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1. Introduction

Qur interest in this work came from the lubrication model studied by M. Chambat and G. Bayada in [2] where the pressure

p is a periodic function solution of

di?:(h:;(:r)Vp) = (h(z)y)z; h(z)=14+acosr; aec(0,1)

and 0 < (p) < 1 with y(p) = 1 on [p > 0]. The authors established the existence of a solution and the uniqueness under
regularity assumptions on the free boundary.

Recent works [4 6], showed a continuity of the free boundary in

div(a(x,y)Vu) = —(h(z, y)y(uw)). when h.(z,y) = 0.

This monotony on h led to a monotony of v which allowed the characterization of the free boundary as a function = = ¢(y).

The continuity of ¢ is established under assumptions relating a(z, y) with h(z,y) in [4], and under C)*

o

regularity on a in

[5]. These work brought answers to the Lubrication free boundary problem in half of the domain since

h'(x) = —asin(z) is negative on (0,7) and positive on (m,27).

In an attempt to explore the situation where h, < 0, we assume, in this paper, that a and L are independent of y. We look

for a monotone solution u in the y-direction. The free boundary is then defined as a function y = ®(x). We establish its
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continuity by using techniques developed in [1, 9] for obstacle problems where a solution is more regular at the free boundary
points than it is in our case. The idea is to construct a cone with a vertex at a free boundary point while controlling a part

of [u > 0] in that cone.

For simplicity, we set the domain
Q=1(0,1) x (0,1), denote: Ty=(0,1)x {0}, T1=(0,1)x {1},
and formulate the problem as:

Find (u,v) € H'(Q2) x L>(2) such that:

(1) w=z=0, 0<y<1, uly—1)=0 ae inQ
(r)
(i) u =1 on J

(22i) /ﬂ(n:(:s)Vu +yh(r)e.) . Védedy =0 V £ € Hy ()

where e, = (1,0), p € C"'(Q) with

0 on Ty, Bo(y) on {0} x[0,1]
wlr,y) = and
U on I, &1 (y) on {1} x[0,1]

with #; being regular and nondecreasing functions satisfying 0 < 6;(y) < ua, 2 = 1,2, and u, is a positive constant.

The function h is C*([0, 1]) and satisfies for some positive constants h and A:
|h(z)| < R, —h<h(z)<=A<0, |W'(@)|<h for ze]0,1]. (1)
The matrix a depends only on the z-variable and satisfies:

ac W>(0,1)ncto, 1] (2)

m|e]* < ay&l; < M|EP V E€R?, m>0, M>0. (3)

The existence of a solution to (P) follows the proof in [3].

We introduce, for € € (0, min(1,wu,)), the penalization problem:

Find u? € H'(2) such that :
() (i) 1, = on 1

(ii) L (a(:!:)V'u(_ + h(:::)PL_(u._)eJ,)ngmdy =0 Ve E}(Q)

with
0 ift<0
H.(t) = tje f0<t<e
1 ift>e

We show, as in [3], that there exists a unique solution for (P.) satisfying:

U, — 1 In HI(SZ), He(u.) =~ n L*()
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and that (u,7) is a solution of (P).
Taking u, (resp.(u. —u.)") as a test functions in (P.), shows that u. = 0 (resp.u. < u.). Then, comparing u! = u.(z,y+7)

with u. as in [7], we obtain (u.), > 0 and finally get

=0 aeinf. (4)

In all what follows, we consider only monotone solutions of (P). As a consequence, we deduce that:
oV (zo,y0) € [u> 0] = [u(z,y) > 0]NQ2,3 § > 0 such that u(z,y) > 0 for (x.,y) € Bs(zo.yo) U (zo — 8, x0o + 8) X [yo, 1]
e ©:(0,1) — [0,1) is well defined by ®(x) = inf{y € (0, 1) / u(z,y) > 0} and is upper semi-continnous (u.s.c) on (0,1).
o [u>0]=[y> o).

