. Let 1 < a < wp. Definitions 7.2.1 and 7.2.5 immediately yield the following
recursive structure for the spaces (Xy)ae7,, reflecting the recursive construction of the space RZ’O.

The remarks given inside Definition 7.1.3 apply here as well.
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(a) If & = n, then 6, = 1 and Xy = LI°.
(b) If « is a limit ordinal and A € 75, then A = (o) for some p € T3 with § < a, and 0y = 6,
and X = Tg(X,).
(¢) If @ = B+ k(«) is a successor and A € T, there are two possibilities for X:
(a) If A = (a), then 6y = 1 and X, = L5,
(b) If A = (a, I)"p with T € D) and p e Tp, then ) = |1]6, and X, = T7(X,,).

7.3 The finite-dimensional decomposition of R’

In this section, we show that, under a suitable enumeration, the family ((h}\) €D, aeT, forms

)7
a martingale difference sequence spanning RPY. This is essentially [4, Proposition 2.8], adapted to

our notation and framework. In particular, (X))aer, is an unconditional FDD of REY.
We first show that (X)xe7, spans RPY.

Proposition 7.3.1. Let a < w;. Then,

RPO = [(Xa)reTal = [(Ya) regoot(Ta))-

Proof. The second equality is immediate. For the first, we argue by induction on «. Let « = n € N.
By Definition 7.1.3(a), 7, = {(n)}. For A = (n), by Remark 7.2.6, X, = Lp"* = R%°.

Let o be a limit ordinal. By Definition 7.1.3 (b), every A € 7, has the form ()™ p with e 7T
for some 8 < a. By the induction hypothesis and Remark 7.2.6,

[(X))reT ] [ U Tﬁ U Xu)] = [U Tﬂa(Rzé,O)] — RPO.

B<a ueTs B<a

Let @ = B + k(). By the induction hypothesis and Remark 7.2.6, we conclude:

[(Xa)aeTe] = [ U U U X ] = L;(O‘)’[)Jr[ U TI( U X“>]

IeDr(e) ueTp IeDr(a) HeTp

- @0+ | TI(RZ’O)] — PO,
IeDr(@)

O]

The following is the main result of this section. Before proceeding to the proof, we introduce
the necessary notation. Recall that, by Notation 7.1.8, for every a < wi and every A € T, we have
k(A)—1=0.

Theorem 7.3.2. Let w < w; and (A, I,)~_; be an enumeration of
{(\I):AeTy and I € Dyyy_1}
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such that for all n < m one of the following holds:
(a) A\, and A, are incomparable, or
(b) A\p & A, Or
(¢) An = Ay and I, < I, in the lexicographical order of Dy y,)—1-

Then, (h;‘;);‘f:l is a martingale difference sequence, and by the Burkholder inequality, it is an

unconditional basis of joo, and (X))xe7., is an unconditional FDD of the same space.
Ta

Notation 7.3.3. For 0 < a < b < 1 and I = [a,b) denote ¢; : [0,1] — [0,1] given by ¢;(t) =
a+ (b—a)t.

Lemma 7.3.4. For 0 <a<b<1,I=]ab), and f e L, the following hold:
(a) for every A c R\{0},
[T7f € A] = qi([f € A]) and

(b) for every A c [0, 1],
L(Tffxt)dt —u[ @

a7 ' (A)

Proof. The first assertion is proved with an elementary double inclusion, of which we showcase one
direction. Let ¢ € [0,1] such that (T7f)(t) € A. Since (T7f)(t) # 0, it follows that ¢ € I, and
(Trf)(t) = f((b—a)~(t — a)). Defining s = (b —a)~!(t — a) leads to s € [f € A], resulting in
t=qr(s).

We establish the second assertion for f = xp, where B is a measurable subset of [0, 1]. We will
use T1XB = Xa+(b—a)B> Where a + (b—a)B < I, and g7 H(A) = (b —a) (A N I) — a]. Indeed, by

the homogeneity of the Lebesgue measure:
L(TIXB)(t)dt —|An(a+®-aB)|=|AnDn(a+@®-a)B)
- ‘[(A D) —a]n((b— a)B)‘

—(b— a)‘[(b —a)YANTD) —d]n B‘ = 1] fl(A) x5 (t)dt.
q

Proposition 7.3.5. Let n € N and, for I € D", A; be a o-subalgebra of B[0,1]. Denote

A= {Ac [0,1] : qI_I(A)eAI}.

1eDn
Then, A is a o-subalgebra of BJ[0, 1] and the following hold.

(a) For every I € D™ and Aj-measurable function f, the function 77 f is A-measurable.
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(b) For every f € Ly,
E(T7f|A) = TiE(f|Az).

Proof. To prove (a), let I € D", f be a Aj-measurable function and A € B(R). If A < R\{0}, then
from Lemma 7.3.4 (a) we have that [T7f € A] = q;([f € A]) € A. Similarly, if A = {0}, then we
have that [T} f € A] = q;([f = 0]) U [0,1]\] € A, because I € A. To prove (b), let f € L,. By (a),
T/E ( f |A[) is A-measurable. Therefore, it is enough to prove that, for A € A,

{AEM”M»@M=Lmﬂ@@

By Lemma 7.3.4 (b) we have that

e = [ i

A

JA (TiE(F1AL) ) ()at = 11 j o (B(1an) )@t =111 |

ar (A)

O]

Proof of Theorem 7.3.2. We proceed by induction on «. For a = n, we have Rﬁ’o = Lg’o, and, as is
well known, the basis (hr)rep, , of Lg’o forms a martingale difference sequence in the lexicographic
order of D,,_.

Let a be a limit ordinal. For every n € N, there exist § < a and u, € 73 such that h;‘: =
Tﬁa(h’;:) For each < a, define F(3) = {n e N: u, € Tg}. The sets F(§), 5 < «, form a partition
of N. By the induction hypothesis, for every 8 < «, the sequence (hl;:)neF(ﬁ) is a martingale
difference sequence with respect to the increasing enumeration of F(8). Because (T§)s<q are
)

distributional embeddings with independent ranges, (h;\:)neN = (W] )ner(p))p<a is a martingale
difference sequence.

Let a = f + k(«), where § is a limit ordinal, and let n € N be arbitrary. Denote
o=o(h)*:1<k<n-1).

We will show that E(h}\: | o) = 0. We distinguish two cases for \,: either A\, = (8 + x(«)), or
\n 2 (B + K(a))"J, for some J, € D, In the first case, by the enumeration of T, A} = Ap =
= Ay = (B + k(a)). Since (hr)rep, o,
order of Dy y)_1, it follows that E(h;‘: | ) = 0. In the second case, we have h;‘: = TJn(hif:) for

some fi,, € Tg. For every J € DH(@) | define

is a martingale difference sequence in the lexicographic

F(J)={1<k<n—-1: 28+ k()" J}.
If ke F(J), then h}\: = TJ(h’I‘:) for some y, € T. For each J e D*(@) ] let

Ay =o(hfF ke F(J)).

60



Observe o = A, where A is as in Proposition 7.3.5. By the induction hypothesis, (A7*)rer(s,) U]}
is a martingale difference sequence in the increasing enumeration of F(.J,,) u {n}. Combining this
with Proposition 7.3.5 (b), we obtain that

E(hy" | A) = E(Ty, 1y | A) = Ty, E(hf™ | Aj,) = 0.

Therefore, E(h}\: | o) =0. O

Remark 7.3.6. Let a < wy and (A, In);-; be an enumeration of {(A\,I) : A € Ta, I € Dyyy—1}

as in Theorem 7.3.2. By Example 3.2.9, if (b;‘:)le is a distributional copy of (h?:)le, then the
0

orthogonal projection P onto [(b}\:)nzl] is given by

o0
P(f) = Y byl oy, £ oy, o
n=1

7.4 Independent decompositions of R’V

In this section, we show that for a limit ordinal number «, the space RPY is the independent sum of
the successor ordinal spaces R‘geg) RO\ A € Root(T,). This is derived from Proposition 7.3.1, which
states that the RE" space is the closed linear span of the spaces (Y))xezpot(7,), and from Proposition
7.4.1, which states that the spaces (Y))egpot(7,) are independent and for every A € Root(7,) the
spaces Rg&())\) n

While the following statement holds in general, the second part is non-trivial only for limit

o and Y), are distributionally isomorphic.

ordinals «, that is, when Root(7,) is not a singleton. The second part, the independence of the
spaces (Y))xegoot(72)s 18 used in Chapter 9, where we prove that distributional embedding schemes

induce distributional embeddings.
Proposition 7.4.1. For a < wq, the following hold.

(a) For every \ € 7,,
’0 p—
T (Rg(/\)Jrn()\)) =Y.

(b) The spaces (Y))xegot(7,) are independent, and in particular,

RO = (Y Rfigwm)mdp'
AeRoot(Tw) ’

Proof. Firstly, we prove (a) by induction on a.. If « =n e N, 7, = {(n)}. For A = (n) we have that
T\ = id, and thus,

70 p— 70 p— p—
TA(R%))(/\)Jm()\)) = Ry" = X = Y.
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Let a be a limit ordinal. Let A € 7. Then A = ()" p, where p € Tp, for some 8 < a. By the
induction hypothesis, we observe that

p70 _ [e) p,O

T (Rb()\)—&—n()\)) =151} (Rb(u)—&-n(u)

= [T9T, LEW0 s e /] = [T e 0 A e X = [Xy : AE V] =Yy

) =T5Y, = [T§ X, p = ]

Now, let o« = 4+ k(). Let A € To. Then A = (8 + k(a)) or A = (B8 + k()" 1" p, where
I € DF@) and i€ Tg. In the first case, T\ = id, consequently,

,0 _ 0 _
T (Rg(A)Jm(A)) = Ry" =Y.

For the latter case, by the induction hypothesis, we observe that
,0 o ,0 _ _ .
T (Rzg()\)Jrn()\)) = T]TM (R}z(,u)Jrn(u)) = T[YH = [TIXM' U E ul]
= (DT LE¥)0 e ] = [TVLEX) 0 e N] = [Xy : A2 V] =Y.

Now, we prove (b) by induction on a. From Remark 7.1.4 (b) the finite and successor cases trivially
hold. Let a be a limit ordinal and note Root(7,) = {(o) " p : p € Root(T3), 5 < a}. For every
B8 < «, by the induction hypothesis and because T3 is a distributional embedding, the spaces
(Yia)~puets = (T5(Yu))uer, are independent. Because the operators (T§)s<q have independent
ranges, the spaces ((Y(q)~,)ueT;)s<a are independent. Proposition 7.3.1 and the above assertion
(a) and (b) imply

,0 __dist p,0
RS = ( > Rb()\)+n()\)>lndp‘
AeRoot(Tw) ’

7.5 The supports of the spaces X, A e T,

In this section, we show that, for two incomparable A, u € T4, the spaces X and X, have disjoint
supports if and only if the sequences A and p first split at a position where their entries are dyadic
intervals. This fact is used in Chapters 8 and 9, where distributional embedding schemes are
studied.

Recall that all set-theoretic relations are understood in the essential sense.

