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Abstract

The coupling of ion and water transport has been recognized as an important subject of
research in modern physiology, but much less attention has been paid to its mathematical
modelling and analysis. In this thesis, we focus on mathematical modelling of the coupled
ion and water transport in the lens of the eye and optic nerve. The choice of these two
important parts of the vision system is made based on the fact that their physiology has
been well studied and there is a large amount of experimental data.

For the lens of the eye, we introduce a general non-electroneutral (full) model to study mi-
crocirculation in the lens driven by its flows through ion channels and transporters. Through
the numerical simulations, we show the full model can match with the experiment studying
the effect of connexins on hydrostatic pressure very well. Furthermore, we obtain a simpli-
fied model based on physiological data and compare results with those in the literature. The
simplified model can be reduced further to the first-generation models and provides a good
approximation of the full model with a deeper understanding of the physiological process.

For optic nerve, our research focuses on potassium clearance in the narrow extracellular
space outside nerve cells, a classical subject of biophysics research. Through a tridomain
mathematical model, we capture general properties by which the central nervous system
controls potassium concentration in the narrow extracellular space. We calibrate our full
model (including water) with experiments in the literature and compare our full model with
the corresponding electro-diffusion (without water) model. We explore how the magnitude
of potassium clearance changes during and after neural stimulation and how the water flow
generated by osmosis plays an important role in glial buffering.

i



Acknowledgements

I would like to express my sincere gratitude to my supervisor, Professor Huaxiong Huang,
for his patience, guidance, and support during my Ph.D. study. Through numerous weekly
meetings and discussions, Professor Huang has taught and shown me a systematic way to
conduct interdisciplinary research. I have learned a lot from him about a complete applied
mathematician.

I am very grateful for the guidance and assistance from Professor Bob Eisenberg at Rush
University. His pioneer work on the electric property of lens has been the inspiration and
guidance for my thesis research and my overall thinking in the subject area. His enthusiasm
and knowledge have introduced me to modern physiology and bio-mathematical modeling.

I appreciate very much Professor Shixin Xu at Duke Kunshan University for continuing
discussions and support. His knowledge in the subject areas and his dedication to research
has influenced me significantly.

I also want to thank Professor Liu Chun at the Illinois Institute of Technology (IIT) for
funding my conference trips to Banff, and for inviting and hosting my visit to II'T when I
benefited a lot from discussions with him closely. I would also like to thank Dr. Xiulei Cao
and Professor Zilong Song, for many fruitful discussions and advice.

1l



Table of Contents

Abstract ii
Acknowledgements iii
List of Tables vii
List of Figures viii

1 Introduction 1
1.1 Lens of the eye: an overview . . . . . . . . . . .. ... . 1
1.2 Optic nerve: an overview . . . . . . . . . ... Lo 2
1.3 Research motivation . . . . . . . . . ... 3
1.4 Literature review . . . . . . . . . .. L e 4
1.5 Thesisoutline . . . . . . . . . .. )

2 Microcirculation in the lens 7
2.1 Water circulation and ion transport in thelens . . . . . . . .. .. ... ... 7
2.2 Simplified model . . . . ..o 14
2.3 Results and discussion . . . . . . .. ... 18

2.3.1 Model calibration: membrane conductance effects intracellular hydro-
static pressure . . . . . ..o 18
2.3.2  Full model vs simplified model . . . . . . . . ... ... ... 20
2.4 Conclusions . . . . . . . . e 21

3 A tridomain model for optic nerve 23
3.1 Modeling domain and assumptions . . . . . . ... ... 23
3.2 Water circulation . . . . . .. .. 26
3.3 lon transport . . . . . . ... 29
3.4 Model calibration . . . . . . . ... 33

4 Effects of water in the optic nerve 36
4.1 Water circulation driven by osmotic pressure . . . . . . . .. ... ... ... 36

4.1.1 Single action potential estimation . . . . . . . .. ... ... .. ... 37

v



4.1.2 Estimation of glial transmembrane K* flux . . . . . . .. .. ... ..
4.1.3 The circulation of water flow . . . . . . . ... ... ... .. ... ..
4.1.4 The relative importance of ion flux components . . . . . . ... . ..
4.2 Numerical simulation . . . . . . .. . . ... ...
4.2.1 Estimation of velocity scales . . . . . . . . . . ... ... ... ..
4.2.2 Importance of convection in the glial compartment . . . . .. . . ..
4.3 Conclusions . . . . . . . . e

Potassium clearance in optic nerve

5.1 Alternative distribution of stimulus location . . . . . . . ... .. ... ...
5.1.1 Inner and outer radial regions stimulated . . . . . . .. ... ... ..
5.1.2 Randomly distributed stimulated cases . . . . . . .. ... ... ...

5.2 Effect of NKCC and non-selective pathway . . . . .. .. .. .. ... ...
5.2.1 Effect of NKCC on the glial membrane . . . . . .. .. ... ... ..
5.2.2  Non-selective pathway through the pia mater . . . .. ... ... ..

5.3 Conclusions . . . . . . ..

6 Conclusions and future work
Bibliography
Appendices

Appendix A Supporting information for lens model
A.1 Non-dimensionalization . . . . . . . ... ... ... ... ......
A.2 A priori estimation . . . ... ... ...
A.3 Effect of permeability . . . . . . . ...
A.4 Parametersinlensmodel . . . . . . . . ... ... L.

Appendix B Propagation of action potential in the optic nerve

Appendix C Analysis in optic nerve model
C.1 Comparison between axon membrane potential and Nernst potential
C.2 Estimations of t,,; and t,0 . . . . . . . . . . ...
C.3 Approximation of transmembrane currents . . . . . . . .. ... ..
C.4 Comparison between d¢y and 6¢e, . . . . . . ..o
C.5 Estimation of extracellular Na* and K* transport . . . . ... . ..
C.6 Spatial Distribution of velocity and osmotic pressure . . . . . . ..

Appendix D Supporting information for optic nerve model
D.1 Convergence rate test . . . . . . . . . ... L.
D.2 Randomly stimulated cases . . . . . . . .. ... ... ... ...

D.3 NKCC parameters . . . . . . . . . . . . . ... ... ....

63
63
64
70
72
73
74
76

77

79

87

87
87
92
95
95

97

99

99
100
101
102
103
105



D.4 Parameters in optic nerve model

vi



List of Tables

Al
A2

C.1
C.2

D.1
D.2
D.3
D4
D.5

Parameters in Lens Model . . . . . . . .. ... . 0oL 96
Dimensionless Parameters and Scales . . . . . ... ... ... ... ..... 96
Estimation of t,,1 . . . . . . .. 100
Estimation of £,,,5 . . . . . . . ... 101
The discrete L*™ error and convergence rate forion . . . . .. ... ... .. 108
The discrete L™ error and convergence rate for hydrostatic pressure . . . . . 109
Potassium Decay Time . . . . . . . . . ... oo 109
NKCC Parameters . . . . . . . . . . . . . e 110
Potassium Concentration Decay Time with/without NKCC . . . . . .. . .. 111

vii



List of Figures

1.1
1.2

1.3

2.1

2.2

2.3

3.1

3.2

Schematic figure of eye showing its main components. . . . . . . . .. ...
Schematic figure of the lens. a: the sphere of the lens with three landmarks:
anterior pole (AP), posterior pole (PP), and the equator (EQ); b: the mi-
crostructure of the lens: 1. intracellular region 2. extracellular region 3. cell
membrane 4. gap junctions (connexins); c: distribution of the gap junctions
between the cell membrane at EQ or AP and PP; d: a single gap junction
which allows water flow and ions to flow. . . . . .. ... ... ... ....
Optic nerve structure. a: Key features of the optic nerve region and subarach-
noid space (SAS); b: Cross-section of the optic nerve. . . . . . .. .. .. ..

a: Schematic diagram of ion circulation and distributions of ion channels and
pumps in the lens. The purple line represents the Nat flow, the light green
represents the K* flow, and the brown line represents C1~ flow. The surface
epithelial cells (square) connect with the intracellular cells (hexagon) by the
gap junctions (orange rectangle). Nat and C1™ ion channels are located on the
intercellular membrane, while the K ion channel and Na/K pumps distribute
only on the surface membrane. b: Schematic diagram of water circulation.
Transmembrane water transport is through AQPO and AQP1 gap junctions.
APQO gap junctions are located at the intercellular membrane, and AQP1 is
at the surface membrane. . . . . . .. ..o 0oL
Comparison between different x;,. The experimental data of dog, rabbit, rat
come from paper [1]. Mice and Cx46 KI mice come from paper [2]. According
to paper [2], the Cx46 KI mice lens has twice as many lens gap junction chan-
nels (lens connexins) compared with mice (the radius has been dimensionless
for different species). . . . . . ...
Comparison of the non-electro-neutral model, the simplified model and the
Mathias’s model in [3]. . . . . ...

The optic nerve Qo p consists of axon compartment €2,,, glial compartment €2
and extracellular space 227, The subarachnoid space only has extracellular
space Q345
Flowchart for simulation process . . . . . . .. .. .. ... ... .. .. ..



3.3

3.4

4.1

4.2

4.3

4.4

4.5

4.6

4.7

4.8

4.9

4.10

Recording axon membrane potential, glial membrane potential and extracellu-
lar K* at center axis point (where r = 0 and z = L/2) when the extracellular
solution with 3mM K™*. . . . . .. ... ... ... ... 35
Comparison between the experimental results in [4] and numerical simulations
of the effect of nerve impulses on the membrane potential of glial cells. The
solid symbols are resting potentials, and the open symbols are depolarization
potentials with different ECS Kt concentrations. . . . ... ... ... ... 35

Stimulated and non-stimulated regions in the optic nerve (Qop). The stimulus
is applied on the axon membrane, where r < ry; at a given location z = z,. . 37
Two distinguished time intervals used in the estimation during a single action
potential. The blue line is the axon membrane potential variation 0V, (=
Vdy — yre) during a single action potential. The dark dash line is the linear
approximation of the dV,,. t,,1 and t,,5 are the time parameters in Equations
(C.7)and (C.8). . . . o o 40
Numerical Results. a-c: Average concentration variations in the stimulated
extracellular region. d-e: Average radial velocity in the intradomain. f: Av-
erage glial transmembrane velocity in the stimulated region (with normal di-
rection points to ECS). . . . . . . ..o 54
a: Average glial transmembrane velocity in the non-stimulated region (with
normal direction points to ECS). b-c: Variations of the average extracellular
volume fraction in the non-stimulated and stimulated regions. . . . . . . .. 55
a: Schematic graph of the potassium flux when inner part axon was stimu-
lated. b: Schematic graph of the water circulation when inner part axon was
stimulated. . . . . . L 56
(a)-(c): Extracellular volume fraction (7., ) variation at time ¢ = 0.1s, 0.5s, 2s.
The blue is the enlarged region of extracellular space and red is the shrunken
region of the extracellular space which is qualitatively consistent with the
results in [5, 6]. . . . . . 57
(a)-(c):Glial compartment volume fraction (7,) variation at t = 0.1s, 0.5s, 2s. 57
a: Average radial direction fluxes components in the extracellular space. b:
Average radial direction fluxes components in the glial compartment (radial
direction as normal direction). . . . . . . ... Lo 59
a: KT and Na' flux variations through Na/K pump and ion channels on
the stimulated glial membrane. b: K* and Na* flux variations through Na/K
pump and ion channels in the non-stimulated glial membrane. c: The total K™
fluxes through K* channel in the stimulated membrane and non-stimulated
glial membrane. . . . . . ..o 60
Comparison between electrodiffusion model and full model on average K
flux, cumulative K+ flux and K* flux components on glial transition region
St (with radial normal direction). . . . . . . . . ..o 60

1X



4.11 Comparison between electro-diffusion model and full model when three trains
of the stimulus current are applied to the axon (with radial normal direction). 61

5.1 a-d: Total KT fluxes through Mg, Er, Mygs and Gt during a train of stimuli.

e-h: Cumulative KT fluxes during a train of stimuli. . . . . . . .. ... ... 64
5.2 Spatial distribution of potassium changes from the resting state during an

action potential. . . . . . ... Lo 65
5.3 Spatial distribution of potassium changes from the resting state during and

after a train of stimuli. . . . . . .. ..o o 66

5.4 a-d: Average water velocities through Mg, Er, Mys and G during a train
of stimuli in [0, T%;]. e-f: Variations of extracellular volume fractions in the

stimulated and non-stimulated regions. . . . . . . . ... oo 67
5.5 a-d: Total K fluxes through Mg, E7, Mygs, and G after neuron stops firing.
e-h: Cumulative KT fluxes after neuron stops firing. . . . . . ... ... ... 68

5.6 a: Schematic graph of the K flux after neuron stops firing. b: Schematic
graph of the water flow after neuron stops firing. The compartments shown
are important for biological understanding and comparison with the literature.
We do not compute a compartmental model. Our computations are of field

models with partial differential equations in space and time. . . . . . . . .. 68
5.7 a-d: Average water velocities through Mg, Er, M ys and G after neuron stops
firing. . . . .. 69
5.8 a-b: Kt concentration variations in the stimulated and non-stimulated extra-
cellular regions. . . . . . . L oL 69
5.9 Stimulated radial segments in each case. The intervals with value 1 are stim-
ulated segments, and the intervals with value 0 are unstimulated segments. . 70
5.10 Comparison between spatially randomly stimulated case 1 with the uniform
radial (inner) case during a train of stimuli. . . . . . . ... ... ... ... 71
5.11 Comparison between spatially randomly stimulated case 1 with the uniform
radial (inner) case after a train of stimuli. . . . . ... ... ... ... ... 71

5.12 a-b: Potassium concentration variations in the extracellular stimulated and
non-stimulated regions. c-d: Average glial compartment and extracellular

space absolute radial velocities. . . . . . . . . ... ... L. 72
5.13 a-d: Cumulative fluxes comparison during a train of action potentials. e-h:
Cumulative fluxes comparison after a train of action potentials. . . . . . .. 74

5.14 a-b: Extracellular potassium concentration variations between the model with
NKCC and baseline model (without NKCC). c¢: Average potassium variations
in the axon stimulated region. . . . . . . . ... .00 74
5.15 a-b: Extracellular KT concentration variations between the model with non-
selective pathway and baseline model (without non-selective pathway). c:
Cumulative Kt flux through the glial membrane. d: Cumulative Kt flux
through pia boundary. . . . . . . .. .. ... oo 75



Al
B.1

C.1
C.2

C.3

D.1

D.2

D.3

Comparison between different x;, for extracellular variables. . . . . . .. ..

a: Axon membrane potential profile when eye-end axon stimulated at radius
center of the optic nerve. b: Axon membrane potential profile when two-end
axon simulated at radius center of the optic nerve. . . . . . . . .. ... ...

Longitudinal direction changes of 7., and 1y, at r = 1.5um ¢ = 0.1s, 0.5s, 2s.
Spatial distribution of velocity in radius direction during and after a train of
stimuli. . . . . L
Spatial distribution of osmotic pressure changes from resting state during and
after a train of stimuli. . . . . . . . . ... ..

Comparison between spatially randomly stimulated case 2 with the spatially
uniform (inner) case. . . . . . ...
Comparison between spatially randomly stimulated case 3 with the spatially
uniform (inner) case. . . . . . . ..
Comparison between spatially randomly stimulated case 4 with the spatially
uniform (inner) case. . . . . . ..

x1



Chapter 1

Introduction

1.1 Lens of the eye: an overview

Lens. Vitreous humor
—_— <
Light —>» AP

—_—

EQ

; S8 optic nerve
Posterior chamber it
Anterior chamber

Cornea

Iris

Sclera

Figure 1.1: Schematic figure of eye showing its main components.

The lens of the eye is located behind the iris and suspended between the aqueous humor
and vitreous humor by the zonular ligaments (see Figure 1.1). The lens consists of two types
of cells: epithelial cells and fiber cells. On the lens’s anterior surface is a layer of the epithelial
cells. The epithelial cells differentiate into fiber cells at the equator of the lens (EQ) and the
fiber cells are elongated towards the anterior pole (AP) and posterior pole (PP) of the lens
as shown in Figure 1.2a. Fiber cells are tightly packed with very narrow extracellular space
and filled with high concentrations of crystallin proteins. During the differentiation of fiber
cells, nuclei and other major organelles gradually disappear, so that the mature lens fibers
in the central region of the lens do not have organelles or nuclei [7, 8].

The lens of the eye is an asymmetrical electrical syncytium in which all fiber cells are
electrically coupled one to another. At the same time, the lens is also a special syncytial tissue
that contains no blood vessels. Usually, the circulatory system of blood vessels continuously
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(a) AP (b)

EQ

Radial
direction

Figure 1.2: Schematic figure of the lens. a: the sphere of the lens with three landmarks:
anterior pole (AP), posterior pole (PP), and the equator (EQ); b: the microstructure of
the lens: 1. intracellular region 2. extracellular region 3. cell membrane 4. gap junctions
(connexins); c: distribution of the gap junctions between the cell membrane at EQ or AP
and PP; d: a single gap junction which allows water flow and ions to flow.

carries a supply of energy and inputs of mass into the tissues where the flow to and across
cell membranes by diffusion is adequate. Nevertheless, in the lens, even small capillaries can
seriously interfere with its transparency. It is well-known that age-related diseases, such as
cataracts, are due to insufficient nutrients supply to repair oxidative damage in the cells and
the oxidative damage leads to the lens’s opacification [9, 10].

1.2 Optic nerve: an overview

The optic nerve belongs to the central nervous system (CNS) and it is divided into four
main regions [11, 12]: (1) the intraocular nerve head, (2) the intraorbital region, (3) the
intracanalicular, and (4) intracranial. This thesis focuses on the intraorbital region, which
occupies more than half of the optic nerve.

In the optic nerve, glial cells wrap around bundles of nerve fiber, producing a narrow
cleft of extracellular space between the nerve fibers and glia (see Figure 1.3b). Sometimes
the central retinal blood vessels are found in the optic nerve bundle center in the intraorbital
region. Here we consider a case where blood vessels are not present, as in the optic nerve
of mud puppy, an amphibian salamander Necturus used in the experiments of Orkand et al.
[4, 13]. Glial cells are connected through connexin proteins and form an electrical syncytium,
in which the current flow in one cell spreads into another with little additional resistance.

The optic nerve is surrounded by the meningeal sheath, which consists of dura mater,
arachnoid mater and pia mater, and cerebrospinal fluid (CSF) in the subarachnoid space
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Figure 1.3: Optic nerve structure. a: Key features of the optic nerve region and sub-
arachnoid space (SAS); b: Cross-section of the optic nerve.

(SAS) [12, 14] (see Figure 1.3a). The dura mater contains lymphatic vessels that drain CSF
from the SAS (see [15, 16, 17, 18]) and the pia mater forms a macroscopic semipermeable
membrane, consisting of many cells. Filipidis et.al.[19] have written a very useful review
that identifies similar leptomeningeal structures important in physiology.

1.3 Research motivation

This thesis is inspired and motivated by experimental observations [3, 4, 13, 20, 21, 22].
With the developments of modern experimental studies, we have been able to gain a deeper
understanding of the physiological properties of a biological system and the information
required for mathematical modelling. Computable mathematical models are becoming a
useful tool for understanding systems with complex structures studied in necessarily special-
ized experimental setups [23, 24]. The models help develop understanding of the biophysical
underpinnings of function.

In our first case study, the lens of the eye has an avascular microcirculation to sufficiently
deliver the nutrients to the center of the lens. The avascular microcirculation helps to
maintain its well-organized structure, because the lens is a large organ, far beyond the length
scale at which diffusion itself is efficient. Presumably, the avascular microcirculation is driven
by an ‘electro-osmotic pump’ on its surface that generates water flow to carry nutrients into
the lens and rinses wastes out of it. The lens modeling work is expected to help us to have
better understand the physiological functions of the lens through its ion fluxes and water



transport. Through our study on the lens, we carefully validated that the fundamental
field equations are consistent and appropriately approximated. This validated mathematical
model provides a powerful tool to understand the general physiological properties of syncytial
tissues (such as smooth muscle, glial cells, and the heart), which are large compared to most
single cells, and connected in space [3].

Many other tissues have much more complex structures and are of clinical interest than
the lens. As part of an extended study of the lens, we explore the optic nerve, a part of the
central nervous system, to generalize our model and analyses. Experiments have been done
on this well-defined system. The Kuffler group at Harvard [4, 13, 22| studied the optic nerve
in some detail, looking at the potassium clearance in the narrow extracellular space and
the effect of glia, following the pioneering work of Frankenhaeuser and Hodgkin [25]. The
accumulation and clearance of potassium in the narrow space outside nerve cells is a classical
subject of biophysics, to which much attention has been paid recently. The extraordinarily
dense packing of neurons in the central nervous system raises questions about how the
signal in one nerve fiber is kept separated from the signal in another, and how the central
nervous system maintains concentrations in its narrow cleft between cells. The smooth
signal processing function of the axon is highly dependent on the ion concentration in the
extracellular space, especially on the potassium concentration. Because potassium in the
extracellular space plays a vital role in modulating the resting membrane potential and
the threshold and shape of action potentials [26, 27]. The clearance of potassium ions in
the extracellular space is of great interest because several action potentials are likely to
dramatically change the potassium concentration in this narrow extracellular space. If this
excessive amount of potassium is not removed in a timely manner, it may lead to pathological
conditions known as cortical spreading depolarization (CSD). Quantitative analysis is likely
to help evaluate potassium clearance from the extracellular space after a train of action
potentials. Recent experimental studies [28] suggest that transport in the central nervous
system during sleep plays a critical role in maintaining the health of brain tissue.

1.4 Literature review

Early research and modelling focused primarily on the electrical properties of lens. An
equivalent circuit model [20, 29] was introduced to study transportation of the ion fluxes
in different electrical components. The electric field theory develops models considering the
structure by analyzing the spectroscopic data of impedance measurements using field theory.
It verifies that the parameters change appropriately when the composition and concentration
of extracellular solutions change. These models provide fundamental support to the general
understanding of syncytial tissues. Recently Mathias et al. [3, 30] combined the circuit
model with fluid transport and proposed microcirculation in the lens. Following Mathias’s
pioneer work, many computational models in the lens were performed taking into account
the angular circulation of ion and fluid in the lens [31, 32, 33]. It is assumed that the
microcirculation system in the lens is generated by spatial differences of sodium-potassium



pump’s distribution on the surface [34, 35] and the transport properties of the ion and water
on the membrane. The simulation results show that the circulating sodium flux can form an
osmotic gradient in the lens, which can generate water circulation [3, 29, 32]. In addition,
there are various experimental confirmations of the fluid velocity on the surface of the lens
[1, 36, 37, 38]. At the same time, the lens model was extended to simulate age-related changes
in the lens and a variety of physiological processes [39, 40]. Reviews of current research on
the microcirculation in the lens are most helpful [41, 42].

