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Abstract

The calculation of Triple differential cross sections (TDCS) using the Distorted
Wave Born Approximation (DWBA) with the Ward and Macek (WM) approxi-
mation to post collision interaction is performed for positron impact ionization of
molecular hydrogen. The purpose of this study is to examine whether the DWBA-
WM model produces better results compared to the more elaborate 3C model. We
performed two investigations. First, the DWBA-WM study of the phenomenon of
electron capture to the continuum where we found that the DWBA-WM produces
better agreement with experimental measurement than the 3C model for 50 eV
positron projectiles. However for 100 eV positron impact energies, no theoretical
model predicts correctly the variation of the TDCS with ejected electron energies.
The second investigation was on the variation of the TDCS with non-zero scattering
angles. We found that DWBA-WM produces very similar results to the 3C model
except at the recoil peak. Since no experimental results are available, we cannot

conclude which of the two methods produces more reliable results.
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1 Introduction

Triple Differential cross section (TDCS) measurements provide great insights into
scattering collisions and motivate the development of sophisticated methods to
study atomic systems in detail. The TDCS studies constitute a much better test
on the theory than the integrated ionization cross section studies.

In the past two decades the theoretical treatment of TDCS for electron impact
ionization of atoms showed impressive progress [9]. By comparison the positron
impact lonization studies were very few and less sophisticated. The main problem
was the availability of positron beams. Since the mono-energetic positron beams
have low intensities, the experiments for the study of positron impact ionization are
only relative. Thus the variation can be obtained, but not the absolute magnitude
of the TDCS results.

The very first TDCS measurements on positron impact ionization of molecular
hydrogen were designed to study the electron capture to the continuum. ECC is

a special ionization case where the ejected electron is captured by the projectile




in a low lying continuum state. This phenomenon occurs due to the Coulomb
attraction between the active electron and scattered projectile in the final state
of the system [4]. If scattered positrons and ejected electrons emerge with the
same energy in the same direction, they tend to stay together, forming a virtual
positronium atom, which increases the collision cross section. Until recently, the
ECC phenomenon was studied theoretically only with the 3C model, such as the
studies by Fiol et al. [5] and Benedek et al. [6]. However, these papers showed that
for very low impact energies the 3C models fail to agree with the experiment.

In a recent investigation, Campeanu [10] included the post collision interaction
(PCI) approximation of Ward and Macek in the Distorted Wave Born Approxima-
tion (DWBA) model. DWBA is a relatively simple method, representing the final
state of the system as a product of two wavefunctions representing the scattered
positron and ejected electron. The DWBA-WM model was employed to study the
ECC phenomenon in positron impact ionization of helium [10]. Campeanu was able
to show that in the case of He targets, the DWBA-WM model produced results that
were in better agreement with the ECC experimental data than the more elaborate
3C model of Benedek et al [6]. Therefore the question was raised as to whether the
same is true in the case of ECC studies of molecular hydrogen.

The purpose of this work is to compare the DWBA-WM model to the 3C model

of Benedek et al. [6, 8] in a further examination of positron impact ionization of



.

H,. This work consists of two separate studies in order to achieve this objective.
First, the DWBA-WM is applied in the study of ECC phenomenon where the
scattered positron and ejected electron are at zero degree scattering angle. The
TDCS results are then compared to the 3C results of Benedek et al. [6]. Second, the
effect of variation of the TDCS with non-zero scattering angles are investigated by
comparing the two models. Unfortunately for this study, there are no experimental
data available yet.

This work is organized in the following manner. Chapter 2 presents the exper-
iments performed in the ECC study of positron impact TDCS measurements for
molecular hydrogen. Chapter 3 will provide a general formulation of the theoreti-
cal calculations. This includes the provision of the primary definition of the cross
section and T-matrix. As mentioned earlier, 3C was the first model used in the
ECC study of H,. Therefore in section 3.1 a short description of the theory and
the formalism of the final state wavefunction are provided. Section 3.2 contains
the DWBA model in its standard form where an expansion in partial waves and
detailed expansion of the direct T-matrix is provided. In section 3.3 we provide a
more detailed explanation of the DWBA-WM model in terms of a post collision
interaction approximation. The distortion of positron and electron wavefunctions
in various fields are described in details in section 3.4. Then in section 3.5, the

numerical methods employed in performing the TDCS calculations are provided.



Chapter 4 consist of the results of our work. In section 4.1 the TDCS results of
the electron capture to the continuum study are presented and section 4.2 includes
the TDCS results obtained in the study of the variation with non-zero scattering

angles. Finally in Chapter 5 the conclusions of our work are presented.



2 Experiments

In this chapter, we present the experimental method for obtaining TDCS for positron
impact ionization of molecular hydrogen. For this target, the only TDCS measure-
ments dealt with the study of the ECC phenomenon.

The early experiments studying the ECC phenomenon were carried out on
proton-atom collisions and other heavier ion impacts in the 1960s and 70s [11].
The results showed the presence of a cusp-like peak of the projectile in the elec-
tron energy spectrum, observed at 0° relative to the direction of the incident pro-
ton [1, 11]. This cusp-like peak was explained as a result of the Coulomb attraction
between the ejected electron and scattered projectile in the final state of the system.
The interaction started as the bound electron was ionized by the projectile. The
attractive potential between the projectile and active electron caused the ionized
electron to accelerate and be captured to a low lying continuum state known as
ECC phenomenon.

Since the discovery of positrons, investigators were concerned about how antimatter-



matter interactions are different or similar to matter-matter interaction. In the early
1990s, researchers attempt to study the ECC phenomenon using positron impact.
First, Double Differential Cross Sections (DDCS) — the already developed method
of approximation used for the matter-matter interaction — failed to produce any
significant results in identifying the ECC phenomenon [12]. Using heavy projec-
tiles, the ECC was observed at zero angle, since the projectile is hardly deflected by
the collision. In contrast, due to the nature of light projectiles, positrons are easily
deflected. Thus the probability of ionization is very small at specific angles since
they are spread over a large range [13]. Consequently, a higher degree of differential
calculation is required to obtain a closer approximation. Hence, Triple Differential
Cross Section (TDCS) of measurements were implemented both theoretically and
experimentally; which provided detailed information about the dynamics of ionizing
collisions.