Definition 7.5.1. Let X be a (not necessarily closed) subspace of L, and A be a measurable subset
of [0,1].

(a) We write supp(X) < A if, for every f € X, supp(f) c A.

(b) If supp(X) < A and, additionally, for every measurable subset B of [0, 1] such that supp(X) <
B, we have A ¢ B, then we write supp(X) = A.
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It is standard that there exists a set A such that supp(X) = A, and that A is essentially unique.
Proposition 7.5.2. For a < wy and A € 7, the following hold.

(a) We have
supp(Xx) = supp(Thx[o,1]);

and in particular 8y = |supp(Xy)|.

(b) If p is a successor of A, then
supp(X,,) < supp(Xy).
More precisely, if u = A" I"v, where I € D"V and v e Ty(n)» then

supp(X,) < [Thxr = 1].

Proof. Both assertions are based on Remark 5.2.4. For f € X, there is g € Lg()‘)’o such that
J =Txg. Recalling that T\hjg 1) € X, we obtain

supp(f) < supp(Tax[o,17) = supp(Iho,1]) < supp(X»).
In other words, supp(Xy) < [Thx[o,1] = 1] < supp(Xy). Also,

| supp(Thax[o,17)| = [Tax(o,11 = Ul = Oxll[x[0,1] = 1]| = O
Next, for p = A" 1"v,

supp(Tux(0,17) = supP(Ta 11T, x[0,17) < supp(TaTrx(0,17) = supp(Tax1)-
O

Remark 7.5.3. By Proposition 7.5.2 (b), for &« < w; and A € T,, we have supp(Yy) = supp(X)).

Definition 7.5.4. Let a < w; and A, u € T,. We say that A and p are disjointly supported if
supp(X) N supp(Xy) = .
Proposition 7.5.5. Let a < wj. Let A\, u € T, be incomparable and denote
io = min{i : A\(2) # u(i)}.
(a) The entries A(ip) and pu(ig) are either both ordinals or both intervals.

(b) A and p are disjointly supported if and only if A(ig) and p(ip) are both intervals.
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Proof. We prove the second assertion, since the first follows directly from Definition 7.1.6. Assume
that A(ig) and p(ig) are both intervals, say A(ig) = I and pu(ig) = J. Then A\ = v~ I\ and
pw=v"J [, where I # J e D) and X, i € Ty(v)- By Proposition 7.5.2 (b), we have supp(X)) <
[T,x1 = 1] and supp(X,) < [T, xs = 1]. Remark 5.2.4, together with the disjointness of I and J,
implies that supp(X,) and supp(X,,) are disjoint.

We prove the other direction by induction on «;, i.e., in the « inductive step we assume that for
every 3 < a, any A, p in 7T that split at an ordinal are not disjointly supported and we will show
this also holds in 7,. The finite case o = n trivially holds, because 7, is a singleton.

Let a be a limit ordinal, and assume that A, u € T, split at an ordinal. We have that A =
v Mig) ™A and g = v p(ip) " fi. From Definition 7.1.6 we observe that A(ig — 1) = u(ip — 1) is a
limit ordinal. Thus, either A(ip — 1) = « or A(ip — 1) < a. For the first case, we have that A =
()" A(ig) "X and p = (a)"pu(ig) " fi. Thus, Xy = T:\X(io)(X(A(io))“X) and X, = T,?(io)(X(u(io))“ﬁ)'
Recall that T, ) and T, ) have independent ranges. Because supp(X»x) = [Tahjo,1] # 0] and
supp(X,) = [Thjo,1) # 0], they are independent. From Proposition 7.5.2 (a) we have that supp(X)
and supp(X,,) are of positive measure. Hence, A and p are not disjointly supported. For the latter
case, we have that A = v " A(ig) ™\ and pu = v (o)~ fi, where A(ig — 1) = u(ig — 1) < a. We have
that A(ip — 1) A(io) ™A and u(ig — 1) pu(ig) " ji belong to Tx(io—1) and split at an ordinal. By the
induction hypothesis, we have that \(ig — 1)"A(ig) ™A and pu(ip — 1) wu(ip) i are not disjointly
supported. Combining this with Remark 5.2.4, we obtain that A and p are not disjointly supported.

Now, let & = 8 + k() and assume that A, p € 7, split at an ordinal. By the definition of 7,
there exist I € D*(®) and X, fi € T such that A = (8 + s(a)) "I\ and p = (8 + x(a)) "I ji and
X and i split at an ordinal. By the induction hypothesis we have that X and [ are not disjointly
supported. Thus, Remark 5.2.4 implies that A and p are not disjointly supported. ]
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Chapter 8

Distributional embedding schemes

In this chapter, we present distributional embedding schemes, a fundamental concept in our pa-
per. For ordinal numbers o, < wj, a distributional embedding scheme from RPY to RZ’O is an
object ¥ comprising a collection of finite subsets of 73 with a tree structure resembling 7, and an
accompanying collection of distributional embeddings of finite-dimensional L,-spaces. The object
U is designed so that it induces a distributional embedding Ty : RO Rg’o. In Chapter 10,
this tool will facilitate the stabilization of operators. Although Ty is easily defined as a linear
operator, establishing that it preserves the distribution is an extensive process that will be con-
cluded in Chapter 9. Here, we will deliver essential estimates related to ¥ and introduce specific
sub-distributional embedding schemes of ¥, which are utilized in Chapter 9.

We define distributional embedding schemes in a slightly broader setting than that described
in the preceding paragraph. Specifically, we work with subtrees of 7, and with the corresponding
subspaces of R2O that they determine. This degree of generality is unnecessary for the reduction to
diagonal operators but becomes essential for the scalar reduction (see Section 10.3). Although this
latter step is not included in the thesis, the additional generality does not alter the proof, apart

from minor adjustments in notation.
Definition 8.0.1. Let o < w1, and let £ be a subset of 7.
(a) We call £ a subtree of T, if, for every \g € £, { e To : AE Ao} < €.

(b) We call £ an interval-branching subtree of 7, if it is a subtree and, for every Ao € £ that is

non-maximal in £ and I € D#(*0) there exists A € £ such that \g”I = A.

(c) We call £ a perfectly branching subtree of 7, if it is a subtree and, for every g € £ that is

non-maximal in 7 and for every I € Dr(2o),

sup {b(A) +r(\):Ae&and AT )\} — b(Xo).

Given a subtree & of T,, we define the subspace Rg = [(X))aee] of RPY.
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Remark 8.0.2. A subtree £ is a downward-closed subset of 7. It is termed interval-branching if
every element \ either has no extensions or can be extended along all intervals I € D). A subtree
is perfectly branching if the complexity of its extensions matches that of 7.

We will prove the main result concerning distributional embedding schemes, namely Theorem
9.0.1, in the setting of interval-branching subtrees. For the purposes of our main Theorem 10.2.1
this additional generality is not required, since it would have been sufficient to consider the full
trees £ = T,. Our reason for working in this broader setting is to establish a framework that may
later serve in proving the primary factorization property for the spaces RZ’S , 1 < a < wi, (see
Section 10.3). Perfectly branching subtrees were introduced for the same purpose; although they
play no role in the present argument and will not be mentioned again, we retain them to maintain

continuity with a prospective extension of this work.

Definition 8.0.3. Let o, < w; and consider the subtrees £ of 7, and F of 73. Let ¥ =

(M, (Ju) uem, )ace be a collection such that, for every A € €, M, is a finite subset of F and, for

()\),0 N LZ(M)70

every pn € My, J, : Ly is a distributional embedding. We call ¥ a distributional

embedding scheme of R¢ in Rx if the following hold.
(a) For A e €&,

(i) the members of M are pairwise disjointly supported and

(i) 3 6, = 0.
HEM )

(b) If A1, A2 € € are incomparable and p; € My, p2 € My, then p, o are incomparable.

(c) Let XA € £ be a non-root, \g be the immediate predecessor of A\, and let I € D) guch that
Ao 1 £ A. Then, for every p e My, there exist ug € My, and P € DH(1o) such that

po” P & pand P < [Jyhe ) = €(I)].

For the definitions of 7(I) and €(I), see Notation 2.3.1.
Remark 8.0.4. A brief explanation of the definition of ¥ is necessary.

(i) When focusing solely on the tree structure of the subtrees £ and F, then (M) e¢ is a disjoint
collection of non-empty finite antichains of F, indexed over &£, such that, for every A1, Ao € &,
A1 = Ag if and only if there exists p; € My,, pa € My, such that p; = po. While this aspect
helps establish some properties of ¥, ¥ encodes significantly more information required for

representing Rg in Rr.

(ii) Each set M will be used to define a distributional copy of X in (X, : p € M) via (J,)uem, -
Item (a) asserts that the spaces (X,)uem, are disjointly supported and the measure of the

support of their union aligns with the measure of the support of X.
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(iii) While (b) appears to be an innocent condition related only to the tree structure, when

considered alongside the other items, it guarantees the preservation of independence.

(iv) Item (c) indicates that each p € M, is the (not necessarily immediate) successor of some pg €
M, along an interval P. Although it may seem logical to choose P so that e(P) = ¢(I), this
perspective is overly simplistic because of the involvement of J,,,. Therefore, P is restricted
by a condition linked to J,, and =(I) and €(I).

We provide the next piece of notation for context, but we will not address it yet.

Notation 8.0.5. Fix «a, 8 < wi, subtrees £ of 7, and F of T3, and a distributional embedding
scheme U = (My, (Ju)uem, )ree of Re in Rr. We denote by Ty : {(X))ree) — {(X,)uer) the
linear map given by

T‘*I/‘X)\ = Z TuJuTx_l‘Xm
HEM )

for A e &. That is, for A€ € and I € D)1,

Tyhy = Y. Tuduhr.
HEM )

Remark 8.0.6. In Chapter 9, we will show that if £ and F are interval-branching subtrees, then
Ty is a distributional embedding. The same result also holds for non-interval-branching subtrees,
with an identical proof apart from heavier notation needed to distinguish the intervals along which

a given A € £ may extend. Since the proof is already long and no application of the more general

statement is known to us, we state and prove the result under the interval-branching assumption.

8.1 Estimates on distributional embedding schemes

We will provide precise estimates for quantities of the form »} - 6,, for subsets I' of M, of a special

vel’
type stemming from the tree structure of V.

Notation 8.1.1. For the rest of this subsection, we fix a, 5 < wi, interval-branching subtrees £
of To and F of T3, and a distributional embedding scheme ¥ = (M, (J,)uem, )ace of Re in Rr.
The partial relation “=” should be understood as referring to £ or F, rather than 7, or 7.

To facilitate the main statement of this subsection, we introduce some notation, which implicitly

depends on V.
Notation 8.1.2. Let A e &.