The lens of the eye has an essentially bidomain structure (intracellular and extracellular
spaces), while the optic nerve (or more general regions of the central nervous system), con-
tains nerve fibers and glia separated by a narrow extracellular space. Various mathematical
models have been proposed for modelling the optic nerve [43, 44, 45]. Most of them are
focused on the optic nerve head. Band et al. [46] proposed a mechanical model for the
whole nerve fiber bundle, where only the water flow in the axon is considered. A cable-type
model [47] focusing on the electrical properties of the optic nerve was presented in [48].
The interactions between neuronal cells and glial cells have been included in models of the
important phenomenon of spreading depression [49, 50], which is widely believed to be asso-
ciated with epilepsy and migraine. Some two-compartment models for potassium clearance
(or spatial buffering) include interactions between neuronal cells and extracellular space [51]
or interactions between glial cells and extracellular space [52, 53]. Sibille [54] introduced
a three-compartment model of ordinary differential equations (ODEs) to study the role of
Ki;4 channels. This shows that water flows play an important role in the central nervous
system [55] through the influx and efflux routes, helping to remove waste. Some models,
including water flow but not electrodiffusion, were introduced to study the effect of pressure
on the flow direction [18, 56]. Mori [57] proposed a multidomain model for cortical spreading
depression, where ionic electrodiffusion and osmosis between different compartment are con-
sidered. We extend those results and present some general conclusions based on the analysis
of a specific set of experiments (Orkand et al [4, 13]) using a model of ionic electrodiffusion
and osmosis, which has proven to be quite helpful in dealing with the substantial literature
on electrodiffusion of the lens of the eye [58].

1.5 Thesis outline

This thesis is organized as follows. In Chapter 2, we set up the fundamental field equations
to the lens for its ion and water microcirculation. We show how the Mathias group’s model
can be extended to fit a wide range of experimental data. We also present a simplified model
to reflect the most intrinsic underlying relations. Most of the material presented in Chapter
2 has been published in Biophysical Journal [58]. In Chapter 3, we extend our model to
the optic nerve and adapt the work of the Harvard group [4]. In Chapter 4, we study water
circulation in the optic nerve. We find that the water circulation generated by osmosis
enhances potassium transport in the glial compartment compared to the electro-diffusion
model. Most of the material presented in Chapter 3 and 4 has been published in Physics



of Fluids [59]. In Chapter 5, we study potassium clearance using various simulations by
changing stimulus patterns for the axon. We find that both extracellular space and glial
cells play important roles and we further study the effect of NKCC on the glial membrane
and non-selective pathways on the pia boundary. Most of the material in Chapter 5 has been
published in Biophysical Journal [60].



Chapter 2

Microcirculation 1in the lens

In this chapter, we introduce a coupled ion-water transport model (the full model) to study
the microcirculation in the lens of the eye. The full model is introduced in Section 2.1. In
Section 2.2, we obtain the leading order model by identifying small parameters in the full
model. Based on boundary conditions and analysis based on the governing equations, a
simplified version of the leading order model is proposed and compared with the existing
model. In Section 2.3, the full model is calibrated by predicting the effects of gap junctions
(connexins) in experiments [1, 2]. At the same time, our simplified model captures the main
features of the full model and provides an explanation of simulation results on the effects of
gap junctions.

2.1 Water circulation and ion transport in the lens

In this section, we propose a bidomain model with non-electroneutral condition to study the
microcirculation of lens. In the literature, the most of lens research study [3, 31, 32, 33, 42]
haven’t included the effect of cell membrane into the models for the lens microcirculation.
We include a capacitor in the representation of cell membrane and so our model is consistent
with classical electrodynamics. This membrane capacitance is due to the fact that the
plasma membrane acts as a capacitor: the lipid bilayer separates two electrolytic regions,
the extracellular space and the intracellular space. In this way, it consistently produces a
linear correction term in the classical charge neutrality equation.

The model deals with two types of flow: the circulation of water (hydrodynamics) and
the circulation of ions (electrodynamics), generalizing previous bidomain models that deal
only with electrodynamics. The model is derived by using the conservation laws of ions
and water to consider the exchange between intracellular and extracellular spaces through
cell membranes. We note that a similar approach is useful in other tissues with narrow
extracellular space, such as the heart, cardiac muscle, and the central nervous system.

In the following, we first introduce the definition of the terms listed in the Glossary below,
where 7 = Na®, K+, Cl~ for ion spices, [ = ex,in for extracellular and intracellular regions.



GLOSSARY

cf: Ton ¢ concentration in the [ region,

¢;: Electric potential in [ region,

pr: Hydrostatic pressure in [ region,

Nin: Volume fraction of intracellular region,

O;: Osmotic concentration in [ region,

u;: Fluid velocity inside of the [ region,

jf: Ton ¢ flux inside of [ region,

Up,: Fluid transmembrane velocity on cell membrane,
Ji,: Ion i transmembrane flux on cell membrane,

J&: Ton i transmembrane flux on surface membrane,
Ji: Na/K pump flux on surface membrane,

Imaa,1: Max current of a1 — Na/K pump on surface,
Imaz,2: Max current of ap— Na/K pump on surface,

My Membrane area in per unit control volume,
Kky: Water permeability of [ region,

p: Fluid viscosity,

Ly,: Hydrostatic permeability of cell membrane,
Ls: Hydrostatic permeability of surface membrane,
g*: Conductance of cell membrane for ion i,

G*: Conductance of surface membrane for ion i,
Cr: Cell membrane capacitance,

Teq: Tortuosity in extracellular region,

Dli: Diffusion coefficient of 7 ion in [ region,

T: Temperature,

kp: Boltzmann constant,

e: Electron charge,

A;n: Negative charged protein density in intracellular region, z%: Valence of the ion i.
M;: Area ratio of | region,

Water circulation

We make the following assumptions for the water circulation

e the loss or gain of intracellular water is only through cell membranes flowing into the
extracellular space, vice versa [20].

e the transmembrane water flux is proportional to the intracellular/extracellular hydro-
static pressure and osmotic pressure differences, i.e., Starling’s law on the membrane
[61]. In a system like non-ideal ionic solutions in which, ‘everything interacts with
everything else’ [62, 63], this statement needs derivation as well as an assertion. A
complete and rigorous derivation can be found in [64].

Then we obtain the following system for intracellular and extracellular velocities in do-
main = [0, R]

1d
m (r* Megtieg) = MyUnp, (2.1a)
1d
2 dr (rQ(Me:vue:v + Mmu'm)) =0, (2.1b)

where u; with [ = in,ex is the velocity in the intracellular space and extracellular space,
respectively. The transmembrane velocity U, is defined as

Um == Lm (pm — Pex + ’YkaT (Oem - Om)) 5

where the p; and Oy, with [ = in, ex, are the hydrostatic pressure and the molar concentration

of solute with definition
Oez - Z Ciz? Ozn = Z CZ:n + Ain‘
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The ¢} is the concentration of ¢th ion species in [ space and A, is the density of the permanent
negatively charged protein in the intracellular space. In this work, we assume the permanent
negatively charged protein is uniformly distributed within the intracellular space with valence
of z",

Here M, is the ratio of intracellular area (I = in) and extracellular area (I = ex), M, is
the cell membrane area per volume unit, 7, is the cell membrane reflectance, a ratio between
the observed osmotic pressure and theoretical osmotic pressure, inside of the lens. L,, is the
cell membrane hydraulic permeability inside of the lens, kg is Boltzmann constant and T is
temperature.

As we mentioned before, the intracellular space is a connected space, where water can flow
from cell to cell through connexins on the membranes between cells, and the extracellular
space is narrow with a high tortuosity. The intracellular velocity depends on the gradients
of hydrostatic pressure and osmotic pressure [3, 32, 64|, and the extracellular velocity is
determined by the gradients of hydrostatic pressure and electric potential [32, 65],

K d d
ex — — ex 7 Pex — ke ex 7 Pex; 2.2
“ W 7 drp T dr¢ (2.22)
K d d
“ 0 (drp s drO ) ( )

where ¢; is the electric potential in the [ space, 7., is the tortuosity of extracellular region
and p is the viscosity of water, k. is introduced to describe the effect of electro-osmotic
flow, x; is the permeability of intracellular space (I = in) and extracellular space (I = ex),
respectively.

By using Equation (2.2), Equation (2.1) is treated as the equation of hydraulic pressure.
Due to the axis symmetry condition, homogeneous Neumann boundary conditions are used
for hydrostatic pressure at 7 = 0. At the surface of lens (r = R), we set the extracellular

hydrostatic pressure to be zero, and the intracellular velocity is consistent with Equation
(2.2)

ape:r: - 8pzn
or  or
Pex = 0, at r = R,

=0, at r =10,

Rin

7

d d
(_pm — 'Ymk'BT%Om> - Ls (pzn — Pex — ’YskBT (Ozn - Oew)) ) at r = R7

dr
(2.3)
where 7, and Ly are the membrane reflectance and membrane hydraulic permeability at the
surface of the lens, respectively.



Ion transport

In this work, we consider three types of ions: Nat, KT and Cl~. With similar assumptions,
the conservation of ions yields the following ion flux system for i = Na™, K+, Cl~

1d,, ,
; 2.4
?"Qd’l”( Mel‘yew) Mvaa ( a)
1d
=0. 2.4
12 g Meaez + Minn)) =0 (2.4D)

For the 7th ion species, its intracellular flux ;! and extracellular flux j¢, are defined as follows

, , . d . , Ze .
oy = Ce ex D; [ o — D. ex ex ) 2.5
Jex CezU ex T dr Cex ex T k T exd ¢ ( a)
- 4 d Zle .
= C; in Dz - - Z)Z c; in s 2.5b
Jin CinU in C mk T md ¢ ( )

where D! is the diffusion coefficient of the ith ion species in the [ space. The conductance
formulation is used to describe the transmembrane flux of ions across the membrane inside
of the lens and the surface membrane of the lens as

= g_z (gbzn - ¢eac - El) ) (26&)

. GZ ,
Z (¢zn (bea: - EZ) ) (26b)

where B! = ka log ( I) is the Nernst potential (an expression of the difference of chemical

7,77,

potential) of ith ion species.

In Equation (2.6), the ion conductance g* and surface ion conductance G* depends on
the ion channel distribution in the membrane (see Figure 2.1). Based on previous work
[3, 20, 32], we assume that

e Na® and Cl~ can leak between intracellular and extracellular regions through ion chan-
nels in the membrane inside of the lens,

e there is no transmembrane flux for KT between the extracellular and intracellular
regions inside of the lens, i.e., J& = 0.

For ion concentration system, similar to the hydrostatic pressure, homogeneous Neumann
boundary conditions are used at r = 0. At the surface of the lens (r = R), the extracellular
concentrations are fixed, and Robin boundary conditions are used for intracellular concentra-
tions due to the transmembrane flux through the passive ion channel and active ion pump,

oct oct
Pew _ Tin _ 0, atr=0,
ar A or
Chp = Co, at r = R, (2.7)
jfn:J;+J;, at r = R,

10



(a) (b)

@ Na'channel \/ v @ aapo

¢ Nat+
] K* channel ® Aop1
M C1™ channel =

9 Gap junctions

Water
. Nat /KT
K " Na* /K™ pump 1
NN Y
—_— —_—
Radial direction Radial direction

Figure 2.1: a: Schematic diagram of ion circulation and distributions of ion channels
and pumps in the lens. The purple line represents the Na™ flow, the light green represents
the K* flow, and the brown line represents Cl1~ flow. The surface epithelial cells (square)
connect with the intracellular cells (hexagon) by the gap junctions (orange rectangle). Na™
and Cl~ ion channels are located on the intercellular membrane, while the K™ ion channel
and Na/K pumps distribute only on the surface membrane. b: Schematic diagram of water
circulation. Transmembrane water transport is through AQPO and AQP1 gap junctions.
APQO gap junctions are located at the intercellular membrane, and AQP1 is at the surface
membrane.

where JI’; is the active ion pump flux on the surface membrane of the lens. Here we only
consider the Na/K pump on the surface membrane and the strength of the pump depends
on the ion’s concentration as in [32, 34],

I
Na __ p K _ p CclL __
Jp =3=, J = —2—6 , Jp =0, (2.8)
where

L C?[La 3 C([){ 2 . , C%a 3 C(I){ 2
P mant e+ K cK + K a2 e+ Kngs K+ Krs)

(2.9)

Due to the capacitance of cell membrane, we introduce a linear correction term [66, 57]
instead of the charge neutrality condition in [3, 32] as

1 — 77m <Z 2 BC ) - _Mva (¢zn - ¢ex) ) (2103)

Nin (Z ZieCZ:n + ZineAin) - Mva (qbzn — ¢ea¢) , (2]_0b)

i
where 7);,, is the porosity of the intracellular region and C,, is the capacitance per unit area.
Multiplying each ion concentration equation in Equation (2.4) with z’e respectively, summing
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up and using Equation (2.10), we have the following governing equations for ¢., and ¢;,

1d(, i
ﬁ% ( Mex (pe$uea; €Tex Z D d’l“ — Oex—— ¢ew> >
= ( ¢zn ¢ex Z g EZ) (211&)

1d(, d d
ﬁ% ( Mzn (pznuzn eZD Z _C Uznagbzn))
= _MU ( ¢zn gbex Zngz) (211b)

with boundary conditions

( dgbex dgbm
= = t e
I I 0, at r=20,
(be:v = O at r = R,

. d o
PinWin — ez D: 2 —c am%@-n = G®Pi — Z G'E' + Ig), at r = R,

Where Pin = MoC, ((bzn Qbez) + 6‘ m’Am and Pex = ./\/va'm (¢ea¢ ¢zn)7

Nin
:Zgi, G‘*:ZGi, ]If’:eZziJ;.

i

In Equation (2.11), we define the intracellular conductance o, and extracellular conductance

Oep S
T 6 62 . . .
Oex = = D s in — D; N2l .
/{BT (E : > g kBT (EZ : m(z) cm)

It is obvious that system (2.11) derived using Equation (2.4) and Equation (2.10). Therefore,
we should drop one of the ion governing equation in Equation (2.4).

Non-dimensionalization

The Na/K pump distributed at the lens’s surface serves as an osmotic device. It is the main
driving force for the ion and water circulation in the lens. We choose the characteristic
scale of velocity u}, related to the Na/K pump strength J]ﬁv @ at the surface of the lens (see
Appendix A.1) as

Nax
upy =2 (212)
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where O* = 2 (cf)va + cf) is the characteristic osmosis scale. Using Equation (2.1b), we
obtain the scale of extracellular velocity u., as

ut, = by, (2.13)
where §y = ez,
With the characteristic scales for electric potential ¢, hydrostatic pressure p; and concen-
tration ¢} chosen as %, £ R”j“ and ¢ + c& we obtain the dimensionless system for lens

problem as follows (the detailed derivation is given in Appendix A.1)

d d
ex — — 7 Pex — 0 — ex ) 2.14
“ drp 1dr¢ ( a)
d d
doUin, = —03—Din + —Oin, 2.14b
24 3drp + dr ( )
1 d
54—2d— (r*uin) = 03 (pex = Pin) + (Oin = Oca) (2.14c)
—Uijn, (2.14d)

Z chl’n + ZmAin = 56 (¢m - ¢ex) ) (2146)
Z 2 Cep = =07 (Gin — Pex) , (2.14f)
1 d Meaz
_2_ (T2 eczl) = Cl (¢ln - ¢ea: - EOZ) ) (214g)
r2dr z

1d 2:Cl ‘58 d 2 .Cl
S5 (i) = =52 (i), (2.14h)
1d .
S (70%) = (2.14i)
1d .
v () = (2.14))
Ld 2 i ad oy
ﬁ% r <Peel"p€1u€x - ; Dex’z dr Ceyp — Oex—— (bex))

= ch;x (2 (¢zn - ¢ex) - ENa - ECl) ) (2141{)
1Ld i id
7”_2% (’I“ <P€umUm - zl: DinZ d?”c — Oin— Qbm))

O d [ i i d o
= _ﬁg (T (Peezpe:vuex - Zi:DexZ %03 — Oex—>— ¢ez>) . (2141)

In System (2.14), Equations (2.14k) and (2.141) have already incorporated the governing
equation of Nat by using Equations (2.14e) and (2.14f). For the boundary conditions of
System (2.14), we propose homogeneous Neumann boundary conditions at r = 0 and follow-
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ing boundary conditions at r =1

(pem - 07
55uin = 63pzn - (Ozn - Oez) )
ek =k,

. RS
Jfé:Z—K(@n—EK)-FJf,

Cgcl :ctj)va+cﬁ<+57(¢in_¢ex)a
Jin =0,
gbew - Oa

d

where
Pin = Po T 56 (¢zn - (bea:) )

Po = ’Zin|Ain7

1 4
E' = —log (Cﬂ) :
2 % \d,

J; = Pejcjuy — Dj <%Cz +z Cl%@) )
GXLksTR

2% % )
e*D} c

with i = Nat, K+, Cl~, | = in,ex.

R, =

2.2 Simplified model

Peinpintiin — Z Dfnzi—rdn - Uin%¢in = R, (¢m — E®) + [,?7

Pex = 67 ((bex - ¢zn> )
o1=>»_ Di(z')d,

IR
19 =2
P eD;c*’
K
K _ Jy R
b D}, c*’

(2.15)

System (2.14) with boundary conditions (2.15) is a coupled nonlinear system. In this section,
we would like to present a simplified version of the full model, which could also capture the
main feature of the lens circulation. We first obtain the leading order model by identifying
the small parameters in the non-dimensionalization system. And then, by using boundary
conditions and theoretical analysis, the leading order model is further simplified to only one

PDE along with several algebraic equations.

According to those dimensionless parameters presented in Appendix A.4, we identify the

scale of the parameters as follows.

{51758} - 0(6),
{52754755a66757} C 0(62)‘

14

{(50, (53} C 0(62),

(2.16)



If we denote 6y = D' — DE and §,p = DF! — DN® | = in, ex, it yields
59 = 0(62)7 (510 = 0(6) (217)

In domain 2 = [0, 1], the leading order approximation of system (2.14)-(2.15) is given by
(see Appendix A.2)

d d

Ugy = == Pey — 120, (2.18)
d
—0) =0 2.18b
dr " ’ ( )
O, — Og, =0, (2.18¢)
Ugy = Uy (2.18d)

2+ 2 Ay, =0, 2.18e
>

Y Al =0, (2.18f)

.

%d% (7”2]1[2’0) —0, (2.18g)
% d% (1259) o, (2.18h)
L 0215 = 2 (o ot - ) (2189
e Ly (CLON (213)
d% o Peiipo 0 _ 52(;:1 %(bgw (2.18k)
~ g (7 (et v oot ) ) = M (e - o) - BY0 - E9Y) (2180

with homogeneous Neumann boundary conditions at » = 0 and boundary conditions at » = 1
as

(p(e):(; = 07
L0 = Na g oK
KO — K
KO0 &( 0 _EK,O) LK (2.19)
n - ZK m p
Pempouo + 510iCJ-Va’O - Uinigb(') = R, ( n — EK’O) + I¢’
m d/r, m dr m m P
0~

\
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In the following, we will further simplify Equations (2.18) - (2.19) and obtain the relationships
between ¢0_ and other leading order variables by using assumptions concerning the boundary
conditions.

Relation between ¢? and ¢°

By using Equation (2.18a) and Equation (2.18d), integrating Equation (2.18k) over the
domain [r, 1] yields the relation among ¢ , ¢°, and p?, in Q = [0,1] ,as

in)

. 0
) = (Fo - ) () T 1) 4 (), (2.20)

Oin Oin in

where we used the boundary conditions ¢% (1) = p2 (1) = 0.

Relation between p?, and ¢2,

By the homogeneous Neumann boundary condition on r = 0 for chl’O in both intracellular
(I = in) and extracellular (I = ex) space and Equation (2.18;j), we have the following C1~
flux relation in domain = [0, 1]

GO0 4 655 C10 = 0, (2.21)

By divided ¢¢0 in both side in Equation (2.21) and using Equation (A.34b), we obtain

C1,0 Cl,0
Cin [e/¥el Cin d¢ C1,Cl d¢ex
<P6m cr,0 Yin D Clo dr ) + g (Peeazu D I =0. (2.22)

Cem

Based on the charge neutrality Equation (A.33) and parameters in Appendix A.4, we denote
511 as

1 in
CCl,o eNa 4 oK _ +|z |A

on = g5 = - - CL,0 2= =0e). (2.23)
Cex’ Co

Then combining Equation (2.23), Equation (A.40) and the fact that Pe;, = O(¢), Equation
(2.22) yields the following equation by omitting the higher order terms

Peoal, + D942 _

“dr

0. (2.24)

Finally, by integrating Equation (2.24) over [0,r] and using the homogeneous Neumann
boundary condition for the hydrostatic pressure p?, on r = 0, we obtain the relation between
leading order of extracellular pressure (pl,) and electric potential (¢, ) in € as

Ci
Dex — Peex51 0

. 2.25
P (2.25)

0 __
pez_

16



Expression of EV®

Based on potassium equation in Equation (2.18g)-(2.18h) and corresponding boundary con-
ditions combining the relations in Equation (2.20) and Equation (2.25), we have expressions
for ¢ and ¢ in domain 2 as

KO0 _ K D&\ o
cl = ¢, exp <— ( DK> ) , (2.26a)

Pe;,,D¢"  Pe;, D¢ S0V
KO0 KO nex mn ea:pO 9V ex 0
=t wes (25~ ) ) () o) oo
where
JK
B0(1) = fVexp (—é’ m(l)) . (2.27)

In addition, based on the charge neutrality Equation (A.33), we can write the leading order
of the Nat Nernst potential in the domain Q as

Na,0 ClLo _ K70
ENeO = ! log (C ) _ ! log =
»Na CN a,0 »Na ClO + |Zln‘A,m _ KO

m lTL

Extracellular electric potential system
Substituting Equation (2.25) into Equation (2.20) yields ¢y,

DS Peipy 6900
) = (P - 22 ) ) + (1), (229)

The value ¢? (1) is determined by the boundary condition of ¢? in Equation (2.19), where

1
—M;n/o (2( 0 _ 40 ) _ ENa,O _ ECl,O) SQdS — ZNaJ;Va. (229)

m EeExT

where we use R
Na 7Na __ K 1K 103 S K\ __ K
MRt = =R 0y (G = BY) = =)

To summarize, we obtained the simplified model of system (2.18)-(2.19) as follows

<510—cNa° + agmirgbgz)) M (2 (40, — ¢2,) — EN®Y — ECM0) | (2.30a)

- 031) (1) + 60, (1), (2.300)
(2.30¢)

17



ud) = —ud (2.30d)

DCZ

Cgo — c?vo exp (— <1 -+ D_e[y(c) gx) , (230@)
Pe;, D€' Pe;,, DS p Sg0?
KO K0 inHer integ PO 0 9Yex 0

= dtoen ((Fge - ) ) or () ) o
o = 0 = e, (2.30g)
e ® = 4 2" A — (2.30h)

1 in
M0 = (Na0 (KO il | 2|Z |Am, (2.301)
(CL0 — (Nad | KO, (2.307)

DE" — Pe,,0
p(e)a: = MTGI gac' (230k)
with boundary conditions
oY, 0. at 0
= a r =

dr ’ ’ (2.31)

0 =0, at r=1.

ET

Under the same assumptions as in [3], for example, uniform diffusion constants for all
ions, constant Nernst potential, our simplified model (2.30) recovers the model proposed by
Mathias. The main new contribution here is that we remove the assumptions that Nernst
potentials and effective conductance should be constants in space. Using the relationships
between ions concentrations and external potential, we obtain the space-dependent Nernst
potential, which yields a much better approximation to the full model (see Figure 2.3).

