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Abstract

We study factorization properties of bounded linear operators on the Rosenthal spaces Xp,w and

the Bourgain-Rosenthal-Schechtman spaces Rp,0
α , 1 ď α ă ω1. Specifically, we prove that the

Rosenthal spaces Xp,w and the limit Bourgain-Rosenthal-Schechtman spaces Rp,0
α , equipped with

their natural bases, have the factorization property, and that the isomorphic spaces Rp,0
ω and Xp,w

have the primary factorization property.

We establish the factorization property of the spaces Rp,0
ω and Xp,w with their respective bases

separately. For the spaces Xp,w, the proof relies on the notion of a strategically reproducible basis.

In contrast, for Rp,0
ω , the proof is based on an approximate orthogonal reduction to a diagonal

operator: every bounded linear operator on Rp,0
ω can, via distributional embedding and up to

arbitrary precision, be reduced to a diagonal operator. Moreover, we show that Rp,0
ω has the

primary factorization property, which immediately implies the same property for Xp,w. The proof

of the aforementioned reduction relies on an approximate orthogonal reduction to a scalar multiple

of the identity operator.

In addition, we establish the factorization property for the limit spaces Rp,0
α with their stan-

dard martingale difference sequence bases. Although this proof is derived from an approximate

orthogonal reduction to a scalar finite-dimensional decomposition (FDD)-diagonal operator, the

construction is significantly more involved than in the case α “ ω.

For every 1 ď α ă ω1, we construct an explicit unconditional FDD pXλqλPTα of the Bourgain-

Rosenthal-Schechtman space Rp,0
α . This FDD has strong reproducing properties and supports a

theory of distributional representations between the spaces Rp,0
α , for 1 ď α ă ω1. We use this

framework to establish the approximate orthogonal reduction to a scalar FDD-diagonal operator.
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Chapter 1

Introduction

This work is motivated by the study of conditions under which a bounded linear operator T on a

Banach space X becomes a factor of the identity operator id on X; that is, there exist bounded

linear operators L,R : X Ñ X such that

id “ LTR.

Factors of the identity have played a crucial role in Banach space theory—for instance, in the study

of decompositions of classical Banach spaces and in the analysis of closed ideals in the Banach

algebras

LpXq “ tT : X Ñ X : T is a bounded linear operator on Xu.

In this work, we focus on complemented subspaces of Lp for a fixed 1 ă p ă 8. Specifically, we

study operators on the Rosenthal spaces Xp,w [24] and the Bourgain-Rosenthal-Schechtman spaces

Rp
α, 1 ď α ă ω1 [4].

The Rosenthal space is the first known complemented subspace of Lp, apart from Lp, ℓ2, ℓp,

ℓ2‘ℓp, and ℓppℓ2q. It is the closed linear span in Lp of an independent 3-valued symmetric sequence

pfnq8
n“1 such that, if p ą 2,

ˆ

}fn}2

}fn}p

˙8

n“1

vanishes at a slow rate (when p ă 2, we consider its conjugate exponent). To study the properties

of these spaces, such as their complementation, for p ą 2, Rosenthal introduced what is now known

as Rosenthal’s inequality, which states that for any scalar sequence panq8
n“1,

›

›

8
ÿ

n“1

anfn
›

›

p
„p max

!´

8
ÿ

n“1

|an|p}fn}pp

¯1{p
,
´

8
ÿ

n“1

|an|2}fn}22

¯1{2)

.

This equivalence makes it possible to study the aforementioned space as a sequence space, Xp,w,

whose norm admits a simple and explicit description.

The Bourgain-Rosenthal-Schechtman spaces Rp
α, α ă ω1, are defined by transfinite recursion.
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The first space Rp
0 consists of the constant functions. If Rp

α is defined, then Rp
α`1 is the disjoint

sum of two 1{2-compressed, isometric copies of Rp
α. More formally, for I “ ra, bq Ă r0, 1q, define

TI : Lp Ñ Lp by setting pTIfqptq “ fppt´ aq{pb´ aqq for t P I and pTIfqptq “ 0 otherwise. This TI

is an example of a scaled isometry of a special type, called a θ-compression, where θ “ b´a. Then,

Rp
α`1 “ Tr0,1{2qpR

p
αq ` Tr1{2,1qpR

p
αq.

For a limit ordinal number α, the space Rp
α is the independent sum of the spaces Rp

β, 0 ď β ă α,

that is, there are distributional embeddings Tα
β : Rp

β Ñ Lp, 0 ď β ă α with independent ranges

such that the space Rp
α is the following closed linear span in Lp,

Rp
α “ rpTα

β pRp
βqqβăαs.

By construction, each space Rp
α is spanned by the constant function together with a symmetric

three-valued martingale difference sequence, and thus by Burkholder’s martingale theorem from [5]

the space admits an unconditional basis. Now, an appropriate cofinal subset of

tRp
α : α ă ω1u

yields uncountably many pairwise non-isomorphic complemented subspaces of Lp. Specifically, we

focus on Rp,0
α , more accurately, on its isomorphic hyperplanes of all mean-zero random variables.

In all aforementioned cases, the complementation in Lp is witnessed via an orthogonal projection

that is also well defined on Lp.

The first two results we prove concern the factorization property of the Rosenthal spaces Xp,w

and the Bourgain-Rosenthal-Schechtman spaces Rp,0
α . In particular, we establish the following

theorems.

Theorem. [11] For 1 ă p ă 8, Xp,w and Rp,0
ω with their respective standard bases have the

factorization property.

Theorem. [10] For 1 ă p ă 8, the limit Rp,0
α spaces with their standard martingale difference

sequence bases have the factorization property.

This means the following. If X is one of the above spaces and penq8
n“1 denotes its standard basis,

then every bounded linear operator T : X Ñ X with large diagonal, i.e., such that infn |e˚
npT penqq| ě

δ ą 0, is a factor of the identity. The factorization property, formally introduced in [13], has driven

the study of reproducing properties of bases in Banach spaces and has led to further developments

in the theory of Lp and other classical Banach spaces (see, e.g., [15], [17], [18], [19], [25]).

The third result that we prove concerns the primary factorization property of the spaces Xp,w

and Rp,0
ω .

Theorem. [11] For 1 ă p ă 8, the spaces Xp,w and Rp,0
ω have the primary factorization property.

2



The above means that for every bounded linear operator T : X Ñ X, where X is one of these

spaces, either T or id ´ T is a factor of the identity. Note that the statement of this theorem

is basis-free, and the spaces Xp,w and Rp,0
ω are isomorphic. We prove the primary factorization

property for Rp,0
ω , using its basis; this result then immediately implies the same property for Xp,w.

It has long been known that Banach spaces satisfying the primary factorization property together

with Pe lczyński’s accordion property are primary. Although this is a basis-free concept, it has been

long studied for classical Banach spaces, often using their standard bases. Examples of primary

spaces derived from this technique can be found in [3], [8], [17] [20] and [22]. Additionally, the

aforementioned property is closely related to the study of closed ideals in LpXq, e.g., if the space

X has the primary factorization property, then the set

MX “ tT P LpXq : id ‰ LTR for all L,R P LpXqu

is a maximal ideal of LpXq [7].

In most of the above papers given a bounded linear operator T : X Ñ X, it is shown that there

are bounded linear operators L,R : X Ñ X and a “simpler” operator S : X Ñ X such that LTR is

approximately S. This process is referred to as reducing T to S. After several successive reductions,

usually, T is reduced to a scalar operator, i.e., an operator λ ¨ id, for some λ P R. In this work

we develop and study a specific kind of reduction called orthogonal reduction. For this purpose,

we utilize the notion of an orthogonally complemented subspace of Lp, that was introduced by

Alspach in 1999 [2]. A subspace X of Lp is called orthogonally complemented if the bounded linear

projection from Lp onto X is derived from an orthogonal projection. For example, the Rosenthal

space and the Bourgain-Rosenthal-Schechtman spaces are of this type. If X is such a subspace of

Lp and T, S : X Ñ X are bounded linear operators, we say that T is an orthogonal factor of S

with error ϵ ą 0 if there exists a distributional embedding J : X Ñ Lp with JpXq Ă X, such that

}J:TJ ´ S} ă ϵ. The operator J: : Lp Ñ X denotes the formal adjoint operator of J , satisfying

J:J “ id : X Ñ X, and JJ: : Lp Ñ Lp is the orthogonal projection onto JpXq.

The proof of the factorization property of Xp,w with its natural basis relies on some machinery

developed in [16], namely of strategical reproducibility of Schauder bases. This means that in a

certain two-player game, one of the players has a winning strategy allowing them to reproduce the

basis and its biorthogonal sequence in the dual. Using Rosenthal’s analysis of block sequences of

the standard basis of Xp,w, we deduce that it is strategically reproducible and thus it satisfies the

factorization property.

With regards to the factorization property of Rp,0
ω with its standard martingale difference se-

quence basis, it requires use of probabilistic and combinatorial arguments. For each n P N, let Dn

denote the set of left-closed, right-open dyadic intervals of length 1{2n in r0, 1q, and Dn “ Yn
k“0Dk.

For every n P N, denote hnI “ Tω
n phIq, I P Dn´1, where Tω

n , n P N are the distributional embeddings

with independent ranges involved in the construction of the limit space Rp
ω. The space Rp,0

ω is the

closed linear span of the collection pphnI qIPDn´1qnPN, where for n P N, phnI qIPDn´1 is a distributional

copy of the first pn´ 1q-levels of the Haar system and the collection of the σ-algebras σphnI qIPDn´1 ,

3



n P N, is independent. With an appropriate enumeration, this basis is a martingale difference

sequence, and thus, by Burkholder’s inequality, it is an unconditional basis of Rp,0
ω . Because each

part phnI qIPDn´1 spans a distributional copy of Ln,0
p “ xhI : I P Dn´1y, the probabilistic techniques

from [14] apply to this setting. We refine them to construct, for every T : Rp,0
ω Ñ Rp,0

ω , an opera-

tor D : Rp,0
ω Ñ Rp,0

ω that is diagonal with respect to the basis, and its eigenvalues are averages of

finitely many diagonal entries pp|I|´1xhnI , Th
n
I yqIPDn´1qnPN of T , and show that T is an approximate

orthogonal factor of D. With this, the factorization property follows relatively easily from the un-

conditionality of the basis. The proof of the primary factorization property of Rp,0
ω is based on an

orthogonal reduction of an arbitrary diagonal operator to a scalar multiple λ ¨ id of the identity,

where λ is an average of eigenvalues of T . Because approximate orthogonal factorization is transi-

tive, every T : Rp,0
ω Ñ Rp,0

ω is an approximate orthogonal factor of a scalar operator λ ¨ id, where λ

is in the convex hull of the diagonal entries of T . The primary factorization property then follows

easily. The orthogonal reduction of D to λ ¨ id is based on a probabilistic future-level stabilization

argument from [18] that has its roots in [17], together with some combinatorial arguments. Because

Xp,w is isomorphic to Rp,0
ω , we directly obtain the primary factorization property of Xp,w.

Although the factorization property of the limit Rp,0
α spaces with their standard martingale

difference sequence bases is based on an approximate orthogonal reduction to a diagonal operator,

the proof is significantly more involved than in the case α “ ω. Toward this direction, for every

α ă ω1, we construct an explicit unconditional FDD pXλqλPTα for Rp,0
α , and we we develop a theory

around the martingale difference sequence basis of Rp,0
α . Moreover, we define and study general

distributional embedding schemes that define a class of distributional embeddings between the

spaces Rp,0
α . Utilizing the aforementioned appropriate framework, for every countable limit ordinal

number α, we prove that every bounded linear operator on Rp,0
α is an approximate orthogonal factor

of a scalar FDD-diagonal operator, yielding the factorizational property of Rp,0
α .

With regards to the explicit unconditional FDD pXλqλPTα for each space Rp,0
α , it is constructed

recursively, following the recursive structure of the spaces Rp,0
α for 1 ď α ă ω1. For every n P N,

Rp,0
n “ Ln,0

p , and we consider the trivial FDD Ln,0
p for this space. For a countable limit ordinal α,

assume that for each Rp,0
β , 1 ď β ă α, an FDD pXλqλPTβ has been defined. We then define pXλqλPTα

by taking a union of the independent FDDs pTα
β pXλqqλPTβ , 1 ď β ă α. If α is a limit ordinal, then

for every n P N,

Rp,0
α`n “ Ln,0

p ` xTIpRp,0
α q : I P Dny.

We define the FDD pXλqλPTα`n by letting one component be Ln,0
p and taking the 2n disjointly

supported 1{2n-compressed copies pTIpXλqqλPTα , I P Dn, of pXλqλPTα . For 1 ď α ă ω1, we

formalize the index set Tα of the FDD as an explicit tree of finite sequences of ordinal numbers and

dyadic intervals, in accordance with the above construction. Each Xλ is an isometric copy of some

finite-dimensional space L
κpλq,0
p via a θλ-compression operator Tλ determined, e.g., by the entries

of λ.

Next, we introduce a class of distributional embeddings between the spaces Rp,0
α , later used in

the factorization of operators. Let α ă ω1. A distributional embedding scheme of Rp,0
α into Rp,0

β

4



is a family Ψ “ pMλ, pJµqµPMλ
qλPTα , where pMλqλPTα is a collection of finite subsets of Tβ that

respect the tree structure. For instance, for each λ P Tα, the associated compressions pTµqµPMλ
have

pairwise disjointly supported ranges and the family pJµqµPMλ
consists of distributional embeddings

with common domain a finite-dimensional L
κpλq,0
p space. A substantial portion of the paper is

devoted to proving that the operator TΨ : Rp,0
α Ñ Rp,0

β given by

TΨ|Xλ
“

ÿ

µPMλ

TµJµT
´1
λ

is a distributional embedding. While the finite-dimensional components TΨ|Xλ
, λ P Tα are almost

trivially distributional embeddings, the main difficulty lies in controlling how these pieces interact

with one another. Proceeding by transfinite induction on α, we decompose TΨ into component oper-

ators determined by distributional embedding schemes on Bourgain-Rosenthal-Schechtman spaces

on smaller ordinals. Each piece satisfies the hypothesis, and reassembling the pieces recovers TΨ

and establishes it as a distributional embedding. The inductive step differs for successor and limit

ordinals α.

Utilizing the above framework, we prove the approximate orthogonal reduction to a FDD-

diagonal operator: Let α be a limit countable ordinal number. For every bounded linear operator

T : Rp,0
α Ñ Rp,0

α and ϵ ą 0 there exist a distributional embedding scheme Ψ of Rp,0
α into itself and a

scalar FDD-diagonal bounded linear operator D : Rp,0
α Ñ Rp,0

α such that T is an orthogonal factor

of D with error ϵ. Furthermore, the entries of D are averages of finitely many diagonal entries of the

matrix representation of T with respect to the standard martingale difference sequence basis of the

space. As an easy conclusion, we obtain that the limit spaces Rp,0
α with their standard martingale

difference sequence bases satisfy the factorization property.
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Chapter 2

Preliminaries

In this chapter, we introduce the standard terminology and notation used throughout the thesis.

We begin with basic notation, basic concepts from Banach space theory, recall the notation for the

Haar system and conclude by recalling basic notions from probability theory.

2.1 Basic notation

This section introduces the notation employed throughout the thesis.

We write N “ t1, 2, . . . u for the set of positive integers and N0 “ t0u Y N. We denote by R the

set of real numbers and by RN the set of real sequences. If r is a real number, we denote by rrs the

integer part of r. Moreover, if A is a set, we denote by #A the cardinality of A. For a subset S of

a linear (respectively, normed) space, we denote by xSy (respectively, rSs) its linear (respectively,

closed linear) span. For a normed linear space X we write X˚ for the dual space of X. In this

thesis, we consider Banach spaces over the real field.

Given a probability space pΩ,A, µq, the characteristic function of a set A Ă Ω is denoted by

χA : Ω Ñ t0, 1u. Whenever we work within a probability space, all set relations are understood in

the essential sense; for instance, A Ă B means that µpAzBq “ 0. Given a σ-subalgebra B of A,

the conditional expectation of an integrable function f : Ω Ñ R with respect to B is denoted by

Epf |Bq. The support of f is the set supppfq “ rf ‰ 0s :“ tω P Ω : fpωq ‰ 0u. If Ω is endowed

with a topology, its Borel σ-algebra is denoted BpΩq. The Lebesgue measure of a measurable

subset A of R is denoted |A|. Throughout the thesis, we fix 1 ă p ă 8, denote by q its conjugate

exponent and denote p˚ “ maxtp, qu. An Lp space refers to a space of the form LppΩ,A, µq for

some probability space pΩ,A, µq; for brevity we write Lppµq. When the underlying probability

space is the unit interval r0, 1s with its Borel σ-algebra and the Lebesgue measure, we simply write

Lp. When multiple such spaces are considered simultaneously, we may denote them, for instance,

as Lppµq, Lppνq, or Lppξq. For f P Lppµq and g P Lqpµq, we write xg, fy “
ş

gf dµ.
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2.2 Concepts from Banach space theory

In this section, we recall fundamental concepts from Banach space theory, including the notions of

a Schauder basis and a Schauder decomposition. The following can be found in [1] and [21].

In the following definition we recall the notion of a Schauder basis. If we select a basis in a

finite-dimensional vector space, then we are, in effect, selecting a system of coordinates. Bases in

infinite-dimensional Banach spaces play the same role.

Definition 2.2.1. Let X be an infinite dimensional Banach space and let penq8
n“1 be a sequence in

X. The sequence penq8
n“1 is called a Schauder basis or simply basis if every x P X admits a unique

representation x “
ř8

n“1 anen for some scalar sequence panq8
n“1.

The convergence is in the norm topology ofX, that is we require that the sequence p
řN

n“1 anenq8
N“1

converges to x in the norm topology of X. Notice that a basis consists of linearly independent, and

in particular nonzero, vectors. Moreover, if penq8
n“1 is a basis of X, then the closed linear span of

penq8
n“1 in X coincides with the space X, that is X “ rpenq8

n“1s, and thus, X is separable.

Definition 2.2.2. A Schauder basis penq8
n“1 of a Banach space X induces the sequence of bounded

linear projections pSnq8
n“1 defined by Snp

ř8
m“1 amemq “

řn
m“1 amem. The projections pSnq8

n“1 are

called natural projections associated with the basis penq8
n“1.

It is well known that K “ supn }Sn} ă 8. The number K is called the basis constant. In the

optimal case that K “ 1 the basis penq8
n“1 is said to be monotone.

Definition 2.2.3. A Schauder basis penq8
n“1 of a Banach space X induces the sequence of bounded

linear functionals pe˚
nq8

n“1 in X˚ defined by e˚
np
ř8

m“1 amemq “ an. The sequence pe˚
nq8

n“1 is called

the biorthogonal sequence associated with the basis penq8
n“1.

Note that the unique representation of each element of X can be expressed via the biorthogonal

sequence, that is x “
ř8

n“1 e
˚
npxqen.

In the next definition we relax the assumption that a basis must span the entire space.

Definition 2.2.4. Let X be an infinite dimensional Banach space. A sequence penq8
n“1 in X is

called a Schauder basic sequence or simply basic sequence if penq8
n“1 is a basis for rpenq8

n“1s.

Example 2.2.5.

(a) The sequence of the standard unit vectors penq8
n“1 is a monotone basis for c0 and ℓp, for all

1 ď p ă 8.

(b) The sequence of the standard unit vectors penq8
n“1 is not a basis for ℓ8, but it is a monotone

basic sequence.

In the next definition we recall the definition of two equivalent bases or basic sequences. Equiv-

alent bases allow flexibility in choosing bases for computations, expansions, or theoretical work

without changing the underlying structure of the space.
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Definition 2.2.6. Two bases (or basis sequences) penq8
n“1 and pe1

nq8
n“1 in the respective Banach

spaces X and X 1 are called equivalent, if there exists a constant C ą 0 such that for all finitely

non zero sequences of scalars panq8
n“1 we have

1

C
}

8
ÿ

n“1

ane
1
n} ď }

8
ÿ

n“1

anen} ď C}

8
ÿ

n“1

ane
1
n}.

Or, equivalently, there exists an isomorphism T : ren : n P Ns Ñ re1
n : n P Ns such that

T penq “ e1
n for each n P N.

LetX be a Banach space with a basis penq8
n“1. We identify a bounded linear operator T : X Ñ X

with its matrix representation pe˚
mpTenqq8

m,n“1. Thus, the concept of a diagonal operator with

respect to a basis naturally arises.

Definition 2.2.7. Let X be a Banach space with a basis penq8
n“1 and let T : X Ñ X be a bounded

linear operator. The operator T is said to be diagonal with respect to penq8
n“1 (or simply diagonal

when the basis is understood) if e˚
mpTenq “ 0 for all m ‰ n. Equivalently, each en is an eigenvector

of T corresponding to some eigenvalue λn.

We will now take a closer look at particular classes of bases. Namely, unconditional, shrinking

and boundedly-complete bases.

Definition 2.2.8. A basis penq8
n“1 is said to be C-unconditional for some C ě 1 if, for all scalars

a1, . . . , an and b1, . . . , bn satisfying |ak| ď |bk| for 1 ď k ď n,

›

›

›

n
ÿ

k“1

akek

›

›

›
ď C

›

›

›

n
ÿ

k“1

bkek

›

›

›
.

A basis that is C-unconditional for some C ě 1 is simply called unconditional.

Definition 2.2.9. A basis penq8
n“1 of a Banach space X is called shrinking if the biorthogonal

sequence pe˚
nq8

n“1 associated with penq8
n“1 is a basis for X˚.

Definition 2.2.10. A basis penq8
n“1 of a Banach space X is said to be boundedly-complete if

whenever panq8
n“1 is a sequence of scalars such that

sup
N

}

N
ÿ

n“1

anen} ă 8,

then the series
ř8

n“1 anen converges.

In 1951, James proved that if X is a Banach space with a basis penq8
n“1, then X is reflexive if

and only if penq8
n“1 is both boundedly-complete and shrinking.

Example 2.2.11.
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(a) The standard unit vector basis penq8
n“1 is an unconditional basis of c0 and ℓp, for all 1 ď p ă 8.

It is shrinking for c0 and ℓp, for all 1 ă p ă 8, and it is boundedly-complete for ℓp, for all

1 ď p ă 8, but it is not boundedly-complete for c0.

(b) For every n P N denote fn “
řn

k“1 ek, where penq8
n“1 is the standard unit vector basis of c0.

The sequence pfnq8
n“1 is a basis of c0 with biorthogonal sequence defined by f˚

n “ e˚
n´e˚

n`1 for

all n P N, and it is known as the summing basis. The basis pfnq8
n“1 is neither unconditional,

nor shrinking, nor boundedly-complete.

A Schauder basis decomposes, in a sense, a Banach space into a sum of one dimensional spaces.

It is sometimes useful to consider cruder decompositions where the components into which we

decompose a given Banach space are subspaces of dimension larger than 1.

Definition 2.2.12. Let X be a Banach space and let pEnq8
n“1 be a sequence of closed subspaces

of X.

(a) The sequence pEnq8
n“1 is called a Schauder decomposition of X if every x P X can be uniquely

written as x “
ř8

n“1 xn with xn P En. If each En is finite-dimensional, pEnq is called a finite-

dimensional decomposition (FDD). A Schauder decomposition induces a sequence of bounded

linear projections pPnq8
n“1 defined by Pnp

ř8
m“1 xmq “ xn.

(b) If every sequence of non-zero vectors pxnq8
n“1 with xn P En forms an unconditional basis of

its closed linear span, the decomposition is called an unconditional Schauder decomposition.

Remark 2.2.13. In [26], the author constructs a Banach space admitting a FDD but not a

Schauder basis.

Let pEnq8
n“1 be an FDD of a Banach space X with corresponding projections pPnq8

n“1 and let

T : X Ñ X be a bounded linear operator. The matrix representation of T with respect to the

aforementioned FDD naturally arises and can be visualized as pPmTPnq8
m,n“1.

Definition 2.2.14. Let X be a Banach space that admits an FDD pEnq8
n“1 and let T : X Ñ X be

a bounded linear operator. The operator T : X Ñ X is said to be diagonal with respect to pEnq8
n“1

(or FDD-diagonal when the decomposition is understood) if PmTPn “ 0 for all m ‰ n. If each

En is an eigenspace of T corresponding to some eigenvalue λn, we say that T is scalar diagonal

with respect to pEnq8
n“1 (or simply scalar FDD-diagonal when the FDD is understood) and we call

pλnq8
n“1 the entries of T .

2.3 Haar system notation

In this section, we recall basic notation for the standard Haar system. Although this system is not

a basis of the Rp,0
α spaces, the canonical basis of each such space can be blocked into an FDD whose

components are spanned by compressed copies of finite initial segments of the Haar system. For

this reason, we will use Haar-related notation extensively.
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We enumerate the Haar basis over the dyadic intervals of r0, 1s, ordered lexicographically.

Notation 2.3.1. We establish the following notation used in handling the Haar system.

(a) We denote by D the set of all dyadic intervals I of r0, 1s, i.e., of the form

I “

„

i´ 1

2n
,
i

2n

˙

,

where n P N0 and 1 ď i ď 2n.

(b) For n P N0 we denote

Dn “ tI P D : |I| “ 1{2nu “

"„

i´ 1

2n
,
i

2n

˙

: 1 ď i ď 2n
*

and

Dn “

n
ď

k“0

Dk.

(c) We enumerate D in the lexicographical order as follows. Let I P Dm and J P Dn. Then

I ă J means either m ă n, or both m “ n and minpIq ă minpJq. That is, r0, 1q ă r0, 1{2q ă

r1{2, 1q ă r0, 1{4q ă r1{4, 1{2q ă r1{2, 3{4q ă r3{4, 1q ă . . ..

(d) Let n P N0 and I “ rpi´ 1q{2n, i{2nq P Dn. We denote the left and right half of I in Dn`1 by

I` “

„

2pi´ 1q

2n`1
,

2i´ 1

2n`1

˙

and I´ “

„

2i´ 1

2n`1
,

2i

2n`1

˙

.

We call I the immediate predecessor of I` and I´ and write

πpI`q “ I and πpI´q “ I.

In this context, the term “predecessor” refers to an implicit binary tree structure of D, rather

than the lexicographical order. We define the signs of I` and I´ as

ϵpI`q “ 1 and ϵpI´q “ ´1.

Notation 2.3.2. We recall the standard Haar system and its relation to standard subspaces

of Lp.

(a) For I P D, we define

hI “ χI` ´ χI´ .

The collection pχr0,1sqYphIqIPD is the standard Haar system. Moreover, by the Burkholder

inequality, it forms an unconditional basis of Lp, and then,

Lp “ rpχr0,1sq Y phIqIPDs.
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(b) We denote

L0
p “ tf P Lp : Epfq “ 0u “ rphIqIPDs.

(c) For n P N denote

Ln
p “ xpχIqIPDny “ xpχr0,1sq Y phIqIPDn´1y

and

Ln,0
p “ tf P Ln

p : Epfq “ 0u “ xphIqIPDn´1y.

2.4 Basic notions from probability theory

In this section, we recall basic notions from probability theory, including the concepts of the dis-

tribution of a random variable and a martingale difference sequence.

Definition 2.4.1. Let f be a real-valued random variable on a probability space pΩ,A, µq. The

distribution of f , denoted distpfq, is the probability measure on the Borel sets of R defined by

pdistpfqqpAq “ µprf P Asq.

In the following example we make use of the notions of the Dirac measure and the standard

Rademacher functions. Recall that the Dirac measure centered on some fixed point t in some

measurable space pΩ,Aq, denoted δt, is the probability measure on pΩ,Aq defined by

δtpAq “

$

&

%

1 t P A

0, otherwise.

Moreover, recall that for every n P N0, the n-th Rademacher function, denoted rn, is defined by

rn “
ÿ

IPDn

hI

Example 2.4.2.

1. For every n P N0,

distprnq “
1

2
pδ´1 ` δ1q

2. For every I P D,

distphIq “
|I|

2
pδ´1 ` δ1q ` p1 ´ |I|qδ0

Based on the above definition, we recall the notion of a distributional embedding, which is used

extensively.
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Definition 2.4.3. Let X, Y be subspaces of some Lp-spaces. A linear operator T : X Ñ Y is

called a distributional embedding if, for all f P X, distpTfq “ distpfq. If T is additionally onto

then it is called a distributional isomorphism, and we write X ”dist Y .

A distributional embedding is an isometry, but it is much more than that. When the domain

of a distributional embedding is not closed, its extension to the closure remains a distributional

embedding. This can be proved through the characteristic function of random variables.

Next, we present an example of a distributional embedding associated with a measurable,

measure-preserving function—known as the Koopman operator—which is used in the definition

of the Rp
α spaces.

Example 2.4.4. Let A be a σ-subalgebra of Br0, 1s and let φ : pr0, 1s,Aq Ñ pr0, 1s,Bpr0, 1sqq be

measurable and measure-preserving, that is |φ´1pAq| “ |A| for all A P Br0, 1s. Then the Koopman

operator of φ, denoted Tφ : Lp Ñ Lp and defined by

Tφpfq “ f ˝ φ

is a distributional embedding.

Each Rp
α space has a basis given by a 3-valued symmetric martingale difference sequence. In

the following definition we recall the notions of a symmetric random variable and of a martingale

difference sequence.

Definition 2.4.5.

(a) A random variable f in a space Lppµq is called symmetric if for all A P BpRq we have

µ
´

rf P As

¯

“ µ
´

r´f P As

¯

.

(b) A sequence pfnq8
n“1 in a space Lppµq is called a martingale difference sequence if, for all n ě 2,

Epfn|f1, . . . , fn´1q “ 0.

Example 2.4.6. The standard Haar system pχr0,1sq Y phIqIPD is a martingale difference sequence

with the lexicographic order of D. Each function hI is symmetric.

Remark 2.4.7. Let pfnq8
n“1 be a martingale difference sequence in a space Lppµq. When all the

terms of pfnq8
n“1 are non-zero, by the non-expansiveness of the conditional expectation operator,

pfnq8
n“1 is a monotone Schauder basic sequence. Moreover, by the Burkholder inequality ([5,

Theorem 9]), it is unconditional.
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Chapter 3

Basic concepts

In this chapter, we recall key notions from the theory of operator factorizations, we then outline

the framework of orthogonally complemented subspaces of Lp, and we conclude with the notion of

an orthogonal factor.

