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Abstract

Many pathogens of concern to both human and animal populations exhibit a

generalist nature of infecting multiple host species. The behavior and transmission

dynamics within reservoir hosts not only influence outbreaks within their own popu-

lation but also contribute to the spillover of pathogens to new target hosts. Although

existing works have incorporated spillover transmission into zoonotic models, signif-

icant gaps remain in understanding the epidemic or endemic spread of disease in

target hosts due to spillover, particularly in epizootic contexts. One typical example

is the monkeypox. In this research, by delineating host roles and examining trans-

mission dynamics of monkeypox, we can effectively assess the risk of spillover events

and inform mitigation and control strategies.

We start with a foundational framework that models monkeypox transmission

in a single host species. Two kinds of stochasticity, namely demographic and envi-

ronmental stochasticity, are incorporated. We find population-size-dependent shift

in the relative influence of demographic and environmental stochasticity on disease
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dynamics. By developing a basic reservoir-target epidemic systems, we observe that

the basic reproduction number of the system fails to capture interspecific transmis-

sibility. Our novel threshold derived from the final size relation reflects the influence

of spillover processes and intraspecific transmission within target hosts, providing an

appropriate measure for quantifying the spillover phenomena. Subsequently, incor-

porating population demographics allows us to determine the population extinction

threshold and the maximum persistence threshold. We further verify that stochastic-

ity in the spillover rate induces Phenomenological bifurcation (P-bifurcation) within

the model. These analyses reveal that the spillover rate is the most critical factor

influencing the epidemic and endemic prevalence in target hosts.

Finally, we evaluate the effectiveness of reservoir control strategies such as quar-

antine and culling. Our findings indicate that the interactions between spillover

events and the implementation of reservoir control strategies lead to complex dy-

namics due to the higher codimension bifurcations. A novel observation from our

analysis and numerical simulations is the existence and collision of two limit cycles

generated by distinct endemic equilibria within the system. Our study underscores

the importance of controlling spillover events and managing reservoir prevalence as

key interventions to mitigate spillover effects on target hosts.
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1 Introduction

1.1 Multi-Host Pathogens

Multi-host pathogens, capable of infecting multiple host species, pose a signifi-

cant challenge to both animal and human health [1, 2]. Cleaveland et al. [3] reported

that approximately 77% of pathogens affecting livestock and 90% of pathogens af-

fecting domestic carnivores are classified as multi-host pathogens. The emergence

of infectious diseases in wildlife has been widely recognized as a major threat to

biodiversity, agricultural productivity, and human health [4, 5]. Taylor et al. [6]

estimated that over 60% of known human pathogens have zoonotic origins, empha-

sizing the critical role of animals in the emergence of infectious diseases. Among

these, rodent-borne diseases constitute a notable category of multi-host pathogens

capable of infecting humans, raising significant public health concerns (Table 1.1).

The increasing prevalence of multi-host pathogens has been attributed to climate

change [7], habitat destruction, and intensive farming practices [8]. A comprehen-
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sive understanding of their transmission dynamics and cross-species interactions is

crucial for effective disease risk management.

Distinguishing the hosts and their roles on pathogen circulation is a critical first

step in modeling their effects. Haydon et al. [9] proposed that reservoirs can only be

comprehensively understood in relation to specific target populations. Accordingly,

they defined a reservoir as one or more epidemiologically connected populations or

environments where the pathogen can be sustainably maintained and from which

transmission to the defined target population occurs. The transmission of pathogens

from reservoir hosts to new hosts is known as spillover [10, 11, 12, 13, 14], with

target hosts serving as recipients in these events [11, 12, 15]. The spillover process is

influenced by various factors (Figure 1.1), including the circulation within reservoir

hosts, when and where to expect pathogen exertion, host’s immune response, and

behavioral changes aimed at reducing exposure [11, 14].

Recent outbreaks have revealed the widespread occurrence and significance of

spillover events in disease transmission. For instance, since the onset of the SARS-

CoV-2 pandemic, the virus has spilled over into more than 30 animal species, em-

phasizing the interconnectedness of human and animal health [16, 17]. Similarly,

Nipah virus outbreaks in Bangladesh have occurred with alarming regularity, with

79 spillover events recorded between April 2001 and April 2014 [18]. Spillover dy-

2



Host 
population

Pathogen 
release

Intensity of 
infection

Pathogen 
prevalence

Host

Reservoir Host Target Host

Spill over

Host exposure       

Genetic response

Physiology response

Figure 1.1: Factors affect spillover processes.

namics are also evident in highly pathogenic avian influenza (HPAI) H5N1, with 54

outbreaks documented in India involving transmission from wild birds to poultry

between January 2006 and August 2010 [19]. More recently, by July 2024, spillover

of H5N1 avian influenza from birds to cattle in the United States resulted in the

infection of 157 herds across 13 states, along with four human cases, raising signifi-

cant concerns about viral mutation and zoonotic transmission [20]. These incidents

underscore the urgent need to develop and analyze reservoir-target disease models

that incorporate spillover dynamics.

Wolfe et al. [13] proposed a framework outlining five evolutionary stages of

zoonotic pathogen progression, beginning with exclusive infection in animal hosts

3



(stage I) and culminating in exclusive infection in humans (stage V). Building on this

concept, we adopt an enhanced framework by Lloyd-Smith et al. [2], which considers

four distinct stages of pathogen evolution (Figure 1.2). In the initial stage, reservoir

hosts play a crucial role by exclusively harboring and transmitting the pathogen,

ensuring its persistence and shedding within natural ecosystems. The subsequent

stages are defined by the basic reproduction number of target hosts: stage II involves

no intraspecific transmission among target hosts (R0a = 0), stage III is characterized

by stuttering chains with limited intraspecific transmission (R0a < 1), and stage IV

represents significant intraspecific transmission among target hosts (R0a > 1).

In stage IV, the establishment of pathogens within target hosts is inevitable.

Nevertheless, the outcomes of spillover events occurring during stages II and III

remain uncertain, particularly whether they will lead to outbreaks or persistence

within target host populations. Additionally, both theoretical and empirical studies

highlight a concerning scenario where repeated powerful spillover events may exert

significant pressures on target host populations, potentially driving them toward

extinction [21]. Previous studies [21, 22] have only developed conceptual frameworks

to outline potential spillover outcomes in target hosts, with a primary focus on

transmission rates both within and between species (Figure 1.2).

In the management of spillover events, three primary strategies are widely em-
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ployed [9]: (1) Target Control: focusing intervention efforts exclusively within the

target population. A notable example is human vaccination program against mon-

keypox [23, 24]. (2) Spillover Tactics: implementing measures to substantially re-

duce interactions between species. For instance, minimizing human exposure to in-

fected animals has been demonstrated to effectively control monkeypox transmission

[25, 26]. (3) Reservoir Control: addressing infections within the reservoir population.

An illustrative example is the culling of European badgers (Meles meles) to mitigate

the transmission of Mycobacterium bovis to cattle, a well-documented vector for

bovine tuberculosis (TB) [27]. The application of these approaches requires a deep

understanding of host roles and spillover dynamics [14, 22, 28].

Two broad classes of stochasticity are commonly recognized in the context of

pathogen transmission: environmental and demographic stochasticity [29, 30, 31].

Environmental stochasticity arises from fluctuations in temperature, rainfall, or host

behavioral changes. This form of stochasticity induces random variations in key

model parameters, which can affect disease dynamics at the population level. In

contrast, demographic stochasticity is an intrinsic property of the system, driven

by the probabilistic nature of individual-level events such as birth and death. This

inherent variability is especially evident in small populations, where the resulting

distributions of outcomes provide critical insights into the role of stochasticity in the

5



dynamics of disease spread.

Indeed, it is paramount to investigate the contribution of spillover events to

pathogen prevalence and persistence in target hosts, identify threshold conditions,

and inform applicable management measures. Monkeypox, a pathogen that has re-

cently sparked public concern, offers an illustrative example for studying these crucial

aspects. We examine the transmission dynamics of monkeypox within reservoir and

target hosts in a hypothetical metropolitan area. Three distinct transmission path-

ways: (i) from reservoir to reservoir, (ii) from reservoir to target, and (iii) from target

to target are incorporated. Our analysis of monkeypox clarifies that understanding

of transmission dynamics can impact inference of control measures, and highlights

the need to quantitatively evaluate spillover processes.

Table 1.1: Rodent-borne pathogens

Lassa Fever (LF)

Main carriers Reservoir: Mastomys natalensis

Human transmission route Rodent-to-human, human-to-human and even

human-to-rodent transmission patterns are possi-

ble

Human infections, region Hemorrhagic fever common in areas of West Africa
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Hantavirus Pulmonary Syndrome (HPS)

Main carriers The New York hantavirus, carried by the white-

footed mouse, is associated with HPS cases in the

northeastern US

Human transmission route Rodent-to-human, rare cases of human-to-human

transmission in Chile and Argentina

Human infections, region America, Canada, Argentina, Bolivia, Brazil,

Chile, Panama, Paraguay, and Uruguay

Hemorrhagic Fever with Renal Syndrome (HFRS)

Main carriers Known carriers include the striped field mouse

(Apodemus agrarius), the reservoir for both the

Saaremaa and Hantaan virus; the brown or Nor-

way rat (Rattus norvegicus), the reservoir for Seoul

virus; the bank vole (Clethrionomys glareolus), the

reservoir for Puumala virus; and the yellow-necked

field mouse (Apodemus flavicollis), which carries

Dobrava virus

Human transmission route Rodent-to-human
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Human infections, region HFRS is found throughout the world. Endemic in

Europe and Asia

Leptospirosis

Main carriers Wild animals serve as reservoirs of leptospirosis,

including rodents, bats, foxes, sea lions, and capy-

baras

Human transmission route Human infection occurs through direct contact

with secretions of an infected animal, especially

urine, or through contact with contaminated wa-

ter. Extremely rare human-to-human infection

Human infections, region Leptospirosis is a widespread and potentially fatal

zoonosis that is endemic in many tropical regions

Lujo Hemorrhagic Fever (LUHF)

Main carriers A range of mammalian species, particularly ro-

dents and bats

Human transmission route Rodent-to-human and human-to-human

Human infections, region Identified in Southern Africa in 2008. Cases in hu-

mans are recorded each year globally
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Lymphocytic Choriomeningitis (LCM)

Main carriers The primary host of LCMV is the common house

mouse (Mus musculus). Other types of rodents,

such as hamsters, are not the natural reservoirs but

can become infected with LCMV from wild mice at

the breeder, in the pet store, or home environment

Human transmission route Human infection occurs through direct contact

with infected rodents or contaminated environ-

ment. Person-to-person transmission has not been

reported, with the exception of vertical transmis-

sion from infected mother to fetus, and rarely,

through organ transplantation

Human infections, region Hemorrhagic fever common in areas of West Africa

Omsk Hemorrhagic Fever (OHF)
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Main carriers Rodents serve as the primary host for OHFV,

which is transmitted to rodents from the bite of

an infected tick. Common tick vectors include

Dermacentor reticulatus, Dermacentor marginatus,

and Ixodes persulcatus. Common rodents infected

with OHFV include the muskrat (Ondatra zibeth-

ica), water vole (Arvicola terrestris), and narrow-

skulled voles (Microtus gregalis)

Human transmission route Humans can become infected through tick bites

or through contact with the blood, feces, or urine

of an infected, sick, or dead animal – most com-

monly, rodents. Transmission may also occur with

contaminated environment. No human-to-human

transmission of OHFV has been documented but

infections due to lab contamination have been de-

scribed

Human infections, region OHF occurs in the western Siberia regions of Omsk,

Novosibirsk, Kurgan, and Tyumen
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Rat-Bite Fever (RBF)

Main carriers The primary hosts are rats, both the black rat

(Rattus rattus) and the Norwegian rat (Rattus

norvegicus), kept as pets and used in animal re-

search. Other rodents can also carry and spread

the bacteria

Human transmission route Rodent-to-human, environment-to-human

Human infections, region RBF is an infectious disease caused by two distinct

bacterial pathogens: Streptobacillus moniliformis,

which is the reported causative agent of RBF in

North America (streptobacillary RBF), and Spiril-

lum minus, which is more commonly found in Asia

(spirillary RBF, also known as sodoku).

Chapare Hemorrhagic Fever (CHHF)

Main carriers Rodents

Human transmission route Rodent-to-human, environment-to-human
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Human infections, region The only documented outbreaks of CHHF to date

have occurred in the Cochabamba and Caranavi

regions of Bolivia

Tularemia

Main carriers Arthropods (ticks and deer flies) are the main

transmission vector, and small animals (rabbits,

hares, and muskrats) serve as reservoir hosts

Human transmission route The pathogen can be transmitted to humans from

animals, vectors, food and water, or the environ-

ment

Human infections, region Endemic in North America and parts of Europe

and Asia

1.2 Monkeypox

The monkeypox virus is a member of the Orthopoxvirus genus, first isolated from

cynomolgus macaque (Macaca fascicularis) in 1958 [32], hence its nomenclature.

There are four recognized variants of the monkeypox virus, categorized into clades

Ia, Ib, IIa, and IIb [33]. The clade Ia virus is of particular interest in our study as they
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represent one of the ancestral strains impacting both animals and humans [33, 34].

Historically, transmission of clade Ia has been primarily zoonotic, occurring from

animals to humans within Central Africa. However, recent research [35] indicates that

clade Ia may now be circulating persistently among humans, potentially facilitated

by sexual transmission, particularly in the Democratic Republic of the Congo (DRC).

Notably, clade Ia is associated with higher virulence, with human case fatality rates

in certain African outbreaks estimated at approximately 10% [36].

Clade Ib, identified in late 2023, has since led to a notable increase in cases

in Central Africa [37]. This clade has also been detected in the United Kingdom,

Sweden, Thailand, India, Germany, and six African nations with no prior reports

of monkeypox cases [33]. The DRC has experienced a significant impact, reporting

nearly 36 000 suspected infections and over 1 000 deaths due to monkeypox in 2024

[33]. Clade Ib is known to transmit from person to person, including via sexual

contact.

Clade IIa viruses have been associated with sporadic human infections, primarily

within West Africa. Human infections due to clade IIa has occurred in other parts of

the world through importation of African rodents into the United States in 2003 and

by travelers from Africa [38]. During the mid-2010s, a similar clade II strain, labeled

IIb, was identified as capable of transmission through sexual contact. Clade IIb is
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responsible for the still-simmering 2022 global outbreak [33]. Since mid-May 2022,

monkeypox virus has spread to over 130 countries across Europe, the Americas, the

Middle East, additional African regions, South Asia, and Australia [39]. This spread

marks the first recorded instances of sustained transmission in areas with no direct

epidemiological links to West or Central Africa. Human mortality rate associated

with clade IIb remains low, though they may be underestimated [36]. Whereas clades

Ia and IIa are primarily zoonoses, clade IIb has exhibited extensive human-to-human

spread [38].

Factors such as urbanization and the increasing frequency of human-animal inter-

actions serve as key drivers for the rising incidence of monkeypox cases [40, 41, 42, 43].

Numerous human cases on the continent have been associated with contact with wild

animals or the use of animal products for medicinal or cultural purposes. Spillover

events between animal hosts, have posed a recurrent challenge in past outbreaks.

Notably, an interspecies transmission occurred at Rotterdam Zoo in 1964, when

American giant anteaters and non-human primates housed in close proximity facili-

tated the transmission of monkeypox virus, marking the first indications of its broad

host range [44]. In 2003, an outbreak originating from rodents imported from Ghana

to the United States marked the first documented spread of monkeypox virus in the

Western Hemisphere [45]. Subsequent transmissions within the United States led to
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infections in various animals and 47 documented cases in humans with close contact

to infected animals [46].

Despite its initial association with primate hosts, the virus has exhibited a broader

host range [47, 48, 49, 50, 51]. Existing studies suggest that there may be no one

reservoir; rather, multiple animal species may support monkeypox virus [52]. In

Africa, evidence of monkeypox infection has been found in various rodents: rope

squirrels (Funisciurus spp.), sun squirrels (Heliosciurus spp.), giant pouched rats

(Cricetomys spp.), African dormice (Graphiurus spp.), and ground squirrels (Xerus

spp.) [50, 53]. Notably, scientific studies [36, 54, 55, 56, 57, 58, 59] have spotlighted

the Funisciurus spp. as potential natural reservoir hosts for monkeypox.