2.3 Results and discussion

In this section, we present numerical simulations by using both the full and simplified models.
The full model captures experimental observations in [1, 2] and simplified model provides
us an explanation of our full model simulation results. In addition, our simplified model
has lifted some restrictions compared to Mathias’s model in [3] and we make a numerical
comparison for those models.

2.3.1 Model calibration: membrane conductance effects intracellular hydro-
static pressure

In this section, we study the effect of connexins (gap junction) on intracellular hydrostatic
pressure (p;,). We show the predictive power of the full model by comparing simulation
results with the experimental observations.

The intracellular hydrostatic pressure is an important physiological quantity [67] and the
connexins (gap junctions) conductance play an important role in the microcirculation of the
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Figure 2.2: Comparison between different x;,. The experimental data of dog, rabbit, rat
come from paper [1]. Mice and Cx46 KI mice come from paper [2]. According to paper
[2], the Cx46 KI mice lens has twice as many lens gap junction channels (lens connexins)
compared with mice (the radius has been dimensionless for different species).

lens. In the experiment[1, 2|, the intracellular hydrostatic pressure in Cx46 KI mice lens is
compared with its in the normal lens. The Cx46 KI mice lens has doubled the number of
connexins connected to fiber cells and provides more pathways for water transport between
the fiber cells in comparison to the normal lens. It shows that this change of connexins has
a dramatic effect on the intracellular hydrostatic pressure, which is shown in Figure 2.2a.
If the conductivity of the connexins in the lens is approximately doubled, the hydrostatic
pressure gradient in the lens should become approximately half of the original one.

This increased number of connexins should be captured by an increment in the water
permeability in intracellular space in our lens model. We choose the value of intracellular
conductance (Zm) which correctly calculates the experimental result in the [1, 2]. In Figure

mn

2.2a, the value k% = 4.683 x 1072°/m? (black line) gives a good approximation to the
experimental data (blue makers). When the conductivity of the connexins is doubled, to
parameter value k;, to be 2k (the Cx46 KI mice lens as in the experiments [1, 2]), our
model (black dot) can also match the experimental data (red markers): the intracellular
hydrostatic pressure drops by half.

The numerical simulation in Figure 2.2a shows our full model successfully captures the
intrinsic change in the intracellular hydrostatic pressure when the conductance of connexins
changes. Interestingly, panels b-d in Figure 2.2 show that other intracellular quantities and
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extracellular ones (see Appendix A.3) are insensitive to increases in the membrane perme-
ability. This result can be explained by using our simplified system (2.30). If the variation
of intracellular conductance still keeps d, as a small quantity in the dimensionless system
(2.14), our simplified model is still valid. In the simplified model, all quantities except for
the intracellular hydrostatic pressure are independent of the number of connexins, i.e., of
the intracellular effective conductance. All quantities except the intracellular hydrostatic
potential are associated with the extracellular electric potential (¢.,). However, the extra-
cellular electric potential will not be affected by the change of the intracellular conductance,
since Equation (2.30a) does not involve intracellular conductance or the number density of
connexins (i.e., gap junctions).

2.3.2 Full model vs simplified model

In this section, we compare the full model (2.14)-(2.15) with the simplified model (2.30)
and Mathias’s model in [3]. Numerical results of the full model (Black lines) in Figure
2.3a-c suggest that the variations of the intracellular electric potential (¢;,), extracellular
conductance (o.,), and Nernst potential of C1~ (E!) are rather small. The assumption
of constant values for those variables in Mathias’s model (shown as red dash-dot lines)
is reasonable. However, the Nernst potentials of Na® and K* (Figure 2.3d-e) have large
variations because of the sodium-potassium pump source on the surface of the lens. Our
simplified model (blue dash lines) describes these variations with small errors. Comparisons
for extracellular pressure, velocity, and potential (Figure 2.3 f-h) confirm that our simplified
model yields good approximations to the full model.
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Figure 2.3: Comparison of the non-electro-neutral model, the simplified model and the
Mathias’s model in [3].

2.4 Conclusions

In this chapter, we propose a bidomain model to study the microcirculation of the lens. We
include a capacitor in the representation of the membrane, and so our model is consistent

21



with classical electrodynamics. Consistency produces a linear correction term in the classical
charge neutrality equation. This full model is calibrated by comparing it with experiments
studying the effect of connexins on hydrostatic pressure. Our model can match the two
experimental results with different connexins very well only by changing the intracellular
membrane conductance (the strength of connexins). We conclude that our model can de-
scribe and predict the circulation of the lens. Furthermore, the numerical simulations show
that the velocity and osmotic pressure in the intracellular and extracellular domains are not
sensitive to increasing conductance.

Using asymptotic analysis, we derived a simplified model, which can be used to obtain
the most interesting quantities except intracellular pressure. This simplified model could be
further reduced to the model proposed by Mathias [3] with the additional assumptions that
the Nernst potentials (which describe the gradients of the chemical potential of each ionic
species) and spatial conductance are constant in space. However, we show that neither the
Nernst potentials nor the conductance is constant. On the contrary, they vary significantly
from the interior to the surface of the lens. Therefore, both of these quantities need to be
coupled as part of the solution.

Another critical point to make is the decoupling of the intracellular pressure and the rest
of the solution. Our simplified model suggests that all the qualities can be computed without
knowing the intracellular pressure. On the other hand, we need to solve the full model to
find the intracellular pressure value. The simplified model is to provide a link between the
most recent computational models to some of the pioneering work in the 1970s and 80s. We
strengthen the view that the lens provides an osmotic pump to maintain the microcirculation
necessary to sustain a living lens for the animal’s life.

Our model allows the calculation of variables that determine the role and life of the lens
as an organ. Significant factors determine the transparency of the lens since that is the
primary function of the organ. The dependence on the size of the extracellular space, and
thus the pressure in extracellular and intracellular spaces and the difference between those
two, is likely to be an important determinant of transparency. It can be imagined that the
swelling of the extracellular space will scatter light, mainly because the swelling is likely to
be irregular (in a way our model does not yet capture). Changes in the osmolarity (i.e., the
activity of water estimated by the total concentration of solutes) are likely to be important
as well.

This hydrodynamic bidomain model can point the way to dealing with other cells, tissues,
and organs in which current flow, water flow, and cell volume changes are important. These
include the kidney, the central nervous system (where the narrow extracellular space poses
many of the biological problems facing the lens), the t-tubular system of skeletal and much
cardiac muscle and so on. Additional compartments and additional structural complexity
will surely be needed to deal with the workings of evolution. Through the study of micro-
circulation in the lens, we show that a mathematically well defined model can deal with the
reality of biological structure and its complex distribution of channels.
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Chapter 3

A tridomain model for optic nerve

In this chapter, as an extension of the model for the lens, we derive a tridomain model for
the optic nerve, consisting of convection (due to water flow), diffusion, and electrical drift in
three compartments: glial cells, neurons, and extracellular space. In Section 3.1, we present
the modeling domain and global assumptions in the modeling. In Sections 3.2 and 3.3, we
introduce the tridomain model for ion and water circulations in the optic nerve. This model
is also applicable to other regions of the brain and central nervous system because mixtures
of glial and nerve cells and nerve axons are found throughout the nervous system. In Section
3.4, we use the experimental system of the optic nerve, studied by the Harvard group Orkand
et al [4, 22] as a prototype for the central nervous system in general and calibrate our model
with experimental measurements. Through simulation study, our model predicts similar
experimental results on the glial membrane potential variation when the axon is stimulated
in bath solution with a given K* concentration.

3.1 Modeling domain and assumptions

In this section, we present a tridomain model for the microcirculation of optic nerve. The
model deals with two types of flow: the circulation of water (hydrodynamics) and the circu-
lation of ions (electrodynamics) in the

e glial compartment (£2,).
e axon compartment (£2,,).
e extracellular space ().

The glial compartment and axon compartment are limited in the optic nerve, while
extracellular space exists both in the optic nerve (Q9F) and subarachnoid space (254%) (See
Figure 3.1),

Qop = Quw UQu UQOP Qgag = Q345
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The model is derived from conservation laws of ions and water for flow through membranes
between intracellular compartments (glial cells and axon) and extracellular space [68].

We first introduce the definition of the terms listed in the Glossary below, where ¢ =
Nat,K*,Cl~ for ion spices, | = gl,ax,ex for glial compartment, axon compartment and
extracellular space, and k = gl, ax for glial or axon membrane in the optic nerve.

GLOSSARY
cf: Ion i concentration in the [ region, My Membrane area k in per unit control volume,
¢;: Electric potential in [ region, r;: Water permeability of [ region,
p;: Hydrostatic pressure in [ region, p: Fluid viscosity,
n;: Volume fraction of [ region, L3*: Hydrostatic permeability of k membrane,
O;: Osmotic concentration in [ region, 9yt Conductance of k membrane for ion i,
u;: Fluid velocity inside of the [ region, g": Maximum conductance of axon membrane for ion 4,
_]f Ton i flux inside of [ region, gli car: Leak conductance of axon membrane for ion i,
ur : Fluid transmembrane velocity on k& membrane, K}: Stiffness constant of kK membrane,
J*:Ion i transmembrane flux on k membrane, 7;: Tortuosity of [ region,
J;, i+ Active ATP based ion i pump on k membrane, Df: Diffusion coefficient of ¢ ion in I region,
Jci, i+ Passive transmembrane source of k membrane, T: Temperature,

Iy, 1: Max current of oy — Na/K pump on k membrane, kp: Boltzmann constant,
Iy 2: Max current of az— Na/K pump on k& membrane, e: Electron charge,
A;: Negative charged protein density in [ region, z*: Valence of the ion 1.

I Optic nerve (QOF’:anUleUQerP)

Subarachnoid space (QSAS=Q2:~S) -
r=Rb 4
F5 QSAS I‘3

r=R
a

FG
A =0
r z=0 F1 z=L
—

Figure 3.1: The optic nerve Qpp consists of axon compartment €2,,, glial compartment

1y and extracellular space Q9P The subarachnoid space only has extracellular space
055,

Figure 1.3a shows the entire modeling region €2 that consists of the subarachnoid space
(SAS) region Qgas and optic nerve region Qop (also see Figure 3.1),

Q= Qga5 UQop.
and the interface of Qg5 and Qpp is the pia mater denoted by I'7,

Qop N Qsas =17
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In our model, both pia mater I'; and dura mater I'y are modeled as macroscopic membranes
with appropriate boundary conditions. The transmembrane water flow through pia mater
[79] depends on hydrostatic and osmotic pressures, while that through dura mater only
depends on the hydrostatic pressure. Obviously, at higher resolution, much more detail will
be needed, and these structures will be represented in higher resolution models, in future
studies, as the layered epithelia that they are.

For the boundaries, I'y is the radius center of the optic nerve; I'; and I'3 are the far end
(away from the eyeball) of the optic nerve which is connected to optic canal region [14]. T's
is used to model the dura mater connected to the sclera (the white matter of the eye) and
assumed to be non-permeable [12]. T'g is used to denote the lamina cribrosa where the optic
nerve head exits the eye posteriorly through pores of the lamina cribrosa [69]. In the optic
nerve region {op, the glial membrane and axon membrane separate domains 2y, (2, from
the extracellular region Q9F respectively. Based on the structure of the optic nerve, we
have the following global assumptions for the model:

Isotropy of glial compartment and extracellular space:

e the extracellular space forms a narrow structure of branching clefts surrounding the
glial cells and nerve axons.

e the glial cells are connected by connexins and form a syncytium.
e the extracellular space is continuous and forms a syncytium.

Both syncytia are assumed isotropic here until we know better, and the axons are not
connected. They are electrically separate. Current flow in one axon does not flow into
its neighboring axon or glia. Current flow across the membrane of one axon flows down
the axon and out across the membrane into the extracellular space, and then through the
extracellular space back to the original membrane. Current completes its circuit in the axon
and extracellular space, not in adjacent glia or axons.
For | = gl,ex,i = Nat , K", Cl, the ion flux and water flow velocity are in the following
forms . ‘ o ‘

J1=Jl, T+ Jie0 + 1%,

w =ult+ul0+uiz.
Anisotropy of axon compartment: The axons are separated, more or less parallel cylin-
drical cells that do not form a syncytium. For ¢ = Nat, K*, Cl~, the ion flux and water flow
velocity are in the following forms ' '

Jaz = Jaz,2 %>
z

Ugy = U, 2.
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Charge neutrality: In each domain, we assume that electroneutrality such that
M Y 2y 2 A = 0,
Maw ) #'Cop + 205 AL = 0, (3.1)

Z 2, =0,
7

where Aj¢ > 0 with | = ax, gl is the density of proteins in axons or glial cells at resting
state. The proteins are negatively charged, but a positive number of customarily describes
the charge density. We assume the permanent negatively charged protein is uniformly dis-
tributed within glial cells and axons at resting state and has valence 2!, | = gl, ax. The 1,
and 7y are the volume fraction of axon and glial compartments in the optic nerve and 7
and 77 are the resting state volume fractions.

Axis symmetry: For simplicity, axial symmetry is assumed. The model can be straight-
forwardly extended to three dimensions when data and needs justify the considerable extra
computational resources needed to analyze such models.

3.2 Water circulation

We model water circulation with the following assumptions

e the loss or gain of water in axons and glial cells is only through membranes flowing
into or out of the extracellular space.

e the transmembrane water flux is proportional to the intracellular/extracellular hydro-
static pressure and osmotic pressure differences.

e the glial cell and axons can swell and shrink due to the water inflows and outflows.

The conservation of mass in each domain yields

a .
gzl + Mgl ;7 + V- (ngl’u’gl) = Oa 1 QOP)
0 ax m 0 > .
gt + ManUaac + a (naxuax) =0, in Qop, (32)
9 .
V- (nglugl) + V- (nexuea:) + & (T]axugx) = O’ in QOP)

where we assume that glial cells are isotropic, and axons are anisotropic. Here w; with
l = gl,ax,ex is the velocity in the glial cells, axons, and extracellular space, respectively.
The transmembrane water flow U;" with £ = g/, ax follows the Starling’s law on the kth
membrane,

;7 = LZZL (pgl — DPex — ﬁYglkBT (Ogl - Oem)) 5
Ug?; = LZ’; (paac — Pex — ’YaaszT (Oaac - Oex)) .
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The p; with [ = gl, ax, ex are the hydrostatic pressure in the glial cells, axons, and extracel-
lular space, respectively. The kgT'O; is the theoretical osmotic pressure [64] where the O is
the molar concentration of solute defined by

re
Ouw=Yc, 0=Yc+ %AF, | = gl, az,
X X l

where UZ—TA}"e > 0 with [ = gl, ax is the density of the permanent negatively charged protein
in glial cells and axons that varies with the volume fraction of the region. The M} and
Yk, k = gl,azx are the glial cells (or axons) membrane area per unit volume and membrane
reflection coefficient [70] respectively. The membrane reflection coefficient v, (k = gl, ax)
is the ratio between the observed osmotic pressure and theoretical osmotic pressure. kg is
Boltzmann constant, and 7' is temperature.

For the volume fraction n;, | = gl, ax, ex, we have

Ngl + Nax + Nex = ]-, in €. (33)

The glial cells and axons are found only in the Qpp region. In other words, 7,, = 1y =0
and 7., = 1 are fixed in Qga5. Therefore, the solution is incompressible in the Qg45, and
we have

V"U;ex :0, in QSAS-

The relation between the hydrostatic pressure p; and volume fraction 7, (I = gl, ax,ex) is
connected by the force balance on the membrane [57, 64]

Kgl (ngl - 77;[6) = Pgl = Pex — (p;? - pzz) ) in QOP7 (3 4)
Koz (Nax — 772;) = Paz — Pex — (Doz — PZi) ,in Qop,

where K (k = gl,ax) is the stiffness constant related to Young’s modules and Poisson’s

ratio. The pj® (I = gl, ax, ex) is the resting state hydrostatic pressure.

Note that the concentrations of ions and effective concentration of water vary a great
deal and so are described by equations in which the number density of ions and effective
number density of water vary in both the radial and longitudinal directions according to
conservation laws, without using compartments that may not have unique definitions or re-
lations to anatomical structures. Indeed, the variation of concentration is one of the main
determinants of the properties of ionic solutions. The solution is incompressible, but the
components are not [71].

Next, we define the velocity in each domain.

Fluid Velocity in the Glial Compartment. As we mentioned before, the glial compart-
ment is a connected space, where water can flow from cell to cell through connexins joining
membranes of neighboring cells. The velocity of the fluid in glial syncytium w, depends on
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the gradients of hydrostatic pressure and osmotic pressure as

0 00
o — _falTal (ﬂ . gl),

gt i or or
0 RgiTgl 1 8pgl 1 8091

ol i (7" o6~ P00 ) (35)
P KRglTgl 8p 1 80 1

'ngl = ——g,ug (_85 — VglkBT azg ) .

The boundary conditions in the glial syncytium are as follows

Uy -7 =0, on I'y,

Vpg -2 =0, only,

Vpg -z =0, only,

Uy -7 =0, on I';.
On boundary I's and T'g, the homogeneous Neumann boundary condition is applied. The
no-flow boundary condition is used at I';.
Fluid Velocity in the Axon Compartment. Since the axons are only connected in

the longitudinal direction, the fluid velocity in the axons compartment is defined along z
direction as

u,,, =0,
0 _

Uz = 0, (3.6)
2 Ragz apa;t

uz, = — :
ax u 82

Dirichlet boundary conditions are

Uqz * 2 = UL, on F2a
Uz * 2 = Ugr, ON Fﬁu

where ug and ug, are inflow and outflow velocities at I'g and I'y, respectively.

Fluid Velocity in the Extracellular Space. The extracellular space is narrow, and
the extracellular velocity is determined by the gradients of hydrostatic pressure and electric
potential

r RexTex apez a¢em
Uep = — - keTex—a
W or or
/] RexTex 1 apez 1 a¢em
= - kie ex ) 37
tex w00 T o0 (37)
2 RezTex apel‘ ad)ex
Ugp = — - keTex—a
w0z 0z

where ¢, is the electric potential in the extracellular space, 7., is the tortuosity of extracel-
lular region [68, 72| and p is the viscosity of water, k. is introduced to describe the effect of

28



electro-osmotic flow [30, 32, 65], ke, is the permeability of extracellular space. Here the hy-
dro permeability k.., tortuosity 7., and electric-osmotic parameter k. have two distinguished
values in the region Q9F and Q549

OP ; OP oPrP
_{ Key , 10 Qop, _{ T, in Qop, 1 _{ kST, in Qop,
Rex = er — e =

Sas - SAS - SAS -
ko2, in Qgag, o0, in Qgag, k242, in Qgasg,

Since 'y U I's are the far end of optic nerve away from eyeball and next to the optic canal,
we assume the hydrostatic pressure of extracellular is equal to the cerebrospinal fluid (CSF)
pressure. On the other hand, the intraocular pressure (IOP) is imposed at I's where the
extracellular space is connected to the retina. At boundary I's, we assume a non-permeable
boundary. We are aware of the significance of the pressures and flows at these boundaries for
clinical phenomena including glaucoma [46, 73, 74] and will return to that subject in later
publications.

The lymphatic drainage produces the water flow across the semi-permeable membrane I'y
on the dura membrane, which depends on the difference between extracellular pressure and
orbital pressure (OBP). We assume the velocity across the pia membrane I'7, is continuous
and determined by the combination of hydrostatic and osmotic pressures. To summarize,
the boundary conditions of the extracellular fluid are

(U, -7 =0, on I'y,

Pex = PCSF, on Fg U Fg,

UfmAS - =Ly (Pffs - pOBP) , on [y, (3.8)
uer'izog on F5, .
Pex = PICP, on I'g,
(ug” i =ul i = Ly, (00 = P2 = kT (097 — 031°)), on T,

where pogr is the cerebrospinal fluid pressure [46] and p;cp is the pressure in the eye and
pogp is the orbital pressure on the dura mater. For boundary conditions of the extracellular
fluid, we refer to [75].

3.3 Ion transport
For ion circulation, we assume
e only three types of ions are considered: Nat, K+ and Cl~.
e the Na/K pump is present on both glial and axon membranes.

e ion channel conductance on glial cell membranes is a fixed constant, independent of the
voltage and time. The sodium conductance is assumed small, and its channel origin
unknown. The potassium conductance is large and comes from the Kj;., channels

[55, 76).
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e sodium channel and potassium channel conductance on axons are voltage-gated, while
the conductance of chloride channel is fixed.

The conservation of ion concentration implies the following system of partial differential
equations to describe the dynamics of ions in each region, for i = Nat, K+, Cl~

_8 n lCi m,i . .
(agt o) + Mgdy,” +V- (ngudly) =0, in Qop.
0 (laatiy) P |
M Maxjmﬂ _ . K — 0’ Q ’ (39)
815 + ax + 82 (77 jaz,z) m or
—8 excix m,i m,i . .
(nat ) _ ./\/laachLQC7 - Mgl‘]gl7 + V. (nexgex) — O7 in QOP,
where the last equation reduces to the following in the 2544 region,
8Ci,SAS
ex v . §iSAS _
or TV Ja

The transmembrane ion flux J;™* (k = gl,ax) consists of active ion pump source J}, and
passive ion channel source J;;, on the kth membrane,

J]:’m = J;Z),k + Jé,k) k= gl,afE: i = Na‘+’K+’Cl_'

On the glial cell membranes, J; ; is defined as

(g — e — EL}) , i =Na® K, Cl7, (3.10)

where the Nernst potential is used to describe the gradient of chemical potential E;l =

keBTiT log (CTI) and the conductance g’, for ith specie ion on the glial membrane is a fixed
Cqt g

constant, independent of voltage and time.
On the axon’s membrane, J! is defined as

c,ax

c,ax

Ji - gﬂ (gbaa: - ¢ea: - E;z) 5 1= Na+7K+7 Cl_a
Zte
where
go =GN MPh + g gae = G50+ Glars 958 = Gienn

The time-dependent dynamic of open probability, often loosely called ‘gating’ is governed
by the Hodgkin-Huxley model [66, 77]

dn

b a,(1 —n)— Byn,

dm

dm ) 3.11
" (1= m) ~ B, (.11)
dh

E = Oth(l — h) - ﬁhh
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For the active ion pump source J;vk, we assume that the only pump is the Na/K active
transporter. We are more than aware that other active transport systems can and likely
do move ions and water in this system. They will be included as experimental information
becomes available.

In the case of Na/K pump source ngk (k = gl,az), the strength of ion pump I depends on
the concentrations in intracellular and extracellular spaces [34, 77|, such that

31 21
TE =70 W= Jk=0 k=glar, (3.12)

where

3 3
N 2 N 2
Iy = I [ =) (=) 4 o Cox
gl = dgl,1 gl,2 )
e+ Ky cK + K e+ Kna ek 4+ Kro

Na 3 K 2 Na 3 K 2
I 1( ot )( o >+12( ot )( o )
ar — dax, azx, .
cNoe + Ko K + Ky cNo 4+ Knao cK 4+ Kio

I 1 and I 5 are related to the maximum current of a; — and as— isoform of Na/K pump on
the glial membrane (k = gl) or axon membrane (k = ax).
The definitions of ion flux in each domain are as follows, for : = Na®*, K*, Cl™,

Zte

kB_TClv¢l) s l :gl,GQZ,

- - . [ Oct Zie . Ouy
A — 1 zZ o DT/ axr A .
'](lmpz C(ZIUCLCE axr < aZ + kBT Cafﬂ aZ )

For the axon compartment boundary condition, we have

J; = C;’U,l — D;Tl <VC; +

. =cre on I'yUTlg,

axr ar

and glial compartment boundary condition, we have

.0 ~

Jg T=0, only,
i _a,re

Cg = Cg » ON 'y UT,
N

Jg-T=0, only,

where the Dirichlet boundary conditions are used at locations I'y U I'g for axons and glial
cell, and a non-flux boundary condition is used for glial cells ions flux on pia mater I';.

