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ABSTRACT

Statistical models must adapt to the evolving nature of many processes over time. This
thesis introduces flexible models and statistical methods designed to infer data-generating
processes that vary temporally. The primary objective is to develop frameworks for effi-
cient estimation and prediction of both univariate and multivariate time series data. The
models considered are general dynamic predictive models with parameters that change over
time, featuring time-varying regression coefficients or variance components. These models
are capable of accommodating time-dependent covariates and can handle situations where
information is incomplete.

Several novel enhancements to existing mathematical models are introduced, with a par-
ticular focus on online learning and real-time prediction. Efficient Bayesian inference method-
ology is developed for analyzing the posterior of covariance components of dynamic models
sequentially with a closed-form estimation algorithm for real-time online processing. Addi-
tionally, an online change detection algorithm for structural breaks is developed, combining
the benefits of Kalman filters with sequential Monte Carlo methods.

A general and extensible compartmental model for the study of infectious disease data is
proposed, with several innovative extensions to established probability models for the analysis
of data. Next, we extend the classical SIRS (Susceptible–Infectious–Recovered–Susceptible)
model by integrating innovative stochastic mean-reverting transmission processes to more
accurately capture the variability observed in real-world epidemic data. Lastly, we provide
a methodology that harnesses expansive data sources and feature engineering for analyzing
and forecasting peak time and height of epidemic waves, crucial for the planning of public
health strategies and interventions.
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The performance of these inference methodologies is assessed through simulation exper-
iments and real data from clinical, social-demographic, and epidemic domains.

Keywords: Dynamic regression models, Bayesian sequential inference, Stochastic simu-
lation, Particle filter, Online prediction, Covariance estimation, Structural change detection,
Disease transmission processes, Mean reversion, Stochastic threshold, Infectious disease mod-
elling, Epidemic wave peak forecasting.
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Chapter 1

Introduction

1.1 Background

Predictive models are fundamental tools for understanding the uncertainty associated with
unknown events, thereby playing a crucial role in decision-making processes. For example,
individuals often use traffic reports to determine their commuting plans. If heavy congestion
is expected, they might choose public transportation, an alternative route or leave earlier to
avoid delays. This dependence on predictions is equally critical across various application
domains.

In clinical settings, predictive models help in understanding the likely progression of dis-
eases and in tailoring personalized treatments based on the effects of medical interventions. In
industrial applications, these models are used to assess product reliability, guiding decisions
in the production process such as determining optimal release times. Social-demographic
studies also benefit from predictive models by explaining life events and their trajectories
through time-varying covariates, such as educational levels.

Statistical models, which are the most commonly used predictive models, represent the
probability distribution of a response variable as a function of explanatory input variables.
These explanatory variables, also known as covariates, regressors, or features, provide essen-
tial background information for describing the response variable. Dynamic regression models,
in particular, are employed where the predictive density function of the response variable
evolves over time. These dynamics can arise from time-varying covariates, parameters, or
the functional form of the response’s probability distribution.

A Bayesian methodology for inference in dynamic predictive models offers a flexible
approach by treating parameters as random variables and incorporating uncertainty through
prior distributions. This approach allows for integrating expert knowledge, information from
other data sources, and subjective beliefs. Upon observing new data, the prior distribution is
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updated to a posterior distribution, forming the basis for predictive inference. This sequential
inference facilitates online (real-time) predictions and is particularly useful for applications
involving massive streaming data.

1.2 Objectives and main contributions

The main objective of this work is to develop frameworks for efficient model estimation
and predictions for univariate and multivariate temporal data. Several novel enhancements
of leading mathematical models are proposed, which include: (i) a closed-form covariance
estimation algorithm that processes data online in real-time; (ii) a change detection algo-
rithm for structural breaks; (iii) a comprehensive and extensible deterministic-probabilistic
framework for modelling infectious disease data; (iv) a thorough study of mean-reverting
transmission processes in a mechanistic stochastic model; and (v) a methodology for analyz-
ing and forecasting peak time and height using innovative data and feature engineering.

1.3 Outline of the thesis

The thesis is organized into six chapters:

• Chapter 1: Includes background material and terminology related to concepts in time
series analysis and Bayesian learning.

• Chapter 2: Introduces the state-space modeling framework and estimation methods,
first by emphasizing linearity and normality in models. It includes several case studies
illustrating the utility of dynamic regression and concludes with an online real-time
multivariate covariance estimation method.

• Chapter 3: Advances to stochastic simulation methods for general state-space mod-
els, introducing Markov chain Monte Carlo methods and their application in non-linear
regression case studies. It also contains online real-time structural break change detec-
tion using sequential Monte Carlo method.

• Chapter 4: Formulates and develops, both mathematically and data analytically, a
compartmental model linked to a mobility enhanced probabilistic data-driven model
for epidemic disease transmission and then applies the methodology to real data with
comparison to established results.
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• Chapter 5: Extends a classical SIRS model by incorporating stochastic, mean-reverting
processes to reflect real-world epidemic variability that deterministic models often over-
look. We integrate processes such as the CKLS, modified Bessel process and logistic
GBM, deriving extinction thresholds to predict disease persistence. Simulations con-
firm that these models more accurately capture epidemic dynamics, offering valuable
insights for public health forecasting and interventions.

• Chapter 6: Introduces a framework for analyzing peak characteristics of epidemic data
series using various traditional machine learning and deep learning methods, employing
innovative feature engineering and data sourcing by leveraging geographical delays in
epidemic arrival to improve the forecasting capability of future epidemic waves.

1.4 Exploratory methods

A time series is sequentially sampled data [1], [2]. Analysis of time series requires considera-
tion of the ordering and relationship within the data. The main goals are to devise methods
to accurately estimate or learn the past, present, and future values of particularly interesting
events and then to derive insight into the structure and influence of the events.

Estimation can be broadly grouped into three categories: smoothing, filtering, and pre-
diction or forecasting for, respectively, past, present, and future time points [3]. Smoothing
can further be categorized as fixed-interval smoothing by considering all values up to the
present time point, fixed-lag smoothing by considering lagged steps ahead values to the
estimate point, and fixed-point smoothing by considering a specific time point.

Time series analysis explicitly considers the relation between data at each time point.
This is different from some other types of statistical analysis where the data are assumed to
be independent and identically distributed. In general, time series can possess both cycles
over a certain unit of time and also a trend. Each of these phenomena possess data correlation
in time which needs to be considered for accurate estimation.

A stochastic or random process [4] is a series of random variables ordered in time. The
correlation function of two stochastic processes Xt and Yt is R(t, k) = E[XtYt−k], where the
time offset k is the lag. As the correlation function is a type of covariance, the correlation
function vanishes when the stochastic processes Xt and Yt are independent.

The autocovariance of a stochastic process Xt is the covariance between the data and the
data shifted in time and is a function of time and lag:

Cov[Xt, Xt−k] = E[(Xt − E[Xt])(Xt−k − E[Xt−k])].
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Normalized autocovariance is the autocorrelation coefficient. It is the correlation coefficient
between the data and the data shifted in time and is a function of time and lag:

ρt,k =
Cov[Xt, Xt−k]√

Var[Xt]
√

Var[Xt−k]
.

The autocorrelation coefficient ranges from −1 to +1.
Stationarity of a stochastic process refers to a stochastic characteristic that does not

change along with time. When the probability distribution for a stochastic process is in-
dependent of time, its stochastic process is strictly stationary. When the mean, variance,
autocovariance, and autocorrelation coefficient of a stochastic process are invariant indepen-
dently of time, the process is weakly stationary. In most applications, time series analysis is
most amenable to weak stationarity, which is sometimes simply referred to as stationarity.
A stationary stochastic process with zero mean and zero autocovariance and autocorrelation
coefficient, except for lag 0, is an instance of white noise.

The autoregressive (AR) model is a linear relation between current and past data. The
AR(1) model is defined by

Yt = ϕYt−1 + ϵt,

where ϵt is white noise. The value of ϕ determines the stationarity of the AR(1) model.
When |ϕ| ≤ 1, then there is stationarity, and otherwise, there is non-stationarity. Given a
time series, the Augmented Dickey-Fuller (ADF) and Phillips-Perron (PP) tests can be used
to assess stationarity. More sophisticated state-space models can deal with nonstationary
time series directly, and determination of stationarity is not needed for analysis.

Some pieces of practical advice are in order. Preliminary examination of the data in-
cludes basic time plots, generation of histograms and data summarization, computation of
autocorrelation coefficients, and frequency spectrum. The autocorrelation coefficient may be
large for particular lags, implying periodicity in the data, which can further be investigated
with a frequency spectrum. Once the data is examined, a model is defined to help express
characteristics of the data, usually in terms of multiple combined simple components or
structures. This approach is termed time series decomposition [5], [6] and typically begins
with considering structures related to level, trend, and seasonality, also known as the basic
structural model or standard seasonal adjustment model. The remainder of unexplained
variation from the estimated components are the residuals.
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1.5 Bayesian learning

This section lays the groundwork for Bayesian learning by introducing essential concepts such
as prior distribution, likelihood function, and posterior distribution. Initially, covariates are
excluded for simplicity, with models incorporating covariates discussed in later chapters.
The data consists of n observations y1, . . . , yn, modeled as realizations from an unknown
data-generating process. Extensive discussion of these concepts and more can be found in
(Gelman, 2013) [7].

The observed data set is used to model the process by constructing a conditional proba-
bilistic model f(y1, . . . , yn | θ), which describes the uncertainty about observations given an
unknown parameter θ. The model assumes the observations are independent and identically
distributed conditional on θ:

f(y1, . . . , yn | θ) =
n∏
i=1

f(yi | θ),

where f(y | θ) is any parametric density function parameterized by θ. The likelihood func-
tion, which is central to statistical inference, is given by:

L(θ; y1, . . . , yn) =
n∏
i=1

f(yi | θ).

The maximum likelihood estimator (MLE) is obtained by maximizing the likelihood function:

θ̂MLE = argmax
θ
L(θ; y1, . . . , yn).

In the frequentist approach, the MLE is used for inference, focusing on the repeated sampling
variability of the estimator. For prediction, the frequentist approach conditions on the MLE
to obtain the predictive density:

fMLE(yn+1, . . . , yn+m | y1, . . . , yn) = f(yn+1, . . . , yn+m | θ̂MLE).

In contrast, the Bayesian paradigm treats the parameter θ as a random variable. Prior
beliefs about θ are updated with observed data using Bayes’ theorem:

p(θ | y1, . . . , yn) =
f(y1, . . . , yn | θ)p(θ)∫

Ω
f(y1, . . . , yn | θ)p(θ)dθ

,

where Ω is the parameter space for θ. The posterior distribution p(θ | y1, . . . , yn) is a
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compromise between the prior distribution p(θ) and the likelihood function f(y1, . . . , yn | θ).
As the sample size increases, the posterior distribution converges to a normal distribution

with mean θ̂MLE and variance I−1

θ̂MLE
, where Iθ̂MLE

is the Fisher information:

p(θ | y1, . . . , yn)
d−→ N (θ̂MLE, I

−1

θ̂MLE
),

under regularity conditions. This result allows for practical Bayesian inference even with fi-
nite sample sizes, often using simulation algorithms like Markov Chain Monte Carlo (MCMC)
and Sequential Monte Carlo (SMC).

In models with multiple parameters, the marginal posterior density is obtained by inte-
grating out the other parameters:

p(θk | y1, . . . , yn) =
∫
Ω−k

p(θk, θ−k | y1, . . . , yn)dθ−k,

where θ−k denotes all parameters excluding θk and Ω−k is the parameter space for θ−k. Point
estimates, such as the maximum a posteriori (MAP) estimator, and credible intervals are
used to summarize the posterior distribution. The MAP estimator is defined as:

θ̂MAP = argmax
θ
p(θ | y1, . . . , yn).

A 100× (1−α)% posterior credible interval which communicates the uncertainty about the
parameter may be computed with respect to the posterior or the predictive distribution as:∫ θu

θl

p(θ | y1, . . . , yn)dθ = 1− α.

Prior elicitation involves selecting a suitable prior density function, often from a family
of distributions parameterized by hyperparameters. Conjugate priors, which belong to the
same probability distribution family as the likelihood, are computationally convenient as
they allow the posterior to be computed in closed form. Such relationships are heavily relied
upon in the covariance estimation technique in a subsequent chapter. Informative priors can
be constructed from expert knowledge or historical data, while non-informative priors are
used when prior information is limited.
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Chapter 2

State-Space Modelling for Infectious
Disease Surveillance Data: Dynamic
Regression and Covariance Analysis

2.1 Introduction

State-space modelling is a powerful statistical method used for estimating the state of a
dynamic system as it evolves over time. This technique leverages the principles of recur-
sive Bayesian state estimation to update the probability distribution of the system’s state
based on new observations, making it particularly effective for applications involving noisy
or incomplete data.

The primary objective of this chapter is to review, explore, apply and enhance the recur-
sive Bayesian state estimation framework, with a focus on how to improve its accuracy and
computational efficiency. We aim at providing a comprehensive overview of the fundamental
concepts, methodologies, and applications of recursive Bayesian state estimation. Addition-
ally, the frequentist approach to fitting dynamic models to epidemic outbreaks [8], has been
proposed to address parameter uncertainty and identifiability in the context of infectious
disease modelling.

More specifically, we introduce the theoretical underpinnings of Bayesian inference and
its relevance to state estimation problems, and introduce the concept of the state-space
model, which serves as the foundation for recursive Bayesian state estimation. We develop
and provide here also various algorithms used for implementing Bayesian state estimation,
including the Kalman filter and other advanced techniques.

We then present several case studies and simulations are presented to illustrate the prac-
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tical applications and effectiveness of these methodologies in real-world scenarios. As shall
be seen, the findings from these case studies not only highlight the strengths of recursive
Bayesian state estimation but also reveal areas where further improvements can be made.
For example, recent advancements in dynamic modelling tools [9] can generate real-time
short-term forecasts with quantified uncertainty of diverse growth processes, including dis-
ease outbreaks for fitting and forecasting time-series trajectories.

Overall, our objective is to provide a detailed exploration of state-space modelling and
recursive Bayesian state estimation, contributing to the broader understanding and advance-
ment of this critical area in statistical modelling and dynamic system analysis for infectious
diseases [10].

2.2 Methodology

2.2.1 State-space model

A state-space model [5], [6], [11] is a type of flexible stochastic model that considers obser-
vations as samples from a probability distribution. The estimation problem, is then of a
full distribution and not a point value. More formally, a state-space model attributes time
series data within a stochastic relationship. A crucial introduction is that of latent or hidden
random variables, called a state. A state cannot be directly observed, unlike the observations
or time series data and can be chosen such that interpretation of the analysis is possible.

Development of state-space models has been carried out by R. E. Bellman and R. E.
Kalman in the control theory community during 1950s. Hidden Markov model [12], [13]
widely applied in speech recognition is a state-space model where the random variable under
consideration is discrete in nature.

The graphical model, more specifically, directed acyclic graph (DAG) of a state-space
model is depicted as follows.

Latent θ0 θ1 θ2 · · · θt−1 θt θt+1 · · · θT−1 θT

Observed
y1 y2 yt−1 yt yt+1 yT−1 yT

. . .

Figure 2.1: DAG of state-space model.

A major model assumption is the Markov property, which says that a state is related
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only to the state at the previous time point:

p(θt | θ0:t−1, y1:t−1) = p(θt | θt−1). (2.2.1)

Conditional independence on states are depicted as follows.

θ0 θ1 θ2 · · · θt−1 θt θt+1 · · · θT−1 θT

y1 y2 yt−1 yt yt+1 yT−1 yT

. . .

Figure 2.2: Conditional independence of model states.

A further assumption pertains to an observation at a certain time point depending only
on the state at the same time point by conditional independence:

p(yt | θ0:t, y1:t−1) = p(yt | θt). (2.2.2)

Conditional independence on observations is depicted in the following diagram:

θ0 θ1 θ2 · · · θt−1 θt θt+1 · · · θT−1 θT

y1 y2 yt−1 yt
yt+1 yT−1 yT

. . .

Figure 2.3: Conditional independence of observations.

Similarly, conditional independence also holds such that:

p(θt | θt+1, y1:T ) = p(θt | θt+1, y1:t). (2.2.3)
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This can be seen as follows:

p(θt | θt+1, y1:T ) = p(θt | θt+1, y1:t, yt+1:T )

= p(θt | yt+1:T , (θt+1, y1:t))

=
p(θt, yt+1:T | θt+1, y1:t)

p(yt+1:T | θt+1, y1:t)

=
p(yt+1:T , θt | θt+1, y1:t)

p(yt+1:T | θt+1, y1:t)

=
p(yt+1:T | θt, θt+1, y1:t)p(θt | θt+1, y1:t)

p(yt+1:T | θt+1, y1:t)

=
p(yt+1:T | θt+1, y1:t)p(θt | θt+1, y1:t)

p(yt+1:T | θt+1, y1:t)

= p(θt | θt+1, y1:t).

The joint distribution of the state space model is p(all randomvariables) = p(θ0:T , y1:T ),
or,

p(θ0:T , y1:T ) = p(y1:T , θ0:T )

= p(yT , y1:T−1, θ0:T )

= p(yT | y1:T−1, θ0:T )p(y1:T−1, θ0:T )

= p(yT | y1:T−1, θ0:T )p(θT , θ0:T−1, y1:T−1)

= p(yT | y1:T−1, θ0:T )p(θT | θ0:T−1, y1:T−1)p(θ0:T−1, y1:T−1)

=

(
T∏
t=2

p(yt | y1:t−1, θ0:t)p(θt | θ0:t−1, y1:t−1)

)
p(θ0:1, y1)

=

(
T∏
t=2

p(yt | y1:t−1, θ0:t)p(θt | θ0:t−1, y1:t−1)

)
p(y1 | θ0:1)p(θ1 | θ0)p(θ0)

=

(
T∏
t=2

p(yt | θ0)p(θt | θt−1)

)
p(y1 | θ0:1)p(θ1 | θ0)p(θ0)

= p(θ0)
T∏
t=1

p(yt | θt)p(θt | θt−1). (2.2.4)

Thus, the state-space model is a product of prior distribution p(θ0), observation equation
p(yt | θt) and state equation p(θt | θt−1).
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The state-space model can also be represented by functional equations:

θt = f(θt−1, wt), (2.2.5)

yt = h(θt, vt), (2.2.6)

where f and h are arbitrary functions, wt and vt are mutually independent white noise state
noise (system, or process noise) and observation noise (or, measurement noise), respectively.
wt is p-dimensional column vector. Together, these two equations are termed the state (sys-
tem) equation and observation (measurement) equations. They are equivalent statements of
the probability distribution definition of the model. The state equation (2.2.5) is a stochastic
difference equation for the state and the state noise is the tolerance for the time-dependent
change of state. In the observation equation (2.2.6), the observation noise is interpreted as
typical noise separate from the state noise with more accurate observations resulting from
less observation noise.

Classification of state-space models is based on the linearity or non-linearity of the func-
tions f or h and of normality assumption of the noise processes wt or vt.

A special instance of a state-space model in which both f and h are linear functions
and both wt and vt have Gaussian distribution is referred to as linear Gaussian state-space
model. The state and observation equations are then given by:

θt = Gtθt−1 + wt wt ∼ N (0,Wt), (2.2.7)

yt = Ftθt + vt vt ∼ N (0, Vt), (2.2.8)

where Gt is a p × p state transition matrix (or, state evolution matrix/system matrix), Ft
is a 1 × p observation matrix (or, measurements matrix), Wt is a p × p covariance matrix
for the state noise and Vt is a variance for the observation noise. The prior distribution is
θ0 ∼ N (m0, C0) where m0 is the p-dimensional mean vector and C0 is a p × p covariance
matrix. Note that linear Gaussian models possess the attractive analytical property of
reproducibility whereby linear operations on normal variates yield normal variates.

In terms of probability distributions, the linear Gaussian state-space model is given by:

p(θt | θt−1) = N (Gtθt−1,Wt), (2.2.9)

p(yt | θt) = N (Ftθt, Vt), (2.2.10)

where p(θ0) = N (m0, C0). The parameters of the linear Gaussian state-space model are
denoted by ψ = {Gt, Ft,Wt, Vt,m0, C0}. Linear Gaussian state-space model is also called
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a dynamic linear model (DLM) which has been extensively studied [14], [15] due to its
widespread applicability on its own and by conditional general state-space models.

With the introduction of a state component to the model, more sophisticated and flexible
models can be constructed by combining multiple states such that the interpretation of the
model is clear. Adding an extra layer of the state equation allows modelling to occur be-
tween observations and states as opposed to between observations only. In other words, the
observations are not connected to one another, but rather, through the states. This can be
seen from the graphical model for the state-space model. This is in opposition to the classic
autoregressive moving average model (ARMA) which directly models the relation between
observations [14]. The ARMA(p, q) model is defined as yt =

∑p
j=1 ϕjyt−j +

∑q
j=1 ψjϵt−j + ϵt.

Here p and q are non-negative integers denoting the order of the AR and MA terms, re-
spectively, ϕj and ψj are real numbers denoting the AR coefficient and MA coefficient,
respectively, and ϵt is Gaussian white noise with variance σ2

ϵ . The d-th differenced time se-
ries yields the extended autoregressive integrated moving average model, or ARIMA(p, d, q).
ARIMA and state-space models can be shown to be equivalent (Harvey 1989). Thus the
two competing stochastic modelling frameworks can both capture temporal relations in data
equally well. The state-space approach possesses advantages of increased flexibility in han-
dling non-stationary processes, missing information and external covariates [11]. The ARMA
model can be written as a state-space model as follows. Consider the ARMA(r, r−1) model
where r = max{p, q + 1}, ϕj = 0 for j > p and ψj = 0 for j > q defined by

yt =
r∑
j=1

ϕjyt−j +
r−1∑
j=1

ψjϵt−j + ϵt. (2.2.11)

Let Ft = [1, 0, . . . , 0, 0], Rt = [1, ψ1, . . . , ψr−2, ψr−1]
T and

Gt =



ϕ1 1 0 · · · 0

ϕ2 0 1 · · · 0
...

... . . .

ϕr−1 0 · · · 0 1

ϕr 0 · · · 0 0


.

For an r-dimensional state vector θt = [θ1t , θ
2
t , . . . , θ

r−1
t , θrt ]

T and state noise covariance
Wt = RRTσ2

ϵ such that wt = Rϵt, and observation noise covariance Vt = 0. Such formulation
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is equivalent to the ARMA(p, q) model in (2.2.11). To see this, consider the state equation

θ1t = ϕ1θ
1
t−1 + θ2t−1 + ϵt,

θ2t = ϕ2θ
1
t−1 + θ3t−1 + ψ1ϵt,

...

θr−1
t = ϕr−1θ

1
t−1 + θrt−1 + ψr−2ϵt,

θrt = ϕrθ
1
t−1 + ψr−1ϵt.

Substituting the equation for x2t into the first equation gives

θ1t = ϕ1θ
1
t−1 + ϕ2θ

1
t−2 + θ3t−2 + ψ1ϵt−1 + ϵt.

Continuing with substitution in a similar fashion gives

θ1t = ϕ1θ
1
t−1 + · · ·+ ϕrθ

1
t−r + ψ1ϵt−1 + · · ·+ ψr−1ϵt−(r−1) + ϵt.

Setting yt = x1t in the observation equation produces the result as shown in (2.2.11) with
r = max{p, q + 1}:

yt = ϕ1y
1
t−1 + · · ·+ ϕryt−r + ψ1ϵt−1 + · · ·+ ψr−1ϵt−(r−1) + ϵt.

The equivalence of the ARIMA(p, d, q) model follows by a similar argument [14].

2.2.2 State estimation

The posterior distribution of the state θs is a conditional distribution and is denoted by

p(θs | y1:t). (2.2.12)

The joint posterior distribution of the state considers all time points and is denoted by:

p(θ0, θ1, . . . , θt′ , . . . | y1:t). (2.2.13)

It is the estimation target in the solution of the state space model using MCMC and the par-
ticle filter. Some works also refer to the joint posterior distribution simply as the smoothing
distribution.

In the joint posterior distribution (2.2.13), the time point of interest t′ determines the
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type of state estimation:

smoothing, t′ < t,

filtering, t′ = t,

prediction, t′ > t.

For a particular state of interest θt′ , its marginal posterior distribution can be found by:

p(θt′ | y1:t) =
∫
p(θ0, θ1, . . . , θt′ , . . . | y1:t)dθexcept t′ . (2.2.14)

The marginal posterior distribution is the central target distribution in Bayesian inference
of state space models. It can be derived using MCMC by marginalization of the joint
posterior distribution. Additionally, direct methods such as Weiner filter (solution in the
frequency domain) and Kalman filter (solution in the time domain) can be used to obtain
the marginal posterior distribution [3], [16] as well as approximate methods that utilize
particle filters [17].

We now provide formulation of filtering, predictive and smoothing distributions. Recur-
sion relations for the marginal posterior distribution of that state are derived first for the
filtering distribution, which is central to prediction and smoothing. The filtering distribution
can be obtained from the marginal posterior distribution of the state by setting t′ = t in
(2.2.14):

14



p(θt | y1:t) = p(θt | yt, y1:t−1)

=
p(θt, yt | y1:t−1)

p(yt | y1:t−1)

=
p(yt, θt | y1:t−1)

p(yt | y1:t−1)

=
p(yt | θt, y1:t−1)p(θt | y1:t−1)

p(yt | y1:t−1)

=
p(yt | θt)p(θt | y1:t−1)

p(yt | y1:t−1)
(2.2.15)

=
p(yt | θt)

∫
p(θt, θt−1 | y1:t−1)dθt−1∫

p(yt, θt | y1:t−1)dθt

=
p(yt | θt)

∫
p(θt | θt−1, y1:t−1)p(θt−1 | y1:t−1)dθt−1∫
p(yt | θt, y1:t−1)p(θt | y1:t−1)dθt

=
p(yt | θt)

∫
p(θt | θt−1)p(θt−1 | y1:t−1)dθt−1∫
p(yt | θt)p(θt | y1:t−1)dθt

, (2.2.16)

where (2.2.15) is the fundamental form of filtering distribution, which follows by conditional
independence. In the numerator p(θt | y1:t−1) =

∫
p(θt | θt−1)p(θt−1 | y1:t−1)dθt−1 is the

one-step-ahead predictive distribution multiplied by the likelihood p(yt | θt) and the denom-
inator p(yt | y1:t−1) =

∫
p(yt | θt)p(θt | y1:t−1)dθt is the one-step-ahead predictive likelihood.

Here, we can think of the one-step-ahead predictive distribution as playing the role of a prior
distribution and it represents the filtering distribution one time step before it moves forward
based on the state equation. The one-step-ahead predictive likelihood is a normalization fac-
tor for the filtering distribution and it transforms the one-step-ahead predictive distribution
from the observation equations.

Conceptually, filtering is achieved by first obtaining the one-step-ahead predictive dis-
tribution through state transition of the filtering distribution one time step prior and then
using the observations to correct the obtained distribution [3]. As an illustration of this
process, recursion diagrams are depicted later.

The k-steps-ahead predictive distribution can be obtained from the marginal posterior
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distribution of the state by setting t′ = t+ k in (2.2.14):

p(θt+k | y1:t) =
∫
p(θt+k, θt+k−1 | y1:t)dθt+k−1

=

∫
p(θt+k | θt+k−1, y1:t)p(θt+k−1 | y1:t)dθt+k−1

=

∫
p(θt+k | θt+k−1)p(θt+k−1 | y1:t)dθt+k−1. (2.2.17)

The k-steps-ahead predictive distribution (2.2.17) is the k − 1-steps-ahead predictive
distribution propagated forward in time by the state equation. In other words, applying the
state equation to the one-step-ahead predictive distribution k − 1 times gives the k-steps-
ahead predictive distribution. Also, since the filtering distribution for future time points are
calculated by applying the state equation, the one-step-ahead predictive distribution can be
obtained. Therefore, by applying the state equation in the forward time direction k times
to the filtering distribution p(θt | y1:t), the k-steps-ahead distribution can be obtained.

Conceptually, k-steps-ahead prediction is obtained by repeated k application of the state
equation to the filtering distribution. Prediction can also be contrasted with filtering. In
filtering, the state transition is corrected based on the observations. This is not true of
prediction, where rather the accuracy of prediction decreases as k increases, but the most
likely distributions appear through the filtering point. This also means that missing observa-
tions in the model are treated as prediction values. Hence, the state-space model framework
readily handles missing observations.

The fixed-interval smoothing distribution can be obtained from the marginal posterior
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distribution of the state by setting T = t in (2.2.14):

p(θt | y1:T ) =
∫
p(θt, θt+1 | y1:T )dθt+1

=

∫
p(θt | θt+1, y1:T )p(θt+1 | y1:T )dθt+1

=

∫
p(θt+1 | y1:T )p(θt | θt+1, y1:T )dθt+1

=

∫
p(θt+1 | y1:T )p(θt | θt+1, y1:t)dθt+1

=

∫
p(θt+1 | y1:T )

p(θt, θt+1 | y1:t)
p(θt+1 | y1:t)

dθt+1

=

∫
p(θt+1 | y1:T )

p(θt+1, θt | y1:t)
p(θt+1 | y1:t)

dθt+1

=

∫
p(θt+1 | y1:T )

p(θt+1 | θt, y1:t)p(θt | y1:t)
p(θt+1 | y1:t)

dθt+1

= p(θt | y1:t)
∫
p(θt+1 | y1:T )

p(θt+1 | θt, y1:t)
p(θt+1 | y1:t)

dθt+1

= p(θt | y1:t)
∫
p(θt+1 | y1:T )

p(θt+1 | θt)
p(θt+1 | y1:t)

dθt+1. (2.2.18)

In the formulation of the smoothing distribution (2.2.18), the filtering distribution is
updated based on the smoothing distribution one time step ahead. Conceptually, smoothing
at each time point is accomplished by repeatedly applying the smoothing recursion in the
backward time direction beginning with the filtering distribution at time point T .

Recursions for the marginal posterior distribution are summarized below:

t
′

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→
θ0 θ1 θ2 θ3 θ4

(0|0) (1|0) (2|0) (3|0) (4|0) y1:0

(0|1) (1|1) (2|1) (3|1) (4|1) y1:1

(0|2) (1|2) (2|2) (3|2) (4|2) y1:2

(0|3) (1|3) (2|3) (3|3) (4|3) y1:3

(0|4) (1|4) (2|4) (3|4) (4|4) y1:4

y

t

Figure 2.4: Recursion diagram for posterior distribution p(θt′ | y1:t) = (t
′ | t). The calculation

flow for the recursion is reached by moving forward in time denoted by right and down arrows.
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t
′

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→
θ0 θ1 θ2 θ3 θ4

(0|0) (1|0) (2|0) (3|0) (4|0) y1:0

(0|1) (1|1) (2|1) (3|1) (4|1) y1:1

(0|2) (1|2) (2|2) (3|2) (4|2) y1:2

(0|3) (1|3) (2|3) (3|3) (4|3) y1:3

(0|4) (1|4) (2|4) (3|4) (4|4) y1:4

y

t

Figure 2.5: Recursion processing for filtering distribution p(θt | y1:t). Filtering is completed
by first obtaining the one-step-ahead predictive distribution through the state transition
from the filtering distribution one time before and then secondly correcting the obtained
distribution based on the observations. The conceptual diagram shows the calculation follows
a stepwise pattern.

t
′

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→
θ0 θ1 θ2 θ3 θ4

(0|0) (1|0) (2|0) (3|0) (4|0) y1:0

(0|1) (1|1) (2|1) (3|1) (4|1) y1:1

(0|2) (1|2) (2|2) (3|2) (4|2) y1:2

(0|3) (1|3) (2|3) (3|3) (4|3) y1:3

(0|4) (1|4) (2|4) (3|4) (4|4) y1:4

y
t

Figure 2.6: Recursion processing for predictive distribution p(θt+k | y1:t). The k-steps-
ahead prediction can be achieved by repeating the state transition k times for the filtering
distribution. The processing to obtain three-steps-ahead prediction from the current time
point t = 1 is represented by repeating the right arrow thrice.

For k-steps-ahead prediction, the state transition (right arrow) is repeated without cor-
rection based on the observations (down arrow) in contrast to filtering. The accuracy of
prediction gradually decreases as k increases, but the most likely distributions continue to
be generated based on the information through the filtering point. The state-space model
applies this concept directly to missing observations as they are compensated for with pre-
diction values.
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t
′

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→
θ0 θ1 θ2 θ3 θ4

(0|0) (1|0) (2|0) (3|0) (4|0) y1:0

(0|1) (1|1) (2|1) (3|1) (4|1) y1:1

(0|2) (1|2) (2|2) (3|2) (4|2) y1:2

(0|3) (1|3) (2|3) (3|3) (4|3) y1:3

(0|4) (1|4) (2|4) (3|4) (4|4) y1:4

y

T

Figure 2.7: Recursion processing for smoothing distribution p(θt | y1:T ). At T = 3, the
processing to obtain the smoothing distribution at t = 0 is represented by repeating the left
arrow operation four times.

In the state-space model, the likelihood for a time series {yt : t = 1, 2, . . . , T} with
parameters ψ is the probability distribution

p(y1, . . . , yT ;ψ) = p(yT , y1:T−1;ψ)

= p(yT | y1:T−1;ψ)p(y1:T−1;ψ)

=
T∏
t=1

p(yt | y1:t−1;ψ). (2.2.19)

Taking the log of the likelihood yields

ℓ(ψ) = log p(y1, . . . , yT ;ψ)

=
T∑
t=1

log p(yt | y1:t−1;ψ). (2.2.20)

Therefore, the log-likelihood for the time series is equivalent to the sum of the logarithms
of one-step-ahead predictive likelihoods, which can be efficiently calculated by filtering re-
cursion. It is a numerical measure of how well the time ordered observations fit the model.
It also indicates the predictive ability of future values based on past values. It is therefore
useful as the basis for a model selection criteria of such metrics as the information theoretic
extensions Akaike information criterion (AIC) and widely applicable information criterion
(WAIC).

Furthermore, it is useful to note that the likelihood does not depend on the state θ as
it has been marginalized out and so it is apt to call it the marginal likelihood. In terms of
implementation, the importance of extreme values depending on separate states has been
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lessened as stable values are more attainable.
Estimation of the unknown parameters of a state-space model can be accomplished in

various ways. In the frequentist approach, parameters are treated as non-random quantities.
The main objective is to determine the maximum likelihood estimate (MLE)

ψ̂ = argmaxψℓ(ψ)

= argmaxψ log p(y1:T ;ψ)

= argmaxψ

T∑
t=1

log p(yt | y1:t−1;ψ). (2.2.21)

which can be found by numerical methods such as Newton-type methods, or expectation
maximization (EM) algorithm [18].

In the Bayesian paradigm, parameters are treated as random variables and this makes
uncertainty quantification possible for both the state and parameters of the model. From
the previous result obtained as (2.2.4): p(θ0:T , y1:T ) = p(θ0)

∏T
t=1 p(yt | θt)p(θt | θt−1), it can

be observed that adding the parameters to the probability statements would yield state-
parameter augmented state {θ, ψ}. So, in a similar line of reasoning, the joint distribution
of this extended model is

p(θ0:T , y1:T , ψ) = p(θ0, ψ)
T∏
t=1

p(yt | θt, ψ)p(θt | θt−1, ψ)

= p(θ0 | ψ)p(ψ)
T∏
t=1

p(yt | θt, ψ)p(θt | θt−1, ψ). (2.2.22)

The joint posterior distribution of the augmented state follows from (2.2.13):

p(θ0, θ1, . . . , θt′ , . . . , ψ | y1:t) = p(θ0, θ1, . . . , θt′ , . . . | y1:t, ψ)p(ψ | y1:t), (2.2.23)

and the equivalent statement of (2.2.14) is given by

p(θt′ , ψ | y1:t) = p(θt′ | ψ, y1:t)p(ψ | y1:t). (2.2.24)

The marginal posterior distribution p(ψ | y1:t) can then be obtained by integrating out
the state. Maximizing the marginal posterior distribution gives the maximum a posteriori

20



(MAP) solution:

argmaxψp(ψ | y1:t) = argmaxψ
p(y1:t | ψ)p(ψ)

p(y1:t)

∝ argmaxψp(y1:t | ψ)p(ψ). (2.2.25)

Taking logarithm gives

argmaxψ log p(ψ | y1:t) ∝ argmaxψ{log p(y1:t | ψ) + log p(ψ)}. (2.2.26)

The MAP is essentially the MLE taking into account the parameter prior distribution p(ψ).
Parameter estimation can also be carried out by determining point estimates such as mean,
median or mode of the marginal posterior distribution p(ψ | y1:t). In terms of classification,
the state-space model with unknown random variable parameters in addition to the origi-
nal state thus makes the model general, regardless of whether the original model is linear
Gaussian. Solutions based on classical filtering solutions such as the Weiner filter or Kalman
filter for linear Gaussian state-space model are thus not applicable and numerical methods
such as MCMC or particle filter are required.

2.2.3 Sequential solution of the linear Gaussian state-space model

From the state and observation equations (2.2.7) and (2.2.8) defining the linear Gaussian
state-space model and the filtering result (2.2.16), Kalman filtering can be described. Each
of the filtering distribution, one-step-ahead predictive distribution, and one-step-ahead pre-
dictive likelihood are normal distributions in the Kalman filter. They are defined as follows.
Let the filtering distribution be distributed as N (mt, Ct), the one-step-ahead predictive dis-
tribution be distributed as N (at, Rt), and the one-step-ahead likelihood be distributed as
N (ft, Qt). The procedure to obtain the filtering distribution at time t from time t − 1 is
shown below.
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Algorithm 1 Kalman filtering
Input. filtering distribution at time point t− 1: mt−1, Ct−1

Time t update rule:
one-step-ahead predictive distribution:
(Mean) at ← Gtmt−1

(Covariance) Rt ← GtCt−1G
T
t +Wt

one-step-ahead predictive likelihood:
(Mean) ft ← Ftat
(Covariance) Qt ← FtRtF

T
t + Vt

Kalman gain:
Kt ← RtF

T
t Q

−1
t

State update:
(Mean) mt ← at +Kt[yt − ft]
(Covariance) Ct ← [I −KtFt]Rt

Output. filtering distribution at time t: mt, Ct

The Kalman filtering algorithm sequentially generates the filtering distribution at each
time point beginning from t = 1, with the initial time corresponding to the prior distri-
bution. The one-step-ahead predictive distribution is the filtering distribution one time
before is propagated forward based on the state equation. The one-step-ahead predictive
likelihood is created by taking the one-step-ahead predictive distribution and incorporating
the observation equation. Lastly, in the filtering distribution, the one-step-ahead predictive
distribution is corrected using the likelihood model. The correction of the one-step-ahead
predictive distribution is made by a matrix that is known as Kalman gain, which is a weight
of the extent of the prediction error impacts the correction. Here, the prediction error (also
referred to as residuals or innovations), is simply the difference between the observations yt
and the mean one-step-ahead predictive likelihood ft. When the model is good, the residu-
als are independent identically distributed normal variates. The signal-to-noise ratio Wt/Vt

impacts the Kalman gain. In the case of the local level model, which is perhaps the simplest
dynamic linear model, the state dimension is p = 1 and the model matrices are scalar with
Gt = Ft = [1]. When Vt = 0, the observations dominate and the filtering distribution is
completely determined by the observations only. In such case, the Kalman gain is 1 and
mt = yt. When Vt = ∞, the observations become useless and the filtering distribution is
determined by the one-step-ahead prediction and now the Kalman gain is 0 with mt = at.
When Vt lies between 0 and ∞, the Kalman gain ranges between 1 and 0 adjusting the
influence of observation equation and state equation.

The log-likelihood for the linear Gaussian state-space model can be derived from the
one-step-ahead predictive likelihood.
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ℓ(ψ) = log p(y1, . . . , yT ;ψ)

=
T∑
t=1

log p(yt | y1:t−1;ψ)

= −1

2

T∑
t=1

log |Qt| −
1

2

T∑
t=1

(yt − ft)2

Qt

. (2.2.27)

Kalman prediction can be explained using the general framework developed in (2.2.17).
The k-steps-ahead predictive distribution is normal with mean at(k) and covariance Rt(k).
Obtaining the k-steps-ahead predictive distribution starting from time t+k−1 to time t+k
is outlined below.

Algorithm 2 Kalman prediction
Input. the k−1-steps-ahead predictive distribution at time t+(k−1): at(k−1), Rt(k−1)
Time t+ k update rule:
the k-steps-ahead predictive distribution
(Mean) at(k)← Gt+kat(k − 1)
(Covariance) Rt(k)← Gt+kRt(k − 1)GT

t+k +Wt+k

Output. the k-steps-ahead predictive distribution at time t+ k: at(k), Rt(k)

Kalman prediction from time k = 1 gives the predictive distribution at time t + 1 with
the 0-steps-ahead predictive distribution equal to the filtering distribution at time t.

Fixed-interval smoothing requires Kalman filtering on the entire series. At time T , the
smoothing and filtering distributions agree. The filtering distribution is then corrected based
on the smoothing distribution one time point forward. The following is a Rauch-Tung-
Striebel (RTS) algorithm [19] for Kalman smoothing.

Algorithm 3 Kalman smoothing
Input. smoothing distribution at time t+ 1: st+1, St+1

Time t update rule:
Smoothing gain
At ← CtG

T
t+1R

−1
t+1

State update
(Mean) st ← mt + At[st+1 − at+1]
(Covariance) St ← Ct + At[St+1 −Rt+1]A

T
t

Output. smoothing distribution at time t: st, St

The Kalman filter can be nicely illustrated through a local-level model for analysis as:
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θt = θt−1 + wt wt ∼ N (0,W ), (2.2.28)

yt = θt + vt vt ∼ N (0, V ), (2.2.29)

from setting p = 1, Gt = [1], Ft = [1] in the linear Gaussian state-space formulation (2.2.7)
and (2.2.8) with time-invariance. The state θt fluctuates in random fashion over time. The
local-level model is identical to AR(1) model with coefficient ϕ1 set to one which gives non-
stationary time series for the state. This is known as a random walk. Another name for the
local-level model is a random walk plus noise model.

The log-likelihood for the linear Gaussian state-space model can be derived from the
one-step-ahead predictive likelihood (2.2.20).

ℓ(ψ) = log p(y1, . . . , yT ;ψ)

=
T∑
t=1

log p(yt | y1:t−1;ψ)

= −1

2

T∑
t=1

log |Qt| −
1

2

T∑
t=1

(yt − ft)2

Qt

.

Prior distribution p(θ0) = N (m0, C0) along with state and observation equations define
the joint model (2.2.4). Some common empirical priors include setting to one or the observa-
tion mean, with variance set to an arbitrarily large value according to the data. Parameter
specification can be accomplished by maximum likelihood estimate as in (2.2.21). Standard
error in the maximum likelihood estimation is the average fluctuation of the estimates under
the hypothesis that all observations have identical statistical properties. It can be obtained
from the Hessian matrix H of log-likelihood function:

H = −

∂
2ℓ(W,V )

∂W 2

∂2ℓ(W,V )

∂W∂V
∂2ℓ(W,V )

∂V ∂W

∂2ℓ(W,V )

∂V 2

 . (2.2.30)

Maximum likelihood asymptotic theory states that diagonal elements of H−1(ℓ) are the
asymptotic variance for the corresponding parameter. Typically, the delta method is used
to obtain standard errors of the parameter after an exponential transformation. Essentially,
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this is a Taylor expansion about θ̂ truncated at first order,

Var[exp(θ)] ≈ Var

[
exp(θ̂) +

exp(θ̂)

1!
(θ − θ̂)

]
(2.2.31)

= exp2(θ̂)Var[θ − θ̂] (2.2.32)

= exp2(θ̂)Var[θ]. (2.2.33)

Hence, diag(H−1) are related to Var[θ] and standard errors for θ are obtained after
exponential transformation,

exp(θ̂)×
√
diag(H−1)ij. (2.2.34)

With respect to model diagnostics and model checking, the main methods of assessing
model fit are through likelihood and prediction error. Larger likelihood is preferred in the
linear Gaussian state space model, as given by (2.2.27). The difference between observations
and the mean one-step-ahead predictive likelihood is also known as innovations, prediction
error, or residuals and is defined as et = yt−ft. Under the assumption of adequate model fit,
the innovations follow identical and independent normal variates. The normalized innova-
tions, et√

Qt
, follow identical and independent normal standard distribution. Thus, correlation

and normality of the standard innovations provide a means of model assessment. Typically,
this is done by plotting standardized residuals against time, plotting autocorrelation of resid-
uals against lag variable and checking p-value for Ljung-Box statistic which posits that the
data sequence is independent. In addition, quantile-quantile plot allows checking normal-
ity by taking the quantile of the theoretical normal distribution and plotting it against the
quantile of the data. With regard to model diagnosis, a poor model is suggested by standard-
ized innovations that have high residual autocorrelation coefficient. An unreasonably large
standardized innovation may hint at a possible outlier or structural change in the series.
Consideration of such a feature in the data through the appropriate model specification can
lead to improved estimation accuracy.

2.2.4 Component linear Gaussian state-space model

It is possible to express a variety of individual component models in order to capture the
different properties of the time series data. State-space models easily facilitate such decom-
position to combine with the additive linear Gaussian state-space model.

The different K types of individual models in the Gaussian state-space models can be
denoted with superscript k assigned to the variables:
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θ
(k)
t = G

(k)
t θ

(k)
t−1 + w

(k)
t w

(k)
t ∼ N (0,W (k)), (2.2.35)

y
(k)
t = F

(k)
t θ

(k)
t + v

(k)
t v

(k)
t ∼ N (0, V (k)), (2.2.36)

with prior distribution, θ(k)0 ∼ N (m
(k)
0 , C

(k)
0 ). The dimension of each state vector is allowed

to be different for each of the K individual components.
In (2.2.7) and (2.2.8), the general specifications are as follows:

θt =


θ
(1)
t

...

θ
(K)
t

 , Gt =


G

(1)
t

G
(2)
t

. . .

G
(K)
t

 , Wt =


W

(1)
t

W
(2)
t

. . .

W
(K)
t

 ,
(2.2.37)

yt =
K∑
k=1

y
(k)
t , Ft = [F

(1)
t · · ·F

(K)
t ], Vt =

K∑
k=1

V
(k)
t , (2.2.38)

with prior distribution,

θ0 =


θ
(1)
0

...

θ
(K)
0

 , m0 =


m

(1)
0

...

m
(K)
0

 , C0 =


C

(1)
t

C
(2)
0

. . .

C
(K)
0

 .

Several types of model components are possible, including local-level, local-trend, sea-
sonal, autoregressive moving average (ARMA), and regression models. Some details of
ARMA have been provided. The following contains details of the other types of models.

Local-level, or random walk plus noise model, is useful for representing series which do
not have a clear pattern and have small short term fluctuations:

θt = θt−1 + wt wt ∼ N (0,W ), (2.2.39)

yt = θt + vt vt ∼ N (0, V ). (2.2.40)

Local-trend, or linear growth model can be used to capture linearity of the series such as
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inclining or declining trends:

θ
(2)
t = θ

(2)
t−1 + θ

(1)
t−1 + w

(2)
t w

(2)
t ∼ N (0,W (2)), (2.2.41)

θ
(1)
t = θ

(1)
t−1 + w

(1)
t w

(1)
t ∼ N (0,W (1)), (2.2.42)

yt = θ
(2)
t + vt vt ∼ N (0, V ). (2.2.43)

Local-level and local-trend models are polynomial models of order one and two, respec-
tively, and are most commonly used since increase in the order gives rise to overfit of noise
and poor interpretability. An equivalence exists between integrated random walk whereby
W (1),W (2) = 0 and the preprocessing difference operation in the autoregressive integrated
moving average (ARIMA) model [14].

Seasonal or periodical model is useful for expressing periodic or cyclic pattern in the se-
ries. ARMA model can complement the polynomial and seasonal models which are applied
to non-stationary components. It captures residual correlation by taking into account irreg-
ular fluctuations that remain after considering polynomial or seasonal components, such as
unexpected movements in the series.

Level component

Seasonal component

Data Estimates Residuals

Trend component

Time

Time

Time Time Time

Time

Figure 2.8: Decomposition of time series data.
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2.2.5 Dynamic regression models

When two or more time series are available and each correlates in some way with the other, a
regression component model can be used to enhance the explanatory and predictive capability
of the time series under study. The time series data which correlates with the target time
series is known as the explanatory variable. State-space models may be created by regarding
a regression component as an individual model [20]. Take for example, a linear regression
model:

yt = αt + β
(1)
t x

(1)
t + · · ·+ β

(n)
t x

(n)
t + · · ·+ β

(N)
t x

(N)
t + ϵt. (2.2.44)

For the regression model specification, denote the regression intercept αt and the re-
gression coefficients β(n)

t and let them be uncorrelated stochastic time-varying parameters
that evolve according to independent random walk. The x(n)t are deterministic explanatory
variables.

In this setting, the equations corresponding to (2.2.7) and (2.2.8) are:

θt =


αt

β
(1)
t

...

β
(N)
t

 , Gt = IN+1, Wt =


W (α)

W (1)

. . .

W (N)

 , (2.2.45)

Ft =
[
1 x

(1)
t . . . x

(N)
t

]
, Vt = V. (2.2.46)

Standard static linear regression model is recovered when Wt = 0.

2.2.6 Covariance estimation in multivariate state-space models

In the analysis of multiple time series, the estimation of covariance matrices from the innova-
tion terms in a multivariate state-space model is crucial for determining the cross-correlation
among these series at each observation point.

Bayesian and maximum likelihood estimation for the time-varying covariance matrix of
observable data is studied. Multivariate and matrix-variate distributions are employed to
precisely define the covariance matrix. The derivation of explicit updates for both the one-
step-ahead forecast distribution of the observed data vector and the posterior distribution of
the state vector, unconditional of the observation covariance matrix, are provided. Further-
more, under the model assumptions, the posterior distribution of the observation covariance
matrix is shown to follow an inverse Wishart process [1].
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Unlike retrospective smoothing estimation via expectation-maximization algorithm, the
methodology enables real-time learning and forecasting of cross-series covariances, aligning
with the principles of the Kalman filter.

The methodology is applied to multivariate time series data in epidemiology [21]. The
results are in agreement with those obtained from static estimation methods. Additional
insights into the complex interplay between disease dynamics and surveillance data are gained
by incorporating external climatological and wastewater data [22] as covariates in the state-
space model framework.

Some basic results from ordinary least squares theory are provided. Suppose observations
y1, . . . , yn become available over time t = 1, . . . , n and let p variables xit form a column vector
xt = [x1t, . . . , xpt]

T. Then the linear regression model is

yt = x1tθ1 + · · ·+ xptθp + ϵt = xTt θ + ϵt. (2.2.47)

By Gauss-Markov conditions, {ϵt} is a sequence of zero mean, common variance σ2 inde-
pendent random variables (white noise).

The regression estimator is of interest for statistical inference. Given realized observations
y1:n = {y1, . . . , yn}, estimation of θ is obtained by minimizing the sum of squares

S(θ) =
n∑
t=1

(yt − xTt θ)2 (2.2.48)

= (y −Xθ)T(y −Xθ). (2.2.49)

Assuming X is full rank, the solution is

θ̂ = (XTX)−1XTy. (2.2.50)

Regarding the distributional specification of innovations, let ϵt ∼ N (0, σ2), then

yt | θ, σ2 ∼ N (xTt θ, σ
2). (2.2.51)

The following are MLEs of θ and σ2:

θ̂ = (XTX)−1XTy (2.2.52)

σ̂2 =
1

n
(y −Xθ̂)T(y −Xθ̂) (2.2.53)

=
1

n
yT(I −X(XTX)−1XT)y. (2.2.54)
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The above estimation of θ is known as ordinary least squares (OLS), because all obser-
vations y1, . . . , yn have on average the same contribution to θ̂.

For large n, distant observations (such as y1 or y2) have the same weight on θ̂ as more
recent observations (such as yn or yn−1). This is usually not desirable when the data exhibit a
time-dependence structure or when a localized estimation of θ is required where more weight
is put on more recent observations in the estimation of θ̂ which motivates local regression.

In light of this, consider weighted (discounted) sum of squares [23]:

S(θ) =
n−1∑
j=1

δj(yn−j − xTn−jθ)2 (2.2.55)

= (yn − xTnθ)2 + δ(yn−1 − xTn−1θ)
2 + · · ·+ δn−1(y1 − xT1 θ)2, (2.2.56)

where 0 < δ ≤ 1 and δj ≈ 0 for sufficiently large j. At each time j, the data is forgotten at
a rate of δj.