In areas where Funisciurus spp. are less common or entirely absent, other species

— including incidentally infected wild hosts and captive animals — play a role in

sustaining viral prevalence [60]. North American rodents, especially ground squirrels,

have demonstrated susceptibility to the virus, indicating a possible pathway for cross-

geographic spread [61, 62]. With the high reproductive rate of rodents in North

American countries [63, 64], there is a significant resource for virus transmission and

circulation. The Centers for Disease Control and Prevention (CDC) has issued a

report cautioning about the potential establishment of the monkeypox virus within

one or more animal populations in the United States [65].
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Recent experimental investigations have shown that animals can be infected with

clades Ia, IIa, or IIb of the monkeypox virus, though notable differences in morbid-

ity and viral replication rates have been observed among infected animals [36, 38].

Studies in animals suggest that clade I is more lethal than clade II [36, 37]. Warner

and coworkers [36] demonstrated that mice do not succumb to infection with the

clade IIb, although they are highly susceptive to clade Ia and IIa and developed fatal

disease upon challenge. Further research involving clades Ib and IIb could reshape

our understanding of monkeypox infection across animal species, highlighting the

need for additional studies.

Animals can acquire monkeypox through multiple routes of transmission, includ-

ing direct contact with infected animals or their bodily fluids [50, 54]. Primates sus-

ceptible to the virus may become infected if virus-carrying small mammals, such as

rodents, pass beneath them [66]. Furthermore, studies have shown that the monkey-

pox virus can persist and remain viable on surfaces or fomites for extended periods,

underscoring the potential for indirect transmission [67, 68].

Rosa et al. [36] offered a comprehensive review of the symptoms associated with

monkeypox virus infections in animals. Clinical manifestations may include lethargy,

reduced appetite, fever, coughing, ocular crusting or clouding, limb swelling due to

lymphadenopathy, and the development of a bumpy or blister-like rash [69]. Notably,
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species-specific differences are observed. For instance, prairie dogs (Cynomys ludovi-

cianus) can shed the virus before the onset of symptoms [36, 70]. Similarly, Gambian

pouched rats (Cricetomys gambianus) can harbor and shed the virus asymptomat-

ically, as infected individuals often do not exhibit signs of severe disease or become

moribund [50]. In Funisciurus spp., initial skin lesions typically appear three days

post-exposure, with classic poxviral lesions emerging by day six [50].

1.3 Disease Modelling and Literature Review

Population Growth Models

Central to many epidemic models is the assumption of a constant total popula-

tion, neglecting population demogarphics [71]. This assumption is applicable when

examining disease progression over a short time frame. In reality, population growth

or decline can significantly influence disease dynamics, potentially altering trans-

mission processes and shaping the course of an epidemic [72, 73]. There are three

primary methods for incorporating population growth. A fundamental approach is

to assume that both birth and death rates are directly proportional to the population

size. Anderson and May [74], Busenberg and van den Driessche [75], and Derrick

and van den Driessche [76] proposed that in the absence of the disease, the total

population N(t) satisfies
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dN(t)

dt
= (b− d)N,

where b is the birth rate and d is the natural death rate. A modification is to assume

constant immigration and deaths proportional to the population size, leading the

population to approach an equilibrium state. Jacquez et al. [77], Mena-Lorcat and

Hethcote [78], and Zhou and Hethcote [79] represented the equation

dN (t)

dt
= A− dN,

where A is the recruitment rate. In this model, if the initial populaiton N0 <
A
d
, the

population grows up to the maximum value A
d
[78]. Adversely, some epidemiological

models incorporate a natural demographic process with restricted growth due to

density dependence. Anderson et al. [80], Brauer [81], and Bremermann and Thieme

[82] put forward the model

dN (t)

dt
= ΛN

(
1− N

K

)
,

where Λ is the intrinsic birth rate and K is the maximal carrying capacity. Here,

the population initially grows exponentially, eventually stabilizing as it approaches

the carrying capacity [83]. Other approaches assume density-dependent death rates

to capture population constraints [84, 85].
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Deterministic Models

The compartmental model, pioneered by Bernoulli in 1760 [86], Ross in 1911 [87],

and Kermack and McKendrick in 1927 [88], has become a cornerstone in studying

the transmission dynamics of infectious diseases. Typically, the population is cate-

gorized into exclusive classes, including susceptible, exposed, infected, and recovered

[74]. The choice of which compartments to include in a model depends on the char-

acteristics of the particular disease being modeled and the purpose of the model

[71].

For many infectious diseases prevalent in heterogeneous host populations, it is

often more suitable to propose multigroup epidemic models. Ross [87, 89] developed

pioneering differential equation models for malaria as a host-vector disease in 1911.

Ross’s models notably distinguish between the disease progressions within human

hosts and mosquito vectors, acknowledging the distinct roles and dynamics each

plays within the transmission cycle.

In 1906, Hamer [90] formulated and analyzed a discrete-time model to investi-

gate the recurrence of measles epidemics. His model may have been the first to

assume that the incidence depends on the product of the densities of the susceptibles

and infectives [71]. Nowadays, disease transmission is typically modeled using func-

tional forms reflecting assumptions of whether the transmission modes are density
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dependent or frequency dependent [91, 92]. In density dependent disease transmis-

sion, contact rates increase as density increases, therefore disease transmission also

increases. Frequency dependent disease transmission occurs when there is no rela-

tionship between contact rates and density of a population.

The basic reproduction number (R0), also known as the basic reproduction ratio

or rate or the basic reproductive rate, is an epidemiologic metric used to describe the

contagiousness or transmissibility of infectious agents [71, 93, 94, 95]. It is defined

as the average of secondary cases generated by a primary infectious individual in a

totally susceptible population within its infectious period. An outbreak is expected

to continue if R0 > 1 and to end if R0 < 1 [96]. Diekmann et al. [93] introduced a

pioneering methodology known as the Next Generation Matrix method, which was

later refined and expanded by Van Den Driessche and Watmough [97]. Recently,

there has been some discussion regarding the limitations of R0 [98].

Stochastic Models

McKendrick [99] introduced an early stochastic epidemic model in 1926, establish-

ing a foundational framework for understanding epidemic dynamics from a stochas-

tic perspective. Since then, numerous researchers have further advanced the field

of stochastic epidemic modeling [100, 101, 102, 103]. Stochasticity in epidemiologi-

cal systems is generally classified into two primary types. The first type consists of
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external perturbations, which arise from random fluctuations in model parameters

due to environmental variability and other external factors [30]. The second type

involves intrinsic stochastic processes, where individuals change their status through

random chance [104].

Environmental stochasticity leads to random variations in multiple model param-

eters, including species decay rate, infectious period, recovery rate and transmission

rate [30, 105, 106, 107, 108, 109, 110]. A common approach incorporates environmen-

tal variability either as additive Gaussian white noise or as multiplicative noise that

scales with population density [30, 111]. The use of a linear function of Gaussian

white noise is a standard approach in stochastic modeling, as it facilitates the deriva-

tion of analytical results [112, 113]. Alternatively, environmental noise can be mod-

eled using a mean-reverting process, often referred to as colored noise [109, 114, 115].

The presence of environmental stochasticity introduces systematic deviations from

deterministic system behavior [31, 116]. These deviations can manifest in various

ways, including transient phenomena and stochastic bifurcations, which contribute

to the emergence of complex dynamics [30, 107, 117, 118, 119, 120, 121, 122, 123, 124].

Demographic stochasticity refers to random fluctuations in population dynam-

ics caused by the discrete and probabilistic nature of individual-level events, such

as birth, death, infection, and recovery processes [100, 125]. This phenomenon be-
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comes particularly significant in small populations, where the impact of individual

events on the overall population is magnified. To systematically incorporate demo-

graphic stochasticity into epidemic models, Allen [109, 126, 127, 128] proposed a

methodological framework. This approach transitions from a deterministic model to

a continuous-time Markov chain (CTMC), capturing the probabilistic nature of pro-

cesses. The CTMC is then approximated by an Itô stochastic differential equation

(SDE), enabling both analytical and numerical exploration of stochastic dynamics.

Studies have demonstrated that demographic stochasticity can significantly alter

outbreak dynamics and increase the likelihood of disease extinction [104, 109, 127].

Modelling Multi-Host Pathogen Dynamics and Transmission

The ongoing advancement of multivariate modeling frameworks plays a pivotal

role in understanding transmission dynamics [2, 128, 129, 130, 131, 132, 133, 134]. By

modelling the transmission of vector-borne parasites, prior studies have emphasized

the crucial significance of host species diversity in amplifying transmission potential

to humans [135, 136, 137, 138, 139]. Craft et al. [140] developed a stochastic model to

describe the spatial and temporal dynamics of a pathogen in a spatially structured,

multi-host community. The model accounted for host social behaviors and variations

in disease transmission rates both within and between host groups. Their findings

on multi-host disease dynamics provided a key insight: species characterized by
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low neighbor-to-neighbor intraspecific transmission bear the most substantial costs

associated with interspecific transmission.

By encompassing data across multiple scales, including ecological interactions,

population dynamics, pathogen biology, and host immune responses, predictive frame-

works offer a powerful means to efficiently predict the relative importance and risk

of spillover events [131, 132, 141, 142]. Childs et al. [129] developed and validated a

mechanistic model of pathogen spillover to forecast yellow fever risk among human

populations in Brazil. Their study highlighted how the complex ecological interac-

tions among environmental factors, vectors, reservoir hosts, and human populations

can serve as reliable predictors of spillover events.

Existing research on monkeypox has primarily focused on studying outbreaks in

human populations, employing a deterministic approach [143, 144, 145, 146, 147, 148,

149]. These studies largely emphasize the existence of equilibrium states in epidemic

modesl and analyze their stability properties [144, 145, 146, 147, 149], while incor-

porating additional aspects such as vaccination [144, 148], isolation measures [149],

optimal control strategies [143], and parameter sensitivity analyses [148]. Building

on these findings, it has been suggested that if monkeypox persists within animal

populations and is able to be transmitted to humans, the disease is likely to estab-

lish itself as endemic among humans, irrespective of the spillover rate [147, 148, 150].
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However, it has been emphasized that an increasing frequency of spillover events may

contribute to unexpectedly large outbreaks [22, 151].

Several works have examined the basic reproduction number to better under-

stand and quantify the impacts of spillover events [12, 150, 152, 153, 154, 155, 156].

For instance, Binkley et al. [157] derived a mathematical expression for the basic

reproduction number of rabies in Ethiopia based on intra- and interspecies contact

rates. They highlighted multiple urban carnivores as key species for rabies main-

tenance, with hyenas posing the greatest risk due to high intraspecific transmission

rates. Bolzoni et al. [158] contributed to the comprehension of pathogen dynamics

in multi-host communities, particularly focusing on the SEI model, which considers

susceptible, exposed, and infectious stages. Their analyses demonstrated that the

basic reproduction number for limit cycles to occur depends on the ratio between

host sizes, that the oscillation period in a multi-host community is set by the smaller

species dynamics, and that intermediate interspecific disease transmission can sta-

bilize the epidemic occurrence in wildlife communities. The research conducted by

Bielby et al. [159] investigated the complexities of amphibian parasite dynamics,

focusing on Batrachochytrium dendrobatidis (Bd) and Ranavirus, which infect mul-

tiple host species. By studying these parasites within a community of five amphibian

species, they unraveled the relative importance of hosts in parasite persistence and
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discerned spatial and temporal variations in these patterns.

Indeed, while the thresholds derived in these works provide valuable insights

into spillover dynamics of multi-host pathogen, they typically assume bidirectional

transmission between reservoir and target hosts. For pathogens unable to spill back

into reservoir hosts, such as certain zoonotic diseases, the effects of spillover may not

be adequately captured by these thresholds. Furthermore, as discussed by Jesse et al.

[160], for homogeneous populations, the basic reproduction number serves as a robust

indicator. For metapopulations, defining such an indicator is not straightforward.

Consequently, the potential for spillover events to initiate and sustain outbreaks in

target host populations warrants deeper investigation.

Recent research has extensively examined novel outbreak thresholds [160, 161,

162, 163, 164, 165, 166, 167, 168, 169]. Roberts and Heesterbeek [170] proposed

a refined framework for redefining the basic reproduction number in the context

of tuberculosis (TB) transmission among possums, accounting for heterogeneity in

host types. Their study demonstrated that the persistence threshold of TB within

a given host type is influenced not only by within-group transmission but also by

transmission rates among all interacting host types. Building on this foundation,

Greenman and Hoyle [171] introduced the pathogen invasion matrix, underscoring

its applicability across diverse epidemiological models. Their analysis also provided
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critical insights into optimizing culling strategies for effective pathogen control.

There are three primary strategies for managing disease spread in target host

populations. In addition to blocking transmission between reservoir and target pop-

ulations [19, 172], control measures can focus directly on reservoir or target hosts

[9, 173]. For example, mass culling of animal hosts remains a key tool for reducing

human cases of zoonotic diseases [174, 175, 176, 177]. The effectiveness of culling

badgers to prevent the spillover of Mycobacterium bovis, the causative agent of TB,

to cattle has been reviewed and discussed in detail [178]. Additionally, vaccination

of target hosts has been proposed both as a means of protecting valuable livestock

and as an effective method for controlling overall epidemics [179].

Culling Strategies

Culling of wildlife and domestic animals has been implemented as disease con-

trol strategy to eradicate infectious diseases [174, 180, 181, 182, 183, 184, 185, 186],

especially when vaccination is unavailable or impractical. There are two primary

approaches to culling: selective culling [175, 176, 187], which involves removing only

infected animals, and mass culling [178, 182], which involves removing entire pop-

ulations regardless of infection status. The choice of a culling strategy depends on

various factors, including the type of reservoir host (wildlife versus domestic ani-

mals), the objectives of the control program (eradication versus conservation), and

26



the practical feasibility of implementation [27, 178]. Gulbudak and Martcheva [182]

conducted a comparative analysis of these strategies by modelling per capita culling

rates as general functions of the infected population size.

Culling of infected hosts generally has a stronger impact on disease control than

mass culling and tends to select for higher virulence within both wildlife and live-

stock systems [176]. However, in practice, distinguishing between infected and sus-

ceptible individuals is often challenging or inefficient. Consequently, mass culling,

which indiscriminately targets both susceptible and infected animals, is commonly

implemented [173, 174, 183, 185, 188]. Furthermore, if the wildlife reservoir lacks

conservation significance, then culling without regard to infection status—even to

the point of local extinction—may be an acceptable strategy [178].

The effectiveness of culling in disease control varies depending on model assump-

tions. While some studies report significant reductions in disease prevalence following

culling interventions [173, 178, 183, 184, 189, 190], others suggest that culling may

paradoxically increase disease prevalence [189, 191]. Badger culling, in particular,

has been highly controversial, as both experimental and modeling studies have pro-

duced conflicting results [27, 178]. A possible explanation for this discrepancy is

the counterproductive effects of insufficiently severe population reductions. Prentice

et al. [189] demonstrated through modelling that when culling fails to significantly
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decrease host density, it can enhance disease transmission, ultimately sustaining or

even increasing infection levels. Furthermore, culling-induced disturbances can fa-

cilitate pathogen spread by increasing host dispersal, as observed in species such as

vampire bats (Desmodus rotundus) and badgers (Meles meles) [192].

Recent studies have improved the understanding of how to design and implement

effective culling interventions [193, 194]. Wasserberg et al. [195] developed a deter-

ministic matrix model that incorporated both sex and age structure to evaluate the

effectiveness of mass culling. Their model analyzed the outcomes under frequency-

and density-dependent incidence, predicting that control efforts are more feasible

under density-dependent incidence than frequency-dependent incidence. Gross and

Miller [196], employing an individual-based model, concluded that targeted test-

and-cull approaches are more effective for disease control than indiscriminate culling

strategies. Furthermore, the appropriate combination of recruitment and culling can

reduce disease prevalence and sustain this reduction over time, potentially leading

to disease eradication [197]. Choisy et al. [198] highlighted that sufficiently high

density-dependent recruitment at low host densities can counterbalance population

reductions caused by culling interventions.
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Figure 1.2: Schematic representation of pathogen evolution and spillover outcomes in

target hosts. In stage II, target hosts serve as dead-end hosts, where no intraspecific

transmission occurs. When intraspecific transmission within target hosts is limited,

pathogen evolves to the stage III. Conversely, when significant intraspecific transmis-

sion occurs, target hosts are termed sustained hosts, and the pathogen progresses to

stage IV. Spillover events in stages II or III may either succeed or fail in triggering

epidemic or endemic spread within target hosts. For pathogen in stage IV, success-

ful establishment within target hosts is evident. Additionally, under conditions of

strong spillover, target hosts may face extinction. R0r and R0a represent the basic

reproduction number in reservoir and target hosts, respectively.
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1.4 Objectives of the Dissertation

The primary objective of this dissertation is to examine the consequences of

spillover events, with a particular focus on scenarios involving disease eradication,

outbreaks, and the sustained presence of multi-host pathogens within target popu-

lations. To this end, we develop both epidemic and endemic transmission models

for monkeypox. Our analysis explores key factors influencing disease transmission in

target hosts, including the basic reproduction number of reservoir hosts, interspecies

contacts, and critical stochastic variations. By comparing reservoir control, spillover

control, and target control strategies, we aim to provide insights that inform practical

intervention measures and applications.