Similar boundary conditions are imposed for the extracellular space boundary condition
except on the pia mater I';. The ion flux across the pia mater is assumed continuous and
follows Ohm’s law [58]. Additionally, a non-flux boundary condition is used at location I's
and a homogeneous Neumann boundary condition is applied at the location of the dura
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mater 'y,

Jop T =0, on I'q,
c, = cfjsf, on I'y U,
Ve, -1 =0, on I'y,
Jo,-2=0, on I's,
Cze:r = Cleyea ) on FG;

| GE07 i = iAo = S (9OF — 9305 — B,) . on Ty

By multiplying equations in (3.9) with z;e respectively and summing up, we have following
system for the electric potentials in axon compartment, glial compartment and extracellular

space, .
3 eMy i+ Z eV - (ngdy) =0,
Z ZeMp I+ Z 2 e (NazJas =) =0, (3.13)

Zz GV (ngugl + ZZ 6 nax.]azz + Zz GV 776x]ex> - 07

A

where we use the charge neutrality condition in Equation (3.1).
In the subarachnoid space {2g4g, the governing equation for extracellular potential reduce to

Y Fev- (ZJZSAS> = (3.14)

The boundary conditions for electric fields ¢qz, ¢ and ¢, are given below.
In the axon compartment:

v¢az z= 07 on F27
Voo - 2 =0, on Iy,

In the glial compartment:

Vog-r=0, only,
Vog-2=0, only,
Vog-2z=0, only,
Vg -r=0, only,
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and in the extracellular space:

(Vey -7 =0, on I'y,
Voer - 2 =0, on 'y UTl's,
Ver -7 =0, on Iy,
Voer - 2 =0, on I's, (3.15)
Voer - 2 =0, on I,
S0 = 3 e = 3Gl (00 03 L) on T
\ 7 (3 7

3.4 Model calibration

Our work is made possible because of and was motivated by the paper of Orkand et al.
[4, 13], that measured the accumulation of potassium in the narrow extracellular space of
the optic nerve of the amphibian salamander Necturus, in the spirit of the original work
of Frankenhaeuser and Hodgkin [25], who were the first to analyze the accumulation of
potassium outside a nerve fiber. The existence and qualitative properties of this potassium
accumulation were known and caused concern to Hodgkin from his first work on the voltage
clamp [78].

A key experiment in Orkand paper [4] measures the change in potential across the glial
membrane produced by a train of action potentials. The glial membrane potential is used
to estimate and report potassium concentration in the narrow extracellular space.

In the experiment, the optic nerve was placed in bath solutions with three different K*
concentrations (1.5 mM, 3 mM, 4.5 mM) and the resting potential across the glial membrane
was measured. Then the axon was stimulated to give a train of action potentials. Action
potentials increased K in the extracellular space (ECS) and the accumulated Kt then made
the glial membrane potential more positive. Stimuli were applied to both ends of the optic
nerve region, thereby producing a more uniform (in space) potential within that region (see
Appendix B).

The model of this system is solved by using the Finite Volume Method with mesh size
h = 1/20 and temporal size t = 1/10 in dimensionless units. The code is written and
executed in the Matlab environment. The flowchart for the simulation is shown in Figure
3.2. In the first step, we obtain the resting state of the system by iteration and fixed volume
fraction [13]

Naw = 0.5, my; = 0.4, nzz =0.1.

In the dynamic process, the resting state values are taken as initial values. Then, we first
solve the concentration governing equations, followed by electrical potentials equation and
pressure equations. We update the volume fraction by using Equation (3.4).

In our simulation study, we first set the ECS concentration of K* to 3 mM and obtained
a resting potential across the glial membrane (~ —89 mV). In Orkand’s work [4, 13], suction
electrodes were used for stimulating; The two ends of the optic nerve were placed in suction
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Figure 3.2: Flowchart for simulation process

electrodes. We modeled the suction electrodes by applying a train of rectangular function
(sometimes called a box car stimulus in the engineering literature) currents through the axon
membrane at z = 2.25 mm, 13.5 mm, and 0 < r < R, = r* = 48 ym. Each stimulus in
the train lasted 3 ms (as Orkand’s paper indicated) with current strength 3 mA/m?. The
stimulus was large enough to exceed the threshold and generate action potentials. After a
train of stimuli with a frequency of 17/s for 1 s, the first panel of Figure 3.3 shows the train
of axon membrane action potentials and its return to the initial level (~ —89 mV) after
1 s. The profiles of the first action potential and the last action potential in the train are
presented in the second panel. The third and fourth panels are used to illustrate the increase
in glial cell membrane potential and extracellular potassium concentration during and after
the train of stimuli. The fourth panel of Figure 3.3 shows that during stimulus, the ECS K+
concentration keeps increasing due to the opening of the voltage-gated potassium channel of
the axon membrane. As a result of the accumulated K* in the ECS, the membrane potential
of glial cells also continues to increase until the stimulus stops.

Then, we vary the ECS Kt between 1.5 mM, 3 mM, 4.5 mM and record the magnitude of
the maximum glial membrane depolarized potential in each case, as in Figure 3.4. The dark
squares are used for experimental data; the red triangles are simulation results of our model,
respectively. Figure 3.4 shows that our model can very well match the experimental resting
potentials (solid symbols) and depolarization potentials (open symbols) with different ECS
K™ concentrations.
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Figure 3.3: Recording axon membrane potential, glial membrane potential and extracel-

lular Kt at center axis point (where r = 0 and z = L/2) when the extracellular solution
with 3 mM K.
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Figure 3.4: Comparison between the experimental results in [4] and numerical simulations
of the effect of nerve impulses on the membrane potential of glial cells. The solid symbols

are resting potentials, and the open symbols are depolarization potentials with different
ECS KT concentrations.
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Chapter 4

Effects of water in the optic nerve

In this chapter, we estimate the ion fluxes and water flows in regions when the nerve is
stimulated and explore how the nervous (neuron-glia) system interacts with the extracellular
space to create microcirculation in the optic nerve.

In Section 4.1, we identify the osmotic pressure as driving force for water circulation
when part of axon stimulated. We examine water circulation pattern and their effects on ion
concentrations and fluxes within and between each compartment. In addition, we find that
the electric-coupled glial compartment serves as an important and quick potassium transport
device to remove excessive potassium in the extracellular space during the axon firing.

In Section 4.2, we verify our estimations on the ion fluxes and water circulation pattern
in the optic nerve through numerical simulations. In addition, we compare the convection-
electrodiffusion (full) model with the corresponding electrodiffusion model and find that
osmosis-driven water flow plays an important role in glial buffering. Furthermore, we show
the multiple train of stimulus can enhance this convective effect on potassium transport in
the glial compartment.

4.1 Water circulation driven by osmotic pressure

In this section, we estimate the transmembrane fluxes and the resulting accumulation of
ions in the extracellular space when part of the nerve is stimulated. Our estimations show
that the variation of osmotic pressure in extracellular space is the dominant mechanism that
drives the water flow. The circulation pattern and strength of water flow in the optic nerve
are also discussed.

To simplify our discussions, we focus our analysis on an idealized setting where the
stimulus is applied at a part of the axon membranes. As shown in Figure 4.1, the stimulus
has applied at r < ry; at a given location z = zy with 6 € [0, 2x]. This stimulus is located
within the optic nerve, so ry; < R, = r*. We distinguish between the stimulated region
and the non-stimulated region in the optic nerve QQpp shown in the Figure 4.1 since the
electrical signals propagate in the z direction in the axon compartment. We do not put the
stimulus all over in this stimulated region, rather we apply the stimulus only at the location
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Figure 4.1: Stimulated and non-stimulated regions in the optic nerve (2op). The stimulus
is applied on the axon membrane, where r < rg; at a given location z = 2.

(z0) within the radius rg;. In the next chapter, we present the results when different spatial
distributions of stimuli are applied.

To understand the mechanism inducing the water circulation, we first estimate the
changes in ion concentration in the extracellular space during a single action potential. Then
we analyze the different transmembrane currents in the glial compartment and identify the
dominant Kt current. Finally, we study the osmotic pressure change after a train of action
potentials generated by the axon.

4.1.1 Single action potential estimation

Based on our estimations in this section, we find that the variations of Nat and K* in
the extracellular space of the stimulated region are the same at the leading order, and that
agrees with experimental observations [53, 79, 80]. Although the estimation of ion fluxes is
based on the classic Hodgkin-Huxley model, the methods are general and can be applied to
systems with other channels and transporters.

When an action potential is generated by the nerve, the equilibrium flux formed by the ion
concentration gradient and electric potential difference on the axon membrane is lost. Since
the condition changes, we introduce notations to separate the resting state variables (with
superscript ‘re’) before the action potentials from the variables during the action potentials
(with superscript ‘dy’).

We introduce the current of ith ionic species through axon and glial membrane as

ia‘ i maia‘ i 7:7‘ 3 ia. . - s
I =Ze" = ey + 2'ed iy, i =Na" K¥ Cl7, j=redy, k=gl,az,

where J;""" consists of the active Na/K pump source (J'%) and passive ion channel source

p
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(Jéi) for ith ionic species on the axons (k = az) or glial cells membranes (k = gl) at resting
state (j = re) before the action potentials or during the action potentials (j = dy).
At the resting state, Na/K pump source J'® and ion channels source J.,° on the axon
membrane (k = ax) and glial membrane (k = gl) satisfy
317¢ 217

Na,re __ Kyre Clyre __
Jp,k’ e ’ ‘]p,k - e Jp,k =0,

i,re

Jire = Ik (yre _ Bi€) i = Nat, K, CI7, k = gl, ax,

2te

where the membrane potential V,® at the resting state is

Vi¢=¢5 — oo, k=gl ax.

exr?

The ion channel conductance on the axon membrane is defined as in the classical Hodgkin-
Huxley model

Na,yre __ =Na re\3 1 re Na Kyre __ =K (, re\4 K Clyre __ Cl
Yax =g (m ) h +gleak7 Yoz — 9 (n ) + Gieaks Yax = Yieak>

and the ion channel conductance on the glial membrane is a fixed constant,

9y = g;l'
The kinetic variables m”™, h™ and n"¢ are measures of the resting state open probability for
the voltage-gated Na* and K* channel on the axon membrane. In addition, in the resting
state, the ion fluxes through the active Na/K pump J;;° and ion channel J7;° in the glial
membrane (k = gl) or axon membrane (k = ax) are balanced in magnitude

O (|15) =0 (121) , i =Na™, K*,Cl™, k = gl,ax.
During action potentials, the ion fluxes through active Na/K pump are

3(1;¢+ 01y) 2(1;¢ 4 0ly)
Na,d k K.,d k
Jp,k y:k—’ Jp,ky:_k—v k=gl ax,
e e
where 01}, is the variation of current through Na/K pump in the membrane due to the ion

concentration changes . The ion fluxes through ion channels can be written as

) i,dy ) i,dy ‘
Jit = Ik (yre _ pivey 4 Ik (5, — BT, i = Nat, K, CI, k= gl, ax,
’ Zte

2te

where 6X;, = Xiy—Xze is the deviation of X away from the resting state value with X =V, E., I
on the membrane. For the conductance on membranes, we have

Na,dy __ =Na dy 3 dy Na Kdy _ =K dy 4 K Cldy __  Clre
Yaz =9 (m ) h +gleak7 Yoz = =9 (n ) +gleak7 Yaz = Y4z >

Zydyi i,re y + + -
ggl _gglv Z_Na 7KuCla
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where m%, h% and n® are governed by system (3.11). During a single action potential, we
claim that the variation of ion’s Nernst potential is much smaller than changes in the axon
membrane potential (see Appendix C.1),

SE! =o0(5V>), i=Na" K" Cl,

At the same time, we estimate that

, idy ,
= o (B2 (- B ) i =Nt
This is because the voltage-gated Na™ and K™ channels are open during the action potential

and satisfy . '
gax’ =o0(gu"), i=Na K.

In addition, the increments of Na/K pump strength is limited since the ion fluxes through
the Na/K pump is controlled by its maximum currents I,,; and I, » in Equation (3.12).

In sum, during action potentials, we can approximate the axon transmembrane current
for each ionic species as

0%~ o (Vi€ — E€) + o6V, i=Na® K" ClI". (4.1)

In the next paragraphs, by using Equation (4.1), we estimate the accumulative Nat and K*
fluxes through the axon membrane during a single action potential. This estimation helps
us estimate the concentration changes in the stimulated extracellular region.

The governing equation of the open probability for Na™ channel m-gates in the Hodgkin-
Huxley model is

dm®
Z; = am (1= m™) — Bm®, (4.2)
where 1 25—V, 5V,
= — - ax ’ = 4 . ax : 43
“ 10 exp (25_1—%‘/‘”) -1 g P ( 18 ) (43)

and 0V, = V& —Vre,
The solution for Equation (4.2) is

m(t) = mo exp ( /0 () + 5mds) + /O " (5) exp (— / (1) + 5m(u)du> ds, (4.4)

with initial value my.
For a single action potential period [0, T,], we define two distinguished time intervals based
on the rapidly-responding m-gates open probability m® as shown in Figure 4.2.

The first period [0,%,,1] is when the Nat channel becomes fully open, and the action
membrane potential moves positive from its resting value to its most positive value (at the
peak of its overshoot, as it was classically named). The second period [t,1, 15, = tm1 + tims)]
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Figure 4.2: Two distinguished time intervals used in the estimation during a single action
potential. The blue line is the axon membrane potential variation 6 Vo, (= V;%’—VJ;) during
a single action potential. The dark dash line is the linear approximation of the 6V ;. tmn1
and t,,o are the time parameters in Equations (C.7) and (C.8).

occurs when the Na*t channel closes and the action potential recovers from the peak value
to the hyperpolarization value.

At the first time interval [0,¢,,1], we estimate that 0V, increases monotonically from 0
to ENare — yre where we approximate the peak value of action potential by the Nernst
potential of Na™ in the resting state such that

ENa,re — Ve
Woe(t) = —25—2t t €[0,tm] (4.5)

tml

In Equation (4.5), t,,1 is an unknown variable. The initial value of Equation (4.4) is chosen
as

mo =m" =m*(0),
where m® is the equilibrium state of Equation (4.2) depending on 0V, such that

O (0Via)

m(0Vee) = U (0Viaz) + B (6Viaz)”

(4.6)

By using Equations (4.3), (4.4) and (4.5), we can obtain one equation for ¢,,; as shown in
Equation (C.7) (see Appendix C.2). Without loss of generality, we assume the voltage-gated
Na*t channel is almost fully open when t = t,,; and m%(t,,;) = 0.95'. The estimation from
Equation (C.7) gives t,,; ~ 0.67 ms.

At the second time interval, we use the homogeneous property of Equation (4.2) and
move the time interval [t,,1, T, = tm1 + tme] to [0, t,0] to simplify the notation. We assume

!The trajectory of m% in Equation (4.2) follows its equilibrium m®?(§V,).
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that dV,, decreases monotonically from ENare — Ve o FEre _y/re gt gecond time period

such that BN K
5‘/;133(15) _ E(Jl\:fva,re o ‘/arze _ Tax — Yax

t, te [O, tmg]. (47)

m?2

We assume that the initial value mg of Equation (4.4) at the second time period is
— %
mo=1m (tml)

The Na't channel is in a nearly closed state when the 6V, approaching EXm¢ — V¢ and we
assume m®(t,,2) = 0.1. In a similar way, by using Equations (4.3), (4.4) and (4.7), we could
have another equation for t,,2 as shown in Equation (C.8) (see Appendix C.2). Based on
Equation (C.8), we get t,,2 ~ 3 ms.

In sum, by using the estimated ¢,,; and ¢,,2 in above, we obtain the approximations for
the 6V,, and the h during a single action potential period (¢t € [0, T, = t;1 + tm2]) as

Eé\:fvame — Ve

=1, t € [0,tm],
Vi = b
axr — ENQ’TG o EK,re

Eé\afcame - Vaic6 - — t “ (t - tml)» le [tml’ T;x]'
m2

and

B9 (1) = hoexp (— /0 (s + 5h<s)ds) + /O " n(s) exp <— / () + 5h(u)du) ds,

7 Vur) g 1
ap = —exp | — =
"T100 7P\ T20 )0 T e (B ) 11

where

with the initial value hg
Oéh<0)

an(0) + Br(0)
By using Equation (4.1), we estimate the cumulative Na™ flux through the axon membrane
during a single action potential [0, 7] by

T, T;: 7Nahdy dy\3 7szhdy dy\3
/ JmNody gy o / gNmB) v _ pNarey  IHOT) s oy
0 0

ho - hre([)) —

zNae zNae

~ —2 x 1077 mol/m?.

(4.8)

In the next step, we estimate the cumulative C1~ flux through the axon membrane during a
single action potential [0, 7] by

15 Taz ¢ClSV
/ Jm by gt / gaxol Lt ~ —3.7 x 1071 mol /m*. (4.9)
0 0 z7re
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In Equation (4.9), we use

L™ = 9o (Vi = Bae™) + o (Vaw = 0EG;) & 6420Viaa

axr

since both V"¢ — ECLre and §EC! are small in compare with 6V,
In the next, we provide the estimation of the cumulative Kt flux through axon membrane
during a single action potential. The governing equation of ¢,, yields

520 (i) = Mo (0 4 T 4 1E1). (4.10)

At every location of the stimulated region, the time for a single action potential is 7, .. We
introduce 77, for the electrical signal propagation time, during which the signal propagates
from one end of the axon (near the the optic nerve head) to the other end (far-eye-side of
the optic nerve) as shown in Figure B.1. By integrating right-hand side of Equation (4.10)
over space [0, L] and time [0, 7},], we have

T*

ax

T;ll L
~ Mz / / [Nedy g pEdy 1Oy gt r — Mgy L / [Nedy 4 [Kody 4 [OLdy gy (4.11)
0 0 0

where we use the propagation property of the action potential along z direction, and only the

axon firing period is taken into consideration. By integrating the left-hand side of Equation
(4.10), we get

Tau L ) 2 ) _ * -bd*
Z dey (Nazdiy) dzdt = O (T en.jie) . (4.12)
0 0o <

We assume that the characteristic time scale of 77, equals O(107%). The scale of ion flux ;¢
at left and right boundaries (z = 0, L) is dominated by the diffusion term

ock
=0 ().
z

% .m0 = 0and Uaz(0) = g (L) = 0. dci, is the char-

acteristic difference between ion concentration at boundary value and the ion concentration
inside the axon after a single action potential. Based on the Na™' flux estimation in Equation
(4.8), we estimate dct, = O(107'). From Equations (4.8) and (4.9), we get the following
order of the cumulative fluxes through axon membrane during a single action potential time

interval
T, T
/ J;T;,ChdydtD < O (/\/IWL‘/ JZ’Na’dydtD . (4.13)
0 0

In other words, based on Equations (4.11), (4.12) and (4.13), it yields

T, T,
0, (‘ / Jg’;’K’dydtD =0 < / Ja";’N“’dydtD : (4.14)
0 0
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Therefore, based on Equation (4.8), we estimate the cumulative axon transmembrane K*
flux during a single action potential should be

T,
/ JEW gt 22 92 % 107 mol/m?. (4.15)
0

where [0, T7,] is the time interval enclosing a single action potential.

Remark 4.1. Equation (4.14) shows that for a single action potential, the leading order of
the cumulative K™ flux out of the axon to the extracellular space equals the leading order
of the cumulative Na™ flux into the axon from the extracellular space. This estimation is
consistent with observations in the literature [53, 79, 80].

Next, we estimate the concentration variation in the stimulated extracellular region due
to a single action potential. Since the time scale of T, is in milliseconds, the cumulative
ion fluxes through axon transmembrane are the main source changes the ion concentration
in the stimulated extracellular region,

*
Ta x

NexdC., = My Jmbd gy = Na™ KT, (4.16)
0

where dct, is the ith ion’s concentration variation from its resting state.
Based on Equations (4.14) and (4.16), the absolute variation of Nat and K* concentrations
in the stimulated extracellular region due to action potentials, can be written as

*

Taac .
Mas / Jg’z’dydtD, i =Na® K. (4.17)
0

n€$

6Csti =0 (

In the later discussion, we use dcg; to describe the amount of ion concentration changes in
the stimulated extracellular region after a single action potential.

4.1.2 Estimation of glial transmembrane K™ flux

In this section, we estimate the glial transmembrane current when the K+ and the Na™
concentration vary by dcg; in the stimulated extracellular region. We also find that the
electric field ¢, responds immediately to the glial K* Nernst potential changes. In the
stimulated region, the variation of extracellular electric potential d¢., is small in compare
to the variation of glial electric potential d¢y;.

The dominant current through the glial membrane in the stimulated region is through
the passive KT channel, rather than the Na™ channel or the Na/K pump. Simultaneously,
in the non-stimulated extracellular region, almost the same amount of K™ moves from the
glial compartment to extracellular space. In other words, both the glial cells and extracel-
lular space in the non-stimulated region participate in the spatial buffering process to help
potassium clearance [81, 82].
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In the stimulated region, the Nernst potential for K* across the glial membrane changes
because of the additional potassium dcX in the extracellular space,

kT dck el
5Egll( = % <log (1 + %fe) — log (1 + KTG)) ) (4.18)
e Ced cgl

where 6¢, 1 = gl, ex are the variations of concentrations in the [ compartment. The variation
of K* concentration in the glial compartment dc& g 1s a result of the 6cX produced by the
glial transmembrane K™ flux. Recall that the volume fraction (ny) of the ghal compartment
is much larger than the extracellular space (7.;). At same time, based on Equation (4.17)
and Kt concentration at resting state, we get

K K
ock =0 (cK”"e) O _ ) 0Ces
er — exr ) CK,re o Kre | *

gl Cex

Therefore, 5Egll( in Equation (4.18) can be approximated by its Taylor expansion,

kBT (SCK

Kre

K
0k, ~ Ke o (4.19)

The variation of KT Nernst potential in the stimulated region produces the changes of
glial membrane potential Vj; and glial compartment electric potential ¢4,. We move on
now to estimate the variations of electric potentials in the stimulated extracellular and glial
regions.