3.1 Factorization of operators

In this section, we recall the notions of a factor and a projectional factor of an operator, note

their distinction, and prepare for the discussion of orthogonal factors in the last subsection. We

also recall the factorization property for Banach spaces with a Schauder basis and the primary

factorization property for a Banach space.

We begin with the concepts of a factor and a projectional factor of an operator.

Definition 3.1.1. Let X be a Banach space, T, S : X Ñ X be bounded linear operators, and

K ą 0.

(a) We call T a K-factor of S if there exist bounded linear operators A,B : X Ñ X such that

S “ ATB and }A}}B} ď K.

When we do not need to be specific about the constant K, then we call T a factor of S.

(b) We call T a K-projectional factor of S is there exist bounded linear operators A,B : X Ñ X

such that

S “ ATB, }A}}B} ď K, and AB “ id : X Ñ X.

When we do not need to be specific about the constant K, then we call T a projectional

factor of S.

Remark 3.1.2. An operator T : X Ñ X is a factor of the identity operator id : X Ñ X if and

only if there exist projections P : X Ñ Y and Q : X Ñ Z, with images isomorphic to X, such

that QT |Y : Y Ñ Z is an isomorphism. By contrast, T is a projectional factor of the identity
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operator precisely when there exists a projection P : X Ñ Y , with image isomorphic to X, such

that PT |Y “ id : Y Ñ Y . More generally, if T is a projectional factor of S, then there exists a

decomposition X “ Y ‘Z such that X » Y and the 2 ˆ 2 matrix representation of T with respect

to this decomposition contains a matrix similar to S in the upper left entry. Thus, S may be viewed

as a “simpler” operator than T , with T effectively “reduced” to S. Projectional factorizations enjoy

stronger properties and are employed in stepwise reductions that lead to clean factorization results

often related to decompositions of Banach spaces (see, e.g., [17, 18]).

In this work we impose additional structure, further tightening the notion of a projectional fac-

tor: the decomposition X “ Y ‘Z must be orthogonal, and the spaces X and Y are distributionally

isomorphic. These notions are well defined for subspaces of Lp-spaces. This refinement grants addi-

tional properties to the factorization, notably the automatic continuity of certain operators. One of

our main results is that every bounded linear operator on a limit space Rp,0
α “orthogonally reduces”

to a scalar FDD-diagonal operator. The necessary, though elementary, theory to define orthogonal

factorizations is developed in Section 3.2.

To recall the notion of the factorization property, we first review the concept of the large

diagonal of an operator defined on a Banach space with a basis. In Chapters 4 and 6 we show that

the Rosenthal Xp,w space and the Bourgain-Rosenthal-Schechtman Rp,0
ω space with their respective

natural bases have the factorization property. Additionally, in Chapter 10 we prove that the

standard bases of the limit Rp,0
α spaces have the factorization property.

Notation 3.1.3. Let X be a Banach space with a basis penq8
n“1 and let T : X Ñ X be a bounded

linear operator. Denote by DpT q the set of the diagonal elements of T with respect to the basis

penq8
n“1, that is

DpT q “ te˚
npTenq : n P Nu.

Additionally, denote by ApDpT qq the collection of all averages of finitely many elements of DpT q.

Definition 3.1.4. Let X be a Banach space with a basis penq8
n“1. We say that the basis penq8

n“1

has the factorization property if every bounded linear operator T : X Ñ X with large diagonal with

respect to the basis penq8
n“1, that is for some δ ą 0, we have inft|d| : d P DpT qu ě δ, is a factor of

the identity operator id on X.

The preceding definition depends on the basis of the Banach space. In contrast, the following

definition of the primary factorization property is basis-free.

In Chapter 6, we prove that the Rosenthal Xp,w spaces and the Bourgain-Rosenthal-Schechtman

Rp,0
ω space have the primary factorization property.

Definition 3.1.5. Let X be a Banach space. We say that the space X has the primary factorization

property if for every bounded linear operator T : X Ñ X we have that T or id ´ T is a factor of

the identity operator id on X.

14



Remark 3.1.6.

(a) In [16, Remark 2.4, page 17], the authors provide an example of a Banach space, namely the

James space, that admits a Schauder basis but does not satisfy the factorization property.

(b) There is an example of a Banach space that does not satisfy the primary factorization property.

Indeed, let 1 ă p ‰ q ă 8, and set

X “ ℓp ‘ ℓq,

where P denotes the natural projection onto ℓp. If P were a factor of the identity, then ℓq

would embed isomorphically into ℓp, which is absurd. An analogous argument applies to the

projection id´ P onto ℓq. Hence, X does not satisfy the primary factorization property.

(c) The factorization property and the primary factorization property are related and rely on

similar techniques, but they are not equivalent. For instance, the standard basis of ℓp ‘ ℓ2,

for 1 ă p ‰ 2 ă 8, satisfies the factorization property (as a strategically reproducible basis),

but fails the primary factorization property (see (b)).

3.2 Orthogonally complemented spaces

A subspace of a space Lppµq is called orthogonally complemented if it is the image of a bounded

linear projection stemming from an orthogonal projection on L2pµq. To our knowledge, this con-

cept was initially presented in [2] for p ą 2, but it will be used extensively to create the suitable

framework for examining the factorization properties of operators on the Rosenthal space, Xp, and

the limit Bourgain-Rosenthal-Schechtman spaces, Rp
α. We introduce the notion of an orthogonally

complemented space and we construct and study the formal adjoint operator of a distributional em-

bedding that allows us to show that orthogonal complementability is preserved under distributional

isomorphisms.

In the following definition we give a name to the orthogonal projections on a space L2pµq

bounded with respect to the } ¨ }p-norm, and next, we introduce the notion of an orthogonally

complemented subspace of Lppµq.

Recall that 1 ă p ă 8, and let q denote the conjugate exponent of p.

Definition 3.2.1. Consider the space Lppµq and let C ě 1.

(a) An orthogonal projection P : L2pµq Ñ L2pµq is called p-C-bounded if, for every f P L2pµq X

Lppµq, }Pf}p ď C}f}p.

(b) A subspace X of Lppµq is called C-orthogonally complemented if there exists a p-C-bounded

orthogonal projection P : L2pµq Ñ L2pµq such that

X “ P pL2pµq X Lppµqq
}¨}p

.
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Notation 3.2.2. Consider the space Lppµq, C ě 1, let P : L2pµq Ñ L2pµq be a p-C-bounded

orthogonal projection, and denote X “ P pL2pµq X Lppµqq
}¨}p

.

(a) By the density of L2pµq X Lppµq in Lppµq, there exists a unique bounded linear projection

PX : Lppµq Ñ Lppµq

such that PX |L2pµqXLppµq “ P |L2pµqXLppµq. Furthermore, PXpLppµqq “ X and }PX} ď C.

(b) The self-adjointness of P implies that it is q-C-bounded. We denote

X 1 “ P pL2pµq X Lqpµqq
}¨}q

and PX 1 : Lqpµq Ñ Lqpµq the projection onto X 1 stemming from P .

Remark 3.2.3. In the context of the above notation, the following hold.

(a) The projection PX 1 : Lqpµq Ñ Lqpµq is the Banach space adjoint of PX : Lppµq Ñ Lppµq.

Consequently, the space X 1 is C-isomorphic to X˚.

(b) Because the intersection XXX 1 contains P pL8pµqq, it is dense in both X and X 1 with respect

to the norms } ¨ }p and } ¨ }q, respectively.

For every α ă ω1, the space Rp
α admits a basis consisting of a symmetric martingale difference

sequence taking values in t´1, 0, 1u, with all terms nonzero. This naturally leads to the following

topic.

Our next goal is to show that the formula of the projection onto an orthogonally complemented

t´1, 0, 1u-valued symmetric martingale difference sequence with non-zero terms in a space Lppµq

admits an explicit expression in terms of the martingale difference sequence itself, that is Proposition

3.2.5. The following remark will be used in the proof of the aforementioned proposition.

Remark 3.2.4. Let f be a 3-valued symmetric random variable in a space Lppµq. Then }f}p}f}q “

}f}22 (see [24, page 280]).

Proposition 3.2.5. Let pfnq8
n“1 be a t´1, 0, 1u-valued symmetric martingale difference sequence

with non-zero terms in a space Lppµq and assume that X “ rpfnq8
n“1s is C-orthogonally comple-

mented. Then

(a) x}fm}´1
q fm, }fn}´1

p fny “ δm,n for all m,n P N,

(b) the biorthogonal sequence associated with p}fn}´1
p fnq8

n“1 is equivalent to p}fn}´1
q fnq8

n“1, and

(c) the projection PX has the explicit formula

PXf “

8
ÿ

n“1

}fn}´1
q xfn, fy}fn}´1

p fn,

where the above series convergences with respect to } ¨ }p, and X 1 “ rpfnq8
n“1s in Lqpµq.
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Proof. Remark 3.2.4 yields x}fn}´1
q fn, }fn}´1

p fny “ 1 for all n P N, and since pfnq8
n“1 is a martingale

difference sequence from basic properties of the conditional expectation we have xfm, fny “ 0 for

all m ‰ n P N, which proves paq. Remark 2.4.7 implies that the sequence pfnq8
n“1 is a monotone

basis of X. Denote by pϕnqnPN the biorthogonal sequence associated with p}fn}´1
p fnq8

n“1 in X˚,

and denote by pSnq8
n“1 the natural projections associated with the basis p}fn}´1

p fnq8
n“1. We prove

that pϕnqnPN is equivalent to p}fn}´1
q fnq8

n“1. Since PX is derived from an orthogonal projection we

obtain that P ˚
Xpfnq “ fn for all n P N. Let a1, ..., an P R. We observe that

›

›

›

n
ÿ

k“1

akfk

›

›

›

q
“

›

›

›
P ˚
X

´

n
ÿ

k“1

akfk

¯
›

›

›

q
“

´

n
ÿ

k“1

akfk

¯´

PXg
¯

for some g P Lp with }g} ď 1. Note
´

řn
k“1 akfk

¯´

PXg
¯

“

´

řn
k“1 akϕk

¯´

PXg
¯

. Thus,
›

›

›

řn
k“1 akfk

›

›

›

q
ď

C
›

›

›

řn
k“1 akϕk

›

›

›
. Now, we have

›

›

›

n
ÿ

k“1

akϕk

›

›

›
“

´

n
ÿ

k“1

akϕk

¯

pgq

for some g P X with }g} ď 1, and observe that
´

řn
k“1 akϕk

¯

pgq “

´

řn
k“1 akfk

¯

pgq. Thus,
›

›

›

řn
k“1 akϕk

›

›

›
ď

›

›

›

řn
k“1 akfk

›

›

›

q
, which proves pbq. Now, we prove the boundedness of Q : Lp Ñ Lp

defined by

Qf “

8
ÿ

n“1

}fn}´1
q xfn, fy}fn}´1

p fn,

which in combination with

Q|L2pµq X Lppµq “ PX |L2pµq X Lppµq,

and the fact that PX is derived from an orthogonal projection, we obtain pcq. Next we establish

the boundedness of Q. Let f P Lp with }f} ď 1. Since the basis pfnq8
n“1 is boundedly-complete it

suffices to show that for all n P N,
›

›

řn
k“1 }fk}´1

q xfk, fy}fk}´1
p fk} ď C. Indeed, for n P N, we have

›

›

›

n
ÿ

k“1

}fk}´1
q xfk, fy}fk}´1

p fk

›

›

›
“ g

´

n
ÿ

k“1

}fk}´1
q xfk, fy}fk}´1

p fk

¯

,

for some g P X˚ with }g} ď 1, and observe that

´

n
ÿ

k“1

xg, }fk}´1
p fy}fk}´1

q fk

¯

pfq ď

›

›

›

´

n
ÿ

k“1

xg, }fk}´1
p fy}fk}´1

q fk

¯›

›

›
.
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From part (b) and the monotonicity of the basis pfnq8
n“1 we obtain that

›

›

›

´

n
ÿ

k“1

xg, }fk}´1
p fy}fk}´1

q fk

¯›

›

›
ď C

›

›

›

´

n
ÿ

k“1

xg, }fk}´1
p fyϕk

¯›

›

›
“ C

›

›

›
S˚
k pgq

›

›

›
ď C,

which proves
›

›

řn
k“1 }fk}´1

q xfk, fy}fk}´1
p fk} ď C.

We next construct the formal adjoint operator of a distributional embedding.

Notation 3.2.6. Consider the spaces Lppµq, Lppνq, a C-orthogonally complemented subspace X

of Lppµq, and a distributional embedding T : X Ñ Lppνq. We construct the formal adjoint of T ,

T : : Lppνq Ñ X,

as follows. Initially, we extend T |XXX 1 to a distributional embedding T : X 1 Ñ Lqpνq (see the

comment below Definition 2.4.3), which by slightly abusing notation, we also denote T . We then

identify Lqpνq˚ with Lppνq and X˚ with X 1 and let T : be the Banach-space adjoint of T : X 1 Ñ

Lqpνq. Because the identification X 1 » X˚ is not isometric, }T :} ď C.

Remark 3.2.7. By beginning with the operator T : X 1 Ñ Lqpνq, we analogously construct its

formal adjoint T : : Lqpνq Ñ X 1. By definition, for all f P Lppνq, g P X 1, u P X, v P Lqpνq,

considering the operators T and T : with appropriate domains,

xg, T :fy “ xTg, fy and xu, T :vy “ xTu, vy.

In particular, the two distinct versions of T : coincide on Lppνq X Lqpνq, and thus

T :pLppνq X Lqpνqq Ă X XX 1.

In the following proposition we prove that C-orthogonal complementability is preserved under

distributional isomorphisms.

Proposition 3.2.8. Consider the spaces Lppµq and Lppνq. Let X be a C-orthogonally com-

plemented subspace of Lppµq and T : X Ñ Lppνq be a distributional embedding. Denoting

T : : Lppνq Ñ X its formal adjoint, the following hold.

(a) T :T “ id : X Ñ X

(b) TT : : Lppνq Ñ Lppνq is a linear projection of norm at most C onto T pXq witnessing the

C-orthogonal complementation of T pXq in Lppνq.

Proof. The first statement is shown as follows: for f P X, g P X 1, we have that xg, fy “ xTg, Tfy

since pg, fq and pTg, Tfq have the same joint distribution. Hence, xg, fy “ xg, T :Tfy, and thus,

T :T “ id : X Ñ X. This yields that TT : is a projection onto T pXq. It remains to show that

TT :|L2pνqXLppνq has norm one with respect to } ¨ }2, because in Hilbert spaces norm-one projections
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are automatically orthogonal (see, e.g., [6, Chapter 3 §III, Proposition 3.3]). For f P L2pνqXLppνq “

Lqpνq X Lppνq, we have T :f P X XX 1 Ă L2pµq, and therefore,

}TT :f}22 “ }T :f}22 “ xT :f, T :fy “ xf, TT :fy ď }f}2}TT :f}2.

We deduce }TT :f}2 ď }f}2.

From Proposition 3.2.5 (c) and Proposition 3.2.8 (b) we obtain a formula for the formal adjoint of

a distributional embedding that acts on an orthogonally complemented t´1, 0, 1u-valued symmetric

martingale difference sequence. This formula will be used in the orthogonal reductions of operators

on the limit Rp,0
α spaces.

Corollary 3.2.9. Let pfnq8
n“1 be a t´1, 0, 1u-valued symmetric martingale difference sequence with

non-zero terms in a space Lppµq and assume that X “ rpfnq8
n“1s is C-orthogonally complemented.

Let T : X Ñ Lppνq be a distributional embedding into some space Lppνq and, for n P N, denote

bn “ Tfn. Then, for all f P X and g P Lppνq,

Tf “

8
ÿ

n“1

}fn}´1
q xfn, fy}fn}´1

p bn and T :g “

8
ÿ

n“1

}fn}´1
q xbn, gy}fn}´1

p fn.

We next note that the formal adjoint acts as an anti-automorphism.

Remark 3.2.10. If X is C-orthogonally complemented in Lppµq and T : X Ñ Lppνq, S : T rXs Ñ

Lppξq are distributional embeddings, we have pST q: “ T :S:.

3.3 Orthogonal factors

With the necessary theory in place, we give the definition of approximate orthogonal factors of

operators that is used in our main theorems. The key term of orthogonal factors of operators is

primarily modeled on projectional factors from [17].

Definition 3.3.1. Let X, Y be subspaces of some spaces Lppµq and Lppνq, respectively, and

assume that Y is a C-orthogonally complemented. Let R : X Ñ X and S : Y Ñ Y be bounded

linear operators. For ϵ ą 0, we say that R is an orthogonal factor of S with error ϵ if there exists

a distributional embedding T : Y Ñ Lppµq with T pY q Ă X such that

}T :RT ´ S} ď ϵ.

If the above holds for ϵ “ 0, then we call R an orthogonal factor of S.

The following remark highlights the relation between orthogonal factors and projectional factors.

In Definition 3.1.1 (b), we introduced the notion of a projectional factor, which is a special case of

the more general concept of a projectional factor with error ε ą 0. Let K ą 0, and let T, S : X Ñ X
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be bounded linear operators on a Banach space X. We say that T is a K-projectional factor of S

with error ϵ ą 0 if there exist bounded linear operators A,B : X Ñ X such that }ATB ´ S} ă ϵ

and AB “ id : X Ñ X and }A}}B} ď K.

Remark 3.3.2. Let C ě 1 and ϵ ą 0. Let X be a C-orthogonally complemented subspace of a

space Lppµq. Moreover, let T, S : X Ñ X be bounded linear operators. If T is an orthogonal factor

of S with error ϵ ą 0, then T is a C-projectional factor of S with error ϵ ą 0. Note that C is the

orthogonal complementation constant of X.

When R is an orthogonal factor of S, this should be understood as a reduction of R to S, which

in applications is typically the simpler operator. In the following proposition we prove that being

an approximate orthogonal factor is a transitive property. This follows from Remark 3.2.10.

Proposition 3.3.3. Let X, Y , and Z be subspaces of some Lp-spaces, and assume that Y and

Z are C and D-orthogonally complemented. Let R : X Ñ X, S : Y Ñ Y , and U : Z Ñ Z be

bounded linear operators, and assume that R is an orthogonal factor of S with error ϵ and S is an

orthogonal factor of U with error δ. Then R is an orthogonal factor of U with error Dϵ` δ.

Proof. From the assumptions we have

}T :
1RT1 ´ S} ď ϵ (3.1)

and

}T :
2ST2 ´ U} ď δ, (3.2)

where T1 : Y Ñ X and T2 : Z Ñ Y are distributional embeddings. Denote T “ T1T2. From Remark

3.2.10 , (3.1) and (3.2) we obtain that

}T :RT ´ U} ď }T :
2T

:
1RT1T2 ´ T :

2ST2} ` }T :
2ST2 ´ U}

ď }T :
2 }}T :

1RT1 ´ S} ` }T :
2ST2 ´ U}

ď Dϵ` δ

Therefore, R is an orthogonal factor of U with error Dϵ` δ.

Remark 3.3.4. By Proposition 3.2.8 (a), being an orthogonal factor showcases symmetry around

the identity operator, which means the following: Let X, Y be subspaces of some Lp-spaces, and

assume that Y is C-orthogonally complemented. Let R : X Ñ X and S : Y Ñ Y be bounded linear

operators. If R is an orthogonal factor of S with error ϵ, then id ´ R : X Ñ X is an orthogonal

factor of id´ S : Y Ñ Y with the same error ϵ.

We state a general result on the factorization property of orthogonally complemented symmetric

three-valued martingale difference sequences, formulated so as to apply in our context. In view of
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Theorems 6.2.6 and 10.2.1, it yields the factorization property of the standard basis of the limit

spaces Rp,0
α , that is, Theorems 6.2.7 and 10.2.3.

Proposition 3.3.5. Let X “ rpfnq8
n“1s ď Lppµq, where pfnq8

n“1 is a t´1, 0, 1u-valued symmetric

martingale difference sequence and let C ě 1. Assume that

(a) X is C-orthogonally complemented, and

(b) for every η ą 0 and bounded linear operator T : X Ñ X, there exists a diagonal operator

R : X Ñ X with diagonal entries in ApDpT qq such that T is an orthogonal factor of R with

error η.

Then, for every 0 ă ϵ ă 1, every operator T with δ-large diagonal, i.e.,

inf
nPN

ˇ

ˇ

ˇ
}fn}

´2
2 xfn, T fny

ˇ

ˇ

ˇ
ě δ,

is a Cpp˚ ´ 1qp1 ´ ϵq´1δ´1-factor of the identity. In particular, the basis pfnq8
n“1 of X has the

factorization property.

Proof. Define the multiplication operator M : X Ñ X given by

fn ÞÑ

´

}fn}
´2
2 xfn, Tfny

¯´1
fn, n P N.

Because every martigale difference sequence in Lp is pp˚ ´ 1q-unconditional, }M} ď pp˚ ´ 1qδ´1

and observe that the diagonal entries of TM are all equal to one. From the assumptions, we have

that there exists a diagonal operator R : X Ñ X with diagonal entries one, i.e. R “ id, such

that TM is an orthogonal factor of id with error ϵ. Thus, there exists a distributional embedding

J : X Ñ Lppµq, with JpXq Ă X, such that

}J:TMJ ´ id} ă ϵ.

Thus, the operator J:TMJ is invertible with
›

›

›

´

J:TMJ
¯´1›

›

›
ď p1 ´ ϵq´1. Now, letting

L “

´

J:TMJ
¯´1

J: and R1 “ MJ

we have LTR1 “ id and

}L} ¨ }R1} ď
Cpp˚ ´ 1q

p1 ´ ϵqδ
.

We state a general result on the primary factorization property of orthogonally complemented

spaces. In view of Theorem 6.3.5, it implies that Rp,0
ω has the primary factorization property, that

is, Theorem 6.3.6.

21



Proposition 3.3.6. Let C ě 1 and let X be a C-orthogonally complemented subspace of Lppµq.

Assume that for every η ą 0 and operator T : X Ñ X, there exists a scalar λ such that T is an

orthogonal factor of λ ¨ id with error η. Then, for every 0 ă ϵ ă 1, either T or id´T is a 2C
1´ϵ -factor

of the identity. In particular, X has the primary factorization property.

Proof. Let 0 ă ϵ ă 1. From the assumptions, we have that there exists a scalar λ such that T is an

orthogonal factor of λ ¨ id : X Ñ X with error ϵ{2. Thus, there exists a distributional embedding

J : X Ñ Lppµq with JpXq Ă X such that

}J:TJ ´ λ ¨ id} ă ϵ{2.

If |λ| ě 1{2, then

}λ´1J:TJ ´ id} ă ϵ.

Hence, the operator λ´1J:TJ is invertible with
›

›

›

´

λ´1J:TJ
¯´1›

›

›
ď p1 ´ ϵq´1. If

L “ pλ´1J:TJq´1λ´1J: and R “ J

then LTR “ id and

}L}}R} ď
2C

1 ´ ϵ

Now, if |λ| ă 1{2, then from Remark 3.3.4 we have

}J:pid´ T qJ ´ p1 ´ λq ¨ id} ă ϵ{2.

Hence, we achieve the same conclusion for id´ T instead of T .
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Chapter 4

Factorizing in the Rosenthal Xp,w

spaces

In this chapter, the main goal is to show that the Rosenthal Xp,w spaces with their natural bases

have the factorization property. We recall the definition of the Xp,w spaces and some of their

properties that will be used in the main theorem of this chapter. Next, we recall the notion of a

strategically reproducible basis, which characterizes the factorization property of a basis, and we

conclude by proving that the Rosenthal Xp,w spaces have the factorization property.

4.1 Definition of the Xp,w spaces

In this section, we recall the definition of the Xp,w spaces and we present some of their basic

properties. Moreover, we show that the Rosenthal Xp,w space is isomorphic to an orthogonally

complemented subspace of Lp.

Definition 4.1.1. Let 2 ă p ă 8 and w “ pwnq8
n“1 be a sequence of positive real numbers. Define

Xp,w “ tpxnq8
n“1 P RN : pxnq8

n“1 P ℓp and pxnwnq8
n“1 P ℓ2u.

The space Xp,w equipped with the norm

}pxnq8
n“1}Xp,w “ maxt}pxnq8

n“1}p, }pxnwnq8
n“1}2u,

admits the sequence penq8
n“1 as an unconditional basis. Recall that the n-th coordinate of penq8

n“1

is 1 and all other coordinates are 0.

In the following definition, we assign a name to sequences w that vanish at a slow rate.

Definition 4.1.2. Let 2 ă p ă 8 and w “ pwnq8
n“1 be a sequence of positive real numbers. We
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say that w satisfies the p˚q property if

wn Ñ 0 and
8
ÿ

n“1

w2p{pp´2q
n “ 8.

We focus on such sequences throughout this chapter. The following result implies that all Xp,w

spaces, with w as specified above, have the same linear and topological structure. This can be

found in [24, Theorem 13].

Theorem 4.1.3. Let 2 ă p ă 8 and w,w1 be sequences of positive reals satisfying the p˚q property.

Then Xp,w is isomorphic to Xp,w1 .

Based on the above theorem we recall the following definition.

Definition 4.1.4. Let 2 ă p ă 8. The Rosenthal Xp space is an Xp,w space, where w satisfies the

p˚q property.

It is proved in [24, Corollary, page 282] that for 2 ă p ă 8, the Rosenthal Xp space is isomorphic

to a complemented subspace of Lp. Additionally, we have the following.

Theorem 4.1.5. Let 2 ă p ă 8. The Rosenthal Xp space is isomorphic to a 7.35pp{ logppqq-

orthogonally complemented subspace of Lp.

This is not stated in [24], but it can be easily deduced as follows: The Rosenthal Xp space is

isomorphic to the closed linear span of a 3-valued symmetric independent sequence pfnq8
n“1 in Lp

and this closed linear span is 7.35pp{ logppqq-orthogonally complemented subspace of Lp because

the restriction of the orthogonal projection P : L2 Ñ L2, defined by

P pfq “

8
ÿ

n“1

}fn}
´2
2 xfn, fyfn,

to Lp is a projection onto the closed linear span of pfnq8
n“1 in Lp of norm at most Kp ([24, Theorem

4]). The constant Kp is at most 7.35pp{ logppqq from [9, Theorem 4.1].

The following can be found in [24, Lemma 7]. This will be used in the main theorem of this

chapter, that is Theorem 4.3.1.

Lemma 4.1.6. Let 2 ă p ă 8 and w be a sequence of positive reals satisfying the p˚q property.

Let pEjq
8
j“1 be a sequence of disjoint finite subsets of the positive integers. For each j, put

fj “
ÿ

nPEj

w2{pp´2q
n en,

βj “

¨

˝

ÿ

nPEj

w2p{pp´2q
n

˛

‚

pp´2q{2p
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and

f̃j “ }fj}
´1
p fj .

Let Y denote the closed linear span of pf̃jq
8
j“1 in Xp,w. Then pf̃jq

8
n“1 is an unconditional basis of

Y , isometrically equivalent to the natural basis of Xp,pβjq and Y is a 1-complemented subspace of

Xp,w with projection defined by

P pxq “

8
ÿ

j“1

}fj}p}fj}
´2
2 xfj , xyf̃j .

4.2 Strategically reproducible bases

In this section, we recall the notion of a strategically reproducible basis, which will be used to

deduce the factorization property for a basis of a Banach space.

The following two definitions are from [16]. See Remark 4.2.3 below for an intuitive explanation

of them.

Definition 4.2.1. Let pxnq8
n“1 and pynq8

n“1 be basic sequences in (possibly different) Banach spaces

and C ě 1. We say that pxnq8
n“1 and pynq8

n“1 are impartially C-equivalent if for any finite choice

of scalars panq8
n“1 P c00 we have

1
?
C

}

8
ÿ

n“1

anyn} ď }

8
ÿ

n“1

anxn} ď
?
C}

8
ÿ

n“1

anyn}.

Definition 4.2.2. Assume that X is a Banach space with a basis penq8
n“1 which is unconditional

and shrinking. Let pe˚
nq8

n“1 Ă X˚ be the biorthogonal sequence associated with the basis penq8
n“1.

We say that penq8
n“1 is strategically reproducible if the following condition is satisfied for some

C ě 1:

@n1 P N Db1 P xen : n ě n1y, Db˚
1 P xe˚

n : n ě n1y

@n2 P N Db2 P xen : n ě n2y, Db˚
2 P xe˚

n : n ě n2y

@n3 P N Db3 P xen : n ě n3y, Db˚
3 P xe˚

n : n ě n3y

...

such that

(a) pbkq8
k“1 is impartially C-equivalent to pekq8

k“1,

(b) pb˚
kq8

k“1 is impartially C-equivalent to pe˚
kq8

k“1, and

(c) b˚
kpblq “ δk,l @k, l P N.
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Remark 4.2.3. The condition in Definition 4.2.2 can be interpreted as player (II) having a winning

strategy in a two-player game:

We fix C ě 1. Player (I) chooses n1 P N, then player (II) chooses

b1 P xen : n ě n1y and b˚
1 P xe˚

n : n ě n1y.

They repeat the moves infinitely many times, obtaining, for every k P N, numbers nk, and vectors

bk and b˚
k. Player (II) wins if they were able to choose the sequences pbkq8

k“1 in X and pb˚
kq8

k“1 in

X˚ such that (a), (b) and (c) are satisfied. Thus, the basis penq8
n“1 is strategically reproducible if

and only if for some C ě 1 player (II) has a winning strategy.

The following theorem will be used inside the proof of the main theorem of the following section,

Theorem 4.3.1, and it can be found in [16, Theorem 3.12].

Theorem 4.2.4. Let X be a Banach space with an unconditional and shrinking basis penq8
n“1. If

the basis penq8
n“1 is strategically reproducible, then the basis has the factorization property.

4.3 The factorization property of the basis of the Xp,w space

In this section, we prove the main theorem of this chapter, that is the natural basis of Xp,w has

the factorization property.

Theorem 4.3.1. Let 2 ă p ă 8. For every w satisfying the p˚q property, the basis penq8
n“1 of the

Xp,w space has the factorization property.

Proof. From Theorem 4.2.4 it is enough to show that the basis penq8
n“1 of the Xp,w space is strate-

gically reproducible for some C ě 1. In the two-player game of Remark 4.2.3 we assume the role

of player (II).

Let ϵ ą 0 and let C “ 1 ` ϵ. In each round, after player (I) chooses nk P N, we choose a finite

subset Ek of the positive integers such that minpEkq ą nk, maxpEk´1q ă minpEkq, where E0 “ H,

and such that putting

βk “

˜

ÿ

nPEk

w2p{pp´2q
n

¸pp´2q{2p

we have

wk ď βk ď
?