Now, we list some properties of the solutions of (). We have

e div(a(z)Vu) = —(hy). in D'(Q).

e ue O (QUTEUTY) (8, Theorem 8.24, p 202]).

® [u > 0] is an open set.

e Ifae CY'0,1] and h € C*(0,1), then u € C7,.([u > 0]) ([8, Theorem 8.10, p 186]).
o div(a()Vu) > —(h)ox([u > 0]) in D'(Q).

e div(a(z)Vu) = 0 and (hx). < 0 in D'(Q).

Remark 1.1. The above last inequalities are obtained by taking +(H.(u)§), £ € D(2), £ = 0 as a test function wn (P). The

C* regularity holds because hy € LY(Q) for ¢ > 2.

The main result of this paper is the following:

Theorem 1.2. Assume the interior of the set (0,1) N [®(x) > 0] non empty. Then ® is continuous at each interior point

of (0,1) N [@(x) = 0].

To prove the theorem, we work close to a free boundary point ;. We construct a half cone with vertex at ;. This is

- o
possible by establishing a local monotony h% - % < 0.

2. Local Monotony

For the purpose of clarity, we establish the monotonicity result through the following steps.

Step 1: First, we have

Lemma 2.1.

?Tz >0 in [u>0]. (5)
Proof. We have
_ duy, D[ D u
dw(a(q:)V(a—y)) = oy (dw(a(:.’:)Vu)) = %(h (£))=0 imfu>0 and Jy =0.
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By the strong maximum principle ([8, Theorem 9.6 p.225]), one has

% >0 in [u>0] or :%L =0 in [u>0]

0 . . . )
But if % =0in [u > 0], then u = u(z) = u(z, 1) = u, since w € C°(QUT,). This leads to 0 = div(a(z)Vu) = —h'(z) > 0
ay
in [u > 0] which is not possible. O
Step 2: Next, let xq € (0,1) with yo = ®(z0) > 0. Set e0 = (1 — y0)/6, do = min(zo, 1 — x0)/6. Since P is us.c, then
for e € (0,e0), 3 6 € (0,680) such that ®(z) < ®(xo) + € for any = € (xo — §,z0 + §). Using the continuity of u up to the

boundary y = 1, we can find 0 < p < 1 — (yo + 3e0) such that v > 0 on [zo — 6,00 +J] x [L — p, 1]. Set

F=[zg—08/2,20 +6/2] x [yo+2¢,1—p]
G = (zog—d,m0+0) % (yu-l-e,l— g)

Note that: G C [u > 0] = [y > ®(z)].

y=

y=1—-p/2 - - - -
1 1
1 1
1 1

u=1-p , \
1 1
l l
1 1
1 1
I I
| |
1 I
1 1
1 1
1 F 1
| |
1 I
l l
1 1
l l

y=yo+2 !
| i
1 |
1 . 1
| G |
1 ]
| |

W=y +E t 1

o (wo,@(x0)) :
R“E‘-m_____ e N o
y=10
=19 —4 r=mg — 442 =z x=mg + 42 w=ay 48

Figure 1: Set F and set G

Step 3: Since u € C*([u > 0], then we have in (:

div(a(z)Vu) = —h'(x)

. Ju
div ((L(.L)V (@)) =0
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(")20.12 o

i ) Foins g ) dayy Pu Jage Pu ay +ax) v 0?an du
div ((L(.L)V ((h)) = o (dw(rs[.L)Vu)) 7( e a2 + 9z 9y + + +

o dxdy dz? Oz

Using the assumptions on a and h, we deduce that the function

g
w=1 T("){j’: ay

satisfies

div(a(z)Vw) = div(a(z)Vu) + div (a(x)v (3_‘:)) — Ediv (a(x)v(%))

= —h'(x) + T div (a(.r)V(rj—u)) —0zA—|7/C; mm @
dx

where Cy = C(h, |al1 1, [tz (@), [a|wa.) is a constant depending on e. Thus, for |r| < we have

