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Abstract. We study a flow of fresh and salt water in a two dimensional axially
symmetric coastal aquifer with a well on the central axis. The flow is governed by
a nonlinear Darcy’s law. We also show the behaviour of the solution when the out

flow of salt water at well goes to 0.

Introduction

When fresh water is stored in aquifers in coastal areas, as a result of sea water
intrusion, one may encounter situations where wells pump back the fresh water
from regions above a fresh-salt interface.

As a result of the pumping and the pressure distribution established in the fluids,
the interface below a well will rise, at first slowly and later faster, towards that
well. The interface will eventually touch the well in a cusp-like form (see [18]).
This situation will be investigated in this paper.

H.W. Alt and J.V. Duijn studied in [5] the solutions for flows in a bounded axial
symmetric reservoir of constant thickness, with only one well on the central axis.
The model which they considered was described by a linear Darcy’s law.

In this paper, we are interested with the same model in the two dimensional case
and where the flow is governed by a nonlinear Darcy’s law (see [12], [14], [15]). For
a weak power-law exponent (i.e. 0 < m < 1), we look for our solution in a classical
Sobolev space. When the power-law exponent is greater than 1 (i.e. m > 1), the
problem is still open.

In section 1, we state the problem and present the weak formulation of the model.
We prove the existence of monotone solutions and establish some properties. In
section 2, we show that the interface is a continuous curve. On the axis it ends up
in the well and on the lateral boundary in a well-defined point. The last section
is devoted to study the limit problem obtained when the outflow of salt water at
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well goes to 0. We prove that the limit problem has a unique monotone solution
with a decreasing continuous free boundary.

For more information about this subject, we refer the reader to [3], [4], [5], [6],
[18], [12], [13], [16].

1 Statement of the problem

1.1 Strong formulation

Let Q = (—a,a) x (0,1) (a > 0) be a porous medium where a well W is located at
the position (0, k), (0 < h < 1). The porous medium is saturated by fresh and salt
water which are being extracted through W with respective discharge @)y and Q.
The flow is governed by the following nonlinear Darcy law :

%|v|m*1v+vp+yez =0 inQ (m>0) (1.1)

where v denotes the fluid velocity, p its pressure, e, the unit vertical vector of IR?
ie. e, = (0,1), p is the dynamic viscosity of the two fluids, k > 0 is the constant
permeability of the medium and +y is the constant specific weight (v = ¢ for fresh
water and v = v, for salt water with 0 < vy < 7,).

Moreover, we have the fluid balance equation (see [11]) :

div(v) = —2Qbw in Q (1.2)

where Q = Q¢ + @, is the total production rate of the fluid and dy is the Dirac
distribution at W. ~
We assume the upper and lower boundary of 2 to be impervious i.e.

ve, =0 on[z=0]U[z=1]. (1.3)
At the lateral sides of €, the flow is assumed to be horizontal only i.e.
ve, =0 on [z =a]U[z = —al. (1.4)

Now, due to the symmetry of Q) with respect to the axis [z = 0], we expect a
symmetry of the unknown (p,7). So we can restrict our study to the domain
Q = (0,a) x (0,1). Furthermore, we deduce from (1.2) the existence of a stream
function v :  — IR such that :

0w o,
0z’ Ox
Let us make the following normalization :
R w.(u/(k('ys — 'yf)))l/m, Q, Qs and Q similar
(v =.)/ (vs = 5)-

v = Rotyp = ( in Q. (1.5)

2
I
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Then from (1.1), (1.2) and (1.5), we deduce
div(|V|972V + ve,) = 0 in with ¢ = m + 1. (1.6)
Using (1.3), we deduce that 4 is constant on [z = 0] U [z = 1]. Set
¥(x,0)=c; and P(z,1)=co for z € (0, a).
Since p(z, z) = p(—z, z) in Q, we get if everything is smooth, %(07 z) = 0 for all
z # h. This leads by (1.1) and (1.5) to

oY B
&(0,2) =0 for z # h. (1.7)

Thus if we assume that 1 is continuous at (0,0) and (0, 1), we get
¥(0,2) =c;  for 0 <z <h, ¥(0,2) =co forh<z<1.

Let us take ¢; = 0 and determine cz. For this purpose, we consider the rectangle
C% = (—¢,e) x (h — 8§,h + §) for & and ¢ positive and small enough. Let ¢ € D(Q)
be an even function with respect to = such that : ( =1 in 65. Using (1.2) and the
symmetry of (p,7y), we get

—-2Q = 72/ v.V( = 72/ v.v(
Q a(ANC?)

where v is the outward unit vector normal to 9(Q2\ C?).
By (1.5) and (1.7), we then get :

~2Q = ~2([(0, h+8) (e, h+O)+(e, h0)— (e, h=0)]+ [ (e, h=0)—(0,h=5)] ).
Letting € go to 0 with § fixed, we obtain

Y(0,h+6) = (0,h = 6) = Q.
So co = @ and we have

Y(x,0) =0, Y(x,1) =Q for x € [0, a 18
¥(0,2) =0 for0<z<h, ¥(0,2) =Q forh<z<1. (1.8)

From (1.4), we have :

0

%(a,z) =0  forze(0,1). (1.9)
Since we assume that the two fluids are unmixed, we have : v.v = 0 on the interface
I of fresh and salt water (v is the unit normal to I'). So ¢ is constant along I'.
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To insure that the prescribed salt water discharge @)s is being extracted from the
reservoir €2, we take

Y =Qs onI'. (1.10)
By (1.6), (1.8), (1.9), the weak and the strong maximum principles, we get :
0<Y<Qs inQy and Qs <Y <@ inQy

where Q, (resp. Q) is the subset of ) containing salt (resp. fresh) water.
Therefore we are led to consider the following problem :

Find (¢, ) such that :

div(|Vy|172V + ve,) = 0 in O
=0 on AOW
(SF) V=0 on WCB
P — on AB

ox

veE1l-H(—Qs)
where H is the Heaviside graph. For the location of the points A, O, B and C, we
refer to Figure 1.

=&
1 w=Q

y=0 7=1

Figure 1

1.2 Weak formulation

The natural space in which we have to look for ¢ is W14(£2). However since 1 is not
continuous at the point W and due to the Sobolev imbedding W14(Q) — C°(€)
for ¢ > 2, we have to restrict ourselves to the case 1 < ¢ < 2. The case ¢ = 2 is
considered by H.-W. Alt and V. Duijn in [6].

So throughout this paper, we assume that ¢ lies in (1,2). First, we prove the
following result :

Lemma 1.1. There exists a function vo € W4(Q) such that :

Pog =0 on AOW
1[)0 = Q on WCB
Mo — on AB.

ox
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Proof. Let s € (g, 2]. We consider the following problem :

Find pg such that :

(Py) div(|Vpo|*~*Vpo) = 2Qdw in D'(Q)
0 pO(a7 Z) = pO(_a7 Z) =0 for z € (Oa 1)
|Vpol*~2Vpg.e, =0 for z € {0,1}.

To solve (Py), we consider the following approximated problem :

Find p, € Wh*(Q) satisfying :
i) pn=20 for x = +a
”) f() |an|s_2vpn~vC = fﬁ fnC
V¢ € WH(Q) such that ¢ = 0 for z = +a

(Pn)

2Qn? 1 1. . )
where f,, = x(B(W,=)), n > 1, B(W, =) is the open ball with center W
7r n n

and radius 1/n and x(F) denotes the characteristic function of the set E. It is
well known (see [28]) that (P,) has a unique solution p, € W'*(£2). Moreover p,
is symmetric with respect to x.

Arguing as in [10], where a similar problem with Dirichlet Boundary conditions
is considered, one can prove that (p,) converges to an element py in any let(fl)
with ¢ € [1,2(s — 1)) and pg is a solution of problem (FPp). Note that we have :

i) po is a non constant s-harmonic function in Q \ W
i) po € CHQ\W)  (see [25], [17], [21], [33])
iii) po € C'(Q\{W,A,B, A, B'Y})
with A" = (—a,0), B’ ' =(—a,1) (see [27]).
From ) and since € is a simply connected domain, we deduce (see [7]) that there

exists an s’-harmonic function vy : @ — IR with — + — = 1 such that
s s

Rotyo = [Vpo|* ?Vpy ~ in Q. (1.11)

So we have [V = [Vpo|*~! € L¥/(~1(Q). Then if we choose t € (max(1,q(s —
1)),2(s — 1)), we obtain
Vi € LI(Q). (1.12)

0
Now for the boundary conditions satisfied by g, we first have : %(a, z) =0
since pg(a, z) = 0 then by (1.11), we get

My
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0
We also have by (1.11) and the Neuman condition satisfied by pg : % =0 on
x

OA U CB. Hence 1 is constant on OA and CB. Using the symmetry of pg, we
obtain %(O, z) =0 for all z # h and then by (1.11), we get %(O, z) = 0 for all
x z

z € (0,h) U (h,1) which means that 1y is constant on OW and CW.
Now using the continuity of 1y at O and C, we can choose

Yo =10 on AOW (1.14)
and we deduce as in section 1.1 that
Yo =Q on WCB. (1.15)

Combining (1.12), (1.14) and the Poincaré-inequality, we get 1)y € W19(£2). O

Using the strong formulation (SF) and Lemma 1.1, we are led to the following
weak formulation of our problem :

Find (¢,7,yn) € WH9(Q) x L>®(2) x L>=(Ty) satisfying :
i) Jo(IVYT2VY + 7e.). V¢ = [i ¢
(P) V¢ € WH4(Q) such that ¢ =0 on I'p
i) Yy€E1—H@W—Qs)ae inQ, yyel—H{—Q;s)ae only
’LZZ) ¢ = ¢0 on FD
with 'y = AB, I'p = AOCB. Then we have
Theorem 1.2. There exists a solution (,~y,vyn) of (P) satisfying :

0. >0, 9,v<0 inD(Q) and 9,yv <0 inD'(Tyn). (1.16)

Proof. For € > 0, we introduce the following approximated problem :

Find . € W14(Q) such that :
Z) IQ(|V¢s|qi2v¢s + (1 - Hs(ws - Qs))em)vC
(PE) :fFN(]-_HE('l/}E_Qs))C
V¢ € WH4(Q) such that ¢ =0 on I'p
1) e =y onI'p

st
where H.(s) = min(1, —).
Arguing as in [14], [12], we can prove that there exists a unique solution ¢, of (P:)
satisfying
0,v. >0 in D' (Q2)

and up to a subsequence, we have

e — Y in WH(Q)
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(1 — H.(Ye — Qs),1 — He (e — Qs)) = (V) in LQI(Q) x LY (T'n).