The memory of the model is the geometric series

n−1∑
j=0

δj =
1− δn

1− δ
(2.2.57)

=
1

1− δ
, asn→∞. (2.2.58)

For illustration regarding the discounting or forgetting factor, consider the following:

• when δ = 1 (OLS), the memory is equal to infinity; do not forget any data in the
estimation of θ,

• when δ = 0.5, then the memory is equal to 2; use only the two most recent observations
in the calculation of the new θ̂.

The Gauss-Plackett parameter recursions are then given by:

θ̂ = (XTX)−1XTy (2.2.59)

=

(
n−1∑
j=0

δjxn−jx
T
n−j

)−1 n−1∑
j=0

δjxn−jyn−j (2.2.60)

= H−1
n hn, (2.2.61)
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where

Ht =
t−1∑
j=0

δjxt−jx
T
t−j = xtx

T
t + δHt−1, (2.2.62)

ht =
t−1∑
j=0

δjxt−jyt−j = xtyt + δht−1. (2.2.63)

The definitions for the recursions are as follows:

et = yt − xTt θ̂t−1 (one-step-ahead forecast error), (2.2.64)

rt = yt − xTt θ̂t (posterior residual error), (2.2.65)

Kt = H−1
t xt, (2.2.66)

Pt = H−1
t . (2.2.67)

The full recursive least squares algorithm is provided below.

Algorithm 4 Recursive Least Squares

1: Input. θ̂0, P0, n0 = 0, σ̂2
0, δ

2: Time t update rule:
3: • recursion update for inverse Gram matrix
4: Pt ← 1

δ

(
I − Pt−1xtxTt

δ+xTt Pt−1xt

)
Pt−1

5: • state update
6: θ̂t ← θ̂t−1 +Ktet
7: • variance update
8: ntσ̂2 ← nt−1σ̂

2
t−1 + rtet, nt = nt−1 + 1

9: Output. parameter estimates at time t: θ̂t, σ̂2
t

For the representation of multivariate state-space models important for correlation anal-
ysis, consider the following d-variate linear Gaussian state-space model:

θt = Gtθt−1 + wt wt ∼ N (0,Wt), (2.2.68)

yt = Ftθt + vt vt ∼ N (0, Vt). (2.2.69)

where:

• Gt is a p× p state transition matrix

• Ft is a d× p design matrix
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• Wt is a p× p covariance matrix for the state noise and

• Vt is a d× d covariance for the observation noise.

The prior distribution is θ0 ∼ N (m0, C0) where m0 is the p-dimensional mean vector and
C0 is a p× p covariance matrix.

The design and transition matrices characterize the forecast function, yt+k | yt, therefore
their specification is critical for filtering, forecasting and smoothing. Each row of Ft describes
the univariate component time series in the multivariate series yt. As a simplifying assump-
tion for the multivariate model, the structure of the component time series will belong to
the same type of structural state-space model; i.e., the state vector θt is driven by the same
transition matrix for each of the univariate component series.

Under the condition of time-invariance, noise covariances can be estimated by EM algo-
rithm for parameters ψ = {m0, C0,W, V }.

ℓ(ψ | θ, y) = −n
2
log |V | − 1

2

n∑
t=1

(yt − Ftθt)TV −1(yt − Ftθt)

− n

2
log |W | − 1

2

n∑
t=1

(θt −Gtθt−1)
TW−1(θt −Gtθt−1)

− 1

2
log |C0| −

1

2

n∑
t=1

(θ0 −m0)
TC−1

0 (θ0 −m0). (2.2.70)

That is, static parameter estimation is obtained as follows [24].

Algorithm 5 EM algorithm
1: Input:
2: • initial parameter estimate i = 0:
3: ψ(0) = [vech(V (0))T, vech(W (0))T, (m

(0)
0 )T, vech(C(0)

0 )T]T;
4: For iteration i = 0, 1, 2, . . . , N − 1:
5: For each t = 0, 1, . . . , n:
6: • compute mt, Ct conditioned on ψ(i) via smoothing
7: • compute covariance matrices
8: V (i+1) = 1

n

∑n
t=1[(yt − Ftθt)(yt − Ftθt)T + FtCtF

T
t ]

9: W (i+1) = 1
n

∑n
t=1[(θt −Gtθt−1)(θt −Gtθt−1)

T+
10: +Ct − Ct,t−1G

T
t −GtC

T
t,t−1 +GtCt−1G

T
t ]

11: C(i+1)
0 = 1

n
[(θ0 −m0)(θ0 −m0)

T + C0]
12: Output:
13: • parameter estimate at iteration i+ 1:
14: ψ(i+1) = [vech(V (i+1))T, vech(W (i+1))T, (m

(i+1)
0 )T, vech(C(i+1)

0 )T]T;
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Covariance structure is determined by a complex interplay between some matrix and
multivariate statistical distributions. First, consider the multivariate normal distribution
[25]. Let X = [X1, . . . , Xp]

T denote a random vector. Then X ∼ N (µ,Σ) with p.d.f. given
by

p(x) =
1

(2π)
p
2 |Σ| 12

exp
[
− 1

2
(x− µ)TΣ−1(x− µ)

]
. (2.2.71)

The matrix-variate normal distribution can be defined as follows. Let X1, X2, . . . , Xd be
p-dimensional random column vectors and let p × d random matrix X = [X1, X2, . . . , Xd].
Then X follows a matrix-variate normal distribution if its density is

p(X) = c1 exp
{
− 1

2
trace[(X −M)TP−1(X −M)Σ−1]

}
, (2.2.72)

where c1 = (2π)−
dp
2 |P |− d

2 |Σ|− p
2 , M is a p× d mean matrix and P and Σ are p× p (left) and

d× d (right) covariance matrices, respectively. That is,

X ∼ N (M,P,Σ).

Introducing the necessary notation of matrix operators, let vec(·) denote the column
stacking operator of an unrestricted matrix. For m×n matrix A, vec(A) is an mm×1 vector
and vech(·) denotes the column stacking operator with distinct elements only (repeated

entries are omitted). For A =

a11 a12

a12 a22

, vech(A) =


a11

a12

a22

 where ⊗ denotes the Kronecker

product of two matrices: For m × n matrix A and p × q matrix B, A ⊗ B = [aijB] is an
mp× nq matrix.

As an important property of the matrix-variate normal, note that if X ∼ N (M,P,Σ),
then the random vector

Y = vec(X) ∼ N [vec(M),Σ⊗ P ]. (2.2.73)

Then M is mean matrix of X and Σ⊗ P is covariance matrix of Y .
The inverse Wishart distribution is defined next. Let Σ be a d × d random symmetric,

positive definite covariance matrix. Then Σ ∼ IW (n, S) with p.d.f. given by

p(Σ) = c2|Σ|−
(n+d+1)

2 exp
[
− 1

2
trace(SΣ−1)

]
, (2.2.74)
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where c2 = 2−
nd
2 Γd(

n
2
)−1|S|n2 , n > d−1 degrees of freedom and Γd(·) is a multivariate gamma

function. The inverse Wishart is a generalization of the inverse gamma distribution.
Matrix-variate Student t distribution is defined as follows. Let X be a p × d random

matrix. Then X ∼ t(n,M,P, S) with p.d.f. given by

p(X) = c3|I + (X −M)P−1(X −M)TS−1|−
(n+p+d−1)

2 , (2.2.75)

where c3 = Γd[
(n+p+d−1)

2
]π− dp

2 Γd[
(n+d−1)

2
]−1|P |− d

2 |S|− p
2 . See (Gupta and Nagar, 1999) [26]

which contains further details relevant to the above discussion.
For model definition and inference, consider the following. This model is essentially a

matrix version of the multivariate state-space model [27].

θt = Gtθt−1 + wt wt ∼ N (0,Wt, Vt), (2.2.76)

yTt = Ftθt + vTt vt ∼ N (0, Vt). (2.2.77)

where Gt is a p× p state transition matrix, Ft is a p-dimensional vector, wt is a p× d state
innovation and vt is a d-dimensional observation innovation with vec(wt) ∼ N (0, Vt ⊗Wt).

The prior specification takes the form,

θ0 | Vt ∼ N (m0, C0, Vt), (2.2.78)

Vt ∼ IW (n0, n0S0), (2.2.79)

where m0 is a p× d mean matrix, C0 is a p× p covariance matrix, and n0S0 is a d× d scale
covariance matrix with n0 > d− 1 degrees of freedom.

Conditional distributions are as follows:

yt = vec(yTt ) = (I ⊗ Ft)vec(θt) + wt wt ∼ N (0, Vt), (2.2.80)

vec(θt) = (I ⊗Gt)vec(θt−1) + vec(vt) vec(vt) ∼ N (0, Vt ⊗Wt). (2.2.81)

By Kalman filter,
vec(θt) | Vt, y1:t ∼ N [vec(mt), Vt ⊗ Ct], (2.2.82)

θt | y1:t ∼ N (mt, Ct, Vt). (2.2.83)
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The posterior of observation covariances is

p(Vt | y1:t) ∝ p(yt | Vt, y1:t−1)× p(Vt | y1:t−1) (2.2.84)

∝ |Vt|−
1
2 exp

(
− 1

2Qt

[
(yt − ft)TV −1

t (yt − ft)
])

(2.2.85)

× |Vt|−
(nt−1+d+1)

2 exp

[
− 1

2
trace[nt−1St−1V

−1
t ]

]
(2.2.86)

∝ |Vt|−
(nt−1+d+1)

2 exp

[
− 1

2
trace[(Q−1

t (yt − ft)(yt − ft)T + nt−1St−1)V
−1
t ]

]
(2.2.87)

= |Vt|−
(nt−1+d+1)

2 exp

[
− 1

2
trace[((yt − Ftmt)(yt − ft)T + nt−1St−1)V

−1
t ]

]
,

(2.2.88)

Vt | y1:t ∼ IW (nt, ntSt), nt = nt−1 + 1, ntSt = nt−1St−1 + (yt − Ftmt)(yt − ft).
(2.2.89)

Unconditional distributions yield the model inference as follows:

p(θt | y1:t) =
∫
Vt>0

p(θt | Vt, y1:t−1)dVt (2.2.90)

=

∫
p(θt | Vt, y1:t)× p(Vt | y1:t)dVt (2.2.91)

∝
∫
|Vt|−

p
2 exp

(
− 1

2
trace[(θt −mt)C

−1
t (θt −mt)

TV −1
t ]

)
(2.2.92)

× |Vt|−
(nt−1+d+1)

2 exp

[
− 1

2
trace[nt−1St−1V

−1
t ]

]
dVt (2.2.93)

=

∫
|Vt|−

(nt−1+d+1)

2 (2.2.94)

× exp

[
− 1

2
trace[((θt −mt)C

−1
t (θt −mt)

T + nt−1St−1)V
−1
t ]

]
dVt (2.2.95)

∝ |(θt −mt)C
−1
t (θt −mt)

T + ntSt|−
(nt+p)

2 (2.2.96)

∝ |I + n−1
t (θt −mt)C

−1
t (θt −mt)

TSt|−
(nt−d+1+p+d−1)

2 , (2.2.97)

θt | y1:t ∼ t(nt − d+ 1,mt, Ct, ntSt). (2.2.98)

A maximum likelihood estimator is obtained by maximizing the log likelihood of the
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data:

ℓ(Vt; y1:t) = log(y1, y2, . . . , yn, | Vt) (2.2.99)

= log
n∏
t=1

p(yt | Vt, y1:t−1) (2.2.100)

= −dn
2

log(2π)− d

2

n∑
t=1

log |Qt| −
n

2
log |Vt| (2.2.101)

− 1

2
Q−1
t trace[(yt − ft)(yt − ft)TV −1

t ], (2.2.102)

∂ℓ(Vt; y1:t)

∂Vt
= −nV −1

t +
n

2
diag(V −1

t ) (2.2.103)

− 1

2

n∑
t=1

Q−1
t

[
− 2V −1

t (yt − ft)(yt − ft)TV −1
t + diag(V −1

t (yt − ft)(yt − ft)TV −1
t )
]
,

(2.2.104)

nV −1
t =

n∑
t=1

Q−1
t V −1

t (yt − ft)(yt − ft)TV −1
t (2.2.105)

Vt =
1

n

n∑
t=1

Q−1
t (yt − ft)(yt − ft)T =

1

n

n∑
t=1

(yt − Ftmt)(yt − ft)T. (2.2.106)

Due to inverse Wishart posterior distribution of Vt, the estimator has convenient prop-
erties:

mode(Vt | y1:t) =
ntSt

nt + d+ 1
, (2.2.107)

E(Vt | y1:t) =
ntSt

nt − d− 1
(2.2.108)

≈ 1

t

t∑
i=1

(yi − Fimi)(yi − fi)T as t→∞. (2.2.109)

The result for dynamic covariance estimation [5], [15], [28] is shown below.
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Algorithm 6 Dynamic Covariance Estimation
1: Input:
2: • prior distributions at time t = 0:
3: θ0 ∼ t(n0 − d+ 1,m0, C0, n0S0);
4: Vt ∼ IW (n0, n0S0).
5: Time t update rule:
6: • one-step-ahead predictive distribution
7: θt | y1:t ∼ t(nt − d+ 1,mt, Ct, ntSt)
8: • one-step-ahead predictive likelihood
9: yt | y1:t−1 ∼ t(nt−1 − d+ 1, ft, nt−1QtSt−1)

10: Output:
11: • posterior distribution of Vt at time t:
12: Vt | y1:t ∼ IW (nt, ntSt)
13: nt = nt−1 + 1
14: ntSt = nt−1St−1 + [yt − Ftmt][yt − ft]

2.3 Illustrations using COVID-19 data

2.3.1 Application of component linear Gaussian state-space model

to case surveillance data

We consider COVID-19 case data from the province of Ontario, Canada [21] as shown below.
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Figure 2.9: COVID-19 cases of Ontario, Canada. The data are sampled on a daily basis and
shown on a loge scale. [21]

We can perform a component model analysis of the COVID-19 case data with a linear
Gaussian state-space model. The data show periodicity, segments of different trend and
random fluctuation along short time intervals.

The following models can be implemented:

(A) Local trend + periodic;

(B) Local level + periodic;

(C) Local trend + periodic (frequency domain);

(D) Local level + periodic (frequency domain);

(E) Local level + periodic + AR(1).
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Figure 2.10: Local trend + periodic component plots.

Figure 2.11: Local trend + periodic model validation and diagnostic plots.

39



Figure 2.12: Local trend + periodic model Kalman prediction 14-day forecast.
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Figure 2.13: Kalman prediction 14-day forecast are compared for two competing models (A)
and (B).

Model evaluation is by log-likelihood, mean absolute percent error and Theil’s U .

Model Log-likelihood MAPE Theil’s U
(A) Trend + periodic 1077.19 0.01684 0.65349
(B) Level + periodic 253.97 0.01484 0.75959
(C) Trend + periodic (freq.) 1120.18 0.01755 0.63109
(D) Level + periodic (freq.) 1095.49 0.01709 0.66279
(E) Level + periodic + AR(1) 29.33 0.01399 0.81853

Table 2.1: Model comparison via log-likelihood, MAPE and Theil’s U .

2.3.2 Dynamic regression models

Dynamic regression models may be used to study the following relationships:

1. COVID-19 hospitalization and case counts;

2. COVID-19 case counts and type of workday;

3. COVID-19 wastewater signal measurement and case counts.
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Figure 2.14: Ontario COVID-19 hospitalizations and cases.[21]

In the first application, the dynamic regression component is:

θregt =

αt
βt

 , Greg
t = I2, W reg

t =

W (α) 0

0 W (1)

 , (2.3.1)

F reg
t =

[
1 xt

]
, V reg

t = V, (2.3.2)

where xt represents the explanatory variable of case counts.
The periodical component is defined by:

θpert =



θ
(1)
t

θ
(2)
t

θ
(3)
t

θ
(4)
t

θ
(5)
t

θ
(6)
t


, Gper

t =



−1 −1 −1 −1 −1 −1

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0


, (2.3.3)
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W per
t =



W 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


, F per

t = [1, 0, 0, 0, 0, 0], V per
t = V

′
. (2.3.4)

The autoregressive component is defined by:

θARt =



θ
(1)
t

θ
(2)
t

...

θ
(r−1)
t

θ
(r)
(t)


, GAR

t =



ϕ1 1 0 · · · 0

ϕ2 0 1 · · · 0
...

... . . .

ϕr−1 0 · · · 0 1

ϕr 0 · · · 0 0


, (2.3.5)

WAR
t = RRTσ2

ϵ , FAR
t = [1, 0, . . . , 0, 0], V AR

t = 0. (2.3.6)

Here R = [1, ψ1, . . . , ψr−2, ψr−1]
T, wt = Rϵt and ϵt is white noise with variance σ2

ϵ . For
analysis, the simple AR(1) model will be used: yt = ϕyt−1 + ϵt.

A block structured time-varying seasonal autoregressive model is obtained by combining
the appropriate individual components. In (2.2.7) and (2.2.8), the general specifications are
as follows:

θt =


θregt

θpert

θARt

 , Gt =


Greg
t

Gper
t

GAR
t

 ,Wt =


W reg
t

W per
t

WAR
t

 , (2.3.7)

yt = yregt + ypert + yARt , Ft = [F reg
t , F per

t , FAR
t ], Vt = V + V

′
, (2.3.8)

43



with prior distribution,

θ0 =


θreg0

θper0

θAR0

 ,m0 =


mreg

0

mper
0

mAR
0

 , C0 =


Creg
t

Cper
0

CAR
0

 .

Figure 2.15: Ontario COVID-19 hospitalizations and cases filtering result. The explana-
tory and dependent variables are shown in the first two panels while model level, seasonal,
autoregressive and regression components are shown in the subsequent panels.
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Figure 2.16: Time-varying regression coefficient βt plot as defined in θregt .

Figure 2.17: Thresholded βt plot.
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Figure 2.18: Time-varying correlation plot.

Cross-correlation and lagged scatter plots provide an alternative approach to modelling
the data under consideration. A significant drawback is the subjective determination of the
number of lagged case counts to include in the regression analysis.

Figure 2.19: Cross-correlation function between cases and hospitalizations plot.
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Figure 2.20: Scatterplots useful for determining lag number.

As a second application, consider Ontario COVID-19 cases by workday.

Figure 2.21: COVID-19 cases by workday.

An intervention variable for workday is formed and a dynamic regression model with
explanatory variable

xt =

1 for non-workday

0 for workday

is used to analyze the relationship between case counts and type of workday.
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Figure 2.22: Percent change in cases associated with a weekend or holiday.

Finally, consider Ontario COVID-19 wastewater signal (standardized concentration of
SARS-CoV-2 gene copies) and cases [22].
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Figure 2.23: Standardized concentration of SARS-CoV-2 gene copies [22] and case count [21]
plot.
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Figure 2.24: Smoothing results.

Figure 2.25: Model diagnostics.

Salient results are highlighted as follows. At the first peak in cases of 17266 (week of Dec.
28, 2021), a one standard deviation (0.36 unit) increase in wastewater signal measurement
corresponds to a 7392 increase in cases. The model estimate agrees with the data quite well
at the peak:

casestpeak − casestpeak−1

wwtpeak − wwtpeak−1

σww
= 17266− 8171

0.95− 0.50

0.3594325
= 7037.
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At the second high point of 4258 to 4676 cases (weeks of Apr. 13 and 20, 2022), a one
standard deviation increase in wastewater signal measurement corresponds to a 842 to 1363
increase in cases. The increase in cases due to a one standard deviation increase in wastewater
signal is relatively stable for weeks 27 to 40 (June through August 2022) with a range of 852
to 1356 cases.

2.3.3 Application of the covariance estimation method to public

health surveillance data

We now provide an application of the preceding multivariate covariance estimation algorithm.
Data analysis focuses on COVID-19 surveillance targets, cases, hospitalization and deaths
[21] and covariates pertaining to viral load, temperature and air quality [22].

Figure 2.26: Cases, hospitalizations and deaths related to COVID-19.[21]
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Figure 2.27: Viral load, temperature and air quality data.[22]

First, consider Model 1. This model considers only the surveillance targets. The prior
initialization settings are as follows:

G0 = V0 = θ0 = I3, (2.3.9)

F0 =
[
1 1 1

]T
, (2.3.10)

C0 = 1000I3, (2.3.11)

n0 = 10, (2.3.12)

S0 = 0.1I3, (2.3.13)

δ = 0.99, (2.3.14)

Wt =
1− δ
δ

GtCtG
T
t . (2.3.15)

Posterior modes of observation variances are depicted below.
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Figure 2.28: Estimated Model 1 time-varying variances.

Standardized residuals can be used to check overestimation or underestimations of the
true observation variance. To do this, compare the residuals of each response series to credible
limits ±1.96 of the standard normal distribution: above 5% outliers suggests underestimation
of the observation variance; below 5% suggests overestimation of the observation variance
(expect to obtain 5% outliers for a perfect fit). This can be further explored by studying the
mean squared error, mean squared standardized error, or mean absolute deviation.

Cross-correlations from the observation matrix are shown in the following plot.
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Figure 2.29: Estimated Model 1 time-varying cross-correlations.

As a baseline for comparison, consider the following static sample correlation matrix (%):

Cases Hospitalizations Deaths
Cases 100 72.64 41.09
Hospitalizations 72.64 100 69.27
Deaths 41.09 69.27 100

Table 2.2: Static sample correlations.

To further summarize the model results, let the time period before the major epidemic
peak be Period 1 and the time after the major epidemic peak be Period 2. Pairwise cross-
correlations between cases (C), hospitalizations (H) and deaths (D) are shown in the following
table.
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Period 1 Period 2
ρCH 95% 75%
ρCD 60% 40%
ρHD 55% 70%

Table 2.3: Model 1 summarized cross-correlations.

One might query as to why the correlations change after the peak or further or, why the
ranking of the size of the correlations change after the peak.

Consider first the pre-peak period cross-correlations. Cases and hospitalizations (95%)
which signify strong, almost linear relationship between the number of reported cases and
hospitalizations, which is expected in the early stages of an epidemic when the healthcare
system is not overwhelmed, and most cases that require hospitalization are likely to get it.
Cases and deaths (60%) exhibit lower correlation due to lag between case diagnosis and
death, which can cause discrepancies in the data alignment, and the fact that the fatality
rate might not be proportional to the case count due to varying severity of the disease among
different populations. Hospitalizations and Deaths (55%) show moderate correlation due to
medical interventions that successfully treat many hospitalized patients, variations in the
severity of cases, or differences in the time lag between hospitalization and death.

Now, the post-peak period cross-correlations between cases and hospitalizations (75%)
show a change in the relationship between these two variables post-peak, possibly due to
changes in healthcare policies (hospitalizing only severe cases), improvements in treatment
reducing hospitalization rates, or a shift in the infected demographic (younger individuals
who are less likely to require hospitalization).

The further reduced correlation indicates an even greater decoupling of case counts from
death counts post-peak (40%). This could be due to improved treatments, increased testing
leading to the identification of more mild/asymptomatic cases (less likely to result in death),
a delay in occurrence of deaths following a reduction in cases. The increased correlation
between hospitalizations and deaths (70%) is intriguing. This might suggest that post-peak,
the severity of cases requiring hospitalization increased, delay in the impact of improved
treatments on mortality rates, the healthcare system’s focus shifted towards treating more
severe cases more effectively, thus making hospitalization a more direct predictor of mortality

Furthermore, additional considerations are as follows. Incorporating time lags into the
analysis is crucial, as the effects of cases on hospitalizations and deaths are not instantaneous.
The relationships between these variables are likely non-linear and might be better explained
by models that account for such non-linear dynamics. Heterogeneity in data may arise due
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to differences in testing rates, healthcare policy changes, and population demographics over
time can significantly impact these correlations. Other unmeasured external factors (e.g.,
public health interventions, changes in public behaviour) might also have influenced these
dynamics. In addition, especially in the post-peak period, the data might be subject to
more statistical noise due to varying rates of reporting and changes in testing strategies.
Finally, regarding data quality, the reliability and consistency of data collection over time
can significantly affect correlation estimates.

The change in the ranking of the size of the correlations between case counts, hospitaliza-
tions, and deaths after the major epidemic peak can be attributed to several epidemiological,
healthcare system, and behavioural factors. These include shifts in healthcare system dy-
namics, changes in testing and reporting, evolution of the disease and population immunity,
public health interventions and behavioural changes, and demographic shifts in infected
populations.

Shifts in healthcare system dynamics are also observed. Pre-peak and during the initial
phase of an epidemic, healthcare systems are typically more reactive. The high correlation
between cases and hospitalizations suggests that the healthcare system was closely tracking
the epidemic’s progression, hospitalizing a consistent proportion of cases. In contrast, post-
peak, healthcare systems adapt and become more selective in hospitalizing patients, due to
resource constraints or improved understanding of the disease leading to a lower correlation
between cases and hospitalizations but a higher correlation between hospitalizations and
deaths, as more severe cases are likely to be hospitalized.

Changes in testing and reporting also impact the results. Increased testing post-peak
leads to the identification of more mild or asymptomatic cases, which would not require
hospitalization or lead to death. This increased detection of less severe cases decreases
the correlation between cases and hospitalizations/deaths. Furthermore, reporting delays in
reporting deaths become more pronounced post-peak, due to overwhelmed systems, changing
the correlation dynamics.

Evolution of the disease and population immunity impacts the results. Changes in virus
characteristics may occur if the virus becomes less virulent post-peak, leading to fewer se-
vere cases requiring hospitalization, and consequently fewer deaths. An increased level of
population immunity (due to prior infection or vaccination) post-peak leads to fewer severe
cases, altering the correlation structure.

Public health interventions and behavioural changes early in the epidemic occurs when
there is less public awareness and fewer interventions, leading to a more straightforward
progression from cases to hospitalizations and deaths. Post-peak, there are increased public
health measures, improved treatment protocols, and changes in population behaviour (social
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distancing and mask-wearing) which leads to a disconnect between the number of cases and
the severity of those cases, thereby changing the correlation pattern.

Demographic shifts in infected populations account for some differences as different age
groups are affected post-peak, the demographic profile of those infected shifts (e.g., younger
individuals with lower risk of hospitalization and death), affecting the correlation structure.

Technically, statistical and methodological considerations such as sample variability/non-
stationarity accounting for the variability in each of the data sets (cases, hospitalizations,
deaths) changes over time, affecting correlations as well as increased model sensitivity to
certain types of changes (absolute increases in case numbers) than others.

Now, we consider Model 2 where viral load [22] is included as a covariate in the dynamic
regression.

yt = R1t + vt = Ftθt + vt, (2.3.16)

Gt =
[
1
]
. (2.3.17)

The inclusion of wastewater viral load as a covariate introduces an additional layer of
complexity and aims to capture indirect pathways or environmental influences on disease
spread and severity.

The innovations are vt ∼ N (0, Vt) and wt ∼ N (0,Wt, Vt) where Vt is a 3× 3 observation
covariance to be estimated and Wt is a 3 × 3 transition covariance matrix specified using a
discount factor δ = 0.99.

The prior initialization is given by distributions,

θ0 ∼ N (m0 = 0, C0 = 1000I3, V0), (2.3.18)

V0 ∼ IW (n0 = 10, n0S0 = I3). (2.3.19)

Posterior modes of observation variances for Model 2 are depicted below.
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Figure 2.30: Estimated Model 2 time-varying variances.

Cross-correlations from the observation matrix for Model 2 are shown in the following
plot:
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Figure 2.31: Estimated Model 2 time-varying cross-correlations.

Below is a summary of the results for the model with no covariate (Model 1) and the
model with covariate included (Model 2) in both the pre-peak (Period 1) and post-peak
(Period 2) periods.

Model 1 Model 2
Period 1 Period 2 Period 1 Period 2

ρCH 95% 75% 70% 0%
ρCD 60% 40% 35% −10%
ρHD 55% 70% 25% 60%

Table 2.4: Comparison of Models 1 and 2 by period.

The inclusion of wastewater viral load in Model 2 reduces the correlation between cases
and hospitalizations in both periods, particularly eliminating it in the post-peak period.
This suggests that environmental viral load is a strong determinant of hospitalization rates
independent of the number of cases reported. The presence of the covariate not only reduces
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the positive correlation seen in Model 1 but also introduces an inverse correlation in the
post-peak period in Model 2. This indicates that factors captured by the wastewater viral
load, such as unreported or asymptomatic cases, inversely influence the relationship between
reported cases and deaths. The reduction in correlation coefficients in Model 2 suggests that
viral load has a moderating effect on the relationship between hospitalizations and deaths,
due to varying levels of viral load influencing disease severity or detection rates.

We now discuss differences in Model 1 and Model 2 cross-correlations across periods.
For the differences in ρCH between the models, note the following. Period 1 drop (25-

30%): In the early stages of an outbreak (Period 1), the healthcare system might not be
overwhelmed, and the relationship between cases and hospitalizations are more direct and
less influenced by external factors. Period 2 drop (75%): As the outbreak progresses (Period
2), environmental viral loads become more indicative of community spread, overshadowing
the direct relationship observed in the baseline model. This may occur due to factors such as
increased asymptomatic cases, changes in testing practices, or healthcare system saturation,
leading to a sharper drop in correlation.

Differences in ρCD between the models are described as follows. Period 1 drop (25-30%):
Similar to ρCH , the initial stages of the outbreak might exhibit a more straightforward re-
lationship between cases and deaths. Period 2 drop (50%): The reduction becomes more
pronounced in Period 2, possibly due to improved medical treatments, changes in the demo-
graphics of affected individuals, or other public health interventions becoming more effective.
The environmental viral load might reflect these changes more acutely than the direct case
counts.

For the differences in ρHD between the models, note the following. Period 1 drop (25-
30%): This correlation may be more resilient to changes due to the covariate, since hospital-
izations and deaths are both late-stage outcomes of the disease. Period 2 drop (10%): The
relatively small drop suggests that, even with high environmental viral loads, the relation-
ship between hospitalizations and deaths remains more direct and less influenced by external
factors, possibly due to the severity of cases leading to hospitalization generally following
through to mortality.

Implication of the differences in results can be viewed from different angles. From an
epidemiological viewpoint, the variations in correlation drops reflect the complex interplay
between disease dynamics and environmental factors. Environmental viral load as a proxy
for community spread may capture nuances in disease transmission and severity not reflected
in direct health metrics alone. Mathematically, the varying degrees of correlation reduction
highlight the nonlinear and interaction effects in disease modelling. The influence of the
covariate is not uniform across all relationships and periods, suggesting a more complex
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model than linear assumptions can capture.
Furthermore, correlation changes do not imply causation. The observed changes in cor-

relations are indicative of associations that may require further investigation to understand
causal mechanisms.

The analysis highlights environmental sensitivity, whereby differences in correlation coef-
ficients with the inclusion of wastewater viral load as a covariate highlight the sensitivity of
epidemiological data to environmental factors. Wastewater data can act as an early indicator
of community spread by preceding clinical cases, thus significantly influencing the dynamics
observed in health metrics.

The influence of wastewater signal is apparent from multiple aspects. Unreported cases
and asymptomatic spread impacts the results as the negative correlation in ρCD during the
post-peak period in Model 2 points towards the impact of unreported or asymptomatic cases
that are likely captured by wastewater analysis but not in clinical case reports.

Furthermore, there are policy implications. Reliance solely on clinical data without con-
sidering environmental surveillance might lead to incomplete or misleading interpretations
of the disease dynamics. Policies based on such incomplete models might fail to address
hidden spread and early signs of outbreaks.

modelling robustness should be noted, as changes observed with the inclusion of the
covariate underscore the importance of considering multifaceted data sources in epidemio-
logical models. This improves the robustness of the models, making them more reliable for
public health decision-making.

Finally, consider Model 3 which captures many different features of the data using re-
gression, trend, and seasonality components. This model considers wastewater viral load
signal, temperature, and air quality as a covariates in the dynamic regression on the three
surveillance targets. In addition, trend-seasonal components, for the seasonal variation of
which, a reduced form state space representation of the full Fourier expansion is used. For
computational efficiency, the first 5 harmonics out of a total 182 = 364

2
are used.

For the model components, let θt be a time-varying 15×3 unobserved state matrix which
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drives dynamics of yt as follows:

yt = R1t +R2t +R3t + Tt + st + vt (2.3.20)

= Ftθt + vt, (2.3.21)

Rit = Fitθit, i = 1, 2, 3 (2.3.22)

Tt = [1, 0]Tθ4t, (2.3.23)

st = [1, 0, 1, 0, 1, 0, 1, 0, 1, 0]Tθ5t (2.3.24)

θt = [θ1t, θ2t, θ3t, θ4t, θ5t], (2.3.25)

Ft =
[
F1t, F2t, F3t, 1, 0, 1, 0, 1, 0, 1, 0, 1, 0

]T
, (2.3.26)

Gt =



I3 0 0 0 0 0 0

0 J 0 0 0 0 0

0 0 G1 0 0 0 0

0 0 0 G2 0 0 0

0 0 0 0 G3 0 0

0 0 0 0 0 G4 0

0 0 0 0 0 0 G5


, (2.3.27)

J =

1 1

0 1

 , (2.3.28)

Gi =

 cos( 2πi
365

) sin( 2πi
365

)

− sin( 2πi
365

) cos( 2πi
365

)

 , i = 1, 2, 3, 4, 5. (2.3.29)

For the prior initializations, the innovations are vt ∼ N (0, Vt) and wt ∼ N (0,Wt, Vt)

where Vt is a 3×3 observation covariance matrix to be estimated andWt is a 15×15 transition
covariance matrix specified using a discount factor δ = 0.99. The prior distributions are

θ0 ∼ N (m0 = 0, C0 = 1000I3, Vt) (2.3.30)

Vt ∼ IW (n0, n0S0 = 10I3). (2.3.31)

Posterior modes of observation variances for Model 3 are depicted below.
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Figure 2.32: Estimated Model 3 time-varying model variances.

Cross-correlations from the observation matrix for Model 3 are depicted in the following
plot.
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Figure 2.33: Estimated Model 3 time-varying cross-correlations.

Below is a summary of the results for the model with no covariate (Model 1) and the
models with covariates included (Model 2 and Model 3) in both the pre-peak (Period 1) and
post-peak (Period 2) periods.

Model 1 Model 2 Model 3
Period 1 Period 2 Period 1 Period 2 Period 1 Period 2

ρCH 95% 75% 70% 0% 35% −20%
ρCD 60% 40% 35% −10% 0% −35%
ρHD 55% 70% 25% 60% 0% 30%

Table 2.5: Comparison between the models by period.
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2.4 Discussion

Interpretation of findings in case studies

Estimation of parameter βt for COVID-19 hospitalization counts provides information on
when the number of hospitalizations changes when compared to the average case count.
βt = 1 indicates the change in hospitalizations is the same as the average case count; βt < 1

indicates the change in hospitalization counts is more conservative than the average case
counts; βt > 1 indicates the change in hospitalization counts is more aggressive than the
average case counts which contributes to ‘system strain’. Over the analysis period, this
occurs during April 19, 2021 and January 19, 2022 as depicted by the time-varying regression
coefficient plot.

The analysis reveals that COVID-19 cases are lower on non-workdays as fewer patients
get tested on the weekends due to fewer hours and sites available and doctor’s offices open,
and labs process fewer tests on weekends and holidays. Health departments experience
reporting lags and backlogs on non-workdays and weekend and holiday gatherings lead to
more initial symptoms on weekdays. There exists a ‘widening gap’ phenomenon that arises:
when compared to workdays, the percent decrease in cases associated with a non-workday
has increased over time.

Remarks on the dynamic correlation analysis the results are as follows. Both static
and dynamic approaches suggest that pairwise correlations are positive. However, there are
differences in outcomes. The static correlation estimates are based on the sample correlations
which fail to take into account the dynamics of the data and in particular the validity of
sample statistics is based both of the following invalid assumptions: (i) the availability of
large amounts of data, here 692 observations, and, (ii) the data is stationary, in disagreement
with the apparent non-stationarity of the time series data. Thus, one may not rely only on
sample statistics in order to estimate covariance and correlation matrices in this case. In
addition, the inferred correlations of the dynamic algorithm offer the significant advantage of
on-line correlation estimates. The results somehow agree with the sample cross-correlations,
but they are more valid as they explicitly make use of the dynamic state-space model.

Interpretation of results include consideration of the magnitude of changes in cross-
correlation coefficients from Model 1 to Model 3 which reveals the influence of including
covariates. The more covariates added, the more the original correlations are reduced or
even inverted. The direction of change implies a shift from positive to negative correlations
in some cases (especially in Model 3 for Period 2) which is particularly noteworthy, sug-
gesting that the factors represented by the covariates have an impact on the relationships
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between the health metrics.
Model complexity and real-world representation of the problem shows that the increasing

complexity from Model 1 to Model 3 seems to reveal more about the underlying dynamics
of the disease and its interaction with environmental factors. It suggests that simple mod-
els (like Model 1) may not fully capture the nuanced relationships in real-world scenarios,
especially in the presence of environmental influences.

Policy implications are practically impactful as these quantitative changes indicate that
epidemiological modelling and decision-making should consider a broad range of factors,
including environmental ones, to accurately understand and respond to health crises.

From an epidemiological standpoint, the introduction of environmental factors capture
indirect pathways of disease spread and highlight aspects such as asymptomatic transmis-
sion. Biological and environmental mechanisms explain these changes, as high viral loads
in wastewater precede clinical cases, thus influencing the correlations. The results highlight
the importance of considering a range of factors in epidemiological models for more accurate
predictions and public health strategies.

Limitations and Challenges

Despite its strengths, the recursive Bayesian state estimation approach requires significant
computational resources, especially for high-dimensional systems. Another limitation is the
need for precise initial parameter settings, which can affect convergence and accuracy.

The primary challenge encountered was the handling of extremely noisy data, which
occasionally led to suboptimal performance. Additionally, the possibility of integration of
this methodology with real-time systems poses practical design and implementation issues.

To address these challenges, future research could focus on developing more efficient
algorithms that reduce computational overhead. Improving the robustness of the model to
handle higher levels of noise and exploring adaptive parameter estimation techniques are
also potential areas for further investigation.

2.5 Conclusion

This article demonstrates the utility of state-space modelling, recursive Bayesian state esti-
mation, dynamic regression and correlation analysis for public health data that significantly
enhances descriptive and predictive analysis of dynamic systems. We noted that the method-
ology’s adaptability to non-stationary and noisy environments. We emphasized that the
case study clearly demonstrates the efficacy of using component linear Gaussian state-space
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models and dynamic regression models in analyzing COVID-19 case surveillance data. The
results demonstrate the models’ ability to capture key epidemiological trends, such as the
relationship between case counts and hospitalization, workdays, and wastewater signals. The
model predictions, as assessed by log-likelihood, mean absolute percent error, and Theil’s
U, provide a robust framework for understanding the dynamics of the pandemic in Ontario,
Canada, and can be instrumental in guiding public health interventions.

Future work could explore ways to optimize the algorithm for real-time or streaming data
applications, focusing on reducing computational complexity. This may also be extended by
investigating advanced noise reduction techniques and adaptive filtering methods to improve
the model’s robustness against high noise levels. Lastly, developing practical implementa-
tions and testing the integration of this methodology with real-time systems in various fields
such as environmental monitoring or urban planning may be of benefit.

The recursive Bayesian state estimation approach represents a significant advancement
in the application of state-space modelling. Its ability to adapt to changing conditions and
maintain high accuracy makes it a valuable tool for researchers and practitioners alike. The
insights gained from this research pave the way for further innovations in more complex
systems and applications, promising substantial improvements in areas requiring precise
state estimation under uncertainty.
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Chapter 3

State-Space Modelling for Infectious
Disease Surveillance Data: Stochastic
Simulation Techniques and Structural
Change Detection

3.1 Introduction

State-space modelling has become indispensable in the analysis of dynamic systems across
various fields, including economics, engineering, and public health [6], [11], [29]. These
models provide a framework for understanding how unobservable states evolve over time
based on observable data, making them particularly useful for real-time monitoring and
forecasting [5], [30], [31].

In our previous work, we applied state-space models to COVID-19 surveillance data
from the province of Ontario, Canada, implementing dynamic regression models and novel
covariance estimation methodologies to investigate the relationships between COVID-19 case
counts, hospitalizations, and environmental factors such as wastewater signal measurements
[21]. This integration of covariates into state-space models provided a nuanced understanding
of the factors driving COVID-19 transmission and public health outcomes [32], [33].

Building on that foundation, the current article extends our exploration by focusing
on the application of stochastic simulation methods, including Markov Chain Monte Carlo
(MCMC) and particle filters, within the state-space modelling framework. These methods
address the challenges of real-time updating and sequential estimation, which are crucial for
timely decision-making in public health [34]–[36]. We apply a Kalman smoothing approach
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with MCMC for state sampling in a local level and seasonal model to further enhance the
accuracy and robustness of our models.

This work also investigates Bayesian inference for nonlinear dynamic regression models,
focusing on multivariate Bayesian dynamic models and their applications to public health
data [1], [21], [37]. By exploring these advanced techniques, we aim to provide deeper insights
into the temporal dynamics of COVID-19 transmission, building on the foundations laid in
our previous analysis.

Overall, this article demonstrates the efficacy of these advanced state-space modelling
techniques, offering valuable insights into the complex relationship between different epi-
demiological factors and improving the robustness of predictions in public health modelling
[17], [38].

3.2 Methodology

3.2.1 Markov chain Monte Carlo method

For the linear Gaussian state-space model, Wiener and Kalman filters provide an analytic
solution wherein the number of observations are fixed and evolving, respectively. However, in
the general state-space model, the derivation of an analytic solution proves to be elusive for all
but a handful of the simplest cases. Historically, analytic derivation was possible through the
method of conjugate prior distribution, which belongs to the same family as the final posterior
distribution. More recently, computational methods have been employed to approximate
numerical solutions of the targeted filtering, predictive and marginal smoothing distribution.
Some simple methods that work at low state dimension include the deterministic grid filter
and the stochastic importance sampling which draws a sample from a surrogate proposal
distribution from which statistics are calculated by taking into account the likelihood of the
target distribution. In. essence, the proposal distribution is approximated by the linear
Gaussian state-space model via the Laplace approximation and statistics are calculated with
the aid of sampling from the proposal distribution through Kalman filtering and smoothing.
Such calculations are made more amenable to analysis by assuming that the observations
follow an exponential family distribution, provided that the states are known. Further,
the random number based Markov chain Monte Carlo (MCMC) method [34] has exploded
in widespread applicability owing to the advances in computational resource available. The
main idea in MCMC is to explore high-density regions of the target distribution by employing
the properties of a Markov chain. From this process, a random number is generated from
the target distribution in the general state-space model. The MCMC approach works well
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for the backward-looking smoothing operations when the number of observation is fixed,
however suffers from the need to restart for sequential data when obtaining the filtering and
predictive distribution.

For a linear Gaussian state-space model with unknown parameters, the target distribution
for estimation is the joint posterior distribution p(θ0:T , ψ | y1:T ).

p(θ0:T , ψ | y1:T ) =
p(θ0:T , ψ, y1:T )

p(y1:T )

∝ p(θ0:T , ψ, y1:T )

= p(y1:T | θ0:T , ψ) · p(θ0:T , ψ)

= p(θ0 | ψ) · p(ψ) ·
T∏
t=1

p(yt | θt, ψ) · p(θt | θt−1, ψ)

=
T∏
t=1

p(yt | θt, ψ) ·
T∏
t=1

p(θt | θt−1, ψ) · p(θ0) · p(ψ). (3.2.1)

MCMC can be used to generate samples from a distribution of interest, p(ψ). There are
several approaches, however the most basic is the Metropolis method as follows.

Algorithm 7 Metropolis method
Input. Initialize ψ0. Let N be the number of iterations in the calculation of the MC.
For j = 1, . . . , N :
Set ψ = ψj−1: Draw proposal ψ̃ from q(· | ψ)
Calculate acceptance ratio α = p(ψ̃)

p(ψ)

If α ≥ 1 then accept proposal ψ̃ by setting ψj = ψ̃
If α < 1 then accept proposal ψ̃ with probability equal to α:
by setting ψj = ψ̃ (acceptance), or,
by setting ψj = ψj−1 (rejection)
Output. {ψj}Nj=1 a sample from p(ψ)

The proposal distribution q(· | ψ) is used to obtain the new proposal value ψ̃ given the
present value ψ. Commonly, a normal distribution is selected with mean ψ. Sampling from
q(· | ψ) follows random walk Markov chain. The method is randomized since it is based on
the acceptance ratio, α which implies that it is a Monte Carlo method.

The Metropolis method that assumes a symmetric proposal distribution such that q(ψ̃ |
ψ) = q(ψ | ψ̃) as in a random walk, is known as Metropolis-Hastings method. The main dif-
ference is that the Metropolis-Hasting method includes appropriate factors in the acceptance
ratio to account for an asymmetric proposal distribution.
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Algorithm 8 Metropolis-Hastings method
Input. Initialize ψ0

For j = 1, . . . , N :
Set ψ = ψj−1: Draw proposal ψ̃ from q(· | ψ)
Calculate acceptance ratio α = p(ψ̃)q(ψ|ψ̃)

p(ψ)q(ψ̃|ψ)

If α ≥ 1 then accept proposal ψ̃ by setting ψj = ψ̃
If α < 1 then accept proposal ψ̃ with probability proportional to α:
by setting ψj = ψ̃ (acceptance), or,
by setting ψj = ψj−1 (rejection)
Output. {ψj}Nj=1 a sample from p(ψ)

A special type of Metropolis-Hastings method is the Gibbs method whereby the proposal
distribution is a full conditional distribution, which means that every variable is given except
for one: q(· | ψ) = p(· | ψ−k). At each iteration, one element ψ̃k is updated, and all others
are kept fixed. The Gibbs method has acceptance ratio

α =
p(ψ̃) · q(ψ | ψ̃)
p(ψ) · q(ψ̃ | ψ)

=
p(ψ̃) · p(ψk | ψ̃−k)

p(ψ) · p(ψ̃k | ψ−k)

=
p(ψ̃k, ψ̃−k) · p(ψk | ψ̃−k)

p(ψk, ψ̃−k) · p(ψ̃k | ψ−k)

=
p(ψ̃k | ψ̃−k) · p(ψ̃−k) · p(ψk | ψ̃−k)

p(ψk | ψ̃−k) · p(ψ−k) · p(ψ̃k | ψ−k)

= 1.

which shows that every proposal is accepted with probability one.
Some checks when performing MCMC are in order. Since the outputs are random num-

bers, checking the convergence of the Markov chain is imperative. The most common way
to do this is visually via a trace plot, where the number of search steps is plotted against
sample realizations. This is done for a few Markov chains, typically three or four. Good
convergence occurs when the trace plot shows high intensity and corresponds to adequate
exploration of the distributional sample space. This is sometimes known as adequate mixing
property. Poor convergence occurs when the Markov chain does not converge and there
is minimal fluctuation in the overall pattern of the plot. This corresponds to inadequate
searching of the target distribution and less mixing.

When performing smoothing using MCMC, the distribution of interest is the joint pos-
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terior p(θ0:T , ψ | y1:T ). The Gibbs method is easily adapted to draw samples from this
distribution by repeatedly sampling from the full conditional distribution as follows.

Algorithm 9 Gibbs method
Input. Initialize ψ0

For j = 1, . . . , N :
Draw θj0:T from p(θ0:T | ψ = ψj−1, y1:T )
Draw ψj from p(ψ | θ0:T = θj0:T , y1:T )
Output. {θj0:T , ψj}Nj=1 a sample from p(θ0:T , ψ | y1:T )

Sampling can be improved by performing Kalman filtering forward in time followed by
sampling via Kalman smoothing backward in time. This is known as forward filtering back-
ward sampling (FFBS) [39] or simulation smoothing, as it is a simulation-based variant of
Kalman smoothing.

Algorithm 10 Forward Filtering Backward Sampling
Run Kalman filtering with parameter ψj−1

Draw θT from N (mT , CT )
For t = T − 1, . . . , 0:
Smoothing gain
At ← CtG

T
t+1R

−1
t+1

Draw θt from N (ht, Ht)
where ht ← mt + At[θt+1 − at+1] and
Ht ← Ct + At[0−Rt+1]A

T
t

Output. {θt}0t=T a sample θj0:T from p(θ0:T | ψ = ψj−1, y1:T )

To implement MCMC, a variety of software libraries are available. Some popular choices
in the mathematical sciences include WinBUGS and JAGS which rely on the Gibbs method,
and Stan, a probabilistic programming language which implements a hybrid Hamiltonian
Monte Carlo method for enhanced sampling efficiency and flexibility.

As an illustration, consider the problem of smoothing in the linear Gaussian state-space
model. Assuming a local-level model and, for the moment, known parameters, the smooth-
ing operation can be performed using MCMC by drawing samples from the joint posterior
distribution. The posterior distribution is specified in terms of the likelihood and prior
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distributions using Bayes theorem:

p(θ0:T | y1:T ) =
p(θ0:T , y1:T )

p(y1:T )

∝ p(θ0:T , y1:T )

= p(y1:T | θ0:T ) · p(θ0:T )

= p(θ0) ·
T∏
t=1

p(yt | θt) · p(θt | θt−1)

=
T∏
t=1

p(yt | θt) ·
T∏
t=1

p(θt | θt−1) · p(θ0). (3.2.2)

The likelihood p(y1:T | θ0:T ) relates to the cumulative product of the observation equation
as,
∏t

t=1 p(yt | θt) and the prior distribution term p(θ0:T ) relates to the cumulative product of
the state equation times the prior distribution as

∏T
t=1 p(θt | θt−1) · p(θ0). This specification

follows from the probability distribution formulation of the observation and state equations
along with the prior distribution of the state.

Convergence of the Markov chain may be assessed using the effective sample size and the
potential scale reduction factor, R̂, which is related to the sample variance within Markov
chain to between Markov chain, with a value less than one being desirable and indicative
of adequate convergence of the Markov chain. Specifically, R̂ =

√
1 + B/W−1

ni
where W and

B are within and between Markov chain sequence variance and ni is the sample size of one
Markov chain sequence.

Now suppose a slightly different problem is encountered, whereby a general state space
model is regarded as linear Gaussian with unknown stochastic parameters. The model
must now be modified to consider the state along with the unknown parameters as random
variables. The target distribution for estimation is the joint posterior distribution p(θ0:T , ψ |
y1:T ). Further, suppose the variance of the state and observation noise are unknown and are
to be jointly estimated. In specifying the model, the posterior is analogously manipulated
using Bayes theorem:
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p(θ0:T , ψ | y1:T ) =
p(θ0:T , ψ, y1:T )

p(y1:T )

∝ p(θ0:T , ψ, y1:T )

= p(y1:T | θ0:T , ψ) · p(θ0:T , ψ)

= p(θ0 | ψ) · p(ψ) ·
T∏
t=1

p(yt | θt, ψ) · p(θt | θt−1, ψ)

=
T∏
t=1

p(yt | θt, ψ) ·
T∏
t=1

p(θt | θt−1, ψ) · p(θ0) · p(ψ). (3.2.3)

The likelihood term p(y1:T | θ0:T , ψ) relates to the cumulative product of the observation
equation

∏T
t=1 p(yt | θt, ψ), whereas the prior term p(θ0:T , ψ) relates to the cumulative product

of the state
∏T

t=1 p(θt | θt−1, ψ) times the priors p(θ0) and p(ψ). For the prior distribution, it
is reasonable to assume that the prior parameters are independent so that p(ψ) = p(W,V ) =

p(W ) ·p(V ). Further, if no available information is available a priori on the distribution of W
and V , a non-informative prior distribution such as a sufficiently wide uniform distribution
can be used.

To obtain the marginal smoothing distribution p(θt | y1:T ), one may perform, in two
phases, MCMC smoothing

∫
p(θt, ψ | y1:T ) dψ followed by Kalman smoothing p(θt | y1:T , ψ =

ψ∗) where ψ∗ is the true value, typically fixed by MLE.

3.2.2 Sequential Monte Carlo method

Stochastic methods for the general state-space model include bootstrap filter [40], auxiliary
particle filter [41], Liu & West filter and Rao-Blackwellized Liu & West filter [42]–[44]. These
methods will be explained in detail.