A
2cy’
. A

div(a(r)Vw) > 5 in T

Step 4:. Now, let ¢ € C°°(R?) satisfying ( =0on F, 0 < ¢ < 1 and { = 1 on dG. We have

) P
div(a(z)V() = (1115 + 0‘22(,}2—? + (a12 + az)
dy?

a2

f)QC f)ﬂ.ll % Hﬂ.m %
dxdy dr Ox dr dy

Then,

|div(a(z)V()| < Cy = 111(_':tx|div(a(ﬂ:)VC)\

We choose p € ([], L,) so that
2C,
A

5 in G

p div(a(xz)VQ) <

From (7), we deduce that

div(a(z)V(w—pf)) 20 in G.

Step 5: Set

k:n%ﬂc | +II%;\X|V1‘L|, T = _lflj—k’
k du
P i) = min ()
= 5t po = min (5

92 Oy

)-

(6)

(7)

(8)

By the extreme value theorem, the minimum value 3() is attained if the closed bounded set [u = 7] NG # ) and is strictly

positive by Lemma 2.1; that is

7} _
B(r) = ,—u(mn) =0 mo € [u =] NG.
dy
To show that w — p < 0 on 9G, we discuss the following:

e If OGN [u = 7] =0, then u < 70 on JG. As a consequence, we have

w = u+'r% — Ez—; < 7o+ [7]k since % =0

<m+mnk=p on G if |7 < m.
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e If OGN [u = 7] # 0, then

- on dG N [u < 70, we have, as In the previous case w < p on G N [u < 7] if |7] < 70.

- on G N [u = 7],

du du X du
— gu _ pou o _ since —— >
w=1u-+ o an < k+ |7k — EB(m) since 9y~ B(m) =0

< k+mk — Eyf(m) for E2 E,

=mnk<mo(l4+k)=p on IGN[uzmn] if |7/ <m and F = Eq.

Step 6: Now, since div(a(z)V(w — p¢)) 2 0 in G and w — p¢ < 0 on JG, we deduce, by the maximum principle, that

w — p¢ < 0in . In particular, we have w < 0 in F. Hence

h o) . .
T(‘—J‘ —E(_—" <—u<0in Fif |1/ <m and F = FEy.
dx dy

To

o Ve finally established, through the 6 steps, the following result:
0

Setting b = % and by =

Theorem 2.2. There exists a constant by > 0 depending on xo, yo, € such that

du  du .
b% ~ 3y <0 in F for |b] < bo.

3. Set of Directions

Figure 2: Lines 3P, and P, Py

In this section, we describe how we form particular lines passing through the vertex Py = (o, yo) and crossing the horizontal
line y = yo + 26 = y..

Line segment F,P;: It is possible to find oy € (x, 9 + d/4) such that

T — ITo _ I ‘* ) — kbo < bo
Ye — Yo e
It suffices, to choose
Ty — 4 L ) . 1 4
K= %Frz such that |z1 — zo| = 2ebuk < i S ([], min (E’ F!‘Jn))
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Set Py = (a1,y.) and by = rkby. The line joining Py and P; has the slope

yc—y()_b1
— N

r1 — o
and can be described by the following two parameterizations:

=TI —fbl IE:.’L‘()-I-Sbl
PP t e [0, 2€] or s € [0,2¢

y=y —t y=1yo+s

Define the function

S (8) = u(xr — th, ye — ).

We have
, du Ou
£ (0) = u(zr,9) >0, f (0)= (_blﬁ _ @)(ml,y(_) <0

By continuity, we have f; (t) < 0 for ¢ small. Let
te =sup U; U ={t e [0,2] such that fy,(s) >0V se[0,t)}.

Since U # () and bounded, then t2 is well defined and by continuity of fi,, we have fi, (£2) = 0. Note that t2 > € since u > 0

in (zg — 8, z0 + 8) X [yo + €, y|. If f2 = 2¢, then u > 0 along the line segment PyPy \ {Fo}. If t2 # 2¢, set
r2 = x1 — taby; Y2 = Ye — to; Q2 = (z2,y2),

then form the second line segment.