From the governing equation for ¢,

Z 2'eV - (Newity) = Zz eMg (J} g+ Jig) + Z Z'eMag (S} an + Jaz) - (4.20)

7 %

where ,
27,

k T 61V¢€x> °

We claim that after the axon stops firing, the major current is through glial membrane
K* channels (see Appendix C.3). Therefore, the right-hand side of Equation (4.20) can be
approximated as

> FeMy (T + ) +Zze/\/lax( T e+ Jhs) = Magli 0V —0EN) . (4.21)

7

Jex = CegWez — DexTex (Vce:r

Next, we integrate Equation (4.20) over the stimulated region Vg = {(r, z,6)|r € [0, 7s], z €
[0,L], 6 € [0,2r]}, through which the action potential propagates as shown in Figure 4.1.
By Equation (4.21), we have the approximation of the total current (over the glial membrane
area) is

Mgy (0Va —0Eg) dv ~ w1, LM gy (Ve — 6By ) . (4.22)

Vs
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In the left-hand side of Equation (4.20), by the charge neutrality assumption in Equation
(3.1), we naturally have
Z Zec e, = 0. (4.23)
Based on Equations (4.9), (4.14) and (4.17), we know that after a single action potential
the leading order of ion concentration variations in the stimulated extracellular region are
as follows
5N = —bcyy, 0t = deg, (5cCl =0(dcsy;) - (4.24)

exr (&

Using Equations (3.15) and (4.24), the diffusion term in left-hand side of Equation (4.20)
can be approximated as

5csti

rx

— / Z eV - (nexDimTechix) dv ~ 27rrstiLenemDSffTem (4.25)

where D3t = DK . DNa,

In Equation (4.25), we claim that the currents through the left (z = 0) and right (z = L)
boundaries of the stimulated region Vg is much smaller than those through the radial tran-
sition region Sp. This is because (1) the ion concentration variations are in radial direction
(between stimulated region and non-stimulated region) and (2) the length scales in the z and
r direction are different. Therefore, the radial transition region Sy = V& = {(r, z,0)|r =
rstis 2 € [0, L],0 € [0,27]} has much larger area than the left and right boundaries of Vi,

ovg Tt
ovy 2L

=0 (107%).

Similarly, the integration of the electric drift term in left-hand side of Equation (4.20) yields
the approximation,

ZeV - anZ Tog——
- [ ey (Dl

i

2 O
T exv¢ex) dU ~ 27TTstanerem f* 3 (426)

2 .
— Tez€ 21 ct
where o, = 725 (22D c

From Equations (4.22), (4.25) and (4.26), we get

2 nexTexeDd 5cstz + nexaez 5¢e:p
Mgl r* ./\/lgl T

) ~ gy (Vg —0EN) . (4.27)

Tsti

At the same time, from the governing equation of ¢y
Z Ziev . (ngl]gl = Z z eMg[ pgl + J(igl) s <428)

where )
ng - Cglugl nggl Cgl k?BTCgl gl | »
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we obtain the following estimation in a similar way

§Vu —SEN) (4.29)

2 . . .
where o = 7275 37.(2")* Dycly.
Here, we neglect the diffusion and convection terms in Equation (4.28) because these terms
require much longer time to respond to the extracellular concentration change. Based on

Equation (4.27) and Equation (4.29), we get

Ddiff
ey = — 1890 5, — T Zew e (4.30)

eETY €T exr

In Appendix C.4, by matching the orders in both side of Equation (4.29), we claim that
dper = 0 (04 ) in the stimulated region and therefore,

(ﬂ/;ﬂ = 5§bgl - 5¢ea: = O((qugl). (4.31)

In the next step, we approximate the K™ current through the leaking K+ channel on the
glial membrane. Based on Equations (4.29) and (4.31), we get

2010 g 0@
95 (8¢ — OEL) ~ g% (0V, — 6EX) ~ —%r_ﬂ (4.32)
st g

Hence, by Equation (4.32), we obtain the relation between 5E§l( and ¢y as

SEL ~ (14 h.) d¢,, (4.33)

g

where
277glagl

h, = — 197l
7
rstnglr*ggl

Based on Equation (4.32), it gives us the following approximation

K K Goile ke
ga 0V —6E) ~ _ﬂ—h‘sEgl' (4.34)

Furthermore, from Equations (4.30), (4.33) and (4.19), we get the approximation

K
nglaglk:BT 50695 (435)

_nexo-ex (1 + h€> ZKe cgﬂ”e-

0Peq R

The variations of electric field d¢y in both stimulated and non-stimulated regions are
produced without delay by 5E§ in the stimulated region, as described in the governing
equation of ¢, in Equation (3.13).
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The K% leaking current is the major current through the glial membrane in the non-
stimulated region as it is in the stimulated region because the current through the ion
channel is voltage ¢, dependent and KT conductance is one dominant ion conductance in
the glial membrane

g;l =0 (gg) , i=Na", Cl".
In the next steps, we introduce the superscript notation ‘S’ for the stimulated region variables
and superscript ‘NS’ for non-stimulated region ones. For the glial transmembrane currents,
we have the following approximation

5™ sty (755 + 755 ~ My (V3 — 55,

S seMy (N5 + TN ~ Mgl (VS — BN

7

By integration of the ¢, Equation (3.13) over the stimulated region Vs and the non-
stimulated region Vg respectively, it yields

/ Z eV - (ngljjl’i> dv ~ / Mgzgﬁ (5‘/5{? - 6E5[K) )
Vs Vs

/ Y ciev (ngsjgs’i) dv ~ / Mg’ (5V;ZVS - 5E;\{5’K> .
Vs VNns

i

(4.36)

Most of the current between region Vs and region Vyg goes through the radial transition
region Sy. By Equation (4.36) and boundary conditions for ¢, we obtain
/ Maghi (0Vi =SB ) dvm — | Mygli (6V3® = 6E)™) av. (4.37)
Vs Vs
Based on Equation (4.37), the average K flux through the glial membrane in the non-
stimulated region leaks out to extracellular space with an approximate strength

95 NS NS K\ 2 gﬁ s S,K
5 oy omy) = B (g am). s

K 2 _ 2 K
e r TS %

In summary, Equation (4.37) and Equation (4.38), show how the glial compartment in the
non-stimulated region serve as spatial buffers and help clear potassium from the extracellular
space outside the stimulated axons [52].

Remark 4.2. The glial compartment serves as an important and quick potassium transport
device to remove accumulated potassium in the extracellular space during the axon firing.
In the stimulated region, the potassium Nernst potential change makes the glial mem-
brane potential more positive and moves potassium through ion channels into the glial com-
partment. In the non-stimulated region, since glia is an electrical syncytium, the glial mem-
brane potential also simultaneously increases. However, the glia potassium Nernst potential
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in the non-stimulated region is not very different from its resting state. These potentials
produce the outward potassium flux from the glial compartment in the non-stimulated re-
gion.

Interacting regions of this sort depend on spatial variables and the properties of the glia
as a syncytium (see Figure 4.9¢). It is difficult to capture these effects in models that do not
include space as an independent variable.

These effects make our spatial model quite different from the existing ODE models [53, 83]
since those ODE models either take the extracellular ion concentration as constant or they do
not consider the ion exchange between the extracellular space at all. In recent work, Marte J.
et al. [84] introduce a compartment model similar to Equation (4.39) by considering ion flux
between neuron, glia, and extracellular regions in both the dendrite and soma region. It is
always possible to take a field theory and approximate its z dependence into compartments.
Nevertheless, it is quite challenging to know how to describe the parameter dependence
and compartment inter-dependence consistently in compartment models. It is even harder
to describe results over a range of conditions or sizes of structures. The usual result is
that parameters in compartment models have to be changed as interactions, conditions,
sizes change. Different investigators choose different representations for their compartment
models, and it becomes difficult to make progress in understanding mechanisms. Using a
theory with the spatial and time dependence of field equations lessens these difficulties since
there is no freedom in the choice of conservation laws and little in their numerical analysis
or approximation, if systematic methods of perturbation theory are used as we do here.

4.1.3 The circulation of water flow

In this section, we discuss water circulation between the stimulated and the non-stimulated
regions. As extra KT is gradually cleared, it produces an osmotic pressure difference be-
tween the intra- and inter- domain, i.e., between the inside the glial compartment and the
extracellular space. This osmotic pressure variation drives transmembrane water flow and
water circulation in the optic nerve.

Now we consider a train of stimulus stimulated with the frequency f,, (= %) in the
axon region (r < rg;, 2z = zg) during time [0, Ty;]. Our estimation depends on the KT and
Na™ concentration variations in the extracellular space and charge neutrality condition. The
clearance of extra amount of KT (6c%) in the stimulated extracellular space mostly goes

through glial membrane and extracellular pathway (see Appendix C.5),

d (%&Cﬁ) m.K
T = — ()\gl’ + /\éi) (502, (4.39)
where «
m,K _ Mglggl hEkBT K _ Qnea:DggTex
o 2K (14 h)eelye Tl

The /\le,K presents the effect of glial transmembrane K+ flux and the A% describes the spatial
effect of the extracellular KT transport between the stimulated region and non-stimulated
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region. This spatial communication is not negligible since A¥ is comparable magnitude to
the )\Z;’K (see Figure 5.1). We start with the first stimulus on axon, so the initial condition
in Equation (4.39) is

5¢cE(0) = dcay,

and at the beginning of each period T, there is an additional dcy; amount of KT accumulated
in the extracellular space due to the axon firing

5K (iT) = 6¢K(iT) + dcs, i=1...n—1,

where n (: 7}—’5) is the total number of periods. In the above setting, we see that the

m

extracellular K™ concentration immediately changes due to axon firing.
The time course of Na¥ variation (6¢¥¢) in the stimulated extracellular space is (see Appendix
C.5)

d (Mez6cl)

p7 = —\Nalgela  \Na2g5cl (4.40)

ex’

with the initial condition
6cN(0) = —dca.

EXT

There is dcg; amount of Na™ flux into axon compartment from the extracellular space at the
beginning of each period T

dcoy'(iT) = 0cgy(iT) = Gegs, i=1...n—1.

The AYa! describes the effect of extracellular diffusion and AY%? presents the extracellular
electric drift between stimulated and non-stimulated regions. In Equation (4.40), we have

Na Na Na,re
/\Na,l _ 277€$Dex Tex /\Na72 _ 2779105711)696 TeaxCeg
exr P ’ er h « Kre®
sti T'stiOex (1 + €> T Cex

In Appendix C.5, we present the solution of the coupled linear system of (4.39) and (4.40).
By the charge neutrality condition Equation (3.1), the variation of extracellular osmotic
concentration is

60e; = 2 (8¢t +6cl?) (4.41)

where dcE and §cl¥@ are written in Equations (C.29) and (C.30).

Notice that sodium and potassium behave differently in the extracellular space. In the
extracellular space, the electric drift K™ flux has a much smaller magnitude in comparison
to diffusive K+ flux, since the scale ratio RE between the electric drift term and diffusion
term for K™ is (see Appendix C.5)

K Tg10gl
e a—— Y 4.42
R = I — o) (442
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However, for Na™ in the extracellular space, the magnitude of electric drift flux are compa-
rable to diffusive flux since (see Appendix C.5)
Na

NglO gl C
RNe — 99 e — O(1). 4.43
exr 776550'655 (1 + he) C(ﬁ ( ) ( )

In the next discussion, we estimate the scales of the glial transmembrane velocity, glial
radial velocity, and extracellular radial velocity. The variation in osmotic pressure in the
stimulated region is the driving force for the water flow and circulation. Our estimation is
based on the equations governing fluid flow and the spatial variation of osmotic pressure.

From the conservation of mass in glial compartment, we have

0
g:l + MQZLZZL (pgl — Pex — ’)/glkBT (Ogl — Oem)) +V- (nglugl) = 0. (444)
Based on Equation (4.41), at t = Ty;, we know there is cumulative osmosis variation

00e¢s(Ts;) in the stimulated extracellular region. Since the glial compartment volume fraction
(ng) is larger than the extracellular volume fraction (7..), so we naturally get

1004] < [60¢z].

Therefore, we view the kgT00,, as the dominated osmotic pressure variation. At the resting
state, Equation (4.44) yields

ML (g = pes = vaksT (O = O3)) + V- (miwg;) =0,

gl
and by Equation (4.44), we get

@57]91
ot

In Equation (4.45), the scale of the second term is much larger than the third term, since

+ MglLZlL ((5pgl — (5]?630 — ’VglkBT (5091 — (SOex)) + V- ((5 ('r]glugl)) =0. (445)

NgthglTgl m
M(r*)Q =0 (Mgngl) :

Therefore, Equation (4.45) in the stimulated glial region can be approximated as

a (5pgl - 5peac)
K 0t

+ MglLZ; (5pgl — (5])630) —+ MglLZ;Vglk'BT(SOex = 0, (446)

with the initial condition

(o) = 0= 0l0)

gl

In Equation (4.46), we have used the relationship between hydraulic pressures p;, | = gl, ex
and glial compartment volume fraction 7, in Equation (3.4)

Kgldﬂgl = 5]991 — 5]9635. (447)
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By using a linear approximation of extracellular osmotic concentration variation 6O,

o 5063: (Tsti)

80ea(t) = =7

tu t € [OaTsti]a
the solution of § (pgy — pes) in Equation (4.46) has the analytic expression.

Hence, we estimate the average glial transmembrane water velocity in the stimulated region
as

ol (£) = Ly (6pgi(t) — 0pea(t) + Y91k T00es (1)), (4.48)

and we estimate the scale of glial transmembrane velocity in the stimulated region as
o= U (Ta)| (4.49)

In Equation (4.48), the hydrostatic pressure variations op;, [ = gl, ex passively react to the
osmotic pressure variation kg7 - 00., in the stimulated region. Therefore, the direction of
this glial transmembrane water flow is determined by osmotic pressure variation kg7 - 6O,,.

In the next step, we estimate the glial radial velocity scale ug and extracellular radial
velocity scale u;. By the incompressibility condition, we have

0 (namu;ﬂ)

V- (nglugl) +V- (nexuez) + 02

= 0. (4.50)

In Equation (4.50), the dominant terms are the gradients in radial direction, because the
length scale difference between r* and z* and the osmotic pressure variation are both in the
radial direction. Therefore, Equation (4.50) can be approximated by

9 (nglu;l) T O (Meatyy)

=0 4.51
or or ’ (451)
The velocity boundary conditions at r = 0,
UZI =u,, =0,
and Equation (4.51) yield
nglu;l + nea;uzx = 0. (452)

Furthermore, by Equation (4.52), the radial velocity scale (ul%) in the extracellular space is
naturally given by

s = oy (4.53)

ex gl -

nefl'
With the help of Equation (4.52), we can rewrite uf; in form of

. r Nex
ugy = (1= x)ug; — X77_u (4.54)

ex?
gl
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where the x is defined as
RgiTgl

X = Nex
Mgl

By substituting Equations (3.5), (3.7) into Equation (4.54), we estimate the radial velocity
scale in the glial compartment as

KexTexr + RglTgl

rE KgiTgl ODgi — ODeg RgiTgl
g = (1= x) === = (1 =)=~

6Ogl Y Nex keTez 5¢ex

*
r ngl r t=Tst;

gl = ’}/glkZBT (455)
In Equation (4.55), the O, is due to the changes of the volume fraction (dny) of the glial
compartment can be estimated as

n;le re re 57791 re

50, ~ —19__ore _ore — _ ,
e L )

where 07, can be written by using the dp; as in Equation (4.47)

_ 5pgl - 5pegc

gl

0 Mgl

4.1.4 The relative importance of ion flux components

In this section, we discuss the relative importance of ion flux components, due to diffu-
sion, convection, and electric drift in the glial and extracellular regions, respectively. Our
discussion focuses on the radial direction since these are the dominant fluxes.

In the extracellular space, we characterize the relative importance between electric drift
and diffusion in radial direction by the ratios RE and RY® analyzed in Equation (4.42) and
Equation (4.43)

Na
ngl Ogl Cex

77610_6.’,3 (1 + h’ﬁ) Cg;

nglagl
NexzOex (1 + hc)

Na __
) ex

K _
Rez_

For Nat and K*, the ratio between convection and diffusion in the extracellular space is
estimated by the Peclet number

} Ci U
Pet ex “ex

ex

. i=Na" KT, (4.56)

i i
Di t..0c,
where we approximate radial diffusion flux scale in the extracellular space as

. 0C : + ot
Df Tl = Na*, K*.
r

ex ' €exr

In a similar way, we estimate the Peclet numbers in the glial compartment as

T Tk
Cglung

L % __ | {=Na" K. (4.57)
D;ngléc’gl

v
Pe, =
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Note that the Peclet numbers for Na™ and K are significantly different due to their different
concentrations as shown in Equations (4.56) and (4.57). Our Peclet numbers depend on the
ion type, the ion concentration and the domain in which they are evaluated.

In the glial compartment, the ratio between electric drift and diffusion is

1 chock,
1+ he cBoch

K
gl

Na __
9 gl

(4.58)

L+ hecBoche|

Na § K
1 ¢y 56696'

where we have used Equations (4.19) and (4.33).
In Equation (4.58), we can estimate the K™ concentration change (dcfj) in the stimulated

glial compartment as
)\’I’TL,K

5B~ (neg; — oc L@, 4.59
gl ( t e:v) )\Z,K+)\£ Ngl ( )

where /\TgrlL’K and A\ are defined in Equation (4.39), and n is the number of stimuli.
We estimate the 5091[“ in the stimulated glial compartment as

361,
g 0V — 0EY)

Na
deg =~ —

schy. (4.60)
where 01, are approximated by Taylor expansion as

re,l re,2
Kre Kre K,re Kre
Cex <Ceac + KKl) Cex <Ceac + KKQ)

0y =~ 2 5ck .

In the next section, we carry out numerical simulations to validate the estimations above.
We follow our plan of using perturbation expansions to evaluate the dominant term, and
numerical analysis to study the error in the dominant terms. We are careful to evaluate the
error in important conditions, not just one condition. Furthermore, we compare the results
of the electrodiffusion model with the convection-electrodiffusion (full) model to show the
effect of water flow on the ion transport.

4.2 Numerical simulation

We use numerical analysis to compute exact results of our full set of field equations, us-
ing a range of numerical methods appropriate for each situation. We are careful to check
the validity of the numerical method with the usual checks of robustness, accuracy in re-
duced situations, etc. The numerical methods can never show how results (e.g., water flows,
potassium clearance, etc.) depend qualitatively on parameters. We determine these crucial
biological properties by an analytical perturbation analysis and use the numerical solutions
to evaluate the approximation in the analytical result.
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In this section, we apply a train of stimuli to stimulate the axon membrane near the left
boundary ({(zo,7)|20 = 1.875 mm and r < rg; = ir* = 24 um}). Each single stimulus has
current strength I; = 3 x 1073 A/m? with duration 3 ms. The frequency of the stimuli is
50 Hz (T = 0.02 s) and the duration is Tg; = 0.2 s.

4.2.1 Estimation of velocity scales

We first estimate how large are the fluid velocities in extracellular space and glial compart-
ment generated by a train of stimuli. From Equations (C.30) and (C.29), the estimated
concentration variations in the stimulated extracellular region at ¢t = Ty;; are

6N~ —1.06 mM, 0c® ~0.89 mM, 6O, ~ —0.34 mM.
The estimated glial transmembrane velocity by Equation (4.55) is
A 9.78 X 1072 nm/s.

From Equation (4.55) and Equation (4.53), the estimated scale of radial water velocities
inside glial compartment and extracellular space are

upy ~1.56 x 10" nm/s, uy’ ~ 3.90 nm/s.

(a) 6c2‘: in ECS stimulated region (b) (5c:x in ECS stimulated region () 60, in ECS stimulated region
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Figure 4.3: Numerical Results. a-c: Average concentration variations in the stimulated
extracellular region. d-e: Average radial velocity in the intradomain. f: Average glial
transmembrane velocity in the stimulated region (with normal direction points to ECS).

We now turn to the numerical results. In Figure 4.3a-c, we plot the computed average
concentration variations in the stimulated extracellular region. These computed concentra-
tion changes are consistent with the estimates presented above. The change of concentration
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reaches its peak at the end of the train of stimuli (¢ = Ty;) and quickly returns to its previous
equilibrium value.

In Figure 4.3f, we plot the computed average transmembrane water flow through the
glial membrane in the stimulated region. We see Figure 4.5b that the water flows into the
glial compartment from the extracellular space in the stimulated region. This transmembrane
water flow generates the water circulation between the stimulated and non-stimulated regions
in the radial direction. As in the Figure 4.5b, in the extracellular compartment, the water
flow goes from the non-stimulated region to the stimulated region. In the glial compartment,
water flows in the opposite radial direction. In Figure 4.3d-e, we plot the computed average
radial water velocity in the glial compartment and extracellular space. The computational
results are consistent with our estimation above.

In Figure 4.4a, we show the numerical simulation of the transmembrane water flow
through the glial membrane in the non-stimulated region as in the schematic Figure 4.5b.
This water flow to the extracellular space produces widening of the extracellular space volume
in the non-stimulated region, as shown in Figure 4.4b. At the same time, the extracellular
space volume shrinks (in the stimulated region) as shown in Figure 4.4c. The shrinkage is
produced by the inward water flow through the glial membrane in stimulated region, as in
Figure 4.3f.

Our simulation is consistent with the experiments in reference [5, 6], where the extra-
cellular space become smaller in the middle cortical layers (where the stimulus applied) but
widens in the most superficial and deep cortical layers (where no stimulus is applied).

@ Um| in non-activated region (b) Non-stimulated region (c) Stimulated region
9
0.03 0.04 0
A um Average n__ variation
_ = 00 = | 8
2 S S -0.05
E 0.02 = ~
£ S 002 8
> 8 8 -01
g 0.01 S 0.01 ‘g
2 £, 3015
0 Average n, variation ‘
0.01 -0.2
0 0.5 1 0 0.5 1 0 0.5 1
Time (s) Time (s) Time (s)

Figure 4.4: a: Average glial transmembrane velocity in the non-stimulated region (with
normal direction points to ECS). b-c: Variations of the average extracellular volume frac-
tion in the non-stimulated and stimulated regions.
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= =Transition region — —Transition region
=Glial membrane (a) ——Glial membrane (b)

=P \Vater flow

=) Potassium flux

Figure 4.5: a: Schematic graph of the potassium flux when inner part axon was stimu-
lated. b: Schematic graph of the water circulation when inner part axon was stimulated.

Remark 4.3. In Figs. 4.6-4.7, it is an illusion that there are jumps in the contours of
volume fractions for extracellular space and glial compartment. By checking a line-plot at
a fixed radius r = 1.5um, Figure C.1 in the Appendix illustrates that there are not jumps
rather than local extreme values at the zy = 1.875 mm where the stimuli are applied. These
stimuli result in the local potassium accumulation which decreases the osmosis variation in
the extracellular space near zy (see Appendix Figure C.3). Therefore, less shrunken of the
extracellular volume fraction near zy as Figs. 4.6-4.7 shown.
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(a) n,, variation (t=0.1s)
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(b) 7, variation (t=0.5s)
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Figure 4.6: (a)-(c): Extracellular volume fraction (7., ) variation at time ¢ = 0.1s, 0.5s, 2s.
The blue is the enlarged region of extracellular space and red is the shrunken region of the
extracellular space which is qualitatively consistent with the results in [5, 6].
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Figure 4.7: (a)-(c):Glial compartment volume fraction (1) variation at ¢ = 0.1s, 0.5s, 2s.
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4.2.2 Importance of convection in the glial compartment

In this section, we explore the importance of fluid convection during potassium clearance
in each region. We first examine the estimated Peclet numbers for Nat and K* in the
extracellular and glial compartments.