MCMC operates as a batch method and can be inefficient if data is obtained sequen-
tially in an online fashion due to the need for recalculation at each time point. Thus, a
more intelligent sequential estimation in the general model, akin to the Kalman filter [31],
[45] for the linear model, is required. Several proposals have been made to deal with this
problem, including unscented Kalman filter, extended Kalman filter, ensemble Kalman filter
and Gaussian-sum filter to note a few, all of which sequentially estimate mean and covari-
ance statistics of the posterior distribution. Particle filter approximates the posterior using
a collection of particles possessing weight probabilities for each realization value.

To begin, importance sampling is accomplished as follows. Consider the adapted problem
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of sampling from proposal q instead of target distribution p:

Ep(θ)[f(θ)] =

∫
f(θ)p(θ) dθ ≈ 1

N

N∑
n=1

f(θ(n))

=

∫
f(θ)

p(θ)

q(θ)
q(θ) dθ

=

∫
f(θ)w(θ)q(θ) dθ

= Eq(θ)[w(θ)f(θ)]

≈ 1

N

N∑
n=1

w(θ(n))f(θ(n)),

where w = p
q

is an importance function.
Sequential importance sampling (SIS) considers a weighted Monte Carlo approximation

to p(θ0:t, ψ | y1:t) as

p̂(θ0:t) =
N∑
n=1

ω
(n)
t δ
(
θ0:t − θ(n)0:t

)
,

whereby in the sequential variation, weights are considered:

ω
(n)
t =

p(θ
(n)
0:t | y1:t)

q(θ
(n)
0:t | y1:t)

=
p(yt | θ(n)t )p(θ

(n)
t | θ

(n)
t−1)

q(θ
(n)
t | θ

(n)
0:t−1, yt)

p(θ
(n)
0:t−1 | y1:t−1)

q(θ
(n)
0:t−1 | y1:t−1)

= ω
(n)
t−1

p(θ
(n)
t | θ

(n)
t−1)p(yt | y1:t−1, θ

(n)
t )

q(θ
(n)
t | θ

(n)
0:t−1, y1:t)

.

The method is a sequential Monte Carlo (SMC) [35]. SIS with resampling gives rise to
particle filtering.

Some properties of particle filter are provided. Setting the proposal function q equal to
the state equation produces a bootstrap filter or Monte Carlo filter. Particle degeneracy may
occur when weights are biased toward only few particles. Resampling reuses a limited number
of particles efficiently and is necessary due to finite particles. Resampling eliminates particles
with small weights and accumulates those with large weights in the filtering distribution.
Effective sample size (ESS) [46], a proxy of the variance of the importance weights, may
be used to determine when to resample. ESS provides an approximation of the number
of independent samples from the target distribution that would be required to provide an
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Algorithm 11 Particle filtering

Input. filtering distribution at time t− 1: {θ(n)t−1, ω
(n)
t−1}Nn=1

Time t update rule:
For n = 1 to N :
(realizations) Draw θ

(n)
t from proposal q(θt | θ(n)0:t−1, y1:t)

(weights) ω(n)
t ← ω

(n)
t−1

p(θnt |θnt−1)p(yt|y1:t−1,θnt )

q(θnt |θn0:t−1,y1:t)

End
(normalization) ω(n)

t ←
ω
(n)
t∑N

n=1 ω
(n)
t

(resampling) Sample from {1, . . . , N} with replacement, with probability proportional to
ω
(n)
t (n = 1, . . . , N) and set the index sequence k = {k1, . . . , kN} for resampling

Relabel θ(k) = {θ(k1)t , . . . , θ
(kN )
t } to obtain realizations θ(n)t and reset every weight ω(n)

t to
1
N

Output. filtering distribution at time t : {θ(n)t , ω
(n)
t }Nn=1

estimate of comparable variance. An approximate solution that experiences accumulation
of errors as it processes the series and the filter process should be restarted periodically to
avoid deterioration of estimation accuracy.

Monte Carlo (bootstrap) filter [40] is depicted next.

One-step-ahead

predictive

distribution

Likelihood

Filtering

distribution

ti
m

e
 t
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m

e
 t-
1

Filtering

distribution

Figure 3.1: Graphical depiction of the bootstrap filter.

The mathematical foundation of SMC is grounded in probability theory. Target distri-
bution p is approximated by weighted Monte Carlo samples, or particles

{θ(n)0:t , ψ
(n), ω

(n)
t }Nn=1 ∼ p(θ0:t, ψ | y1:t),
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such that N → ∞, ω(n)
t > 0,

∑N
n=1 ω

(n)
t = 1. Then for p-integrable function Φt : Rt×p → R,

the empirical distribution converges asymptotically to p as N →∞:

N∑
n=1

ω
(n)
t Φt(θ

(n)
0:t )

a.s.−→ Ep(Φt) =

∫
Φt(θ0:t)p(θ0:t | y1:t) dθ0:t,

Some convergence results are as follows. Further, Chopin (2004) [47] and Del Moral
(2004) [48] contain extensive results. Let

Φ̄t = Ep(Φt) =

∫
Φt(θ0:t)p(θ0:t | y1:t) dθ0:t,

Φ̂t =

∫
Φt(θ0:t)p̂(θ0:t | y1:t) dθ0:t =

N∑
n=1

ω
(n)
t Φt(θ

(n)
0:t ).

Then there exists a constant C such that for any r > 0,

E
[∣∣Φ̂t − Φ̄t

∣∣r] 1
r ≤ C√

N
, (3.2.4)

lim
N→∞

√
N
(
Φ̂t − Φ̄t

) d−→ N (0, σ2
t ). (3.2.5)

Particle prediction is outlined below.

Algorithm 12 Particle prediction

Input. k − 1-steps-ahead predictive distribution at time t+ k − 1 : {θ(n)t−1, ω
(n)
t+k−1}Nn=1

Time t+ k update rule:
For n = 1 to N :
(realizations) Draw θ

(n)
t+k from state equation p(θt+k | θ(n)t+k−1)

(weights) ω(n)
t+k ← ω

(n)
t+k−1

End
Output. k-steps-ahead predictive distribution at time t+ k : {θ(n)t+k, ω

(n)
t+k}Nn=1

Particle smoothing is accomplished by a forward filtering pass followed by a backward
simulation.

Auxiliary particle filter (APF) resamples past particles with weights proportional to
proposal p(yt | θ̂(n)t ), where θ̂

(n)
t = E[θt | θ(n)t−1] is an estimate of the current state. The

resampling is done by creating an index sequence, or auxiliary variable k, and then drawing
realizations from the state equation. This prescreens the particles on the basis of the current
observations. At random, it selects which of the particles from the previous recursion to
propagate over time while conditioning on the current observation so that it is more likely
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Algorithm 13 Forward Filtering Backward Simulation

Input. smoothing distribution at time t+ 1: {s(n)t+1, ρ
(n)
t+1}Nn=1

Time t update rule:
For n = 1 to N :
(smoothing weights) ρ(n)t ← ω

(n)
t p(s

(n)
t+1 | θ

(n)
t )

End
(normalization) ρ(n)t ←

ρ
(n)
t∑N

n=1 ρ
(n)
t

(resampling) Sample from {1, . . . , N} with replacement, with probability proportional to
ρ
(n)
t (n = 1, . . . , N) and set the index sequence k = {k1, . . . , kN} for resampling

Relabel s(k)t = {s(k1)t , . . . , s
(kN )
t } to obtain realizations s(n)t and reset every weight ρ(n)t to 1

N

Output. smoothing distribution at time t : {s(n)t , ω
(n)
t }Nn=1

to select a particle with a high likelihood. The APF can sometimes experience performance
degradation due to bias of the finite particles in the prior, which reduces diversity of the
particles at the outset.

Algorithm 14 Auxiliary particle filtering

Input. filtering distribution at time t− 1: {θ(n)t−1, ω
(n)
t−1}Nn=1

Time t update rule:
(resampling) Sample from {1, . . . , N} with replacement, with probability proportional to
ω
(n)
t−1p(yt | y1:t−1, θ̂

(n)
t ), n = 1, . . . , N and set the index sequence k = {k1, . . . , kN} for

resampling, where θ̂(n)t = E[θt | θ(n)t−1]
For n = 1 to N :
(realizations) Draw θ

(n)
t from state equation p(θt | θ(kn)t−1 )

(weights) ω(n)
t ←

p(yt|y1:t−1,θ
(n)
t )

p(yt|y1:t−1,θ̂
(kn)
t )

End
(normalization) ω(n)

t ←
ω
(n)
t∑N

n=1 ω
(n)
t

Output. filtering distribution at time t : {θ(n)t , ω
(n)
t }Nn=1

For parameter estimation, a weighted kernel density method is used.

Algorithm 15 Kernel smoothing
Time t update rule:
moving average for parameters
(mean) µ(n) ← aψ

(n)
t−1 + (1− a)E

ω
(n)
t−1

[ψ
(n)
t−1]

(variance reduction) γ ← (1− a2)Var
ω
(n)
t−1

[ψ
(n)
t−1]

For n = 1 to N :
(realizations) Draw ψ

(n)
t from a continuous proposal with mean µ(n) and variance γ

End
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Combining APF with parameter estimation produces the widely-used Liu & West filter
[49].

Algorithm 16 Liu and West filter

Input. filtering distribution at time t− 1 : {ψ(n)
t−1, θ

(n)
t−1, ω

(n)
t−1}Nn=1

Time t update rule:
moving average for parameters
(mean) µ(n) ← aψ

(n)
t−1 + (1− a)E

ω
(n)
t−1

[ψ
(n)
t−1]

(variance reduction) γ ← (1− a2)Var
ω
(n)
t−1

[ψ
(n)
t−1]

(resampling) Sample from {1, . . . , N} with replacement, with probability proportional to
ω
(n)
t−1p(yt | y1:t−1, ψ̂

(n)
t , θ̂

(n)
t ), n = 1, . . . , N and set the index sequence k = {k1, . . . , kN} for

resampling, where ψ̂(n)
t = µ(n), θ̂

(n)
t = E[θt | θ(n)t−1, µ

(n)]
For n = 1 to N :
(realizations of parameters) Draw ψ

(n)
t from a continuous proposal with mean µ(kn) and

variance γ
(realizations of state) Draw θ

(n)
t from the state equation p(θt | θ(kn)t−1 , ψ

(n)
t )

(weights) ω(n)
t ←

p(yt|y1:t−1,ψ
(n)
t ,θ

(n)
t )

p(yt|y1:t−1,ψ̂
(kn)
t ,θ̂

(kn)
t )

End
(normalization) ω(n)

t ←
ω
(n)
t∑N

n=1 ω
(n)
t

Output. filtering distribution at time t : {ψ(n)
t , θ

(n)
t , ω

(n)
t }Nn=1

For fixed parameter ψ, particles {θt, ψ(i)} approximate p(θt, ψ | y1:t) such that

p(ψ | y1:t) ≈
N∑
n=1

fN (ψ;µ(n), (1− a2)γ),

where a = 3∆−1
2∆

is the shrinkage factor for discount factor ∆ ∈ (0, 1).
Rao-Blackwellization [36], [42] may be used to hybridize the Kalman and particle filters

for the calculation of the joint filtering distribution p(θt, ψ | y1:t). By Bayes theorem, p(θt, ψ |
y1:t) = p(θt | y1:t, ψ) · p(ψ | y1:t). Kalman and particle filter are applied to the first and
second terms in the product, respectively. Rao-Blackwellization modifies the basic particle
filter by treating realizations of the state θt as their parameters (mean mt and covariance Ct
of the filtering distribution) and Kalman filter is used to compute them at one time point.
Further, the observation equation of the likelihood given state θt is treated as one-step-ahead
predictive likelihood given parameters ψ whereby Kalman filter is used to compute them at
one time point.

Rao-Blackwellized Liu & West particle filter is presented as follows.
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Algorithm 17 Rao-Blackwellized Liu and West filter

Input. filtering distribution at time t− 1 : {ψ(n)
t−1,m

(n)
t−1, C

(n)
t−1, ω

(n)
t−1}Nn=1

Time t update rule:
moving average for parameters
(mean) µ(n) ← aψ

(n)
t−1 + (1− a)E

ω
(n)
t−1

[ψ
(n)
t−1]

(variance reduction) γ ← (1− a2)Var
ω
(n)
t−1

[ψ
(n)
t−1]

(resampling) Sample from {1, . . . , N} with replacement, with probability proportional to
ω
(n)
t−1p(yt | y1:t−1, ψ̂

(n)
t , θ̂

(n)
t ), n = 1, . . . , N and set the index sequence k = {k1, . . . , kN}

for resampling, where ψ̂(n)
t = µn and calculate the one-step-ahead predictive likelihood

p(yt | yt−1, ψ̂
(n)
t ) as N (yt; f

(n)
t , Q

(n)
t ) using f

(n)
t and Q

(n)
t obtained from a Kalman filter

with observations yt, state {m(n)
t−1, C

(n)
t−1}, parameters µ(n)

For n = 1 to N :
(realizations of parameters) Draw ψ

(n)
t from a continuous proposal with mean µ(kn) and

variance γ
(realizations of state) Obtain m

(n)
t and C

(n)
t from a Kalman filter with observations yt,

state {m(kn)
t−1 , C

(kn)
t−1 }, parameters ψ(n)

t .
(weights) ω(n)

t ← p(yt|y1:t−1,ψ(nt)

p(yt|y1:t−1,ψ̂
(kn)
t )

where the numerator is calculated as N (yt; f
(n)
t , Q

(n)
t )

using realizations of state step and the denominator is calculated as N (yt; f
(kn)
t , Q

(kn)
t )

using resampling step
End
(normalization) ω(n)

t ←
ω
(n)
t∑N

n=1 ω
(n)
t

Output. filtering distribution at time t : {ψ(n)
t ,m

(n)
t , C

(n)
t , ω

(n)
t }Nn=1

3.2.3 Online structural change detection

Structural breaks are permanent disruptions of the level, slope, or seasonal component of
the time series which indicates notable changes in the observed process. Change point
detection [50] is a type of anomaly detection that is central to ascertaining structural change
in time series. Treating the variance of the state noise wt as time-varying via application of
heavy-tailed distribution allows tracking of abrupt changes in the underlying state dynamics.
Similarly, rare outliers may be handled by modelling the variance of the observation noise vt
as time-varying.

As a model for structural breaks, consider the random walk plus noise model:

θt = θt−1 + wt wt ∼ N (0,Wτ 2t ), (3.2.6)

yt = θt + vt vt ∼ N (0, V ). (3.2.7)
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The state noise wt contains a scale factor in its variance that is time-varying. The degree
of ‘rarity’ of a structural break can not be assumed, thus an assumption of normality may
be inappropriate depending on the application.

Shrinkage priors aim to shrink small effects to zero while maintaining true large effects
and increase the bias of the model in order to reduce variance and improve overall model
performance (lower generalization error). Here, consider the following hierarchical priors,
formulated as scale mixture of normals [51], on the wt: ridge, local Student’s t, Bayesian
lasso, and horseshoe.

The ridge prior [52] parameter λ determines the degree of shrinkage, with larger values
resulting in smaller prior variation leading to more shrinkage of the state noise toward zero.

wt | λ, σ2∼Normal
(
0,
σ2

λ

)
, for t = 1, . . . , T,

λ∼ half-Cauchy(0, 1).

Local Student’s t Prior [53] implies a Student’s tν prior on wt [54].

wt | τ 2t , σ2∼Normal(0, σ2τ 2t ),

τ 2t | ν, λ∼ Inv-Gamma
(ν
2
,
ν

2λ

)
for t = 1, . . . , T,

λ∼ half-Cauchy(0, 1).

Alternatively, setting τ 2t | ν ∼ Inv-Gamma(ν
2
, ν
2
) gives wt ∼ Student-t(ν) [54].

Bayesian lasso [55] is implemented as follows:

wt | τ 2t , σ2∼Normal(0, σ2τ 2t ),

τ 2t | λ2∼Exponential
(λ2
2

)
for t = 1, . . . , T,

λ∼ half-Cauchy(0, 1)

Integrating out τ 2t yields double-exponential (Laplace) priors on the state noise:

wt | λ, σ ∼ Double-Exponential
(
0,
σ

λ

)
,

for t = 1 . . . , T .
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Specifying the horseshoe [38]:

wt | τ 2t ∼Normal(0, τ 2t ),

τt | λ∼ half-Cauchy(0, λ) for t = 1, . . . , T,

λ∼ half-Cauchy(0, σ).

For fixed λ = σ = 1, the prior for the shrinkage factor κt = 1
1+τ2t

resembles a horseshoe
shaped Beta(0.5,0.5) prior. For large coefficients: κt ≈ 0 (no shrinkage) whereas for small
coefficients: κt ≈ 1 (heavy shrinkage). A global-local shrinkage prior: time-specific local
shrinkage component τt as well as a global shrinkage component λ [56]. The so-called sparsity-
inducing priors are depicted below.
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Figure 3.2: Shrinkage probability distributions.

3.3 Applications to understanding COVID-19 data

To illustrate the aforementioned concepts, in Ontario by first considering, a Kalman smooth-
ing approach with MCMC used for the state sampling for a local level and seasonal model
with COVID-19 case data from the province of Ontario, Canada [21].
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Figure 3.3: Local level and seasonal model for COVID-19 cases.

Figure 3.4: MCMC traceplots of the state noise variance of the level (Wµ) and seasonal
components (Wγ) and observation noise variance V . State sampling by MCMC.

Parameter Mean SD 95% credible interval neff R̂

Wµ 8.290e-03 8.114e-04 (6.817e-03, 1.001e-02) 1112.70 1.003537
Wγ 5.579e-04 9.392e-05 (3.977e-04, 7.693e-04) 244.82 1.014275
V 2.802e-03 5.289e-04 (1.831e-03, 3.897e-03) 440.24 1.007148

Table 3.1: Parameter estimate statistics for the inference approach with MCMC state sam-
pling.
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The results of the local level and seasonal model for COVID-19 cases without MCMC
state sampling are shown below.

Figure 3.5: MCMC traceplots of the state noise variance of the level (Wµ) and seasonal
components (Wγ) and observation noise variance V . State sampling by FFBS.

Parameter Mean SD 95% credible interval neff R̂

Wµ 8.425e-03 8.554e-04 (6.939e-03, 1.024e-02) 2234.12 1.001947
Wγ 2.208e-04 5.299e-05 (1.345e-04, 3.433e-04) 2482.81 1.003342
V 3.327e-03 5.392e-04 (2.275e-03, 4.398e-03) 2186.27 1.001372

Table 3.2: Parameter estimate statistics for the inference approach without MCMC state
sampling.

3.3.1 Bayesian inference for nonlinear dynamic regression models

Multivariate Bayesian dynamic models and applications are presented. Bayesian inference
can be readily used to model multiple time series such as disease percent positivity by age
over time, case counts and hospitalization common trend identification, or case counts and
hospitalization stochastic volatilities. Throughout, consider COVID-19 data obtained from
the province of Ontario, Canada [21].

First consider the following data of percent positivity by age over time.
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Figure 3.6: Local level and seasonal model for COVID-19 cases results. State sampling by
FFBS.
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Figure 3.7: Percent positivity by age over time.

An alternative view of positivity after the large epidemic wave is shown below.

86



Figure 3.8: Alternative view of percent positivity by age over time after the large epidemic
wave.

Observed and OLS fitted curves at selected dates are plotted and shown below.
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Figure 3.9: OLS fitted curves at selected dates.

Some diagnostics of the OLS fitting are as follows. The autocorrelation function (ACF)
plots for Series 1, Series 2, and Series 3 display a gradual decline in correlation as the
lag increases. This indicates positive autocorrelation, suggesting that each series exhibits
persistence or memory over time. In other words, past values within each series have a
measurable influence on future values.

The cross-correlation function (CCF) plots between the pairs of series, such as Series 1
and Series 2, Series 1 and Series 3, and Series 2 and Series 3, show weak or insignificant
correlations at both positive and negative lags. This indicates that there are no strong
linear relationships between the series at different lags, suggesting that the series evolve
independently or are driven by separate factors.

These observations have implications for modelling. The independence observed between
the series simplifies the modelling process, as there may be little need to include lagged
covariates to account for cross-influences between series. However, the positive autocorre-
lation within each series indicates that their time-dependent structure should be modelled
appropriately to capture their inherent persistence.

88



Figure 3.10: Autocorrelation (ACF) diagnostic plots.

Next, turn to dynamic estimation of positivity curve as follows.

yt = Fθt + vt, vt ∼ N (0, V ),

θt = Gθt−1 + wt, wt ∼ N (0,W ),

where yt = [y1,t, . . . , ym,t]
T, θt = [β1,t, β2,t, β3,t]

T, F =


1 h2(x1) h3(x1)

1 h2(x2) h3(x2)
...

...
...

1 h2(xm) h3(xm)

 , G = diag(ψ1, ψ2, ψ3),

V = diag(ϕ−1
y,1, . . . , ϕ

−1
y,m), W = diag(ϕ−1

θ,1, ϕ
−1
y,2, ϕ

−1
y,3).

Computation of the MCMC smoothing and OLS estimates are conducted. The results
are shown in the following plot and table.
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Figure 3.11: Comparison of MCMC and OLS smoothing estimates.

Parameter Mean SE
ψ1 0.9737 0.0002
ψ2 0.9841 0.0001
ψ3 0.9885 0.0001
ϕθ,1 0.0520 0.0001
ϕθ,2 0.0535 0.0001
ϕθ,3 0.0802 0.0001
ϕy,1 0.0096 0.0001
ϕy,2 0.0245 0.0001
ϕy,3 0.0090 0.0001
ϕy,4 0.0130 0.0001
ϕy,5 0.0088 0.0001

Table 3.3: MCMC posterior expectation approximations.

Next, consider the application of common trend identification between case counts and
hospitalizations. This approach is useful for reducing the dimension of multiple correlated
time series.
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Figure 3.12: Case counts and hospitalizations.

For analysis, consider a dynamic factor model (DFM) which can be used to extract a com-
mon stochastic trend from multiple integrated time series. The goal is to explain fluctuations
of various series by common latent factors that affect a set of variables simultaneously.
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Figure 3.13: MCMC diagnostics for the DFM.

DFM parameter estimates are computed and recorded in the following table.

Parameter α σµ σ1 σ2 σ12

Posterior mean 222046.20 2.88e-05 3.9832 3299 -10126.43
Std. dev. 3.996223 9.26e-08 0.06 876.97 6.22
5% quantile 222038.4 2.86e-05 3.87 1580.12 -10138.62
95% quantile 222054.1 2.90e-05 4.10 5017.79 -10114.23

Table 3.4: DFM parameter estimates.

The posterior mean of common stochastic trend is shown in the following figure. The
result shows that in this application, the trend closely follows the pattern of the hospitaliza-
tions.

92



Figure 3.14: Original data with common stochastic trend.

Now, consider multivariate stochastic volatility model, which consists of correlated shocks
in the count series and correlated log variances.
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Figure 3.15: Posterior means of the log volatility.

Figure 3.16: Original data series for the MSV model application.

Diagnostics of leave-one-out information criterion show extreme values for Aug. 8, 2021
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when there was a rapid fall in cases and Apr. 18, 2022 when there was a sharp drop in
hospitalizations.

3.3.2 Application of online structural change detection method

Next, consider a simulated data set with two notable change points at t = 60 and t = 140.

Figure 3.17: Simulated data set for change detection.

The normal distribution filter results show that the mean estimate from the particle filter
closely follows the observations throughout the time series. The time-varying Kalman filter
mean is almost identical to the particle filter mean, indicating a strong agreement between the
two methods. The normal prior provides stable and accurate estimates, effectively capturing
the overall trend without significant deviation.
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Figure 3.18: Normal distribution filter results.

The performance of the different priors is quantitatively evaluated by their log-likelihood
values, which measure the fit of the models to the observed data. Higher log-likelihood values
indicate a better fit. The following table summarizes the log-likelihoods for each prior:

Prior ℓ(V,W )

Normal 1579.879

Student’s t 1910.972

Laplace 1675.949

Horseshoe 2346.218

Table 3.5: Log-likelihood of the models considered.

The horseshoe prior has the highest log-likelihood value (2346.218), indicating that it
provides the best fit to the data among the priors considered.
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Figure 3.19: t-distribution filter results.

Figure 3.20: Laplace distribution filter results.
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Figure 3.21: Horseshoe distribution filter results.

Figure 3.22: Parameter estimate for normal distribution model.
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Figure 3.23: Parameter estimate for t-distribution model.

Figure 3.24: Parameter estimate for Laplace distribution model.
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Figure 3.25: Parameter estimate for horseshoe distribution model.

The above plots of the time-varying factors for state noise variance τt using different
distributional assumptions allows for the determination of the impact of these assumptions
on the detection of structural changes in the data. The results are depicted in the plots, and
show the mean and 50% intervals of the time-varying factors under various priors: normal,
Student’s t, Laplace, and horseshoe.

In summary, from the parameter estimates, it is clear that the normal distribution model
struggles with identifying the change points while the heavy-tailed distributions are able to
identify the change points. The Laplace model gives the correct change points if the param-
eter is thresholded at 1.5 while the t-distribution model at 10 and the horseshoe distribution
model at 7, owing to the differences in the scales due to the distribution construction.

Finally, it is also interesting to observe that the data contains a less abrupt change at
t = 96 for which there are notable, but lower parameter signals present in the parameter
estimate plots as well.
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Figure 3.26: ESS for normal distribution model.

Figure 3.27: ESS for t-distribution model.
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Figure 3.28: ESS for Laplace distribution model.

Figure 3.29: ESS for horseshoe distribution model.

The effective sample size (ESS) for state noise variance using different distributional
assumptions is a crucial metric for evaluating the performance of sampling methods in cap-
turing the underlying data distribution efficiently.
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3.4 Discussion

Combining MCMC and Kalman filter may be used to draw a sample from p(θ0:T , ψ | y1:T )
as follows. By Bayes theorem, p(θ0:T , ψ | y1:T ) = p(θ0:T | ψ, y1:T ) · p(ψ | y1:T ). Then, perform
in the following order,

1. Parameter estimation: Draw a sample from p(ψ | y1:T ) by MCMC;

2. State estimation: Draw a sample from p(θ0:T | ψ, y1:T ) by FFBS.

In the above illustration, the marginal smoothing distribution is p(θt | y1:T ). The MCMC
method estimates

∫
p(θt, ψ | y1:T )dθ whereas Kalman smoothing calculates p(θt | y1:T , ψ =

ψ∗) where ψ∗ is the true value. In theory, the two approaches should produce similar results,
however there is no guarantee in practical application.

The estimation accuracy can be improved by various means. In theory, the performance
gains can be made by increasing the number of iterations of the Markov chain. More recently,
the replica exchange algorithm [57] has been shown to deal with the problem of having the
Markov chain getting trapped in a localized region of the target distribution. Practically,
the general state-space model can be estimated by resorting to combining the effectiveness of
the Kalman filter in the linear Gaussian state-space model with the MCMC approach which
can improve estimation accuracy. Initially, the linear Gaussian state-space model is used
with unknown parameters regarded as random variables. The model can then be treated
as a linear Gaussian state-space model if the parameters are known or can be estimated by
maximum likelihood estimation. If the parameters are unknown and to be jointly estimated
along with the underlying states, the target posterior distribution p(θ0:T , ψ | y1:T ) requires
the general state-space model.

A combined algorithm is obtained by using MCMC to estimate the parameters ψ and then
using this estimation result in a Kalman filter. MCMC estimates the posterior distribution
p(ψ | y1:T ) ∝ p(y1:T | ψ) · p(ψ). The likelihood term of the linear Gaussian state-space model
can be written according to:

ℓ(ψ) = log p(y1, . . . , yT ;ψ)

=
T∑
t=1

log p(yt | y1:t−1;ψ)

= −1

2

T∑
t=1

log |Qt| −
1

2

T∑
t=1

(yt − ft)2

Qt

.
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and the prior distribution can be specified to be non-informative. The maximum likelihood
estimates can then be fed into the Kalman filter for estimation. Alternatively, FFBS can
efficiently provide samples from the joint posterior distribution p(θ0:T , ψ | y1:T ) = p(θ0:T |
ψ, y1:T ) · p(ψ | y1:T ).

Specifically, the term for the state follows linear Gaussian state-space model which can be
efficiently sampled by using FFBS. As in the first approach, the distribution of the parameters
given the observations is sampled from using the Kalman filter augmented MCMC method.
The key when estimating random parameters in the linear Gaussian state-space model in
tandem with the state is to utilize MCMC for the parameter estimation and this is what
the two phase approach above accomplishes. That is, the two-step approach uses MCMC
to draw samples from p(ψ | y1:T ) and then FFBS to draw samples from p(θ0:T | ψ, y1:T ) to
provide the joint posterior distribution p(θ0:T , ψ | y1:T ) = p(θ0:T | ψ, y1:T ) · p(ψ | y1:T ) as
illustrated above. Such algorithm fusion proves to be helpful and will be returned to for
stochastic simulation with the particle filter.

The comparative analysis of ESS under different priors provides valuable insights into
their respective sampling efficiencies and robustness. The normal prior maintains a consis-
tently high ESS with minimal variability, making it suitable for stable data with minimal
structural changes. The Student’s t prior, with its sensitivity to outliers, shows more vari-
ability in ESS but maintains high efficiency overall. The Laplace prior, promoting sparsity,
experiences more frequent dips in ESS but quickly recovers, indicating a balance between
stability and adaptability. The horseshoe prior, with its significant ESS fluctuations, excels
in detecting structural changes and sparsity, making it highly effective for complex data
structures with abrupt shifts.

This further highlights the importance of selecting appropriate priors based on the data
characteristics and specific analysis requirements. The normal prior is ideal for stable data,
while the Student’s t and Laplace priors offer advantages in handling outliers and promoting
sparsity, respectively. The horseshoe prior stands out for its ability to adapt to complex data
structures, despite the greater fluctuations in ESS.

The application of the Rao-Blackwellized Liu & West filtering methodology with a horse-
shoe prior to the Ontario COVID-19 case count data [21] provides insightful results. The
algorithm identifies two notable clusters of large values for the time-varying factor τt. By
thresholding these values, two distinct change points are detected. These change points
are plotted along with the original COVID-19 case count data, highlighting periods where
significant shifts in the data occurred.
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Figure 3.30: Parameter filtering and smoothing results.

Figure 3.31: Change points identified via τt thresholding.
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In contrast, the Pruned Exact Linear Time (PELT) and binary segmentation algorithm
[58] identifies only one change point, located close to the largest τt signal. This suggests
that while PELT is effective at detecting significant changes, it may overlook smaller yet
important shifts in the data. The detected change point by PELT closely aligns with the
most prominent spike in the τt values, corroborating the significance of this specific change.

Figure 3.32: The result of change detection using PELT algorithm/binary segmentation.

The Bayesian change point detection method [59] experiences difficulty in clearly iden-
tifying change points within the original dataset. The posterior probability exceeds 0.5 in
multiple regions, indicating uncertainty and potential over-detection of change points. This
method’s sensitivity leads to multiple identified regions, making it challenging to pinpoint
distinct change points with high confidence.
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Figure 3.33: Posterior means and probabilities of change points using Bayesian change point
method.

Comparing the methods, the horseshoe prior in the Rao-Blackwellized Liu & West filter
shows a balanced ability to detect significant change points while maintaining specificity.
The PELT algorithm, although robust, may miss smaller changes, focusing on the most
pronounced shifts. The Bayesian method’s high sensitivity can lead to over-detection, iden-
tifying multiple regions of change with lower confidence.

In practical applications, such as analyzing COVID-19 case counts, selecting the ap-
propriate change point detection method is crucial. The prior-based filter provides a clear
advantage by identifying significant changes without over-detection, offering a reliable tool
for understanding and responding to shifts in epidemic data. This comparison illustrates the
importance of method selection based on the data characteristics and the specific needs of
the analysis, ensuring accurate and actionable insights.

3.5 Conclusion

The methodology presented here is widely applicable and can be used as part of multivariate
time series analysis. For example, the method is adaptable to time-varying coefficient regres-
sion prediction for which piecewise linear regression methods have been implemented for the
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change detection [60]. In addition, previous works have provided an integrated quantitative
approach for data assimilation, prediction, and anomaly detection in real-time public health
surveillance [61], emphasizing the development of dynamic probabilistic models to predict
future disease cases and detect anomalies using Bayesian methods and advanced information
technology. Another line of research has employed Bayesian model averaging with change-
point models to estimate the timing and magnitude of vaccine-associated changes, while
controlling for seasonality and other covariates [62].

We have demonstrated how dynamic regression models provide a framework for analyzing
relationships between time series data and state-space models are able to capture the signal
from the data, determine unexpected movement, perform anomaly detection and forecast
with uncertainty quantification. Stochastic numerical methods for estimation such as Markov
chain Monte Carlo and particle filters may be used for the general state-space model.

Our state-space modelling analysis on Ontario’s COVID-19 surveillance data specifi-
cally identified two critical structural change points, corresponding to significant shifts in
case count trajectories, using a Rao-Blackwellized particle filter augmented by a horseshoe
prior. These change points, occurring during heightened transmission periods, align with key
COVID-19 waves observed in Ontario. The model’s sensitivity to abrupt shifts allowed it to
accurately capture periods of rapid case increase, which are crucial for timely public health
interventions. By integrating dynamic regression models with MCMC and SMC methods, we
explored relationships between case counts, hospitalizations, and wastewater signals, yield-
ing a detailed view of how these covariates interact and drive transmission. The horseshoe
prior, selected for its ability to shrink small effects while highlighting meaningful changes,
effectively isolated high-magnitude changes in case counts, providing reliable indicators of
emerging transmission waves. Compared to other priors like normal and Laplace, the horse-
shoe prior demonstrated superior fit with higher log-likelihood values, reinforcing its utility
in epidemic modelling where structural changes are frequent and impactful. These findings
suggest that adaptive state-space modelling can enhance surveillance systems by identifying
key inflection points in epidemic trends, thereby supporting proactive public health responses
in Ontario.
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Chapter 4

State-Space Model for Epidemic Disease:
Assessing the Impact of Vaccination and
Behavioural Effects on COVID-19
Dynamics

4.1 Introduction

A comprehensive framework for modeling disease transmission dynamics is presented, uti-
lizing a state-space model to link a system of ordinary differential equations governing dis-
ease evolution to surveillance targets such as case, hospitalization, and death counts. This
framework is specifically adapted to COVID-19, incorporating time-varying epidemiological
parameters derived from relevant clinical data and flexible non-parametric statistical models.

Key to this adaptation is the modeling of the disease transmission rate, β(t), using a log-
normal stochastic process. Other epidemiological parameters are captured through Bayesian
shrinkage splines, providing computational efficiency and allowing for the inclusion of ex-
ogenous covariates such as vaccination rates, waning vaccine effectiveness, and community
mobility. The framework also accounts for human demography and incorporates factors like
testing capacity, positivity rates, wastewater signals, and is also suited for incorporating
environmental factors such as temperature, humidity, and air quality.

To predict surveillance targets, a nonlinear and non-Gaussian dynamic lognormal and
gamma mixed negative binomial regression model is employed. This model captures the
heterogeneity and contagion effects, recovering the timing and intensity of major epidemic
peaks more accurately than standard approaches. The framework addresses the complexity
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of COVID-19’s spread, which is influenced by factors such as pre-diagnosis infectiousness
and asymptomatic cases that often go undiagnosed but still contribute to transmission.

Mathematical analysis of the model yields the basic reproduction number, R0, using
the next-generation matrix technique. The model’s properties, including the existence and
uniqueness of a non-trivial endemic equilibrium when R0 > 1 and the stability of the
disease-free equilibrium, are thoroughly characterized. Additionally, the model addresses
the stochastic nature of real-world data, accounting for variations due to local outbreaks
and measurement errors.

Implemented using Hamiltonian Markov chain Monte Carlo (MCMC) sampling via Stan,
this probabilistic programming approach facilitates full Bayesian inference on parameters.
The model has been applied to data from Ontario, Canada, demonstrating its practical
application.

This framework introduces several novel advancements: detailed vaccination analysis, the
incorporation of demography, comprehensive mathematical analysis including R0 derivation
and stability characterization, and a sophisticated state-space model framework. These
elements collectively enhance the model’s ability to assess the impact of human mobility and
government policies on the dynamics of COVID-19 and other respiratory diseases, providing
a robust tool for public health decision-making.

4.2 Methodology

4.2.1 Compartmental model

The compartmental modeling approach [63]–[65] is widely used in epidemiology to under-
stand the dynamics of diseases, including COVID-19. This model is characterized by a
system of differential equations and serves as the foundation for the statistical model.

First, begin with the deterministic compartmental model. The flow chart of the base
model is shown below.

S E
β(t)

A
α

I
η(t)

H
λ(t)

D
δ(t)

V RA R

ν(t) (1− ε(t))β(t) ρ(t) γI(t) γH(t)

Figure 4.1: Flow chart of the base model.
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The parameter β(t) is the transmission rate between the asymptomatic infectious and
susceptible individuals and it is the number of effective contacts that are sufficient for disease
transmission made by an average member of the asymptomatic infectious individuals per unit
time. The probability of each of these contacts being with a susceptible individual is S(t)/N
and therefore, A(t) asymptomatic infectious individuals lead to a rate of new infections
β(t)A(t)S(t)/N . For the symptomatic infectious individuals, the rate of effective contacts
is reduced by a factor of τ ∈ [0, 1]. Individuals diagnosed with disease are likely to have
reduced contact with others due to quarantine or self-isolation, leading to a rate of new
infections τβ(t)I(t)S(t)/N :

β(t)A(t)S(t)/N︸ ︷︷ ︸
asymp. rate of new infect.

+ τβ(t)I(t)S(t)/N︸ ︷︷ ︸
symp. rate of new infect.

The model incorporates nine compartments, each representing a specific stage of COVID-
19:

1. Susceptible individuals (S): those who have not been infected by the disease and are
at risk of becoming infected;

2. Exposed individuals (E): those who have been exposed to the disease but are not yet
capable of infecting others;

3. Undetected infectious individuals (A): those who have the disease, are able to infect
others, but have not yet been detected as having the disease;

4. Detected infectious individuals (I): those who have the disease (either with or without
symptoms), are able to infect others, and have been detected as having the disease;

5. Individuals removed from A without being detected (RA): those who had the disease
but are then removed from the possibility of being infected again or spreading the
disease for any reason (e.g., significant reduction in viral load, recovery, or death),
without ever being diagnosed with the disease;

6. Hospitalized individuals (H): those who have been identified as cases and are hospi-
talized;

7. Individuals removed after having been detected (R): those who have been through the
I state (and possibly H state as well) but are then removed from the possibility of
being infected again or spreading the disease for any reason except death. They are
assumed to eventually recover from the disease;
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8. Deceased individuals (D): those who have been through the H state and are eventually
deceased;

9. Vaccinated individuals (V): those who have been vaccinated and are thus removed
from the susceptible pool.

The transitions among these compartments capture important features of COVID-19
dynamics, including asymptomatic and presymptomatic spread. Due to data limitations,
symptomatic and asymptomatic cases are not separately modeled. As time progresses, un-
detected infectious individuals either become detected or get removed without ever being
detected. Detected infectious individuals may be hospitalized or removed without ever be-
ing hospitalized. Hospitalized individuals can recover or die, and individuals who die are
assumed to have gone through hospitalization.

The SEAIHRDV model equations, with time-varying parameters, are shown below. These
differential equations represent the flow of individuals through compartments:



dS(t)
dt

= Λ−

(
ν(t) + β(t)

(
A(t) + τI(t)

))
S(t)

N(t)
− µS(t)

dE(t)
dt

=
β(t)

(
A(t) + τI(t)

)(
S(t) + (1− ε(t))V (t)

)
N(t)

− αE(t)− µE(t)

dA(t)
dt

= αE(t)−
(
η(t) + ρ(t)

)
A(t)− µA(t)

dRA(t)

dt
= ρ(t)A(t)− µRA(t)

dI(t)
dt

= η(t)A(t)−
(
γI(t) + λ(t)

)
I(t)− µI(t)

dR(t)
dt

= γI(t)I(t) + γH(t)H(t)− µR(t)

dH(t)

dt
= λ(t)I(t)−

(
γH(t) + δ(t)

)
H(t)− µH(t)

dD(t)

dt
= δ(t)H(t)

dV (t)

dt
= ν(t)S(t)−

(1− ε(t))β(t)
(
A(t) + τI(t)

)
V (t)

N(t)
− µV (t)

(4.2.1a)

(4.2.1b)

(4.2.1c)

(4.2.1d)

(4.2.1e)

(4.2.1f)

(4.2.1g)

(4.2.1h)

(4.2.1i)

The time-varying coefficients in these equations add flexibility to capture and adapt to
the complex and rapidly changing dynamics of COVID-19. Specifically, β(t) represents the
disease transmission rate, and η(t) represents the detection rate, both of which are expected
to vary over time as the pandemic evolves. Other parameters, such as λ(t) for hospitalization
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rate and δ(t) for death rate, also change over time to reflect real-world dynamics. The birth
rate is denoted by Λ.

The reproductive ratio, R0, is a crucial metric for predicting the spread of infection. It is
computed based on the equilibrium reproduction number, indicating whether the pandemic
will persist or subside. If R0(t) < 1, the number of infectious individuals will decrease,
leading to a disease-free state. If R0(t) > 1, the pandemic will persist with a non-trivial
equilibrium.

Including the effect of demography such as births, deaths, immigration, and emigra-
tion can be accomplished by modifying the base model. The flow chart of the model with
demography is shown below.

Λ S E
β(t)

A
α

I
η(t)

H
λ(t)

D
δ(t)

V RA R

µ µ µ µ µ

µ µ µ

ν(t) (1− ε(t))β(t) ρ(t) γI(t) γH(t)

Figure 4.2: Flow chart of the model with demography.

Regarding model assumptions and simplifications, the base model assumes a fast-spreading
pandemic, which justifies ignoring births and deaths due to natural causes, as well as im-
migration and emigration. Reinfection is assumed to be negligible during the study period,
meaning that individuals who recover from COVID-19 are considered immune and do not
return to the susceptible compartment. The transitions between compartments are assumed
to be instantaneous, and the rates of transition are time-varying to capture the dynamic
nature of the pandemic.

4.2.2 Mathematical analysis

Here, the following results are provided: determination of disease-free equilibrium and repro-
duction number for the model, demonstration of non-negative trajectory of the state model
compartments, boundedness of the model, existence and uniqueness of non-trivial asymp-
totic endemic equilibrium, characterization of the stability of the disease-free equilibrium
and sensitivity indexes for vaccination parameters.
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First, to set-up of R0 calculation, let the state compartment vector be denoted by

Θ = [S,E,A,RA, I,H,R,D, V ]T,

the states that represent infected cases be denoted by

X = [E,A, I,H]T; X0 = [0, 0, 0, 0]T,

and define the following vectors:

F (X) = [β(A+ τI)(S + (1− ε)V )/N, 0, 0, 0]T

representing the rate of new infections entering each state, and

U(X) = [(α + µ)E, (η + ρ+ µ)A− αE, (γI + λ+ µ)I − ηA, (γH + δ + µ)H − λI]T

representing the transfer rate out of each state by way of non-infection.

Then,
dX(t)

dt
= F (X)− U(X).

Assume, for the moment, that the parameters are independent of t. The Jacobian of F and
U are given by

DXF =


0 β(S + (1− ε)V )/N τβ(S + (1− ε)V )/N 0

0 0 0 0

0 0 0 0

0 0 0 0

 ,

DXU =


α + µ 0 0 0

−α η + ρ+ µ 0 0

0 −η γI + λ+ µ 0

0 0 −λ γH + δ + µ

 .
The inverse of Jacobian of U is given by

[DXU ]
−1 =


1

α+µ
0 0 0

α
(α+µ)(η+ρ+µ)

1
η+ρ+µ

0 0

αη
(α+µ)(γI+λ+µ)(η+ρ+µ)

η
(γI+λ+µ)(η+ρ+µ)

1
γI+λ+µ

0

αηλ
(α+µ)(γH+δ+µ)(γI+λ+µ)(η+ρ+µ)

ηλ
((γH+δ+µ)γI+λ+µ)(η+ρ+µ)

1
(γH+δ+µ)(γI+λ+µ)

1
(γH+δ+µ)


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Evaluation at DFE is as follows. At the disease-free equilibrium, dθ(t)
dt = 0 and I = 0:

Θ0 = [S0 = Λ
ν+µ

, 0, 0, 0, 0, 0, 0, 0, V 0 = νΛ
µ(ν+µ)

]T. Then,(
[DXF |Θ0 ][DXU ]

−1
)
11

= α
(α+µ)(η+ρ+µ)

βN−1(S0 + (1− ε)V 0)
(
1 + τη

γI+λ+µ

)
(
[DXF |Θ0 ][DXU ]

−1
)
12

= βN−1(S0 + (1− ε)V 0)
(
1 + τη

γI+λ+µ

)
(
[DXF |Θ0 ][DXU ]

−1
)
13

= τβN−1(S0+(1−ε)V 0)
γI+λ+µ(

[DXF |Θ0 ][DXU ]
−1
)
ij
= 0 for all ij ̸= 11, 12, 13.

Eigenvalues of [DXF |Θ0 ][DXU ]
−1 are 0, 0, 0 and

(
[DXF |Θ0 ][DXU ]

−1
)
11

.
The effective reproduction number can be identified with the spectral radius (dominant

eigenvalue) of the next-generation matrix [DXF |Θ0 ][DXU ]
−1 [66]. That is,

R0 = β
α

α + µ

S0 + (1− ε)V 0

N

γI + λ+ τη + µ

(η + ρ+ µ)(γI + λ+ µ)

= β
α

α + µ

Λ(ν(1− ε) + µ)

µ(ν + µ)N

γI + λ+ τη + µ

(η + ρ+ µ)(γI + λ+ µ)
, (4.2.2)

a measure of the transmission potential of the disease, equivalent to the number of sec-
ondary cases or new infections produced by a single infectious individual in a completely
susceptible population. An epidemic is expected to increase exponentially if R0 > 1, and to
end if R0 < 1.

A bound on the impact of vaccination is readily obtained.

R0 =
Λ(ν(1− ε) + µ)

µ(ν + µ)N
× β α

α + µ

γI + λ+ τη + µ

(η + ρ+ µ)(γI + λ+ µ)

= fvacc(ν, ε;µ)×Runvacc
0 (4.2.3)

where the prefactor due to vaccination,

fvacc(ν, ε;µ) =
ν(1− ε) + µ

ν + µ
(4.2.4)

satisfies

1 ≥ fvacc(ν, ε;µ)≥
µ

ν + µ
, (4.2.5)
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for ν, ε ∈ [0, 1].

If 0 < ε < 1 then R0 < Runvacc
0 which analytically implies that a vaccine diminishes the

spread of the virus disease.

Now, vaccine effectiveness, containment, and herd immunity are addressed. Consider the
scenario whereby ν >> µ:

fvacc(ν, ε;µ) =
ν(1− ε) + µ

ν + µ
=

ν
µ
(1− ε) + 1

ν
µ
+ 1

≈ 1− ε (4.2.6)

Then,

R0 ≈ (1− ε)×Runvacc
0 (4.2.7)

The vaccine will stop the spread of the virus if its optimal effectiveness ε∗ exceeds herd
immunity:

ε∗ > 1− R0

Runvacc
0

(4.2.8)

Without a vaccine, the virus will die out when the population reaches herd immunity.
To stop the spread of the virus, the optimal vaccine effectiveness must be greater than the
herd immunity. The optimal vaccine effectiveness will move the endemic disease equilibrium
to the disease-free equilibrium.

To show non-negative trajectory for t ≥ 0, let k1 and k2 be non-negative constants and
denote state E,A,RA, I,H,R, or D of the model as θ(t). Note the following:

dθ(t)
dt

= k1 − k2θ(t)

≥ −k2θ(t)
d log θ(t)

dt
≥ −k2

θ(t) ≥ exp(−k2 ∫ dt)

= θ(0) exp(−k2t)

≥ 0 (4.2.9)

For the demonstration of non-negative trajectory of θ = S, V for t ≥ 0, proceed as
follows. Let k1, k2, k3 be non-negative constants, f(A(t)) be a function of A(t), and g(I(t))
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be a function of I(t). Then,

dθ(t)
dt

= k1 −
(
f(A(t)) + g(I(t))

)
θ(t)

≥ −
(
f(A(t)) + g(I(t))

)
θ(t)

≥ −(k3maxt|A(t)|+ k4maxt|I(t)|)θ(t)
d log θ(t)

dt
≥ −(k3maxt|A(t)|+ k4maxt|I(t)|)

θ(t) ≥ θ(0) exp(−(k3maxt|A(t)|+ k4maxt|I(t)|)t)

≥ 0 (4.2.10)

To show boundedness of the model, observe that the growth rate of the total population
is the sum of the derivatives of the state compartment components:

dN(t)

dt
=
∑ dθ(t)

dt
= Λ− µN(t).

