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Abstract

In analytic number theory, and increasingly in other surprising places, L-functions arise naturally when
describing algebraic and geometric phenomena. For example, when attempting to prove the Prime Number
Theorem the values of L-functions on the 1-line played a crucial role. In this thesis we discuss the theory of

L-functions in two different settings.

In the classical context we provide results which give estimates for the size of a general L-function on the
right edge of the critical strip Re(s) = 1 and provide a bound for the number of zeros for the classical

Riemann zeta function inside the critical strip commonly referred to as a zero density estimate.

In the second setting we study L-functions over the polynomial ring A = F,[T'], where Fy is a finite field. As
A and Z have similar structure, A is a natural candidate for analyzing classical number theoretic questions.
Additionally, the truth of the Riemann Hypothesis (RH) in A yields deeper unconditional results currently
unattainable over Z. We will focus on the distribution of values of specific L-functions in two different places:

On the right edge of the critical strip, that is Re(s) = 1 and values where 1 < Re(s) < 1.
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Notations

We introduce some basic notations and definitions for reference.
Classical Setting:

For this thesis p denotes a prime, ¢,a,n are integers, x with or without subscript is a real number and
s = o + it is a complex number with o,¢ € R. The notation p = a (mod ¢) means there exists n such that

p=ng -+ a.

We use the following notation to describe the growth of functions:

e f is asymptotic to g, written f(z) ~ g(x), if lim ﬁg =1,
T—00
o f(z) =0O(g(x)) or f(z) < g(z) if there is a constant C such that for all « large enough, |f(x)| < Cg(z),

e Similarly, let h be a parameter, then f(x) <} g(x), means the constant C' depends on h.

> 0.

f(x)
g(z)

e f(z) =Q(g(z)) if and only if ligrcrisolip‘

An arithmetic function is any function f : N — C. Of particular interest are multiplicative arithmetic
functions which satisfy the condition: f(mn) = f(m)f(n) whenever (m,n) = 1. We say the function is

completely multiplicative if f(mn) = f(m)f(n) for all m,n € N.

We use the following arithmetic functions throughout.
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e The von Mangoldt function A(n) is given by

log(p) if n = p*,p prime, k € N
A(n) =

0 else.

e The Euler phi function ¢(q) is given by ¢(q) = #{n | 1 < n < ¢gand (n,q) = 1}, where (a,q) =
ged(a, q) is the greatest common divisor of a and g. We may also define ¢(q) = #(Z/qZ)*. Note that

© is multiplicative.
e The Mébius function is given by
1 ifn=1,

n(n) =<0 if n is not squarefree,

(=1)* if n = p; ---pg,p; distinct primes.

e The divisor function d(n) is given by >, 1. Note that d(n) multiplicative.

e For z € C, the generalized divisor function d, is the multiplicative function defined on prime powers

as follows
I'(z+a)

d.(p*) = T(al

and extending multiplicatively to all of Z>.

The summatory function of an arithmetic function f is given by

F(z) = f(n).

n<z

e The following prime counting functions are examples of summatory functions:

n(x) =Y 1, 0(x) = > log(p), and ¥(z) =Y A(n).

p<a p<a n<wz
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e More generally for (a,q) =1 we have

7(z,q,a) = Z 1, 6(z,q,a) = Z log(p) and ¥(z,q,a) = Z A(n).

p<u p<u n<w
p=a(mod q) p=a(mod q) n=a(mod q)

A Dirichlet series is a function of a complex variable s given by

>~ a
n
g(s) = e
n=1

for {a,}n a complex valued sequence. For an arithmetic function f, the Dirichlet series associated to f is

gs) =Y fé?

The following are examples of Dirichlet series

o)=Y = and L =3

ns
n=1

where y denotes a Dirichlet character modulo q.

We note that Dirichlet characters are completely multiplicative arithmetic functions. We have the following

additional notation regarding them:
e Yo denotes the principal character modulo q.

e The Legendre symbol is a special completely multiplicative arithmetic function which induces a Dirichlet

character given by: Let p be an odd prime and (a,p) =1 then

(a) 1 if 22 =a (mod p) has a solution,

—1 ifz?2=a (mod p) does not have a solution.

e Summation written as Z means to vary over the characters y modulo g.
x (mod q)

The following are related to the zeros of ((s):
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p=pF+iywith 0< 8 < 1,7 € R denotes a non-trivial zero of {(s),

Z ={p=pF+1iyv|C¢(p) =0,0 < < 1}, represents the set of non-trivial zeros for ((s),

Let T>0, NT)={p=8+i7]¢(p)=0,0< B <1 and 0 <y < T},
e Let0<o <1, T>0,No,T)={p=8+iy|{(p)=0, 0 <f <1 and 0 <y <T},
We make use the following special functions:

e Let s € C, the Gamma function is given by

F(s):/ 5 e " dx.
0

e Let f be a function. The Mellin transform of f is given by

My = | e fla)de,

0

and the inverse Mellin transform of f is

c+i0o
f(z) L/ My(s)x™%ds.

o )
Note that I' is the Mellin transform of e™*.
Function Fields setting:
Throughout the terms below ¢ = p® with e > 1. P will denote a monic irreducible polynomial.
e [, denotes the finite field with ¢ elements.
e A =TF,[T] the polynomial ring over F, with indeterminate T

e For f € A with f # 0, when we write f(T) = a,T" + a1 T" 1+ -+ a1 T + ag, where a; € F, and

a, # 0, we have the following notation:

— The degree of f, denoted deg(f), is n.
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— The sign of f, denoted sgn(f), is ay.

— If sgn(f) = 1, we say that f is monic. The monic polynomials in A are analogous with the positive

integers in Z.

Note that A is a Principal Ideal Domain (PID). By fA we mean the ideal generated by f and

0 if f=0,
|f| =
#(A/fA) = ql8l)  otherwise.

Note that | - | is a non-archimedean norm as |f + g| < max{|f],|g|} where equality holds if |f| # |g|.

The arithmetic functions have analogous definitions in A. For example, the Fuler phi function over A

is given by ¢(f) = #(A/fA)* = |f] HP\f(1 - \%)

For z € C, the generalized divisor function d, is the multiplicative function defined on prime powers

as follows
['(z+a)

d=(P*) = I'(z)a!

and extending multiplicatively to all of Z>.

The prime counting functions over A are defined as follows:

7q(k) = #{P : deg(P) = k} and my(k,a,m) =#{P: P=a (mod m),deg(P) = k}.

The zeta function and Dirichlet L-series over A are defined as follows: For s € C,

Cals) = Z # and L(s, x) = | M

f monic
where x is a Dirichlet character modulo g for some g € A.

_a_

We have an analogous Legendre symbol: For (a, P) = 1, we define (‘ PI) as follows:

o = (|;ﬂ> (mod P)
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e The Legendre symbol satisfies the Law of Quadratic Reciprocity as well: For irreducibles @, P with

(7) =t (5)

Note: the size of the finite field affects the sign. As such, if ¢ =1 (mod 4), then (%) = (%)

deg(P) = §,deg(Q) = v, we have
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1 Introduction

1.1 History and general description of the problem

This thesis’s main focus is the study of L-functions, which are used extensively in analytic number theory
to study discrete objects. For example, we can use L-functions to study the analytic properties of prime
numbers. Our focus is on the behaviour of these functions in the critical strip, a special region of the complex
plane where knowledge of an L-function’s behaviour translates into knowledge of the discrete objects, say
the primes. Additionally, there are many open problems concerning the behaviour of L-functions in this

region including the location of the zeros within this strip.

The simplest L-function is the Riemann zeta function ((s), which was critical in the proof of the Prime
Number Theorem. Analytic techniques are not always required to understand questions about the primes.
For example, Euclid proved there are infinitely many primes using only elementary properties of the integers.
However, the study of ((s) led to deeper results about the primes: Hadamard and de la Vallée Poussin proved
the Prime Number Theorem by studying the behaviour of {(1+ it) where ¢t € R. To describe their approach,

consider the following prime counting functions:

m(x) =#{p < x| pisaprime} = Z 1,

O(z) = > log(p), and ¢(z) =Y A(n), (1.1)

p prime



where A(n) is the von Mangoldt function defined by

log(p) if n=p* p prime ,k € N
A(n) = (1.2)

0 else.

In 1792, Gaufy’ computations led him to conjecture that 7(z) ~ z/log(z). Note that

T

m(x)

™ gz = () ~ <= Y(z) ~ .

Hadamard and de la Vallée Poussin focused on (), the reason for which will become clear below.

In 1859, Riemann [92] considered the function ((s) =3_, 5, 1/n°, s € C with Re(s) > 1. In this note, among
other facts, he showed that ((s) can be analytically extended to C with the exception of a pole at s = 1.

Furthermore, he conjectured the following explicit formula for ¢ (z): if = is not a prime power, then

Ya)=z-) o log(27) — 11og(1 —z72), (1.3)
peEZ 2
where
Z={p=0+iyeC:{(p)=0and 0 < S <1}. (1.4)

In 1895, von Mangoldt [76] proved this explicit formula, which Hadamard [41] and de la Vallée Poussin
[109] independently used to prove Gaufy’ conjecture the next year. They showed that if p € Z then 8 # 1,
or equivalently ((1 + it) # 0 for ¢ € R\ {0}. This breakthrough is the first demonstration of the value
in understanding the behaviour of ((s) in this region. Indeed, as we will see throughout, understanding

L-functions on the 1-line is a central theme of current research.

The above technique is not limited to the prime numbers. Encoding sequences in an L-function and analyzing
its behaviour has yielded many important results. In 1837, Dirichlet [25] proved that there are infinitely
many primes in arithmetic progression, p = nqg+a for a, q relatively prime, by studying Dirichlet L-functions
(see Section[2.4]for a precise definition). Dirichlet proved this result by showing L(1, x) # 0 for all non-trivial

x. Here L(s,x) is defined as follows: for y a nontrivial character associated to (Z/qZ)* and Re(s) > 0,

we define L(s,x) = 3,5, x(n)

n

, where x(n + ¢q) = x(n) if ged(n,q) = 1 and x(n) = 0 otherwise. Following

Riemann’s lead, we can analytically extend L(s, x) to C and obtain a proof of the prime number theorem in



arithmetic progressions (cf. de la Vallée Poussin [108]).

Let us focus on another problem which is influenced by L-functions: consider the field Q(v/d) defined by
Q(Wd) ={a+bVd:a,becQ}

where for now think of d = 1 (mod 4). We want to understand the structure Og(vay the ring of integers
of Q(v/d). What do the elements of O, Q(a) look like? Do its elements uniquely factorize into irreducible
elements (primes)? If yes, we might ask what the distribution of these irreducible elements look like. If no,

we would like to investigate why not.

An important tool for studying OQ( va) i the class group, denoted CI(Q(v/d)) (see Definition , and
ha = |CI(Q(\/d))]|, the class number. It is well known that hy = 1 if and only if CI(Q(v/d)) is a unique
factorization domain (see Chapter . The class group can be quite arduous to compute for a specific field
and nearly impossible for generic fields. Instead of calculating hy for specific d, analytic number theorists

ask more qualitative questions about the growth of hy as |d| — oo, or about how many d € Z satisfy hy = 1.

Let us consider the second question: How many d € Z satisfy hy = 17 If d < 0, then it is known that
only finitely many hy = 1. Thus, the growth of h,4 is straightforward: In 1801, Gaul conjectured (see

Disquisitiones Arithmeticae |36])

= Z 21< )x/JV (1.5)

lc<N
Siegel [101] settled (1.5)) by utilizing Dirichlet’s class number formula (proven in [24]), which connects hy to

L(1,x4), where xq is the quadratic character modulo |d| associated to d.

If d > 0, then it is still an open question whether there are infinitely many hy = 1. This question is more

complicated since the structure of OQ( V) is harder to study. Indeed, Gaul conjectured

I;NMRM 21« )\/N, (1.6)

where Rgq is the regulator of Og ) (see Definition [2.11)). Siegel also settled (L.6) using the second case
of Dirichlet’s class number formula. Equations (L.5) and (1.6) provide the first moment of hg and hgRg,
respectively. It is an active area of research to understand the distribution and extreme values of hy as

|d| < z ranges over fundamental discriminants. In this setting, Granville and Soundararajan [40] and



Lamzouri (several works) have investigated these questions. Section explains their results in more detail.

The examples provided are among the simplest L-functions. As the discrete objects we study increase in
complexity so do the associated L-functions. There are invariants of L-functions that aid in classifying and
understanding of these objects. These invariants measure complexity and group L-functions into classes
with the goal of giving a general description for all members of the class. Two prominent invariants are the
degree and the conductor of an L-function. Both {(s) and L(s, x) have degree 1, while {(s) has conductor

1 and L(s, x) has conductor ¢ where x is a character of (Z/qZ)*. See Section for more details.

This thesis will be divided into results of two different types, quantitative and qualitative. The quantitative
results give explicit information about the conditional growth of L-functions on the line 1 + it. They will
also provide unconditional counts for other associated quantities, such as the number of zeros we expect
¢(s) to have away from the line 1/2 + it in absence of RH. The qualitative results will adapt techniques of
Granville, Lamzouri, Lester, Radziwilt and Soundararajan to a new space which shares many properties in
common with Q but enjoys the luxury of RH being true. We focus on providing results for L-functions over
the new space taking s = 1 first and then generalizing to 1/2 < o < 1 later. In these works we will uncover

some surprising results which are not present in the original setting.

The rest of this chapter describes the results we prove.

1.2 Explicit Classical Problems: Counting Zeros

The Prime Number Theorem, independently proven by Hadamard and de la Vallée Poussin in 1896, implies
the weighted prime counting function () ~ x as * — oo. The proof shows that the sum of the zeros in
the explicit formula in has a smaller order of magnitude than x, the desired main term. Obtaining
sharp bounds for F(z) := |1)(x) — x| is a classic problem in explicit number theory. There has been a recent
flurry of publications attempting to reduce the size of F(z), for example [27], [28] and [17], as results of this
form are often useful in surprising places. For example, Hough [47] used Faber and Kadiri [32] to provide a

solution to the minimum modulus problem for covering systems.

There are many ingredients which are used to obtain explicit results for E(z). In 1941 Rosser [95] initiated

a program for determining explicit bounds for E(x). His results address the fact that (1.3]) cannot explicitly



evaluate E(x), since the sum of the zeros in (1.3)) is not absolutely convergent. He and Schoenfeld [97]
improved on these ideas. Recently, Faber and Kadiri [32] developed a smoothing technique which generalizes

Rosser and Schoenfeld’s results allowing more flexibility in evaluating the sum over the zeros.

The Riemann Hypothesis, the most famous conjecture of Riemann’s memoir [92], conjectures where the zeros
of ¢(s) lie:

Conjecture 1.1 (Riemann Hypothesis (RH), 1859). Let Z be defined as in . If p=p+iy € Z, then
g1

Note that RH implies that F(z) < /z log® x, which is a far cry from what we can prove unconditionally.

Explicitly determining E(x) revolves around a careful analysis of the zeros. This analysis requires splitting

the critical strip into regions based on the following explicit information about the zeros:
e A partial verification of RH: for some fixed Hy, if p € Z and |Im(p)| < Hy, then Re(p) = 1/2,
e The zero-free region: an explicit region inside the critical strip with no zeros,

e An explicit bound for the zero counting function

T
N(T)=#{plp € Z,0 < Re(p) < 1 and |TJm(p)| < T} ~ o logT. (1.7)

Faber and Kadiri [32] showed that more detailed information about the density of the zeros in the critical

strip can further reduce the error term. More specifically, they needed an explicit zero density estimate for
N(o,T)=#{plp € Z,0 <Re(p) <1and 0 <Tm(p) < T}.

Under RH, N(0,T) = 0 for any ¢ > 1/2. Unconditionally, we know N(0,T) = o(N(T)). The first such
result is due to Kadiri [56, Theorem 1.1J:

Theorem 1.1 (Kadiri). Let o > 0.55 and T > Hy, where Hy refers to the partial verification of RH. Let
oo and H be such that 0.5208 < o¢ < 0.9723 and 10° < H < Hy. Then there exists positive constants by, by

and bs depending on 0,00 and H such that

N(o,T) < by(T — H) + by(log TH)? + bs.



Numerical values of the bis are recorded in [56, Table 1].

Since counts the total number of zeros in the strip, Theorem implies that, for any € > 0, most zeros
satisfy |8 — %| < e. Kadiri, Ng and I [59] (see Chapter 3| of this thesis) significantly improved the explicit
results for N(o,T). The main result of Chapter [3|is as follows:

Theorem 1.2 (Kadiri, L, Ng). Let % <k<1l,d>0H € [1002,Hp), « > 0,5 > 1, o = 0.23622.. .,
14+n <p<1l+mn, andn € (no, %) be fixed. Let o > % + logLHo. Then there exist C1,Co > 0 such that, for
any T > Hy,

(T — H)(logT)
2wd

C1(log(kT))?? (log T)*(1~ ”)T%(lff’)) Ca

T + —(log T)?, (1.8)

N(o,T) <
(0:T) < =

log (1 +

where C; = C1(a,d, 0, k, H,0) and Co = Ca(d,n, k, H, p,0) are defined in (3.117) and (3.118]). Since log(1 +

x) < forx >0, (1.8)) implies

Co

N(o‘ T) < L(log(kT))2U(logT)5 40’T3(1 o) + =2 o

5rd —_(logT)%. (1.9)

In addition, numerical results are displayed in tables in Section [3.5

We give both forms of the bound for N (o, T) because ([1.9) is significantly easier to apply when attempting
to provide results for E(x). This work combines ideas due to Ingham, Montgomery, Ramaré, Vaughan and

Gallagher.

This result has several applications. We use the above result for explicit bounds of E(x) and other related
problems. For example, Kadiri and I [58] use Theoremto improve on explicit results related to Bertrand’s
postulate. More specifically, we find constants A such that, for z large enough, there is always a prime in
the interval (z(1 — A™1),x), where A is an explicitly computed large constant. Theorem could be used

to increase A, which would further shrink the interval (z(1 — A1), ).



1.3 Explicit Classical Problems: Conditional Results for a general L-function

on the 1-line

Let f be an arithmetic or geometric object, for example a Dirichlet character or an elliptic curve over Q,
and L(s, f) be the associated L-function. This portion of the thesis is used to provide explicit upper and
lower bounds for |L(1, f)|. As with Riemann zeta function, we have a conjecture regarding the location of
the non-trivial zeros of these L-functions:

Conjecture 1.2 (Grand Riemann Hypothesis (GRH)). Let L(s, f) be an L-function defined in Section .

Then all zeros of L(s, ) such that 0 < Re(s) < 1 are on the critical line Re(s) = 3.

We first consider Dirichlet L-functions given their historical importance. Unconditionally, for any € > 0 and

any ¥, a Dirichlet character modulo ¢, we have
1
< IL(L,x)| <logg.

Louboutin [72] has obtained explicit upper bounds of this shape. Upon GRH, Littlewood [71] showed

¢(2)(A +o(1))

< |L(1 < (27 1)) logl . 1.10
s gy S 0] < (267 +0(1) loglogg (1.10)

In 2015, Lamzouri, Li and Soundararajan [65] gave an explicit expression for the o(1) term:

¢(2)
1
2eY < |L(L,x)| < 27 (loglogq—logQ—f— 3 +

log |
IOgIqu - 10g2 + % + Iogllogq + = l(l)Dgg:I)gq

— ). (111
loglogq) (L1

By adapting the ideas used to prove I provide explicit bounds for degree d L-functions on the 1-line
in terms of the analytic conductor, C(f) (see Theorem below). The analytic conductor of an L-function
is an invariant which combines information about the degree of the L-function, the conductor of f and some
other local parameters, ; for 1 < ¢ < d. These local parameters are not well understood objects in all cases

and in order to give our bounds we also assume the Ramanujan-Petersson conjecture (see Conjecture [2.1)).

Assuming the Ramanujan-Petersson conjecture and GRH, Littlewood’s method applied to degree d L-



functions yields:

(C(Q))d(HO(l)) < |L(L £)] < (1+0(1))(26” loglog C(f))* (1.12)
2e7 loglog C(f) - ’ B . .

Chapter [4] of this thesis provides an explicit expression for the o(1) term (see also |73|). More specifically,
the upper bound is as follows:

Theorem 1.3 (L.). Let d > 1 be a fized positive integer and let L(s, f) be an L-function of degree d with
conductor q(f) and analytic conductor C(f). Suppose that GRH and Ramanujan-Petersson hold for L(s, f).
Then, for C(f) chosen such that log C(f) > 23d, we have

IL(1, )| < 2% ((loglog C(f) —log2d)? + g(log log C(f) —log2d)*~1 + di(d) (loglog C(f) — log 2d)“> ,

(1.13)

where

22.
K(d) =231+ %

(%314 —1 - 0.31d). (1.14)

There is a similar expression for the lower bound (see Theorem |4.3)). Expanding (1.13) we see that the

coefficient of the (loglog C(f))¢~1 is negative. Thus we improve the quality of Littlewood’s result.

1.4 Classical Problems over Function Fields: Distribution of values of L(1, xp)

The second portion of the thesis considers the qualitative problems mentioned at the end of Section We
study L-functions over A = F [T, where T is an indeterminate and requiring that F, is a finite field with ¢
elements. Note that ¢ = p®, where p a prime and e € N, we have F, has characteristic p. Recall the following

notation for f € A where f(T) = ap,T" + ap—1 + - - - + o, for o; € F, with «,, # 0:
e The degree of f is n. We write deg(f) =n
e We say f is monic if o, = 1.
e The norm of f in A is 0 if f = 0 and ¢%°8() otherwise. We write | f| for the norm of f.

We note that A shares many properties with Z. Since Fy is a field, A is a Principal Ideal Domain (PID),



and as such A is a Unique Factorization Domain (UFD). Thus, every element of A can be factored uniquely
(up to order and multiplication by units) into products of monic irreducible elements. Further, since we are
in a PID, the primes of A correspond with the monic irreducible elements of A. So, the monic irreducible

polynomials in A are directly analogous to the prime numbers in Z.

Given the above similarities between A and Z it is natural to ask which results from Z carry over to A. In
Z we asked about the distribution of primes, and in A we want the same information: Let m,(k) denote the

number of monic irreducible polynomials in A with degree k. The following relation

Zk‘ﬂ'q(k‘) =q™, (1.15)

klm

implies the prime number theorem for A (cf. [94, Theorem 2.2]):

mg(n) = % +0 (qr;/z) . (1.16)

Let z = ¢" in (L.16). Then the main term is ;— just as in the classic prime number theorem. Note that
q

(1.16) gives an error term of lo‘gﬁw, which even RH does not imply over Z. Weil [112] proved RH in A, see
q

Theorem [2.90 However the proof of ([1.15) does not require such a deep result, despite the involvement of

the zeta function, (4 (s). Although RH is not needed to obtain ([1.16]), we can obtain deeper unconditional

results in A with it. We focus on these results in the last two chapters.

The first question we will focus on is the class number associated to quadratic extensions of Fy(T), the
fraction field of A: Let D € A be square-free, and let K = F,(T). Then as before, we study K(v/D) and
its integral elements, denoted O K(VD)' Recall that class numbers are intricately linked with UFDs. More
specifically, the class number, hg, is 1 if and only if OQ( V) is a UFD. In Chapter 5| we study the class
number associated to K(v/D). We note that there are some slight differences from the number field case.
For example, the class number of K (\/5) is the size of Picard group associated to O K(VD)’ whereas hg is

the size of the class group. See Section [2.6] for more details about the differences.

Recall the difference between the positive and negative cases of the class number hgy. This discrepancy
strengthens when considering the class number formula, which connects hy to a particular L-function. A
similar discrepancy occurs in function fields for the degree of square-free polynomial D: d < 0 corresponds

to deg(D) odd, and d > 0 corresponds to deg(D) even. Artin [5] also developed an analogous class number



formula which relates hp with a special value of a Dirichlet L-function over A. More precisely, he connected

hp to L(1,xp), where xp is the Kronecker symbol associated to D.

When the degree of D is odd, the class number formula ties the value of L(1, xp) directly to hp. Hoflstein

and Rosen [46] used the class number formula to obtain the following average result: For odd M > 0,

1 Cr [T](Q) M—1)/2 -1
— hp = —al D=l ((M-1)/2 =1 1.17
q D %ﬂic CF‘? (7] (3) ( )
deg(D)=M

Note that hp and hg have similar average growth since \/|D| = ¢™/2.

When the degree of D is even, the class number formula ties the value of L(1,xp) to hpRp, where Rp is

the regulator of OK( VD) Hoffstein and Rosen [46] provide an average result for this case: For even M > 0,

1 1 S [T}(Q) M B
a1 Y, hoRp=—— (g™ - 24 (1- ¢ H(M - 1)) ). 1.18
@ e q—l(e*w@)q 2+ (1—q )M -1) (1.18)
deg(D)=M
M#AO

There are two natural limits to consider in F,. Hoffstein and Rosen [46] considered deg(D) fixed while

q — 00. We consider ¢ fixed while deg(D) — oo. As such, we introduce some new notation.

Let g be fixed and D € H,,, where
H, ={F € A: F monic, deg(F) = n, F square-free}.

Andrade [4] (2012) proved that the mean value of hp with D taken over Hag41 with g — oo, is asymptotic
to C’q\/ﬁ for C; a constant depending on ¢. This result agrees with the expectation seen in both
and . Jung [53] 54] (2014) proved the mean value of hpRp with D taken over Hagqo with g — oo is
asymptotic to C(’Zm for C,’J a constant depending on ¢. Again, this result agrees with expectation seen in
and . The approaches of [4, [53, [54] adapt Siegel’s proof of the average growth for class numbers

associated to number fields.

Note the above yields information about the first moments for hp and hp Rp. In Chapter |§| we expand the
knowledge of the distribution of Ap and hpRp over Hag41 and Hag42, respectively, as g — oo. We achieve

this goal by studying the complex moments of the appropriate L-functions over H,,. Additionally, we use

10



the information about the distribution to give us insight into the extreme values that the L-functions can
attain, and thus the extremal class numbers. Below we list some of the results proven in Chapter [5| along

with how they compare the the corresponding number field results.

The first result we discuss is about extreme values of L(1, x):
Proposition 1.1 (L.). Let F' be a monic polynomial, and x be a non-trivial character on (A/FA)*. For

any complex number s with Re(s) = 1 we have

a(2)
2e7

(log, log, [F| + O(1))™" < [L(s,x)| < 2¢"log, log, |F| +O(1). (1.19)

With the above discussion in mind, if y is the Kronecker symbol xp for some D € H,, in (1.19)), then

Ca(2)

2eY

(log, log, |D| + O(1))~" < |L(1,xp)| < 2€¢™log, log, |D| + O(1). (1.20)

Proposition is a direct analogue to Littlewood’s result [70] (see (1.10))) which requires GRH for L(1, x).
Recall the refined result in [65] (see (1.11])). We see that the main term on either side aligns with exactly

what is known assuming GRH in the classical situation.

Building on earlier work of Montgomery and Odlyzko [82], Montgomery and Vaughan probabilistically argue
that the number of fundamental discriminants d which satisfy both |d| < x and L(1,x4) > €77 must lie
between exp(—Ce™ /) and exp(—ce” /T) for some C' > ¢ > 0 constants. In addition, they also conjecture:

Conjecture 1.3 (Montgomery-Vaughan). For any € > 0 there are only finitely many d with
L(1,xq) > €"(loglog|d| + (1 + €) logloglog|d|)

or with

2
£(1x) < <2 ogogld] + (1 + ) log loglo d]) .

In line with this, we make the following conjecture based on some distribution results in Chapter

Conjecture 1.4 (L.). Let n be large.

Dné%‘i(n L(17 XD) = e’y(logq n+ logq Iqu n) + O(l)v

11



and
nin L(1,xp) = Ca(2)e™ 7 (log, n + log, log,n + O(1))~".
Note that (1.20]) falls short of Conjecture by a factor of 2 for both the upper and lower bounds for

L(1,xp). A similar difference occurs in the classical case.

We use the method of moments (see Section to obtain the desired distribution results. As such, we need
as many moments of L(1,xp) as possible.

Theorem 1.4 (L.). Let n a positive integer and z € C be such that |z| < and let co > 0 be

0 n
260log, nloglog, n

a constant. Then

I’;n| Z L(1,xp)* = Z dz}ff)H(l—FIIlDI)_l <1+O<T;1)>+O<qcolﬁgw>.

DeHn f monic P|f

Here d,(f) is the generalized divisor function defined in (5.6)). I prove Theorem by connecting L(1, xp)
to a random model, L(1,X), described at the end of Section where X is a random variable chosen to

mimic xp.

I then use Theorem to prove the tail of the distribution of values of L(1, xp) over D € H,, decays doubly
exponentially by combining Theorems and

Theorem 1.5 (L.). Let n be large. Uniformly in 1 <71 < log, n — 2log, log, n — log, log, log, n we have

|}T1||{D €Hp: L(1,xp) > 7} = (1) (1 +0 (W)) 7
and
1 ) N
mHD € Hn: L(1,xp) < %(T)H = Wx(7) <1 +0 <e(ogngog2n>) _

Here ®x(7) and Ux(7) are probability functions associated to the random model defined as follows:

Ox(7) :=P(L(1,X) > e?7) and ¥x(7) :=P <L(1,X) < Cﬁﬂfi)) ,

where P is the probability of an event occurring. Finally, ®x(7) and Ux(7) behave as follows:

12



Theorem 1.6 (L.). For any large T we have

qT—Co(q{logq =) logT
(I)X(T) = exp _Cl (q{logq K(T)})% (1 + O ( - )) N (121)

where k() is defined by (5.29), Co(t) = Ga(t), Ci(t) = Ga(t) — G1(t) and G;(t) are defined in and

(5.36)) respectively. Furthermore we have

f@ + log(cosh(c)) /e — tanh(c) < —Cy(q1°8«*(M}) < log(cosh(g))/q — tanh(q),

where ¢ = 1.28377.... In particular, C1(t) > 0. The same results hold for Ux.

Additionally, if we let 0 < A < e™", then

Py (e M) = x(7)(1 + O(XeT)) and Ux(e 1) = Ux(7)(1 + O(XeT)). (1.22)

To put this in context, in the classical case of Dirichlet L-functions L(1,x4), Granville and Soundararajan
[40] (case d < 0) and separately Lamzouri and Dahl [20] (d > 0, a special shape) find an expression for ®(7)
with a similar structure to (1.21]) except, in both [40, 20|, Cy and C; are constants, whereas in ([1.21)), they

vary depending on 7.

1.5 Classical Problems over Function Fields:

Distribution of values of L(o,xp) for } <o <1

The distribution of values of L-functions at points within (and very near to) the critical strip has received a
lot of attention. In the early twentieth century Bohr showed the following result: Let € > 0 and ¢ € C\ {0}
be fixed. Then

{s€C:1<Re(s) <1+¢/(s)=c} =o0.

Later, in 1930, Bohr and Jessen [9] refined these ideas using probabilistic methods to describe the behaviour
of
1
S, (0,7) = Tmeas{t € [T,2T] : log |((o +it)| > 7} with Re(s) > 1/2.

13



In their paper they prove that @CT(G, 7) has a limiting distribution:

lim <I>§F(a7 7) = f(o, 7).

T—o0

Nearly 60 years later Montgomery and Odlyzko prove that this limiting distribution is bounded between two

functions. More specifically they prove there exists constants by, b > 0 such that
exp (—bim 7 (log 7) 757 ) < f(0,7) < exp (—ba7 7 (log )T ).

One reason we are interested in understanding the distribution of values of { is that it sheds light on the
extreme values of (. For example, under the Riemann Hypothesis Titchmarsh proves that for 1/2 < o < 1

and ¢t > 3
(log 75)2(1—0)

1 it)| <,
o [C(o +it)] <o e

On the other hand Montgomery proves that for 7" large and ¢ > 0 a constant depending on o we have

. (logT)'—*
1 )] > ecr—"——.
terflTEB(T] oglc(o+it) 2 C(log logT)°

In 2011, Lamzouri [62] proves results that, due to their uniformity, indicate that Montgomery’s result is the
correct estimate for extremal behaviour:
Theorem 1.7 (Lamzouri, 2011). Let 1/2 < 0 < 1 and T be large. Then there exists c1(0) > 0 such that

uniformly in the range 1 < 7 < c¢1(0)(logT) =7 /loglog T we have
1 g
@%@nT)zeXp<—A4@)TlU(bgTﬁ»U(1+()UﬂbgTﬂﬁ»>,

with

R 1 T 1—0o
@J)w%7+(¢”@%w*> ’

and A1(c) > 0 a constant.

A parallel line of research breakthroughs follow for our special L-functions L(o, x4) with x4 the Kronekcer
symbol and d is taken to be a fundamental discriminant. That is to say, in 1973, P.D.T.A. Elliot [29]

established an analogue of Bohr and Jessen’s results for L(s, x4) at a fixed point s for 1/2 < Re(s) < 1. We

14



have a similar discrepancy in the extreme values and, in 2011, Lamzouri [62] finds strong evidence that the

Q-results are correct.

The final chapter of this thesis can be thought of as extension the work described in Section to L(o, xp)
for % < o0 < 1, or as an analogy to what is already known over number fields. We recall that the calculation
of complex moments of L(1,xp) for a large range of complex values z played a crucial role in obtaining
the pertinent distribution results. In fact, the range of complex values which we provide an asymptotic
formula for directly effects the uniformity of related distribution results and the range for which we can
calculate complex moments depends on the maximal order of our L-function. Recall that Conjecture [I.4]
and the unconditional differ by a factor of 2. However, inside the critical strip, just as was described
for number fields, this discrepancy is much larger. More specifically, under GRH, the truncated sum of

log L(o, xp) satisifes

o 2(1—-0)
s MO _ (o, D)

o for all D € H,, (1.23)
 tmomic A8 log, log, | D)
deg f<Y
(see our Proposition . Probabilistic arguments suggest
(logq |D|)(1*0)
for all D € H,,. 194
> deg 'f‘” log, log, | D) (1.24)

f monic
deg f<Y

Since the discrepancy in the order of magnitude now appears in the exponent, we must be more careful with
the analysis of the complex moments. In Chapter @ we describe the asymptotic nature of L(c, xp)? for

De ﬁmg, where for g(o) a function satisfying 20 — 1 < g(o) < o for % < o < 1, we define

Z (Iqu |D|)1ig(g)
Pt deg If I" = log,log, |D|
deg f<Y

Hn,g =

(1.25)

Then the first main result of Chapter [ is as follows.

Theorem 1.8 (L.). Let n be large, 1/2 < o <1, B > 2 a constant be fived. There exists a positive constant
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by := bs(, B, A) such that for z € C with |z| < bsn?(?) we have

1
]

BUe. 50, .

z __ z
2 Uoxw) =E(L(X) )+O( nB—(s@) 1)
DeHn .,

where 20 — 1 < g(o) < o, and we have for some constants C,C’ > 0 that

Hn \ Hong| < [Hon| exp (—C’n(a—g(o)) o )

B log, n

Note that, since ﬁmg C H,, and the size of L(o, xp) is restricted by g(o), if we let g = go where go(0) = 20—1,
then we require all D € H,, 4, to be bounded as in (:23) hence H,, = Hy g, -

For other functions g satisfying 20 — 1 < g(o) < o, |H, \ ﬁn,g| decays exponentially. As such, Theorem
yields information about the tail of the distribution of values of log L(o, xp) as D varies over H,, using an
asymptotic formula for L(o, xp)* taken over 7—~Ln,g with g(o) = 0. That is, for 3 <7 < n'~?(logn)~/?, we

obtain

! 1 ﬁl
[P € Hu tlog Lo, x) > 73| = o (7) (1 +0 <(T OgT)nU ogn)) |

uniformly where

b, (1) = exp <—Ax(q,o,7)7110(logq T)ﬁ <1 + 0 (W))) .
(log7)*~ 7

Recall that ¢ and o are fixed. So, Ax(q,o0,7) varies with 7. However, Ax(q,o,7) is bounded from above
and below by values depending on ¢ and o. Analogous results by Lamzouri, Lester and Radziwill [64] hold
for the classical case. In the classical case, however, Ax(o) is a constant. Further research is needed to

determine the nature of Ax(q, o, 7).

Based on the uniformity of our distribution results it seems that just as in the number field case the extreme
behaviour is much closer to Q-result given by (1.24). We are able to construct characters which display this
extremal behaviour:

Theorem 1.9 (L.). Let N be large. Let 1/2 < o < 1 be fized. There exist a constant By(c) > 0 and
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irreducible polynomials Th and T of degree N, such that

(log, |T3[)' "

10 L g, Z g )
g ( XT1> Bq( )(logqlogq |T1|)o-

(1.27)

and
(log, |To[)' 7

log L(a, x1,) < — B (0) ~—2012V____
2 ( XTz) ﬁq( )(logqlogq|T2|)‘7

(1.28)
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2 Background

In what follows we will develop the necessary definitions and concepts for the results in the final four chapters

to be understood.

2.1 Algebraic Structures and Motivation

We assume in this thesis that the reader is familiar with some basic definitions of abstract algebra, however,
for the sake of completeness we will recall some important definitions and theorems of commutative algebra
which are supporting the structures we study in the later chapters of the text. For the most part this section
will provide definitions taken over the rationals, however any information which needs further explanation

in terms of function fields will be done in Section [2.6]

We begin with a basic object of interest which makes an appearance frequently throughout.
Definition 2.1. For a set G and an operation -, often shortened to G = (G, : G x G — G), which is closed

under the operation -, is called a group if the following axioms hold:
1. Associativity: g,h,f € G then g-(f-h)=(g-f) - h.

2. Unity: there exists e € G such that Vg € G, eg = ge = g.

1 1 —1

3. Inverse: for all g € G there exists g~ such that gg=* =g~ g =e.

The main examples we will deal with: Consider ¢ > 1 an integer. Then the following are groups:

(z/qZ,+) ={0,1,2,3,...,g — 1} and ((Z/qZ)X,-) ={1<a<qg-—1:(a,q) =1}
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In both of these examples the element n is a representative of the equivalence class of integers which are

congruent to n modulo q.