(a) For p € F denote
F’;z{ueMA:uEy},

and, for J € D" denote
F‘)\’“AJ = {1/6 My poJ e V}.
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(b) For I € D" and pu e M) denote
D = {P e D P [Juhagry = ()]}

(

The above will be used extensively in the sequel. The reader may realize that D'; 2 depends

on p, rather than only x(u). However, no confusion should arise from this.
Remark 8.1.3. Based on the above notation, the following hold.
(a) For Ae &, I € DV, and € M), we have

>, 1PI=111,

K(p)
PeD;

because Jyhr () is a distributional copy of h.(j) in L;(“ )0,

(b) Definition 8.0.3 (c) is reformulated as follows. Let \g € £, I € D*(*0) and A be an immediate

successor of \g with A\g” 1 = \. Then the collections of sets
{F’;AP cpe My, and Pe D';(“)}

forms a partition of M. By iteration, the same applies if we substitute “immediate successor”

with “successor”.

(c) There exist variations of (b), such as the following. Let Ao € £, I € D**) and X be a
successor of A\g with \g™J = \. Let po € F and J € D*H0) such that Ff\bgﬁ‘] # . Then the

collections of sets
{I“;AP TR Fﬁgm‘] and P € D?(”)}

forms a partition of FKOA‘].

The following is the main initial result about distributional embedding schemes, focusing on spe-
cific estimates. It will be used in the next subsection, where we define sub-distributional embedding

schemes of W.

Proposition 8.1.4. Fix ug € F and let A\g € £ be minimal such that Fﬁg # (J, assuming it exists.
The following hold.

(a) For every A 3 )\,
0
0,=20,-—=.
Z Ho 0/\0

Ko
vely

(b) If pg ¢ My, then, for every .J € D*H0) and A 2 Ao,



(c) If pp € My, then, for every I € Do) and J e D?(“O), and for every A 2 A" 1,
|| 0
0, =0, ———=.
Z J Ho |I| 9>\0

o™
ueFA

We will prove Proposition 8.1.4 in steps, by first showing (c), then (b), and finally we will

conclude (a). We start with a lemma.
Lemma 8.1.5. Let I" be a set of disjointly supported members of F.

(a) Assume that there is p € F such that, for all v € ', u = v. Then,

D6, <6,

vel

(b) Assume that there are p € F and I € D*) such that, for all v € I', u~J = v. Then,

D16, < 0,0,

vell

Proof. The first statement directly follows from Proposition 7.5.2 (b), according to which, supp(X,),
v eI are disjoint subsets of supp(X,,), and thus,

2,600 = D |supp(X,)| =

vel’ vel

|J supp(X,)

vel’

< [supp(X,)| = 6,.

The proof of the second statement is a variation of the above, also involving Proposition 7.5.2

b) stating, for v € I, supp(X,) < [T, xs = 1]. Therefore,
“w

2,60 = D lsupp(X,)| =

vel vel

|J supp(X,)

vel

<|[Tuxs =11 = 6,71,

because T}, is a 6,-compression. O

Proof of Proposition 8.1.4 (c¢). We proceed by induction on n = h(\)—h(Xo), i.e., the path distance
from Ag to A in the tree £. To elaborate further, the inductive hypothesis in the n’th step will
state that the conclusion holds for all ug, Ag, and A, as outlined, for which h(A) — h(Xg) < n. We
initiate with the base case, n = 1. Let A\g € &£, g € My, [ € Dr0) and J € D?(uo), and let \ be
an immediate successor of A\g with A\g”I = A. Note that, in particular, 8y = 6,,|I|. We will prove
Z 0, = 9M0|J| = 9M0||‘I]|‘99:;'

no ™ J
vel™y
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By Lemma 8.1.5 (b), for any ype M, and P € D?(“), we have

D1 6, <6,|P.

uwo P
vel™y

If we assume, towards a contradiction, that )’ . 0, < 0,,|J|, then
ve

ro™J
A

0\ = Z 6, (by Definition 8.0.3 (a))
veMy

Z Z Z 0, (by Remark 8.1.3 (b))

HEM 2o peD?(H) VGF‘;; P

< Z 0, Z |P| = Z 6,1] (by Remark 8.1.3 (a))
MEM/\O PED';(H) MEM,\O
= 0x,|I] = 0,.

We now perform the n’th inductive step. Let Ao € Tq, po € My, I € Dr0) and J € D?(uo),
and let A 2 A\o” 1 with h(X) — h(Ao) = n. Let A\,—1 denote the immediate predecessor of A and let
I, € D"*n=1) guch that A,_1"I, = A. By Remark 8.1.3 (c), the sets

{T3°" e 4™ and Pe D}

form a partition of Ff\‘OAJ, and thus,

IS YD Y

po " J pno ™ J P D“(M) u P
vel™y #GFAn—l €D, " vely

By the base case, we have that, for each p € Fﬁi:f and P e D';(”),

n

> Ow=0ulPl,

uwoP
vel™y

and therefore

dIob=> 6. > IPl= > 6, (by Remark 8.1.3 (a))

verko™’ pero”? pepf®) perto”?
J| 6
= < uou An—1 ) |I,| (by the case n — 1)
|I| 9>\0
J| 0
— guouﬂ_
|I| 9/\0
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Before proving Proposition 8.1.4 (b), we establish a lemma that will also be used frequently

later, in Chapter 9.
Lemma 8.1.6. Let A e &.
(a) There exists a unique root u € F such that T = M.

(b) Let u € F and J € DM such that F’;AJ # . Then there exists a unique root £ € Ty, such
that u~J"¢ € F and I";AJ = I";AJAg.

Proof. The two statements are shown with virtually the same argument. We start with statement
(a). We fix an arbitrary v € M) and let u be the unique root such that p = v. By Remark 7.1.9
(c) all the entries of p are ordinal numbers. For v/ € M,\{r}, we will show v/ € I'y. Because v,/
are disjointly supported, by Proposition 7.5.5, for the minimum entry i for which v(7) # v/(4), v(4)
is some interval I, and since p = v, i > [p|. In conclusion, v/[|, = vl = 1.

We now demonstrate (b). Fix an arbitrary v € I“;AJ. Because p~J C v, there exists a unique
root § € Ty, such that p~J"¢§ E v. In particular, for 1 < i < [¢], () is an ordinal number.
Clearly, Fiﬁ‘]ﬂg c F’;A‘]. For v/ € I“;AJ\{V}, we will show v/ € F‘;A‘Iﬁg. Let ¢ denote the minimum
entry for which v(i) # /(7). Because v, € F’;AJ, i ¢ {1,...,|p] +1}. Since v,v" are disjointly
supported, for the minimum entry 4 for which v(i) # v/(i), v(i) is not an ordinal number, and thus,
i ¢ {|ul +2,..., |pl + 1+ [€]}. Therefore, v/||,414(¢) = Vlju+1+1¢) = 1~ J 7€ O

Proof of Proposition 8.1.4 (b). We will first prove the conclusion only in the case A = A\g. More
precisely, we will prove that for every ug € F, for which there is a minimal Ay € 7, with Ff\‘g #* ,
if po ¢ My, then, for every J e DrH0) | we have

DO =0,lJ]. (8.1)

ko™
VEF)\O

This will be proved by induction on h(ug), i.e., the height of o in the tree F. In the base case,
1o is a root. By Remark 8.0.4 (i), A¢ is a root, and by Lemma 8.1.6 (a), I‘f\‘g = My,. We may
assume fi9 ¢ M), as, otherwise, the conclusion vacuously holds. This, in particular, suggests that

the collection of sets
{r4e7" s pe i}

form a partition of F’;g = M),. By Lemma 8.1.5, for any J € Drilno),

2 O <0uldl = 1|
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If, for some J € Do) we had 3 o™ 0, < |J|, then,
ve N
l=0= > 0= > 6,= > > 6,< > |J=1
veMy, l,ep;‘g JeDr(ko) VEF‘;OAJ JeDr(uo)
0

This contradiction concludes the base case. Assume now that pg is a non-root with immediate

predecessor j, for which the conclusion is assumed to hold. Let Py € D*®) such that u~Py = po.
By Lemma 8.1.6 (b), we have
Moo= > 6. (8:2)

VEF;LO IJEFiA o
0
Claim:
S 0, =0,
I/Erig

To establish the claim, we distinguish two cases regarding p, the immediate predecessor of pyg.

In the first case, A\¢ is minimal such that I“A‘O # (. Then, by the inductive hypothesis,

D 0= D Oy =0uPol = 0]

110 ~p
vel'so vel’y *0
0

In the second case, the immediate predecessor A\, of A\g is minimal such that I”;p # &, and if this
is the case, u € I‘f\‘p. Let Iy € D*(*») such that A" Ip € Xo. By Proposition 8.1.4 (c),

0
0, = 0, =0,|P)|—2-=10,,|.
Z Z M| 0’|IO‘9)\p | l/«0|

1o ~
VEFAO Po

yn
VEF/\O

The proof of the claim is complete.

We use the claim as follows. By Lemma 8.1.5, for any J € D#(#o0)

If, for some .J € Do) we had 3] w0~ Oy < | 1040, then,
ve

o™ J
20
o= X 0= XN G X Wl =t
,,erf\‘g JeDr (ko) ueFﬁgﬁ‘] JeDr (ko)

This contradiction concludes the proof of the case A = Ag.
We finally prove the general case. Let pg € F and let A\g € £ be minimal such that F’;g # O,

assuming it exists, and assume pg ¢ M,,, as, otherwise, the conclusion vacuously holds. Let
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J € Do) and A 23 \g. Let I € D) such that A = A" 1, and note that, by Remark 8.1.3 (c), the
sets
{T47" e 4™ and P e D}

form a partition of F‘;OAJ. We now compute

Yo=Y Y Ya- Y Y o4 “fm(bypropositions.l.uc))

ZIEF#OAJ Herig’\] PE'DH(H) VGF;)\L’\P uEFig ~J Pe'D?(H)

] AL
= 0 (by Remark 8.1.3 (a))
FZ 1T Dol
€

I

= qu"| ‘| (by the case A = \g).

O]

Remark 8.1.7. Proposition 8.1.4 (a) follows from the argument in the Claim inside the proof of
Proposition 8.1.4 (b).

8.2 Sub-distributional embedding schemes associated with ¥

We construct three new types of distributional embedding schemes by isolating substructures of
¥ emanating from nodes A\g € £ and pg € F. These new schemes have lower ordinal numbers
associated with them. This reduction in complexity is important, and it is used in Chapter 9 to

prove, by induction on «, that Ty is a distributional embedding.

Notation 8.2.1. Let a < w; and £ be an interval-branching subtree of 7,. For )\g € £ and

I € D*(M) | we define the interval-branching subtrees
e = {Ne Tyng) : AT T A€ £} and €% = {X € Ty snng) Ao @ A€ E}

of To(rg) a0d Ty(rg)+r(2o)> TESPECtivEly.

Notation 8.2.2. For the remainder of this subsection, we fix o, < wy, interval-branching subtrees
€ of T, and F of Tg, and a distributional embedding scheme ¥ = (M, (Ju)uem, )ree of Re in Rr.

In the following proposition, we construct the first type of a sub-distributional embedding

scheme of W, which is used in the successor case of the inductive step in Section 9.