1 ` ϵwk.

Now, put

bk “
ÿ

nPEk

w2{pp´2q
n en,
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b̃k “ }bk}´1
p bk

and

b˚
k “

ÿ

nPEk

}bn}p}bn}
´2
2 w2{pp´2q

n e˚
n.

We show that this choice satisfies Definition 4.2.2. We observe that b̃k P xen : n ě nky and

b˚
k P xe˚

n : n ě nky. Moreover, put β “ pβkq8
k“1. From Lemma 4.1.6 we have that pb̃kq8

k“1 is

isometrically equivalent to the usual basis of the Xp,β space. Now, we will show that the usual

basis of Xp,β is impartially p1 ` ϵq-equivalent to the usual basis for Xp,w.

Indeed, let a1, ..., an P R. We have

}

n
ÿ

k“1

akek}Xp,β
“ maxt}

n
ÿ

k“1

akek}p, }
n
ÿ

k“1

akβkek}2u

and

}

n
ÿ

k“1

akek}Xp,w “ maxt}

n
ÿ

k“1

akek}p, }
n
ÿ

k“1

akwkek}2u.

Since for every k P N, wk ď βk ď
?

1 ` ϵwk, we obtain

}

n
ÿ

k“1

akβkek}2 ď
?

1 ` ϵ}
n
ÿ

k“1

akwkek}2

and

}

n
ÿ

k“1

akwkek}2 ď }

n
ÿ

k“1

akβkek}2.

Hence,

}

n
ÿ

k“1

akek}Xp,w ď }

n
ÿ

k“1

akek}Xp,β
ď

?
1 ` ϵ}

n
ÿ

k“1

akek}Xp,w .

Thus, pb̃kq8
k“1 is impartially p1 ` ϵq-equivalent to the usual basis for Xp,w. Let Y be the closed

linear span of the sequence pb̃kq8
k“1 in Xp,w. From Lemma 4.1.6 we know that Y is 1-complemented

subspace of Xp,w with

P pxq “

8
ÿ

k“1

}bk}p}bk}
´2
2 xbk, xyb̃k

as the norm-1 projection onto Y . Since pb̃kq8
k“1 is impartially p1 ` ϵq-equivalent to the usual basis
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for Xp,w, there exists an isomorphism T : Y Ñ Xp,w with T pb̃kq “ ek and }T } ď
?

1 ` ϵ. We

observe that b˚
k “ e˚

kTP and b˚
kpb̃lq “ δk,l. Now, it remains to prove that pb˚

kq8
k“1 is impartially

p1 ` ϵq-equivalent to pe˚
kq8

k“1.

Indeed, let a1, ..., an P R. We observe that

}

n
ÿ

k“1

akb
˚
k} “ }

n
ÿ

k“1

ake
˚
kTP } “ }pTP q˚

˜

n
ÿ

k“1

ake
˚
k

¸

} ď
?

1 ` ϵ}
n
ÿ

k“1

ake
˚
k}.

For the other inequality, we have

}

n
ÿ

k“1

ake
˚
k} “

˜

n
ÿ

k“1

ake
˚
k

¸

pxq,

where x belongs to the unit sphere of Xp,w and x “
ř8

k“1 λkek. We have

}

n
ÿ

k“1

ake
˚
k} “

n
ÿ

k“1

akλk “

˜

n
ÿ

k“1

akb
˚
k

¸˜

n
ÿ

k“1

λk b̃k

¸

ď
?

1 ` ϵ}
n
ÿ

k“1

akb
˚
k}.

It is easy to see that a reflexive Banach space with a basis penq has the factorization property if

and only if the dual space X˚ with the biorthogonal sequence pe˚
nq has the factorization property.

For 1 ă q ă 2, Rosenthal (see [24, page 280]) defines Xq,w to be the dual space X˚
p,w of Xp,w.

Therefore, we have the following.

Theorem 4.3.2. For 1 ă q ă 2 and w satisfying the p˚q property with respect to p, the Rosenthal

Xq,w space with the biorthogonal sequence associated with the natural basis of the Xp,w space has

the factorization property.

From the paragraph below Theorem 4.1.5, it follows that, for 1 ă q ă 2, the Rosenthal Xq,w

space is isomorphic to the closed linear span in Lq of an independent sequence of 3-valued symmetric

random variables pfnq8
n“1.
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Chapter 5

The Bourgain-Rosenthal-Schechtman

R
p
α spaces

In this chapter, we recall the original definition of the Bourgain-Rosenthal-Schechtman spaces Rp
α

and we observe that they are orthogonally complemented spaces, giving explicitly the steps even

though it was established implicitly in [4]. Next, we introduce an equivalent definition of the Rp
α

spaces as subspaces of Lpr0, 1s, providing clearer intuition and insight into this class of spaces, used

throughout the rest of the thesis. We conclude with the description of the spaces Rp,0
α , that is the

spaces of all mean zero random variable of Rp
α, and we observe that they enjoy the orthogonal

complementation.

5.1 The Rp
α spaces

In this section, we recall the original definition of the Bourgain-Rosenthal-Schechtman spaces Rp
α

and their orthogonal complementation from [4]. Each space Rp
α was originally defined as a subspace

of Lppt0, 1uTαq, for some countable index set Tα depending on α. While we briefly revisit this

approach here, in the next section we present an equivalent formulation in which these spaces are

realized as subspaces of Lp “ Lpr0, 1s.

In the following definition we recall the notions of the disjoint sum and the independent sum.

Definition 5.1.1.

(a) For a subspace B of LppΩ,A, µq, the disjoint sum pB ‘Bqp of B is the subspace

!

bpω, ϵq P LppΩ ˆ t0, 1uq : there exists bϵ P B with bpω, ϵq “ bϵpωq

for all ω P Ω, ϵ “ 0 or 1
)

,

of LppΩ ˆ t0, 1uq, where t0, 1u is equipped with the uniform probability measure.

(b) For every n P N, let Bn be a subspace of LppΩn,An, µnq. We define the independent sum of
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Bn as follows. For every n, let

Bn “

#

b P Lp

˜

ź

k

Ωk

¸

: there exists f P Bn with bpωq “ fpωnq for all ω P
ź

k

Ωk

+

,

in Lp p
ś

n Ωnq. The subspace Bn is a distributional copy of Bn that depends only on the n-th

coordinate. Then the independent sum of pBnq8
n“1 is defined as

´

ÿ

n

Bn

¯

Ind,p
“
“

ď

n

Bn

‰

,

in Lp p
ś

n Ωnq. Independent sums can be taken over any countable collection of spaces, as

their enumeration does not matter.

The spaces Rp
α are defined recursively on the countable ordinals. The first Bourgain-Rosenthal-

Schechtman space is the space of constant functions, while the successor and limit steps are carried

out using the disjoint and independent sums, respectively.

Definition 5.1.2. Define Rp
0 “ xχt0,1uy in Lpt0, 1u. Let α be an ordinal with 0 ă α ă ω1. Suppose

that we have defined the Rp
β space for all β ă α.

(a) If α “ β ` 1, then Rp
α “ pRp

β ‘Rp
βqp.

(b) If α is a limit ordinal, then Rp
α “ p

ř

βăαR
p
βqInd,p.

The orthogonal complementation of the Rp
α spaces is established implicitly in [4], with the steps

made explicit in [11, Theorem 4.6].

Theorem 5.1.3. Let α ă ω1. The Rp
α space is pp˚ ´ 1q2pp˚{2q3{2-orthogonally complemented.

Proof. The proof is based on technical details from [4]. We give a description that avoids some of

them, but the unfamiliar reader is invited to skip this proof. For 1 ă p ă 8, Bourgain, Rosenthal,

and Schechtman define an explicit auxiliary subspace Xp
D of Lpt0, 1uD, for some countable set D.

The specific form of D and Xp
D is not relevant to this proof, but, for context, we mention it is the

closed linear span, with respect to } ¨ }p, of a vector space X of measurable functions that is the

same for all values of p. For more details on Xp
D, the interested reader may refer to [4, Section 3].

According to [4, Theorem 3.1], Xp
D is complemented in Lpt0, 1uD. More precisely, it is stated in [4,

page 222, paragraph above equation 3.8] that the projection P0 onto Xp
D is in fact orthogonal. A

precise formula for P0 is given, and it is independent of p. The estimate }P0} ď K2
ppp{2q3{2 (where

Kp “ pp ´ 1q is the constant in Burkholder’s inequality, see, e.g. [23, Theorem 8.6]) is given in [4,

bottom of page 222] only for the case p ą 2. However, the “selfadjointness” of P0 yields that the

same estimate is true for 1 ă p ă 2 replacing p with p˚, i.e., }P0} ď pKp˚q2pp˚{2q3{2, for 1 ă p ă 8.

Fixing α ă ω1, it is shown in [4, Lemma 3.9] that there exists a distributional copy Xp
Tα

of

Rp
α in Xp

D. In [4, line 1 of proof of Lemma 3.6] it is stated that Xp
Tα

is complemented in Xp
D via

a conditional expectation operator Eα. Therefore, EαP0 is a p-C-bounded orthogonal projection
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on Lpt0, 1uD onto Xp
Tα

, for C “ pKp˚q2pp˚{2q3{2. Therefore, Rp
α is pp˚ ´ 1q2p

p˚

2 q3{2-orthogonally

complemented.

5.2 The Rp
α spaces as subspaces of Lpr0, 1s

In this section, we give an equivalent definition of the Rp
α spaces as subspaces of Lp “ Lpr0, 1s.

In this framework, disjoint sums are described in terms of compressions with disjointly supported

ranges, and independent sums in terms of images under distributional embeddings with independent

ranges.

The notion of a θ-compression is central to this work and will be used repeatedly through-

out. It is essentially the same as the classical θ-dilation associated with the Boyd indices of a

rearrangement-invariant space. However, contrary to standard convention, we adopt the term

“compression” since we restrict to values θ P p0, 1s.

Definition 5.2.1. Let 1 ă p ă 8, 0 ă θ ď 1 and X, Y be subspaces of Lp. A linear operator

T : X Ñ Y is called a θ-compression if for every f P X and A P BpRq,

|rTf P As| “ θ|rf P As| ` p1 ´ θqχAp0q,

i.e., distpTfq “ θdistpfq ` p1 ´ θqδ0.

Remark 5.2.2. Let 0 ă θ ď 1, 0 ă η ď 1, and X, Y , Z be subspaces of Lp.

(a) If T : X Ñ Y is a θ-compression and S : Y Ñ Z is an η-compression, then TS : X Ñ Z is a

θη-compression.

(b) If T : X Ñ Y is a θ-compression, then for every f P X we have

}Tf}p “ θ1{p}f}p.

(c) If T : X Ñ Y is a 1-compression, then T is a distributional embedding.

The following piece of notation will be used extensively to define and study the Bourgain-

Rosenthal-Schechtman spaces as subspace of Lp “ Lpr0, 1s.

Notation 5.2.3. Let 0 ď a ă b ď 1 and I “ ra, bq. Let TI : Lp Ñ Lp be defined by

TIpfqptq “

$

&

%

fp t´a
b´aq, a ď t ă b

0, otherwise.

Evidently, TI is a pb´ aq-compression.

Recall that set relations and operations should be interpreted in the essential sense.
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Remark 5.2.4. Let X be a subspace of Lp, 0 ă θ ď 1, and T : X Ñ Lp be a θ-compression. For

f, g P X, we have that

(a) supppgq Ă supppfq if and only if supppTgq Ă supppTfq and

(b) supppgq X supppfq “ H if and only if supppTgq X supppTfq “ H.

The first assertion arises from the linearity of T and the characterization

supppgq Ă supppfq if and only if lim
rÑ8

ˇ

ˇrrf ` g ‰ 0s
ˇ

ˇ “ |rf ‰ 0s|.

The second assertion is simpler.

Notation 5.2.5. For every limit ordinal α ă ω1, we fix, for the rest of the thesis, a collection

Tα
β : Lp Ñ Lp, 0 ď β ă α

of distributional embeddings with independent ranges; that is, for any family pfβqβăα in Lp, the

functions pTα
β fβqβăα are independent. For example, this can be achieved by fixing a collection

φα
β : pr0, 1s,Bpr0, 1sqq Ñ pr0, 1s,Bpr0, 1sqq, β ă α, of independent measure-preserving maps, and

setting Tα
β pfq “ f ˝ φα

β , as in Example 2.4.4.

Using Notation 5.2.3 and 5.2.5, the spaces Rp
α can equivalently be defined as subspaces of Lp

as follows.

Definition 5.2.6. Let Rp
0 “ xχr0,1sy, and, if α is a countable ordinal number such that, for all

0 ď β ă α, Rp
β has been defined then

(a) if α “ β ` 1 let

Rp
α “ Tr0, 1

2
qpR

p
βq ` Tr 1

2
,1qpR

p
βq,

(b) and if α is a limit ordinal let

Rp
α “

”

Tα
β pRp

βq : β ă α
ı

.

Henceforth, we will always work with this version of the Bourgain-Rosenthal-Schechtman spaces.

Remark 5.2.7. The choice of maps at each step does not matter: at successor steps one may

use any 1{2-compressions with disjointly supported ranges, and at limit steps any distributional

embeddings with independent ranges; the outcome is distributionally isomorphic.

Notation 5.2.8. Let 0 ď α ă ω1. Denote Rp,0
α “ tf P Rp

α : Epfq “ 0u.

For the purpose of this work we will mostly work with Rp,0
α instead of Rp

α, where 1 ď α ă ω1.
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Remark 5.2.9. We point out the following recursive relations satisfied by the spaces Rp,0
α .

(a) For 1 ď α ă ω1, for every n P N, by induction, we have that

Rp,0
α`n “ Ln,0

p ` xTIpRp,0
α q : I P Dny “ xhI : I P Dn´1y ` xTIpRp,0

α q : I P Dny.

(b) For a limit ordinal α,

Rp,0
α “ rTα

β pRp,0
β q : 1 ď β ă αs ”dist

´

ÿ

1ďβăα

Rβ,0
p

¯

Ind,p
.

Example 5.2.10. Let n P N.

(a) Rp,0
n “ Ln,0

p .

(b) Rp,0
ω “

”

Ť

kPN T
ω
k pRp,0

k q

ı

.

(c) Rp,0
ω`n “

”

Ln,0
p Y

Ť

IPDn TIpRp,0
ω q

ı

“

”

xhI : I P Dn´1y Y
Ť

IPDn TIpRp,0
ω q

ı

.

In the following remark we observe that the Rp,0
α space is orthogonally complemented.

Remark 5.2.11. Let α ă ω1. By Theorem 5.1.3, Rp
α, and by Proposition 3.2.8 every distributional

copy of it, is pp˚ ´ 1q2p
p˚

2 q3{2-orthogonally complemented. Let P denote the corresponding p-C-

orthogonal projection, where C “ pp˚ ´ 1q2p
p˚

2 q3{2. Since L0
p is 2-orthogonally complemented via

Qpfq “ f ´ Epfq, it follows that Rp,0
α is 2C-orthogonally complemented via QP .
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Chapter 6

Factorizing in R
p,0
ω

In this chapter, we establish the factorization and primary factorization property of Rp,0
ω . We begin

by introducing the standard martingale difference sequence basis of Rp,0
ω . We then show that every

bounded linear operator on Rp,0
ω can be orthogonally approximately reduced to a diagonal operator,

which yields the factorization property of Rp,0
ω with respect to its natural basis. We conclude by

deriving the primary factorization property of Rp,0
ω from the orthogonal reduction of every bounded

linear operator on Rp,0
ω to a scalar multiple of the identity operator on Rp,0

ω .

6.1 The basis of Rp,0
ω

In this section, we present the natural martingale difference sequence basis of Rp,0
ω . For the higher

order countable ordinals, in Chapter 7, we develop a theory around the bases of the spaces Rp,0
α

resulting in an explicit description of the martingale difference sequence bases of the Rp,0
α spaces.

We conclude by establishing the relationship between the spaces Rp,0
ω , Rp

ω and Xp.

Notation 6.1.1. From Example 5.2.10 (a) and (b) we have

Rp,0
ω “

«

ď

nPN
Tω
n pLn,0

p q

ff

.

Recall that Ln,0
p “ xhI : I P Dn´1y, for all n P N, and for every n P N and I P Dn´1 denote

hnI “ Tω
n phIq. Thus,

Rp,0
ω “ rhnI : I P Dn´1, n P Ns .

We will use the following linearly ordered set to enumerate the basis of Rp,0
ω .

Notation 6.1.2. Denote

Dω “ tpn, Iq : n P N, I P Dn´1u,
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and define the linear order on Dω as follows: pm,Jq ă pn, Iq if and only if m ă n or both m “ n

and J ă I in the lexicographic order of Dm´1. The set Dω can be visualized as disjoint copies of

the sets Dn´1, n P N. Thus,

Rp,0
ω “ rphnI qpn,IqPDω

s.

The subscript ω for the set Dω indicates the space Rp,0
ω . We now observe that the sequence

phnI qpn,IqPDω
is an unconditional basis of Rp,0

ω .

Remark 6.1.3. The sequence phnI qpn,IqPDω
described in Notation 6.1.1 is a martingale difference

sequence with respect to the linear order of Dω. This follows from the fact that phnI qIPDn´1 , n P N,

are independent and for every n P N we have that phnI qIPDn´1 is a distributional copy of the

martingale difference sequence basis phIqIPDn´1 of Ln,0
p . Therefore, phnI qpn,IqPDω

is an unconditional

basis of Rp,0
ω by the Burkholder inequality.

In the reminder of this section we focus on the relation between the spaces Rp
ω, Rp,0

ω and Xp.

The following is proved in [2] (see the penultimate paragraph of page 11 until the first seven lines

of page 12).

Proposition 6.1.4. The Bourgain-Rosenthal-Schechtman space Rp,0
ω and the Rosenthal space Xp

are isomorphic.

Note that Rp
ω is isomorphic to its hyperplanes as an infinite-dimensional complemented subspace

of Lp. In particular, Rp
ω » Rp,0

ω » Xp.

6.2 The orthogonal reduction to a diagonal operator

In this section, we approximately orthogonally reduce an arbitrary operator T on Rp,0
ω to a diagonal

operator R on Rp,0
ω , that is for every small error ϵ ą 0 we construct a distributional embedding

J : Rp,0
ω Ñ Lp with JpRp,0

ω q Ă Rp,0
ω and a diagonal operator R on Rp,0

ω such that }J:TJ ´ R} ă ϵ.

This is based on probabilistic arguments first used in [14]. This reduction in combination with

Proposition 3.3.5 yields the factorization property of the basis of Rp,0
ω .

We describe now in broad strokes the general idea of the proof of Theorem 6.2.6, that is the

orthogonal reduction to a diagonal operator. Let T : Rp,0
ω Ñ Rp,0

ω be a bounded linear operator.

Recall that

DpT q “ t|I|´1xhnI , Th
n
I y : pn, Iq P Dωu,

and ApDpT qq is the collection of all averages of finitely many elements of DpT q.

Using an induction on the linear order of Dω, for every n P N, we construct finite sets of

dyadic intervals pBn
I qIPDn´1 and blocks pbnI qIPDn´1 of the basis phnI qIPDn´1 of Tω

n pLn,0
p q in some
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Tω
Npnq

pL
Npnq,0
p q, Npnq ą n, with bnI “

ř

KPBn
I
θKh

Npnq

K , where pθKqKPBn
I

P t´1, 1uB
n
I , such that

supppbnr0,1sq “ r0, 1s

supppbnI`q “ rbnI “ 1s

supppbnI´q “ rbnI “ ´1s,

for every n P N. From this we obtain that pbnI qpn,IqPDω
is a distributional copy of phnI qpn,IqPDω

. We

construct the block sequence pbnI qpn,IqPDω
such that

|xbmJ , T b
n
I y| ă ϵm,n

J,I ,

for every pm,Jq ‰ pn, Iq P Dω, and

|xbnI , T b
n
I y ´

ÿ

KPBn
I

xh
Npnq

K , Th
Npnq

K y| ă ϵnI ,

for every pn, Iq P Dω, where ϵm,n
J,I and ϵnI are small errors. From this we obtain that T is an

approximate orthogonal factor of a diagonal operator R, that is

}J:TJ ´R} ă ϵ,

where J : Rp,0
ω Ñ Lp with JpRp,0

ω q Ă Rp,0
ω is the distributional embedding defined by JphnI q “ bnI ,

and R is the diagonal operator on Rp,0
ω defined by

RphnI q “

¨

˝|I|´1
ÿ

KPBn
I

xh
Npnq

K , Th
Npnq

K y

˛

‚hnI

and has diagonal element in ApDpT qq.

In each inductive step, the choice of the block vector bnI is performed probabilistically, and for

this purpose, we give the following notation.

Notation 6.2.1. Fix a finite collection of disjointly supported and symmetric t´1, 0, 1u-valued

measurable functions B “ phkqmk“1. Denote

Hk “ suppphkq, 1 ď k ď m, and H “ Ym
k“1Hk.

Considering the probability space Ω “ t´1, 1um equipped with the uniform probability measure,

we define the random vector bB : Ω Ñ xthk : 1 ď k ď muy given by

bBpϑq “

m
ÿ

k“1

θkhk,

where ϑ “ pθkqmk“1 P Ω. For g P Lq, f P Lp, and a linear operator T : xthk : 1 ď k ď muy Ñ Lp, we
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define the random variables YB,g,WB,f , ZB,T : Ω Ñ R given by

YB,gpϑq “ xg, bBpϑqy and WB,f pϑq “ xbBpϑq, fy,

and

ZB,T pϑq “ xbBpϑq, T bBpϑqy ´

m
ÿ

k“1

xhk, Thky.

In the above notation, the random vector bB will be used in the inductive step of the previously

described proof to choose an appropriate vector bnI . The random variables YB,g, WB,f , and ZB,T

describe the interaction of this vector with previously constructed vectors via T , and they are

employed to obtain the small errors ϵm,n
J,I and ϵnI .

With regards to this notation, we formulated the statement in a general setting in order to

derive estimates for the expectation and variance of more general random variables. We will use

specific instances of Notation 6.2.1 in Lemmas 6.2.5 and 10.1.2

In Lemma 6.2.5, the general random variables hk will be replaced by distributional copies of

the Haar functions. We now establish estimates for the variance of the above random variables.

These estimates will be used in the proof of Lemma 6.2.5.

Lemma 6.2.2. Following Notation 6.2.1, we have EpYB,gq “ 0 and

VpYB,gq ď }g}2q

´

|H| max
1ďkďm

|HK |

¯1{p
.

Proof. We have

YB,gpϑq “ xg, bBpϑqy “

m
ÿ

k“1

θkxg, hky.

We follow the common convention of denoting by θk : Ω Ñ t´1, 1u the random variable defined by

pθiq
m
i“1 ÞÑ θk. Each random variable θk : Ω Ñ t´1, 1u is of mean zero, and thus, we obtain that

EpYB,gq “

m
ÿ

k“1

Epθkqxg, hky “ 0.

Now, observe that

VpYB,gq “ EpY 2
B,gq.

We have

Y 2
B,gpϑq “

´

m
ÿ

k“1

θkxg, hky

¯´

m
ÿ

l“1

θlxg, hly
¯
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“

m
ÿ

k,l“1

θkθlxg, hkyxg, hly.

Now, taking the expectation we observe that

EpY 2
B,gq “

m
ÿ

k,l“1

Epθkθlqxg, hkyxg, hly.

From the fact that the random variables pθkqmk“1 are independent, and for every 1 ď k ď m we have

θ2k “ 1, we obtain that Epθkθlq “ 0, for all k ‰ l, and Epθ2kq “ 1. Hence,

VpYB,gq “

m
ÿ

k“1

xg, hky2.

Put ag,k “ xg, hky and we observe that |ag,k| ď }g}q|Hk|1{p. Therefore,

VpYB,gq “ xg,
m
ÿ

k“1

ag,khky ď }g}q}

m
ÿ

k“1

ag,khk}p

ď }g}q max
1ďkďm

|ag,k|}

m
ÿ

k“1

hk}p “ }g}q max
1ďkďm

|ag,k||H|1{p

ď }g}2q |H|1{p max
1ďkďm

|Hk|1{p “ }g}2q

´

|H| max
1ďkďm

|Hk|

¯1{p
.

We skip the proof of the following lemma as it is almost identical to that of Lemma 6.2.2.

Lemma 6.2.3. Following Notation 6.2.1, we have EpWB,f q “ 0 and

VpWB,f q ď }f}2p

´

|H| max
1ďkďm

|HK |

¯1{q
.

Lemma 6.2.4. Following Notation 6.2.1, we have EpZB,T q “ 0 and

VpZB,T q ď 2}T }2|H|1`1{p
´

max
1ďkďm

|Hk|

¯1{q
.

Proof. We observe that

ZB,T pϑq “

m
ÿ

k,l“1
k‰l

θkθlxhk, Thly,
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and thus,

EpZB,T q “

m
ÿ

k,l“1
k‰l

Epθkθlqxhk, Thly “ 0.

Hence, VpZB,T q “ EpZ2
B,T q. Now, we observe that

Z2
B,T pϑq “

¨

˚

˝

m
ÿ

k1,l1“1
k1‰l1

θk1θl1xhk1 , Thl1y

˛

‹

‚

¨

˚

˝

m
ÿ

k2,l2“1
k2‰l2

θk2θl2xhk2 , Thl2y

˛

‹

‚

“

m
ÿ

k1,l1“1,k2,l2“1
k1‰l1,k2‰l2

θk1θl1θk2θl2xhk1 , Thl1yxhk2 , Thl2y.

Now, taking the expectation we obtain that

EpZ2
B,T q “

m
ÿ

k1,l1“1,k2,l2“1
k1‰l1,k2‰l2

Epθk1θl1θk2θl2qxhk1 , Thl1yxhk2 , Thl2y.

We have that Epθk1θl1θk2θl2q “ 1 if and only if k1 “ k2, l1 “ l2 and k1 “ l2, k2 “ l1, otherwise,

Epθk1θl1θk2θl2q “ 0. Thus,

VpZB,T q “

m
ÿ

k,l“1
k‰l

xhk, Thlyxhl, Thky

looooooooooooomooooooooooooon

“:A

`

m
ÿ

k,l“1
k‰l

xhk, Thly
2

looooooomooooooon

“:B

.

We compute bounds for A and B separately:

A “

m
ÿ

l“1

A

hl, T
´

m
ÿ

k“1
k‰l

xhk, Thlyhk

¯E

ď }T }

m
ÿ

l“1

}hl}q

›

›

›

m
ÿ

k“1
k‰l

xhk, Thlyhk

›

›

›

p

ď }T }2
m
ÿ

l“1

}hl}q max
1ďkďm

`

}hk}q}hl}p
˘

›

›

›

m
ÿ

k“1

hk

›

›

›

p
“ }T }2

m
ÿ

l“1

|Hl|
1{q|Hl|

1{p
`

max
1ďkďm

|Hk|1{q
˘

|H|1{p

“ }T }2
´

max
1ďlďm

|Hl|

¯1{q
|H|1`1{p

and

B “

m
ÿ

k“1

A

hk, T
´

m
ÿ

l“1
l‰k

xhk, Thlyhl

¯E

ď }T }

m
ÿ

k“1

}hk}q

›

›

›

m
ÿ

l“1
l‰k

xhk, Thlyhl

›

›

›

p

ď }T }2
m
ÿ

k“1

}hk}q max
1ďlďm

`

}hk}q}hl}p
˘

›

›

›

m
ÿ

l“1

hl

›

›

›

p
“ }T }2|H|1{p

´

max
1ďlďm

|Hl|

¯1{p m
ÿ

k“1

|Hk|2{q
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ď }T }2|H|1{p
´

max
1ďlďm

|Hl|

¯1{p´

max
1ďkďm

|Hk|

¯2{q´1
|H| “ }T }2

´

max
1ďlďm

|Hl|

¯1{q
|H|1`1{p.

In the following lemma, we present a specific instance of Notation 6.2.1 that fits into the

proof of the main theorem of this section described above. Using the preceding estimates for the

expectation and variance of the aforementioned random variables, we now determine a value for a

random vector. This will be used in the inductive step of the proof of Theorem 6.2.6.

Lemma 6.2.5. Let T : Rp,0
ω Ñ Rp,0

ω be a bounded linear operator. Let pn, Iq P Dω, M,N P N with

M ě N and B Ď DN with | Y B| “ |I|. Let fpm,Jq P Rp,0
ω and gpm,Jq P Lq, where pm,Jq ă pn, Iq

such that

}fpm,Jq} ď |J |1{p

and

}gpm,Jq} ď |J |1{q.

For ϑ “ pθKqKPB P t´1, 1uB we define the random vector

bB,M pϑq “
ÿ

KPB
θKh

M
K ,

and the random variables

Zpϑq “ xbB,M pϑq, T bB,M pϑqy ´
ÿ

KPB
xhMK , Th

M
K y,

Ypm,Jqpϑq “ xT ˚gpm,Jq, bB,M pϑqy, pm,Jq ă pn, Iq

and

Wpm,Jqpϑq “ xbB,M pϑq, T fpm,Jqy, pm,Jq ă pn, Iq.

Let η ą 0 and ηpm,Jq ą 0, where pm,Jq ă pn, Iq. If

N ą p˚

¨

˝2 log }T } ` log

¨

˝

22n`3

η2
`

ÿ

pm,Jqăpn,Iq

1

η2
pm,Jq

˛

‚

˛

‚ (6.1)

then there exists ϑ0 “ pθ0KqKPB such that

|Zpϑ0q| ă η,
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|Ypm,Jqpϑ
0q| ă η, pm,Jq ă pn, Iq

and

|Wpm,Jqpϑ
0q| ă ηpm,Jq, pm,Jq ă pn, Iq.

Proof. To prove the existence of ϑ0, we define the following events:

Z “ tϑ : |Zpϑq| ą ηu,

Ypm,Jq “ tϑ : |Ypm,Jqpϑq| ą ηu, pm,Jq ă pn, Iq

and

Wpm,Jq “ tϑ : |Wpm,Jqpϑq| ą ηpm,Jqu, pm,Jq ă pn, Iq.

Denote by A the union of the aforementioned events, that is

A “ Z Y

´

ď

pm,Jqăpn,Iq

Ypm,Jq

¯

Y

´

ď

pm,Jqăpn,Iq

Wpm,Jq

¯

.