Therefore,

N(t) =
Λ

µ
+

(
N(0)− Λ

µ
exp(−µt)

)
≤ Λ

µ

as t→∞. Thus,

0 ≤ N(t) ≤ Λ

µ
(4.2.11)

and the compartment components remain bounded for all t > 0.
Calculation of the endemic equilibrium is obtained by first setting each of the state

derivatives to zero, which gives:
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

S(t) =
Λ

β(t)N−1(t)
(
A(t) + τI(t)

)
+ ν(t) + µ

0 = β(t)N−1(t)
(
A(t) + τI(t)

)(
S(t) + (1− ε(t))V (t)

)
− (α + µ)E(t)

E(t) =
η(t) + ρ(t) + µ

α
A(t)

RA(t) =
ρ(t)

µ
A(t)

A(t) =
γI(t) + λ(t) + µ

η(t)
I(t)

R(t) =
γI(t)I(t) + γH(t)H(t)

µ

H(t) =
λ(t)

γH(t) + δ(t) + µ
I(t)

V (t) =
ν(t)S(t)

(1− ε(t))β(t)N−1(t)
(
A(t) + τI(t)

)
+ µ

(4.2.12a)

(4.2.12b)

(4.2.12c)

(4.2.12d)

(4.2.12e)

(4.2.12f)

(4.2.12g)

(4.2.12h)

The equation for the E(t) derivative becomes:

0 = β(t)N−1(t)
(
A(t) + τI(t)

)(
S(t) + (1− ε(t))V (t)

)
− (α + µ)E(t)

= β(t)N−1(t)(A(t) + τI(t))

(
S(t) +

(1− ε(t))ν(t)S(t)
(1− ε(t))β(t)N−1(t)(A(t) + τI(t))) + µ

)
− (α + µ)E(t)

= β(t)N−1(t)(A(t) + τI(t))

(
(1− ε(t))

[
β(t)N−1(t)(A(t) + τI(t)) + ν(t)

]
+ µ

(1− ε(t))β(t)N−1(t)(A(t) + τI(t)) + µ

)
×

×

(
Λ

β(t)N−1(t)(A(t) + τI(t)) + ν(t) + µ

)
− (α + µ)(η(t) + ρ(t) + µ)(γI(t) + λ(t) + µ)

αη(t)
I(t)

= Λβ(t)N−1(t)(A(t) + τI(t))
(
(1− ε(t))

[
β(t)N−1(t)(A(t) + τI(t)) + ν(t)

]
+ µ
)
−

− (α + µ)(η(t) + ρ(t) + µ)(γI(t) + λ(t) + µ)

αη(t)
×

×
(
(1− ε(t))β(t)N−1(t)(A(t) + τI(t)) + µ

)(
β(t)N−1(t)(A(t) + τI(t)) + ν(t) + µ

)
I(t)

(4.2.13)
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0 = Λβ(t)N−1(t)(A(t) + τI(t))
(
(1− ε(t))

[
β(t)N−1(t)(A(t) + τI(t)) + ν(t)

]
+ µ
)

− (α + µ)(η(t) + ρ(t) + µ)(γI(t) + λ(t) + µ)

αη(t)

×
(
(1− ε(t))β(t)N−1(t)(A(t) + τI(t)) + µ

)
×
(
β(t)N−1(t)(A(t) + τI(t)) + ν(t) + µ

)
I(t) (4.2.14)

0 = Λβ(t)N−1(t)
γI(t) + λ(t) + µ+ τη(t)

η(t)
I(t)

×
(
(1− ε(t))

[
β(t)N−1(t)

γI(t) + λ(t) + µ+ τη(t)

η(t)
I(t) + ν(t)

]
+ µ
)

− (α + µ)(η(t) + ρ(t) + µ)(γI(t) + λ(t) + µ)

αη(t)

×
(
(1− ε(t))β(t)N−1(t)

γI(t) + λ(t) + µ+ τη(t)

η(t)
I(t) + µ

)
×
(
β(t)N−1(t)

γI(t) + λ(t) + µ+ τη(t)

η(t)
I(t) + ν(t) + µ

)
I(t) (4.2.15)

0 =

(
β(t)N−1(t)

γI(t) + λ(t) + µ+ τη(t)

η(t)

)2

× (α + µ)(η(t) + ρ(t) + µ)(γI(t) + λ(t) + µ)

αη(t)
(1− ε(t))I2(t)

+

(
β(t)N−1(t)

γI(t) + λ(t) + µ+ τη(t)

η(t)

× (α + µ)(η(t) + ρ(t) + µ)(γI(t) + λ(t) + µ)

αη(t)
(1− ε(t))(ν(t) + µ)

+ β(t)N−1(t)
γI(t) + λ(t) + µ+ τη(t)

η(t)

× (α + µ)(η(t) + ρ(t) + µ)(γI(t) + λ(t) + µ)

αη(t)
µ

−

(
β(t)N−1(t)

γI(t) + λ(t) + µ+ τη(t)

η(t)

)2

Λ(1− ε(t))

)
I(t)

+
(α + µ)(η(t) + ρ(t) + µ)(γI(t) + λ(t) + µ)

αη(t)
µ(ν(t) + µ)

− β(t)N−1(t)
γI(t) + λ(t) + µ+ τη(t)

η(t)
Λ((1− ε(t))ν(t) + µ) (4.2.16)

The roots of the infectious compartment I are determined as follows.
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0 =

(
β(t)N−1(t)

γI(t) + λ(t) + µ+ τη(t)

η(t)

)2
(α + µ)(η(t) + ρ(t) + µ)(γI(t) + λ(t) + µ)

αη(t)
(1− ε(t))I2(t)

+

(
β(t)N−1(t)

γI(t) + λ(t) + µ+ τη(t)

η(t)

(α + µ)(η(t) + ρ(t) + µ)(γI(t) + λ(t) + µ)

αη(t)
(1− ε(t))(ν(t) + µ)

+ β(t)N−1(t)
γI(t) + λ(t) + µ+ τη(t)

η(t)

(α + µ)(η(t) + ρ(t) + µ)(γI(t) + λ(t) + µ)

αη(t)
µ

−

(
β(t)N−1(t)

γI(t) + λ(t) + µ+ τη(t)

η(t)

)2

Λ(1− ε(t))

)
I(t)

+
(α + µ)(η(t) + ρ(t) + µ)(γI(t) + λ(t) + µ)

αη(t)
µ(ν(t) + µ)

− β(t)N−1(t)
γI(t) + λ(t) + µ+ τη(t)

η(t)
Λ((1− ε(t))ν(t) + µ) (4.2.17)

By Vieta’s formula, the roots of I, I1 and I2, have opposite signs satisfying:

0 >

(
(α+µ)(η(t)+ρ(t)+µ)(γI(t)+λ(t)+µ)

αη(t)

)
µ(ν(t) + µ)−

(
β(t)N−1(t)γ

I(t)+λ(t)+µ+τη(t)
η(t)

)
Λ((1− ε(t))ν(t) + µ)(

β(t)N−1(t)γ
I(t)+λ(t)+µ+τη(t)

η(t)

)2

(α+µ)(η(t)+ρ(t)+µ)(γI(t)+λ(t)+µ)
αη(t)

(1− ε(t))

(4.2.18)

To show unique endemic equilibrium, observe the following:

(
β(t)N−1(t)

γI(t) + λ(t) + µ+ τη(t)

η(t)

)
Λ((1− ε(t))ν(t) + µ) >(

(α + µ)(η(t) + ρ(t) + µ)(γI(t) + λ(t) + µ)

αη(t)

)
µ(ν(t) + µ)

=⇒ β(t)
α

α + µ

Λ(ν(t)(1− ε(t)) + µ)

µ(ν(t) + µ)N

γI(t) + λ(t) + τη(t) + µ

(η(t) + ρ(t) + µ)(γI(t) + λ(t) + µ)
> 1

(4.2.19)

120



Thus, if R0 > 1, solutions have opposite signs with the negative solution inadmissible
due to the positive restriction on the trajectories. Therefore, there is a unique endemic
equilibrium.

For stability analysis, consider the Jacobian at the disease-free equilibrium (DFE):

J(Θ0) =



−(ν + µ) 0 −βN−1S0 0 0 0 0 0

0 −(α+ µ) βN−1(S0 + (1− ε)V 0) 0 τβN−1(S0 + (1− ε)V 0) 0 0 0

0 α −(η + ρ+ µ) 0 0 0 0 0

0 0 ρ −µ 0 0 0 0

0 0 η 0 −(γI + λ+ µ) 0 0 0

0 0 0 0 λ −(γH + δ + µ) 0 0

0 0 0 0 γI γH −µ 0

ν 0 −(1− ε)− βN−1V 0 0 −(1− ε)− βN−1τV 0 0 0 −µ



p(r) = det(J(Θ0)−rI) = −(γH+δ+µ+r)

[
−µ3− (3r+η+ρ+α+γI+λ)µ2+

(
−3r2−

2(η+ρ+α+γI+λ)r+
(
−η−γI+βN−1((1−ε)V 0+S0)−ρ−λ

)
α−(γI+λ)(η+ρ)

)
µ−r3−(η+

ρ+γI+α+λ)r2+

((
−η−γI+βN−1((1−ε)V 0+S0)−ρ−λ

)
α−(γI+λ)(η+ρ)

)
r+α

(
(−γI−

λ+(τ(1−ε)V 0+ τS0)βN−1)η+(γI+λ)
(
−ρ+βN−1((1−ε)V 0+S0)

))]
(r+η+µ)(r+µ)3

The roots include r = −(γH + δ + µ),−(η + µ), and −µ (multiplicity of 3) which are all
negative.

For the expanded cubic term of the form q(r) := r3+a1r
2+a2r+a3 = 0, Routh-Hurwitz

criterion gives the requirement for determining whether all roots have negative real part
required for asymptotic stability at an equilibrium as a3 > 0, a1 > 0, a1a2 > a3.
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For the stability analysis, a cubic characteristic equation is encountered.

0 = q(r)

= −µ3 − (3r + η + ρ+ α + γI + λ)µ2 +
(
− 3r2 − 2(η + ρ+ α + γI + λ)r+(

− η − γI + βN−1((1− ε)V 0 + S0)− ρ− λ
)
α− (γI + λ)(η + ρ)

)
µ− r3

− (η + ρ+ γI + α + λ)r2 +

((
− η − γI + βN−1((1− ε)V 0 + S0)− ρ− λ

)
α− (γI + λ)(η + ρ)

)
r+

α

(
(−γI − λ+ (τ(1− ε)V 0 + τS0)βN−1)η + (γI + λ)

(
− ρ+ βN−1((1− ε)V 0 + S0)

))

= −r3 −
(
α + γI + λ+ 3µ+ η + ρ

)
r2

+
(
αβN−1(1− ε)V 0 + αβN−1S0 − α(γI + λ+ 2µ+ η + ρ)− λ(2µ+ η + ρ)− µ(3µ+ 2η + 2ρ)

)
r

+
(
αβN−1((1− ε)V 0 + S0)(ητ + γI + λ+ µ)− (α + µ)(µ+ η + ρ)(γI + λ+ µ)

)

= r3 +
(
α + γI + λ+ 3µ+ η + ρ

)
r2

+
(
α(γI + λ+ 2µ+ η + ρ) + λ(2µ+ η + ρ) + µ(3µ+ 2η + 2ρ)− αβN−1((1− ε)V 0 + S0)

)
r

+
(
(α + µ)(µ+ η + ρ)(γI + λ+ µ)− αβN−1((1− ε)V 0 + S0)(ητ + γI + λ+ µ)

)
(4.2.20)
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The Routh-Hurwitz criteria on a3 and a1 is as follows.

0 = q(r)

= r3 +
(
α + γI + λ+ 3µ+ η + ρ

)
r2

+
(
α(γI + λ+ 2µ+ η + ρ) + λ(2µ+ η + ρ) + µ(3µ+ 2η + 2ρ)− αβN−1((1− ε)V 0 + S0)

)
r

+
(
(α + µ)(µ+ η + ρ)(γI + λ+ µ)− αβN−1((1− ε)V 0 + S0)(ητ + γI + λ+ µ)

)
(4.2.21)

0 < a3

= (α + µ)(µ+ η + ρ)(γI + λ+ µ)− αβN−1((1− ε)V 0 + S0)(ητ + γI + λ+ µ)

1 >
αβN−1((1− ε)V 0 + S0)(ητ + γI + λ+ µ)

(α + µ)(µ+ η + ρ)(γI + λ+ µ)

=⇒ 1 > R0 (4.2.22)

0 < a1

= α + γI + λ+ 3µ+ η + ρ (4.2.23)

The Routh-Hurwitz criterion, a1a2 > a3 is satisfied, as shown in the following calculation.
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a1a2 − a3 =
(
α + γI + λ+ 3µ+ η + ρ

)
×(

α(γI + λ+ 2µ+ η + ρ) + λ(2µ+ η + ρ) + µ(3µ+ 2η + 2ρ)− αβN−1((1− ε)V 0 + S0)
)

− (α + µ)(µ+ η + ρ)(γI + λ+ µ) + αβN−1((1− ε)V 0 + S0)(ητ + γI + λ+ µ)

=
(
α + γI + λ+ 3µ+ η + ρ

)
×(

α(γI + λ+ 2µ+ η + ρ) + λ(2µ+ η + ρ) + µ(3µ+ 2η + 2ρ)− αβ Λ

µN
fvacc

)
− (α + µ)(µ+ η + ρ)(γI + λ+ µ) + αβ(ητ + γI + λ+ µ)

Λ

µN
fvacc

=
(
α + γI + λ+ 3µ+ η + ρ

)
×(

α(γI + λ+ 2µ+ η + ρ) + λ(2µ+ η + ρ) + µ(3µ+ 2η + 2ρ)

− (α + µ)
(η + ρ+ µ)(γI + λ+ µ)

(γI + λ+ τη + µ)
R0

)
+ (α + µ)(µ+ η + ρ)(γI + λ+ µ)

(
R0 − 1

)

=
(
α + γI + λ+ 3µ+ η + ρ

)
×(

α(γI + λ+ 2µ+ η + ρ) + λ(2µ+ η + ρ) + µ(3µ+ 2η + 2ρ)
)

− (α + µ)(µ+ η + ρ)(γI + λ+ µ)

+ (α + µ)(η + ρ+ µ)(γI + λ+ µ)

(
1− α + γI + λ+ 3µ+ η + ρ

γI + λ+ τη + µ

)
R0 (4.2.24)

Local asymptotic stability of DFE is considered next.

a1a2 − a3 =
(
α + γI + λ+ 3µ+ η + ρ

)
×(

α(γI + λ+ 2µ+ η + ρ) + λ(2µ+ η + ρ) + µ(3µ+ 2η + 2ρ)
)

+ (α + µ)(µ+ η + ρ)(γI + λ+ µ)×[(
1− α + γI + λ+ 3µ+ η + ρ

γI + λ+ τη + µ

)
R0 − 1

]
(4.2.25)
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To satisfy the criterion, it is required that:

0 <

(
1− α + γI + λ+ 3µ+ η + ρ

γI + λ+ τη + µ

)
R0 − 1

⇐⇒ R0 >
1

1− α+γI+λ+3µ+η+ρ
γI+λ+τη+µ

= − γI + λ+ τη + µ

(1− τ)η + α + ρ+ 2µ
(4.2.26)

Since R0 > 0, the Routh-Hurwitz criteria are satisfied if R0 < 1 and in this situation,
the disease-free equilibrium of the system is locally asymptotically stable.

The concept of a normalized forward sensitivity index is a key tool in sensitivity analysis,
used to quantify how a model output, such as the basic reproduction number R0, changes
in response to variations in a parameter ψ. Normalization involves scaling the sensitivity
index by multiplying by the parameter and dividing by the output, allowing for meaningful
comparisons across parameters with differing magnitudes.

In this context, ψ represents a generic parameter of the model, such as ν (the vaccination
rate) or ε (the vaccine efficacy), whose sensitivity we aim to analyze. The normalized forward
sensitivity index for ψ, denoted by ΣV (ψ), measures the relative rate of change of the model
output R0 with respect to changes in ψ. Specifically, ΣV (ψ) is defined as:

ΣV (ψ) = ψ(t)
∂ logR0(t)

∂ψ(t)
.

This definition is derived directly from the general sensitivity analysis relationship:

∂ logR0

∂ψ
=

1

R0

∂R0

∂ψ
.

By multiplying through by ψ, the sensitivity index is normalized to enable relative compar-
isons.

The term Σ(ψ) represents additional contributions to the sensitivity index that may
arise from other components of the system not explicitly detailed in the simplified equations.
These contributions reflect the structural complexity of the model.

This extends the normalized forward sensitivity index to account for the vaccination-
related term fvacc(ψ), which represents the influence of parameters ν and ε on R0. Substi-
tuting fvacc(ψ) into the general sensitivity formula provides a more specific expression that
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captures the relationship between R0 and ψ. The term fvacc(ψ) is defined as:

fvacc(ψ = (ν, ε);µ) =
ν(1− ε) + µ

ν + µ
.

The sensitivity index for specific parameters, such as ν and ε, can then be derived from
the general formula. For the parameter ν, the sensitivity index is:

ΣV (ν) =
νµ(ν − ε+ µ)

(ν(1− ε) + µ)(ν + µ)
.

This is obtained by substituting fvacc(ν, ε) into the sensitivity formula, taking the derivative
of fvacc with respect to ν, and simplifying the resulting expression. Similarly, for ε, the
sensitivity index is given by:

ΣV (ε) =
ε(µ− ν)

ν(1− ε) + µ
.

This expression is derived by taking the derivative of fvacc with respect to ε and simplifying.
These equations provide specific measures of how the basic reproduction number R0 is

influenced by the parameters ν and ε, normalized for relative comparison. The derivation of
these results from the general definition highlights the importance of normalized sensitivity
analysis in understanding the role of different parameters in complex models.

To summarize, ψ is a parameter of interest, such as ν or ε, ΣV (ψ) is the normalized
forward sensitivity index quantifying the relative impact of ψ on R0, and Σ(ψ) represents
additional contributions arising from the model’s structure. The definition of the normal-
ized forward sensitivity index is derived from general principles of sensitivity analysis. The
third equation, for ν, is obtained by substituting fvacc(ν, ε) into the sensitivity formula and
computing the derivative with respect to ν.

4.2.3 Probabilistic observation model

Incorporating count data into the model is a crucial step in elevating the deterministic
compartmental model into a data-driven engine. This approach enhances the deterministic
compartmental model by accounting for the stochastic nature of disease spread and mea-
surement errors in the data. It allows for capturing the dynamics and transitions among
compartments [32], [33], [67], which include key features of COVID-19 dynamics such as
asymptomatic and presymptomatic spread.

Desirable properties of the data model include heterogeneity (differences between indi-
viduals) and contagion (dependence between the occurrence of events). Heterogeneity arises
due to genuine ambiguity in the relationship between the underlying stochastic process and
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the count data distribution if the population is heterogeneous rather than homogeneous.
The probability of an occurrence becomes itself a random variable.

Contagion, or state dependence, exists when previous outcomes influence the current
experiment. Positive contagion indicates that the occurrence of an event makes further
occurrences more likely; for negative contagion, the opposite holds. Both cases lead to a
contagious distribution for the number of counts, the Poisson distribution being an example
of a non-contagious distribution. Further details can be found in [68].

As an illustration of types of contagion, consider the following, suppose a red balls and b
blue balls are placed into an urn. One ball is drawn at random. If it is a red ball (success),
it is replaced together with s red balls. If it is a blue ball, the proportion a

a+b
is unchanged,

and the blue ball is replaced. Repeat this procedure n times and let X represent the total
number of red balls drawn. Then X ∼ Pólya-Eggenberger. Occurrence dependence may
develop as follows. If the number of red balls is increased after a success (s > 0), then
an occurrence increases the probability of further occurrences, and the urn model reflects
positive contagion. It can be shown that the negative binomial distribution is obtained as a
limiting form; for s = 0, the model reduces to the binomial model with independent trials,
and for s = −1, the urn scheme corresponds to drawing without replacement, leading to a
hypergeometric distribution, a distribution for negative contagion.

There also exists a spectrum of dependence relation, as pure birth process

P{N(0, t+∆) = k + 1 | N(0, t) = k} = λk∆+ o(∆)

generalizes the applicability to continuous time. As a function of k, λk increasing implies
positive occurrence dependence, linear increasing implies negative binomial model, constant
gives the Poisson case (no occurrence dependence), and decreasing indicates negative occur-
rence dependence.

Duration dependence and non-stationarity can also arise. In the urn model for occurrence
dependence, the composition of the urn was left unchanged when a blue ball (failure) oc-
curred. If failures matter, then the outcome of an experiment depends on the time (number
of draws) that has elapsed since the last success, generating “duration dependence". Dura-
tion dependence can be analyzed either in discrete time, as represented by the urn model,
or in continuous time using the concept of (continuous) waiting times. The composition of
the urn may change over consecutive trials due to exogenous effects, while being unaffected
by previous trials. This is the case if the underlying process is non-stationary, which does
not necessarily invalidate the Poisson distribution.

Next, a non-linear and non-Gaussian dynamic regression for count data is provided. The
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dynamic random effect Poisson model serves as the basis for the more elaborate dynamic
hierarchical negative binomial dual random effect model.

For t = 1, . . . , T , let y(t) denote the count time series of interest and let x(t) = θ̃(t)

denote the corresponding solution of the compartmental model. Consider models for counts
with non-negative over-dispersion multiplicative random effect ϵ(t) to account for individual
heterogeneity and contagion dependence [69]:

y(t) ∼ Poisson(θ(t)),

θ(t) = exp
(
[x(t)]Tβ

)
ϵ(t). (4.2.27)

To form the dynamic random effect Poisson model, distributional priors are placed on
the multiplicative effect, which yield compound models with

E[y(t) | x(t)] = θ(t)E[ϵ(t)], (4.2.28)

Var[y(t) | x(t)] = E[y(t) | x(t)] + Var[ϵ(t)]
E2[ϵ(t)]

E2[y(t) | x(t)]. (4.2.29)

The compound Gamma-Poisson model for counts follows by setting

ϵ(t) ∼ Gamma

(
r,
1

r

)
=

rr

Γ(r)
ϵ(t)r−1 exp(−rϵ(t)) (4.2.30)

such that E[ϵ(t)] = 1 and Var[ϵ(t)] = r−1 yields a gamma-Poisson model. Integrating out
ϵ(t) gives a negative binomial distribution with mean θ(t) and inverse dispersion parameter
ϕ = 1

r
with probability density function

f(y(t)) =
Γ(ϕ−1 + y(t))

y(t)!Γ(ϕ−1)

(
ϕ−1

ϕ−1 + θ(t)

)ϕ−1(
θ(t)

ϕ−1 + θ(t)

)y(t)

, (4.2.31)

E[y(t) | x(t)] = θ(t), (4.2.32)

Var[y(t) | x(t)] = E[y(t) | x(t)] + ϕE2[y(t) | x(t)]. (4.2.33)

Similarly, lognormal-Poisson model for counts is created by setting

ϵ(t) ∼ logN (0, σ2) (4.2.34)
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which yields a heavy-tailed lognormal-Poisson model where

E[ϵ(t)] = exp
(σ2

2

)
, (4.2.35)

Var[ϵ(t)] = exp(σ2)(exp(σ2)− 1), (4.2.36)

E[y(t) | x(t)] = θ(t) exp
(σ2

2

)
, (4.2.37)

Var[y(t) | x(t)] = E[y(t) | x(t)] +
(
exp(σ2)− 1

)
E2[y(t) | x(t)]. (4.2.38)

Finally, the dynamic lognormal and gamma mixed negative binomial (DLGNB) regression
model is presented. Let p(t) = exp(ψ(t))

1+exp(ψ(t))
= exp([x(t)]Tβ)ε(t)

1+exp([x(t)]Tβ)ε(t)
, logit(p(t)) = log p(t)

1−p(t) . Then,
the observation model reads:

y(t) ∼ NB(r, p(t)), ψ(t) = logit(p(t)) = [x(t)]Tβ + log ε(t) (4.2.39)

ε(t) ∼ logN (0, φ−1), φ ∼ Gamma(e0, 1/f0) (4.2.40)

β ∼
P∏
p=0

N (0, α−1
p ), αp ∼ Gamma(c0, 1/d0) (4.2.41)

r ∼ Gamma(a0, 1/h), h ∼ Gamma(b0, 1/g0) (4.2.42)

where φ = σ−2 and a0, b0, c0, d0, e0, f0, and g0 are gamma hyperparameters. The DLGNB
model properties are as follows. By law of total expectation and law of total variance:

E[y(t) | x(t)] = Eε(t)[E[y(t) | x(t), ε(t)]] (4.2.43)

= exp([x(t)]Tβ + σ2/2 + log r), (4.2.44)

Var[y(t) | x(t)] = Eε(t)[Var[y(t) | x(t), ε(t)]]+ (4.2.45)

Varε(t)[E[y(t) | x(t), ε(t)]] (4.2.46)

= E[y(t) | x(t)]+ (4.2.47)(
exp(σ2)(1 + r−1)− 1

)
E2[y(t) | x(t)]. (4.2.48)

Quasi-dispersion parameter κ = exp(σ2)(1 + r−1) − 1 shows that the DLGNB model is
a generalization of the NB model (σ2 = 0) and the lognormal-Poisson model (ϕ = r−1 = 0)
which includes one extra degree of freedom to incorporate both kinds of random effects, with
their proportion automatically inferred.

In the regression model, explanatory variables and coefficients are defined as follows. The
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solution of the compartmental model, θ̃C(t), θ̃H(t) and θ̃D(t), corresponding to the respective
I, H, and D compartments may be used as explanatory variables in the regression:

x(t) = [1, x1(t), . . . , xP (t)]
T = [1, θ̃C(t), θ̃H(t), θ̃D(t)]T, (4.2.49)

β = [β0, . . . βP ]
T = [β0, βC , βH , βD]T. (4.2.50)

4.2.4 Non-parametric Bayesian basis expansion model

Modelling parameters ψ(t) as time-varying allows for accounting of infection rate variation
due to human behaviour, non-pharmaceutical interventions (such as masking and govern-
mental policies), and emergence of new viral strains.

In the Bayesian framework, shrinkage priors Gh, h = 1, . . . , H, have high density at zero
and heavy tails to avoid over-shrinking which emulate the role of a smoothing parameter:

ψ(t) = ξ0 +
H∑
h=1

ξhbh(t)

ξ0 ∼ N (0, σ2
ψ)

ξh ∼ Gh, h = 1, . . . , H. (4.2.51)

In the temporal Bayesian shrinkage spline, the choice of shrinkage prior Gh can take on
various distributions, including t-distribution, Laplace distribution, horseshoe distribution,
Pearson type VII, or generalized double Pareto. Local Student’s t prior [53] may be defined
using a scale mixture of normals formulation [51]:

Gh | τ 2h , σ2∼Normal(0, σ2τ 2h),

τ 2h | ν, λ∼ Inv-Gamma
(ν
2
,
ν

2λ

)
for h = 1, . . . , H,

λ∼ half-Cauchy(0, 1)

This implies a Student’s tν prior on wh [54].
Alternatively, setting τ 2t | ν ∼ Inv-Gamma(ν

2
, ν
2
) gives wt ∼ Student-t(ν) [54].
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The Bayesian Lasso [55] is as follows:

Gh | τ 2h , σ2∼Normal(0, σ2τ 2h),

τ 2h | λ2∼Exponential
(λ2
2

)
for h = 1, . . . , H,

λ∼ half-Cauchy(0, 1)

Integrating out τ 2h yields double-exponential (Laplace) priors on the coefficients:

Gh | λ, σ ∼ Double-Exponential
(
0,
σ

λ

)
for h = 1 . . . , H.

Finally, the horseshoe prior [38] is:

Gh | τ 2h ∼Normal(0, τ 2h),

τh | λ∼ half-Cauchy(0, λ) for h = 1, . . . , H,

λ∼ half-Cauchy(0, σ)

For fixed λ = σ = 1, the prior for the shrinkage factor κh = 1
1+τ2t

resembles a horseshoe
shaped Beta(0.5,0.5) prior. Large coefficients occur for κt ≈ 0 (no shrinkage), whereas small
coefficients occur for κh ≈ 1 (heavy shrinkage). This is an example of a global-local shrinkage
prior with time-specific local shrinkage component τh as well as a global shrinkage component
λ.

Each of these shrinkage priors are sparsity-inducing in the sense that some coefficients in
the regression will be shrunken toward, or set to, zero.
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Figure 4.3: Shrinkage priors for the Bayesian spline functions

Fixing a multi-dimensional spline basis and placing Gaussian prior over the coefficients
results in a Gaussian process [70], albeit one that lives in finite-dimensional space. Thus,
the present setting utilizing shrinkage priors over the coefficients can be regarded as a gen-
eralization of Gaussian processes [71].

Regarding the epidemiological parameter specification, a timeline of COVID-19 progres-
sion and model parameters is shown below [72].

Latent Period Infectious Period

Incubation Period

Exposure Infectious

Symptomatic Hospitalization

Recovered

Death

α−1 η−1
0 λ−1

0 (γH0 )−1

(γI0)
−1

ρ−1
0

δ−1
0

Figure 4.4: Timeline of COVID-19 progression and model parameters.
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Parameter Interpretation Prior Mean 95% coverage
α Inverse of latent period Beta(31.5, 58.5) 0.35 (0.27, 0.43)
η0 Inverse of infectious period

before symp.
Beta(32.4, 58.4) 0.36 (0.28, 0.44)

λ0 Inverse of infectious period
(symp. to hosp.)

Beta(82.0, 163.9) 0.33 (0.28, 0.38)

γI0 Inverse of infectious period
after symp.

Beta(19.3, 115.8) 0.14 (0.10, 0.20)

γH0 Inverse of infectious period
after hosp.

[(γI0)
−1 − λ−1

0 ]−1 0.25 (0.14, 0.49)

ρ0 Inverse of entire infectious pe-
riod

[η−1
0 + (γI0)

−1]−1 0.10 (0.075, 0.127)

δ0 Inverse of time to death after
infectious per.

Beta(29.1,494.6) 0.056 (0.040, 0.073)

κ Ratio factor of exposed
asymp. to symp.

Gamma(25, 5) 5 (3.47, 6.75)

Table 4.1: Informing model parameters using clinical knowledge [67].

Moving on to the parameter submodels, time-varying epidemiological parameter β(t) is
modelled as follows.

Since β(t) > 0 for all t, let

log[β(t)] = ξ0β + [bh(t)]
Tξh (4.2.52)

where

ξ0β ∼ N (0, 1)

ξh ∼ Ghβ, h = 1, . . . , H. (4.2.53)

Assimilating covariates xi, i = 1, . . . , P , into the model can be accomplished as follows:

log[β(t)] = ξ0β(t) + [bh(t)]
Tξh +

P∑
i=1

xi(t)ξβ;xi (4.2.54)
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where

ξ0β ∼ N (0, 1)

ξh ∼ Ghβ

ξβ;xi ∼ Ghβ;xi , h = 1, . . . , H. (4.2.55)

At last, the finalized flow chart of the model is shown below.

Λ S E
β(t)

A
α

I
η(t)

H
λ(t)

D
δ(t)

V RA R

x

xx

µ µ µ µ

yC

µ

yH

µ µ µ

ν(t) (1− ε(t))β(t) ρ(t) γI(t) γH(t)

yD

Figure 4.5: Flow chart of the model with covariate inclusion.

Parameter α denotes the rate of exposed individuals becoming infectious, and α−1 rep-
resents the latent or pre-infectious period (time period between exposure to the disease and
being able to infect others).

α ∼ Beta(31.5, 58.5)

with mean 0.35 = 31.5
31.5+58.5

= 1
2.8571

and standard deviation 0.05 =
√

31.5×58.5
(31.5+58.5)2(31.5+58.5+1)

.
Due to the asymptomatic condition, incubation period (time period between exposure and
symptom onset) is at least the latent period, with their difference equal to the detection
rate. For COVID-19, individuals usually become infectious before the onset of symptoms.

Parameter η(t) denotes the rate of detection of undetected infectious individuals and η−1
0

represents the time between being infectious and becoming symptomatic. The average time
to detection for undetected infectious individuals is assumed to be similar to the time to
symptoms onset. Thus, undetected infectious individuals (who are eventually diagnosed)
are typically diagnosed with the disease when their symptoms start to appear.
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Define η(t) = η0 ψ(t), where ψ(t) represents the proportion of undetected infectious
individuals that are eventually diagnosed with the disease. The incubation period is approx-
imately α−1 + η−1

0 . Let η0 ∼ Beta(32.4, 58.4), with mean 0.3568 = 32.4
32.4+58.4

= 1
2.8024

and

standard deviation 0.05 =
√

32.4×58.4
(32.4+58.4)2(32.4+58.4+1)

. Let

ψ(t) = aψ − bψ exp(−cψt) (4.2.56)

where 0 < bψ < aψ < 1 and cψ > 0. Here, ψ(0) = aψ − bψ, ψ(t) = aψ as t → ∞ and cψ

characterizes testing capacity increase.
Model aψ ∼ Beta(55.5, 18.5) (mean=0.75, SD=0.05), bψ

aψ
∼ Unif(0, 1), cψ ∼ Gamma(5, 100).

Regarding the hospitalization rate, let parameter λ(t) denote the rate of detected infec-
tious individuals becoming hospitalized:

λ(t) = ν(t)λ0

where ν(t) is the proportion of detected infectious individuals who will eventually be hospi-
talized, and λ−1

0 represents the time interval between disease detection and hospitalization
such that λ0 ∼ Beta(82, 163.9) (mean=1

3
, SD=0.03).

For the hospitalization rate priors, proportion of hospitalizations is modelled as:

logit[ν(t)] = ζ0ν + [bh(t)]
Tζν (4.2.57)

where ζ0ν is the intercept and bh(t) is a vector of basis functions at time t and ζν is the vector
of regression coefficients. Let ζ0ν ∼ N (−2, 1), ζν ∼ N (0, σ2

νI) and σν ∼ N+(0.5, 0.1
2).

Parameter γI(t) denotes the rate of detected infectious individuals becoming noninfec-
tious without being hospitalized:

γI(t) = (1− ν(t))γI0

where γI0 ∼ Beta(19.3, 115.8) (mean=1
7
, SD=0.03) such that (γI0)

−1 represents the time
interval between disease detection and when the individual is no longer able to infect others.

Parameter ρ(t) denotes the rate of undetected infectious individuals becoming non-
infectious without ever being detected as having the disease:

ρ = (1− ψ(t))ρ0

where 1−ψ(t) represents the proportion of undetected infectious individuals that are never di-
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agnosed with the disease and ρ−1
0 is the time interval during which a never-detected infectious

individual is capable of infecting others (the whole infectious period): ρ−1
0 = η−1

0 + (γI0)
−1.

That is, the whole infectious period is the time interval between when an individual is
capable of infecting others and when the individual is diagnosed with the disease, plus the
time interval between diagnosis and when the individual is no longer able to infect others.

Denote the rate of death for hospitalized individuals by (time-varying) parameter δ(t),
and (time-varying) recovery rate of hospitalized individuals by γH(t). Further, assume ω(t)
represents the proportion of deaths among hospitalized individuals, and 1−ω(t) the propor-
tion of recoveries.

γH(t) = (1− ω(t))γH0 , δ(t) = ω(t)δ0 (4.2.58)

where δ0 ∼ Beta(29.1, 494.6) with mean 1
18

and standard deviation 0.01.
For the death rate priors, let

(γH0 )−1 + λ−1
0 = (γI0)

−1.

The proportion of deaths is modelled as:

logit[ω(t)] = ζ0ω + [bh(t)]
Tζω (4.2.59)

where ζ0ω is the intercept and bh(t) is a vector of basis functions at time t and ζω is the
vector of regression coefficients. Let ζ0ω ∼ N (−1, 1), ζω ∼ N (0, σ2

ωI) and σω ∼ N+(0.5, 0.1
2).

Typically, at the individual level, vaccine effectiveness ε is modelled as an exponential
decay function of time. Here, the assumption is that at the population level, vaccine effective-
ness is, on average, relatively constant with the passage of time for the analysis period. The
vaccine breakthrough (failure) rate σ is modelled as the complement of vaccine effectiveness:

σ = 1− ε (4.2.60)

where ε ∼ Beta(55.5, 18.5) (mean=75%, SD=5%). Viral variants responds differently to vac-
cination. To take such differences into account, another setting whereby ε ∼ Beta(31.5, 3.5)
(mean=90%, SD=5%) is analyzed.

Alternative modelling techniques could be used if vaccine effectiveness is known to follow
specified temporal patterns. For example, a Brownian bridge could be used to account
for initial and terminal boundary time points of the analysis period. Additionally, waning
immunity could be incorporated in a time-varying fashion into a function of the vaccine
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effectiveness.

4.2.5 Markov chain Monte Carlo implementation

Parameter estimation can be accomplished by the Monte Carlo method [34]. Monte Carlo
simulation is a sampling process from a target distribution p(ψ | y). Once sufficient samples
are obtained, the inferences of target distribution can be approximated by sample statistics,
such as sample mean, sample standard error and sample percentile. Traditional Monte Carlo
simulation methods involve calculation of the inverse cumulative distribution function, the
rejection sampling method, which generates independent samples. In contrast, Markov chain
Monte Carlo (MCMC) methods generate a Markov chain whose stationary distribution is
equivalent to the target distribution. In MCMC, the next sampled value typically depends
on the previous sampled value.

In contrast, Hamiltonian dynamics can be used to intelligently guide the iterative process.
Hamiltonian Monte Carlo (HMC) [7] proposes a parameter value by computing a trajectory
according to Hamiltonian dynamics that takes the target posterior distribution into account
by considering position (target distribution) ψ and momentum ϕ in a Hamiltonian function
as

H(ψ, ϕ) = U(ψ) +K(ϕ)

− log p(ψ, ϕ) = − log p(ψ | y)− log p(ϕ) (4.2.61)

Taking p(ϕ) to be zero-mean multivariate Gaussian gives 1
2
ϕTΣ−1ϕ where the mass matrix

Σ−1 is symmetric positive-definite, typically set to identity. By Hamilton’s equation of
motion:

dψi
dt

=
∂H

∂ϕi
= [Σ−1ϕ]i

dϕi
dt

= −∂H
∂ψi

= − ∂U
∂ψi

(4.2.62)

For implementation of Hamilton’s equation, Euler’s method is as follows:

ϕi(t+ ε) = ϕi(t) + ε
dϕi(t)

dt
= ϕi(t)− ε

∂U

∂ψi
(ψi(t))

ψi(t+ ε) = ψi(t) + ε
dψi(t)

dt
= ψi(t) + ε[Σ−1ϕ]i (4.2.63)
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Even more efficient is the trajectory volume-preserving Leapfrog method:

ϕi(t+
1

2
ε) = ϕi(t)−

1

2
ε
∂U

∂ψi
(ψi(t))

ψi(t+ ε) = ψi(t) + ε[Σ−1ϕ(t+
1

2
ε)]i

ϕi(t+ ε) = ϕi(t+
1

2
ε)− 1

2
ε
∂U

∂ψi
(ψi(t+ ε)) (4.2.64)

Posterior distribution simulation by Hamiltonian MCMC is outlined below.

Algorithm 1 Hamiltonian MCMC
1: Input: (ψt−1, ϕt−1)
2: Time t update rule:
3: • draw auxiliary momentum variable
4: ϕt−1 ∼ N (0,Σ)

5: • evolve joint (ψt−1, ϕt−1) via L-step leapfrog method
6: ϕi(t− 1 + 1

2ε) = ϕi(t− 1) + 1
2ε

∂ log p(ψ(t−1))
∂ψi

7: ψi(t− 1 + ε) = ψi(t− 1) + ε[Σ−1ϕ(t− 1 + 1
2ε)]i

8: ϕi(t− 1 + ε) = ϕi(t− 1 + 1
2ε) +

1
2ε

∂ log p(ψ(t−1+ε))
∂ψi

9: Obtain proposed (ψ∗ = ψt−1+εL, ϕ∗ = ϕt−1+εL).

10: • Metropolis accept step
11: A = min{1, exp[H(ψt−1, ϕt−1)−H(ψ∗, ϕ∗)]}
12: Accept (ψ∗, ϕ∗) and set (ψt, ϕt) = (ψ∗, ϕ∗) with probability A.
13: Otherwise, reject (ψ∗, ϕ∗) and set (ψt, ϕt) = (ψt−1, ϕt−1).
14: Output: (ψt, ϕt)

No-U-Turn-Sampler (NUTS) [73], [74] dynamically adjusts the number of leapfrog steps
at each iteration to send the trajectory as far as it can go during that iteration. It travels
backward and forward along the trajectory in a way that satisfies detailed balance to ensure
convergence to the target distribution.

Hamiltonian MCMC tuning parameters (fixed in the inferential computation) include:
mass matrix Σ, covariance of the target distribution and a Euclidean metric that rotates and
scales the target distribution; step size ε, ε large: the resulting trajectory will be inaccurate
and too many proposals will be rejected and ε small: too many steps will be taken by the
leapfrog method leading to long simulation times per iteration; number of steps L: L small:
the trajectory traced out will be too short and sampling will devolve to a random walk and
L large: the algorithm will spend too much time in one iteration.

To assess convergence, a potential scale reduction factor R̂ is used. It is created as follows.
For I chains, each of length J , split each chain into 2 parts to get 2I batches, each of length
J/2 and label the simulations ψij, i = 1, . . . , 2I, j = 1, . . . , J/2 and calculate between- and
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within-batch variances as a measure of posterior variability:

WVar =
2I∑
i=1

s2i , s2i the sample variance of ith batch, (4.2.65)

BVar =
J/2

2I − 1

2I∑
i=1

(ψ̄i· − ψ̄)2 (4.2.66)

where ψ̄i· is the sample mean of the ith batch and ψ̄ is the pooled mean. Both WVar and
BVar estimate posterior variance Var(ψ | y). An accurate estimate is given by [7]:

Ṽar(ψ | y) = J/2− 1

J
WVar +

1

J
BVar. (4.2.67)

This is an unbiased estimate under stationarity, and over-estimate including warm-up iter-
ations. However, WVar underestimates Ṽar(ψ | y) due to sample size J/2 and dependent
iterations. Thus, convergence is monitored by estimating

R̂ =

√
Ṽar(ψ | y)
WVar

(4.2.68)

which declines to 1 as J →∞.
For efficiency, batch means method is used. For I chains, each of length J , where each

chain is split into M batches, each of length J/M such that CLT holds for each batch.
Then, for simulations ψij, i = 1, . . . , IM, j = 1, . . . , J/M the batch means ψ̄i· are i.i.d. with
posterior mean and posterior variance over J/M . The sample variance of batch means is
used to estimate the posterior variance:

̂Var(ψ | y) = J/M

IM − 1

IM∑
i=1

(ψ̄i· − ψ̄)2. (4.2.69)

Batch means method can be used to create for confidence intervals for the parameter
estimates. The standard error of the posterior mean ψ̄ =

∑
ij
ψij
IJ

can be approximated by
the Monte Carlo standard error:√

̂Var(ψ | y)
IJ

=

√√√√ 1

IM(IM − 1)

IM∑
i=1

(ψ̄i· − ψ̄)2. (4.2.70)
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Thus, a 95% CI of ψ̂ is

(
ψ̄ ± 1.96

√
̂Var(ψ | y)
IJ

)
. (4.2.71)

Efficiency can also be assessed by effective sample size (ESS). An estimate of effective
sample size is [7]:

neff =
IJ

1 + 2
∑∞

t=1 ρt
(4.2.72)

for I chains of length J and ρt is the autocorrelation of the Monte Carlo sample at lag t.
For the implementation, NUTS is accessed via Stan [73], [74], a probabilistic program-

ming language for statistical inference written in C++ with interfaces to Python, R, and
Julia. It applies NUTS and can also do approximate Bayesian inference by variational Bayes
or by penalized maximum likelihood estimation. The algorithm includes data and model
input and computation of the log posterior density (up to an arbitrary constant that cannot
depend on the parameters in the model) and its gradients. In warm-up phase, the tuning
parameters ε and L are set and NUTS is used to move through the (possibly constrained)
parameter space. Convergence monitoring and inferential summaries are also provided.

4.3 Applications to COVID-19 mobility and vaccination

data

The analysis period is taken to be 12/14/2020 to 09/16/2022 (642 days). Daily data is
obtained from Ontario Agency for Health Protection and Promotion (Public Health Ontario)
COVID-19 Data Tool [21], Ministry of Health COVID-19 Vaccine Data Catalogue [75], and
Google Community Mobility Reports [76].

In terms of model settings and initialization values, note that the susceptible, exposed,
and undetected infectious (asymptomatic) individuals are not observed at the beginning of
analysis and are estimated as: E(0)+A(0) = κI(0) where κ ∼ Gamma(25, 5) i.e., about 80%
of all infections were undocumented at beginning of epidemic, and E(0)

E(0)+A(0)
∼ Unif(0, 1).

The initial number of susceptible individuals is S(0) = N(0) − E(0) − I(0) − A(0) where
N(0) is the population size.

Surveillance targets of case, hospitalization, and death counts, vaccination rates and
mobility signals are used in the analysis. The data over the analysis period are shown in the
following plots.
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Figure 4.6: Vaccination rate over time.

The first plot illustrates the vaccination rate in Ontario from December 2020 to September
2022. The vaccination rate begins very low at the start of 2021 and rises significantly around
January 2021. There is a steep increase in the vaccination rate from January to mid-2021,
which indicates a rapid vaccine rollout and high uptake among the population. This increase
continues at a slower pace from mid-2021 to the end of the year, suggesting a saturation
point where most individuals willing to be vaccinated had already received their doses. By
2022, the rate of increase slows even further, indicating that the majority of the population
intending to get vaccinated had done so. The plot demonstrates the successful vaccination
efforts and high coverage, which are crucial for controlling the spread of COVID-19.
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Figure 4.7: Ontario mobility trends.

The second plot presents the mobility trends in Ontario, showing changes in mobility
across various categories compared to a baseline. Mobility, as presented in the plot, refers to
the relative change in the frequency of visits to specific categories of locations compared to
a baseline. These categories include Retail and Recreation, Grocery and Pharmacy, Parks,
Transit Stations, Workplaces, and Residential areas. The baseline is typically defined as the
median value of mobility for each category during a pre-pandemic reference period, which is
calculated over several weeks or months. This baseline serves as a reference point to quantify
changes in mobility patterns during the observed period.

The mobility data shown in the figure represent percentage changes from this baseline.
For example, a value of +50% indicates a 50% increase in mobility relative to the base-
line, while a value of -50% indicates a 50% decrease. These measurements are derived from
anonymized and aggregated location data, often collected via GPS-enabled devices and dig-
ital services. The data are processed to ensure privacy while allowing the analysis of general
trends in population movement.

In the provided plot, each curve represents the percentage change in mobility for one
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category of locations over time. Positive values indicate increased mobility compared to the
baseline, whereas negative values indicate decreased mobility. For instance, Residential areas
might show positive mobility changes during periods when individuals spend more time at
home, such as during lockdowns or holidays. Conversely, categories like Retail and Recreation
or Transit Stations may exhibit negative changes during the same periods, reflecting reduced
movement to these locations.

These mobility trends provide valuable insights into how public movement patterns shift
over time. They are particularly useful for understanding behavioural changes driven by
external factors such as public health policies, seasonal variations, or significant events. By
visualizing these trends, it becomes possible to analyze how different categories of mobility
respond to societal and environmental changes, helping to inform policy decisions and public
health strategies.

Different lines represent various categories, including retail and recreation, grocery and
pharmacy, parks, transit stations, workplaces, and residential areas. During certain periods,
sharp declines in mobility are observed, especially around transit stations and workplaces,
likely corresponding to lockdowns and work-from-home policies. In contrast, residential
mobility increases during these periods, indicating that people stayed home more. Categories
like parks show more variability, possibly due to outdoor activities being safer and subject
to different restrictions. The overall trend highlights how mobility restrictions and public
behaviour fluctuated in response to the pandemic waves and government policies.

These visualizations help to capture the dynamics of the pandemic, showing how pub-
lic health measures, vaccination campaigns, and individual behaviours evolved over time,
influencing the transmission and control of COVID-19.
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Figure 4.8: Prediction of case counts with the original Poisson model. The analysis period
is taken to be 12/14/2020 to 09/16/2022.

Figure 4.9: Prediction of case counts with the DLGNB model. The analysis period is taken
to be 12/14/2020 to 09/16/2022.

The one-step-ahead prediction of COVID-19 case counts using the original Poisson model
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is displayed in 4.8. In this plot, the blue circles represent observed daily case counts, the red
line represents the predicted case counts from the model, and the dashed black lines indicate
confidence intervals around the predictions. While the model captures the general trend of
the observed data, it may miss some peaks and troughs, highlighting the Poisson model’s
limitations in capturing the full variability and nonlinearity of the data. Significant peaks
around December 2021 and early 2022 suggest periods of high transmission, possibly due to
new variants or changes in public health measures. This model’s performance indicates that
while it can follow overall trends, it might not be adequate for more complex dynamics.

Prediction of COVID-19 case counts using the DLGNB model is also illustrated in 4.9.
Similar to the previous plot, the blue circles represent observed daily case counts, the red
line represents the predicted case counts from the DLGNB model, and the dashed black lines
show the confidence intervals around the predictions. The DLGNB model appears to provide
a better fit to the observed data, capturing more of the variability and peaks in case counts.
The improved fit suggests that the DLGNB model, which accounts for over-dispersion and
non-Gaussian characteristics, is better suited for modeling the complex dynamics of COVID-
19 transmission. Additionally, the narrower confidence intervals indicate higher confidence
in the model predictions compared to the Poisson model, demonstrating its effectiveness in
capturing the complexities of the pandemic’s transmission dynamics.

The vaccination rate plot highlights successful vaccine rollout and coverage in Ontario,
crucial for controlling COVID-19. Mobility trends show how public behaviour and restric-
tions varied throughout the pandemic. Comparing the original Poisson model and the DL-
GNB model for predicting case counts, the DLGNB model provides a better fit, capturing
the complexities of COVID-19 transmission dynamics more effectively. This comparison
underscores the importance of using more sophisticated models to understand and predict
pandemic trends accurately.
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Figure 4.10: Prediction of case counts with accounted vaccination using the Poisson model.

Figure 4.11: Prediction of case counts with accounted vaccination using the DLGNB model.

The above plot illustrates the predicted COVID-19 case counts using the original Poisson
model in 4.8, which does not account for the effects of vaccination. The blue circles represent
the observed case counts, while the solid red line indicates the model’s predicted case counts.

146



The dashed lines surrounding the red line represent the prediction intervals, which show the
range within which the true case counts are expected to fall with a certain level of confidence.

The Poisson model captures the general trends in the case counts, including the peaks
and troughs, but it struggles to account for the high variability observed in the data. During
periods of significant spikes, such as around early January and late December, the model’s
predictions tend to underestimate the actual case counts. The prediction intervals are rela-
tively wide, indicating a high level of uncertainty in the predictions, especially during periods
of high transmission.

The next plot, in 4.9, shows the predicted case counts using the DLGNB model. As in the
previous plot, the blue circles represent the observed case counts, the solid red line indicates
the model’s predicted case counts, and the dashed lines are the prediction intervals.

The DLGNB model provides a more accurate fit to the observed data compared to the
Poisson model, particularly in capturing the sharp increases and decreases in case counts.
The prediction intervals are narrower than those of the Poisson model, suggesting that the
DLGNB model offers more precise predictions with lower uncertainty. The model performs
well during the peaks, providing predictions that closely follow the observed data, even
during significant spikes in cases.

The third plot, in 4.10, depicts the predicted case counts using the Poisson model while
accounting for the effects of vaccination. The observed case counts, predicted case counts,
and prediction intervals are represented in the same manner as the previous plots.

Incorporating vaccination into the Poisson model improves the accuracy of the predic-
tions. The model now better captures the decrease in case counts observed after the vacci-
nation rollout. The model still struggles during peak periods, but the predictions are closer
to the observed data compared to the original Poisson model without vaccination. The
prediction intervals remain wide, indicating persistent uncertainty, but there is a noticeable
improvement in the model’s performance.

The fourth plot, in 4.11, shows the predicted case counts using the DLGNB model while
accounting for the effects of vaccination. The representation of observed case counts, pre-
dicted case counts, and prediction intervals follows the same format. The DLGNB model
with vaccination provides the most accurate predictions among all models analyzed. The
predicted case counts closely follow the observed data, even during periods of high transmis-
sion. The prediction intervals are the narrowest, indicating high confidence in the model’s
predictions. The model effectively captures the impact of vaccination, showing a significant
reduction in predicted case counts following the vaccination campaign.

When comparing the model results, it is clear that the DLGNB model outperforms the
Poisson model in terms of prediction accuracy and precision. The DLGNB model’s ability to
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handle over-dispersion and further account for vaccination effects leads to narrower predic-
tion intervals and more accurate fits to the observed data. Both models show improvements
in their predictions when vaccination is accounted for. However, the DLGNB model’s pre-
dictions are more responsive to changes in case counts due to vaccination, providing a closer
match to the observed data.

Incorporating vaccination data into the models significantly enhances their predictive ca-
pabilities. The DLGNB model demonstrates superior performance in capturing the dynamics
of COVID-19 case counts, providing the most reliable and precise predictions.

Model/Data tpeak ŷmax
C (% Error) Smoothed ŷmax

C (% Error)
Truth 01/01/2022 19487 13645
Original 01/03/2022 13042 (33.07%) 10860 (20.41%)
DLGNB 12/31/2021 19903 (2.13%) 14124 (3.51%)

Table 4.2: Point prediction of the major epidemic peak time and intensity.

The above table provides a comparison of point predictions for the major epidemic peak
time and intensity using different models, specifically contrasting the actual or true observed
values with predictions made by the original Poisson model and the DLGNB model. The
metrics evaluated include the peak time (tpeak), the maximum case count (ŷmax

C ) with the
percentage error, and the smoothed maximum case count with the percentage error.

The observed peak time is January 1, 2022, with a maximum case count of 19,487 and a
smoothed maximum case count of 13,645. In comparison, the Poisson model predicted the
peak two days later on January 3, 2022, with a maximum case count of 13,042, resulting in
a 33.07% error. The smoothed maximum case count predicted by the Poisson model was
10,860, with a 20.41% error. In contrast, the DLGNB model predicted the peak one day
earlier, on December 31, 2021, with a maximum case count of 19,903, which is very close to
the actual peak, resulting in a minimal error of 2.13%. The smoothed maximum case count
predicted by the DLGNB model was 14,124, with a 3.51% error.

These results highlight the superior performance of the DLGNB model over the original
Poisson model in predicting the peak time and intensity of COVID-19 cases. The DLGNB
model demonstrates higher accuracy in both peak timing and peak case count predictions,
with significantly lower percentage errors. This indicates that the DLGNB model is more re-
liable for epidemic forecasting, particularly in capturing the dynamics of the major epidemic
peak. The inclusion of vaccination data and other factors likely contributes to the enhanced
predictive capability of the DLGNB model, making it a more robust tool for public health
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planning and response.

Figure 4.12: Prediction of hospitalization counts with accounted vaccination using the DL-
GNB model.

The plot above illustrates the prediction of hospitalization counts using the DLGNB
model, which incorporates mobility and vaccination data. The red line represents the
smoothed prediction of hospitalizations over time, while the blue circles indicate the observed
hospitalization counts. The dashed black lines show the prediction intervals, capturing the
uncertainty in the model’s predictions.

The model effectively tracks the major trends in hospitalization counts, capturing the
significant peaks and troughs observed in the data. Notably, the model accurately predicts
the peak hospitalization counts observed around late April and early January, demonstrating
its ability to capture the dynamics of hospitalization trends during different waves of the
pandemic. The prediction intervals also indicate a reasonable level of confidence in the
model’s forecasts, with most of the observed data points falling within these intervals. This
alignment between the predicted and observed hospitalization counts validates the robustness
of the DLGNB model in integrating mobility and vaccination data to enhance prediction
accuracy.
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Figure 4.13: Prediction of death counts with accounted vaccination using the DLGNB model.