The very first TDCS measurements on positron impact ionization of molecular
hydrogen were conducted by Kovér and Laricchia of the University College Londen
Positron Group in 1998 [1]. This experiment was designed to study the ECC
phenomenon at 100 eV impact energy. Hence the ejected electron emerged in the
same direction at 0° as the scattered positron. In this experiment, the positron
beam was created by a radioactive source, which provided a beam of 2 x 10¢ e*

per second. This intensity was 10~ less than the intensity used in electron impact



ionization. The positron beam was electrostatically guided. The experiment was
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Figure 2.1: Schematic diagram of the 1998 experimental setup [1]

performed using a Channeltron (CEM) as illustrated in figure 2.1, where ejected
electrons were detected. A tandem Parallel Plate Analyzer (PPA) determined the
energy of the ejected electrons. Microchannel Plates (MCP) fixed on top of the first
PPA were used to detect the scattered positrons. The angular acceptance of the
electron detector in this experiment was approximately Gaussian shaped. The full
width at half maximum (FWHM) angles were estimated iﬁ different directions as
given in table 2.1. Furthermore, the energy resolution of the PPA was determined
mainly by the size of the projectile beam and estimated to be about 10%. The
experiment at 100 eV positron impact energy was carried out for ejected electron
energies of 15 — 55 eV at 5 eV intervals. At each energy, it took approximately

5 x 10°s to obtain the data. A small broad peak was observed at 42 eV, which is



Table 2.1: The angular acceptance of e~ and et detectors in the 1998 experiment [1]

Azimuthal Polar

Electron Detector +4° +15°

Positron Detector +15° +20°/ —10°

an indication of ECC phenomenon. As one can analyze,

100 eV — 15.42 eV
126V ~ 100° 25 ¢ (2.1)

where 100 eV is the projectile’s impact energy and 15.42 eV is the first ionization
energy of Hy. This finding in 1998 was the very first experimental confirmation of
ECC phenomenon for positron impact.

In 2001, a new experiment was conducted by the same group on 50 eV positron
impact ionization of Hj [2]. The only change in the experimental apparatus was
the use of a more advanced PPA as illustrated in figure 2.2. Due to its time
focusing properties, the new PPA was able to direct electrons from different angles
to reach the detector, all at the same time. Since at low energy, the signal to
background ratios are higher, the new PPA was able to yield narrower time peaks.
Other than the new PPA and the lower positron intensity beam, the coincident
circuit and data collection procedure were the same as the 1998 experiment. The

angular acceptance for the electron detector in this experiment was approximately

8
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Figure 2.2: Schematic diagram of the 2001 experimental setup [3]

Gaussian shaped. The full width at half maximum (FWHM) angles were estimated
in different directions as given in table 2.2. The energy resolution of the PPA was
again approximately 10%. The experiment was carried out for ejected electron
energies of 9 — 19 eV. The measuring time at each energy was again 5 x 10° s

similar to the previous experiment. Fiol et al [5] calculated the theoretical peak of

Table 2.2: The angular acceptance of e~ and et detectors in the 2001 experiment [2]

Azimuthal | Polar

Electron Detector +4° +15°

Positron Detector +18° +18° |




the cross section as

50eV — 1542V

17.3eV =
7.3e 5

(2.2)

When this value was convoluted according to the experimental angular and energy
resolution, the theoretical peak was shifted to 16.5 eV [5]. However, the exper-
imental peak was observed at around 15 eV and this showed a shift by 2.3 eV
toward lower ejected electron energies. Kovér et al explained that an error in the
calibration of the experimental energy is unlikely, yet not entirely excluded, and
suggested the shift was due to a possible physical effect, for instance, energy loss
during ionization as a result of vibrational excitation or molecular dissociation of
the target. However, the shift should have been 1.33 eV and not 2.3 eV, if ECC

lead to dissociation of the residual ion;

1336V ~ 2656V

(2.3)

where 2.65 eV is the dissociation energy of HJ .

A new study by Arcidiacono et al [4] from the same UCL group was conducted
in 2005. The energy spectrum of positrons scattered from H, was detected for the
first time. The goal was to further investigate whether molecular dissociation or
vibrational excitation were responsible for the observed shift in the study by Kovér
et al of 2001. In order to study molecular dissociation, the charge to mass ratio of

the ion in the final state was calculated. Figure 2.3 illustrates the interacting region

10



for the triple coincidence system between scattered positron, ejected electron and
residual ion. Once an electron with a particular energy was detected, the system
was triggered to extract the ions that were in the scattering region. The target gas
chosen was Deuterium D,, which is one of the stable isotopes of hydrogen. The
purpose of choosing D, was to distinguish between the ion from other background

gases and to increase the lifetime of the ion in the extraction region. Detection

‘,«.’,w":; é
- Q j
e+ beam

Figure 2.3: Schematic diagram of the 2005 experimental setup [4]

of the electron and ion pair then triggered the initiation of another measurement,
which stopped when a positron was detected. The charge to mass ratio of the ion
was finally determined based on the time of flight spectrum. This spectrum was
obtained from the delayed coincidence between the two channel electron multipliers

CEM1 and CEM2. In this study, two concluding remarks were made regarding the
11




study in 2001 [3]:

1. Based on two grounds, the shift observed is not due to dissociative ioniza-
tion, since no D* was present. Also the TDCS energy dependency in this

experiment was the same as previously observed in 2001.

2. The shift observed is not due to energy loss of the target, i.e. molecular ex-
citation. The energy distributions of scattered positrons and ejected electron
are closely related by:

E,=E,~E_—1 (2.4)

where [ is the ionization energy, E, is the energy of the scattered positron,
E; is the energy of the incoming positron and E_ is the energy of the ejected

electron, which demonstrate the conservation of energy.

Arcidiacono et al were able to observe asymmetries in energy sharing between the
two leptons. The asymmetries were observed at approximately half the residual
energy. The positron spectrum was shifted to higher energies by 1.5 eV and the
electron spectrum was shifted by the same amount to lower energies [4]. A con-
tributing factor might be the low velocities of these particles in the final state of
the system. However, since there is no quantum mechaﬁical theory that could
fully explain this behaviour, the data are appropriate for use in testing various

approaches.

12




3 Theory

The Triple Differential Cross Section (TDCS) in general has the form,

o P
a0, 4, dE,

Niesp % | TP, (3.1)
where T is the T-matrix representing the transition amplitude for ionization and
N is a normalization factor, described in more details in equation (3.12). The
index % represents the incident positron, e denotes the ejected electron, f stands
for the scattered positron and b is the bound electron. The ejected electron energy
is denoted as E,, and d{};, d), are the elements of solid angles representing the

direction of the scattered positron and ejected electron.

The exact T-matrix has the form [14],
T = (¥,|V|¥,), (3.2)
where the perturbation is V = (H — Hp). In this equation, H is the full Hamiltonian

of the system and Hj represents the approximate Hamiltonian of the initial state.

13



Also, v s and ¥; are the eigenfunctions of the two Hamiltonians,
Ho|U;)) = E|U;) and H|¥j) = E|Ty). (3.3)

In the case of electron impact ionization, the T-matrix includes both the direct
and exchange Coulomb matrix elements. In the case of positron impact ionization
there is no exchange between the ejected electron and scattered positron in the
final channel. Thus throughout this thesis 7' will be equal to the direct transition
matrix.