Adding a second operation to the mix creates many new objects called rings. Ascribing certain additional
properties to these rings births new spaces which are interesting for different reasons. First:

Definition 2.2. A ring (R,+,") is a set R such that
0. +:RxR—Rand-: RxR— R.
1. (R,+) is an abelian group with 0 as the unity.
2. (R, ") is associative with 1 as unity.
3. +, - are compatible, that is, we can distribute the - over the +.

A subring is a set S such that S C R, S is a ring under the same operations as R and has the same 0

element.

In general, the operation association to “multiplication” -, need not be commutative, and if the ring R is
commutative, it is in reference to the multiplication. However, for the purposes of this thesis, all rings
we will come across are commutative. We further suppose that our ring has the property that ab = 0 im-

plies that one of @ or b is 0, these rings are called integral domains. The main example here is the integers Z.

Definition 2.3. Let R be a ring, a unit of R is an element u € R such that there exists x € R satisfying

the equation ux = 1. The set of units in R is denoted R*. If R* = R\ {0} then we say that R is a field.

In our main example, Z we have Z* = {£1}. There are other rings where the group of units may be much
larger. For example, if we consider Z[+/7], the smallest subring of R which contains both Z and /7, then
the element 8 + 31/7 is a unit since (8 + 3v/7)(8 — 3v/7) = 1. In fact, for any n € N we have that (8 +3/7)"
is a unit so we can see that the set Z[v/7]* is very different from Z* and there may be some additional
interesting structure associated to the units. It is quite clear that neither of these examples returns a field.
Starting from the integers we can obtain fields in a lot of ways, but the most familiar one is called the field

of fractions and in the case of Z is given by Q.

Now, the integers also happen to satisfy the property that its elements can be uniquely factored (up to order
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and sign) into products of irreducible elements, called primes. This makes the ring a unique factorization
domain (UFD). This is a special property of the integers which is not satisfied by all integral domains and
even small manipulations done to Z can break it. For example, Z[y/—10] is not a UFD since the element
14=2-7=(2++/-10)(2 + v/—10) and it is easy to check that each of these factorizations is made up of
different irreducible elements.

Definition 2.4. Let R be a ring and I C R. Then, we say that I is an ideal of R if the following hold:
1. (I,4) is a subgroup of (R,+).
2. Letr € R, then rI and Ir are both contained in I.

Let ay,as,...,a, € R. Then the set (a1,as,...,a,) = aiR+aR+ -+ a, R = {> " ajz; 1 7; € R} is
an ideal of R. Ideals written as (a) = aR are called principal ideals. An ideal I is called prime if it
satisfies the following property: Let a,b € R such that ab € I then we have a € I or b € I. An ideal is called
maximal if it satisfies the following property: suppose J is an ideal such that I C J C R then J =1 or
J=R.

Remark 2.1. Given two ideals I and J of a ring R we may define addition and multiplication of them:
I+J={a+b:acl,be J}

and

IJ=XS > abraclbel]

finite
In both of these cases, the collection of ideals does not form a group structure.
Remark 2.2. Let a,b € R. Note that a | b if and only if bR C aR. Using this we can also define a notion

of division between ideals. Let I,J C R be ideals. Then I divides J, written I | J, if and only if J C I.

In our running example of the integers, (n) = nZ = {zn : z € Z} is the ideal generated by n. In fact this
is what a typical ideal in Z looks like since any ideal (a,b) C Z can be described using a single generator
d where d is the greatest common divisor of ¢ and b. This property makes the integers a principal ideal
domain (PID). An integral domain is a PID if every ideal is principal. In PIDs the notion of divisibility
of the elements and divisibility of the ideals are equivalent. Even very simple adjustments to the integers

can remove this property. In fact, Z[/—10] also fails to be a PID. Naturally, one might begin to suspect
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that UFD and PID are really synonymous, however these examples have been chosen with a particular goal
in mind. It is true that all PIDs are UFDs but there are UFDs which are not PIDs. An easy example is
demonstrating this fact is Z[z], which generates all polynomials with integer coefficients. For all the examples
we will encounter in this thesis PID and UFD can be thought of interchangeably but the reason it holds
comes from the following theorem.

Theorem 2.1. If R is a UFD such that every non-zero prime ideal is maximal then R is also a PID.

Now, we list a characterization of prime ideals and maximal ideals that allows us to use the previous theorem
easily. We first introduce the notion of a quotient ring:
Definition 2.5. Let R be a ring and I C R be an ideal. Then the quotient ring of R by I is the set of cosets

x+ I for x € R with the operations

(@+D+@+D)=(+y+1I) and (z+)(y+1) = (zy+1).

If R is a commutative ring with identity, then R/I is too with additive identity 0+ I = I and multiplicative
identity 1+ 1.
Theorem 2.2. Let I be an ideal of R. Then

1) I is a prime ideal if and only if R/I is an integral domain and
2) I is a mazimal ideal if and only if R/I is a field.

For example, consider the ideal 7Z. It is easy to show that this is a prime ideal and indeed we have
Z)77 = {0,1,2,3,4,5,6} is an integral domain since if we multiple any pair of nonzero elements we return
back another non-zero one. Additionally, we can see that Z/7Z is also a field meaning that 7Z was also
maximal. In general, for any prime p we obtain Z/pZ is a field. We see that if m is composite then the ideal
mZ fails to satisfy both of these conditions.

Definition 2.6. Let R be an integral domain. We say that R has Krull dimension 1 if every non-zero
prime ideal s maximal.

Proposition 2.1. Fvery PID has Krull dimension 1.

Combining Theorem [2.2) and Proposition 2.1] gives us an easy way to check that Z[z] is not a PID! It is clear
that the ideal generated by z, written xZ[x] is prime, so if it were to also be maximal it would mean that

Z[z]/xZ|x] would have to be a field, however, it is easy to see that this space is isomorphic to Z. Where
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isormorphic means there is a map between the two spaces which preserves all operations and is a bijection.

We have one final special type of ring we will encounter. Afterward we will describe precisely the question
associated to these problems which is tackled in this thesis.

Definition 2.7. Let R be an integral domain. A Euclidean function f is a function from R\ {0} to
N U {0} satisfying the following division algorithm property: Let a,b € R be non-zero. Then there exists
unique ¢,7 € R such that a = bg+ r with 0 < f(r) < f(b). R is said to be a Euclidean domain if it can

be endowed with at least one Fuclidean function.

Of course Z is a Euclidean domain with the absolute value acting as the Euclidean function. Being a Euclidean
domain implies one is a PID and thus also a UFD. One other very important example of a Euclidean domain
can be constructed as follows. Let k be a field and T be an indeterminate. Then the polynomial ring k[T
has the euclidean function given by the degree of the elements. In particular, as will be discussed in Section
since Fy is a field we have Fy[T] is a Euclidean domain and so shares many properties in common with

Z.

Now that we have notions about factorization and the potential lack of uniqueness of this factorization, one
might wonder if it is possible to easily describe if such a property is satisfied by our rings. For this we explain
with more rigour the idea of a class group, a field and its “ring of integers” and the ultimate tool we use to
measure these things.

Definition 2.8. Suppose that E and F are two fields such that F' C E and the operations done in F are the
same as those in E. Then we say that F is a subfield of E or that E is a field extension of F. The field
E is a F-vector space and the dimension of this vector space is called the degree of the extension, denoted
[E : F]. Let E be a field extension of F and o € E. The minimal polynomial of o over F is the monic

polynomial f(x) € Flz] with the smallest degree such that f(a) = 0.

As an example consider F' = Q and F = Q(/n) with n a square-free integer. Then [F : F| = 2 and is called a

quadratic extension of Q. The minimal polynomial for \/n is f(z) = 22

—n. The ring of integers inside
of Q(v/n), denoted Og, /7, are all elements a € Q(y/n) such that the minimal polynomial g has coefficients

in the ring of integers for Q, that is g(x) € Z[z]. Thus we see trivially that Z C Og(,/z)-

In general, just as we can think of field extensions as vector spaces over the base field, for any finite extension

K of Q (also called a number field) we can consider Ok to be a free module over Z. The proof of this is
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non-trivial but can be found in a standard introduction to algebraic number theory. Considering O as
a free module over Z means that we have a basis that can describe the integral elements in relation to Z.
In the above examples where we found unique factorization to break down we had always chosen our n in
such a way that we could write Og(,/m) = Z[/n]. For quadratic extensions of Q the elements of the ring of

integers have the following shape:

Z[\/n] if n=2,3 (mod 4)
Oo(vm) =

ZIEY2) ifn=1 (mod 4).
Remark 2.3. From this we can see that the minimal polynomial which is associated to the ring of integers
may differ from the one associated to the field extension. An important invariant which will appear frequently
in later discussion, called the discriminant of the field, is calculated from the minimal polynomial associated
to the ring of integers. In the case of quadratic extensions above if n = 2,3 (mod 4) the discriminant is
d =4n and if n = 1 (mod 4) then the discriminant d = n. In the literature, these d are referred to as

fundamental discriminants.

Even in this case, where the extension of Q is fairly straight forward, having the smallest non-trivial degree,
it is quite difficult to predict whether or not unique factorization will fail. In order to study this property
we introduce a few more definitions.

Lemma 2.1. Let K be a finite extension of Q. Then for every a € K there exists d > 0 € Z such that

da € Ok.

The proof of this is straightforward, simply use the minimal polynomial of a.
Definition 2.9. Let K be a number field and Ok its ring of integers. A fractional ideal of Ok is an
Ok -submodule M C K such that there exists a nonzero d € Ok satisfying dM C Og. A fractional ideal is

principal if it has the form aOg for some o € K.

The following gives us some structure to the collection of nonzero fractional ideals and also lets us know
that, even if our ring Ok is not a UFD, we still may obtain unique factorization into ideals.

Theorem 2.3. Let K be a number field. Then

i. the collection of nonzero fractional ideals of Ok forms a commutative group under ideal multiplication

where Ok = (1) behaves as identity element 1.
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1. For each fractional ideal I of O we may write

- I e
PCOgkprime ideals

)

where np is an integer which is nonzero for only finitely many primes. Furthermore, this expression

is unique (up to order) and the integral ideals of Ok have all np > 0.

This result requires some work to prove, but any standard introductory course in algebraic number theory
would have it. Now, with this in mind, we may finally define properly the class group which is associated to
our field extension.

Definition 2.10. Let K be a number field. The class group of K is given by

CI(K) = {nonzero fractional ideals of Ok }/{nonzero principal fractional ideals of Ok }.

The class number is the size of CI(K). In the quadratic extension case, where K = Q(y/n), the class
number is denoted hq, where d is the associated discriminant.

Remark 2.4. From this definition we can see that if we can prove the class group is trivial, that is that it
has class number 1 then we know for sure that Ok is a PID and thus we have it is a UFD. Additionally, Ok
satisfies the condition that all the nonzero prime ideals are in fact maximal, so that if Ok has class number

> 1 then Ok cannot be a UFD.

Finally, we recall from the overview that when studying quadratic extensions there is a dichotomy which

occurs depending if the square free integer d is positive or negative. The main difference stems from the fact

X

Q(Vd)

then (’)6 ) = Z*. If d > 0 then the group of units need not be finite and has another invariant which is

associated to it.

that the group of units O is extremely different. If d < 0, the group of units is finite and if d < —6

X

Q(Vd)
the group has rank 1, ie that it has an infinite cyclic component. The regulator of (’)6(\/&), denoted Ry, is

Definition 2.11. The fundamental unit, € say, is a generator of O modulo the roots of unity when
In e[, and it measures the density of units in Og /-
Remark 2.5. The theory of (’)6(\/3) for d > 0 essentially comes down to understanding solutions to Pell’s

equation 2% — dy? = 1.

Dirichlet’s unit theorem [30] proves that 06 (va) has rank 1 precisely when d > 0. In the overview we
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mentioned that the study of hy associated to number fields has been thoroughly explored by analytic number
theorists. The plan of attack is to calculate moments of these class numbers in order to describe the
distribution of values we can take. The average values were given by Siegel in equation and . One
does not study directly the class group for this type of analysis. Instead we use the link Dirichlet discovered
to analyze this information from the perspective of L-functions. The background for this can be found in

the following sections.

2.2 Analytic Tools

We begin with some simple definitions to set the stage of discourse.
Definition 2.12. Let u,(z),,~,; be a sequence of complex functions for z € C. We say that the sequence
un(z) is uniformly convergent to u(z) in a domain D C C if for every e > 0 there exists N € N such that

|un(2) —u(2)| < € for everyn > N and z € D.

So suppose that u,(z) — u(z) uniformly as in the definition. If u, (%) is continuous/differentiable/integrable
for all n then so is u(z). Not only this, but uniform convergence allows for the swapping of order of operations.
For example, the limits of the sum of uniform convergent series, is the sum of the limits of the individual

functions. Similar results hold for the integrals of these functions.

We also consider a uniformly convergent infinite product, as this will play a key role in the later chapters.

Definition 2.13. Let un(z)n21 be a sequence of complex functions of for z € C. We say that the infinite
product [],~, (1 + u,(2)) is uniformly convergent in any region where the series 3, -, [un(2)| converges
to a bounded sum. It is important to note that the infinite product can be convergent only if the limit of its

partial products is never 0.

A fundamental object of our study is an analytic function. We provide the definition here.
Definition 2.14. Let f : C — C be a function. We say f is analytic in the domain D C C if and only if

for every point s € D we have f is represented by a power series in some neighbourhood of s.

The proof of the prime number theorem was first given using complex analysis, and as described in Chapter

we may use similar ideas to solve other problems about discrete objects.

First, we recall the definition of an arithmetic function and it’s associated summatory function.
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Definition 2.15. We say f is an arithmetic function if f : N — C, that is it is a function whose domain

is N.

o We say that f is multiplicative if f(mn) = f(m)f(n) whenever (m,n) =1 and completely multi-

plicative if it holds for any m,n € N.

o We say that f is additive if f(mn) = f(m) + f(n) whenever (m,n) =1 and completely additive

if it holds for any m,n € N.

Arithmetic functions may be multiplied, divided (provided they do not vanish), added and subtracted to
create new arithmetic functions. In addition we have another method for combining these functions defined
as follows:

Definition 2.16. Let f, g be two arithmetic functions. We define their Dirichlet convolution by

(f*9) = §jf 9(5)-

For example, consider the function 1(n) =1 for all n € N. Then

1x1=>Y 1(d)L(n/d) = Zl

dln

which is the divisor function d(n).

Definition 2.17. The summatory function of an arithmetic function f is given by

z)=>_ f(n)

n<zx

Definition 2.18. A Dirichlet series is a function of a complex variable s given by

gls) =Y 2,

n=1

with {an} a complex valued sequence.

Many Dirichlet series of interest to us have a, = f(n) where f is an arithmetic function. Each Dirichlet

series has an abscissa of convergence o, which defines the region for which it converges. These regions of
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convergence are half-planes in C, that is the series will converge for all s € C such that Re(s) > o..

One can multiply two Dirichlet series together and obtain a new Dirichlet series in the following way. Let

fls)=% a() and g(s) => (") he two Dirichlet series. Then

n>1 ns n>1 ns

(axb)(n)

A Dirichlet series can be represented using Mellin transforms.

Definition 2.19. Let f be a function. The Mellin transform of f is given by

Mj(s) = /0 T (),

and the inverse Mellin transform is

1 [C+ico
flx)=— M;y(s)z™%ds,

27 C—ico

where C € R such that C > o,.

The relationship follows from |79, Theorem 1.3], which says that given the summatory function F(z) of f,

we can write the Dirichlet series associated to f as

g(s) = Z ff;:) = 8/100 F(z)z™ du, (2.1)

if Re(s) > oe.

Mellin transforms have an inverse relationship, which allows one to reverse the operation above. To demon-

strate this fact, we state Perron’s formula, which asserts that

oo+ioco 5
Fo) =5 [ o) ds, (2.2)

270 J o —ico s

for o9 > o.. If f(n) = 1 for all n € N, then the Dirichlet series associated to f gives the Riemann zeta-

function,
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As an example for understanding the way powers of ¢ work consider:

o = 3 (D) _ 5 dlo)

ns ns
n>1 n>1

We can also express ((s) as an Euler product which is well defined in the same region,

-T(-5)

The Euler product can be used to prove that there exists infinitely many primes. It is also easy to see from
this definition that ((s) # 0 for all fe(s) > 1. Dirichlet utilized a similar argument in order to prove that
there exists infinitely many primes p = a (mod ¢). His technique used special arithmetic functions that

characterize the congruence condition which will be introduced in section [2.4

In keeping with the theme of using ((s) as a model for how to study discrete objects we make note that

choosing f(n) = A(n) in Definition we obtain

_ )= 3 Aln) (2.3)

This Dirichlet series also has abscissa 0. = 1, and we recall that the summatory function of A(n) is ¥ (z), so

that by (2.2)) and (2.3]) we have

1 og+ioco C/ s
Y(x) = 5 /U[)ioo fz(s)?ds, for some og > 1. (2.4)

The explicit formula ([1.3)) is derived from here using the following theorem.
Theorem 2.4 (Residue Theorem). Let U C C be open, simply connected and containing a finite list of
POINts uy, Us, ..., u, and let f: U\ {ug,ua,...,uy} — C be a holomorphic function, and let y be a rectifiable

path in U which does not cross any of the u;. Then
1 n
oy % f(z)dz = ZI('y,ui)Res(f, u;),
i J,

i=1

where I(7y,u;) counts the number of times v encircles u; and Res(f,w;) is the residue of f at the point u;.

Note that if v is a positively oriented simply connected closed curve then I(vy,u;) = 1 or 0 depending on
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whether u; falls in the interior of v or not.

To prove (1.3)) one computes the integral in (2.4) around a rectangle R with sides 7v;:0¢9 — ¢T" to oo + iT,
Yo:00+1T to k+iT, vs3:k+1iT to —k—¢T and v4: —k —14T to o9 —iT, where T is a large positive real number
which does not coincide with a zero of {(s) and k is an odd positive integer. The choice of k becomes clear

in the following section. By the residue theorem we have

¢ at 2P (k—1)/2 2
—(s)—ds =z — — —log(2m) — —.
r G S p%; P ; 27

[Im(p)|<T
Taking the limit as T, k — oo provides the explicit formula. On the other hand

oop+ioco ! s / s
! —C—(s)x—dSZ lim / —C—(s)aﬂ—ds7

2T Joy—ico G 5 T—00 S

so the proof is completed after showing

! S
lim /+/ +/ —C—(s)x—ds:o.
Th=oo )y, Jys Sy € S

This technique will be used frequently in Chapter |4} This argument is often described simply as “shifting

the contour to the left”.

Finally, we record Cauchy’s argument principle, which is useful for Chapter [3]
Theorem 2.5 (Cauchy’s Argument Principle). Suppose that f is a meromorphic function inside of a simple
closed contour C, and f has no poles or zeros on the contour, then

4 r

dz= Zy— P,
o cf(z)z 0~

where Zy represents the number of zeros of f (with multiplicity) inside of C' and P the number of poles inside

C.
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2.3 Zeros of the Riemann Zeta Function.
Chapter [3] focuses on understanding in a more precise way, in absence of RH, the location of the non-trivial
zeros of ((s). Here we provide some classical information related to this.

In 1859 in his famous memoir Riemann showed that {(s) admits a meromorphic continuation to the complex

plane, with a simple pole at s = 1. He also proves that ((s) satisfies the following functional equation

w-%r(f) g(s):w—lfr<1gs>g(1—s). (2.5)

As a consequence ((s) vanishes at s = —2,—4, —6,... (these are called the trivial zeros). The remaining
zeros are called non-trivial and we denote Z as the set of zeros in the strip 0 < Re(s) < 1, we recall definition
[4):

Z={p=B+iv[¢p)=0,0<B <1}

We have the following facts about Z. |Z| is countably infinite and there are finitely many p € Z such that
|v| < T, with T > 0. In fact, for N(T') the number of zeros p = 5+ iy such that 0 < S <1 and 0 <~ < T,
Riemann conjectured (proven by Von Mangoldt in 1905, for a more recent treatment see |21, Chapter 15])
that

N(T) = % log (;) - % + g + O(log(T)). (2.6)

From the functional equation (2.5)) we see the zeros in the critical strip are symmetric with respect to both

the real axis and the line Re(s) = % Riemann conjectured that if p € Z then p lies on the vertical line,

Re(s) = %, which we already stated as Conjecture

To date there has not been a proof or disproof of RH but there are a number of results which seem to hint

at its truth.

In 1914 Hardy [43] showed that infinitely many of the zeros lie on the 3-line and, in 1942, Selberg [100]
showed that, of the total number of zeros, a positive proportion of them must lie on the %—line. In 1974,
Levison [69] showed that at least 34.2% of the zeros must lie on the critical line and, in 1989, Brian Conrey
[19] improved this to 40.7%. Progress has been slower recently as it is becoming more and more difficult

to handle the mollifiers which are used to study these proportions. In 2010, Bui, Conrey and Young [16]
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managed to obtain 41.05% on the critical line and then in 2012, S. Feng improved this to 41.28% |[33].

We also have a number of numerical results that can be considered as indicators of its truth. For example,
a number of authors have worked on the partial verification of the Riemann Hypothesis. So far all the zeros
that have been found lie on the the line MRe(s) = % and are simple. Let > 0 be a constant, Table lists
authors who have shown for p € Z if v < H then g = % for larger and larger H values. There is a list of the
different numerical verifications below in Table 2.1

Table 2.1: History of Partial Verification of RH

Year | Authors Verification Height
1859 | Riemann 25.010
1903 | Gram |[3§] 65.112
1914 | Backlund [6] 198.015
1925 | Hutchinson [48] 299.840
1935 | Titchmarsh [103] 388.846
1936 | Titchmarsh [104] 1,467.477
1953 | Turing [107] 1,540.030
1956 | Lehmer [68] 9,878.910
1956 | Lehmer [67] 21,942.593
1958 | Meller [78] 29,750.745
1966 | Lehman [66] 170,570.745
1968 | Rosser, Schoenfeld & Yohe [98] 1,893,194.452
1977 | Brent [13] 18,114, 537.803
1979 | Brent [12] 35,018,261.243
1982 | Brent, van de Lune, te Riele, Winter [14] 81,702,130.190
1983 | van de Lune,te Riele [74] 119, 590, 809.282
1986 | van de Lune, te Riele &Winter [75] 545,439, 823.215
2003 | Wedeniwski* [111] 57,292, 877, 670.307
2004 | Gourdon* [37] 2,445,999, 556, 030.000
2011 | Platt [84] 30,610, 046, 000.000
(*unpublished)

On the other hand we know that these zeros do not lie “too close” to the 1-line either. This result is known
as the zero free region and its existence was the final step in the proof of the PNT. The classical zero free
region is given by the following theorem.

Theorem 2.6. [21, §13, pg. 86] There exists a positive numerical constant Ry such that ((s) has no zero
in the region

1
Jm(s) > 2.

T Ry T 2

We give a history of the explicit constant Rg in Table
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Lastly, we also have some information about the density of zeros which could potentially have real part

o > 1. Define the function N (o, T) to be the number of elements in Z such that 0 < < 1and 0 <y <T.

Table 2.2: History of Increasing Zero Free Region

Year | Authors Value of Ry,
1899 | de la Vallée Poussin [10§] 34.82
1939 | Rosser [95] 19
1962 | Rosser & Schoenfeld [96] 17.516
1975 | Rosser & Schoenfeld [97] 9.645908801
2002 | Ford [34] or [35] 8.463
2005 | Kadiri [57] 5.60693
2015 | Mossinghoff & Trudgian [83] 5.573412

Then it can be shown for any o > %,

In some specific regions for ¢ we may prove instead that for some 6 < 1,

In chapter [3| we obtain something stronger, which has a simplified expression as

As part of Chapter [3] we describe more precisely the various zero density estimates and their subsequent

explicit improvements. For completeness we will include the very short history associated to explicit zero

density estimates in Table

N(o,T) = O(T?).

N(0,T) < e1(0)T30-7) (10g T)>~27 + 5(0) (log(T))2.

Table 2.3: History of Explicit Bounds for N(o,T)

Year | Authors N(o,T) < f(o,T) Region of validity
2013 | Kadiri [56] | f(o,T) = c1(0)T + c2(0)log T — c3(0) o >0.55T> H;
2015 | Ramaré [90] | f(o,T) = 965(37) ™57 (log T)°~2* + 51.5(log T)? | o > 0.52, T > 2000

* Hy is any value taken from Table

The content of Chapter [3| discusses an improvement on the work done in [90].
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2.4 Dirichlet L-functions and Characters

We describe in some detail the definition of a standard Dirichlet L-function and in Section [2.6] we will alter
the definitions to match up with the setting over function fields.

Definition. Let G be a finite group. A character of (G,-) is a homomorphism

x:G— C*

such that for any g1,g92 € G we have

x(9192) = x(91)x(g2)-

Let g € N. A Dirichlet character is a group character defined on ((Z/qZ)*,-). We call q the modulus of x.

The first example of such a character is called the trivial one and it is denoted xg. This takes the value 1

for all n € (Z/qZ)*.

We have that |(Z/qZ)*| = ¢(q) and the set of characters for this group, G, say, is isomorphic to (Z/qZ)*,
that is |G4| = ¢(¢q). We denote the principal character as xo, whose value is 1 for all n € (Z/gZ)*. For x a
Dirichlet character we have x(1) = 1 and multiplication of two characters is given by x1x2(n) = x1(n)x2(n).
Let n € N. Since n#(@ =1 (mod ¢), x(n¥?) = 1 and consequently x(n)?(? = 1. From this we see that
the values taken by characters are precisely the ¢(q)-th roots of unity. Let ¥ = x(n), where w means the
complex conjugate of x(n), hence we have xx(n) = xo(n) = 1.

The following is a corollary of |79, Lemma 4.2] and is known as an orthogonality relation for Dirichlet

characters.

Lemma 2.2. [79, Corollary 4.5] For fized a,n € (Z/qZ)* we have

1 1 if n = a(mod q)

(mod q) 0 otherwise.

33



We now extend the definition of Dirichlet characters from (Z/qZ)* to Z:

x(n(mod q)) if (n,q) =1,
x(n) =
0 otherwise.

Suppose that d | ¢ and that x* is a character modulo d. Then set

x*(n) if (n,q) =1
x(n) =
0 otherwise.

It is easy to see that x is completely multiplicative and has period ¢. Then by [79, Theorem 4.7] we have
that y is a Dirichlet character modulo ¢. In this situation we say that x* induces Y.

Lemma 2.3. Let x be a character modulo q. We say that d is a quasiperiod of x if x(m) = x(n) whenever
(mn,q) =1 and m =n (mod d). The least quasiperiod of x is called the conductor of x and is a divisor of
q.

Definition 2.20. We say that a character x modulo q is primitive if its conductor is q.

The associated Dirichlet series as defined in Definition [2.18|are called Dirichlet L-functions and are given by:

L =3 2,

n

If x = xo then L(s, x) has an abscissa of convergence 0. = 1 and if x # xo then o, = 0.

In this thesis, we will be concerned with taking powers of Dirichlet L-functions, so we give a brief example,

Ko = 32 000 _ 5 i),

where the last equality follows from the fact that Dirichlet characters are completely multiplicative.

The logarithmic derivative of L(s, x) is
L -~ X(n)A(n)
(Sa X) == Z ns .
n=1

L
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In the overview we mentioned that in order to prove the Prime Number Theorem in Arithmetic Progressions

that de la Vallée Poussin adapted his argument of the PNT. He proved that ¢ (x; ¢, a) ~ ﬁ, where

and

Y(w,x) =Y An)x(n).

n<wx
The key to such a proof relies on finding an explicit formula for ¥ (x, x). There are certainly more technicalities
involved when calculating this but it follows the same general pattern as was described for ¢ (z) in Section
2.2l This is mentioned to highlight the general theme, or approach when using L-functions to analyze our

discrete sequences. As we will see in Chapter [4] the ideas are flexible and can be used on even more general

L-functions.

As was the case for ((s) we have an Euler product:

L(s,x):H(l—X(p))_l.

s
» p

This is a key feature of the L-functions we are interested in formalizing as will become clear in the following

section.

Showing that L(1,x) # 0 for each character is a key step in the proof of Dirichlet’s theorem (there are
infinitely many primes in each valid arithmetic progression). We refer the reader to |21, Chapter 1] for

reference.

Finally, the Euler product of L(s,x) where y is not primitive, may be written in terms of the primitive

character which induces it, x*,

L(s,x) = L(s.x) [ (1 _ X*(m) _

pS
plg

Similarily for L(s, xo) we have

ps) =@ [T (1- ).

plg

and hence, in some sense we see that ((s) is the primitive character which induces xq for any q.
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We will end this section by defining a special Dirichlet character which has been mentioned in the overview,
the Kronecker symbol. First, the set up,

Definition 2.21. Let p be a prime and a an integer such that p 1 a. Then a is said to be a quadratic
residue modulo p if the congruence

2? = a(modp)

has a solution x € Z; otherwise it is called a quadratic nonresidue modulo p.

Given the following we can induce a real primitive character modulo an odd prime p:
Definition 2.22. Let p be an odd prime and a € Z such that p t a. The Legendre symbol, written as (%),
is defined by

(a> 1 if a is a quadratic residue modulo p

—1 if a is a quadratic nonresidue modulo p.

We can extend this to all integers by defining (%) = 0 if p | a. The Legendre symbol is completely

multiplicative so that we need only understand how it behaves on primes and for —1. For information on
how (%) and (%) behave one can consult any introductory text on elementary number theory. A key tool
for studying the behavior of (%) where ¢ # p are both odd primes is called the Law of Quadratic Reciprocity.

Theorem 2.7 (The Law of Quadratic Reciprocity). Let p and q be odd primes such that p # q. Then

Then, for any d we may define
Definition 2.23. Let n # 0 be an integer with prime factorization n = up('ps? - - - pp¥, with u a unit, then

the Kronecker symbol associated to d is
< ) ( > ( > ai
n u Z'III Pi

Note that (4) =1 for all d, (%) =sgn(d) and (%) =0if d is even, 1 if d = £1 (mod 8) and —1 if d = +3
(mod 8).
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The Legendre symbol induced a real primitive character, x,,, for p a prime. It is not true that the Kronecker
symbol will induce a primitive character for every composite d. In order to obtain a primitive character, d
should only have relatively prime factors of the form —4, £8 and (—1)®~1/2p for odd primes p, cf. |21,
Chapter 5, p. 40]. Put another way, we need to take d to be the discriminant of minimal polynomial
associated to the ring of integers of quadratic extension of Q(v/N). If N = 2,3 (mod 4) this gives 4N and
if N =1 (mod 4) we obtain N.

Finally, Dirichlet proved that the class number hy defined in Definition associated to such a quadratic

extension can be calculated by studying the Dirichlet L-function generated by xg, cf. |21, Chapter 6].

VL1, xg)  ifd<0

ha

Il
—
o
J
S~—"

YIL(1, xa) if d >0,
where Ry is the regulator of Definition and
2 ifd< -6

w=44 ifd=—4,

6 ifd=—6.

2.5 General L-functions

In what follows we describe the generic definition of an L-function given in [52, Chapter 5]. To begin, let
d > 1 be a fixed positive integer, which will be called the degree of the L-function. Let L(s, f) be given by

the Dirichlet series and Euler product

Ls, =3 2

n

i
p j=1 P

n=1

where Af(n) € C is a function which is associated to f. We normalize Af(1) = 1, and insist that both the
series and product are absolutely convergent in Re(s) > 1. In general, the |o; f(p)| < p, however in the
context of this thesis we will assume a stronger bound.

Conjecture 2.1 (Ramanujan-Petersson). Let L(s, f) be a degree d L-function with the following Fuler
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product expansion:
d —1
LD =T]1I <1 - aﬂyfjp)) |
P =1 P
Then we have that |a; 7(p)| < 1 for all primes p and 1 < j < d.

Further, a key property of L-functions is that they can be analytically extended to all of C with a finite

number of poles, cf. (2.8)). The formula for this extension involves a gamma factor described as follows
d S+ K
_ —ds/2 T o T hy
Vs, f)=m j|:|1 ( 5 ) ,

where r; are complex numbers that depend on f. These ; are called the local parameters at infinity
and may be referred to as such throughout. If k is a local parameter at infinity then so is . In general, it
is assumed that Re(x;) > —1, in our case the Ramanujan-Petersson conjecture guarantees that Re(x;) > 0.

This last condition ensures that (s, f) has no pole in Re(s) > 0.

Associated to each L-function is an integer ¢(f) > 1, called the conductor of L(s, f). The conductor satisfies
the property that a; s(p) # 0 whenever p { ¢(f). We say that primes p such that p { ¢(f) are unramified.

With this in mind, we can define the so-called completed L-function,

g(&f) = q(f)s/zw(saf)‘[’(s»f)' (28)

&(s, f) has finite order. This completion satisfies a functional equation

5(57 f) = 6(f)§(1 - S7?)a

where €(f) is a complex number of absolute value 1, and £(s, f) = £(3, f). In this notation, f is called the

dual of f, in relation to the other invariants this dual must satisfy Ag(n) = Af(n), v(s, f) = (s, f) and
a(f) = a(f).

Finally, we come to the most important invariant associated to our L-functions. When providing estimates
for a single L-function the only parameter is s, however, if we want to consider the L-functions as a class we
need to consider how a number of invariants, like conductor and degree, might effect the uniformity of our

estimates.
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Thus, in order to facilitate the quest for uniform estimates, it is convenient to state the results in terms of
the analytic conductor which combines together all the invariants we must keep track of.
Definition 2.24. For s € C, let L(s, f) be a degree d L-function as described above. Then, the associated

analytic conductor of L is defined by

S+ K
2

d
C(f,s):= %H

where q(f) is the conductor and the k; are the local parameters at infinity.

In this thesis we are interested mainly in studying the value of L(1, f) and so we introduce the shorthand

notation
1+ Kj
2

d
c(p=otrn =117
j=1

We note that in [18] the author uses C(f) = C(f,1/2). This definition is very similar to the one given in
Iwaniec and Kowalski [52] and only differs by a constant factor to the power of the degree of the L-function.
To help orient the reader, we give an example in the form of the analytic conductor of a Dirichlet L-function.

Let x be a Dirichlet character modulo g then the associated L-function has analytic conductor:

1+a 1 ify(=1)=-1

0 if y(—=1)=1.
2.6 Function Fields and the analogies

For completeness sake we will do a bit of exposition on how to construct a finite field and repeat some
definitions of Section [2.1] in order to be sure the reader is comfortable with the setting. This section is

important for reading the last two chapters comfortably.

We begin by noting that any finite field must have a prime power order. The first example of a finite field is
Z/pZ. This is a field with characteristic p, meaning that summing any element with itself p times returns 0.
Theorem 2.8. Let p be any prime in Z. If w(x) is an irreducible polynomial of degree n in Z/pZ then
(Z/pZ) [x]/7(x)(Z/pZ) is a field of order p™.

Remark 2.6. Any such field will have an embedding of Z/pZ inside of it and so must also have characteristic
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Proof. The elements in (Z/pZ) [x]/7(x)(Z/pZ) are the possible remainders of 7(x) with coefficients taken
from Z/pZ. That is, if f € Z/pZ then

f(z) = a1z '+ a2+ -+ ay.

Since we have p choices for each of the a; coefficients, there are exactly p” different elements. Since m(x) is
irreducible and Z/pZ[z] is a PID we have that 7(z)(Z/pZ) is in fact maximal, hence (Z/pZ) [z]/7(z)(Z/pZ)
is a field. O

Let’s construct a quick example: Let p = 2. Take w(x) = 2® + x + 1, this is irreducible over (Z/2Z) [z], then

(Z/pZ) [x])/7(x)(Z/pZ) = {0,1, 2,2 + 1,2% 2 + 1,2* + z,2® + = + 1},

is a field of order 23. Clearly, I could have generated another field with 23 elements by choosing a different
irreducible polynomial of degree 3. As it turns out, one can show that the choice of irreducible polynomial
is irrelevant since all fields of 23 elements are isomorphic. This is true in general, all finite fields of size g,

say, are isomorphic to one another.

We shall now fix some notation, as the above was rather cumbersome. For this section and in Chapters
and [6] we will take ¢ = p®, for p a prime number and e > 1 an integer. We denote the finite field with ¢

elements as F,.

Now, let T' be an indeterminate and fix A = Fy[T], the polynomial ring over Fy. In Section we already
pointed out that this generates a Fuclidean domain and so it shares many properties in common with the
integers including, being a PID and UFD. However, there are also some differences, which will be highlighted
momentarily.

Definition 2.25. Let f(T) € A. Then,

f(T) = a,T" + ap 1 T" * + - +ag, fora; €F,.

The degree of f, written as deg(f), is n if a,, # 0. The sign of f, written as sgn(f) is a,,. We say that f

40



is monic if sgn(f) = 1.

Let f,g € A then

deg(fg) = deg(f) + deg(g), deg(f + g) < max{deg(f),deg(g)}

and

sgn(fg) = sgn(f)sgn(g).

Proposition 2.2 (Division Algorithm for Polynomials). Let f,g € A such that g # 0. Then there exists

elements q,r € A such that f = gq+ r, where deg(r) < deg(g). The q and r are unique.
Definition 2.26. If f € A and f # 0, then |f| = #(A/fA) = ¢8| if f =0 then |f] = 0.

Note that we must have AX = FX

o> since if f,g € A and fg = 1, then deg(fg) = deg(l) = 0, hence

deg(f) + deg(g) = 0. The degree of a polynomial is nonnegative, hence we must have that deg(f) =
deg(g) = 0, so that f,g € F. In fact,
Proposition 2.3. The multiplicative group of units of a finite field is cyclic. In particular, in our case, we

have that [Fy| = |AX| =q — 1 and is cyclic.

We recall that Z* = {£1} is also a cyclic group. With this in mind, we point out that the notion of “positive
integer” in A is the monic polynomials. Additionally, the role of the primes in Z are played by the monic
irreducible polynomials in A. Since A has so many things in common with Z it is natural to ask the same
number theoretic questions about it. For example, we might wonder how the primes in A are distributed.