Now, taking the probability and using the Chebyshev inequality, we observe that

PpAq ď PpZq `
ÿ

pm,Jqăpn,Iq

PpYpm,Jqq `
ÿ

pm,Jqăpn,Iq

PpWpm,Jqq

ď
1

η2
VpZq `

1

η2

ÿ

pm,Jqăpn,Iq

VpYpm,Jqq `
ÿ

pm,Jqăpn,Iq

1

η2
pm,Jq

VpWpm,Jqq.

Using the upper estimates of the variance of the random variables Z, Ypm,Jq and Wpm,Jq, that is

Lemmas 6.2.4, 6.2.2 and 6.2.3, we obtain

PpAq ď
2

η2
}T }2|I|p1{pq`12´N{q `

1

η2

ÿ

pm,Jqăpn,Iq

}T }2|J |2{q|I|1{p2´N{p

`
ÿ

pm,Jqăpn,Iq

1

η2
pm,Jq

}T }2|J |2{p|I|1{q2´N{q

ď

¨

˝

22n`3

η2
`

ÿ

pm,Jqăpn,Iq

1

η2
pm,Jq

˛

‚}T }22´N{p˚

.

Now, (6.1) yields PpAq ă 1, that is the existence of ϑ0.

This is the main theorem of this section, that is the approximate orthogonal reduction to a
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diagonal operator. We use the probabilistic Lemma 6.2.5.

Theorem 6.2.6. Let T : Rp,0
ω Ñ Rp,0

ω be a bounded linear operator and ϵ ą 0. Then there

exist a distributional embedding S : Rp,0
ω Ñ Lp with SpRp,0

ω q Ă Rp,0
ω and a diagonal operator

R : Rp,0
ω Ñ Rp,0

ω with diagonal entries in ApDpT qq such that

}S:TS ´R} ă ϵ.

In particular, T is an orthogonal factor of R with error ϵ.

Proof. We choose an increasing sequence of positive integers kpnq such that

kpnq ą p˚

ˆ

12n` 13 ` 2 log

ˆ

}T }

ϵ

˙˙

and put Npnq “ kpnq ` n.

By induction on the linear order of Dω we will construct a distributional copy pbnI qpn,IqPDω
of

the basis phnI qpn,IqPDω
of Rp,0

ω consisting of blocks of the basis phnI qpn,IqPDω
, of the form

bnI “
ÿ

KPBn
I

θ
pn,Iq

K h
Npnq

K , (6.2)

where Bn
I Ă Dkpnq`i with I P Di and pθ

pn,Iq

K qKPBn
I

P t´1, 1uB
n
I . The blocks pbnI qpn,IqPDω

will be

chosen to satisfy certain properties, which will be given explicitly in the inductive construction (see

(6.4), (6.5) and (6.6)). Using the formulas of the operators S and S: from Corollary 3.2.9, we will

show that (see (6.7))

}pS:TS ´RqphnI q} ă
ϵ

22n`1`n{p
, (6.3)

where R : Rp,0
ω Ñ Rp,0

ω is a diagonal operator defined by

RphnI q “

¨

˝|I|´1
ÿ

KPBn
I

xh
Npnq

K , Th
Npnq

K y

˛

‚hnI

with diagonal elements in ApDpT qq. Given (6.3), we prove }S:TS ´R} ă ϵ. Let f P Rp,0
ω with

f “

8
ÿ

n“1

ÿ

IPDn´1

|I|´1xhnI , fyhnI .

We have

}pS:TS ´Rqpfq} “ }

8
ÿ

n“1

ÿ

IPDn´1

|I|´1xhnI , fypS:TS ´RqphnI q}
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ď

8
ÿ

n“1

ÿ

IPDn´1

2n{p ϵ

2n{p`2n`1
}f} ď ϵ}f}.

We skip the basis step as it is simpler than the induction step. Now, let pn, Iq P Dω be fixed and

assume that we have constructed the blocks pbmJ q for every pm,Jq ă pn, Iq as in (6.2). We will only

treat the case I ‰ r0, 1s, as the case I “ r0, 1s is slightly simpler.

We will define a random block

bnI pϑq “
ÿ

KPBn
I

θ
pn,Iq

K h
Npnq

K ,

with Bn
I Ă Dkpnq`i, to be chosen later, where i is such that I P Di, such that for the random

variables

Zn
I pϑq “ xbnI pϑq, T bnI pϑqy ´

ÿ

KPBn
I

xh
Npnq

K , Th
Npnq

K y,

Y pn,Iqpm,Jqpϑq “ xT ˚bmJ , b
n
I pϑqy for pm,Jq ă pn, Iq

W pn,Iqpm,Jqpϑq “ xbnI pϑq, T bmJ y for pm,Jq ă pn, Iq,

where ϑ “ pθ
pn,Iq

K qKPBn
I

P t´1, 1uB
n
I , there exists ϑ0 P t´1, 1uB

n
I such that

|Zn
I pϑ0q| ă

ϵ

325n`2
, (6.4)

|Y pn,Iqpm,Jqpϑ0q| ă
ϵ

325n`2
for pm,Jq ă pn, Iq and (6.5)

|W pn,Iqpm,Jqpϑ0q| ă
ϵ

322n`m`3`n{q`m{p
for pm,Jq ă pn, Iq. (6.6)

The choice of signs will be given by an appropriate application of Lemma 6.2.5.

We now explicitly define the set Bn
I . Let J “ πpIq (such J exists because we assumed I ‰ r0, 1s)

and we assume without loss of generality that I “ J`. By the induction hypothesis there exists a

block bnJ with Bn
J Ă Dkpnq`j and J P Dj , where j “ i´ 1. Define

Bn
I “

!

K P Dkpnq`i : suppph
Npnq

K q Ă rbnJ “ 1s

)

.

Note that Bn
I is the subset of Dkpnq`i such that

ď

KPBn
I

suppph
Npnq

K q “ rbnJ “ 1s.

( If I “ J´, then Bn
I “

!

K P Dkpnq`i : suppph
Npnq

K q Ă rbnJ “ ´1s

)

, and the set Bn
I is the subset of
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Dkpnq`i such that
Ť

KPBn
I

suppph
Npnq

K q “ rbnJ “ ´1s). We define the random block

bnI pϑq “
ÿ

KPBn
I

θ
pn,Iq

K h
Npnq

K ,

where ϑ “ pθ
pn,Iq

K qKPBn
I

P t´1, 1uB
n
I . We will show that the assumptions of Lemma 6.2.5 are

satisfied, and this will yield the existence of signs ϑ0 “ pθ
0,pn,Iq

K q P t´1, 1uB
n
I satisfying inequalities

(6.4), (6.5) and (6.6). By the choice of kpnq, Npnq satisfies (6.1), and therefore we may apply

Lemma 6.2.5, where now the gpm,Jq and fpm,Jq of Lemma 6.2.5 are gpm,Jq “ bmJ and fpm,Jq “ bmJ .

Lemma 6.2.5 yields the existence of signs θ0 “ pθ
0,pn,Iq

K q and we put

bnI “ bnI pϑ0q “
ÿ

KPBn
I

θ
0,pn,Iq

K h
Npnq

K .

For brevity, we denote

Zn
I “ Zn

I pϑ0q

Y pn,Iqpm,Jq “ Y pn,Iqpm,Jqpϑ0q

W pn,Iqpm,Jq “ W pn,Iqpm,Jqpϑ0q.

We have constructed a distributional copy pbnI qpn,IqPDω
of phnI qpn,IqPDω

that satisfies (6.4), (6.5) and

(6.6).

It remains to show (6.3), so fix pn, Iq P Dω . We have

}pS:TS ´RqphnI q} “

“ }

8
ÿ

m“1

ÿ

JPDm´1

|J |´1xbmJ , T b
n
I yhmJ ´

¨

˝|I|´1
ÿ

KPBn
I

xh
Npnq

K , Th
Npnq

K y

˛

‚hnI }

“ }
ÿ

pm,Jqăpn,Iq

|J |´1 xbmJ , T b
n
I y

loooomoooon

“Y pn,Iqpm,Jq

hmJ `
ÿ

pm,Jqąpn,Iq

|J |´1 xbmJ , T b
n
I y

loooomoooon

“W pm,Jqpn,Iq

hmJ `

|I|´1

¨

˝xbnI , T b
n
I y ´

ÿ

KPBn
I

xh
Npnq

K , Th
Npnq

K y

˛

‚

looooooooooooooooooooooomooooooooooooooooooooooon

“Zn
I

hnI }.

Using inequalities (6.4), (6.5) and (6.6) we obtain

}pS:TS ´RqphnI q} (6.7)

ď 2n{q|Zn
I | ` 22n`1`n{q max

pm,Jqăpn,Iq
|Y pn,Iqpm,Jq|
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`
ÿ

měn

2m`1`m{q max
JPDm´1

|W pm,Jqpn, Iq| ă
ϵ

22n`1`n{p
.

Theorem 6.2.6 and Proposition 3.3.5 imply the factorization property of the natural basis of

Rp,0
ω .

Theorem 6.2.7. The standard martingale difference sequence basis of Rp,0
ω has the factorization

property.

6.3 The orthogonal reduction to a scalar multiple of the identity

In this section, we approximately orthogonally reduce an arbitrary diagonal operator on Rp,0
ω to a

scalar multiple of the identity operator on Rp,0
ω using a probabilistic lemma from [18] with origin

in [17] (Lemma 6.3.1). This yields the approximate orthogonal reduction of an arbitrary operator

on Rp,0
ω to a scalar multiple of the identity operator on Rp,0

ω . Then we conclude with the primary

factorization property of Rp,0
ω .

The proof of the following probabilistic lemma can be found in [18, Lemma 3.9]. We will

use it inside the proof of Theorem 6.3.3, that is the finite dimensional stabilization, to construct,

by induction on the linear order of Dm´1, a distributional copy pbIqIPDm´1 of phIqIPDm´1 that

stabilizes the eigenvalues of a diagonal operator. As in the proof of Theorem 6.2.6, in each step of

the induction, we use a random block bIpϑq, defined using a family of dyadic intervals BI that has

been fixed in a previous inductive step. Because R is diagonal, the value xbI , RpbIqy is independent

of the outcome θ, but the latter defines two families of dyadic intervals, BI`pθq and BI´pθq, to

be used in a future inductive step. The role of the following Lemma is to establish conditions

under which, with positive probability, there is a vector bI such that the associated families BI`

and BI´ , define future random blocks bI`pθq, bI´pθq with values xbI` , T pbI`qy and xbI´ , T pbI´qy

approximately equal.

Lemma 6.3.1. Let R : L0
p Ñ L0

p be a diagonal operator with diagonal elements dI “ |I|´1xhI , RhIy,

where phIqIPD is the standard Haar system. Let m, k P N with m ă k and let B Ă Dm. Consider the

probability space t´1, 1uB equipped with the uniform probability measure. We define the random

vector

bpϑq “
ÿ

JPB
θJhJ

where ϑ “ pθJqJPB, and denote

B`pϑq “ tJ P Dk : J Ă rbpϑq “ 1su and B´pϑq “ tJ P Dk : J Ă rbpϑq “ ´1su.
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We define the random variables

λ` : t´1, 1uB Ñ R and λ´ : t´1, 1uB Ñ R

with

λ`pϑq “
1

p#B`pϑqq

ÿ

JPB`pϑq

dJ and λ´pϑq “
1

p#B´pϑqq

ÿ

JPB´pϑq

dJ .

Then

Epλ`q “ Epλ´q “
1

p#tJ P Dk : J Ă YBuq

ÿ

tJPDk:JĂYBu

dJ ,

and

Vpλ`q ď
2´m

| Y B|
}R}2 and Vpλ´q ď

2´m

| Y B|
}R}2.

Remark 6.3.2. Let m P N and S : Lm,0
p Ñ L0

p be a distributional embedding. The orthogonal

projection E : L0
p Ñ L0

p onto SrLm,0
p s can be expressed as

Epfq “
ÿ

IPDm´1

|I|´1xShI , fyShI .

The above projection is of norm 1 as it is equal to the conditional expectation operator with respect

to σpShI : I P Dm´1q.

The following finite dimensional stabilization plays a key role in the proof of Theorem 6.3.4.

The proof of the latter then relatively easily follows from a compactness argument. To prove this

finite dimensional stabilization we use a combinatorial argument, based on the pigeonhole principle

and a repeated application of the earlier probabilistic future-level stabilization argument (Lemma

6.3.1) to stabilize the eigenvalues of a given diagonal operator.

Lemma 6.3.3. Let m P N, Γ ą 0 and ϵ ą 0. If

M ą m` 3 ` 3 logpmq ` 2 logp
Γ

ϵ
q `m

4pp˚ ´ 1qΓ

ϵ
` 2 logpp˚ ´ 1q (6.8)

then for every diagonal operator R : LM,0
p Ñ LM,0

p with }R} ď Γ, there exists a distributional copy

pbIqIPDm´1 of phIqIPDm´1 in LM,0
p satisfying the following:

(i) There are 0 ď n0 ă n1 ă ¨ ¨ ¨ ă nm´1 ď M ´ 1 such that, for 0 ď i ď m´ 1 and I P Di,

bI “
ÿ

KPBI

θKhK ,
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where BI Ă Dni and pθKqKPBI
P t´1, 1uBI .

(ii) Denote Y “ xbI : I P Dm´1y, E the conditional expectation operator onto the space Y as in

Remark 6.3.2, and λ0 “ xbr0,1s, Rbr0,1sy P ApDpRqq. Then

›

›

›

´

ER ´ λ0 ¨ id
¯

|Y
›

›

›
ă ϵ.

Proof. Denote by pdIqIPDM´1
the diagonal entries of R with respect to the basis phIqIPDM´1

of LM
p ,

that is dI “ |I|´1xhI , RhIy, for all I P DM´1. Choose

x “ rm` 3 ` 3 logpmq ` 2 logp
Γ

ϵ
q ` 2 logpp˚ ´ 1qs ` 1.

For every k P tx, x` 1, ...,M ´ 1u, denote

λk “
1

p#Dkq

ÿ

JPDk

dJ ,

that is the finite average of the diagonal elements of R over the level Dk. Note |λk| ď Γ, for all

k P tx, x ` 1, ...,M ´ 1u. Now, (6.8) and the pigeonhole principle yield the existence of levels

pnjq
m´1
j“0 with

x ď n0 ă n2 ă ... ă nm´1 ď M ´ 1

such that

|λnk
´ λnl

| ă
ϵ

2pp˚ ´ 1q
,

for every 0 ď k, l ď m´ 1.

By induction on the linear order of Dm´1 we will construct families pBIqIPDm´1 of dyadic

intervals and signs ppθJqJPBI
qIPDm´1 with Br0,1s “ Dn0 and if

bI “
ÿ

JPBI

θJhJ ,

where I P Dk, 0 ď k ă m´ 1, then

BI` “ tJ P Dnk`1 : J Ă rbI “ 1su

and

BI´ “ tJ P Dnk`1 : J Ă rbI “ ´1su.

The vectors pbIqIPDm´1 will form a distributional copy of phIqIPDm´1 and they will be constructed
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such that (i) and (ii) of the statement are satisfied.

We begin the inductive construction. Let Br0,1s “ Dn0 . For signs θ “ pθJqJPBr0,1s
define the

random vector

br0,1spθq “
ÿ

JPBr0,1s

θJhJ .

and denote

Bnj

r0, 1
2

s
pθq “ tJ P Dnj : J Ă rbr0,1spθq “ 1su and Bnj

r 1
2
,1s

pθq “ tJ P Dnj : J Ă rbr0,1spθq “ ´1su,

for every 1 ď j ď m´ 1. Moreover, we define the random variables

λ
nj

r0, 1
2

s
: t´1, 1uBr0,1s Ñ R and λ

nj

r 1
2
,1s

: t´1, 1uBr0,1s Ñ R

with

λ
nj

r0, 1
2

s
pθq “

1

p#Bnj

r0, 1
2

s
pθqq

ÿ

JPB
nj

r0, 12 s
pθq

dJ and λ
nj

r 1
2
,1s

pθq “
1

p#Bnk

r 1
2
,1s

pθqq

ÿ

JPB
nj

r 12 ,1s
pθq

dJ ,

for every 1 ď j ď m´ 1. We will choose signs θ “ pθJqJPBr0,1s
such that

|λ
nj

r0, 1
2

s
pθq ´ λnj | ă

ϵ

2mpp˚ ´ 1q
and |λ

nj

r 1
2
,1s

pθq ´ λnj | ă
ϵ

2mpp˚ ´ 1q

for every 1 ď j ď m´ 1. Lemma 6.3.1 implies that

Epλ
nj

r0, 1
2

s
q “ Epλ

nj

r 1
2
,1s

q “ λnj

and

Vpλ
nj

r0, 1
2

s
q ď

1

2n0
Γ2 and Vpλ

nj

r 1
2
,1s

q ď
1

2n0
Γ2,

for every 1 ď j ď m´ 1. To choose signs we define the events,

Znj

r0, 1
2

s
“ tθ : |λ

nj

r0, 1
2

s
pθq ´ λnj | ą

ϵ

2mpp˚ ´ 1q
u

and

Znj

r 1
2
,1s

“ tθ : |λ
nj

r 1
2
,1s

pθq ´ λnj | ą
ϵ

2mpp˚ ´ 1q
u,
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for every 1 ď j ď m´ 1. Using the Chebyshev inequality we obtain that

PpZnj

r0, 1
2

s
q ď

4m2pp˚ ´ 1q2

ϵ2
Vpλ

nj

r0, 1
2

s
q ď 4m2pp˚ ´ 1q2

Γ2

ϵ2
1

2n0

and

PpZnj

r 1
2
,1s

q ď
4m2pp˚ ´ 1q2

ϵ2
Vpλ

nj

r 1
2
,1s

q ď 4m2pp˚ ´ 1q2
Γ2

ϵ2
1

2n0
,

for every 1 ď j ď m´ 1. Thus

P

˜

ď

1ďjďm´1

´

Znj

r0, 1
2

s
Y Znj

r 1
2
,1s

¯

¸

ď
ÿ

1ďjďm´1

´

PpZnj

r0, 1
2

s
q ` PpZnj

r 1
2
,1s

q

¯

ď
ÿ

1ďjďm´1

8m2pp˚ ´ 1q2
Γ2

ϵ2
1

2n0
ď 23m3pp˚ ´ 1q2

Γ2

ϵ2
1

2n0
ă 1,

as x ď n0. Hence, there exist signs θ “ pθJqJPBr0,1s
such that

|λ
nj

r0, 1
2

s
pθq ´ λnj | ă

ϵ

2mpp˚ ´ 1q
and |λ

nj

r 1
2
,1s

pθq ´ λnj | ă
ϵ

2mpp˚ ´ 1q

for every 1 ď j ď m´ 1.

Now, let I P Dk, 0 ď k ă m ´ 1, and assume that we have found BI Ă Dnk . For signs

θ “ pθJqJPBI
define the random vector

bIpθq “
ÿ

JPBI

θJhJ .

Moreover, denote

Bnj

I`pθq “ tJ P Dnj : J Ă rbIpθq “ 1su and Bnj

I´pθq “ tJ P Dnj : J Ă rbIpθq “ ´1su,

and define the random variables

λ
nj

I` : t´1, 1uBI Ñ R and λ
nj

I´ : t´1, 1uBI Ñ R

with

λ
nj

I`pθq “
1

p#Bnj

I`pθqq

ÿ

JPB
nj

I` pθq

dJ and λ
nj

I´pθq “
1

p#Bnj

I´pθqq

ÿ

JPB
nj

I´ pθq

dJ

for every k ` 1 ď j ď m´ 1. We will choose signs θ “ pθJqJPBI
such that

|λ
nj

I`pθq ´ λ
nj

I | ă
ϵ

2mpp˚ ´ 1q
and |λ

nj

I´pθq ´ λ
nj

I | ă
ϵ

2mpp˚ ´ 1q
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for every k ` 1 ď j ď m´ 1. To choose signs we define the events

Znj

I` “ tθ : |λ
nj

I`pθq ´ λ
nj

I | ą
ϵ

2mpp˚ ´ 1q
u

and

Znj

I´ “ tθ : |λ
nj

I´pθq ´ λ
nj

I | ą
ϵ

2mpp˚ ´ 1q
u,

for every k ` 1 ď j ď m´ 1. Lemma 6.3.1 implies that

Epλ
nj

I`q “ Epλ
nj

I´q “ λ
nj

I ,

and

Vpλ
nj

I`q ď
2k

2nk
Γ2 and Vpλ

nj

I´q ď
2k

2nk
Γ2,

for every k ` 1 ď j ď m´ 1. Using the Chebyshev inequality we obtain that

PpZnj

I`q ď
4m2pp˚ ´ 1q2

ϵ2
Vpλ

nj

I`q

and

PpZnj

I´q ď
4m2pp˚ ´ 1q2

ϵ2
Vpλ

nj

I´q,

for every k ` 1 ď j ď m´ 1. Therefore,

P

¨

˝

m´1
ď

j“k`1

´

Znj

I` Y Znj

I´

¯

˛

‚ď

m´1
ÿ

j“k`1

´

PpZnj

I`q ` PpZnj

I´q

¯

ď

m´1
ÿ

j“k`1

23
m2pp˚ ´ 1q2

ϵ2
2k

2nk
Γ2 ă 2m`3m3pp˚ ´ 1q2

Γ2

ϵ2
1

2nk
ă 1,

as x ď n0 ă n2 ă ... ă nm´1. Hence, there exist θ “ pθJqJPBI
such that

|λ
nj

I`pθq ´ λ
nj

I | ă
ϵ

2mpp˚ ´ 1q
and |λ

nj

I´pθq ´ λ
nj

I | ă
ϵ

2mpp˚ ´ 1q
,

for every k ` 1 ď j ď m´ 1.

Now, choose λ0 “ λn0 . For I P Dk and k ď j ď m´ 1, we observe that

|λ
nj

I ´ λnj | ď

k´1
ÿ

i“0

|λ
nj

πpIqi
´ λ

nj

πpIqi`1 | ă
ϵ

2pp˚ ´ 1q
,
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for every k ď j ď m´ 1, where λ
nj

πpIq0
“ λ

nj

I and λ
nj

πpIqk
“ λnj . Thus,

|λ
nj

I ´ λ0| ď |λ
nj

I ´ λnj | ` |λnj ´ λ0| ă
ϵ

2pp˚ ´ 1q
`

ϵ

2pp˚ ´ 1q
“

ϵ

p˚ ´ 1
,

for every k ď j ď m ´ 1. Now, for I P Dk, 0 ď k ď m ´ 1, put BI “ Bnk
I and λI “ λnk

I . We have

|λI ´ λ0| ă ϵ{pp˚ ´ 1q, for every I P Dm´1, and note λI “ xbI , RbIy. Finally, for an arbitrary f P Y

with f “
ř

IPDm´1
aIbI , from the Paley-Burkholder inequality, we obtain that

}ER ´ λ0 ¨ idqpfq} “ }
ÿ

IPDm´1

pλI ´ λ0qaIbI}

ď pp˚ ´ 1q
ϵ

pp˚ ´ 1q
}

ÿ

IPDm´1

aIbI} “ ϵ}f},

finishing the proof.

The above finite-dimensional stabilization result remains valid with the same estimates and

properties if the spaces Lm
p and LM

p are replaced by any of their distributional copies.

We now orthogonally reduce an arbitrary diagonal operator to a scalar multiple of the identity

operator using the above finite dimensional stabilization.

Theorem 6.3.4. LetR : Rp,0
ω Ñ Rp,0

ω be a diagonal operator with diagonal elements dnI “ |I|´1xhnI , Rh
n
I y,

where pn, Iq P Dω, and ϵ ą 0. Then there exists a distributional embedding J : Rp,0
ω Ñ Lp with

JpRp,0
ω q Ă Rp,0

ω and a scalar λ0 P ApDpRqq such that

}J:RJ ´ λ0 ¨ id} ă ϵ.

In particular, R is an orthogonal factor of λ0 ¨ id : Rp,0
ω Ñ Rp,0

ω with error ϵ.

Proof. For the parameters ϵ
2 and }R}, choose an increasing sequence of non-negative integers Npmq

with

Npmq ą m` 3 ` 3 logpmq ` 2 logp
2}R}

ϵ
q `m

8pp˚ ´ 1q}R}

ϵ
` 2 logpp˚ ´ 1q.

Then, for every m, Theorem 6.3.3 implies the existence of a distributional copy pbmI qIPDm´1 of

phmI qIPDm´1 in the space xh
Npmq

I : I P DNpmq´1y satisfying (i) and (ii) of Theorem 6.3.3. From the

proof of the aforementioned theorem, for every m, if we put λm0 “ xbm
r0,1s

, Rbm
r0,1s

y, and for every

I P Dm´1 we put λmI “ xbmI , Rb
m
I y then we have

|λmI ´ λm0 | ă
ϵ

2pp˚ ´ 1q
,

for every I P Dm´1. Since for every m we have λm0 P ApDpRqq, the sequence pλm0 q8
m“1 is bounded.
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Thus, there exists a subsequence pλmk
0 q8

k“1 and λ0 P ApDpRqq such that

|λmk
0 ´ λ0| ă

ϵ

2pp˚ ´ 1q

for every k “ 1, 2.... Thus,

|λmk
I ´ λ0| ă

ϵ

pp˚ ´ 1q
,

for every I P Dmk´1 and k “ 1, 2.... Now, put

Y “ rpbmk
I qIPDk´1

: k “ 1, 2, ...s

and define the distributional isomorphism J : Rp,0
ω Ñ Y with JphkI q “ bmk

I , for all I P Dk´1.

Using the aforementioned distributional embedding J : Rp,0
ω Ñ Lp with JpRp,0

ω q Ă Rp,0
ω and the

above scalar λ0 P ApDpRqq we observe that J:RJ is a diagonal operator with entries pλmk
I qpk,IqPDω

.

Therefore,

}J:RJ ´ λ0 ¨ id} ă ϵ,

completing the proof.

Recall that Theorem 6.2.6 proves that an arbitrary operator T : Rp,0
ω Ñ Rp,0

ω is an approximate

orthogonal factor of a diagonal operator R : Rp,0
ω Ñ Rp,0

ω , and Theorem 6.3.4 shows that an arbitrary

diagonal operator R : Rp,0
ω Ñ Rp,0

ω is an approximate orthogonal factor of a scalar multiple of the

identity λ0 ¨ id : Rp,0
ω Ñ Rp,0

ω . The aforementioned theorems and Proposition 3.3.3, that is the

transitivity of the orthogonal factors yield the following.

Theorem 6.3.5. Let T : Rp,0
ω Ñ Rp,0

ω be a bounded linear operator and ϵ ą 0. Then there exists

a distributional embedding J : Rp,0
ω Ñ Lp with JpRp,0

ω q Ă Rp,0
ω and λ0 P convpDpT qq such that

}J:TJ ´ λ0 ¨ id} ă ϵ.

In particular, T is an orthogonal factor of λ0 ¨ id : Rp,0
ω Ñ Rp,0

ω with error ϵ.

Theorem 6.3.5 and Proposition 3.3.6 yield the primary factorization property of Rp,0
ω , which in

combination with Proposition 6.1.4 we obtain the following.

Theorem 6.3.6. The spaces Rp,0
ω and Xp have the primary factorization property.
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Chapter 7

Decompositions of R
p,0
α

The main goal of this chapter is to construct an unconditional Schauder decomposition of Rp,0
α

with the required reproducing properties, suitable for defining and studying classes of distributional

embeddings of Rp,0
α relevant to the orthogonal reduction of operators. For every ordinal α ă ω1, we

construct a countable well-founded tree Tα. The elements of each tree Tα are finite sequences whose

entries are ordinal numbers and dyadic intervals, ordered by initial segments. For each λ P Tα, its

entries encode information that determine a positive integer κpλq, a parameter θλ P p0, 1s, and

a corresponding θλ-compression Tλ, which in turn define the space Xλ “ TλpL
κpλq,0
p q. We then

show that, under a suitable enumeration, the collection ppTλhIqIPDκpλq´1
qλPTα forms a martingale

difference sequence spanning Rp,0
α . Finally, we study the supports of the spaces pXλqλPTα , a fact

needed in subsequent sections where the aforementioned distributional embeddings are introduced

and studied.

7.1 The trees Tα

In this section, for every 1 ď α ă ω1, we construct a countable well-founded tree Tα. Each member

λ of Tα is a finite sequence px1, . . . , xlq, where each xi is either an ordinal number or a dyadic

interval, and this information encodes the position of the subspace Xλ (which will be defined in

Section 7.2) inside Rp,0
α .

Notation 7.1.1. For every ordinal number α we define its integer part κpαq P N Y t0u as follows:

• κpαq “ 0, for every limit ordinal α and α “ 0.

• κpα ` 1q “ κpαq ` 1, for every ordinal α.

For example, κp0q “ 0, κpnq “ n and κpω`nq “ n. More generally, when we write α “ β`κpαq,

then β is a limit ordinal number.

Notation 7.1.2. For a finite sequence λ “ px1, . . . , xlq we denote its length by |λ| “ l and for

1 ď m ď l we denote λ|m “ px1, . . . , xmq and λpmq “ xm. Let µ “ py1, ..., ykq be another finite

sequence.
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(a) Denote the concatenation of λ and µ by

λ"µ “ px1, ..., xl, y1, ..., ykq.

(b) If xl “ y1, then denote the gluing of λ and µ by

λm µ “ px1, ..., xl, y2, ..., ykq.

The operation “⌢” is used in the definition of the trees Tα, whereas both “⌢” and “m” will be

employed in the study of distributional embedding schemes in Chapters 8 and 9.

We define the trees Tα, 1 ď α ă ω1 in two equivalent ways. The first is recursive and high-

lights how Tα depends on the trees for smaller ordinals; the second is direct and gives an explicit

description of the elements of Tα.

The recursive definition of Tα naturally mirrors the recursive structure of the spaces Rp,0
α de-

scribed in Remark 5.2.9. For practical reasons, however, we postpone this until after we introduce

the operators pTλqλPTα in Section 7.2, which allows a more convenient treatment of these spaces.

Definition 7.1.3. Let 1 ď α ă ω1.

(a) If α “ n ă ω, then

Tn “ tpnqu.

This is based on Rp,0
n “ Ln,0

p and Tn “ tpnqu because the FDD will be trivial in this case.

(b) If α is a limit ordinal, then

Tα “
ď

1ďβăα

tpαq"λ : λ P Tβu.

Because Rp,0
α ”dist p

ř

βăω1
Rβ,0

p qInd,p, the index set Tα of the FDD of Rp,0
α is the disjoint union

of the sets Tβ, β ă α.