In Chapter 2, we develop a foundational framework for modelling monkeypox

transmission within a single host population. Our analysis begins with an investiga-

tion of the fundamental properties of the deterministic model, including the existence

of a unique endemic equilibrium and its global stability. We then extend the model

by incorporating both demographic and environmental stochasticity to assess their

respective impacts on the system’s dynamic behavior. The global stability of the

system under environmental stochasticity is analytically investigated, while numer-

ical methods are employed for further investigation. We first simulate the effects

of demographic and environmental noise separately and subsequently compare them
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within the hybrid model.

In chapter 3, we develop a minimalist two-species epidemiological framework to

model spillover dynamics from reservoir hosts to target hosts during stages II and III.

By employing the total number of infections in target hosts as a key epidemiological

metric, we derive an outbreak threshold that quantifies spillover results. To evaluate

the robustness of this threshold, we perform numerical simulations, including contour

plots and sensitivity analysis. The results confirm the feasibility and applicability of

the proposed threshold.

In Chapter 4, we extend our model to an endemic context for spillover transmis-

sion in stage II, incorporating control strategies aimed at target hosts. Our objective

is to assess the spillover impacts on the success or failure of pathogen establishment

within target hosts. We identify critical thresholds for disease persistence, maximum

endemic prevalence, and potential population extinction in target hosts. Further-

more, the effectiveness of various control measures is systematically evaluated based

on the analytical findings.

In Chapter 5, we extend the model developed in Chapter 4 to investigate spillover

effects on target hosts during stage III. The extended deterministic framework incor-

porates an exposed compartment and accounts for intraspecific transmission among

target hosts. The threshold conditions derived are compared with the results from the
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previous chapter to assess their implications. Furthermore, we introduce stochasticity

into the spillover rate to evaluate its impact on system dynamics. Using simulation-

based methods, we analyze variations in the stationary distribution of infected target

hosts under increasing volatility.

In Chapter 6, we develop a generalized reservoir-to-target transmission model

for monkeypox, applicable to stages II through IV. The model is further extended

to incorporate quarantine and culling of reservoir hosts, triggered by infections in

target hosts. We analyze and compare the equilibrium states and dynamics of the

models with and without reservoir control strategies. In particular, we examine the

occurrence of higher codimension bifurcations resulting from the interplay between

spillover events and the implementation of reservoir control measures.

In chapter 7, we present our conclusions and future works.
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2 Demographic and Environmental Stochasticity in

Monkeypox Transmission Dynamics

2.1 Introduction

The transmission dynamics of monkeypox virus clade Ia among animal hosts

warrant significant attention, as they play a crucial role in facilitating potential

spillover events into susceptible populations. Animals such as prairie dogs (Cynomys

ludovicianus), rope squirrels (Funisciurus spp.), and nonhuman primates (Macaca

mulatta) can shed the virus before showing symptoms. In this chapter, we embark

on our investigation by adopting a single host SEIR (S, Susceptible, E, Exposed,

I, Infectious and R, Removed) transmission model. By focusing on a single host,

we aim to elucidate the effects of demographic and environmental stochasticity on

monkeypox transmission dynamics.

The isolation of the monkeypox virus from wild animals has been a rare occur-

33



rence, documented only twice in history [199]. The first instance occurred in 1985,

when the virus was isolated from a moribund Thomas’s rope squirrel (Funisciurus

anerythrus), and the second in 2012, from a deceased sooty mangabey (Cercocebus

anerythrus) [32, 200]. Squirrels of the Funisciurus genus have been identified as

the most likely reservoir hosts in endemic regions [32, 36, 55, 56, 59]. Among the

species within this genus, five (F. anerythrus, F. carruthersi, F. congicus, F. lem-

niscatus, and F. pyrropus) have tested positive for monkeypox virus infection, with

F. anerythrus emerging as a particularly strong candidate for a primary reservoir

[53]. Historical evidence suggests that monkeypox virus has been circulating within

Funisciurus populations as early as 1899 [53]. The high population densities of Fu-

nisciurus spp. are considered a key factor in sustaining viral prevalence within the

ecosystem [53, 201]. Furthermore, the social behavior of these squirrels, character-

ized by frequent interactions both within their species and with other animals, likely

facilitates virus transmission across various hosts throughout Africa [53].

Infected animals are able to transmit the virus to animals or humans via direct

contact [50, 52]. Notably, large mammals exhibit pathological manifestations similar

to those observed in human cases. Additionally, the perpetuation of acute viral in-

fections in small mammals is often theorized to necessitate either virus persistence or

latency in the host [36, 202]. In Cercopithecus spp., initial symptoms, such as fever,
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typically appear between 5 and 9 days post-infection [36, 48], before which the virus

remains undetectable. Experimental studies indicate that viral shedding occurs be-

tween 21 and 27 days post-infection [70, 203, 204]. Notably, Funisciurus anerythrus

presents with clinical signs including increased respiratory rate, nasal discharge, oral

lesions, respiratory distress, weight loss, and marked lethargy, accompanied by pro-

longed periods of viral shedding [32, 36].

Existing research on the transmission of the monkeypox virus within animal pop-

ulations has explored various modelling assumptions and methodologies. Madubueze

et al. [205] developed a basic SI model to depict the dynamics of animal infections and

investigated the impact of environmental transmission on human infection. Majee et

al. [148] extended this approach by constructing a SIS model, demonstrating the oc-

currence of a transcritical bifurcation in the disease dynamics. Additionally, several

studies have employed a SIR type model with standard incidence to examine mon-

keypox transmission within animal populations [145, 146, 147]. Other researchers

have built a SEI model to examine the conditions under which the epidemic becomes

endemic in both human and animal populations [144, 149, 206, 207]. Notably, all

these studies have assumed a constant growth rate of the animal population.

Selective culling, a practice that targets only infected animals, aims to lower the

density of infected individuals in a population, thereby reducing the opportunities
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for disease transmission [208]. However, in practice, distinguishing between infected

and susceptible individuals can be challenging or inefficient [190], leading to the

adoption of mass culling, where the culling rate applies equally to both susceptible

and infected individuals [173, 174, 183, 185, 188, 209, 210]. In one study investigating

monkeypox transmission using a constant culling rate, researchers found that the

effectiveness of culling strongly depends on the demographic and epidemiological

characteristics of the animal reservoirs involved [174]. Specifically, if reproduction is

density-dependent and infection follows frequency-dependent incidence, culling may

have the unintended effect of increasing monkeypox transmission among children,

highlighting the complex dynamics of disease control in such settings.

Extensive research has examined culling as strategies to control infectious diseases

within animal populations. Potapov et al. [197] proposed that a sufficiently high

density-dependent recruitment can offset the population reduction caused by culling.

They found that the appropriate combination of recruitment and culling levels may

significantly decrease disease prevalence and maintain this reduction long enough

to potentially achieve eradication. However, other research suggests that population

reduction through culling may hinder the evolution of host resistance [183] and result

in enhanced disease transmission [189]. Tanner et al. [184] emphasized the narrow

threshold between culling levels that could lead to disease eradication and those
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that risk population extinction. Additionally, incorporating a saturation function

into culling models adds complexity to the system dynamics, potentially resulting in

saddle-node, generalized Hopf, and Bogdanov-Takens bifurcations [187].

Demographic stochasticity describes the natural truth that individuals shift sta-

tus by chance [211, 212, 213]. This stochasticity not only introduces variation in the

population size of each state, but also induces systematic deviations from determin-

istic dynamics [213]. Allen et al. [109, 214, 215] demonstrated that the reproduction

number derived from ordinary differential equations (ODE) serves as a threshold

for disease extinction in stochastic models that incorporate demographic stochastic-

ity. Consequently, the probability of a disease outbreak can be determined by these

stochastic frameworks [175].

Environmental stochasticity encompasses the variations in environmental con-

ditions that lead to models with differing parameter values, such as transmission

rate. Randomness in transmission rate arises from multiple influencing factors. For

instance, environmental conditions like temperature, humidity, and resource avail-

ability can lead to fluctuations in disease transmissibility. Additionally, individual

characteristics—such as species-specific traits, immunity levels, and behavioral ten-

dencies—affect both the frequency and intensity of behaviors that facilitate disease

spread. Social interactions within animal groups, including dominance hierarchies
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and group dynamics, further modulate the timing and occurrence of disease transmis-

sion. These factors alter contact likelihood among individuals, infection probabilities,

and disease progression pathways.

The threshold of stochastic models in the presence of environmental stochasticity

has been a subject of ongoing debate in epidemiological research. Studies by Gray

et al. [216], suggested that the basic reproduction number in stochastic differential

equation (SDE) models with environmental stochasticity is lower than that in ODE

models. This reduction implies that additional noise conditions are required for

disease persistence [111, 217, 218]. However, recent findings have challenged this

perspective, arguing that the asymptotic behavior of SDE models is governed by the

same reproduction number as their deterministic counterparts [219]. Zhu and Hu

[220] demonstrated that the reproduction number remains unchanged between SDE

and ODEmodels, while Lahrouz et al. [221] proved that the solution of an SDE model

with environmental stochasticity almost surely leads to disease extinction when the

reproduction number of the corresponding ODE model is less than one.

Environmental stochasticity has the potential to destabilize disease dynamics

by disrupting the persistent coexistence of susceptible and infected populations.

Stochastic perturbations may drive infections to extinction [192, 222] or even lead to

the collapse of the entire population system [107]. Nevertheless, stochastic models
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can exhibit long-term persistence under specific conditions. For instance, Nguyen et

al. [111] demonstrated that when the reproduction threshold exceeds one, stochastic

solutions may converge to an invariant measure, ensuring the continued presence of

the disease. Xu [169] further investigated the global dynamics of a stochastic SIS

model originally studied by Gray et al., proposing that environmental stochasticity

could exacerbate disease severity. Additionally, stochastic effects may induce tran-

sient dynamics, adding complexity to the system’s behavior [107]. Despite efforts to

develop hybrid models incorporating both demographic and environmental stochas-

ticity [223, 224], a detailed comparison of their roles in shaping disease dynamics

remains unexplored.

In our work, we construct an ODE model that incorporates mass quarantine and

culling strategies to model the transmission dynamics of monkeypox clade Ia within

an animal host population. We begin by analyzing the fundamental properties of

the ODE model. Building on this, we formulate a continuous-time Markov chain

(CTMC) model and a corresponding SDE model to assess the impact of demographic

variability. Subsequently, we develop an alternative SDE model that incorporates

time-dependent environmental variability in the transmission rate. By integrating

both demographic and environmental stochastic effects, our ultimate objective is

to investigate the combined influence of these two types of stochasticity. For our
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analysis, we select parameters representative of a hypothetical metropolitan area in

an endemic region and conduct numerical simulations. We generate sample paths

and probability distributions to illustrate the likelihood of an outbreak under the

combined influences of demographic and environmental stochasticity.

2.2 Deterministic Model and Methods

2.2.1 Model

We develop a generalized mathematical model to describe the transmission dy-

namics of monkeypox virus clade Ia within a suspect animal population. A gener-

alized approach is appropriate, as animal models of clade Ia infection have revealed

similar pathology as observed in humans [36, 50]. Considering the presence of a latent

phase in certain species, such as prairie dogs (Cynomys ludovicianus) and macaque

(Macaca fascicularis) [36, 50, 70], we divide the total animal population (N) into

four distinct classes: susceptible (S), exposed (E), infected (I), and recovered (R),

such that N = S + E + I +R.

We assume the animal population follows logistic growth with a carrying capacity

K and an intrinsic growth rate Λ. Additionally, the population is subjected to mass

quarantine and culling at a constant rate c, which further reduces its size [174, 198].

Accordingly, in the absence of disease, the total population N satisfies the following
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equation

N ′ = ΛN

(
1− N

K

)
− cN.

It is obvious that the population approaches a positive equilibrium (Λ−c)K
Λ

if c < Λ;

otherwise the population will die out as t → ∞ [180]. Hence, we assume Λ > c in

the following analysis, ensuring that the population approaches a steady state.

We assume newborns are susceptible. Let β denote as the transmission rate

among hosts, and we use the frequency-dependent incidence to describe the process

by which susceptible animals become infected through interactions with infected

individuals. The differential equation for the susceptible hosts yields

S ′ = ΛN

(
1− N

K

)
− βIS

N
− cS.

After a latent period, exposed hosts will develop first symptoms, including fever,

diarrhea, headache, sore throat, rash, etc., and become infectious [36, 48, 202]. The

rate of change of exposed hosts satisfies the following equation

E ′ =
βIS

N
− τE − cE.

The number of infected hosts diminishes by recovery at a rate γ [70, 203, 204],

disease-induced death at a rate µ [203], and control measures such as quarantine and

culling at a rate c [25, 225, 226]. The rate of change of infected hosts satisfies

I ′ = τE − γI − µI − cI.
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Incorporating the processes of recovery, quarantine, and culling, the rate of change

of recovered hosts satisfies

R′ = γI − cR.

Therefore, the system of equations describing the dynamics of monkeypox infec-

tion in an animal host population is given by

S ′ = ΛN
(
1− N

K

)
− βIS

N
− cS,

E ′ = βIS
N
− τE − cE,

I ′ = τE − γI − µI − cI,

R′ = γI − cR.

(2.1)

The descriptions of model variables and parameters are summarised in Table 2.1.

Let N0 denote the initial population size. The initial states of equation (2.1) are

(S0, E0, I0, 0), such that S0 + E0 + I0 = N0.

The model (2.1) with c = 0 has been explored in [227, 228, 229]. Through compar-

ative analysis, authors discussed that the SEIR model with frequency-dependent in-

cidence does not exhibit periodic solutions, while density-dependent incidence serves

as the trigger for Hopf bifurcation in such models [229]. Furthermore, Zhang et al.

[84] studied the SIR model with standard incidence and demonstrated that the sys-

tem stables at the endemic equilibrium when it exists. In the subsequent sections,

we analyze the fundamental properties of the model incorporating mass quarantine
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and culling strategies.

2.2.2 Disease-Free Equilibrium and the Basic Reproduction Number

System (2.1) always exhibits a disease-free equilibrium
(

(Λ−c)K
Λ

, 0, 0, 0
)
, whose

stability is determined by the basic reproduction number (denoted as R0). By em-

ploying the Next Generation Matrix approach [97], R0 yields

R0 =
βτ

(τ + c)(γ + c+ µ)
.

It is observed that an increase in the quarantine and culling rate effectively reduces

the basic reproduction number, thereby contributing to disease eradiction.

Theorem 2.2.1. The disease-free equilibrium
(

(Λ−c)K
Λ

, 0, 0, 0
)

of system (2.1) is

globally stable if R0 ≤ 1.

Proof. Consider the Lyapunov function V1 = E + τ+c
τ
I, then

dV1

dt
= [(R0 − 1)S − (E + I +R)]

τ + c

τ
(γ + c+ µ)

I

N
≤ 0.

The equality holds when I = 0. Define the set S1 =
{

(S,E, I, R) : dV1
dt

= 0
}
,

and M be the largest invariant set within S1. On the plane S1, we obtain

E→0, R→0, S→ (Λ−c)K
Λ

as t → +∞. It follows from Lyapunov-Lasalle theorem

that the disease-free equilibrium is globally stable [230].
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Table 2.1: Model variables and parameters.