Then we verify that (¢,~,vn) is a solution of (P). By the monotonicity of 1. and
H., we get (1.16). O

Proposition 1.3. Let (¢,7,vn) be a solution of (P). We have :

Ay + 0y = div(|VY|972VY + ve,) =0 in D'(Q) (1.17)
0<v<Q in Q (1.18)
e CrH @\ {W}) for 0 < o < 1. (1.19)

Proof. i) (1.17) is a consequence of (P)i) by taking ¢ € D().
ii) (1.18) is obtained by taking ¢~ and (1) — Q)" as test functions in (P)i).
iii) First, we deduce (see [20], [23], [32]) that

Y e (QuUTp\ {0, W,C}) for 0 <a < 1.

loc
It remains to prove the C%% continuity of 1 on 'y U {O,C} = [AB] U {0, C}.
Case of the point O : Let ¢ and 7 defined by :

7 _ J¥(=,2) in € an (2. 2) = ~¥(z, 2) a.e. in {2
v(@a) = { —(—z,2) in Q\Q 4 y@2) { —y(~x,2) ae inQ\Q

It is clear that (1,7) € Wh4(Q) x L*®(Q). Furthermore we deduce from i) that :
A +7. =0  inD(Q). (1.20)

Now, since we have 9(z,0) = 0 for @ € (—a,a), we deduce from (1.20) (see [20])
that 1 is C%“ near [z = 0]. Thus ¢ is C% near O.

Case of the point C': Let Qp, = (—a, a) X (h,1). Then we have (z/J/jQ) € WhHa(Qy)
and
Ay = Q)+ =0 inD(Qn). (1.21)

Since (wA—/Q)(x,l) = 0 for z € (—a,a), we deduce from (1.21) (see [20]) that
(¥ — Q) is C%“ near [z = 1]. Thus ¥ is C% near C.
Case of Ty = [AB] : Set Q* = (0,2a) x (0,1) and define 1* and v* by :

«  fY(x, 2) in Q
Vi@, 2) = {w(Za—x,z) in O\ Q

. [ y(z,2) a.e.in Q
and  v*(z,2) = { —v(2a — x,2) ae.in Q*\Q
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then (*,7*) € WHa(Q*) x L>(Q*) and satisfy :

Agp* + (v = 2yvx(2))z =0 in D/(Q*)' (1.22)
Since we have ¢*(z,0) = 0 and ¢*(x,1) = 0 for = € (0, 2a), we deduce from (1.22)
(see [32], [20]) that ¢* € CO(Q* Uz = 0] U [z = 1]). Thus ¢ is C*(QUTy). O

loc loc

Corollary 1.4. Let (¢,7,vn) be a solution of (P) that satisfies (1.16). We have :
i) [ > Q] and [ < Q] are open connected sets where i is not constant.

i) € Clga (¥ > Qu)) and ¢ € Gl (¥ < Qs)).

iii) 4 is analytic in [p > Qs]\S (resp. [ < Qs]\S) where S = { (z,2) € Q\ [¢ =
Qs]/Vip(z,2) =0}

iv) S is a discrete set.

Proof. i) [ > Q] is open by continuity of . Let (z1, z1), (%2, 22) € [t > Qs].
By monotonicity of 1) we have

P(w1,2) > Qs forz; <z<1 and W(wa,2) > Qs  for zo <z < 1.

Since we have ¢(z,1) = Q > Q,, we deduce by continuity of ¢ that there exists a
small € > 0 such that

> Qs in[z) —e,xe+¢] X [1 —¢g,1].

Then the arc {1} X [21,1 —e] U [x1,22] X {1 —e}U{za} X [l —€,22] C [0 > Qs].
Now assume that v is constant in [0 > Qg]. Then ¥ = Q in [ > Qg]. If 9]¢ >
Qs] N Q =0 then [ > Q;] = Q which contradicts the fact that ¢y = 0 on OA. So
Y > Qs]NQ # 0 and ¥ = Q, on this set. Contradiction.

In the same way, we prove that [ < Q] is also a domain on which ¢ is not
constant.

ii) In [¢p > Q] (resp. [¢ < Qs]), we have v = 0 (resp. v = 1) then by (1.17) we get
Agp =0in D'([¢p > Qy]) (resp. D'([¢ < Qs])) from which we deduce ii) (see [2]).

iii) (see [26]).
iv) (see [2], [30]). O

2 Study of the free boundary

In this section, we shall be concerned only with monotone solutions of (P) in the
sense of (1.16). For these kind of solutions, we will study the corresponding free
boundary I' = [¢p = Q,].
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Using the continuity of ¢» on OA and CB, one can define g1, g2 : (0,a) — R
by :

g1(x) =sup{z/P(z,2) <Qs}  and  go(x) = nf{z/¥(z,2) > Qs }-
Then we deduce from the continuity and the monotonicity of 1) :

Proposition 2.1.
i) g1 (resp. g2) is lower (resp. upper) semi-continuous in (0, a).
i) [(x,2) <Qs]=[z<q(@)],  [U(,2)>Qs] =[z> ()]
i) I'=[¢ = Q] =[gi(r) <z < ga()].

The main result of this section is the following :

Theorem 2.2. We have :
i) g1=92=uy, I'=[z=g(z)] and g¢:(0,a) — IR is continuous
ii)  lim g(x)=h

z—0t
iii)  lim g(z) = us € (0,1).

r—a—

The proof of this theorem will be established through some lemmas. The first

one (Lemma 2.3) is a non-oscillation lemma. Lemma 2.4 and Lemma 2.5 are used
to eliminate possible vertical segments of the free boundary.
Note that similar lemmas are proved by HW. Alt and V. Duijn in [6] in the case
where ¢ = 2. Our proof follows their ideas, however, we have to overcome some
difficulties due to the nonlinearity of the ¢g-Laplacian operator and through lack of
the regularity of ¥ near points of the set S.

Lemma 2.3. Let 0< 21 < 29 < 1,0 < 21 < 22 < 73 < 74 < a. Set
L ={z;} x [z21,20] i=1,2,3,4

Suppose that v — Qs < 0only, v —Qs >0o0nly, v —Qs <0onlz andy—Qs >0
on ly. Then
Z9 — 21 = 0(1‘4 — 331)

ie. z9 —z — 0 when x4 — 21 — 0.
Proof.

Step 1. By continuity of 1, there exists a small 0 < 6 < (22 — 21)/4 such that
P > Qs+ «in Us = [z2, 22 + 6] X [21,21 + I] for some o > 0 small enough. We
claim that there exists (&1, 2;) € Us such that

9:1(&1, 21) > 0.
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Indeed, otherwise, we have ¢ = ¢(z) in Us and since Ay = 0 in Uy, we obtain
¥ = ax+ [ in Us. By analytic continuation (see Corollary 1.4), we get ¥ = ax + (8
in [ > Q] \ S which leads to ¥ = az + § in [¢) > Q;]. Since ¥(z,1) = Q, we get
¥ = Q in [¢p > Q] which is not possible by Corollary 1.4 i).

Step 2. Consider the following ordinary differential equation :

{X’(t) = \/%TW(XU)) = f(X(®))
X(0) = (&, 21) = Xo.

The function ¥ +— 17|Y|2 is Lipschitz continuous from IR? to IR? and
+
Vi € C’loo’;([w > @s]), then there exists a unique maximal solution X : [} =

(a1,b1) — [ > Qg], t — X(t) = (X1(t), X2(t)) (see [31]). We denote by
yH(Xo) ={X(t) /t > 0} the positive semi-orbite of X. We distinguish two cases:
15t case : by < 0o

Since f is bounded, tlirgl X(t) = X(b-) exists and then X (b_) € 9[tp > Q;]. So
X(b_) € 0 or (X (b_)) = Qs. But we cannot have the second situation since 1
is nondecreasing along the trajectory of X. Indeed we have :

d = 7|V¢|2 an «

Thus X (b—) € 9Q and v+ (Xj) leaves the rectangle
Ry = (21,23) X (21, 22)

from the top since we have ¥(x1,2) < Qs, ¥(z3,2) < Qs Vz € [21, 22] and X (t) >
Z1 Vt > O

ond case by = +oo

- If 41 (Xo) ¢ [ > Q] then there exists X, € v+ (Xo) N (O > Qg]). If
X. € (O > Qs]) N Q then ¢(X,) = Qs which is impossible since ¥(X,) =
nEIJIrloot/}(X(tn)) >Qs+a>Qs. So X, € (Y > Q) NN and v (Xy) leaves Ry

from the top.