(c) If α “ β ` κpαq is a successor, then

Tα “ tpαqu Y
ď

IPDκpαq

tpα, Iq"λ : λ P Tβu.

In this case, Rp,0
α “ L

κpαq,0
p ` rTIpRp,0

β q : I P Dκpαqs. Therefore the index set Tα for the

FDD of Rp,0
α is the disjoint union of 2κpαq copies of the set Tβ together with pαq, the latter

corresponding to the space L
κpαq,0
p , viewed as lying “above” the spaces TIpRp,0

β q, I P Dκpαq.

The pair pTα,Ďq, where Ď is the initial-segment order, is a countable well-founded tree.
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We follow standard tree terminology. For λ, µ P Tα, if µ Ĺ λ, we say that λ is a successor of µ

and that µ is a predecessor of λ. If µ is the maximum predecessor of λ, then we say that λ is an

immediate successor of µ. A member λ P Tα with no predecessors is called a root. Denote

Root pTαq “ tλ P Tα : λ is a rootu.

The height of a member λ P Tα, denoted hpλq, is the minimal path distance from a root of Tα to

λ. There can be indices m with 1 ď m ď |λ| for which λ|m R Tα, hence in general hpλq can be

arbitrarily smaller than |λ|.

Remark 7.1.4. Let α ă ω1.

(a) If α is a limit ordinal, then Root pTαq is countably infinite.

(b) If it is a successor ordinal and α “ β ` κpαq, then RootpTαq is the singleton tpβ ` κpαqqu.

Example 7.1.5. The trees Tω, Tω`n, and Tω¨2 can be easily described as follows:

Tω “ tpω, nq : n P Nu,

Tω`n “ tpω ` nqu Y tpω ` n, I, ω, kq : I P Dn, k P Nu, where n P N is fixed, and

Tω¨2 “ tpω ¨ 2, ω ` nq : n P Nu Y tpω ¨ 2, ω ` n, I, ω, kq : n P N, I P Dn, k P NuY

tpω ¨ 2, ω, kq : k P Nu Y tpω ¨ 2, kq : k P Nu.

The following definition provides an explicit alternative description of all trees Tα, highlighting

the structure of the entries of a sequence λ “ px1, . . . , xlq P Tα and giving a clearer intuition for the

form of these trees. Moreover, the entries of λ carry a more specific meaning, as they can be used

directly to construct the operator Tλ and consequently the space Xλ.

Definition 7.1.6. Let T be the collection of all finite sequences px1, ..., xlq in r1, ω1q YD satisfying

the following:

• x1 P r1, ω1q.

• For 1 ď i ď l, if xi is a limit ordinal, then i ă l and xi`1 P r1, ω1q with xi`1 ă xi.

• For 1 ď i ď l, if xi is a successor ordinal, then either i “ l or i ď l ´ 2. In the latter case

xi`1 P Dκpxiq and xi`2 ` κpxiq “ xi.

The following remark can be shown easily by induction on the countable ordinal numbers.

Remark 7.1.7. For every 1 ď α ă ω1, we have that

Tα “ tpx1, ..., xlq P T : x1 “ αu.
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Notation 7.1.8. Let α ă ω1 and λ “ px1, ..., xlq P Tα, Definition 7.1.6 yields that xl is a successor

ordinal number, i.e., there is a limit (or zero) ordinal ξ such that xl “ ξ ` κpxlq. Denote

bpλq “ ξ and

κpλq “ κpxlq.

For example, for λ “ pω ¨ 2, ω ` nq P Tω¨2 we have κpλq “ n and bpλq “ ω.

Remark 7.1.9. Let α ă ω1 and λ P Tα.

(a) If µ is a predecessor of a λ, then there exist I P Dκpµq and ν P Tbpµq such that

λ “ µ"I"ν.

If, furthermore, λ is an immediate successor of µ then ν is a root of Tbpµq.

(b) If ν P Tbpλq`κpλq then λm ν P Tα.

(c) λ is a root if and only if λpiq P r1, ω1q for every 1 ď i ď |λ|.

7.2 Operators and spaces indexed over Tα

In this section, following the recursive definition of the trees Tα, we define, for every λ P Tα, the

θλ-compression Tλ : Lp Ñ Lp, which will be used to directly define Xλ “ TλpL
κpλq,0
p q, but also later

to study distributional copies of the FDD pXλqλPTα .

Definition 7.2.1. Recursively on the countable ordinal numbers α, we define, for every λ P Tα, a

number 0 ă θλ ď 1 and a θλ-compression Tλ : Lp Ñ Lp as follows.

(a) Let α “ n and λ “ pnq P Tn. We let θλ “ 1 and Tλ “ id.

(b) Let α be a limit ordinal and λ P Tα. Then there are 1 ď β ă α and µ P Tβ such that

λ “ pαq"µ. We let θλ “ θµ and Tλ “ Tα
β ˝ Tµ, where Tα

β is as in Notation 5.2.5.

(c) Let α “ β ` κpαq be an infinite successor ordinal and λ P Tα. Then

(i) if λ “ pαq, let θλ “ 1 and Tλ “ id.

(ii) if λ “ pα, Iq"µ, where I P Dκpαq and µ P Tβ, let θλ “ |I|θµ and Tλ “ TITµ, where TI is

the |I|-compression as in Notation 5.2.3.

Example 7.2.2. Let λ “ pω ¨ 2, ω ` n, I, ω, kq P Tω¨2, where n P N, I P Dn and k P N. Then,

θλ “ θpω`n,I,ω,kq “ |I|θpω,kq “ |I|θpkq “ |I|

and

Tλ “ Tω¨2
ω`nTpω`n,I,ω,kq “ Tω¨2

ω`nTITpω,kq “ Tω¨2
ω`nTIT

ω
k .
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Remark 7.2.3. Let α ă ω1 and λ P Tα.

(a) If bpλq is infinite, for I P Dκpλq and µ P Tbpλq, we have

θλ⌢I⌢µ “ θλ|I|θµ and Tλ⌢I⌢µ “ TλTITµ.

(b) For µ P Tbpλq`κpλq, we have

θλmµ “ θλθµ and Tλmµ “ TλTµ.

In the next remark, we provide an explicit definition of θλ and Tλ, although it will not be used

directly.

Remark 7.2.4. Let α ă ω1 and λ “ px1, . . . , xlq P Tα.

(a) Following the convention
ś

H “ 1,

θλ “
ź

1ďiďl
xiPD

|xi| “
ź

1ďiăl
xiPr1,ω1q

2´κpxiq.

(b) For 1 ď j ď l define

Tj “

$

’

’

’

&

’

’

’

%

id : j “ 1 or xj´1 P D,

T
xj´1
xj : xj´1, xj P r1, ω1q,

TJ : xj “ J P D.

Then, Tλ “ T1T2 ¨ ¨ ¨Tl.

For example, if λ “ pω ¨ 3, ω ` n, I, ω, kq P Tω¨3 then θλ “ |I| “ 2´n and Tλ “ Tω¨3
ω`nTIT

ω
k .

Definition 7.2.5. Let α ă ω1 and λ P Tα.

(a) For I P Dκpλq´1, let

hλI “ TλphIq,

(b) and let

Xλ “ TλpLκpλq,0
p q “ xhλI : I P Dκpλq´1y and

Yλ “ rXµ : µ Ě λs.

Remark 7.2.6. Let 1 ď α ă ω1. Definitions 7.2.1 and 7.2.5 immediately yield the following

recursive structure for the spaces pXλqλPTα , reflecting the recursive construction of the space Rp,0
α .

The remarks given inside Definition 7.1.3 apply here as well.
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(a) If α “ n, then θn “ 1 and Xλ “ Ln,0
p .

(b) If α is a limit ordinal and λ P Tα, then λ “ pαq"µ for some µ P Tβ with β ă α, and θλ “ θµ

and Xλ “ Tα
β pXµq.

(c) If α “ β ` κpαq is a successor and λ P Tα, there are two possibilities for Xλ:

(a) If λ “ pαq, then θλ “ 1 and Xλ “ L
κpαq,0
p .

(b) If λ “ pα, Iq"µ with I P Dκpαq and µ P Tβ, then θλ “ |I|θµ and Xλ “ TIpXµq.

7.3 The finite-dimensional decomposition of Rp,0
α

In this section, we show that, under a suitable enumeration, the family pphλI qIPDκpλq´1
qλPTα forms

a martingale difference sequence spanning Rp,0
α . This is essentially [4, Proposition 2.8], adapted to

our notation and framework. In particular, pXλqλPTα is an unconditional FDD of Rp,0
α .

We first show that pXλqλPTα spans Rp,0
α .

Proposition 7.3.1. Let α ă ω1. Then,

Rp,0
α “ rpXλqλPTαs “ rpYλqλPRootpTαqs.

Proof. The second equality is immediate. For the first, we argue by induction on α. Let α “ n P N.

By Definition 7.1.3(a), Tn “ tpnqu. For λ “ pnq, by Remark 7.2.6, Xλ “ Ln,0
p “ Rp,0

n .

Let α be a limit ordinal. By Definition 7.1.3 (b), every λ P Tα has the form pαq"µ with µ P Tβ
for some β ă α. By the induction hypothesis and Remark 7.2.6,

rpXλqλPTαs “

”

ď

βăα

Tα
β

`

ď

µPTβ

Xµ

˘

ı

“

”

ď

βăα

Tα
β pRp,0

β q

ı

“ Rp,0
α .

Let α “ β ` κpαq. By the induction hypothesis and Remark 7.2.6, we conclude:

rpXλqλPTαs “

”

Xpαq

ď ď

IPDκpαq

ď

µPTβ

Xpα,Iq⌢µ

ı

“ Lκpαq,0
p `

”

ď

IPDκpαq

TI

´

ď

µPTβ

Xµ

¯ı

“ Lκpαq,0
p `

”

ď

IPDκpαq

TIpRp,0
β q

ı

“ Rp,0
α .

The following is the main result of this section. Before proceeding to the proof, we introduce

the necessary notation. Recall that, by Notation 7.1.8, for every α ă ω1 and every λ P Tα, we have

κpλq ´ 1 ě 0.

Theorem 7.3.2. Let α ă ω1 and pλn, Inq8
n“1 be an enumeration of

tpλ, Iq : λ P Tα and I P Dκpλq´1u
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such that for all n ă m one of the following holds:

(a) λn and λm are incomparable, or

(b) λn Ĺ λm, or

(c) λn “ λm and In ă Im in the lexicographical order of Dκpλnq´1.

Then, phλn
In

q8
n“1 is a martingale difference sequence, and by the Burkholder inequality, it is an

unconditional basis of Rp,0
α , and pXλqλPTα is an unconditional FDD of the same space.

Notation 7.3.3. For 0 ď a ă b ď 1 and I “ ra, bq denote qI : r0, 1s Ñ r0, 1s given by qIptq “

a` pb´ aqt.

Lemma 7.3.4. For 0 ď a ă b ď 1, I “ ra, bq, and f P Lp the following hold:

(a) for every A Ă Rzt0u,
“

TIf P A
‰

“ qI
`

rf P Asq and

(b) for every A Ă r0, 1s,
ż

A
pTIfqptqdt “ |I|

ż

q´1
I pAq

fptqdt.

Proof. The first assertion is proved with an elementary double inclusion, of which we showcase one

direction. Let t P r0, 1s such that pTIfqptq P A. Since pTIfqptq ‰ 0, it follows that t P I, and

pTIfqptq “ fppb ´ aq´1pt ´ aqq. Defining s “ pb ´ aq´1pt ´ aq leads to s P rf P As, resulting in

t “ qIpsq.

We establish the second assertion for f “ χB, where B is a measurable subset of r0, 1s. We will

use TIχB “ χa`pb´aqB, where a ` pb ´ aqB Ă I, and q´1
I pAq “ pb ´ aq´1rpA X Iq ´ as. Indeed, by

the homogeneity of the Lebesgue measure:

ż

A
pTIχBqptqdt “

ˇ

ˇ

ˇ
AX

`

a` pb´ aqB
˘

ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ
pAX Iq X

`

a` pb´ aqB
˘

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ
rpAX Iq ´ as X

`

pb´ aqB
˘

ˇ

ˇ

ˇ

“ pb´ aq

ˇ

ˇ

ˇ
rpb´ aq´1pAX Iq ´ as XB

ˇ

ˇ

ˇ
“ |I|

ż

q´1pAq

χBptqdt.

Proposition 7.3.5. Let n P N and, for I P Dn, AI be a σ-subalgebra of Br0, 1s. Denote

A “
č

IPDn

!

A Ă r0, 1s : q´1
I pAq P AI

)

.

Then, A is a σ-subalgebra of Br0, 1s and the following hold.

(a) For every I P Dn and AI -measurable function f , the function TIf is A-measurable.
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(b) For every f P Lp,

E
`

TIf |A
˘

“ TIE
`

f |AI

˘

.

Proof. To prove (a), let I P Dn, f be a AI -measurable function and A P BpRq. If A Ă Rzt0u, then

from Lemma 7.3.4 (a) we have that
“

TIf P A
‰

“ qI
`

rf P As
˘

P A. Similarly, if A “ t0u, then we

have that
“

TIf P A
‰

“ qI
`

rf “ 0s
˘

Y r0, 1szI P A, because I P A. To prove (b), let f P Lp. By (a),

TIE
`

f |AI

˘

is A-measurable. Therefore, it is enough to prove that, for A P A,

ż

A

´

TIE
`

f |AI

˘

¯

ptqdt “

ż

A
pTIfqptqdt.

By Lemma 7.3.4 (b) we have that

ż

A

´

TIE
`

f |AI

˘

¯

ptqdt “ |I|

ż

q´1
I pAq

´

E
`

f |AI

˘

¯

ptqdt “ |I|

ż

q´1
I pAq

fptqdt “

ż

A
pTIfqptqdt.

Proof of Theorem 7.3.2. We proceed by induction on α. For α “ n, we have Rp,0
n “ Ln,0

p , and, as is

well known, the basis phIqIPDn´1 of Ln,0
p forms a martingale difference sequence in the lexicographic

order of Dn´1.

Let α be a limit ordinal. For every n P N, there exist β ă α and µn P Tβ such that hλn
In

“

Tα
β phµn

In
q. For each β ă α, define F pβq “ tn P N : µn P Tβu. The sets F pβq, β ă α, form a partition

of N. By the induction hypothesis, for every β ă α, the sequence phµn

In
qnPF pβq is a martingale

difference sequence with respect to the increasing enumeration of F pβq. Because pTα
β qβăα are

distributional embeddings with independent ranges, phλn
In

qnPN “ pphµn

In
qnPF pβqqβăα is a martingale

difference sequence.

Let α “ β ` κpαq, where β is a limit ordinal, and let n P N be arbitrary. Denote

σ “ σphλk
Ik

: 1 ď k ď n´ 1q.

We will show that Ephλn
In

| σq “ 0. We distinguish two cases for λn: either λn “ pβ ` κpαqq, or

λn Ě pβ ` κpαqq"Jn for some Jn P Dκpαq. In the first case, by the enumeration of Tα, λ1 “ λ2 “

¨ ¨ ¨ “ λn “ pβ ` κpαqq. Since phIqIPDκpαq´1
is a martingale difference sequence in the lexicographic

order of Dκpαq´1, it follows that Ephλn
In

| σq “ 0. In the second case, we have hλn
In

“ TJnphµn

In
q for

some µn P Tβ. For every J P Dκpαq, define

F pJq “ t1 ď k ď n´ 1 : λk Ě pβ ` κpαqq"Ju.

If k P F pJq, then hλk
Ik

“ TJphµk
Ik

q for some µk P Tβ. For each J P Dκpαq, let

AJ “ σphµk
Ik

: k P F pJqq.
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Observe σ Ă A, where A is as in Proposition 7.3.5. By the induction hypothesis, phµk
Ik

qkPF pJnqYthµn

In
u

is a martingale difference sequence in the increasing enumeration of F pJnq Y tnu. Combining this

with Proposition 7.3.5 (b), we obtain that

Ephλn
In

| Aq “ EpTJnh
µn

In
| Aq “ TJnEphµn

In
| AJnq “ 0.

Therefore, Ephλn
In

| σq “ 0.

Remark 7.3.6. Let α ă ω1 and pλn, Inq8
n“1 be an enumeration of tpλ, Iq : λ P Tα, I P Dκpλq´1u

as in Theorem 7.3.2. By Example 3.2.9, if pbλn
In

q8
n“1 is a distributional copy of phλn

In
q8
n“1, then the

orthogonal projection P onto rpbλn
In

q8
n“1s is given by

P pfq “

8
ÿ

n“1

x}bλn
In

}´1
q bλn

In
, fy }bλn

In
}´1
p bλn

In
.

7.4 Independent decompositions of Rp,0
α

In this section, we show that for a limit ordinal number α, the space Rp,0
α is the independent sum of

the successor ordinal spaces Rp,0
bpλq`κpλq

, λ P Root pTαq. This is derived from Proposition 7.3.1, which

states that the Rp,0
α space is the closed linear span of the spaces pYλqλPRootpTαq, and from Proposition

7.4.1, which states that the spaces pYλqλPRootpTαq are independent and for every λ P RootpTαq the

spaces Rp,0
bpλq`κpλq

and Yλ are distributionally isomorphic.

While the following statement holds in general, the second part is non-trivial only for limit

ordinals α, that is, when RootpTαq is not a singleton. The second part, the independence of the

spaces pYλqλPRootpTαq, is used in Chapter 9, where we prove that distributional embedding schemes

induce distributional embeddings.

Proposition 7.4.1. For α ă ω1, the following hold.

(a) For every λ P Tα,

Tλ
`

Rp,0
bpλq`κpλq

˘

“ Yλ.

(b) The spaces pYλqλPRootpTαq are independent, and in particular,

Rp,0
α ”dist

´

ÿ

λPRootpTαq

Rp,0
bpλq`κpλq

¯

Ind,p
.

Proof. Firstly, we prove (a) by induction on α. If α “ n P N, Tα “ tpnqu. For λ “ pnq we have that

Tλ “ id, and thus,

TλpRp,0
bpλq`κpλq

q “ Rp,0
n “ Xpnq “ Ypnq.
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Let α be a limit ordinal. Let λ P Tα. Then λ “ pαq"µ, where µ P Tβ, for some β ă α. By the

induction hypothesis, we observe that

Tλ
`

Rp,0
bpλq`κpλq

˘

“ Tα
β Tµ

`

Rp,0
bpµq`κpµq

˘

“ Tα
β Yµ “

“

Tα
βXµ1 : µ Ď µ1

‰

“
“

Tα
β Tµ1Lκpµ1q,0

p : µ Ď µ1
‰

“
“

Tλ1Lκpλ1q,0
p : λ Ď λ1

‰

“ rXλ1 : λ Ď λ1s “ Yλ.

Now, let α “ β ` κpαq. Let λ P Tα. Then λ “ pβ ` κpαqq or λ “ pβ ` κpαqq"I"µ, where

I P Dκpαq and µ P Tβ. In the first case, Tλ “ id, consequently,

Tλ
`

Rp,0
bpλq`κpλq

˘

“ Rp,0
α “ Yλ.

For the latter case, by the induction hypothesis, we observe that

Tλ
`

Rp,0
bpλq`κpλq

˘

“ TITµ
`

Rp,0
bpµq`κpµq

˘

“ TIYµ “
“

TIXµ1 : µ Ď µ1
‰

“
“

TITµ1Lκpµ1q,0
p : µ Ď µ1

‰

“
“

Tλ1Lκpλ1q,0
p : λ Ď λ1

‰

“ rXλ1 : λ Ď λ1s “ Yλ.

Now, we prove (b) by induction on α. From Remark 7.1.4 (b) the finite and successor cases trivially

hold. Let α be a limit ordinal and note Root pTαq “ tpαq"µ : µ P RootpTβq, β ă αu. For every

β ă α, by the induction hypothesis and because Tα
β is a distributional embedding, the spaces

pYpαq⌢µqµPTβ “ pTα
β pYµqqµPTβ are independent. Because the operators pTα

β qβăα have independent

ranges, the spaces ppYpαq⌢µqµPTβ qβăα are independent. Proposition 7.3.1 and the above assertion

(a) and (b) imply

Rp,0
α ”dist

´

ÿ

λPRootpTαq

Rp,0
bpλq`κpλq

¯

Ind,p
.

7.5 The supports of the spaces Xλ, λ P Tα

In this section, we show that, for two incomparable λ, µ P Tα, the spaces Xλ and Xµ have disjoint

supports if and only if the sequences λ and µ first split at a position where their entries are dyadic

intervals. This fact is used in Chapters 8 and 9, where distributional embedding schemes are

studied.

Recall that all set-theoretic relations are understood in the essential sense.

Definition 7.5.1. Let X be a (not necessarily closed) subspace of Lp and A be a measurable subset

of r0, 1s.

(a) We write supppXq Ă A if, for every f P X, supppfq Ă A.

(b) If supppXq Ă A and, additionally, for every measurable subset B of r0, 1s such that supppXq Ă

B, we have A Ă B, then we write supppXq “ A.
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It is standard that there exists a set A such that supppXq “ A, and that A is essentially unique.

Proposition 7.5.2. For α ă ω1 and λ P Tα, the following hold.

(a) We have

supppXλq “ supppTλχr0,1sq,

and in particular θλ “ | supppXλq|.

(b) If µ is a successor of λ, then

supppXµq Ă supppXλq.

More precisely, if µ “ λ⌢I⌢ν, where I P Dκpλq and ν P Tbpλq, then

supppXµq Ă rTλχI “ 1s.

Proof. Both assertions are based on Remark 5.2.4. For f P Xλ there is g P L
κpλq,0
p such that

f “ Tλg. Recalling that Tλhr0,1s P Xλ, we obtain

supppfq Ă supppTλχr0,1sq “ supppTλhr0,1sq Ă supppXλq.

In other words, supppXλq Ă rTλχr0,1s “ 1s Ă supppXλq. Also,

| supppTλχr0,1sq| “ |rTλχr0,1s “ 1s| “ θλ|rχr0,1s “ 1s| “ θλ.

Next, for µ “ λ⌢I⌢ν,

supppTµχr0,1sq “ supppTλTITνχr0,1sq Ă supppTλTIχr0,1sq “ supppTλχIq.

Remark 7.5.3. By Proposition 7.5.2 (b), for α ă ω1 and λ P Tα, we have supppYλq “ supppXλq.

Definition 7.5.4. Let α ă ω1 and λ, µ P Tα. We say that λ and µ are disjointly supported if

supppXλq X supppXµq “ H.

Proposition 7.5.5. Let α ă ω1. Let λ, µ P Tα be incomparable and denote

i0 “ minti : λpiq ‰ µpiqu.

(a) The entries λpi0q and µpi0q are either both ordinals or both intervals.

(b) λ and µ are disjointly supported if and only if λpi0q and µpi0q are both intervals.
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Proof. We prove the second assertion, since the first follows directly from Definition 7.1.6. Assume

that λpi0q and µpi0q are both intervals, say λpi0q “ I and µpi0q “ J . Then λ “ ν"I"λ̃ and

µ “ ν"J"µ̃, where I ‰ J P Dκpνq and λ̃, µ̃ P Tbpνq. By Proposition 7.5.2 (b), we have supppXλq Ă

rTνχI “ 1s and supppXµq Ă rTνχJ “ 1s. Remark 5.2.4, together with the disjointness of I and J ,

implies that supppXλq and supppXµq are disjoint.

We prove the other direction by induction on α, i.e., in the α inductive step we assume that for

every β ă α, any λ, µ in Tβ that split at an ordinal are not disjointly supported and we will show

this also holds in Tα. The finite case α “ n trivially holds, because Tn is a singleton.

Let α be a limit ordinal, and assume that λ, µ P Tα split at an ordinal. We have that λ “

ν"λpi0q"λ̃ and µ “ ν"µpi0q"µ̃. From Definition 7.1.6 we observe that λpi0 ´ 1q “ µpi0 ´ 1q is a

limit ordinal. Thus, either λpi0 ´ 1q “ α or λpi0 ´ 1q ă α. For the first case, we have that λ “

pαq"λpi0q"λ̃ and µ “ pαq"µpi0q"µ̃. Thus, Xλ “ Tα
λpi0q

pX
pλpi0qq"λ̃q and Xµ “ Tα

µpi0q
pXpµpi0qq"µ̃q.

Recall that Tα
λpi0q

and Tα
µpi0q

have independent ranges. Because supppXλq “ rTλhr0,1s ‰ 0s and

supppXµq “ rTµhr0,1s ‰ 0s, they are independent. From Proposition 7.5.2 (a) we have that supppXλq

and supppXµq are of positive measure. Hence, λ and µ are not disjointly supported. For the latter

case, we have that λ “ ν"λpi0q"λ̃ and µ “ ν"µpi0q"µ̃, where λpi0 ´ 1q “ µpi0 ´ 1q ă α. We have

that λpi0 ´ 1q"λpi0q"λ̃ and µpi0 ´ 1q"µpi0q"µ̃ belong to Tλpi0´1q and split at an ordinal. By the

induction hypothesis, we have that λpi0 ´ 1q"λpi0q"λ̃ and µpi0 ´ 1q"µpi0q"µ̃ are not disjointly

supported. Combining this with Remark 5.2.4, we obtain that λ and µ are not disjointly supported.

Now, let α “ β ` κpαq and assume that λ, µ P Tα split at an ordinal. By the definition of Tα,

there exist I P Dκpαq and λ̃, µ̃ P Tβ such that λ “ pβ ` κpαqq"I"λ̃ and µ “ pβ ` κpαqq"I"µ̃ and

λ̃ and µ̃ split at an ordinal. By the induction hypothesis we have that λ̃ and µ̃ are not disjointly

supported. Thus, Remark 5.2.4 implies that λ and µ are not disjointly supported.
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Chapter 8

Distributional embedding schemes

In this chapter, we present distributional embedding schemes, a fundamental concept in our pa-

per. For ordinal numbers α, β ă ω1, a distributional embedding scheme from Rp,0
α to Rp,0

β is an

object Ψ comprising a collection of finite subsets of Tβ with a tree structure resembling Tα and an

accompanying collection of distributional embeddings of finite-dimensional Lp-spaces. The object

Ψ is designed so that it induces a distributional embedding TΨ : Rp,0
α Ñ Rp,0

β . In Chapter 10,

this tool will facilitate the stabilization of operators. Although TΨ is easily defined as a linear

operator, establishing that it preserves the distribution is an extensive process that will be con-

cluded in Chapter 9. Here, we will deliver essential estimates related to Ψ and introduce specific

sub-distributional embedding schemes of Ψ, which are utilized in Chapter 9.

We define distributional embedding schemes in a slightly broader setting than that described

in the preceding paragraph. Specifically, we work with subtrees of Tα and with the corresponding

subspaces of Rp,0
α that they determine. This degree of generality is unnecessary for the reduction to

diagonal operators but becomes essential for the scalar reduction (see Section 10.3). Although this

latter step is not included in the thesis, the additional generality does not alter the proof, apart

from minor adjustments in notation.

Definition 8.0.1. Let α ă ω1, and let E be a subset of Tα.

(a) We call E a subtree of Tα if, for every λ0 P E , tλ P Tα : λ Ď λ0u Ă E .

(b) We call E an interval-branching subtree of Tα if it is a subtree and, for every λ0 P E that is

non-maximal in E and I P Dκpλ0q, there exists λ P E such that λ0
⌢I Ď λ.

(c) We call E a perfectly branching subtree of Tα if it is a subtree and, for every λ0 P E that is

non-maximal in Tα and for every I P Dκpλ0q,

sup
!

bpλq ` κpλq : λ P E and λ0
⌢I Ď λ

)

“ bpλ0q.

Given a subtree E of Tα, we define the subspace RE “ rpXλqλPE s of Rp,0
α .
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Remark 8.0.2. A subtree E is a downward-closed subset of Tα. It is termed interval-branching if

every element λ either has no extensions or can be extended along all intervals I P Dκpλq. A subtree

is perfectly branching if the complexity of its extensions matches that of Tα.

We will prove the main result concerning distributional embedding schemes, namely Theorem

9.0.1, in the setting of interval-branching subtrees. For the purposes of our main Theorem 10.2.1

this additional generality is not required, since it would have been sufficient to consider the full

trees E “ Tα. Our reason for working in this broader setting is to establish a framework that may

later serve in proving the primary factorization property for the spaces Rp,0
ωα , 1 ď α ă ω1, (see

Section 10.3). Perfectly branching subtrees were introduced for the same purpose; although they

play no role in the present argument and will not be mentioned again, we retain them to maintain

continuity with a prospective extension of this work.

Definition 8.0.3. Let α, β ă ω1 and consider the subtrees E of Tα and F of Tβ. Let Ψ “

pMλ, pJµqµPMλ
qλPE be a collection such that, for every λ P E , Mλ is a finite subset of F and, for

every µ P Mλ, Jµ : L
κpλq,0
p Ñ L

κpµq,0
p is a distributional embedding. We call Ψ a distributional

embedding scheme of RE in RF if the following hold.

(a) For λ P E ,

(i) the members of Mλ are pairwise disjointly supported and

(ii)
ř

µPMλ

θµ “ θλ.

(b) If λ1, λ2 P E are incomparable and µ1 P Mλ1 , µ2 P Mλ2 , then µ1, µ2 are incomparable.

(c) Let λ P E be a non-root, λ0 be the immediate predecessor of λ, and let I P Dκpλ0q such that

λ0
⌢I Ď λ. Then, for every µ P Mλ, there exist µ0 P Mλ0 and P P Dκpµ0q such that

µ0
⌢P Ď µ and P Ă rJµ0hπpIq “ ϵpIqs.

For the definitions of πpIq and ϵpIq, see Notation 2.3.1.

Remark 8.0.4. A brief explanation of the definition of Ψ is necessary.

(i) When focusing solely on the tree structure of the subtrees E and F , then pMλqλPE is a disjoint

collection of non-empty finite antichains of F , indexed over E , such that, for every λ1, λ2 P E ,

λ1 Ĺ λ2 if and only if there exists µ1 P Mλ1 , µ2 P Mλ2 such that µ1 Ĺ µ2. While this aspect

helps establish some properties of Ψ, Ψ encodes significantly more information required for

representing RE in RF .

(ii) Each set Mλ will be used to define a distributional copy of Xλ in xXµ : µ P Mλy via pJµqµPMλ
.