In this study, atomic units (A = e = m, = 1) are used.

14



3.1 3C Model

TDCS for positron impact ionization of Hy were calculated using 3C models by
Brauner et al. [15], Fiol et al. [5] and Benedek et al. [6]. In these models, the initial
state of the system is represented as a product of the free positron wavefunction
in the field of H, multiplied by the electron hydrogenic bound state wavefunction,
while the final state of the system is represented as a product of three continuum
Coulomb wavefunctions, a Coulomb wave for each of the ejected electron and the
scattered positron in the field of the residual Hf and another Coulomb wave for
the interaction between the two leptons.

For this three body problem it is convenient to use the Jacobi coordinates as
shown in figure 3.1. In this system, the position coordinates of each body is replaced
by a relative position r; between two bodies, and a vector to their centre of mass

R;. Similarly k; and K; are the related terms in momentum space, where j denotes

any of T, N or P.

rp: position vector of the ejected electron relative to residual ion target T'
rp: position vector of the ejected electron relative to the projectile P
ry: position vector of the projectile relative to T’

Ry: vector from the centre-of-mass of e and T relative to P

15



Ry: vector from the centre-of-mass of T and P relative to e

Rp: vector from the centre-of-mass of e and P relative to T

Figure 3.1: Jacobi coordinates for the three-body problem

Using these coordinates, the 3C model initial state wavefunction will be
K Rr

U; = W‘ﬁi(rT) (3-4)

where ¢; is the initial bound state, represented by a hydrogenic 1s type wavefunction

5(3/2)
NG

The effective charge of the residual target 3 is given by the binding energy of the

¢i(rr) =

e~hrr, (3.5)

electron in the molecule
B = (2mre;)'/2. (3.6)
In 3C model the final state wavefunction according to Fiol et al. [5] can be

approximated as,

ei(kj T;+K;-R;

—3——D—(VT, kT, I‘T)D_(VP, kp, I‘p)ﬁD_ (I/N, kN, I'N). (37)

Uy (r;, Ry) = @)

16



In this equation, D~ represent the distortion factors defined in terms of two body

Coulomb wavefunctions,
1/)]:1-(1‘]') = (27r)_3/2eikj.rj D_(Vjakj)rj)‘ (38)

Hence the distortion factor for a continuum state with Coulomb interactions is

denoted as,
D_(Vj, kj, I’j) = N_(l/j) 1F1(7;l/j; 1, —’L(k‘JTJ + k]r])) (39)

In this equation, 1 F; is the confluent hypergeometric function given by Abramowitz
et al. [16], N~ (v;) is,

N~ (v;) =T(1 — iv;)e"™i?, (3.10)
and the Sommerfeld parameter v; is given by,

v = m—;cZ—J (3.11)
7

The 3C approximation assumes complete overlap of the Hy and Hi wavefunctions.
This is why the residual H] wavefunction does not appear in this theory.

In the 3C approach, the nine-fold integral appearing in the transition matrix
can be reduced to a six dimensional integral. In order to evaluate this numeri-
cally, Nordsieck [17] integrals were used to further reduce it to a three dimensional
integral. Even so, the numerical integration in the 3C model presents rﬁany chal-

lenges (18], since the positron and electron Coulomb waves are not independent and

17



angular decomposition is not possible, which is the main disadvantage of using the
3C model to evaluate the TDCS. Another drawback is the fact that the distorting

effects of the target on the projectile is completely ignored in this model.

18



3.2 DWBA Model

In the Distorted Wave Born Approximation (DWBA) model, the positron and the
active electron (i.e. the electron which is ejected) are considered independent from
each other. This allows each lepton wavefunction to be decomposed into angular
and radial parts. The advantage with the DWBA is the fact that by using polar
coordinates the angular integrations can be done analytically. Therefore the 6-fold
integration over the polar coordinates become a 2-fold integration over the two
radial coordinates.

We calculated the triple differential cross section for positron impact ionization

of molecular hydrogen according to Kheifets et al. [19],

d®o 4 ke
aq, a0, g, ~ 2@

/:f / IT(ks, ke, ky) |2 A, (3.12)
where p, represents the internuclear equilibrium vector over the orientation of which
one has to average the cross section and k;, k., k; denote the momentum of the
incident positron, ejected electron and scattered positron respectively. In order to
take into account the existence of two electrons in molecular hydrogen, a factor of
2 is multiplied at the beginning of the equation. In our work the integral over the
orientation of the internuclear equilibrium vector was performed when we calculated

the spherically integrated representation of the molecular hydrogen wave function

and static potential.

19



In atomic units, wave vectors and momenta are equal, hence in this study we
used wave vectors in the calculation of the T-matrix.

Generally, wavefunctions can be decomposed into radial and angular parts,
1 .
‘IJ(I‘) = ;Rnl(r)}/lm(r)) (313)

where n, [ and m are the principal quantum number, angular momentum and
magnetic quantum number respectively and Y}, are spherical harmonics. For con-
tinuum state wavefunctions the decomposition is more complicated. The positron
wavefunctions for the positron initial and final states are:

q)i(rl) = Z(—i)lie‘iéli Rli(kia Tl) Z }/l::ml (f'l)}/lz‘mi (f{’b) (314)

U mi
Oy(r1) = ) i Ry (ky,m) D Yipm, (£1) Y, () (3.15)
Ly my

The active electron wavefunctions for the electron initial and final state are:

<I>b(r2) = (I)b(’f'z))/lbmb(f'z). (316)
®;(r) = Y i€ Ry, (ke,r2) Y Vim, (£2) Y, (ko) (3.17)
le Me

In these equations, r; denotes the positron’s position vector and r, denotes the
positron of active electron. ®; and ®; are the initial and final state of the positron
projectile, whereas ®, and ®, are the wavefunction of the ejected electron and

bound electron respectively.
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The radial wavefunction R;; were obtained as solutions of the Schrédinger equa-

tion by

A =2 L) (.18

where j denotes one of i, f,b or e [20] and y;;(r) are the functions that satisfy the

Schrodinger equation,

2+

dr? 72

- 2Vi(r) + kz] yli(k,r) =0. (3.19)

In this equation, V; stands for the different potentials as described in section 3.4.
According to Kheifets et al. [19] the T-matrix element of equation (3.12) can be

written as,

T = (@5(r2) Dulrz) | V | @) @4(r2))
(3.20)

= //drl dry @%(r;) @;(r2) V ®p(rz) @i(ry).
The DWBA approximation assumes complete overlap of the H, and H wave-
functions. This is why the residual H] wavefunction containing the coordinates
of the second molecular electron does not appear in our theory. The potential
V corresponds to the interaction between the positron projectile and the target
components.
According to Kheifets et al. [19] in the DWBA approximation, the expression of