Variables and their initial values

Notation Definition Initial value

S(t) Number of susceptible hosts on day t [799.9, 7 998 000]

E(t) Number of exposed hosts on day t [0.1, 1 000]

I(t) Number of infected hosts on day t [0, 1 000]

R(t) Number of recovered hosts on day t 0

N(t) Number of total host population on day t [800, 8 000 000]

Parameters for monkeypox transmission

Notation Definition Range

Λ Intrinsic birth rate 0.01685

K Maximal carrying capacity [800, 8 000 000]

β Transmission rate [0.0505, 0.0514]

1/τ Latent period 1/7

c Quarantine and culling rate 0.0002

µ Disease-induced death rate 0.0050

γ Recovery rate 0.0452

σ Volatility of transmission rate [0, 5]
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This theorem emphasize the significance of implementing effective management

strategies to reduce the basic reproduction number of animal hosts. By doing so, the

risk of disease can be eliminated.

2.2.3 Endemic Equilibrium and Stability

To determine the conditions for the existence of a unique endemic equilibrium

in the monkeypox model (2.1), we set the right-hand sides of system (2.1) to zero,

resulting in the following expressions

S∗ =
(τ + c)(c+ γ + µ)

βτ
, E∗ =

(c+ γ + µ) I

τ
, R∗ =

γI

c
,

I∗ =
c (τ + c) (c+ γ + µ) (R0 − 1)

(τc+ γτ + c (c+ γ + µ)) β
N,

N∗ =
K [(((c+ γ) (τ + c) + cµ)Λ− (c+ γ + µ) (τ + c) c)β + (τ + c) (c+ γ + µ) cµ]

Λβ (c2 + γτ + c (τ + γ + µ))
.

Positivity constraints on the endemic coordinates are required. Thus, we con-

clude that system (2.1) possesses a unique endemic equilibrium (S∗, E∗, I∗, R∗) if

the following conditions are met: either

a. R0 > 1 and Λ ≥ (c+γ+µ)(τ+c)c
(c+γ)(τ+c)+cµ

, or

b. R0 > 1, Λ < (c+γ+µ)(τ+c)c
(c+γ)(τ+c)+cµ

, and β < (τ+c)(c+γ+µ)cµ
τµΛ−(c+γ+µ)(τ+c)(Λ−c) .

It is observed that when the birth rate is low and the transmission rate is high,

achieving an endemic equilibrium becomes increasingly challenging. In such scenar-
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ios, the entire population is at risk of extinction due to insufficient replenishment

from new births.

Theorem 2.2.2. In system (2.1), if the conditions µ < Λ−c
2

and µ ≤ c are satisfied,

then the endemic equilibrium exists and is globally stable.

Proof. Given that system (2.1) admits a unique endemic equilibrium, we analyze its

global stability by employing Lyapunov functions in appropriate subspaces. First, if

{N > N∗, I > I∗}, we consider the Lyapunov function

V2 = N −N∗ −N∗ ln
N

N∗
.

We compute the time derivative along the solutions of the system as follows

V̇2 =
N −N∗

N

(
ΛN

(
1− N

K

)
− cN − µI

)
.

Using the relation ΛN∗
(
1− N∗

K

)
− cN∗ − µI∗ = 0, we have

V̇2 = (N −N∗)
(

Λ

K
N∗ +

µI∗

N∗
− Λ

K
N − µI

N

)
=

(
− Λ

K
+

µI∗

NN∗

)
(N −N∗)2 − µ

N
(I − I∗) (N −N∗) .

Additionally, if N < Λ−c−µ
Λ

K, then the equation of N (t) satisfies

dN (t)

dt
= ΛN

(
1− N

K

)
− cN − µI ≥ N

[
Λ

(
1− N

K

)
− c− µ

]
> 0.
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This implies that the solution cross the plane N = Λ−c−µ
Λ

K in finite time and remains

above this plane afterwards. Additionally, according to the comparison theorem, the

solution satisfies N∗ > Λ−c−µ
Λ

K. Therefore, if µ < Λ−c
2
, we derive

− Λ

K
+

µI∗

NN∗
< − Λ

K
+

(Λ− c) Λ

2 (Λ− c− µ)K
< 0.

Thus, we obtain V̇2 < 0. Furthermore, condition (a) is satisfied when µ < Λ−c
2
. Under

this condition, the endemic equilibrium is stable in the subspace {N > N∗, I > I∗}.

Second, if {N > N∗, I < I∗, S < S∗}, we consider the Lyapunov function

V3 = N −N∗ −N∗ ln
N

N∗
+

µ

2Nτ
(I − I∗)2 +

µ

2Nγ
(R−R∗)2.

We compute the time derivative of the Lyapunov function V3 along the solutions and

by substituting the relation ΛN∗
(
1− N∗

K

)
−cN∗−µI∗ = 0, τE∗−γI∗−cI∗−µI∗ = 0,

and γI∗ − cR∗ = 0, we obatin

V̇3 =

(
− Λ

K
+

µI∗

NN∗

)
(N −N∗)2 − µ

N
(I − I∗)2 − µ

N
(I − I∗) (S − S∗)

− µ
N

(I − I∗) ((E − E∗) + (R−R∗))

+
µ

τN
(I − I∗) [(τE − τE∗) + (γ + c+ µ) (I∗ − I)]

− µ

2τN2
(I − I∗)2

[
ΛN

(
1− N

K

)
− cN − µI

]
+

µ

γN
(R−R∗) [γ (I − I∗) + c (R∗ −R)]

− µ

2γN2
(R−R∗)2

[
ΛN

(
1− N

K

)
− cN − µI

]
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=

(
− Λ

K
+

µI∗

NN∗

)
(N −N∗)2 − µΛ

2τN

(
1− N

K

)
(I − I∗)2

− µΛ

2γN

(
1− N

K

)
(R∗ −R)2 − µ

N
(I − I∗) (S − S∗)

− µ
N

[
1 +

γ + c+ µ

τ
− c

2τ
− µI

2τN

]
(I − I∗)2

− µ

2γN

(
c− µI

N

)
(R−R∗)2 .

If µ ≤ c, then the following inequalities hold

1 +
γ + c+ µ

τ
− c

2τ
− µI

2τN
> 0, c− µI

N
> 0.

Therefore, the derivative V̇3 < 0, and the endemic equilibrium is stable in the sub-

space {N > N∗, I < I∗, S < S∗} given that µ < Λ−c
2

and µ ≤ c.

Third, if {N > N∗, I < I∗, S > S∗}, we consider the Lyapunov function

V4 =

∫ S

S∗
1− f (S∗, I∗)

f (u, I∗)
du+ E − E∗ − E∗ ln

E

E∗
+
τ + c

τ

(
I − I∗ − I∗ ln

I

I∗

)
,

where f (S, I) = βIS
N

. It is obvious that the function f (S, I) is strictly increasing

with respect to S for any fixed I > 0. The time derivative of V4 along the solutions

is given by

dV4
dt

=
[
1− f(S∗,I∗)

f(S,I∗)

] [
ΛN

(
1− N

K

)
− f (S, I)− cS

]
+
(
1− E∗

E

)
[f (S, I)− (τ + c)E]

+ τ+c
τ

(
1− I∗

I

)
[τE − (γ + c+ µ) I] .

Since (S∗, E∗, I∗, R∗) represents the endemic equilibrium of the system, we have

dV4

dt
=

(
1− f (S∗, I∗)

f (S, I∗)

)(
ΛN

(
1− N

K

)
− ΛN∗

(
1− N∗

K

)
− cS + cS∗

)
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+

(
1− f (S∗, I∗)

f (S, I∗)

)
(f (S∗, I∗)− f (S, I))

+f (S∗, I∗)

(
f (S, I)

f (S∗, I∗)
− I∗E

E∗I
− E∗f (S, I)

Ef (S∗, I∗)
− (γ + c+ µ) I

τE∗
+ 2

)
= Λ

(
1− f (S∗, I∗)

f (S, I∗)

)
(N −N∗)

(
1− N +N∗

K

)
−c
(

1− f (S∗, I∗)

f (S, I∗)

)
(S − S∗) + f (S∗, I∗)

(
3− f (S∗, I∗)

f (S, I∗)
+

f (S, I)

f (S, I∗)

)
+f (S∗, I∗)

(
−I
∗E

E∗I
− E∗f (S, I)

Ef (S∗, I∗)
− (γ + c+ µ) I

τE∗

)
.

According to [84], if µ < Λ
2
, then 1− N+N∗

K
< 0. Furthermore, defining the function

g (x) = 1− x+ lnx, we obtain

4− f (S∗, I∗)

f (S, I∗)
− I∗E

E∗I
− E∗f (S, I)

Ef (S∗, I∗)
− If (S, I∗)

I∗f (S, I)
(2.2)

= g

(
f (S∗, I∗)

f (S, I∗)

)
+ g

(
I∗E

E∗I

)
+ g

(
E∗f (S, I)

Ef (S∗, I∗)

)
+ g

(
If (S, I∗)

I∗f (S, I)

)
≤ 0. (2.3)

One can verify that

If (S, I∗)

I∗f (S, I)
+

f (S, I)

f (S, I∗)
− I

I∗
− 1 =

(
I

I∗
− f (S, I)

f (S, I∗)

)(
f (S, I∗)

f (S, I)
− 1

)
= 0, (2.4)

I

I∗
− (γ + c+ µ) I

τE∗
= 0. (2.5)

By summing equations (2.2)-(2.5), we obtain dV4
dt
< 0. Thus, the endemic equilibrium

is stable in the subspace {N > N∗, I < I∗, S > S∗} given that µ < Λ−c
2

and µ ≤ c.

On the other hand, for the case where {N < N∗}, it can be verified that the

endemic equilibrium remains stable if µ < Λ−c
2

and µ ≤ c. The detailed proof is

omitted for brevity.
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We observe that while Theorem (2.2.2) imposes constraints on the disease-induced

death rate to ensure global stability, it is not a necessary condition.

2.3 Stochastic Models and Methods

2.3.1 Demographic Stochasticity

We extend the ODE model by incorporating demographic variability to gain

insights into its impact on the likelihood of disease outbreaks. To achieve this, we first

derive a CTMC model. We use the same notation for the discrete random variables

in the CTMC model as in the ODE model; specifically, X = (S,E, I, R) represents

the state vector of the population, and ∆X = (∆S,∆E,∆I,∆R) represents the

change in population over a short time interval ∆t. There are eight possible types

of changes, with only one occurring between any of the four compartments during a

small ∆t. The probability of each transition is given by the product of its transition

rate and the time ∆t. Table 2.2 summarizes all possible transitions among the four

compartments along with their respective probabilities.

As ∆t → 0 in the transition probabilities in Table 2.2, an approximation to an

Îto SDE model with continuous variables can be derived as

dX (t) = F (X (t) , t) dt+G (X (t) , t) dW̃ (t),

50



where W̃ (t) represents a vector of independent Wiener processes. The drift vector

F (X(t), t) with dimensions 4×1, corresponds to the rates defined in the ODE model.

The diffusion matrix G is a 4× 8 matrix, where 4 represents the number of random

variables and 8 corresponds to the number of events [211, 231, 232]. The diffusion

matrix satisfies G(t)G(t)T = Cov(t), where Cov(t) denotes the covariance matrix of

the corresponding CTMC.

G =



√
ΛN

(
1− N

K

)
−
√

βIS
N −

√
cS 0 0 0 0 0

0
√

βIS
N 0 −

√
τE −

√
cE 0 0 0

0 0 0
√
τE 0 −

√
γI −

√
(c+ µ) I 0

0 0 0 0 0
√
γI 0 −

√
cR


.

The explicit Îto SDE model with demographic stochasticity yields

dS = ΛN
(
1− N

K

)
dt− βIS

N dt− cSdt+
√

ΛN
(
1− N

K

)
dW1 (t)

−
√

βIS
N dW2 (t)−

√
cSdW3 (t) ,

dE = βIS
N dt− τEdt− cEdt+

√
βIS
N dW2 (t)−

√
τEdW4 (t)−

√
cEW5 (t) ,

dI = τEdt− γIdt− cIdt− µIdt+
√
τEdW4 (t)

−
√
γIdW6 (t)−

√
(c+ µ) IdW7 (t) ,

dR = γIdt− cRdt+
√
γIdW6 (t)−

√
cRdW8 (t) .

(2.6)

Previous research has demonstrated consistency between the outcomes of the CTMC

model and the corresponding approximated Îto SDE model (2.6) in scenarios with large
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population sizes [109, 223, 224]. Given the computational efficiency of the SDE model

with demographic variability [223], we employ this framework to analyze the effects of

demographic stochasticity.

To further extend the model, we incorporate environmental variability in the transmis-

sion rate, capturing fluctuations in disease transmission due to external factors. Ultimately,

a hybrid model is constructed by integrating both demographic and environmental stochas-

ticity.

Table 2.2: Possible changes of X during the time ∆t for the CTMC model.

Possible change Probability

[+1, 0, 0, 0] ΛN
(
1− N

K

)
∆t

[−1,+1, 0, 0] βIS
N ∆t

[−1, 0, 0, 0] cS∆t

[0,−1,+1, 0] τE∆t

[0,−1, 0, 0] cE∆t

[0, 0,−1,+1] γI∆t

[0, 0,−1, 0] (c+ µ) I∆t

[0, 0, 0,−1] cR∆t
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2.3.2 Environmental Stochasticity

Contacts within animal hosts are influenced by environmental factors, particularly sea-

sonal variations in temperature, humidity, and rainfall, which affect food availability and

habitat conditions [233]. Additionally, viral mutations occur randomly, introducing stochas-

ticity to the probability of infection. These sources of randomness are encapsulated in a

stochastic transmission rate β, which becomes a time-dependent random variable β̂(t). A

commonly used approach for modelling environmental variability is to express it as a linear

function of Gaussian white noise [216, 234]. Specifically, we represent the random variable

as

β̂(t)dt = βdt+ σdW,

where σ is the noise volatility, andW (t) is a one-dimensional Wiener process. This formula-

tion gives the mean E
[
β̂ (t) dt

]
= βdt and the variance var

[
β̂ (t) dt

]
= σ2dt. Consequently,

incorporating environmental variability in the transmission rate leads to an alternative Itô

SDE model of the form



dS = ΛN
(
1− N

K

)
dt− βIS

N dt− cSdt− σIS
N dW (t) ,

dE = βIS
N dt− τEdt− cEdt+ σIS

N dW (t) ,

dI = τEdt− γIdt− cIdt− µIdt,

dR = γIdt− cRdt.

(2.7)

In the following analysis, we investigate the dynamic behavior of the SDE model (2.7).
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We begin by establishing the global existence and positivity of solutions to ensure that the

model remains biologically meaningful under stochastic fluctuations.

Proposition 2.3.1. For any given initial values (S0, E0, I0, 0) satisfying S0 + E0 + I0 =

N0 < K, there exists a local solution to system (2.7) such that N (t) < K almost surely.

Proof. For system (2.7), the functions on the right-hand side satisfy the locally Lipschitz

condition, ensuring the existence of a unique local solution. Let S0 + E0 + I0 < K. Using

the Itô formula, we derive the equation for N (t), which yields

dN (t) = ΛN

(
1− N

K

)
dt− cNdt− µIdt. (2.8)

For all 0 ≤ s ≤ t, we obtain the following inequality almost surely (a.s.)

dN (s) < ΛN

(
1− N

K

)
ds− cNds, a.s.

This inequality ensures that N(t) remains bounded almost surely [221]. Consequently, we

conclude that

S (s) , E (s) , I (s) , R (s) ∈ (0,K) for all s ∈ [0, t] , a.s.

Thus, the solutions remain within biologically feasible bounds almost surely, completing

the proof.

Theorem 2.3.2. For any given initial value (S0, E0, I0, 0) satisfying S0+E0+I0 = N0 < K,

the system (2.7) has a unique positive solution (S (t) , E (t) , I (t) , R (t)) ∈ R4
+ almost surly.
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Proof. Suppose that there exists a unique solution (S (t) , E (t) , I (t) , R (t)) on t ∈ [0, τe),

where τe is the explosion time. We now proof that the solution is global. Let m0 > K be

sufficiently large, such that 1
m0

< N0 < m0. For any integer m > m0, define the stopping

time

τm = inf

{
t ∈ [0, τe) , N (t) /∈

(
1

m
,m

)}
.