To answer this we consider the Riemann zeta function, as defined in [94, Chapter 2J:

1\! 1
Cals) = H (1 - |P|9> = Z 7 Re(s) > 1.

P monic f monic
irreducible

Since there are ¢* different monic polynomials of degree k, we can also rewrite 4 (s) by collecting all the

terms with respect to their degree:
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Which has an analytic extension to a meromorphic function with a simple pole at s = 1. Let
7q(n) = #{a | @ monic, deg(a) = n and «a is irreducible}.
The prime number theorem for polynomials gives the following about m4(n) (cf. [94, Theorem 2.2]):

S k() = ™, (29)

klm

and

n

o)=L 40 (qn/z) . (2.10)

The next natural question is to consider generalizing this idea to primes in arithmetic progressions. As we
saw in Sections and we should understand Dirichlet characters associated to (A/fA)*.
Definition 2.27 (Chapter 4 [94]). Let F € A such that deg(F) > 0. A Dirichlet character modulo F,

X : A — C, satisfies
1. x(a+bF) = x(a) for all a,b € A,
2. x(a)x(b) = x(ab) for all a,b € A,
3. x(a) #0< (a,F) = 1.

Just as in the classical case these characters obey an orthogonality relation like in Lemma [2.2]

Proposition 2.4. Let x,v be two Dirichlet characters modulo m and a,b € A/mA. Then

S w@)dla) = B(m)s(x. ),

a€(A/mA)

and

Y x(@x() = @(m)s(a,b),

x (mod m)

where 6(m,n) =1 if m =n and 0 otherwise.
In the above, ®(m) is defined in the usual way, that is ®(m) = #(A/mA)*.

Before defining our associated Dirichlet L-functions, let us first consider a non-trivial example of a Dirichlet
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character here. In particular, we will make an analogue of the Legendre symbol defined in Definition [2.22}
Definition 2.28. If f € A such that deg(f) > 0 and (a, f) = 1, then we say that a is a d-th power residue
modulo f if X% = a( mod f) is solvable.

Let P € A be irreducible and d|g—1. If a € A and (a, P) = 1 then X¢ = a (mod P) has solutions if and only

ifa < =1 (mod P). If o # 1 (mod P), it is still true that it is an element of order d in (A/PA)*.
Pl—1

And, since Fy — (A/PA)*, there is a unique a € Fy such that o =a (mod P).

Definition 2.29. If P is an irreducible and Pt a then let (%)d be the unique element in F such that

a @ E<F>d (mod P).

If Pla, then (%)d = 0. This symbol is called the d-th power residue symbol.
Remark 2.7. The case d = 2 is exactly defining the Legendre symbol. For the remaining d > 2 we should
point out that this returns an element of By and not C*, which implies that (%)d does not automatically

generate an order d Dirichlet character modulo P, cf. Definition[2.27,

We do have a reciprocity law for all d:

Proposition 2.5 (Reciprocity Law). Let P and @ be monic irreducible polynomials of degree § and v

(7). =" (@),

We extend the definition of (%) ; to hold when P is not irreducible and we state the general reciprocity rule.

respectively. Then

Definition 2.30. Let b € A have prime decomposition b = ﬁQ{ngz o Qfs. Ifa €A, then
S fi
() = ()
b/d };[1 Qq d
Remark 2.8. Taking d = 2 this returns the analogous Kronecker symbol defined in Definition[2.23,

Proposition 2.6. [94, Theorem 8.5][General Reciprocity Law] Let a,b € A such that (a,b) = 1. Then,

—1 —1
(%) <b> = (1) des0)5(0) 5 q) oD ) 5()) T
d

ajgq

Remark 2.9. If both a,b are monic then we can see clearly that if d=2 and ¢ = 1 (mod 4) that this product

will be 1 for any a,b € A. This informs our later restriction on q.

43



Now that we have seen some examples of Dirichlet characters in this space, we can introduce the notion of

our Dirichlet L-function over A:

-1
x(f X(P
L(s,) = W (1-5) wrsec
§ monic iﬁeﬁlgglgle

As with (a(s) we may collect terms with respect to the degree of the polynomial and write L(s, x) as follows:

L= Y Moy Loy

Il &

f monic f monic

deg(f)=Fk

By [94, Proposition 4.3], if x is a nontrivial Dirichlet character and k > deg F' then

S )= (2.11)

f monic
deg(f)=Fk

That is to say that L(s,x) is actually a polynomial in ¢~%, whose degree is at most deg(F') — 1. Hence, we

may also express it as a finite product of linear terms : (1 — a;(x)g™®), for j =1,2,...,n < deg(F) — 1.

Consider P an irreducible polynomial and let A(f) = deg P if f = P* and 0 otherwise, the function field

analogue of the Von Mangoldt function, then from the proof of [94, Theorem 4.8] we see

deg F—1
DA == D a4k (2.12)
f monic =1

deg(f)=k

We mentioned in Section [I.4] that A. Weil [112] proved the analogue of the Riemann Hypothesis. In this
setting RH implies that |a;(x)| =1 or |a;(x)| = 1/q. From this we deduce
k/2

S P < quegF, (2.13)
deg P=k

and that the Euler product representation of L(s, x)

e =TI(1-37)

P
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is actually valid for Re(s) > 1/2.

Finally, as was discussed in Section we are interested in obtaining statistical information for L-functions

taken over the following set:

H,, = {D € A : D monic, squarefree and deg D = n}.

When n > 1 then from [94, Proposition 2.3]:

Hal =" (g~ 1)

The reason for this choice is that these polynomials are exactly those which will be of interest when consid-
ering quadratic extensions of K = F¢(T"), the field of fractions associated to A. We are interested in studying
the class number, hp associated to K (v/D) where D € H,,. Over function fields the class number is the size

of Pic(Ok), the Picard group of Ok which is given by

Pic(Ok) = {non-zero invertible fractional ideals}/{non-zero principal ideals}. (2.14)

If one takes D to be square free then we have Ok is a Dedekind domain, which tells us that every non-zero
fractional ideal is invertible and hence Pic(Ok) = C4(K). So that in the context of square free polynomials

we are indeed studying a class number in the traditional sense.

To give a little bit of a geometric flavour, and to more easily introduce the analogue of RH in this space, we
consider the following. Let n be an integer, then it can be written as 2g + 1 when n is odd and 2g 4 2 when

it is even. Let n > 4, D € H,, and consider

Cp :y* = D(z). (2.15)

This defines a hyperelliptic curve over F, with genus g. In this instance hp is associated to the number of

[F,-rational points on the Jacobian of Cp.
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Let w = ¢~° then the zeta function associated to Cp is defined by

PCD (u)

Zeel) T T

Weil |112] proved Pc,(u) is a polynomial of degree 2g. In fact, from |94, Propositions 14.6 and 17.7] we

have

xp(f)
|fls 7

Pcy,(u) = L(s,xp) =

f monic

where xp(f) is given by the Kronecker symbol from Definition m

wn=(3) - ()

So from the point of view of (5.3) and (5.16) it’s natural that hp should be associated to this hyperelliptic

curve.

We now have enough to state a watered down version of the RH which is sufficient for our use.
Theorem 2.9 (Riemann Hypothesis over Function Fields). Let Cp be as in (2.15) and let Z¢,, be the

associated zeta function. Then all the roots of Zc,, (s) lie on the line Re(s) = 1/2.

For the complete statement one refers to Rosen’s Number Theory in Function Fields, [94, Theorem 5.10].

The appendix of [94] also contains a different proof than Weil’s, originally given by Bombieri [10].

The truth of this statement allows us to obtain some immediate consequences about hp. For example, we
have the following bounds: (,/g—1)* < hp < (\/g+1)%9, cf |94, Proposition 5.11]. In particular, we already

know that if ¢ > 4 then hp # 1.

2.7 Probabilistic Tools

In this section we briefly introduce the reader to some concepts from probability which will be useful in the
last two chapters of the thesis. Much of this information is taken from Rick Durrett’s Probability: Theory
and Ezamples [26).

Definition 2.31. A probability space is a triple (2, F, P) where Q is a o-algebra of outcomes, F is a set
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of events and P is a measure which assigns probability to events, P : F — [0,1].

We remind the reader that (€2, F) is called a measure space. An associated measure is a nonnegative

function which satisfies the following properties
(i) p(A) > (@) =0 for every A € F,
(ii) if A; is a countable sequence of pairwise disjoint sets then u(|JA;) = >, p(A4;),
(iii) if A C B then p(A) < u(B),
(iv) if ACJUA; then p(A) <>, u(Ai),
(v) if A; T A then pu(A;) T p(A).
Finally, if 4(Q) = 1 then we call the measure a probability measure.

On its own a probability space is not that interesting, however, we can assign to these the real object of
interest: a random variable.
Definition 2.32. A (real valued) random variable is a function X : Q@ — R such that for every Borel set,

B C R we have X~}(B) = {w|X(w) € B} € F. Another name for this is a« measurable function.

As a simple example consider the following. The indicator function: Let A € F then

1 ifweAd
La(w) =

0 otherwise.

It is well known that if we have two measurable maps which we can compose, the result will also be
measurable. Since random variables are measurable maps this allows us to apply such maps to our random
variable and return another random variable. In particular, we may add or multiply random variables

together to create a new one.

Each random variable induces a probability measure on R which is called its distribution by setting p(A4) =
P(X71(A)). These distributions are normally described by giving its distribution function: F(z) =

P(X < z). Associated to these distribution functions are probability density functions, which in the
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below examples are denoted as f. For continuous random variables they have the following relationship:

Fla) = /_ OO F(u)du,

We consider the following examples to orient ourselves. First, the uniform distribution on the interval (0, 1):

Let f(z) =1if z € (0,1) and 0 otherwise. Then it has distribution function

Next, the exponential distribution with a specified rate \: Let f(x) = Ae % if z > 0 and 0 otherwise. Then

it has distribution function

Finally, the most famous and one which is often featured in the study of the distribution of values of L-
functions: The standard normal distribution: Let f(z) = (27)~1/2¢=%"/2. There is no closed form for this

distribution function, however we have for z > 0
o0
(z7! — 27 exp(—2?/2) < / exp(—y?/2)dy < 2™ exp(—2?/2).
xr

Other means for understanding how a random variable behaves come in the form of moments of this
variable. The first moment, provides information about the average, the second about variance, the third
about the skewness of its distribution. As the moments go higher the more information we have about the
extreme values that could be obtained by a function of a random variable.

Definition 2.33. Let X be a random wvariable with outcomes x1,x2,Ts,... occurring with probabilities
P1, P2, D3, - . . Tespectively, such that 2121 |z;|p; converges. Then the expected value, also referred to as the

first moment of X, F[X] is defined as

i>1

If X is instead a continuous random variable then we integrate against its probability measure. Suppose X > 0
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is a random variable on (0, F, P) then

E[X] = / XdP.

This integral always makes sense, but may be oo. For a general random variable we consider z+ = max{z,0}
as the positive part of x and = = max{—x,0} as the negative part, then E[X| = E[X*] — E[X~] whenever

the subtraction makes sense.

Suppose we do not already have a probability distribution function for our random variable, in some cases we
can use information about “all” moments associated to discover the probability distribution function. The
remainder of this section will be used to give a history about the use of probabilistic ideas and techniques

in number theory.

Using tools from probability has made appearances in number theory beginning in the early 20th century

with investigations of Hardy and Ramanujan surrounding the function
wn)=#{p:p|n}.

In 1917 [89], they proved that w(n) ~ logloga for almost all n < 2. The next natural question to ask is
about how w(n) — loglog(n) behaves. In 1934, Turdn [106] proved

% Z(w(n) —loglogn)? = loglog z(1 + o(1)).
n<z
So far, the results have given us information about the average value of w(n) and the average difference
between its value and its mean. From the perspective of probability, one should immediately consider
whether there is a distribution function for w(n). In the 1930’s Kac noted the resemblance these results had
to developments in probability and he conjectured that (w(n) —loglogn)/+/loglogn is normally distributed.

Indeed, in 1940 Erdos and Kac announced [31] the following: let 7 € R then

1 log]
f|{n§x:w( n) — loglog(n }I%/ e 2,
x V/loglog(n)

as r — 00.

Along the same lines, in 1946 Selberg [99] published his central limit theorem for log |((5 + it)|.
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Theorem 2.10 (Selberg’s Central Limit Theorem). Let V € R be fized. Then for all large T,

1 1 e
—meas{t € [T,27T] : log |¢(3 + it)| > 3V /loglog T} ~ —/ e 2y,
T \/ﬂ A7

Recently, Radziwill and Soundararajan [88] found a simpler proof of Selberg’s theorem. Proofs of this form
apply a technique in probability theory known as the Method of moments.

Definition 2.34. let F,, be a sequence of distribution functions. Then we say this sequence converges
weakly to a limit F if F,(y) — F(y) for all y that are continuity points for F. Let X, be a sequence of
random variables. Then X, is said to converge in distribution, to a limit X if the distribution functions

F,(z) = P(X,, < x) converge weakly.

The method of moments is a way to prove convergence in distribution:

Theorem 2.11 (Method of Moments). Suppose that X is a random variable such that E(X*) ezist for all k
and that X,, is a sequence of random variables. If in addition, the probability distribution of X is completely
determined by its moments then if

lim E(XF) = E(X),

n— oo

for all values of k we have that X,, converges to X in distribution.

Since the advent of Erdos-Kac theorem and Selberg Central Limit Theorem there have been many other
attempts to provide central limit theorem type results for different L-functions with some success in special

cases and under some strong assumptions regarding the central value (that is the value at the point s = %)

As we saw in Sections and the use of probability to understand L-functions goes beyond proving these
types of results on the critical line. Indeed there is a rich history of research considering the distribution
of values of L-functions occurring at other points within the critical strip. We have already mentioned
the conjectures of Montgomery and Vaughan and the work of Granville and Soundararajan and separately
Lamzouri associated to values L(1,xq), with x4 the Kronecker symbol. In these works, there is some
limitation on the range of moments which can be computed, thus they do not return a description of a full
probability distribution function but they are able to describe the behaviour of the tails of these distributions.
We prove similar theorems over function fields in Chapter [f] In this chapter we will explain more clearly
the likenesses and the surprising behaviour we find which diverges from the number field case. Chapter [6]

investigates what can be said about L(o, xp), with o € (1/2,1) fixed taken over function fields.
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The key idea of Chapters [p] and [6] is to study how the L-function behaves by comparing it and as many
moments as possible to a random model. This random model is built out of random variables which mimic
the behaviour of the characters associated to the L-function of interest. In the case of ((o + it) one considers
a sequence of random variables {X(p)}, prime Which is uniformly distributed on the unit circle and build the

following random model:

¢(0,X) :H(l—x(p)>_1.

g
» p
For the case of the L(o, x4) we again build a random model by considering a sequence of random variables

{X(p)}p prime Which have some appropriate discrete probabilities assigned to them (depending on which

character you want to model) and consider

LX) =[] <1 - X(p)>_l.

o
» p

In the last chapters the we choose the probabilities as follows:

0 with probability
X(P): |P|+1
|P|
2(|P|+1) "

+1  with probability

The reason we make this choice is based on the fact that our discriminants D are in the set H,,. This means
that for any irreducible P the residue classes D can occupy are restricted to |P|?> — 1 of the |P|? classes
modulo P2. Since there are |P| — 1 of these which will not be co-prime to P we see that the Kronecker
symbol on those classes would have value 0. Therefore we choose (|P| —1)/(|P|? — 1) = 1/(|P| + 1) as the
probability we obtain 0 for our random variables. In the remaining residue classes the Kronecker symbol

takes the values 1 exactly half of the time and —1 otherwise.
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3 Zero Density Results for the Riemann Zeta Function

This chapter is joint work with Dr. Habiba Kadiri and Dr. Nathan Ng from the University of Lethbridge.

3.1 Introduction

Throughout this chapter ((s) denotes the Riemann zeta function and ¢ denotes a non-trivial zero of ((s)

lying in the critical strip, 0 < Re(s) < 1. Let 1 <o < 1,T > 0, and define
N(o,T)=#{o=0+iy: €(0)=0,0<y<Tand o < 8 < 1}. (3.1)

We shall prove a non-trivial, explicit upper bound for N(o,T). Such a bound is commonly referred to as a

zero-density estimate. We denote RH the Riemann Hypothesis and RH(Hj) the statement:
RH(Hy) : all non-trivial zeros g of ((s) with |Im(p)| < Hy satisfy 9Re(p) = % (3.2)
Currently, the best published value of Hy for which is true is due to David Platt [84]:
Hy = 3.0610046 - 10'°

with N(Hp) = 103800788359. Other strong evidence towards the RH is the large body of zero-density
estimates for {(s). Namely, very good bounds for N(o,T) in various ranges of o.

Let o > . In 1913 Bohr and Landau [8] showed that
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for T asymptotically large. This result implies that for any fixed e > 0, almost all zeros of ((s) lie in the
band |4 — Re(s)| < e. This was improved in 1937 by Ingham [51], who showed uniformly in 1/2 < o <1 as
T — oo that

N(o,T) =0 (T(2+4C)(1“’) (log T)5) (3.4)

under the assumption that ((3 +it) = O (¢t“*¢). In particular, the Lindelsf Hypothesis (($ + it) = O (t°)
implies that N(0,T) = O (T 2(1*")“), also known as the Density Hypothesis. There is a prolific literature
on the bounds for {(s), starting with the convexity bound of ¢ = % = 0.25 (Lindeldf), the first subconvexity
bound of Hardy & Littlewood [42] ¢ = & = 0.1666. .., to some more recent results of Huxley [49] (2005)
¢ = 22 = 0.1560... and of Bourgain [11] (2017) ¢ = £ = 0.1547.... In addition, there are also many
articles on estimates for N(o,T). A selection of some notable results may be found in [49], [50], [55], and
[11]. On the other hand, there are few explicit bounds for N(o,T). We refer the reader to a result of the first
author [57] for an explicit version of Bohr and Landau’s bound. The method provides two kind of results:
for T asymptotically large, as in N(0.90,T) < 0.4421T + 0.6443log T — 363 301, and for T taking a specific
value, as in N(0.90, Hy) < 96. These bounds are useful to improve estimates of prime counting functions, as
in [32], [28], [85], |105] and in [58] to find primes in short intervals. Ramaré had earlier proven a version of
in his D.E.A. memoire, which remained unpublished until recently. Let o > 0.52 be fixed. In [90] he

proves E| that for any 7" > 2000

N(o,T) < 965(37) "5 (log T)>~%" + 51.5(log T')?, (3.5)

which gives N (0.90,T) < 1293.48(log T) 5 T'1s +-51.50(log T')2, which gives the bound for T' = Hy: N(0.90, Hy) <
2.1529 - 1019, The purpose of this article is to bound N (o, T) by applying Ingham’s argument with a general
weight and to improve both [57] and [90].

Theorem 3.1. Let 1 <k <1,d>0,H € [1002, Hy), a >0, 6 > 1, 79 = 0.23622..., L+ 70 < p1 < 1+,

and n € (o, %) be fized. Let o > 1 +

log Hy *
Then there exist C1,Co > 0 such that, for any T > Hy,

_ (=) pi(1-0) \
N(o,T) < L= H)UogT) Zﬁgog ) Jog (1 ;- Gillog(kT))” (T 71;1) T ) n %(logT) (3.6)

(1—0)
IEquation (1.1) |90, p. 326 ] gives the bound N(o,T) < 4.9( 3 (log T)>2° + 51.5(log T)?. However, there is a
mistake in [90]. The authors have been in communication with Professor Ramaré and he has sent us a proof of the revised

inequality (3.5]).
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where C1 = C1(a, d, 8, k, H,o) and Co = Co(d,n, k, H, u,0) are defined in (3.117) and (3.118]). Since log(1 +
x) <z forx >0, (3.6) implies

G 2 5—4op§(1—0) Co 2
< — 7 °T 7+ —(logT)~. .
N(o,T) < 9d (log(kT))*? (logT) 3 + 27rd( ogT) (3.7)

In addition, numerical results are displayed in tables in Section[3.5

For instance (3.7) gives N(0.90,T) < 11.499(logT)5 T'1s + 3.186(log T')2, and gives N(0.90, Hy) <
130.07. This improves previous results both numerically and methodologically (one of the key ingredients is
the choice of a more efficient weight function in Ingham’s method). Note that choosing k < 1 and optimizing
in H can provide extra improvements to . In addition, we prove a stronger bound for the argument of

a holomorphic function. We now explain the main ideas to prove Theorem

3.2 Setting up the proof
3.2.1 Littlewood’s classical method to count the zeros
Let h(s) = ((s)M(s) where M (s) is entire and
Nu(0,T) = #{g’ — B +iV eC : h(g)=0,0<f <1, and 0 <~ < T}. (3.8)
Then for a parameter H € (0, Hy), we have by that
N(o,T)=N(0,T)— N(0,H) < Np(0,T) — Np(o, H)

for T'> Hy. We compare the above number of zeros for h to its average:

1

g —0

Np(o,T) — Np(o,H) < //lj(Nh(T,T)ho(T,H))dT
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where p > 1 and ¢’ is a parameter satisfying £ < 0/ < 0. Let R be the rectangle with vertices o’ + iH,

w+iH, p+iT, and o’ + ¢T. We apply the classical lemma of Littlewood as stated in [102} (9.9.1)]:

12 1
/ (Nh(T, T) — Ny (r, H))dr = —5— | logh(s)ds. (3.9)
el R
Thus
1 T ,
N(o,T) < ——— 1 ;
(0,T) < (o — o) (/H og |h(c" +it)|dt

T

n n
+/ argh(TJriT)de/ argh(TJrz'H)de/

log|h(u+it)|dt>. (3.10)
4 o’ H

As T grows larger, the main contribution arises from the first integral. The second and third integrals can
be treated by using a general result for bounding arg f(s) for f a holomorphic function. To do this we give
an improvement of a lemma of Titchmarsh [102, p. 213] (see Proposition and Corollary below). The
fourth integral can be estimated with a standard mean value theorem for Dirichlet polynomials (see Lemma
. A key goal is to minimize the above expression over admissible functions h. We now give an idea of

how to estimate the first integral in (3.10)).

3.2.2 How the second mollified moment of {(s) occurs
Let X > 1 be a parameter and define the mollifier to be

Mx(s) = M (3.11)
where 11(n) is the Mobius function. Note that this is a truncation of the Dirichlet series for ¢(s)~!. These mol-

lifiers were invented by Bohr and Landau [§] to help control the size of {(s) in the critical strip. Futhermore,

let

fx(s) =C((s)Mx(s) — 1. (3.12)
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Note that the series expansion for fx is given by

fxo) = 3 (3 ta))n=r = 30 220 (3.13)

n>X  dn n>1
d<x
with Ax(n) =0 ifn <X, Ax(n)=Y_ u(d) ifn>X (3.14)
d|n
dg‘x
We shall choose h = hx with
hx(s) = 1= fx(s)* = C(s)Mx (5)(2 — ((s) Mx(s))- (3.15)
Since we have
I I
E— 1 <1 —_—
o [ s <oz (5= [ rwjar).
for any f non-negative and continuous, and |hx(s)| < 1+ |fx(s)|?, we deduce that
T 1 T
/ log (Jhx (o’ +it)])dt < (T — H)log [ 1+ / |fx (0! +it)|%dt | . (3.16)
H T—H |y
We denote
r 1
Fx(o,T) = / |fx (o +it)|*dt where o > 7 (3.17)
0

To resume, the key point for getting a good bound on N(o,T) — N(o, H) is to obtain a good bound for

Fx(0,T). Following a classical method due to Ingham we compare it to a smoothed version of itself.

3.2.3 Ingham’s smoothing method

Let o1 and o9 be such that 07 < 0 < 0. Let T > 0 and g = gr be a non-negative, real valued function,

depending on the parameter 7', and holomorphic in o1 < Re(s) < g9. We define

+oo
My r(X,0) :/ lg(o + it) || fx (o + it)|dt. (3.18)

— 00
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We shall consider g of a special shape. For «, 8 > 0, assume that there exist positive functions wy,ws such

that g satisfies, for all o € [0, 03],

t|\A
lg(o +it)| <wi(o, T, a)e_o‘(lT*‘) for all t € R, (3.19)

wo(o, T, ) < |g(o +it)| for all t € [H,T]. (3.20)
In addition, we assume that |g| is even in ¢:
lg(o — it)| = |g(o + it)| for o € (01,02) and t € R. (3.21)

Thus Fx(0,T) <4 My r(X,0), and more precisely

Myr(X, o)
F T)< —2= 2 3.22
X(Uv ) = 2(&}2(0', T,Oé))2 ( )
In this article, we shall choose a family of weights of the form
s—1 a(i)z
g(s) = gr(s) = e, where a > 0. (3.23)

These weights will satisfy the above conditions with 8 = 2. We remark that Ingham [51] made use of the

weight g(s) = and Ramaré [90] used g(s) = —*=L—. These weights satisfy (3.19) with 3 = 1. We

s—1
5c08( 5 )

s(cos s) 2T
also studied the weights g(s) = ( 3_1)% and g(s) = S(so_slg). However, we obtained the best results with g
s(cos s T

given by (3.23]). The functions g are chosen so that for fixed o, g(o + it) behave likes the indicator function,
Ljo,)(t), and for ¢ large, g(o +it) has rapid decay. Nevertheless, it is an open problem to determine the best

weights g to use in this problem.

3.2.4 Final bound

Finally, to bound the integral M, r, we appeal to a convexity estimate for integrals (see [44]). For oo > 1

(and o9 close to 1), if % < o < 09, then

o—

ol

g9 —

M!LT(Xv J) < MQVT(X> %) 23 M%T(Xa 0—2)“27

[T

(3.24)
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The largest contribution arises from Mgy 1(X, 3). To bound this we make use of:

e bounds (3.19), (3.20) for g (see Lemma [3.7),

e a version of Montgomery and Vaughan’s Mean Value Theorem for Dirichlet polynomials (see Lemma

B9,

e bounds for arithmetic sums to bound the second moment of the mollifier Mx (we use Ramaré’s bounds,

see Lemma and ,

e the most recent explicit subconvexity bound for the Riemann zeta function (due to Hiary [45], see

Lemma (3.2]).

3.3 Preliminary lemmas

3.3.1 Bounds for the Riemann zeta function

In this section we record a number of bounds for the zeta function. Rademacher |87, Theorem 4] established

the following explicit convexity bound.

Lemma 3.1. For f% <—1m<o<1+n< %, we have

1 1 %(1_U+77)
oo <3 () (1 +n). (3.29)

The next lemma is an explicit version of van der Corput’s subconvexity bound for ¢ on the critical line,
recently proven by Hiary. [45].

Lemma 3.2. We have

(3 +it)| < arts logt for all t> 3, (3.26)
max €3 +it)| < a1 T log T + ay for all T >0, (3.27)
t|<
with
a1 = 0.63 and ay = 2.851. (3.28)
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Proof of Lemma[3.3. Statement (3.26) is [45, Theorem 1.1]. For ¢ € [0, 3], [45l Theorem 1.1] provides that
|¢(5 +it)] < 1.461. We find that the minimum of the function t6 log(t) occurs when ¢t = e~6. We require

the polynomial alt% log(t) + a2 > 1.461, choosing as as in the statement of the lemma achieves this. O

3.3.2 Bounds for arithmetic sums

We list here some preliminary lemmas from [90| providing estimates for finite arithmetic sums. Let

by = 0.62, by = 1.048, by = 0.605, and by = 0.529. (3.29)
Lemma 3.3. We have

> W) <0 X for all X > 1700, (3.30)

n<X
2

3 £ () _ %logX <by forall X >1002. (3.31)
n ™

n<X

(3-30) is |90, Lemma 3.1] and (3.31)) is [90, Lemma 3.4].

Lemma 3.4. Let 7 > 1,6 >0, X > 10%, and y denotes Euler’s constant. Then

Ax(n)Q b3
Y. T <% (3.32)
X<n<5X
2 2
Z Ax(n)” < 1)477—6“/(771) log X, (3.33)
=~ T—1
Ax(n)2 b4 ) 2 5y 2
< (1 e X (log X)<, 3.34
gnlm&(—a(*logx)e (log X) (3:34)

20

Ax(n)? by 5 \2 s0-1ss (log X)?  bze~
< og .
3 ( +10gX) =T + (3.35)

p2tEex — boed X X

Proof. (3.32)) is |90, Lemma 5.6] and (3.33)) is [90, Lemma 5.5]. (3.34) is a direct consequence of (3.33)),

taking T=1 + ﬁ.

For (3.35)) we set 7 =2 + 20 Since Ax(n)? =0 when 1 <n < X, then
log X

§:>\X(n)2 .S Ax (n)? + Y Ax(n)*

n>1 X<n<bX n>5X
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Since 7 > 2, we use (3.32)) and find that the first sum is

—25

n2 — X2X X

1 Z )\X(n)2< 1 by  bse

X<n<5X

We bound the second sum using n” > (5X)1+$nl+ﬁ and (3.34). We find that it is

<L by " emex (log X)2
< e o U ¥ iggx) o losX)*

Combining bounds

Ax(n)? by § \2 st-1es) (log X)?  bge™®
< 1 Tog X
n; T = 55e6( +logX) ¢ X X
O
Lemma 3.5. Let 7 > 1 and v is Fuler’s constant. Then for X > 1,
d(n) T log X 1 5 7
< 3.36
Z nT — X1 (T—1+(T—1)2+’T—1+12TX (3.36)
n>X
and for X > 47,
dn)? _ 2 log X)® 3log?X  6logX 6
Dy () T (( og X)® | 3log og ) (3.37)
nT X1\ -1 (r=1)2 (r=1)3 (r—=1)%*

n>X

Proof. By partial summation, we have

d(n) e ant d(n)
n;{ <7 /X =nst Lt

n t‘r+1

Using ant d(n) <t(logt+~v+ 1L2t)7 for t > 1, which follows from [91, Equation 3.1], we have

d(n) © log ¢ Cdr T [ dt
) < oL 2,
n o (/X v " +W/x 1 x T

n>X

By applying the integrals

* logt log X 1 /oo dt 1
dt = P kS S, ,
/X tc (C— 1)Xc—1 + (C— 1)2XC_1 al < tc (C— 1)XC_1, where ¢ > 1,
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we obtain ([3.36]). The second estimate is similar. We have

S [ Dl
n X

T+l
n>X

It suffices to use the elementary bound >, , d(n)? < t(logt 4 1)® < 2tlog®t for t > 47, derived by Gowers

[110]. Thus
(log X)3 + 3log? X + 6log X

d(n)* * log’t e o Vil
nT x 7 XT—I

3.3.3 Mean value theorem for Dirichlet polynomials

We require Montgomery and Vaughan’s mean value theorem for Dirichlet polynomials in the form derived
by Ramaré [90].

Lemma 3.6. Let (u,) be a real-valued sequence. For every T > 0 we have

T 0 2
/ S [ dt < 3 Jua 2T+ wmon 4 1)), (3.38)
0 "n=1 n>1
with
2 /6
mo =1+ 3/=. (3.39)
Let 0 < Ty <Ty. Then
T, _
/ | Z up,n2dt < Z [un |*(Ty — Ty + 27mo(n + 1)). (3.40)
Tt p=1 n>1

Proof. The inequality (3.38) is |90, Lemma 6.5], and (3.40) follows by the same proof. This argument is an
explicit version of Corollary 3 of [80] which makes use of the main theorem of [86]. Note that (3.40]) follows

from two applications of (3.38). O
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3.3.4 Choice for the smooth weight ¢

Lemma 3.7. Let « >0 and f = 2. Let s = o + it and let g be as defined in (3.23):

—1 s \2
g(s) = T—eld), (3.41)
s
Let 04 = %,02 > 1, and H <T. Define
o \2
wi (0, T,a) =eX(7F), (3.42)
1 o2
wy(0,Tya) = <1 - ) (%) —e, (3.43)
H
Then for % < 0 < 09, g satisfies (3.19)) and (3.20):
N2
lg(o +it)] <wi(o, T, a)e_a(%) for all t, (3.44)
wo (o, T, ) <|g(o + it)| for H<t<T. (3.45)
002 7at2
Proof. Since o > %, we have ’5;51’2 =1- 023;}2 < 1. Thus |g(s)] < |e°‘(%)2| =e 12 e 72 and we have the
expression for wy (o, T, a).
In addition, [= =1 - [ >1 - Ti,| >1- ﬁ, so for all t € [H, T, we have
aa2 7cxt2 a02
lg(s)| = (L= [t ) erme > (1-H erze ™,
which gives wq (o, T, ). O

3.4 Proof of the Main Theorem

Unless specified in the rest of the article, we set Hy = 3.0610046 - 10'° and we have the following conditions

on the parameters k, 01,9, and os:

1 0
k27 0'1257(5>0, and02:1+@. (346)
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3.4.1 Bounding Fx(o,T)

We establish here some preliminary lemmas to estimate Fx(o,T) at % and at 1+ &.

3.4.1.1 Bounding Fx(3,7)

We first need to bound the second moment of Mx (3 -+ it), where Mx is defined in (3.11).
Lemma 3.8. Let T > 0, X > kHy, and k satisfies (3.46). Then

T
/ |Mx (% +it)] dt < (C1T + C2.X)(log X), (3.47)
0
where
6 by
Ci = Cl(k‘> = ﬁ =+ m, (348)
b b
Cy = Cy(k) = —mobr_ Bmo mo%2 (3.49)

" log(kH,) = wkH, = kHolog(kHo)'

and the b;’s are defined in (3.29) and mq in (3.39).

Proof. We apply (3.38) to u, = pn).

I
n2

T
/O |Mx (%+z‘t)|2dt < Z () (T + mmo(n + 1)).

n
n<X

2

Since X > 1700, we apply (3.31) to (T +mmo) >, < x © T(Ln) and (8.30) to (wmo) Y-, < x #*(n) respectively.

We factor log X to give

T
) 6
/ |MX (% + Zt)|2dt = (T+ Wm(]) (71_2 IOgX + b2> + 7rm0b1X
0
6 b2 6m0 Mo b2 7Tm0b1
= — T X ) (log X
(<7r2 M logX> + (ﬂ'X T Xlog X T Togx (log X),

and use the fact that X > kH, to obtain the announced bound. O
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Lemma 3.9. Let T > 0, X > kHy, and k satisfies (3.46). Then

2
Fx(3,7) < Cy (Té log T + ?f) (T + ?X) (log X), (3.50)
1 1

where a1, aq are defined in (3.28), Cy in (3.48)), Co in (3.49), and

as = *% + as, (3.51)
C3 = C3(k) = a3C1(k) log(kHo), (3.52)
Cy = Cy(k) = Cy1(k)a? (1 + 013(k)> . (3.53)

Proof. We have from the definition of Fx (o, T) given as (3.17)) and Minkowski’s inequality that

|Fx(3,7)] < \//0 C(L +it) Mx (3 + it)|2dt + VT

To the last integral we apply Hiary’s subconvexity bound (3.27) to bound zeta and (3.47) to bound the mean

square of Mx. We let I denote the resulting bound so that
Iy = (a1 T log T + a)*(C1 T + C2.X ) (log X),

and thus )
2 /T

|FX(%,T)|§ (\/Io—i—\/T) =1y <1+ I) .
0

We note that alTé log T + @ is minimized at 7' = e~% and we let a3 represent this minimum. Then
Iy > ag(ClT + (3 X)log X > a%ClTlogX.
We conclude with the lower bound £ > a3Cy log(kHj), which is labeled C3, and
1 a 2 C
Iy = Cya? (Te log T + 2) (T + 2X) (log X),
ap Cl

which completes the proof. O
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3.4.1.2 Bounding Fx(02,T) at o5 =1+

log X

Lemma 3.10. Let T > 0, X > kHy and k, 9,09 satisfy (3.46)). Then

Px(o2, ) < (ol 8) + LT 1oy x 2, (3.54)
where
Tmoba 20 2 =2
= og(kH()
Cs(k:0) = =55 ( 1og(kH0)) e (3.55)

26

ok, 0) = (1+ 0 ))2+( bae (3.56)

5ded log(kHo log(kHy))?’
the b;’s are defined in (3.29), mq in (3.39), and 7 is Euler’s constant.

Proof. Recall that Fx is defined by (3.17)) and by (3.13) we have

dt.

T T
. Ax(n)|?
Fx(02,T) = / |fx (02 + it)|*dt = / ‘ 2 ni;(er)f
0 o '3

Inequality (3.38]) implies the bound

Ax(n)Q
Fx(o2, T <7Tm02 202 1 + (T +mmo) 3 n2os

n>1 n>1

For 200 —1 =1+ and 209 = 2 + ]ng, we apply the bounds for arithmetic sums and ( - ) to

log X

respectively bound the two above sums. Thus

ZM b4(1+ 2 )26%(10&5()2,

n>1 n 142 Tog X - 20 IOgX
by § \2(logX)? bze”2
d (1+ o)
. n§>:1 n2+102g5x AN log X X X
We combine these results and use the fact that X > kH to complete the proof. O

From here we may derive a bound for M, +(X, ).
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3.4.2 Explicit upper bounds for the mollifier M, (X, 0)

The results in this section are proven for a general weight g satisfying the conditions described in Section
In [44, Theorem 7], Hardy et al. proved the following convexity estimate:
Lemma 3.11. Let % <oy <1<og,letT >0, and X > 1. Then

o—o1

Myr(X,0) < Myr(X,01) 727 My (X, 00) 7201 . (3.57)

In order to obtain a bound for the mollifier M, (X, o) inside the strip % <o<1+ @, we need explicit

1
2

Lemma 3.12. LetT >0, X > 0,0 > %, and let g satisfy conditions (3.19) and (3.21]). Then

bounds at the extremities = and 1 + &.