- If 41 (Xo) C [ > Q] then v (X)) is relatively compact in [¢) > Qs]. Then it
follows that the positive limit set of Xy defined by

w(Xo)={Y € [ > Q4] / 3ty — +oo such that X (t;) =Y}
is nonempty, compact, connected and (see [1])

X (t) — w(Xo) when ¢ — +o0.
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Note that v+ (Xo) = 71 (Xo) Uw(Xp). Moreover, we have

w(Xo) C{Y evH(Xo)/ Vy(Y) =0} CS.

By Corollary 1.4 iv), we deduce that w(Xp) is reduced to a unique point X, and
lim X(¢) = X..

t——+oo
Let us denote ;" = 77(Xy), X'(t) = X(t,Xo) = X(t), X!=X., X}=X,.
We have

P(XD) > (Xp) > Qs +a, V(X)) =0.

Let U(X}) be a neighbourhood of X! on which ¢ > Qs+a. Let J be the connected
component of the set E = {z € [X},z3]/¢(z, X)) > Qs + a} containing X;.
We have J = [X}, 7] with ¢(z, X)) = Qs + a.

Now assume that 9,9 (z, X1,) > 0 Vz € (X},Z). Then Qs + a = (T, XL,) >
(XL, X)) = (X)) > Qs + o and we get a contradiction. So there exists & €
(XL, %) such that 9,v(&), XL) < 0. Moreover we have (&, XL,) > Qs + «
since &, € J. By continuity, there exists a neighbourhood V of (£5, X1,) such that
¥ > Qs+ aand 9,9 < 0in V. As in step 1, there exists (£,,Z2) € V N [z > XL]

such that 9,7(&,,%2) > 0. Hence we have found a point (£,,%3) such that

Yv>Qs+a on (X1, &) x {X 1} U{&} x [X]y, 2] = HHU W,
O <0 on{&} x [Xp, 2] = V4
321/)(52752) > 0.

Let us consider now the differential equation :

{X'(t) = f(X())
X(O) = (€2>E2> = Xg

There exists a unique maximal solution X (., X2) defined on Iy = (agz,by). We
distinguish two cases :

- by < +00 : then the trajectory 5 leaves R; from the top.
- by = 400 :

Jif y5 ¢ [ > Q] then v leaves R; from the top.

Jif v C [ > Q) then w(X?2) = { X2} with 1(X2) > Qs+a and Vi (X?2) = 0.
Assume that we can construct a sequence (X),ecn+ C Ry of such points. Note
that the sequence (X}') is not stationary since (X[5) is an increasing sequence.

Since R is compact, there exists a subsequence (X ) which converges to a point
X* € Ry satisfying

X)) >Qs+a>Q, and ViH(X*)=0  ie X*€S.

This contradicts the fact that S is a discrete set. So the above process is necessarily
finite and there exists ng > 1 such that 'y;fo leaves Ry from the top. We denote by

{(£1,22)} =%, N Ry
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Step 3. Set R2 = [IEQ,I4] X [21722].

Arguing as in step 1, we can find (&3, 25) in Us: = [x3 — 9, 23] X [22 — ', 22] a small
neighbourhood of (z3,22) (0 < §' < (22 — 2z4)/4) satisfying for some o > 0

P(€2,25) < Qs — and  9.1(&,25) > 0.

We then consider the following differential equation :

{Y’(t) =—f(Y(®)
Y(0) = (&2,25) = Yy

There exists a unique maximal solution Y'(.,Yy) = Y1(.) : (c1,d1) — [ < Qs),
t— Y1(t) = (Y{(t), Y5 (t)). Then if

- dy < +oo : as in the 1%¢ case of step 2, the positive trajectory Vf', of Y leaves
Ry from the bottom.
-dy =+

. if? Z [t < Q] then vf“/ leaves Ry from the bottom.

Cif 47 C [ < Q] then Jim Y(6) = Y! with ¢(¥)) < Q. — o/ and
vy =o.

Arguing as in the 2"? case of step 2, one can find a point (§27g2) such that :

2, <Y}

Yv<Qs—a' on [Y*117§2] x {Yh} U {&,} < [V 2] = HHUV/
0:¢ >0 on{{} x (Yo, 2] = V/

8z¢(§27§2) > 0.

Then we consider the maximal solution Y (.,Y?) = Y?2(.) with Y = (€, 20)- If

vy " does not leave Ry, we can repeat the above process. But as in step 2, one
can prove that there exists ny > 1 such that ’y;fl/ leaves Ry from the bottom. We
denote by {(§2,21)} = 7,/ NR;.

Step 4. We denote by R (see Figure 2) the region delimited in the bottom by
z = z{, in the top by z = 2} and laterally by ¥ and ¥’ given by :

Y = FUH1UW)U ..UM N[z < 2))
Y = FYUHUV)U.UM Nz > 2).
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)

Figure 2

Clearly OR is locally Lipschitz.
Let n € D(21, z4) such that suppn C [z} +¢, 25 —¢] (¢ > 0 small enough), 0 <n <1
and for 0 < p << e small, we consider

d((m,z),@R))l

d,(x,z) = min <1,
P

Then nd,x(R) is a suitable test function for (P) and we have :

/ V2.V (nd,) = / Oad.
R R

Note that for small p, we have by continuity of ¢ and since ¥ C [¢p > Q] and
YT <Qq:

vz, z) > Qs for (x,z) € R such that d((z, z), %) < p and then v = 0 a.e.
P(x,z) < Qs for (z,z) € R such that d((x,2),Y') < p and then v =1 a.e.

So we have

oot~ [ a0 = [ o

and then
/ n(2)vs = / 4, [V|720.45.0.m + / NIV Ve, (2)
’ R R

The second term of the right-hand side of (2.1) can be written as :

/ DIV 2V d, = / DIV 2TV,
R

[d(-,2)<p]
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+/ NV VY. Vd, =1, + 1.
[d(., ) <p]

We have for I ; :

n()*l

I = / n|V|92Vip.Vd
’ ; ( () <p] !
+ / n|V|72Vy.Vd,
[d(.,vi)>plN[d(.,H;)<p] (2.3)
+ / n|w\q—2w.wp)
[d(-,vi+1)>pIN[d(., Vi) <p]
+ n|V|12V.Vd,.

[d(-s7ng) <P)

Since 9,1 < 0 on V; and ¥ € C([¢p > Q4]), it follows that 9,4 < 0 in [d(., V;) < p]
for p small enough and then :

1
nIVyl* VY.V, = -

/ / nI V20,00 < 0.
[ yigp1)>pIN[d(, Vi) <p] P (. yig1)>pIN[d(., Vi) <p]

(2.4)
Moreover 9,1 > 0, then we have

_ 1 _
/ vV, = NIV (~0.0) <0,
[d(.7i)>pIN[d(.. Hi)<p] P J1d(vi)>p]N[d(., Hi)<p]
(2.5)
Now, we have
[ averveve, - [ WIVHl 2.V,
[d(.,7i)<p] [d(.7i)<plN[d(-{XE,X1})>p]
+ [ NIVl V.V, (2.6)
[d(-,vi)<pln[d(., XE) <p]
+f WV V.V,
[d(.,vi)<plN[d(., X 1) <p]
and
_ C i
| VTV, | < SIB(XG, p)| = Tep
[d(.,vi)<p]n[d(.,X§)<p] p
where ¢ = max{|V|?7 ! (z, 2) /d((z,2),%) < po} for a fixed small py. So
lim n|V|72V.Vd, = 0. (2.7)

P=0J1d( i) <pIN[d(. X ) <
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In the same way, we get

lim n|V|12V.Vd, = 0. (2.8)
P=0J1d( i) <pINld(, X D) <p]

For the first term of the right-hand side of (2.6), we have :

/ N V|2V Vd,

) [d(.vi)<plN[d(..{X¢,Xi})>p]

- / C VeVeas(y(ee) =
P [d(-va) <plN[d (. {X¢,XE})>p]

where v(y(z, z)) is the outward unit normal to +; on the point y(x, z) defined by :
d((x,2),y(x, 2)) = d((z,2),7i). Indeed, since Vi) does not vanish on 7, \ {X*}, ¢
is analytic in a neighbourhood of 7; \ {X!}. We then deduce that X' is analytic
on [0,400) (see [24]) and d(.,7;) is C* in a neighbourhood of the set [d(.,7;) <
o1 N [d(., {X3, X1}) > p] where Vd((z, ), %) = —(y(z, 2)) (see [22]).