It is clear that τm is an increasing sequence as m → ∞. Let τ∞ = lim
m→∞

τm, so that

τ∞ ≤ τe. To establish the global existence of the solution, we need to prove that τ∞ =∞.

Suppose, for contradiction, that this statement is false. Then there exist constants T and

ε ∈ (0, 1), such that

P {τ∞ ≤ T} > ε.

Moreover, there is an integer m1 ≥ m0 such that

P {τm ≤ T} ≥ ε, ∀m ≥ m1.

Consider a C2-function V : R4
+ → R+, defined by

V = S (t)− lnS (t) + E (t) +K − ln (E (t) +K) + I (t)− ln I (t) +R (t)− lnR (t).

The non-negativity of V holds. By applying the Îto formula [113], we obtain

dV = LV dt−
(

1− 1

S

)
σIS

N
dW (t) +

(
1− 1

K + E

)
σIS

N
dW (t) , (2.9)
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where

LV =

(
1− 1

S

)[
ΛN

(
1− N

K

)
− βIS

N
− cS

]
+
σ2I2

2N2
+

σ2I2S2

2 (K + E)2N2

+

(
1− 1

I

)
(τE − γI − cI − µI) +

(
1− 1

R

)
(γI − cR)

+

(
1− 1

K + E

)(
βIS

N
− τE − cE

)
= ΛN

(
1− N

K

)
− cN − µI − ΛN

S

(
1− N

K

)
+
βI

N
+ 3c− τE

I
+ γ + µ− γI

R

− βIS

N (K + E)
+

(τ + c)E

K + E
+
σ2I2

2N2
+

σ2I2S2

2 (K + E)2N2

≤ ΛK + β + τ + γ + µ+ 4c+ σ2 , f0.

By integrating both sides of equation (2.9) and taking expectations, we have

EV (S (t ∧ τm) , E (t ∧ τm) , I (t ∧ τm) , R (t ∧ τm)) ≤ EV (S0, E0, I0, R0) + f0T. (2.10)

Define the set Ωm = {τm ≤ T} for m ≥ m1, which gives P {Ωm} ≥ ε. Note that for

every ω ∈ Ωm, the value of at least one of the components S (t ∧ τm) , E (t ∧ τm) , I (t ∧ τm),

R (t ∧ τm) is either 1
m or m, and hence

V (S (t ∧ τm) , E (t ∧ τm) , I (t ∧ τm) , R (t ∧ τm))

≥
(

1

m
− ln

1

m

)
∧ (m− lnm) ∧

(
1

m
+K − ln

(
1

m
+K

))
∧ (m+K − ln (m+K)) .

This implies that

E (1ΩmV (S (t ∧ τm) , E (t ∧ τm) , I (t ∧ τm) , R (t ∧ τm))) (2.11)

≥ ε
[(

1

m
− ln

1

m

)
∧ (m− lnm) ∧

(
1

m
+K − ln

(
1

m
+K

))]
. (2.12)
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Taking the limit as m→∞ in equations (2.10)-(2.12), we obtain

∞ > EV (S0, E0, I0, R0) + f0T =∞,

which leads to a contraction. Therefore, we conclude that τe = ∞. This completes the

proof.

Global Stochastic Stability

Indeed, the stochastic system (2.7) shares the same disease-free equilibrium, i.e.(
(Λ−c)K

Λ , 0, 0, 0
)
, as its deterministic counterpart. Lahrouz et al. [221] listed definitions

of stochastic stability. Following their approach, we establish the global stochastic stability

of the disease-free equilibrium.

Theorem 2.3.3. If R0 < 1, then the stochastic system (2.7) converges almost surely expo-

nentially to the diseases-free equilibrium
(

(Λ−c)K
Λ , 0, 0, 0

)
.

Proof. Let ω > 0 be chosen such that

τ

τ + c
< ω < min

{
c+ µ

β
, 1

}
.

Applying the Îto formula, we calculate the derivative along the solutions

d ln (ωE + I +R) =
ω

ωE + I +R

(
βIS

N
− τE − cE

)
dt+

1

ωE + I +R
(γI − cR) dt

+
1

ωE + I +R
(τE − γI − cI − µI) dt

− (ωσIS)2

2 (ωE + I +R)2N2
dt+

ωσIS

(ωE + I +R)N
dW (t)

<
1

ωE + I +R
{− (−ωβ + c+ µ) I − [ω (τ + c)− τ ]E − cR} dt

+
ωσIS

ωE + I +R
dW (t)
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< −$dt+
ωσIS

(ωE + I +R)N
dW (t) ,

where $ = min {−ωβ + c+ µ, ω (τ + c)− τ}. By integrating both side, we obtain

ln (ωE + I +R) < ln (ωE (0) + I (0) +R (0))−$t+

∫ t

0

ωσIS

(ωE + I +R)N
dW (t).

According to the strong law of large number for local martingales [235], we obtain

lim
t→∞

1

t

∫ t

0

σIS

(ωE + I +R)N
dW (t) = 0, a.s.

Thus, we deduce that

lim
t→∞

sup
1

t
ln (ωE + I +R) < −$ < 0, a.s.

This implies that all the coordinates E, I, and R in system (2.7) converge almost surely

exponentially to zero.

In contrast to the deterministic system, the stochastic system (2.7) does not possess an

endemic equilibrium. However, system (2.7) can be viewed as a perturbed version of the

deterministic model (2.1). Therefore, we investigate the behavior of solutions of the SDE

system around the endemic equilibrium of the deterministic model [220].

Theorem 2.3.4. If R0 > 1 and µ ≤ min
{

Λ−c
2 , c

}
, then the solutions of SDE system (2.7)

satisfy

lim
t→∞

sup
1

t

∫ t

0

(
Λ

K
− µI∗

NN∗

)
(N −N∗)2 +

µ

N
(I − I∗) (N −N∗) dt ≤ σ2N∗,

where N∗ = S∗+E∗+I∗+R∗ represents the endemic equilibrium of the ODE system (2.1).
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Proof. Based on Theorem (2.2.2), the ODE system asymptotically stabilizes at the en-

demic equilibrium. We further analyze the behavior of the corresponding SDE around the

equilibrium. To this end, we define the Lyapunov function as

V7 = N −N∗ −N∗ ln
N

N∗
.

The derivative of V7 along the solution of the SDE system (2.7) is given by

dV7 =

(
− Λ

K
+

µI∗

NN∗

)
(N −N∗)2 dt− µ

N
(I − I∗) (N −N∗) dt+ σ2N∗

S2I2

N4
dt. (2.13)

By integrating equation (2.13) and dividing by t, we obtain

V7

t
−V7 (0)

t
<

1

t

∫ t

0

(
− Λ

K
+

µI∗

NN∗

)
(N −N∗)2dt−1

t

∫ t

0

µ

N
(I − I∗) (N −N∗)dt+σ2N∗

S2I2

N4
.

In Theorem (2.2.2), we demonstrate that the inequality Λ
K −

µI∗

NN∗ > 0 holds if µ < Λ−c
2 .

Taking the limit as t→∞ and considering the supremum, the solution of SDE (2.7) satisfies

lim
t→∞

sup
1

t

∫ t

0

(
Λ

K
− µI∗

NN∗

)
(N −N∗)2 +

µ

N
(I − I∗) (N −N∗)dt ≤ σ2N∗.

Based on the conditions stated, if the ODE system stabilizes at the endemic equilibrium,

the SDE model with environmental stochasticity (2.7) is expected to oscillate around the

endemic equilibrium under the influence of weak noise [220]. It is important to note that for

this stability to hold, the disease-induced death rate must remain within a limited range.
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By incorporating both the demographic and environmental stochasticity, our hybrid

SDE model is expressed as

dS = ΛN
(
1− N

K

)
dt− β̂IS

N dt− cSdt+
√

ΛN
(
1− N

K

)
dW1 (t)

−
√

β̂IS
N dW2 (t)−

√
cSdW3 (t) ,

dE = β̂IS
N dt− τEdt− cEdt+

√
β̂IS
N dW2 (t)−

√
τEdW4 (t)−

√
cEW5 (t) ,

dI = τEdt− γIdt− cIdt− µIdt+
√
τEdW4 (t)−

√
γIdW6 (t)−

√
(c+ µ) IdW7 (t) ,

dR = Idt− cRdt+
√
γIdW6 (t)−

√
cRdW8 (t) ,

β̂dt = βdt+ σdW (t) .

(2.14)

The hybrid model (2.14) represents a time-nonhomogeneous SDE that accounts for

environmental heterogeneity in the transmission rate [224]. In the following section, we

perform simulations of the SDE models, initially investigating the effects of demographic

and environmental stochasticity independently, followed by an analysis of the hybrid model

(2.14). The simulations are conducted using the Euler-Maruyama method in MATLAB

(R2022b) [236], and the figures are generated using DataGraph [237].

For models that incorporate demographic stochasticity, minor adjustments to transition

probabilities are applied to preserve non-negativity in simulations, using the methodology

described in [109]. For models with environmental stochasticity, a logarithmic transforma-

tion of the transmission rate is employed to ensure positivity of transmission rate.
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2.4 Results

2.4.1 Demographic Stochasticity and the Probability of Extinction

To examine the influence of demographic stochasticity on the dynamics of disease out-

breaks, we analyze the behavior of the SDE model (2.6). In Figures 2.1a-2.1b, the basic

reproduction number R0 is set marginally above one, whereas in Figure 2.1c, R0 assumes

a moderate value. The initial conditions vary across simulations, with Figure 2.1b repre-

senting a scenario of high initial infection levels, while Figures 2.1a and 2.1c correspond to

cases with low initial infection levels. A total of 800 simulations are conducted over a time

span of t = 150 000. To illustrate the results, we generate both the probability distribution

at the final time point and sample paths of infected animal hosts.

When R0 is slightly above 1, the ODE model stabilizes at an endemic equilibrium

with approximately 156 infected individuals. In contrast, the SDE model tends to exhibit

low levels of infection (Figures 2.1a-2.1b). As R0 increases to a moderate level, the ODE

model stabilizes at approximately 4 000 infected individuals (Figure 2.1c), whereas the SDE

model exhibits a higher likelihood of experiencing significant outbreaks. Furthermore, the

estimated probability of disease extinction for the scenarios shown in Figures 2.1a-2.1c is

0.16, 0.0575, and 0.0075, respectively. These values indicate a decreasing probability of

disease extinction as either the initial infection level or R0 increases.
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2.4.2 Environmental Stochasticity and Transient Dynamics in Disease

Outbreaks

In Figure 2.2, we present effects of environmental stochasticity in system (2.7), where

the basic reproduction number R0 is set to 1.015. We plot sample paths of the number of

infected animals over time under varing levels of volatility. In the ODE model, the solution

remain near the x-axis before eventually converging to an endemic equilibrium. When envi-

ronmental noise is introduced, the dispersion of random trajectories around this equilibrium

increases, leading to higher peaks and an elevated mean endemic level. Additionally, Fig-

ure 2.2 further corroborates our theoretical findings in Theorem 2.3.4. Furthermore, the

duration spent near the x-axis is reduced, highlighting the significant role of environmental

fluctuations in modulating the transient phase dynamics.

2.4.3 Combined Effects of Demographic and Environmental Stochastic-

ity in the Hybrid Model

To examine the combined impacts of demographic and environmental stochasticity, we

conduct simulations of the hybrid model (2.14) across varying levels of volatility. A total of

800 simulations are performed over a time span of t = 150 000 to examine the distribution of

infected animals. Both boxplots and sample paths are generated to illustrate the outcomes.

For a small population size, the distribution of infected animals exhibits only minor

changes under different levels of noise volatility (Figure 2.3a). Additionally, the probability
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of disease extinction at increasing levels of volatility is 0.69, 0.6775, 0.6925, and 0.6825,

respectively.

For a moderate population size, both forms of stochasticity play a crucial role. De-

mographic variation contributes to a higher probability of low infection levels, while en-

vironmental stochasticity amplifies the number of infections (Figure 2.3b). Furthermore,

the probability of disease extinction under varying levels of volatility is 0.26, 0.2375, 0.255,

and 0.225, respectively. In this scenario, the hybrid model may exhibit transient dynamics

under conditions of strong volatility (Figure 2.3c).

For a large population size, the probability of low infection levels declines significantly

with volatility (Figure 2.3b), indicating that environmental stochasticity plays a dominant

role in shaping disease dynamics. The probability of disease extinction under increasing

levels of volatility is 0.1625, 0.0525, 0.04375, and 0.01375, respectively.

2.5 Conclusions

Deterministic and stochastic models have been essential in understanding disease dy-

namics and assessing outbreak risks. In this study, we developed an SEIR model specifically

applied for monkeypox transmission within a single host animal population, incorporating

logistic growth dynamics and intervention strategies such as mass quarantine and culling.

We further developed and analyzed a SDE model that account for both demographic and

environmental stochasticity. Our analysis demonstrates that introducing internal stochastic
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variation within state variables and external noise in the transmission rate can significantly

alter dynamic behaviors of the system.

Our deterministic analysis illustrates that increasing the quarantine and culling rate

effectively reduces the basic reproduction number, thereby facilitating disease eradication

[189]. However, inappropriate implementation of control measures may lead to unintended

consequences, including the potential extinction of the host population [178, 238].

In the stochastic model with demographic stochasticity, the basic reproduction number

of the deterministic model serves as a critical threshold. Unlike their deterministic counter-

parts, stochastic disease outbreaks occur with probabilities influenced by the initial fraction

of infected individuals and the R0 value [109, 239]. As R0 significantly exceeds one, the

likelihood of disease persistence rises.

Analytical and numerical studies indicate that when the deterministic model stabilizes

at its endemic equilibrium, the stochastic model subjected to weak environmental noise

exhibits oscillatory behavior around this equilibrium. In the presence of significant noise,

prior studies have shown that infected and recovered populations eventually decline to

extinction, even when R0 > 1 [107, 222]. However, our simulations suggest that outbreaks

can still occur under these conditions [169]. Furthermore, we confirmed that environmental

noise amplifies outbreaks, increasing both peak infection levels and endemic prevalence,

while shortening the duration of transient dynamics [30, 223].

In the above single-stochasticity model, it is evident that the two types of noise exert

opposing effects on disease dynamics. Specifically, demographic stochasticity triggers the
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likelihood of disease extinction, whereas environmental fluctuations in the transmission rate

tend to amplify disease outbreaks. This contrast raises a fundamental question: how does

the system behave when both sources of stochasticity act simultaneously? Our results from

the hybrid model reveal a population-size-dependent shift in the relative influence of these

two sources of stochasticity. In small populations, demographic stochasticity emerges as

the dominant driver of disease dynamics. Conversely, in large populations, environmental

stochasticity exerts a greater impact, outweighing the effects of demographic fluctuations

[240].

Our study underscores the importance of incorporating stochastic effects when designing

strategies to control monkeypox transmission. Effective disease management requires not

only reducing the basic reproduction number but also accounting for both intrinsic and

extrinsic stochastic fluctuations to mitigate outbreak risks effectively.
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Figure 2.1: Impact of demographic variability in model (2.6) under different basic

reproduction numbers and initial conditions. The left panel displays probability

distributions, while the right panel illustrates sample paths of infected animal hosts.

In the figure, K = 8 000 000 and other parameter values see Table 2.1.
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Figure 2.2: Impact of environmental variability on monkeypox disease dynamics

in the model considering environmental stochasticity only. The basic reproduction

number is set to R0 = 1.015, and the maximal carrying capacity is K = 800. Other

parameter values are provided in Table 2.1. Initial states are E0 = 1 and I0 = 0.
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Figure 2.3: (a-c) boxplot and (d) sample path of infected animal hosts in the hybrid

SDE model under varying levels of volatility. Initial states are E0 = 1 and I0 = 0.
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3 Epidemic Spread of Monkeypox in a

Reservoir-Target Host System

3.1 Introduction

Based on the classification of pathogens proposed by Wolfe et al. [13] and Lloyd-Smith

et al. [2], the consequences of spillover processes during stage II and stage III remains

uncertain. Within these stages, spillover events can lead to a range of consequences in target

hosts, including disease extinction, outbreaks, endemicity, or population extinction. This

chapter aims to explore the potential of stage II and stage III pathogens to cause outbreaks

in target host populations. To achieve this, a basic transmission model for monkeypox is

developed and applied to examine its dynamics in two distinct animal species.