My r(X,0) < 4w (o, T, a)Qaﬁ/ xﬁ_le_mrﬁFX(a, xT)dx. (3.58)
0

Proof. By (3.21) and |g(o +it)| = |g(c —it)| for t € R and by an application of (3.19)) to the weight g in the
definition (3.18)) of M, (X, o), we have

My (X,0) < 201(0, T, )2 / e22(5)" | £y (o + it) 2dt. (3.59)
0

8
Note that fOU |fx (o +it)|?dt = Fx(o,U) with Fx(c,0) = 0 and Ulim (FX (o, U)e_2°‘(%) ) = 0. Integrating
—00

by parts gives

o0 )8 S AN )8 dt
/ ()| fx (o + it) Pt = 208 / () e PG
0 o T t
o
d
:2046/ :L"Be_Q"‘xﬁFX(U,gcT)—x7
0 X
by the variable change = %. This combined with (3.59) yields the announced (3.58). O
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3.4.2.1 Bounding M, (X, 1)

Let o, 8, A > 0 and let n be a non-negative integer. We define
(A n) = / 220" (og 2)" (3.60)
0

In our context, I(A,n) is a constant depending on parameters A and n and is O(1) in comparison with 7.

The change of variable y = 2ax? leads to the identity

I(A,n) = (20)" % g=(n+D) io (;‘) (— log(2a) )y T("=3) (‘4;1) : (3.61)

where I'U)(2) denotes the j-th derivative of Euler’s gamma function. We also define

— 1 & 5 2I(8+ §,1) +282kI(5 — 2,1)
Tk, T) =1(B+5,0)+ k(8= 3,00+ )

I(B+1,2)+ Lk1(B-2,2) 2a2 (I(B+é,0>+%i’“l(ﬂ—%,0))
1 _|_ <
(log T')? a, T (log T))
20 (18 + 4,1+ GE18 - 2.1)) a3 (1(8,0) + LE1(5-1,0))
a1 Ts (log T')? * a2Ts (log T)?

(3.62)

+

)

U(o, k,T) = 4afCawi (5, T, a)* T (k, T), (3.63)

where wy and Cy are respectively defined in (3.42) and (3.53)). We remark that in the case of our weight g,
we have 8 = 2. Thus in our calculations of J(k,T) we specialize to = 2.

Lemma 3.13. Let o, 8 > 0 and g be a function satisfying (3.19)) and (3.21). Let T > Hy, X = kT, and k

satisfies (3.46). Then
Mqr(X,3) <U(a, k, T)(log(kT))(log T)*T3.
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Proof. We combine the bound (3.58) for Mg 1 with the bound (8.50) for Fix (%,zT):

Mg (X, %) < 4aﬁC4w1(%,T, a)Q(IOgX) {Tg / x5+%(log(:cT))ze*2aIﬁd:c
0

2@2 > B+1 —2ax? a’% > B —2ax”
+2227% 78 log(aT)e dx + —QT x’e dx
a 0 0

1 & 2 o 5
+@XT§ / xﬁ_%(log(xT))ze_zaw dxr + EQXT / 5% log(xT)e_%“’ﬁdx
0 0

Ch a; Oy
CL2 CQX/ B 1 72az dﬁC}
CLI Cl

We also use the fact that (log(zT))? = (logx)? + 2(log z)(log T) + (logT)? and obtain

My (X, §) < 4aBCun (3, T, a)(log X) { T4 (I8 + 3,2) + 20108 T (B + §,1)

2
+(log T)*I(B + 5,0)) + %T% (I(B+§,1) + (logT)I(B + 5,0)) + %TI(@O)
1
Cy

+aXT% (I(8 — 2,2) +2(log T)I(B — 2,1) + (log T)?I(8 — 2,0))
2a5 C! a? Cy
+ai125jXT (I(B=2,1)+ (logT)I(B - 5,0)) + %F I1(B— 1,0)} ;

where T is the integral defined in (3.60)). At this point we choose X = kT so as to optimize the above bound,

and we factor out the main term T3 (log T)%:

kC:
My (X, 3) < 403Csa(h T og(kT) g TP {105+ 3,00+ 2105 - 3.0
IB+3. D)+ 1B -31) 16+5.2)+ 81832 20, 1(8+5.0)+ 13- 3,0
+2 ! + + ==
(log T) (log T)? a (log T)T'
(20 1B+ 5 ) HGIB 51 | a3 1(5,0) + "G I(5-1,0)
ay (log T)2T's a3 (log T)2T% '
We recognize in the above term between brackets J(k,T') as introduced in (3.62)). O

3.4.2.2 Bounding M, r(X,05) at oo =1+ @
Lemma 3.14. Let g be as defined in Lemma . Let T > Hy, X = kT, and k, 0,09 satisfy (3.46]). Then
My 1(X,09) < V(a, k,6,T)(log(kT))?,
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where

V(v k,6,T) = 8aws (02, T, a)* K (k, 6, T), (3.64)
K(k,6,T) = <C5(k,6) + W) 1(1,0)+ @1(2,0), (3.65)

and mg, w1, Cs,Cg, and I are respectively defined in (3.39), (3.42)), (3.55), (3.56), and (3.60).

Proof. We combine the bound (3.58) for M, r with the bound (3.54) for Fx(o9,2T) (since X > kHy) to

obtain

My (X, 03) < dafr (02, T, )’ ( [ e (can gy SEDETEmL oy X)?dm) - (3.66)
0

Rearranging this and recalling the definition for I in (3.60) we obtain

My r(X,02) < dafior(o0, 7,00 X)? ( (Cath) + LT 105 - 1,0)
Co(k, 6)T
2 150)).

We conclude by noting that X = kT and for our g, 8 = 2. O

+

3.4.2.3 Conclusion

Finally, we provide bounds for M, r.
Lemma 3.15. Let g be as defined in Lemma . Let T > Hy, X = kT, and k satisfies (3.46)). Assume

1 )
§SUS1+@ Then

Myr(X,0) < 625(2071)M(k,g)+%u(a7 k’T)2(170)+% %
’ ) (3.67)
V(a, k, 8, T)2 1~ wateria# (log (KT))27 (log T)*0-) 7 (1=7),
where U and V are respectively defined in (3.63) and (3.64) and
log Hy
M(k,8) = (7 ) 3.68
(k0) = max (oY £ 25 (368)
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Proof. Let 01 = % andf 05 = 1 + @ and o € [01,02]). We apply the convexity inequality (3.57) with

exponents
_ 1+ 25 -0 — -1
09— 0O o—0 o
a=— = g X andb=1—a= L= 2 (3.69)

02 — 01 (1+10§X)_% 02 — 01 (1_|_10g(s )_%

in combination with Lemmas Lemma to obtain
M, 1(X,0) <U(o, k, T) V(e k, 6, T) (log (kT))*+2* (log T)?*T'5°. (3.70)

Next, from the definitions of (3.69) it may be checked that

20(20 1) o 200201

—92(1—0)+ N0 .
o =2 U)+log‘X+257 & log X + 26

(3.71)

From these equalities it follows that a + 2b < 2¢. Using (3.71) and the bound for a + 2b (since log(kT) >
log(kHp) > log(10%) > 1), we have

4., 26(20—1)log T 25(20—1) log log T _ 25(20-1)
./\/lg’T(X,O') < 3% TToaRT 23 F2X TRy T2 U(a,k,T)2(1 o)t oa(RTYIT25

. (3.72)
V(@ k, 8, T)2 1~ et 17535 (log (KT))27 (log T) 1= 75 (1=),

Next we observe that the function log(lgg% decreases if log k + 26 < 0 and increases if logk + 20 > 0 and
thus
log Ho .
loo T —e=L—if loghk + 26 < 0,
g () 35 S MUk,) = § P (3.73)
8 1 if log k + 26 > 0

where M (k,d) was defined in (3.68]). Furthermore, it may be checked by the conditions on k, that blgo(g;%

decreases as long as 0 < § < log(HO)(IC)% log Ho=1) ' Using these observations in (3.72) we deduce (3.67). O
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3.4.3 Bounding Fx(0,T) — Fx (o, H)

Lemma 3.16. Let g be as defined in Lemma , Let o € [%, 1] anda>0. LetT > Hy > H >0, X = kT,
k satisfies (3.46), and 0 < § < 1Og(H“)(loglog Ho=1) — 96.36.... Then

8 _ 45(20—1) log log Hg _ 25(20—1) 4 28(20-1)
635(20 1) M (k,5)+ Tog(kH()+26 Z/{(Oé,k,T)2(1 U)+log(kT)+25V(a7k’(s’T)zo- 1 Tog(kT)+23

2(wa (0, T, a))?

Fx(O',T)fo(O',H) S

x (log(kT))2" (log T)*1 =) 3(1=2)

(3.74)
where wo, U,V are respectively defined in (3.43)), (3.63)), (3.64]).
Proof. By the assumed lower bound on g, (3.20)), we have
g 2 g 2 2
F T)—-F H) = it)|“dt < it it)|“dt.
w(0.1) = (o) = [ fslo it < s [ lato+ il fx(o + i)
Since t — |g(o + it) fx (o + it)| is even, it follows that
M T(X 0')
F T)—-F H)y< —%- 77
xS 50, (0. T, )
and we conclude by inserting the bound (3.67)) for Mg, (X, 0). O

3.4.4 Explicit upper bounds for [/ arghx (7 +iT)dr — [!, arg hx (7 +iH)dr

The following Proposition and Corollary are a variant of Titchmarsh [102, Lemma, p. 213]. This proposition
gives a bounds for arg f(o + ¢T) where f is a holomorphic function. The argument we use here is due to
Backlund (7] in the case that f(s) = {(s). The cases of Dirichlet L-functions and Dedekind zeta functions
have been worked out by McCurley [77] and by the first and third authors [60] respectively.

Proposition 3.1. Let n > 0. Let f(s) be a holomorphic function, for Re(s) > —n, real for real s. Assume
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there exist positive constants M and m such that

[f(s)] < M for Re(s) = 1+, (3.75)

[Ref(1+n+it)] >m>0 forallt €R. (3.76)

Let o € (0,1 + 1] and assume that U is not the ordinate of a zero of f(s). Then there exists an increasing

sequence of natural numbers {Ny}32 | such that

. ™ mlogM wlogm m
Uls 5gz? - 5 ol 3.77
|arg f(o + )|_log2 k+ 3log 2 Tog 2 +2+0k( ) (3.77)
where
1 5 1<
L = 1 — 1 1 4+ 2n)e? “D5N do .
2 %Nk/g Og(Z;OW 4+ (1+20)e? + (—1)%iU)| ) (3.78)

and o (1) is a term that approaches 0 as k — oo.

Proof of Proposition[3.1 Let n > 0. We define arg f(1 4 n) = 0, and arg f(s) = arctan g::}cg; for Re(s) =

1+ 7, since, by (3.76)), Re(f(s)) does not vanish on Re(s) =1+ n. It follows that
larg f(1 + 7 +iU)| < g (3.79)

Recall that arg f(o + iU) is defined by continuous variation, moving along the line C from 1+ n + iU to
o +iU. It follows that
|arg f(o +iU)| < |Ac arg f(s)| + = (3.80)

[\

We now bound the argument change on C. Let N € N and let
1
Fy(w) = 5(f(w+ i)Y + fw —iU)N). (3.81)

Since f(s) is real when s is real, the reflection principle gives Fy (o) = Re f(o +iU)N for all o real. Suppose
Fn (o) has n real zeros in the interval [o,1 + 7]. These zeros partition the interval into n + 1 subintervals.

On each of these subintervals arg f(o + iU)" can change by at most 7, since Re f(o + i)Y is nonzero on
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the interior of each subinterval. It follows that

(n+ 1)7‘('-

|Acarg f(s)] = %IAc arg f(s)™| < = (3.82)

We now provide an upper bound for n. Jensen’s theorem asserts that

121 (u)du

37

1 7 .

log |Fn (14 n)] +/ Pl / log|Fn(1+n+ (1+ 277)@19|d9,
0 -3

where n(u) denotes the number of zeros of Fiy(z) in the circle centered at 1 + n of radius u. Observe that

n(u) > n for u > % + 71 and thus

3
1 [F ,
nlog2 < %/ log |Fx (1 41+ (14 21)e®|dd — log |Fx (1 +n)|. (3.83)
Trivially from (3.81)),
L2
|En (1 41+ (1+2n)e’ 52 1+7n+ (1+2n)e + (—1)%U)|N
=0

so for the left part of the contour in ([3.83)),

7 it B 1¢ it T\ [N
log |[Fx(1+71+ (1+2n)e®)dd < | log (5 SIS 0+ (4 29)e” + (~1)7iU)] ) 6. (3.84)
3 3 j=0
For the right part of the contour in (3.83), we have —Z < 6 < Z, so Re(1 +n+ (1+2n)e’?) > 1+ 1. We

apply (3.75) and obtain
—/ log [Fn(1+n+ (1+2n)e Z9\d9< logM. (3.85)
z

To complete our bound for n, we require a lower bound for log |Fy, (1 + n)|.
We write f(1+n+iU) = re'® and then choose (by Dirichlet’s approximation theorem) an increasing se-

quence of positive integers Nj tending to infinity such that Ni¢ tends to 0 modulo 27. Since

Fn,(141n) Ve cos(Ny¢)

[t n+aU)Ne e
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it follows that lim Fv, (1 + n) N

= 1. Thus we derive

log |Fy,, (1 4+n)| > Ny log|f(1+n+iU)| + ox(1),

where the term o (1) — 0 as kK — oco. Together with (3.76)), we obtain

log |F, (1 +n)| > Nilogm + ox(1). (3.86)

Then (3.83)), (3.84), (3.85), and (3.86]) give

3m 1
L[z 1 i0 j 77V
< =S 0 (1)) E
nlog2 < 271_/72r log(2 [f(1+n+ (14 2n)e"” + (=1)7U)] )d9

j=0
Ni log M
+ % ~ Nylogm +ox(1). (3.87)
By (3.82) it follows that
T mwlogM  wlogm
) < - 1
ocarg J()1 < 15 5% + Flogz ~ Togz T )
where .Z}; is defined by (3.78) . We conclude by combining this with (3.80)). O

We derive the following Corollary for arg hx(s) from Proposition
Corollary 3.1. Let g = 0.23622..., 1 € [no, 3), and X > 10°. Assume that U > H > 1002 and that U is

not the ordinate of a zero of hx(s). Then for all T € (0,1 + 7],

mlogbr(k,n, Hy)  mlogbs(n)
2log2 2log2
_ mwlog(1—bs(10%m)?)  «

log 2 * 2’

|arg hx (7 +:U)| <

(log X) +

(1+2n) bs(n, H) 7(1+1n)
1 KRSV
log 2 © ( 27 U) log 2

where bs, bg, b7, bg are defined in (3.89), (3.90), (3.95), and (3.96)).

Proof of Corollary[3-1. We apply Proposition [3.1]to f = hx as defined in (3.15):

hx(s) = 1= fx(s)* = ((s)Mx (5)(2 — ((s) Mx(s))-
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Let 0 > n+1 and t € R. We establish an upper bound for |hx (o +1:t)|. The triangle

(1
with [¢(s)| < ¢(1+ n) and with [Mx(s)| < Z |n1+n _ 42 :2717))

give
|hx (s)] < bs(n)

with
¢(1+n)* JF2C(1+77)2
C2+2m)? " ¢(2+2n)

bs(n) =

inequality in conjunction

(3.88)

(3.89)

We now give a lower bound for [Reh x (1+n+it)|. We use the reverse triangle inequality |hx (s)] > 1—|fx(s)|*.

It remains to provide an upper bound for |fx(s)|. Trivially from (3.12)),

d(n)
|<Z|n1+n —ZHEZH’

n>X n>X
and by Lemma we obtain
: (1 +n)(log X) 1 gl ™
1 )] < bg(X,7) = (1 ) 3.90
fx(L+m+it)] < be(X,m) X" Tlog X ' log X ' 12(1 1 )X (log X) (3.90)
Note that (logX) decreases when 7 > -+, which is the case since we assumed 7 > m = 0.048254 . ..

and X > 10°. Thus lfx(s)| < b6(109a77) and

[Re(hx(s))] = [1 = Re(fx ()] > [1 = [fx ()] = 1 = [fx ()] > 1 = b6(10%, ). (3.91)

Note our assumption 7 > 19 = 0.23622. .. ensures 1 — bs(10%,1)? > 0, which allows us to use it as our lower

bound m in Proposition

Finally, we must bound %}, as defined in (3.78) in the case f = hx. We assume w is a complex number such

that —y < Rew < 1+ n and [Jmw| > U — (1 + 2n). Recall that by Lemma [3.1]

14wl /|w+ 1]y T2
Cw)| < 3wl (w1 ¢1+).
1—w|\ 27
Since 1 — 11 4 2| <14 < 1.002 when |[Jm(w)| > 1000, then
[1—w| — |3m(w)\
1 14n—u
I¢(w)| < 3.006¢ (1 + n)(%) for [Jm(w)| > 1000.
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From the definition (3.11)), we have the trivial bound
|Mx (w)] < X7

It follows from

[hx (w)] < 1€ (w) M (w)[* + 2|¢ (w)|| Mx (w),

the bounds (3.92), (3.93), ‘“’247;1‘ > 1,—% <0, and X > kH,, that

|w + 1
2

14+n—u
[hx (w)] < b?(km,Ho)( ) X205 for [Jm(w)| > 1000,

with
_ 2 2
b7(k,m, Hp) = <1 + 3.006¢(1 1 n)(kH0)1+77> (3.006¢(1 +n))”".

We apply this with w = 1 +n+ (1 4 2n)e? +iU. Since cosf < 0, a little calculation gives

lw+1] =241+ (1+2n)e £iU| </ (2+n)2+ (1 +2n+U)2 < bs(n, H)U,

with

bs(n, H) = \/(2;;277)2 + (1 2277 + 1)2.

In addition 1 +n—u=14+n—(14+n+ (1 +2n)cosf) = —(1 + 2n)(cos ), and (3.94) gives

bs(n, H) U> —(142n)(cos0) x20+n),

[hox (U (1 2m)e™ 60)] < b (k. Ho) (5=

(3.93)

(3.94)

(3.95)

(3.96)

(3.97)

since |Jm(1 +n+ (1+2n)e’ £iU)| > U — (1 —2n) > H —2 > 1000. We use this to bound .%}, as defined in

B78):

3

s 2i/ 2 (lOgb7(k777,Ho) — (1 + 2n)(cos 0) 1og(68("’H)
™ )=

2

Calculating the integrals give

< lOg b7(k7777H0) + (1 + 277) IOg (bS(WaH)
™

L < 5 - U) + (1 + 1) (log X).
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By (3.88)) and (3.91) we may take M = bs(n) and m = 1 — bs(10%,71)? in (3.75) and (3.76) in the case of
f(s) = hx(s). Therefore by Proposition
m mlogbs(n)  mlog(1 —bs(10°,7)%)

T
h U < — % — 1). 3.99
laxg hx (o +1 )|_10g2 (s 2log2 log 2 +2+0k( ) ( )

Inserting the upper bound for % from (3.98) and letting k& — oo we complete the proof as the og(1) terms

goes to zero. O

We are now in a position to bound the arguments.
Lemma 3.17. Let 0 < H < Hy < T and X <T. Let n € (no, 5) with no = 0.23622..., ¢’ and p satisfying
$ <o’ <l<pu<l+mn. Then

p p
‘/ arghX(T—l—iT)dT—/ arghx (1 +iH)dr| < Cr(n, H) (u — o’)(logT), (3.100)

o!

where
2042n)+2x(1+mn)  bo(n, H)
log 2 log Hy

Cz(n,H) = (3.101)

with be(n, H) defined in (3.104)).

Proof. Note that

p p
‘/ arg hx (7 +iT)dr —/ arg hx (7 +iH)dr| < (u—0o') n(lax ) (|arghX(T+iT)| + \arghX(T+iH)|).
o' o' TE(0! 1
(3.102)
By Corollary [3.1] we have

(1+2n)
log 2

2r(1+n)

log X 1
g (o5 X)  (3.103)

|arg hx (7 + iH)| + |arghx (T +4T)| < bo(n, H) + (log(HT)) +

with

mlogbr(k,n, Ho) _ wlogbs(n) _ 2mlog(l —bs(10%m)") 2(1+2n) (bs(n,H

)
104
log 2 log 2 log 2 log 2 2m (3.104)
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where by, bs, bg, bs are defined in (3.95), (3.89), (3.90)), (3.96). Factoring logT in the right hand side of
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(13.103), using H < T, X < T, and Hy < T yields

2(1+2 27 (1 b H
|arg hx (7 + iH)| + | arg hx (7 +T)| < (log T) ( (1+ ”104;2”( pall) fo(g’%)) . (3.105)
Combining (3.102)) and (3.105)) leads to ([3.100]. O
3.4.5 Explicit lower bounds for f; log |hx (p + it)|dt
First, observe that (3.90) implies for
P> 1410 =1.23622..., [fx(u—+it) <1. (3.106)

This fact is used in the next lemma.
Lemma 3.18. Assume p > 1+ ng where ng = 0.23622.... Let X = kT where T > Hy, k satisfies (3.46]),
k<1, and 2rmo < H <T. Then

T
- / log [hx (1 + it)|dt < Cs(k, ) (log T). (3.107)
H
with

Cs(k, 1) = bio(k, p)

(log(kHy))? (4Mb11(kH072M) 2mmo (2p — 1)by (kHo, 2 — 1)> (3.108)

(kHo)?+—2 k(2p—1) (n—1)
b1o is defined in (3.111)), b1y in (3.113), and mqg in (3.39).

Proof. We begin by remarking that (3.90) implies |fx (1 + it)| < bg(kHo, t — 1) < 1 since X > kHy > 10°

and p > 1+ ng. Next, observe that |hx (u +it)| > |1 — fx(u+it)?| > 1 — |fx(u+it)|? and thus

—log|hx (u+it)| < —log(1 — | fx (u+it)[*). (3.109)

log(1—u?)

Since — 11;2 increases with u € (0, 1), we have

—log(1 = |fx(u+it)]*) < bro(k, p)| fx (p + it)|?, (3.110)
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with
log (1 — bg(kHo, p — 1)%)

bio(k, 1) = 3.111
10( 7/’[’) bG(kHO7/14_]-)2 ( )
where bg is defined in (3.90)). It follows from (3.109)) and (3.110]) that
T T
— [ ol il < buolh o) [ 1+t (3.112)
H H
We apply Lemma [3.6] and the bound [Ax(n)| < d(n) with Ax(n) = 0 if n < X. We obtain
T o0 2
2 [Ax (n)]
/H |fx (4 it)|2dt < HZ:; g (T = H +2mmo(n + 1))
d(n)? d(n)?
< (T — H +2mmy) Z o + 2mmy Z e
n>X n>X
We appeal to (3.37)) to bound the above sums:
Z d(n)? < (log X )3 27b11(kHo, T)
nm — X7l (r—1)
n>X
since X > kH, where
3 6 6
b1 (X, 1) =1 . 3.113
nXm) = g x) T (- 12(og X)2 T (7~ 1P (log X)° (8.113)

Since X = kT we deduce that

T L N2 (1Og(k‘T))3 4/,Lb11(k‘H0, 2”) 27rm0(2u — 1)b11(k'H0, 2/,6 — 1)
1ot inar < (G (MR + (- 1) )

Note that ((IZ%% decreases with T as long as 107 > et (ie. p > po = 1.072382...). Using this and

log(kT) <logT (since k < 1) implies

T N (1Og<kH0))2 4/Lb11(ijQ, 2/J,) 27Tm0(2u — 1)b11<k‘H0, 2,u — 1)
/ | fx (o +it)|"dt < ( k(2p—1) (p—1)

H (kHg)2n—2 ) (logT). (3.114)

We conclude by combining this with (3.112)). O
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3.4.6 Proof of Zero Density Result

Finally, we are able to compile our bounds to obtain an upper bound for N(o,T).

Lemma 3.19. Assume o > 0,d > 0,6 > 0,m9 = 0.23622...,n € [no,3), and p € [1 4+ no,1 + n]. Let
Hy = 3.0610046 - 10'°, 1002 < H < H,, % <k<1, T > Hy, and X = kT Assume o > %+ IOgLHO,
U(a,k,Hy) > 1, and U(a, k,T) decreases in T. Thus

(T — H)(log T) (log(kT))2 (log T)*(=o) 5 (1=9) Co )
< -7 S .
N(o,T) < S log (14 C4 i + rd (logT)*, (3.115)
N(o,T) < EL (log(kT))27 (log T)P—47 750 4 C2 (10 72 (3.116)
T 2wd 2md ’

with

s _ 45(20—1) log log Hy _ 2d 25(20—1)
C = Ci(o, d, 8, k, H,0) = byo(H)e3 DM+ 0w ros 1 (v, k, Ho)* ™) e g T loxtrrig +25 x

(3.117)
Viayk, 8, Hp)> ~te o 2+ 2.
d
Co = Co(d,n, k, H, pi, o) = Cy(n, H) (u o+ 7) + Cs(k, ), (3.118)
log Hy

and U,V,M(k,0),C7,Cs and b1y are respectively defined in (3.63)), (3.64), (3.68), (3.101), (3.108)), and

(3.120).

Remark. 1. The assumptions that U(a, k, Hp) > 1 and U(«, k,T) are decreasing can be removed from the
theorem. However, this would overly complicate the statement of the theorem. In all instances that we apply

this theorem (for various values of v and k) these conditions hold.

Proof. We begin by assuming that T is not the ordinate of a zero of {(s). From (3.10), (3.16), and the
definition (3.17)) of Fix, we have for o € [0/,1] where ¢/ > 1 and pu € [1 4 1,1 + 7]

N(o,T) < !

< m((T_H)log <1+ Fx(o',T) _FX(U’7H))

(T - H)

Iz Iz T
+/ arghX(TJriT)de/ arghX(T+iH)de/ log\hx(u+it)|dt).
o H

’ o’
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We apply Lemma [3.16] Lemma and Lemma to achieve

(I — H)
N(o,T) < m

3 45(20’ —1) log log H, 25(20' —1) 28(20' 1)
6§5(20'*1)M(k’5)+4 Tog(hHg) T26 U(a, k, T)Q(I*UI)+ 10sk17725 V(a1 k, 6, T)Q"”*l* Tog(RT)F26
log | 1+

2(wa(0’, T, @))?

X (3.119)

(log(kT))*” (log T)*—o)T5 (1~ 4 (G, H) (= 0') + Cs(k, p)) (log T)
(T —H) 2r(o0 — o)

We make the choice 0/ = o — %, for some d > 0. From the definition (3.64), we note that V(«, k,4,T)

decreases with T. Since by assumption U(«, k, Hy) > 1 and T — U(k,«,T) decreases, it follows that

2d_ | 25(20' —1) .
U(a, k, Hy)©eT TToe#D+25 decreases with T and thus

’ 25(20’ —1) _ 2d 25(20’ —1)
Ula, k, T 0ehTT235 < U(a, b, Ho)* (™7 metmy *ostirmoreas

It may be shown that for our choice of parameters «, k,d that V(«, k,6,T) > 1 for all T > Hy and thus

25(20' —1)

V(a, k,8,T)% ~1 " eterrims < V(a, k, 5, T)2 .
In addition,

(log(kT))Qg’(log T)4(1fg‘/)T%(1fgl) _ e%@log log T—log log(kT))+ 8¢ (10g(k‘T))2g (log T)4(170)T%(170)

2d(2log log Ho—loglog(kHp)) | 8d

<e ¥ (log(kT))*" (log T)*( =5 (=),

2 log log T'—log log(kT)
logT

since T' > Hy and % < k <1 imply decreases in T. Since wy(o’, T, «) as defined in

(3.43)) increases with o' > o — MgLHU and decreases with T', then
1

B T = e mih ) =

(3.120)
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Combining the above inequalities establishes (3.115)), and thus (3.116)) (applying log(1 + y) < y).

48(20' —1) log log H

T = H)logT),, <1 + big(H)eSo27 ~DMn0)+ Sy

N(o,T) <
(0,7) < 2md

o) —2d 4 _25(20'—1) 2d(2loglog Ho—loglog(kHo)) | 8d
x Ula, ko, HO)2(1 )+ Tog Ho T Toa(k Ho) 725 V(a, k, 8, Hp)* ~te Tog Ho +5 420

y (log(kT))2"(logT)4(1—‘7)T§(1—‘7)> (3.121)

(T'—H)

(Crln H) (1 = 0 + o) + Cis(k, ) ) (10g T

* 2rd

Since ¢’ < o, each remaining occurrence of ¢’ may be replaced by o. Finally, by a continuity argument these

inequalities extend to the case where T is the ordinate of a zero of the zeta function. O

3.5 Tables of Computation

For fixed values of o, Table provides bounds for N(o,T) of the shape (3.116). We fix values for & in

[@
Hy>

1]. The parameters «, d,d,n and H are chosen to make fﬁ as small as possible with Ci (o, d, 0, k, H, o)
as defined in . The program returns H = Hy — 1 for all lines in the table. With this H we minimize
C7(n, H) which chooses = 0.25618 . ... Then pu is chosen to minimize puCr(n, H) + Cs(k, i) (as in the defi-
nition of Co = Ca(d,n, k, H, 1,0)). We remark that there is a small bit of subtlety when considering
U(a, k,T), it is necessary to ensure all the coefficients in J(k,T') are positive and this is checked with each

set of parameters used. This is to guarantee that U(«, k,T) decreases with T'.

For fixed values of o, Table provide bounds for N (o, Hy) of the shape (3.115). In this case, the choice

of H is essential and we choose H = Hy — 1075, As a consequence the “main term” is 120;; (log Hp) log (1 +
10°C; (log(kHy))? (log H0)4(1*")H0%(1_U)) which becomes insignificant in comparison to W (log Ho)?,
the term arising from the argument. We take o = 0.324, § = 0.3000, and k = 1 (as we did not find any other

values giving better bounds). The parameter 7 is chosen to minimize C7(n, H), and then p to minimize

uCr(n, H) + Cs(k,p): 7 =0.2561... and p = 1.2453. . ..
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Table 3.1: The bound N(o,T) < A(log(kT))2’ (log T)3~4T3(1=9) 4 B(logT)? (3.116) for ¢ = o with
W o<
HO - - °

oo | k L a B d [ A=5% =G
0.60 | 0.5 | 1.251 | 0.288 | 0.3140 | 0.341 | 2.177 5.663
0.65 | 0.6 | 1.249 | 0.256 | 0.3070 | 0.340 | 2.963 5.249
0.70 | 0.8 | 1.247 | 0.222 | 0.3040 | 0.339 | 3.983 4.824
0.75 | 1.0 | 1.245 | 0.189 | 0.3030 | 0.338 | 5.277 4.403
0.80 | 1.0 | 1.245 | 0.160 | 0.3030 | 0.337 | 6.918 3.997
0.85 | 1.0 | 1.245 | 0.133 | 0.3030 | 0.336 | 8.975 3.588
0.86 | 1.0 | 1.245 | 0.127 | 0.3030 | 0.335 | 9.441 3.514
0.87 | 1.0 | 1.245 | 0.122 | 0.3030 | 0.335 | 9.926 3.430
0.88 | 1.0 | 1.245 | 0.116 | 0.3030 | 0.335 | 10.431 3.346
0.89 | 1.0 | 1.245 | 0.111 | 0.3030 | 0.335 | 10.955 3.262
0.90 | 1.0 | 1.245 | 0.105 | 0.3030 | 0.334 | 11.499 3.186
0.91 | 1.0 | 1.245 | 0.100 | 0.3030 | 0.334 | 12.063 3.102
0.92 | 1.0 | 1.245 | 0.095 | 0.3030 | 0.334 | 12.646 3.017
0.93 | 1.0 | 1.245 | 0.089 | 0.3030 | 0.333 | 13.250 2.941
0.94 | 1.0 | 1.245 | 0.084 | 0.3030 | 0.333 | 13.872 2.856
0.95 | 1.0 | 1.245 | 0.079 | 0.3030 | 0.333 | 14.513 2.772
0.96 | 1.0 | 1.245 | 0.074 | 0.3030 | 0.332 | 15.173 2.694
0.97 | 1.0 | 1.245 | 0.069 | 0.3030 | 0.332 | 15.850 2.609
0.98 | 1.0 | 1.245 | 0.064 | 0.3030 | 0.331 | 16.544 2.532
0.99 | 1.0 | 1.245 | 0.060 | 0.3030 | 0.331 | 17.253 2.446

Table 3.2: Bound (3.115)) with £k =1

o d] =& C L2 [ N(o,Hp) <
0.60 | 2.414 | 0.066 2094.73 | 0.893 520
0.65 | 3.621 | 0.044 97986.60 | 0.595 346
0.70 | 4.828 | 0.033 4583580.34 | 0.447 260
0.75 | 6.036 | 0.027 214409007.32 | 0.357 208
0.80 | 7.243 | 0.022 10029544375.44 | 0.298 173
0.85 | 8.450 | 0.019 469158276689.92 | 0.255 148
0.86 | 8.691 | 0.019 1012341447042.27 | 0.248 144
0.87 | 8.933 | 0.018 2184412502812.95 | 0.242 140
0.88 | 9.174 | 0.018 4713486735514.76 | 0.235 136
0.89 | 9.416 | 0.017 10170678467214.40 | 0.229 133
0.90 | 9.657 | 0.017 21946110446020.33 | 0.224 130
0.91 | 9.899 | 0.017 47354929689448.17 | 0.218 126
0.92 | 10.140 | 0.016 102181631292174.11 | 0.213 123
0.93 | 10.382 | 0.016 220485720114084.42 | 0.208 120
0.94 | 10.623 | 0.015 475760194464125.94 | 0.203 118
0.95 | 10.864 | 0.015 | 1026586948666903.92 | 0.199 115
0.96 | 11.106 | 0.015 | 2215151194732183.30 | 0.195 113
0.97 | 11.347 | 0.015 | 4779814142285142.58 | 0.190 110
0.98 | 11.589 | 0.014 | 10313798574616601.14 | 0.186 108
0.99 | 11.830 | 0.014 | 22254932487167323.15 | 0.183 106
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4 Explicit Bounds for L-Functions on the edge of the critical

strip

4.1 Introduction

In analytic number theory, and increasingly in other surprising places, L-functions show up as a tool for
describing interesting algebraic and geometric phenomena. In particular, understanding the value of L-
functions on the 1-line has a number of applications. For example, the non-vanishing of the Riemann zeta
function for ¢(1 + it), t € R, proves the celebrated Prime Number Theorem. Additionally, understanding
the value L(1, x) for certain Dirichlet characters, provides us with insight to the order of the class group of
imaginary quadratic fields through Dirichlet’s Class Number Formula. Unconditionally, for any non-trivial

Dirichlet character x with conductor ¢, we have
1

In fact, we can improve the lower bound to (log¢)~!, excluding some exceptional cases related to Landau-
Siegel zeros (see [21, Chapter 14]). Louboutin [72] proves an explicit upper bound of this shape. Under
the assumption of the Generalized Riemann Hypothesis (GRH), we have the much stronger bounds due to

Littlewood [70]:

¢(2)(A +0(1))

< |L(1,X)| < (2¢7 + 0(1)) log]
2 loglogg = [FXI = (2¢7 4 o(1)) loglogq,

where o(1) tends to 0 as ¢ — oo. Recently, Lamzouri, Li and Soundararajan gave the following explicit
refinement

Theorem 4.1. [65, Theorem 1.5 ] Asume GRH. Let q be a positive integer and x be a primitive character
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modulo q. For g > 1019 we have

1 1
|L(1,x)| < 27 | loglogg —log2 + - +
2 loglogq

and

1 12e7 1 1 141oglog q

— < (logl —log2+ = .

IL(1,x)| = =2 <Og B4 OBZT 5 T loglogg log q

The goal of this paper is to provide explicit upper and lower bounds for a large class of L-functions, including
L-functions attached to automorphic cuspidal forms on GL(n). More precisely, we bound the quantity
|L(1, f)|, where L is a degree d > 1 L-function and f is some arithmetic or geometric object. The results
will be valid under the assumption of GRH and the Ramanujan-Petersson conjecture. Additionally, we

improve on the bound that comes from generalizing Littlewood’s technique, which under both GRH and

Ramanujan-Petersson conjecture provides

12e”

T2

—d d
(1 o) (5 toglog () ) - < L] < (1-+ o(1) (2 loglog (1))

where o(1) is a quantity that tends to 0 as C(f) — oo. Here C(f) denotes the analytic conductor of the
L-function. A precise definition of C(f) along with what the term L-function describes will be provided after
another example. Other works discussing explicit bounds for higher degree L-functions focus on bounding

L(3, f), we refer the reader to [18] for details.

We provide a degree 2 example before appealing to the precise definitions. Let k,g > 1 be integers and let
x be a Dirichlet character modulo gq. Take f to be a Hecke cusp form of weight k, level ¢, and character x,

with the following Fourier expansion at the cusp oo,

F(2) =Y ApmmE=DPe(nz), e(z) = 7.

n>1

Then

L(s,f)H(lAf(mV‘(p))1

s 2s
p p p

— As(n)

is a degree 2 L-function. By works of Deligne [22] and Deligne and Serre [23], it is known that L(s, f) satisfies
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Ramanujan-Petersson for all weights k£ > 1. In this situation, the analytic conductor is given by

o) = % (1+(k2— 1)/2) <1+(k2+ 1)/2> oy

We deduce the following corollary from our main results Thereom [4.2] and Theorem [4.3] below.
Corollary 4.1. Under the assumption of GRH, if log C(f) > 46, we have

IL(L, £)| < (2¢7)? ((loglog C(£))* — (2log 4 — 1) loglog C(f) + (log4)* — log 4 + 2.51),

and

2
L _ (1267> ((loglog C(/))* ~ (2log4 — 1) loglog C(f) + (log4)* — log 4 + 2.67

IL(Lf)] — \ =2
+89.40((log log C(f))? — 2log4loglog C(f) + log? 4))
log C(f) '

4.1.1 Definitions and Notation

To begin, let d > 1 be a fixed positive integer, and let L(s, f) be given by the Dirichlet series and Euler

product

()
:

p j=1

L, =3 M0
n=1

n

where Af(1) = 1, and both the series and product are absolutely convergent in Re(s) > 1. We shall assume
that L(s, f) satisfies the Ramanujan-Petersson conjecture which states that |a; r(p)| < 1 for all primes p

and 1 < j < d. Further, we define the gamma factor

d Ny
Vs, f)==""2T]T (52’{]) :

j=1

where x; are complex numbers. These x; are called the local parameters at infinity and may be referred
to as such throughout. In general, it is assumed that Re(x;) > —1, in our case the Ramanujan-Petersson
conjecture guarantees that Re(x;) > 0. This last condition ensures that (s, f) has no pole in Re(s) > 0.