Proposition 8.2.3. Let \pe &, pp e My, [ € Do) and J € D';(“O). For every A € £ 1 denote

M) — e FroTT i T e Mz r-a)
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and, for every p € Mg\)‘oﬁl’“omj), denote

(Mo~ Lpo™d) _ 7
Ju = J#o J~p-

Then the collection

groJ _ (M()‘OALNOAJ)j (JP(LAOAL#OAJ))

Ao~ 1 A MGM&AO’“I,MO”‘J))/\E(‘:AO”‘I

is a distributional embedding scheme of Roxorrin Rpynje

To aid the proof of Proposition 8.2.3, we note the following observation, which is evident from

the relevant definitions.

Remark 8.2.4. For every A € £ ! considering the set T'y = F’;g:iﬁ N the map
X" Lpo”J
ox = M)y
~Lpo™J)

given by ¢x(p) = po”~J " is a bijection and, for all p € M(A’\O ,
O () = Ouo |10

Proof of Proposition 8.2.3. For the rest of the poof, for A € £ 1 we denote Mg\/\OAI’MOAJ) = M)
and, for p € M), we denote J,S’\OAI’“OAJ) = J). For A € Y have that M) is finite and
M), = Fr"J. Clearly, for every p € M’y we have that Jj, LZ()‘)’O — Lg(“)’o is a distributional
embedding. We need to verify Definition 8.0.3 (a) (i) and (ii), (b), and (c).

First, we establish Definition 8.0.3 (a) (i), so, let A € £*" 1 and y, ' € M) with p # /. Hence,
we have that pgJ " p and pgJ ' belong to Misr~x and pg J 7 # pg . Thus, pyJ " p
and pgJ ' are disjointly supported. Applying Proposition 7.5.5 (b) we easily obtain that p and
u' are disjointly supported. The property in Definition 8.0.3 (b) is a clear consequence of the tree
structure of the distributional embedding scheme described in Remark 8.0.4 (i). We use Remark
8.2.4 and Proposition 8.1.4 (c) to verify Definition 8.0.3 (a) (ii) as follows. For A € £} 1,

| J] Oxg~ 1~

DU bu=00107" D] 6, = 0;01|J|_19#0m o = O
pe M’ vel'y Ao

Finally, we prove that Definition 8.0.3 (c) is satisfied. Let A € £/ be an immediate successor
of m(\) and .J’' € D*("W) such that w(\)~J’ © A (here, w(\) denotes the immediate predecessor
of \; this notation should not be confused with the notation 7(I) used for dyadic intervals). We
will show that, for u € M/, there exist v € M;()\) and Q € Dﬁ(l’) such that v~ Q £ p. It is clear
that the immediate predecessor of A = A\g" 1"\ is w(A) = Ag"I"7(A) and 7(A\)"J = . By Remark
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8.1.3 (c), the collection of sets

{F;AQ ‘ve I‘Z‘();)J and Q € Dﬁ(u)}

form a partition of F’/—(OAJ. Therefore, for every p € M/, there exist v € FZ ‘(’;)J and @ € D;(V) such
that ¢\ (¥)”Q E ¢a(p), and thus, v7Q E p. O
The last two types of distributional embedding schemes from W are utilized in the limit case of

the inductive step in Chapter 9. The proofs closely resemble that of Proposition 8.2.3. Although

we highlight some differences, we choose to omit specific details to avoid repetition.

Proposition 8.2.5. Let \g € £ be a root, yy € F, and J € Do) such that F‘)fgﬁ‘] # . For every
X\ e £2, denote

ME\/\O,MO"J) ={peFr T pug™ I e Myon

and, for every u € ME\)‘O’” OAJ), denote

(Ao,0™J)
JH - J,U‘OAJAM'

Then the collection

~J (Aos0™d) 7 (Moo )
Tho - = (M J ) 0Ho -~
Ao A ) )ueM?O’“O ") xeer

is a distributional embedding scheme of Rg», in Ry~

The key distinction between the proofs of Proposition 8.2.5 and Proposition 8.2.3 lies in its
dependence on Proposition 8.1.4 (b) instead of (¢). We point out an observation that is analogous
to Remark 8.2.4.

Remark 8.2.6. For every A € £, considering the set I'y = F‘;gé‘i, the map

¢>\ . Mg\)\OHUOAJ) N 1‘\)\

given by ¢x(p) = po”J " is a bijection and, for all € ME\/\O”‘OAJ%

0%(#) = 0o |10,

Proof of Proposition 8.2.5. We will only verify Definition 8.0.3 (b), as the rest are shown in the
exact same way as in the proof of Proposition 8.2.3. By Remark 8.2.6 and Proposition 8.1.4 (b),

for A e £,
1y 1y - Ox00A

D =017 D 0, = 0,017 1e,m|tf|# = 0.

HEM&XO,HOAJ) I/e].—‘)\ 0

75



O]

The proof of the final proposition is based on a remark analogous to Remarks 8.2.4 and 8.2.6,
as well as Proposition 8.1.4 (a). The process is identical to the previous two propositions; therefore,

we will not repeat it.

Proposition 8.2.7. Let A\g € £ and ug € F such that I"A‘g # (. For every \ € £, denote

ME\AO,M) = {peF": ug@pue Myon}

)

and, for every u € ME\)‘O’“ 7 denote

J/SAO’HO) = Juoou-

Then the collection
g = (M) (o)

20>
HeMi H°)>,\e‘s%o

is a distributional embedding scheme of R¢x, in Rruo.
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Chapter 9

Distributional representation of Rg’o

3 p70
in Rﬁ

In this chapter, the goal is to establish the following theorem about the map Ty given in Notation
8.0.5.

Theorem 9.0.1. Let «,3 < w;. For interval-branching subtrees £ of 7, and F of 73 and a
distributional embedding scheme ¥ = (M, (Ju)uem, )ace of Re in Ry, we define the linear map
Ty : {(Xa)aee) = {(Xp)uer) by
T\I”XA = Z TuJuT)\_l’
HEM )

where A € £. Then, Ty extends to a distributional embedding Ty: Rg — Rr.

The proof is carried out by transfinite induction on «, and to aid the process, we introduce the

following notation.

Notation 9.0.2. For a < wy, we say that property P(«) is true if the conclusion of Theorem 9.0.1

holds for the given a and all 8 < wy.

We have structured the proof by breaking it down into three parts. The first part, Section 9.1,
addresses the general theory of distributional embeddings and compressions, and the ways they can
be assembled to create new such operators. Its results will enable an increase in the complexity
of distributional embeddings in the inductive step of the proof of Theorem 9.0.1. In the second
part, Section 9.2, we prove the base case and develop the specialized tools required to carry out
the successor inductive step. In the third, and lengthiest, part, Section 9.3, we prove a series of
operator reductions and use them to carry out the limit inductive step, thus completing the proof
of Theorem 9.0.1.
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9.1 Assembling abstract #-compressions

Here, we establish the necessary elementary tools used to assemble compressions and distributional
embeddings, creating new operators of the same type. We initially recall that distributional em-
beddings with independent domains and independent ranges can define an ambient distributional
embedding. We then define disjointly supported compressions and demonstrate how they can be
utilized to create distributional embeddings.

The following is a standard result proved using the characteristic function of a random variable,
which characterizes its distribution. If f is a random variable, then its characteristic function is
defined by

1
D4(t) = L @) qg,

For a linear operator T', we denote its range by R(T).

Proposition 9.1.1. Let (X,,);~_; be a sequence of independent subspaces of L, and (T}, : X,, —
L,)>_,, be a sequence distributional embeddings such that the spaces (R(7},));_; are independent.

Then, there exists a distributional embedding

T (X%~ L

n=1

such that, for all n e N|
Tx, =Ty.

The notion of the support of a linear subspace of L, was given in Definition 7.5.1. This leads to
the natural notion of compressions with disjointly supported ranges. We will prove that the sum of
such compressions with a common domain is still a compression, a result which is visually rather
obvious. At the end of this section, we formulate and prove another intuitive statement of how
to define a distributional embedding on a disjoint sum ( @repn X1) = ({T7[X[] : I € D"}), for a
collection of subspaces (Xr)repn of L.

Definition 9.1.2. Let n € N, Xy,..., X,, be subspaces of L,, and T; : X; — Lp, 1 < i < n,
be bounded linear operators. We say that (7;)_, have disjointly supported ranges if the sets
(supp(R(T}))?_, are essentially disjoint.

Example 9.1.3. These are disjointly supported compressions that will be used later.

(a) For 0 < a <b < 1, supp(R(T}a))) = [a,b] and, for n € N, the 1/2"-compressions (77)sepn

have disjointly supported ranges.

(b) For o < wy and p € Ty, supp(R(T,)) = supp(X,). Therefore, if ¥ = (My, (J,)uem, )ree 1S
a distributional embedding scheme, then, for every X € 75, the compressions (7},),erm, have

disjointly supported ranges.

Lemma 9.1.4. The following identities hold.
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(a) Let X be a subspace of L, and T': X — L, be a §-compression. Then, for every bounded
measurable function ¢ : R - R and f e X,

f¢ TY) (1 t—9J¢ ))dt + (1 - 0)$(0).

(b) Let ¢ : R — R be a bounded measurable function. Let X, ..., X, be subspaces of L,, and,
for 1 <i<n,T;: X — L, be a O;-compression such that (7;)}_; have disjointly supported
ranges. Then, for f; € Xq,..., fn € X,,

f¢<i(Tz‘fi)(t)>dt = Zn:@‘ fﬂﬁ(fz‘(t))dt +(1- Zn: 0;)9(0).

i=1

Proof. Let us promptly prove the first assertion. Assuming that 7' is a #-compression,

ng((Tf)(t))dt:qu( ) d(dist(T)) —9“ d(dist(f)) ( )—l—(l—@)J(b(:c)dég(x)
~0 [o(r®)at + (1 - 0)500)

In order to deduce the second assertion, observe

[EONCIRIEED ] IR O CTIE) LR IR AT

i=1 supp(R i=1 i—1 vsupp(R(T3))
S | et@ny )
=1

Apply the first statement to conclude the proof. O

Proposition 9.1.5. Let X be a subspace of L,, n € N, and, for 1 <¢ <n,T; : X — L, be a

f;-compression such that (7;)?_; have disjointly supported ranges. Then,
n
T=YT: XL,
i=1
is a (34 6;)-compression.

Proof. Let A be a measurable subset of R and f € X. We apply Lemma 9.1.4 (b) for X; =--- =
Xn=X,fi=-=fu,=f,and ¢ = xa, to obtain

Hiﬂf € A]‘ = iei”fi e All+(1— i@i)XA(o),
i=1 i=1

i=1
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Notation 9.1.6. For 0 <a <b <1 and I = [a,b) we define the operator Q; : L, — L,, given by

(Qrf) (@) = f(ar(t)) = fa+t(b—a)).

Remark 9.1.7. Forne Nand I,J € D", Q/T;f = 015 f.

Proposition 9.1.8. Let n € N and, for I € D", let X be a subspace of L, and S7 : X; — L, be a
(1/2™)-compression such that (S7)epr have disjointly supported ranges. Then,

S = Z S1Qr - {T7[X1])repn) — Ly
IeDn

is a distributional embedding.