Distinguishing hosts and their roles in pathogen circulation is a critical first step in

modeling their effects. Haydon et al. [9] proposed that reservoirs can only be comprehen-

sively understood in relation to specific target populations. Accordingly, they defined a

reservoir as one or more epidemiologically connected populations or environments where a
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pathogen can be sustainably maintained and from which transmission to a defined target

population occurs. The transmission of a pathogen from reservoir hosts to new target hosts

is referred to as spillover [10], during which target hosts serve as recipients [11, 12, 15].

Unlike primary reservoir hosts, target hosts are typically infected incidentally and do not

play a role in maintaining the pathogen in nature.

Pathogen spillover is the trigger for disease outbreaks in new hosts, particularly in the

context of increased interspecies contacts [15]. The initial spillover event paves the way for

successful onward intraspecific transmission, intensifying disease spread within target host

populations. Moreover, the transmission of broad host-range pathogens from wildlife to

domestic animals may ultimately reach humans through secondary spillover events, where

the pathogen is transmitted from new hosts rather than the original reservoir. Therefore,

understanding the effects of spillover events on disease outbreaks in target hosts is essential

for developing effective intervention strategies.

Despite the crucial nature of spillover, limited attention has been dedicated to evaluating

the success of disease outbreak in target populations. Existing studies have shown that once

the disease establishes itself in reservoir hosts, the outbreak in target hosts is inevitable

[147, 150]. Berge et al. [241] showed that spillover events can be very detrimental to

Ebola virus disease by contributing to speed up the disease outbreak. Other research has

demonstrated that reducing interspecies transmission can prevent the sustained persistence

of the pathogen in target hosts [242].

Traditional methods of calculating the basic reproduction number deriving from deter-
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ministic model may prove inadequate in capturing the results of spillover events [21, 98,

134, 243]. As shown in previous studies [72, 98], the basic reproduction number can be ex-

pressed as the product of the spillover rate and the spillback rate, where spillback refers to

the transmission from the target host population back to the reservoir hosts. This criterion

is more suitable for scenarios involving both spillover and spillback transmission. When

there is no spillback transmission, the basic reproduction number becomes independent of

the spillover rate, prompting the need for a reassessment of its applicability.

An alternative formulation suggests that the basic reproduction number is the maximum

of two within-species reproduction numbers in animals and humans, irrespective of the

spillover rate [150, 244]. This formulation underscores that, for pathogens in stage II and

stage III, the successful establishment of the disease in human populations (i.e., the target

host group) requires that the basic reproduction number of the reservoir hosts exceeds

one. While mathematically sound, it is questionable whether this is biologically meaningful

[21]. It’s essential to interpret these comparisons cautiously and consider the underlying

biological and ecological factors that may influence transmission dynamics.

Alternative thresholds for structured populations have been examined. In a prior study,

the authors introduced a quantity that delineates a major outbreak within the target host

population using statistical methods [243]. They revealed that a basic reproduction number

exceeding one alone does not adequately account for the occurrence of major outbreaks in

the target population resulting from spillover events. Instead, the newly defined threshold

quantity emerged as a more appropriate indicator for assessing the potential spillover of
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pathogens to target populations and the subsequent generation of significant outbreaks. In

previous works [161, 162], using an individual-based, stochastic, discrete-time SIR model,

authors provided a group-level threshold to determine the possibility for diseases to remain

endemic within a local group, or to be pandemic within the whole community. For agent-

based random network models, an epidemic threshold equivalent to basic reproduction

number can be derived using random matrix theory [167].

For non-structured models, there are novel investigations on outbreak thresholds. Xu

[169] defined a persistence basic reproduction number of a stochastic SIS model based on

the profile of stationary distribution. If the invariant density peaks at a positive number

instead of zero, the disease will successfully persistent. The study conducted by Kubiak et

al. [165] aimed to distinguish between outbreaks caused by a novel pathogen, characterized

by either emergence or extinction. The differentiation criteria were grounded in whether the

cumulative number of infections surpassed a threshold of 100. This method of categorizing

outbreaks based on whether a predefined infection threshold is reached has been widely

employed in previous studies [134, 163, 164].

In this study, we adopt a basic reservoir-target model to qualitatively investigate spillover

results of monkeypox virus in stage II and stage III. Funisciurus spp. are selected as suspect

reservoir hosts due to their high capacity for large-scale viral transmission. Non-human pri-

mates, particularly Cercopithecus spp. are considered targe hosts, as they share a similar

ecological niche in the rainforest with squirrels and have been observed to interact with

various squirrel species [52]. Using our minimalist two-species epidemiological framework,
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we assess the limitation of basic reproduction number and establish an outbreak threshold

for target hosts. These results have practical applications for designing and implementing

intervention strategies.

3.2 Modelling Monkeypox Transmission

3.2.1 Transmission in Reservoir Hosts

Funisciurus spp. are identified as the suspect reservoir host. Total population of the

reservoir host (Nr) can be divided into two distinct classes: susceptible (Sr), and infected

(Ir), such that Nr = Sr + Ir. As an initial approach, the exposed class is omitted from the

model. Furthermore, we exclude the removed class, as it is determined once susceptible and

infected hosts are known [245]. Additionally, the demographic dynamics of the reservoir

population are not considered.

Susceptible reservoir hosts acquire infection through contact with infected reservoir

hosts [32, 36, 52, 246]. We denote βr as the transmission rate among reservoir hosts and as-

sume a bilinear incidence function. Thus, the reservoir-to-reservoir incidence is represented

as βrIrSr. The number of infected hosts decreases due to recovery or disease-induced mor-

tality, occurring at a rate of µr [32, 36, 246]. Considering these processes, the infection

dynamics within the reservoir host population are described by the following system of
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deterministic differential equations
S′r = −βrIrSr,

I ′r = βrIrSr − µrIr.

(3.1)

The descriptions of model variables and parameters are summarised in Table 3.1. Let Sr0

be the initial susceptible reservoir hosts and Ir0 be the initial infected reservoir hosts. The

initial conditions of the system (3.1) can be described as

Sr(0) = Sr0, Ir(0) = Ir0.

Since every point with Ir = 0 is an equilibrium, the system (3.1) has a line of equilibria

[245]. The basic reproduction number for the system (3.1) is given by R0r = βrSr0
µr

, repre-

senting the average number of secondary infections of reservoir hosts that occur when one

infected reservoir host is introduced into a completely susceptible population of reservoir

hosts of size Nr ≈ Sr0. If R0r < 1, the infection dies out. In contrast, if R0r > 1, an

epidemic occurs within the reservoir host population, with the number of infected hosts

reaching a peak before subsequently declining to zero [71, 247]. The peak time thresholds

are given by

Smaxr ,
µr
βr
,

Imaxr , Sr0 + Ir0 −
µr
βr
− µr
βr

ln
βrSr0
µr

.

(3.2)

Additionally, the number of susceptible reservoir hosts is a nonnegative smooth decreas-

ing function and therefore tends to a limit Sr(∞) as t→∞ [245], where Sr(∞) satisfies

ln
Sr0

Sr(∞)
= R0r

(
1− Sr(∞)

Sr0

)
. (3.3)
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Therefore, the cumulative number of infections in reservoir population can be calculated

as Sr0 − Sr(∞) = Sr0
R0r

ln Sr0
Sr(∞) .

Table 3.1: Model variables and parameters for host i, where i = r or a represents

the reservoir and target hosts, respectively.

Variables and their initial values

Notation Description Initial value

Si(t) The number of susceptible hosts on day t Sr0 = 1.31× 105

Sa0 = 1.07× 104

Ii(t) The number of infectious hosts on day t Ir0 = 100, Ia0 = 0

Parameters for monkeypox transmission

Notation Description Value

βi Intraspecific transmission rate βr = 5.69× 10−7

βa = 1.71× 10−7

βra Spillover rate 2.21× 10−10

µr Removal rate of infectious reservoir hosts

due to recovery or death

0.05

µa1 Removal rate of infectious target hosts

due to recovery or death

0.05
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3.2.2 Transmission in Target Hosts

When the monkeypox virus spills into the target community, specifically Cercopithecu

spp., the pathogen initiates its transmission within the population. The population dy-

namics of the target host population (Na) are structured into two mutually exclusive com-

partments: susceptible (Sa) and infected (Ia). Pathogen transmission occurs through two

distinct mechanisms: a) spillover transmission [45, 143, 248, 249]; and b) intraspecific trans-

mission [24, 44, 48, 250, 251]. These mechanisms are defined as follows.

a) Spillover: The virus jumps from reservoir hosts to target hosts. This transmission

pathway occurs when target hosts come into contact with infected reservoir hosts,

which serve as the primary carriers of the virus. We denote βra as the spillover

rate, representing the transmission from reservoir hosts to target hosts [133, 233].

Therefore, reservoir-to-target incidence is βraIrSa.

b) Intraspecific transmission in target hosts: In addition to spillover transmission,

the virus may also spread directly among target hosts. We denote βa as the intraspe-

cific transmission rate among target hosts, leading to the target-to-target incidence

term βaIaSa.

We assume that the removal rate of infected target hosts, due to recovery or disease-

induced mortality, is denoted by µa1. Incorporating these assumptions, the transmission

dynamics of monkeypox within the target host population can be expressed by the following

77



equation 
S′a = −βraIrSa − βaIaSa,

I ′a = βraIrSa + βaIaSa − µa1Ia.

(3.4)

Infection within the target host population occurs only after the disease has become

established in the reservoir hosts and the spillover process has taken place. Consequently,

there are no initial infections in the target host population. Let Sa0 denote the initial

population of susceptible target hosts. Accordingly, the initial conditions for the spillover

dynamics in system (3.4) can be described as

Sa(0) = Sa0, Ia(0) = 0.

System (3.4) does not exhibit a disease-free equilibrium, as Ir 6= 0. By summing the two

derivatives in system (3.4), we derive N ′a = −µa1Ia. This implies that the total population

of target hosts continuously decreases, satisfying 0 ≤ Na ≤ Sa0. Furthermore, since the

derivative of a nonnegative, smooth, and decreasing function must tend to zero, it follows

that lim
t→∞

Ia = 0.

The logarithm of the number of susceptible hosts (Sa) satisfies the equation

(lnSa)
′ = −βraIr − βaIa = −βraIr +

βa
µa1

N ′a,

and its integration gives

ln
Sa(t)

Sa0
= −tβraIr +

R0a(Na(t)− Sa0)

Sa0
, (3.5)
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where R0a = βaSa0
µa1

represents the basic reproduction number for the target host popula-

tion, quantifying the average number of secondary infections generated by a single infected

target host in an entirely susceptible target host population. Formula (3.5) indicates that

the susceptible population of target hosts will eventually be depleted under sustained Ir,

representing a significant outbreak in target hosts. In the following section, we explore the

conditions that lead to an outbreak in the target population, focusing on scenarios where

the virus circulates in the reservoir host population and Ir approaches zero over time.

3.2.3 Reservoir-Target Model with Spillover

Given the circulation of monkeypox within the reservoir host population, our goal is to

determine whether the spillover process results in an outbreak in the target host population.

To explore this, we combine the two subsystems (3.1) and (3.4) into the following unified

system 

S′r = −βrIrSr,

I ′r = βrIrSr − µrIr,

S′a = −βraIrSa − βaIaSa,

I ′a = βraIrSa + βaIaSa − µa1Ia.

(3.6)

The initial conditions of the system (3.6) can be described as

Sr(0) = Sr0, Ir(0) = Ir0, Sa(0) = Sa0, Ia(0) = 0.
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System (3.6) has numerous equilibria (Sr0, 0, Sa0, 0). It is straightforward that lim
t→∞

Ia =

lim
t→∞

Ir = 0. The basic reproduction number of system (3.6) using the Next Generation

Matrix method can be calculated as

R0 = max{R0r, R0a}. (3.7)

The basic reproduction number R0 < 1 indicates that the virus is eliminated in both

species, i.e. R0r < 1 and R0a < 1. In contrast, when R0 > 1, it implies that the disease will

either outbreak in the reservoir host or in the target host. While the definition (3.7) offers

insights for evaluating outbreaks within two species, taking the maximum is more suitable

for two non-interactive hosts [252].

For virus in stage II and stage III, we assume R0r > 1 > R0a ≥ 0. Specifically,R0a < 1

is assumed to prevent a significant outbreak driven by intraspecific transmission among

target hosts. Under these conditions, the definition (3.7) becomes R0 = R0r, representing

the overall basic reproduction number of entire system (3.6) is determined by the basic

reproduction number of the reservoir host. In this case, the interpretation of R0 > 1

becomes somewhat ambiguous. We can assert that there must be an outbreak in the

reservoir host for R0 > 1. However, it doesn’t offer a direct indication of the outbreak

scenario in the target population, reflecting the insufficiency of basic reproduction number

given by equation (3.7).

In fact, the infected population within target hosts experiences an initial increase, fol-

lowed by a subsequent decline. However, this does not mean there will always be an outbreak
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in the target host. For example, the peak of infections in target hosts may be relatively

low (Figure 3.1). Generally, the presence of a fractional infected host is not sufficient to be

classified as an outbreak. Therefore, we introduce the following threshold to evaluate the

outbreak in the target host and assess the impact of spillover.
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Figure 3.1: Low infections in target hosts in the reservoir-target system (3.6). The

spillover rate is set to βra = 1.21× 10−11, with all other parameter values detailed in

Table 3.1.

3.2.4 A Novel Outbreak Threshold

The fundamental criterion for a major outbreak in the target host population is the

presence of a sufficient number of infected target hosts. This ensures that trivial emergences,

which would otherwise result in extinction, are avoided. To quantify the outbreak dynamics,

we begin by analyzing the cumulative infections within the target host population.
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The final size relation for the target host population in system (3.6) is given by

ln
Sa0

Sa(∞)
=
βraSr0
µr

(
1− Sr(∞)

Sr0

)
+R0a

(
1− Sa(∞)

Sa0

)
,

where Sa(∞) , lim
t→∞

Sa. Furthermore, the cumulative number of infections in the target

host population satisfies

Sa0 − Sa(∞) = Sa0

[
1− exp

{
βra(Sr(∞)− Sr0)

µr
+
βa(Sa(∞)− Sa0)

µa1

}]
.

Applying the Taylor series expansion, the cumulative number of infections Sa0−Sa(∞) can

be approximated as

Sa0 − Sa(∞) ≈ βraSa0(Sr0 − Sr(∞))

µr

1

1−R0a
. (3.8)

The above calculation (3.8) serves as an outbreak threshold for target hosts and can

be interpreted as follows. The multiplier βraSa0
µr

is an equivalent indicator to the basic

reproduction number [155, 156, 253]. It reflects new infections in target host caused by

one infected reservoir hosts during period 1
µr

. The multiplication by Sr0 − S0(∞) is

employed to emphasize that the prevalence of the monkeypox virus in target hosts depends

on the number of infections in reservoir hosts [243]. The first term overall measures the

contribution of spillover transmission, and remains independent of the removal rate of

infected target hosts.

The second term relates to target-to-target transmission and is greater than one when

R0a < 1. The multiplication of the first term by the second term illustrates the amplification

of spillover results due to onward within-species infection. Notable, when R0a approximates
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zero, the total number of infections in target hosts becomes solely dependent on the spillover

rate, the basic reproduction number of reservoir hosts, and the initial size of the target

population.

Since the final size of the reservoir host population cannot be explicitly solved, we

approximate it using equation (3.2) and derive the following lower bound

Tot ,
βraSa0 (Sr0 − Smaxr )

µr

1

1−R0a
. (3.9)

It is observed that Sa0 − Sa (∞) > Tot. We then purpose the outbreak threshold based on

the equation (3.9).

Definition 3.2.1. For any integer k, when the estimation Tot > k, we define this as an

outbreak in target hosts due to spillover transmission.

3.2.5 Numerical Methods

We perform simulations of the reservoir-target monkeypox transmission model that

incorporates spillover dynamics. In these simulations, we assume the same disease-related

parameters, such as recovery rate and disease-induced death rate, for both reservoir and

target hosts. This assumption is reasonable, as animal models of clade Ia infection have

demonstrated pathology similar to that observed in humans [36, 50]. To reflect ecological

differences, the model accounts for variations in population size and transmission rates

between the host species. We assume that target hosts have no initial infections and acquire
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Table 3.2: Parameter ranges for LHS in sensitivity analysis.