Furthermore, there exists a positive integer ¢(f) (called the conductor of L(s, f)), such that the completed
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L-function,

(s, f) = aq(f)*?(s, £)L(s, f),

has an analytic continuation to the entire complex plane, and has finite order. This completion satisfies a

functional equation

5(87 f) = G(f)g(l - 87?)7

where €(f) is a complex number of absolute value 1, and £(s, f) = £(3, f) (f is called the dual of f). Uniform
estimates for analytic quantities associated to L(s, f), when L(s, f) is varying rely on a number of parameters,
it is therefore convenient to state the results in terms of the analytic conductor which we define as follows:

For s € C,

5+li]

-

In this article we are interested in studying the value of L(1, f)

1+H)j

d
c() = ot = W

We note that in [18] the author uses C(f) = C(f,1/2). This definition is very similar to the one given in
Iwaniec and Kowalski [52] and only differs by a constant factor to the power of the degree of the L-function.
To help orient the reader, we give an example in the form of the analytic conductor of a Dirichlet L-function.

Let x be a Dirichlet character modulo ¢ then the associated L-function has analytic conductor:

l1+a 1 oifx(=1)=-1

0 if x(-1)=1.
4.2 Results
Here we detail the theorems and make some remarks about how they fit into the general context of what is
already known.

Theorem 4.2. Let d > 1 be a fized positive integer and let L(s, f) be an L-function of degree d with conductor

q(f) and analytic conductor C(f). Suppose that GRH and Ramanujan-Petersson hold for L(s, f). Then for
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C(f) chosen such that log C(f) > 23d we have

201, = 2% ((log o (1) ~ log 2)" + § (oo €17) o2y~ + “X (D oglog C(7) ~ o 20)2).

~—

where

22.
K(d) =231+ %(60'31‘1 —1-0.31d). (4.1)

Remark 4.1. This result is asymptotically better than the classical bound as the upper bound has the shape
IL(1, )] < (2¢7)? ((loglog C(f)) — (dlog(2d) — §)(loglog C(£))*~! + Oa((loglog C(£))4~?)) ,

and (dlog(2d) — 2) > 0 for all d > 1.
Remark 4.2. If we take d = 1, we may take C(f) > 10'° and we obtain K(1)/4 < 0.88 which gives
essentially Theorem [{.1]

1 0.88
L(1,y)| < 2¢7 (logl —log2+ > :
IL(L,x)] < 2e <°g 0g C(f) —log +2+loglog0(f)—log2)

Theorem 4.3. Letd > 1 be a fized positive integer and let L(s, f) be an L-function of degree d with conductor
q(f) and analytic conductor C(f). Suppose that GRH and Ramanujan-Petersson hold for L(s, f). Then for
C(f) chosen such that log C(f) > 23d we have

d
1 <<1M> ((loglogC(f)—lode)d+;l(loglogc(f)—logZd)d_l

IL(1, f)] = \ =2
dJi(d) a_s . d*Ja2(d)(loglog C(f) — log 2d)d>
+ loglog C(f) — log 2d +
(loglog C(f) — log 2d) oz C(f)
where
418 , 694

Ji(d) <2+ 7(6 —1—0.69d). (4.2)
and

Jo(d) =9+ %(emd —1—0.69d). (4.3)

We notice that lower bound also provides something asymptotically better as in Remark
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Remark 4.3. If d = 1 we may take C(f) > 1019 then J1(1)/4 < 0.82 and J»(1) < 14.09 this provides
essentially Theorem [].1]

1 12e7
2

1
< (loglogC(f) + = —log2+
T

0.82 14.09(log log C(f) — log 2))
IL(1,x)| — 2 '

loglog C(f) — log 2 + log C(f)

As an easy corollary to these theorems we may a bound degree d L-functions in the ¢ aspect as follows. Let

t be a real number and define L;(1, f) := L(1 + it, f), then the analytic conductor of L:(s, f) is given by

1+it+lﬂlj
2

Xf |t|d.

d
Ci(f) = qi{:) H

Corollary 4.2. Let d > 1 be a fized positive integer and let L(s, f) be an L-function of degree d with
conductor q(f) and analytic conductor C(f). Suppose that GRH and Ramanujan-Petersson hold for L(s, f).
If log Cy(f) > 23d then

|L(1+it, )] < (2@7)d ((loglog Ci(f) — log Zd)d + g(loglog C(f) — log 2d)d*1 + %M)(log log Cy(f) — log 2d)d2> ,

and
d
|L(1—:it 3] < (17257) ((loglogCt(f) —log 2d)? + g(loglogct(f) —log 2d)*™!
dJy(d d?J>(d)(log log C, — log 2d)*
_|_ J14( )(loglogct(f)_log2d)d72+ J2( )( Oglooggct(fff;) Og2 ) )

The definitions of K(d), J1(d) and Jo(d) are given by equations (4.1), (4.2) and (4.3)) respectively.

4.3 Lemmata
In this section we will outline a number of results which are necessary for proving the final bound. Addi-

tionally, we will disclose a few more properties of the L-functions we are studying. First, the logarithmic

derivative of L(s, f) is given by
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where af(n) = 0 unless n = p* is a prime power in which case ay(n) = Z?:l ;. s(p)k. Since L(s, f) satisfies
the Ramanujan-Petersson conjecture, then |ay(n)| < d. Further, let {p;} be the set of the nontrivial zeros

of L(s, f). Then we have the Hadamard factorization formula (|52, Theorem 5.6]),
E(s, f) = eAD+sBU) (1 — ) es/Ps (4.5)
(=7

where A(f) and B(f) are constants. We note that ReB(f) = —Re Epf 1/p; and taking the logarithmic
derivatives of both sides of (4.5 gives

Re>-(s, f) =Re » L (4.6)

4.3.1 Explicit Formulas for log|L(1, f)| and |Re(B(f))|.

Lemma 4.1. Let d > 1 be a fized positive integer and let L(s, f) be an L-function of degree d with conductor
q(f). Suppose that GRH and Ramanujan-Petersson hold for L(s, f). For any x > 2 there exists a real

number |0] < 1 such that

d
(n) log(2) 1 q(f) " (145
log |L(1, f)| = Re " log T TRe2_ w75
og |L(1, f)l Z nlogn log z +210g=T & G;F 2
(o3~ o ) IReBDI + 2
logz  /zlog”x xrlog” x

Proof. We have for any fixed o > 1 combining (4.4) with the relationship given by (2.1)) we have

1 2-+100 L/ f
~7 —(s+o, f ds = Z log( ). (4.7)

n<z

210 Joico

As described in Section [2.2] we will shift the contour to the left by constructing a rectangle and taking limits.
Doing this allows us to apply the Residue Theorem (Theorem . In this contour shift we will pick up

poles coming from the zeros of our L-function as well, which provides the following formula:

L L 2PI—o d oo T ;
—(L) - Flo s - T -3 S (1)
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Thus, setting (4.7) equal to (4.8) and using that Re(x;) > 0 we have

r ap(n)A(n) log(:) 1 '
_f(avf)zz ! + < ) (0, f)

~ no logz logz L
1
Ox27° 1 Ox—° = oz
+ log %:|pf|2+logx ]Z:;mzz:o(Qm—i-l)?'

We integrate both sides with respect to ¢ from 1 to oo, then take real parts to obtain

n) log(%) 1 r 6 1 2do
log |L(1 — Re—(1 .
og [L(1, f)| Z nlogn logz  logx eL( 7f)Jr\/gflogzgc;U)fP+mlog2x

We note that, since we have assumed GRH the Re(ps) = 3, hence Y- = 2|ReB(f)|. Now we have

1
py lpsl?

r 1 d LAT (145, '
L(l,f)Qlogq(f)QlogTr+2;F< SE) =S

Hence, after taking real parts we have the desired result.

Lemma 4.2. Let d > 1 be a fized positive integer and let L(

O

s, f) be an L-function of degree d with conductor

q(f). Suppose that GRH and Ramanujan-Petersson hold for L(s, f). Define 0 < I(f) < d to be the number

of kj in the gamma factor of L(s, f) which equal 0. For any x > 1 there exists a real number 0] < 1 such

that

B ¥ 1 10g:v+1 = gl
E(f,x) = U(F) <1og22(1$) ij O )
d— l(f) / oo —2n—k:—1
1T 1—|—m 17T kK TR
+ Z ( ) mmT (3 1 >

= (2n+ k)2 + ki +1)
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In particular, (1 + 5+ >|Re B(f)| equals

d
;<1;> <log<q(f)> Z?(“ﬁ)) Rﬂ;‘lf (17;)
(db— (11 0)l i 2;(;::11) +l(f)1oga;+ 1 n (d— 2l(§)) log 2

n=1

d—1(f) 00 e
1 2 1 x™M—1
_z R .
x Z e<z(m+1+2n ml+1+n)+m(m+1)>

In both of the above expressions, the terms inside Z?:_ll(f) are ranging over the local parameters at infinity,

m;«éO.

Proof. We consider

1 2+i00 é—/ .’L's_l

Pulling the contour to the left we collect the residues of the poles at s = 0,1 and p; the nontrivial zeros of

L(s, f). Hence,

E/ 15/ TPF— 1
I
(=500~ +me_1
Thus applying GRH we have for some |[6| < 1
_ oo Lte
I(f) = §(07f) ( f)+ f|Re( (F)I-

On the other hand, we can also write

1 24100 1 ,Y/ L I,sfl
I(f) = — ~1 — — —d
D=0 [ (Glostan+ T+ F6.0) Sy
1 2+1001 s—1 1 241400 1 d Ind ) s—1
1 log M T ds 4+ / Z I'" (s+k T ds
~ 2mi o ine 2 e ) s(s—1) 2t Jo ine 2 ~ r 2 s(s—1)
1 24100 L/ :]3571
— — —d
+ 270 Jojoo L (5, f)s(s -1) §
=hL+ I+ Is.
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The contribution from I; and I3 is

L (12) (-2) -2 1-2),

We rewrite Is as

LS (s e,
N = 2mi Jroioo 2T 2 s(s—1)
Fix j, if k; # 0 then the j-th term of the summand will have simple poles at s = 0,1 and s = —2n — &; for

n > 0. Thus the contribution will be

oo

1T [(1+ kK, 11 ( ) Z xRl
2T 2 2z T = (2n+ k) (2n+ 1+ K5)

On the other hand, if x; = 0 then the j-th term of the summand will have simple poles at s =1 and s = —2n

for n > 1, which contribute

Additionally, we know that
ll’(f) _1+11(§+1)
2T \2/ s 2T \2 ’

so the residue of the double pole at s = 0 is given by

1+logz + 1F/(l)
. .

Using the fact that l%(1) = —yand L (1/2) —21log2 — v we see the overall contribution will be
1 logx +1 & ozl
“log2— L (1-=
%8573 < x) z:: 2n 1)

Let I(f) be as in the statement of the lemma. Then, reordering the s; so that r1,ka,...,kq—i) are all
nonzero and summing over j we get the desired expression for E(f, ).
Finally, since —Re% ( ) = —Re%(O,f) = |Re(B(f))|, we see that taking real parts of the established

identity we obtain

(1+1+\2ﬁ)|R( ()):ilog(qg)) (1—i)—ReZ‘”(’11M(1—)+Re( (f.2)).

n<x
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We find an explicit expression for the right hand side as follows:

Start by noting that for x; = 0 we have

so that
1 a(f) 1 ! a(f) 1 CIT (14K,
§log (ﬂ_d) (1 x) +E(f,z) = ilog <7Td> (1 33> +;§f ( . J>
l IOg.’E—i— 1 +’7/2 0o ‘,E—Qn—l d—I(f) 11/ K 0o $_2n_m_1
+i() x _T;Zn(Qn—i—l) B ; 20 T (2>+7§J(2n—|—m)(2n+m+l) '
We note that for some |0] <1
el g 2n—r;—1 —K e p—2n—1
;(Zn—&—m)@n—kﬁi—&—l) - xnz(nj—&—l 7;1 (2n+1)’
hence
1 (f) 1 1 (f) LA 1+
glos (%) (1 3) w0 = g1es (42) (1) *237 () )
A logz+y/2+1 19 /1 ks pri
7(d07(1+0)l(f))22n(2n+1) +Uf) T oz Zl <2F (5) + /@i(/@i—kl)) '

Now, from the functional equation of I'(s) we see that

117 (m-)_ll“’ (m+1> 1
2T \2/ 21 \2 ki
we recall Legendre’s duplication formula

D(s)0(s + 3) = 212" log(v/m)[(2s),

so we have

117 K I’ 117 Ki + 1
—————1):—12 i 1) - —— :
2F(2+ og2+ (rit+1) ZF( 2 )
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Finally, we note

so that

o0

N 1T (ki +1 1T (ki +1 1 2 1
{r(“’+1)2r< 2 >}2r( 2 >_Hi+1+;m+1+2nm+1+n'

Combinging these facts gives (4.9) as

Dm0 DEECE) o

Jj=1
p—2n-l logz +7v/2+1
- +1
G g (2n+1) +i) x

1 w1
log 2 .
) o8 +Z< —|—1+2n /{i—|—1—|—n>+mi(m+1)>

Then since 15 (5i42) = 101y — _1og2 — 4/2 when #; = 0 we add NG Q;rl(f)r (%) 5o that the RHS

of (4.10)) is given by

1 1 q(f) I'" (1+k; = gl logz +1
—(1—-=]11 — [ — do — (14 0)l +1I(f)————
2( x) °g<7rd +;I‘ 2 —( * nzlzn(2n+1 =
| (d—21()) log? 1 i 2 1 R
x r = \— Ki+14+2n kK, +14+n ki(ki+1) )
Taking real parts gives the desired result. O

4.3.2 Bounds for the Digamma Function

The following are some technical lemmas which help to shorten the proof of the main results. The first is
taken from V. Chandee.

Lemma 4.3. [18, Lemma 2.3] Let z = x + iy, where x > %. Then

/

Re%(z) <log|z|.
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Lemma 4.4. Let k = o + it such that o > 0, then

- 2 1 1 2430 +2+t2 o?+4do+3+12 1 2)? + 12
—\rk+l+2n K+1l+n 2 (0 +2)2 + 2 (o0 +3)2 + 2 2 (0 +3)2 + 12
Proof. We take the real part inside the sum and focus on the individual partial sums given by
N 20 +1+42n) Y (c+1+4n)
> ma ) -
—(o+1+2n)+12 ‘(0 +1+4mn)*+¢2
Using partial summation we find
ZN: 200+142n)  2N(0+1+2N)+0°+20(N+1)+2N+14+> o2 +40+3 413
—(o+1+2n)2+2 (0 +1+2N)2+¢2 (0 +3)2 + 12
1 1
t3 log((o + 1+ 2N)? +1?) — 3 log((o + 3)% + )
and
i (0+14n)  N@+1+N)+0>+a(N+1)+0+N+1+1> 02+30+2+1
—(o+1+n)?+t2 (c+1+N)2+1t2 (0 +2)2 +¢2
1 1
+§10g((0+1+N)2+t2)filog((0+2)2+t2).
Taking the limit as N — oo we see
- 2 1 1 2430 +2+t2 o?+4do+3+12 1 2)? + 12
—\k+l+2n w+l+n 2 (0 +2)2+¢t2 (0 +3)2+ 12 2 (0 +3)2+ 12
as was claimed. O

Lemma 4.5. Let k = o + it such that 0 > 0, and x > 1 then

" -1 < 2logx
k(k+1) log3 *

Proof. We consider two cases.

First suppose || > then we can trivially bound the norm to obtain

log T

7% —1 ‘ < 210g33.

k(k+1) c
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If 5] < {557 then

w1\~ (=wlogz)F

" —-1= Z i ,
k=1
so that
- e“—1
(n+1)’ logmz . log z.

The choice of ¢ = log 3 gives the desired result. O
4.3.3 Relevant Results from [65].
Let

ZRef log 47r)—1—%

where the sum is taken over the non-trivial zeros of the Riemann zeta function.

Lemma 4.6. [65, Lemma 2.4] Assume the Riemann Hypothesis. For x > 1 we have, for some |0] <1,

—2n—1

B MM = 0|B|
ZA (177)710gx7(1+'y e ZQn( 2\/5.

n<zx n=1

Lemma 4.7. [65, Lemma 2.6] Assume the Riemann Hypothesis. For all x > e and some |0 <1 we have

vy 2|B|6 0
logz  /zlog’z 3a3log’x’

Z 7A(n) 7105;(3:/71) =loglogx —v—1+

= nlogn logx

We also prove the following lemma which is a slight generalization of |65, Lemma 5.1].

Lemma 4.8. Assume the Ramanujan-Petersson conjecture. Then for x > 100, we have

1 1 1
; A Alp — . 4.11
Re Z s (n)A(n) (nlogn xlogaz) Z (pk log pk xlogx) (4.11)

n<z pk<z

In particular, we have

1 1 1 1
> — . .
Re Z a7 (n)A(n) <nlogn xlogx) d Z AP <pk log p* aclogx) (412)

n<x pk<z

Proof. Note that if z is a prime power then the summand at  on both sides of the inequality (4.11]) contribute
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0, so we assume x is not a prime power. We begin by recalling that af(n) = 0 unless n = p* is a prime
power in which case ay(n) = 27:1 aj ¢(p)k. So that follows immediately after we prove (4.11)).

Fix j and consider each «; s separately. From the definition we see a; ;(n) is only nonzero if n = p* for
some prime power. If a; ¢(p) = 0 then the contribution is 0 while the value on the right hand side < 0. If

a;.7(p) # 0 then, from Ramanujan-Petersson we have that |a; ¢(p)| < 1, so we express a;, r(p) = —re(6), for

0 < 7 < 1 where e(f) = €2™. Consider the difference of the left and right side of (4.11)):

log(p) Y (=1)F (1 —r* cos(kd)) ( ! ! ) : (4.13)

K E
ol pFlogp xlogx

If we establish this is non-negative, then we are finished.
Before we proceed, we note that if x — p < 2 then the only contribution appearing in (4.13) is the term

coming from p, meaning only k£ = 1 contributes and the result is thus non-negative since p < z.

Now, suppose x — p > 2. In what follows we will require the following claim for k > 1
1 — 7" cos(kf) < k*(1 — rcosb). (4.14)

When r = 1 this is already known to be true. For the rest we will consider 0 < r < 1. The case k = 1 is

trivial, for the remaining k£ > 2, we need to prove
E* — 1> k*rcos(6) — r* cos(k). (4.15)

The claim will follow if we can show that k? — 1 is greater than the maximum achieved on the RHS. We

begin with setting the derivative with respect to 6 equal to 0:

d%(k% cos(0) — ¥ cos(kf)) = kr* sin(kf) — k*rsin(0) = 0,
& r*Lsin(kf) — ksin(d) = 0,

& sin(0)(r* U, _1(cos(9)) — k) = 0, (4.16)

where U, (z) is a Chebyshev polynomial of the second kind. The identity giving (4.16), along with the

properties we will use of these polynomials, can be found in [1, Chapter 22]. We have that |U,(z)] < 1

on the interval [—1,1] and that they achieve their extrema at the endpoints +1: U,(1) = n + 1 and
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U,(=1) = (=1)"(n + 1). Hence we see, since 0 < r < 1, that r*~1Uj_1(cos(8)) — k # 0 for any 6 € [0, 27)
and the only critical points for (4.16]) occur when sin(f) = 0. Plugging these values back into the RHS of

[@.15) we see the maximum occurs at # = 0 which returns k?r — ¥ < k? — 1 as desired.

If p > 3, then by (4.14) we have (4.13)) is greater than

1 1 = (29)? 1 1 2p?
1 1— 6 - - . | =1 1- 0 - - i
0g(p)(1—rcos ) plogp xlogx Z p23 log p2 0g(p)(1=rcos ) plogp xzlogz logp(p? —1)2

This will be nonnegative if x — p > 2, since

1 1 2t2 >0
tlogt (t+c)log(t+c) logt(t? —1)2

ift >7andt>c>2and decreases to 0 for ¢ > 2 fixed and t — oo . For p = 2, when k > 6 we apply (4.14)
again. Otherwise, when 1 < k& < 5 we compute the trigonometric polynomial exactly. A little computer

computation completes the result. O

4.4 Proof of Theorems [4.2] and 4.3
4.4.1 Upper bounds for L(1, f).

Let C(f) > 10 and = > 132, be a real number to be chosen later. Lemma [4.1] says

s(mA@) log(e/n) 1 q(f)+ReZd:P’<m+1>
r

a
log |L(1, f)| <R )
og |L(L, )] = e; nlogn log = 2logx 08 = 2
2d 1 2
+ - - ReB(f)|.
zlog®x (log r  /zlog? x) | ()l
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Applying Lemma [£.2] with the conditions on x as above, we see

|ReB(f>z(1+;5)_2 5(1-3) (1o —+RZ ()] - ey A (1)

n<lz

ogx — ° > i
g +1 (4= 211) g2 ~ =20 5

n=1

dl(f) ) ks
2 1 pR -1
- R _
Z e(;(mﬂmn m+1+n>+m(m+1)>

+U(f)

For x > 132 we bound

_( 1 2 )<1+1)_z(l(f)logx+1+(d—21(f))log2

logz  /zlog’z VT T x
el A .
n= 2 1 " —1 2d
—(d—=2l(f R —
g 2n+1) = Z e(E (mi+1—|—2n ni—|—1+n)+ni(m—|—1)> +xlog2x
1 2 1\ 72 2d
=— - 1+ — A+ Ay — A3 — Ay — As) + )
<logm \/510g2:c>< ﬁ) (4 2 ’ * 5) zlog?

First, we consider

d I(f) 00 9 1
R — .
Z G<Z<m+1+2n m—l—l—i—n))

n=1
Fix ¢ and study the inner sum, writing x; = o + it, and noting that Ramanujan-Petersson gives us o > 0,

we apply Lemma [4.4] so that

= 2 1 1 02 +30+2+t2 o2+4o+3+12 1 (0 +2)% + ¢
Re g - = —log4+ - + —log | —=%——
ki+1+4+2n ki+14n 2 o+ 2)2+¢2 (0 +3)2 +¢2 2 o+ 3)%+t2

1

4
glog2—5(¢§—2) <1

The inequality comes from the following facts. First, the last term is negative. Next, taking ¢ > 0, a maple

calculation finds that (2 — V/3) is a global maximum for

2 +30+2+12 oZ4+40+3+1¢2

(0 +2)2 + 2 (0 +3)2 + 2
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Thus we may combine the terms A; and A4 to obtain

(2 AN (d—1(f))(1 —log2) +I(f)log2
(loga: ﬁlog%:) (”ﬁ) (e — ) < (11 Vo) logz '

For As, fix ¢, then writing k; = o + it, since we have o > 0, we apply Lemma to obtain

Re( TR —1 > < 210g:c.
Kj(ki +1) log 3

Thus combining A; and A5 we have

1 2 1\ (2d/log3 — 1(f)(1 +2/log 3)) 1(f)
- — 1+ — Al — As) < - .
= \/:Elog%)( ) s CERVAE (T Vo) logs
Finally, for x > 132 we have
< LI 2 ><1+1)2(A + Ay — As— Ay — A5) + 2d
logz \/zrlog’x VT ! ? ° * ° zlog?
1 (d=20(/)(1=log2+ X02 5y)  2d(1 + /a)2
<———|2d/log3 -1 1+2/log3) +
_(Hﬁ)Q( 1083~ U(f)(1+2/ log3) ors T ot e
< 2d
= WV
The last inequality follows since the term
Ly 2/1083) (d—=20(f)(1 —log2+ 307 54575) PRV
log 3 2d 2dlog x zlog?z
for x > 132.
Hence,

= nlogn log x 2log x

(e~ Ts) (14 p) e A ()

(o ) () 50 0) (R (5))
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Next, note that

(Y N (0 S S U S Y O S U
~ 2logx logz  /zlog’z VT 2 )~ (Vx+1)logz logz )’

and Lemma [4.3] gives

)

].—V I€j+1 1+/€2
(M) <o |2
ReF< 5 )og‘ 5

SO

d , )
log% +Rez% (";1) < log C(f).

j=1

Therefore,

log |L(1, )| SRGZ ay(n)A(n) log(xz/n) i log C(f) <1 N 1 )

nlogn log © (Vz+1)logx log =

s i) (1 ) ey ey

n<zx

The right hand side of the above is largest when af(p) = d for all p < z, thus

A(n) log(xz/n d Aln n log C 1 2d
log |L(1, f)I < dReg nl(()g)n Oiﬁgi )+longeZ Q (1 B E>+(\/;i 1§J12gx (1 - logx>+(1 +Vx)?

n<z n<z

So applying Lemmas and and choosing = = logz# (which implies % = 2d and allows us to

factor d from each term) we obtain

1 2 log C(f 1
log |L(1, f)| < d <loglogx+7_ logz (1+ﬁ)2> + \/51023 (1+ loga:> '

Thus for z > 132 we have

1 2 2
log | L(1, <d|loglogx +~+ + +

1 2.31
<d|loglogz +7+ ——+—— | .
logz  log”x

Therefore,

|L(1,f)|§ed”10gdx(1+ d +dK(d)>

logz  log®z
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where K(d) =2.31+ (1 + fi)gﬁi + (lzogl)m ) ko Z’:;l)' (kéx + 13;511)]“. Replacing x gives

K(d

|L(1, )| < 2% ((log log C(f) — log 2d)? + g(log log C(f) —log2d)4! + )(log log C(f) — log 2d)“> ,

which proves the result.

4.4.2 Lower bounds for L(1, f)

log® C(f)
12

The argument proceeds similarly. As before we let C(f) be chosen such that z = > 132, then from

Lemma 1] we have

d
(n) log(%) 1 q(f) I (1+n
log |L(1, )| > Re 2 log 27 +Re) 7 {——
og |L(1, f)] EZ: niog7z log +_210g17 T e;é; r 2

1 2 2d
(o3 + s ) IReBUDI -
logz = \/zlog”x zlog®z’
Applying Lemma, [£.2] we see

IRe(B(f))IS(l—\}E>2 i) 10g<q7<r{j>)+3eilfr'<1jf> ey, GOOAE) (1)

n<lz

< p2n-l logz + 1 (d—21(f g2 1Y o 2 1 1
+1 - — R
Z n(2n+1) +Uf) x + Z ¢ </@—|—1+2n Hl+1+n+/@(m+1)>

n=1

For x > 132 we bound

-2 oo —on—1
1 2 1 1 1 d— 2l log 2 n
_( N i )( ) 0gm+ +( (f))log 4y x
logz  (/zlog”x VT T ot 2n(2n+1)

d— l

1 1 + —1 2d
x nl m—&—l—l—Qn ki+14+n Ki(ki +1) xlog? x

1\ 2 2d
1— — Ap+ Ay — Az — Ay — As) — :
<logw Vlog® a:)( \/37) (Art s = ds = As = 4o) zlog’ x

Ki+14+2n kK, +14+n '

n=1

First, we consider
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Fix ¢ and study the inner sum, writing x; = ¢ + it, and noting that Ramanujan-Petersson gives us ¢ > 0,

we apply Lemma [£.4] so that

= 2 1 1 2430 +24¢2 2rd40+3 42 1 2)2 42
Re Z — :7]0g4+0 t30+2+ _U tiot+s+ +*10g w
—\ki+1+2n Kit+l+4n 2 (0 +2)2 + 12 (0 +3)2 + 2 2 (o0 +3)2 + 2

> 2log 2 — log(3).

The inequality comes from the following facts. First, the combination of the second and third term is positive
since o > 0, and the last term has a global minimum at the point (0,0) which gives log(2/3). Thus we may

combine the terms A, and A4 to obtain

! 2 1N d(log2 — log3) + I(f) log3
(o Toagzz) (1755) (-0 2 Lon T el

For As, fix j, then writing x; = ¢ + ¢t and invoking Ramanujan-Petersson, we can apply Lemma to

Re( xR —1 ) 2_210gx.
Hj(ﬁj+1) log 3

Thus combining the terms A; and A we have

obtain

1 2 1\7? 2d/1og 3 + 1(f)(2/log(3) — 1) 1(f)
- <logx ’ ﬁlog%:) (1 - ﬁ) (Ai=4s) 2 104 ( Va1 V= 1)21ogx> |
Finally, for z > 132 we have
1 2 1\7? 2d
(longr\/:?long) (1\/5> (A1+A27A37A47A5)7x10g2x
1 2d 2
> mlm (—(Qd/logS —U(f)(2d/1og(3) — 1)) — m(ﬁ— 1)
d(log? — log3) +1(f)(log(3) — 1) ~ d 0% sy | . ~2.05d
+ log © ~ (VT —1)%
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Thus, for z > 132

log |L(1, f)| > Re Z nlogn )lcl)fg(i) v QIOIM <log +Re Z (H"J))
(e 20D () 5 )

T

n<z

We note that

(log—i— zi:l; 1+Hj) 21ogac lo;x+\/ilig2x> <1_\}5)2<;<1_;)>>

- (i e (552 ) s (14 1)

log C(/) L+1/ve
= e ()

Where the last inequality comes from Lemma [£.3] So far, we have proven

log |L(1, f)| > Re Z JA(n)log(%)  logC(f) (1+ 1+1/\/5>

nlogn log = (v —1)logz log =

() (30) D)3

n<z

To continue, we see from Lemma [.6]if > 132 we have

RGZM (1—;) > d(1 —logz),

n<zx

thus as in [65], pg 18 line 11 | we have

<<1 - ;5)2 (1O;x - ﬁlig2x> - 10;5) Re). w (1-2)> —\2/—‘;.

n<z
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Using this in (4.17) we have

11 > log C(f) <1+1+1/\/5) 24 2.05d

log |L(1, /)] = Re ; a;(n)A(n) <n10gn zlogx )/ (vVx—1)logx log = Vo (Vz—1)?

ZReZaf(n)A(n)< 1 ) log C(f) <1+1+1/\/5)9d

nlogn =xlogx (v —1)logz log = 4/

n<z

We apply Lemma thus guaranteeing that the first term in the right hand side is smallest when af(p) = —d

for every prime p < x. Therefore, we have

1 1 log C(f) 1+1/Vx 9d
log |L(1, f)] > d Ap ( — ) - 1+ — .
;m pklogp* zlogx (vVx —1)logz log 4./x

Following the discussion after [65, Equation 5.3] we see that

log |L(1, f)| > d <log10gx’y+logg(2) + 1 8 ) ( log €'(f) <1+ 1+1/ﬁ) — 49d

logz 5z VT —1)logz log NG

Our choice of z = bgz# gives —log C(f) > —2dy/z — 1 so that with a little calculation one obtains

1 2 9
log|L(1, f)| > d (loglogfﬂvﬂogé(?) Tlogr x| 2\/3;> :

Exponentiating both sides gives

IN

1 e"’E dlo 4 rex d + 2d + 9d
IL(1, f)] w2) 8 TP \logr " log?a 27

6\" .4 d  dJi(d)  dJy(d)
=) 1 1
(6 7'('2) og < + 10g.’1) + 10g2$ + 2\/5 ’

IN

where

4 gkt 1 2 9 \"
Jd) =2+ 1+ + + :
1( ) < logx log gj) O k + 2 <10g x ]0g2 T 2\/5)

18 18 81 \ X gkl 1 2 9 \*
Jo(d) =9 .
2(d) =9+ (10% + g 2 2\/5) > | ( +—+ )

and

106



Replacing = we get

d
\L(ll, s (267:2> <(10g log C(f) —log2d)* + g(log log C(f) — log 2d)%~!
2 _ d
+dJZ(d) (loglog C(f) — log 2d)4~2 + d J2(d)(10g12‘;g00(% ) — log 2d) )

Thus the theorem is proven.
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5 The distribution of Values of L(1, xp) over Function Fields

5.1 Introduction

An interesting and important problem in number theory is to understand the size of the class group, known
as the class number, for a given field. The case of quadratic extensions of Q has a rich history of investigation
which extends back to Gauf}. Let d be a fundamental discriminant and hg represent the class number of
the field Q(v/d). Describing the extreme values of hgq and the distribution of these values has been widely
investigated. The main line of attack in this problem is to study the moments of L(1, x4), with x4 taken as
the Kronecker symbol (4) This approach works because of Dirichlet’s class number formula. Some recent
notable papers discussing this problem are those of Granville and Soundararajan [40] and Dahl and Lamzouri
[20]. The approach in these articles is to compare the complex moments of L(1,x4) to that of a random

model and use the class number formula to apply this information to hg.

Here we discuss the adaptation of these techniques to study the class number, denoted as hp, over function
fields, F,(T") with ¢ = 1(mod4) and D a monic square free polynomial in F,[T]. In this context, hp =
|Pic(Op)|, where Pic(Op) is the Picard group of the ring of integers Op C Fy(T)(v/D(T)). Since D is
a square free polynomial we have that Pic(Op) = Ci(Op), the class group of Op, which provides the
justification for the name ‘class number’. We refer the reader to Section[2.6]for a refresher on the preliminaries

needed for this chapter.

In 1992, Hoffstein and Rosen [46] investigated this question and obtained an average result by fixing the

degree of the polynomial. The result is stated as follows: let M be odd and positive then

1 Cr [T](Q) M—1)/2 -1
=i D>, hp= gD (5.1)
q D monic C]F‘?[T] (3)

deg(D)=M
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where

Cr,[m(s) = Z ﬁ for Re(s) > 1,

f monic

is the Riemann zeta function over F,[T]. Here the norm of f € F,[T]\ {0} is |f| = ¢@°¢¥). This result is
directly comparable to Gauf’s conjecture (proven by Siegel [101]) for class numbers of imaginary quadratic

number fields. Finally, letting ¢ — oo one obtains an asymptotic formula which can be compared to the

2012 work of Andrade [4] described below.

There are two limits that can be considered when studying problems over function fields. The first fixes
the degree of the polynomial and lets the number of elements in the base field go to infinity as was done
by Hoffstein and Rosen. The second fixes the number of elements in the base field and allows the degree
of the polynomials to go to infinity. The result of Andrade [4] considers the second perspective. His article
describes the mean value of hp by averaging over Hay11 the set of monic, square free polynomials with

degree 2g + 1. Andrade proves that

1
|H29+1‘

1 g
Z hp ~ C]Fq[T](Q) H (1 — (|F)|—|—1)|P|2> g’ as g — oQ. (52)

DeHagt1 P irreducible

We remark that (5.1]) and (5.2) have the same order of magnitude in the main term as can be seen by taking
M =2g+1.

Now, for any monic D € F,[T] we have Dirichlet characters modulo D on Fy[T], see Definition The

natural follow up to this is to define a Dirichlet L-function associated to such a character:

L(s,x) = Z >|<J(°|fs)’ for s € C.

f monic

Artin [5] proved a class number formula valid over function fields which links hp to L(1, xp) where xp(-) is

the Kronecker symbol (£):

\/a hp = q_ghp, for D € /H29+1. (53)

V1D

L(la XD) =

109



To prove (5.2) Andrade makes use of an “approximate” functional equation for L(1,xp) to show

1 1
Z L(1,xp) ~ Cr, (1) (2) H (1 — 2) as g — 0o, (5.4)
|H2g+1| DeHagt1 P irreducible (|P| + 1)|P|

and then applies (5.3)). The main drawback to using the approximate functional equation is that is difficult

to use it to calculate large moments of L(1, xp).

In this article, we shall investigate the distribution of L(1,xp) for D € H,, as n — oo, where
M, ={D € F,[T] : D is monic, square free, deg(D) = n}. (5.5)

To do this we will need to compute large complex moments of the associated L(1,xp). We approach the
computation of such moments via a random model, a technique that has been used successfully in the study

of quadratic number fields.

For the remainder of the chapter the following notation will be fixed. Let A = F,[T] taking ¢ = 1(mod 4)
for simplicity. Here log, denotes base ¢ logarithm, log is the natural logarithm. Finally, let P represent an

irreducible (prime) polynomial. We define the generalized divisor function d,(f) on its prime powers as

d.(P*) = W (5.6)

and extend it to all monic polynomials multiplicatively. Then, we can express the complex moments of
L(1,xp) as follows.

and let cg > 0

Theorem 5.1. Let n be a positive integer, and z € C be such that |z| < 555 logq(nﬁoglogq(n)

be a constant. Then

|}T1n| > LLxp)= Y dz}1;2)H(1+|]13|>_1 (1+o<nlu>> +O(qno+gqn).

DeHnp f monic P|f

The strategy for proving this, and a following result about the distribution of values, is to compare the dis-

tribution of L(1, xp) to that of a probabilistic random model: Let {X(P)} denote a sequence of independent
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random variables indexed by the irreducible (prime) elements P € A, and taking the values 0, =1 as follows

0 with probability —si—
X(P) = 71+ (5.7)

+1  with probability %.

Let f = P{*P3? - - P& be the prime power factorization of f, then we extend the definition of X multiplica-
tively as follows

X(f) = X(P1)" X () - - X(Ps) . (5-8)

In this article we compare the distribution of L(1, xp) with

L(LX) = > Sﬁ%): 11 (1—X|5D]T))_, (5.9)

f monic P irreducible

which converges almost surely. Further properties of this model will be discussed in Section [5.3.2

For 7 > 0, define

Ox(7) :=P(L(1,X) > €"7) and x(7) =P <L(1,X) < %{?) . (5.10)

We prove that the distribution of L(1, xp) is well approximated by the distribution of L(1,X) uniformly in
a large range.