Proof. Let f e {(T1[X[])repn), i.e., for I € D", there is f; € Xy such that f = >, pn T1f1. By
Remark 9.1.7, Sf = > ;cpn S1f1. Let now A be a measurable subset of R, and apply Lemma 9.1.4
(b) twice for ¢ = x4 to obtain

Isfeal=|[ 3 sureal|= 2 gl al=|[ X e a)=irea

IeD™ IeD™ IeDn

ie., dist(Sf) = dist(f). O

9.2 The base case and the inductive step for successor ordinals

We initially establish the base case, i.e., when « is a positive integer, and then we prepare to prove
the successor case of the inductive step in the proof of Theorem 9.0.1. If a = ag + n, where «q is a
non-zero limit ordinal number and n € N, and £ is a interval-branching subtree of 7, we analyze
Ty as a sum of operators that includes sub-distributional embedding schemes with domains over
interval-branching subtrees of 7,,, meaning schemes of lesser complexity. We combine this with

the inductive hypothesis P(cyp) and Proposition 9.1.8 to achieve the desired conclusion.

Proposition 9.2.1. Let n € N, 8 < wy, £ be an interval-branching subtree of 7, F be an interval-
branching subtree of 73, and ¥ be a distributional embedding scheme from Rg¢ to Rr. Then Ty is

a distributional embedding.

Proof. In this case, T, = {(n)}, and thus £ = {(n)} and Rg¢ = LZ’O. Because T(,,) = id,

Ty = 2 T.J,: Re — Rr,
HEM (1)

and thus, by Proposition 9.1.5, it is a distributional embedding. O

Remark 9.2.2. The same argument shows that, for any o < w; and trivial subtree & = {\p}
of T4, any distributional embedding scheme ¥ from Rg¢ to some space Rr, the operator Ty is a

distributional embedding.
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We augment the operator Ty by incorporating the constant functions into its domain. This
adjustment simplifies the proof of the successor case in the inductive step, making it more intuitive

and eliminating some technicalities that would arise otherwise.
Notation 9.2.3. We set the following notation.
(a) For @ < w; and an interval-branching subtree £ of 7, we denote Re = X011} v Re)-

b) For a, 8 < wy, interval-branching subtrees £ of 7, and F of T3, and a distributional embedding
B
scheme ¥ of Rg in Ry, we denote by T aE ﬁg - ]?2]: the extension of Ty given by letting

T\I'X[O,l] = X[0,1]-
Clearly, Ty is a distributional embedding if and only if ﬁp is.

Notation 9.2.4. For this section, fix a, 8 < wy, with a = ap + n, where ag is a non-zero limit
ordinal number and n € N, interval-branching subtrees £ of 7, and F of T and a distributional

embedding scheme ¥ = (M, (Jy)uem, )ace of Re in Rr.
Proposition 9.2.5. If P(«y) is true, then Ty is a distributional embedding.

Before proving this, we will disassemble the operator ﬁp It is worth noting that the ensuing

formula is not valid in its current form if we do not use the augmented operators.

Proposition 9.2.6. Let Ao = (ap + n) denote the unique root of €. Then,

> > 2 LIT,,Qrn

HEM Ny TeDr(0) JGD;‘(“) A0

Proof. We denote by S the map on the right of the above equation. We initially show that, for
feddxoat v Xa = L;(AO), Sf = Tyf. It suffices to verify this for f = X1o, Io € D). By a

standard identity already known to Haar,

#(Xo)
XIo = X[hﬂ(IO):e(Io)] _ an(/\o)x[o’l] + Z 27&()\0)+T716(ﬂ_7“71(IO)>hﬂ_T(IO).

r=1

This is established by a straightforward induction argument using that, for all I € D\D°, x; =
(1/2)(Xx(ry + €(I)hy(r)). The same identity holds if we replace (hr)sep with a distributional

K(XAg)—1
copy of it. We now compute:

Sxn= > > > TIT w7 QIXIO > T,LLTJT\IJH’\J X[0,1]

neMx, IeD(P0) JeD K (1) A7 HEM JeD”(“) A"
= Z Z T, Tix[01) = Z Ty Z XJ = Z X[ ho (1) =€(I0)]
[LEM)\O JE'DI'{O(#) MGM)\O JED?(SM) HGM)\O
(o)
= Tu<2_”(A°)X[o,1] + > Q_H(AO)M_IG(WT_I(Io))Juhw(Io)>
HEM r=1
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£(Ao)

:< 2 T/.L)Q_’{()\O)X[O,l] + Z 2—&()\0)+T—16<7T7"—1(1—0))( 2 T;L'],u,hﬂ(lo)>

HEM r=1 HEM
N K(Ao) N N
= Ty2 ")y + Z 27 e (7 (1)) Twhi 1y = T (xao).

We fix A 2 Ao, i.e., there are Iy € D) and ¢ € £ 1o guch that A = Ay~ Ip"¢. We will show
Slx, = Tw|x,, or, equivalently, ST)\|LZ(>\),O = T\I/T,\|L,;()\),0. Fix f € L';()‘)’O. By Remark 8.1.3 (b),
the sets

{F’{P cpeM,y, and Pe D';O(“)}

form a partition of M. We thus calculate

STf= Y (Z 3 TTJT )QI(TIOTgf (Z > TIT )Tgf

IeDr(Ro)  peM JGDK(I—L HEM ), Jepn(u) /\0“10
Io
X" o™ T ”»
= ( Z Z TMTJ> Z T, 00 o™ J) ¢ (definition of T ums )
HEMxg JED?S“) l,eMé/\o“fo,u“J) 20" 1o
= > D] > Ty oy g0 (definition of J{o To-" )y

ueM,\O JGDZ)(M) VEMEAO”IO,;L“J)

=YY Y Baf= S B f = Telhf.

MGM)\O JE'DZS#) VEF/;\L"‘J I/EM)\
O
Lemma 9.2.7. We have
Re = {{Tr(Rgry~1) : [ € D}).
Proof. Noting, {{xjo1]} U Xx,) = Lz(/\o), we have
Re=[L;™ 0 | U X = [@xpon)iepoo v U Tr([(X0) eere~i)]
IGDN(AO) ,U,ESAOAI Ie’DHO‘O)
= [ U TI([{X[O,l]} Y RgAg’“I])] = < U TI(R5A0“1)>‘
IeD(o) IeDr(o)
O

Proof of Proposition 9.2.5. We will prove that T\p is a distributional embedding, which is equivalent

to the conclusion. Using Proposition 9.2.6, write

TW:ZTH[Z<ZTJT ) ]

HEM TeDr(Xo) Je’D”(“)

=:S§L
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For p € My, I € D" and J € DH(“O), because P(ayg) is true, T ~; is a distributional
,LL 0 1 pH
AT

embedding with domain R It follows that (TﬂN“\Ij <o are 275 _compressions with

g oI )JeD

disjointly supported ranges. By Proposition 9.1.5, for u € M)\o and I € Dr(o)

> Tl

JeD}‘(“) Ao

is a |I]-compression with domain ﬁgAOA ; and range supported in UDY. By Proposition 9.1.8,

Su= Y StQ

TeDr(XNo)

is a distributional embedding with domain <{T1[ESAOAI] . I € D"}) = Rg, by Lemma 9.2.7. By
Proposition 9.1.5, Ty = ZMGM,\O T,,S, is a distributional embedding. O

9.3 The inductive step for limit ordinals

The limit ordinal case of the inductive step is more involved than the successor case. We first

establish some notation.

Notation 9.3.1. For a < w; and an interval-branching subtree &£ of T, we denote
(a) Root(E) = {\is a root of £} and,
(b) for A € Root(£), Y = [(Xa)ves van]-

Remark 9.3.2. By definition, we have Rg = [(Y) Aegoot(€))- Furthermore, for every A € Root(E),
Yf c Y), and therefore by Proposition 7.4.1, the spaces (Y)\5 )xe®oot(€) are independent.

Remark 9.3.3. For A € Root(£), there exists a relation between the spaces Rex and Y)\S:

Ty\[Rea] = Y¥.

Therefore,

= ( X Fe),,

AERoot(E)

Indeed, for p e £,
TA[X,] = TAT,L[L5000] = TAT,[LEAOR0] = Ty [LEAD0] = Xy

Because £* = {u € Ton)+x(n) - A @ p € €}, the map p +— A @ p defines a bijection from N to
{Ne&: Az N}. We conclude

Ta[Rex] = [(TA[X,]) peer] = [(Xongn) ueer] = [(Xn)xvee and acx] = Y3
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Notation 9.3.4. For this section, fix o, < wj, where « is a limit ordinal, interval-branching
subtrees £ of T, and F of T and a distributional embedding scheme ¥ = (M, (Jy)uem, )ace of
Rg in R]:.

We will prove the following.

Proposition 9.3.5. If, for all successor ordinals v < «, P(7) is true then Ty is a distributional

embedding.

We begin by outlining a sequence of disassemblies of operators associated with sub-distributional

embedding schemes derived from W.

Lemma 9.3.6. Let Ao € Root(€) and let ji9 be the unique root of F such that I'y? = My, (which
exists by Lemma 8.1.6 (a)). Then

_ —1
Ty ‘on = TuoT\IJ’;gT,\O |Y§O-

Proof. The tree structure of (My)xee (see Remark 8.0.4 (i)) yields that, for A 23 A, Fﬁo = M,. In
particular, if € £ is such that A\ = \g @  then, by the definition of MEL)‘O’HO),

My = {Mo QU:VvE ME[\U’“O)}.