V is reduced to the interaction between the positron and the active electron, which
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can be expanded in a series according to Levine [21],

1 r rE L. .
Vo T 2 T e V) Yaulea) .21
An

where 7. denotes the smaller of r; and 73, r5 denotes the larger of the two.
Inserting the expression for V and the wavefunctions given in (3.14—3.17) into (3.20),

we obtain the following expression for the T-matrix element,

//drl er[ Z’I/lfeusllef k‘f’rl)z}/lfmf r])YZf'mI(kf)

lf ms

. i * A ~ 47T TA ~ * [~
(Z 'I,lee bt Rle (k)e, 7"2) Z )/leme (rz))/leme (ke)> (Z I\ T 1 'r’\_il Y,\p,(rl) Y)‘N(r2))
: le me A >

3

((I) (7‘2 Ylb’mb I'z)) (Z( )ll Zdl'Rl kz,'rl Z}/lm, }/l,m, IA( ))

(3.22)

The T-matrix element can be evaluated using Clebsch-Gordan coefficients or equiv-
alently the Wigner 3-j symbols,

S m R i J2 Js
(J1m1 jama|jsms) = C;fmszmg = (—1)ms+nTI2 /253 + 1 . (3.23)

my my; —Mmg

The angular integrations in equation (3.22) are product of three spherical har-

monics. For positron angles, they are:

/ Yim, (B1)You(£1) Y, (£1) dia. (3.24)

The angular integrations over the active electron are:

[ ¥ @565 Vi 52) (3.25)
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These integrals are shown by Varshalovich et al. [22] to give products of Clebsch-

Gordan coefficients.

To simplify further, we chose the z-axis along the direction of k;, which means

the 6; = 0 thus,

(21, + 1)

Y;imi (Rl) = An

Bim - (3.26)

Since the conservation law is valid for the angular momentum in the z-component,
we know the 3-j symbols must be zero unless m;, + p = m, and my + p = m,, so
ms + m, = m; + m,. Since hydrogen is in a 1s orbital, {, = 0 and m; = 0; we also
know m; = 0 from equation (3.26).

Following these operations, the T-matrix element is:

T _ Z e'i((sli+6le+(51f)i(li—le—lf)(_l)me

lilel g2
mimemgp

box Wy oaunox ke ox

—mfme OOO—mbmmeOOO
(26 + 1)

(3.27)

Yiym; (K7) Yiom. (ke) \/ (26 + 1)(2le + 1)(2L; + 1)(2ly + 1)

0o A

,
dry 73 3 Riy(kg,m1) Ry, (Ke,72) _——T'\il Ry, (r2) Ry (ki, 1)
>

ﬁ
Q.
o
O\§

Alternatively the T-matrix can be written in terms of a reduced Coulomb matrix
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element:

(kellV[1ib) = / (2h + 1)(2Le + 1)(25 + 1) (2l +1)
oA L b AL (3.28)
X Rz,.lezfzb(ki, ke, kf, nb),
000/\oo0 o0

where the last term is a Slater integral given as,

00 00 ,r/\
/ drl/ dry r2 r3 Ry (ks, 1) Ry, (Ke,72) F\% Dy(r2) Ry, (ki,r1)- (3.29)
0 0 >

The radial functions Ry (kgs,71), Ri.(ke,72), Ri(ki,m1) were evaluated using the
Schrédinger equation for the potentials as explained in section 3.4. Also, ®, repre-
sents the spherically averaged wavefunction of molecular hydrogen using the Wang

approximation,

1

(I)b(Tz) = 4—7T/<I>Wang(r2,r3) dr3 d’f‘g, (330)

where @y ang is given by Wang in 1928 [23] and rj3 represents the position vector
of the second bound electron. Investigations by Campeanu et al. [24], using this
wavefunction have shown it produces good results for integrated ionization cross
section.

Using a Slater integral has the advantage of having radial variables separated
from the angular part. Therefore the radial integration can be done analytically

and the result would multiply each term of the sum.
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The T-matrix element in equation (3.27) was then simplified to,

; 20, + 1 ~ A
T = E ez(al"‘wle+6lf)'i(li_le_lf)(—1)me ( z4;:__ )Ylfm,(kf)yleme(ke)
lilelfA
memy

(3.31)
PR A A N
x (ko |V [[kib).

—-my my 0O —my My Mg
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3.3 DWBA-WM Model

The standard DWBA model represents the final state of the system as a product
of two wavefunctions, one for the scattered projectile and another for the ejected
electron. The Coulomb interaction between the two leptons is not taken into con-
sideration in the standard model. We now turn to modifications which are required
to allow for post collision interaction (PCI) in the final state of the system.
Brauner et al. [15] were able to show improvements in theoretical results when
PCI was included in the final state wavefunction as opposite to including PCI as
a perturbation. The reason lies with the fact that any physics contained in the
wavefunction would be included in all orders of perturbation, while including the
PCI in the potential is only applied to the first order of perturbation theory.
Investigators have previously suggested the use of the Gamow factor along with
a hypergeometric function to account for the Coulomb interaction between the two
leptons in the final state of the system. In a study by Botero and Macek [25],
the DWBA-G model was suggested as a way to improve theoretical results by
using a Gamow factor and neglecting the hypergeometric function. However, in
a later study by Ward and Macek [26], the use of a low energy approximation of
the hypergeometric function was suggested to account for the average separation

between the ejected electron and scattered projectile.
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This model was called DWBA-WM and produced very good results when ap-
plied by Madison and Al-Hagan [14] in a study of electron impact ionization TDCS.
Recently, Campeanu [10] applied the same model in the study of positron impact
ionization of helium and obtained good agreement with experimental data of Kovér
et al. [2]. In this study we use the Ward and Macek approximation to account for
post collision interaction.

The external factor in the Ward and Macek approximation of PCI between the

ejected electron and scattered positron is,

. . 2
iy 127
|Cscat——eject|2 =G 1F1(2_ﬂ_1 1; —;y—?”gze ) (332)
where
y
G=—r——
-1’
exp(7) (3.33)
-
7= ka - kel ‘
The third parameter of the hypergeometric function can be represented as,
we T2 0.627 2
rove — 6s, (1 +— Ve lnet) , (3.34)

where €, represents the total energy of ejected electron and scattered positron.
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3.4 Distorted Waves used in DWBA-WM

In our study of positron impact ionization of H, using the DWBA-WM model,
we included the distortion of both positron and ejected electron wavefunctions in
various fields.