Moreover ; is a curve of the form {(f;(z),2), z € X4([0,+00))} with fi(z) =
(Xio(X3)™H)(2). In fact (X3)'(t) > 0 Vt > 0 since 9,40 > 0 and vanishes only
on isolated points since X§ is analytic. So X§ is increasing. Thus (X3)~! is well
defined, continuous on X4([0,+00)) and C* on X4([0,+00)) \ T with T' = {t €
[0, 4+00), (X3)(t) =0} which is a discrete set. It follows that

1

V1t f2(2)

v(y(z, 2)) = v(fi(2),2) = (—ea + fi(2)es)  for z € X5([0,+00)) \ T

and

o1 (X pRQEERG
b= ] IVY[* 2| Vp(x, 2).v(fi(2), 2)].
02

i(2)

By Lebesgue’s theorem, we get

V|72 V(x, 2).0(fi(2), 2))|

lim
—0 i
P X02

o=

Xi, /fi(z)-i-ﬂ/ 1+£7%(2)
fi(2)

X
- / VY972V (fi(2), 2).v(fi2), 2)| = 0

i
X02

since by construction, we have Vi (f;(2), z).v(fi(2),2) = 0 a.e. Then lin%J J;; =0
p—

and by (2.6)-(2.8), we deduce that

lim n|V|12Vy.Vd, = 0. (2.9)
P=0J1a(.7i)<p)
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Now, using (2.3)-(2.5) and (2.9), we get lim supI; = 0. In the same way, we prove
p—0

that lim supIp2 = 0. This leads by (2.2) to
p—0

limsup/ n|Vy|12V.Vd, < 0.
R

p—0

Letting p — 0 in (2.1), we obtain

/ (s < / Vo|720.4.0,m.
> R

’
23

Note that we have / n(z)v, = / 1(z)dz and if we choose nn = 1 in (2] + 2¢, 25 —
’ 2/1
! !

2¢) with € < e , we get
% — 2
R LR X)
R
: : o / / 22— 21
Finally by the choice of 27, 25, we have 2, — 273 > and then

29 — 21 < 4/ |V1h|9720,1p.0.1.
R

|

Lemma 2.4. Let mg = (x0,20) € Q, p > 0 such that B(mg,p) C Q. Set S =
{z0} % (20 — p, 20 + p). Then we cannot have the following situation :

$=Qs onS and ¢#Q, inB(mg,p)\S.

Proof.

i) Assume that we have ¢ > Q, in B(mg,p) \ S. Then v = 0 a.e. in B(my, p) and
Ay =0 in B(myg, p). We deduce that Ay(1) — Qs) = 0 in B(myg, p). But since we
have ¥ — Qs > 0 in B(mg, p) and 1 — Qs = 0 in S, we get by the strong maximum
principle : ¢ — Qs = 0 in B(myg, p) which contradicts the fact that ¥ > Qg in
B(m()v p) \ S.

i) Assume that we have ¢ < Qs in B(mg,p) \ S. Then as in i), v = 1 a.e. in

B(myg, p) and Agyp = =0,y = 0 in B(myg, p). So we have
Ag(Qs =) =0 in B(mo, p)
Qs—1Y >0 in B(my, p)

Qs—v=0 on S
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which leads by the strong maximum principle to Qs — ¢ = 0 in B(my, p). We get
a contradiction with ¢ < Qs in B(mg, p) \ S.

iii) Assume that we have ¥ < Q4 in B~ (mg, p) = B(mg, p) N[z < x0] and ¢ >
Qs in Bt (mo,p) = B(mo,p) N[z > zo]. Let 0 < § < g and set ¢5(z,2) =
Y(x,z — 0). We have

/ |Vaps|972Veps. V¢ = 7/ Y(z, 2 — 6)0.C(x, 2)
B(mg,p/2) B(mo,p/2)

= - ax((xwz) = ’7((1772)81C((E,Z)
B~=(mo,p/2) B(mo,p/2)
since, we have v = 1 in B~ (myg, p) and v = 0 in B*(mg, p) a.e. Then we obtain
/ |Vips |12 Veps. V¢ = | V|12V, VC. (2.10)
B(mo,p/2) B(mo,p/2)
Now, set ¢ = b — 5, o1 = t1p + (1 — t)1hs for t € [0,1] and note that ¢ and
s € CY(BE(mo, p/2)). We have by (2.10)

0

/ (IVH[T2V — [V |12V ).V
B(mo,p/2)

1 d ,
a .
/B+(mo,p/2) (/o dt(|v9@t| V%)dt).vg

1 d )
+ — (V|97 %V dt ).V
/B 7<m0,,,/2)< / L1Vt Vn)dr) V¢

which can be written

a(z,z)Vo.V( =0 (2.11)
B(mo,p/2)
with
LoA
a(z,z) = (a2, 2)h<ij<o,  ij(w,2) = %(V%)dt
0 J

where  A(h) = |h|72h, h € IR* and (x, 2) € Bt (mq, p/2) U B~ (mq, p/2).
Now arguing as in [15], we verify that we have :
(=D, 2)[y* < a(z,2)yy < A, 2)lyl>  ae. (z,2) € B(mo,p/2), Vy € R

(2.12)
with

1
Mz, 2) = / Ve (i, 2)dt. (2.13)
0
First, since 1 and 15 € C1(B*(mq, p/2)), there exists ¢y > 0 such that |V, |Vips| <

co/2 in B¥(mqg,p/2). So [Vei| < |Vo| + |Vibs| < co and Az, 2) > 7% in
Bt (mqg, p/2) since ¢ < 2.
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In the same way, we have A(z,z) > ¢!~ % in B~ (myg, p/2) for some ¢; > 0.

Next, we have Ay(Qs —9¥) =0, Qs — ¢ > 0 in B~ (mg,p/2) and Qs — ¢ = 0
on 9B~ (mg, p/2) N S. By the Hopf maximum principle (see [33]), we deduce that
V(Qs—1) # 0or Vi) # 0 on B~ (myg, p/2)NS. In particular we have Vi)(mg) # 0.
We distinguish two cases :

- Assume that V(¢ — ¢5)(mg) = 0 then Vi (mg) = Vip(mg) # 0 Vt € [0,1]. By
continuity of Vi there exists p; € (0, p/2) such that :

Vi (x,2)| > ¢ V(z,z) € B~ (mo, p1) Vit € 0,1]

where ¢} is a positive constant. We then deduce that A(x, z) < (c})4=2 in B~ (mo, p1)-
- Assume that V(¢ — 1s)(mg) # 0 then by continuity of Vi there exists p; €
(0,p/2), ¢ > 0 such that :

V(¢ —vs)(z, 2)| > ¢ V(z,2) € B~ (mg, p1)-

We have
Ve = Vs + tv@%_mp VST (T0n T
= |V<P|((t +VQLZ%|; )+ V| )
> Vel [t + PR
thus Vi Vo (42
Vit < IVl et SR [ S ()Rl =kl 2))o
with k(z,z) = —%. Then

1
A(a;,z)g(cg)ﬂ/o =k, 2)|"2dt Wz, 2) € B~ (mo, pr).

To prove that the above integral is bounded, we distinguish 3 cases :
15t case : If k(x,z) < 0, then we have for (z,z) € B~ (mq, p1)

/01 = kw2l 2 = (1= b2 = (b)) |
< q%(l — k(z,2))07t < qil (1 + ‘WJ‘S')‘F

h ) Vel
-
< (e
2¢;

2nd case @ If k(x, z) € (0,1), then one have for (x,z) € B~ (mg, p1)

1 k(z,z) 1
/ |t — k(zx,2)|7%dt = / (k(z,2) — t)972dt + / (t — k(z,2))12dt
0 0 k(z,z)
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< ——((k(z,2)7 2 + (1 = k(z,2))")

< =

374 case : If k(x,2) > 1 then we have for (z,2) € B~ (mq, p1)

1
1
[ = ara = (k) = (b2 - 1))
0 q—
-1
< L(k(x’z))qfl < L(ﬂ)q .
q—1 q—1\2¢
So there exists a positive constant cg such that
Mz, z) <3 Y(z,z) € B~ (mg, p1).
In the same way, since we have
Ay = Qs) =0 in B (mo,p/2)
P —Qgs >0 in BT (mg, p/2)
$=Q.=0 on OB*+(mo, p/2) N 5,

then by the Hopf maximum principle, we deduce that V(¢ — Qs) # 0 or Vi #£ 0
on BT (mg, p/2) N'S. In particular we have Vi)(mg) # 0. Proceeding as above,
we prove the existence of py € (0, p/2) such that

Mz, 2) <y V(z,2) € BT (mg,p2).
Hence we get
A= min(cd 72 ¢d7?) < Az, 2) < max(es, ¢y) = Ao in B(mg, min(py, p2))

which proves using (2.12) the coerciveness of the matrix a(z, z) in B(myg, p3) with
ps = min(p1, p2) . So, we have proved that ¢ satisfies :

div(a(z,2)Ve) =0 in D'(B(mo, p3))
=20 in B(mo, p3)

=0 on B(mg,p3) NS

¢ € Wh(B(mo, p3)).-

Hence by the strong maximum principale for linear elliptic equations (see [22]), we
obtain ¢ = 0 in B(my, p3) and consequently

V=15 in  B(mg,ps3).

Letting 6 go to 0, we get 0,9 = 0 and ¥(x, z) = 6(z) in B(myg, p3). Since Agtp =0
in B¥(my, p3), we get 0(x) = ax+ 5 in BT (my, p3). Moreover by the monotonicity
of ¥, we have ¢ > Qs in D = Bt (mq, p3) U (zo,z0 + p3) X (20,1). Since 1 is
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analytic in D \ S, we obtain by unique continuation ¢ (z, z) = ax + § in D. Using
the boundary data of ¢ at the segment CB, we get « =0, = @Q and ¥(z,2) = Q
in D. This contradicts the fact that ¥ (mg) = Qs < Q. O

Lemma 2.5. Assume that there exists o € (0,a), z1,22 € (0,1) with z; < 23
such that :

(o, 2) > Qs Vz € (22,1)

Y(To,2) =Qs V2 € [21,29]

1/1($0a2) < Qs Vz € (Oazl)'

Then 1/’ = QS in (vaO) X [Zla ZQ]'

Proof. Let zgp/,zp € [z1,22] such that zpv < zp. Set T = (xp,27r) and T' =
(20, 27+). Then one of the following situations hold :

1) Jey >0 suchthat ¥ >Qs in B (T,e),
1) Jea >0 suchthat ¢ <Q, in B~ (TV e2).
Indeed, if not, we will have
Ve > 0, dm. € B~(T,¢e) such that ¥(m.) < Qs

Im. € B—(T’,¢) such that ¢(m.) > Q.
Note that m. &€ B=(T,e) N [x = xo] and m. & B—(T",¢) N [x = xo].
Hence we obtain a sequence m,, = (2, 2z,) — T such that z, < z¢ and ¥(m,) <
Qs and a sequence m,, = (x,, z},) — T" such that x], < zg and ¥(m}) > Q,. But
by Lemma 2.3, these sequences cannot exist simultaneously.