Theorem 5.2. Let n be large. Uniformly in 1 < 1 <log,n — 2log, log, n —log, log, log, n we have

1
|l

7(1 2]og,, 1
|{D c ’Hn . L(17XD) > 677-}‘ — (I)X(T) (1 +O (e (qu n) qu quﬂ)) ’

n

and

! 2 o M2 lop 1
1P € M LlLxp) < %(T)H = Uy(r) <1+0 (6 (qun)nogq qun>> |

And below we describe the asymptotic behaviour of ®x and ¥y.

Theorem 5.3. For any large T we have

r~Co(g!"%8a <)) !
Ox(7) = exp (C’l(q{logq ”(T)})q— (1 +0 ( og;qT)) ; (5.11)

T

where k(1) is defined by (5.29), Co(t) = Ga(t), Ci(t) = G2(t) — G1(t) and G;(t) are defined in (5.34) and
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(15.36)) respectively. Furthermore we have

1
~logq +lo8(cosh())/c — tanh(c) < —Ci(g"** ") < log(cosh(q))/g - tanh(q),

where ¢ = 1.28377.... In particular, Cy (q{logq ”(7)}) > 0. The same results hold for Ux.

Additionally, if we let 0 < X\ < e™7, then

Dy (e M) = Ox(7)(1 + O(\eT)) and Tx(e 1) = Ux(7)(1 + O(\eT)). (5.12)

Our Theorem should be compared to those of [40] and [20], both of which study the behaviour of
L(1,xq) over quadratic number fields. The asymptotic behaviour of ®x(7) is strikingly similar in both of
these papers. In [40] the authors are studying the distribution of L(1, x4) over all fundamental discriminants
d, |d| < x, comparing it to a corresponding probabilistic model L(1,X). In [20] the authors are studying the
distribution of L(1, x4) over fundamental discriminants of the form d = 4m? + 1, m > 1 and d is square free.
The restriction in [20] is used in order to study the behaviour of class numbers associated to such d, again

comparing to a corresponding probabilistic model. In both papers ®x(7) = Prob(L(1,X) > e77). Each

eT*Co e”
Ox (1) =exp | —C +0(=]);
T T

obtains:

where
1 o)
tanh( tanh(t) — 1
Cy =1 and Cy ;:/ %()dt-y/ %dt:&éﬂsw..
0 1

Similar behaviour appears when studying the distribution of Euler-Kronecker constants of quadratic fields,
see |63, Theorem 1.2] for details. As can be seen from the statement of Theorem we observe some
pathological behaviour special to function fields. We no longer achieve two constants reflected above as Cy and
Cy. In our case the value of both Cp(g°%«*(M}) and €} (¢%1°%« *(D}) varies, although they remain bounded
as the argument varies between 1 and ¢. Below is a graph of Cy(t) for 1 < ¢ < ¢ taking ¢ = 5, and ¢ = 9 the
first moduli which satisfy the hypothesis ¢ = 1(mod 4). Additionally, we also notice the coefficient C; which
appears in all of the theorems describing the behaviour of ®x(7)( cf. [40, |20 63]). We find over function
fields that the coefficient C is no longer fixed, but remains bounded between — log(cosh(q))/¢+ tanh(q) and
1/1og(q) — log(cosh(c))/c + tanh(c). Below is a graph of the behaviour of Cy(t) for 1 <t < ¢ with ¢ =5

and ¢ = 9. The reason for this difference stems from Proposition which is used to evaluate the natural

112



Figure 5.1: Cy(t) for 1 <t < g and ¢ =5 and ¢ = 9 respectively.

with g =5 with g = 9
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Figure 5.2: C(t) for 1 <t < g and ¢ =5 and ¢ = 9 respectively.
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log of the real moments of our random model. In this proposition we obtain two sums over primes G(t)
and G(t), equations ([5.34) and (5.36)) respectively. The corresponding sums over number fields do not have
the parameter ¢ (it is always equal to 1), which in our case arises from the way that primes are measured in

function fields.

Furthermore, we obtain the following unconditional bounds:

Proposition 5.1. Let F be a monic polynomial, and x be a non-trivial character on (A/FA)™.

For any complex number s with Re(s) =1 we have

Ca(2)

2e7

(log, log, |F| + O(1))~" < |L(s,x)| < 2€elog, log, |F|+ O(1). (5.13)

It is important to note that in this setting Weil |112] proved the Riemann Hypothesis (RH), hence these
results are achieved unconditionally. We conjecture here that the true size for the extreme values of L(1, xp)
is half as large in keeping with the expected results in the quadratic number field case.

Conjecture 5.1. Let n be large.

max L(Lxp) = ¢ (log, n + log, log, n) + O(L),

and

[min L(1,xp) = Ca(2)e™ 7 (log, n + log, log, n + O(1))~".

Finally, we also unconditionally obtain 2-results which we claim are best possible, unlike in the case of
number fields where the corresponding bounds for Dirichlet characters is only valid under the Generalized
Riemann Hypothesis (GRH).

Theorem 5.4. Let N be large. There are irreducible polynomials Q1 and Q2 of degree N such that

L(1,xq,) = € (log, log, |Q1] + log, log, log, [Q1]) + O(1), (5.14)

and

L(1,xq,) < Ca(2)e™ " (log, log, | Q2| + log, log, log, Q2| + O(1)) . (5.15)
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The result (5.14) can be compared with [2, Theorem 1] a recent work discussing the size of |L(1,x)| over a
number field. The authors prove using a variant of the resonator method that for e > 0 and sufficiently large

d there is a character x(mod d) such that

|L(1, x)| > e"(loglog d 4 logloglogd — (1 4 loglog 4) — ¢).

This result provides an improvement over a paper of Granville and Soundararajan [39], however, the paper
does not give improvements for quadratic characters y, where d varies over fundamental discriminants in

the range |d| < z cf. [40, 61].

The result (5.15]) can be compared to [40, Theorem 5a] which under the assumption of GRH proves for any

€ > 0 and all large 2 there are > 2'/2 primes d < x such that

2
L(1,xa) < Lﬂ{)(log logd + logloglogd — loglog4 — €)'
e

€(2)

ey

Unconditionally, for y a Dirichlet character modulo d we have the weaker results |L(1, x)| < (loglogd —

O(1))~! from [39] .

5.1.1 Applications

From the theorems above and in light of (5.3)) if we specialize n as n = 2g + 1 and letting the genus g — oo
we can prove analogous results about the class number hp over Hogy 1. This specialization is the equivalent
of studying the imaginary quadratic extensions of QQ, as described by Artin. Below we state a few of the

resulting corollaries for hp with D € Hog11.

Corollary 5.1. Let z € C be such that |z| < and let co > 0 be a constant. Then

g
1301log, (g) loglog,(g)

T B ) (o) o)

H
| 2g+1| DeHagta f monic P|f

This result follows from applying Artin’s class number formula (5.3) to Theorem when n = 2¢g + 1.
Additionally, from Theorems and we obtain that the tail of the distribution of large (and small)

values of hp over Hyg41 is doubly exponentially decreasing:
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Corollary 5.2. Let g be large and 1 < 7 <log, g—2log, log, g—log, log,log, g. The number of discriminants
D € Hog41 such that

hp > e'7q¢?

equals

.,—,Co(q{logq »(7—)}) log T
|7‘[29+1| - exp (Cl(q{bgq ”(T)})q% (1 +0 ( gTq >) ’

where k(1) is given by (5.29), C1(q!°%" D} and Cy(ql1°8a* (DY) are positive constants depending on T
defined in Theorem . Similar estimates hold for the number of discriminants D € Hagy1 such that

2,

hp <
b evT
Similarly Proposition[5.1]give analogous upper and lower bounds and Theorem [5.4] provides analogous Omega

results for hp with D € Hogq1.

Specializing to n = 2g + 2, we can also make connections to the class number hp for D € Hgg1o. This
case is analogous to studying a real quadratic extension of Q and so the class number formula changes. The
analogy holds in this way since the prime at infinity splits for even degree hyperelliptic curves which does

not happen in the case of odd degree hyperelliptic curves. Indeed for D € Ha442 Artin proves:

qg—1

VD]

where Rp denotes the regulator of Op. In this case Rp is defined to be log, le|p,, where € is a fundamental

L(1,xp) = hpRp, (5.16)

unit of Op, P is the prime at infinity such that ordp_(€) < 0 and

log, |e|p,, = —deg(Px)ordp, (€).

For more details on the regulator see [94, Chapter 14]. The case of the mean value for L(1, xp) taken over

Hag+2 was investigated by Jung [53, 54]. Taking n = 2g + 2 we deduce from ({5.16) and Theorem [5.1

Corollary 5.3. Let z € C be such that |z| < ) and let co > 0 be a constant. Then

g
1301log, (g) loglog,

LT o= () 2 I ) (o () ol )

H
| 2g+2| DeHagy2 f monic P|f
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Of course, similar results about the distribution of hp Rp, upper and lower bounds and omega results for

D € Hayio follow from Theorems [5.2] and Proposition [5.1] and Theorem [5.4] respectively.

Finally, we give the outline of the paper. Section [5.2] will establish some facts about A and the properties
L-functions have over this ring. Section will connect the complex moments of L(1, xp) to the expectation
of the complex moments of the random model and provide the proof of Theorem Section [5.4] will be used
to prove Theorem Section [5.5| proves Theorem and Corollary Section [5.6] proves the Q-results
of Theorem .41

5.2 Preliminaries

For a refresher on definitions and other relevant theorems please see Section [I.4] and

5.2.1 Estimates for sums over irreducible monic polynomials

Here and throughout we let II,;(n) be the number of monic irreducible polynomials P such that
deg P < n.

Lemma 5.1. Let M be a large positive integer. Then we have

1,0 = @) (140 (28 5.17
a(M) = Ca( )ﬁ TO\—7) ) (5.17)
Furthermore, we have
1
> oy = log M +0(1). (5.18)
degPSM‘ ‘

Proof. Note that

I,(M) = iﬂ'q(n) - i (‘f +0 (‘JT)) :

n=1
where the last equality comes from the Prime Number Theorem. The main term in this sum is ¢™ /M, and

we see that if n < M — log, M, then ¢"/n < g™ /M?. Hence we have that

I, (M) = > %Jro (i;)

M—log, M<n<M
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Then for n € (M —log, M, M] we have + = 4 (1 +0 (long)) . Therefore

Hq(M):i\;\/[(l—kO(logAZM)) Y L oaes a" (1+O<long>>.

q M M
I<log, M

We now establish ([5.18)). For this result, we follow a similar tactic as the previous proof. First, by the prime
number theorem we have

deg(P)<M

The first sum is log(M) + O(1), the second is O(1).

O

Lemma 5.2. Let F' be a monic polynomial, and x be a non-trivial character on (AJAF)*. For a positive
integer M and any complex number s with Re(s) = 1 we have

logL(s,x) =— > log (1 - XU?) 40 (qM/2 degF) .

deg P<M ‘P‘ M

Proof. Split the sum as

logL(s,\) =~ > 1og(1—X](f;))— 3> log(l—X(P)>.

deg P<M deg P=M Pl®

The error term follows from (2.13)) as below

k;miegzl;k < |PF|))> Z Z

k>M deg P=k

1
|P|s Z ‘P|2

deg P>M

=Y 5 3« ")

k:>M deg P=k

< degF Z kq k/2
k>M
—M/2

M

q

<L deg F
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We now prove a refined form of a Mertens’ type estimate due to Rosen [93].

Lemma 5.3. Let M be large. Then, we have

1 1 1
— 1 1—— ) =logM — — .
E: og( |PO og +7+%W+O(AP)

deg P<M

Proof. We have

- 2 IOg( |P> 2. Zew

deg P<M deg P<M (=1

:E:: :5:: quk - :E:: Zk ‘% :5::

k<M (=1 ke<M k<M
ké>M

ngk :

By making the change of variables m = k¢ and using (2.9)), we deduce that the first sum on the right hand

side of the last identity equals

> %

ke<M

1 1 1
gqek - Z mlemq Z mlogM+’Y+W+O(MQ).

mSM klm m<M

The result follows upon noting that

g ek < Z qk(l —4) < Z Z k(1—£)+q—M<<q—M Z q% < Mq_M/Q.

k<M k<M 2<l<M M <k<M 2<U<M
ke>M k>M E -

5.2.2 Proof of Proposition

Proof of Proposition[5.1 For Re(s) = 1, we use Lemma and together with the choice M = 2log, log, |F|

to get

log L(s,x)=— »_ lo (1—|](D];)>+0<A14).

deg P<M

Using this estimate together with Lemma [5.3] we deduce that

[L(s, x)| < deg];[gM (1 - |]13|>_1 (1 +0 (1\14>) <e"M +O(1),

119



which completes the proof of the upper bound in (5.13)). To see the lower bound, note that from Lemma

we have

1L(s,x)| > deg(gSM (1 n |113|) <1 e (]34)) |

and from Lemma [5.3]

deg(P)<M

1 171’312 ! "
L h) - R

5.2.3 Sums over H,,.

The orthogonality relation:

Lemma 5.4. Let f be a monic polynomial. If f is a square in A, then

> xo(f) =1Hal- I <1+|1P|>_1+0(\/7Tn|). (5.19)

DeH, P|f

Furthermore, if f is not a square in A, then

> xo(f) < V[Ha| - 207 (5.20)
DeH,

Remark 5.1. We remark here that making use of [15, Lemma 3.5] the second estimate becomes

S () < e

—1\1/2
DeH, (C] 1)

for € > 0 and f = f1f? with fi square free. This in turn leads to a better error for the sum over the

non-square terms which is done in Lemma[5.7]

The proof of (5.19) below adapts the proof of |3, Proposition 5.2]. For a proof of (5.20) see |3, Lemma 6.4].
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Proof. Note that all sums are taken over monic polynomials. Note first, since f is a square, it can be

expressed as [? for some monic [ € A, so the sum we are studying is

dooxn@® =Y 1= > > uh),

DeHny DeHnp deg(D)=n h2|D
(D,h)=1 (D,l)=1

where the second equality comes from the definition of xp(f) and the last one follows from the fact that

1 if D is squarefree

> ulh) =

h2|D 0 otherwise.

We swap the order of summation and use an inclusion/exclusion argument to rewrite the sum as:

Yoxo@ = > ulh) > L.

DeH, deg(h)<n/2 deg(D)=n—2deg(h)
(h,D)=1 (D,))=1

We recognize the inner most sum is giving an estimate for the size of the set S,,, = {D € A : D monic deg(D) =

m, (D,1) = 1}. Note that

#Sm= > 1= > > 4

deg(D)=m deg(D)=m A|(D,l)

= w4 > 1

All deg(D)=m
A|D

= p(A)gm s

All

_ )
BT

Hence we have that

> () = u(yg2aes 80 _ n 25 plh)

per a i U
n eg(h)<n/2
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h
The proof of (5.19) is finished once we have an estimate for Z (k) which is given below.

|hf?’
deg(h)<n/2
(h,D)=1

P _ 5~ ) ()
DS DR R VN

deg(h)<n/2 (h,1)=1 deg(h)>n/2
(h,)=1 (hyl)=1
_ p(h) 1
o Z |h|2 +O(qn/2 ’
(h,D)=1

“I( ) w0 ().

Finally, the product term can be expressed as:

1) I G ) il )

Pl P irreducible PJl

Putting everything together, we obtain

2 XD(ZQ):qnﬁgl) 4;2)H(1_1i2>_1+0<q"1/2>

DeH,

1P|
result. O

The proof is complete by recognizing that (4(2) = q/(¢—1) and ©(1)/|l| = [1p;, (1 - ‘113 ) to get the desired

5.3 Complex moments of L(1, )

Let D € Hy,, z € C such that |z| < log, |D|/(log, log, |D|loglog,log, |D|). Let xp(f) = (?) We we recall
that d,(f) is defined as in ((5.6). We will prove the following key lemma which will allow us to connect our

complex moments of the random model to the complex moments of L(1, xp).

log, |D|
10Alog, log, | D|loglog, log, | D]’

Lemma 5.5. Let D € H,,. Let A > 4 be a constant z € C such that |z| <

M = Alog,log, |D| and cy >0 a constant. Then

sy = (140 (oipps)) T KGR o (o T,

f monic
|fI<|DJ'/®
P|f=deg P<M
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where B=A/2 — 2.

Before giving the proof, we make some estimates:

log, | D|
10Alog, log, | D|loglog, log, | D|

Lemma 5.6. Let D € H,,, A >4 be a fized constant and z € C such that |z| <

and M = Alog, log, |D|. Then for ¢y some positive constant we have

> wlagpn- ¥ 2Dagro(prea), sy
AT Lo,

P|f=deg P<M

and furthermore,

xo(f) , < 1)1 _ xo(f) , ( 1)1
mzn /] Z(f)H. iz mZn 7] OTT(1+ 7
! Plf ; o
Py |FI<|D|'/?

P|f=deg P<M

+0(|py ) L (5.22)

Proof. First we prove (5.21]). Let z € C and let k € Z such that |z| < k. Let 0 < a < 3, then using Rankin’s

trick we see

Z XD(f)dZ(f) < Z di.(f) < |D|*/3 Z di(f)

1—
f monic |f‘ f monic |f| f monic |f| “
|fI>| DI/ |f|>| DI}/ P|f=deg P<M
P|f=deg P<M P|f=deg P<M
1 —k
_ —a/3 _ 3
=10 1 (1= )
deg P<M
_ 1
= |D| 0‘/3exp k Z W—FOU{}) 5

deg P<M

where the last estimate comes from Taylor expansion. Choosing o = ﬁ we have that |P|® = ¢@de8 P < ¢ =

O(1), so that
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o 1 1 1
D[P exp(k > |P|ﬁ+0(/~:))<<|p| wexp [O[k > 7l
deg P<M deg P<M

< |D|75%7 exp O (klog, M),

by (5.18). Taking k < Tor Tog |g)‘gf)!£)|g oz D> and using M = Alog, log, |D| the expression inside of the
q q q q

big Oh becomes
log, |D|log(Alog, log, |D])
log, log, | D|loglog, log, |D|’

klog(Alog, log, | D|) <

So we have
S S
DI exp O (K log, M) < |D|” T =TT,

for some ¢ > 0.

The proof of (5.22)) follows from the previous argument since

H<1+113>1<1.

PIf

Proof of Lemma[5.5. From Lemma [5.2] we have

L(1,xp)* = exp(zlog(L(1, xp))

—ep -2 Y log (1 - X’f}g?) exp (0 <q_]\A;/2 degDz|>) .

deg P<M

Here we use the fact that M = Alog,log, |D| implying that g M2 = (log, |D|)=4/2, deg D = log, | D,

log,, | D| . o .
|z] < 104 Tog, Tog, \Dq| log Tog, 102, 1D to see that the expression inside of the big Oh has the shape

(log, | DI)? 1 0( 1 )

(log, | DI)*/> 1047 (log, log, [ D[) log log, log, [D] ~ ~ \ (log, [D)?
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by the assumption on A. Hence, we have

Ltxp)* = ]I (1 - X?}gf))_z <1 o ((logqllDl)B»

- (1 +0 (W)) degl;[SM <:>0 XTJ(Dfla)dZ(PG)>
-(ro(mmmp)) X e

f monic
P|f=deg P<M

Finally we apply (5.21) from Lemma O

Using this lemma we have that

Y Ltxp)= Y <1+O <(10gql|D|)B>) 3 XDf(()dz(f)

DeH, DeH, f monic
|fI<|D|M?
P|f=deg P<M

- (mgmr) X G w0

f monic DeH,
|f1<|D|M?
P|f=deg P<M

= (1+o (W)) (51.+ 52),

where
d.(f
S= Y |}| LS o), (5.23)
f monic and a square DeH,
|fI<|DJ*/?
P|f=deg P<M
and
d.(f
Sy = > |J(c ) > xo(f). (5.24)
f monic and not a square DeH,
|f1<|DJ*/?

P|f=>deg P<XM

With this separation we can use our orthogonality relation to evaluate S; and Ss.
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5.3.1 Evaluating S5: Contribution of the non-square terms.

log, |D|
10Alog, log, |D|loglog, log, | D|

Lemma 5.7. Let D € H,,, A > 4 be a constant, z € C be such that |z| < and
M = Alog,log, |D|. Then

Sy < ‘D‘1/2+(2logq 2)/37

with Sy defined as in ((5.24)).

We note that 2(log, 2)/3 < 0.29 since ¢ > 5. That is for all ¢ we can say Sy < |D|*/>.
Remark 5.2. Making use of Remark and following the argument from (15, page 12] we can improve this

bound to

Sg < |D|1/2+E.
Proof. By Lemma |5.4] the inner sum of Sy is O(y/|H,]29°8 /), hence we have

deg f

f monic and not a square
|fI<|D|/*
P|f=deg P<M

Now, we have that |H,| = O(|D|) and 29°8f = | f|'°¢a2 Thus

d.(f)|f]'8a
Sy < |D|/? > e
f monic and not a square |f‘
IfI<|D|M®
P|f=>deg P<M
« | D|M/2H1/30008, 2+ (108, 2)/2) 3 d.(f)

|f‘1+(10gq 2)/2’
f monic and not a square
P|f=deg P<M

< |D|1/2+1/3(10g‘1 2+(log, 2)/2) (CA(]- + (logq 2)/2))k’

for some k € Z such that [z < k. We note that (5(1 + (log, 2)/2) = c for some constant c so that

logg |D| logg ¢

(CA(l + (logq 2)/2))k & ¢ 10ATogg Togg [DllogTogg Togg [D] — |D| 104Tog, Togg [Dlloglogg ogq D] & |D|(logq 2)/6,

for n large enough. Hence we have the desired result.
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5.3.2 Evaluating S5;: Contribution of the square terms.

The last step is to understand the main term S;. From Lemma [5.4] we have that

s=(+o(mpm)| = GE (e T(m) o (vim)

f monic P|f
|f1<|D|*/?
P|f=deg P<M

Estimating this term is where the difficulties lie, thus enters the random model L(1,X): Let {X(P)} denote
a sequence of independent random variables indexed by P € A an irreducible (prime) element, which takes

the values 0,£1 described as (5.7). We will use the following Lemma to help us estimate the main term.

Theorem follows immediately after combining Lemmas and

log, |D|

Lemma 5.8. Let D € Hy. Let z € C be such that |z| < 555 oz, Tog, |D[Tog Iog, Tog, TD]

.Then

ﬁ > L(1,xp)" = E(L(1,X)?) (1 +0 ((mgq|1m)n)) +0 (|p|” @),

DeHyp

The expectation of X, E(X(P)), is zero and E(X(P)?) = |1Lf-1|—1' We extend the definition of X to all monic

polynomials f € A as in (5.8)). Then, since X is independent on the primes, if f = Py Py - - P we have
E(X(f)) = [TEX(P)*).
i=1

We note that X(P)% = X(P) if e; = 1( mod 2) and X(P)? if e; = 0( mod 2). Combining this fact with

the independence of X we see that

0 ife;=1 (mod 2)
E(X(P)*) =
P .

“L‘J‘rl ife; =0 (mod 2).
Thus we have proved:
Lemma 5.9.

0 if f is not a square
E(X(f)) =

-1
Hp\f (1 + I—}QO if f is a square.
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Now, for any z € C, using the definition of a power of a Dirichlet series we see

L(I,X)z: Z dz(-];‘;x(f)

f monic

Then, since d,(f) and |f| are scalars and expectation is linear we see that

E(L(LX)Z) _ Z dz(f)i(x(f)) — Z dT](c{Q ) 1];{0 (1 + %)_ , (5.25)

f monic f monic

where L(1,X) is defined in (5.9). We recognize the shape of S; from this. On the other hand, from the

random Euler product definition we have

E(L(1LX)) = ][ Er),

P irreducible

where

Erle) = E(( ‘X|§3P|)>> - [Pt D ((“%)%”@) (5:26)

Now, we notice if deg P > M then we can use the following Taylor expansions

1\ °~° z |z|)
1— — :1++0<,
( |P|) 1P| |P[?
1\~ z |z]
1+> _1—+O<>.
( 1P| 1P| |P[?

That is to say, for P irreducible and deg P > M we have Ep(z) = 1 + O(|z|/|P|?), so that

and

1 1
H Ep(z)=exp | O | |7] Z P2 :1+O<(10qu|)B>’

P irreducible deg P>M
deg P>M

this last equality follows from the relative sizes of |z| and M, where we again note that M = Alog, log, |D|
and we choose A = B/2 — 2 large enough to provide the desired error term above. Finally, we use a similar

analysis as in Lemma on E(L(1,X)#) in order to truncate the sum in a similar fashion as L(1, xp)* has
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been. Then we see

E(L(1,X)?) = > dTJ(vf;) 11 (1 + ]13|>_1 <1 +0 (W)) +0 (|D|‘7cologﬁogq ‘D\) :

f monic P|f
IfI<|D|'/?
P|f=deg P<M

(5.27)
The above discussion and taking the choice A = 26 in Lemma [5.5] gives B = 11 which proves Lemma [5.§
Using the fact that |D| = ¢™ we obtain Theorem Corollary also follows from this discussion by
simply scaling everything appropriately via (5.3]) and the fact that expectation is linear. Finally, Corollary
is obtained in the same way but instead we apply (5.16]).

5.4 The distribution of values of L(1,X)

Here we prove results about ®x(7) and ¥x(7). The proofs of Ux(7) require only minor adjustments to those
for ®x(7). The discussion in this section is modelled after [20, Section 4]. These authors use a saddle point
analysis to achieve their results, and we adapt that idea here. To this end, we define some useful auxiliary

functions. For z € C define

L(z) =1ogB(L(1,X)* )= > log(Ep(2)), (5.28)
P irreducible

where Ep(z) is defined as in (5.26)). Furthermore we consider the equation
(E(L(L,X)")(e'r)") =0 L'(r) =log(T) + 7, (5.29)

where the derivative is taken with respect to the real variable r. It follows from Proposition [5.2] that
lim, 00 £'(r) = 00, and from (5.41]) we see that E5(r)Ep(r) > (E(r))? for all monic irreducible polynomials
P, and thus £”(r) > 0. Therefore (5.29) has a unique solution for each fixed 7: we define k = k(7) as this

unique solution.

Finally, we define

log cosh(t) ifo<t<1
f(t) = (5.30)

logcosh(t) —t ift > 1.
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5.4.1 Distribution of the Random Model.

Theorem 5.5. Let 7 be large and k denote the unique solution to (5.29)). Then, we have

_ E(L(LX)")(e7r) 7" [log, &
Dy (1) = 2T <1+0< H )) (5.31)

Moreover, for any 0 < XA < 1/k we have

dx(e M) = Ox(7)(1 + O(Ak)). (5.32)

We prove Theorem from this and the following proposition which gives some estimates on the size of £
and its first few derivatives.

Proposition 5.2. Let r be a real number which is not a power of q and f be defined by (5.30). Let k € Z

I

be the unique positive integer such that ¢* < r < ¢**1 and let t := o

With this notation in mind for r any

real number large enough we have

r rlog, log, r
L(r) =r (logl — G+ O L =22, 5.33
(r)=r(log ogqr+’y)+logqr 1(8) + ( (log, )7 ) (5.33)
where
1 o [(td)
Gi(t) == 5~ log, t + l;m P (5.34)
Furthermore, we have
L£(r) = loglog, ©+ 7+ ——Ga(t) + O [ 28a18a" (5.35)
") =080 T T log, 2 (log, )% )’ '
where
1 o0
Ga(t) =5 —log, t + > Ftd). (5.36)
l=—o00
Moreover, for all real numbers y , x such that |y| > ¢4 and for all x such that |y| < |z| we have
L'y) x ——— and L (y +iz) € # (5.37)
ly[log [y ly|* log |y|
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Combining these results gives Theorem

Proof of Theorem[5.3 By Theorem [5.5] and (5.35) we have

~ E(L(1,X)")(eYT)~" log,
T Y )

= exp (L(k) — k(log T +7) 4+ O(log, K)) ,

where k is the unique solution which satisfies (5.29)).
Also from (5.35)) we have

(5.38)

{log, x} log lo
logr:loglogqn+7G2(q ) O <gq gqn)

log, (log, )?

Hence using (5.33)) we obtain

Ga(q%: ")) — Gofgsa™h) _  (wlog, log,
log, & (log, )2 '

Dx (1) = exp (H
We note that from (5.38)) we have k < ¢” and thus
lo
log, k=T — G2(q"*8 ") + O <qu) ,
-

since for every 7 there is a unique x which satisfies (5.29) and Ga(¢{°8«*}) is bounded for any . This is

enough to obtain the shape of the result. It remains to prove that

1 log cosh ¢
I g

1 h
_ —tanhc < G (g8 "}) — Gy (gl1o% ) < log(cosh(q)) _ tanh(q),
log g c q

where ¢ = 1.28377... For ease of notation let t = ¢{1°84*} we note that 1 < ¢ < ¢ and

oo

Gi(t) — Galt) = 3 (f a) _ f’(tql)> .

tq

l=—00

We recall from the definition of f that the shape is different depending on the size of the input. So we split
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the sum:

G1(t) — Ga(1)

> ()} ¢ S (PRI ) 1)

1 1
I<—log,t tq I>—1log,t tq
o0
1 h(tq
= 3 (loscoshlia) oingrgh)
tq!
l=—00

To prove the upper bound, it is enough to show that all the summands are negative and so the sum will be

less than the contribution from the { = 0 term. We note that

— sech2y =0

d [log coshy ] tanhy  logcoshy
— |—=——= —tanhy| = — 5
dy Y y Y

when y = 41.28377 ... but the argument of our function is t¢' > 0 for all I since ¢,q > 0, so we need only

consider ¢ = 1.28377.... A simple calculation shows that this is a minimum and that W

— tanhy is

strictly decreasing on the interval (0,c¢) and strictly increasing on the interval (c¢,00). Taking the limit as

log cosh ¢
c

y — 0 and y — oo we see these are both 0, hence all of the summands are negative since —tanhc =

—0.339834 . ... Therefore we have a suitable upper bound by simply evaluating % —tanhtq! at [ =0,

M — tanht. As we discussed this function reaches its maximum value when ¢ does, in this

which gives
case t < q.

In order to consider the lower bound, we compute first the integral associated to the sum.

* log cosh tq¥ Y log cosh tq¥
/ O8COSUIT anh t¢Ydy = lim O8COSHIT anh tq¥dy
—oo tqy Yoo J_y tqYy
Y Y
1 htqV
= lim wdy — / tanh tq¥dy.
Y —oo Y tqy Y
We begin with an integration by parts of the first integrand, taking v = —% and dv = _Loygq, SO
that
Y log cosh tg¥ log cosh(tg¥) |Y Y
/ ——dy = —7’ +/ tanh tq¥dy,
—y 125 tg¥logq -y J_y
and

/OO log cosh tq¥

log cosh(tq¥) ‘Y B 1
tq¥

—tanht¢¥dy = li — .
Aty = tq¥logq |-v log q

— 0o
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Thus we conclude

1 — (1 hig' 1 hi
Loy (OgCqu _tanhtqz) _ <OgCOS _tanht> .
log q = tq t

and therefore,
1 log cosh t
+ -

tanht.
log q t

— tanhtg' > —

i log cosh tq'
tqt

l=—00

Finally, as we discussed this is minimized when ¢ = c. O

5.4.2 Tools for proving Proposition

First we recall the following standard estimates on f and f’.
Lemma 5.10. [65, Lemma 4.5] f is bounded on [0,00) and f(t) = t2/2 + O(t*) if 0 < t < 1. Moreover, we

have

t+0(t?) ifo<t<1
f1t) =
O(e™?)  ift>1.

Lemma 5.11. Let r > ¢, be a real number, where cq is a positive constant depending on q. Then we have

—rlog(l1 —1/|P|)+O(1) if |P| <r?/3,
log Ep(r) = (5.39)

logcosh<|;>+0(u§|2) if |P| > 1?3,

and
E ~tog (1= ) (140 (7)) if P <23
E—P(r) = (5.40)
P . ” .
Furthermore, we have that
Bp(r)Ep(r) > (Ep(r))*. (5.41)
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Proof. First we prove ([5.39). Start by considering |P| < r2/3. Since |P| is small we have

=gt () (i) o (o))

= 2“;11) (1 - |]13|) - (1 + Oexp(—r/(r?/? — 1)))) . (5.42)

where the bound in the big O comes from taylor expansion. The final result is obtained by taking logs.

2/3

Suppose now that |P| > r#/2, we see that

(o) = Co () e (regm) = (00 ()

thus using the bounds cosh(t) — 1 < tcosh(t) and sinh(¢) < ¢ cosh(t), which are valid for all ¢ > 0 we see

that

£ = oy (177) (00 (7)) * 1

r r
= cosh <> (1 +0 <>) . (5.43)
|P| |P[?
Taking logs completes the proof.

For (|5.40)), we first see from ([5.26) that

wi0)=grat (=) e () + (o) (o))

If |P| < r?/3 then (5.42) finishes the claim.

On the other hand for |P| > r%/3 we have

5001 = pres (e~ o) (040 (1 77m)

=g o) (00 (7))~ (e (7))

Combining this with (5.43)) we have the desired result.
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For (5.41)) we first compute E%(r), B} (r)Ep(r) and (E%(r))?:

(Ep(r))? = 4(|]|31|3f1)2 ((1 — ;') - <1og <1 — |;3|>)2 + <1 + |;J|> o <1Og <1 I |1P|>)2
+2log (1 - 113|> log (1 + |;,|) (1 - |P1|2> 4) . (5.44)

s+ (8 (o) o) o))

and

EL(r)Ep(r) = \P\%Eg(” + 4(|1|’Pfl)2 ((1 - |1£|> - (log <1 - |1P|>>2

(o) (o)) (o )+ (o)) () )

(5.45)
Taking the difference (5.45)) — (5.44])) we obtain
: e () (e (i) s (o))
BN+ 1— log(1- =) —log(1+— 1) >0,
e e agernz U pe ) U e e g
as desired. O

Proof of Proposition[5.4 We only write the details for (5.33)) and (5.35) as the argument for (5.37) follows

along the same lines. For the entire proof, we recall that k € 7Z is the unique positive integer such that

" <r < ¢t andlet t := qik

We first prove the result for £(r). By Lemma and Lemma we have

Lr)=-r Y log (1 — |]13|> + > logcosh <;> +O(r/3)

|P|<r2/3 |P|>r2/3
1
=-r > log (1 - P> + > f <;> +0(r??). (5.46)
deg P<k ‘ ‘ |P|>r2/3 ‘ ‘
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The first summand is taken care of by recognizing Mertens’ theorem, which we will apply at the end. The
more interesting part of the proof comes from the second sum. First, from the prime number theorem we

get

> ()= T el 2 ()

|P|>r2/3 n>%logqr n>%10gqr

The error term is

qn/Q T 27"2 2
> Toi(H)< X oetme X oy LoD

n>2log, T n>log, 2 log, r<n<log, T

L AT

It remains to consider

I CORND VNP VLI NN c 2 ¢0)
2 q n>k+log, k k—log, k<n<k+log, k q

n<k—log, k

=T, +T5+T5.

We first bound 77 and 75, again referring to Lemma [5.10)

1 q"r r 1
h<y > m<p X =
n>k+log, k n>k+log, k
2

T T
< Equrlogq k < (Iqu ’I“)

5 by the choice of k with respect to r,

and similarly

< > 4 1 <<(

n log, r)2"
n<k—log, k 8q )

For T3 we notice that for n € [k —log, k, k + log, k], we have % = % (1 +0 (%)) Using this, we factor
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out © and do the variable change | = k — n so that

e (fol), 2 1

[l|<log, k

r_

where we recall ¢ := 7. Next, we see that for |I| > log, k the sum is small:

».D

1
Z f Z logk<<E'

\l|>loqu q I>log, k I<—log, k

£(25002)

l=—0c0

Hence we have

Returning this to an expression in terms of r we see

fltq loglogr
logq (zz_: ( logr ))

Finally, we complete the bound of L(r) by applying Mertens’ theorem to the first summand and convert

T

everything in terms of r. Combining the terms which have Tog,

— in common we achieve the claimed result.

For L'(r), we again appeal to Lemma and Lemma giving

tanh(m) +O(r_1/3)

L'(r)y=- Z log (1 - |P|) + P
|Pl<ra/s |Pl>r2/2
1 () | oot
- il A\ —-1/3
=— Z log (1—|P|>+ Z P +O(r=7°). (5.47)
deg P<k |P|>r2/3

Applying the prime number theorem to the second sum we obtain

() f/a" (v/g"
q") f(r/q")

DREA OB SRR AGUAIPY (I S QAL

|P|>r2/3 n>2/3log, r n>2/3log, T
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The error term in this case is

’I"/q 8—27"/(1”
Z qn/2n < Z 3n/2n Z W by Lemma [5.10
n>2/3log, T n>log, v 2/3log, r<n<log, r
1
ri/3log, r

As before, we split the remaining sum into 3 pieces:

f'(r/q") TEAR:
D D M DR O G cob)
k  k—log, k<n<k+log, k

n>2/3log, r n>k+log, k  n<k-—log,

=T+ Ty +Ts.
We first bound 7] and T3, referring to Lemma gives
y T T 1
< ) 5<% 2 =
n>k+log, k n>k+log, k

r 1 1
< =

< by the choice of k with respect to r.
o ¢ 1o, F (log, )’ Y P

Similarly
e—2r/d" 1

Ty < § < .
2
n<k—log, k n (1qu T)

For T3 we notice that for n € [k — log, k, k + log, k], we have 2 == (1 +0 (logk>). Using this, we factor

out % and do the variable change [ = kK — n and recall t := qlk, so that

1 log k
ne (b0 (%) ¥ s
og

Next, we show this sum is small for [I| > log, k:

Z f/(tql)<< Z e—thl+ Z

[l[>log, K I>log, k I<—log, k
1
< e~2log, T 4 Tor the bound on the second sum follows from 1 <t < g
q q

1
<
log, r
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Hence we have

Ty < % ( > ftd)+o0 (bik)) :

l=—0o0
Finally, we complete the bound of £'(r) by applying Mertens’ theorem to the first summand and convert
everything in terms of r. Combining the terms which have log% in common we achieve the claimed result.
q

O

5.4.2.1 Proof of Theorem [5.5

One of the key ingredients in the proof of Theorem 5.5]is to show that [E(L(1, X)"*)|/E(L(1,X)") is rapidly

decreasing in ¢ when |t| > 1/rlogr. For this we prove the following lemmas.