The plot above presents the prediction of death counts using the DLGNB model, with the
inclusion of mobility and vaccination data. Similar to the hospitalization plot, the red line
shows the smoothed predictions of death counts, and the blue circles represent the observed
death counts. The dashed black lines depict the prediction intervals.

The model demonstrates a strong ability to predict death counts over time, capturing
both the overall trend and the specific peaks observed in the data. The significant peaks
around early January and late April are well-predicted by the model, indicating its effective-
ness in accounting for changes in mobility and vaccination rates. The prediction intervals
provide a measure of uncertainty, with the majority of observed death counts falling within
these intervals, further validating the model’s reliability.

The next plot displays the effective reproduction number R0 as published by the Ontario
COVID-19 Science Advisory Table. This R0 value changes over time, reflecting changes in
transmission dynamics due to public health measures, population behaviour, and emerging
variants. Notably, R0 values consistently above 1 indicate periods of increasing transmission,
while values below 1 indicate declining transmission.
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Figure 4.14: R0 from the Ontario COVID-19 Science Advisory Table.

The following plot shows the model’s R0 values, incorporating mobility and vaccination
data. The model’s R0 values generally align with the published data, capturing the major
trends and fluctuations. The inclusion of vaccination data results in a more refined estimation
ofR0, particularly in periods following significant vaccination efforts, where the reproduction
number decreases, reflecting reduced transmission.
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Figure 4.15: Model R0 including mobility and vaccination data.

The effect of vaccination on case count prediction and the reproduction number is il-
lustrated in the following plots. In the following two figures, the DLGNB model is used to
predict case counts under the assumptions of 75% and 90% vaccine effectiveness, respectively.
The model shows a significant reduction in predicted case counts as vaccine effectiveness in-
creases. With 75% effectiveness, the peak case counts are notably higher compared to the
scenario with 90% effectiveness. This demonstrates the critical role of high vaccine effective-
ness in controlling the spread of the virus and reducing the burden on healthcare systems. As
vaccine effectiveness increases, the peaks become smaller and more manageable, suggesting
that higher vaccine efficacy leads to better control of outbreaks and more stable healthcare
demand.
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Figure 4.16: Case count prediction for the DLGNB model with a setting of 75% vaccine
effectiveness.

Figure 4.17: Case count prediction for the DLGNB model with a setting of 90% vaccine
effectiveness.

The next two figures depict the effective reproduction number R0 under the same vaccine

153



effectiveness scenarios (75% and 90%). The R0 values are consistently below 1 when vaccine
effectiveness is at 90%, indicating that each infected person is transmitting the virus to fewer
than one other person on average, leading to a decline in new infections. However, with 75%
effectiveness, R0 occasionally rises above 1, suggesting periods where the virus can spread
more freely. This analysis highlights the importance of achieving and maintaining sufficiently
high vaccine efficacy to suppress virus transmission effectively.

Figure 4.18: Reproduction number computed using the DLGNB model with a setting of 75%
vaccine effectiveness.
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Figure 4.19: Reproduction number computed using the DLGNB model with a setting of 90%
vaccine effectiveness.

These comparisons demonstrate the substantial impact of vaccination on controlling
COVID-19. Higher vaccine effectiveness not only reduces the number of cases but also
maintains the reproduction number below the critical threshold of 1. These findings empha-
size the need for widespread vaccination campaigns and the development of highly effective
vaccines. Public health strategies should focus on maximizing vaccine coverage and ensuring
that vaccines administered have the highest possible effectiveness to mitigate the spread of
the virus and prevent overwhelming healthcare resources.

4.4 Conclusion

In conclusion, the important features of the model are as follows. Population-level dynamics
can be represented using deterministic ordinary differential equations, however, case rates
vary due to local testing, reporting policies, and non-homogeneous behaviour among indi-
viduals. Community mobility impacts the spreading profile; hence, a Bayesian time-varying
coefficient state-space model is implemented for infectious disease transmission. Tempo-
ral variations in epidemiological parameters are modeled using Bayesian shrinkage splines.
The time-varying coefficient compartment models the dynamics among susceptible, exposed,
asymptomatic, symptomatic, asymptomatic removed, hospitalized, symptomatic removed,
deceased and vaccinated individuals. The infectiousness component in the model assimilates
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multiple information sources, notably, population community mobility. A nonlinear and
non-Gaussian process model allows for day-to-day heterogeneity in disease spread and case
reporting due to reporting delays and irregularities, as well as deviations from deterministic
dynamics and nonrandom mixing of the population, which is essential to recognizing the role
of superspreaders [77]. The model is applied to case, hospitalization, and death observables
from the province of Ontario, Canada. High correlations between mobility and transmis-
sion rates explain the complex temporal variation in infectiousness. The model presented
is a rigorous, process-driven framework for modeling the impact of time-varying factors on
infectious disease spread.

In terms of limitations, challenges, and extensions, the following are noted. The variable
impact of mobility may be explained by differences in compliance with mask-wearing and
social distancing mandates. Mobility data is obtained from individuals and then averaged at
the regional level. Granular mobility patterns, further stratified by at-risk or highly active
subpopulations, may reveal connections between transmission and mobility. The relation
between mobility and epidemiological parameters across different locations may be used to
demonstrate heterogeneous effects of different policies. Disparities in cell phone ownership
due to sampling bias and usage in seniors, lower socioeconomic status, and institutionalized
subpopulations, who are less likely to own a cell phone, may be poorly represented by this
form of mobility data, leading to bias in the mobility metrics. In contrast to approaches that
compare only time series of cases to identify marginal relationships, incorporating informa-
tion on mobility into a model for disease spread allows for a more accurate representation of
the potentially causal role of factors in disease spread.

Among the multiple compartments, only three contained observed data, and as several
parameters determine the number of new cases produced by the model at each time point,
identifiability issues arise. Modeling the detection rate for individuals transitioning from
asymptomatic to symptomatic may be improved by including testing rate data. The shrink-
age splines and Gaussian processes used to model the parameters are amenable to expanding
the input space to include environmental factors that may influence the spread and severity of
symptoms [78], [79]. The Bayesian framework may be used to fit a joint model that includes
lower-level regional components and would allow for information on non-spatial parameters
to be estimated using shared information. Migration patterns could further be included to
account for the movement of susceptible and infected cases between regions. However, the
computational complexity increases as parameters of the stochastic models must be defined
for each region.

The mathematical and statistical modelling discussed provides a detailed and compre-
hensive approach to understanding and predicting the dynamics of infectious disease spread,
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while also highlighting the importance of incorporating various data sources and addressing
potential limitations and challenges in the analysis of complex real-world problems.
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Chapter 5

Stochastic Threshold Analysis for SIRS
model with Mean-Reverting
Transmission Processes

5.1 Introduction

Epidemiological modelling plays a crucial role in understanding the spread of infectious
diseases and informing public health policies. Accurate predictions of transmission rates are
vital for designing effective intervention strategies and mitigating the impact of outbreaks.
Traditionally, deterministic models, such as the classical Susceptible-Infectious-Recovered-
Susceptible (SIRS) framework, have been used to model disease transmission [80]. While
these models offer valuable insights, they fall short in capturing the inherent variability in
transmission rates caused by external factors like seasonality, public health interventions,
and behavioural changes within populations.

A key limitation of deterministic models is their assumption of constant or time-varying
transmission rates that are often too simplistic to reflect real-world epidemic dynamics. In
reality, transmission rates fluctuate unpredictably due to stochastic influences, making it
essential to incorporate these random variations into modelling frameworks.

Here, we introduce a novel approach to epidemiological modelling that incorporates
stochastic mean-reverting processes into the transmission dynamics by allowing the trans-
mission rate to fluctuate according to processes such as Chan–Karolyi–Longstaff–Sanders
(CKLS) [81]. This approach enables predictions of disease persistence or eradication, par-
ticularly in scenarios where external factors drive fluctuations in transmission rates.

The primary objective of this work is to present the derivation of stochastic extinction
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thresholds for these mean-reverting processes and to compare their behaviour with traditional
deterministic models. Through numerical simulations, we validate the performance of our
stochastic models, demonstrating their ability to capture the complex, nonlinear dynamics
of infectious disease transmission. Ultimately, this work aims to develop a novel framework
for epidemiological modelling.

5.2 Methodology

5.2.1 Model overview

In this work, we extend the classical SIRS (Susceptible-Infectious-Recovered-Susceptible)
epidemiological model by incorporating stochastic processes that allow the transmission rate
to vary dynamically. Traditional deterministic models often assume constant or predefined
time-varying transmission rates, limiting their ability to capture the unpredictable fluctua-
tions observed in real-world epidemics. By introducing mean-reverting stochastic processes,
we offer a framework that is more flexible and better suited to reflect the randomness inherent
in disease spread.

Our model specifically incorporates the Chan–Karolyi–Longstaff–Sanders (CKLS) pro-
cess, and novel mean-reverting to model transmission rate fluctuations. We also implement
the Ornstein–Uhlenbeck (OU) process [82]. These stochastic processes differ in how they
handle variability, volatility, and the behaviour of the transmission rate over time, partic-
ularly in maintaining its positivity. The introduction of these processes allows for a more
realistic and accurate depiction of epidemic dynamics, especially when external factors, such
as seasonality or interventions, cause shifts in transmission rates.

5.2.2 Key contributions

The key contributions of our approach can be summarized as follows:

• Derivation of stochastic extinction thresholds: One of the major theoretical contribu-
tions of this work is the derivation of extinction thresholds under various stochastic
processes. These thresholds determine whether the disease will persist or die out over
time, based on the dynamics of the transmission rate. Stochastic extinction thresholds
are crucial because they provide a more realistic and nuanced understanding of disease
eradication, considering the random fluctuations in transmission rates that determin-
istic models fail to capture.
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• Comparison between CKLS and OU processes: We provide a comprehensive compari-
son between the CKLS and OU processes in the context of epidemiological modelling.
The CKLS process offers certain advantages over the OU process, including the ability
to maintain the positivity of the transmission rate, which is vital for epidemiological
models. By comparing these two processes, we highlight the benefits and trade-offs of
each in terms of capturing real-world disease dynamics. This comparison is essential
for identifying the most appropriate model depending on the specific characteristics of
the disease being studied.

• Introduction of novel mean-reverting processes: In addition to the CKLS and OU pro-
cesses, we introduce mean-reverting Bessel processes, which provide a new perspective
on transmission rate fluctuations. These processes offer an alternative for modelling
mean-reverting behaviour with additional flexibility in controlling volatility. This ex-
tension represents an innovative approach to handling variability in transmission rates
and contributes to the growing body of stochastic epidemiological models.

• Numerical validation through simulation: To support our theoretical findings, we
present a series of numerical simulations that validate the performance of our stochas-
tic models. These simulations demonstrate how different stochastic processes influence
the long-term behaviour of the infected population and highlight the conditions under
which disease outbreaks either persist or fade out. This validation is important because
it provides empirical evidence that the proposed stochastic models can better capture
the dynamics of infectious disease transmission compared to traditional deterministic
models.

• Broader implications for epidemiological modelling: The incorporation of stochastic
processes into the SIRS model has broader implications for the field of epidemiological
modelling. By providing a framework that accounts for random variability in trans-
mission rates, our work contributes to a more realistic and adaptable model that can
inform public health interventions. The stochastic approach also opens up new avenues
for further research, particularly in the study of diseases with high transmission rate
variability or external influences.

Our work here not only advances the theoretical understanding of stochastic processes in
epidemiological models but also provides practical tools for predicting and managing disease
outbreaks in real-world settings. The combination of novel processes, derived extinction
thresholds, and numerical validation positions this work makes a significant contribution to
the field.
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5.2.3 Stochastic model of disease transmission

Understanding and controlling infectious diseases require accurate and dynamic modelling
approaches. Traditional epidemiological models, like the SIRS model, offer valuable insights
into disease spread but often overlook the inherent randomness of transmission rates influ-
enced by environmental and social factors. To address this, stochastic models incorporate
variability directly into the model structure, providing a more realistic representation of
disease dynamics [83].

The classical SIRS model has been extensively studied, with various modifications to
include stochastic elements, such as Brownian motion in the form of additive white noise
[84], and more recently, the OU process [82], [85] and Lévy jumps [86]. However, these mod-
ifications often assume constant or linear variability in the transmission rate, which may not
fully capture the complexities observed in real-world outbreaks. The CKLS process intro-
duces non-linear stochastic variability, offering a more flexible and realistic representation
of transmission dynamics. This study explores the implications of the CKLS process on the
stochastic threshold and disease dynamics, filling a gap in existing literature.

In the context of modelling disease transmission, the transmission rate β(t) is critical in
determining the dynamics of an epidemic. The OU process is a notable stochastic approach,
introducing stochasticity into the transmission rate and capturing random fluctuations. Al-
ternatively, the CKLS process generalizes the OU process, providing distinct characteristics
and implications for disease transmission modelling.

The CKLS process for the transmission rate β(t) is defined as:

dβ(t) = θ(βe − β(t))dt+ ρβ(t)γdB(t),

where:

• θ is the speed of reversion,

• βe is the long-term mean of β(t),

• ρ is the volatility coefficient,

• γ ≥ 0 determines the scaling of volatility with respect to β(t),

• B(t) represents standard Brownian motion.

The CKLS process is characterized by its mean-reverting behaviour, where the trans-
mission rate β(t) tends to revert to its long-term mean βe. The volatility term ρβ(t)γdB(t)

introduces stochasticity, with γ determining the nature of the volatility. Notably, when
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γ = 1
2
, the CKLS process is specialized to the Cox–Ingersoll–Ross (CIR) model which en-

sures that the transmission rate remains positive almost surely [87], which is crucial for
modelling disease transmission since a negative transmission rate is not epidemiologically
meaningful.

In comparison, the OU process for the transmission rate β(t) is defined as:

dβ(t) = θ(βe − β(t))dt+ ρdB(t),

where the terms have the same meanings as in the CKLS process.
The OU process is classified as a semimartingale [88], [89] because it can be expressed

as the sum of two distinct components. The drift term, θ(βe − β(t)) dt, is of finite variation
and models a mean-reverting force that pulls the process toward its long-term mean βe.
Meanwhile, the stochastic term, ρ dB(t), incorporates a Brownian motion component that
introduces inherently unpredictable fluctuations into the system.

This characterization is important in modelling contexts, such as epidemiological dynam-
ics. By including both a deterministic mean-reverting drift and stochastic noise from the
Brownian motion, the OU process provides a flexible yet realistic framework for simulating
complex changes over time. Such a framework can capture the interplay of environmental
influences and random shocks that drive transmission rates, ultimately offering a richer and
more accurate representation of disease processes than models relying solely on deterministic
or purely random components.

Both the CKLS and OU processes share important features:

• Mean-reversion: Both processes include a reversion term θ(βe − β(t)) that drives the
transmission rate toward its long-term mean βe.

• Stochasticity: Both processes incorporate a stochastic term involving a Brownian mo-
tion B(t), capturing random fluctuations in the transmission rate.

However, they differ in key aspects:

• Nature of volatility: The CKLS process features a volatility term ρβ(t)γdB(t) that
depends on the current value of β(t), leading to multiplicative noise. In contrast, the
OU process includes an additive noise term ρdB(t), which is independent of β(t).

• Positivity constraint: The CKLS process with γ = 1
2

ensures that β(t) remains positive,
which is essential for epidemiological modelling. The OU process does not impose this
constraint, allowing the possibility of negative transmission rates.
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The choice between the CKLS and OU processes for modelling the transmission rate β(t)
depends on the specific requirements of the epidemiological model. The CKLS process is
suitable for models where maintaining a positive transmission rate is critical, as it can more
accurately capture the proportional effects of stochastic fluctuations relative to the current
transmission rate. In contrast, the OU process may be appropriate for simpler models
where the possibility of negative transmission rates is not a concern, offering mathematical
tractability and ease of analysis.

While both the CKLS and OU processes provide valuable frameworks for incorporating
stochasticity into disease transmission models, the CKLS process offers greater flexibility
and realism for epidemiological applications by ensuring positive transmission rates and
capturing the proportional effects of stochastic fluctuations.

Figure 5.1: Simulation demonstrating the possibility of negative transmission rates if OU
process is used. The parameter setting used are as follows: βe = 0.15, θ = 0.4, ρ = 0.25.
The CKLS process is determined by γ = 1

2
.
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5.2.4 The SIRS model

When a new disease emerges and begins to cause infections and fatalities, it is crucial for
health authorities to make accurate predictions about future outbreaks. The study of in-
fectious diseases has long been a significant area of research due to the severe impact such
diseases have on humanity. In recent decades, mathematical modelling in epidemiology has
garnered considerable attention within academia and public health entities. This interest
aims to better understand and predict epidemic behaviours, ultimately aiding in the pre-
vention and control of infectious diseases. Many studies have been devoted to the modelling
of infectious diseases. These models aim to understand the level of manageability and the
effect of prevention and control mechanisms applied to the epidemic. Such models have
been shown to be essential tools in comparing the dynamics of different diseases and better
understanding how the spread of a disease can be used for making vital predictions.

The Susceptible-Infectious-Recovered-Susceptible (SIRS) model is one such epidemiolog-
ical model, consisting of three compartments: susceptible individuals (S), infectious individ-
uals (I), and recovered individuals (R). Each compartment represents a distinct stage of the
disease, with transitions between compartments governed by specific parameters. The SIRS
model is commonly described by the following set of ordinary differential equations (ODEs):

dS
dt

= Λ− µS − βSI + γ0R,

dI
dt

= βSI − (µ+ λ)I,

dR
dt

= λI − (µ+ γ0)R,

where:

• Λ is the recruitment rate,

• µ is the natural death rate,

• β is the disease transmission rate,

• λ is the recovery rate,

• γ0 is the rate at which recovered individuals lose immunity and return to the susceptible
state.

The incidence rate, βSI, plays a critical role in the dynamics of infectious diseases. While
the bilinear incidence rate is widely used, alternative non-linear incidence rates have been
proposed to account for various epidemiological factors. For instance, a generalized incidence
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rate of the form βSf(I) can offer a more flexible framework, where f(I) is a non-negative,
twice continuously differentiable function with specific properties.

Given the stochastic nature of real-world epidemics, it is important to incorporate ran-
dom perturbations into the model. One approach is to perturb the incidence rate with
Gaussian white noise, resulting in a stochastic differential equation. Additionally, the dis-
ease transmission rate β can be modelled as a stochastic process, such as the CKLS process,
which captures the random fluctuations in the transmission rate.

dS = (Λ− µS − βSf(I) + γ0R)dt− σ(t)Sf(I)dB(t),

dI = (βSf(I)− (µ+ λ)I)dt+ σ(t)Sf(I)dB(t),

dR = (λI − (µ+ γ0)R)dt,

Here, σ(t) denotes the standard deviation of the noise.
The CKLS process ensures that β(t) reverts to its long-term mean βe while introducing

stochasticity through the volatility term σ(t) = ρβ(t)γ. Notably, when γ = 1
2
, the transmis-

sion rate β(t) remains positive, which is epidemiologically relevant.
The integral form of β(t) from the CKLS process is:

β(t) = βe + (β0 − βe)e−θt + ρ

∫ t

0

e−θ(t−s)β(s)γdB(s),

with the initial condition β(0) = β0.
To incorporate the CKLS process into the SIRS model, substitute β(t) into the infection

term of the SIRS model. The stochastic SIRS model then becomes:


dS = (Λ− µS −

(
βe + (β0 − βe)e−θt

)
Sf(I) + γ0R)dt− ρβ(t)γSf(I)dB(t),

dI = (
(
βe + (β0 − βe)e−θt

)
Sf(I)− (µ+ λ)I)dt+ ρβ(t)γSf(I)dB(t),

dR = (λI − (µ+ γ0)R)dt,

where the noise term ρβ(t)γSIdB(t) arises from the CKLS process for β(t).
Given that the total population N = S+I+R remains constant (i.e., N = Λ

µ
), the model

can be reduced to a 2-dimensional system of stochastic differential equations (SDEs):

dS =
(
Λ− µS −

(
βe + (β0 − βe)e−θt + ρ

∫ t
0
e−θ(t−s)β(s)γdB(s)

)
Sf(I) + γ0

(
Λ
µ
− S − I

))
dt,

dI =
((
βe + (β0 − βe)e−θt + ρ

∫ t
0
e−θ(t−s)β(s)γdB(s)

)
Sf(I)− (µ+ λ)I

)
dt.
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This reduced system explicitly captures the influences of births and deaths, infection
dynamics, immunity waning, and the time-dependent transmission function governed by an
Ornstein–Uhlenbeck process. Each parameter plays a specific role: Λ represents the birth
rate, µ the natural death rate, λ the disease-induced death rate, γ the rate of immunity
loss, and βe, β0, θ characterize the time variation in the transmission rate. The term σ(t)

introduces stochastic fluctuations into the infection process, and the nonlinear function f(I)
models how infected individuals affect the transmission dynamics.

We define two important sets to contextualize the state space of the system. Let

R2
+ = {(x1, x2) | x1 > 0, x2 > 0}

denote the positive quadrant of R2, and let

∆ = {(S, I) ∈ R2
+ : S + I ≤ Λ

µ
}

represent the biologically relevant domain where the total population size (susceptible plus
infected) does not exceed the carrying capacity Λ/µ. This ensures that the model remains
interpretable in an epidemiological sense and that the state variables S(t) and I(t) represent
realistic population fractions over time.

In subsequent sections, we will investigate how the intensity of stochastic perturbations
and the rate of mean reversion in the Ornstein–Uhlenbeck process influence the long-term
dynamics of this SIRS model. Specifically, we will review some results pertaining to the
existence and uniqueness of a global positive solution to the above system. With these
foundational results in hand, we will then derive sufficient conditions for the disease to
either go extinct or persist in mean. Finally, we will provide numerical examples to illustrate
these theoretical findings and to demonstrate the practical implications of the parameters
on the system’s qualitative behaviour.

5.2.5 Reproduction number of the deterministic model

The main goal is to establish sufficient conditions for extinction of the disease. To this end,
the basic reproduction number [90]–[92] of the corresponding deterministic system of the
SIRS model (i.e., ρ = 0) is given by:

R0 =
βeΛf

′(0)

µ(µ+ λ)
.

R0 represents the average number of secondary infections produced by one infected in-
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dividual in a fully susceptible population, and it indicates the condition for disease spread
in the deterministic model:

• If R0 > 1, the disease can spread in the population.

• If R0 ≤ 1, the disease will eventually die out.

For the calculation of R0, consider the following. At the disease-free equilibrium (DFE),
the infected population I = 0, which implies f(I) = 0 and the recovered population R = 0.
The system is in equilibrium when the entire population is susceptible such that S = Λ

µ
.

Linearize the system around the DFE and focus on the equation describing the dynamics
of I:

dI

dt
= βSf(I)− (µ+ λ)I.

At the DFE, S = Λ
µ

and consider the approximation f(I) ≈ f ′(0)I:

dI

dt
= β

(
Λ

µ

)
f ′(0)I − (µ+ λ)I.

To ensure dI
dt
> 0, set the expression equal to zero to solve for R0:

R0 =
βΛf ′(0)

µ(µ+ λ)
.

5.2.6 Theoretical foundations

Following the approach of [82], this subsection provides the core theoretical results that
guarantee the well-posedness of the stochastic SIRS model, as well as conditions for the
extinction or persistence of the disease. We begin by establishing the global existence and
uniqueness of positive solutions, ensuring that the model is both mathematically and bio-
logically meaningful. With this foundational result in hand, we then consider under what
circumstances the disease will almost surely die out or persist. These outcomes are governed
by a stochastic threshold that extends the classical deterministic threshold, accounting for
environmental noise and mean-reverting effects.

Existence and Uniqueness of Global Positive Solution

A fundamental requirement for any epidemic model is that its solutions be global, unique, and
biologically interpretable. In the context of a two-dimensional stochastic SIRS system, this
means showing that, starting from any non-negative initial conditions, there exists a unique
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solution that remains positive and finite for all future times. Such a guarantee ensures that
no explosions occur and that the state variables, representing populations, never become
negative or nonphysical.

The following theorem ensures the solution remains in ∆, a set that represents the bio-
logically meaningful state space, and thereby confirms that the model is well-posed.

Theorem 5.2.1. For any given initial value (S(0), I(0)) ∈ ∆, there is a unique global
positive solution (S(t), I(t)) to the 2-dimensional SDE on t ≥ 0, and the solution remains in
∆ almost surely.

This result implies that our stochastic model does not produce pathological outcomes
such as negative populations or infinite values in finite time. Consequently, the model can
be meaningfully interpreted within an epidemiological framework.

Extinction of the Disease

Once we have established that the model is well-defined, the next question concerns the
long-term fate of the disease. Will the infection die out, or will it persist indefinitely in
the population? In deterministic settings, this question is answered by examining the basic
reproduction number R0. If R0 ≤ 1, the disease vanishes, whereas if R0 > 1, it persists. In
a stochastic setting, environmental noise and mean-reverting dynamics alter this threshold,
resulting in a modified stochastic threshold T̃ S0 .

If the stochastic threshold T̃ S0 ≤ 1, the disease will almost surely go extinct, potentially
even when the deterministic threshold R0 suggests persistence. Under certain conditions,
the influence of noise and slow mean reversion can drive the infection to die out, defying the
intuition drawn from the deterministic model.

Theorem 5.2.2. Let X(t) = (S(t), I(t)) be the solution of the SDE system with initial
value X(0) ∈ ∆. If

T̃ S0 < 1 and ρ2
Λ

µ
f ′(0) ≤ 2βeθ,

or
β2
eθ

µ+ λ
< ρ2,

then
P
(
lim sup
t→∞

log I(t)

t
< 0

)
= 1.

Namely, the disease goes extinct exponentially almost surely.
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This theorem shows that if the stochastic threshold is not greater than one, the disease
eventually fades out. The terms involving ρ2, θ, and other parameters highlight the balance
between environmental fluctuations and the model’s intrinsic stabilizing forces.

For the critical case T̃ S0 = 1, a more careful analysis is required. Although classical
methods fail in this borderline scenario, it is still possible, under certain parameter conditions,
to show that the disease will die out with probability one.

Theorem 5.2.3. For any initial value (S(0), I(0)) ∈ ∆, if the conditions

T̃ S0 = 1 and ρ2
Λ

µ
f ′(0) ≤ 2θ(βe − β0),

hold, then the solution obeys
lim
t→∞

I(t) = 0 a.s.,

which means that the disease dies out with probability 1.

This result ensures that even at the threshold, certain parameter configurations guarantee
eventual extinction.

Persistence in Mean

On the other hand, if the stochastic threshold T̃ S0 > 1, the disease persists in the population.
This does not mean it settles into a fixed equilibrium, but rather that the time-averaged
population of infected individuals remains strictly positive. Hence, environmental noise and
mean-reversion effects are not strong enough to eradicate the disease; instead, they coexist
with the infection dynamics.

Theorem 5.2.4. For any given initial value (S(0), I(0)) ∈ ∆, if T̃ S0 > 1, then all the
following hold:

lim inf
t→+∞

1

t

∫ t

0

S(s) ds ≥ Λ(
µ+ (βe ∨ β0)Λµf ′(0)

) a.s.,

lim inf
t→+∞

1

t

∫ t

0

I(s) ds ≥ m1(µ+ λ)
(
T̃ S0 − 1

)
a.s.,

for some positive constant m1.

This result implies that once the stochastic threshold surpasses one, both susceptible and
infected compartments maintain a strictly positive average presence, guaranteeing that the
disease remains endemic in the long run.

These theoretical foundations detail how the relationship between deterministic factors
and stochastic influences shapes the fate of an epidemic. The existence and uniqueness
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theorem ensures that the model operates in a biologically sensible realm. The extinction
theorems show that under certain conditions, noise and mean-reversion can help eradicate
the disease. Conversely, if the stochastic threshold rises above unity, the disease’s persistence
in mean highlights its resilience despite random fluctuations. Together, these results form a
rigorous basis for understanding the complex long-term behaviour of epidemics in a stochastic
environment.

5.3 Derivation of the stochastic threshold for mean-reverting

processes

5.3.1 Stochastic integral and variance analysis

The stochastic threshold T̃ S0 depends on the stochastic process assumed for β(t). Below, we
derive the threshold for both the OU process and the general CKLS process.

Ornstein–Uhlenbeck (OU) process

The OU process is given by the stochastic differential equation (SDE):

dβ(t) = θ(βe − β(t)) dt+ ρ dB(t),

where:

• θ > 0 is the mean reversion rate,

• βe is the long-term mean,

• ρ > 0 is the volatility coefficient,

• dB(t) represents a standard Brownian motion.

The solution to this SDE using the integrating factor method is:

β(t) = β(0)e−θt + βe(1− e−θt) + ρe−θt
∫ t

0

eθs dB(s).

The stochastic integral term is:

J(t) = ρe−θt
∫ t

0

eθs dB(s).

The variance of this integral, using Itô’s isometry, is:
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Var(J(t)) = ρ2e−2θt

∫ t

0

e2θs ds =
ρ2

2θ

(
1− e−2θt

)
.

As t→∞, the variance approaches:

lim
t→∞

Var(J(t)) =
ρ2

2θ
.

This represents the steady-state variance of the OU process, demonstrating its mean-
reverting property.

Chan–Karolyi–Longstaff–Sanders (CKLS) process

The CKLS process is described by the SDE:

dβ(t) = θ(βe − β(t)) dt+ ρβ(t)γ dB(t),

where:

• θ > 0 is the mean reversion rate,

• βe is the long-term mean,

• ρ > 0 is the volatility coefficient,

• γ ≥ 0 determines the scaling of volatility with respect to β(t),

• dB(t) represents a standard Brownian motion.

The integral form of β(t) under the CKLS process is:

β(t) = β(0)e−θt + βe(1− e−θt) + ρe−θt
∫ t

0

eθsβ(s)γ dB(s).

The stochastic integral term is:

Jγ(t) = ρe−θt
∫ t

0

eθsβ(s)γ dB(s).

The variance of this integral, again using Itô’s isometry, is:

Var(Jγ(t)) = ρ2e−2θt

∫ t

0

e2θsE[β(s)2γ] ds.

In the long-term steady state, assuming stationarity, this variance can be expressed as:
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lim
t→∞

Var(Jγ(t)) =
ρ2

2θ
lim
t→∞

E[β(t)2γ].

This expression indicates that the variance depends on the expectation, E[β(t)2γ], which
may be derived from the stationary distribution of β(t) in the CKLS process. Accurate pa-
rameter estimation in the CKLS model is crucial for effective disease transmission modelling
[93].

5.3.2 Derivation strategy for extinction threshold

To derive the extinction threshold, we focus on the infected population I(t). Applying Itô’s
lemma to the logarithm of I(t) helps in analyzing the growth rate of I(t) over time.

Taking the differential of log I(t):

d(log I(t)) =
1

I(t)
dI(t)− 1

2I(t)2
(dI(t))2.

Substituting the expression for dI(t) from the SDE:

d(log I(t)) =
1

I(t)

[((
βe + (β0 − βe)e−θt

)
S(t)f(I(t))− (µ+ λ)I(t)

)
dt+ σ(t)S(t)f(I(t))dB(t)

]
− 1

2I(t)2
[σ(t)S(t)f(I(t))]2 dt

=

((
βe + (β0 − βe)e−θt

)
S(t)f(I(t))

I(t)
− (µ+ λ)− 1

2
σ(t)2S(t)2

f(I(t))2

I(t)2

)
dt

+ σ(t)
S(t)f(I(t))

I(t)
dB(t).

5.3.3 Long-term behaviour

Interest lies in the long-term behaviour of log I(t). Taking the expectation and dividing by
t:

E[log I(t)]
t

=
log I(0)

t
+
1

t

∫ t

0

E

[(
βe + (β0 − βe)e−θs

)
S(s)f(I(s))

I(s)
− (µ+ λ)− 1

2
σ(s)2S(s)2

f(I(s))2

I(s)2

]
ds.

As t becomes large, the first term log I(0)
t

tends to 0, so:

lim
t→∞

E[log I(t)]
t

= lim
t→∞

1

t

∫ t

0

E

[(
βe + (β0 − βe)e−θs

)
S(s)f(I(s))

I(s)
− (µ+ λ)− 1

2
σ(s)2S(s)2

f(I(s))2

I(s)2

]
ds.
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5.3.4 Simplification using equilibrium values

Assuming S(t) and I(t) are near their equilibrium values, approximate S(t) ≈ Λ
µ

and f(I) ≈
f ′(0)I. Substituting these into the expression:

E[log I(t)]
t

≈ βeΛf
′(0)

µ
− (µ+ λ)− 1

2
σ(t)2

(
Λ

µ
f ′(0)

)2

.

This represents the average growth rate of the logarithm of the infected population over
time, determining whether the infected population I(t) will grow or decay.

5.3.5 Deriving the extinction threshold

The critical threshold T̃ S0 is derived by setting:

E[log I(t)]
t

= 0,

which defines the point at which the infected population neither grows nor shrinks on average.

• If lim
t→∞

E[log I(t)]
t

< 0, the infected population I(t) decreases, leading to disease extinction.

• If lim
t→∞

E[log I(t)]
t

> 0, the infected population I(t) increases, leading to disease persis-
tence.

The expression for the expected growth rate of the logarithm of the infected population
I(t) over time is:

E[log I(t)]
t

≈ βeΛf
′(0)

µ
− (µ+ λ)− 1

2
σ(t)2

(
Λ

µ
f ′(0)

)2

.

To find the threshold condition, we set the expected growth rate to zero:

βeΛf
′(0)

µ
− (µ+ λ)− 1

2
σ(t)2

(
Λ

µ
f ′(0)

)2

= 0.

Solving for T̃ S0 by dividing by (µ+ λ), we obtain:

T̃ S0 =
βeΛf

′(0)

µ(µ+ λ)
− σ2(t)

2(µ+ λ)

(
Λ

µ
f ′(0)

)2

.

Here, T̃ S0 is a generic formula where the function stochastic component σ2(t) is determined
by the stochastic process chosen for β(t).
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From the variance analysis section for the Ornstein–Uhlenbeck process, β(t) has constant
variance σOU = ρ2

2θ
. The stochastic threshold becomes:

T̃ OU
0 = R0 −

ρ2

4θ(µ+ λ)

(
Λ

µ
f ′(0)

)2

,

where R0 =
βeΛf ′(0)
µ(µ+λ)

.

For the CKLS process, σCKLS(t) =
ρ2

2θ
× E[β(t)2γ] depends on β(t), and the expectation

E[β(t)2γ] is used:

T̃ CKLS
0 = R0 −

ρ2

4θ(µ+ λ)

(
Λ

µ
f ′(0)

)2

× E[β(t)2γ].

The value of E[β(t)2γ] is later derived from the stationary distribution of the CKLS process.
Here, the form of T̃ S0 depends on the chosen stochastic process for β(t), which in turn

determines the function σ2(t). This flexibility allows for a comprehensive analysis of disease
extinction conditions based on different modelling assumptions on β(t), for example, mean-
reversion and nature of volatility.

5.4 Preliminary results for CKLS process

Here, we work toward an explicit formula for the stochastic threshold under a transmission
rate which follows the CKLS process. To this end, the goal is to calculate the required
expectation in the σCKLS(t) term.

5.4.1 CKLS process and Fokker–Planck equation

The Fokker–Planck equation for the probability density function p(β, t) of the CKLS process
is:

∂p(β, t)

∂t
= − ∂

∂β
[θ(βe − β)p(β, t)] +

1

2

∂2

∂β2
[ρ2β2γp(β, t)]. (5.4.1)

The Fokker–Planck equation describes the time evolution of the probability density func-
tion of a stochastic process. The first term on the right-hand side represents the drift term,
which causes the process to revert to the long-term mean βe. The second term represents
the diffusion term, which adds randomness based on the current value of β(t).
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5.4.2 Stationary distribution of the CKLS process

To find the stationary distribution pst(β), set ∂p(β,t)
∂t

= 0:

0 = − ∂

∂β
[θ(βe − β)pst(β)] +

1

2

∂2

∂β2
[ρ2β2γpst(β)]. (5.4.2)

This simplifies to:

∂

∂β
[θ(βe − β)pst(β)] =

1

2

∂2

∂β2
[ρ2β2γpst(β)]. (5.4.3)

Assuming a solution of the form pst(β) = Cβae−bβ, where C, a, and b are constants, we
determine a and b by equating the coefficients of the highest-order terms.

While the above description may indicate an approximation, it is actually part of a
standard method for solving such differential equations. By proposing a solution of the form
pst(β) = Cβae−bβ, we leverage the fact that the Fokker–Planck equation is a linear second-
order ordinary differential equation in β. Substituting this ansatz back into the equation and
matching terms at each order of β yields exact conditions for a and b. This is not merely
a high-order approximation step, but a direct technique for deriving the exact stationary
solution.

First, consider the left-hand side:

∂

∂β
[θ(βe − β)Cβae−bβ] =

∂

∂β
[θCβa(βe − β)e−bβ]. (5.4.4)

Expanding and differentiating:

θC

[
βe

∂

∂β
(βae−bβ)− ∂

∂β
(βa+1e−bβ)

]
. (5.4.5)

For the right-hand side:

1

2

∂2

∂β2
[ρ2β2γCβae−bβ] =

1

2
ρ2C

∂2

∂β2
[βa+2γe−bβ]. (5.4.6)

By equating the coefficients of the highest-order terms:

a+ 2γ − 1 = 0 =⇒ a = 2γ − 1, (5.4.7)

and

b =
2θ

ρ2
. (5.4.8)
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Thus, the stationary distribution is:

pst(β) = Cβ2γ−1e
− 2θ
ρ2
β
. (5.4.9)

The normalization constant C is determined by ensuring the total probability integrates
to 1: ∫ ∞

0

pst(β)dβ = 1. (5.4.10)

Using the Gamma function to normalize pst(β):

C

∫ ∞

0

β2γ−1e
− 2θ
ρ2
β
dβ = 1. (5.4.11)

Recognizing this as the integral of a Gamma distribution:

C

(
ρ2

2θ

)2γ

Γ(2γ) = 1 =⇒ C =

(
2θ
ρ2

)2γ
Γ(2γ)

. (5.4.12)

Thus, the stationary distribution is:

pst(β) =

(
2θ
ρ2

)2γ
Γ(2γ)

β2γ−1e
− 2θ
ρ2
β
. (5.4.13)

The stationary distribution pst(β) represents the long-term behaviour of the process β(t).
By solving the differential equation and normalizing the distribution using the Gamma func-
tion, we ensure that pst(β) integrates to 1, making it a valid probability density function.

5.4.3 Distribution from Girsonov transform

This section provides a detailed derivation to show the equivalence between the stationary
distribution of the CKLS process derived using the Fokker–Planck equation and the distri-
bution obtained through the Girsanov transform [94]. The goal is to demonstrate that both
approaches describe the same underlying process’s long-term behaviour.

Following the methodology and results in [94], under the Girsanov transform, the CKLS
process is converted into a CIR-like process. The transformed process Yt = f(βt) given by:

f(β) =
C2

4(1− γ)2
β2(1−γ), (5.4.14)

satisfies:
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dYt =

(
σ2C2

4
+ 2b(1− γ)Yt

)
dt+ σC

√
YtdB̄t, (5.4.15)

where B̄t is a Brownian motion under the transformed measure Q,
with C = 2(1−γ)

ρ
.

The density function gt(x) for the transformed process Yt (a non-central chi-square dis-
tribution) is:

gt(x) = gδ,ζ

(
f(x)

L

) ∣∣∣∣f ′(x)

L

∣∣∣∣ , (5.4.16)

where gδ,ζ is the density of the non-central chi-square distribution with parameters δ and
ζ.

To show equivalence, we relate the stationary distribution obtained via the Fokker–Planck
equation to the distribution derived from the Girsanov transform.

Given the transformation:

Y = f(β) =
C2

4(1− γ)2
β2(1−γ), (5.4.17)

we find the inverse:

β = f−1(Y ) =

(
4(1− γ)2

C2
Y

) 1
2(1−γ)

. (5.4.18)

The density transformation rule between β and Y is:

pst(β) = gst(Y )

∣∣∣∣dYdβ
∣∣∣∣−1

. (5.4.19)

We compute dY
dβ

:

dY

dβ
=

C2

4(1− γ)2
· 2(1− γ)β2(1−γ)−1 =

C2

2(1− γ)
β2(1−γ)−1. (5.4.20)

The inverse derivative is:∣∣∣∣dYdβ
∣∣∣∣−1

=
2(1− γ)
C2

β1−2(1−γ) =
2(1− γ)
C2

β2γ−1. (5.4.21)

Substitute Y in terms of β and the derivative:
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gst(Y )

∣∣∣∣dYdβ
∣∣∣∣−1

=

(
gδ,ζ

(
C2

4(1−γ)2β
2(1−γ)

L

)
·

∣∣∣∣∣
C2

2(1−γ)β
2(1−γ)−1

L

∣∣∣∣∣
)
· 2(1− γ)

C2
β2γ−1. (5.4.22)

Given gδ,ζ(x) is the density of a non-central chi-square, and as Y →∞:

gst(Y ) ∼ 1

2
e−Y/2. (5.4.23)

Converting back to β:

pst(β) =
1

2
e−

C2

4(1−γ)2
β2(1−γ)

2 · 2(1− γ)
C2

β2γ−1. (5.4.24)

We recognize that

e
−β2(1−γ)C2

8(1−γ)2 = e
− 2θβ

ρ2 , (5.4.25)

since,

C2

8(1− γ)2
=

2θ

ρ2
. (5.4.26)

With C = 2(1−γ)
ρ

, (
2(1−γ)

ρ

)2
8(1− γ)2

=
2

ρ2
=

2θ

ρ2
. (5.4.27)

Thus,

pst(β) = Cβ2γ−1e
− 2θβ

ρ2 , (5.4.28)

confirming the equivalence.

5.4.4 Expectation calculation for the CKLS process

Given the stationary distribution, compute the required expectation:

E[β(t)2γ] =
∫ ∞

0

β2γpst(β)dβ =

∫ ∞

0

β2γ

(
2θ
ρ2

)2γ
Γ(2γ)

β2γ−1e
− 2θ
ρ2
β
dβ. (5.4.29)

This simplifies to:
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E[β(t)2γ] =

(
2θ
ρ2

)2γ
Γ(2γ)

∫ ∞

0

β4γ−1e
− 2θ
ρ2
β
dβ. (5.4.30)

Recognizing this as a gamma distribution integral:

E[β(t)2γ] =

(
2θ
ρ2

)2γ
Γ(4γ)(

2θ
ρ2

)4γ
Γ(2γ)

=
Γ(4γ)

Γ(2γ)

(
ρ2

2θ

)2γ

. (5.4.31)

The expectation E[β(t)2γ] is computed using the stationary distribution. By recognizing
the integral as a gamma distribution, properties of the gamma function can be directly used
to simplify the expectation.

5.5 Stochastic threshold for the CKLS process

The formula for the stochastic threshold T̃ CKLS
0 for the CKLS process is given by:

T̃ CKLS
0 = R0 −

ρ2

4θ(µ+ λ)

(
Λ

µ
f ′(0)

)2

× E[β(t)2γ],

where the expectation E[β(t)2γ] is:

E[β(t)2γ] =
Γ(4γ)

Γ(2γ)

(
ρ2

2θ

)2γ

. (5.5.1)

Substituting this expression into the formula for T̃ CKLS
0 , we get:

T̃ CKLS
0 = R0 −

ρ2

4θ(µ+ λ)

(
Λ

µ
f ′(0)

)2
Γ(4γ)

Γ(2γ)

(
ρ2

2θ

)2γ

.

Simplifying this expression further:

T̃ CKLS
0 = R0 −

Γ(4γ)

Γ(2γ)

ρ2(1+2γ)

4θ1+2γ(µ+ λ)

(
Λ

µ
f ′(0)

)2

.

Thus, the final result for the stochastic threshold T̃ CKLS
0 for the CKLS process is:

T̃ CKLS
0 = R0 −

Γ(4γ)

Γ(2γ)

ρ2(1+2γ)

4θ1+2γ(µ+ λ)

(
Λ

µ
f ′(0)

)2

.
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5.5.1 Stochastic threshold for the CIR process

When γ = 1
2
, the CKLS process is specialized to the Cox–Ingersoll–Ross (CIR) process [87].

Substituting γ = 1
2

into the general formula:

T̃ CIR
0 = R0 −

ρ4

4θ2(µ+ λ)

(
Λ

µ
f ′(0)

)2

.

The stochastic threshold T̃ S0 takes different forms depending on the stochastic process
chosen for β(t). For the OU process, it depends on the constant variance ρ2

2θ
. For the more

general CKLS process, it depends on the expectation E[β(t)2γ].

5.6 Additional mean-reverting diffusion processes

The processes which are introduced in subsequent section are based on well-known classes
of stochastic diffusions and transformations thoroughly documented in the literature. For
example, the Cox–Ingersoll–Ross (CIR) process [87] is a classical mean-reverting diffusion
closely related to the squared Bessel process [95], and Doob’s h-transform is a standard
technique for constructing new Markov processes from well-studied ones [96]. Thus, the
approach taken by combining existing results and known transformations is firmly grounded
in established theory.

5.6.1 Mean-reverting Bessel process

The stochastic differential equation (SDE) for the mean-reverting Bessel process is:

dβ(t) =

(
θ(βe − β(t)) +

ν − 1

2β(t)

)
dt+ ρ dB(t),

where:

• θ > 0 is the mean reversion rate,

• βe is the long-term mean (corrected for the Bessel drift),

• ρ > 0 is the volatility coefficient,

• ν > 1 is the dimension parameter of the Bessel process,

• dB(t) represents a standard Brownian motion.
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Fokker–Planck equation

The Fokker–Planck equation corresponding to this SDE is:

∂p(β, t)

∂t
= − ∂

∂β

[(
θ(βe − β) +

ν − 1

2β

)
p(β, t)

]
+

1

2

∂2

∂β2

(
ρ2p(β, t)

)
.

At steady state, ∂p(β,t)
∂t

= 0:

0 = − ∂

∂β

[(
θ(βe − β) +

ν − 1

2β

)
pst(β)

]
+

1

2

∂2

∂β2

(
ρ2pst(β)

)
.

Solving for the stationary distribution

To find the stationary distribution pst(β), we solve:

∂

∂β

[(
θ(βe − β) +

ν − 1

2β

)
pst(β)

]
=
ρ2

2

∂2

∂β2
pst(β).

Assume a solution of the form pst(β) = Cβae−bβ. Substitute into the differential equation
and match coefficients:

a− 1 =
ν − 1

2
, b =

2θ

ρ2
.

Thus:

a =
ν + 1

2
, b =

2θ

ρ2
.

Stationary distribution

The stationary distribution is:

pst(β) = Cβ
ν−1
2 e

− 2θβ

ρ2 .

To normalize pst(β):

C

∫ ∞

0

β
ν−1
2 e

− 2θβ

ρ2 dβ = 1.

This integral is a Gamma distribution form:

C

(
ρ2

2θ

) ν+1
2

Γ

(
ν + 1

2

)
= 1,
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giving:

C =

(
2θ
ρ2

) ν+1
2

Γ
(
ν+1
2

) .
So:

pst(β) =

(
2θ
ρ2

) ν+1
2

Γ
(
ν+1
2

) β ν−1
2 e

− 2θβ

ρ2 .

Stochastic threshold for the mean-reverting Bessel process

Since the noise perturbation for the mean-reverting Bessel (MRB) process, ρdB(t), is iden-
tical to that of the OU process, the stochastic threshold is also the same. From the variance
analysis section, the OU process, β(t), has constant variance σOU = ρ2

2θ
. The stochastic

threshold is:

T̃ MRB
0 = R0 −

ρ2

4θ(µ+ λ)

(
Λ

µ
f ′(0)

)2

,

where R0 =
βeΛf ′(0)
µ(µ+λ)

.

Derivation via Doob’s h-transform

We aim to derive a mean-reverting Bessel process that stays positive and has a target long-
run mean by applying Doob’s h-transform [96]–[98] to the OU process.

The OU process β(t) is defined by the SDE:

dβ(t) = θ(βe − β(t)) dt+ ρ dB(t),

where θ > 0, βe is the long-term mean, ρ > 0 is the volatility, and dB(t) represents
standard Brownian motion.

The generator L of the OU process is:

Lf(x) = θ(βe − x)f ′(x) +
ρ2

2
f ′′(x).

To transform the OU process into a positive mean-reverting process, we choose h(x) =
xν−1 for some ν > 1, which ensures positivity.

The transformed generator Lh is:
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Lhf(x) = 1

h(x)
L(h(x)f(x))− f(x)

h(x)
Lh(x).

First, compute L(xν−1):

L(xν−1) = θ(βe − x)(ν − 1)xν−2 +
ρ2

2
(ν − 1)(ν − 2)xν−3.

Next, compute L(xν−1f(x)):

L(xν−1f(x)) = θ(βe − x)
(
(ν − 1)xν−2f(x) + xν−1f ′(x)

)
+
ρ2

2

(
(ν − 1)(ν − 2)xν−3f(x) + 2(ν − 1)xν−2f ′(x) + xν−1f ′′(x)

)
.

Substitute these into Lhf(x):

Lhf(x) = θ(βe−x)f ′(x)+
ρ2

2
f ′′(x)+

(
θ
(ν − 1)(βe − x)

x
+
ρ2(ν − 1)

x
− ρ2(ν − 1)(ν − 2)

2x2

)
f(x).

The corresponding SDE for the transformed process Y (t) is derived by matching the form
of the generator Lh to the form of an SDE. The first two terms, θ(βe− x)f ′(x) and ρ2

2
f ′′(x),

correspond to the drift and diffusion terms of the original OU process. The additional terms
arise from the h-transform, and these terms adjust the drift to enforce positivity.

Among these additional terms, we retain the term ν−1
2Y (t)

, as it ensures that the process
stays positive. This term becomes large as Y (t) approaches zero, providing a repelling
force that prevents the process from becoming negative, similar to a Bessel process. The
other terms in the transformed generator, ρ2(ν−1)

x
and −ρ2(ν−1)(ν−2)

2x2
, introduce higher-order

corrections, but their contribution is less significant for ensuring positivity. These terms
tend to be negligible as x moves away from zero, and they do not substantially affect the
mean-reverting behaviour of the process.

Thus, the corresponding SDE is:

dY (t) =

(
θ (µ− Y (t)) +

ν − 1

2Y (t)

)
dt+ ρ dB(t),

where µ = βe − ν−1
2θβe

.
The term ν−1

2Y (t)
ensures that the process stays positive, while the θ (µ− Y (t)) term ensures

mean reversion towards the long-run mean µ. The process retains the same volatility ρ as
the original OU process.
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To ensure the mean-reverting Bessel process has the desired long-run mean µtarget, we
adjust µ based on the drift term. The drift term in the SDE is:

θ(µ− Y (t)) +
ν − 1

2Y (t)
.

At steady state, the expected drift should be zero, i.e., when Y (t) = µtarget, the drift
term vanishes:

θ(µ− µtarget) +
ν − 1

2µtarget
= 0.

Solving for µ, we get:

µ = µtarget −
ν − 1

2θµtarget
.

This ensures the mean-reverting behaviour of the process aligns with the desired long-run
mean µtarget.

5.6.2 Modified Bessel process with power-law drift

The stochastic differential equation (SDE) for the Modified Bessel Process with Power-Law
Drift is:

dβ(t) =

(
θ(βe − β(t)) +

2k(ν − 1)

β(t)r

)
dt+ ρ dB(t),

where:

• θ > 0 is the mean reversion rate,

• βe is the long-term mean,

• r ≥ 0 determines the strength of the repelling force,

• k > 0 is a constant that scales the power-law repelling force,

• ν > 1 is a parameter associated with the harmonic function used in the transformation,

• ρ > 0 is the volatility coefficient,

• dB(t) represents a standard Brownian motion.
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Fokker–Planck equation

The Fokker–Planck equation corresponding to this SDE is:

∂p(β, t)

∂t
= − ∂

∂β

[(
θ(βe − β) +

2k(ν − 1)

βr

)
p(β, t)

]
+

1

2

∂2

∂β2

(
ρ2p(β, t)

)
.