Item (a) asserts that the spaces pXµqµPMλ
are disjointly supported and the measure of the

support of their union aligns with the measure of the support of Xλ.
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(iii) While (b) appears to be an innocent condition related only to the tree structure, when

considered alongside the other items, it guarantees the preservation of independence.

(iv) Item (c) indicates that each µ P Mλ is the (not necessarily immediate) successor of some µ0 P

Mλ0 along an interval P . Although it may seem logical to choose P so that ϵpP q “ ϵpIq, this

perspective is overly simplistic because of the involvement of Jµ0 . Therefore, P is restricted

by a condition linked to Jµ0 and πpIq and ϵpIq.

We provide the next piece of notation for context, but we will not address it yet.

Notation 8.0.5. Fix α, β ă ω1, subtrees E of Tα and F of Tβ, and a distributional embedding

scheme Ψ “ pMλ, pJµqµPMλ
qλPE of RE in RF . We denote by TΨ : xpXλqλPEy Ñ xpXµqµPFy the

linear map given by

TΨ|Xλ
“

ÿ

µPMλ

TµJµT
´1
λ |Xλ

,

for λ P E . That is, for λ P E and I P Dκpλq´1,

TΨh
λ
I “

ÿ

µPMλ

TµJµhI .

Remark 8.0.6. In Chapter 9, we will show that if E and F are interval-branching subtrees, then

TΨ is a distributional embedding. The same result also holds for non-interval-branching subtrees,

with an identical proof apart from heavier notation needed to distinguish the intervals along which

a given λ P E may extend. Since the proof is already long and no application of the more general

statement is known to us, we state and prove the result under the interval-branching assumption.

8.1 Estimates on distributional embedding schemes

We will provide precise estimates for quantities of the form
ř

νPΓ θν , for subsets Γ of Mλ of a special

type stemming from the tree structure of Ψ.

Notation 8.1.1. For the rest of this subsection, we fix α, β ă ω1, interval-branching subtrees E
of Tα and F of Tβ, and a distributional embedding scheme Ψ “ pMλ, pJµqµPMλ

qλPE of RE in RF .

The partial relation “Ď” should be understood as referring to E or F , rather than Tα or Tβ.

To facilitate the main statement of this subsection, we introduce some notation, which implicitly

depends on Ψ.

Notation 8.1.2. Let λ P E .

(a) For µ P F denote

Γµ
λ “

!

ν P Mλ : µ Ď ν
)

,

and, for J P Dκpµq, denote

Γµ⌢J
λ “

!

ν P Mλ : µ⌢J Ď ν
)

.
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(b) For I P Dκpλq and µ P Mλ denote

Dκpµq

I “

!

P P Dκpµq : P Ă rJµhπpIq “ ϵpIqs

)

.

The above will be used extensively in the sequel. The reader may realize that Dκpµq

I depends

on µ, rather than only κpµq. However, no confusion should arise from this.

Remark 8.1.3. Based on the above notation, the following hold.

(a) For λ P E , I P Dκpλq, and µ P Mλ we have

ÿ

PPDκpµq

I

|P | “ |I|,

because JµhπpIq is a distributional copy of hπpIq in L
κpµq,0
p .

(b) Definition 8.0.3 (c) is reformulated as follows. Let λ0 P E , I P Dκpλ0q, and λ be an immediate

successor of λ0 with λ0
⌢I Ď λ. Then the collections of sets

!

Γµ⌢P
λ : µ P Mλ0 and P P Dκpµq

I

)

forms a partition of Mλ. By iteration, the same applies if we substitute “immediate successor”

with “successor”.

(c) There exist variations of (b), such as the following. Let λ0 P E , I P Dκpλ0q, and λ be a

successor of λ0 with λ0
⌢I Ď λ. Let µ0 P F and J P Dκpµ0q such that Γµ0

⌢J
λ0

‰ H. Then the

collections of sets
!

Γµ⌢P
λ : µ P Γµ0

⌢J
λ0

and P P Dκpµq

I

)

forms a partition of Γµ0
⌢J

λ .

The following is the main initial result about distributional embedding schemes, focusing on spe-

cific estimates. It will be used in the next subsection, where we define sub-distributional embedding

schemes of Ψ.

Proposition 8.1.4. Fix µ0 P F and let λ0 P E be minimal such that Γµ0

λ0
‰ H, assuming it exists.

The following hold.

(a) For every λ Ě λ0,
ÿ

νPΓ
µ0
λ

θν “ θµ0

θλ
θλ0

.

(b) If µ0 R Mλ0 then, for every J P Dκpµ0q and λ Ě λ0,

ÿ

νPΓ
µ0

⌢J
λ

θν “ θµ0 |J |
θλ
θλ0

.
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(c) If µ0 P Mλ0 then, for every I P Dκpλ0q and J P Dκpµ0q

I , and for every λ Ě λ0
⌢I,

ÿ

νPΓ
µ0

⌢J
λ

θν “ θµ0

|J |

|I|

θλ
θλ0

.

We will prove Proposition 8.1.4 in steps, by first showing (c), then (b), and finally we will

conclude (a). We start with a lemma.

Lemma 8.1.5. Let Γ be a set of disjointly supported members of F .

(a) Assume that there is µ P F such that, for all ν P Γ, µ Ď ν. Then,

ÿ

νPΓ

θν ď θµ.

(b) Assume that there are µ P F and I P Dκpµq such that, for all ν P Γ, µ⌢J Ď ν. Then,

ÿ

νPΓ

θν ď θµ|J |.

Proof. The first statement directly follows from Proposition 7.5.2 (b), according to which, supppXνq,

ν P Γ are disjoint subsets of supppXµq, and thus,

ÿ

νPΓ

θν “
ÿ

νPΓ

| supppXνq| “

ˇ

ˇ

ˇ

ˇ

ď

νPΓ

supppXνq

ˇ

ˇ

ˇ

ˇ

ď |supppXµq| “ θµ.

The proof of the second statement is a variation of the above, also involving Proposition 7.5.2

(b) stating, for ν P Γ, supppXνq Ă rTµχJ “ 1s. Therefore,

ÿ

νPΓ

θν “
ÿ

νPΓ

| supppXνq| “

ˇ

ˇ

ˇ

ˇ

ď

νPΓ

supppXνq

ˇ

ˇ

ˇ

ˇ

ď |rTµχJ “ 1s| “ θµ|J |,

because Tµ is a θµ-compression.

Proof of Proposition 8.1.4 (c). We proceed by induction on n “ hpλq´hpλ0q, i.e., the path distance

from λ0 to λ in the tree E . To elaborate further, the inductive hypothesis in the n’th step will

state that the conclusion holds for all µ0, λ0, and λ, as outlined, for which hpλq ´ hpλ0q ă n. We

initiate with the base case, n “ 1. Let λ0 P E , µ0 P Mλ0 , I P Dκpλ0q and J P Dκpµ0q

I , and let λ be

an immediate successor of λ0 with λ0
⌢I Ď λ. Note that, in particular, θλ “ θλ0 |I|. We will prove

ÿ

νPΓ
µ0

⌢J
λ

θν “ θµ0 |J | “ θµ0

|J |

|I|

θλ
θλ0

.
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By Lemma 8.1.5 (b), for any µ P Mλ0 and P P Dκpµq

I , we have

ÿ

νPΓµ⌢P
λ

θν ď θµ|P |.

If we assume, towards a contradiction, that
ř

νPΓ
µ0

⌢J
λ

θν ă θµ0 |J |, then

θλ “
ÿ

νPMλ

θν (by Definition 8.0.3 (a))

“
ÿ

µPMλ0

ÿ

PPDκpµq

I

ÿ

νPΓµ⌢P
λ0

θν (by Remark 8.1.3 (b))

ă
ÿ

µPMλ0

θµ
ÿ

PPDκpµq

I

|P | “
ÿ

µPMλ0

θµ|I| (by Remark 8.1.3 (a))

“ θλ0 |I| “ θλ.

We now perform the n’th inductive step. Let λ0 P Tα, µ0 P Mλ0 , I P Dκpλ0q and J P Dκpµ0q

I ,

and let λ Ě λ0
⌢I with hpλq ´ hpλ0q “ n. Let λn´1 denote the immediate predecessor of λ and let

In P Dκpλn´1q such that λn´1
⌢In Ď λ. By Remark 8.1.3 (c), the sets

!

Γµ⌢P
λ : µ P Γµ0

⌢J
λn´1

and P P Dκpµq

In

)

form a partition of Γµ0
⌢J

λ , and thus,

ÿ

νPΓ
µ0

⌢J
λ

θν “
ÿ

µPΓ
µ0

⌢J
λn´1

ÿ

PPDκpµq

In

ÿ

νPΓµ⌢P
λ

θν .

By the base case, we have that, for each µ P Γµ0
⌢J

λn´1
and P P Dκpµq

In
,

ÿ

νPΓµ⌢P
λ

θν “ θµ|P |,

and therefore

ÿ

νPΓ
µ0

⌢J
λ

θν “
ÿ

µPΓ
µ0

⌢J
λn´1

θµ
ÿ

PPDκpµq

In

|P | “
ÿ

µPΓ
µ0

⌢J
λn´1

θµ|In| (by Remark 8.1.3 (a))

“

´

θµ0

|J |

|I|

θλn´1

θλ0

¯

|In| (by the case n´ 1)

“ θµ0

|J |

|I|

θλn

θλ0

.
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Before proving Proposition 8.1.4 (b), we establish a lemma that will also be used frequently

later, in Chapter 9.

Lemma 8.1.6. Let λ P E .

(a) There exists a unique root µ P F such that Γµ
λ “ Mλ.

(b) Let µ P F and J P Dκpµq such that Γµ⌢J
λ ‰ H. Then there exists a unique root ξ P Tbpµq such

that µ⌢J⌢ξ P F and Γµ⌢J
λ “ Γµ⌢J⌢ξ

λ .

Proof. The two statements are shown with virtually the same argument. We start with statement

(a). We fix an arbitrary ν P Mλ and let µ be the unique root such that µ Ď ν. By Remark 7.1.9

(c) all the entries of µ are ordinal numbers. For ν1 P Mλztνu, we will show ν 1 P Γµ
λ. Because ν, ν 1

are disjointly supported, by Proposition 7.5.5, for the minimum entry i for which νpiq ‰ ν1piq, νpiq

is some interval I, and since µ Ď ν, i ą |µ|. In conclusion, ν 1||µ| “ ν||µ| “ µ.

We now demonstrate (b). Fix an arbitrary ν P Γµ⌢J
λ . Because µ⌢J Ď ν, there exists a unique

root ξ P Tbpµq such that µ⌢J⌢ξ Ď ν. In particular, for 1 ď i ď |ξ|, ξpiq is an ordinal number.

Clearly, Γµ⌢J⌢ξ
λ Ă Γµ⌢J

λ . For ν 1 P Γµ⌢J
λ ztνu, we will show ν 1 P Γµ⌢J⌢ξ

λ . Let i denote the minimum

entry for which νpiq ‰ ν1piq. Because ν, ν1 P Γµ⌢J
λ , i R t1, . . . , |µ| ` 1u. Since ν, ν 1 are disjointly

supported, for the minimum entry i for which νpiq ‰ ν 1piq, νpiq is not an ordinal number, and thus,

i R t|µ| ` 2, . . . , |µ| ` 1 ` |ξ|u. Therefore, ν 1||µ|`1`|ξ| “ ν||µ|`1`|ξ| “ µ⌢J⌢ξ.

Proof of Proposition 8.1.4 (b). We will first prove the conclusion only in the case λ “ λ0. More

precisely, we will prove that for every µ0 P F , for which there is a minimal λ0 P Tα with Γµ0

λ0
‰ H,

if µ0 R Mλ0 then, for every J P Dκpµ0q, we have

ÿ

νPΓ
µ0

⌢J
λ0

θν “ θµ0 |J |. (8.1)

This will be proved by induction on hpµ0q, i.e., the height of µ0 in the tree F . In the base case,

µ0 is a root. By Remark 8.0.4 (i), λ0 is a root, and by Lemma 8.1.6 (a), Γµ0

λ0
“ Mλ0 . We may

assume µ0 R Mλ0 , as, otherwise, the conclusion vacuously holds. This, in particular, suggests that

the collection of sets
!

Γµ0
⌢P

λ0
: P P Dκpµ0q

)

form a partition of Γµ0

λ0
“ Mλ0 . By Lemma 8.1.5, for any J P Dκpµ0q,

ÿ

νPΓ
µ0

⌢J
λ0

θν ď θµ0 |J | “ |J |.
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If, for some J P Dκpµ0q, we had
ř

νPΓ
µ0

⌢J
λ0

θν ă |J |, then,

1 “ θλ0 “
ÿ

νPMλ0

θν “
ÿ

νPΓ
µ0
λ0

θν “
ÿ

JPDκpµ0q

ÿ

νPΓ
µ0

⌢J
λ0

θν ă
ÿ

JPDκpµ0q

|J | “ 1.

This contradiction concludes the base case. Assume now that µ0 is a non-root with immediate

predecessor µ, for which the conclusion is assumed to hold. Let P0 P Dκpµq such that µ⌢P0 Ď µ0.

By Lemma 8.1.6 (b), we have
ÿ

νPΓ
µ0
λ0

θν “
ÿ

νPΓ
µ⌢P0
λ0

θν . (8.2)

Claim:
ÿ

νPΓ
µ0
λ0

θν “ θµ0 .

To establish the claim, we distinguish two cases regarding µ, the immediate predecessor of µ0.

In the first case, λ0 is minimal such that Γµ
λ0

‰ H. Then, by the inductive hypothesis,

ÿ

νPΓ
µ0
λ0

θν “
ÿ

νPΓ
µ⌢P0
λ0

θν “ θµ|P0| “ |θµ0 |.

In the second case, the immediate predecessor λp of λ0 is minimal such that Γµ
λp

‰ H, and if this

is the case, µ P Γµ
λp

. Let I0 P Dκpλpq such that λp
⌢I0 Ď λ0. By Proposition 8.1.4 (c),

ÿ

νPΓ
µ0
λ0

θν “
ÿ

νPΓ
µ⌢P0
λ0

θν “ θµ|P0|
θλ0

|I0|θλp

“ |θµ0 |.

The proof of the claim is complete.

We use the claim as follows. By Lemma 8.1.5, for any J P Dκpµ0q,

ÿ

νPΓ
µ0

⌢J
λ0

θν ď θµ0 |J |.

If, for some J P Dκpµ0q, we had
ř

νPΓ
µ0

⌢J
λ0

θν ă |J |θµ0 , then,

θµ0 “
ÿ

νPΓ
µ0
λ0

θν “
ÿ

JPDκpµ0q

ÿ

νPΓ
µ0

⌢J
λ0

θν ă
ÿ

JPDκpµ0q

|J |θµ0 | “ θµ0 .

This contradiction concludes the proof of the case λ “ λ0.

We finally prove the general case. Let µ0 P F and let λ0 P E be minimal such that Γµ0

λ0
‰ H,

assuming it exists, and assume µ0 R Mλ0 , as, otherwise, the conclusion vacuously holds. Let
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J P Dκpµ0q and λ Ľ λ0. Let I P Dκpλ0q such that λ Ě λ0
⌢I, and note that, by Remark 8.1.3 (c), the

sets
!

Γµ⌢P
λ : µ P Γµ0

⌢J
λ0

and P P Dκpµq

I

)

form a partition of Γµ0
⌢J

λ . We now compute

ÿ

νPΓ
µ0

⌢J
λ

θν “
ÿ

µPΓ
µ0

⌢J
λ0

ÿ

PPDκpµq

I

ÿ

νPΓµ⌢P
λ

θν “
ÿ

µPΓ
µ0

⌢J
λ0

ÿ

PPDκpµq

I

θµ
|P |

|I|

|λ|

|λ0|
(by Proposition 8.1.4 (c))

“
ÿ

µPΓ
µ0

⌢J
λ0

θµ
|I|

|I|

|λ|

|λ0|
(by Remark 8.1.3 (a))

“ θµ0 |J |
|λ|

|λ0|
(by the case λ “ λ0).

Remark 8.1.7. Proposition 8.1.4 (a) follows from the argument in the Claim inside the proof of

Proposition 8.1.4 (b).

8.2 Sub-distributional embedding schemes associated with Ψ

We construct three new types of distributional embedding schemes by isolating substructures of

Ψ emanating from nodes λ0 P E and µ0 P F . These new schemes have lower ordinal numbers

associated with them. This reduction in complexity is important, and it is used in Chapter 9 to

prove, by induction on α, that TΨ is a distributional embedding.

Notation 8.2.1. Let α ă ω1 and E be an interval-branching subtree of Tα. For λ0 P E and

I P Dκpλ0q, we define the interval-branching subtrees

Eλ0
⌢I “

!

λ P Tbpλ0q : λ"
0 I

"λ P E
)

and Eλ0 “

!

λ P Tbpλ0q`κpλ0q : λ0 m λ P E
)

of Tbpλ0q and Tbpλ0q`κpλ0q, respectively.

Notation 8.2.2. For the remainder of this subsection, we fix α, β ă ω1, interval-branching subtrees

E of Tα and F of Tβ, and a distributional embedding scheme Ψ “ pMλ, pJµqµPMλ
qλPE of RE in RF .

In the following proposition, we construct the first type of a sub-distributional embedding

scheme of Ψ, which is used in the successor case of the inductive step in Section 9.

Proposition 8.2.3. Let λ0 P E , µ0 P Mλ0 , I P Dκpλ0q, and J P Dκpµ0q

I . For every λ P Eλ0
⌢I , denote

Mpλ0
⌢I,µ0

⌢Jq

λ “ tµ P Fµ0
⌢J : µ"

0 J
"µ P Mλ"

0 I"λu

73



and, for every µ P Mpλ0
⌢I,µ0

⌢Jq

λ , denote

J pλ0
⌢I,µ0

⌢Jq
µ “ Jµ"

0 J"µ.

Then the collection

Ψµ0
⌢J

λ0
⌢I

“ pMpλ0
⌢I,µ0

⌢Jq

λ , pJ pλ0
⌢I,µ0

⌢Jq
µ q

µPMpλ0
⌢I,µ0

⌢Jq

λ

q
λPEλ0

⌢I

is a distributional embedding scheme of REλ0
⌢I in RFµ0

⌢J .

To aid the proof of Proposition 8.2.3, we note the following observation, which is evident from

the relevant definitions.

Remark 8.2.4. For every λ P Eλ0
⌢I , considering the set Γλ “ Γµ0

⌢J

λ0
⌢I⌢λ

, the map

ϕλ : Mpλ0
⌢I,µ0

⌢Jq

λ Ñ Γλ

given by ϕλpµq “ µ0
⌢J⌢µ is a bijection and, for all µ P Mpλ0

⌢I,µ0
⌢Jq

λ ,

θϕλpµq “ θµ0 |J |θµ.

Proof of Proposition 8.2.3. For the rest of the poof, for λ P Eλ0
⌢I , we denote Mpλ0

⌢I,µ0
⌢Jq

λ “ M1
λ

and, for µ P M1
λ, we denote J

pλ0
⌢I,µ0

⌢Jq
µ “ J 1

µ. For λ P Eλ0
⌢I , have that M1

λ is finite and

M1
λ Ă Fµ0

⌢J . Clearly, for every µ P M1
λ we have that J 1

µ : L
κpλq,0
p Ñ L

κpµq,0
p is a distributional

embedding. We need to verify Definition 8.0.3 (a) (i) and (ii), (b), and (c).

First, we establish Definition 8.0.3 (a) (i), so, let λ P Eλ0
⌢I and µ, µ1 P M1

λ with µ ‰ µ1. Hence,

we have that µ"
0 J

"µ and µ"
0 J

"µ1 belong to Mλ"
0 I"λ and µ"

0 J
"µ ‰ µ"

0 J
"µ1. Thus, µ"

0 J
"µ

and µ"
0 J

"µ1 are disjointly supported. Applying Proposition 7.5.5 (b) we easily obtain that µ and

µ1 are disjointly supported. The property in Definition 8.0.3 (b) is a clear consequence of the tree

structure of the distributional embedding scheme described in Remark 8.0.4 (i). We use Remark

8.2.4 and Proposition 8.1.4 (c) to verify Definition 8.0.3 (a) (ii) as follows. For λ P Eλ0
⌢I ,

ÿ

µPM1
λ

θµ “ θ´1
µ0

|J |´1
ÿ

νPΓλ

θν “ θ´1
µ0

|J |´1θµ0

|J |

|I|

θλ0
⌢I⌢λ

θλ0

“ θλ.

Finally, we prove that Definition 8.0.3 (c) is satisfied. Let λ P Eλ0
⌢I be an immediate successor

of πpλq and J 1 P Dκpπpλqq such that πpλq⌢J 1 Ď λ (here, πpλq denotes the immediate predecessor

of λ; this notation should not be confused with the notation πpIq used for dyadic intervals). We

will show that, for µ P M1
λ, there exist ν P M1

πpλq
and Q P Dκpνq

J such that ν⌢Q Ď µ. It is clear

that the immediate predecessor of λ̄ “ λ0
⌢I⌢λ is πpλ̄q “ λ0

⌢I⌢πpλq and πpλ̄q⌢J 1 Ď λ̄. By Remark
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8.1.3 (c), the collection of sets

!

Γν⌢Q

λ̄
: ν P Γµ0

⌢J

πpλ̄q
and Q P Dκpνq

J

)

form a partition of Γµ0
⌢J

λ̄
. Therefore, for every µ P M1

λ, there exist ν P Γµ0
⌢J

πpλ̄q
and Q P Dκpνq

J such

that ϕπpλqpνq
⌢Q Ď ϕλpµq, and thus, ν⌢Q Ď µ.

The last two types of distributional embedding schemes from Ψ are utilized in the limit case of

the inductive step in Chapter 9. The proofs closely resemble that of Proposition 8.2.3. Although

we highlight some differences, we choose to omit specific details to avoid repetition.

Proposition 8.2.5. Let λ0 P E be a root, µ0 P F , and J P Dκpµ0q such that Γµ0
⌢J

λ0
‰ H. For every

λ P Eλ0 , denote

Mpλ0,µ0
⌢Jq

λ “ tµ P Fµ0
⌢J : µ0

⌢J⌢µ P Mλ0mλu

and, for every µ P Mpλ0,µ0
⌢Jq

λ , denote

J pλ0,µ0
⌢Jq

µ “ Jµ0
⌢J⌢µ.

Then the collection

Ψµ0
⌢J

λ0
“

ˆ

Mpλ0,µ0
⌢Jq

λ , pJ pλ0,µ0
⌢Jq

µ q
µPMpλ0,µ0

⌢Jq

λ

˙

λPEλ0

is a distributional embedding scheme of REλ0 in RFµ0
⌢J .

The key distinction between the proofs of Proposition 8.2.5 and Proposition 8.2.3 lies in its

dependence on Proposition 8.1.4 (b) instead of (c). We point out an observation that is analogous

to Remark 8.2.4.

Remark 8.2.6. For every λ P Eλ0 , considering the set Γλ “ Γµ0
⌢J

λ0mλ, the map

ϕλ : Mpλ0,µ0
⌢Jq

λ Ñ Γλ

given by ϕλpµq “ µ0
⌢J⌢µ is a bijection and, for all µ P Mpλ0,µ0

⌢Jq

λ ,

θϕλpµq “ θµ0 |J |θµ.

Proof of Proposition 8.2.5. We will only verify Definition 8.0.3 (b), as the rest are shown in the

exact same way as in the proof of Proposition 8.2.3. By Remark 8.2.6 and Proposition 8.1.4 (b),

for λ P Eλ0 ,
ÿ

µPMpλ0,µ0
⌢Jq

λ

θµ “ θ´1
µ0

|J |´1
ÿ

νPΓλ

θν “ θ´1
µ0

|J |´1θµ0 |J |
θλ0mλ

θλ0

“ θλ.
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The proof of the final proposition is based on a remark analogous to Remarks 8.2.4 and 8.2.6,

as well as Proposition 8.1.4 (a). The process is identical to the previous two propositions; therefore,

we will not repeat it.

Proposition 8.2.7. Let λ0 P E and µ0 P F such that Γµ0

λ0
‰ H. For every λ P Eλ0 , denote

Mpλ0,µ0q

λ “ tµ P Fµ0 : µ0 m µ P Mλ0mλu

and, for every µ P Mpλ0,µ0q

λ , denote

J pλ0,µ0q
µ “ Jµ0mµ.

Then the collection

Ψµ0

λ0
“

´

Mpλ0,µ0q

λ , pJ pλ0,µ0q
µ q

µPMpλ0,µ0q

λ

¯

λPEλ0

is a distributional embedding scheme of REλ0 in RFµ0 .
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Chapter 9

Distributional representation of R
p,0
α

in R
p,0
β

In this chapter, the goal is to establish the following theorem about the map TΨ given in Notation

8.0.5.

Theorem 9.0.1. Let α, β ă ω1. For interval-branching subtrees E of Tα and F of Tβ and a

distributional embedding scheme Ψ “ pMλ, pJµqµPMλ
qλPE of RE in RF , we define the linear map

TΨ : xpXλqλPEy Ñ xpXµqµPFy by

TΨ|Xλ
“

ÿ

µPMλ

TµJµT
´1
λ ,

where λ P E . Then, TΨ extends to a distributional embedding TΨ : RE Ñ RF .

The proof is carried out by transfinite induction on α, and to aid the process, we introduce the

following notation.

Notation 9.0.2. For α ă ω1, we say that property P pαq is true if the conclusion of Theorem 9.0.1

holds for the given α and all β ă ω1.

We have structured the proof by breaking it down into three parts. The first part, Section 9.1,

addresses the general theory of distributional embeddings and compressions, and the ways they can

be assembled to create new such operators. Its results will enable an increase in the complexity

of distributional embeddings in the inductive step of the proof of Theorem 9.0.1. In the second

part, Section 9.2, we prove the base case and develop the specialized tools required to carry out

the successor inductive step. In the third, and lengthiest, part, Section 9.3, we prove a series of

operator reductions and use them to carry out the limit inductive step, thus completing the proof

of Theorem 9.0.1.
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9.1 Assembling abstract θ-compressions

Here, we establish the necessary elementary tools used to assemble compressions and distributional

embeddings, creating new operators of the same type. We initially recall that distributional em-

beddings with independent domains and independent ranges can define an ambient distributional

embedding. We then define disjointly supported compressions and demonstrate how they can be

utilized to create distributional embeddings.

The following is a standard result proved using the characteristic function of a random variable,

which characterizes its distribution. If f is a random variable, then its characteristic function is

defined by

Φf ptq “

ż 1

0
eitfpxq dx.

For a linear operator T , we denote its range by RpT q.

Proposition 9.1.1. Let pXnq8
n“1 be a sequence of independent subspaces of Lp and pTn : Xn Ñ

Lpq8
n“1, be a sequence distributional embeddings such that the spaces pRpTnqq8

n“1 are independent.

Then, there exists a distributional embedding

T : rpXnq8
n“1s Ñ Lp

such that, for all n P N,

T |Xn “ Tn.

The notion of the support of a linear subspace of Lp was given in Definition 7.5.1. This leads to

the natural notion of compressions with disjointly supported ranges. We will prove that the sum of

such compressions with a common domain is still a compression, a result which is visually rather

obvious. At the end of this section, we formulate and prove another intuitive statement of how

to define a distributional embedding on a disjoint sum
`

‘IPDn XI

˘

“ xtTIrXIs : I P Dnuy, for a

collection of subspaces pXIqIPDn of Lp.

Definition 9.1.2. Let n P N, X1, . . . , Xn be subspaces of Lp, and Ti : Xi Ñ Lp, 1 ď i ď n,

be bounded linear operators. We say that pTiq
n
i“1 have disjointly supported ranges if the sets

psupppRpTiqqni“1 are essentially disjoint.

Example 9.1.3. These are disjointly supported compressions that will be used later.

(a) For 0 ď a ă b ď 1, supppRpTra,bsqq “ ra, bs and, for n P N, the 1{2n-compressions pTIqIPDn

have disjointly supported ranges.

(b) For α ă ω1 and µ P Tα, supppRpTµqq “ supppXµq. Therefore, if Ψ “ pMλ, pJµqµPMλ
qλPE is

a distributional embedding scheme, then, for every λ P Tα, the compressions pTµqµPMλ
have

disjointly supported ranges.

Lemma 9.1.4. The following identities hold.
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(a) Let X be a subspace of Lp and T : X Ñ Lp be a θ-compression. Then, for every bounded

measurable function ϕ : R Ñ R and f P X,

ż

ϕ
``

Tf
˘

ptq
˘

dt “ θ

ż

ϕ
`

fptq
˘

dt` p1 ´ θqϕp0q.

(b) Let ϕ : R Ñ R be a bounded measurable function. Let X1, . . . , Xn be subspaces of Lp, and,

for 1 ď i ď n, Ti : X Ñ Lp be a θi-compression such that pTiq
n
i“1 have disjointly supported

ranges. Then, for f1 P X1, . . . , fn P Xn,

ż

ϕ
´

n
ÿ

i“1

pTifi
˘

ptq
¯

dt “

n
ÿ

i“1

θi

ż

ϕ
`

fiptq
˘

dt`
`

1 ´

n
ÿ

i“1

θi
˘

ϕp0q.

Proof. Let us promptly prove the first assertion. Assuming that T is a θ-compression,

ż

ϕ
``

Tf
˘

ptq
˘

dt “

ż

ϕpxq d
`

distpTfq
˘

pxq “ θ

ż

ϕpxqd
`

distpfq
˘

pxq ` p1 ´ θq

ż

ϕpxqdδ0pxq

“ θ

ż

ϕ
`

fptq
˘

dt` p1 ´ θqϕp0q.

In order to deduce the second assertion, observe

ż

ϕ
´

n
ÿ

i“1

`

Tifi
˘

ptq
¯

dt “

n
ÿ

j“1

ż

supppRpTjqq

ϕ
´

n
ÿ

i“1

`

Tifi
˘

ptq
¯

dt “

n
ÿ

i“1

ż

supppRpTiqq

ϕ
``

Tifi
˘

ptq
˘

dt

“

n
ÿ

i“1

ż

ϕ
``

Tifi
˘

ptq
˘

dt.

Apply the first statement to conclude the proof.

Proposition 9.1.5. Let X be a subspace of Lp, n P N, and, for 1 ď i ď n, Ti : X Ñ Lp be a

θi-compression such that pTiq
n
i“1 have disjointly supported ranges. Then,

T “

n
ÿ

i“1

Ti : X Ñ Lp

is a p
řn

i“1 θiq-compression.