In the initial state, the incident positron is distorted due to the static field of

the molecular hydrogen. The static field can be calculated by,

2 r1 rimaz 1
Vulrs) = Vo) = = / 82(z) de — 2 / 2}(0)~ da. (3.35)
O a

1
In this formula, the second and third terms represent the attraction potential be-
tween the positron and the two bound state electrons. The centre of the molecule
is considered to be at 0 and 7, is the position of the positron. In this equation
Timag 15 the value of which this molecular wavefunction becomes zero numerically.
Also, ®2(r,) represents the radial charge density of the bound state electron in H,
molecule.

The term Vp,q(m1) in equation (3.35) is given according to the “shell model”

introduced by Al-Hagan et al. [27] as,

2
—  ifr; 2 0.7a.u.
Vowa(r1)) = 1 (3.36)

0 ifr1 <0.7a.u.

Vaue(T1) is a repulsive potential between the positron and the two nuclei of the

molecular hydrogen. We did not consider the target polarized by the incident
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positron.
In the final state channel, there are three cases to be considered depending
on the energy of the scattered positron as compared to the energy of the ejected

electron.

e Case 1: scattered positron is faster than ejected electron (ks > k.)
In this situation, as the scattered positron looks back, it “sees” that the
ejected electron and the residual ion form a virtual hydrogen molecule. Thus
the scattered positron observes a potential that is similar to the potential of
the incident channel.

In the ejected electron channel on the other hand, we used the Coulomb
potential of HJ ion and the Furness-McCarthy exchange potential between

the bound and ejected electrons,

Vialra) = —2 (E - i) - \/ (E - i) —29%(r) ., (337)

where the exchange potential is considered to be singlet. Table 3.1 includes

the potentials employed in Case 1.

e Case 2: ejected electron is faster than scattered positron (k. > ky)
In this case, the ejected electron is moving much faster so as it looks back,
it observes two positive charges. Thus simple Coulomb potential and the

Furness-McCarthy exchange are applied to the ejected electron channel.
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Table 3.1: The potentials in the final state channel when (ks > k), (ke > ky) or (kf = k)

Associated Potentials Case 1 Case 2 Case 3
Incident e* d, Vse(r1) Vie(r1) Vae(r1)

1 1
Scattered e* oy Vse(r1) — —

™ )

. - 1 2 1 .
Ejected e o, —— 4+ Vez(r2) | —— + Vez(r2) | =— + Vex(r2)
T T2 T2

In the scattered positron channel, only a simple Coulomb potential is used.
The reason is when the scattered positron looks back, it only observes a single

positive charge. Table 3.1 includes the potentials employed in Case 2.

e Case 3: ejected electron and scattered positron have the same en-
ergy (ke =ky)
In this situation, both outgoing leptons “see” the positive charge of the resid-

ual molecular ion. The potentials used in this case are given in table 3.1.
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3.5 Numerical Methods
Radial Schrédinger Equation

The radial solutions to the Schrédinger equations given by equation (3.19) were
numerically calculated with the NUMEROV subroutine developed in the 1970s by
the theoretical atomic physics group at University College London [28]. The radial
integration of the three continuum wavefunctions provided the radial wavefunctions
for the incident positron, the scattered positron and the ejected electron. These
equations were solved on an equidistant mesh going from origin, where the nu-
cleus was positioned. We used a mesh with the step 0.035 a.u. extended outward
to about 10 a.u., which was well into the asymptotic range of the three contin-
uum wavefunctions. The NUMEROV routine was able to detect the start of the
asymptotic regions. NUMEROV routine solves the equations for both Coulomb

and non-Coulomb potentials.

Radial Integration

The double radial integrals of the DWBA model were evaluated by using the com-
posite Simpson integration method. As the integrand was a function of both r; and
T2, before doing the external Simpson summation, we “froze” the r; and performed

the internal Simpson’s summation for r,. Then our program performed the external
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Simpson summation for r;.

Convolution Integral

In order to compare our theoretical results to experimental values in case of ECC
phenomenon, we performed the convolution of the theoretical TDCS with the finite
resolution of the experimental angular and energy values. The finite acceptance
of the experiment by the UCL Positron Group [1, 2, 4] are given in table 2.1
and table 2.2. There were one energy and four angular experimental inaccuracies,
therefore we had a 5 fold convolution integrals.

We applied the convolution as follows:

d?c d3c
de dQ}. dE, o / de dQ. dE, (SII) g(a:) dz, (3.38)
where g(z) represents the normal (Gaussian) distribution [29], given by
_ |t —(z—n)®
9(z) = [0\/% ea:p( 572 . (3.39)

For each experimental inaccuracy, there were several possible values, thus it was

convenient to assume that there is a normal distribution of the measured values.
Our normal distribution function had a negative exponential factor. Therefore

we solved the integration by using Gauss-Hermite quadrature [30], which has a

similar form

(o ¢]

+o00 n
/ e f(¢') dz’ ~ Zwif(w;). (3.40)
- i=1
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Using the Gauss-Hermite quadrature implies the change of variable:
z=2'V20+pu (3.41)

everywhere in the TDCS calculation.

In equation (3.40), n denotes the number of sample points used in the approx-
imation. The convolution was performed by using a (n = 5) point Gauss-Hermite
quadrature for each of these experimental inaccuracies. We checked the variation
of TDCS values with the number of Gaussian points (we tried 3, 5 and 7 points)
and found that the 5 points quadrature is sufficiently accurate. The roots of the
Hermite polynomials H,(z') are denoted as z; where (i = 1,...,n) and w; are the

associated weights given by,

nl 2" /1

For instance, the width o for 8, was 4°. The convolution for 6, where u = 0 was
approximated by changing equation (3.41) to:
z=2'V20o (3.43)

where o0 =4 ( T

Eé) radians.

Partial Wave Expansion

Finally we have to mention that the expansion with partial waves was truncated.

The effect of truncation was a small error, approximately 1073 in our results. This
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value was obtained by increasing the number of partial waves until the change in the
results was small error of 1073. The convergence with partial waves was achieved
by using a maximum of 40 partial waves in the incident and scattered positron
continuum states. We also use a maximum of 10 partial waves in the ejected
electron channel. In all cases, the values were obtained by running the program
several times with different input values to find the number of partial wave that

converged the results.
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4 Results and Discussion

This chapter consists of the TDCS results obtained by applying our DWBA-WM
model to positron impact ionization of molecular hydrogen. In section 4.1, the
DWBA—WM model was applied to both low and high positron impact energies of
50 eV and 100 eV in order to study the ECC phenomenon at zero scattering and
ejection angles. The results were then compared to the positron and electron 3C
models of Benedek et al. [6] and Fiol et al. [5]. In section 4.2, the variation of
scattering angles in determining the TDCS is considered. Our DWBA-WM model
is applied to 100 eV and 250 eV impact energies, both at a small ejected electron
energy of 4.5 eV at various scattering angles. This is followed by the comparison
of our data with the positron and electron 3C models of Benedek et al. [8] and Stia
et al. [7]. In this study, the TDCS values are in atomic units and energies are in

electron volts.
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4.1 Results for Electron Capture to the Continuum

In our ECC study of positron impact ionization of molecular hydrogen, a cylindrical
symmetry was used where the scattered positron and the ejected electron emerged
in the forward direction. Although the experiment was attempting to detect both
leptons at zero degree scattering angles, due to experimental uncertainties, the
symmetry of the experiment could not be coplanar. In this study we used the
associated potentials of Case 3 as explained in section 3.4.