Let us assume that i) holds. Then we have
Y= Qs in BT(T,e1)N[z<zp] =V (2.14)

Indeed, if not, there exists m = (2, zm) € V such that ¥(m) > Q. By continuity
of 9, there exists € > 0 such that ¥(z, z) > Qs ¥(z,2) € B(m,e) C V. This leads
by (P)ii) to v = 0 in B(m,e).

Set C = B(m,e) U (Tm, o) X (z2m — €, 2m +€). Let ( € D(C), ¢ > 0 and n > 0.

Then min(¢, v %) is a test function for (P) and we have
n

1 - s
/ Vel vevee [ Vol = = [ o.min (¢, 22 %) o
CNn¢<yY—Q.l n Jenne>y—Q.l ¢ n

then
/ V|12V V¢ < 0.
CAm¢<y—Q.]

Letting n — 0, we get Agep > 0 in D’(C). By (1.17) we deduce that 9,y < 0 in
D'(C). Thus v = 0 in C since we have v = 0 in B(m,¢) and v > 0 in Q. Using
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(1.17), we get Ayzyp = 0 in C and by the strong maximum principle, ¥ (z, z) > Qs
in C.

Consider two points P # P’ of CN [x = x| with zp > zp:. Arguing as above for
T and T”, one of the following situations holds :

a) Jei >0 suchthat »>Qs in BH(Pe),
b) Jef, >0 suchthat < Qs in BH(P &)

- Suppose that a) holds. We have ¢ > Q, in B(P,&}) then Ayyp > 0 and 9,7 <0
in D'(B(P,e!)). But since v = 0 in B~ (P,¢}), we have v = 0 in B(P,&}). We
deduce that 1 is g-harmonic in B(P,e}) and by the strong maximum principle,
¥ > Qs in B(P,£}). This contradicts the fact that ¢ = Q4 in B(P,e}) N[z = x¢).

- Suppose that b) holds. We have ¢ < Q, in BT (P,&)). Assume that ¢ # Q; in
Bt (P,eh). Let m' = (2, 2m/) € BT (P, €}) such that ¢(m’) < Qs. By continuity
of ¥, we have ¢ < Q, in B(m/,e3). Denote by C’ the set (B(m/,e3) U [z >
Tms]) N BY(P,e}) and let ¢ € D(C’), ¢ > 0 and n > 0. Then min((, Qs _¢) is

a test function for (P). We proceed as above and we get Ayz¢p < 0 in D'(C’). By
(1.17) we deduce that 9,y > 0 in D’(C"). Thus v =1 in C’ since we have v =1 in
B(m/,e3) and v < 1 in Q. Using (1.17), we get Ayt = 0 in C" and by the strong
maximum principle, ¥ (x,z) < Qs in C'.

Set {m"} = (0BT (P',e4) \ [x = wo]) N[z = zp]. Using the monotonicity of ¢ and
v in the z-direction, we obtain

P < Qs and y=1 in (T ) X (0, 2 ).
We distinguish again two cases :

150 case : IB(P',e4) such that ¢ = Q, in BT (P’,e4). Then ¢ > Q, in B(P,e4)

and we obtain as in a), ¥ > Qs in B(P’,&4) which is a contradiction.

214 case : V5 > 0,3my € B*(P’,§) such that ¢ (ms) < Q.

Let M € BT(P',eh) N[z < zp] and set & = min(zM;xo,ZP/ 7ZM>. B

assumption, there exists ms, € BT (P’,dg) such that ¢ (ms,) < Qs. Then as previ-

ously, we get 1) < Qs in (T, Ty, ) X (0, 2m,, ) where {mj } = (0BT (P eh)\[z =

0

z0]) N [z = z5,). It is easy to verify that M € (Tmsy s Ty ) % (0, 2y, ) and then
0

(M) < Qs. So we have proved that

P < Qs in BT (P &) N[z < zp/]
which leads to a contradiction with Lemma 2.4. The claim (2.14) is proved.

Now, by monotonicity of 1, we have ¥ < Q in (zg — €1,20) X (0, z7). So ¥ < Qs
in a left neighbourhood of 7”. Arguing as we do when i) holds, one can prove that
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¥ = Qs in a small left neighbourhood of T7. Then ¢ = Qs in B~ (T",¢e1)N[z > z1v].
We deduce by monotonicity of ¢ that ¢ = Qs in (x¢ — 1, 20) X (277, 27). Since T
and T” are arbitrary chosen, we get

’(/):QS in (LL‘O —81,1}0) X [21,22]. (215)
In the same way, we prove (2.15) when ii) holds.

It remains to prove that ¥ = Qs in (0,20) X [2z1, 22].

Set I = {e € (0,z¢) such that ¥ = Qs in (xo — €,20) X [21,22]}. I is a bounded
nonempty set. Let p = sup . We have 0 < p < x.

First we verify that ¢ = Qs in (zo — p, zo) X [21, 22].

Suppose that there exists (z,z) € (xg — p, To) X [21, 22] such that ¥(z, z) # Qs. By
continuity there exists 0 < ¢ < min(zg — x,x — xp + p) such that ¥(x, 2z) # Qs in
B((z,2),0). Let € € I. We necessarily have xg —e > —d i.e. e <xg—2+ 9 = ps.
Since § < & — xg + p, we deduce that € < ps < p which contradicts p = sup I.
Next, if p < zg, set 2] = g1(zo — p) and 2z = g2(xo — p). Then we have

Y >Qs on{xg—p}x (25,1
¥ =Qs on{xo—p}xlz,2]
P < Qs on{xg—p}x[0,2).

Arguing as above, we deduce that ) = Qs on (xg — p — 1, z0) X [21, 25] for some
7> 0. Then ¥ = Qs on (xg — p — 1, o) X [21, 22] which contradicts p =supl. D

Proof of Theorem 2.2.

i) Assume that there exists xo € (0,a) such that g1(x0) < g2(zo). Then we have :

P(xo,2) > Qs for z > ga(xo)
Y(xo,2) = Qs for gi(zo) < 2 < ga(wo)
Y(xo,2) < Qs for z < g1(wo).

From Lemma 2.5, we deduce that 1 = Q, in (0,20) x [g1(%0), g2(w0)]. But this

contradicts the continuity of 1 in Q\{W7} (see (1.19)) and the boundary conditions

on the segment OC'. Hence g; = g2 = g and g is continuous since it is lower and

upper semi-continuous on (0,a) by Proposition 2.1i).

ii) Set I = lim(i)glrfg(x) and ly = limsupg(z). We have I; < Il and there exists in
xTr— 0

z—0+
(0,a) two sequences (z1) and (x2) satisfying : lirf z! =0 and lir}rl g(xh) =1
(i = 1,2). Assume that [; # h. Since ¢ is continuous at the point (0,/;) (see (1.19)),
we have ¥(0,1;) = lirf W(xh, g(xh)) = Qs since we have for all n, ¥ (x?, g(2%)) =

Qs. But this contradicts the boundary condition of ¢ on OC. So l; = Iy = h.

iii) Set {; = liminfg(x) and Iy = limsupg(z). We have l; < Iy and there exists in
(0,a) subsequences (x}) and (22) satisfying : lir_{l z! = a and lirf gzt) =1
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(i = 1,2). If [; € {0,1} then %(a,l;) € {0,Q}. But by (1.19), we have ¥(a,l;) =
liIJIrl P(at, g(x!)) = Qs since we have for all n, ¥(xi, g(x!)) = Qs and we get a

contradiction. So I; € (0,1).
Assume now that I; < lo. Let 0 < € < (lo — I1)/2, there exists ng > 1 such that
Vn >mng g(xl) <1y +¢and g(z2) > Iy —e . We get

for  z>li+e>g(,), v,z >Qs
and forz<lg—6<g(xfbl), ¢($%l,2’) < Qs,

where n; > ng and :v%l > m}m. Let ng > ny > n; such that mfm > x}m > xfll > x}m.
Then we have

for 2>l +e>g(z,,), vlz,,,2)>Qs
and for z <ly—e < g(al,)), v(xl,,2)<Qs

ns?

and we get a contradiction with Lemma 2.3. Hence l; = I3 = u, € (0,1). O

Corollary 2.6. We have
i) vy=x([Y <Qs]) a.e inQ
i) v =x([z <us]) a.e in (0,1).