By Equation (4.56), the Peclet numbers (for the radial ion flux) in the extracellular space
are

K k% Na, r*,.*

c,.u,.T _ c,..Uu,.rT _

Pell = it 5| & L0 x 1077, Peé‘;":‘ﬁ—em ~3.5x 107"
D ezTeﬂ? cex D exr Tex Cez

By Equations (4.42) and (4.43), the ratios between electric drift and diffusion (of the radial
ion flux) in the extracellular space are

Na
nglagl cex

T’EJ)O-EZ' (1 + h/e) Cé‘('l?

Tg10gl

RE =
“ nemo-eac (]- + he)

~6.2x107%, RN = ~ 2.3.

In the glial compartment, based on Equations (4.57), (4.59) and (4.60), we get the Peclet
numbers (for the radial ion flux) in the glial compartment are

K 1m0 Na, r*,.*
ciuyr chu'rr
1 gl 1 Yyl
Pell = |29 | ~29x10", PeNo=|—2 9 | ~1.7x10"
gl DEF+ 5cK ) gl DNar 5-Na
gl '9l%%gl gl Tgl0Cy

By Equation (4.58), the ratios between electric drift and diffusion (of the radial ion flux) in
the glial space are

K5 K
1 cglécm

1+ he cKoch

Na § K
1 ¢y oce,

~ 1.7 x 10
1+ he cKoche

K _
R, =

~43x10°, R =

In Figure 4.8, we plot the computed average K+ and Na™ flux components in the extracellular
space and glial compartment, respectively.

In the extracellular space, the importance of different fluxes are complicated because they
depend on the ion species concentration as shown in Equation (4.56). For potassium, the
diffusion flux is dominant as shown in Figure 4.8a upper panel. But for the sodium (Figure
4.8a lower panel), the three fluxes, diffusion, convection, and electric drift, are comparable
with the electric drift flux being somewhat larger. These simulation results agree with our
estimations above. In the extracellular space, the potassium’s Pelect number PeX and the
ratio RE are in O(1072), while the sodium’s Pelect number Pell is order of O(107!) and
the ratio RY® is in O(1).

In the glial compartments (Figure 4.8b), the situation is different from the extracellular
space. The electric drift is dominant, and convection flux comes as second in importance for
both sodium and potassium. The water flow has a more important effect on potassium in
the glial compartment than in the extracellular space. The maximum of the convection flux
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(a) Extracellular space radial fluxes
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Figure 4.8: a: Average radial direction fluxes components in the extracellular space. b:

Average radial direction fluxes components in the glial compartment (radial direction as
normal direction).

occurs after the stimuli, since it takes that long for osmotic pressure to accumulate. Also, it
lasts longer time when the effect of electric drift has decreased.

In Figure 4.9a and 4.9b, the potassium and sodium flux through the glial membrane
are presented, and the results are consistent with our estimates. The major current in the
glial membrane is through the potassium channel in both the stimulated and non-stimulated
regions. Figure 4.9¢ shows the total potassium fluxes through potassium channel (integrated
over the glial membrane area). The strength of total potassium fluxes in the stimulated and

non-stimulated regions are the same, but they differ in direction as in our previous estimates
in Equation (4.37).
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(a) Stimulated region glial membrane

(b) Non-stimulated region glial membrane
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Figure 4.9: a: KT and Na® flux variations through Na/K pump and ion channels on
the stimulated glial membrane. b: K™ and Nat flux variations through Na/K pump and
ion channels in the non-stimulated glial membrane. c: The total KT fluxes through K™
channel in the stimulated membrane and non-stimulated glial membrane.
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Figure 4.10: Comparison between electrodiffusion model and full model on average K+

flux, cumulative K™ flux and K+ flux components on glial transition region St (with radial
normal direction).
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We now compare the results of the electrodiffusion model with the convection-electrodiffusion
(full) model to show the effect of water flow on potassium transport. Figure 4.10 com-
pares potassium flux in the electrodiffusion (ED) model and convection-electrodiffusion (full)
model. In the full model, due to water circulation between the stimulated and non-stimulated
regions in glial compartment, the potassium flow through the glial compartment has been
increased. Figure 4.10b shows how this water flow increases potassium flux through the glial
transition region in comparison to the electro-diffusion model. In this way, water circulation
enhances the effect of glial compartment on potassium buffering in the optic nerve.
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Figure 4.11: Comparison between electro-diffusion model and full model when three
trains of the stimulus current are applied to the axon (with radial normal direction).

Multiple trains of action potentials strengthen the effect of water flow on the transport
through the glial compartment. In Figure 4.11, we present the simulation results when three
trains of action potentials occur (with 0.2 s resting period between each train of stimuli).
Figure 4.11b shows that the water flow increases the amount of cumulative potassium flux
through the transition region in the glial compartment, beyond the potassium flow in the
electro-diffusion model. In the Figure 4.11d, the potassium convection flux gradually be-

comes an more important component in the glial compartment as multiple trains of action
potentials occurs.

4.3 Conclusions

In this chapter, we provide a comprehensive set of estimations and computations, showing
water circulation and its effect on potassium transport in the optic nerve. The estimations

61



show the main effects. The computations validate the estimations and verify the qualitative
analysis that is so important for biologists understanding.

Through our analysis, we identify the osmotic pressure variations in the stimulated region
due to the difference in ion conductance on the glial membrane. As a result of these osmotic
pressure variations, glial transmembrane water flows in the stimulated region and forms the
water circulation between the stimulated and the non-stimulated regions in the optic nerve.

Our estimation of the velocity scales in the glial compartment and extracellular space
shows that this water flow has a considerable effect on potassium flux in the glial com-
partment. By comparing the full model (including water) with the electrodiffusion model
(excluding water), we validate the conclusion of our analytical perturbations. Water circu-
lation through the glial pathway helps potassium clearance in the extracellular space and
enhances the glial buffering effect. With additional numerical simulations, we show that the
repetitive activity of the nerve fibers further increases the importance of water flow, and
increases the water flow contribution to glia buffering.

Water flow is likely to dramatically dominate pathological situations of the repetitive
activity. The importance of convection is hardly a surprise to physiologists familiar with the
role of the circulatory system in animals in general. In our computations of the optic nerve,
convection and water flow dominate, but those flows are mostly in the glia. The glia form
the pathway for convection and clearance in this optic nerve. Our results substantiate the
views of workers on the glymphatic system, by direct calculation and mathematical analysis

In addition, we show the role of the electrical syncytial property of the glial cells during
the neuron firings. The inward glial transmembrane potassium flux in the stimulated region
is almost the same as the outward potassium flux out to the extracellular space in the non-
stimulated region. This is due to the fact that the electric potential spreads through the
connected cells in the glial compartment. The glial electric potential in the non-stimulated
region becomes more positive in response to the depolarization of the glial electric potential in
the stimulated region. In this way, the glial cells wrapping the axon form a faster potassium
transporter, which removes the extra potassium in the extracellular space from the stimulated
region to the non-stimulated region.
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Chapter 5

Potassium clearance in optic nerve

In this chapter, we explore potassium clearance in the optic nerve under various conditions
using the tridomain model. In Section 5.1, we apply a train of stimuli at alternative locations
on the axon membrane and show the cooperative interactions between the extracellular
pathway and the glial compartment to help potassium clearance during a train of stimuli.
In addition, we find that the glial transmembrane pathway become the major potassium
clearance mechanism after the neuron stops firing. In Section 5.2, we further study the
effect of glial membrane conductance and boundary condition on the pia (macroscopic)
membrane on potassium clearance. We introduce the Na-K-Cl cotransporter (NKCC) into
the glial membrane and consider a paracellular (non-selective) pathway on the pia boundary.
Through numerical simulations, we find that NKCC in the glial membrane dramatically
increase the potassium clearance speed in comparison to the baseline model (without NKCC
channels in the glial membrane). At the same time, the non-selective pathway in the pia
mater does not have significant effect on potassium clearance.

5.1 Alternative distribution of stimulus location

In this section, we apply the stimulus current at several different radial locations. We seek to
determine whether the choice of radial location affects potassium clearance and fluid velocity.
To facilitate the discussion, we define the following regions which K flux could pass through

e Mg: glial membrane in stimulated region,

e Fr: extracellular pathway in transition region,
e Myg: glial membrane in non-stimulated region,
e G glial pathway in transition region.

The normal directions on Mg and Myg point to ECS and the normal direction of Er and
G is the radial direction. We mainly focus on the two distinguished periods of time,
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e during a train of stimuli ([0, 7)),
e after neuron stops firing ([T, Tus])-

In the simulations below, we take T; = 0.2 s and 1,5 = 10 s.

5.1.1 Inner and outer radial regions stimulated

We first make a comparison between the inner radial stimulated case ({(r,z,0)| 0 < r <
.,z = 2,0 € [0,27]}) with the outer radial stimulated case ({(r,z,0)| & < r < r*,z =
20,0 € [0,27]}). For the inner radial stimulated case, the stimulated region is Vi" =
{(r,z,0)|r < 2,2 €[0,L],6 € [0,27]} and the non-stimulated region is Vs = {(r, z,0)|5 <
r < r*z € [0,L],0 € [0,27]}; for the outer radial stimulated case, V¥ = V& and
Ve = Vi The transition region Sr = {(r,z,0)|r = 2,z € [0,L],0 € [0,27]} is the
same for both cases.

(a) During a train of stimuli

In Figure 5.1, we plot the total K flux (Kt flux integrated over area) and the cumulative
K™ flux (total KT flux integrated over time) during a train of stimuli [0, Ty;]. In both cases,
Figure 5.1ab shows that the glial transmembrane K* flux in stimulated region (Mg), and
K* flux through extracellular transition region (E7) act together to facilitate potassium
clearance in the stimulated extracellular space. The cumulative K™ flux through the glial
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Figure 5.1: a-d: Total K* fluxes through Mg, E7, Mys and G during a train of stimuli.
e-h: Cumulative K™ fluxes during a train of stimuli.

membrane (Mg) is twice as large as that through the extracellular pathway in transition
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region (E7) as shown in Figure 5.1ef. This numerical result supports our previous estimation
in Equation (4.39) that the A\X is comparable to the )\Z}’K.

In both cases, numerical simulations confirm that the glial compartment serves as an im-
portant and quick KT transport device to remove the accumulated K+ when the neuron fires
action potentials. In Figure 5.1eg, the cumulative K flux through the glial membrane (Mg)
into the stimulated glia compartment is almost the same as that leaking out to extracellular
space through the non-stimulated glial membrane (Myg). The cumulative K* flux through
the glial transition region (G7) is also the same as shown in Figure 5.1h. These observations
verify our previous estimations in Equation (4.37).

The spatial distributions of K™ concentration changes from resting state over time are
shown in the Figure 5.2 and Figure 5.3. Figure 5.2 shows that the KT concentration varies in
the stimulus region along the longitudinal direction during one action potential, while there
is no change of K* in the non-stimulus region. Figure 5.3 ab show there an obvious potassium
concentration difference in the radial direction after a train of stimuli over time Ty; = 0.2s.
In Figure 5.3c, the potassium concentration difference vanishes due to the communication
of the extracellular space and glial compartment shown in Figure 5.5fg.
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Figure 5.2: Spatial distribution of potassium changes from the resting state during an
action potential.

During a train of stimuli, K* in both the extracellular space and glial compartment
continue to move from the stimulated region to the non-stimulated region shown in Figure
5.1bd. The schematic graph of potassium transport in the optic nerve is the same as the
Figure 4.5a.

Water circulation in the optic nerve driven by the extracellular osmotic pressure variation
is shown in Figure 5.4. Through the glial membrane (Mg), water increasingly flows into the
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Figure 5.3: Spatial distribution of potassium changes from the resting state during and
after a train of stimuli.

glial compartment from the extracellular space (Figure 5.4a). The glial volume fraction
and the hydrostatic pressure in the stimulated region have also increased. This increased
hydrostatic pressure raises the hydrostatic pressure in the non-stimulated region as water
flows from the stimulated region to the non-stimulated region through transition region Gr
(See Figure 5.4d). In the non-stimulated region, water flows out of the glial compartment
into the extracellular space because of the increased glial hydrostatic pressure (Figure 5.4¢).
Then, because the fluid is incompressible, the fluid in the non-stimulated region flows back
to the stimulated region through transition region Ep (Figure 5.4b). The schematic graph of
water circulation in the optic nerve is summarized in Figure 4.5b. Note that calculations are
always done on field equations. The compartments in the figure are used to make vivid the
biological conclusions of the analysis of the partial differential equations of our tridomain
model.

In Figure 5.4ef, we show how the extracellular space volume fraction changes. In the
stimulated region, the volume of extracellular space decreases because water flows into the
glial cell; while in the non-stimulated region, the extracellular space expands because of the
water flow [77].

In sum, during a train of stimuli, the potassium transport pattern and potassium flux
strength are the same for both inner and outer radial stimulated cases. The glial compart-
ment pathway is the dominant clearance mechanism of the potassium accumulated in the
extracellular stimulated region in both cases.
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Figure 5.4: a-d: Average water velocities through Mg, Fr, Myg and G during a train
of stimuli in [0, Tg;]. e-f: Variations of extracellular volume fractions in the stimulated and
non-stimulated regions.

(b) Post firing time period

After neuron stops firing, the strength of K* fluxes through the glial transmembrane pathway
(Ms) and extracellular pathway (Er) have dramatically decreased in both cases. In Figure
5.5, we plot the total K™ flux and the cumulative K fluxes through Mg, Er, Myg, and
G after neuron stops firing. The figure shows the main potassium clearance mechanism is
through the glial transmembrane (Mg and Myg).

Figure 5.5¢ shows that the KT flux keep flowing into the stimulated glial compartment
after the axon firing period. Figure 5.5g shows that the K™ flux through the glial membrane
in the non-stimulated region reverses its direction for a short time after the neuron stops
firing. This occurs because right after neuron stops firing, the extracellular K* concentration
has not become evenly distributed in space, and the glial compartment and extracellular
pathway keep on carrying the extra K from stimulated region to non-stimulated region.

The KT fluxes inside of glial compartment become negligible for a short time after neuron
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Figure 5.5: a-d: Total KT fluxes through Mg, Er, Myg, and G after neuron stops
firing. e-h: Cumulative KT fluxes after neuron stops firing.
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Figure 5.6: a: Schematic graph of the KT flux after neuron stops firing. b: Schematic
graph of the water flow after neuron stops firing. The compartments shown are important
for biological understanding and comparison with the literature. We do not compute
a compartmental model. Our computations are of field models with partial differential
equations in space and time.

stops firing shown in Figure (5.5h). The glial compartment could be approximated as a single
compartment. In Figure 5.5f, in the extracellular space, K™ flows back to the stimulated
region from the non-stimulated region via the extracellular pathway. A schematic figure of
potassium flux pattern is shown in Figure 5.6a.

Accordingly, Figure 5.7 shows that after the neuron stops firing, the water flow inside the
compartments almost stops. The water flows through both stimulated and non-stimulated
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Figure 5.7: a-d: Average water velocities through Mg, Er, Mys and Gp after neuron
stops firing.

glial membrane into the glial compartment, which is the same as the schematic graph Figure
5.60.

In sum, after the neuron stops firing action potentials, the extracellular K* concentration
becomes evenly distributed between the stimulated and non-stimulated regions in a short
time. The potassium flux through the extracellular pathway becomes weaker and the primary
clearance of potassium is through the glial membrane in both stimulated and non-stimulated
regions.

(a) Average K" in stimulated ECS (b) Average K* in non-stimulated ECS
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Figure 5.8: a-b: KT concentration variations in the stimulated and non-stimulated ex-
tracellular regions.

In Figure 5.8ab, we show the K% concentration variation in the stimulated and non-
stimulated extracellular regions, respectively. The peak K' concentration approximately
occurs at the end of stimuli in both cases. In the stimulated region, the outer radial stim-
ulated case has a higher peak value than the inner case (Figure 5.8a). This is because the
strength of potassium clearance (through M and Er) is the same for both cases during a
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train of stimuli (see Figure 5.1ab) and the volume of outer stimulated region (V&) is as
triple as the volume of inner stimulated region (V&"). In a similar way, this also explains
the peak Kt concentration in the non-stimulated region (Figure 5.80). We provide a decay
timetable for K™ concentration in Appendix D.2.

5.1.2 Randomly distributed stimulated cases

In this section, we consider the cases when stimulations are distributed randomly in the
radial direction, which differ from the spatially uniform ones (inner or outer cases). We
apply a train of stimuli to randomly selected regions in the radial direction. The strength,
duration and location of stimuli are the same as in the Section 4.2. The details of radial
stimulated location are shown in Figure 5.9.
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Figure 5.9: Stimulated radial segments in each case. The intervals with value 1 are
stimulated segments, and the intervals with value 0 are unstimulated segments.

(a) During a train of stimuli

We compare the spatially randomly stimulated case (case 1, the rest cases are shown in
Appendix D.2) with the inner radial stimulated case in Figure 5.10a — d. Figure 5.10ab show
that the potassium flux through the extracellular pathway (Fr) has dramatically increased
and potassium clearance through the glial transmembrane (Mg) has been reduced.

Figure 5.10ef shows that the major K* clearance pathway in the randomly stimulated
cases becomes the extracellular transition pathway (E7) during a train of neuron firings.
This differs from the outer and inner stimulated cases, where the glial transmembrane (Mg)
is the dominant K* clearance pathway as seen in Figure 5.1¢ef.

In addition, in Figure 5.10a — d, the K™ flux pattern is quite different. In the inner
stimulated case (blue line), the strength of KT flux gradually increased with small oscillations
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in each stimulus period; While in the spatially randomly stimulated case (red line), the
strength of K™ flux shows a periodic pattern in time with larger oscillations in each stimulus
period. The reason for this is that the extra K* in the stimulated extracellular region has
been cleared more quickly in the random case than the inner case, which leads the K™
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concentration goes back to its resting state faster.

(b) Post firing time period

In this period, both cases have similarly reduced potassium fluxes (see Figure 5.11a — d) and
the main pathway for potassium clearance is through the glial transmembrane pathway (Mg

and Myg in Figure 5.11eg).
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Figure 5.11: Comparison between spatially randomly stimulated case 1 with the uniform

radial (inner) case after a train of stimuli.

Right after neuron stops firing, Figure 5.11 fg show that the potassium fluxes direction
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in randomly stimulated case and inner stimulated case are different. This phenomenon
happens because there still exists spatially inhomogeneous potassium concentration between
stimulated and non-stimulated regions in the inner case. As a result of that, the glial electric

potential ¢4 follows the potassium pattern and forms the electric drift flux in the glial radial
direction as shown in Figure 5.11A.

(c) Potassium clearance and fluid velocity

In the randomly simulated cases, since the potassium through the glial transmembrane
pathway in the stimulated region is less compared to that in the baseline case (in Figure
5.10e), the extracellular osmotic pressure variation in the stimulated region has been reduced.
As a result, the glial transmembrane water flow in the stimulated region is reduced, which also
leads the intradomain velocities decrease as shown in Figure 5.12cd. The average potassium
concentration changes in both the stimulated and the non-stimulated regions are shown in

Figure 5.12ab and the randomly simulated cases have similar potassium decay rate (timetable
is shown in Appendix D.2).
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Figure 5.12: a-b: Potassium concentration variations in the extracellular stimulated and

non-stimulated regions. c-d: Average glial compartment and extracellular space absolute
radial velocities.

5.2 Effect of NKCC and non-selective pathway

In this section, we consider the effect of glial membrane conductance and a non-selective
pathway at the pia boundary on the potassium clearance process. We first consider the
Na-K-Cl cotransporter (NKCC) on the glial membrane, which has widely studied in the
literature [85, 86]. We compare simulation results between the models with NKCC and
without NKCC. In the second part, we consider the effect of a non-selective pathway at the
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pia mater boundary, which allows the convection flux through an extracellular pathway out
of the optic nerve. We explore how these factors affect potassium clearance.

5.2.1 Effect of NKCC on the glial membrane

On the glial membrane, there is an impressive array of potassium channels, which may be
responsible for elevated K*-induced glial swelling. NKCC is one of the commonly recognized
co-transporters for K*-mediated glia swelling and K™ clearance in the optic nerve [87, 88].
The main character of the NKCC proteins is they can transport one Nat and one K* and two
CI™ across the cell membrane at the same time. The energy required by NKCC proteins to
move Nat, K+ and CI~ across the cell membrane is provided by the electrochemical gradient
of Na*, which is indirectly dependent on the Na/K pump and ATP supply. For this reason,
NKCC proteins are said to move solutes by way of secondary active transport.

In this section, we introduce a model of NKCC on the glial membrane [53, 89], which
describes K*, Na® and Cl~ fluxes through the NKCC on the glial membrane as follows.
Note we expect other transport systems to be discovered that are important in the optic
nerve and elsewhere in the central nervous system. We expect these systems to be different
in different parts of the nervous system and to be specialized to support the functions of
each part. The approach used here is meant to be flexible enough to accommodate different
transport systems in different locations.

2
g e (s (o
NKCC e K sz Cé\ga ngl )
2
NKCC K .Na [ .Cl
Na — ___ Zmax Cc;acce;c cez
INkce = “ezNa log ok cNa <c§l> ) (5.1)
2
ci _ o IN&CC ety et [ cen
INkce =2 e5C1 log el el \ G .

To compare the models with NKCC and without NKCC, we keep the K* and Na*t
concentrations as well as the electric potentials in the glial compartment and extracellular
space the same at resting state. In addition, we set K*¥ and Na' currents through NKCC
are comparable to the Na/K pump current as indicated by [53, 89]. We provide the two sets
of parameters (NKCCa and NKCCb) in Appendix D.3, which balance the NKCC current on
the glial membrane.

Figure 5.13 shows the cumulative potassium fluxes through Mg, Er, Myg, and Gr
during and after a train of stimuli. With the effect of NKCC, Figure 5.13a shows that
more potassium goes through the glial membrane in the stimulated region during neuron
firings. The NKCC has enhanced the transport of potassium through the glial membrane
after the axon stopped firing as well (Figure 5.13eg).

Figure 5.14ab show the variation of potassium concentration in the stimulated and non-
stimulated extracellular regions. The potassium concentration decay is much faster when
NKCC is present, presumably because NKCC allows larger potassium movement into the
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Figure 5.13: a-d: Cumulative fluxes comparison during a train of action potentials. e-h:
Cumulative fluxes comparison after a train of action potentials.
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Figure 5.14: a-b: Extracellular potassium concentration variations between the model

with NKCC and baseline model (without NKCC). ¢: Average potassium variations in the
axon stimulated region.

glial compartment (the decay timetable is provided in Appendix D.3). After action potentials
cease, the potassium movement back to the axon compartment is reduced in the model with
the NKCC channel. Figure 5.14¢, shows that the average potassium concentration in the
baseline model increases faster after the axon stops firing than in the model with NKCC.