Using the DWBA-WM model we calculated the TDCS values at 50 eV impact
energy with various ejected electron energies E,. We found the ECC peak to be
where the scattered positron and ejected electron had the same energy of 17.3 eV
The TDCS values obtained for 50 eV impact are present in table 4.1. In order
to compare our theoretical data to the experimental values obtained by Kévér et
al. [1], convolution with the experimental angular and energy resolution of table 2.1
are required. Therefore, five experimental uncertainties were included in our study.
Table 4.2 provides the details on one energy and four angular corrections.

After the convolution was applied, we observed two important changes to our
results. First, the TDCS values obtained in table 4.1 were significantly reduced in
size. Second, the ECC peak previously observed at 17.3 eV in the unconvoluted

calculation was shifted to a lower ejected electron energy of 15 eV. The asymmetry

36



Table 4.1: DWBA-WM unconvoluted TDCS values for 50 eV impact ionization of Hp at zero

scattered and ejected angles

E, (eV) | TDCS (a.u.)
9 1123.33
10 1075.94
11 1156.41
12 1287.86
13 1389.88
14 1589.36
15 2015.56
16 2776.16
17 5339.54
18 4055.31
19 654.79
20 312.56
21 182.87

of our data is responsible for the shift of the ECC peak. Thé change in unconvoluted
TDCS results at ejected electron energies lower than the ECC peak (E, < 17.3¢eV)
is not as rapid as the change of TDCS values after the ECC peak (E, > 17.3eV).
For instance in table 4.1, the change of TDCS values from F, = 11eV to E, = 12eV
or from E, = 13eV to E, = 14€V are of the order of 100 a.u.. However this change
after the ECC peak is of the order of 4000 a.u. for E, = 18 eV to E, = 19eV.
The plot of the convoluted theoretical data associated ‘with the unconvoluted

data of table 4.1 is given in figure 4.1. Our DWBA-WM model predicted the ECC
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Table 4.2: The ECC experimental uncertainties of Hy positron impact [1]

Symbol | Uncertainties

Ejected Electron Energy E. +10%
Ejected Electron 6 0. +4°
Scattered Positron 8 05 +15°
Ejected Electron ¢ be +15°
Scattered Positron ¢ o5 +20°/ - 10°

peak at 15 eV ejected electron energy, which is in agreement with the relative
experimental data of Kovér et al. [1, 2]. However, the 3C models of Fiol et al. [5]
and Benedek et al. [6] predicted the ECC peak at an ejection electron energy higher
than the experimental energy By 1.6 eV.

Also the TDCS shape of our DWBA-WM model is in better agreement with
the TDCS experimental shape when compared to the results of the 3C models of
Fiol et al. [5] and Benedek et al. [6].

Another difference between the 3C model and our DWBA-WM model is the
TDCS size. The experimental triangles on the graph were previously raised by
Benedek et al. [18] to match the height of their ECC peak. In order to perform a
clear comparison of the theoretical models, we multiplied our DWBA-WM curve

by a factor of 2.5 as presented in figure 4.1. Since the experimental values were
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obtained on a relative scale, it is not possible to conclude which theoretical model
is able to obtain the correct result in terms of the TDCS size.

Benedek et al. [6] attribute the disagreement between their 3C model and ex-
periment to the fact that the 3C model is missing the interaction between the direct
ionization and the positronium formation channels [18]. Our DWBA-WM model
only considers the direct ionization and is able to produce the correct position of
the ECC peak relative to the experimental data.

Using the DWBA-WM model we repeated our calculation of the TDCS values
at 100 eV impact energy with various ejected electron energies E,. This time we
found the ECC peak to be where the scattered positron and ejected electron had
the same energy of 42.3 eV. The TDCS values obtained for 100 eV impact are
presented in table 4.3. Again, convolution with experimental angular and energy
resolution of table 4.2 was applied. The plot of the convoluted theoretical data
associated with the unconvoluted data of table 4.3 is given in figure 4.2.

As shown, for 100 eV impact energy both the DWBA-WM and 3C models were
able to produce the ECC peak at the experimental peak position at 43 eV ejected
electron energy. Again, in order to allow for a clear comparison of the theoretical
models we multiplied our DWBA-WM curve by a factor of 3.5. As in the 50 eV
case, the experimental data of Kovér et al. [1, 2] were normalized to the 3C model

results of Benedek at al. [6]. Figure 4.2 shows that for 100 eV positrons the EEC
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Table 4.3: DWBA-WM unconvoluted TDCS values for 100 eV impact ionization of Hy at zero

scattered and ejected angles

E.(eV) | TDCS (a.u.)
33 291.28
34 300.09
35 316.69
36 339.85
37 371.19
38 418.96
39 500.17
40 648.33
41 963.86
42 2083.72
43 3311.81
44 589.85
45 305.12
46 197.00

peak is predicted correctly by all theoretical models. However, at energies lower
than E, = 40eV all three theoretical models disagree with each other and with the

experimental values.
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4.2 Results for the Variation of the TDCS with Scattering

Angles

In this section we present the TDCS measurements for positron impact ionization
of H, for various scattering angles. To discuss the ionization dynamics, our DWBA-
WM model is compared to both the TDCS results of the electron 3C model of Stia
et al. [7] and positron 3C model of Benedek et al. [8]. This study is performed for
non-zero angles at two different impact energies of 100 eV and 250 eV in a coplanar
symmetric geometry.

In case of electron impact ionization of molecular hydrogen, several experiments
have been performed for different energies at various angles. However, there are
no experimental results available in the case of positron impact for comparison.
The TDCS electron 3C model of Stia et al. [7] produced theoretical results in great
agreement with the absolute electron experimental results of Jung et al. [31] for all
energies and angles. We compared our positron DWBA-WM theoretical data to
the two 3C models of Benedek et al. [8] and Stia et al. [7] as shown in figure 4.3
and 4.4. We employed the DWBA-WM model and obtained the TDCS values for
100 eV positron impact energy at small scattering angles of 7° and 15°. The TDCS
were calculated for 4.5 eV ejected electron energy énd were presented as function of

ejected electron angles. In both cases, the convergence of our DWBA-WM positron
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curve to the 3C curve of Benedek et al. [8] was achieved by using 7 partial waves in
the ejected electron channel and 30 in the incident positron channel. Our results
were divided by a factor of 32.7 and 34.6 respectively to match the height of the
3C binary peak.