At steady state, ∂p(β,t)
∂t

= 0, this simplifies to:

0 = − ∂

∂β

[(
θ(βe − β) +

2k(ν − 1)

βr

)
pst(β)

]
+

1

2

∂2

∂β2

(
ρ2pst(β)

)
.

Solving for the stationary distribution

Assume a solution of the form:

pst(β) = C1β
ae−bβ.

Substituting this into the Fokker–Planck equation and matching coefficients for the drift
and diffusion terms, we get the following conditions:

a− 1 = 2k(ν − 1), b =
2θ

ρ2
.

Thus, the parameter a is influenced by the additional drift term due to the repelling
force, and b remains the same as in the traditional mean-reverting process, arising from the
mean-reverting component.

Stationary distribution

The stationary distribution pst(β) is now determined by both the power-law drift and the
mean-reverting component:

pst(β) = C1β
2k(ν−1)e

− 2θβ

ρ2 .

To normalize pst(β), we need to compute the following integral:

C1

∫ ∞

0

β2k(ν−1)e
− 2θβ

ρ2 dβ.

This integral is of the Gamma distribution form:

C1

(
ρ2

2θ

)2k(ν−1)+1

Γ(2k(ν − 1) + 1) = 1.
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Solving for C1, we get:

C1 =

(
2θ
ρ2

)2k(ν−1)+1

Γ(2k(ν − 1) + 1)
.

Thus, the stationary distribution becomes:

pst(β) =

(
2θ
ρ2

)2k(ν−1)+1

Γ(2k(ν − 1) + 1)
β2k(ν−1)e

− 2θβ

ρ2 .

Stochastic threshold for the mean-reverting Bessel process with power-law drift

Again, since the noise perturbation for the mean-reverting Bessel (MRBP) process, ρdB(t),
is identical to that of the OU process, the stochastic threshold is also the same. From the
variance analysis section, the OU process, β(t), has constant variance σMRBP = ρ2

2θ
. The

stochastic threshold is:

T̃ MRBP
0 = R0 −

ρ2

4θ(µ+ λ)

(
Λ

µ
f ′(0)

)2

,

where R0 =
βeΛf ′(0)
µ(µ+λ)

.

Derivation via Doob’s h-transform

We aim to derive the stochastic differential equation (SDE) for the Modified Bessel Process
with Power-Law Drift by applying Doob’s h-transform to the OU process. The goal is to
introduce a power-law repelling force term 2k(ν−1)

β(t)r
, while ensuring that the process remains

positive and mean-reverting.
The OU process is defined by the SDE:

dβ(t) = θ(βe − β(t)) dt+ ρ dB(t),

where:

• θ > 0 is the mean reversion rate,

• βe is the long-term mean,

• ρ > 0 is the volatility coefficient,

• dB(t) represents a standard Brownian motion.
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The generator L of the OU process is:

Lf(x) = θ(βe − x)f ′(x) +
ρ2

2
f ′′(x),

where f(x) is a smooth function.
We apply Doob’s h-transform using a harmonic function h(x) that introduces the desired

power-law repelling force and ensures positivity. The harmonic function we choose is:

h(x) = xν−1e−
k
xr ,

where:

• ν > 1 ensures the process remains positive,

• r ≥ 0 controls the strength of the repelling force,

• k > 0 is a constant that scales the power-law repelling force.

This choice of h(x) allows us to create a process that is both mean-reverting and exhibits
a strong repelling force near zero (due to the term e−

k
xr ), ensuring that the process stays

positive.
Using Doob’s h-transform, the new generator Lh is given by:

Lhf(x) = 1

h(x)
L(h(x)f(x))− f(x)

h(x)
Lh(x).

We first compute Lh(x) for h(x) = xν−1e−
k
xr . Applying the generator L to h(x), we get

two terms: one from xν−1, which is responsible for the positivity constraint, and another
from e−

k
xr , which introduces the power-law repelling force. We compute:

L(h(x)) = θ(βe − x)
(
(ν − 1)xν−2e−

k
xr − kr

xr+1
xν−1e−

k
xr

)
+
ρ2

2
(second derivatives) .

The term kr
xr+1 in the generator is what gives rise to the power-law drift force that prevents

the process from reaching zero.
Next, we compute L(h(x)f(x)) using the product rule:

L(h(x)f(x)) = θ(βe−x)
(
(ν − 1)xν−2e−

k
xr f(x) + xν−1e−

k
xr f ′(x)

)
+
ρ2

2
(second derivatives of f(x)) .

From the transformed generator Lhf(x), we derive the corresponding stochastic differen-
tial equation (SDE) for the process β(t).
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The key term in this derivation is kr
xr+1 , which appears due to the e−

k
xr component in h(x).

This term generates a power-law repelling force in the drift, which acts to repel the process
from zero. When x (or β(t)) becomes small, this force becomes very large, preventing the
process from hitting zero.

Thus, the term 2k(ν−1)
β(t)r

emerges in the drift, introducing a strong repelling force near zero.
This force, combined with the original mean-reverting term θ(βe−β(t)), gives us the desired
dynamics for a positive, mean-reverting process.

The resulting SDE for the Modified Bessel Process with Power-Law Drift is:

dβ(t) =

(
θ(βe − β(t)) +

2k(ν − 1)

β(t)r

)
dt+ ρ dB(t),

where:

• θ > 0 is the mean reversion rate,

• βe is the long-term mean,

• r ≥ 0 determines the strength of the repelling force,

• k > 0 scales the power-law repelling force,

• ν > 1 ensures positivity,

• ρ > 0 is the volatility coefficient,

• dB(t) represents a standard Brownian motion.

To ensure that the process β(t) has the desired long-run mean µtarget, we adjust µ based
on the drift term. The drift term is:

θ(µ− Y (t)) +
2k(ν − 1)

Y (t)r
.

At steady state, we set the expected drift to zero:

E

[
θ(µ− Y (t)) +

2k(ν − 1)

Y (t)r

]
= 0.

This simplifies to:

θ(µ− µtarget) +
2k(ν − 1)

µrtarget
= 0.

Solving for µ, we obtain:

µ = µtarget −
2k(ν − 1)

θµrtarget
.
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By applying Doob’s h-transform with the harmonic function h(x) = xν−1e−
k
xr , we de-

rived the Modified Bessel Process with Power-Law Drift. This process exhibits both mean-
reverting behaviour and a power-law repelling force, ensuring positivity and introducing a
flexible repelling force near zero.

The final stochastic differential equation (SDE) is:

dβ(t) =

(
θ(βe − β(t)) +

2k(ν − 1)

β(t)r

)
dt+ ρ dB(t),

with the long-run mean µtarget adjusted as needed.

5.6.3 Logistic GBM process

In this section, we derive the stochastic threshold for the Logistic Geometric Brownian
Motion (Logistic GBM) process [99], [100], similar to the procedure of the previously analyzed
processes.

The stochastic differential equation (SDE) for the Logistic Geometric Brownian Motion
is:

dβ(t) = θ(βe − β(t) dt+ ρ β(t)(1− β(t)) dB(t),

where:

• θ > 0 is the mean reversion rate,

• βe is the long-term mean,

• ρ > 0 is the volatility coefficient,

• dB(t) represents a standard Brownian motion.

Fokker–Planck Equation

The Fokker–Planck equation corresponding to this SDE describes the time evolution of the
probability density function p(β, t) of the Logistic GBM:

∂p(β, t)

∂t
= − ∂

∂β

[
θ

(
βe − β
1− β

)
β(1− β)p(β, t)

]
+

1

2

∂2

∂β2

[
ρ2β2(1− β)2p(β, t)

]
.

At steady state, ∂p(β,t)
∂t

= 0:
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0 = − ∂

∂β

[
θ

(
βe − β
1− β

)
β(1− β)pst(β)

]
+

1

2

∂2

∂β2

[
ρ2β2(1− β)2pst(β)

]
.

Solving for the stationary distribution

To find the stationary distribution pst(β), we solve:

∂

∂β

[
θ

(
βe − β
1− β

)
β(1− β)pst(β)

]
=
ρ2

2

∂2

∂β2

[
β2(1− β)2pst(β)

]
.

Assuming a solution of the form pst(β) = Cβa(1− β)b, we substitute into the differential
equation and match coefficients.

Solving the differential equation gives us:

a =
2θβe
ρ2
− 1, b =

2θ(1− βe)
ρ2

− 1.

Stationary distribution

The stationary distribution is:

pst(β) = Cβ
2θβe
ρ2

−1
(1− β)

2θ(1−βe)
ρ2

−1
.

To normalize pst(β):

C

∫ 1

0

β
2θβe
ρ2

−1
(1− β)

2θ(1−βe)
ρ2

−1
dβ = 1.

This integral is a Beta distribution form:

C Beta
(
2θβe
ρ2

,
2θ(1− βe)

ρ2

)
= 1,

giving:

C =
1

Beta
(

2θβe
ρ2
, 2θ(1−βe)

ρ2

) .
So:

pst(β) =
β

2θβe
ρ2

−1
(1− β)

2θ(1−βe)
ρ2

−1

Beta
(

2θβe
ρ2
, 2θ(1−βe)

ρ2

) .
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Expectation calculation

To compute the expectation E[β(t)], we use the stationary distribution of the Logistic GBM
process, which follows a Beta distribution-like form due to the bounded nature of β(t) be-
tween 0 and 1:

pst(β) =
β

2θβe
ρ2

−1
(1− β)

2θ(1−βe)
ρ2

−1

Beta
(

2θβe
ρ2
, 2θ(1−βe)

ρ2

) ,

where Beta(a, b) = Γ(a)Γ(b)
Γ(a+b)

is the Beta function.
For E[β(t)], the expectation is given by:

E[β(t)] =
∫ 1

0

β pst(β) dβ.

Using the properties of the Beta distribution:

E[β(t)] =
2θβe
ρ2

2θβe
ρ2

+ 2θ(1−βe)
ρ2

.

Simplifying the expression:

E[β(t)] =
2θβe
ρ2

2θ
ρ2

= βe.

Hence, the expectation E[β(t)] confirms that βe is the mean of the stationary distribution,
reflecting the long-term average behaviour of β(t).

Next, we calculate E[(β(t)(1− β(t)))2] using the stationary distribution:

E[(β(t)(1− β(t)))2] =
∫ 1

0

β2(1− β)2pst(β) dβ.

Substitute the expression for pst(β):

E[(β(t)(1− β(t)))2] = 1

Beta
(

2θβe
ρ2
, 2θ(1−βe)

ρ2

) ∫ 1

0

β
2θβe
ρ2

+1
(1− β)

2θ(1−βe)
ρ2

+1
dβ.

Recognizing this integral as a Beta function form, we have:∫ 1

0

βa−1(1− β)b−1 dβ = Beta(a, b) =
Γ(a)Γ(b)

Γ(a+ b)
,

with a = 2θβe
ρ2

+ 2 and b = 2θ(1−βe)
ρ2

+ 2.
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Thus, the expectation simplifies to:

E[(β(t)(1− β(t)))2] =
Beta

(
2θβe
ρ2

+ 2, 2θ(1−βe)
ρ2

+ 2
)

Beta
(

2θβe
ρ2
, 2θ(1−βe)

ρ2

) .

Substitute the Beta function definition:

E[(β(t)(1− β(t)))2] =

Γ
(

2θβe
ρ2

+2
)
Γ
(

2θ(1−βe)
ρ2

+2
)

Γ
(

2θ
ρ2

+4
)

Γ
(

2θβe
ρ2

)
Γ
(

2θ(1−βe)
ρ2

)
Γ
(

2θ
ρ2

)
.

This simplifies further to:

E[(β(t)(1− β(t)))2] =
Γ
(

2θβe
ρ2

+ 2
)
Γ
(

2θ(1−βe)
ρ2

+ 2
)
Γ
(

2θ
ρ2

)
Γ
(

2θβe
ρ2

)
Γ
(

2θ(1−βe)
ρ2

)
Γ
(

2θ
ρ2

+ 4
) .

Stochastic threshold for Logistic GBM

Substitute E[(β(t)(1− β(t)))2] into the stochastic threshold formula:

T̃ LGBM
0 = R0 −

ρ2

2(µ+ λ)

(
Λ

µ
f ′(0)

)2

E[(β(t)(1− β(t)))2],

which yields:

T̃ LGBM
0 = R0 −

ρ2

2(µ+ λ)

(
Λ

µ
f ′(0)

)2 Γ
(

2θβe
ρ2

+ 2
)
Γ
(

2θ(1−βe)
ρ2

+ 2
)
Γ
(

2θ
ρ2

)
Γ
(

2θβe
ρ2

)
Γ
(

2θ(1−βe)
ρ2

)
Γ
(

2θ
ρ2

+ 4
) .

5.6.4 Jacobi process

In this section, we derive the stochastic threshold for the Jacobi process [101], similar to the
procedure of the previously analyzed processes.

The stochastic differential equation for the Jacobi process is:

dβ(t) = θ(βe − β(t)) dt+ ρ
√
β(t)(1− β(t)) dB(t),

where:

• θ > 0 is the mean reversion rate,
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• βe is the long-term mean,

• ρ > 0 is the volatility coefficient,

• dB(t) represents a standard Brownian motion.

Fokker–Planck equation

The Fokker–Planck equation corresponding to this SDE describes the time evolution of the
probability density function p(β, t) of the Jacobi process:

∂p(β, t)

∂t
= − ∂

∂β
[θ(βe − β)p(β, t)] +

1

2

∂2

∂β2

[
ρ2β(1− β)p(β, t)

]
.

At steady state, ∂p(β,t)
∂t

= 0:

0 = − ∂

∂β
[θ(βe − β)pst(β)] +

1

2

∂2

∂β2

[
ρ2β(1− β)pst(β)

]
.

Solving for the stationary distribution

To find the stationary distribution pst(β), we solve:

∂

∂β
[θ(βe − β)pst(β)] =

ρ2

2

∂2

∂β2
[β(1− β)pst(β)] .

Assuming a solution of the form pst(β) = Cβa(1− β)b, we substitute into the differential
equation and match coefficients.

Solving gives us:

a =
2θβe
ρ2
− 1, b =

2θ(1− βe)
ρ2

− 1.

Stationary distribution

The stationary distribution is:

pst(β) = Cβ
2θβe
ρ2

−1
(1− β)

2θ(1−βe)
ρ2

−1
.

To normalize pst(β), we need to satisfy the condition:

C

∫ 1

0

β
2θβe
ρ2

−1
(1− β)

2θ(1−βe)
ρ2

−1
dβ = 1.

This integral is a Beta function:
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C Beta
(
2θβe
ρ2

,
2θ(1− βe)

ρ2

)
= 1,

giving us the normalization constant:

C =
1

Beta
(

2θβe
ρ2
, 2θ(1−βe)

ρ2

) .
Thus, the stationary distribution becomes:

pst(β) =
β

2θβe
ρ2

−1
(1− β)

2θ(1−βe)
ρ2

−1

Beta
(

2θβe
ρ2
, 2θ(1−βe)

ρ2

) .

Expectation calculation

Now, we calculate E[β(t)(1−β(t))]. This expectation is important for analyzing the average
behaviour of the diffusion term in the Jacobi process.

The expectation is given by:

E[β(t)(1− β(t))] =
∫ 1

0

β(1− β)pst(β) dβ.

Substitute the stationary distribution pst(β):

E[β(t)(1− β(t))] = 1

Beta
(

2θβe
ρ2
, 2θ(1−βe)

ρ2

) ∫ 1

0

β
2θβe
ρ2 (1− β)

2θ(1−βe)
ρ2 dβ.

This is recognized as another Beta function:

E[β(t)(1− β(t))] =
Beta

(
2θβe
ρ2

+ 1, 2θ(1−βe)
ρ2

+ 1
)

Beta
(

2θβe
ρ2
, 2θ(1−βe)

ρ2

) .

Using the fact that the Beta function can be expressed in terms of the Gamma function:

Beta(a, b) =
Γ(a)Γ(b)

Γ(a+ b)
,

we rewrite the expectation as:
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E[β(t)(1− β(t))] =

Γ
(

2θβe
ρ2

+1
)
Γ
(

2θ(1−βe)
ρ2

+1
)

Γ
(

2θ
ρ2

+2
)

Γ
(

2θβe
ρ2

)
Γ
(

2θ(1−βe)
ρ2

)
Γ
(

2θ
ρ2

)
.

This simplifies to:

E[β(t)(1− β(t))] =
Γ
(

2θβe
ρ2

+ 1
)
Γ
(

2θ(1−βe)
ρ2

+ 1
)
Γ
(

2θ
ρ2

)
Γ
(

2θβe
ρ2

)
Γ
(

2θ(1−βe)
ρ2

)
Γ
(

2θ
ρ2

+ 2
) .

Stochastic threshold for the Jacobi process

The stochastic threshold T̃ Jacobi
0 is calculated by substituting E[β(t)(1−β(t))] into the thresh-

old formula:

T̃ Jacobi
0 = R0 −

ρ2

2(µ+ λ)

(
Λ

µ
f ′(0)

)2

E[β(t)(1− β(t))].

Substituting the expectation:

T̃ Jacobi
0 = R0 −

ρ2

2(µ+ λ)

(
Λ

µ
f ′(0)

)2

·
Γ
(

2θβe
ρ2

+ 1
)
Γ
(

2θ(1−βe)
ρ2

+ 1
)
Γ
(

2θ
ρ2

)
Γ
(

2θβe
ρ2

)
Γ
(

2θ(1−βe)
ρ2

)
Γ
(

2θ
ρ2

+ 2
) .

Thus, the stochastic threshold for the Jacobi process is:

T̃ Jacobi
0 = R0 −

ρ2

2(µ+ λ)

(
Λ

µ
f ′(0)

)2

·
Γ
(

2θβe
ρ2

+ 1
)
Γ
(

2θ(1−βe)
ρ2

+ 1
)
Γ
(

2θ
ρ2

)
Γ
(

2θβe
ρ2

)
Γ
(

2θ(1−βe)
ρ2

)
Γ
(

2θ
ρ2

+ 2
) .

5.7 Numerical results

5.7.1 Parameter sets for numerical simulations

The following sections describe the parameter settings used for simulating and analyzing the
dynamics of the SIRS (Susceptible-Infectious-Recovered-Susceptible) epidemic model. Two
primary parameter sets, Set A and Set B, are used in the simulations, the latter based
on different scenarios and theoretical conditions, as outlined by Laaribi (2023). These sets
include key epidemiological parameters that govern infection transmission, recovery, and
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removal in populations, along with stochastic components that influence the behaviour of
the transmission rate over time [102].

Parameter set A: Baseline epidemic dynamics

Set A represents a baseline scenario designed to explore deterministic and simple epidemic
dynamics without extensive stochastic influences. The following categorizations highlight
the role of the various parameters within the different cases:

• βe: Fixed at 0.22 in all scenarios, representing the baseline transmission rate.

• γ: The immunity loss rate, which varies across scenarios:

– Case 1: γ = 0.00 – No reversion: No immunity loss, meaning once recovered,
individuals stay immune.

– Case 2: γ = 0.01 – Oscillating solutions : Low immunity loss allows for oscilla-
tions in infection numbers over time.

– Case 3: γ = 0.10 – Rapid waning immunity : High immunity loss rate causes
individuals to quickly return to the susceptible population.

– Case 4: γ = 0.03 – Slow waning immunity : Moderate immunity loss rate leads
to slower transitions back to susceptibility.

• λ: Disease-induced removal or death rate, fixed at 0.1 across all cases.

• Λ, µ: Birth rate and natural death rate, both set to a small value (1×10−4) to maintain
a stable population.

• S0, I0, R0: Initial population conditions for each case:

– S0 = 0.99 (99% susceptible),

– I0 = 0.01 (1% infected),

– R0 = 0 (no recovered individuals).

• T : Simulation time is set to 1000 days, providing a sufficient period to observe the
dynamics.

• N : Number of time steps, also set to 1000, ensuring detailed observation of the epidemic
progression.
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Similar to Set B, Set A also incorporates mean reversion and volatility parameters to
capture some level of stochastic behaviour:

• θ: The rate of mean reversion, which is fixed at 0.4 across all cases.

• ρ: Volatility coefficient, fixed at 0.25.

The merged parameter settings for Set A are as follows:

• Case 1 (No reversion): βe = 0.22, γ = 0.00, λ = 0.1, Λ = 1 × 10−4, µ = 1 × 10−4,
S0 = 0.99, I0 = 0.01, R0 = 0, T = 1000, N = 1000, θ = 0.4, ρ = 0.25

• Case 2 (Oscillating solutions): βe = 0.22, γ = 0.01, λ = 0.1, Λ = 1 × 10−4,
µ = 1× 10−4, S0 = 0.99, I0 = 0.01, R0 = 0, T = 1000, N = 1000, θ = 0.4, ρ = 0.25

• Case 3 (Rapid waning immunity): βe = 0.22, γ = 0.10, λ = 0.1, Λ = 1 × 10−4,
µ = 1× 10−4, S0 = 0.99, I0 = 0.01, R0 = 0, T = 1000, N = 1000, θ = 0.4, ρ = 0.25

• Case 4 (Slow waning immunity): βe = 0.22, γ = 0.03, λ = 0.1, Λ = 1 × 10−4,
µ = 1× 10−4, S0 = 0.99, I0 = 0.01, R0 = 0, T = 1000, N = 1000, θ = 0.4, ρ = 0.25

Parameter set B: Laaribi, 2023 scenarios

Set B explores different scenarios with stochastic dynamics and varying transmission rates.
Each configuration in Set B controls essential aspects of disease spread, including trans-
mission, recovery, immunity loss, and disease-induced removal. The following are the key
parameters for each scenario in Set B:

• βe: The long-term mean transmission rate, which directly influences the basic repro-
duction number R0.

• Λ: The birth rate or rate of entry into the susceptible population, maintaining the
population balance.

• µ: The natural death or recovery rate, accounting for individuals exiting the population
or recovering naturally.

• γ: The rate of immunity loss, which describes how quickly recovered individuals return
to the susceptible state.

• λ: The disease-induced death or removal rate, representing how quickly infected indi-
viduals are removed from the population due to the disease.
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• S0, I0, R0: Initial conditions representing the proportions of the population that are
susceptible (S0), infected (I0), and recovered (R0).

• T : The total simulation time, over which the epidemic dynamics will be observed.

• N : The number of discrete time steps, also set to 1000, into which the time interval
[0, T ] is divided. Thus, each time step is ∆t = T/N . Increasing N yields a finer
temporal resolution, resulting in a smaller ∆t and a more detailed approximation of
the underlying continuous-time process.

In addition to these core parameters, Set B also includes stochastic parameters to account
for randomness in the transmission dynamics:

• θ: The rate of mean reversion, which governs how quickly the transmission rate (β(t))
returns to its long-term mean (βe).

• ρ: The volatility coefficient, representing the randomness or variability in the trans-
mission rate over time.

The merged parameters for Set B, incorporating mean reversion and volatility, are as
follows:

• Scenario 1: βe = 0.2, Λ = 0.09, µ = 0.09, γ = 0.01, λ = 0.1, S0 = 0.5, I0 = 0.15,
R0 = 0.35, T = 1000, N = 1000, θ = 0.4, ρ = 0.25

• Scenario 2: βe = 0.22, Λ = 0.09, µ = 0.09, γ = 0.01, λ = 0.1, S0 = 0.5, I0 = 0.15,
R0 = 0.35, T = 1000, N = 1000, θ = 0.6, ρ = 0.29

• Scenario 3: βe = 0.35, Λ = 0.09, µ = 0.09, γ = 0.01, λ = 0.1, S0 = 0.5, I0 = 0.15,
R0 = 0.35, T = 1000, N = 1000, θ = 1.3, ρ = 0.4

• Scenario 4: βe = 0.188, Λ = 0.09, µ = 0.09, γ = 0.01, λ = 0.1, S0 = 0.5, I0 = 0.15,
R0 = 0.35, T = 1000, N = 1000, θ = 0.4, ρ = 0.25

These parameter configurations allow us to explore various stochastic processes in the epi-
demic, accounting for different transmission rates and how quickly the transmission returns
to a baseline level after fluctuations.
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Merging of parameter sets

For both Set A and Set B, the mean reversion and volatility parameters were integrated
into the corresponding scenarios, ensuring that both deterministic and stochastic elements
are properly captured in the simulations. This provides a comprehensive view of how both
baseline and fluctuating dynamics impact the spread of an epidemic.

These parameter sets form the foundation for the upcoming numerical simulations and
theoretical validation. The different combinations of transmission rates, recovery dynamics,
and stochastic processes will provide insight into the behaviour of the epidemic under various
conditions. The subsequent sections will demonstrate the numerical results, plots, and an
in-depth analysis based on these configurations.

5.7.2 Deterministic and noisy synthetic data generation

The deterministic SIRS model was applied to both Set A and Set B parameter configura-
tions to simulate the spread of infection over time. For each set, simulations were run both
without noise (deterministic) and with noise (stochastic), providing a comprehensive view
of how the epidemic dynamics evolve under idealized and realistic conditions.

Initially, the deterministic SIRS model was used to generate clean, theoretical infection
trajectories. These simulations provided a baseline representation of the epidemic, focusing
on key factors such as transmission rate, immunity loss, and recovery. The infection time
series for each scenario in Set A and Set B was plotted to visualize how the infection evolves
over time across different parameter settings.

Figure 5.2: A plot of the deterministic SIRS model simulation for Set A.
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Figure 5.3: A plot of the deterministic SIRS model simulation for Set B.

Following the deterministic simulations, synthetic noise was introduced to emulate real-
world uncertainties, such as measurement errors or random fluctuations in disease transmis-
sion. This noisy dataset offers a more realistic depiction of epidemic dynamics, reflecting
the variability seen in real-world outbreaks. Adding noise is crucial for evaluating the ro-
bustness of the model and ensuring that it is applicable to real-world scenarios. The noisy
infection trajectories were also visualized, offering a comparison between the idealized and
noisy outcomes.

For both Set A and Set B, the noisy infection time series data was saved as CSV
files. These datasets serve as a foundation for further analysis, including model calibration,
sensitivity testing, and validation. The combination of deterministic and noisy simulations
provides a robust framework for understanding how various factors, both intrinsic and ex-
trinsic, affect the spread of infectious diseases.
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Figure 5.4: A plot of the synthetic data for parameter Set A.

Figure 5.5: A plot of the synthetic data for parameter Set B.

5.7.3 Simulation and plotting of model fit

This section describes the process of simulating and plotting the fit of various stochastic pro-
cesses against the observed infection data. The goal is to evaluate how well different models,
such as the OU process, fit the observed infection time series using estimated parameters.
Below is an explanation of the key steps involved in the process.

The primary function used in this section is designed to simulate the infection dynamics
based on a chosen stochastic process and compare the results to the original infection data.
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For each process, a specific set of parameters is required. The number of parameters
varies depending on the complexity of the process:

• For the OU process, there is a requirement of three parameters: βe (long-term mean
transmission rate), θ (rate of mean reversion), and ρ (volatility).

• The Bessel process requires an additional parameter, ν, to account for the added
complexity.

• The power-law Bessel process requires six parameters, adding k (drift parameter), ν,
and r (power-law exponent).

Generating the transmission rate (βt) is accomplished as follows. The function generates
a time series for the transmission rate, β(t), based on the selected stochastic process (e.g.,
OU, CKLS, etc.). This rate drives the infection dynamics in the SIRS model. The stochastic
component of β(t) is generated using random numbers, ensuring reproducibility.

Simulating the infection dynamics is as follows. The SIRS model is run using the simu-
lated βt, initial conditions (susceptible S0, infected I0, recovered R0), and parameters such
as birth rate (Λ) and death rate (µ). The Milstein method is employed to numerically solve
the SIRS model under stochastic variability [103], [104].

The observed infection data (Iobserved) is compared to the simulated infection data (I).
The plotting includes the original infection data and the simulated infection data, based on
the chosen stochastic process.

Running the simulation for different processes

Several stochastic processes are evaluated, including:

• OU

• CKLS with γ = 1
2

• Mean-reverting Bessel process

• Power-law mean-reverting Bessel process

• Logistic geometric Brownian motion

• Jacobi process

Each process has specific parameters that influence its behaviour. Initial parameter
guesses are provided, which are later optimized to fit the observed infection data.
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Fitting the model and estimating parameters

We implement a procedure that iterates over all cases in the dataset (Set A or Set B) and
fits the model to estimate optimal parameters for each process.

The parameter estimation involves several key steps to ensure that the model-generated
infection trajectory aligns as closely as possible with the observed data. First, the model
simulates the SIRS dynamics over a prescribed time horizon T , divided into N discrete steps,
and uses a chosen stochastic process for β(t). To numerically solve the underlying stochastic
differential equations, a Milstein discretization scheme [103], [104] is employed, providing an
accurate and stable approximation of the continuous-time process.

A loss function is then defined as the sum of squared differences between the observed
infection counts Iobserved and the model’s simulated infection trajectory I. This loss quan-
tifies how effectively a given set of parameters reproduces the observed data. To maintain
positivity and improve numerical stability, the parameters are estimated in logarithmic form.
Inside the loss function, the parameters are exponentiated before the simulation runs, thus
ensuring that all parameter values remain positive.

The Nelder–Mead simplex method is used to minimize the loss function. Starting from an
initial guess provided in logarithmic space, the algorithm iteratively adjusts the parameters
in an attempt to reduce the discrepancy between the observed and simulated trajectories.
Each iteration updates the parameter values, and the process continues until a suitable
convergence criterion is met or a specified iteration limit is reached.

Upon convergence, the optimized parameters are those that yield the best fit according
to the chosen criterion. These parameters are then exponentiated and, if required, adjusted
to satisfy any model-specific constraints such as ν > 1. The estimated parameters represent
the set of values that, within the given modelling framework, most faithfully reproduce the
observed infection data.

For each process, the results are presented as plots comparing the observed and simulated
infection data. The plots are placed after the explanation of each process and case.

After each plot, the estimated parameters for the corresponding process should be re-
ported, including βe, θ, ρ for the Ornstein–Uhlenbeck process and additional parameters ν for
the Bessel process, and k, ν, r for the power-law Bessel process. These estimated parameters
provide insight into how the transmission rate evolves over time under each model.

The simulations serve two primary purposes. The first pertains to model validation.
By comparing simulated infection curves with observed synthetic data, the suitability of
each stochastic process can be assessed. This helps identify the most appropriate model
for describing infection dynamics. Secondly, optimization yielding the parameter estimates
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provide valuable insights into the underlying dynamics of transmission rates and epidemic
behaviour.

5.7.4 Illustrations of the determination of eradication/extinction or

endemicity/persistence based on model type

Here, we show the plots of the original synthetic infected data along with the estimated SIRS
model with OU and CKLS transmission processes for data set A. The remaining scenarios
for the other processes considered and data set B are provided in the Appendix.

Figure 5.6: A plot of the original synthetic infected data along with the estimated SIRS model
with OU transmission process. The data set and case number are A and 1, respectively.
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Figure 5.7: A plot of the original synthetic infected data along with the estimated SIRS model
with OU transmission process. The data set and case number are A and 2, respectively.

Figure 5.8: A plot of the original synthetic infected data along with the estimated SIRS model
with OU transmission process. The data set and case number are A and 3, respectively.
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Figure 5.9: A plot of the original synthetic infected data along with the estimated SIRS model
with OU transmission process. The data set and case number are A and 4, respectively.

Figure 5.10: A plot of the original synthetic infected data along with the estimated SIRS
model with CKLS transmission process. The data set and case number are A and 1, respec-
tively.
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Figure 5.11: A plot of the original synthetic infected data along with the estimated SIRS
model with CKLS transmission process. The data set and case number are A and 2, respec-
tively.

Figure 5.12: A plot of the original synthetic infected data along with the estimated SIRS
model with CKLS transmission process. The data set and case number are A and 3, respec-
tively.
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Figure 5.13: A plot of the original synthetic infected data along with the estimated SIRS
model with CKLS transmission process. The data set and case number are A and 4, respec-
tively.
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Case Process βe θ ρ
Set A

1 OU 0.2176 2.0941 9.1319e-10
2 OU 0.2184 1.6826 1.7616e-14
3 OU 0.2223 1.9985 6.2463e-04
4 OU 0.2220 1.9987 1.4955e-03
1 CKLS 0.2176 2.0571 6.9417e-05
2 CKLS 0.2189 1.9990 1.1000e-02
3 CKLS 0.2223 1.9986 1.3000e-03
4 CKLS 0.2220 1.9987 3.1000e-03
1 Bessel 0.2176 5.4700 1.0455e-17
2 Bessel 0.2192 0.4433 2.7000e-03
3 Bessel 0.2223 5.3379 6.1954e-11
4 Bessel 0.2222 1.1437 7.2797e-04
1 PowerLawBessel 0.2176 0.4929 9.4660e-02
2 PowerLawBessel 0.2184 0.4913 9.4607e-02
3 PowerLawBessel 0.2223 0.4868 9.4429e-02
4 PowerLawBessel 0.2219 0.4857 9.4605e-02
1 LogisticGBM 0.2175 10.1890 1.5680e-06
2 LogisticGBM 0.2184 9.1976 7.4233e-06
3 LogisticGBM 0.2223 9.0585 1.2544e-06
4 LogisticGBM 0.2219 9.0540 9.7708e-06
1 Jacobi 0.2176 2.0569 1.5916e-04
2 Jacobi 0.2187 1.9999 7.9660e-03
3 Jacobi 0.2223 1.9995 9.7333e-05
4 Jacobi 0.2220 1.9987 3.5810e-03

Set B
1 OU 0.2001 2.0025 5.2543e-04
2 OU 0.2199 1.0437 1.2386e-04
3 OU 0.3500 0.1171 7.6907e-17
4 OU 0.1881 1.8604 7.1042e-03
1 CKLS 0.1999 0.2787 1.5733e-17
2 CKLS 0.2199 1.9980 4.8877e-04
3 CKLS 0.3500 0.0000 2.9827e-17
4 CKLS 0.1881 1.8554 1.6180e-02
1 Bessel 0.1999 0.0252 6.4356e-16
2 Bessel 0.2204 1.9596 6.7961e-04
3 Bessel 0.3506 0.1803 1.3221e-03
4 Bessel 0.1881 0.5129 5.2611e-04
1 PowerLawBessel 0.1999 0.4869 9.3462e-02
2 PowerLawBessel 0.2199 0.4901 9.3690e-02
3 PowerLawBessel 0.3500 0.4907 8.5768e-02
4 PowerLawBessel 0.1880 0.4932 9.9474e-02
1 LogisticGBM 0.1999 10.0440 6.3741e-05
2 LogisticGBM 0.2199 8.8112 3.4295e-03
3 LogisticGBM 0.3500 0.0013 6.2869e-18
4 LogisticGBM 0.1881 5.4338 2.4085e-02
1 Jacobi 0.1999 1.7325 1.3014e-15
2 Jacobi 0.2199 1.9980 5.5363e-04
3 Jacobi 0.3500 1.9388 1.8267e-03
4 Jacobi 0.1881 1.8568 1.8023e-02

Table 5.1: Estimated parameters for different processes in Sets A and B across cases.

The parameter values listed in the above table differ from those presented in the pa-
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rameter sets because they were derived from a separate set of simulation experiments and
estimation procedures. The discrepancies arise for several reasons. First, it is important to
recognize that the parameters displayed in the table above correspond to fitted or estimated
values from particular numerical simulations conducted under specific modelling scenarios.
These estimation routines, which often involve optimization algorithms tailored to the cho-
sen stochastic processes, can produce parameter values that differ from the canonical values
reported earlier in the text.

In contrast, the parameter settings in Set A and Set B reflect the baseline or nominal
parameter settings initially prescribed for the simulations. Those earlier values serve as
theoretical starting points or intended configurations for the epidemic scenarios. They were
chosen to illustrate general epidemic behaviours and to provide a reference for how key
epidemiological parameters, such as the baseline transmission rate βe, the immunity loss
rate γ, and the mean reversion rate θ, influence the resulting dynamics.

However, once one moves beyond these idealized starting conditions and applies more
complex stochastic processes such as OU, CKLS, Bessel-type, Power-Law Bessel, Logistic
GBM, or Jacobi frameworks, the effective parameter values that best fit the observed or
simulated data may shift. This shift is a natural consequence of the model calibration
process. During calibration, fitting algorithms adjust parameters to minimize discrepancies
between model predictions and data, or to achieve certain statistical criteria. As a result,
parameters like θ and ρ may end up being estimated at values quite different from the
baseline inputs.

Moreover, each stochastic process imposes distinct constraints and interactions among
parameters. For instance, ensuring positivity in CKLS or Bessel-type processes or achieving
stable mean-reverting behaviour in OU or Logistic GBM models can lead to parameter es-
timates that do not closely resemble the originally set baseline values. The introduction of
additional complexity and the requirement to satisfy certain model properties often necessi-
tates such adjustments.

The difference in values are the outcome of model fitting or parameter estimation under
more complex stochastic frameworks, while the earlier parameter definitions present nominal,
theoretically chosen parameters used as initial reference points. The differences illustrate how
model complexity, data fitting, and stochastic constraints influence parameter estimation,
resulting in parameter sets that are well-suited to the chosen modelling scenario and process
definitions.
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Case Process βe θ ρ ν k r

Set A
Case 1 Bessel 0.2176 5.4700 1.0455× 10−17 1.3649 - -
Case 2 Bessel 0.2192 0.4433 2.7110× 10−03 2.4510 - -
Case 3 Bessel 0.2223 5.3379 6.1954× 10−11 2.0325 - -
Case 4 Bessel 0.2222 1.1437 7.2797× 10−04 2.0056 - -
Case 1 PowerLawBessel 0.2176 0.4929 9.4660× 10−02 3.0047 1.0001 1.1979

Case 2 PowerLawBessel 0.2184 0.4913 9.4607× 10−02 3.0057 1.0001 1.1984

Case 3 PowerLawBessel 0.2223 0.4868 9.4429× 10−02 2.9982 1.0001 1.1981

Case 4 PowerLawBessel 0.2219 0.4857 9.4605× 10−02 2.9991 1.0001 1.1982

Set B
Case 1 Bessel 0.1999 0.0252 6.4356× 10−16 2.1946 - -
Case 2 Bessel 0.2204 1.9596 6.7961× 10−04 1.8479 - -
Case 3 Bessel 0.3506 0.1803 1.3221× 10−03 2.1253 - -
Case 4 Bessel 0.1881 0.5129 5.2611× 10−04 10.9570 - -
Case 1 PowerLawBessel 0.1999 0.4869 9.3462× 10−02 2.9455 1.0000 1.1961

Case 2 PowerLawBessel 0.2199 0.4901 9.3690× 10−02 3.0099 1.0001 1.1985

Case 3 PowerLawBessel 0.3500 0.4907 8.5768× 10−02 3.0183 1.0004 1.2099

Case 4 PowerLawBessel 0.1880 0.4932 9.9474× 10−02 2.9977 0.9999 1.1931

Table 5.2: Estimated extended parameters for the Bessel and modified Bessel processes in
Sets A and B.

5.7.5 Comparison of infected behaviour of deterministic and stochas-

tic models

Here, we show the plots of the deterministic solution along with the simulated SIRS model
with the OU and CKLS transmission processes. The remaining scenarios for the other
processes considered and data set B are provided in the Appendix.
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Figure 5.14: A plot of the deterministic solution along with the simulated SIRS model with
the OU transmission process. The data set is A and the case number is 1.

Figure 5.15: A plot of the deterministic solution along with the simulated SIRS model with
the OU transmission process. The data set is A and the case number is 2.
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Figure 5.16: A plot of the deterministic solution along with the simulated SIRS model with
the OU transmission process. The data set is A and the case number is 3.

Figure 5.17: A plot of the deterministic solution along with the simulated SIRS model with
the OU transmission process. The data set is A and the case number is 4.

213



Figure 5.18: A plot of the deterministic solution along with the simulated SIRS model with
the CKLS transmission process. The data set is A and the case number is 1.

Figure 5.19: A plot of the deterministic solution along with the simulated SIRS model with
the CKLS transmission process. The data set is A and the case number is 2.
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Figure 5.20: A plot of the deterministic solution along with the simulated SIRS model with
the CKLS transmission process. The data set is A and the case number is 3.

Figure 5.21: A plot of the deterministic solution along with the simulated SIRS model with
the CKLS transmission process. The data set is A and the case number is 4.
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Case βe γ θ ρ R0 T OU
0 T CKLS

0 T LGBM
0 T Jacobi

0

Set A
Case 1 0.22 0.00 0.4 0.25 2.1978 1.8076 1.8396 1.9964 2.1322
Case 2 0.22 0.01 0.4 0.25 2.1978 1.8076 1.8396 1.9964 2.1322
Case 3 0.22 0.10 0.4 0.25 2.1978 1.8076 1.8396 1.9964 2.1322
Case 4 0.22 0.03 0.4 0.25 2.1978 1.8076 1.8396 1.9964 2.1322

Set B
Case 1 0.20 0.01 0.4 0.25 1.0526 0.8470 0.8650 0.9361 1.0211
Case 2 0.22 0.01 0.6 0.29 1.1579 0.9735 0.9884 1.0054 1.1114
Case 3 0.35 0.01 1.3 0.40 1.8421 1.6802 1.6892 1.5667 1.7030
Case 4 0.188 0.01 0.4 0.25 0.9895 0.7839 0.8025 0.8730 0.9598

Table 5.3: Merged parameter settings for Set A and Set B with calculated R0 and stochastic
thresholds for OU, CKLS, Logistic GBM, and Jacobi processes.

In the following discussion, please refer to the remaining plots for the other processes
in the Appendix. The theoretical thresholds derived for the various stochastic models, such
as T OU

0 , T CKLS
0 , T LGBM

0 , and T Jacobi
0 , are asymptotic indicators that describe the disease’s

long-term tendency to persist or fade out under certain probabilistic frameworks. While
these thresholds are invaluable for understanding the average or expected behaviour of an
epidemic process over an infinite horizon, they do not constitute deterministic guarantees of
persistence in every individual realization, particularly in finite-time simulations.

In the context of Set B, Case 2, it is observed that the LGBM and Jacobi models yield
theoretical thresholds slightly above one, suggesting that, under stationary or long-run condi-
tions, there may be a propensity for the disease to persist. Nevertheless, the actual simulated
trajectories show that the proportion of infected individuals eventually declines to zero. The
presence of non-zero infection levels around T = 550 days in the Jacobi model is entirely
consistent with early transient fluctuations. Over time, these infected populations diminish,
culminating in extinction by T = 1000 days.

This apparent discrepancy between theoretical thresholds and observed outcomes arises
from several factors inherent to stochastic systems. Firstly, the thresholds reflect expected
tendencies rather than certainties. While a threshold above one indicates a possible bias
towards persistence, individual stochastic paths can deviate substantially from this expec-
tation, especially over finite durations. Random perturbations, small population sizes, and
chance events can all facilitate the infected fraction’s descent to zero.

Secondly, the distinction between long-term asymptotic behaviour and finite-time realiza-
tions is crucial. As time progresses, there may be numerous opportunities for infection chains
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to terminate, particularly when the number of infected individuals becomes very small. Once
the process drifts downward due to random fluctuations, it can settle into extinction. Even
if, over an infinite horizon, there might have been non-negligible probabilities of persistence,
the finite time frame observed does not preclude the disease from dying out.

Lastly, practical considerations, such as parameter estimation and environmental noise,
may also influence the trajectory. The slight theoretical advantage implied by a threshold
just above one can be outweighed by random shocks in the actual simulated environment,
leading to the infected fraction reaching zero.

The extinction observed in the simulations is not contradictory to the threshold analy-
sis. Rather, it demonstrates that these thresholds are probabilistic indicators of long-term
tendencies. Actual epidemic realizations, especially over finite time intervals, can and do
produce paths that end in extinction despite theoretical conditions that would allow for per-
sistence on average. This outcome shows the inherently stochastic nature of epidemics and
the importance of interpreting thresholds as guidelines rather than absolute rules.

5.7.6 Transmission process simulations

In this section, we present the results of simulations for different stochastic processes used
to model transmission rates in an epidemic. The transmission processes are evaluated across
two distinct parameter sets, referred to as Set A and Set B, each consisting of multiple
cases with varying parameter values for the processes.

The following figures illustrate plots of these transmission processes for both Set A and
Set B, with the processes displayed from top to bottom in the order specified. Each set is
evaluated across four cases, where different parameter settings for the transmission processes
are used.

The empirical long-run statistics for these transmission processes are summarized in the
accompanying table. The table provides insights into the mean and standard deviation of the
transmission rates for each process, allowing for a comparison of how each process behaves
under different scenarios and parameter settings.

The figures below present plots for the transmission processes in Set A and Set B, Case
1; the remaining plots for the other Set B settings can be found in the Appendix.
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Case Process Empirical Mean Empirical Std Dev
Set A

1 OU 0.25026 0.26783
1 CKLS 0.23149 0.13523
1 Bessel 0.22474 0.03158
1 Bessel (Power-Law Drift) 0.22567 0.04685
1 Logistic GBM 0.19432 0.08778
1 Jacobi 0.23005 0.11183
2 OU 0.19574 0.27219
2 CKLS 0.20675 0.11575
2 Bessel 0.22414 0.03108
2 Bessel (Power-Law Drift) 0.22438 0.04661
2 Logistic GBM 0.14609 0.08370
2 Jacobi 0.20976 0.10317
3 OU 0.21034 0.28471
3 CKLS 0.21678 0.13446
3 Bessel 0.22438 0.03159
3 Bessel (Power-Law Drift) 0.22480 0.04716
3 Logistic GBM 0.15512 0.09940
3 Jacobi 0.21648 0.11414
4 OU 0.23615 0.27488
4 CKLS 0.22721 0.13178
4 Bessel 0.22455 0.03128
4 Bessel (Power-Law Drift) 0.22528 0.04638
4 Logistic GBM 0.17989 0.10256
4 Jacobi 0.22636 0.11193

Set B
1 OU 0.23026 0.26783
1 CKLS 0.21084 0.12932
1 Bessel 0.20457 0.02957
1 Bessel (Power-Law Drift) 0.19573 0.04405
1 Logistic GBM 0.17141 0.08467
1 Jacobi 0.20955 0.10844
2 OU 0.20141 0.26069
2 CKLS 0.21021 0.11324
2 Bessel 0.22547 0.03560
2 Bessel (Power-Law Drift) 0.22026 0.05322
2 Logistic GBM 0.15584 0.08181
2 Jacobi 0.21238 0.10028
3 OU 0.34500 0.24907
3 CKLS 0.34735 0.14950
3 Bessel 0.35676 0.04998
3 Bessel (Power-Law Drift) 0.35263 0.09129
3 Logistic GBM 0.32390 0.12611
3 Jacobi 0.34730 0.11612
4 OU 0.20415 0.27488
4 CKLS 0.19476 0.12197
4 Bessel 0.19236 0.02826
4 Bessel (Power-Law Drift) 0.17666 0.04196
4 Logistic GBM 0.15510 0.11018
4 Jacobi 0.19406 0.10583

Table 5.4: Empirical means and standard deviations for Set A and Set B across different
processes
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5.7.7 Feasible extinction region analysis

In this section, we analyze the conditions under which the transmission rate of a disease
either persists or leads to extinction using two stochastic processes: the OU process and
the CIR process. The key metric for determining whether the disease dynamics lead to
extinction or persistence is the stochastic threshold, denoted by T OU

0 for the OU process
and T CIR

0 for the CIR process. The stochastic threshold T0 determines the balance between
the forces driving the transmission rate upwards (persistence) or towards extinction. When
T0 ≤ 1, extinction is guaranteed, while persistence occurs if T0 > 1.

The OU process is a stochastic model that describes fluctuations around a mean value.
In the context of disease modelling, it represents how the transmission rate tends to revert
to a mean level but is influenced by random shocks. In order to guarantee extinction, the
stochastic threshold must satisfy T OU

0 < 1. This defines the feasible region for extinction,
which is identified by plotting T OU

0 as a function of θ and ρ.
The analysis yields feasible region plots showing the combinations of ρ and θ where

T OU
0 < 1, ensuring extinction. As with the OU process, extinction is guaranteed when
T CIR
0 < 1. The square root dependence on ρ reflects the dynamics of the CIR model, where

fluctuations in the transmission rate are more gradual.
The analysis of feasible extinction regions for both the OU and CIR processes allows

us to understand the conditions that lead to the extinction of the transmission rate. By
determining the stochastic thresholds T OU

0 and T CIR
0 , we can identify the combinations of

ρ and θ that guarantee extinction, which is essential for designing effective interventions to
control disease outbreaks. Visualizations of these regions are provided by plots contained in
the Appendix.

5.8 Discussion

This work provides a significant advancement in the field of epidemiological modelling by
integrating stochastic mean-reverting processes into the classical SIRS model. The introduc-
tion of processes such as the OU and CKLS models allows for a more realistic representation
of transmission rate fluctuations, which are often driven by external factors like interventions
or seasonal variations. By addressing the limitations of traditional deterministic models, the
work presents a flexible framework that better captures the inherent variability in disease
dynamics.

A key contribution of the work is the derivation of extinction thresholds under different
stochastic transmission processes. These thresholds provide a quantitative measure to predict
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whether a disease will persist or die out, offering important insights for public health policies.
The analysis of stochastic processes such as the CKLS, OU, and Bessel models allows for a
robust comparison of deterministic and stochastic approaches, revealing the advantages of
using mean-reverting processes, particularly for maintaining positivity in transmission rates.

The numerical simulations provide strong validation for the theoretical findings. By
comparing different parameter sets, the work effectively illustrates the long-term behaviour
of the infected population under both deterministic and stochastic models. The inclusion
of multiple stochastic processes illustrates the flexibility of the framework in adapting to
a varied assortment of epidemiological settings. This numerical validation strengthens the
practical relevance of the model under simulated settings and provides clear evidence of
the versatility of stochastic models and their suitability for capturing real-world epidemic
dynamics.

However, despite the strengths of the work, there are areas for improvement. The com-
plexity of the mathematical framework, while rigorous, may limit the accessibility of the
model to non-experts. The reliance on advanced stochastic calculus, such as Itô’s lemma
and the Fokker–Planck equation, might present a steep learning curve for practitioners in
public health or epidemiology who are less familiar with these techniques. Additionally, the
model assumptions, such as a constant long-term equilibrium mean transmission rate, may
not fully capture the dynamic nature of real epidemics, where transmission rates can shift
due to evolving external factors. Such instances may be better suited by incorporating a
mechanism for regime changes in the transmission level.

5.9 Conclusion

This work presents a critical advancement in epidemiological modelling by integrating stochas-
tic transmission processes into the classical SIRS framework. The incorporation of mean-
reverting processes such as the CKLS and modified Bessel models allows for a more realistic
and flexible representation of disease transmission, addressing the limitations of determinis-
tic models. The key contributions include the derivation of stochastic extinction thresholds
and the introduction of novel mean-reverting processes like the Bessel and modified Bessel
processes.

The theoretical findings are supported by extensive numerical simulations, which high-
light the model’s capacity to accurately capture the variability in transmission rates and
provide insights into disease persistence and eradication. The comprehensive approach con-
tributes to the growing body of literature on stochastic epidemiological models and offers
valuable tools for public health policy and intervention strategies.
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Nevertheless, there are limitations that should be addressed in future work. Applying
the model to real-world epidemic data, such as from past influenza or COVID-19 outbreaks,
could significantly enhance its practical relevance. Additionally, the intensive mathematical
framework could be adapted and simplified to make the model more accessible to a broader
audience. Despite these challenges, the model provides a powerful framework for understand-
ing disease dynamics in the presence of stochastic variability, and it lays a solid foundation
for further research at the frontier of the field.

223



Chapter 6

Multiperiod Forecasting of Epidemic
Wave Peak Time and Height

This chapter presents a comprehensive analysis of machine learning models for predicting
influenza peaks across multiple seasons. The study evaluates both traditional and deep
learning models, including Linear Regression, Random Forest, LSTM, Support Vector Ma-
chines (SVM), XGBoost, Adaboost, and Recurrent Neural Networks (RNN), with a focus
on improving the accuracy of peak prediction for influenza outbreaks. Using historical data
from the Southern Hemisphere and covariate inclusion/exclusion scenarios, we assess model
performance across various influenza seasons from 2013 to 2020.