Proof. Let A be a measurable subset of R and f P X. We apply Lemma 9.1.4 (b) for X1 “ ¨ ¨ ¨ “

Xn “ X, f1 “ ¨ ¨ ¨ “ fn “ f , and ϕ “ χA, to obtain

ˇ

ˇ

ˇ

”

n
ÿ

i“1

Tif P A
ı
ˇ

ˇ

ˇ
“

n
ÿ

i“1

θi|rfi P As| ` p1 ´

n
ÿ

i“1

θiqχAp0q.
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Notation 9.1.6. For 0 ď a ă b ď 1 and I “ ra, bq we define the operator QI : Lp Ñ Lp given by

`

QIf
˘

ptq “ f
`

qIptq
˘

“ f
`

a` tpb´ aq
˘

.

Remark 9.1.7. For n P N and I, J P Dn, QITJf “ δI,Jf.

Proposition 9.1.8. Let n P N and, for I P Dn, let XI be a subspace of Lp and SI : XI Ñ Lp be a

p1{2nq-compression such that pSIqIPDn have disjointly supported ranges. Then,

S “
ÿ

IPDn

SIQI : xpTIrXIsqIPDny Ñ Lp

is a distributional embedding.

Proof. Let f P xpTIrXIsqIPDny, i.e., for I P Dn, there is fI P XI such that f “
ř

IPDn TIfI . By

Remark 9.1.7, Sf “
ř

IPDn SIfI . Let now A be a measurable subset of R, and apply Lemma 9.1.4

(b) twice for ϕ “ χA to obtain

|rSf P As| “

ˇ

ˇ

ˇ

”

ÿ

IPDn

SIfI P A
ıˇ

ˇ

ˇ
“

ÿ

IPDn

1

2n
|rfI P As| “

ˇ

ˇ

ˇ

”

ÿ

IPDn

TIfI P A
ıˇ

ˇ

ˇ
“ |rf P As|,

i.e., distpSfq “ distpfq.

9.2 The base case and the inductive step for successor ordinals

We initially establish the base case, i.e., when α is a positive integer, and then we prepare to prove

the successor case of the inductive step in the proof of Theorem 9.0.1. If α “ α0 `n, where α0 is a

non-zero limit ordinal number and n P N, and E is a interval-branching subtree of Tα, we analyze

TΨ as a sum of operators that includes sub-distributional embedding schemes with domains over

interval-branching subtrees of Tα0 , meaning schemes of lesser complexity. We combine this with

the inductive hypothesis P pα0q and Proposition 9.1.8 to achieve the desired conclusion.

Proposition 9.2.1. Let n P N, β ă ω1, E be an interval-branching subtree of Tn, F be an interval-

branching subtree of Tβ, and Ψ be a distributional embedding scheme from RE to RF . Then TΨ is

a distributional embedding.

Proof. In this case, Tn “ tpnqu, and thus E “ tpnqu and RE “ Ln,0
p . Because Tpnq “ id,

TΨ “
ÿ

µPMpnq

TµJµ : RE Ñ RF ,

and thus, by Proposition 9.1.5, it is a distributional embedding.

Remark 9.2.2. The same argument shows that, for any α ă ω1 and trivial subtree E “ tλ0u

of Tα, any distributional embedding scheme Ψ from RE to some space RF , the operator TΨ is a

distributional embedding.
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We augment the operator TΨ by incorporating the constant functions into its domain. This

adjustment simplifies the proof of the successor case in the inductive step, making it more intuitive

and eliminating some technicalities that would arise otherwise.

Notation 9.2.3. We set the following notation.

(a) For α ă ω1 and an interval-branching subtree E of Tα we denote rRE “ xtχr0,1su YREy.

(b) For α, β ă ω1, interval-branching subtrees E of Tα and F of Tβ, and a distributional embedding

scheme Ψ of RE in RF , we denote by rTΨ : rRE Ñ rRF the extension of TΨ given by letting

rTΨχr0,1s “ χr0,1s.

Clearly, TΨ is a distributional embedding if and only if rTΨ is.

Notation 9.2.4. For this section, fix α, β ă ω1, with α “ α0 ` n, where α0 is a non-zero limit

ordinal number and n P N, interval-branching subtrees E of Tα and F of Tβ and a distributional

embedding scheme Ψ “ pMλ, pJµqµPMλ
qλPE of RE in RF .

Proposition 9.2.5. If P pα0q is true, then TΨ is a distributional embedding.

Before proving this, we will disassemble the operator rTΨ. It is worth noting that the ensuing

formula is not valid in its current form if we do not use the augmented operators.

Proposition 9.2.6. Let λ0 “ pα0 ` nq denote the unique root of E . Then,

rTΨ “
ÿ

µPMλ0

ÿ

IPDκpλ0q

ÿ

JPDκpµq

I

TµTJ rT
Ψµ⌢J

λ0
⌢I

QI .

Proof. We denote by S the map on the right of the above equation. We initially show that, for

f P xtχr0,1su Y Xλ0y “ L
κpλ0q
p , Sf “ rTΨf . It suffices to verify this for f “ χI0 , I0 P Dκpλ0q. By a

standard identity already known to Haar,

χI0 “ χrhπpI0q“ϵpI0qs “ 2´κpλ0qχr0,1s `

κpλ0q
ÿ

r“1

2´κpλ0q`r´1ϵpπr´1pI0qqhπrpI0q.

This is established by a straightforward induction argument using that, for all I P DzD0, χI “

p1{2qpχπpIq ` ϵpIqhπpIqq. The same identity holds if we replace phIqIPDκpλ0q´1
with a distributional

copy of it. We now compute:

SχI0 “
ÿ

µPMλ0

ÿ

IPDκpλ0q

ÿ

JPDκpµq

I

TµTJ rT
Ψµ⌢J

λ0
⌢I

QIχI0 “
ÿ

µPMλ0

ÿ

JPDκpµq

I0

TµTJ rT
Ψµ⌢J

λ0
⌢I

χr0,1s

“
ÿ

µPMλ0

ÿ

JPDκpµq

I0

TµTJχr0,1s “
ÿ

µPMλ0

Tµ
ÿ

JPDκpµq

I0

χJ “
ÿ

µPMλ0

TµχrJµhπpI0q“ϵpI0qs

“
ÿ

µPMλ0

Tµ

´

2´κpλ0qχr0,1s `

κpλ0q
ÿ

r“1

2´κpλ0q`r´1ϵpπr´1pI0qqJµhπpI0q

¯
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“

´

ÿ

µPMλ0

Tµ

¯

2´κpλ0qχr0,1s `

κpλ0q
ÿ

r“1

2´κpλ0q`r´1ϵpπr´1pI0qq

´

ÿ

µPMλ0

TµJµhπpI0q

¯

“ rTΨ2´κpλ0qχr0,1s `

κpλ0q
ÿ

r“1

2´κpλ0q`r´1ϵpπr´1pI0qq rTΨh
λ0

πrpI0q
“ rTΨpχI0q.

We fix λ Ľ λ0, i.e., there are I0 P Dκpλ0q and ξ P Eλ0
⌢I0 such that λ “ λ0

⌢I0
⌢ξ. We will show

S|Xλ
“ TΨ|Xλ

, or, equivalently, STλ|
L
κpλq,0
p

“ TΨTλ|
L
κpλq,0
p

. Fix f P L
κpλq,0
p . By Remark 8.1.3 (b),

the sets
!

Γµ⌢P
λ : µ P Mλ0 and P P Dκpµq

I0

)

form a partition of Mλ. We thus calculate

STλf “
ÿ

IPDκpλ0q

´

ÿ

µPMλ0

ÿ

JPDκpµq

I

TµTJ rT
Ψµ⌢J

λ0
⌢I

¯

QIpTI0Tξfq “

´

ÿ

µPMλ0

ÿ

JPDκpµq

I0

TµTJ rT
Ψµ⌢J

λ0
⌢I0

¯

Tξf

“

´

ÿ

µPMλ0

ÿ

JPDκpµq

I0

TµTJ

¯

ÿ

νPMpλ0
⌢I0,µ

⌢Jq

ξ

TνJ
pλ0

⌢I0,µ⌢Jq
ν f (definition of T

Ψµ⌢J

λ0
⌢I0

)

“
ÿ

µPMλ0

ÿ

JPDκpµq

I0

ÿ

νPMpλ0
⌢I0,µ

⌢Jq

ξ

Tµ⌢J⌢νJµ⌢J⌢νf (definition of J pλ0
⌢I0,µ⌢Jq

ν )

“
ÿ

µPMλ0

ÿ

JPDκpµq

I0

ÿ

νPΓµ⌢J
λ

TνJνf “
ÿ

νPMλ

TνJνf “ TΨTλf.

Lemma 9.2.7. We have

rRE “ xtTI
`

rREλ0
⌢I

˘

: I P Dnuy.

Proof. Noting, xtχr0,1su YXλ0y “ L
κpλ0q
p , we have

rRE “
“

Lκpλ0q
p Y

ď

IPDκpλ0q

ď

µPEλ0
⌢I

Xλ0
⌢I⌢µ

‰

“
“

pTIχr0,1sqIPDκpλ0q Y
ď

IPDκpλ0q

TI
`

rpXµq
µPEλ0

⌢I s
˘‰

“
“

ď

IPDκpλ0q

TI
`

rtχr0,1su YREλ0
⌢I s

˘‰

“
@

ď

IPDκpλ0q

TI
`

rREλ0
⌢I

˘D

.

Proof of Proposition 9.2.5. We will prove that rTΨ is a distributional embedding, which is equivalent

to the conclusion. Using Proposition 9.2.6, write

rTΨ “
ÿ

µPMλ0

Tµ

”

ÿ

IPDκpλ0q

´

ÿ

JPDκpµq

I

TJ rT
Ψµ⌢J

λ0
⌢I

¯

looooooooooomooooooooooon

“:Sµ
I

QI .
ı
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For µ P Mλ0 , I P Dκpλ0q, and J P Dκpµ0q

I , because P pα0q is true, rT
Ψµ⌢J

λ0
⌢I

is a distributional

embedding with domain rREλ0
⌢I . It follows that pTJ rT

Ψµ⌢J

λ0
⌢I

q
JPDκpµq

I

are 2´κpµq-compressions with

disjointly supported ranges. By Proposition 9.1.5, for µ P Mλ0 and I P Dκpλ0q,

Sµ
I “

ÿ

JPDκpµq

I

TJ rT
Ψµ⌢J

λ0
⌢I

is a |I|-compression with domain rREλ0
⌢I and range supported in YDµ

I . By Proposition 9.1.8,

Sµ “
ÿ

IPDκpλ0q

Sµ
IQI

is a distributional embedding with domain xtTIr rREλ0
⌢I s : I P Dnuy “ rRE , by Lemma 9.2.7. By

Proposition 9.1.5, rTΨ “
ř

µPMλ0
TµSµ is a distributional embedding.

9.3 The inductive step for limit ordinals

The limit ordinal case of the inductive step is more involved than the successor case. We first

establish some notation.

Notation 9.3.1. For α ă ω1 and an interval-branching subtree E of Tα, we denote

(a) RootpEq “ tλ is a root of Eu and,

(b) for λ P RootpEq, Y E
λ “

“

pXλ1qλ1PE,λ1Ěλ

‰

.

Remark 9.3.2. By definition, we have RE “ rpY E
λ qλPRootpEqs. Furthermore, for every λ P Root pEq,

Y E
λ Ă Yλ, and therefore by Proposition 7.4.1, the spaces pY E

λ qλPRootpEq are independent.

Remark 9.3.3. For λ P Root pEq, there exists a relation between the spaces REλ and Y E
λ :

TλrREλs “ Y E
λ .

Therefore,

RE ”dist
´

ÿ

λPRootpEq

REλ

¯

Ind,p
.

Indeed, for µ P Eλ,

TλrXµs “ TλTµrLκpµq,0
p s “ TλTµrLκpλmµq,0

p s “ TλmµrLκpλmµq,0
p s “ Xλmµ.

Because Eλ “ tµ P Tbpλq`κpλq : λ m µ P Eu, the map µ ÞÑ λ m µ defines a bijection from Eλ to

tλ1 P E : λ Ď λ1u. We conclude

TλrREλs “ rpTλrXµsqµPEλs “ rpXλmµqµPEλs “ rpXλ1qλ1PE and λĎλ1s “ Y E
λ .
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Notation 9.3.4. For this section, fix α, β ă ω1, where α is a limit ordinal, interval-branching

subtrees E of Tα and F of Tβ and a distributional embedding scheme Ψ “ pMλ, pJµqµPMλ
qλPE of

RE in RF .

We will prove the following.

Proposition 9.3.5. If, for all successor ordinals γ ă α, P pγq is true then TΨ is a distributional

embedding.

We begin by outlining a sequence of disassemblies of operators associated with sub-distributional

embedding schemes derived from Ψ.

Lemma 9.3.6. Let λ0 P RootpEq and let µ0 be the unique root of F such that Γµ0

λ0
“ Mλ0 (which

exists by Lemma 8.1.6 (a)). Then

TΨ|Y E
λ0

“ Tµ0TΨµ0
λ0

T´1
λ0

|Y E
λ0

.

Proof. The tree structure of pMλqλPE (see Remark 8.0.4 (i)) yields that, for λ Ľ λ0, Γµ0

λ “ Mλ. In

particular, if µ P Eλ0 is such that λ “ λ0 m µ then, by the definition of Mpλ0,µ0q
µ ,

Mλ “

!

µ0 m ν : ν P Mpλ0,µ0q
µ

)

.

Let us fix f P Xλ, i.e., there is g P L
κpλq,0
p such that f “ Tλg “ Tλ0mµg “ Tλ0Tµg. Then

Tµ0TΨµ0
λ0

T´1
λ0
f “ Tµ0TΨµ0

λ0

Tµg “
ÿ

νPMpλ0,µ0q
µ

Tµ0TνJ
pλ0,µ0q
ν T´1

µ Tµg

“
ÿ

νPMpλ0,µ0q
µ

Tµ0mνJµ0mνg “
ÿ

νPMλ

TνJνg “ TΨf.

Lemma 9.3.7. Let λ0 P RootpEq and µ0 P FzMλ0 such that Γµ0

λ0
‰ H. Then

TΨµ0
λ0

“
ÿ

JPDκpµ0q

TJT
Ψ

µ0
⌢J

λ0

.

Proof. Because Γµ0

λ0
‰ H and µ0 R Mλ0 , we have, for all λ Ě λ0, the sets

␣

Γµ0
⌢J

λ : J P Dκpµ0q
(

(9.1)

form a partition of Γµ0

λ . We fix λ P Eλ0 and f P Xλ, i.e., f “ Tλg, for some g P L
κpλq,0
p . By

definition,

TΨµ0
λ0

f “
ÿ

νPMpλ0,µ0q

λ

TνJ
pλ0,µ0q
ν T´1

λ Tλg “
ÿ

νPMpλ0,µ0q

λ

TνJµ0mνg
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and, for J P Dκpµ0q

T
Ψ

µ0
⌢J

λ0

f “
ÿ

νPMpλ0,µ0
⌢Jq

λ

TνJ
pλ0,µ0

⌢Jq
ν T´1

λ Tλg “
ÿ

νPMpλ0,µ0
⌢Jq

λ

TνJµ0
⌢J⌢νg.

We associate the index sets in the rightmost above sums as follows:

Mpλ0,µ0q

λ “
ď

JPDκpµ0q

!

pbpµ0q ` κpµ0qq⌢J⌢ν : ν P Mpλ0,µ0
⌢Jq

λ

)

. (9.2)

Indeed, by Remark 8.2.6, for J P Dκpµ0q, the map ϕJλ : Mpλ0,µ0
⌢Jq

λ Ñ Γµ0
⌢J

λ0mλ given by

ϕJλpνq “ µ0
⌢J⌢ν

is a bijection. Similarly, the map ψλ : Mpλ0,µ0q

λ Ñ Γµ0

λ0mλ given by

ψλpνq “ µ0 m ν

is a bijection. Therefore, by (9.1), for J P Dκpµ0q the map

ψ´1
λ ϕJλpνq “ pbpµ0q ` κpµ0qq⌢J⌢ν

defines an injection from Mpλ0,µ0
⌢Jq

λ to Mpλ0,µ0q

λ , and by (9.1), the images of pψ´1
λ ϕJλqJPDκpµ0q

partition Mpλ0,µ0q

λ , which establishes (9.2). We conclude the proof as follows:

TΨµ0
λ0

f “
ÿ

JPDκpµ0q

ÿ

νPMpλ0,µ0
⌢Jq

λ

Tpbpµ0q`κpµ0qq⌢J⌢νJµ0
⌢J⌢νg

“
ÿ

JPDκpµ0q

ÿ

νPMpλ0,µ0
⌢Jq

λ

TJTνJµ0
⌢J⌢νg “

ÿ

JPDκpµ0q

TJT
Ψ

µ0
⌢J

λ0

f.

Lemma 9.3.8. Let λ0 P RootpEq, µ0 P F , and J P Dκpµ0q such that Γµ0
⌢J

λ0
‰ H. Let µ be the

unique root of Fµ0
⌢J such that Γµ0

⌢J
λ0

“ Γµ0
⌢J⌢µ

λ0
(which exists by Lemma 8.1.6 (b)). Then

T
Ψ

µ0
⌢J

λ0

“ TµT
Ψ

µ0
⌢J⌢µ

λ0

.

Proof. The ensuing argument is along the lines of the proof of Lemma 9.3.7, but we include it for

completeness. Similarly to Remark 8.1.3 (c), for λ Ľ λ0,

Γµ0
⌢J

λ “
ď

µPΓ
µ0

⌢J
λ0

Γµ
λ “

ď

µPΓ
µ0

⌢J⌢µ
λ0

Γµ
λ “ Γµ0

⌢J⌢µ
λ . (9.3)
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We fix λ P Eλ0 and f P Xλ, i.e., f “ Tλg, for some g P L
κpλq,0
p . By definition,

T
Ψ

µ0
⌢J

λ0

f “
ÿ

νPMpλ0,µ0
⌢Jq

λ

TνJ
pλ0,µ0

⌢Jq
ν T´1

λ Tλg “
ÿ

νPMpλ0,µ0
⌢Jq

λ

TνJµ0
⌢J⌢νg

and

T
Ψ

µ0
⌢J⌢µ

λ0

f “
ÿ

νPMpλ0,µ0
⌢J⌢µq

λ

TνJ
pλ0,µ0

⌢J⌢µq
ν T´1

λ Tλg “
ÿ

νPMpλ0,µ0
⌢J⌢µq

λ

TνJµ0
⌢J⌢µmνg.

We associate the index sets of the rightmost above sums as follows:

Mpλ0,µ0
⌢Jq

λ “

!

µm ν : ν P Mpλ0,µ0
⌢J⌢µq

λ

)

. (9.4)

Indeed, by Remark 8.2.6, the map ϕλ : Mpλ0,µ0
⌢Jq

λ Ñ Γµ0
⌢J

λ0mλ given by

ϕλpνq “ µ0
⌢J⌢ν

is a bijection. Similarly, the map ψλ : Mpλ0,µ0
⌢J⌢µq

λ Ñ Γµ0
⌢J⌢µ

λ0mλ given by

ψλpνq “ µ0
⌢J⌢µm ν

is a bijection. Given Γµ0
⌢J

λ0mλ “ Γµ0
⌢J⌢µ

λ0mλ , the map ϕ´1
λ ψλpνq “ µ m ν is a bijection witnessing (9.4).

We conclude as follows:

T
Ψ

µ0
⌢J

λ0

f “
ÿ

νPMpλ0,µ0
⌢Jq

λ

TνJµ0
⌢J⌢νg “

ÿ

νPMpλ0,µ0
⌢J⌢µq

λ

TµmνJµ0
⌢J⌢µmνg “ TµT

Ψ
µ0

⌢J⌢µ
λ0

f.

We now perform the inductive step. To reach the intended conclusion, we carry out an induction

on a specific sub-tree S of F , associated with Ψ. As we progress from the leaves to the roots of

S, the intention is to show that for each µ P S, a certain operator Sµ associated with µ and Ψ

sufficiently preserves independence.

Proof of Proposition 9.3.5. For every µ P F (whether a root or otherwise) denote

Root pE , µq “ tλ P RootpEq : Γµ
λ ‰ Hu

and Zµ “ rpY E
λ qλPRootpE,µqs. Note that, by Lemma 8.1.6 (b), the sets

`

Root pE , µq
˘

µPRootpFq
form

a partition of the roots of RootpEq. By Remark 9.3.2, RE “ rpZµqµPRootpFqs, and the spaces

pZµqµPRootpFq are independent.

We formulate the following claim.
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Claim. For all µ P F for which RootpE , µq ‰ H, there exists a distributional embedding

Sµ : Zµ Ñ RFµ

such that, for all λ P RootpE , µq,

Sµ|Y E
λ

“ TΨµ
λ
T´1
λ |Y E

λ
.

Assuming the above is true, we will first conclude the proof by applying the claim. For

µ P Root pFq, because Tµ is a distributional embedding, we have that TµSµ : Zµ Ñ Rp,0
β is a

distributional embedding with range inside Yµ, and thus, by Proposition 7.4.1, pTµSµqµPRootpFq

have independent ranges. By Proposition 9.1.1, the operator S : RE “ rpZµqµPRootpFqs Ñ Rp,0
β given

by S|Zµ “ TµSµ, µ P Root pFq, is a distributional embedding. We will use Lemma 9.3.6 to show

that S “ TΨ. Indeed, for λ P Root pEq and µ P Root pFq such that λ P RootpE , µq,

S|Y E
λ

“ TµSµ|Y E
λ

“ TµTΨµ
λ
T´1
λ |Y E

λ
“ TΨ|Y E

λ
.

We proceed to prove the claim by induction on the sub-tree S “ tµ P F : RootpE , µq ‰ Hu

of F with maximal nodes the members of YλPRootpEqMλ. The inductive step will essentially be a

refinement of the preceding argument.

In the basis step, let µ P S be a terminal node. Then Root pE , µq “ tλu, for some λ P Root pEq.

The claim can be rephrased as follows: TΨµ
λ
T´1
λ : Y E

λ Ñ RFµ is a distributional embedding,

which we will now verify. Because P pbpλq ` κpλqq is true, TΨµ
λ

: REλ Ñ RFµ is a distributional

embedding. By Remark 9.3.3, T´1
λ : Y E

λ Ñ REλ is a distributional isomorphism. We conclude that

TΨµ
λ
T´1
λ : Y E

λ Ñ RFµ is a distributional embedding.

Let µ be non-maximal with the property Root pE , µq ‰ H and assume that all successors of µ

satisfy the claim. We will first prove that, for J P Dκpµq,

Root pE , µq “
ď

νPRootpFµ⌢J q

Root pE , µ⌢J⌢νq. (9.5)

The “Ą” inclusion is trivial. Let λ P Root pE , µq. Because µ is non-maximal in S, µ R Mλ, and

thus, there is P P Dκpµq such that Γµ⌢P
λ ‰ H. By Proposition 8.1.4 (b),

ř

ξPΓµ⌢J
λ

θξ “
ř

ξPΓµ⌢P
λ

θξ,

and thus Γµ⌢J
λ ‰ H. We deduce that there exists ν P RootpFµ⌢Jq such that Γµ⌢J⌢ν

λ ‰ H, i.e.,

λ P Root pE , µ⌢J⌢νq.

Fix momentarily J P Dκpµq. By the inductive hypothesis, for every ν P RootpFµ⌢Jq, there exists

a distributional embedding

Sµ⌢J⌢ν : Zµ⌢J⌢ν Ñ RFµ⌢J⌢ν

such that, for all λ P RootpE , µ⌢J⌢νq,

Sµ⌢J⌢ν |Y E
λ

“ T
Ψµ⌢J⌢ν

λ

T´1
λ |Y E

λ
.
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Therefore, for ν P RootpFµ⌢Jq, the operator TνSµ⌢J⌢ν : Zµ⌢J⌢ν Ñ Rp,0
bpµq

is a distributional embed-

ding with image in Yν . By Proposition 9.1.1, there exists a distributional embedding

SJ : rpZµ⌢J⌢νq
νPRootpFµ⌢J q

s “ r
`

pY E
λ qλPRootpE,µ⌢J⌢νq

˘

νPRootpFµ⌢J q
s
(9.5)
“ Zµ Ñ Rp,0

bpµq

such that, for all ν P Root pFµ⌢Jq,

SJ |Z
µ⌢J⌢ν

“ TνSµ⌢J⌢ν .

By using Proposition 9.1.5, we deduce that the operator S “
ř

JPDκpµq TJSJ : Zµ Ñ Rp,0
bpµq

is a distri-

butional embedding. To conclude the proof, it remains to be verified that, for λ P RootpE , µq, S|Y E
λ

“

TΨµ
λ
T´1
λ |Y E

λ
. For J P Dκpµq, let νJ be the unique root of Fµ⌢J such that λ P Root pE , µ⌢J⌢νJq. Then,

S|Y E
λ

“
ÿ

JPDκpµq

TJSJ |Y E
λ

“
ÿ

JPDκpµq

TJTνJSµ⌢J⌢νJ |Y E
λ

“
ÿ

JPDκpµq

TJTνJTΨµ⌢J⌢νJ
λ

T´1
λ |Y E

λ

“
ÿ

JPDκpµq

TJT
Ψµ⌢J

λ

T´1
λ |Y E

λ
(by Lemma 9.3.8)

“ TΨµ
λ
T´1
λ |Y E

λ
(by Lemma 9.3.7).
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Chapter 10

Factorizing in the limit R
p,0
α spaces

In this chapter, we show that for any bounded linear operator T : Rp,0
α Ñ Rp,0

α , with α a countable

limit ordinal, and any ϵ ą 0, there exist a distributional embedding scheme Ψ of Rp,0
α into itself and

a scalar FDD-diagonal operator R : Rp,0
α Ñ Rp,0

α such that }T :

ΨTTΨ ´R} ă ϵ. The entries of R are

averages of the diagonal entries of T , and hence, using Proposition 3.3.5, we obtain the factorization

property of the standard martingale difference sequence basis of Rp,0
α . The construction of Ψ is

inductive. Enumerate Tα as pλnq8
n“1, compatible with the tree order. At each step we select

pMλn , pJµqµPMλn
q and a scalar rn such that, letting Sn “

ř

µPMλn
TµJµ : L

κpλnq,0
p Ñ L0

p, Yn its

image, and En the orthogonal projection onto Yn, we have

›

›

›

`

EnT ´ rn ¨ id
˘

|Yn

›

›

›
ă

ϵ

3 ¨ 2n
,

›

›

›

`

n´1
ÿ

m“1

Em

˘

TEn

›

›

›
ă

ϵ

3 ¨ 2n
,

›

›

›
EnT

`

n´1
ÿ

m“1

Em

˘

›

›

›
ă

ϵ

3 ¨ 2n
.

Provided Definition 8.0.3 is respected, this yields }T :

ΨTTΨ ´ R} ă ϵ, where R|Xλn
“ rn ¨ id|Xλn

.

The inductive choice of pMλn`1 , pJµqµPMλn`1
q rests on a finite-dimensional stabilization argument

depending on the parameters dimpXλn`1q,
řn

m“1 dimpXλmq, }T }, and the error ϵ{2n`1. These

determine a large integer κn`1, permitting the choice of Mλn`1 , respecting pMλm , pJµqµPMλm
qnm“1,

with κpµq “ κn`1 for all µ P Mλn`1 . This provides enough room to carry out a probabilistic choice

of the family pJµqµPMλn`1
and define Sn`1. The Chapter is divided into two parts: the finite-

dimensional stabilization and the construction of the distributional embedding scheme, the latter

completing the proof.

10.1 A finite-dimensional stabilization

We now outline the main result of this subsection and its proof. Given n,m P N, Γ ą 0, and

0 ă ϵ ă 1, we show the existence of a large integer k2
0 with the following property: for every

operator T of norm at most Γ, operators Q1, Q2 of norm at most Γ and rank at most m, every

k ě k2
0, and compressions Sl : Lk,0

p Ñ L0
p, 1 ď l ď N , with pairwise disjointly supported ranges (k2

0

does not depend on N), there exist distributional embeddings Jl : Ln,0
p Ñ Lk,0

p , 1 ď l ď N , such
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that, letting S “
řN

l“1 SlJl : Ln,0
p Ñ L0

p, with image Y and E the orthogonal projection onto Y ,

the operator ET |Y is ϵ-close to r ¨ id|Y , with r given by an explicit formula, and EQ1 and Q2E

have norm less than ϵ. This result is directly applicable in the context outlined above.

The proof proceeds in two stages: first, a reduction where ET |Y is shown to be close to a

diagonal operator R : Y Ñ Y , and then a further reduction to a scalar multiple of the identity,

each step incurring a dimensional penalty. The first step is proved here in full. The construction

proceeds by enumerating Dn´1 lexicographically and, assuming pJlhJqNl“1 has been defined for

J ă I, simultaneously defining pJlhIqNl“1 by means of a random family pJlhIpϑqqNl“1, where ϑ ranges

over a suitable probability space. One then shows that, with high probability, sufficient criteria are

satisfied. The second step is not proved from scratch: we first dilate an appropriate compressed

finite-dimensional L0
p-space to a non-compressed one, apply the stabilization of Lemma 6.3.3, and

finally compress back to the original setting.

Remark 10.1.1. Let m P N, θ P p0, 1s, and S : Lm,0
p Ñ L0

p be a θ-compression. The orthogonal

projection E : L0
p Ñ SrLm,0

p s can be expressed as

Epfq “
ÿ

IPDm´1

θ´1|I|´1xShI , fyShI “ EpfχA|Aq,

where A “ σpShI : I P Dm´1q and A “ YIPDm´1supppShIq (the above equality of formulas holds

in L0
p but not in Lp). We will mainly rely on the former, while the latter reveals that }E} “ 1.

This first step of the reduction is carried out in full and yields a stabilization where ET |Y is

close to a diagonal operator R on a compressed copy Y of Ln,0
p , obtained from pieces of disjoint

compressed copies of Lk,0
p for sufficiently large k.