Let us fix f € X, i.e., thereis g € L';()‘)’O such that f = T\g = Th,oug = Th,Ipug. Then
-1 Ao, -1
TMOT\I/‘;ST/\O f= TMOT\I/‘;gTMg = Z TNOTVJIS 0 #O)Tu Tug
VEMLAO’MO)
= Y Twovdwors = Y, Tulvg = Tuf.
VEME}O’HO) VEM )
O
Lemma 9.3.7. Let \g € Root(€) and pg € F\M,, such that F’;g # . Then
Tyo = 2 Tt
JeDr(ro) Ao
Proof. Because F‘)fg # & and po ¢ M),, we have, for all A 3 Ao, the sets
{047 g e prlmo)} (9.1)
form a partition of I4°. We fix A € £ and f € X), i.e, f = T\g, for some g € LZO‘)’O. By
definition,
Tyof= 3, TIMWTTDg= 3 Tluowg
VEM&AOMO) VEMQO’MO)
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and, for J € Drko)

o 0" J ) r—1 _
L f = DI DI DT g = DI 0 )
M(AAO’MOAJ) ueM()\AO’HOAJ)

\I,HO

We associate the index sets in the rightmost above sums as follows:

M — | {Bo) + () T w v e MO 9.2)
JeDr (ko)

Indeed, by Remark 8.2.6, for J € D*(#0) the map ¢y : M&AO’“OAJ) Fﬁ(’@A given by
(V) = po”J v

)

is a bijection. Similarly, the map 1, : Mg\/\o’uo — I'\°,\ given by

UA(v) = po Qv
is a bijection. Therefore, by (9.1), for J € D*#0) the map

Uy 3 (v) = (b(po) + k(o)) J v

Gouo™J) ¢ M(’\O’ND), and by (9.1), the images of (15 éY) jepriuo)

partition /\/l(A 0k 0), which establishes (9.2). We conclude the proof as follows:

defines an injection from My

Tugof = 2 > Totuo)ntuon-avluom-v9
JeDr (ko) ueMg\)‘O’“OA‘”

= Z Z TJTVJMO“J“VQ = Z ;T uo ~s ]

JeDr (ko) VEME\AO,MOAJ) JeDr(ko)

O]

Lemma 9.3.8. Let \g € Root(E), po € F, and J € D*#0) such that F‘;SAJ # (. Let pu be the
unique root of F#0"/ such that I";gAJ = I‘f\‘gAJA“ (which exists by Lemma 8.1.6 (b)). Then

T =T1,T I~
no ™ J iz ne
\If)\g LN 0

Proof. The ensuing argument is along the lines of the proof of Lemma 9.3.7, but we include it for

completeness. Similarly to Remark 8.1.3 (c), for A 23 A,

el = ) = | m=rge e (9.3)

~J ~go
,ueFig /LEFHO "
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We fix A€ £ and f € X, i.e., f = T\g, for some g € LZ()‘)’O. By definition,

Ao,uo”J)p—1 _
sl = D BAIPRTITITg = Y Ty
Ao ~ ~
VEM&AO’HO 7 VEM(AAO’MO D
and
Ao,po”J” —1 _
T uomsnd = > T, JPom” Wy g = > Ty J o~ 9-
Ao VEME\/\O,HOAJ“H) VeMg‘koauoﬁJ“u)

We associate the index sets of the rightmost above sums as follows:

ME\)‘O’”OAJ) = {M@ ViVE Mg\/\o’uoﬂ‘]ﬁ#)}. (9.4)

Indeed, by Remark 8.2.6, the map ¢, : MS\’\O’“OAJ) — I“;gé‘i given by

oAW) = po”~ v

g\/\o,uoﬁjmu) . Fuo“J“

is a bijection. Similarly, the map ) : M oon | given by

Ua(v) = po”J Qv

is a bijection. Given F’;gé‘i = F’;gé‘{“, the map ¢} '¥\(v) = p@v is a bijection witnessing (9.4).
We conclude as follows:

T‘Ijuo“Jf = Z TVJ,uo”J“Vg = Z TM®VJ,uo"J”,u®1/g = T,uT "J“uf-

ThO
Aosug”J PN Taria 0
veM§Porro” ) veMQono” I

O]

We now perform the inductive step. To reach the intended conclusion, we carry out an induction
on a specific sub-tree S of F, associated with ¥. As we progress from the leaves to the roots of
S, the intention is to show that for each u € S, a certain operator S, associated with p and ¥

sufficiently preserves independence.

Proof of Proposition 9.3.5. For every u € F (whether a root or otherwise) denote
Root(E, ) = {\ € Root(E) : Th # &}

and Z, = [(Yf),\eﬂ@gt(&u)]. Note that, by Lemma 8.1.6 (b), the sets (Koot(ﬁ,p))ue%at(}.)
a partition of the roots of Root(£). By Remark 9.3.2, Re = [(Z,)uemoo(r)], and the spaces

form

(Z1) yeroot(F) are independent.

We formulate the following claim.
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Claim. For all p € F for which Root(€, u) # &, there exists a distributional embedding
Sy 2, — Rru

such that, for all A € Root(E, p),
Su|yf = T\DQT;”Yf-

Assuming the above is true, we will first conclude the proof by applying the claim. For
i € Root(F), because T, is a distributional embedding, we have that 7,5, : Z, — Rg’o is a
distributional embedding with range inside Y},, and thus, by Proposition 7.4.1, (7,,S,)ego0t(F)
have independent ranges. By Proposition 9.1.1, the operator S : Re = [(Z,,) yegoor(F)] — R’é’o given
by S|z, = TSy, 1 € Root(F), is a distributional embedding. We will use Lemma 9.3.6 to show
that S = Ty. Indeed, for A € Root(E) and p € Root(F) such that X € Root(E, 1),

-1
Slye = TuSulys = TuTun T\ " ye = Tulye.

We proceed to prove the claim by induction on the sub-tree S = {u € F : Root(E, ) # T}
of F with maximal nodes the members of Ujyeggor(e)Mx. The inductive step will essentially be a
refinement of the preceding argument.

In the basis step, let © € S be a terminal node. Then Root(&, 1) = {A}, for some A € Root(E).
The claim can be rephrased as follows: T\I,;;T N L Yf — Rzu is a distributional embedding,
which we will now verify. Because P(b(A) + £(})) is true, Tyy : Ren — Rru is a distributional
embedding. By Remark 9.3.3, T}~ 1, Yf — Rgx is a distributional isomorphism. We conclude that
T\I,;LT/\_ L. Y/\g — Rzu is a distributional embedding.

Let p be non-maximal with the property Root(€, ) # & and assume that all successors of
satisfy the claim. We will first prove that, for J e Ds(K),

Root(E, ) = U Root(E, = J V). (9.5)

vERgot(FH~T)
The “2” inclusion is trivial. Let A € Root(€, ). Because p is non-maximal in S, u ¢ My, and
. ~P ..
thus, there is P € D*) such that T} © # . By Proposition 8.1.4 (b), der‘;” 0 = Zﬁefﬁhp O,

and thus F’;AJ # (. We deduce that there exists v € Root(F* /) such that F’/{AJA” # J, ie.,
X € Root(E,u~J " V).

Fix momentarily J € D*(®). By the inductive hypothesis, for every v € Root(F*" ), there exists
a distributional embedding

Su“]"u : Zu"J“u - R]:;/\J“u

such that, for all A € Root(E, u~J " v),

_ —1
Sprarwlyg = Ty T3 g
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Therefore, for v € Root(F* ), the operator T, S TR CE Rf(ﬁ) is a distributional embed-
ding with image in Y,. By Proposition 9.1.1, there exists a distributional embedding

. £ (9.5) 0
Sy [(ZHAJ“V)VGKwt(]:u“J)] = [((Y/\ )Aeﬂ{out(c‘f,p”]"u))Vey@gt(]:u“_l)] ="z, — RZ(M)

such that, for all v € Root(F* ),

:ZTLSLAJAV.

~J v

Sz
m

By using Proposition 9.1.5, we deduce that the operator S = > ;cpr TS5 : Z,, — Rﬁ&g) is a distri-
butional embedding. To conclude the proof, it remains to be verified that, for A € Root(E, p), S ‘Yf =

Tq/jT)\_l‘Yf- For J € D" let v; be the unique root of F*~ 7 such that A\ € Root (£, i~ J " v;). Then,

S‘Yf = Z TJSJ’Y)\E = Z TJTVJSM"‘J’“VJ|Y>‘\£ = Z TJTVJT\II;K‘J"‘VJT)\_l‘Yf
A

JeDr (1) JeDr (k) JeDr (1)
= > TJTTLLAJT;1|Y; (by Lemma 9.3.8)
JeDr(k) A

= T\I/;‘TA_”Yf (by Lemma 9.3.7).
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Chapter 10
Factorizing in the limit R%;’O spaces

In this chapter, we show that for any bounded linear operator T : RZ® — RE, with « a countable

limit ordinal, and any € > 0, there exist a distributional embedding scheme ¥ of RV into itself and
a scalar FDD-diagonal operator R : RE” — R such that [T} TTy — R|| < e. The entries of R are
averages of the diagonal entries of T', and hence, using Proposition 3.3.5, we obtain the factorization
property of the standard martingale difference sequence basis of R&O. The construction of ¥ is
compatible with the tree order. At each step we select

Ty Ly = 10y, its

inductive. Enumerate T, as (A,)r_q,

(M,s (Ju)uem,, ) and a scalar ry, such that, letting S, = ]

image, and E, the orthogonal projection onto Y;,, we have

HEMN,

n—1
€ €

REWSTE ’E”T(N;Em)) S 3o

(BT =7 id)ly,

n—1
€
<ggr (X En)TE,
m=1

Provided Definition 8.0.3 is respected, this yields HT},TT\I, — R| < ¢, where R|x, = rp-idl|x,, .
The inductive choice of (M, (Ju)uem,,,,) rests on a finite-dimensional stabilization argument
depending on the parameters dim(X),,,), >_; dim(Xy,), ||, and the error /2”1, These
determine a large integer x,1, permitting the choice of My, ,, respecting (M, , (Ju)ueM,, Jm=1>
with £(p) = kp41 for all pe My, . This provides enough room to carry out a probabilistic choice
of the family (J'U’)'U’EM)W+1 and define S,4+1. The Chapter is divided into two parts: the finite-
dimensional stabilization and the construction of the distributional embedding scheme, the latter

completing the proof.

10.1 A finite-dimensional stabilization

We now outline the main result of this subsection and its proof. Given n,m € N, I' > 0, and
0 < e < 1, we show the existence of a large integer k{ with the following property: for every
operator T of norm at most I', operators ()1, Q2 of norm at most I' and rank at most m, every
k > k{, and compressions S : LI;’O — Lg, 1 <1< N, with pairwise disjointly supported ranges (k(

does not depend on N), there exist distributional embeddings J; : LS’O — Ll;’o, 1 <1< N, such
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that, letting S = Zfil Sy Lg’o - Lg, with image Y and E the orthogonal projection onto Y,
the operator ET|y is e-close to r - id|y, with r given by an explicit formula, and F@Q; and Q2 F
have norm less than e. This result is directly applicable in the context outlined above.

The proof proceeds in two stages: first, a reduction where ET|y is shown to be close to a
diagonal operator R : Y — Y, and then a further reduction to a scalar multiple of the identity,
each step incurring a dimensional penalty. The first step is proved here in full. The construction
proceeds by enumerating D,_; lexicographically and, assuming (J;h J)l]i , has been defined for
J < I, simultaneously defining (J;h7)Y | by means of a random family (J;hr(9)) ,, where 9 ranges
over a suitable probability space. One then shows that, with high probability, sufficient criteria are
satisfied. The second step is not proved from scratch: we first dilate an appropriate compressed
finite-dimensional Lg—space to a non-compressed one, apply the stabilization of Lemma 6.3.3, and

finally compress back to the original setting.

Remark 10.1.1. Let m € N, § € (0,1], and S : L;n’o — Lg be a #-compression. The orthogonal

projection E: L) — S [Ly°] can be expressed as

E(f)= >, 0 '|7"(Shr, f)Shi = E(fxalA),

IEDm,1

where A = o(Shy : I € Dy,—1) and A = Urepm-1supp(Shy) (the above equality of formulas holds
in Lg but not in L,). We will mainly rely on the former, while the latter reveals that |E| = 1.

This first step of the reduction is carried out in full and yields a stabilization where ET |y is

close to a diagonal operator R on a compressed copy Y of LZ’O, obtained from pieces of disjoint

compressed copies of L];’O for sufficiently large k.