Proof. i) We have y € 1 — H(¢) — Qs), then v = x([¢ < Qs]) a.e. in 2\ [¢ = Qs).
But since the set [¢p = Q4] = [z = g(2)] is of Lebesgue measure zero, i) holds.

ii) We have ywv € 1 — H(¢p — Q) a.e. in AB, then vy = x([¢¥ < Qg4]) a.e. in
0,1)\ ([ =Qs]NAB) = (0,1) \ {us} which we can write vy = x([z < us]) a.e.
in (0,1). O

3 Asymptotic behaviour when ), — 0

As in section 2, we consider only monotone solutions of (P) in the sense of (1.16).
In order to show the dependence on the quantity (s, we will denote in all this
section, a solution (¢,7,vn) of (P) by (¢s,7vs,7ns) and (P) by (Ps). Then we
have :

Theorem 3.1. Let (1s,7s,Yns) be a solution of (Ps). Then we have :
Yo i WHI(Q) (3.1)
ey in LY(Q) (3.2)

VNS — YN in LY (T'y) (3.3)
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where (1,v,7vn) is a solution of

Find (¢,v,vn) € WH4(Q) x L°(2) x L*°(T'y) satisfying :
D) [o(IVYIT2 VY +ve,). V¢ = [1 ¢

(P) V¢ € WH4(9Q) such that ¢ =0 on T'p
1) vy€1—H() ae in Q, Y~ €1 —H(¢) a.e. on Ty
1) WY =1 onT'p.

Moreover, we have
0<4<Qy (3.4)

Proof. Take ¢; — 1 as a test function in (Ps). Since by (Ps)ii), vs and s are
bounded and 1y does not depend on @, we see that |v'(/)S|Lq(Q) is bounded and
by (1.18), we get

Vsl < e (3.5)

Up to a subsequence, we have (3.2), (3.3) and the following convergences :

Y= in WH(Q) (3.6)
T p—) in LY(Q2) and a.e. in (3.7)
g — P in L1(0Q) and a.e. in 09 (3.8)

First, using (1.18) and (3.7), we get (3.4). Next, by (Ps)ii), 1 —vs € H(tp — Qs)
and by (3.2), 1 —~, = 1 —~ in L¢ (Q). Using (3.7), we get 1 —~ € H(1) since H
is a maximal monotone graph (see [8]). In the same way, we have 1 —yy € H(¢)
a.e. in I'y. Hence (P)ii) holds.

We also deduce (P)iii) from (3.8) and (Ps)iit). To verify (P)i), it suffices to
establish the strong convergence (3.1). So take s — 1 as a test function in (Ps)i),
we obtain :

/ |sz|q = / |V¢s|q_2v¢s-v¢ - ’Ys(ws - w)w +/ ’YNs(qﬁs - 1/)) (39)
Q Q Q T

N

By (3.3) and (3.8), we have

lim / ns (s — ) = 0. (3.10)
Qs—0 I'n
We also have
li s(Wsg — ), = 0. 3.11
gimy | (s = ¥) (3.11)

Indeed, we have

[ =00 = [ = Qe+ [ ni@i=
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= 7/ ’Ys(d)s - Qe); - / 'strc since 'Ys(qus - Qs)j =0 a.e. in
Q Q
= —/89(¢s - Qs) Vg — /Q’Vs"/)w

S e RS

since by (P)ii) and (3.4), we have v, = 0 and ¢~ = 0 a.e. in Q. Now by (3.10),
(3.11), we deduce from (3.9) by applying the Holder inequality

liéns%pwwshq(g) < VY| Laq).-
Then (see [9]) Vi) — V) in LI(R). O

As a consequence of (3.1)-(3.3) and (1.16), we have

Corollary 3.2. Let (¢,7,vn) be a limit of (¢s,~s,Yns), then we have

0.0 >0, 9,y<0 inD(Q) and d,yv <0 inD'(Ty). (3.12)

Moreover, arguing as in Proposition 3.1, we get

Proposition 3.3. Let (¢,v,vn) be a solution of (P). We have

Ay + Oy = div(|VY|97 2V + ve,) = 0 in D'(Q) (3.13)
0<vy<Qy in © (3.14)
Y eCT @\ {W}) for 0 < a < 1. (3.15)

Now we have

Proposition 3.4. Let (¥,v,vn) be a solution of (P). We have

A >0,  8,7y<0  inD(Q). (3.16)

Proof. Let ( € D(Q?), ¢ > 0 and 1 > 0. Then min(¢, %) is a test function for (P)

and we argue as in the proof of Lemma 2.5. O

We also have similar properties of Corollary 1.4 :

Corollary 3.5.
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i) [ > 0] is an open connected set where 1) is not constant.
ii) € Ciae([y > 0).
iii) 4 is analytic in [¢p > 0]\ .S where S = {(x,2) € Q\ [ =0] / V¢ (z,z) =0}.

iv) S is a discrete set.

In all what follows, we only consider solutions of (P) obtained as a limit of solutions
of (Ps).

3.1 Study of the free boundary

We define the free boundary by I' = 9([¢p > 0]) N 2. As in section 2, one can define
g:(0,a) = R by : g(x) =inf{ z/¢(x,2) > 0} and verify that :

i) g is upper semi-continuous on (0, a).

i) [P(x,2) > 0] = [z > g(z)] and [y = 0] = [z < g(z)].
We have
Theorem 3.6. g is a decreasing function on (0, a).

Proof. 1% step. Let (o, z0) € Q such that ¥(xg,29) > 0. Then 1) > 0 in [z, a) X
[Zo, 1).

Indeed, since v is continuous, there exists € > 0 such that ¢ > 0 in B((xo, 20), €).
So v = 0 in B((xo, 20),¢). But since 0 <~ < 1 and 9,7 < 0, we get : v = 0 in
B((z0,20),€) U (z0,a) X (20 —€,20 + €) = C and then Agzp = 0 in C. Moreover
¥ > 0 in C. By the strong maximum principle, we deduce that ¥ > 0 in C and
using the monotonicity of ¢, we get ¢ > 0 in [zg, a) X [20,1).

274 step. ¢ is a non-increasing function.

Indeed, let z € (0,a) and § > 0. We have for € > 0 small enough, ¢ (z¢, g(zo)+e) >

0 and by the 1% step, ¥ (zo + 8, g(z0) +€) > 0. Then g(zo) + > g(zo+ ) Ve > 0
small. Letting & — 0, we obtain g(z¢) > g(xo + 9).

374 step. g is a decreasing function.
Assume that there exists 0 < o < 21 < a such that g(z¢) = g(z1). Since g is
non-increasing, then g(z) = g(zo) Va € [0, z1]. We then have

{w(x,z) =0 for (z,z) € [xg,21] x [0, g(x0)]
W(z,2) >0 for (z,2) € [xo,2z1] X (g(z0), 1].

Set D = (zg,21) x (0,1), D° = (9, 21) x (0, g(x0)) and DF = (zg, z1) x (9(z0), 1).

In DY we have v, = —A ¢ = 0 since ¢ = 0, then v = v(z). Let ¢ € D(D). We
have

[vsrveve=- [ 2= [ s@e=- [ e =0
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So, 1 is a g-harmonic function in D satisfying ¢ > 0in D, > 0in DT and ¢y = 0
in DY. This leads to a contradiction with the strong maximum principle. O

Theorem 3.7.

g is a continuous function on (0, a),

lim g(z) = g(0") <h and lim g(z) = g(a™) < 1 exist.

z—0t T—a~

To prove this theorem, we need two lemmas.
Lemma 3.8. We have y =1 a.e. in [¢p = 0].

Proof. Let Q! < Q2 and L. (resp. ¥2.) be the solution of (P.(Ql)) (resp.

(P-(Q%))). We note that . — Q! and 2. — Q? satisfy the same equation with

L —Ql >y — Q% on I'p. Arguing as in [12], we can prove that !, — QL >

2 - QE in Q. Letting € go to 0, we obtain ! — Q! > 42 — Q2 in Q.
Letting Q! go to 0, we get ¥ > ¥? — Q? in Q. Hence, we have 92 — Q% <0 a.e. in
[¢) = 0] and then 42 = 1 a.e. in [ = 0]. Letting Q2 — 0, we obtain v = 1 a.e. in

[ = 0]. O

Lemma 3.9. Let mo = (o, 20) and p > 0 such that B(mg,p) C §. Set S¢q =
{zo} x (20 — p, 20 + p). Then we cannot have the following situation :

=0 in B~ U S¢q and P >0 in BT
where B~ = B(my, p) N [z < zo] and BT = B(mq, p) N [z > o).