Lemma 10.1.2. Let n P N, m P N, Γ ą 0, and 0 ă ϵ ă 1. There exists k0 :“ k0pn,m,Γ, ϵq P N
such that for every k ě k0 ` n and

(a) operator T : X Ñ L0
p of norm at most Γ, where X is a subspace of L0

p,

(b) operators Q1 : Z Ñ L0
p, Q2 : X Ñ W of norm at most Γ and rank at most m, where Z, W

are normed spaces, and

(c) operators S1, . . . , SN : Lk,0
p Ñ X with disjointly supported ranges such that, for 1 ď l ď N ,

Sl is a θl-compression, for some θl P p0, 1s,

there exist distributional embeddings Jl : Ln,0
p Ñ Lk,0

p , 1 ď l ď N , satisfying the following:

(i) For each 1 ď l ď N , 0 ď i ď n´1 and I P Di, there are Bl
I Ă Dk0`i and pθlKqKPBl

I
P t´1, 1uB

l
I

such that

JlhI “
ÿ

KPBl
I

θlKhK .
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(ii) Denote S “
řN

l“1 SlJl : Ln,0
p Ñ X, which is a θ-compression with θ “

řN
l“1 θl, bI “ ShI ,

I P Dn´1, Y “ rpbIqIPDn´1s, E : L0
p Ñ Y the orthogonal projection, and R : Y Ñ Y the

diagonal operator given by RbI “ dIbI , where

dI “
1

|I|θ

N
ÿ

l“1

ÿ

KPBl
I

xSlhK , TSlhKy, I P Dn´1.

Then

›

›

›

´

ET ´R
¯

|Y
›

›

›
ă ϵ.

(iii) We have }EQ1} ă ϵ and }Q2E} ă ϵ.

Proof. Let M “ 5m ´ 1, which is sufficiently large to ensure that the unit sphere of every m-

dimensional normed space contains a p1{2q-dense set of cardinality at most M . Let

k0pn,m,Γ, ϵq “

Y

p˚
´

5n` 3 ` 2 logpΓq ` 3m` 2 logpϵ´1q

¯]

` 1, (10.1)

and fix k ě k0 `n and items such as in (a), (b) and (c). Fix p1{2q-dense subsets pxiq
M
i“1 of the unit

sphere of RpQ1q and py˚
i qMi“1 of the unit sphere of the dual of RpQ2q.

For 1 ď l ď N , we will define Jl : Ln,0
p Ñ Lk

p by choosing a distributional copy pclIqIPDn´1 of

phIqIPDn´1 in Lk,0
p , and letting JlhI “ clI , I P Dn´1. Following the notation of the statement, the

construction will satisfy (i) and

ˇ

ˇ

ˇ

A

bI , T bJ

E
ˇ

ˇ

ˇ
ă
ϵθ|I|1{q|J |1{p

22n`1
, I ‰ J P Dn´1, (10.2)

ˇ

ˇ

ˇ
θ´1|I|´1

A

bI , T bI

E

´ dI

ˇ

ˇ

ˇ
ă

ϵ

2n`1
, I P Dn´1, (10.3)

|xbI , xiy| ď
ϵpθ|I|q1{q

Γ2n`1
and

ˇ

ˇQ˚
2x

˚
i pbIq

ˇ

ˇ ď
ϵpθ|I|q1{p

2n`1
, I P Dn´1, 1 ď i ď M. (10.4)

We note that (10.2) and (10.3) yield (ii) as follows: for y P Y , with }y} ď 1,

›

›

›
ETy ´Ry

›

›

›
“

›

›

›

ÿ

IPDn´1

´

ÿ

JPDn´1

θ´1|I|´1θ´1|J |´1xbI , T bJyxbJ , yy

¯

bI ´
ÿ

IPDn´1

θ´1|I|´1dIxbI , yybI

›

›

›

ď

›

›

›

ÿ

IPDn´1

θ´1|I|´1xbI , yy

´

θ´1|I|´1xbI , T bIy ´ dI

¯

bI

›

›

›

`

›

›

›

ÿ

IPDn´1

´

ÿ

JPDn´1
J‰I

θ´2|I|´1|J |´1xbI , T bJyxbJ , yy

¯

bI

›

›

›

ă
ÿ

IPDn´1

θ´1|I|´1θ1{q|I|1{qθ1{p|I|1{p ϵ

2n`1
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`
ÿ

IPDn´1

ÿ

JPDn´1
J‰I

θ´2|I|´1|J |´1θ1{q|J |1{qθ1{p|I|1{p ϵθ|I|1{q|J |1{p

22n`1

ď
`

#Dn´1

˘ ϵ

2n`1
`
`

#Dn´1

˘2 ϵ

22n`1
ă ϵ.

Furthermore, (10.4) yields (iii) as follows: for 1 ď i ď M ,

}Exi} “

›

›

›

ÿ

IPDn´1

θ´1|I|´1xbI , xiybI

›

›

›
ď

ÿ

IPDn´1

θ´1|I|´1 ϵpθ|I|q1{q

Γ2n`1
pθ|I|q1{p ă

ϵ

2Γ
,

and }EQ1} ď 2Γ max1ďiďM }Exi} ă ϵ. An argument of a similar nature yields }Q2E} ă ϵ.

We return to the main objective of the proof, namely, the construction of the distributional

copies pclIqIPDn´1 of phIqIPDn´1 in Lk,0
p , 1 ď l ď N , such that item (i) and (10.2) to (10.4) are

satisfied. We proceed by induction on the lexicographical order of Dn´1, and for each I P Dn´1,

if I P Di, we will choose, simultaneously for all 1 ď l ď N , collections Bl
I Ă Dk0`i, with YBl

I “

rclπpIq
“ ϵpIqs (or Br0,1q “ Dk0 , for I “ r0, 1q), and pθlKqKPBI

P t´1, 1uB
l
I , and let

clI “
ÿ

KPBl
I

θlKhI .

We skip the basis step because the argument is analogous to the general one. Let I P Di, with

1 ď i ď n´1, and assume that for every J preceding I in the lexicographical order, we have chosen

the collection Bl
J and the signs pθlKqKPBl

J
, 1 ď l ď N , satisfying the inductive hypothesis so far.

For 1 ď l ď N , define

Bl
I “

!

K P Dk0`i : K Ă rclπpIq “ ϵpIqs

)

,

i.e., Bl
I satisfies YBl

I “ rclπpIq
“ ϵpIqs. We consider the randomized vector

bIpϑq “

N
ÿ

l“1

ÿ

KPBl
I

θlKSlhK

where

ϑ “
`

pθlKqKPBl
I

˘N

l“1
P Ω :“

N
ź

l“1

t´1, 1uB
l
I ,

equipped with the uniform measure. Note that
`

pSlhKqKPBl
I

˘N

l“1
are disjointly supported and sym-

metric t´1, 0, 1u-valued vectors. We introduce the following random variables based on Notation

6.2.1. For ϑ P Ω, we let

YJpϑq :“ YBI ,T˚bJ pϑq “

A

bJ , T bIpϑq

E

, J ă I P Dn´1,

WJpϑq :“ WBI ,T bJ pϑq “

A

bIpϑq, T bJ

E

, J ă I P Dn´1,
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ZIpϑq :“ ZBI ,T pϑq “

A

bIpϑq, T bIpϑq

E

´

N
ÿ

l“1

ÿ

KPBl
I

A

SlhK , TSlhK

E

, and

Wjpϑq :“ WBI ,xj pϑq “ xbIpϑq, xjy and Yjpϑq :“ YBI ,Q
˚
2 x

˚
j

pϑq “ Q˚
2x

˚
j

`

bIpϑq
˘

, 1 ď j ď M.

We relate (10.2) to (10.4) to these random variables as follows: there exists ϑ P Ω such that

ˇ

ˇ

ˇ
YJpϑq

ˇ

ˇ

ˇ
ă
ϵθ|J |1{q|I|1{p

22n`1
and

ˇ

ˇ

ˇ
WJpϑq

ˇ

ˇ

ˇ
ă
ϵθ|I|1{q|J |1{p

22n`1
, J ă I P Dn´1,

ˇ

ˇ

ˇ
ZIpϑq

ˇ

ˇ

ˇ
ă
ϵθ|I|

2n`1
, and

|Wjpϑq| ă
ϵpθ|I|q1{q

Γ2n`1
and |Yjpϑq| ă

ϵpθ|I|q1{p

2n`1
, 1 ď j ď M.

(10.5)

Once the existence of such ϑ has been established, we can let, for 1 ď l ď N , clI “
ř

KPBl
I
θlKhK ,

and the proof will be complete. We proceed by examining the following events in Ω:

YJ “

”

ˇ

ˇYJpϑq
ˇ

ˇ ě
ϵθ|J |1{q|I|1{p

22n`1

ı

and WJ “

”

ˇ

ˇWJpϑq
ˇ

ˇ ě
ϵθ|I|1{q|J |1{p

22n`1

ı

, J ă I P Dn´1,

ZI “

”

ˇ

ˇZIpϑq
ˇ

ˇ ě
ϵθ|I|

2n`1

ı

, and

Wj “

”

ˇ

ˇWjpϑq
ˇ

ˇ ě
ϵpθ|I|q1{q

Γ2n`1

ı

and Yj “

”

ˇ

ˇYjpϑq
ˇ

ˇ ě
ϵpθ|I|q1{p

2n`1

ı

, 1 ď j ď M.

Denoting E the union of the above events, it suffices to show PpEq ă 1. Taking the probability of

E and applying Chebyshev’s inequality, we obtain:

PpEq ď
ÿ

JăIPDn´1

PpYJq `
ÿ

JăIPDn´1

PpWJq ` PpZIq `

M
ÿ

j“1

PpWjq `

M
ÿ

j“1

PpYjq

ď
ÿ

JăIPDn´1

24n`2

ϵ2θ2|J |2{q|I|2{p
VpYJq `

ÿ

JăIPDn´1

24n`2

ϵ2θ2|I|2{q|J |2{p
VpWJq `

22n`2

ϵ2θ2|I|2
VpZIq

`

M
ÿ

j“1

Γ222n`2

ϵ2pθ|I|q2{q
VpWjq `

M
ÿ

j“1

22n`2

ϵ2pθ|I|q2{p
VpYjq.

Lemmas 6.2.2, 6.2.3 and 6.2.4 yield the following estimates for the above variances:

VpYJq ď }T }2
`

θ|J |
˘2{q

´

θ
1

2i
`

max
1ďlďN

θl
˘ 1

2k0`i

¯1{p
ď
θ2Γ2|J |2{q

2pk0`2iq{p
, J ă I P Dn´1,

VpWJq ď }T }2
`

θ|J |
˘2{p

´

θ
1

2i
`

max
1ďlďN

θl
˘ 1

2k0`i

¯1{q
ď
θ2Γ2|J |2{p

2pk0`2iq{q
, J ă I P Dn´1,

93



VpZIq ď 2}T }2
´

θ
1

2i

¯1`1{p´

max
1ďlďN

θl
1

2k0`i

¯1{q
ď

2θ2Γ2

22i`k0{q
, and

VpWjq ď

´

θ
1

2i
`

max
1ďlďN

θl
˘ 1

2k0`i

¯1{q
ď

θ2{q

2pk0`2iq{q
and

VpYjq ď Γ2
´

θ
1

2i
`

max
1ďlďN

θl
˘ 1

2k0`i

¯1{p
ď

Γ2θ2{p

2pk0`2iq{p
, 1 ď j ď M.

By combining the upper bound for PpEq with the variance bounds we conclude:

PpEq ď
ÿ

JăIPDn´1

24n`2

ϵ2θ2|J |2{q|I|2{p

θ2Γ2|J |2{q

2pk0`2iq{p
`

ÿ

JăIPDn´1

24n`2

ϵ2θ2|I|2{q|J |2{p

2θ2Γ2|J |2{p

2pk0`2iq{q

`
22n`2

ϵ2θ2|I|2

2θ2Γ2

22i`k0{q
`M

Γ222n`2

ϵ2pθ|I|q2{q

θ2{q

2pk0`2iq{q
`M

22n`2

ϵ2pθ|I|q2{p

Γ2θ2{p

2pk0`2iq{p

ď 2i
24n`2Γ2

ϵ22k0{p
` 2i

24n`2Γ2

ϵ22k0{q
`

22n`22Γ2

ϵ22k0{q
`

22n`3MΓ2

ϵ22k0{p˚ ď
25n`3Γ2p1 `Mq

ϵ22k0{p˚ .

From (10.1), PpEq ă 1, finishing the proof.

The following reduction is the main result of this section.

Proposition 10.1.3. Let n P N, m P N, Γ ą 0, and 0 ă ϵ ă 1. There exists k2
0 :“ k2

0pn,m,Γ, ϵq P N
such that for every k ě k2

0 and

(a) operator T : X Ñ Lp, where X is a subspace of Lp, with }T } ď Γ,

(b) operators Q1 : Z Ñ L0
p, Q2 : X Ñ W of norm at most Γ and rank at most m, where Z and

W are normed spaces, and

(c) operators S1, . . . , SN : Lk,0
p Ñ X with disjointly supported ranges such that, for 1 ď l ď N ,

Sl is a θl-compression, for some θl P p0, 1s,

there exist distributional embeddings Jl : Ln,0
p Ñ Lk,0

p , 1 ď l ď N such that the following hold.

(i) Denote S “
řN

l“1 SlJl : Ln,0
p Ñ X, which is a θ-compression with θ “

řN
l“1 θl, bI “ ShI ,

I P Dn´1, Y “ rpbIqIPDn´1s, and E : L0
p Ñ Y the orthogonal projection. Then, for some

0 ď i ď k ´ 1 and

r “ θ´1
N
ÿ

l“1

ÿ

KPDi

xSlhK , TSlhKy,

we have

›

›

›

´

ET ´ r ¨ id
¯

|Y
›

›

›
ă ϵ.

(ii) We have }EQ1} ă ϵ and }Q2E} ă ϵ.
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Proof. Let

k1 “ k1
0pn,Γ ` ϵ{2, ϵ{2q and k2

0 “ k0pk1,m,Γ, ϵ{2q ` k1,

where k0 is as in Lemma 10.1.2 and k1
0 is as in Lemma 6.3.3 (that is it plays the role of M in (6.8)).

Fix k ě k2
0 and items such as in (a), (b) and (c). Applying Lemma 10.1.2 to these parameters

yields distributional embeddings Ĵ1, . . . , ĴN : Lk1,0
p Ñ Lk,0

p satisfying its conclusion (here, k1 has

replaced n in Lemma 10.1.2 ). For clarity we adopt the hat notation for all objects associated with

them. Specifically, for each 1 ď l ď N , 0 ď i ď k1 ´ 1, and I P Di there are B̂l
I Ă Dk0`i and signs

pθ̂lKqKPB̂l
I

such that

ĴlhI “
ÿ

KPB̂l
I

θ̂lKhK .

Defining the θ-compression Ŝ “
řN

l“1 SlĴl : Lk,0
p Ñ X, b̂I “ ŜhI ,

d̂I “ p|I|θq´1
N
ÿ

l“1

ÿ

KPB̂l
K

xSlhK , TSlhKy, I P Dk1´1,

Ŷ “ rpb̂IqIPDk1´1
s, Ê : L0

p Ñ Ŷ the orthogonal projection, and R̂ : Ŷ Ñ Ŷ given by R̂b̂I “ d̂I b̂I , we

have that Lemma 10.1.2 (ii) and (iii) hold for ϵ{2.

Define

R “ pŜq´1R̂Ŝ : Lk1,0
p Ñ Lk1,0

p

and note that RhI “ d̂IhI , for I P Dk1´1, i.e., R is a diagonal operator, and }R} “ }R̂} ď Γ ` ϵ{2.

We may therefore apply Lemma 6.3.3 to R to obtain a distributional embedding J 1 : Ln,0
p Ñ Lk1,0

p

satisfying its conclusion. For clarity we adopt the prime notation for all objects associated with it.

More precisely, there exist 0 ď m0 ă m1 ă ¨ ¨ ¨ ă mn´1 ď k ´ 1 such that for 0 ď i ď n ´ 1 and

I P Di, there are B1
I Ă Dmi and signs pθ1

KqKPB1
I

such that

J 1hI “
ÿ

KPB1
I

θ1
KhK .

Denote Y 1 “ J 1pLn,0
p q, E1 the conditional expectation operator onto Y 1, and

r “ xJ 1hr0,1s, RJ
1hr0,1sy “ x

ÿ

LPDm0

θ1
LhL,

ÿ

LPDm0

d̂Lθ
1
LhLy “

1

2m0

ÿ

LPDm0

d̂L

“
1

2m0

ÿ

LPDm0

2m0

θ

N
ÿ

l“1

ÿ

KPB̂l
L

xSlhK , TSlhKy “
1

θ

N
ÿ

l“1

ÿ

KPDk0`m0

xSlhK , TSlhKy.

Then,
›

›

›

´

E1R ´ r ¨ id
¯ˇ

ˇ

ˇ

Y 1

›

›

›
ă
ϵ

2
. (10.6)
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For 1 ď l ď N , we define Jl “ ĴlJ
1, and we will show that the desired conclusion is satisfied.

Denote S “
řN

l“1 SlJl “ ŜJ 1 : Ln,0
p Ñ X, which is a θ-compression with θ “

řN
l“1 θl, bI “ ShI ,

I P Dn´1, Y “ rpbIqIPDn´1s, and E : L0
p Ñ Y the orthogonal projection. Because Ŝ is a θ-

compression, distpŜf, Ŝgq “ θdistpf, gq ` p1 ´ θqδp0,0q, for all f, g in its domain. We obtain that for

every I P Dn´1, f P Lk1,0
p ,

xŜJ 1hI , Ŝfy “ θxJ 1hI , fy.

We deduce that, for f P Ŷ ,

E1pŜq´1f “
ÿ

IPDn´1

|I|´1xJ 1hI , pŜq´1fyJ 1hI “
ÿ

IPDn´1

θ´1|I|´1xŜJ 1hI , fyJ 1hI

“
ÿ

IPDn´1

θ´1|I|´1xShI , fypŜq´1ShI “ pŜq´1Epfq.

Therefore, ŜE1pŜq´1|Ŷ “ E. We use this in conjunction with (10.6):

ϵ

2
ą

›

›

›

´

E1pŜq´1R̂Ŝ ´ r ¨ id
¯ˇ

ˇ

ˇ

Y 1

›

›

›
“

›

›

›

´

ŜE1pŜq´1R̂Ŝ ´ r ¨ Ŝ
¯ˇ

ˇ

ˇ

Y 1

›

›

›
“

›

›

›

´

ER̂ ´ r ¨ id
¯ˇ

ˇ

ˇ

ŜpY 1q

›

›

›

“

›

›

›

´

ER̂ ´ r ¨ id
¯ˇ

ˇ

ˇ

Y

›

›

›
.

We combine this with the conclusion of Lemma 10.1.2 (ii) for T , Ŷ , and Ê, which states

ϵ

2
ą

›

›

›

´

ÊT ´ R̂
¯
ˇ

ˇ

ˇ

Ŷ

›

›

›
ě

›

›

›

´

EÊT ´ EÊR̂
¯
ˇ

ˇ

ˇ

Y

›

›

›
“

›

›

›

´

ET ´ ER̂
¯
ˇ

ˇ

ˇ

Y

›

›

›
,

and therefore, }pET ´ r ¨ idq|Y } ă ϵ.

It remains only to verify (ii), which follows at once from }ÊQi} ă ϵ{2, }Q2Ê} ă ϵ{2, and

EÊ “ ÊE “ E.

10.2 The orthogonal reduction to a scalar FDD-diagonal operator

We now address the reduction of an arbitrary bounded linear operator T : Rp,0
α Ñ Rp,0

α to a scalar

FDD-diagonal operator R whose entries are averages of the diagonal entries of T . With Proposition

10.1.3 in place, we turn to the inductive construction of a distributional embedding scheme Ψ, as

described at the beginning of Chapter 10.

The following theorem involves only limit ordinal numbers and yields the factorization property

of the standard martingale difference sequence bases of the limit Rp,0
α spaces (see Theorem 10.2.3).

The factorization property of the standard martingale difference sequence bases of the infinite

successor Rp,0
α spaces is addressed in Remark 10.2.4.

Theorem 10.2.1. Let α be a limit ordinal number, T : Rp,0
α Ñ Rp,0

α be a bounded linear operator

and ϵ ą 0. Then there exist a distributional embedding scheme Ψ from Rp,0
α to itself and a scalar
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FDD-diagonal operator R : Rp,0
α Ñ Rp,0

α with diagonal entries in ApDpT qq such that

}T :

ΨTTΨ ´R} ă ϵ.

In particular, T is an orthogonal factor of R with error ϵ.

Proof. Let pλnq8
n“1 be an enumeration of the elements of Tα compatible with the order of the initial

segments, that is λn Ĺ λm implies n ă m. We will construct a distributional embedding scheme

Ψ of Rp,0
α in Rp,0

α and a scalar FDD-diagonal operator R on Rp,0
α such that }T :

ΨTTΨ ´R} ă ϵ, and

furthermore, for every n P N, there is an rn in ApDpT qq such that R|Xλn
“ rn ¨ id. The construction

of Ψ “ pMλn , pJµqµPMλn
q8
n“1 and choice of prnq8

n“1 will be carried out inductively on n P N such

that after n steps, the partial family pMλk
, pJµqµPMλk

qnk“1 satisfies Definition 8.0.3, up to that

point (the set tλ1, . . . , λnu is a backward closed subtree of Tα), and the following bounds hold: for

every n P N, denote Sn “
ř

µPMλn
TµJµ, which is a θλn-compression,

Yn “ SnpLκpλnq,0
p q “ TΨpXλnq,

and En : Rp,0
α Ñ Yn the orthogonal projection. Then, for all n P N,

›

›

›

´

EnT ´ rn ¨ id
¯ˇ

ˇ

ˇ

Yn

›

›

›
ă

ϵ

3 ¨ 2n
, (10.7)

›

›

›

`

n´1
ÿ

m“1

Em

˘

TEn

›

›

›
ă

ϵ

3 ¨ 2n
, and (10.8)

›

›

›
EnT

`

n´1
ÿ

m“1

Em

˘

›

›

›
ă

ϵ

3 ¨ 2n
. (10.9)

Before initiating the construction, we demonstrate how the above bounds yield the conclusion. Con-

sider the space Y “ TΨrRp,0
α s that admits the Schauder decomposition pYnq8

n“1 with corresponding

coordinate projections pEnq8
n“1, which have norm one. Denote the projection

PΨ “ TΨT
:

Ψ : Rp,0
α Ñ Y, PΨf “

8
ÿ

n“1

Enf,

as in Remark 7.3.6 (see also Example 3.2.5 and Proposition 3.2.8), recalling also T :

ΨTΨ “ id : Rp,0
α Ñ

Rp,0
α . Consider the operator R̃ “ TΨRT

´1
Ψ , which is diagonal with respect to the aforementioned

decomposition, and more precisely, for all n P N, R̃En “ rnEn. Then,

›

›

›
T :

ΨTTΨ ´R
›

›

›
“

›

›

›
TΨ

`

T :

ΨTTΨ ´R
˘

T´1
Ψ

›

›

›
“

›

›

›
PΨT |Y ´ R̃

›

›

›

“

›

›

›
SOT ´

8
ÿ

n“1

´

`

n´1
ÿ

m“1

Em

˘

TEn ` EnT
`

n´1
ÿ

m“1

Em

˘

` EnTEn ´ EnR̃En

¯›

›

›

ď

8
ÿ

n“1

´›

›

›

`

n´1
ÿ

m“1

Em

˘

TEn

›

›

›
`

›

›

›
EnT

`

n´1
ÿ

m“1

Em

˘

›

›

›
`

›

›

›

´

EnT ´ rn ¨ id
¯ˇ

ˇ

ˇ

Yn

›

›

›

¯

ă ϵ,
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where the above notation SOT ´
ř

means that the convergence of the series is taken with re-

spect to the strong operator topology. We return to the inductive construction of the family

pMλn , pJµqµPMλn
q8
n“1 and the scalars prnq8

n“1. The inductive hypothesis up to n consists of

(i) the partial family pMλm , pJµqµPMλm
qnm“1 satisfies Definition 8.0.3,

(ii) (10.7) to (10.9) hold up to n,

(iii) there exist κn P N and θn P p0, 1s such that for all µ P Mλn ,

κpµq “ κn, θµ “ θn, and bpµq “ bpλnq, and

(iv) if λn is a root then Mλn “ tλ1
nu, for some root λ1

n, and otherwise, for every µ P Mλn ,

πpµq P Mπpλnq.

We omit the basis step, since the same method applies. Assume the construction is complete up to

n, and set λ “ λn`1. There are two cases: λ is a root, or a successor. The root case is analogous

to the successor case, so we only record that then Mλ “ tλ1u, where λ1 is the root of Tα obtained

from λ by repeating all entries except that the last, bpλq ` κpλq, is replaced with bpλq ` κn`1 for

some sufficiently large κn`1. While this is analogous to the successor case, this is the only point

where the fact that α is a limit ordinal matters; otherwise Tα would have a unique root. We now

turn to the successor case, where

λ “ πpλq"O"ν,

with πpλq “ λn0 , for some 1 ď n0 ď n, O P Dκpπpλqq and ν P Tbpπpλqq is a root. We apply Proposition

10.1.3 to obtain an integer

k2
0 “ k2

0

´

κpλq,
n
ÿ

m“1

2κpλmq, }T } ¨
›

›

n
ÿ

m“1

Em

›

›,
ϵ

3 ¨ 2n`1

¯

satisfying its conclusion, and we define

κn`1 “ k2
0 _ κpνq _

´

max
1ďmďn

`

κm ` 1
˘

¯

and θn`1 “
θn0

2κn0
.

We define the root ν1 of Tbpπpλqq by taking the entries of ν unchanged, except that the last entry,

bpνq ` κpνq, is replaced with bpνq ` κn`1. Letting Dκpµq

O “ tP P Dκpµq : P Ă rJµhπpOq “ ϵpOqsu,

µ P Mπpλq, as in Notation 8.1.2, we define

Mλ “

!

µ⌢P⌢ν 1 : µ P Mπpλq and P P Dκpµq

O

)

.

It is clear that, for µ P Mλ, bpµq “ bpλq, κpµq “ κn`1 and θµ “ θn`1. By the inductive hypothesis,

the members of Mπpµq are pairwise disjointly supported; hence, by Proposition 7.5.2, so are the
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members of Mλ and

ÿ

µPMλ

θµ “
ÿ

µPMπpλq

ÿ

PPDκpµq

O

θµ|P | “
ÿ

µPMπpλq

#Dκpµq

O

2κn0
θµ “

ÿ

µPMπpλq

|I|2κn0

2κn0
θµ “ |I|θπpλq “ θλ.

Therefore, Definition 8.0.3 (a) is satisfied. Clearly, Definition 8.0.3 (c) holds by design. The verifica-

tion of Definition 8.0.3(b) relies on the tree structure of pMλk
qnk“1, on (iv), which holds by construc-

tion, and on the fact that, by the choice of κn`1, Mλ is disjoint from Mλ1 , . . . ,Mλn . It remains

to choose distributional embeddings Jµ : L
κpλq,0
p Ñ L

κpµq,0
p , µ P Mλ, and a scalar rn`1 P ApDpT qq

satisfying (ii). We now note that the numerical restrictions tied to the integer k2
0 are satisfied

by the operators T , Q1 “ T
´

řn
m“1Em

¯

, Q2 “ p
řn

m“1EmqT , and by the θn`1-compressions

pTµqµPMλ
, whose ranges are disjointly supported. Proposition 10.1.3 yields distributional embed-

dings Jµ : L
κpλq,0
p Ñ L

κpµq,0
p , µ P Mλ, such that letting Sn`1 “

ř

µPMλ
TµJµ, Yn`1 “ Sn`1rL

κpλq,0
p s,

and En`1 the orthogonal projection onto Yn`1, then, for some 0 ď i ď κpλq ´ 1 and

rn`1 “ θ´1
λ

ÿ

µPMλ

ÿ

KPDi

xTµhK , TTµhKy “ 2´i θn`1

θλ

ÿ

µPMλ

ÿ

KPDi

|K|´1θ´1
µ xhµK , Th

µ
Ky

“
1

`

#Mλ

˘

¨
`

#Di
˘

ÿ

µPMλ

ÿ

KPDi

|K|´1θ´1
µ xhµK , Th

µ
Ky P ApDpT qq

we have

›

›

›

´

En`1T ´ rn`1 ¨ id
¯

|Yn`1

›

›

›
ă

ϵ

3 ¨ 2n`1
,

›

›

›

`

n
ÿ

m“1

Em

˘

TEn`1

›

›

›
ă

ϵ

3 ¨ 2n`1
, and

›

›

›
En`1T

`

n
ÿ

m“1

Em

˘

›

›

›
ă

ϵ

3 ¨ 2n`1
.

Remark 10.2.2. As the proof of Theorem 10.2.1 suggests, the “error” operator T :

ΨTTΨ ´ R is

compact.

Theorem 10.2.1 and Proposition 3.3.5 yield the factorization property of Rp,0
α for a countable

limit ordinal number α.

Theorem 10.2.3. The standard martingale difference sequence basis of Rp,0
α has the factorization

property, whenever α is a countable limit ordinal number.

Remark 10.2.4. Let α be a countable limit ordinal and n P N. Every bounded linear operator

T : Rp,0
α`n Ñ Rp,0

α`n is a factor of a bounded linear operator T̃ : Rp,0
α Ñ Rp,0

α whose diagonal entries

are a subcollection of the diagonal entries of T with respect to the standard martingale difference

sequence basis. This is achieved, e.g., by fixing I P Dn and taking A “ pid ´ EqQI : Rp,0
α`n Ñ Rp,0

α

and B “ TI : Rp,0
α Ñ Rp,0

α`n and letting T̃ “ ATB, where Epfq denotes the expectation of the

random variable f , that is Epfq “
ş1
0 fpxqdx. Together with Theorem 10.2.3 and the isomorphism

99



Rp,0
α » Rp,0

α`n from [2], this yields the factorization property for the standard martingale difference

sequence bases of all spaces Rp,0
α , ω ď α ă ω1. Note that the operator-norm bounds for the factoring

operators deteriorate as n Ñ 8.

10.3 Open questions

From the previous chapters, the problem of the primary factorization property of the spaces Rp,0
ωα ,

α ă ω1, naturally arises.

Question. Let α ă ω1. Does Rp,0
ωα have the primary factorization property?

Towards this direction, the main step is the following open question.

Question. Let α ă ω1. Let D : Rp,0
ωα Ñ Rp,0

ωα be a scalar FDD-diagonal operator and ϵ ą 0. Does

there exist a distributional embedding scheme Ψ from Rp,0
ωα to itself and a scalar λ such that

}T :

ΨDTΨ ´ λ ¨ id} ă ϵ?

In particular, is D an orthogonal factor of λ ¨ id with error ϵ?
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