5.2.2 Non-selective pathway through the pia mater

In this section, we consider the effect of a non-selective pathway across the pia boundary.
The non-selective pathway allows both ion and water transport through the cleft between
the cells (paracellular pathway) in the pia mater. We assume that water goes through the
non-selective pathway only depends on the hydrostatic pressure difference. Therefore, the
condition on pia boundary (I'7) in Equation (3.8) becomes

OP SAS

N s~ m ns
Ug, T =u, " T =uy, +uy;, only (5.2)
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where
pza L;’;a (peom pszS ’YpiakBT (OerP - szAS)) Y pza L;fa (pg:c pffs) ¢
The non-selective pathway between the cell clefts provides an additional pathway for diffu-

sion, electric drift as well as convection for ions. We modify the boundary condition (3.3)
for ion on pia boundary (I'7) as

3,OP 4 -1, SAS

Jex = Jex T
Gz + Gns
_ Pm OoP SAS i ns + + —
i — ( x — Epw) + cemupm, t=Na",K",Cl” on I'y,

where G™* is the additional conductance due to the non-selective pathway and cemqua is the
convection flux through the non-selective pathway on pia boundary.
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Figure 5.15: a-b: Extracellular K+ concentration variations between the model with
non-selective pathway and baseline model (without non-selective pathway). c: Cumulative
K™ flux through the glial membrane. d: Cumulative KT flux through pia boundary.

In the simulation study, we compare with the non-selective pathway and baseline model
(without the non-selective pathway). We choose the conductances as follows

Gns ansa
— = 24 = 0.
sza Lpza

In Figure 5.15, we show K™ variation in the extracellular space and the cumulative K* fluxes
through the pia mater and glial membrane. The amount of K* leaking out of the optic nerve
through the pia boundary is dramatically increased when the non-selective pathway is present
shown in Figure 5.15d. At the same time, the dominant pathway of potassium clearance is
still through the glial membrane as previous (Figure 5.15¢). This is mainly because the effect

of the effective membrane area difference. The total glial membrane area is much larger than
the surface area on the pia boundary,

2nr* L

— 0 (10"
v, ~ 20,
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where the V), is the total optic nerve volume and M, is the glial membrane per unit volume.
Figure 5.15ab shows that the non-selective pathway on the pia boundary does not accelerate
the potassium clearance rate very much.

5.3 Conclusions

The numerical simulations in this chapter verify our previous analysis. We find that both the
extracellular pathway and glial membrane play essential roles in potassium clearance from
the narrow extracellular space when the neuron fires. In both spatial uniform stimulated
case and spatial randomly stimulated case, the extracellular pathway and glial compartment
work together to remove extra potassium from the stimulated region to the non-stimulated
region. In addition, we further validate the importance of the electrical syncytial property of
the glial cells, which produces an immediate outward potassium flux out to the extracellular
space in the non-stimulated region, in response to the changes in potassium concentration
between the stimulated and unstimulated extracellular regions.

Furthermore, we discuss the effect of enhanced potassium conductance in the glial mem-
brane and nerve membranes of the pia mater. On the one hand, by incorporating NKCC
channels into the glial membrane, it dramatically increases potassium clearance speed, and
the potassium clearance time is much shorter than that predicted by the baseline model
(without NKCC channels in the glial membrane). On the other hand, an additional non-
selective pathway in another location, in the pia mater, does not have significant effect on
potassium clearance. This is not surprising since the total membrane area of the glial mem-
brane in the optic nerve is much greater than the effective surface membrane of nerves in the
pia mater. It is important to realize that in the present state of knowledge, other relevant
channels may not yet have revealed themselves. Some channels become activated only under
special conditions that are hard to find. Some channels may become activated only to pro-
tect systems under severe stress, as in clinical situations like oxygen deprivation, swelling,
and so on. It will be important to identify such channels as the model is applied to clinical
situations, some of which are of considerable importance.
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Chapter 6

Conclusions and future work

The thesis provides a glimpse of the fundamental properties in the ion and water transport
in biological tissues by using a generalized multi-domain model. This work is novel since
most studies in the literature mainly focus on either electro-diffusion or non-spatial models.
We combine the effect of fluid circulation and spatial property into the model and study the
essential characteristics of the computational model in the prediction.

Our research was inspired by the microcirculation study in the lens [3; 29], where the
avascular circulation of water was discovered by the Mathias group. We proposed a general-
ized bidomain (full) model of the lens and studied the coupled relationships among ion fluxes,
water flows and electric fields inside fiber cells and in the narrow extracellular spaces between
fiber cells. In addition, a simplified model was derived based on asymptotic analysis, which
allowed us to obtain a deep understanding of the physical process without making unrealistic
assumptions. Our full model captured the experimental results of the gap junction in the
lens [1, 2] well. At the same time, the simplified model provided a good approximation of
the full model and helped to understand the effects of membrane permeability in the full
model.

The hydrodynamic bidomain model of the lens pointed a way to dealing with other
tissues and organs, such as the kidney, the central nervous system and cardiac muscle,
in which current flows, water flow, and cell volume changes are important. We naturally
extended our model to the optic nerve, which belongs to the central nervous system and
proposed a tridomain model to study potassium clearance in the optic nerve of Necturus,
following a series of experiments from Richard Orkand and the Harvard group [4, 13, 22].
Our model, analysis, and simulations provided a detailed picture of the role of glial cells
as an electrical syncytium in buffering potassium concentration in the narrow extracellular
space. In comparison with the (reduced) electrodiffusion model, water circulation driven
by the osmotic pressure in the optic nerve enhanced the potassium transport in the glial
compartment. At the same time, through numerical simulations, we showed the effect of
increased conductance on the glial membrane and nerve membranes of the pia mater on
potassium clearance.

Our study on the optic nerve now forms part of the emerging field of glymphatic system,

7



which has established the importance of convective flows in glia in a wide variety of clinical
and biological phenomena of the CNS, from sleep to Alzheimer’s disease. Our work provides
a firm theoretical basis for quantitative models useful in the glymphatic system. However,
our work is more than just theoretical because it fits some of the best quantitative biology
done on flows in the CNS in some detail. In the future, our distributed model should
be generalized to describe ionic and water transport in tissues with more complicated and
heterogeneous structures and with glymphatic pathways connected to the circulatory system.
Specifically, we expect that the spatially non-uniform distribution of ion and water channels
and transporters can be used in many structures to control the flows.
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Appendix A

Supporting information for lens model

A.1 Non-dimensionalization

In this section, we derive the dimensionless model based on the Na/K pump strength on the
surface of the lens. Although we restrict ourselves in this particular problem, the following
procedure can be applied in a wide range of practical problems in biological syncytia.

Water circulation

In the following, we assume the typical length scale of the lens is R. The fluid system is
driven by the osmotic gradient generated by the Na/K pump on the surface membrane of
the lens. In Equation (2.7), the strength of the Na/K pump at the surface depends on the
ion’s concentration, which leads

I I
Na __ p K __ p Ccl _
Je=32 gf=—a =0, (A.1)

where

Na 3 K 2 cNa 3 oK 2
I, = 1ue in ° - in 0 (A2
P ! <C%G+KN¢11) <C§+KK1> * ? (C%a+KNa2) <Cf+KK2> (4.2)

We assume that the velocity at the surface determines the characteristic velocity scale for the
problem. At surface boundary of the intracellular space, due to the Na/K pump in Equation
(A.1) and the assumption of conductance at surface such that GN* = G = 0 in [1, 3], we
have the ion fluxes at intracellular boundary r = R as

gt =N G =JK+ K, =0, (A.3)

Since the ¢ = 0 on the cell membrane inside of the lens, we obtain the following Na™ flux
balance between the ion channel and Na/K pump at steady state as

JE+ I =0. (A.4)
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This assumption will obviously have to be replaced in applications to other tissues, with a
less particular channel protein distribution. By the conservation of fluxes for each ion in
Equation (2.4) and non-flux boundary condition at r = 0, we get

Jin = —00je, i =Na*, K", CI, (A-5)

M

where §y =

k3

<z Therefore, Equation (A.3) becomes
—Sogit =N, —ejlh =0, —bojs =0. (A.6)

The ion’s diffusion coefficient in the extracellular region is approximately at the same level,
ie.

D! =0 (D), i=Na" K" Cl. (A7)
By adding up all three fluxes in Equation (A.6) and Equation (2.10), we get

d Dez ex
Oemum + 60DezTem_Oea: + 50 !

d N
ex 7 Pex — a’ A.
dr kel P dr Ve = (4.8)

where pe, = /ft_“gm (¢ezr — Pin). In the Equation (A.8), we have used the relation between
intracellular and extracellular velocities,

Uip = _50uexa (A9>

derived from Equation (2.1b) and boundary condition that u., = w;, = 0 at » = 0. The
strength of the ion pump JZ])V @ depends on the ion concentration in Equation (A.2). In the
steady state, we choose the scale of JN is J)** based on an experimental estimation [3].
By using Equation (A.8), we take the scale for u;, to be u}, as
v (A.10)
m O*

where O* = 2 (¢ + ¢&). By mass conservation expressed in Equation (A.9), we naturally

get the scale for u., as
ul, = 6 tul,. (A.11)

e

Furthermore, we choose the scale of electric potential ¢y, and ¢, as ¢* = 2L For the

extracellular velocity in Equation (2.2), we have

~ Kex d . kgT d ~
. ex — T T S lex . “~Pex — ke ex” 5 ~Pex; A12
Ugy Ul R TP g P Ter™ =9 (A.12)

In the Equation (A.12), we think the hydrostatic pressure term balances the extracellular
velocity u., and choose the scale for extracellular pressure p;, as

. MRui,

ex
RexTex
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Therefore, Equation (A.12) becomes

d d ~
~em = __~~ea: — 01— ex s Al
" drp ldr¢ (A-13)
where §; = % For the intracellular velocity, we have
~ Iiz‘n]f?< d _ Iﬂm’}/mk’BTO* d ~
: in — m_~ in ——,vOm A.14
Uintt uR i uR dr ( )

We choose the intracellular hydrostatic pressure scale (pf,) is the same as extracellular one
(pf,), such that

P = Pin = Dea
In this way, Equation (A.14) becomes

d d ~
Oollip, = —03—=Pin + —=0Oin, A.15
24 3drp + dr ( )
where
50 — U 5 — p*
7 kiymksTO* T 4 kgTO*

In all, the fluid system (2.1) becomes

Uex = —Uin,

1 d _ _ _ - - (A.16)
54T~_2d_f77 (FQUWL) - 63 (pe:v - pzn) + (Om - Oe:):) )

with boundary conditions

ﬁez = 07
55ain = 53ﬁ1n - (6111 - 5633) )

where i i
M uk, U

in

5y = b5 = —n
YT RMyLpymksTO* ° " LyyskpTO*

Tons circulation

The velocity scales and diffusion coefficients in the extracellular and intracellular spaces are
at different levels of approximation in our approach. In the following, we put the charac-
teristic diffusion coefficients in the intracellular and extracellular regions and the scales of
concentrations as

* _ nCl * _ Ol
Dex_DexTQUU? Dm_D

m

* _ Na K
c =c, +c,.
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In this way, we get the Peclet numbers in the extracellular and intracellular as

ul R ul R
Pey, = D’ Pee, = D~
in ex

We introduce the dimensionless intracellular and extracellular ith specie ion fluxes as

~. . ~. d _ _d~
o= PemeVL ﬂzn —D; —c,, +2'C,— in |
Jin in in (d?" in in d?“¢ >

~. o ~. d _. . d~
jéx - Pee%axuez - D;m _'vgtex + zzglex_'vqsew .
dr dr

Since g% = 0 on the cell membrane inside of lens, we have K* governing system as in
Mathias’s model [3],

1 d <~z K) (A.17)
—— 7 — ,
2gr\ Jin
with boundary conditions at r =1
ek =k,
~ Rs 0 = T
i = 5 (B — B¥) + I
For the C1~ governing system, we have
1 d <~2-Ct> M <~ oY Cl
= 7= \" Jezx | = - ¢in_¢ew_E >7
?;2 ag 2Ct Oy (A.18)
~27C1 ~27Cl
L ) sk ()
= (7)) =t e (P

with boundary conditions at r =1

Ee%f - Eéva +5§ + 67 <;5m - (gex) 3

Jin =0,
where 4 . KR
~ 1 (e G*EkgTR ~
EZ == _1 g Rs = — JK — p
ﬂ%(%» D, 7T D
and

- M,g“kpTR? _ M.Dp,
v MeerszC* ) 8 — Man;kn
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The intracellular and extracellular Na™ concentrations can be solved from the following
equations

Z Zlan + ngzn = 56 (5171 - 5@:0) )

B o (A.19)
Z Zlgéx - _57 <¢zn - ¢ez> ,
where M,ConkisT M,ConisT
vmhiB vmhB
_ Tvmits = vTmer A.
% e2c ny, o7 e2c*(1 — nip) (A.20)

From electric potential governing Equation (2.11), by using the fact 2V = 2K = 1 and
assumption that ¢™* = ¢“' on the membrane inside of the lens and GV = G¢ = 0 at
surface membrane, we have

(

1d 2 ~ ~ i i d ~i . d~
ﬁ% <T (Peerpemuez - ; DexZ %Ce:p - O-exﬁqbem))
= J/\\/l/qc;x <2 (gzn - 5@96) - ENa - ECl) 9
1d [, o ~ d_  _ d~ (A.21)
-2 Pe. oot —N " DisilEd _5 Z
=7 <7“ ( CinPinlin Z in?' 7=Cin — Tin d?d)’”))
1d 2 ~ ~ i i d ~ - d~
- _58r~_2d_r7~: (T (Peezpe:vue:v - Z Demz d_;:cegj - O-eccd_?gbe.t)) 5
\ i
with boundary conditions
5@:{: = 07
Peinpinuin - Z sz %cin — Ulnd_?ﬁszn = Rs (Qbm —F > + [p7
where IR
Nin = |2™ Avin 4} (~in - Nea:) s Nea: =9 <~e:1: - ~7Ln) 5 T¢ = iy ’
Y e B A I
and
M€$D:x

~ _E:Nz’ 20 ~ _E:Nz‘ 20 _
Oin = Dzn(z> Cins Oex = Dem(z) Cer 58 - M. D* .
i i m=m

In the dimensionless system (2.14), we remove the tilde for simplicity.
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A.2 A priori estimation

In this section, we first provide the priori estimation of the j$' as follows. By using the
homogeneous Neumann boundary condition at r = 0, the Equation (2.141) yields

d 1 d d
—@in, = | Peinpintlin + 59—051 + 510—0%(1
dr Oin dr dr
1) d d d (A.23)
-+ 0_;; (Peexpemuex + 59%056 + (510%0(]3\9? — Uexa(ﬁex) -+ 0(62).

where
6o = D' — DK 6,0 = D' — DN,

and we use the fact that {dg,d7} C o(e?) in Equations (2.14e) and (2.14f) and A;, is a
constant. Based on Equation (A.23), we obtain that

d
b = .24
since {Pe;,, ds, 010} C O(€) and dg = O(€?). At the same time, in Equation (2.14b), we have
40 = 0@ (A.25)
d’r‘ m 9 .

since dy = o(e?) and d3 = O(e?). In Equation (2.14e), we have

d o d y K 2
200 _ 2 (.Na 4 . A2
drcm = (cm + cm) + o(€?) (A.26)

With Equations (A.25) and (A.26) and the negative charged protein A;, is uniformly dis-
tributed, we yield that

%cicnl = O(é?). (A.27)

With Equations (2.14c) and (2.14e) and boundary conditions for ¢! in Equation (2.15)

1 mn
Ccl = CNa + Ci( - +2|Z |Am + O(€2>. <A28)

From the experimental setting of the lens [3, 31|, we have

1 n
Na g K _ + 12"

0 A 5 Ain = O(e). (A.29)

In this way, we obtain

<t = 0(e). (A.30)



In all, based on Equations (A.27) and (A.30), we claim that

d d
IS = PeincSiuy, — DS (—C»Cl + 29— m)
m m wm dr m m T¢ (A'31)

= 0(é).

By dropping the terms involving the small parameters (smaller or equal O(€?)), the leading
order of water circulation system (2.14a)-(2.14d) is as follows,

d d
o _ 7,0 _ 0
Uy = drpea: 51 dr ¢em7 (A32a)
d
—02 =0 A.32b
d’l“ m ’ ( )
O?n - ng = 07 (ASQC)
Uy = —Upy, (A.32d)

where we use the superscript ‘0’ denotes the leading order approximation. From Equation
(A.32), we deduce 0%, = O, are constants, and the intracellular and extracellular flow are
counterflow. The leading order of total charge in both intracellular and extracellular regions
are neutral

> Fe) + 2" A =0, (A.33a)
>y =0. (A.33Db)

Combining constant osmotic pressure in Equation (A.32) and charge neutrality Equation
(A.33) yields

Oga: = O?n =2 (C(])VG + C()K> ’ (A34a)
dc.Cl’O dcCLo
e e Y A.34b
dr dr ’ ( )

the ¢)* and ¢ are Na®™ and Kt concentrations at extracellular boundary 7 = 1. Based on

Equation (A.34), we have ¢."° and ¢Z40 are constants and
de)N*? de]”
= — , l=1in,ex. A.35
dr dr ( )

The leading order of the K* and C1~ concentrations satisfy
(T2 jfi’o) —0, (A.36a)
(rje") =0, (A.36D)
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1Ld , ClL0 MET 0 ClL0
ﬁ%(r]ex):ﬁ(m_ R ) ’), (A.36¢)
1d 2-010) 0g d 2.ClL,0
- o = ——— ’ A36d
r2 dr (T Jin r2 dr (T Jex ) ’ ( )

where p

.]lz — Pelcl ul Dl (d_rclo Z 10 ¢0> ) 1= K+7Cl_7 [ = i?’L7 er,
and

7,0

n

) 1 7,0
E™0 = Zlog <C—w> , =K' Cl.

At the same time, based on Equation (2.14j) for the intracellular K™ and the homogeneous
Neumann boundary condition at r = 0,we have

d d
DK — oC = Penctuy, — DE 25 ek — T Oin- (A.37)
By substituting Equation (A.23) into Equation (A.37), it yields

KCK Kd K K ~K Pin KDKUex dgbew
(1 — 510 oo ) Dm dr = ((1 — Z Dmo_—m) Pemum -+ 58 oo dr ) Cin (A38)

+0(€),
where we used that fact that p., = o(€?), dg = O(€*) and

dcffL dc%a 9
dr ~ dr +0(€).

Based on Equation (A.38), we have

—m — O(e), (A.39)

since Pe;, = O(e) and ds = O(e). By combining Equations (A.23) and (A.39), we obtain
the leading order approximation for the intracellular potential

. Pempo O 6806:E

Um Oin

Z Di (21)? 0 Z Dl ()20,
In the similar way, the leadmg order approximation of extracellular potential is
1 d d Na() 0 d 0 ex 0 Na,0 Cl,0
_ T_QE < ((510d—c O-ex_r(bex M ( ( in ex) — BT — g ) s <A41)

where EN®0 —

(2.18).

where

(%{2) In all, we summary the above leading order system in the

wm
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A.3 Effect of permeability

In this section, we compare the variation of the extracellular variables, by increasing the
membrane permeability k;,. In Figure (A.1), we show how the extracellular hydrostatic
pressure, osmosis, electrical potential, and velocity changes when x;, equals k}, 2x} and
20K

(a) Extracellular hydrostatic pressure Pex (b) Extracellular osmosis Oex

0 01 02 03 04 05 06 07 08 09 1 o 01 02 03 04 05 06 07 08 09 1

Radius(r/R) Radius(r/R)
(c) Extracellular electric potential ¢ex (d) Extracellular velocity Uey

3 : L L — 0.4
250 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Radius (r/R) Radius(r/R)

Figure A.1: Comparison between different k;, for extracellular variables.

A.4 Parameters in lens model

The parameters for the lens model are given in Table A.1. We provide the dimensionless
parameters’ expression and value in Table A.2. The scale calculation based on parameters’
value in [31].
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Table A.1: Parameters in Lens Model

[ Parameters| Mathias [3] | Malcolm [31] | Parameters| Mathias [3] | Malcolm [31] ]
R 1.6 x 1073 m 1.6 x 1073 m Lo, 3.75x 10~ m/(Pa-s) | 1.34x 10~ ¥ m/(Pa-s)
Ain 78 mM 78 mM Ls 3.75x 10713 m/(Pa-s) | 8.89x 10713 m/(Pa-s)
che 107 mM 107 mM M 0.988 0.99
ck 3 mM 3 mM Mez 0.012 0.01
Cm - 1x 1072 F/m? My 6 x 10° /m 5x 10° /m
DNa - 1.39x 1072 m?/s | T - 310K
DE - 2.04 x 1079 m?/s ke 1.72x 1078 m?2/(V-s) | 1.45x 1078 m2/(V -s)
D&} - 2.12 x 1079 m? /s kp 1.38 x 10723 J/K 1.38 x 10723 J/K
DNa - 1.39x 10711 m?/s | Kk - 1.6154 mM
DE - 2.04x 107 m?/s | Kgo - 0.1657 mM
D?;} - 2.12x 107 m?/s | Kna1,Na2 | - 2.3393 mM
e 1.6x10719 A5 1.6 x 10719 A s Nin 0.988 0.99
glVe 2.2 x 1073 S/m? 2.2 x 1073 S/m? Kex 1.141 x 10716 m? 1.33 x 10716 m?
g©! 2.2 x 1073 S/m? 2.2 x 1073 S/m? Kin - 9.366 x 1019 m?
GK 2.1 S/m? 2.1 S/m? Ym,s 1 1
I, 2.3 x 1072 A/m? - Tea 0.16 0.16
Imaz,1 - 0.478 A/m? 9 7x10~% Pa-s 7x10~% Pa-s
Imac,2 - 0.065 A/m? 2" -1.5 -1.5

Table A.2: Dimensionless Parameters and Scales
[ Scales/Parameters [ Value [ Parameters [ Value
JNax 6.9 x 1072A/m? S0 = Rg== =
c* 110 mM 8y = heTeakpT 1.2031 x 10~!
Ueg
_ pRui, -3
o* 220 mM 8y = e Tiien 6.861 x 10
p* 16.937 KPa 03 = oL row ) 2.9894 x 1072
ul, 3.2506 nm/s by = W 3.5323 x 1075
ul, 3.2181 pm/s 8 = T riror 4.3022 x 1073
¢* 26.7 mV g6 = Myomtnl 1.2745 x 10~5
My Cm kBT _
Dz, 3.392 x 1010 m2/s | §7 = m 1.2617 x 1073
- - MeaDZ, _
Dy, 212x 1071 m?/s | §g = Mo 1.6162 x 10~*
Pec, = “gz 1.5180 39 = DC! — DK 3.77 x 102
Pe;y, = —“&;R 2.4533 x 10~1 610 = DCt — DN@ 3.443 x 10!
o cl,0
=~ C.
DNa 0.6557 011 = cg&,o T
= o 117
D* 0.9623 Po_ s
D¢t 1 M 3.3859 x 1071
K —~
Ry = S kTR 4.00 x 10~! Me= 2.095

Note: the subscript ‘I’ presents either ‘in’ or ‘ex’.



Appendix B

Propagation of action potential in the
optic nerve

(a) One-end stimulus

Current (mA/mz)

10

ey 8 B ¢

0o 2
Longitudinal direction (mm)

Axon membrane potential (mV)

Time (ms)

(b) Two-end stimulus

Axon membrane potential (mV)

Time (ms)

Longitudinal direction (mm)

Figure B.1: a: Axon membrane potential profile when eye-end axon stimulated at radius

center of the optic nerve. b: Axon membrane potential profile when two-end axon simulated
at radius center of the optic nerve.