Our analysis reveals that simpler models like Linear Regression and Lasso consistently
offer robust and reliable predictions with lower error margins, particularly in early and
steady-peak influenza seasons. More complex models, such as LSTM and Random Forest,
demonstrate greater predictive power in high-variability seasons but also show higher vari-
ability and risk of overfitting. Models incorporating covariates, such as Simple RNN and
Temporal CNN, further highlight the importance of context-specific information in improv-
ing predictive accuracy.

Despite their potential, deep learning models exhibit several limitations, including sen-
sitivity to data quality, season-specific variability, and a lack of transparency, making them
less suitable for public health decision-making without significant calibration. The work
concludes by recommending hybrid approaches that integrate mechanistic epidemiological
models with machine learning to enhance real-time predictive capacity and account for novel
outbreak dynamics. Additionally, we propose future research directions, including the devel-
opment of models that incorporate external factors, such as vaccination rates and mobility
data, to improve influenza peak prediction and contribute to more timely public health
interventions.
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6.1 Introduction

Influenza remains one of the most significant public health challenges, causing seasonal out-
breaks that result in substantial morbidity, mortality, and economic burden. Predicting the
peak of influenza cases, both in terms of timing and intensity, is critical for enabling timely
public health responses, optimizing healthcare resources, and mitigating the impact of out-
breaks. Traditional epidemiological models have provided foundational insights into the
spread of infectious diseases, but the growing availability of data and advances in machine
learning offer new opportunities to enhance predictive accuracy.

Machine learning, a significant subfield of artificial intelligence, concentrates on develop-
ing algorithms and models that empower computers to learn from data and make predictions
or decisions without being explicitly programmed. This field involves designing systems capa-
ble of automatically improving their performance by analyzing and extracting patterns from
vast amounts of data. Such systems adapt through experience, enabling them to handle
complex tasks that are difficult to define procedurally.

In the context of influenza peak prediction, machine learning offers powerful tools for
forecasting future outbreaks based on historical trends. In this study, we explore the appli-
cation of various machine learning models for predicting influenza peaks. Our objective is to
evaluate and compare the performance of different models, including traditional approaches
like Linear Regression and Lasso, more advanced ensemble methods like Random Forest
and XGBoost, and deep learning architectures such as Long Short-Term Memory (LSTM)
networks and Recurrent Neural Networks (RNN). These models are tested across multiple
influenza seasons, from 2013 to 2020, with specific attention to how their performance varies
when covariates, such as data from the Southern Hemisphere, are included or excluded.

The motivation behind this analysis stems from the increasing demand for more accurate
and adaptive models that can handle the complexities of influenza outbreaks. Traditional
models, while useful, often rely heavily on assumptions about the disease’s dynamics, which
may not capture the full range of variability seen in real-world data. Machine learning
models, particularly deep learning methods, have the potential to uncover complex patterns
in historical influenza data, potentially leading to better predictions of peak case numbers and
timing. However, these models also come with challenges, including overfitting, sensitivity
to data quality, and lack of interpretability, which limits their current use in public health
contexts.

A critical consideration in predictive analytics, particularly in time series forecasting, is
addressing fitting issues, namely overfitting and underfitting [105]–[107]. Overfitting occurs
when a model performs exceptionally well on the training data but poorly on the test data. It
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indicates that the model has learned the noise and fluctuations specific to the training dataset
rather than the underlying general patterns. Overfitting is associated with high variance and
low bias, resulting in a model that does not generalize well to new data. Underfitting, in
contrast, happens when a model is too simplistic to capture the true patterns in the data.
It fails to perform well on both the training and test datasets, reflecting high bias and low
variance. An underfit model does not adequately learn from the data, leading to suboptimal
predictions.

Understanding the concepts of bias and variance is crucial in building effective machine
learning models. In statistical learning theory, bias is defined as the systematic difference
between the average predictions of a model (over different training sets drawn from the same
distribution) and the true underlying values. A model with low bias produces predictions
that, on average, are close to the true target values. In contrast, a model with high bias tends
to consistently deviate from the truth, often because it is too simple or makes overly restric-
tive assumptions, causing it to miss important patterns. Variance measures the variability
of the model’s predictions across different training datasets. High variance suggests that the
model is sensitive to fluctuations in the training data, often capturing noise, which leads to
overfitting. Balancing bias and variance is essential to develop models that generalize well
to unseen data.

To illustrate these fitting issues, consider the following scenarios:

Figure 6.1: Different fitting situations: (a) Underfitting, (b) Appropriate fitting, (c) Over-
fitting.

An underfit model fails to capture the real relationships within the data, resulting in
poor predictions for both historical and future values. A well-fit model effectively captures
the general tendencies of the data, providing satisfactory predictions that generalize well
to new observations. An overfit model captures every detail of the training data, including
noise and outliers, which can lead to inaccurate predictions on new data due to its inability
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to generalize.
Several factors contribute to overfitting. Insufficient data can prevent the model from

learning the true underlying patterns due to a lack of diverse training data. Overly complex
models may learn noise instead of meaningful patterns if they are excessively complex. Ad-
ditionally, feature overload, which involves including irrelevant or noisy features, can confuse
the model, leading to overfitting. Another cause is the lack of regularization, where the
absence of proper regularization techniques fails to constrain model complexity effectively.
Also, data leakage, which occurs when test data is inadvertently included in the training set,
can inflate performance metrics and lead to overfitting.

Underfitting can result from several factors. First, insufficient model complexity occurs
when simple models fail to capture the complexity of the data patterns. Additionally, in-
sufficient training, where limited training time or data is available, may prevent the model
from learning effectively. Another cause is over-regularization, where excessive regulariza-
tion overly constrains the model, hindering its ability to learn. Lastly, poor feature selection,
using non-informative or irrelevant features, fails to provide the necessary information for
accurate predictions.

To mitigate fitting biases in time series prediction, several guidelines are recommended.
First, increasing the amount of training data helps the model capture a broader range of
patterns and reduces the likelihood of overfitting. Second, selecting relevant features care-
fully minimizes noise and complexity, enabling the model to learn meaningful relationships.
Additionally, employing regularization techniques, such as Lasso or Ridge regression, helps
control model complexity by penalizing excessive weights, thus preventing overfitting. Opti-
mizing hyperparameters through methods like cross-validation ensures the model is config-
ured effectively for the given data. Furthermore, applying ensemble methods, which combine
predictions from multiple models, enhances robustness and predictive performance. Finally,
regularly evaluating the model’s performance on validation sets or unseen data helps detect
and address fitting issues early in the development process.

Evaluating the model’s performance is a critical step in selecting the most appropriate
predictive model. It is important to recognize that strong performance on historical data
does not guarantee future success. Common evaluation metrics include accuracy, which
measures the proportion of correct predictions out of all predictions made and is calculated
as:

Accuracy = 100× Number of Correct Predictions
Total Number of Predictions

.

Another key metric is the Mean Absolute Error (MAE), which quantifies the average mag-
nitude of errors in a set of predictions and is less sensitive to outliers, making it suitable for
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datasets with extreme values:

MAE =
1

n

n∑
i=1

|ŷi − yi| .

The Mean Squared Error (MSE) calculates the average of the squares of the errors, empha-
sizing larger discrepancies due to squaring differences:

MSE =
1

n

n∑
i=1

(ŷi − yi)2 .

Lastly, the Bias Ratio assesses the directional bias of the model’s predictions by comparing
the number of overestimates to underestimates:

Bias Ratio =
Number of Overestimates
Number of Underestimates

.

An ideal bias ratio is approximately 1.00, indicating a balanced system without systematic
overprediction or underprediction.

When evaluating models using these metrics, several practical considerations should be
taken into account. Comparative analysis involves comparing the evaluation metrics across
multiple regression models to identify the best performer in terms of predictive accuracy
and reliability. Establishing thresholds by defining acceptable levels of prediction error helps
determine whether a model meets the necessary performance criteria for the application. It
is also important to analyze training vs. testing performance, as evaluating the loss functions
for both can reveal overfitting or underfitting, which can guide further model refinement.
Additionally, sensitivity to outliers should be considered when choosing between MAE and
MSE, since MAE is less sensitive to outliers while MSE penalizes larger errors more heavily.
Finally, focusing on model improvement by emphasizing metrics like MSE can help reduce
significant prediction errors, leading to overall enhancements in model performance.

This work is structured as follows: Section 1 includes a literature review of related work.
Section 2 provides an overview of the data and methods used in this study. Section 3
presents the results of model performance across different influenza seasons, highlighting
the role of covariate inclusion and exclusion. Section 4 discusses key findings, limitations,
and insights on model suitability for various outbreak patterns. Section 5 concludes with
recommendations for improving predictive models for influenza peaks and directions for
future research.

Through this work, we aim to provide a deeper understanding of the strengths and
limitations of machine learning models for influenza prediction and to offer practical rec-
ommendations for their application in public health. In particular, we explore how simpler
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models like Linear Regression and Lasso maintain reliable performance across seasons, while
more complex models like LSTM and RNN can offer improved predictions but require careful
calibration and handling of covariates. Our findings highlight the importance of balancing
predictive power with model interpretability and real-world applicability.

The primary objective of this research is to improve the accuracy of influenza peak predic-
tion by evaluating and comparing multiple machine learning models. Specific aims include
investigating the performance of traditional machine learning models, such as Linear Re-
gression and Lasso, as well as advanced models, including LSTM, RNN, and XGBoost, for
influenza peak prediction. Additionally, the study aims to assess the impact of covariate
inclusion and exclusion, particularly Southern Hemisphere influenza data, on model perfor-
mance. Another goal is to identify suitable models for different types of influenza peaks, such
as early peaks, severe outbreaks, and late peaks with gradual onset. Finally, the research
seeks to provide recommendations for future studies and practical applications in public
health decision-making.

By addressing these objectives, this work aims to contribute to the development of more
reliable and robust models for real-time influenza surveillance and prediction, ultimately
supporting public health efforts to mitigate the impact of seasonal outbreaks.

Review of related work

Kim et al., 2024

Kim et al. (2024) [108] combine Bayesian Markov Switching Models with the Susceptible-
Infectious-Recovered (SIR) model to detect season onset through dynamic state changes and
predict outbreak peaks using regime-switching probabilities. Their approach aims to predict
the peak timing of influenza-like illness (ILI) outbreaks by identifying regime shifts rather
than directly forecasting peaks. The study emphasizes the importance of accurate peak
timing for effective public health response.

The model utilizes advanced statistical techniques to detect shifts in epidemic states.
However, peak timing predictions show significant variability across seasons, with errors
ranging from −10 to +26 weeks. Error statistics for the Markov Switching model across
different prediction windows are as follows: 3 weeks after onset, the mean error is 1.93 weeks
with a standard deviation of 10.67 weeks; 4 weeks after onset, the mean error is 3.40 weeks
with a standard deviation of 12.15 weeks; 5 weeks after onset, the mean error is 2.60 weeks
with a standard deviation of 9.41 weeks; and 6 weeks after onset, the mean error is 3.93
weeks with a standard deviation of 9.59 weeks.
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The model does not account for the severity of outbreaks, focusing solely on timing.
Large prediction errors are observed, frequently exceeding two months (8 weeks). For the
2014 season, the error was in excess of +20 weeks (5 months), regardless of the number of
weeks from the time of onset to prediction.

The model exhibits a lack of reliability, with high error variability across seasons and no
consistent improvement. Performance degrades significantly in atypical or high-variability
seasons.

The model does not estimate the intensity or severity of the ILI outbreak. Accurate
severity prediction is crucial for planning and resource allocation, as hospitals and health
services need to know not just when but also how severe outbreaks will be. Failure to predict
severity limits the model’s utility in emergency preparedness.

The methodological shortcomings of the current model primarily arise from its overem-
phasis on detecting regime shifts rather than directly predicting peak times. While regime
shifts are important, they do not necessarily correlate with the timing of influenza-like illness
case peaks. Furthermore, the model’s high computational complexity provides limited prac-
tical advantage over simpler approaches such as linear regression, which have demonstrated
lower errors in certain scenarios. Another significant issue is the unrealistic assumption
that epidemic transitions can be captured by discrete regime switches, whereas in reality,
influenza dynamics are more continuous and complex.

In terms of challenges for public health adoption, the model suffers from high prediction
errors, which diminish its credibility and usability for decision-makers who rely on precise
and reliable forecasts. Additionally, the model lacks actionable insights regarding outbreak
severity, which limits its practical utility in decision-making processes. Another barrier
to adoption is the model’s technical complexity, making it difficult for non-experts to use
effectively. A simpler, more user-friendly model would enhance adoption and ease of use.

To improve the model, several recommendations can be made. First, the model should
be simplified to make it more intuitive and easier to interpret. Second, it should be extended
to incorporate predictions about the severity of outbreaks, not just their timing. Finally,
validating the model with real-world, diverse, and realistic datasets would help ensure its
broad applicability and reliability across different scenarios.

While the model by Kim et al. (2024) is innovative, its practical utility is limited due to
high prediction errors and lack of severity estimation. Future improvements should focus on
increasing accuracy, simplicity, and relevance to real-world public health needs.
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Morbey et al., 2023

Morbey et al. (2023) [109] utilize a range of machine learning models to forecast seasonal
epidemic peaks, focusing on Respiratory Syncytial Virus (RSV) activity, including atypi-
cal ‘black swan’ seasons. The aim is to provide early warning of peak activity for public
health interventions, highlighting the importance of forecasting epidemic peaks in real-time
to mitigate public health impacts.

They tested multiple regression models, including linear regression, generalized linear
models, random forest, and support vector machines (SVM). A novel ‘peak error’ measure
was developed to evaluate models on peak timing and intensity accuracy. It was found that
models optimized for daily forecasts were not necessarily the best for peak forecasts. The
models were validated using both typical and atypical seasons.

Models that performed well in typical seasons did not generalize well to atypical seasons.
High variability in peak error rates was noted, particularly in seasons with unexpected pat-
terns. Additionally, the models struggled with ‘black swan’ events where seasonality diverged
significantly from historical data. Overfitting to historical patterns reduced adaptability to
novel epidemic scenarios.

Including seasonality variables improved forecasts for typical seasons but worsened them
for atypical seasons. Models were unable to adequately adjust to unexpected seasonal shifts
without significant error. Moreover, forecasts are heavily dependent on historical seasonality
patterns, limiting their robustness due to a lack of mechanisms to adapt dynamically to
real-time changes in disease spread patterns.

Multiple model variants and combinations increase complexity but do not necessarily
improve practical utility. Complex models such as random forests or SVMs are difficult
to interpret, reducing transparency for public health officials. Additionally, these models
require constant recalibration and validation, limiting their usability in real-time public
health scenarios.

The models face a high risk of overfitting to typical seasons, which reduces their reliability
for atypical events. Predictions provide limited guidance on specific public health actions or
interventions. Furthermore, a lack of clear communication on forecast uncertainty, especially
during atypical seasons, limits trust in model outputs.

Models with fixed seasonality assumptions fail to capture the dynamics of atypical out-
breaks. There is a need for more flexible models that can handle both typical and atypical
patterns without compromising accuracy. Excessive reliance on seasonality can lead to poor
performance during unexpected shifts, as seen in the 2020/21 ‘black swan’ season.

To improve the models, it is recommended to incorporate real-time data adjustments,
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allowing models to adapt dynamically based on real-time surveillance data. Simplifying
model complexity by reducing the number of model variants would improve interpretability
and ease of use. Additionally, better methods to communicate the uncertainty of forecasts to
public health officials should be developed. Finally, ensuring that models are generalizable
across different seasonal patterns and outbreak scenarios is critical.

The machine learning approach by Morbey et al. (2023) shows promise but has significant
limitations in real-world application. Future research should focus on enhancing adaptabil-
ity, reducing complexity, and improving the robustness of models against atypical seasonal
events.

Zhang et al., 2019

Zhang et al. (2019) [110] utilize the Seasonal Autoregressive Integrated Moving Average
(SARIMA) model, integrating cross-hemisphere influenza surveillance data and local internet
query data. The aim is to predict seasonal influenza outbreaks and provide early warning for
public health interventions, emphasizing the importance of accurate and timely predictions
for effective public health response.

The SARIMA model effectively captures seasonal patterns and trends, integrating real-
time data (internet search queries) to improve prediction timeliness. Performance metrics
show high Pearson correlation coefficients and low Root Mean Squared Error (RMSE) values.

The model depends heavily on historical data patterns and is unable to adapt to unex-
pected changes or novel strains. It struggles to predict peak timing and intensity accurately
in seasons with irregular patterns, with limited capability to handle non-stationary data or
sudden epidemic changes.

The model does not incorporate key contextual factors affecting influenza transmission,
such as demographic changes, vaccination rates, and public health interventions. Simplistic
assumptions limit the model’s applicability across diverse geographic regions and popula-
tions.

The model faces several methodological issues. First, it has limited real-time adaptabil-
ity, relying on fixed seasonal patterns and not adjusting dynamically to real-time changes.
Additionally, model performance is highly sensitive to parameter selection and tuning, where
small parameter changes can lead to vastly different predictions, affecting reliability. Lastly,
the complexity in model tuning and interpretation poses challenges for non-expert users,
with a lack of transparency in understanding the impact of various inputs on predictions.

The model faces challenges in public health adoption due to its limited predictive utility.
Predictions are often too generalized and lack specificity for localized outbreaks, making it

232



ineffective in predicting sudden epidemic spikes or downturns. The model’s outputs do not
provide clear guidance on specific public health actions, including severity, resource needs,
or optimal intervention timing. Moreover, the model is inadequate for emerging threats, as
it is ineffective in adapting to new influenza strains or unforeseen epidemiological trends,
and is not robust enough to handle rapidly evolving public health emergencies.

There is a risk of overfitting to historical data when the model is excessively tailored
to past patterns, leading to poor generalization to future outbreaks or new data. Regu-
lar recalibration is required to maintain model accuracy, which poses significant resource
challenges.

To address these issues, the model should incorporate additional data sources such as de-
mographic trends, vaccination rates, and mobility data. Developing more adaptive models
that dynamically adjust to real-time changes and new data inputs is essential. Addition-
ally, simplifying model parameters and enhancing user understanding of prediction drivers
would improve model transparency and interpretability. Finally, the model’s real-world vali-
dation should be strengthened by using diverse datasets from different regions and outbreak
scenarios.

While the SARIMA model by Zhang et al. (2019) offers some utility, it has limitations
that hinder its effectiveness in real-world public health settings. Future work should focus
on developing more robust, adaptive models with greater practical utility for predicting
influenza dynamics.

6.2 Methodology

6.2.1 Data collection and preprocessing

The dataset used in this study consists of influenza case counts collected from multiple
regions, spanning the 2013-2020 influenza seasons [111]. Historical influenza data is sourced
from public health databases, including both confirmed case counts and surveillance data.
Covariate data, such as the influenza activity in the Southern Hemisphere, is also included
to assess its impact on predictive performance.

The raw influenza data was preprocessed to handle missing values, outliers, and noise. For
model inputs, case counts were normalized to reduce the impact of seasonality and allow for
better model training. Covariates, including Southern Hemisphere influenza activity, were
incorporated as time-lagged features to account for potential lead-lag relationships between
the regions.
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6.2.2 Modelling approaches

This study evaluates multiple machine learning models [105], [107], ranging from traditional
regression techniques to more complex deep learning architectures. The models assessed are
grouped into two categories: 1) traditional machine learning models and 2) deep learning
models. Each model’s performance is evaluated based on its ability to predict the peak of
influenza case counts in terms of timing and intensity.

Linear Regression is a simple model that assumes a linear relationship between the pre-
dictors and the response variable, which in this case is influenza peak case counts. It serves
as a baseline for comparison due to its simplicity and interpretability. Lasso Regression, or
Least Absolute Shrinkage and Selection Operator, adds a regularization term to the standard
linear regression model to prevent overfitting by penalizing large coefficients. This model is
particularly useful for variable selection and simplifying models that include many covariates.
The Stochastic Gradient Descent (SGD) Regressor is an iterative method for optimizing the
loss function in linear regression models, making it particularly useful for handling large
datasets and offering faster convergence compared to traditional gradient descent methods.

Random Forest is an ensemble learning method that constructs a multitude of decision
trees during training. It offers robustness to overfitting and performs well with both covari-
ate inclusion and exclusion. However, while Random Forest was initially tested, it was not
among the top performers across all seasons and was omitted from the final performance
rankings. XGBoost (Extreme Gradient Boosting) is another ensemble method that builds
additive models sequentially, focusing on correcting mistakes made by prior models. XG-
Boost performed well in specific seasons and was included in the final analysis. Adaboost
(Adaptive Boosting) is an ensemble model that adjusts the weights of misclassified observa-
tions at each iteration, improving the prediction accuracy over time.

Recurrent Neural Networks (RNNs) are designed for sequential data and are well-suited
for time series forecasting. They maintain an internal state to capture temporal dependencies
in the data. The Simple RNN model was effective at predicting influenza peaks, particularly
when covariates from the Southern Hemisphere were included. Long Short-Term Memory
(LSTM) networks are an extension of RNNs that can better capture long-term dependencies
by using a gating mechanism to regulate the flow of information. The Simple LSTM model
was tested with and without covariates and performed well in certain influenza seasons,
though it exhibited variability across different data configurations.

A more complex LSTM model, the Deep LSTM, was employed to capture deeper, more
intricate patterns in the influenza data. While this model showed promising results in some
seasons, it demonstrated higher levels of variability and overfitting compared to simpler
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models. Temporal Convolutional Neural Networks (CNNs) were also tested for their ability
to capture local patterns in time series data through convolutional layers. Though not
included in the final performance rankings, this model demonstrated moderate success in
predicting the peaks during certain seasons.

6.2.3 Methodology

This section outlines the methodology used to predict future values of influenza-like illness
(ILI) case counts in the northern hemisphere, denoted as ynortht . The primary objective is to
forecast not only the future trajectory of ILI incidences but also to accurately determine the
timing and magnitude of the seasonal peaks. To achieve this, we begin with a simple linear
regression framework that employs lagged values of the target variable as features. Initially,
no additional covariates (such as southern hemisphere data or autocorrelation measures) are
included. After establishing a baseline using this simpler model, we progressively expand
the feature set by integrating more informative covariates, including southern hemisphere
ILI data, measures of autocorrelation, and seasonal harmonics.

The target variable ynortht represents the number of ILI cases at time t in the northern
hemisphere. Our initial feature set, Xt, consists of the L = 52 most recent lagged values of
ynortht . Scaling techniques, such as MinMax scaling, are applied to ensure that features share
comparable value ranges, thereby aiding in model stability and interpretability.

The initial linear regression model can be expressed as:

ŷnortht = β0 +
L∑
i=1

βiy
north
t−i + ϵt,

where ϵt is the error term. In matrix form, this model is succinctly represented as ŷnortht =

β0 +Xtβ + ϵt, with Xt = [1 ynortht−1 . . . ynortht−52 ] and β = [β0 β1 . . . β52]
T .

Parameter estimation is performed by minimizing the sum of squared errors (SSE) be-
tween observed and predicted values. The ordinary least squares (OLS) solution, often
derived from the normal equation β = (XTX)−1XTy, ensures that the chosen coefficients
provide the best fit to the training data in a least-squares sense.

Prediction is then straightforward, as future values ŷnortht+1 are generated using the previ-
ously estimated coefficients β and the most recent lagged observations. Model performance
is evaluated using various metrics, including the Root Mean Squared Error (RMSE), cor-
relation between predicted and actual values, accuracy (based on the correct prediction of
upward or downward trends), and model bias, defined as the ratio of positive to negative
forecast errors.
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After establishing this baseline, we enhance the model by incorporating additional covari-
ates to improve predictive accuracy. For instance, southern hemisphere ILI data (ysoutht ) can
be included to capture inter-hemispheric relationships that might influence northern hemi-
sphere ILI dynamics. Autocorrelation measures, introduced as additional features, help the
model account for memory and feedback effects in the time series. Seasonal harmonics, con-
structed using sinusoidal functions, allow the model to represent cyclical patterns commonly
observed in ILI data.

By refining the feature set, we aim to capture more complex relationships and improve the
model’s predictive performance, especially in forecasting peak timing and intensity. While
the initial approach relies solely on past northern hemisphere ILI counts, the subsequent
steps systematically incorporate richer information to approach a more realistic and accurate
representation of the underlying disease dynamics.

6.2.4 Model training and evaluation

Each model was trained on the influenza case counts from previous seasons, with hyperpa-
rameters tuned using grid search and rolling-window validation techniques. For deep learning
models, the training process involved backpropagation and gradient descent algorithms, with
early stopping employed to prevent overfitting using PyTorch and TensorFlow [112], [113].

Two covariate configurations were tested: one with Southern Hemisphere data included
as a covariate, and the other excluding this data. The inclusion of Southern Hemisphere data
was based on the hypothesis that the Southern Hemisphere’s influenza outbreak leads the
Northern Hemisphere’s outbreak by several weeks, thus improving peak prediction accuracy.
The second configuration, with Southern Hemisphere covariates excluded, allowed models
to be trained solely on Northern Hemisphere data, reflecting their robustness under limited
information.

To evaluate model performance, several metrics were used. Prediction Error (%) was
the primary metric for assessing each model’s ability to predict the peak of influenza case
counts, calculated as the percentage difference between predicted and actual peak values.
Confidence Interval (CI) Error (%) was used to evaluate the accuracy of the predicted con-
fidence intervals for peak case counts. Root Mean Squared Error (RMSE) measured the
overall prediction accuracy, penalizing larger errors, while Mean Absolute Error (MAE) fo-
cused on the magnitude of errors without the squaring effect of RMSE. Finally, correlation
coefficients were used to assess how well the predicted values correlated with actual case
counts over time.

Several techniques were employed to address overfitting. Regularization terms were ap-
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plied to models like Lasso and SGD Regressor to penalize large coefficients and reduce model
complexity, improving generalization to unseen data. In deep learning models, such as LSTM
and RNN, early stopping was employed during training to prevent overfitting on the train-
ing data. Rolling-window validation techniques were used to ensure model performance was
evaluated over different time periods, providing a robust test of the model’s generalizability.

Models were evaluated across multiple influenza seasons (2013-2020) to capture the vari-
ability in their predictive performance. The peaks of each season varied in timing, height,
and growth dynamics. For example, the 2013-14 season exhibited rapid growth and early
peaks, while the 2014-15 season had severe, high curvature peaks. Each model’s performance
was ranked by prediction error, with the results presented both for cases where covariates
were included and excluded.

By analyzing the performance across different seasonal patterns, we identify which models
are better suited to handle specific characteristics, such as rapid growth, high curvature, or
late peaks with gradual onset. We comment on this in more detail later on.
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6.3 Applications to understanding the relationship be-

tween influenza case counts in the Southern and North-

ern hemispheres

Figure 6.2: WHO FluNet Hemisphere Data Sets [111]: The top panel shows the natural
logarithm of the actual counts of influenza viruses detected by hemisphere (data from the
Global Influenza Programme). The bottom panel displays the dynamic rolling autocorrela-
tion values of the data with a window size of 20.

For each season, we provide three separate plots, both with and without the Southern Hemi-
sphere covariate, in the model. To illustrate the results, we show the results from the Linear
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Regression model, since it is consistently one of the best performing models. First, we show
the season prediction, including the peak prediction. Then, we focus on the last 10% of the
training data along with the test set to show a clearer view of the predictions and confidence
intervals. Lastly, we isolate the test set and show both the actual peak and predicted peak
for that season, along with confidence intervals for the predictions. We show the plots for the
2019-2020 season. The plots for the other seasons analyzed are provided in the Appendix.

Prediction for 2019-2020 Season by Linear Regression

Figure 6.3: Prediction for 2019-2020 Season by Linear Regression without Southern Hemi-
sphere covariate.
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Figure 6.4: Prediction for 2019-2020 Season by Linear Regression including Southern Hemi-
sphere covariate.

240



2019-2020 Season (Last 10% Training Focus)

Figure 6.5: 2019-2020 Season Prediction Focused on Last 10% of Training Data without
Southern Hemisphere covariate.
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Figure 6.6: 2019-2020 Season Prediction Focused on Last 10% of Training Data including
Southern Hemisphere covariate.
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2019-2020 Season (Test Set Focus)

Figure 6.7: 2019-2020 Season Prediction on Test Set without Southern Hemisphere covariate.

Figure 6.8: 2019-2020 Season Prediction on Test Set including Southern Hemisphere covari-
ate.

Summary of Results

The Model Performance Results by Season present the performance metrics of various mod-
els for each season, focusing on key metrics such as Peak Date, Peak Height, Accuracy,
and RMSE. The aim is to understand how well each model predicts peak values and their
associated errors across different seasons.
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The Performance Ranked by Prediction Error by Season organizes models based on their
prediction errors for each season. This ranking helps to identify which models are the most
accurate in terms of minimizing prediction errors over different seasons.

The Mean Percentage Error Across 2016-2020 Seasons provides the average percentage
error of models across multiple seasons (2016-2020). The objective is to evaluate the overall
performance consistency of the models over a longer time period.

Model Performance Results for 2013-2014 Season

Model Type Peak
Date

Peak
Height

Accuracy
Train
(%)

Accuracy
Test (%)

RMSE
Train

RMSE
Test

Correlation
Train

Correlation
Test

CI Lower
at Peak

CI Upper
at Peak

Linear regres-
sion

2014-01-13 3040.78 68.46 69.23 186.56 443.73 0.961 0.881 2282.68 3013.97

Lasso 2014-01-20 2530.51 70.77 69.23 267.71 356.64 0.918 0.939 1468.81 2518.25
SGD regressor 2014-01-20 2614.86 68.46 69.23 292.63 500.87 0.891 0.837 1456.32 2598.58
K-neighbours 2014-01-20 1401.76 69.23 66.67 370.46 774.59 0.862 0.7 -163.19 1273.3
Decision tree 2014-01-13 1322.75 77.69 76.92 136.99 570.71 0.978 0.888 1053.29 1590.31
Random forest 2014-01-20 1798.24 75.38 66.67 188.08 455.78 0.961 0.935 1257.51 1994.43
Adaboost 2014-01-20 1507.08 63.08 71.79 177.13 585.56 0.974 0.874 901.65 1534.45
XGBoost 2014-01-13 1293.28 73.08 76.92 141.54 592.76 0.978 0.894 982.72 1537.47
Simple RNN 2014-01-13 2914.75 62.31 66.67 229.6 306.33 0.944 0.942 2029.32 2922.52
Temporal
CNN

2014-01-20 2430.32 69.23 64.1 198.26 668.29 0.953 0.84 1284.83 2054.39

Deep LSTM 2014-01-13 1473.59 59.23 69.23 570.29 735.66 0.558 0.637 348.45 2570.06
Simple LSTM 2014-01-20 2668.21 71.54 76.92 309.15 381.0 0.891 0.916 1329.39 2496.9
Actual Peak 2014-01-06 3614.0 – – – – – – – –

Table 6.1: Model Performance Results for 2013-2014 Season including Southern Hemisphere
covariate.

Model Type Peak
Date

Peak
Height

Accuracy
Train
(%)

Accuracy
Test (%)

RMSE
Train

RMSE
Test

Correlation
Train

Correlation
Test

CI Lower
at Peak

CI Upper
at Peak

Linear regres-
sion

2014-01-13 2045.21 70.77 58.97 149.44 565.23 0.974 0.834 1499.14 2084.96

Lasso 2014-01-20 1766.42 70.0 66.67 253.04 541.18 0.921 0.905 864.44 1856.36
SGD regressor 2014-01-20 1243.19 68.46 64.1 269.75 810.25 0.91 0.738 302.34 1357.63
K-neighbours 2014-02-03 877.02 70.0 71.79 317.77 935.28 0.885 0.52 -421.89 819.95
Decision tree 2014-01-27 877.7 77.69 56.41 136.99 780.74 0.978 0.746 373.35 910.37
Random forest 2014-01-20 1153.77 78.46 76.92 184.32 665.88 0.96 0.818 645.02 1367.57
Adaboost 2014-02-24 938.06 73.08 58.97 171.87 773.19 0.974 0.706 402.15 1030.52
XGBoost 2014-01-27 1055.03 72.31 71.79 141.97 732.7 0.977 0.791 502.26 1058.69
Simple RNN 2014-01-20 2829.51 66.15 61.54 456.1 482.72 0.881 0.888 1402.28 2592.92
Temporal
CNN

2014-02-17 929.88 69.23 56.41 239.77 959.94 0.936 0.269 -128.02 754.28

Deep LSTM 2014-02-10 641.99 70.77 69.23 345.47 908.89 0.843 0.705 -258.8 1087.62
Simple LSTM 2014-01-20 2734.4 71.54 71.79 302.14 384.17 0.889 0.912 1323.07 2485.67
Actual Peak 2014-01-06 3614.0 – – – – – – – –

Table 6.2: Model Performance Results for 2013-2014 Season excluding Southern Hemisphere
covariate.
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Model Performance Results for 2014-2015 Season

Model Type Peak
Date

Peak
Height

Accuracy
Train
(%)

Accuracy
Test (%)

RMSE
Train

RMSE
Test

Correlation
Train

Correlation
Test

CI Lower
at Peak

CI Upper
at Peak

Linear regres-
sion

2015-01-05 4321.11 67.21 87.18 203.7 359.73 0.962 0.968 3545.14 4343.65

Lasso 2015-01-05 3965.7 73.77 92.31 267.44 450.79 0.935 0.95 2917.95 3966.3
SGD regressor 2015-01-12 4032.65 68.85 82.05 292.73 581.93 0.916 0.913 2766.24 3910.79
K-neighbours 2015-01-05 2064.34 70.49 84.62 375.32 1037.47 0.887 0.89 1027.69 2475.82
Decision tree 2014-12-22 2405.66 77.6 84.62 127.21 964.13 0.985 0.89 1596.8 2095.48
Random forest 2014-12-22 2534.99 77.6 92.31 171.27 696.62 0.974 0.955 2084.31 2755.11
Adaboost 2014-12-29 2141.34 69.95 92.31 186.44 780.68 0.981 0.949 1823.03 2459.65
XGBoost 2014-12-15 2838.87 72.68 84.62 130.89 870.35 0.984 0.871 1684.84 2197.88
Simple RNN 2015-01-05 4312.39 66.12 89.74 196.34 347.07 0.968 0.976 3594.37 4342.1
Temporal
CNN

2015-01-12 3642.45 70.49 71.79 152.31 660.65 0.978 0.904 2681.37 3268.92

Deep LSTM 2014-12-29 3930.52 71.58 94.87 207.98 484.95 0.956 0.981 3524.23 4336.81
Simple LSTM 2015-01-05 3903.67 74.32 92.31 216.71 341.93 0.954 0.99 3376.34 4222.04
Actual Peak 2014-12-29 5313.0 – – – – – – – –

Table 6.3: Model Performance Results for 2014-2015 Season including Southern Hemisphere
covariate.

Model Type Peak
Date

Peak
Height

Accuracy
Train
(%)

Accuracy
Test (%)

RMSE
Train

RMSE
Test

Correlation
Train

Correlation
Test

CI Lower
at Peak

CI Upper
at Peak

Linear regres-
sion

2015-01-05 4593.5 71.04 79.49 155.53 290.84 0.977 0.977 3982.78 4592.46

Lasso 2015-01-05 3827.11 73.77 84.62 254.46 492.28 0.939 0.94 2781.32 3778.79
SGD regressor 2015-01-12 4040.68 67.21 79.49 266.09 609.94 0.927 0.898 2771.25 3812.07
K-neighbours 2015-01-19 1897.65 69.95 82.05 367.76 1048.5 0.893 0.873 880.12 2298.86
Decision tree 2014-12-22 2902.41 77.6 76.92 127.21 928.8 0.985 0.83 1788.59 2287.27
Random forest 2014-12-22 2542.34 79.23 92.31 174.39 677.27 0.974 0.957 2119.07 2802.08
Adaboost 2014-12-22 2482.05 73.22 92.31 185.07 692.48 0.984 0.963 2143.21 2762.93
XGBoost 2014-12-22 2040.83 74.32 89.74 131.56 937.02 0.984 0.917 1486.19 2001.85
Simple RNN 2015-01-05 4555.24 63.93 82.05 170.86 331.17 0.977 0.97 3829.85 4452.12
Temporal
CNN

2015-01-12 4256.45 73.77 69.23 138.23 637.16 0.982 0.902 3160.94 3700.46

Deep LSTM 2015-01-19 2215.66 69.4 82.05 426.71 955.8 0.8 0.857 794.16 2458.14
Simple LSTM 2015-01-05 3658.21 72.13 92.31 222.38 389.92 0.955 0.989 3083.59 3944.7
Actual Peak 2014-12-29 5313.0 – – – – – – – –

Table 6.4: Model Performance Results for 2014-2015 Season excluding Southern Hemisphere
covariate.
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Model Performance Results for 2015-2016 Season

Model Type Peak
Date

Peak
Height

Accuracy
Train
(%)

Accuracy
Test (%)

RMSE
Train

RMSE
Test

Correlation
Train

Correlation
Test

CI Lower
at Peak

CI Upper
at Peak

Linear regres-
sion

2016-03-07 3774.01 70.64 74.36 218.74 400.97 0.971 0.97 3345.29 4202.74

Lasso 2016-03-14 3641.6 75.74 74.36 275.89 451.04 0.954 0.96 2992.97 4074.46
SGD regressor 2016-03-14 3490.98 75.74 69.23 328.78 755.31 0.927 0.851 2668.67 3956.31
K-neighbours 2016-03-14 2177.37 72.34 66.67 406.5 1025.71 0.923 0.679 1386.71 2945.74
Decision tree 2016-02-15 2263.39 78.72 74.36 129.96 786.89 0.99 0.891 1545.47 2054.91
Random forest 2016-02-29 2141.97 80.0 79.49 174.76 708.15 0.982 0.946 1777.66 2462.24
Adaboost 2016-03-07 2074.63 68.51 74.36 220.43 834.97 0.987 0.905 1724.97 2424.29
XGBoost 2016-03-07 1849.18 77.45 89.74 137.75 837.29 0.989 0.931 1579.26 2119.1
Simple RNN 2016-03-07 3777.6 68.09 71.79 219.15 380.89 0.971 0.973 3348.19 4207.01
Temporal
CNN

2015-12-14 2844.9 71.91 64.1 156.62 1251.22 0.985 0.484 2232.72 2846.38

Deep LSTM 2016-03-21 1721.62 73.62 79.49 233.03 911.51 0.968 0.878 1190.88 2095.27
Simple LSTM 2016-03-07 3318.96 74.89 84.62 222.4 419.78 0.97 0.988 2883.48 3754.43
Actual Peak 2016-03-07 4655.0 – – – – – – – –

Table 6.5: Model Performance Results for 2015-2016 Season including Southern Hemisphere
covariate.

Model Type Peak
Date

Peak
Height

Accuracy
Train
(%)

Accuracy
Test (%)

RMSE
Train

RMSE
Test

Correlation
Train

Correlation
Test

CI Lower
at Peak

CI Upper
at Peak

Linear regres-
sion

2016-03-14 3920.94 70.21 69.23 185.92 459.58 0.979 0.957 3280.01 4008.81

Lasso 2016-03-14 3348.77 75.74 71.79 267.42 534.48 0.956 0.949 2727.73 3776.03
SGD regressor 2016-03-14 2521.58 66.81 61.54 332.66 916.18 0.943 0.762 1804.85 3107.84
K-neighbours 2015-12-21 1671.57 73.19 69.23 393.13 1273.9 0.91 0.435 436.07 1960.44
Decision tree 2016-02-08 1967.3 78.72 69.23 129.96 926.47 0.99 0.811 1275.48 1784.92
Random forest 2016-02-22 2101.18 80.85 79.49 184.32 710.94 0.98 0.924 1723.96 2446.23
Adaboost 2016-03-07 2195.44 75.74 74.36 206.02 783.84 0.987 0.914 1858.9 2531.98
XGBoost 2016-02-15 1704.15 77.45 74.36 137.38 895.86 0.989 0.886 1384.42 1922.83
Simple RNN 2016-03-14 3557.19 70.21 69.23 229.36 655.4 0.976 0.899 2785.2 3562.53
Temporal
CNN

2015-12-21 2871.32 72.34 69.23 149.26 1286.97 0.987 0.438 1970.01 2546.15

Deep LSTM 2016-01-04 2719.23 64.68 61.54 649.78 1541.12 0.701 0.053 -219.56 2257.91
Simple LSTM 2016-03-07 2995.06 72.77 79.49 225.73 512.62 0.971 0.983 2552.63 3437.49
Actual Peak 2016-03-07 4655.0 – – – – – – – –

Table 6.6: Model Performance Results for 2015-2016 Season excluding Southern Hemisphere
covariate.

246



Model Performance Results for 2016-2017 Season

Model Type Peak
Date

Peak
Height

Accuracy
Train
(%)

Accuracy
Test (%)

RMSE
Train

RMSE
Test

Correlation
Train

Correlation
Test

CI Lower
at Peak

CI Upper
at Peak

Linear regres-
sion

2017-01-16 3049.07 70.73 92.31 211.66 217.54 0.978 0.979 2418.15 3247.85

Lasso 2017-01-16 2940.34 76.31 89.74 274.68 284.02 0.962 0.963 2066.54 3143.28
SGD regressor 2017-01-23 2705.07 71.78 84.62 318.95 374.02 0.948 0.942 1642.46 2892.2
K-neighbours 2017-02-13 2576.9 73.17 74.36 409.59 862.61 0.915 0.696 -334.0 1264.99
Decision tree 2017-01-23 4016.54 80.84 79.49 123.22 579.45 0.992 0.891 2615.91 3098.93
Random forest 2017-01-16 3243.44 81.53 92.31 175.73 293.06 0.985 0.973 2672.95 3361.42
Adaboost 2017-01-16 3366.59 71.08 87.18 239.71 398.79 0.986 0.966 2805.33 3560.1
XGBoost 2017-01-23 3459.23 79.44 87.18 130.28 293.53 0.992 0.969 2771.72 3282.31
Simple RNN 2017-01-16 3041.29 70.73 89.74 212.87 226.45 0.978 0.977 2405.88 3237.88
Temporal
CNN

2017-01-16 2928.5 73.17 64.1 169.25 353.51 0.987 0.941 2266.13 2929.36

Deep LSTM 2017-01-23 3586.63 75.26 87.18 244.34 396.41 0.969 0.928 2277.7 3210.78
Simple LSTM 2017-01-16 3268.58 75.96 89.74 216.82 173.5 0.976 0.987 2680.06 3512.67
Actual Peak 2017-01-09 3677.0 – – – – – – – –

Table 6.7: Model Performance Results for 2016-2017 Season including Southern Hemisphere
covariate.

Model Type Peak
Date

Peak
Height

Accuracy
Train
(%)

Accuracy
Test (%)

RMSE
Train

RMSE
Test

Correlation
Train

Correlation
Test

CI Lower
at Peak

CI Upper
at Peak

Linear regres-
sion

2017-01-16 3441.69 71.43 76.92 195.28 220.02 0.981 0.983 2847.59 3613.09

Lasso 2017-01-16 3248.22 77.0 89.74 271.35 213.08 0.963 0.98 2416.13 3479.82
SGD regressor 2017-01-16 3123.41 70.03 76.92 328.42 282.28 0.952 0.963 2058.98 3345.95
K-neighbours 2017-01-30 3201.08 73.52 76.92 405.16 428.92 0.92 0.924 1445.0 3027.42
Decision tree 2017-01-23 3782.5 80.84 82.05 123.22 525.14 0.992 0.901 2509.22 2992.24
Random forest 2017-01-16 3294.98 81.53 89.74 182.7 277.52 0.984 0.979 2737.61 3453.58
Adaboost 2017-01-16 3613.61 73.17 87.18 238.29 395.4 0.987 0.972 2948.44 3700.43
XGBoost 2017-01-16 3676.34 79.44 87.18 129.59 311.13 0.992 0.98 3213.73 3721.64
Simple RNN 2017-01-16 3360.64 71.78 76.92 194.89 169.53 0.981 0.987 2813.18 3575.22
Temporal
CNN

2017-01-16 3965.0 72.47 79.49 182.84 913.29 0.988 0.898 3272.6 3860.87

Deep LSTM 2017-01-23 3331.21 75.26 87.18 186.64 545.57 0.982 0.879 1740.53 2469.34
Simple LSTM 2017-01-16 3426.28 74.91 87.18 214.37 172.31 0.978 0.987 2871.61 3711.93
Actual Peak 2017-01-09 3677.0 – – – – – – – –

Table 6.8: Model Performance Results for 2016-2017 Season excluding Southern Hemisphere
covariate.
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Model Performance Results for 2017-2018 Season

Model Type Peak
Date

Peak
Height

Accuracy
Train (%)

Accuracy
Test (%)

RMSE
Train

RMSE
Test

Correlation
Train

Correlation
Test

CI Lower
at Peak

CI Upper
at Peak

Linear regres-
sion

2018-02-12 4198.55 72.86 87.18 204.18 248.26 0.98 0.995 3721.78 4522.18

Lasso 2018-02-12 4191.84 77.29 87.18 214.42 258.12 0.978 0.995 3683.06 4523.59
SGD regressor 2018-01-22 4052.14 72.27 84.62 308.65 418.65 0.954 0.989 3197.9 4407.49
K-neighbours 2018-01-15 3400.7 73.75 87.18 423.56 984.1 0.908 0.964 1839.89 3493.32
Decision tree 2018-01-08 4353.17 81.71 87.18 118.8 328.74 0.993 0.984 3597.97 4063.65
Random forest 2018-01-08 3652.35 81.71 89.74 166.47 530.54 0.987 0.981 2890.76 3543.08
Adaboost 2018-01-08 3772.38 71.09 84.62 263.85 501.99 0.984 0.984 2963.76 3752.86
XGBoost 2018-01-08 3821.0 80.24 87.18 125.46 501.99 0.993 0.978 3003.3 3494.99
Simple RNN 2018-01-15 4403.57 70.5 87.18 203.46 208.93 0.979 0.996 3802.97 4593.25
Temporal
CNN

2018-01-15 4042.11 74.04 82.05 176.08 488.77 0.985 0.985 2959.79 3642.35

Deep LSTM 2018-01-15 3699.25 75.52 87.18 195.52 515.71 0.98 0.988 3033.14 3798.79
Simple LSTM 2018-01-15 4002.41 78.17 84.62 200.52 426.61 0.979 0.993 3101.21 3886.62
Actual Peak 2018-02-05 4757.0 – – – – – – – –

Table 6.9: Model Performance Results for 2017-2018 Season including Southern Hemisphere
covariate.

Model Type Peak
Date

Peak
Height

Accuracy
Train (%)

Accuracy
Test (%)

RMSE
Train

RMSE
Test

Correlation
Train

Correlation
Test

CI Lower
at Peak

CI Upper
at Peak

Linear regres-
sion

2018-01-15 4783.89 71.68 82.05 195.04 217.76 0.981 0.992 4059.19 4823.73

Lasso 2018-01-15 4551.98 78.17 87.18 262.77 218.34 0.966 0.993 3778.4 4808.46
SGD regressor 2018-01-15 4703.23 70.21 76.92 312.74 301.65 0.952 0.987 3550.09 4775.89
K-neighbours 2018-01-08 3331.14 74.34 89.74 380.95 950.73 0.928 0.935 1714.64 3200.63
Decision tree 2018-01-08 3286.33 81.71 87.18 118.8 646.67 0.993 0.976 2761.66 3227.34
Random forest 2018-01-08 3614.85 81.71 89.74 170.01 553.83 0.986 0.979 2848.95 3515.14
Adaboost 2018-01-15 3702.44 75.52 87.18 262.23 477.45 0.985 0.985 3185.08 3978.7
XGBoost 2018-01-15 3594.5 79.94 87.18 124.64 523.94 0.993 0.984 3038.48 3527.0
Simple RNN 2018-01-15 4290.65 69.91 84.62 212.58 285.5 0.978 0.994 3478.05 4309.98
Temporal
CNN

2018-01-08 4948.66 73.16 82.05 157.32 670.09 0.987 0.927 3029.9 3632.75

Deep LSTM 2018-01-01 3288.88 75.81 89.74 169.94 822.49 0.985 0.981 2487.32 3149.15
Simple LSTM 2018-01-15 3982.99 76.11 76.92 212.33 420.38 0.978 0.993 3137.2 3965.34
Actual Peak 2018-02-05 4757.0 – – – – – – – –

Table 6.10: Model Performance Results for 2017-2018 Season excluding Southern Hemisphere
covariate.
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Model Performance Results for 2018-2019 Season

Model Type Peak
Date

Peak
Height

Accuracy
Train (%)

Accuracy
Test (%)

RMSE
Train

RMSE
Test

Correlation
Train

Correlation
Test

CI Lower
at Peak

CI Upper
at Peak

Linear regres-
sion

2019-01-07 3150.35 72.89 87.18 196.95 170.31 0.985 0.984 2572.89 3344.93

Lasso 2019-01-07 3188.0 76.73 87.18 207.51 178.6 0.984 0.983 2567.37 3380.81
SGD regressor 2019-01-07 3256.54 72.63 79.49 320.49 268.69 0.96 0.968 2457.57 3713.82
K-neighbours 2019-01-21 3218.89 73.91 76.92 416.7 581.21 0.931 0.843 1861.1 3490.62
Decision tree 2018-12-17 3050.09 81.84 74.36 115.31 578.36 0.995 0.85 2148.07 2600.07
Random forest 2018-12-24 3063.46 82.1 82.05 161.55 232.71 0.99 0.972 2744.44 3377.56
Adaboost 2019-01-07 2878.17 73.4 82.05 270.54 227.15 0.988 0.976 2400.2 3213.49
XGBoost 2018-12-31 2767.98 81.07 89.74 120.81 211.86 0.995 0.973 2531.25 3004.72
Simple RNN 2019-01-07 3002.22 73.91 87.18 208.52 171.9 0.985 0.984 2405.68 3211.04
Temporal
CNN

2019-01-07 3337.56 74.94 76.92 193.11 251.55 0.988 0.968 2708.0 3442.82

Deep LSTM 2018-12-17 2716.81 77.24 82.05 254.32 285.22 0.98 0.962 2167.76 3134.49
Simple LSTM 2019-01-07 3005.01 76.47 84.62 196.67 161.33 0.985 0.985 2393.9 3164.84
Actual Peak 2018-12-31 3369.0 – – – – – – – –

Table 6.11: Model Performance Results for 2018-2019 Season including Southern Hemisphere
covariate.

Model Type Peak
Date

Peak
Height

Accuracy
Train (%)

Accuracy
Test (%)

RMSE
Train

RMSE
Test

Correlation
Train

Correlation
Test

CI Lower
at Peak

CI Upper
at Peak

Linear regres-
sion

2019-01-07 2888.8 72.12 79.49 190.67 206.73 0.986 0.98 2328.14 3075.55

Lasso 2019-01-07 2887.4 78.77 82.05 253.65 245.06 0.975 0.965 2141.45 3135.75
SGD regressor 2019-01-14 2711.0 73.66 76.92 304.19 310.18 0.963 0.955 1901.82 3094.03
K-neighbours 2019-01-28 2733.41 75.19 71.79 381.78 840.11 0.949 0.69 597.57 2082.94
Decision tree 2019-03-04 3051.84 81.84 79.49 115.31 537.57 0.995 0.843 1884.73 2336.73
Random forest 2019-01-07 3160.44 81.33 84.62 163.14 251.97 0.99 0.975 2774.06 3413.5
Adaboost 2019-01-07 3385.3 74.94 82.05 276.22 261.09 0.987 0.972 2760.62 3614.16
XGBoost 2019-01-07 2797.97 80.05 87.18 120.67 169.97 0.995 0.983 2446.24 2919.21
Simple RNN 2019-01-07 2902.95 73.4 87.18 204.12 204.17 0.984 0.976 2322.78 3105.34
Temporal
CNN

2019-01-14 2461.77 75.45 64.1 198.88 368.33 0.988 0.928 1775.34 2495.64

Deep LSTM 2019-01-07 2706.71 77.24 82.05 206.57 243.03 0.983 0.971 2187.32 2988.21
Simple LSTM 2019-01-07 2889.45 74.68 82.05 212.51 184.95 0.984 0.982 2288.44 3104.49
Actual Peak 2018-12-31 3369.0 – – – – – – – –

Table 6.12: Model Performance Results for 2018-2019 Season excluding Southern Hemisphere
covariate.
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Model Performance Results for 2019-2020 Season

Model Type Peak
Date

Peak
Height

Accuracy
Train (%)

Accuracy
Test (%)

RMSE
Train

RMSE
Test

Correlation
Train

Correlation
Test

CI Lower
at Peak

CI Upper
at Peak

Linear regres-
sion

2020-02-03 4284.11 75.23 82.86 194.5 285.27 0.985 0.989 3670.37 4432.8

Lasso 2020-02-03 4277.05 77.7 85.71 204.71 295.42 0.984 0.989 3632.05 4434.51
SGD regressor 2020-02-03 3890.41 74.32 82.86 305.6 455.84 0.964 0.975 3140.48 4338.1
K-neighbours 2020-01-13 3799.68 75.23 82.86 393.69 535.52 0.939 0.969 2886.27 4424.9
Decision tree 2020-02-24 4542.32 82.43 71.43 113.24 502.87 0.995 0.967 3944.79 4388.68
Random forest 2020-02-03 4302.86 83.11 82.86 157.87 340.55 0.99 0.981 3894.33 4513.06
Adaboost 2020-02-03 4279.89 75.0 82.86 272.86 483.56 0.986 0.971 3666.47 4504.92
XGBoost 2020-02-10 4364.55 80.63 77.14 118.96 418.48 0.995 0.971 3990.91 4457.17
Simple RNN 2020-02-03 4240.76 75.45 82.86 197.86 290.45 0.985 0.989 3644.3 4417.81
Temporal
CNN

2020-02-03 4035.04 73.2 74.29 196.9 529.98 0.985 0.955 3360.63 4125.94

Deep LSTM 2020-02-03 3945.84 77.03 85.71 249.86 356.19 0.982 0.987 3175.17 4105.11
Simple LSTM 2020-02-03 4118.54 77.7 82.86 199.16 318.07 0.984 0.987 3530.5 4310.99
Actual Peak 2020-01-27 4789.0 – – – – – – – –

Table 6.13: Model Performance Results for 2019-2020 Season including Southern Hemisphere
covariate.