Line segment PyPs: Set Po = (72,7.). Then, we have

L2 — Iy

1
S ((y — b)) — 4
PP— 25(("” ob1) — x0)

1 .
= Z((IU + 2eby — taby) — ) since z = xg + 2eby

_ (26—!2

- )bl = by < by < by.
2e

The line joining Fy and P has the slope

yc—y()_b1
=2

€Lz — Lo

and can be described by the following two parameterizations:
:L'I.'L'z*sz $=:E()+“:'b2
PP - t € [0, 2] or s €0, 2¢]
y=y. —t Y=1Yo+ 5

Define the function

fop () = u(xy — the,y. — t).

We have

o
foa (0) = u(r,uc) >0, fi,(0) = ( —bag- - %)(351,'!;'(.) <0
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By continuity ff,z (t) < 0 for small ¢. Let t3 € (0,2¢] such that

foo(ts) =0 and fi,(t) > 0 for ¢ € [0,¢3).

Note that t3 > € since u > 0 in (w0 — 6, m0 4+ §) x [yo + €, y.]. If {2 = 2¢, then u > 0 along the line segment PoP \ {Fo}. If
ty # 2e, set

ry = @ — Labo; Y3 = Ye — t3: Qs = (3, y3),

then we form the line segment Py Ps.

Line segment F,F,: By repeating the previous process, we will obtain a sequence of points P, = (z,,y.) and Q, 1 =

(Zny1sye — tny) satisfying:

Iy —Tp = 26b1 = 261}()}‘-‘. I — a2 = fzb] 2 Ebl
Iz — I = 26()2 L2 — Iz = t;;bz 2 Ebz
T, — Ty = 2€by, Tn — Tnpl = bnp1bn = €bn

The sequence (x,,) is convergent since it is decreasing and bounded. Indeed, we have

0 < 2eb, 1 < 2eb, < 2ebpk < ebg and £, 11 = €

We also have

2ebpk = 1 — g 2 11 — T
=(z1—x2) + (22 —x3) + ...+ (Tn — Tni1)

Zebhy teba+ ... +eby=5,=0

(sn) 1s a bounded increasing sequence. Thus convergent. As a consequence

eb, = 5, — 8, 1 — 0 and =z, = zg + 2eb, — zy as n — +o0.

Similarly, we obtain a sequence of points P, | P, ,..., P, ... to the left of I%.
Line segment P, Fy: With z; — zy = —2exby, we have

T, — T, —T

1 o = E u = —ﬁ'.!'):] = _blh Iy = (.’II() —6!4‘3;‘[})

Ye — Yo 2e

Since
J"l — Lo 1 N (S . 1 5
k= ————.—— 1is such that |x; —xp| = 2ebyr < — for & & ([], min (—, —))
2 —ho 1 — o] "y 2’ Bebo

Set P, = (z, ,y.) and by = kby. The line joining P, and F, has the slope

Ye — o

Iy —To

1
= —!l)]
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and can be described by the following two parameterizations:

r=mx, +th = 1n — sh
Py Fy: t € [0,2¢] or s e [0,2¢

y=y —t y=uyo+s

Define the function

guy () = w(zy +th,ye —1).

‘We have
du  Ou

90,(0) = w19 > 0, 93, (0) = (b = 5) (1,9 <0

By continuity g, (£) < 0 for small t. Let £, € (0,2¢] such that g, (¢£,) =0 and g, () > 0 for ¢ € [0,£, ). Note that £, > e
since v > 0 in (xg — &, 20 +8) x [wo + €, y]. If t, = 2¢, then w > 0 along the line segment Py, Py \ {Py}. If t, # 2, set
T, =z, +t, by, =y —ty; Q, = (x,,y, ), then we form the following line segment P, Py with P, = (z, ,¥.).