Proof. Let 0 < § < p/2 and set 9s(x, z) = ¥(x,z — J). Using Lemma 3.8 and
arguing as in the proof of (2.10), we obtain

/ |Vaps| 972 Vaps. V(¢ = |V1p|7 2V V¢
B(mo,p/2)

B(mo,p/2)

from which we deduce by using the same notation as in the proof of Lemma 2.4,

/ a(z,z)Ve.V( = 0.
Bt (mo,p/2)

Since ¢ = 95 = 0 on B~ (myg, p/2), we deduce by setting a(z, z) = Iz in B~ (mo, p/2),
the following equality
a(z,z)Ve.V(¢ = 0.
B(mo,p/2)
Now arguing as in the proof of Lemma 2.4, we verify that the matrix a(z, z) is
strictly elliptic in B(mg, p/2). Then by applying the strong maximum principle for
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linear P.D.E, we get ¢ = 0 in B(myg, p/2) since we have ¢ > 0 in B(mq, p/2) and
@ =01in B~ (mg, p/2). So 1 = s in B(myg, p/2) and we conclude as in the proof
of Lemma 2.4. O

Proof of Theorem 3.7. By monotonicity of g, we deduce that g(0"), g(a™) exist
and for all o € (0,a), I~ = lim g(z), I" = lim+g(x) also exist and satisfy

0 0

= >1t.
Assume that [~ > [t then we have by monotonicity of g, g(z) > [~ Vr < ¢ and
g(x) <1t Vo > z9. We deduce :

PY(x,z) = 0 V(z,z) € (0,20) x (0,17) and

P(x,z) > 0 V(x,2) € (x9,a) x (I, 1).
We have by continuity of ¢, ¢» = 0 on Sy = {xo} x (IT,17). This contradicts
Lemma 3.9. Hence [~ = [T and g is continuous at the point zy.
Assume that g(0") > h. Let (z,), be a sequence such that lim =z, =0 and

n— -+00

hrf g(xn) = g(0%). We have ¢(z,,g(xn)) = 0. So 0 = hrf U(@n, 9(xn)) =

¥(0,9(0%)) = Q; which is impossible.
Now we have ¥ (a,1) = Q > 0, then ¢(x,z) > 0 V(x,2) € (a —¢€,a) x (1 —¢,1) for
some € > 0, then g(z) <1—¢eVz € (a—e,a). Thus g(a™) <1—-e <L O

Corollary 3.10. We have

i) T'=[z=g(x)].

i) y=x([¢=0)=x([z<g(x)]) ae inQ.

i) ynv =x([v =0]) = x([z < g(a™)]) a.e in (0,1).

Proof. i) is a consequence of the definition of I" and the continuity of g.

ii) Note that we have Q = [¢v > 0] U Int([x = 0]) UT where Int(E) denotes
the interior of the set E. Since I' is of Lebesgue’s measure zero, ii) holds as a
consequence of Lemma 3.8.

iii) Set @ = g(a™). Let 29 € (e, 1) and € > 0 such that I, = (20 —¢, z0+¢€) C (a, 1).
Let nn > 0 such that a+n < zp—e. Then there exists 6 > 0 such that Vz € (a—J, a),
we have o < g(x) < a+1n < 29 — €. So we have V(z,2) € (a —d,a) X I. = A,
Y(x,z) >0and vy =0 a.e. in A. Let ( € D((a — d,a+ ) x I.), we have

/ Vol veve = [ e
A JAITaVN

from which we deduce

N = VY9200 a.e.on I'y NA.
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We distinguish two cases :

.If¢¥(a,z) >0 on I, then vy =0 a.e. on I..

. If 321 € I. such that ¥(a, z1) = 0 then by monotonicity of ¢, we have ¥(a,z) =0
Vz € (29 — &, z1]. Since ¥ is a non-negative g-harmonic function in A, we deduce
by the Hopf’s maximum principle (see [33]) that Vi) # 0 on {a} X (20 — ¢, 21). But
since ¥(a,z) = 0 Vz € (20 — €, 1], we have 9,1 = 0 on {a} x (20 — €, 21). Then
01 # 0. More precisely, we have 9,9 < 0 on {a} x (29 — €, 21) since ¥ reaches
its minimal value on this set. We get a contradiction with vy > 0. So we have
¥(a,z) > 01in I, and vy =0 a.e. in I..

Thus vy =0 a.e. in (o, 1).

Now if a = 0 then iii) holds. Assume that o > 0. Take zy € (0,) and € > 0 such
that I. C (0,«). Since g is a decreasing function, we have g(z) > a Vz € (0,a).
We deduce that : V(z,z) € (0,a) x I. = A, g(x) > a > zo+¢& > z. Then ¢y =0
and v =1 a.e. in A. Moreover, taking ¢ € D((0,a+ 1) x I.) as a test function in

(P), we obtain
Ja=[ e
A I'nNA

Hence vy = 1 a.e. in I.. So we have proved that vy = 1 a.e. on (0, ) and iii)
holds. O

3.2 Comparison principle

Theorem 3.11. Let (v1,71,7vx) and (¥2,72,7%) be two solutions of (P). Then
we have for i =1, 2

T;(¢) = /Q (Vi T2V h = Vb |72 Vb )+ (vi—Yar )ez) . V¢ =0 V¢ € D(IR?),

where ,,, = min(¢1,12) and vy = max(y1,y2)-

To prove the theorem, we will need several lemmas. First, we introduce the inverted
function of g; denoted by g; ' : (a;,b;) — (0,a) where a; = g;(a™), b; = g;(0%)
and f; : [0,1] — (0,a) defined by :

a for z € [0, a4
fi(z) =< g7 (z) for z € (ai, b;)
0 for z € [b;, 1].

Then f; is a continuous and nonincreasing function on [0, 1]. We also have [¢); =
0] = [z < fi(2)] and [¢; > 0] = [z > fi(2)]. We define fas by :

a if z € [0, an]
max(g{l(z),gj_l(z)) if z € (ap, min(b;, b;))

fv(z) =max(fi, f;)(2) = gi_l(z) if z € (b;,bar) and b; < b,
g;l(z) if z € (bj,bar) and b; < b;
0 if z € (bM, 1)
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with ap = max(a;, a;) and by = max(b;, b;). Next, we have

Lemma 3.12. Under the assumptions of Theorem 3.11, we have :

TOS [ e DU, 20

where I = {z € (0,1) / fi(2) < fm(2)}.

as

¢i—1/fm)

Proof. Let ¢ € D(IR?), ¢ > 0 and € > 0, then if we take £ = min (C, .

a test function in (P), we obtain :

/Q (V] T2V — [V T2 V;) + (vi — vj)ex).VE = / (o = )E

I'n

Since ¥ € 1 — H(¢;) and H is a maximal monotone graph, we have (¥ —
nyN)(z/)l — ;) <0a.e. in I'y. Then

/ (W —)E= (W —N)E= (W =g <o.
'y TN N[ >hm] TN N[y >hy]

We deduce that
[ (T2 (96, 117290,) + (35 = r)e). 96 < 0
which we can write as :
/| I (e O N IS [ = e e

S/Q ('Vi_'YM)(C_%):

Remark that on [¢,, > 0], we have ¢; > 0 and ¢; > 0 and then v; = v; = yp = 0.
We also have on [¢; = 0], ¥, = 0 and then ~; = vy = 1. So the right-hand side
of the above inequality can be written

Vi — P\ T pi\ T
/Q (vi — 'YM)(C i )x = /Qﬂ[wi>0]ﬂ[wm—0] —(C - ?)w

_ /1</,fj:>(Z) (C*%)Zdz)dz
< [ wn@a+ [ (c0n-2)

Iﬂ(ai,bi) Iﬁ(bi,l)

Combining the last two inequalities and letting & — 0, the lemma follows. O
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Lemma 3.13. Under the assumptions of Theorem 3.11, we have :
by

T:(¢) < ((0,2)dz V(e D(R?), (>0
b;

d((x, 2), Am) \*

Proof. Let § > 0 and ag(x, 2) = (1 — 5 m ) with A4,, = [¢,, > 0]. We

have 1 — a5 = 0 on A,,.
Let ¢ € D(IR?), ¢ > 0 and write T;(¢) = Ti(« C)i— T;((1 — as)¢). By the previous
lemma, which is still true for ¢ € WH4(Q) N C%(Q) ¢ > 0, we have

L) < [ (asO(fia)2)
Iﬁ(ai,bi)
Note that for z € I'N(a;, b;), (fi(2),z) € A, then by Lebesgue’s theorem, we have

lim (asQ)(fi(2),2) = 0. (3.17)

0=0J10(as,b:)

Moreover, we have

Ti((1 — as)¢)

/Q (IV3] 72V + viea) V(1 — a5)C)

/Q (V4|72 + 7ar2) V(1 — 0))
1.

First, we have

6 __ q—2 e.). — = -« .
13 = / (VT Vi + aren) V(1 - a5)) /[wm_m((l 0

m

Since we have [¢, > 0] = [z > fu(2)] and [tp, = 0] = [z < far(2)], one can write

by pfm(2)
9 — —
i /0 /0 (1= ag)O)a .

an b
= [ =an0@a - [T -an00.2)

d By OA
Next, let > 0 and set d,(z, z) = min (17 ((,2), Bu )> where By = (0,bar).

Then d, (1 — as)¢ is a test function for (P). So we have

/Q (IVYil Vi + vies ). V(dy (1 — as)C) = / ~yivdy (1 — ag)C. (3.19)

I'n
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Note that min (%, (1—-d,)(1— a(;)cj) is also a test function (¢ > 0) for (P). We

obtain
/ V2929 (1 — dy)(1 — a5)C)
QN[ >e(1—dy)(1—as)(]

e [Vaul? =0
QN[Yi<e(l—dy)(1—as)C]

since we have by Corollary 3.10 ii) and iii),

/Q Yiez.V min (%7 (1—dy)(1 - a5)<> ~0

and /F 4 min (%,(1—[1,,)(1—045)() =0.

Then

V|92V V(1 — dy) (1 — as)¢) <0
QN[y;>e(1—dy)(1—as)¢]

and by letting € — 0, we get
VT (@ - dy)(1 - as)) <o (3.20)
Q

Adding (3.19) and (3.20), we deduce

/ V]2V V(1 — as)C) + / i V(dy(1 — ag)C) < / Yigdy (1 — ag)C.
? ? FN (3.21)

inf(x,Z)) V(z,2) € [x < fa(z)], the second

Ui

Now, since we have d, (z, z) = min (1,

term of (3.21) can be written as

/nyieI.V(dn(l—a(;)C) :/Q%dn((l—a(;)g)ﬁ% /Ob (/Omin(n’z’fi(z))aa(;)gdx)dz.