Lemma 10.1.2. Let n€ N, m e N, T' > 0, and 0 < € < 1. There exists ko := ko(n,m,I',e) € N
such that for every k = kg + n and

(a) operator T: X — Lg of norm at most I', where X is a subspace of Lg,

(b) operators Q1 : Z — Lg, Q2 : X — W of norm at most I' and rank at most m, where Z, W

are normed spaces, and

(c) operators Sy,...,Sy : LI;’O — X with disjointly supported ranges such that, for 1 <1 < N,

Sy is a 6;-compression, for some 6; € (0,1],
there exist distributional embeddings J; : LZ’O — L];’O, 1 <1 < N, satisfying the following:

(i) Foreach1 <I< N,0<i<n—1and e D there are B} = D**¢ and (HlK)KeBg e {—1,1}5r
such that

Jihr = > Okhi.
KeB!
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(ii) Denote S = Z{L SiJp - Lg’o — X, which is a #-compression with § = Zl]\il 0,, by = Shy,
I €D, 1,Y = |[(br)ep, ,], F : Lg — Y the orthogonal projection, and R : Y — Y the
diagonal operator given by Rb; = djby, where

N
1
d[ = W Z Z <SlhK,TSlhK>, Ie Dn—l-
I=1KeB}

Then

H (ET - R) |YH <e

(ili)) We have |EQ1| < € and ||Q2F| < e.

Proof. Let M = 5™ — 1, which is sufficiently large to ensure that the unit sphere of every m-

dimensional normed space contains a (1/2)-dense set of cardinality at most M. Let
ko(n,m, T, ¢) = [p* (5n + 34 2log(T) + 3m + 21og(e*1))J +1, (10.1)

and fix k > ko +n and items such as in (a), (b) and (c). Fix (1/2)-dense subsets (x;); of the unit
sphere of R(Q1) and (yF)M, of the unit sphere of the dual of R(Q2).

For 1 <1 < N, we will define J; : LZ’O — Ll; by choosing a distributional copy (c})rep,_, of
(h1)rep,,_, in L];’O, and letting Jihy = clI, I € D, 1. Following the notation of the statement, the

construction will satisfy (i) and

ef|I)Va|.g| VP
(b Ty )| < | 2%’1’ I #JeDy, (10.2)

’9—1\1\—1<b1,m> dI’ < 2;1, [eD, i, (10.3)
e(OI]) - e(6]1))"? :
|<b],.’lfl>‘ < W and ‘QQZL'Z (b[)’ < W, Ie Dn_l, 1 <1< M. (104)

We note that (10.2) and (10.3) yield (ii) as follows: for y € Y, with |y| <1

BTy =Ry =| X (X 07T 0TI e Tes b )b = Y 67T dibr )b
IeD,,—1 JeED,_1 IeD,,_1

<[ 3 o o (071 e Th) — d )b
IeD,, 1

+‘ 2 ( ) 9_2’”_1"]’_1<b17TbJ><bJ7y>>bIH
IeDy 1 JeJDlll_l

< Z 01|~ 191/‘1’I|1/QQ1/P|I|1/P
IGDTL 1

on+1
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o o|1|"/a|Jg|Hp
+ E E 0211717 191/CI|J‘1/‘191/P‘I‘1/176T
IeD,_1 JEJanl 22
J#

€ 2 €
< (#anl)w + (#Dn-1) Sont1 < €

Furthermore, (10.4) yields (iii) as follows: for 1 < i < M,

I
Bal = | Y o e < X ot SO gy < <
IeD,, 1 1€Dy 1

and |EQ1| < 2I'max;i<i<i |Ex;| < €. An argument of a similar nature yields |Q2E| < e.

We return to the main objective of the proof, namely, the construction of the distributional
copies (c))rep, , of (hr)rep, , in L];’O, 1 <1 < N, such that item (i) and (10.2) to (10.4) are
satisfied. We proceed by induction on the lexicographical order of D,,_1, and for each I € D,,_1,
if I € D', we will choose, simultaneously for all 1 < [ < N, collections BlI c DFoti with uBlI =
ey = €(D)] (or Bjg .1y = Do, for I =[0,1)), and (6 ) xes, € {—1,1}57, and let

ClIZ Z HlKh[
KeB,

We skip the basis step because the argument is analogous to the general one. Let I € D!, with
1 <i<n-—1, and assume that for every J preceding I in the lexicographical order, we have chosen
the collection BlJ and the signs (GZK) KeB!,» 1 < I < N, satisfying the inductive hypothesis so far.
For 1 <1 < N, define

B = {K e Dhti K ¢ [cir(l) = e([)]},

i.e., BY satisfies UBY = [cir(l) = ¢(I)]. We consider the randomized vector

N
= > > OkSihk

I=1KeB!
where N
N 1
U= ((elK>KeB§)121 €= H{_L 1}817
=1

equipped with the uniform measure. Note that ((Slh K) KeB! )fil are disjointly supported and sym-
metric {—1,0, 1}-valued vectors. We introduce the following random variables based on Notation
6.2.1. For ¥ € Q2, we let

Yy (0) =Yg, e, (1) = <bJ,Tb1(19)>, J<IeD, i,

Wy (9) := W, 1v, (0) = <b1(19),TbJ>, J<IeD, 1,
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N
Z1(9) i= Zi, 0 (@) = (b1(9), To (9) ) = 3 3 (Sihic, TSihic ), and
I=1 KepB!

Wj(ﬂ) = WB[,:z:j (19) = <b[(19),wj> and Y}(ﬁ) = YBI,Qg‘z;‘ (79) = Q;l’; (b](ﬂ)) 1 <j < M.

We relate (10.2) to (10.4) to these random variables as follows: there exists ¥ € 2 such that

69‘J|1/Q|]‘1/P

’Yj(ﬁ)‘ < S and ’WJ(ﬁ)‘ o e

921 , J<IeD, 1,
6
‘ZI ’ < ;nu, and (10.5)
INYVa NP
W) < WL ana (o) < I

on+l l<j< M.

Once the existence of such ¥ has been established, we can let, for 1

SIS N, ¢f = Ygent Okchx,
and the proof will be complete. We proceed by examining the following events in {2

0|.J| a1 | /P 0|111/a| g|/p
Y= UYJ(??)\ > 62|2n+‘1] and Wy = [\WJW)\ > 6‘2’2%'1‘] J <IeDy,
ed|I
Zr = [|Z ’ 2n‘+1’] nd

0|I])+/4 gl IN1/p
W= W= W wa ;- [w) = DD <<

Denoting £ the union of the above events, it suffices to show P(£) < 1. Taking the probability of
& and applying Chebyshev’s inequality, we obtain:

M M
PE)Y< > PN+ > POW)+P(Z)+ D PW)+ Z P(Y;)

J<I€EDy_1 J<I€Dy 1

j=1
Z 94n+2 Vivy) Z 94n+2 Vo) 92n+2 vz
s ezl )T 22712/ T2 N+ ———V(Z;
J<IED,,_ 6202|J|2/l]’[|2/p J<IeD,,_ EZGQ‘I‘Q/qU‘Q/p €262|1)?
. M F222n+2 f} 92n+2 v
PRI TN

Lemmas 6.2.2, 6.2.3 and 6.2.4 yield the following estimates for the above variances

1 \Up _ 0°T2|J)%4
VOs) < TP (O1) Y (0 ma 0) o) < S

1<I<N 7 Qko+i Sho+2i)p J<IeD,_1,

; 212 712/p
VW) < [T (011)% (0 e

21(1235 91)2k0+i S Sko+2i)/q J <1€Dp-1,
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1 >1+1/p< 1 )1/q 26212 d

2
v(zr) <27 max O )< G

0—
2Z

1 )1/q< 62/

1
V(W;) < (‘9 ko +2i)

o7 (0%, 00) o
1 \lp 292/p
) < 9 (ko+2i)/p’

T and

V(Y;) <T? <9l( max 6,)

2N IKIKN 7 2koti I<j<M

By combining the upper bound for P(£) with the variance bounds we conclude:

94n+2 0212|J 2/q 9dn+2 20212|.J 2/p
P(g) < Z 202|J|2/q|[|2/p 2(k0+|2i|)/p Z 292|I|2/q|J|2/p 2(ko+|2i)|/q
J<I€D,_; © J<I€D,_; ©
22n+2  9p27°2 T292n+2 92/(1 92n+2 F202/p

+ 62| I[2 22i+ko/d + & (0[1))%/a 2(ko+20)/a + M62(9|[D2/p o(koT20)/p
Z‘24n+2r2 N Z‘24n+21'\2 N 22n+22r2 N 22n+3M1'\2 < 25n+3r2(1 + M)
622k0/p 622k0/q 622k0/q 622k0/p* 622]{?0/})*

S

From (10.1), P(£) < 1, finishing the proof. O
The following reduction is the main result of this section.

Proposition 10.1.3. Let n € N, m e N, I" > 0, and 0 < € < 1. There exists k{j := k{(n,m,,e) e N
such that for every k > k{j and

(a) operator T': X — L, where X is a subspace of L,, with T < T,

(b) operators Q1 : Z — Lg, Q2 : X — W of norm at most I' and rank at most m, where Z and

W are normed spaces, and

(c) operators Si,...,SN : LI;’O — X with disjointly supported ranges such that, for 1 <1 < N,

Sy is a 6;-compression, for some 6; € (0,1],
there exist distributional embeddings J; : LZ’O — L];’O, 1 <1 < N such that the following hold.

(i) Denote S = Zfil Sy - L;,L’O — X, which is a #-compression with § = le\il 01, by = Shy,
I €Dy, Y = [(br)rep,_,], and E : L) — Y the orthogonal projection. Then, for some
0<i<k—1and

N
r=0"131 > (Sihx, TSihi),
I=1 KeD?

we have

H (ET . id) |YH <e
(ii) We have |EQ1| < € and |Q2F| < e.
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Proof. Let
ki = k()(n,l“ + 6/2, 6/2) and ]{78 = ko(kl, m, I, 6/2) + k1,

where ko is as in Lemma 10.1.2 and &, is as in Lemma 6.3.3 (that is it plays the role of M in (6.8)).
Fix k > k{j and items such as in (a), (b) and (c). Applying Lemma 10.1.2 to these parameters

L];I’O — L];’O satisfying its conclusion (here, k; has

yields distributional embeddings Ji,ooJN
replaced n in Lemma 10.1.2 ). For clarity we adopt the hat notation for all objects associated with
them. Specifically, for each 1 <1< N, 0<1i<k; —1, and I € D’ there are Bl c DFoti and signs
(élK)KeBlI such that
Jihp = > Ochi.
KeB,

Defining the #-compression S = Zf\il Sy L];’O — X, by = Shy,

‘1‘9 Z Z <SlhK,TSlhK> IEDkl 1,
=1 KeBL,

= A[ IeDr. 1 s o — Y the ort ogonal projection, an .Y Y given by M1= AIAI,We
b kllELg Y th h 1 dR:Y Y by Rb drb
have that Lemma 10.1.2 (ii) and (iii) hold for ¢/2.
Define
o n-1pd . 7ki,0 k1,0
R=(S)""RS: Lp1 —>Lp1

and note that Rhy = drhy, for I € Dy, _1, i.e., R is a diagonal operator, and |R| = |R| < T + ¢/2.
We may therefore apply Lemma 6.3.3 to R to obtain a distributional embedding J’ : LZ’O - L’;l’o
satisfying its conclusion. For clarity we adopt the prime notation for all objects associated with it.
More precisely, there exist 0 < mg < mq < --- < mp_1 < k— 1 such that for 0 <i<n—1and
I € D', there are B} = D™ and signs (0% ) ke, such that

Jhy= ) Oghk.
KeB)

Denote Y’ = J'(L"), E' the conditional expectation operator onto Y, and

r=(J'ho), R oy = C Y 0phe, ), dLeLhL>_7 > dg

LeD™o LeD™o LeD™o
mo N
=5 X 2 > (Sihi, TSihie) = 5 LSS (S TS,
LeD™o =1 KEBZ =1 KeDko+mo
Then,
H E’R—r-id)‘ H<E (10.6)
< Y 2 '
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For 1 <1 < N, we define J; = JJ! , and we will show that the desired conclusion is satisfied.
Denote S = Zl]\il S, = SJ L;L’O — X, which is a f-compression with 0 = le\il 0;, by = Shy,
I € Dy1,Y = [(b)iep, ], and E : L) — Y the orthogonal projection. Because S is a 6-
compression, dist(Sf, Sg) = Odist(f, g) + (1 — )d(0,0), for all f, g in its domain. We obtain that for
every [ € D,,_1, f € Lzl’o,

(SThr, Sf) = 0T hr, ).