Lemma 5.12. Let r is a large positive number and c, > q a positive constant depending on q. If |P| > -,
q

then for some positive constant by we have

o) <on (o (1 -em  (120):

where ¢4 15 a positive constant dependent on q.

Proof. Let x1, xo and x3 be positive real numbers and 6y and 03 be real numbers. We use the following

inequality established in the proof of |40, Lemma 3.2]:

, } L eost
o1 + 226" + 23¢™| < (21 + 22 + 23) exp <xlx3(cos3)>

(1 + 2 + x3)?

Choosing 21 = sy (14 1/|P) ™", @2 = piry and @3 = syppey (1 — 1/|P|) ™" with 6, = tlog(1+ 1/|P))
and 65 = tlog (}ﬁlﬂ provides the desired result since |P| > é O

Lemma 5.13. Let r be large and let c¢q > g > 4 be a positive constant dependent on q. Then there exists a

constant by > 0 such that

2 .
‘E(L(].,X)T—Ht” exXp (—bg#gr) ’Lf |t| < o

<
E(L(1,X)"
(L(L,X)7) exp (—bglog“tl) if |t] >

o
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Proof. Let z = r +it. Since |Ep(z)| < Ep(r) we obtain for any real numbers ¢ < y; < yo

[E(LOL,X))| 1T [Ep(2)] (5.48)

FE
y1<|P|<y2 P(T)

Note that |¢|log < |+i

};7 ) ~ 2|t|/|P| so that when [¢| < Lﬂ we have
q

Pl+1 t?
1 — cos <|tlog<:P:_l>> > |P|2

If ¢ < é then, we choose y; =7 and y» = ¢4r/2. Appealing to Lemma we have

|Ep(2)| a It?
H Ep(r) < H +1exp b12dq2d

y1<|P[<y2 log r<d<log(cqr/2)

b [t[? 1 |t
- _ AP — b .
exp 9 Z dod <K exp 27 log
log r<d<log(cqr/2)+1

In the case of |t| > = we use a similar argument but choose y1 = ¢4|t| and yo = 2¢,|t| to complete the
q

result. O

Let o(y) = 1if y > 1 and equal to 0 otherwise. Then we have the following smooth analogue of Perron’s
formula:
Lemma 5.14. [20, Lemma 4.7] Let A > 0 be a real number and N be a positive integer. For any ¢ > 0 we

have fory >0

1t Jreds 1\ s R N e D
0< — $ — — < — s d 5.49
= 2mi /c_ioo y ( As ) s oly) < 2mi /C_ioo 4 ( As ) s % ( )
and
1 c+ioco e/\s -1 eAs _ e—)\s
0< Ay) — < — s ds. 5.50
< (e’y) —oly) < 5 /C_m Y ( e ) . s (5.50)

Proof of Theorem[5.5. We first prove (5.31)). Let 0 < A < 1/(2k) be a real number which we choose later.
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Using (5.49) from Lemma taking N = 1 we obtain

rtico e —1ds
< E(L(1,X)%)(e"r)~* — =
0< [ REORE S - )

ers — 1)(1- e*)‘s)
s s

—100

< / e E(L(1, X)) (e7r) > ¢ ds. (5.51)

Since Ak < 1/2 we have |e** — 1] < 3 and |e=** — 1| < 2. Hence, using Lemma along with the fact that
[E(L(1,X)%)| < E(L(1,X)") we obtain, for some constant b3 > 0 that

3/5 /6

K—1K K+1i00 As —bar!
e —1ds e U3k

E(L(1,X)%)(e"T)™° — -

/,Q,ioo +/n+i/{3/5 ( ( ’ ))(6 T) As S < )\I‘i3/5

E(L(1,X)") (") 7", (5.52)

and similarly,

k—ir3/5 K+100 s s hasl/6
s _se¥=1)(1-e e—bak . .
/ +/+' ” E(L(1,X)%)(e"T) ( - ) ( - )ds < ST E(L(1,X)*)(e’r)™".  (5.53)

—100

Let s = k +it. If [t| < x%/5 then |(e* — 1)(1 — e=*)| < A?|s|?, hence the remaining part of the integral is

bounded as follows

3/5

K+iK eAs o o efks
/ E(L(1, X)*)(er) > D L= )

" ds < A3PE(L(1,X)%) (7).
—ik3/5

Combining this estimate with (5.51)), ((5.52)) and (5.53|) we obtain

3/5

K+ik eAs_
ex(n) - [ EEOBEn S

S ds
271 —iK3/5 )\52

67b351/6

Ar3/5

< <AH3/5 + ) E(L(1,X)%)(e77) 7", (5.54)

On the other hand we have from (5.37) when [¢t| < #%/° then

2 3
Lk +it) = L(r) +itL (k) — %,c"(m) +0 ( id ) .

k2 log K

2
(1-itvo (s ).
K K

We also note that
eM—1

1
=~ (1+0(x) =

B
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Hence, using the fact that E(L(1,X)*) = exp(L(s)) and L'(k) = log T + v we find

e/\s _
B(L( %)) () Y

= %E(L(l,X)H)(GVT)_” exp (—tjﬂ”(m)) (1 - z% +0 ()\ﬁ + Z—z L )) :

k2log K

Thus, since we have chosen k such that the integral involving it/ vanishes we have

1 st (e — 1)
— E(L(L,X)*) (7)o g
2w e (L(1,X)%)(e77) ez 98

13/5
- %E(L(l,x)“)(evr)_“%/

o (~Lre)) (140 (et &+ I VY 555)
_Ra/se P g~ P TRz k2log Kk ’ ’

Further, from (5.37) we have £”(k) < 1/(klogk), so there exists a positive constant by such that

3/5

% —:‘5/5 P <_iﬁll(“)> dt = 27r1£”(n) (1 +0 (e—bwl/ﬁ)) ,

and
1 ;@3/5 |t|n t2£//( ) dt < 1 /OO |t|n t2£ll( ) dt
o | O\ TR W A= | TGP Ty AR

1 (klog K)"™/?

L/ (k))(n+1)/2 < \/m

<1

Inserting these estimates into (5.55)) we get

3/5

1 rtin S\ _S(e’\s—l) _ E(L(1,X)")(e7T)™" log k
5 s E(L(1,X)%)(e"T) a2 ds = H\/m <1+O ()\/s—i—\/ - )) (5.56)

Finally, combining the estimates (5.54)), (5.56]) and choosing A = k=2 we obtain the desired result.

Next we prove (5.32]). To do this let 0 < A <1/k. Using (5.50) from Lemma we have

K+ioc0
(e 1) — (1) < L/ E(L(lvx)s)(ew)is(

T2 ) e

e)\s _ 1) 6)\5 _ 67/\5

ds.
AS s y

We write s = k + it and split this integral into two pieces: |t| < A/klogk and [t| > A\/k1og k.
We note that both |(e*® — 1)/As| and |(e*® — e=*%)/\s| are less than 4. Therefore, it follows that the first

part of the integral contributes < Ay/k log KE(L(1,X)")(e*r)~*. Then, from Lemma the second portion
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contributes

efbth/(nlogka) + / ebe\tV(lOg\tD

[t]> 2
-q

< NE(L(1, X)) (e )" /
VRTogR<H<

< M/ klog kE(L(1, X)) (e*r) ™",

The final result follows from (5.31)) and (5.37)), specifically they prove:

By (1) = E(L(i’%ﬂ_” = 1/10iKE(L(17X)”)(eVT)_”. (5.57)

5.5 Proofs of Theorem and Corollary

We begin with some notation: Let

1
P(L(1,xp) > e'T) := H ||{D €My : L(1,xp) > 7}
and
1
M(z) := Z L(1,xp)*.
[#n] DeHy,

Proof of Theorem[5.4 As in section let kK = k(7) be the unique solution to (5.29). Let N be a

positive integer and 0 < A < min{1/(2k),1/N} be a real value which we choose later. Finally, let ¥ =

blog, |D|/(log, log, | D|log, log, log, | D|) for some b > 0 small enough.

If log, | D| is large enough, then for our range of 7 we have £ <Y, which follows from (5.38). Additionally,

this means Lemma holds for all s = k + it as long as |t| <Y so we consider the following integrals:

) = /RHOOE(L(LX)S)(@WT)—S<€A15_1>Nd$

2mi K—100

and

Jar(7) 1/:+m M(s)(e'r)~* (ei;l)]vds.
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By Lemma we see that
Py (1) < J(1) < Px(e 1) (5.58)

and

P(L(1,xp) > €'7) < Jar(r) < P(L(1,xp) > 7 *N7). (5.59)

Using that |e*® — 1| < 3 we have

Kk—1Y K+100 As N N
e —1 ds 1 3

E(L(1,X)%) (V1) - [ E(L(1. X)) (Y1)~ "

L[, meanen () Ty (Gy) Beaxen

and similarly, together with Lemma [5.8| we obtain

K—iY K+ioco As N N
e —1 ds 1 3
+/ M(s)(e'T _s( ) — < () M(g)(eTT)™"
/ﬁ—ioo K4iY (#)( ) As S AY (o) )

(g/)NE(L(LX)“)(eWT)“

For the remaining parts of the integral we have that [t| < Y so we apply Lemma which states that
M(s) — E(L(1,X))* < E(L(1,X)%¢)/(log, |D[)''. Then use the inequality |(e** — 1)/As| < 4 to obtain

Y v E(L(1LX))
5" (@) (log, D)

Tulr) = () < (;;) E(L(L,X)")(e7r) " +

Choosing N = [log, log, |D|] and A = '°/Y then (5.57) gives us that

@X(T)

Ju(t) = J(1) < 7(10&1 DI

(5.60)

On the other hand, by Theorem [5.3]in combination with our choice for A\, N and ¥ we have

e (log, log, |D|)?log, log, log |D
(I)X(e:tANT) — (I)X(T) 1+0 ( gq gq | |) gq gq gq | | )
log, | D
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Hence, combining ([5.58)), (5.59)) and (5.60))

P(L(1,xp) > e'7) < Jp (1)

By (7)
<Jm+Oo <<1ong|>8>

"log log  |D|log log log |D
S(I)x(T)<1+O<€ 8q gq‘ll 8,108, 108, | |>>
og, | D|

and

P(L(1,xp) > €'7) > Jy (e 7)

AN ‘I’X(T)
= (e +0 <<logq D)S)

e” (log, log, | D])? log, log, log, | D|
> Ox(7) <1+O< o o |D|q 4 4 .
q

The final step is done by recalling for D € H,, we have |D| = ¢". O
And now how to make use of Theorem [5.2|to prove the corollaries of Section [5.1.1

Proof of Corollary[5.3 We note by Artin’s class number formula given by (5.3)) that hp > eVT—V\‘[qD‘ if and

only if for D € Hogy1 we have L(1,xp) > e?7. Specializing to n = 2g + 1 we see Theorem [5.2 proved that

the number of D such that L(1,xp) > €77 is given by

e” (log, log, | D])? log, log, log, | D|
o 140 1984 479841084 _

Finally, we use Theorem to conclude that the number of D such that hp > 677'—”\%;' is given by

7—Co(ql!oBa "}) log, T e (log log | D|)21log log. log. |D
|Hag+1| exp (—Cl(q{logq H})—q (1 +0 ( Sq )) x|(14+0 (log, log, | 10'; |Dg|q 84108, D]
q

T T
7—Co(ql1°8a *1) log T
= |Hag+1]exp <—Cl(q{10gq ﬂ})q— (1 +0 ( S )) ;

T T

where the final estimate follows from the range of 7. The analogous estimate for small values of hp follows

along the same lines. O
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5.6 Optimal Q-results: Proof of Theorem

For each irreducible polynomial P € F}, let 6p € {—1,1}. Define Sy (n,{dp}) to be the set of all monic

irreducibles Q € F, such that deg@Q = N and

P
— ) =6p,
(a)
for all irreducibles P with deg P < n. We also let P(n) denote the product of all irreducible polynomials P

with deg P < n.

Lemma 5.15. Let N be large, and 1 < n < (log,(N))? be a real number. Then, we have

q S4n
[Sw(n {00} = gy + 0 (4377)

Proof. For each monic polynomial f € F,, define & =11 PIf dp. Let @ be an irreducible polynomial of

degree N. Then, observe that

O T 3] B A

FIP(n) deg P<n 0 otherwise.

Therefore, we deduce that

/
Sxin ebl =gy S0 2 (L)
fIP(n) Q (iirrcduciblc

Since all the divisors of P(n) are square-free, we obtain from (2.13)) that for all f # 1 such that f | P(n), we

have
f N E-&-n
> (g) <desNa? < g2t
Q irreducible
deg Q=N
since

deg f < degP(n Zjﬂ'q =q", (5.62)
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by the prime number theorem. Finally, since the number of divisors of P(n) is 2¢(™) we deduce that

(N
|Sn(n, {8p})] = ) +0 (q% )
which completes the proof. O

We shall deduce Theorem [5.4] from the following proposition

Proposition 5.3. We have

> L(lxg) = gA(2)% 11 (1 + f];) +0 (NQqN/2+2") : (5.63)

QeSn(n,{6p}) deg P<n

Proof. First, it follows from (2.11)) that for all m > N we have

XQ

L(1, xq)
deg F<m

Let A =2NdegP(n) < Nqg" by (5.62)). Then, from (5.61) we obtain

Q

Y e emm i > (5) % %)
QeSn(n,{épr}) 2 fIP(n) Q irreducible Q | |
egQ—N (5.64)

o S S S (),
j|P(n deg F<A Q irreducible
deg Q=N

by quadratic reciprocity from Proposition and Remark Since any divisor f of P(n) is square-free, it

follows that Ff is a square only when F' = fh?, for some monic polynomial h. In this case, we have

Ff
> — ) =7, (N) + O(w(F)) = 7,(N) + O(A),
Qérrccéujill\)ilc < Q >

where w(F) is the number of irreducible divisors of F, and w(F') < deg F < A.

Furthermore, if F'f is not a square, then by (2.13)) we get

S (52) st <

Q irreducible Q
deg Q=N
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by (5.62)). Inserting these estimates in ([5.64)), we deduce

7rq(N) J 1 2 N/2
S Lllxg) = S 3 |J{| 3 W+O(A v/ ) (5.65)

QESN (n.{dp}) f|7’(" deg h<(A—deg f)/2

since
A
1 1
DT Dl D
deg F<A k=1deg F=
Finally, since deg f < degP(n) < A/2, then for all f | P(n) we have the tail of the inner sum is very small:

1 1 1 _
> WS > WSZW<<QN~

q

deg h>(A—deg f)/2 degh>A/2 k>A/2
Inserting this estimate in ([5.65) completes the proof. O
We finish this section by proving Theorem
Proof of Theorem[5.4 We choose n such that
Nlog, N n  Nlog, N

10¢a(2)q =S¢ 10¢a(2) (5.66)

We choose dp = 1 for all monic irreducibles P with deg P < n. Then, it follows from Lemma [5.15] and

Proposition [5.3] that

! —N/6
Sog L thxe=ae I (1+5)0ro(@). e

QeSN(n,{dp}) deg P<n

Furthermore, by Lemma [5.3] we have

@ I <1+113|> II (1—113>1<1+0(qnn>>:em+0(1)‘

deg P<n deg P<n

Combining this estimate with (5.66)) and (5.67) yield the existence of a monic irreducible @ of degree N,

such that

L(1,xq) > € log,(Nlog, N) + O(1) = €” (log, log, |Q| + log, log, log, |Q]) + O(1),

148



as desired. Finally, one can deduce (5.15)) along the same lines by taking §p = —1 for all monic irreducibles
P with deg P < n. O
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6 The distribution of values of L(o,xp), for 1/2 < o < 1, over

function fields

6.1 Introduction

This chapter will extend the results of the previous chapter from the edge of the critical strip to the inside.
The relevant history associated to the number field case was outlined in Section As was discussed, there
is a rich history of study for this topic in the classical setting. There are fewer works in function fields
discussing L-functions inside the critical strip. The first results describe the average values, see Rosen [94]
Chapter 17]. We compare the following result (|94, Theorems 17.13 & 17.14]) with what we achieve in this
chapter. Note that we have shortened this result to be relevant to our discussion.

Theorem 6.1. Let 0 > 1/2 and let M > 0 be a fized odd integer. Then

Y L) = et (1 1) g ) (6.1)

m monic
deg(m)=M

Suppose now, M > 0 is an even integer and that ¢ > 1/2 but o # 1. Then

Y s = et - (1 ) @ ) (6:2)
deg(m)=M
m#0

Our goal is to obtain information about much more than the average value of L(o,xp) for D € H,, and
our main result establishes a formula for the tail of the distribution of values of log |L(o, xp)|. Using this
information we will obtain evidence toward the true maximal order of our L-functions. As we have seen from

the previous chapter a key step in the process of describing distribution of values is to establish a formula for
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the large complex moments of the L-functions. That is we need to understand » 4, L(1,xp)* for z € C
with |z| large. Unfortunately, the bounds on log |L(o, xp)| for o € (1/2,1) are, even under GRH, not strong
enough to give us an asymptotic formula in the full expected range for our complex moments. To get around

this issue we adapt some ideas from [64]. Below we describe their main idea and the reasoning behind it.

In [62], under the assumption of the Riemann Hypothesis (RH), Lamzouri establishes an asymptotic formula
for

1 2T
M, (T) = —/ |¢(o + it)|*dt, i<o<l,

where z € C with |z| < (logT)?*~! and conjectures that it should hold for |z| < (log7)°. We note that
the assumption of the Riemann Hypothesis is necessary since if o + it is close to a zero then |((c + it)|",

r € Ry will be very large.

On the other hand, if fe(z) > 0 is large, then M, (T') will be heavily affected by values for ¢ € [T, 2T] which
make |((o + it)| large. In |102, Theorem 14.5], Titchmarsh proves that RH implies, for fixed 1/2 < 0 < 1
and t large, log|¢(o + it)| < (logt)?~27+°(). However, Montgomery [81] proved that log|((o + it)| =
Q((logt)'=o*°M) and further conjectured (based on probabilistic arguments) that this Q-result is optimal.

However, the maximal order of log|((o +it)| for 1/2 < 0 < 1 is unknown.

The authors of [64] restrict the integral in M., (T') to the following set, denoted A(T), to use Montgomery’s
Q-result above:
A(T) == {t € [T,2T] : |RS (0 + it)| < (log T)' =7 /loglog T'},

1

¢ N
where Ry (o +it) = 3 ey

p?LSY
taken small enough then A(T) = [T,2T]. Making use of the restriction to A(T), Lamzouri, Lester and

. Note that there is a parameter Y in the definition of A(T), if YV is

Radziwilt obtain an asymptotic formula for complex moments of |{(c + it)| in the full conjectured range
|z| < (logT)?°. Removing the points ¢ € [T,2T] \ A(T) will not affect the distribution results so long as
the size of [T, 2T\ A(T) is small. Indeed, the proof of [64, Proposition 2.3] shows that |[T,27] \ A(T)| has

exponential decay as T" — o0.

In this chapter we discuss the adaptation of these ideas to the case of function fields. Again, we refer
the reader to Section [2:.6] for a refresher on background required to understand this chapter. We study
the distribution of values of log L(o, xp) for xp the quadratic Dirichlet character associated to the monic

squarefree polynomial D. The strategy used in this chapter is to set up a probabilistic random model and
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compare L(o, xp) to it. With that in mind, let {X(P)} denote a sequence of independent random variables

indexed by the irreducible (prime) elements P € A, and taking the values 0, +1 as follows

0 with probability st~
X(P) = E+ (6.3)

+1  with probability STPIFD)

\P|+1)

Let f = P{*Ps?--- P& be the prime power factorization of f, then we extend the definition of X multiplica-

tively as

X(f) = X(P1)" X () - - X(Ps)*. (6.4)

Then, we compare the distribution of L(o, xp) with

Le,X):= ][] (1 - ig}()?)_l, (6.5)

P irreducible

which converges almost surely for o > 1/2.

For our purposes it is also convenient to study the series version of this model. Let Y > 0 be large, then

= d .
RY (07 X) ; %ﬂc deg ‘f|o. an (6 6)
deg f<Y

Ry(0,X):= Y _ deg \fl"' (6.7)

f monic
deg f<Y

Finally the following notation will be fixed for the remainder of the chapter. Let A = F,[T] taking ¢ =
I(mod4). Here log, denotes base g logarithm, log is the natural logarithm and we denote the fractional

part of x by {z}.

The goal of this chapter is to describe the distribution of values of log L(o, xp) for D € H,, with

H,, = {D € A : D monic, square free and deg(D) = n}. (6.8)
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As was explained above in order to do this we require an asymptotic formula for

1
ol

Z (L(Uv XD))Z7 (69)

DeHn,
in a large range of z € C. Under the Riemann Hypothesis (see Proposition [6.1)) we have

(log, [D[)** =)

Ry(o,xp) <
( ) log, log, |D|

for all D € H,,, (6.10)

which is true for all Y. Such a bound allows us to obtain our asymptotic formula for with z € C such
that [z] < (log, |D])*?~!, cf. Corollary However, in accordance with the situation over number fields
(see Section we do not expect the GRH bound is optimal. Our Theorem provides some Q-results
which we believe to be the correct maximal order for these L-functions with 1/2 < ¢ < 1 fixed. The evidence
for such a claim comes after combining Theorems and This belief motivates the introduction of the

following restricted set, which is similar to A(T") in the number field setting:

(6.11)

RY(Uv XD) S

_ 1 DN1—9(o)
HH,QZ{DG% <g||>}

log, log,, | D]
with 20 — 1 < g(0) < 0. Notice that taking g(c) = 20 — 1 in (6.11)) returns the result of (6.10)), so that
Hn = 7:2",9. Taking g(c) =0 and D € 'ﬁn,a, we have

(log, [D|)'=°

R < .
v(o:xp) < log, log, | D

Averaging L(o, xp) over ’;qn,g generates Corollary

Our full theorem is given as follows:
Theorem 6.2. Let n be large, 1/2 < 0 < 1, B > 2 a constant be fized. Then there exists a positive constant

by := b3(o, B) such that for z € C with |z| < b3n9®) we have

U o

1 z z
Ho] 2 Lloxp)* = E(L(.X)) +O( nB—(3(0)FD)
DeHnp g4

153



where 20 — 1 < g(o) < o and we have for some constants C,C" > 0 that

Mo\ Tl < [Halxp (~Crlo = g(0) - ).

B log, n
We have the following corollaries if g(c) is taken at either end point of the range 20 — 1 < g(o) < 0.
Corollary 6.1. Take g(c) =20 — 1 then under the conditions of Theorem[6.3,

|z| < bsn?7 71, H, g = Hy and we have

|3Tln| > L(o,xp)* = E(L(0,X))? (1 +0 (nBl_%)) : (6.13)

DeH,

Corollary 6.2. Taking g(o) = o then under the assumptions of Theorem

|z| < b3n?, and we have

1 . . E(L(0, X))
7 Z L(o,xp)* = E(L(0,X)*) + O (nB1U : (6.14)
DEH.
such that
[Hn \ Hag| < |Hn|exp < C logqn) ,
where C' > 0 is the constant in Theorem [G.2
For 7 > 0, define
Px (1) :=P(log L(0,X) > 7). (6.15)

The following theorem proves that the distribution of values of log L(o, x p) are well approximated by ®x (7).
Theorem 6.3. Let n be large and 1/2 < o < 1 be fized. There exists a positive constant b(c) such that for
1
3<r< b(a)nl_"(logq n)~ o we have
1 (tlog, 7)1 log, n

—— WD e H, :logL(o,xp) > 7} =Pxe(1) | 1+ 0O

e (6.16)

nO'

We note that the range of uniformity appears worse than what is achieved in Lamzouri [62, Theorem 1.6]

however we obtain an asymptotic formula for {D € H, :log L(o, xp) > 7}| while in [62, Theorem 1.6]

Ll
[Hn
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only an asymptotic for log of the proportion was proved. Finally, we describe the asymptotic behaviour of

(I)X,U(T)-
Theorem 6.4. Let 1/2 < 0 < 1 be fized. For any large T we have a unique K (7) satisfying (6.45) so that

1 - 1 1
By (1) = exp (‘Ax@{”gq "o (M} o)r 7 (log, 7) T2 (1 e (quogf-T> >> ’

(log, )=

where
1—0

Ax(t,0) = —2(Ga(t,0) — G (t,0)) (Ga(t,0))7 >0 (6.17)

o
and G;(t,0) for i =1,2,3 are defined respectively as (6.48)), (6.50) and (6.52)).

This result should be compared to Lamzouri 2011 [62, Theorem 1.1] and Lamzouri, Lester, Radziwilt [64,
Corollary 7.7]. Both of which use a random model which has the associated random variables X uniformly

distributed around the unit circle. These theorems describe the asymptotic behaviour of
¢ 1 .
Py (1) = Tmeas{t € [T,2T] : log|¢(o +it)| > 7},
for which the following estimate has been proven for 1 < 7 < (log T)' =7 /(loglog T') 7 :
05, (1) = exp (~Ax(0)7 77 (log, 7) 77 (1 4 (1)) ).

So it has the same general form as in our Theorem with one major difference. The value Ax(o) is

independent of 7. In both papers their calculations provide

o *° log In(u)

1) = (o) v sl = | "I

and Iy is the modified Bessel function of order 0. In addition, Lamzouri |62, Theorem 1.6] describes the

1—0o

asymptotic behaviour associated to distribution of values for log L(o, x4) where g4 is a quadratic character
and d goes over fundamental discriminants |d| < . The random model used here is slightly simpler than
the one we use (the random variables take values £1 equally and is never 0). The coefficient Ax(c) reflects

this difference, but it is still has the same general shape and is independent of 7.

As can be seen from the statement of Theorem [6.4] we observe some pathological behaviour special to function
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fields. The coefficient Ax (¢, o) does not converge to a function which is only dependent on ¢ as in the previous
works. The reason for this difference stems from Proposition [6.3] which is used to evaluate the natural log
of the real moments of our random model along with the first few derivatives. In this proposition we obtain
two sums over primes G1(t,0) and Ga(t, o), see equations and respectively. The corresponding
integrals over number fields do not have the parameter ¢ (it is always equal to 1), which in our case arises

from the way that primes are measured in function fields.

Figures [6.1a} [6.1b| and [6.1c| provide some estimates for how the pathological constant Ax (¢, o) behaves for

some fixed o and the first three examples of valid g. The range of the t-axis is chosen since one can see from

Proposition [6.3] that the coefficient is multiplicatively periodic with multiplicator ¢°.
Figure 6.1: Ax(t,0) for 1 <t < ¢° with various ¢ and o.

(a) Ax(t,0) for 1 <t < ¢° with ¢ =5 for o = 0.55, 0.75 and 0.95 respectively.

«10Estimate pf2Ax for g = 5 and o = 0.550000 Estimate of Ay for ¢ = 5 and o = 0.750000 - Estimate of Ax for g = 5 and o = 0.950000
63.5 68.05
63.0 0.14782 6200
67.95
62.5 -
0.14780 T
62.0
o 014778 L2
67.80
610 7
0.14776 —_—
60.5
0.14774 67.70
600 67.65
505 0.14772
0 12 14 16 18 20 22 24 10 15 20 25 3.0 10 15 20 25 30 35 40 45
(b) Ax(t,0) for 1 <t < ¢° with ¢ =9 for o = 0.55, 0.75 and 0.95 respectively.
Estimate of Ax for g = 9 and o = 0.550000 Estimate of Ay for g = 9 and o = 0.750000 Estimate of Ax for g = 9 and o = 0.950000
0.3775 25600
0.073268
0.3770
0.073266 25400
0.073264 0.3765
0.073262 ) 25200
0.3760
0.073260
0.3755 2500
0.073258
0.073256 0.3750 24800
0.073254 -
1.0 15 2.0 25 3.0 1 2 3 4 5 1 2 3 4 5 6 7 8
(c) Ax(t,0) for 1 <t < ¢° with ¢ = 13 for 0 = 0.55, 0.75 and 0.95 respectively.
Estimate of Ay for ¢ = 13 and o = 0.550000 Estimate of Ay for g = 13 and o = 0.750000 Estimate of Ay for g = 13 and o = 0.950000
0.08855 495000
0.604
0.08854 190000
0.602
0.08853 485000
0.600
0.08852 480000
0.598 475000
0.08851
o 470000
008850 Uikl '
165000
0.08849 0.594
460000
0.08848 0.592
1.0 15 20 25 3.0 35 40 1 2 3 4 5 6 7 2 4 6 8 10
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We now turn our attention to the extreme values of our L-functions, first an unconditional upper bound:
Proposition 6.1. Let 1/2 < o < 1 be fized. Let F be a monic polynomial, and x be a non-trivial character

on (A/AF)™. For any complex number s with Re(s) = o we have

(log, | F|)*(*=)

log L(s,x) <o —————75—
(5,%) log, log, |F|

(6.18)

In the other direction, we obtain the following Q-results, which we conjecture are best possible.
Theorem 6.5. Let N be large. Let 1/2 < 0 < 1 be fized. There exist a constant B,(c) > 0 and irreducible

polynomials Ty and Ty of degree N, such that

(log, [T1[)' =

log L(o, x1,) > 5q(0)m7 (6.19)
q 1084
and
(log, | To[)' 7
log L(o, x1,) < *ﬂq(a)ma (6.20)
q q
. 2—0o
with /Bq(O') = W.

The result (6.19) can be compared with |2, Theorem 3] a recent work discussing the size of log|L(c, x)| over
a number field with o € (1/2,1). The authors prove unconditionally using a variant of the resonator method
that for all sufficiently large ¢ there is a positive constant C(c) and a non-principal character y(mod ¢) such

that

log|L(,x)| = C(c)(log q)' 7 (loglog q) 7.

Theorem 3 of [2] does not give improvements for quadratic characters x4 where d varies over fundamental
1
discriminants in the range |d| < . Under the assumption of GRH, [62, Theorem1.8] proves there are > 2

primes p < x such that

log |L(a, xp)| = (C(o) 4 o(1))(log q)' 7 (loglog )7,

where Y, is the Legendre symbol. Lamzouri gives C(c) = (2log2)°~!/(1 — o). Similar results hold for
comparison with (6.20) in |62, Theorem 1.8].

We close the introduction with an outline of the paper. Section will establish some preliminary lemmas

needed to complete the proofs. Section will connect the complex moments of L(o, xp) to the expectation
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of the complex moments of the random model and provide the proof of Theorem [6.2] Section [6.4] will be
used to prove Theorems [6.3] and [6.4] Section [6.5] proves the Q-results of Theorem

6.2 Preliminaries

For a refresher on definitions and other relevant theorems please see Section [I.4] and [2.6]

6.2.1 Estimates for sums over primes

Lemma 6.1. We have

1 qM(lfo) ql\/l(lfo')
Z WCA(QU)M+O<J\42_U> 5 (621)
deg P<M
and
1 qM(1720')
> s T (6.22)

deg P>M

Proof. To prove (6.21) we apply the prime number theorem which gives

d(1—o) 1

=> T +0 ZW

d<M q d<M

1
Z ‘P|o =

deg(P)<M

For the error term we note the exponent of ¢ falls in (0, d/2), since 1/2 < ¢ < 1 and thus

1 1
ZW:O Zg :O(IOgM)

d<M d<M
Break the remaining sum into two pieces:
d(1—o) d(l1—o) d(l1—o)
q B q q
> ranh D Dl
d<M M—log, M<d<M d<M—log, M
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The second sum is bounded by its largest term

q(M—logq M)(1-o0) qM(l—a) qM(l—a)
= =0 )
M —log, M M=o (M —log, M) ( M?=e )
Finally note that if d € (M — log, M, M], we have % (1 L0 (logq M)) ©

d(1—o) M(1—0o) log, M
q _ 4 (d—M)(1—0) 8q
3 ; - Y <1 L0 < '

M—log, M<d<M M—log, M<d<M
M(1—o0) loc. M 1
_ 4 8q
B M (1 +0 ( M )) Z ¢!1—o)
I<log, M

M(1—0)
=G2-0)l— (1+O <bgj\qf4)> .

Combining all the pieces we get the desired result. To prove (6.22]), note that by the prime number theorem

we have
1 n 1 20)M (1720’)M

Z W < Z n(;]2an — M Z d(20 1) M

deg P>M n>M

O

Lemma 6.2. Let 1/2 < o < 1 be fized. Let D be a monic polynomial, and x be a non trivial character

associated to D on (AJAD)™. For a large positive integer Y we have
log L(0, x) = Ry (0, x) + O ( (=9 log, |D|) (6.23)

where Ry (o, x) is defined in equation . Furthermore, the following also holds

P Cy(o_lL
log L(o,x) =— Y log (1 - TJ(DI")> +0(q "2 log, | DI). (6.24)
deg(P)<Y
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Proof. Let 1/2 < o < 1, then

log L(o, x) = Zlo ( |P|g)>
()

n>1

A(S)x(f)
2 deg f|f]o"

f monic

To obtain the desired result we consider (2.12)) in combination with GRH to obtain

A 1
> A5 e 3 AU

f monic k>Y deg f=k
k>Y
k(3—0)
< deg D Z 4
k>Y
This completes the proof.
Finally, (6.24)) follows easily using the same argument as in Lemma O

In particular, choosing ¥ = Alog, log, |D| where A is chosen such that
A= B/(oc — 3) for some B > 1, (6.25)

we obtain that

1
log L(o, x) = Ry (0, x) + O () .
log, |D|B-1
We now have enough to prove proposition

Proof of Proposition[6.1} Let s = o + it and take 1/2 < o < 1 to be fixed. By Lemma and (6.21]) we

obtain that

A 1 q—M
log L(s,x) < <o <4 .
2 TU)IF <, 2 TS U
deg f<M
Choosing M = 2log, log, |F| yields (6.18). O
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6.2.2 Sums over H, and ﬁn,g.

First, the orthogonality relation.

Lemma 6.3. Let f be a monic polynomial. If f is a square in A, then

S xolf) = |Hn|-H(1+|}D|)_1+o(m).

DeM., P|f

Furthermore, if f is not a square in A, then for e > 0 and f = f1fa where f1 is square free then

V[ Hal
> xo(f) < fale.
DeM, va—1
Proof. The first estimate follows from Proposition 5.2 of (3|, while the second follows from Lemma 3.5 of

[15). O

Next, the large sieve estimate:
Lemma 6.4. Let 1/2 < 0 <1 be fized. Let n be large and 1 < my < mg be integers. Then for all positive

integers k such that k < n/(6ms) and € > 0 we have
2%k k

1 (P) (2k)! 1 /s
Hal > D X|l;3|a < 2R 2 1P|z +Oe ('H"| UH)'

DeH, \\mi<deg P<mgy my<deg P<mg

Proof. First, observe that

2k

P 1
Z Z X|DP(|U) — Z m Z XD(PLPs - Pyy). (6.26)

DeH, \mi<deg P<m> Py1,Ps,-+ ,Poy, DeHyp
mi1<deg P;<m2

The diagonal terms of the inner sum on the left hand side correspond to Py P; - - - Py, being a perfect square.

Therefore, by Lemma [6.3] the contribution of the diagonal is

- @) > A R

2R B
m1<deg P<mg
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When PPy -+ Py, = Q1Q3 with |Q1| > 1 square free then Lemma gives

VIHn
Z XD(P1P2 - Pog) <e \/uQ
DEMH,

Therefore, following a similar argument as in (6.21) the contribution of the terms P, -, Py, such that

PP, --- Py is a not a square, is

2k

< V |Hn| Z 1 V |7'ln‘ q2(1+efo')km2 <. |Hn|2/3+67

<

Vi1 1\, citpem, 17" vg—1

by our assumption on k. O

Lemma 6.5. Let % < o <1 be fized, n be a large integer. Let D € H, and Y = Alog,log, |D| where A

satisfies (6.25)) and 20 — 1 < g(o) < 0. Then, for some constants C,C" > 0, we have

N log, |D|
B _ _ o CealTl
#Hp \ Hig < #Hy exp ( Clog, |D|(c —g(0)) = C log, log, |D|) .

log, |D|

Proof. Let 1/2 < o < 1 be fixed and let k € Z be chosen such that k < T5AToz Toa D[
q q

Consider the sum

2k
1 Aol
il 2 deg%y deg(DIFI°
Note that
2k 2k
1 Aol 1 Aol
il 2 de}f;g des(DIfI” | = ) DHZ\H deg%y des(DIFI°

. 1M \ Hon | <(1ogq Dl)l_g(")> 7 (6.27)
[Hnl log, log, |D|

where the last inequality follows from the definition of ﬁmg.
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On the other hand we have

2k 2k
1 A(f)xp(f) k1 A(f)xp(f)
> | X -] =2 > 2 ;
ol 2 \ 2y des(I] ol 125 \sentrr<tonron g . A1
2%
1 A
Yl 2 i | |- 62
" DeMn \log, k+log, log, k<deg(f)<Y
The first of these sums is bounded using (6.21)) giving
2 2k
1 A(f)xp(f) ( ke
1oy Yy A (Geea o) 6
Tl 2% \ vt o 8T (log, ¥)
The second we use Lemma together with Striling’s formula and (6.22]) to obtain
2k
Loy 5 Af)xo(f) (% K2 )’“
— et LA I (L — (6.30)
o 20
[Hal DeH, \log, k+log, log, k<deg(f)<Y deg(f)I/] e (log, k)
Putting together (6.27)), (6.28)), (6.29) and (6.30) we see
(o \ Fng| [ (o, [P =9\ * AN b
R K < (<2§§(2 —0)+ ) 20) .
|| log, log, | D] e) (log, k)
Let ¢ = c(0) = 2((2 — ) + 2. Thus we have
k
7 k272g(10gq logq |DD2
[P\ g < [ (C (log, k)?7 (log, | D|)2(1=9())
Taking k = log, | D|/c1log, log, | D|, with ¢; = 12Ac*/(1=9) we obtain
~ log, | D| c
w \ Hn N ] log | D2@(@)—0)
[\ Hon g < [Hnfexp <C1 log, log, D] % | 2a=o (08| P) ’
with C?(f,a) = (12A)21(1*°‘>c < 1, thus providing the result we want. O
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In particular, we have
Corollary 6.3. Let the assumptions of Lemma hold and take g(c) = . Then we have for some constant
>0

] Clog. |D
#Hn \ Hn,g < #Hnexp ( gq | D] ) .