We performed the same study in case of 250 eV positron impact energy, for
three different scattering angles of 6; = 4°,8°,12°. In all three variations of 6y
we used 10 partial waves in the ejected electron channel and 40 partial waves in
the incident positron channel. In order to compare our results to the 3C model of
Benedek et al. [8], we normalized our DWBA-WM binary peak to the magnitude
of the 3C model binary peak by dividing our data by a factor of 26.3.

Generally, all curves show two maxima,; one is referred to as the binary peak and
the other as the recoil peak. Brauner et al. [15] describe the mechanism for electron
impact ionization as following. The binary peak is the result of an electron-electron
collision with the nucleus as a spectator. This peak is located approximately in the
direction of the momentum transfer vector q = k; — k.. The recoil peak is located
approximately in the opposite direction to the binary peak. As a result of double
scattering, the initially bound electron is scattered from the projectile electron and
then scattered an infinite number of times off the target nucleus.

Figures 4.3 - 4.7 show the variation of the TDCS with scattering angles is

quit similar when calculated with our DWBA-WM model and with the positron
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3C model of Benedek et al. [8]. The only significant differences are in the recoil

peak magnitude and position. This was expected as the recoil peak is due to the
electron double scattering phenomenon, which depends on the representation of
the PCI and of the electron wavefunctions in the field of the target. These two
theoretical components were different in the DWBA-WM and 3C models.

In the remainder of this chapter, we shall focus on the comparison between our
DWBA-WM results and the electron 3C results of Stia et al. [7]. As shown in
figures 4.3 - 4.7, we observed a large difference between the size of our positron
DWBA-WM binary peak as compared to that of the electron 3C binary peaks.
For instance, at 100 eV impact energy and 6; = 7°, the positron binary peak
is approximately 13 a.u. larger than the electron binary peak. At 6; = 15°, the
positron binary peak is 4 a.u. larger. In case of 250 eV impact, at 6; = 4°,8°,12°,
the positron binary peaks are about 8.4, 3.4 and 1.6 a.u. larger than the electron
binary peaks. Table 4.4 contains these differences. Thus an interesting feature
observed in this study is that in all five cases, the positron binary peak is much
larger compared to that of the electron peak. This is in agreement with the positron
results of Berakdar [32] and Benedek et al. [8].

In studying the recoil peaks however, the electron 3C model of Stia et al. had
slightly larger TDCS values as compared to our positron DWBA-WM results. At

100 eV impact energy, this difference is about 0.6 a.u. in the case of 6; = 7° and
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0.2 a.u. in the case of 8y = 15°. At 250 eV impact energy for scattering angles
of §y = 8°,12°, the electron recoil peaks were 0.04 a.u. and 0.03 a.u. larger than

our positron results. Figure 4.5 represents the 250 eV’ impact at §; = 4° scattering

Table 4.4: TDCS difference in sizes of the DWBA-WM e* to 3C e~ peaks

Difference in | Difference in

Binary Peak | Recoil Peak

7° 12.68 a.u. - 0.58 a.u.
100 eV

15° 4.00 a.u. -0.19 a.u.

4° 8.38 a.u. + 0.91 a.u.
250 eV | 8° 3.42 a.u. -0.04 a.u.

12° 1.63 a.u. - 0.03 a.u.

angle. This was the only case where we did not have the electron recoil peak larger
than the positron peak as shown in table 4.4.

This table compares the result of the TDCS in both cases of 100 eV and 250 eV
impact where similar behaviour was observed. In all five cases, as the scattering
angle was increased from 7° to 15° at 100 eV and from 4‘; to 12° at 250 eV, the
differences in the TDCS values of both binary and recoil peak decreased dramat-
ically in size. The same is true of the impact energy. As the impact energy was
increased, the TDCS results were decreased.

As one replaces positrons with electron projectiles, two main features are ob-

served. First, using a classical view, it can be argued that there is a higher proba-
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bility for binary collisions to occur in case of the positron projectiles. This is due
to the attraction force between the positron and the ejected electron, which pulls
the ejected electron into the binary peak region. However, in case of electron pro-
jectiles, the repulsion between the two electrons pushes the ejected electron away

and into the recoil region.

Table 4.5: The binary peaks positions of the three models relative to the direction of momentum

transfer
Binary Peak Positions
Direction of Momentum Positron Positron | Electron
Transfer (q + 180°) DWBA-WM | 3C Model | 3C Model
7 316° 318° 325° 300°
100 eV g 300° 302° 309° 288°
4° : 303° 309° 309° |  296°
250 eV | 8° 290° 289° 297° 285°
12° 287° 290° 292° 282°

Second, changing the electron projectile to a positron projectile will have an af-
fect on the bending of the binary and recoil peaks. Table 4.5 shows the momentum
transfer in degrees for different impact energies and scattering angles. It also pro-
vides the binary peak positions of our positron DWBA-WM curves in comparison
to both the electron and the position 3C models. We observed that our positron

binary peaks are positioned on one side of the momentum transfer; whereas the
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electron binary peaks are located on the opposite side. Thus the two projectile
are bending in opposite directions as compared to the momentum transfer vector.
This bending feature of the binary peak is noticeable when the scattering angle is
relatively small. For instance when the impact energy is 250 eV and the 6; = 4°,
our positron DWBA-WM curve is bent toward higher ejected electron angles by 6°.
The electron 3C model curve on the other hand is bent toward the lower ejected
electron angles by 7°. Thus, the positron binary peak is bending toward the forward
direction and the electron binary peak bends toward the backward direction.

The opposite is true in case of the recoil peaks. From the five figures 4.3 -
4.7, except ﬁgﬁre 4.5, we observed that in contrast to the binary peak, our recoil
positron peaks are bent toward the backward direction and the electron recoil peaks
are bent toward the forward direction. In figure 4.5 however, the direction of the
momentum transfer is at q = 123°, our DWBA-WM recoil peak is at 126° and the
electron 3C peak is at 137°.