We deduce that, for f eV,

E@) = > TN, ()T T he = Y 0TS Ty, )T hy

IeD,, 4 IeD,, 4
= > 0TI Sk, £)(S) 7 Shy = (S)TTE(f).
IeD,, 1

Therefore, SE'(S)™!|; = E. We use this in conjunction with (10.6):
s> |(B@ RS —reia)| | =|(SES) RS ~1-8)
=|(eh - r-ig)l ]

We combine this with the conclusion of Lemma 10.1.2 (ii) for T, Y, and F, which states

(o)

\ S(Y")

5> |(B7 - 8)|, | > |(E7 - BER)| | - | (BT - ER),

9

and therefore, ||(ET —r-id)|y| < €.
It remains only to verify (i), which follows at once from |FQ;| < €/2, |Q2E| < €/2, and
EE=EE=E. O

10.2 The orthogonal reduction to a scalar FDD-diagonal operator

We now address the reduction of an arbitrary bounded linear operator 7' : RPO - REO to a scalar
FDD-diagonal operator R whose entries are averages of the diagonal entries of 7. With Proposition
10.1.3 in place, we turn to the inductive construction of a distributional embedding scheme ¥, as
described at the beginning of Chapter 10.

The following theorem involves only limit ordinal numbers and yields the factorization property
of the standard martingale difference sequence bases of the limit REY spaces (see Theorem 10.2.3).
The factorization property of the standard martingale difference sequence bases of the infinite

successor RZ’O spaces is addressed in Remark 10.2.4.

Theorem 10.2.1. Let « be a limit ordinal number, T': R%O — R@;O be a bounded linear operator

and € > 0. Then there exist a distributional embedding scheme ¥ from RO to itself and a scalar
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FDD-diagonal operator R: RE’ — RP? with diagonal entries in A(D(T)) such that
|ITITTy — R| < e.

In particular, T" is an orthogonal factor of R with error e.

Proof. Let (An):_; be an enumeration of the elements of 7, compatible with the order of the initial
segments, that is A, = \,, implies n < m. We will construct a distributional embedding scheme
U of R%® in R and a scalar FDD-diagonal operator R on R such that |TiTTy — R| < €, and
furthermore, for every n € N, there is an 7, in A(D(T)) such that R|x, = r,-id. The construction
of U = (My,,(Ju)uem,, Jm=1 and choice of (r,);7_; will be carried out inductively on n € N such
that after n steps, the partial family (M, (J/—L)IJEM)\k )i_, satisfies Definition 8.0.3, up to that
point (the set {A1,...,\,} is a backward closed subtree of 7,), and the following bounds hold: for

every n € N, denote S,, = Zue/\/b\ T,,J,,, which is a 0, -compression,

and E, : R% — Y, the orthogonal projection. Then, for all n € N,

(BT =1 id) <7 — (10.7)
n—1
(Y Ba)TE| < 555, and (10.8)
m=1
n—1
|BT( Y EBn)| < 55 (10.9)
m=1

Before initiating the construction, we demonstrate how the above bounds yield the conclusion. Con-
sider the space Y = Ty[R%°] that admits the Schauder decomposition (¥;)%_, with corresponding

coordinate projections (FE,, )X

o—1, which have norm one. Denote the projection

e 6}
Py =TyT} : RE° Y,  Pyf =) E.f,

n=1

as in Remark 7.3.6 (see also Example 3.2.5 and Proposition 3.2.8), recalling also T‘I,T\p =id: R -
RO Consider the operator R = TyRTy ! which is diagonal with respect to the aforementioned

decomposition, and more precisely, for all n € N, RE, = r,E,. Then,
[Ty - R| = [T (T} 7T - )T = |PoTly -

_ HSOT — i (( Tzll En)TE, + E T( nzjl Em) + E,TE, — EnREn)

|

<X (‘(mzzl En)TE,| + )EnT(:gll En)| + || (BaT — o - id) . ) <e
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where the above notation SOT — ] means that the convergence of the series is taken with re-
spect to the strong operator topology. We return to the inductive construction of the family

(M, (Jp)uems, Jm=1 and the scalars (r,,);Z;. The inductive hypothesis up to n consists of
(i) the partial family (M, (Ju)uems,,, Jm=1 satisfies Definition 8.0.3,
11 .7) to . old up to n,
(i) (10.7) to (10.9) hold

(iii) there exist k, € N and 6,, € (0,1] such that for all u e M, _,

k(i) = Kn, 0, = Oy, and b(p) = b(N\,), and

(iv) if A\, is a root then My, = {A,}, for some root A, and otherwise, for every u € M,,,

m(p) € Mrn,)-

We omit the basis step, since the same method applies. Assume the construction is complete up to
n, and set A = A\,+1. There are two cases: A is a root, or a successor. The root case is analogous
to the successor case, so we only record that then My = {\'}, where X’ is the root of 7, obtained
from A by repeating all entries except that the last, b(A) + x()), is replaced with b(A) + Kkp41 for
some sufficiently large x,+1. While this is analogous to the successor case, this is the only point
where the fact that « is a limit ordinal matters; otherwise 7, would have a unique root. We now
turn to the successor case, where

A=7(AN)"0"p,
with w(\) = Ay, for some 1 <ng <n,O € DETN) and v e To(=(n)) 1s a root. We apply Proposition
10.1.3 to obtain an integer

n

W= 1 (s, Y 200 1| Y B,

m=1 m=1

€
F)

satisfying its conclusion, and we define

One

Kn+1 = ki v k(v) v ( max (I‘Lm + 1)) and 0,,1 = Shing

1<m<n

We define the root v/ of To(x(n)) by taking the entries of v unchanged, except that the last entry,
b(v) + k(v), is replaced with b(v) + K,11. Letting Dg(”) —{PeDW . pPc [Juhr0) = €(O)]},
p € My (y), as in Notation 8.1.2, we define

M, = {,u“P“V’ :je My and P e Dg(“)}.

It is clear that, for e My, b(p) = b(N), k() = kns1 and 6, = 6,,41. By the inductive hypothesis,

the members of M,y are pairwise disjointly supported; hence, by Proposition 7.5.2, so are the
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members of M) and

Z)N(N) Kn
N S YR e A AN

HEM HEMz (2 pepg(/*) HEM z(x) HEM o (n)

Therefore, Definition 8.0.3 (a) is satisfied. Clearly, Definition 8.0.3 (c) holds by design. The verifica-
tion of Definition 8.0.3(b) relies on the tree structure of (M), )}_;, on (iv), which holds by construc-
tion, and on the fact that, by the choice of k41, My is disjoint from My,,..., M, . It remains

to choose distributional embeddings J, : L;()‘)’O — L;(“)’O

, b € My, and a scalar r,41 € A(D(T))
satisfying (ii). We now note that the numerical restrictions tied to the integer k{j are satisfied
by the operators T, Q1 = T(Zm 1 m), Q2 = (O—1 Em)T, and by the 6,1-compressions
(1)) uem, » whose ranges are disjointly supported. Proposition 10.1.3 yields distributional embed-
dings J, : Ly — Ly¥°, je My, such that letting Sp1 = Yepr, Tudus Yart = Snat[Lp™ 7,

and E, ;1 the orthogonal projection onto Y;, 11, then, for some 0 < i < xk(\) — 1 and

i1 =030 Y Y (Tuhi, TTuhgy =27 ”“ DO K[, K, Thly
uaMAKﬂN peMy KeDt

DU KT, Kl Thiyy € A(D(T))

peMy KeD?

(#MA (#D')

we have

€

H (En+1T — Tn+1-* id) ’YnﬂH < 3 ontl

and |BynT( )] Eu)| < 51

n
€

(X Bu) 7B < gr

m=1 1

ANt

O

Remark 10.2.2. As the proof of Theorem 10.2.1 suggests, the “error” operator T, \JIT,T Ty — R is

compact.

Theorem 10.2.1 and Proposition 3.3.5 yield the factorization property of joo for a countable

limit ordinal number «.

Theorem 10.2.3. The standard martingale difference sequence basis of Rﬁ’o has the factorization

property, whenever « is a countable limit ordinal number.

Remark 10.2.4. Let a be a countable limit ordinal and n € N. Every bounded linear operator
Tv‘RPO _9<R%

a+n a+n

are a subcollection of the diagonal entries of T' with respect to the standard martingale difference
sequence basis. This is achieved, e.g., by fixing I € D" and taking A = (id — E)Q; : R*Y — RE°

is a factor of a bounded linear operator T: R{,’[O — RZ’O whose diagonal entries

a+n
and B = Ty : RR° Rg’ V., and letting T = ATB, where E(f) denotes the expectation of the
random variable f, that is E(f So x)dz. Together with Theorem 10.2.3 and the isomorphism
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RO ~ ngf:n from [2], this yields the factorization property for the standard martingale difference

sequence bases of all spaces Ra’o, w < a < wi. Note that the operator-norm bounds for the factoring

operators deteriorate as n — o0.

10.3 Open questions

From the previous chapters, the problem of the primary factorization property of the spaces Rfjg ,
a < wi, naturally arises.
Question. Let o < w;. Does Rﬁ’g have the primary factorization property?

Towards this direction, the main step is the following open question.
Question. Let a < wy. Let D: Rw’g — Rfj(? be a scalar FDD-diagonal operator and ¢ > 0. Does
there exist a distributional embedding scheme ¥ from Rg’g to itself and a scalar A such that

T DTy — X-id| < €?

In particular, is D an orthogonal factor of X - i¢d with error €?
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