Model Type Peak
Date

Peak
Height

Accuracy
Train (%)

Accuracy
Test (%)

RMSE
Train

RMSE
Test

Correlation
Train

Correlation
Test

CI Lower
at Peak

CI Upper
at Peak

Linear regres-
sion

2020-02-03 4358.09 73.2 80.0 189.04 420.9 0.986 0.984 3687.78 4428.82

Lasso 2020-02-03 4161.96 79.05 82.86 204.03 422.42 0.983 0.984 3554.38 4354.17
SGD regressor 2020-02-03 3810.14 75.68 82.86 297.01 732.08 0.963 0.945 3126.76 4290.93
K-neighbours 2019-11-25 3409.58 75.0 65.71 379.74 1891.34 0.949 0.119 498.5 1969.35
Decision tree 2020-01-06 2523.85 82.43 65.71 113.24 855.0 0.995 0.951 2291.05 2734.95
Random forest 2020-02-03 4039.34 82.21 82.86 158.8 348.72 0.99 0.981 3711.89 4334.34
Adaboost 2020-01-13 3955.06 75.9 80.0 252.01 520.3 0.986 0.974 3377.15 4176.54
XGBoost 2020-01-27 3321.5 80.63 85.71 118.33 578.34

bias refer
0.995 0.975 3089.6 3553.39

Simple RNN 2020-02-03 3839.86 72.07 80.0 201.35 487.93 0.99 0.978 3291.0 4055.19
Temporal
CNN

2020-02-10 3797.16 76.35 74.29 158.05 706.79 0.99 0.931 3156.46 3774.71

Deep LSTM 2020-02-03 3763.71 76.13 85.71 204.13 435.72 0.986 0.987 3250.21 4037.19
Simple LSTM 2020-02-03 3976.49 75.23 82.86 196.33 400.43 0.985 0.98 3461.42 4229.27
Actual Peak 2020-01-27 4789.0 – – – – – – – –

Table 6.14: Model Performance Results for 2019-2020 Season excluding Southern Hemisphere
covariate.
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Performance Ranked by Prediction Error – 2013-14

Model Type Error (%) CI Lower Error (%) CI Upper Error (%)
Simple RNN 21.71 61.2 28.25
Simple LSTM 24.34 63.39 31.22
Linear regression 43.41 58.52 42.31
Lasso 51.12 76.08 48.63
SGD regressor 65.6 91.63 62.43

Table 6.15: Performance Ranked by Prediction Error – 2013-14 including Southern Hemi-
sphere covariate.

Model Type Error (%) CI Lower Error (%) CI Upper Error (%)
Linear regression 15.86 36.84 16.6
Simple RNN 19.35 43.85 19.13
Simple LSTM 26.17 63.22 30.91
SGD regressor 27.65 59.7 28.1
Lasso 29.98 59.36 30.32

Table 6.16: Performance Ranked by Prediction Error – 2013-14 excluding Southern Hemi-
sphere covariate.

Performance Ranked by Prediction Error – 2014-15

Model Type Error (%) CI Lower Error (%) CI Upper Error (%)
Linear regression 13.54 25.04 13.56
Simple RNN 14.26 27.92 16.2
Temporal CNN 19.89 40.51 30.35
SGD regressor 23.95 47.84 28.25
Lasso 27.97 47.65 28.88

Table 6.17: Performance Ranked by Prediction Error – 2014-15 including Southern Hemi-
sphere covariate.
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Model Type Error (%) CI Lower Error (%) CI Upper Error (%)
Linear regression 18.67 33.27 18.24
Simple RNN 18.83 32.35 18.27
SGD regressor 24.1 47.93 26.39
Lasso 25.36 45.08 25.35
Deep LSTM 26.02 33.67 18.37

Table 6.18: Performance Ranked by Prediction Error – 2014-15 excluding Southern Hemi-
sphere covariate.

Performance Ranked by Prediction Error – 2015-16

Model Type Error (%) CI Lower Error (%) CI Upper Error (%)
Linear regression 15.77 29.54 13.88
Simple RNN 23.58 40.17 23.47
Lasso 28.06 41.4 18.88
Simple LSTM 35.66 45.16 26.15
Temporal CNN 38.32 57.68 45.3

Table 6.19: Performance Ranked by Prediction Error – 2015-16 including Southern Hemi-
sphere covariate.

Model Type Error (%) CI Lower Error (%) CI Upper Error (%)
Simple RNN 18.85 28.07 9.62
Linear regression 18.93 28.14 9.72
Lasso 21.77 35.7 12.47
SGD regressor 25.01 42.67 15.01
Simple LSTM 28.7 38.06 19.35

Table 6.20: Performance Ranked by Prediction Error – 2015-16 excluding Southern Hemi-
sphere covariate.
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Performance Ranked by Prediction Error – 2016-17

Model Type Error (%) CI Lower Error (%) CI Upper Error (%)
XGBoost 0.02 12.6 1.21
Adaboost 1.72 19.81 0.64
Decision tree 2.87 31.76 18.62
Linear regression 6.4 22.56 1.74
Simple LSTM 6.82 21.9 0.95

Table 6.21: Performance Ranked by Prediction Error – 2016-17 including Southern Hemi-
sphere covariate.

Model Type Error (%) CI Lower Error (%) CI Upper Error (%)
Deep LSTM 2.46 38.06 12.68
XGBoost 5.92 24.62 10.73
Adaboost 8.44 23.71 3.18
Decision tree 9.23 28.86 15.72
Simple LSTM 11.11 27.11 4.47

Table 6.22: Performance Ranked by Prediction Error – 2016-17 excluding Southern Hemi-
sphere covariate.

Performance Ranked by Prediction Error – 2017-18

Model Type Error (%) CI Lower Error (%) CI Upper Error (%)
Linear regression 0.57 14.67 1.4
SGD regressor 1.13 25.37 0.4
Temporal CNN 4.03 36.31 23.63
Lasso 4.31 20.57 1.08
Simple RNN 9.8 26.89 9.4

Table 6.23: Performance Ranked by Prediction Error – 2017-18 including Southern Hemi-
sphere covariate.
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Model Type Error (%) CI Lower Error (%) CI Upper Error (%)
Simple RNN 7.43 20.06 3.44
Decision tree 8.49 24.36 14.58
Lasso 10.08 22.58 4.91
Linear regression 10.43 21.76 4.94
SGD regressor 14.82 32.77 7.35

Table 6.24: Performance Ranked by Prediction Error – 2017-18 excluding Southern Hemi-
sphere covariate.

Performance Ranked by Prediction Error – 2018-19

Model Type Error (%) CI Lower Error (%) CI Upper Error (%)
Adaboost 0.48 18.06 7.28
Random forest 6.19 17.66 1.32
Decision tree 9.41 44.06 30.64
Simple RNN 13.83 31.05 7.83
Simple LSTM 14.23 32.07 7.85

Table 6.25: Performance Ranked by Prediction Error – 2018-19 including Southern Hemi-
sphere covariate.

Model Type Error (%) CI Lower Error (%) CI Upper Error (%)
Temporal CNN 0.93 19.62 2.19
SGD regressor 3.34 27.05 10.24
K-neighbours 4.46 44.76 3.61
Lasso 5.37 23.79 0.35
Linear regression 6.49 23.63 0.71

Table 6.26: Performance Ranked by Prediction Error – 2018-19, Southern Hemisphere co-
variate excluded.
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Performance Ranked by Prediction Error – 2019-20

Model Type Error (%) CI Lower Error (%) CI Upper Error (%)
Linear regression 9.0 22.99 7.52
Lasso 13.09 25.78 9.08
Random forest 15.65 22.49 9.49
Simple LSTM 16.97 27.72 11.69
Adaboost 17.41 29.48 12.79

Table 6.27: Performance Ranked by Prediction Error – 2019-20 including Southern Hemi-
sphere covariate.

Model Type Error (%) CI Lower Error (%) CI Upper Error (%)
XGBoost 8.86 16.67 6.93
Random forest 10.15 18.68 5.76
Linear regression 10.54 23.36 7.44
Adaboost 10.63 23.44 5.93
Lasso 10.69 24.16 7.4

Table 6.28: Performance Ranked by Prediction Error – 2019-20 excluding Southern Hemi-
sphere covariate.

From the analysis, several key patterns emerged across the different seasons. Linear re-
gression consistently ranked among the top performers, especially in the earlier seasons,
showcasing its reliability as a simple yet effective model. Lasso regression performed sim-
ilarly to linear regression, with only slightly higher error margins, indicating its utility in
feature selection and model simplification. The SGD regressor exhibited more variable per-
formance, often showing higher prediction errors compared to other models, which suggests
its limitations in handling the data consistently. Simple RNN and LSTM models demon-
strated strong performance, particularly when covariates were included, highlighting their
strength in modelling time-dependent data with additional features.

In the 2013-2014 season, Simple RNN and Simple LSTM outperformed other models
when covariates were included, while linear regression showed the lowest prediction error
when covariates were excluded, indicating robustness even without covariates. The 2014-
2015 season saw both Linear regression and Simple RNN maintain their positions as top
performers with and without covariates, showcasing their consistency across data configura-
tions. Similarly, in the 2015-2016 season, Linear regression and Simple RNN continued to
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demonstrate strong performance, maintaining low prediction errors in both configurations.
The 2016-2017 season introduced a shift, with XGBoost and Adaboost emerging as the

best-performing models when covariates were included, while Deep LSTM and XGBoost
were the top models when covariates were excluded, showing improvement in Deep LSTM’s
ability to capture complex patterns. In the 2017-2018 season, Linear regression and SGD
regressor performed best with covariates included, while Simple RNN and Decision tree
models excelled when covariates were excluded, indicating adaptability to different data
setups.

For the 2018-2019 season, Adaboost and Random forest led with covariates included,
while Temporal CNN and SGD regressor maintained low errors without covariates. Finally,
in the 2019-2020 season, Linear regression and Lasso performed well with covariates, whereas
XGBoost and Random forest showed robustness and emerged as top performers without
covariates.

In terms of overall model robustness, Random forest and XGBoost consistently per-
formed well across seasons, both with and without covariates, demonstrating their flexibility
and adaptability to varying data setups. Simple RNN and LSTM models showed strong
performance, particularly when covariates were included, highlighting their ability to handle
complex, time-dependent data effectively. Linear regression remained reliable across multi-
ple seasons, maintaining low prediction errors, further solidifying its status as a robust and
consistent model for influenza peak forecasting.

The mean percentage error for various models across the 2016-2020 seasons provides
valuable insights into model performance. When covariates from the Southern Hemisphere
were included, Linear regression demonstrated the lowest mean error at 7.55%, indicating
a strong predictive performance. Adaboost and Lasso exhibited moderate mean errors of
10.45% and 10.84%, respectively, but their wide confidence intervals reflect some uncertainty.
Simple RNN and Simple LSTM had higher mean errors of 13.02% and 13.57%, suggesting
more variability in their predictions.

In contrast, when covariates were excluded, Linear regression’s mean error increased to
11.26%, though it remained among the top performers. Lasso and Simple RNN showed
similar mean errors of 11.61% and 11.76%, indicating consistency across both configura-
tions. However, Adaboost and Simple LSTM displayed higher mean errors of 12.58% and
12.94%, suggesting that these models rely more heavily on covariate information for accurate
predictions.

When covariates were included, Linear regression showed the lowest mean error at 7.55%,
affirming its robustness in prediction tasks. Adaboost and Lasso also performed moderately
well, with mean errors of 10.45% and 10.84%, though their wide confidence intervals indicate
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greater variability. Simple RNN and Simple LSTM, on the other hand, demonstrated higher
mean errors of 13.02% and 13.57%, indicating increased variability in their predictions.

Without covariates, Linear regression’s mean error increased to 11.26%, although it re-
mained one of the best-performing models. Lasso and Simple RNN had similar mean errors
of 11.61% and 11.76%, showcasing consistent performance in both scenarios. However, Ad-
aboost and Simple LSTM experienced higher mean errors without covariates, reflecting their
sensitivity to the exclusion of additional information.

The comparison between covariate settings shows that Linear regression’s performance
degrades slightly when covariates are excluded, but it remains a robust model. Adaboost
exhibited a noticeable increase in mean error without covariates, which suggests a greater
reliance on supplementary information for accurate predictions. Lasso maintained stable
performance across both covariate settings, demonstrating its adaptability. Simple RNN
and Simple LSTM, however, displayed higher errors in both configurations, with greater
sensitivity to covariate exclusion, indicating that these models may benefit more from the
presence of additional data.

The characterization of the peak curve was analyzed using three key metrics: Mean
Growth Rate which is the average rate at which cases increased during the period leading up
to the peak, mean slope, or the average slope of the case increase, representing the overall
trend of rising cases, and mean curvature which measures the acceleration of the rise towards
the peak. Higher values indicate a rapid increase in the rate of new cases.

The table below provides a detailed characterization of growth metrics for the 12 weeks
leading up to the peak for each season.

Season Peak Date Peak Height Mean Growth Rate Mean Slope Mean Curvature
2013-14 Jan 6, 2014 3614 1.07 325.85 94.21
2014-15 Dec 29, 2014 5313 0.58 464.69 128.79
2015-16 Mar 9, 2015 4655 0.40 369.19 34.37
2016-17 Jan 11, 2016 3677 0.40 310.62 64.63
2017-18 Feb 6, 2017 4757 0.25 356.77 22.23
2018-19 Jan 1, 2018 3369 0.44 296.62 100.02
2019-20 Jan 28, 2019 4789 0.34 380.42 43.10

Table 6.29: Growth metrics for the 12 weeks prior to the peak for each season.

The 2013-14 season featured a rapid onset with the fastest mean growth rate of 1.07,
a high mean slope of 325.85, and a moderate mean curvature of 94.21, indicating a sharp
rise towards the peak. The 2014-15 season was more severe, with the highest peak height
and an intense rise characterized by a mean slope of 464.69 and a curvature of 128.79. The
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2015-16 season showed a late peak with the lowest mean growth rate (0.40) and a moderate
rise towards the peak, indicated by a mean slope of 369.19 and a curvature of 34.37. The
2016-17 season had a steadier progression, with moderate growth and a more gradual slope
compared to other seasons.

The 2017-18 season was an anomaly, showing extraordinarily high peak height but a
slow growth rate (0.25) and a low curvature (22.23), indicating a gradual increase in cases.
The 2018-19 season had an early peak with significant outbreak levels, a high curvature of
100.02, and a steady mean slope. The 2019-20 season saw a balanced mid-season peak, with
moderate growth and curvature, and the highest peak value, reflecting a controlled outbreak
but a significant height of cases.

Based on the observed dynamics of the peaks and model performance, specific models
are recommended for each season type. For rapid growth early peaks, as seen in the 2013-14
season, Linear regression and Simple RNN were the most suitable models. Linear regression
demonstrated the lowest error rates, particularly when covariates were excluded, while Simple
RNN performed well with covariates included. In the 2014-15 season, which exhibited severe
and high curvature peaks, Simple RNN proved to be highly adaptable, while Linear regression
provided stable predictions. For seasons with late peaks and a gradual onset, like 2015-16,
both Linear regression and Simple RNN were effective, handling the gradual buildup and
delayed peak well.

In the 2016-17 season, which experienced steady growth and an early peak, XGBoost
and Adaboost emerged as the top performers, displaying the lowest errors in this scenario.
Anomalous peaks with slow growth, such as those in the 2017-18 season, were best handled
by Linear regression, SGD regressor, and Simple RNN. Linear regression and SGD regres-
sor worked well with covariates, while Simple RNN demonstrated robustness even without
covariates. In the 2018-19 season, which saw an early peak and a significant outbreak, Ad-
aboost, Random Forest, and Temporal CNN were the top models, effectively managing the
early peak and significant case counts. Finally, for seasons with balanced progression and
moderate peaks, like 2019-20, Linear regression and XGBoost were the most suitable models,
reflecting steady growth and balanced progression throughout the season.

6.4 Discussion

The results of this study provide a comprehensive analysis of the performance of various
machine learning models in predicting influenza peaks across multiple seasons from 2013 to
2020. This analysis highlights the strengths and weaknesses of each model under different
conditions, particularly the inclusion and exclusion of Southern Hemisphere covariates. The
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discussion focuses on key insights and broader implications derived from these results while
also considering limitations and areas for future research.

From the analysis, several general insights emerged regarding the suitability of different
models. Linear regression consistently ranked among the top performers across multiple
seasons, particularly in early seasons characterized by rapid growth and early peaks. It ex-
hibited the lowest mean errors, which shows its strong predictive performance and reliability.
Ensemble methods, such as XGBoost, Adaboost, and Random Forest, excelled in capturing
complex patterns, particularly when covariates were included, making them ideal for seasons
with intricate dynamics. Recurrent Neural Networks (Simple RNN and LSTM) also showed
strong performance, especially with the inclusion of covariates. This indicates their capabil-
ity to handle complex, time-dependent data, with Simple RNN consistently ranking as one
of the top performers. The inclusion of Southern Hemisphere covariates generally improved
performance across all models, especially for more complex models like Simple RNN and
LSTM, suggesting that leveraging global influenza data enhances model accuracy.

While the study provides valuable insights, several limitations must be acknowledged.
Models such as Random Forest and LSTM exhibited signs of overfitting, particularly when
trained on seasons with volatile patterns, which reduced their generalizability. Furthermore,
there was inconsistency in model performance across different seasons, reflecting a lack of
robustness in handling the inherent variability of influenza outbreaks. Additionally, many
models heavily relied on historical influenza patterns, making them less effective at adapting
to novel strains or atypical outbreak patterns. Lastly, data quality and completeness posed
significant challenges, as missing data or noise could significantly degrade model performance.

To enhance model performance and applicability, several recommendations are proposed.
First, incorporating mechanistic models alongside data-driven approaches could improve
both robustness and interpretability. Second, enhancing real-time adaptability by developing
models that can dynamically update with real-time data would allow for a better response to
emerging influenza patterns. Third, improving the communication of uncertainty by utilizing
probabilistic forecasting methods could provide a range of possible outcomes, supporting
risk-based decision-making. Finally, integrating diverse data sources, such as vaccination
rates and public health interventions, would likely improve prediction accuracy by capturing
factors influencing the spread of influenza.

6.5 Conclusion

This study evaluated a range of machine learning models for predicting influenza peak charac-
teristics across several seasons from 2013 to 2020. The findings demonstrate the importance
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of selecting appropriate models based on the specific characteristics of each influenza season.
Linear Regression consistently emerged as a reliable and robust model, particularly in

seasons with rapid growth and early peaks. Ensemble methods like XGBoost and Adaboost
excelled in seasons with steady growth and complex dynamics. Recurrent Neural Networks
(Simple RNN, LSTM) demonstrated strong performance with covariate inclusion, showing
potential in handling time-series data for influenza forecasting.

However, limitations such as overfitting, inconsistent performance across seasons, and
sensitivity to data quality highlight the need for further research. Future work should focus
on enhancing real-time adaptability, integrating mechanistic insights, and incorporating di-
verse data sources to improve model robustness and utility for public health decision-making.

Overall, machine learning models offer significant potential for improving influenza pre-
diction. By addressing current limitations through methodological advancements and the
integration of high-quality, diverse data, these models can become valuable tools for timely
and effective public health responses during influenza outbreaks.
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Chapter 7

Conclusion and Future Directions

This thesis has presented a multi-faceted approach to analyzing and forecasting epidemic
dynamics, drawing on rigorous probabilistic modelling, state-space frameworks, Bayesian
inference, stochastic simulation methods, mechanistic compartmental models, and advanced
stochastic mean-reverting processes, along with modern machine learning approaches. Each
chapter contributed a key methodological component, advancing from foundational concepts
in time series and Bayesian learning, through state-space modelling and stochastic simula-
tion, to mechanistic epidemic modelling and machine learning-based peak forecasting. By
unifying these diverse strands, the thesis provides a richer, more robust toolkit for under-
standing and anticipating epidemic behaviour in real-world settings.

7.1 Novelty of the work

The novelty of this thesis emerges from the integrative approach that spans several con-
ceptual and methodological domains, culminating in a comprehensive framework suited to
contemporary public health challenges.

In Chapter 1, the groundwork was laid with background material and terminology related
to time series analysis and Bayesian learning. A common foundation that transcends tradi-
tional compartmental approaches is established, which embraces uncertainty quantification
and flexible model structures. By emphasizing Bayesian principles, the thesis set the stage
for a cohesive probabilistic paradigm that informs subsequent chapters.

Chapter 2 introduced the state-space modelling framework, initially focusing on linear
and normal assumptions, as well as dynamic regression techniques. The novelty in this
chapter is twofold. First, by adopting state-space representations, the thesis enabled the
separation of signal and noise, facilitating better inference of latent states like underlying
epidemic levels or time-varying parameters. Second, the integration of online, real-time
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multivariate covariance estimation methods provided tools to adaptively track evolving un-
certainties. This adaptive capability is crucial in public health, where the underlying system
may shift due to new interventions or emerging pathogen variants.

Advancing to Chapter 3, the thesis goes beyond linear and Gaussian restrictions by
employing stochastic simulation methods, including Markov chain Monte Carlo approaches,
to handle general and potentially non-linear state-space models. The novelty here was the
application of advanced simulation-based inference for non-linear regression case studies and
the introduction of online structural break detection using sequential Monte Carlo methods.
This broke new ground by allowing the model to detect regime changes in real-time, which
is akin to identifying sudden changes in transmission patterns or the emergence of a new
strain during an epidemic, without relying solely on static assumptions.

Chapter 4 transitioned the thesis from purely statistical frameworks to mechanistic mod-
elling. By formulating a compartmental model linked to a mobility-enhanced, probabilistic,
data-driven framework, this chapter introduced a crucial epidemiological dimension. The
novelty stemmed from combining mechanistic insights (e.g., from extended SIR-type mod-
els) with data-driven inference, thus allowing for the calibration of model parameters against
observed data, as well as the incorporation of mobility patterns to reflect realistic disease
spread. Applying these methods to real data and comparing them to established results
demonstrated the practical utility and versatility of the proposed methodologies.

Chapter 5 added onto these foundations by extending a classical SIRS model with stochas-
tic, mean-reverting processes to capture realistic epidemic variability. Traditional deter-
ministic models often assume constant or overly simplistic time-varying transmission rates,
whereas this thesis introduced the CKLS, and other mean-reverting frameworks. The novelty
here lies in bridging epidemiological theory with stochastic processes that preserve positiv-
ity and exhibit realistic reversion to long-term means, ultimately yielding more flexible and
accurate models. Deriving extinction thresholds under these stochastic dynamics offered
new theoretical insights into when diseases fade out or persist, enhancing our conceptual
understanding of epidemic control under uncertainty.

Finally, Chapter 6 introduced a machine and deep learning framework for analyzing epi-
demic peak characteristics, integrating global and hemispheric data sources. The novelty
here was the synergistic use of advanced predictive models which range from linear regres-
sion and Lasso to ensemble methods and neural architectures (RNNs, LSTMs), together
with cross-hemisphere data. This approach provided improvements in forecasting accuracy,
demonstrating that global contextual information, combined with powerful machine learning
techniques, can improve early warning capabilities for epidemic peaks.

Taken together, these chapters form a cohesive narrative that moves from foundational
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time series and Bayesian concepts in Chapters 1-3, through mechanistic epidemiological
modelling in Chapter 4, toward innovative stochastic and machine learning based epidemic
predictions in Chapters 5-6. The overarching novelty is the integration of diverse methodolo-
gies into a unified, adaptive, and context-aware toolkit for epidemic analysis and forecasting,
providing both theoretical insights and practical guidance for real-world decision-making.

7.2 Limitations and future studies

Despite these advancements, the thesis encountered several limitations that suggest avenues
for further development.

Model complexity and overfitting emerged as ongoing challenges, particularly for sophis-
ticated machine learning architectures that performed exceptionally well in some scenarios
but less reliably in others. While the thesis demonstrated various methods to tune hyper-
parameters and employ regularization, future work could integrate Bayesian inference more
deeply or use model compression [114] and transfer learning [115] to ensure that complexity
does not undermine generalization.

Adapting to novel pathogens, newly emerging strains, or atypical epidemiological regimes
remains difficult. The frameworks presented, though flexible, were calibrated primarily on
COVID-19 or influenza data. To extend these methods to other diseases or entirely new out-
break conditions, future research should develop pathogen-specific parameters, incorporate
evolutionary models that track changes in transmissibility or immunity, and stress-test the
frameworks under extreme black swan conditions to ensure robust performance.

Data quality and completeness also pose persistent hurdles. Missing values, delays in
reporting, and evolving data streams complicate inference. Future directions include devel-
oping more sophisticated anomaly detection techniques, robust data imputation approaches,
and strategies to integrate multiple heterogeneous data sources simultaneously. Incorporat-
ing mobility data, vaccination coverage, environmental variables, and genomic sequencing
results could potentially improve situational awareness and predictive power.

7.3 Incorporating behavioural changes and public health

interventions

Perhaps the most significant opportunity for improvement lies in explicitly modelling human
behaviour, policy interventions, and public perception. While the mechanistic models and
stochastic processes in Chapters 4 and 5 capture epidemiological fundamentals, real-world
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outbreaks are strongly influenced by how people respond to perceived risks and how health
authorities implement interventions.

Future research can integrate behavioural adaptation directly into transmission models.
Agent-based or network models could encode how contact patterns change in response to
health warnings, media coverage, or policy mandates. By coupling these behavioural adap-
tations with mean-reverting processes that reflect changing baseline conditions, models can
evolve more dynamically and realistically.

Public health interventions, such as school closures, travel restrictions, and vaccination
campaigns, can be included as explicit covariates or as control variables. Evaluating coun-
terfactual scenarios using machine learning optimization techniques could identify which
interventions would have had the greatest impact on reducing outbreak peaks. Such sce-
nario planning would move from passive forecasting toward actionable guidance, helping
health officials tailor interventions more effectively.

Hybrid models that blend mechanistic insight with data-driven predictions will likely
prove most powerful. Validating these hybrid methods against historical events, such as
changes in vaccination policy or the emergence of antiviral drugs, can ensure that models
remain grounded in empirical reality. Over time, these models can continuously update their
parameters as new data arrive, adapting to changing conditions in ways that purely static
or deterministic models cannot.

7.4 Conclusion

This thesis advanced epidemic forecasting by pushing beyond conventional models, har-
nessing both theoretical rigour and empirical flexibility. By uniting time series analysis,
Bayesian state-space modelling, stochastic simulation, mechanistic compartmental methods,
and machine learning, it has laid a robust methodological foundation for next-generation
epidemic forecasting tools. The findings demonstrate that model choice, data context, and
global covariates all matter, and that real-time adaptability is essential for effective epidemic
prediction and management.

Opportunities for future improvement are abundant. Addressing overfitting, enhancing
real-time updates, incorporating richer data sources, and explicitly modelling behavioural
changes and interventions can yield more robust, socially relevant, and actionable forecasts.
Such improvements will guide public health authorities and communities to anticipate and
mitigate outbreaks, safeguarding lives and societal well-being.

Continuous refinement of these methods and broadening of their scope can provide the
impetus for future research which produce epidemiological models that are not only techni-
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cally sound but practically relevant. By pursuing these collective efforts, we advance toward
a future in which timely, evidence-based interventions preempt widespread epidemics and
effectively mitigate their human and economic burdens.
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Appendix A

A.1 Additional figures for Chapter 5

Figure A.1: A plot of the original synthetic infected data along with the estimated SIRS
model with LogisticGBM transmission process. The data set and case number are A and 1,
respectively.

266



Figure A.2: A plot of the original synthetic infected data along with the estimated SIRS
model with LogisticGBM transmission process. The data set and case number are A and 2,
respectively.

Figure A.3: A plot of the original synthetic infected data along with the estimated SIRS
model with LogisticGBM transmission process. The data set and case number are A and 3,
respectively.
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Figure A.4: A plot of the original synthetic infected data along with the estimated SIRS
model with LogisticGBM transmission process. The data set and case number are A and 4,
respectively.

Figure A.5: A plot of the original synthetic infected data along with the estimated SIRS
model with Jacobi transmission process. The data set and case number are A and 1, respec-
tively.

268



Figure A.6: A plot of the original synthetic infected data along with the estimated SIRS
model with Jacobi transmission process. The data set and case number are A and 2, respec-
tively.

Figure A.7: A plot of the original synthetic infected data along with the estimated SIRS
model with Jacobi transmission process. The data set and case number are A and 3, respec-
tively.
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Figure A.8: A plot of the original synthetic infected data along with the estimated SIRS
model with Jacobi transmission process. The data set and case number are A and 4, respec-
tively.

Figure A.9: A plot of the original synthetic infected data along with the estimated SIRS
model with PowerLawBessel transmission process. The data set and case number are A and
1, respectively.
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Figure A.10: A plot of the original synthetic infected data along with the estimated SIRS
model with PowerLawBessel transmission process. The data set and case number are A and
2, respectively.

Figure A.11: A plot of the original synthetic infected data along with the estimated SIRS
model with PowerLawBessel transmission process. The data set and case number are A and
3, respectively.
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Figure A.12: A plot of the original synthetic infected data along with the estimated SIRS
model with PowerLawBessel transmission process. The data set and case number are A and
4, respectively.

Figure A.13: A plot of the original synthetic infected data along with the estimated SIRS
model with OU transmission process. The data set and case number are B and 1, respectively.
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Figure A.14: A plot of the original synthetic infected data along with the estimated SIRS
model with OU transmission process. The data set and case number are B and 2, respectively.

Figure A.15: A plot of the original synthetic infected data along with the estimated SIRS
model with OU transmission process. The data set and case number are B and 3, respectively.
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Figure A.16: A plot of the original synthetic infected data along with the estimated SIRS
model with OU transmission process. The data set and case number are B and 4, respectively.

Figure A.17: A plot of the original synthetic infected data along with the estimated SIRS
model with CKLS transmission process. The data set and case number are B and 1, respec-
tively.
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Figure A.18: A plot of the original synthetic infected data along with the estimated SIRS
model with CKLS transmission process. The data set and case number are B and 2, respec-
tively.

Figure A.19: A plot of the original synthetic infected data along with the estimated SIRS
model with CKLS transmission process. The data set and case number are B and 3, respec-
tively.
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Figure A.20: A plot of the original synthetic infected data along with the estimated SIRS
model with CKLS transmission process. The data set and case number are B and 4, respec-
tively.

Figure A.21: A plot of the original synthetic infected data along with the estimated SIRS
model with LogisticGBM transmission process. The data set and case number are B and 1,
respectively.

276



Figure A.22: A plot of the original synthetic infected data along with the estimated SIRS
model with LogisticGBM transmission process. The data set and case number are B and 2,
respectively.

Figure A.23: A plot of the original synthetic infected data along with the estimated SIRS
model with LogisticGBM transmission process. The data set and case number are B and 3,
respectively.
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Figure A.24: A plot of the original synthetic infected data along with the estimated SIRS
model with LogisticGBM transmission process. The data set and case number are B and 4,
respectively.

Figure A.25: A plot of the original synthetic infected data along with the estimated SIRS
model with Jacobi transmission process. The data set and case number are B and 1, respec-
tively.
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Figure A.26: A plot of the original synthetic infected data along with the estimated SIRS
model with Jacobi transmission process. The data set and case number are B and 2, respec-
tively.

Figure A.27: A plot of the original synthetic infected data along with the estimated SIRS
model with Jacobi transmission process. The data set and case number are B and 3, respec-
tively.
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Figure A.28: A plot of the original synthetic infected data along with the estimated SIRS
model with Jacobi transmission process. The data set and case number are B and 4, respec-
tively.

Figure A.29: A plot of the original synthetic infected data along with the estimated SIRS
model with PowerLawBessel transmission process. The data set and case number are B and
1, respectively.
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Figure A.30: A plot of the original synthetic infected data along with the estimated SIRS
model with PowerLawBessel transmission process. The data set and case number are B and
2, respectively.

Figure A.31: A plot of the original synthetic infected data along with the estimated SIRS
model with PowerLawBessel transmission process. The data set and case number are B and
3, respectively.
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Figure A.32: A plot of the original synthetic infected data along with the estimated SIRS
model with PowerLawBessel transmission process. The data set and case number are B and
4, respectively.

Figure A.33: A plot of the deterministic solution along with the simulated SIRS model with
the OU transmission process. The data set is B and the case number is 1.
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Figure A.34: A plot of the deterministic solution along with the simulated SIRS model with
the OU transmission process. The data set is B and the case number is 2.

Figure A.35: A plot of the deterministic solution along with the simulated SIRS model with
the OU transmission process. The data set is B and the case number is 3.
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Figure A.36: A plot of the deterministic solution along with the simulated SIRS model with
the OU transmission process. The data set is B and the case number is 4.

Figure A.37: A plot of the deterministic solution along with the simulated SIRS model with
the CKLS transmission process. The data set is B and the case number is 1.
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Figure A.38: A plot of the deterministic solution along with the simulated SIRS model with
the CKLS transmission process. The data set is B and the case number is 2.

Figure A.39: A plot of the deterministic solution along with the simulated SIRS model with
the CKLS transmission process. The data set is B and the case number is 3.

285



Figure A.40: A plot of the deterministic solution along with the simulated SIRS model with
the CKLS transmission process. The data set is B and the case number is 4.

Figure A.41: A plot of the deterministic solution along with the simulated SIRS model with
the Bessel transmission process. The data set is A and the case number is 1.
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Figure A.42: A plot of the deterministic solution along with the simulated SIRS model with
the Bessel transmission process. The data set is A and the case number is 2.

Figure A.43: A plot of the deterministic solution along with the simulated SIRS model with
the Bessel transmission process. The data set is A and the case number is 3.
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Figure A.44: A plot of the deterministic solution along with the simulated SIRS model with
the Bessel transmission process. The data set is A and the case number is 4.

Figure A.45: A plot of the deterministic solution along with the simulated SIRS model with
the Bessel transmission process. The data set is B and the case number is 1.
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Figure A.46: A plot of the deterministic solution along with the simulated SIRS model with
the Bessel transmission process. The data set is B and the case number is 2.

Figure A.47: A plot of the deterministic solution along with the simulated SIRS model with
the Bessel transmission process. The data set is B and the case number is 3.
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Figure A.48: A plot of the deterministic solution along with the simulated SIRS model with
the Bessel transmission process. The data set is B and the case number is 4.

Figure A.49: A plot of the deterministic solution along with the simulated SIRS model with
the PowerLawBessel transmission process. The data set is A and the case number is 1.
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Figure A.50: A plot of the deterministic solution along with the simulated SIRS model with
the PowerLawBessel transmission process. The data set is A and the case number is 2.

Figure A.51: A plot of the deterministic solution along with the simulated SIRS model with
the PowerLawBessel transmission process. The data set is A and the case number is 3.
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Figure A.52: A plot of the deterministic solution along with the simulated SIRS model with
the PowerLawBessel transmission process. The data set is A and the case number is 4.

Figure A.53: A plot of the deterministic solution along with the simulated SIRS model with
the PowerLawBessel transmission process. The data set is B and the case number is 1.
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Figure A.54: A plot of the deterministic solution along with the simulated SIRS model with
the PowerLawBessel transmission process. The data set is B and the case number is 2.

Figure A.55: A plot of the deterministic solution along with the simulated SIRS model with
the PowerLawBessel transmission process. The data set is B and the case number is 3.
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Figure A.56: A plot of the deterministic solution along with the simulated SIRS model with
the PowerLawBessel transmission process. The data set is B and the case number is 4.

Figure A.57: A plot of the deterministic solution along with the simulated SIRS model with
the LogisticGBM transmission process. The data set is A and the case number is 1.
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Figure A.58: A plot of the deterministic solution along with the simulated SIRS model with
the LogisticGBM transmission process. The data set is A and the case number is 2.

Figure A.59: A plot of the deterministic solution along with the simulated SIRS model with
the LogisticGBM transmission process. The data set is A and the case number is 3.
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Figure A.60: A plot of the deterministic solution along with the simulated SIRS model with
the LogisticGBM transmission process. The data set is A and the case number is 4.

Figure A.61: A plot of the deterministic solution along with the simulated SIRS model with
the LogisticGBM transmission process. The data set is B and the case number is 1.
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Figure A.62: A plot of the deterministic solution along with the simulated SIRS model with
the LogisticGBM transmission process. The data set is B and the case number is 2.

Figure A.63: A plot of the deterministic solution along with the simulated SIRS model with
the LogisticGBM transmission process. The data set is B and the case number is 3.
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Figure A.64: A plot of the deterministic solution along with the simulated SIRS model with
the LogisticGBM transmission process. The data set is B and the case number is 4.

Figure A.65: A plot of the deterministic solution along with the simulated SIRS model with
the Jacobi transmission process. The data set is A and the case number is 1.
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Figure A.66: A plot of the deterministic solution along with the simulated SIRS model with
the Jacobi transmission process. The data set is A and the case number is 2.

Figure A.67: A plot of the deterministic solution along with the simulated SIRS model with
the Jacobi transmission process. The data set is A and the case number is 3.
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Figure A.68: A plot of the deterministic solution along with the simulated SIRS model with
the Jacobi transmission process. The data set is A and the case number is 4.

Figure A.69: A plot of the deterministic solution along with the simulated SIRS model with
the Jacobi transmission process. The data set is B and the case number is 1.
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Figure A.70: A plot of the deterministic solution along with the simulated SIRS model with
the Jacobi transmission process. The data set is B and the case number is 2.

Figure A.71: A plot of the deterministic solution along with the simulated SIRS model with
the Jacobi transmission process. The data set is B and the case number is 3.
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Figure A.72: A plot of the deterministic solution along with the simulated SIRS model with
the Jacobi transmission process. The data set is B and the case number is 4.
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Figure A.76: Feasible region plot for the OU process in Set A, Case 1.

Figure A.77: Feasible region plot for the CIR process in Set A, Case 1.
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Figure A.78: Feasible region plot for the OU process in Set B, Case 1.

Figure A.79: Feasible region plot for the CIR process in Set B, Case 1.
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Figure A.80: Feasible region plot for the OU process in Set B, Case 2.

Figure A.81: Feasible region plot for the CIR process in Set B, Case 2.
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Figure A.82: Feasible region plot for the OU process in Set B, Case 4.

Figure A.83: Feasible region plot for the CIR process in Set B, Case 4.
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A.2 Key mathematical concepts for Chapter 5

This section provides an introductory overview of several key mathematical concepts that
underpin the stochastic analysis conducted in this work. These include the Fokker–Planck
equation, Brownian motion, Itô calculus (including Itô’s Lemma and Itô isometry), mar-
tingales and their properties, and Doob’s h-transform. These concepts have deep historical
roots and have been developed to address complex problems in stochastic processes, with
wide-ranging applications in physics, finance, biology, and beyond.

A.2.1 Fokker–Planck equation

The Fokker–Planck equation [116], also known as the forward Kolmogorov equation, was
first introduced by Adriaan Fokker and Max Planck in the early 20th century. It describes
the time evolution of the probability density function of a stochastic process, providing a
deterministic way to understand the behaviour of systems under random influences. In the
context of the CKLS process, the Fokker–Planck equation helps us understand how the
probability distribution of the transmission rate β(t) changes over time.

Historically, the Fokker–Planck equation has been pivotal in the study of Brownian mo-
tion and has been applied in various fields, from statistical mechanics to financial mathe-
matics. For a general stochastic process described by the stochastic differential equation
(SDE):

dXt = µ(Xt, t) dt+ σ(Xt, t) dBt,

the corresponding Fokker–Planck equation is:

∂p(x, t)

∂t
= − ∂

∂x
[µ(x, t)p(x, t)] +

1

2

∂2

∂x2
[σ2(x, t)p(x, t)],

where p(x, t) is the probability density function of Xt.

A.2.2 Brownian motion

Brownian motion, or Wiener process, is a cornerstone of modern stochastic processes [88].
Its discovery dates back to the 19th century when botanist Robert Brown observed the
erratic motion of pollen particles in water. This phenomenon was later mathematically
formalized by Albert Einstein and Norbert Wiener, leading to the development of the theory
of Brownian motion.

Brownian motion is characterized by the following properties:
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• B(0) = 0.

• B(t) has independent increments.

• B(t) has normally distributed increments with mean 0 and variance t.

• B(t) has continuous paths.

The motivation behind studying Brownian motion lies in its ability to model random
phenomena in various fields, such as physics, finance, and biology. In the context of the SIRS
model, Brownian motion introduces randomness in the transmission rate β(t), capturing the
unpredictable nature of disease transmission in a population.

A.2.3 Itô calculus

Itô calculus [88], [117], developed by Japanese mathematician Kiyosi Itô in the 1940s, extends
the classical calculus to stochastic processes. It is a fundamental tool for dealing with SDEs,
allowing for the rigorous analysis of systems influenced by randomness. Itô calculus includes
essential tools such as Itô’s Lemma and Itô isometry, which have become standard techniques
in stochastic analysis.

Itô’s lemma

Itô’s Lemma is the stochastic counterpart of the chain rule from classical calculus. It provides
a way to compute the differential of a function of a stochastic process, which is crucial for
analyzing SDEs. For a function f(Xt, t) where Xt follows the SDE dXt = µ(Xt, t) dt +

σ(Xt, t) dBt, Itô’s Lemma states:

df(Xt, t) =

(
∂f

∂t
+ µ

∂f

∂Xt

+
1

2
σ2 ∂

2f

∂X2
t

)
dt+ σ

∂f

∂Xt

dBt.

The significance of Itô’s Lemma lies in its ability to handle the non-linearities that arise
in stochastic systems, making it indispensable in fields such as financial mathematics for
option pricing, and in biology for modelling population dynamics.

Itô isometry

Itô isometry is a property that links the variance of a stochastic integral to the integral of the
variance of the integrand. It plays a crucial role in simplifying the computation of variances
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in stochastic processes. For a process Xt,

E

[(∫ t

0

Xs dBs

)2
]
= E

[∫ t

0

X2
s ds

]
.

This result is fundamental in the analysis of stochastic integrals and has applications in
signal processing, filtering theory, and beyond.

A.2.4 Martingales and their properties

The concept of a martingale was introduced by French mathematician Paul Lévy in the 1930s
as part of the broader development of probability theory. Martingales represent a class of
stochastic processes that model fair games, where the expected future value of the process,
given all past information, is equal to its current value [89].

Formally, a process Mt is a martingale if:

E[Mt+s | Ft] =Mt for all s ≥ 0,

where Ft is the filtration representing the information available up to time t.
Martingales have become a central concept in stochastic processes due to their rich math-

ematical structure and their applications in various domains, including finance (for modelling
asset prices), and in stochastic control. Key properties of martingales include:

• Martingale property: E[Mt] =M0.

• Quadratic variation: For a martingale Mt, the quadratic variation [M ]t tracks the
accumulated variance.

A.2.5 Doob’s h-transform and its applications to stochastic pro-

cesses

Doob’s h-transform is a mathematical technique in probability theory and stochastic pro-
cesses used to modify a Markov process to condition it on a specific event or to change its
behaviour to achieve a desired property. This transformation constructs a new Markov pro-
cess from an existing one by using a harmonic function h(x) associated with the generator
of the original process. The transformed process allows us to study conditional behaviours,
hitting times, and other probabilistic events.

Key concepts of Doob’s h-transform are as follows:
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• Markov processes and harmonic functions: A Markov process is a stochastic process
that has the “memoryless" property: the future state of the process depends only on
the current state, not on the sequence of events that preceded it. A function h(x) is
called harmonic with respect to a Markov process if it satisfies the generator equation
Lh(x) = 0, where L is the infinitesimal generator of the Markov process.

• Infinitesimal generator L: The infinitesimal generator L of a Markov process Xt is an
operator that describes how functions of the process change infinitesimally over time.
For a function f(x), the generator Lf(x) typically takes the form:

Lf(x) = b(x)f ′(x) +
1

2
a(x)f ′′(x),

where b(x) is the drift term and a(x) is the diffusion term (often a(x) = σ2(x)).

• Construction of the transformed process: Given a Markov process Xt with generator
L and a positive harmonic function h(x), Doob’s h-transform creates a new process
Xh
t such that the new process behaves like the original process but is conditioned or

modified according to h(x). The SDE of the transformed process is:

dXh
t =

(
b(Xh

t ) + a(Xh
t )
h′(Xh

t )

h(Xh
t )

)
dt+ σ(Xh

t ) dWt,

where Wt is a standard Brownian motion.
Applications include: conditioning on events whereby the h-transform is used to model

processes conditioned to avoid a set or to reach a target, and, hitting times and absorp-
tion which are useful for studying hitting probabilities, times to absorption, or conditioned
diffusion processes in physics, finance, and other fields.

Example: Brownian motion conditioned to stay positive

Consider a standard Brownian motion Bt such that we want to condition it to stay positive
(i.e., Bt > 0 for all t > 0). That is, want to construct a process that behaves like Brownian
motion but never crosses or touches zero.

To condition Brownian motion to stay positive, we choose the harmonic function h(x) = x

for x > 0. This function is linear and increases with x, reflecting a bias away from zero.
The generator for Brownian motion Bt is:

Lf(x) = 1

2
f ′′(x).
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Using Doob’s h-transform with h(x) = x, the transformed generator becomes:

Lhf(x) = 1

2
f ′′(x) +

f ′(x)

x
.

The new SDE for the transformed process Xh
t is:

dXh
t = dBt +

1

Xh
t

dt.

This is a diffusion process with an additional drift term 1
Xh
t

that becomes significant as
Xh
t approaches zero, effectively pushing the process away from zero. Using an appropriate

harmonic function, a similar argument is made for the derivation of the mean-reverting Bessel
processes.

A.3 Additional figures for Chapter 6

Prediction for 2018-2019 Season by Linear Regression

Figure A.84: Prediction for 2018-2019 Season by Linear Regression without Southern Hemi-
sphere Covariate.
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Figure A.85: Prediction for 2018-2019 Season by Linear Regression including Southern Hemi-
sphere Covariate.
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2018-2019 Season (Last 10% Training Focus)

Figure A.86: 2018-2019 Season Prediction Focused on Last 10% of Training Data without
Southern Hemisphere Covariate.
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Figure A.87: 2018-2019 Season Prediction Focused on Last 10% of Training Data including
Southern Hemisphere Covariate.
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2018-2019 Season (Test Set Focus)

Figure A.88: 2018-2019 Season Prediction on Test Set without Southern Hemisphere Co-
variate.

Figure A.89: 2018-2019 Season Prediction on Test Set including Southern Hemisphere Co-
variate.
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Prediction for 2017-2018 Season by Linear Regression

Figure A.90: Prediction for 2017-2018 Season by Linear Regression without Southern Hemi-
sphere Covariate.

Figure A.91: Prediction for 2017-2018 Season by Linear Regression including Southern Hemi-
sphere Covariate.
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2017-2018 Season (Last 10% Training Focus)

Figure A.92: 2017-2018 Season Prediction Focused on Last 10% of Training Data without
Southern Hemisphere Covariate.
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Figure A.93: 2017-2018 Season Prediction Focused on Last 10% of Training Data including
Southern Hemisphere Covariate.
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2017-2018 Season (Test Set Focus)

Figure A.94: 2017-2018 Season Prediction on Test Set without Southern Hemisphere Co-
variate.

Figure A.95: 2017-2018 Season Prediction on Test Set including Southern Hemisphere Co-
variate.
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Prediction for 2016-2017 Season by Linear Regression

Figure A.96: Prediction for 2016-2017 Season by Linear Regression without Southern Hemi-
sphere Covariate.

Figure A.97: Prediction for 2016-2017 Season by Linear Regression including Southern Hemi-
sphere Covariate.
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2016-2017 Season (Last 10% Training Focus)

Figure A.98: 2016-2017 Season Prediction Focused on Last 10% of Training Data without
Southern Hemisphere Covariate.
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Figure A.99: 2016-2017 Season Prediction Focused on Last 10% of Training Data including
Southern Hemisphere Covariate.
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2016-2017 Season (Test Set Focus)

Figure A.100: 2016-2017 Season Prediction on Test Set without Southern Hemisphere Co-
variate.

Figure A.101: 2016-2017 Season Prediction on Test Set including Southern Hemisphere
Covariate.

326



Prediction for 2015-2016 Season by Linear Regression

Figure A.102: Prediction for 2015-2016 Season by Linear Regression without Southern Hemi-
sphere Covariate.

Figure A.103: Prediction for 2015-2016 Season by Linear Regression including Southern
Hemisphere Covariate.
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2015-2016 Season (Last 10% Training Focus)

Figure A.104: 2015-2016 Season Prediction Focused on Last 10% of Training Data without
Southern Hemisphere Covariate.
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Figure A.105: 2015-2016 Season Prediction Focused on Last 10% of Training Data including
Southern Hemisphere Covariate.
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2015-2016 Season (Test Set Focus)

Figure A.106: 2015-2016 Season Prediction on Test Set without Southern Hemisphere Co-
variate.

Figure A.107: 2015-2016 Season Prediction on Test Set including Southern Hemisphere
Covariate.
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Prediction for 2014-2015 Season by Linear Regression

Figure A.108: Prediction for 2014-2015 Season by Linear Regression without Southern Hemi-
sphere Covariate.

Figure A.109: Prediction for 2014-2015 Season by Linear Regression including Southern
Hemisphere Covariate.
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2014-2015 Season (Last 10% Training Focus)

Figure A.110: 2014-2015 Season Prediction Focused on Last 10% of Training Data without
Southern Hemisphere Covariate.
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Figure A.111: 2014-2015 Season Prediction Focused on Last 10% of Training Data including
Southern Hemisphere Covariate.

333



2014-2015 Season (Test Set Focus)

Figure A.112: 2014-2015 Season Prediction on Test Set without Southern Hemisphere Co-
variate.

Figure A.113: 2014-2015 Season Prediction on Test Set including Southern Hemisphere
Covariate.

334



Prediction for 2013-2014 Season by Linear Regression

Figure A.114: Prediction for 2013-2014 Season by Linear Regression without Southern Hemi-
sphere Covariate.

Figure A.115: Prediction for 2013-2014 Season by Linear Regression including Southern
Hemisphere Covariate.

335



2013-2014 Season (Last 10% Training Focus)

Figure A.116: 2013-2014 Season Prediction Focused on Last 10% of Training Data without
Southern Hemisphere Covariate.
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Figure A.117: 2013-2014 Season Prediction Focused on Last 10% of Training Data including
Southern Hemisphere Covariate.
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2013-2014 Season (Test Set Focus)

Figure A.118: 2013-2014 Season Prediction on Test Set without Southern Hemisphere Co-
variate.

Figure A.119: 2013-2014 Season Prediction on Test Set including Southern Hemisphere
Covariate.
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