Parameter Definition Range

βr Reservoir-to-reservoir transmission rate [6.94× 10−7, 3.24× 10−9]

βra Spillover rate [0.4× 10−18, 0.4× 10−7]

βa Target-to-target transmission rate [0.05× 10−10, 1.5× 10−7]

Sa0 Population size of target hosts [1.31× 103, 2.31× 105]

µa1 Removal rate of target hosts [0.001, 1]

the disease primarily through spillover transmission, with a spillover rate ranging from 10−14

to 10−9. All the parameter values are detailed in Table 3.1.

A rigid deterministic model fails to capture the inherent variability and realistic para-

metric fluctuations that may play a crucial role in the persistence of disease. To address

this limitation, we conduct a sensitivity analysis using Latin Hypercube Sampling (LHS)

combined with the Partial Rank Correlation Coefficient (PRCC) method. This approach

quantifies the monotonic relationship between model outputs and input parameters. A

total of 2 000 parameter sets are generated under the assumption of uniform distributions

across specified ranges, as detailed in Table 3.2. The PRCC values are then computed to

assess the influence of each parameter on the model output. A positive PRCC indicates

a positive correlation between the parameter and the corresponding compartment, while
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a negative value implies an inverse relationship. The magnitude of the PRCC reflects the

strength of the parameter’s effect: the larger the absolute value, the greater the impact.

3.3 Results

3.3.1 Established Threshold as a Reflective Indicator of Outbreak Dy-

namics in Target Hosts

Figure 3.2 illustrates the number of infections in both reservoir and target hosts. A sig-

nificant surge is evident in the reservoir host population, where the total number of infected

individuals consistently exceeds 800 000. Following spillover events, the monkeypox virus

successfully establishes circulation within the target host population. The model-based

total number of infections in target hosts is 2.41, while our estimation based on equation

(3.9) yields a total of 1.36. Despite some degree of error in the estimation, it remains within

an acceptable range and provides a valuable approach for quantifying spillover results in

target hosts.

Moreover, the prevalence of the disease in the target host is entirely driven by the

epidemiological dynamics within the reservoir hosts (Figure 3.2). The peak of infections in

the target hosts lags behind the outbreak in the reservoir hosts. In addition, the observed

pattern in the number of infected target hosts reveals a prolonged tail before reaching zero,

illustrating a sustained period of transmission dynamics within the target host population.
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Figure 3.2: Monkeypox outbreaks in reservoir and target hosts for the scenario where

R0r > 1. Parameter values are provided in Table 3.1.

3.3.2 Spillover Rate Determines Monkeypox Outbreak Dynamics in Tar-

get Hosts

We investigate the impacts of intraspecific transmission and spillover dynamics on in-

fection in target hosts, as represented by threshold values of 1 and 10 in Figure 3.3. As the

reproduction number of the target population increases, the threshold curve shifts down-

ward and to the left, indicating that even a low spillover rate can result in disease outbreak

in the target population. Specifically, for the threshold k = 1, in the best scenario char-

acterized by low values of R0r and R0a (1.1 and 0.05, respectively), a spillover rate of

3.5× 10−10 is sufficient to prevent an outbreak in target hosts. This spillover rate is seven

times higher than that required in the worst-case scenario, where R0r andR0a are elevated
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(1.5 and 0.7, respectively).

We observe a notable increase in spillover rate tolerance as the threshold value is raised

from 1 to 10. This observation is consistent with expectations, as a higher spillover rate

would lead to an increased potential for infection spread. On the other hand, for threshold

values of 1 and 10, the contour plots exhibit no discernible qualitative differences: a sharp

decrease in the beginning followed by a slowed decline. This pattern suggests that the

intrinsic combined effects of R0r, R0a, and the spillover rate on the threshold remain largely

unaffected by variations in k, indicating robustness of our threshold.

3.3.3 Sensitivity Analysis

Figure 3.4 illustrates the results of the sensitivity analysis for the scenario where R0r >

1, which demonstrates a monotonic relationship between the our threshold and input param-

eters. A strong positive correlation is observed between the threshold and the spillover rate.

We highlight the substantial impact of spillover rates on infections in target hosts, empha-

sizing the intricate interconnectedness between populations. Notably, the findings identify

the size of the target population as the second crucial factor, surpassing the contributions

of two within-species transmission rates. This correlation underscores the significance of

considering population dynamics into outbreak assessments for target hosts.
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Figure 3.3: Contour plots showing the estimated total infection in target hosts as a

function of the spillover rate and the basic reproduction numbers in both reservoir

and target hosts. The plots are presented for two threshold values.

3.4 Conclusions

The occurrence of epizootic outbreaks in animals and zoonotic epidemics in humans is

driven by the ability of pathogens to propagate across species, as observed in cases such

88



(a) The PRCC value for each parameter.

(b) Scatter plot of PRCC value for each parameter.

Figure 3.4: Sensitivity analysis of the estimated total infections in target hosts for

the scenario where R0r > 1.
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as monkeypox, COVID-19, and others. Initial spillover events serve as the foundation for

subsequent epidemic and pandemic dynamics, highlighting the critical need for early surveil-

lance and intervention. The basic reproduction number has been pivotal in understanding

pathogen spread within populations. However, in the context of spillover, a key limitation

emerges: it fails to account for the contribution of reservoir hosts to the infection dynamics

of target populations, particularly in two-species models. To address this gap, our study

introduces an outbreak threshold specifically designed to assess spillover results, with a

focus on monkeypox transmission.

Our findings challenge prior assumptions that a reservoir host reproduction number

(R0r) exceeding one is the sole determinant of outbreaks in target populations [150, 244].

While R0r > 1 is a necessary condition, we underscore that it is not sufficient on its own

[165], especially under low spillover rates. By using total infections in target hosts as

a metric, we show that outbreaks are more likely to occur with non-trivial emergencies,

offering a biologically meaningful measure of outbreak potential.

The spillover rate emerges as a key driver of outbreak dynamics in target hosts. Frequent

reservoir-to-target contacts, coupled with pathogen evolution, can amplify the spillover rate,

contributing to substantial outbreaks in the target population. Even in scenarios where

intraspecific transmission among target hosts is limited, the potency of the spillover process

can trigger and sustain outbreaks in the target population. Consequently, when a pathogen

consistently spills over into a target host, it is essential to consider factors beyond within-

species transmission alone [134, 147]. Interventions aimed at reducing spillover events are
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fundamental to outbreak prevention. Furthermore, our sensitivity analysis identified the

crucial role of target host population size in predicting pathogen spread [98, 163], providing

valuable insights for the next research.
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4 Endemicity of Monkeypox and Target Control

Strategies

4.1 Introduction

As observed in monkeypox outbreaks, target host responses to the virus exhibit consid-

erable variability [41, 44, 45, 52, 58, 254, 255]. This variability may be attributed to several

factors, including population growth of host species. In this chapter, we incorporate pop-

ulation demographics to provide a more holistic uunderstanding of the effects of pathogen

spillover during stage II. We incorporate target control strategies, such as quarantine and

culling of target hosts, and assess their potential impact on disease endemicity and the

extinction risks faced by target host species. By presenting evidence-based insights, our

research aims to offer valuable guidance for managing the consequences of spillover events.

The dynamics of spillover transmission are influenced not only by viral characteristics

but also by the intricate interplay between the behavior and ecology of host species [242].

As viruses depend on their hosts for replication and dissemination, the traits and dynamics
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of host populations significantly shape spillover outcomes. For zoonosis spillover, it is

noteworthy that spillover can occur even in regions with low human population density [256],

highlighting the broad reach of these events beyond densely populated areas. Moreover,

spillover events can pose significant threats not only to individual hosts but also to entire

target populations, potentially driving them toward extinction [21].

One approach to incorporating population demographics is to assume identical patterns

for animals and humans, characterized by constant immigration rates and death rates pro-

portional to the population size [147, 150]. Studies have suggested that once the monkeypox

virus spills over from reservoir hosts to humans, it inevitably establishes itself within the

human population [147, 150]. However, this modeling framework does not account for the

conditions under which spillover events drive target hosts to extinction. Moreover, a model

incorporating both spillover and spillback processes (i.e., the reverse transmission from tar-

get hosts to reservoir hosts) reveals that an increase in monkeypox cases among animal

species leads to a corresponding rise in monkeypox cases among humans [145].

Furthermore, studies have demonstrated that the model incorporating population de-

mographics and spillover processes exhibit a unique endemic equilibrium [144, 145, 147,

148, 206]. This equilibrium remains stable when the basic reproduction number, indepen-

dent of the spillover rate, exceeds one, effectively ruling out the possibility of backward

bifurcation in the basic monkeypox transmission model. However, an exception has been

identified in the model proposed by Madubueze et al. [205], which introduces backward

bifurcation through the incorporation of a contaminated environment. Indeed, previous re-
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search has indicated that backward bifurcation can occur in scenarios where both spillover

and spillback transmission pathways are present [257].

In a reservoir-target system, management strategies can be specifically tailored to tar-

get populations. For instance, in the case of human monkeypox, interventions such as

vaccination in human populations have yielded significant effectiveness [143, 144, 148, 258].

Similarly, mathematical modeling of H5N1 transmission has shown that reducing contact

among target hosts is the most critical factor in controlling the spread of the disease [19].

Vaccination and drug treatments in animal populations are often impractical or unfea-

sible due to limited resources and the lack of appropriate diagnostic tools. Consequently,

quarantine and culling of target hosts are often employed to manage diseases, particularly

in livestock populations [176]. However, there is limited research on the effectiveness of

quarantine and culling specifically in target host populations. Using a patch model, Bol-

zoni et al. [173] found that mass culling within a patch reduces infection in that patch

but simultaneously increases the incidence in neighboring areas. In contrast, a stochastic

spatial model that distinguished infected premises from their neighbors revealed that neigh-

borhood culling had a significant impact, notably reducing both the number of cases and

the total number of culled farms [190].

In this chapter, we develop a mathematical model to describe monkeypox transmis-

sion during stage II, integrating demographic factors and target control strategies. The

population dynamics of the two host species are modeled distinctly, accounting for inter-

ventions such as quarantine and culling of targeted hosts. A fundamental analysis of the
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model is conducted, focusing on the derivation of threshold conditions for disease persis-

tence, maximum endemic prevalence, and potential population extinction. Furthermore,

the effectiveness of various control measures is evaluated based on the analytical findings.

4.2 SI-SIR Model with Demographics

4.2.1 Model

Given the long-term recurring outbreaks of monkeypox [259], it is essential to account

for the population dynamics of host species. In our reservoir-target system, we adopt

distinct population growth models for reservoir hosts (Funisciurus spp.) and target hosts

(Cercopithecu spp.). The primary role of reservoir hosts is to contribute infections to target

hosts, irrespective of their reproduction type. Moreover, rodents generally exhibit high

reproductive rates, short gestation periods, low pathogen virulence, and minimal risk of

pathogen-induced extinction [11]. Thus, assuming a constant birth rate and a proportional

death rate serves as a reasonable approximation for modeling the population growth of

these species.

Conversely, for target hosts such as nonhuman primates, population dynamics are in-

fluenced by factors including longer gestation periods, lower reproductive rates and habitat

availability. Additionally, to incorporate the effects of interventions such as quarantine

and culling, we employ a density-dependent growth model, which can potentially offset

population reductions resulting from these measures [198].
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Table 4.1: Model variables and parameters.

Variables and their initial values

Notation Description Initial value

Sr(t) The susceptible population size of reservoir

hosts on day t

1.31× 105

Ir(t) The infectious population size of reservoir

hosts on day t

100

Sa(t) The susceptible population size of target

hosts on day t

1.07× 104

Ia(t) The infectious population size of target hosts

on day t

0

Ra(t) The recovered population size of target hosts

on day t

0

Parameters for monkeypox transmission

Notation Description Value

βr Reservoir-to-reservoir transmission rate [5.81× 10−8, 4.75×

10−7]

βra Spillover rate [9.84 ∗ 10−10, 2.60×

10−6]
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Λr Intrinsic birth rate of reservoir hosts 500

dr Natural death rate of reservoir hosts 0.00061

µr Removal rate of infectious target hosts due to

recovery or death

0.05

Λa Intrinsic birth rate of target hosts 0.014

Ka Maximal carrying capacity of target hosts 50 000

ca Quarantine and culling rate of target hosts 0.0137

µa Disease-induced death rate of target hosts 0.005

γa Recovery rate of target hosts 0.0452

We use the subscripts r and a to indicate reservoir and target hosts, respectively. The

recruitment and natural death rates of the reservoir host are denoted by Λr and dr, re-

spectively. For the target host, we assume that Λa represents the intrinsic birth rate, Ka

denotes the maximal carrying capacity, and ca is a constant quarantine and culling rate

[174]. Given the constraints on available resources, we assume that no post-quarantine test-

ing is conducted on animals. In most scenarios, a culling strategy is employed; therefore,

the release of populations from quarantine is not considered. The population dynamics of

reservoir and target hosts, in the absence of disease, are described by the following system
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of ordinary differential equations

dNr (t)

dt
= Λr − drNr,

dNa (t)

dt
= ΛaNa

(
1− Na

Ka

)
− caNa.

It is evident that the population Nr approaches a positive equilibrium at Λr
dr
, while Na

stabilizes at (Λa−ca)Ka
Λa

provided that Λa > ca. For the remainder of this work, we assume

that the condition Λa > ca holds. These models capture the limited growth of species

and allow us to examine how demographic processes and control measures interact with

epidemic transmission within the host populations.

Monkeypox Transmission in Reservoir Hosts with Population Demographics

We extend our previously established monkeypox transmission model in the reservoir

host by incorporating demographic factors. The total population of the reservoir host

(Nr) is divided into two distinct compartments: susceptible Sr and infective Ir, such that

Nr = Sr + Ir. The susceptible reservoir host increases through births at a rate Λr and de-

creases due to natural mortality at a rate dr. Infection among the susceptible reservoir host

occurs via contact with infected individuals at a transmission rate βr [36, 52, 246]. This

transmission process leads to a decline in the susceptible population while simultaneously

increasing the infected population. The infected reservoir host experienced population re-

duction through recovery and disease-induced mortality at a rate µr [32, 36, 246], along with

additional losses due to natural mortality at a rate dr. By integrating these processes, we

derive the following system of deterministic differential equations to describe the infection
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dynamics in the reservoir host population
S′r = Λr − βrIrSr − drSr,

I ′r = βrIrSr − drIr − µrIr.
(4.1)

The descriptions of model variables and parameters are summarised in Table 4.1. Let

Sr0 represent the initial susceptible reservoir host and Ir0 denote the initial infected reservoir

host. Accordingly, the initial conditions for the system (4.1) can be described as

Sr (0) = Sr0, Ir (0) = Ir0.

The system (4.1) exhibits a trivial equilibrium and a disease-free equilibrium
(

Λr
dr
, 0
)
.

The stability of the disease-free equilibrium depends on the basic reproduction number

of the system, which is defined as R0r = Λrβr
dr(dr+µr)

. The disease-free equilibrium is glob-

ally stable if R0r ≤ 1 [245, 260]. Furthermore, when R0r > 1, the reservoir-only system

(4.1) possesses a unique and globally stable endemic equilibrium
(
S̃r, Ĩr

)
[245], which is

characterized by coordinates

S̃r =
dr + µr
βr

, Ĩr =
(R0r − 1) dr

βr
.

Notably, we detect transient dynamics in system (4.1) when the basic reproduction

number exceeds one (Figure 4.1). Before damping converges converging to the endemic

equilibrium, the infected reservoir host population remains near the x-axis for a certain

period [118, 261]. As the initial infected population increases or as R0r rises, the length

of the transient phase decreases. Additionally, the duration of this low-prevalence period
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is more sensitive to variations in R0r than to changes in the initial size of the infected

population.

Initial infections: 1; R0r=2.74
Initial infections: 150; R0r=2.74
Initial infections: 150; R0r=1.74
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Figure 4.1: Transient dynamics in the reservoir-only system. The parameter values

used in the simulations are provided in Table 4.1.

Monkeypox Transmission in Target Hosts with Population Demographics

The total target population is divided into three mutually disjoint compartments,

namely susceptible Sa, infective Ia, and recovered Ra, such that Na = Sa + Ia + Ra.