_logq log, | D]
6.3 Complex moments of L(s, x)

Let D € H,, z € C such that |2| < (log, [D|)? and set xp(f) = (?) We prove the following key lemma
which will allow us to connect the large complex moments of L(o, xp) to our random model L(o, X).
Lemma 6.6. Let 1/2 <o <1, B > 2 a constant and A a constant satisfying the condition (6.25)) be fized.

Let D € H,, set Y = Alog,log, |D| and z € C such that |z| < (log, |D[)?. Then we have

S Loxo) = 3 exp(zRy(0,x0)) (”O(W))' (6.31)

DeHyp DeHnp

Proof. From Lemma choosing Y = Alog, log, |D| with B > 2 and A satisfying (6.25) we have

Z L(07XD)Z: Z eXp(ZIOgL(U7XD))

DeH, DeHyp

3 = core o i)
= > exp(zRy (0. xp)) exp (O (mgq@Bl))

DeH,

and the result follows using Taylor expansion and the assumptions on z and B. O

6.3.1 Properties of the Random Model

In order to evaluate the moments of L(o, xp) we consider the following random model: Let {X(P)} denote
a sequence of independent random variables indexed by the irreducible (prime) elements P € A, and taking

the values 0, +1 as described in (6.3).

The goal of this section is to prove the following proposition, after which the proof of Theorem follows
from combining Proposition with Lemma and equation (6.32]).

164



Proposition 6.2. Let 1/2 < o < 1 and A satisfying the condition (6.25) be fized. Let D € ’}:Z,hg and
set Y = Alog,log,|D|. Then there exists positive constant b; = b;(0, A) for i = 1,2 such that for all
z € C,|z| < by(log, |D)9) we have

1 Z exp(zRy (0, xp)) = E(exp(2Ry (0,X))) + O (exp <—b2 (log, |D|)9()+1= a)) |

Hy| “= log_log. |D
| IDGHM og, log, |D|

In order to achieve this we recall that

e T 075

P irreducible

converges almost surely for ¢ > 1/2 and the definition of Ry (o, X) given by equation (6.7) is

= > deg Ifl"

f monic
deg f<Y

For the calculations we will require a Lemma from the previous chapter, which we write here for ease of
recall:

Lemma 6.7.

0 if f is not a square
E(X(f)) = B
Hp‘f (1 + Tlp‘) if f is a square.

Lemma 6.8. Let 1/2 <o <1, B > 2 a constant and A a constant satisfying the condition (6.25)) be fized.

Let D € H,,, set Y = Alog,log, |D| and let z € C satisfying the assumption |z| < (log, D) that

E(L(0, X)?) = E(exp(Ry (0, X))) (1 +0 (W)) . (6.32)

Proof. We begin by expressing

(f) (f)
E(L(0,X)*) =E [ exp | 2Ry (0,X) + 2 -
w2, des(/]
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Next we need to bound the contribution from the f such that deg(f) > Y, hence we write:

s AVED 5 X(P").
deg(f)>Y (f)|f‘g deg(P)>Y n>2ndeg(P)>Y ‘P|"U
We show this second sum is small:
Y/2(1—20)

X 1
Z Z |(]3|n<7 Z Z n|p|no < ! Y ’

n>2ndeg(P)>Y n>2deg(P)>Y/n

with the choice of Y we have this O((log, |D])~?). So far, making use of the assumption on z, we have seen

that

E(L(0,X)") =E [ exp | 2Ry (0,X) +2 > ﬁgﬁ? (HO(W))‘ (6.33)

deg(P)>Y

Now, the remaining sums do not share any primes in common, hence we have

E (L(0,X)%) = E(exp(zRy (0, X)))E |exp [z > X(];,) (1+O<W)).

deg(P)>Y |P

We note that

k

X(P) 2. 2k X(P)
Elexp| 2 Z Pl :];)E]E Z Pl

deg(P)>Y deg(P)>Y

We first give the following bound,

X(P) ” E (1%, x(P))
e xomm))- oy EIER)

2k >
deg(P)>Y deg(Py)..deg(Po)>y  L1L=1 1]
k 1 1 -1
~(2k)! | ( + ﬂ)
T 9kl Z

k
" deg(P1),...,deg(Pr)>Y HJ‘:I |Pj[27
k

-1

1

< |k Z W since H ( P, ) < 1 and Stirling’s approximation,
deg(P)>Y

3 k
< (W) by (6.22) and assumption on Y.
q

by Lemma
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By Cauchy-Schwarz we have

k 2%\ \ 2
2k X(P 2 Jz|* X(P
Sael( X B2 e = | & A
k=0 deg(P)>Y k=0 deg(P)>Y
k
°°|z|’“( k )
<Y | m—rram
,;0 I\ (log, |D)?P

B |z|k( k )’5+ > |< K )
- 1 \ 6o IDN2B N IDN2B
vent oy R \Tlog, D) (

L 2B
k>log, |D| K logg D))

(6.34)

For the second sum, using the assumption on |z| and Stirling’s approximation we have

k>loqu|D Al ((Iqu|D|)23> < Z ( )B—a)

k>log, |D| \/E(logq D]

< Y -

k
e
< . (6.35)
e <<1ogq |D|)B—G+1/2) (log, [D])P~7+172

For the first one using the assumption on |z| we have

1\ oo |DNB-1/2
0<k<log, |D| k! \ (log, |D))B-1/

k
Z i < k )’5 < 1 < |2] >
2 oz (DN2B §
0<k<log, |D| k! (Iqu |DI)

)B—o—1/2

k
=1 1 1
< — = exp . (6.36
2.7 (<logq|D|>B—v—1/2> <<1ogq|D| ) (6:36)

Combining equations (6.33)),(6.34)), (6.35)) and (6.36)) we conclude

E (L(o, X)?) = E(exp(zRy (0, X))) (1 +0 (W)) ,
as desired.

With this in mind we can complete the proof of Proposition based on the next two lemmata.

Lemma 6.9. Let 1/2 <o <1 and A > 1 be fived. Let D € Hy, let Y = Alog,log,|D|, and k a positive
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integer such that k < #@ID\' Then, there exists a constant a(c) > 0 such that
q q

1 ok a(o)k!=° 2
IHn| D;ﬂ(RY(UD XD)) < < (logq k)o- ) .

Furthermore, for any integer k > 2 we have

1—o \ 2k
E((Ry (0,%))*) < ((Effg)'lw) |

Proof. We only prove the first assertion as the second one follows with a similar argument. We begin by

writing

2k
2k k xp(P)
D> (By(oxp)* <28 > > TG
DeH, DeHtn \deg(f)<log, k+log, log, k
2k
xp(P) 2k
+ > > Pl + O(|Hn| log2* L(20, xp)). (6.37)
DeHn \log, k+log, log, k<deg(P)<Y
From Lemma (6.22]) and Stirling’s formula we have
2k k
1 xp(P) (2k)! 1 —1/3
- Ho +e
Dy > o) DI, R
DeHn \log, k+log, log, k<deg(P)<Y log, k+log, log, k<deg(P)<Y
(2k)! ( g(1=20)(log, k-+log, lo, k) k
<
2k k! log, k

< (2 BN
e (log, k)° '
Then from (6.21)) we have

2k 2k
1 xp(P) 1
_ < _
RS 2 Pl 2 P
DeHn \deg(P)<log, k+log, log, k deg(P)<log, k+log, log, k

< (CA(Q - @M)

2k

Combing these estimates give the desired result. O
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Lemma 6.10. Let 1/2 < 0 < 1, B > 2 and A satisfying condition (6.25)) be fized. Let D € H,, and set

Y = Alog,log, |D|. Then for any positive integer k < % and € > 0 we have

LS By lova)™ = Bl(Ry (0 + 0 | L7
Al 2 : .

Proof. Expanding the inner sum gives

2k 2k

1 Af)xp(f)) _ 1 xp(P7)
mz 2 deg(f)llij" a 2 >

i\ Pl
DeH, \deg(f)<Y |H"‘Dem deg(P)<Y jlple

1 1 mi ME N1 Nk
- Z k = _ Z xp (P - PR - Q)
dEg(PInl),‘u,deg(P;nk)SY Hiil mi|Pi|sz' szl n]'Qj|nJU |H1’L| DeH,
deg(QT1),...,deg(Q*)<Y

:ED—"EOv

where ¥p equals the sum over the terms where P/ --- P"* Q7" - - - Q.* is a square and X is the remaining

terms. By Lemma [6.3] and Lemma [6.7] we have

=p = E((Ry (0, X))*).

Now for the remaining terms, let P/ --- P/"* Q7" --- Qp* = f1f3 with |fi]| > 1 square free then for € > 0
Lemma [6.3] says
1 lfl
Yo K —F/————
" VIHalg—1) 2 my - emgng gl f1]7] 2]

deg(P{™),...,deg(P, *)<Y
deg(Qy1),....deg(QF)<Y

2k
1

1
«— [y L
|Hn|(q - 1) deg P<Y |P|U ‘
Using a similar argument as in equation ((6.21))

qY(l—U—i-s))?k

Yo K¢ ———F—
o Y2k |Hn|
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Proof of Proposition[6.4 We begin with the taylor expansion for exp(x):

1 (zRy (o,
G 2 eP(Ry(oxo) 3 Z v(9:Xp))
" DeH, g DeHnyl =0
1 R :
- 3 Z—(z Y(""XD)> +E . (6.38)
s Deft I<N !
EHn,g

To estimate E; we use the fact that D € H,, so that Ry(o,xp) < (log, |D])*=9(*) /log, log, | D| and

Stirling’s approximation to obtain

!
3 (2Ry (0, xp))’ = 2] ( (log, |D)* )
I I log, log, | D

I>N I>N
3|z|(log, | D|)*~9(*)
<Z< |Nlogq|lo|)D ) :
ISN 8q 1084

Taking N = log, |D|/bglog,log, |D|, by is taken large enough so that setting k = 2N, k satisfies the
assumptions of Lemma. 6.9] then there exists a by = by (0, A) such that for all |z| < b1 (log, |D])9(?) the above

calculation gives

Z Er <<Z 3b1b0 L e N.

De?—tn 9 I>N
In order to apply Lemma [6.3] we must complete the sum, and so we describe below the error which comes
from those D € H,, \';Zn,g. So if, | < N, where N is chosen as described in the analysis of 7, we may apply

Lemmas [6.9] and [6.5] in combination with Cauchy-Schwarz inequality to see

~ 1/2 1/2
\7;\ > (By(o,xp)) < (W) <,}i | > (RY(UaXD))2l>

~ n
DeH\Hn,g DeHn

Clqu |D| a(o‘)ll_a !
——(2 — o) logl D| -’ —_—
<K exp (210gq10gq |D|( (g(g) U) 0og qu‘ ‘ C)) ((logq(l+2))”)

e (€108, D) a(o)lt= '
X
P log, log, | D (log,(1+2))” ’

where C, C’" and a(0) are positive constants and the last line follows since 2(g(o) — o) < 0, so that for some

C"” > 0 we can make the claimed simplification.
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Inserting this into (6.38]) we get

1 1 (zRy (o, xp))’
T > exp(zRy(o,xp)) = ] > ZerEm (6.39)
DeH,., DeH, I<N
where
C"log, |D : e !
FEs <<exp(1 gq| |) @ (a(a) U) +e N
ogylog, |D| ) = 1! \(log,(I +2))
C" log, |D| 2l [ a(e)Nte \'
o () S ()
log, log, |D Z<ZN I\ (log,(N +2))°
C" log, |D| a(o)]z|N'~7 N
- 6.40
<o (o) * (Gosw 1) (640

_O/// lo D g(o)+1—0o
p ( gq | |) + G_N,
2log, log, |D|

with N and z chosen as above, that is for by large enough and b; small enough.
Now, for all [ < N, we have by our choice of N that Lemma applies and we obtain

o 3 (Rvloo)) = E(Rylo ) +0 (Lo TTLY

™" DeH, Yl|Hn‘1/2

We note that (¢¥)N < |H,|'/1? as long as by is taken suitably large. Hence, combining this with (6.39) and

(6.40) we find

1 l

—C" 1o
7 > exp(zRy(0,xp)) = Z TE((By (0, X)) +0 (exp (%gloggqg'» : (6.41)

DeHn 4 I<N

Furthermore, for every [ > 2 we have by Lemma [6.9] that

1-0o !
E((Ry(0,X))") < (a(g)\}@> :

Therefore, the main term on the RHS of (6.41]) equals

E(exp(2Ry (0,X))) + Es,
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where

1
|zl< Lo ) ( i i v
B3 <« — | a(o) < o) —F—— | < o) — | <e .
l;\[ l! /log, ZZZN 17 /log, 1 l>§:\r N7, /log, N

This completes the proof. O

Proof of Theorem (6.2 Using Lemma 6.2} let B > 2 and choose Y = Alog,log, |D| with A satisfying (6.25|).
q 98¢

Then we have

1 1
Z L(Ja XD)Z = |H Z exp(’21ogL(Ja XD))
D€7'~ln,g " Deﬁn,g

GG )

DEHn 4

= Z exp(zRy (0, xp)) + Eu, (6.42)
DeH, 4

where

1
|Hnl(log, | D)B~1-9(2)

By <

Z exp(zRy (o, xD))

DeH g

< (log |D|)1B—1—g<o>E(QXP(%(Z)RY(J,X)))

1

log, [D])P o) -

<1

follows from Proposition [6.2] and (6.32)). Applying these to the main term we obtain

(log, |DJ)B-1-9(e)
as desired. O

Proof of Corollaries and[6-1l For the first, take g(c) = o in Theorem and the simplified expression
for the bound on |H,, \ ﬁn’g| from Corollary For the second, take g(c) = 20 — 1 in Theorem and

use the Riemann hypothesis to show H,, = ﬁn,g. O
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6.4 The distribution of values of L(o, X)

For 7 > 0, recall

Ox (1) :==P(log L(0,X) > 7).

Forze(Cand%<a<ldeﬁne

Lo(2) :=10gE(L(0,X)*) = Y log(Eps(2)), (6.43)
P irreducible

where Ep,(z) is defined as

Bro(s) =E ((l - ﬁ?)) B <|P|1+ it 2<z|31|3|+ ) ((1 - |Pl|ﬂ>z * (1 * Pl)>> - (64

Furthermore, for o fixed consider the equation

(E(L(0,X)")e™ ™) =0 & LL(r) =T, (6.45)

where the derivative is taken with respect to the real variable r. It follows from Proposition that
lim, o £, (r) = o0, one can check that E% ,(r)Epq(r) > (Ep,(r))? for all monic irreducible polynomials
P, and thus £//(r) > 0. Therefore (6.45) has a unique solution: we define k := k,(7) to represent this unique

solution.

6.4.1 Distribution of the random model.

Theorem 6.6. Let 7 be large and k denote the unique solution to (6.45)). Then, we have

By o (r) = L@ X)) ™ (1 +0 (nk%(logq @3/2)) . (6.46)

Ky 21 L (K)

Proposition 6.3. Let % < o <1 be fizred. Let k € Z be the unique positive integer such that ¢* < r < ¢*+1
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and let t := 5. We have for any real number v large enough, with c, a positive constant depending on q that

q
ﬁU(r) = Gl(tao)i + OG‘ ( 1 + T B (647)
log, 7] (log,r)3~7  (log,r)#
where
>, logcosh (¢!t
Gilt,o) = Y glig), (6.48)
l=—00 th
and
L0 = Galtro) o, (T (6.49)
o\T) = G2\, 0) 77— o 1 T 5 .
[log, 7] (log,r)*==  (log,7)=
where

=, tanh(¢'“t)
Galt,o) = Y e (6.50)

l=—00

Furthermore, we have

12 1-3
LU(r) =, fi and L (r + it) <o 17“7 (6.51)
og, T og, T

for all |t| <r.
Remark. For each fized o € (1/2,1) we have G;(t,0) for i = 1,2 are multiplicatively periodic with multi-

plicator q°. Indeed, we see forn € Z

log cosh (ql"t) log cosh (q(l+”)"t)

Gi(t,0) = i and G1(t¢"?,0) == i

l=—00 t%ql l=—00 t%qlJrn 7
>, tanh (¢'7t) no o~ tanh (¢t
Gat:0) = 3 iy 0 0) = Y ey

Now, since the sum is over alll € (—oo, 00) we see G1(t,0) = G1(tq"7,0) and Ga(t,0) = Ga2(tq"?,0). If we
consider only the series portion of the G;(t) defined in Proposz'tion we observe similar behaviour except
with mulitplicator q.

Corollary 6.4. Let 7 be a large number and let k = k,(7) be defined as the unique solution to (6.45). Then

. log, 1
k= Gs(q5 ™ o) (rlog, )77 (140, | —2e2aT ) )
(log, 7)%"=

where

led

Gs(t,0) = ((1—0)0(?2(??0)) T (6.52)
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Combining the results in this section we obtain our Theorem [6.4]

Proof of Theorem[6.4 By Theorem [6.6] and (6.51)) we have

@X,U(T) _ E(L(o,X)")e " (1 + O(Iﬁli%(logq H))3/2)

k2w L (K)

!
_eXp<£U(Ii)—TK/+O<H ))
log, K

where £ is the unique solution to (6.45). From (6.49)) we have

{10k, ) gy BT ne !
T:Gg(q q ,O’)m‘f’Og W .

Hence applying (6.47) we have

kb .
(I)X,U(T) = exp ((Gl (q{logq K}v U) - G2(q{logq N}a U)) |_10g HJ + 0] <1>> .
q

Now by Corollary [6.4] we have

- log, 1 7
ke = GB(q{logq K} o)(rlog, 7)™ (1+ 0O qui()gqt
(log, 7)*"=

1 log  lo
= Gy(go=a ™) 0) % (rlog, )77 (140, [ —2e22al )
(log, 7)*"=

=

This implies that

o log, log, T
(I)X,U(T) = exp <_AX(q{logq K}v U)Tﬁ(Iqu T)m <1 + Oo (M) )) )

(log, 7)* =

with

9=

A(t, o) = 1%"(02@, o) — Gi(t, o)) (Cs(t, o)

and G;(t,0) for i = 1,2,3 are defined respectively as (6.48)), (6.50) and (6.52)). Thus we have the shape

of the result as claimed. It remains to prove that Ax(f,o) is nonnegative. We have that Gs(t,0)7 > 0 so

it is enough to show that Ga(t,0) — G1(t,0) > 0. The analysis of this is very similar to the discussion of
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G(t) — G1(t) in the proof of Theorem [5.3] We apply the definitions of the G;(t,0) for i = 1,2 to see that

o0

Gg(t,d) — Gl(t,O') = Z

l=—00

tq!” tanh(q'“t) — log cosh(q't)
g't=

)

thus we can prove Ga(t,0) — G1(t,0) > 0 by showing t¢'” tanh(q'"t) — log cosh(q'?t) > 0 for all I. Let

y = tq'?, then since [ € (—00,00) we have y € (0,00) and
. d 2
hr%ytanhy —logcoshy =0, and d—yy tanh y — log cosh y = ysech®y > 0 for all y > 0,
Yy—r

these two facts prove the summands are nonnegative as desired. O

6.4.1.1 Tools for proving Proposition [6.3

The proof of Proposition depends on two preliminary Lemmas, some standard estimates for log cosh(t)
and tanh(t) and a generalization of Lemma
Lemma 6.11. We have logcosh(t) = t + O(1) on [0,00) and logcosh(t) = t2/2 + O(t*) if 0 < t < 1.

Moreover, we have tanh(t) is bounded on [0,00) and tanh(t) =t + O(t?) for 0 <t < 1.

Proof. This follows directly from [63, Lemma 4.5]. O

Lemma 6.12. Let r > ¢, > 4 be a real number, where ¢, is a positive constant depending on q. Let

%<a<1. Thenfor%<a<1ﬁmedwehave

—rlog(1—1/|P|7) + O(1) if |P| < re,
log Ep(r) = (6.53)

log cosh (#) +O(|PT‘2(,) if |P| > re.

Furthermore,

E —log(1—2=)(1+0 (e if |P| <r®
By |51 ) 1400 P o

P,o r r - @

ﬁtanh(mv)“‘O(ﬁ"’m%) if |P| > re.

The proof of this lemma is exactly the same as Lemma
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Proof of Proposition[6.3. We only prove (6.47)) and (6.49)) as the proofs for (6.51]) follow the same structure.

For the entire proof, we recall that k € Z is the unique positive integer such that ¢* < r < ¢**! and let

t:= q’—k First apply Lemma and ([6.22)) to obtain

Ly(r)=—r Z log (1 |Pl|0_> Z logcosh(|P|U>+0( @) 4 O(ptm o1,

|P|<re | P>

taking o = i balances the error terms above. For the first sum, we write using the PNT and (6.21]) we have

o E (o) & Yopm e ¥

|P|<r2s |Pl<r3s " d<par =t
B 0 B ()
= d d
log, ng"e log ng"
dn< 5 d< 8"
dn >logq
7, (d
DI =D SCHUETD DR
mq mo nqnda
m<EL” dlm d<oBer
dn >l°g‘1
17
. e
- Z m Z dnqdno
m<logq7‘ < logq
— 20
dn >l°gq
g et (1= ("2 (1-0)
=ra2-0)——+O0 | r—— |-
C ( ) logqr (logq )270
20 20

So that finally we have

1 ratas ritas
— 1 1—— ] =2 2 — @) .
v ( PU) 2= Y5 T O Tog, e e

deg P< logq 1

this is an error term when compared to the result of the second sum, which provides a more interesting

calculation.

q" n/2
r q r
g log cosh ( > = E — log cosh ( > + 0 E log cosh (>
|P|U n qne

1 1 1
|P|>r2e n>§logq n>§logqr

We note that from Lemma we have log cosht = t2 + O(t*) when 0 < ¢ < 1 and logcosht =t + O(1) if
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t > 1, so that the error term becomes

qn/2 r /2 72 qn/2,r,
Z n f (qna> < Z q q2na + Z nqna <r

n>ilogqr nZélogqr ﬁlogq T<n<%logqr

It remains to consider

qulo h(—) = ) h——)) = +T+T
- logcos )" Z + Z + Z - logcos 7 = 11+12+13.

n>ﬁ log, r n>6(k+logq k) n<ﬁ(kflogq k) k—log, k§%§k+logq k

For T we note that for an appropriate choice of § we have r/¢™ is less than 1, thus Lemma gives

- 2 Z 1 0 ! Z 1 r2+8(1—20) 0 ( FA—B4o—1) >
= — - — = .
n(20—1) n(40—1) B(20—1)+1 B(4do—1)+1
2k n>B(k+log, k) k n>B(k+log, k) q 2(log, ) (log, 7)

For T, we see that r/¢™? in f is greater than 1 so by Lemma we have

n(l—o) Tﬁ(lfo)Jrl

q
h<r E < .
B(l—0o)+1
n<pB(k—log, k) (1qu T)

We choose § in order to balance the error term in 77 with 75. Setting the exponents of r equal provides 8 = %

For the remaining term, we note that since % € k- log, k, k + log, k] then g = % (1 + 0 (%)) We

factor out ¢?* /k and use the variable change [ = 8k — n to obtain

qﬁk loqu 1 qlar q% logq k 1 o
T3:7 1+0 ’ Z — log cosh I =% 140 T Z ?logcosh(q t)-

[l|<Blog, k ‘l|<loqu

The last equality follows from the choice of § and the definiton of . Finally, we show that the remaining
sum is small when [l| > Blog, k. Applying Lemma we have

1 . 1 (201
Z —llogcosh(q"t)<< Z W+ Z q(g ) « 1.
[l|>pBlog, k I>plog, k I<—Blog, k
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Hence, we have

n k/o log k e 1
Z % log cosh (qza) = qk (1 +0 (%)) Z 7 log cosh (¢'7t) .

n>ilogqr l=—o00

Putting everything in terms of » we get the desired result.

For LI (r) we again use Lemma to obtain
1 1 r (20—
€)== 3 on (1= g ) + 3 g ek (g ) #0670
|P|<re |P|>re

. . a
Choosing «a = % as before makes the error term have size 72 1.

Then the same calculation as was done above for the first sum provides

ri_% ri_%
ZUCA(Q—O') +O o .
log, r log, 72~

q

As in the analysis of L, (r) this term is an error when compared to the second sum. The ideas follow a

similar pattern as above. We first apply the prime number theorem to obtain

tanh (W) o tanh (q—) /2 tanh (q—)
P N L A p— - S A O X N 7
Z |P|a’ Z n qna Z n qna

|P|>rl/20 n>zk log, r n>slog, v

By by Lemma the error term has the size

g2 tanh (qn%) tanh (TLLU) tanh (qZ:(,)
Z n qne = Z n(o—l) + Z n(a—l)
n>ilogqr n>%logqr ng 2 ilogq r<n§%logqr ngq 2
T 1
< Z nqn(2071/2) + Z nqn(afl/Q)
n>§logq'r %logq r<n§%logqr
-1
20
< + 1< 1.
1ogq T
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For the remaining term, we again split it into 3 regions:

n(l—o)

n(l—o)
Z tanh <qu0) a - = Z + Z + Z tanh <q:“7> 4 -

n>1/20log, r n>p(k+log, k) n<pB(k—log, k) k—log, k<j<k+log,k

=T+ Ty +Tj.

For the sum T, with an appropriate choice of 8 we have -2~ < 1 so we apply Lemma to obtain

qne

r n(l—o) n(l—20)
S tanh () P S
qe n n
n>pB(k+log, k) n>pB(k+log, k)
Fl+B(1—20)

(log, r)B2o—1)+1

Similarly for T4 with an appropriate choice of 8 we have r/¢"” > 1 so by Lemma we have

n(l—o) n(l—o) B(l1—o)
Y e R D T =
n<B(k—log, k) q " n<B(k—log, k) " ( 084 7”)

Following a similar analysis as before our T4 becomes

n k

lo
n(l—o) kB(1—0o) log k o tanh (qk—ﬁf;)
T q _q Eq q

) (1 o ( k )) Z ql(l_a) .

tanh (
k—log, k<% <k+log, k l=—0

Balancing the terms in 7] and T provides that we should take 5 = % Putting everything back in terms of

r provides the desired result. O

6.4.2 Proof of Theorem [6.6l and Theorem [6.3|

One of the key ingredients in the proof of Theorem [6.6|is to show that |E(L (o, X)"+%)|/E(L(c, X)) is rapidly
decreasing in ¢ when [¢| > (rlogr)® for some 1/2 < o < 1. We require two lemmas:
Lemma 6.13. Let 1/2 < o < 1 be fized, let r be a large positive number and cq; > ¢ a positive constant

1
depending on q. If |P| > ’;—:, then for some positive constant by we have

W < exp (b1 (1 o <“°g <:1€::i>>)> '
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The proof follows in an identical fashion as Lemma Next:
Lemma 6.14. Let 1/2 < 0 < 1 be fized, v be a large real number and let ¢, > g > 4 be a positive constant

dependent on q. Then there exists a constant by > 0 such that

2 . r
ELx ] Jew(“hwt) W<t

<5
E(L(0, X)"
(L(e: X)) exp (<balilyy) il > o

Proof. Let z = r + it. Since |Ep,(z)| < Ep,(r) we obtain for any real numbers ¢ < y1 < yo

< II [Ero(2)| (6.55)

E
n<ibl<y, EPo(r)

Note that [t|log (}ﬁ}jj}) ~ 2[t|/|P|” so that when [¢| < P we have
q

Pl +1 t?
1 — cos <|t|1og<:P:_1>) > 1|D||20.

So if |t < % then, we choose y; = 77 and yo = ¢,r? /2. Appealing to Lemma we have

|Epo(2)] g* |t
, _p L

11 Epo(r) < 11 FPN\ TP g2do
y1<|P|<y2 ’ o log r<d<log(cqr?/2)+1

by |t|? 1 t?
= exp f% > picr—} <<”eXp<b2 : )

d rologr
olog r<d<log(cqr®/2)+1 q &

since 20 —1 € (0,1). In the case of [t| > = we use a similar argument but choose y; = ¢4[t|” and yo = 2cy[t|”
q

to complete the result. O

Let o(y) = 1if y > 1 and equal to 0 otherwise. Then we have the following smooth analogue of Perron’s

formula.

Lemma 6.15. [64, Lemma 7.2] Let A > 0 be a real number and N be a positive integer. For any ¢ > 0 we

have fory >0

0< 1 /c—i-ioo ) e)\s -1 N ds ( ) - 1 /0—0—1'00 . 6)\5 -1 N 1— e—)\NSd
— — = — s
T 270 S oo y s s PW=5n . 4 As s ’

—100
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and

2T J oo S

1 efioo /e 1 M — e
0 < p(ety) — o) < 7/ Y ( s ) ds. (6.56)

Proof of Theorem[6.6 Let 0 < X\ < i be a real number to be chosen later. Using Lemma with N =1

we obtain

1 [P E(L(0,X)%) (et —1
0< — ( (i; ))(e )ds—%&o(r)
278 J oo e As
1 [P E(L(0,X)*) (e —1) 1—e
<L (E(0,X)") (e ° ds (6.57)
270 J oo ers As s

By assumption, Ax < 1/2 so we have |e*® — 1| < 3 and |e=** — 1| < 2. Now applying Lemma we have

K+100 ]E As _ 1 2—0’ E(L X)*
/ / ”(e )d8<<exp( byt ) (Lio, X)) (6.58)
K—ioo Kot AS s log x eTRAR

and similarly,

K+100 E -1 1 —\s 2_0 E(L X))+
/ / X)) <6 > ¢ ds< exp( by > (Lo, X)7) (6.59)
K—100 K+ik As S log K eTFAK

Now, if [t| < & then |(e* — 1)(e™* — 1)] < A2?|s|?, so that

/,Hm E(L(s,X)*) (e)\s B 1) 1— e Xs ds < E(L(o, X)“)/\n.

i ers As ek

Combining this previous line with (6.57)), (6.58)) and (6.59)) we have

By o(r) — /:““ E(L(o, X)*) (&s — 1) % - <m+ exp(—bak?~7/log n)) E(L(e,X)")

ers AS AR eTr

—iK

On the other hand, if |t| < k equation (6.51)) gives us that

log k

e —1 1 2
- == 1—f O xe+—)].
As2 Iﬂ?( + (K—i_/{?))

: ol t? I ’i%73|t|3
Lo(k+it) = Lo(k) + itL) (k) — gﬁg(/ﬂ) +0| ——— .

Additionally, we have
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So, using the facts E(L(0, X)®) = exp(Ly(s)) and L (k) = 7 we find

s As K 2 : 2 %73 3
E(Llo X)) (e =1y EE@X)Y) o C i) (1% h 0 (as D 5 )
ers As2 eTr K 2 K K2 log

Now, by design, the integral involving it/x vanishes, thus we have

eTS

As

X)5) 1 [" 2 2 gy
_ E(L(0,X)") 1. / oxp (_t,;g(ﬁ)) <1 o (M 2, lti)) 0
eTRK 2 J_,. 2 log k

2mi

1 Ktik E(L(O’, X)S) <e>\s _ 1) @
S

K—iK

Furthermore, we find

1 [" t2 1
— e —ﬁg,k;)dt—l—l—O exp(—r2L"(K)/2))) ,
o [ e (5L s (10 (e £()/2)
and
n " 1
o [ e (<5 s )t < et
So that
K+ik s As _ K\,—TK
1 E(L(0,X)") (e =1\ ds _E(L(@,X)e™™ (o 1 )
270 i ers As s K/ 2T LY (K) K2LY (1)
Using (6.51)) and making the choice A = k=3 we obtain the desired result. O

Proof of Theorem[6.3 As before, let K = k() be the unique solution to (6.45). Let N be a positive integer

and let A € R be a parameter to be chosen later which satisfies 0 < A < mm{2 , N

Let B = 12 and take bs and g(0) = ¢ as in Corollary [6.2] and take Y = bs(log, |D|)? /q. Note that if |D] is
large enough then by Corollary and the assumption on 7 we have k <Y. Now, choose s € C such that

Re(s) = k and |Im(s)| <Y, then by Corollary [6.2| we have

(6.60)

0. X)Re(s)
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by our choice of B. Define

and

1 preriee [ er —1\ " ds
(o, = - L , s —T5 =
Tnlo,7) 2mi /,i, |Hr] Z (o, xp)" | € < As > s

Then, from Lemma [6.15| we have
Ox (1) < J(0,7) < Px o (T — AN)

and

P(log, L(o,xp) > 7) + O(0(n)) < Ju(o,7) < P(log, L(o, xp) > 7 — AN) + O(6(n)),

with

d(n) = exp(—co(o)n/log, n),
where ¢ is a positive constant, by Lemma

Using the fact that |e*® — 1| < 3 we have

/ /WW E(L ) ) (e/\s - 1>N ds < 3 )N E(L (o, X)")
R << R _—,
K—100 Kk+iY As S AY err

and similarly, together with we have

Kk—1Y K+100 s N N K
(e =1\ ds 3 \V E(L(0, X))
§ L TS we 2 AT T

/Ii 100 x/n-‘riY ‘H | J XD ‘ ( As ) s < <AY> err

n,g

Combining (6.60), (6.63) and (6.64) with |EA;S_1| < 3 gives

o) < B0, X)%) 3Ny 3\
Jnlo, 1) — J(o,7) < <( +< ) )

etk logq |D|)10
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Choosing N = [log, log, |D[] and A = % we have

E(L(0,X)")

e (og, [D] .

Jn(o,7) = J(o,7) <

Furthermore, it follows from Theorem [6.6] and Proposition [6.3] that

E(L(0, X)) _ /I8, RE(L(0. X))

Px0(T) %o keTR /L1 (K) - eTr

K20
On the other hand, by Theorem Corollary and the choices of A\, N and Y we have

o

Py o (T £ AN) = O o(7) exp(AN (7 log, 7)T-7)

(rlog T)élog log,, | D]
=0x,(r)[1+0 1 4 .
el ( ( (108, 1D]°

Combining this with (6.61)), (6.62) and (6.65)) we have

P(log L(o, xp) > 7) < Ju(o,7) + O(6(n))

< J(o, 1)+ 0 (‘DXT;(T) + 5(n))

(Tlog,7)1-7 log, n

<®x,(r)|1+0 +0(8(n))

nO‘
and

P(log L(o,xp) > 7) = Jp(o, 7+ AN) + O(6(n))

> J(o,7+ AN) + 0 (%;7(7) + 5(n))

(Tlog,7)1=7 log, n

>Px (1) |14+ 0 +0(6(n)).

rrLO'

Thus the result follows given that ®x ,(7) > /d(n) for our range of 7. O
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6.5 Optimal Q-results: Proof of Theorem

For each irreducible polynomial P € A, let 6p € {—1,1}. Define Sy(n,{dp}) to be the set of all monic

irreducibles @) € A such that deg@ = N and

P
~ ) =6p,
(@)
for all irreducibles P with deg P < n. We also let P(n) denote the product of all irreducible polynomials P

with deg P < n.

We shall deduce Theorem [6.5] from the following proposition.

Proposition 6.4. Let 1/2 < o < 1 be fized. Then, we have

_ (V) op mq(N) N/2+2n
Z log L(o, xg) = ST, () Z TG +0 ST, () +q . (6.66)
QeSN(n,{ép}) deg P<n

Proof. Let 1/2 < o0 < 1 be fixed. Let @ be a monic irreducible, and let M = log, N/(o —1/2). First, by
Lemma [6.2| equation (6.24)) we have

log L(o,xq) = Y lg(l (P))+o( "1/2)N): XQ(P)+0(1).

[Pl [Pl
deg P<M deg P<M

This shows that

S logLloxg)= Y. XeP) 4 6 (15x(n, (50}))) - (6.67)

QeSN(n,{dpr}) QeSn (n,{5p}) deg P<n |P|

Furthermore, it follows from (5.61)) that

xe(P) (f) (Q) 1
= ) i hid
> o su Y (D) T (9
~(n,{6p}) deg P<M f\P n) Q 1rre%u01]l\;le
ez Q=

w20, 2 e, 2 ()

fIP(n) deg P<M Q irreducible
deg Q=N

(6.68)

by the law of quadratic reciprocity from Theorem Since any divisor f of P(n) is square-free, it follows
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that Pf is a square only when f = P. Hence, if f # P, then by (2.13)) we get

> (Pf> < deg(fP)q* < ng=+n,

Q irreducible Q
deg Q=N

by (5.62)). Inserting this estimate in ((6.68)), and using Lemma we deduce that

Z xQ(P) _ mg(N) Z op L0 (q%JrQn)'

o II,(n o
QESN(n,{é6p})deg P<M |P| 2 () deg P<n |P|

Combining this estimate with (6.67) and Lemma and using the prime number theorem (2.10]) completes
the proof of . O

We finish this section by proving Theorem |6.5

Proof of Theorem[6.5. We start by proving (6.19). We choose n such that

Nlog, N n  Nlog, N

1062 =7 T T06(2) o0

Then, it follows from (5.17) that 2M«(™) < ¢N/4. Let §p = 1 for all monic irreducibles P with deg P < n.
Then, it follows from Lemma [5.15] and Proposition that

1 1
LY lgloxe)= Y +0(1).
[Sn (0PI s tomn) denFen 1T
Thus, by (6.21) we deduce
ma log Lo, xq) > Z ! +0(1) > By(0) N
X B = T = RN
QESN (n,{6p}) @ desTn |P|o 7 (log, N)°
where
a(2—0)
Belo) =

(10¢a(2)g)
This completes the proof of (6.19)). The proof of (6.20]) follows along the same lines by taking dp = —1 for

all monic irreducibles P with deg P < n.
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