Figure B.1 shows the propagation of the axon action potential. The membrane potential
from axons at the center of the optic nerve bundle is shown when different locations of the
axon had been stimulated. In both eye-end and two-end cases, the stimulus current was
applied at ¢ = 1 ms. In Figure B.la, the stimulus was applied near to the optic nerve
near the eye-end (z = 1.875 mm). At ¢ = 10 ms, the action potential completely has
propagated and left the location near far-eye-end (13.125 mm). The axon in the optic nerve
of the mud puppy is unmyelinated. This speed of action potential propagation in the model
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lies in the range of the action potential speeds typical of unmyelinated axons, i.e., between
0.5 m/s and 2.0 m/s [90]. In the Figure B.1b, when the two-ends of the axon stimulated,
the axon membrane potential has is more uniform spatially at each time point in compare
to the single side stimulus case. Presumably, Orkand et al used the dual stimulation to more
closely approximate a ‘space clamp’.
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Appendix C

Analysis in optic nerve model

C.1 Comparison between axon membrane potential and Nernst
potential

The classical Hodgkin Huxley analysis of a single action potential [91] assumes that changes
in ions concentration are much less critical than current flow in determining the shape of
the action potential. In other words, the change in the Nernst potential is much less than
the change in the membrane potential. In this section, based on our model, we show that
the variation of the Nernst potential for Nat, KT and Cl~ on the axon membrane is much
smaller than the axon membrane potential changes during action potentials,

SE! =o0(0V}), i=Nat K" Cl.

During action potentials, the scale of the 6V, can be approximated by the Na™ and K+
Nernst potential difference at the resting state,

§Vi =0 (BN — E&"). (C.1)

We take the C1~ Nernst potential for example. By the charge neutrality condition in Equation
(3.1), we have

5cS ~ —nﬂécgg. (C.2)

axr
nax

Therefore, the variation of C1~ Nernst potential on axon membrane yields
Cl,re Cl Clre
o+ oc co
g v (g (S5 (457
Caz + 5chl Caz’

) Cl ex& Cl
~V* (log (1 + C?ff@) — log (1 - n—gff@)) :
Cez’ NazCax’

where T 1
V* - %, m - O (10_2) 5 n;él,re - O (10_2) .
Cex NazCax
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In addition, the characteristic time for a single action potential 777, is in millisecond level
(O (1073)), so the scale of 6¢! in the stimulated region is

T* —Na *
5 = §cNar 4 §eBx < O ( arMaa (5‘/;96) = 0(1), (C.4)

ET (4 €T
ETex

where we use charge neutrality condition and maximum conductance of the voltage-gated
Na® channel. Therefore, Equation (C.3) yields

1 ex
SES v ( e — ) 5, (C.5)
Cez’ NaxCaz’

Based on Equations (C.1), (C.5) and (C.4), and the fact that 57— = o(1), we have §ES! =

0(6V? ). In a similar way, we can get

SE! =o0(5V>), i=Na" K" (C.6)

C.2 Estimations of t,,; and ¢,

In this section, we provide estimations on t,,; and t,,2. For the first time interval parameter
tm1, by substituting Equation (4.3), Equation (4.5) into Equation (4.4), we obtain

18t,, —70
Mm% (tp1) = mg exp ( 35 ! (exp <T> - 1>
~115
tm1 |+ . Lo
+ — [ng (exp(x)) + zln (1 —exp(x)) — -z } >

2.5

to [T s 18t 1 70 25 — 10s

- ex exp|—— ) —exp| ———
4 )y expls) =1 P\735 \"P\T P 18

14 ’
n tﬁl {Lig(eXp(x)) + xln(l — eXp(l’>) - %ﬁ]

where we use BN — V¢ ~ 1.4 x 102 mV.
Base on Equation (C.7), we present the estimations of ¢,,; by choosing different open prob-
abilities value for m®(t,,;) in Table C.1 below,

Table C.1: Estimation of ¢,,1

mY (1) 0.93 0.95 0.97
tm1 0.57 ms | 0.67 ms | 0.92 ms

The table above shows that the estimation of ¢, through Equation (C.7) has consistent
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results. In the similar way, for the second time interval parameter t,,5, by substituting
Equation (4.3), Equation (4.7) into Equation (4.4), we obtain

36t,, -70 5
mdy(tmg) =g exp ( = 2 (exp (T) — exp (5))
1

th | , —11.5
S [ng(eXp(fB))+$ln(1_eXp<x))_5:]:} 35 ) (C.8)

| tm2 35 s 36t 2 —(35 — 10s) 5
—_— — 0 €X exX e —— — X —
15 ) ysexps) —1 P\ 75 P 18 Py

tm2 |5 . 1 °
42 {le(exp(x)) + z1n(1 — exp(x)) — §x2} ) ds.
3.5
where we use EN®™¢ — FEre ~ 1.5 x 10?2 mV.

15
In the second time interval, we choose m®(t,,1) = 0.95 as the initial value mgy in Equation
(C.8). Table C.2 shows consistent estimation of the ¢,,» when different value for m(t,,)
has been chosen.

Table C.2: Estimation of ¢,,2

m (ty2) 0.15 0.1 0.05
tm2 2.44 ms | 3.00 ms | 4.01 ms

In sum, based on the results in Table C.1-C.2, we confirm that by using Equation (C.7) and
Equation (C.8) to estimate the time parameter t¢,,; and ¢, for 6V, have robust results.

C.3 Approximation of transmembrane currents

After the axon stop firing, we assume that voltage-gated Na™ and K* channel’s conductance
on axon membrane have returned to their resting state in the stimulated region,

g x5 ghre = Nat KT,
At this stage, we have ion channel conductance on the glial and axon membrane as
{92277, 9as™s Gams 951 991"} C o (9q1) - (C.9)
Similar to Equation (4.19), we claim in the stimulated region
SE, =o0(6EN), i=Na",Cl", k=gl az, (C.10)
since Equation (4.24) and

Kyre __ i,re s + -
Cou —o(cw), t=Na",Cl".
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In addition, for the increase current through Na/K pump in Equation (4.20), we have
ZNVa 5J +z 66J x =0, k=gl az.

By the Taylor expansion, we approximate the increase current through the Na/K pump due
to the extracellular K™ concentration changes as

K I'I‘E,l K IT€,2
51}" ~ 2 ( K,re II(<11ﬂe + K,re Ilgie ) 565’ (Cll)
Cex (Ce:c + KKl) Cex (Ceaz + KKQ)

where I;*" and I]° are the resting state current through a;— and ay— isoform of the Na/K
pump on glial membrane (k = gl) or axon membrane (k = ax).
By comparison between Equation (4.19) and Equation (C.11), we have

0, =o (ggl 5EK) k=gl ax. (C.12)

In all, based on the estimations in (C.9), (C.10) and (C.12), we claim the dominated term
in the right-hand side of Equation (4.20) is

ZZ 6M9l< pgl‘l'JZgl ‘I’Zz eMaw J;ax_’_JZax) NMglgg (5V2]l_6E!§l()’

%

where we use the fact that at the resting state, the transmembrane currents in both axon
membrane and glial membrane are negligible in compare to the source term g, 5EK

C.4 Comparison between 0¢, and ¢,

In this section, we show that the scale of the glial electric potential variation d¢g is much
larger than the scale of the extracellular electric variation d¢., in the stimulated region.
Based on Equation (4.30), we know

- Ddlff
0 <77glUgl) — 102 0O <Te—ew50m> — 1076, (C.13)
nexaem Oex

If the ¢y # 0(0¢y), then based on Equation (4.30) and (C.13), we should have
@) (5¢gl) <1072,

Therefore, the right-hand side of Equation (4.29) becomes

K
g%l (8Vy — OEE)| ~ ggl

“L6EL | =0 (107%). (C.14)

where we use the estimation of 0E}; (= O (107%)) in Equations (4.19) and (4.17), and
O (6Vy) = O (8¢ g — 6bey) < 107°.
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At the same time, the left-hand side of Equation (4.29) gives

2 Ngog 0y
Toti Mg 1%

<O (1071). (C.15)

In Equation (4.29), based on Equations (C.15) and (C.14), the order of right-hand side does
not match with the order of left-hand side. Therefore, we claim that

5¢em = 0(5¢gl)-

C.5 Estimation of extracellular Na™ and K™ transport

For the KT clearance in the stimulated extracellular region in Equation (4.39), based on
Equations (4.19) and (4.34), the effect of average glial transmembrane KT flux in the stim-

ulated region is
mK MglgghekBT

! 2K (14 he)e2ely”™

For K™ flux through the extracellular pathway, we only consider the effects from diffusion
and electric drift terms in the radial K* flux. The effect of convection flux in the extracel-
lular space is a cumulative result due to osmotic pressure kgT00,,. The fluid flows in the
extracellular space from the non-stimulated region to the stimulated region dominated by the
glial transmembrane water flow. So, the convection flux in the extracellular is a consequence
of the osmosis and flattens the variation of osmotic pressure in the stimulated region.

The scale of the radial diffusive KT flux in the extracellular space can be approximated

(C.16)

as
K DK
@) (—DgTw dcex) — Zeales 6ck . (C.17)
dr r*

The scale of the radial electric drift K+ flux in the extracellular space is
O _Dgﬂ—ezecg d¢em _ DeIéTexecg(x 5¢em
k BT dr k BT r*

K
nglo—ngea:TEQC CK
~ )
NexOez (14 he) 7%

(C.18)

where 0¢,, used the estimation from Equation (4.35).

Based on Equations (C.17) and (C.18), we note that the electric drift KT flux is in the
opposite radial direction to the diffusive K™ flux in the extracellular space. At the same
time, the electric drift K™ flux has a much smaller magnitude than the diffusive Kt flux
because the ratio RE between the electric drift and diffusion term is

NglO gl
RE = 199"  — y(1). C.19
= (L4 k) o(1) ( )
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Therefore, in Equation (4.39), the average effect of the KT transport through extracellular
pathway can be approximated as

27]@30 DgTez

MNE = (C.20)

Tstil™
where we used the ratio between volume Vg and the effective radial surface.
In Equation (4.40), we first look for the effect of Na™ fluxes through the extracellu-
lar pathway. Similar to Equation (C.17), the scale of the radial diffusive Na* flux in the
extracellular space is

Na 21
- ol (C.21)

The scale of the radial electric drift flux for Na™ in in the extracellular space is
ol — Dé\u[caTexecNa d¢ex _ Dé\g/gaTexecNa 5¢e:c
k BT er dr k’ BT er r*
nglo-ngé\;;aTex c]e\gfca,re 50[{
ex

T NewOen (L4 he)r* (Kore

CE$

7»*

Na Na
O (—DNaT dcem ) _ Dem Tex
exr 'ex -

(C.22)

Na,re

a, . . .
where we use the resting state concentration ratio & for the approximation. For Na™ in

the extracellular space, the radial electric drift Na™ flux is in the same direction as the radial
diffusive K+ flux since 6¢)® is negative in the stimulated region.

The scale of the radial diffusive Na™ flux is at same level as the radial electric drift Na™ flux
in the extracellular space. From Equations (C.21) and (C.22), the ratio RY? is

Na,re

a Ngt0gi Cex
RN = =0(1 C.23
exr 7765(30-650 (1 + hs) cg:,re ( )7 ( )

since 6c® and 6cX is at the same level as the estimation before. The Na® flux through
glial transmembrane is much smaller than the K™ flux through glial transmembrane in the
stimulated region

A =o (At (C.24)

This is because the conductance on the glial membrane gé\l’ =0 (gﬁ ) The effect of Na™ flux
through glial transmembrane can be neglected in Equation (4.40), since Equation (C.24),
and the diffusive fluxes in Equations (C.21) and (C.17) are in the same magnitude. In sum,
for Equation (4.40), we get

Na,re
er

Kyre"®
TstiOex (1 + he) 7Cedl

Na Na
\Nal _ e Doy Tew \Na2 _ 20g0 g D gy TesC
exr

? (4

(T

where we used the ratio between volume Vg and the effective radial surface.
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In the end of this section, we consider the solution for the coupled dynamical system of
(4.39) and (4.40)
d (ock 5ck
7 e =A s ) (C.25)

A:[AH 0]:: —Q§K+¥Qﬂﬁ 0 , (C.26)
Ay A ANa2 [pre AR g

In the system (C.25), we assume that 7., keeps at its resting state (n.¢) and the initial

condition is
k0 [ Ocsu (C.27)
) cé\;“’o \=bea | '

The solution for System (C.25) in the time interval ¢ € [0, 7] is

where

5052(15) = dcgexp (Ant),

A1 8¢ (C.28)
e (t) = 1421—2 (exp (Allt) — exXp <A22t)) — 5051&1’ exp (Aggt) s
11 — /122

where T is the time interval between each single action potential in the axon compartment.
There are n (= 7}?) stimuli in the time interval [0, Ty; = nT|, we have

5cE (iT) = 6cX (iT) + dcgs, 6N (iT) = 6cN(iT) — bcgy, i=1...n— 1,

In the above, we view the extracellular K™ and Na* concentration immediately changes due
to axon firing. By using Equation (C.28), we have

exp (AnT) —exp ((n+ 1)AnT)

K(nT) = : 2
deo, (nT) = degy T~ exp (AnT) : (C.29)
and
"L Ay oK ((i - 1T ,
cht(nT) =Y == )7) (exp (A T) — exp (ApT)) exp ((n — i) AypT)
e (C.30)
— 0Cgt; Z exp (1AgT) ,
=1
where

1— exXp ((] + 1)A11T)
[—exp(AnT)

5cE (5T) = bcgy j=0,1,...n—1.
C.6 Spatial Distribution of velocity and osmotic pressure
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Figure C.1: Longitudinal direction changes of 7, and 1y at r = 1.5um ¢ = 0.1s, 0.5s, 2s.
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Figure C.2: Spatial distribution of velocity in radius direction during and after a train
of stimuli.
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Appendix D

Supporting information for optic
nerve model

D.1 Convergence rate test

In this section, we conduct the convergence test by using the uniform mesh, namely we use
the mesh size N, = N, = N. The Cauchy error [92] is used to test the convergence rate.
In this test method, error between two different spacial mesh sizes h and % is calculated
by |lec|] = ||¢n — §%||, where ( is the function to be solved. The mesh sizes are set to be

h =1/10,1/20,1/40,1/80 and time step is fixed as 6t = 107

Testing on Ion Equations and Hydrostatic Pressure Equations

The ion’s governing equations (3.9) are in the form of NernstPlanck equation. To test un-
coupled ion equations ¢},i = Na™, K*,l = ax, gl, ex respectively, we set the initial condition
as

i,re

¢ = ¢;" + 5sin(rr) sin(nz),i = Nat, K* 1 = az, gl, ex.

The L*> numerical errors and convergence rate at chosen time ¢ = 0.1s are displayed in Table
(D.1),

Table D.1: The discrete L error and convergence rate for ion
Grid Size | ER(cgy") [ Rate | ER(cf,) [ Rate [ER(c]}*) [ Rate | ER(c]) [ Rate [ ER(c[?) [ Rate [ ER(c[,) [ Rate
10 x 10 | 2.63e-4 | - | 2.63e-4 | - | 4.89e-4 | - | 3.35e-4 | - | 870e-d | - | Llled | -
20 x 20 | 6.72e-5 | 1.97 | 6.72e-5 | 1.97 | 1.25e-4 | 1.98 | 8.54e-5 | 1.97 | 2.41e-4 | 1.85 | 2.93e-5 | 1.93

40 x 40 | 1.68e-5 | 1.99 | 1.69e-5 | 1.99 | 3.13e-5 | 1.99 | 2.14e-5 | 1.99 | 6.05e-5 | 1.99 | 7.38e-6 | 1.99
80 x 80 | 4.22e-6 | 2.00 | 4.23e-6 | 2.00 | 7.32e-6 | 2.00 | 5.37e-6 | 2.00 | 1.51e-5 | 2.00 | 1.85e-6 | 2.00

For the pressure’s equation (3.2), the following initial condition are set.
Pex = Pow + D sin(nr) sin(7z).

The L numerical errors and convergence rate are displayed in the Table (D.2)
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Table D.2: The discrete L error and convergence rate for hydrostatic pressure
[ Grid Size | ER(paz) [ Rate [ER(pg) [ Rate | ER (pez) [ Rate |

10 x 10 | 9.84e6 | - | 1.07e-5 | - | 1.05e-5 | -

20 X 20 | 2.28¢-6 | 2.11 | 2.74¢-6 | 1.97 | 2.71e-6 | 1.97

40 X 40 | 5.62e-7 | 2.02 | 6.86e-7 | 2.00 | 6.83e-7 | 1.99

80 x 80 | 1.40e-7 | 2.00 | 1.72e-7 | 2.00 | 1.71e-7 | 1.99

D.2 Randomly stimulated cases

In this section, we provide the KT decay time comparison between spatially uniform radial
(inner and outer) cases and spatially randomly stimulated cases in Table D.3 below. The
stimulated volume ratio presents the fraction of stimulated region volume over total region
volume. We calculate how much time it takes in each case for the K* concentration in the
stimulated extracellular region to decay the certain percentage (50%, 70%, and 90%) from
its maximum value.

Table D.3: Potassium Decay Time

[ [ Stimulated Volume Ratio [ 50% decay [ 70% decay [ 90% decay |

Inner case 0.25 0.2 s 1.0 s 4.5 s
Outer case 0.75 1.7 s 3.4 s 7.5 s
Random case 1 0.55 2.0 s 3.6 s 7.8 s
Random case 2 0.30 1.5 s 3.1 s 6.9 s
Random case 3 0.73 2.0 s 3.7 s 79 s
Random case 4 0.70 2.0 s 3.7 s 7.6 s

In Figure D.1-D.3, we present the K™ fluxes through Mg, Er, Mys and Gr in spatially
randomly stimulated cases. It shows a similar pattern of periodic oscillation of the Kt flux
during a train of stimuli, and the oscillation magnitude is larger than the inner stimulated
one.

(a) Total K* flux on MS (b) Total K* flux on ET (e) Total K* flux on MS (f) Total K* flux on ET
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Figure D.1: Comparison between spatially randomly stimulated case 2 with the spatially
uniform (inner) case.
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(a) Total K™ flux on Mg (b) Total K* flux on E (e) Total K™ flux on Mg (f) Total K* flux on E
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Figure D.2: Comparison between spatially randomly stimulated case 3 with the spatially
uniform (inner) case.
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Figure D.3: Comparison between spatially randomly stimulated case 4 with the spatially
uniform (inner) case.

D.3 NKCC parameters

Table D.4 below shows parameters on the glial membrane when the NKCC channel is in-
troduced. For each case, we keep Kt and Na™ concentrations and electric potentials in the

glial compartment and the extracellular space are the same at the resting state.

Table D.4: NKCC Parameters

LS I 991" l Lo1.1 [ Ao
Baseline 0 A/m? 2.1S/m? | 22x1073S/m? [ 478 x 10~% A/m? | 105mM

NKCCa | 2x 1073 A/m? | 2.88S/m? | 1.65 x 1073 S/m? | 4.78 x 10~% A/m? | 34.7mM
NKCCb [ 2x107 % A/m? | 21S/m? | 8.36x 10~2S/m? | 2.49 x 10~ % A/m? | 34.7mM

In Table D.5, we provide the KT concentration decay time in the stimulated extracellular

region under models with/without NKCC. It shows that the model with NKCC on the glial

membrane produces a faster decay of the K™ concentration in the stimulated extracellular

region.

110



Table D.5: Potassium Concentration Decay Time with/without NKCC

[ | 50% decay | 70% decay | 90% decay |

Baseline 1.95 s 3.58 s 7.83 s
NKCCa 0.60 s 1.11 s 2.41 s
NKCCb 0.63 s 1.17 s 2.66 s

D.4 Parameters in optic nerve model

| Parameters | Value | Parameters | Value
R, 48 x 107> m (Ref.[13, 93]) u 7x 1072 Pa-s (Ref.[3])
Ry 6 x 107 °m (Ref.[75]) Tt e 111 mM (Ref.[13])
L 1.5 x 1072 m (Ref.[13]) Chfeye 3 mM (Ref.[13])
e 1.69 x 10719 A s e 7.57 mM (¥)
kp 1.38 x 10723 J/K cffl*“ 100.84 mM (* Ref.[13])
T 296.15 K (Ref.[13]) Nare 10.17 mM (¥)
nre 5 x 10~1 (Ref.[13]) cKire 100.04 mM (*)
s 4 x 10~ T (Ref.[13]) Tl 105 mM (¥)
nre 1 x 10~ T (Ref.[13]) T 0.16 (Ref.[3, 31])
Maq 5.9 x 105 m~T (Ref.[94]) TOAS 1 (%)
Mg 1.25 x 107 m~ T (Ref.[94]) Tgl 0.5 (%)
2N K 1 PCSF 1.3 x 10% Pa (Ref.[46])
2C7 —1 prop 4 x 10% Pa (Ref.[46])
20,91 -1 (%) POBP 0 Pa (Ref.[46])
Yax,gl 1 (Ref.[3, 31]) Dle . 1.39 x 1079 m?/s (Ref.[3])
Ypia 1 (Ref.[3, 31]) DE .. 2.04 x 1079 m2/s (Ref.[3])
KNa1,Na2 2.3393mM (Ref.[58]) DT .» 2.12 x 1079 m?/s (Ref.[3])
Kk 1.6154mM (Ref.[58]) D7 1.39 x 10~ m?/s (Ref.[3])
Ko 0.1657mM (Ref.[58]) DX 2.04 x 10~ 1T m?/s (Ref.[3])
Iy 4.78 x 10~% A/m? (** Ref.[58]) D} 2.12 x 10711 m2 /s (Ref.[3])
T2 6.5 x 1072 A/m? (** Ref.[58]) EOFP 1.3729 x 10~% m?/ - s (Ref.[31])
Taz1 9.56 x 10~% A/m? (** Ref.[58]) kSAS 0 m?/V-s (%)
Toz 2 1.3 x 10-% A/m? (** Ref.[58]) Koz 1.67 x 10° Pa (Ref.[17, 95])
gl 2.2 x 1073 S/m? (Ref.[3]) K, 8.33 x 10° Pa (Ref.[17, 95])
gﬁ 2.1 S/m? (Ref.[3]) L 8.89 x 10~ 13 m/Pa - s (Ref.[31, 58])
95 2.2 x 1073 S/m? (Ref.[3]) Lm, 8.89 x 10713 m/Pa - s (Ref.[31, 58])
g, 4.8 x 1073 S/m? (** Ref.[66]) L 1.34 x 10~ m/Pa-s (Ref.[31, 58])
9 2.2 x 1072 S/m? (** Ref.[66]) m 7.954 x 10~1* m/Pa - s (Ref.[96])
glve 1.357 x 101 S/m? (** Ref.[66]) Kgl 9.366 x 10~ 19 m? (Ref.[31, 58])
g 2.945 S/m? (** Ref.[66]) Kag 1.33 x 10~ 16 m? (Ref.[31, 58])
Ng%;l( - 1.5 x 1071 S/m?2 (*) kOF 3.99 x 10716 m? (** Ref.[31, 58])
Gra 3S/m? (*) K3AS 1.33 x 10~ m? (** Ref.[31, 58])

Note: the ‘*’ estimated or induced from the concentration balance.
Note: the “**’ deducted proportional from reference.
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