The shift of both binary and recoil peaks relative to the direction of the mo-
mentum transfer is due to the PCI effect and the distortion of the partial waves.
Many studies have considered the effect of PCI in electron impact [33] and positron

impact [34] ionization.
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Figure 4.1: ECC study of 50eV positron impact ionization of molecular hydrogen. The TDCS
(a.u.) is convoluted with experimental angular and energy resolutions as function of ejected elec-
tron energy (eV). Our DWBA-WM model is represented by the solid curve, the 3C model of Fiol
et al [5] by the dotted curve, the 3C model of Benedek et al [6] by dotted-dash curve and the
experimental data of Kovér et al [1, 2] are represented by triangles and error bars. The experi-
mental data were normalized to the height of the ECC peak by Benedek et al [6]. Our data was

multiplied by a factor of 2.5.
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Figure 4.2: ECC study of 100 eV positron impact ionization of molecular hydrogen. The
convoluted TDCS (a.u.) is a function of ejected electron energy (V). Our DWBA-WM model
is represented by the solid curve, the 3C model of Fiol et al. [5] by the dotted curve and the 3C
model of Benedek et al. [6] by dotted-dash curve. The experimental data of Kovér et al. [1, 2] are
represented by triangles and error bars, normalized to the height of the ECC peak by Benedek et

al. [6]. Our data was multiplied by a factor of 3.5.
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Figure 4.3: Angular dependent TDCS (a.u.) in coplanar asymmetric geometry at E; = 100 eV
positron impact energy, E. = 4.5 eV ejection electron energy and §;= 7° scattering angle. Our
positron DWBA-WM model is represented by the solid curve, the electron 3C model of Stia et
al. [7] by the dashed curve and the positron 3C model of Benedek et al. [8] by the dotted-dash
curve. In this study, 30 partial waves were used in the incident positron channel. The direction
of the momentum transfer vector is at g = 136° and at (q+ 180°) = 316°. Our data was divided

by a factor of 32.7.
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Figure 4.4: Angular dependent TDCS (a.u.) in coplanar asymmetric geometry at E; = 100 eV
positron impact energy, E, = 4.5 eV ejection electron energy and 6y= 15° scattering angle. Our
DWBA-WM model is represented by the solid curve, the 3C electron impact of Stia et al. [7] by
the dashed curve and the 3C positron impact of Benedek et al. (8] by the dotted-dash curve. The
direction of the momentum transfer vector is at q = 120° and (q + 180°) = 300°. Our data was

divided by a factor of 34.6.
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Figure 4.5: Angular dependent TDCS (a.u.) in coplanar asymmetric geometry at E; = 250 eV
positron impact energy, E. = 4.5 eV ejection electron energy and §y= 4° scattering angle. Our
DWBA-WM model is represented by the solid curve, the 3C electron impact of Stia et al. [7] by
the dashed curve and the 3C positron impact of Benedek et al. [8] by the dotted-dash curve. The
direction of the momentum transfer vector is at q = 123° and (q + 180°) = 303°. Our data was

divided by a factor of 26.3.
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Figure 4.6: Angular dependent TDCS (a.u.) in coplanar asymmetric geometry at E; = 250 eV
positron impact energy, E. = 4.5 eV ejection electron energy and fy= 8° scattering angle. Our
DWBA-WM model is represented by the solid curve, the 3C electron impact of Stia et al. [7] by
the dashed curve and the 3C positron impact of Benedek et al. [8] by the dotted-dash curve. The
direction of the momentum transfer vector is at q = 110° and (q + 180°) = 290°. Our data was

divided by a factor of 26.3.
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Figure 4.7: Angular dependent TDCS (a.u.) in coplanar asymmetric geometry at E; = 250 eV
positron impact energy, E. = 4.5 eV ejection electron energy and 6= 12° scattering angle. Our
DWBA-WM model is represented by the solid curve, the 3C electron impact of Stia et al. [7] by
the dashed curve and the 3C positron impact of Benedek et al. [8] by the dotted-dash curve. The
direction of the momentum transfer vector is at q = 107° and (q + 180°) = 287°. Our data was

divided by a factor of 26.3.
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5 Conclusion

In this work we performed an extended study of triple differential cross sections
for positron impact ionization of molecular hydrogen. The objective of our work
was accomplished by investigating both the electron cai)ture to the continuum
phenomenon and the variation with non-zero scattering angles using DWBA-WM
and comparing our TDCS results to the 3C findings.

Our distorted wave Born approximation model using Ward and Macek post
collision interaction [26] was applied to the ECC study of molecular hydrogen. We
were able to show that in this case our model produces TDCS results in good
agreement with the existing experimental data. Our convoluted TDCS results are
lower in magnitude as compared to the results of the 3C model of Benedek et al. [6].
Since the experimental data available are on a relative scale, we cannot assess the
accuracy of the theoretical TDCS size. Thus, the only possible comparison is on
the shape of the experimental TDCS and how TDCS measurements vary as the

ejected electron energy changes.
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In this study we applied our DWBA-WM model to 50 eV and 100 eV impact
energies. We found that at 50 eV, our model is able to produce results in bet-
ter agreement with experimental measurements as compared to the more complex
model of 3C. DWBA-WM was able to produce the ECC peak position in agreement
to the ECC experimental peak at 15 eV, while the 3C model of Benedek et al. [6]
obtained this peak at a position 1.6 eV higher in ejected electron energies.

Many electron impact studies concluded that DWBA-WM approximation gives
results in better agreement with experiments than more elaborate models. For
instance, Jones et al. [35] and Madison [27] performed their study using three dis-
torted wave models. The 3DW model is an extensions of the 3C model and contain
the full Coulomb interaction in the final state of the system between scattered and
ejected electrons. These investigators were able to conclude that in impact ion-
ization where the energy is relatively low, three distorted wave models generally
overestimate the interaction yet DWBA-WM produces better results. In the case
of 100 eV impact energy, the experimental peak at 43 eV was predicted by all three
models including our DWBA-WM. However none of the models considered in this
thesis correctly approximates the shape of the TDCS at energies lower than 40 eV.

The variation of the TDCS with non-zero scattering angles using our DWBA-
WM model was applied to both impact energies E; = 100 eV at scattering angles

0 = 7°, 15° and E; = 250 eV at scattering angles 6; = 4°, 8°, 12°. In comparing
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the five studies we found that the TDCS values decrease as the scattering angles
increase and TDCS values also decreases as the impact energy increases.

There is a large difference between the binary peaks in positron and electron
impact. By replacing electron projectiles with positron, the electrostatic attraction
between the projectile and the ejected electron increases the probability that the
ejected electron escapes into the region of the binary peak. However, we found
that both positron models: DWBA-WM and the positron 3C model of Benedek et
al. [8] predict similar binary peaks. The major difference between the results of our
DWBA-WM model and the positron 3C model is the recoil peak. This is where the
double scattering process contributes to the TDCS measurements. The difference
between DWBA-WM and 3C models is due to the fact that the two models are
different treatments of post collision interaction and our DWBA;WM model uses
distorted waves where as the 3C uses Coulomb waves. These two main differences
in theory have a bigger impact on the recoil peak. To verify the accuracy of the
two positron impact ionization theoretical models, experimental measurements of

the TDCS with variation in non-zero scattering angles are required.
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