By letting  — 0 in the above equality, we get, since d,, — 1 in Q \ By;OA,

b;
iy | ienVdy(1-05)0) = [ enV(1=as)0)+ [ (1-as)0(0.2)d (3:2)
Q Q 0

n—0

We also have

i [, anc= [ A0 -ac= [ an0@ e @29
I'n INY 0

n—
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By (3.21)-(3.23), we get

a; b;
i< [ -ane s - [ - ac. (3:24)

Hence
an bn
10 < [ oy @O~ | -ange st [ a0, )i
Letting 6 — 0 and using (3.17), we obtain
bn b

zo)< [0t~ [ ez < [0

bi bi

Lemma 3.14. Under the assumptions of Theorem 3.11, we have :
Ti(()<0  YCeDR*\{Bi}), (>0
with BZ = (O, bz)

Proof. If B, = Bj, the lemma follows from Lemma 3.13. Assume then B; # By
i.e. b <by.

Let ¢ € D(IR*\{B;}), ¢ > 0. Then there exist pg > 0, p < a®+ (b; —a;)? such that
¢ =0on B(B;,pp) and a unique point P; = (x;,g(x;)) € OB(B;, po) N [z = gi(x)]
(see Figure 3).

1

by

bi
-
W

B(B.p

Figure 3

Set Fy = {0} x [b; + po, bas] and Fy = {(x, gi(x)), x € [x4,a]}. For p > 0, consider
for i = 1,2 di(z,2) = min (LM

). Since Fi, Fy are closed sets and
0
FiNFy =0 then dfl)-i-di # 0.



34 A Nonlinear Two Phase Fluid Flow Through a Porous Medium

d a2 _
b+ dzc + &+ dgc = (1 + (o where (1,06 € WH(Q) N CO(Q),
(1,82 >0, (1 = 0 on {0} >< [bi,bar] and (2 = 0 on [z = g;(z)]. Using lemmas
3.12, 3.13, which are still true for ¢ € WH4(Q) N C°(Q) ¢ > 0, we get T;(¢) =
T;(¢) + Ti(¢2) < 0. =

We have ( =

Lemma 3.15. Under the assumptions of Theorem 3.11, we have :

T,(¢) <0  Y(eD(R?*, (>0.

Proof. Recall that we have W'?(IR? \ {B;}) = D(IR* \ {B;}). Moreover {B;} is

(1, 2?—polar (see [19]). Since ¢’ > 2 then {B;} is (1, ¢’)-polar and we have (see [29])
Wo (IR \ {Bi}) = WHI(IR?).

Now, let ¢ € Wl*qg]RZ), ¢ > 0. There exist ¢, € D(IR*\ {B;}), ¢, > 0 such that

lim ¢, = ¢ in Wy'?(IR* \ {B;}). By Lemma 3.14, we have T;((,) < 0 Vn. By

letting n — oo, the lemma follows. O

Proof of Theorem 3.11. Let ¢ € D(IR?), ¢ > 0. Let M = sup( and & €
B2

D(IR?) such that £ = 1 on Q. Since £.(M — ¢) € D(IR?) and £&.(M —¢) > 0, we
obtain T;(§.(M — ¢)) < 0 which can be written T;(¢) > 0. So we have T;(¢) = 0
V¢ € D(IR?), ¢ > 0 and by density the result holds for ¢ > 0 in WH9(IR?). If
¢ € Whi(Q), we write ( = (¥ — (~. Then T;(¢) = T;(¢t) = T3(¢7) = 0. In
particular, we have T;(¢) = 0 V¢ € D(IR?). O

Corollary 3.16. Under the assumptions of Theorem 3.11, ({y,,Yar,vYy) is a so-
Iution of (P) with v{; = max(y,Y,v) =~ =~} .
Proof. We deduce from Theorem 3.11 that
/ (VY |92V + Yares).VE = / AN¢ Ve Wh(Q), ¢=0onTp.
Q 'y

In particular for ¢ =0 on 2\ (0,a) x (0,an), we have

/( o = / " ()

since (Ym,yar) = (0,1) a.e. in (0,a) x (0,aps). Then

/ C(a,z) = /Caz

V¢ e Whi(Q (=0onTp, (=00nN)\(0,a)x(0,an).

We deduce that ap; = a;. Hence v = 4 = 48 and (P)i) is satisfied by
(wma’y]VIa,YJ\J\/[[)' O
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3.3 Uniqueness of the solution

Theorem 3.17. There exists a unique solution of problem (P).

Proof. Let (¢1,7v1,7k), (¥2,72,7%) be two solutions of (P). Let x9 € (0,a)
and ¢ € (0, min(xg,a — xg,1 — h)). Since g1(z), g2(z) < h VYx € (0,a), we have
1 (z, 2),Pa(x, 2) > 0V(x, 2) € B((x0,1),e0)NQ. Then Ayih1 = Aythe = Agthy, =0
in B((xo,1),e0) N Q. Moreover 1)1 = 12 = 1, = Q7 on B((xo,1),e0) N Q. Then
V1,2, Ym € CH(B((z0,1),20) N Q) (see [27], [33]). We deduce that 9,1 (z,1) =
Oz (z,1) =0 Vo € (xg — €0, 20 + €0). From Theorem 3.11, we deduce by taking
(=00onQ\B:

|V |12V v = |V |T 2V eh.v on B((z0,1),e0) N ON.

Then |0,11]9720,11 = |0.0m |7 20,0 on B((xg,1),e0) NN and we deduce that
2 0,01 (x, 1) = Oyt (2, 1) VY € (kg — €0, 20 + €0)-

Since we have Ag(Qf—11) =0, Q5 —11 > 0in B((zo,1),60)NQ and Q5 —31 =0
on B((zg,1),g0) N0, it follows by the strong maximum principle (see [33]) that
Vi1 # 0 on B((x9,1),e0) NN ie. D01 (2,1) # 0V € (g — 0,20 + €0)-

Now set 1; = ti1 + (1 — t)h, Vt € [0, 1]. We have :

Vip(z,1) = Vipi(x,1) = Vb, (z,1) #0 Vz € (xo — €0, 20 + €0), Vte€[0,1]

and by continuity of Vi1 and V,,, there exists €1 € (0,£0) such that :

Vi (x,2) #0 V(z,z) € B((w9,1),e1) N, Vte|0,1].

Let ¢ € D(B((xg,1),e1)), then we have :
/ (V|72 F41 — [V |72 F4500).VC = 0
B((Io,l),&l)ﬂﬂ
which can be written
/ (2, 2)Vo.VC =0 ¢ e D(B((z0,1),21))
B((z0,1),e1)

with ¢ = ¢1 — 1y, in B((z0,1),61) N Q2 and ¢ = 0 in B((wo,1),e1) \ €2,

1<k,1<2

1 k
a($7z) = { ( 0 %(th(x,z))dt) in B((l’o, 1),61) NnQ
I in B((xg,1),e1)\ Q

where A is defined in the proof of Lemma 2.4. Now, as in [15], we verify that we
have :

(q—l))\(m,z)\y|2 <a(z,2)y.y < Az, z)|y|2 a.e. in B((zo,1),e1)NQ, Vy € R?
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1
with A(z, 2) :/ |V |92 (, 2)dt. Set
0

Ao = min{ |V T 2(2,2), (2,2) € B((z0,1),e1)NQ, t€[0,1]},
M= max{|Ve|" %(z,2), (2,2) € B((20,1),e1)NQ ¢t €[0,1]}.

Then 0 < Ag < A1 < 400 and

(¢—D)min(1,X)|yl> < a(x, 2)y.y < max(1, )|yl
V(z,z) € B((xo,1),21), Yy € IR?.

So  satisfies :

pE Wl’OO(B((xov 1)351))
>0 in B((zg,1),e1) and =0 in B((zg,1),e1)\Q
div(a(z,2)Ve) =0 in D'(B((x0,1),e1)).

By the strong maximum principle, we deduce that ¢ = 0 in B((zo,1),e1). Thus
V1 =Y, in B((zo,1),e1) N Q.

Now, on [t),,, > 0] = [1p1 > 0] N [ty > 0], Y1 and )y, are g-harmonic, so they are
analytic on [tb,, > 0] \ Z where Z = {(x, 2) € [, > 0]/ Vi1 = Vi),,, = 0}. Since
Y1 and v, are not constant on [, > 0], the set Z is discrete. Now since we have
Y1 = Yy, in B((29,1),e1)NQ C [y, > 0], we deduce by analytic continuation that
1 = P 0 [ > 0]:

Let us show that [¢q > 0] = [tb,, > 0]. Indeed, since [¢,, > 0] is a nonempty
open subset of the connected set [t)1 > 0], it suffices to verify that [¢,, > 0] is
a closed subset of [1); > 0]. So let (p,)n be a sequence of elements of [¢),, > 0]
converging to p in [1p; > 0]. We have ¢ (p,) = ¥m (pn) Vn. Letting n — oo, we get
¥1(p) = ¥m(p) then Y (p) >0 and p € [¢hm > 0.

As a consequence, we have [1),, = 0] = Q\ [y, > 0] = Q\ [¢1 > 0] = [¢»; = 0] and
1 = Y, = 0 on [ = 0] = [y, = 0]. So ¢1 = ¢y, in Q and by Corollary 3.10, we
get v1 = a1, ¥ =1y

Arguing as above, we prove the same result for ¢,. Hence (¢1, 71,7 ) = (¥2, y2, 7).
O
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