Line segment P, Fy: We obtain a sequence of points P, = (z,,,y.) and Q, | = (=, |,y —t, ) satisfying:
0 <@y —x,, = 2eby < 2eby = 2ebor < ebo; 1 — @y =1, 1bn 2 by,
and x, = xg — 2eb, — 1y as n — +oo.

4. Proof of Continuity

Proof of Theorem 1.2. Let x, be in the interior of (0, 1) N [@(z) > 0]. Define €, dy, p, and the sets F and ¢ as in Step 2 of
section 2. Then, construct points P, , P, ,..., P, ,... to the left of Py and points Py, Ps, ..., Pa,... to the right of Py (as

in section 3) such that u > 0 above the line segments [P, Q, ) and [PQi1);i=1,2,...,n,....

) ) . .
For = € (zg — g,:{.‘u + E) \ {zo}, there exists n = 1 such that @, 1 €< o <z, or ¢, <z <z, since z, = xo + 2eb, and

T, = xo — 2ebn. Now, because u(x, ®(x)) = 0, the point (z, ®(z)) will be under the line segment

[PuQuir): T—xo=bu(y—m0) or [P, Qui1): = —xo=—bu(y— o).

We discuss two situations:

i). ®(z) = yy = ®(xy). We have

B(x) — D(xy) < by ' (z—20) if Ty S < apy

B(x) — ®(z0) < bp (w0 — 1) if T, <z <2y,
*For 41 < o < Tn, we have

0<x—my=(r—ma) + (70 — T0)
< (Tn — Ty 1) + (20 — fL'u)
= tub. + 2¢b,

bul(i'—l'()) <t,+ 26 < 264 2e = 4e
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* For x, <x<m,,,, we have

0<zo—xz= (20— Tpy1) + (2,1 — 1)
ﬂ(fﬂﬂ_fﬂnu)+(1}u1 _-'5-“)
:Zﬁbu{l"'t"{]bn

h,,l(mn —I) < 2eb,, b1 + o1 < 26 + 26 = 4e since bny1 < ba.

Thus ®(x) — P(zg) < 4e.
if). ®(z) < yo = (o).
Set xy = = and yj = ®(z) = y. The point Py = (x4, yh) will play the role of (zo,yo) in section 3 and we will form with the

same process the sequence of points P, ", P,”’, ..., P, ', ... to the left of ] and points P/, Py, .. ... to the right of 7.

It is sufficient that we start with PP/ (resp. P, ') such that the corresponding b] (resp. b, ") is less than by.
Line segments (P and P, 'Pj: We choose P{ = (z),y.) = 1 = (z1,y.) and P, " = (z,",y.) = P, = (z; ,y.). This

ensures that we remain working on the interval [a':l ,9;1] and xy 1s in this interval. We have

|zo — .rf,| < 2eby since |xg — x| = |z, — x0| = 2eby
|2} — zf| = |21 — 2o + 20 — 24| < |1 — To| + |zp — x| < deby since 1y = g + 2eby

Ye — Yo = Yo — Yo = 2€ since 1y, < yo

’l ’l
T ]
1= -
Ye — Uy
So
’ ’
I, — I 4eb 1
|z,;\:7‘1 "|<_1:2b1=2.‘cbn<b(, = k<

ye—yh | 2

which is satisfied by the first choice of k. Similarly, we have

7 ’ r
;@] — I , |z, — x| |wo — 2eby — x| _ deby
Ik B bl A g,
Ye — Yo Ye — Yo Ye — Yo €

Arguing as in i), we obtain

B(xp) — P(z) € max ( L1

—
b, by,

)|.E — ap| £ 4e,

depending if z¢ is to the right of =; x, 1 < z0 < 2, or ¢ is to the left of z; x," < 20 < T, ;1. Finally, we have
d
|(x) — P(z0)| < 4e for |z — x| < e

This completes the proof of the continuity of ®.
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