The previous model describing the target host population is extended by incorporating

logistic growth in the susceptible compartment of the target hosts. Additionally, all com-

partments experience a decline due to quarantine and culling strategies. Infection in the

target host population occurs through spillover from reservoir hosts at a transmission rate

βra. Applying the mass action law, the spillover incidence is given by βraIrSa. Additionally,
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intraspecific transmission within the target host population is not considered in stage II.

Therefore, the equation describing the transmission dynamics of monkeypox in the target

host population is 

S′a = ΛaNa

(
1− Na

Ka

)
− βraIrSa − caSa,

I ′a = βraIrSa − γaIa − caIa − µaIa,

R′a = γaIa − caRa.

(4.2)

The descriptions of model variables and parameters are summarised in Table 4.1. The

system (4.2) exhibits two equilibria: a trivial equilibrium and a disease-free equilibrium(
(Λa−ca)Ka

Λa
, 0, 0

)
. In the absence of spillover (βra = 0), no infections occur in the target

host population. However, when spillover is present, the existence of an endemic equilib-

rium depends on the number of infections in reservoir hosts. To further investigate this

dependency, we proceed with an analysis of the full system.

Reservoir-target System with Population Demographics

By combining systems (4.1) and (4.2), the dynamics of the monkeypox virus in stage II,

which incorporates demographic factors, spillover dynamics, and target control strategies,

can be described by the following model

S′r = Λr − βrIrSr − drSr,

I ′r = βrIrSr − drIr − µrIr,

S′a = ΛaNa

(
1− Na

Ka

)
− βraIrSa − caSa,

I ′a = βraIrSa − γaIa − caIa − µaIa,

R′a = γaIa − caRa.

(4.3)
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The descriptions of model variables and parameters are summarised in Table (4.2). The

spillover initial conditions can be described as

Sr (0) = Sr0, Ir (0) = Ir0, Sa (0) = Sa0, Ia (0) = Ra (0) = 0.

We then analyze the existence and stability of the boundary and the endemic equi-

librium of system (4.3), providing insights into the conditions under which the infection

is eliminated, reaches its peak prevalence, or results in the extinction of the target host

population.

4.2.2 Existence of Boundary Equilibria and the Basic Reproduction

Number

The system (4.3) exhibits several boundary equilibria. First, it possesses a trivial equi-

librium, representing the complete absence of all populations and the disease. Second, it

has a reservoir-population-only equilibrium
(

Λr
dr
, 0, 0, 0, 0

)
, where the reservoir population

exists without disease, while the target population is entirely absent. Third, a disease-free

equilibrium
(

Λr
dr
, 0, (Λa−ca)Ka

Λa
, 0, 0

)
exists, wherein both populations are present but remain

free of disease.

If R0r > 1, the system (4.3) attains a reservoir-disease-only equilibrium
(
S̃r, Ĩr, 0, 0, 0

)
.

This equilibrium indicates that the disease becomes established within the reservoir pop-

ulation, while the target population is driven to extinction. The extinction of the target

population results from the combined effects of spillover infection and the implementation
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of quarantine and culling strategies.

The local stability of
(

Λr
dr
, 0, (Λa−ca)Ka

Λa
, 0, 0

)
is determined by the basic reproduction

number of system (4.3), which is computed as R0r. Notably, in stage II, the basic reproduc-

tion number for the entire system is governed solely by the transmission dynamics within

the reservoir population, and remains independent of target control strategies. A detailed

stability analysis of all boundary equilibria is presented in the subsequent section.

4.2.3 Stability of Boundary Equilibria

To analyze the local stability of the equilibria, we examine the eigenvalues of the Jaco-

bian matrix derived from system (4.3). The Jacobian matrix yields

J2 (Sr, Ir, Sa, Ia, Ra) =



−Irβr − dr −Srβr 0 0 0

Irβr Srβr − dr − µr 0 0 0

0 −βraSa J33 J34 J34

0 βraSa βraIr −ca − γa − µa 0

0 0 0 γa −ca


,

where

J33 = Λa

(
1 − Sa + Ia +Ra

Ka

)
− Λa
Ka

(Sa + Ia +Ra) − βraIr − ca,

J34 = Λa

(
1 − Sa + Ia +Ra

Ka

)
− Λa
Ka

(
1 − Sa + Ia +Ra

Ka

)
.

Theorem 4.2.1. For system (4.3), we have the following results
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1. The trivial equilibrium, the reservoir-population-only equilibrium
(

Λr
dr
, 0, 0, 0, 0

)
, and

the target-population-only equilibrium
(

0, 0, (Λa−ca)Ka
Λa

, 0, 0
)
are unstable.

2. The disease-free equilibrium
(

Λr
dr
, 0, (Λa−ca)Ka

Λa
, 0, 0

)
is locally asymptotically stable if

R0r < 1.

To prove the stability of the reservoir-disease-only equilibrium, we denote

c+
1 ,

Λa − µa − γa +
√

(Λa − µa − γa)
2 + 4Λaγa

2
(< Λa) ,

β̃1 ,
ca (ca + γa + µa) (Λa − ca)

(c2
a − (Λa − µa − γa) ca − Λaγa) Ĩr

.

Theorem 4.2.2. The reservoir-disease-only equilibrium
(
S̃r, Ĩr, 0, 0, 0

)
is locally asymp-

totically stable if R0r > 1, ca > c+
1 , and βra > β̃1.

Proof. The eigenvalues of the Jacobian matrix J2 at the equilibrium
(
S̃r, Ĩr, 0, 0, 0

)
are

solutions of the following characteristic equation

(
λ2 + ((R0r − 1) dr + dr)λ+ (R0r − 1) dr (dr + µr)

) (λ3 +A1λ
2 +A2λ+A3

)
ca

= 0.

where A1 = 3ca + βraĨr + µa + γa − Λa,

A2 = −
(

2ca + βraĨr + µa + γa

)
Λa +

(
βraĨr + 2ca

)
(ca + µa + γa) + ca

(
βraĨr + ca

)
,

A3 =
(
c2
a − (Λa − µa − γa) ca − Λaγa

)
βraĨr − ca (ca + γa + µa) (Λa − ca).

This characteristic equation can be sloved in two parts: a quadratic equation and a

cubic equation. The quadratic equation is given by

λ2 + ((R0r − 1) dr + dr)λ+ (R0r − 1) dr (dr + µr) = 0,
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whose solutions possess negative real parts if R0r > 1. Next, we consider the cubic term

f1 (λ) , λ3 +A1λ
2 +A2λ+A3. (4.4)

One can verify that if ca > c+
1 and βra > β̃1, the coefficients Ai > 0, for i = 1, . . . 3. To

analyze the stability, we calculate A1A2 −A3 and collect it in terms of Λa as follows

H1 (Λa) , A1A2 −A3 = a1Λ2
a + a2Λa + a3. (4.5)

where a1 = 2ca + µa + γa + βraĨr > 0,

a2 = −8c2
a − 6βraĨrca − 6 (µa + γa) ca − β2

raĨr
2
− βraĨr (3µa + 2γa)− (µa + γa)

2 < 0,

a3 = (2ca + µa + γa)
(
βraĨr + 2ca

)(
βraĨr + 2ca + µa + γa

)
> 0.

One can verify that the discriminant of equation (4.5) is non-negative. Denote x1 ,

(βraĨr+ca)(ca+γa+µa)ca

βraĨr(ca+γa)+ca(ca+γa+µa)
. It follows that H1 (x1) > 0 and H ′1 (x1) < 0. Thus, if Λa < x1,

then H1 (Λa) > 0, implying the roots of the cubic equation (4.4) have negative real parts

[262]. Noticing that the condition Λa < x1 holds when ca > c+
1 and βra > β̃1. We complete

the proof.

The analysis of boundary equilibria suggests critical insights into population dynamics

in disease transmission systems. The instability of the reservoir-population-only equilibrium(
Λr
dr
, 0, 0, 0, 0

)
and the target-population-only equilibrium

(
0, 0, (Λa−ca)Ka

Λa
, 0, 0

)
indicates

that it is impossible for one population to remain unaffected by the disease while the other

population goes extinct.

The stability of disease-free equilibrium
(

Λr
dr
, 0, (Λa−ca)Ka

Λa
, 0, 0

)
implies that disease
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eradication in both populations requires R0r to be less than one, provided that the ini-

tial sizes of the subpopulations are within the basin of attraction of this equilibrium.

The stability of the reservoir-disease-only equilibrium
(
S̃r, Ĩr, 0, 0, 0

)
is influenced by

the values of ca and βra, highlighting a population extinction threshold for the target hosts.

Given the persistence of the disease in reservoir hosts and the implementation of moderate

quarantine and quarantine strategies (ca > c+
1 ), a spillover rate exceeding the threshold β̃1

places the target population at risk of extinction. Furthermore, this extinction threshold is

shaped by disease-related factors affecting both host populations, as well as by population

dynamics, excluding the maximum carrying capacity of target hosts.

4.2.4 Existence and Stability of a Unique Endemic Equilibrium

To obtain the endemic equilibrium of system (4.3), we set the right-hand sides equal to

zero and obtain

S̃r =
dr + µr
βr

, Ĩr =
(R0r − 1) dr

βr
, S̃a =

(ca + γa + µa) Ĩa

βraĨr
, R̃a =

γaĨa
ca

,

Ĩa =
βraĨrcaKa

(
βraĨr

(
−c2

a + (Λa − µa − γa) ca + Λaγa
)

+ ca (ca + γa + µa) (Λa − ca)
)

(
βraĨr (ca + γa) + ca (ca + γa + µa)

)2
Λa

.

The above expression demonstrates that the condition R0r > 1 is a fundamental pre-

requisite for the existence of an endemic equilibrium in system (4.3). Furthermore, the

realization of this equilibrium necessitates one of the following additional conditions: either

(i) ca ≤ c+
1 , or
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(ii) ca > c+
1 and βra < β̃1.

The derivative of Ĩa with respective to βra yields

dĨa
dβra

=
c2
aĨrKa(

c2
a +

(
βraĨr + γa + µa

)
ca + γaβraĨr

)3
Λa

(
Ĩrβra

(
−c2

a+

(Λa − 2µa − γa) ca + Λaγa) + ca (ca + γa + µa) (Λa − ca)) .

We denote c+
2 , Λa− 2µa− γa+

√
(Λa− 2µa− γa)2+4Λaγa

2 < c+
1 . If ca > c+

1 , the positive

threshold β̃2 , ca(ca+γa+µa)(Λa−ca)

(c2a− (Λa− 2µa− γa)ca−Λaγa)Ĩr
< β̃1. Therefore, we have the following results.

Proposition 4.2.3. 1. If ca ≤ c+
2 , the derivative dĨa

dβra
is positive.

2. If c+
2 < ca ≤ c+

1 , the derivative dĨa
dβra

is positive if βra < β̃2, while negative if βra > β̃2.

3. If ca > c+
1 , the derivative dĨa

dβra
is positive if βra < β̃2, while negative if β̃2 < βra < β̃1,

The analysis of Ĩa implies that, under a low quarantine and culling rate, such that

ca ≤ c+
2 , the endemic value of infected individuals in target hosts increases with the spillover

rate. Consequently, the number of infected individuals among target hosts can serve as a

key indicator for evaluating the risk of spillover events in this scenario.

On the other hand, under a high quarantine and culling rate, where ca > c+
2 , the endemic

equilibrium of infected hosts initially increases with the spillover rate, reaching a maximum

at a critical threshold β̃2. Beyond this threshold, the endemic prevalence decreases as the

spillover rate continues to rise. This negative relationship between endemic prevalence
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and spillover rate is primarily due to the substantial decline in the susceptible pool of

target hosts, resulting from the combined effects of quarantine, culling, and spillover-driven

infection. In conclusion, β̃2 represents the spillover rate threshold at which the endemic

prevalence reaches its peak, marking the most impactful spillover level in terms of infection

burden within the target hosts.

Theorem 4.2.4. The endemic equilibrium
(
S̃r, Ĩr, S̃a, Ĩa, R̃a

)
is locally asymptotically sta-

ble if exists.

Proof. The eigenvalues of the Jacobian matrix J2 at the endemic equilibrium(
S̃r, Ĩr, S̃a, Ĩa, R̃a

)
satisfy the characteristic equation

(
λ2 +R0rdrλ+ (dr + µr) dr (R0r − 1)

)(
c2
a + ca

(
βraĨr + µa + γa

)
+ γaβraĨr

)
ca

(
A4λ

3 +A5λ
2 +A6λ+A7

)
= 0,

where A4 = (γa + ca)βraĨr + ca (µa + γa + ca) > 0,

A5 =
(
ca + βraĨr + µa + γa

)
caΛa + βraĨrγaΛa + βraĨrγa

(
3ca + βraĨr + µa + γa

)
+ (µa + γa)

2 ca + ca

(
βraĨr + ca

)2
+ 2 (µa + γa) c

2
a > 0,

A6 = −c3
a

(
ca + βraĨr + µa + γa

)
− 3βraĨrµac

2
a + (γa − µa)β2

raĨ
2
r ca +

(
γ2
a − µ2

a

)
βraĨrca

+ (µa + γa)β
2
raĨ

2
r γa + βraĨrc

2
aΛa + 2βraĨrca (µa + 2γa + ca) Λa + β2

raĨ
2
rΛa (γa + ca)

+ (ca + µa + γa) ca (2ca + µa + γa) Λa + (µa + γa) γaβraĨrΛa,

A7 =
((
ca + βraĨr + µa + γa

)
ca + βraĨrγa

)(
βraĨr

(
−c2

a + (Λa − µa − γa) ca + Λaγa
)

+ca (ca + γa + µa) (Λa − ca)) .
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It is evident that the solutions of the quadratic equation

λ2 +R0rdrλ+ (dr + µr) dr (R0r − 1) = 0

possess negative real parts when R0r > 1. Denote the cubic equation

f2 (λ) , A4λ
3 +A5λ

2 +A6λ+A7.

One can verify that under conditions either (i) or (ii), the inequalities A6 > 0 and

A7 > 0 hold. Next, we determine the sign of A5A6 −A4A7, which is

H2 (Λa) , A5A6 −A4A7 = a4Λ2
a + a5Λa + a6,

where

a4 =
(
c2
a +

(
βraĨr + γa + µa

)
ca + βraĨrγa

)2
( βraĨr + 2ca + γa + µa) > 0,

a5 =
(
c2
a +

(
βraĨr + γa + µa

)
ca + βraĨrγa

)
a51,

a51 =
(

2βraĨr + 2γa + 2µa

)
c3
a

+
(

3γ2
a +

(
6βraĨr + 6µa

)
γa + 3β2

raĨr
2
− βraĨrµa + 3µ2

a

)
c2
a

+
(
βraĨr + γa + µa

)(
γ2
a +

(
4βraĨr + 2µa

)
γa + β2

raĨr
2
− βraĨrµa + µ2

a

)
ca

+βraĨrγa

(
γ2
a +

(
2βraĨr + 2µa

)
γa + β2

raĨr
2

+ 3βraĨrµa + µ2
a

)
> 0,

a6 =
(
βraĨrca + βraĨrγa + c2

a + caγa + caµa

)
a61 + a62a63,

a61 = (c2
a +

(
βraĨr + γa + µa

)
ca + βraĨrγa)ca(βraĨr + ca)(ca + γa + µa),

a62 =
(
βraĨrγa

(
βraĨr + 3ca + γa + µa

))
+ (γa + µa)

2 ca + ca

(
βraĨr + ca

)2

+ 2 (γa + µa) c
2
a,
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a63 = −c3
a

(
βraĨr + ca + γa + µa

)
− 3βraĨrµac

2
a + (γa − µa)β2

raĨr
2
ca

+
(
γ2
a − µ2

a

)
βraĨrca + (γa + µa)β

2
raĨr

2
γa.

It can be verified that H2 (x1) > 0 and H ′2 (x1) > 0. Thus, the inequality A5A6 > A4A7

holds when Λa > x1, ensuring the stability of the equilibrium point. Noticing that Λa > x1

holds under either condition (i) or (ii).

It is noticed that Theorem 4.2.4 excludes the occurrence of Hopf bifurcation.

4.3 Results

Figure 4.2 presents contour plots illustrating the endemic infection levels in target hosts

as a function of the spillover rate and the basic reproduction number of reservoir hosts. The

quarantine and culling rate is set such that ca > c+
2 . The parameter ranges utilized in the

analysis are provided in Table 4.1.

In the far-left region of Figure 4.2a, where the spillover rate is low, the endemic infection

levels among target hosts is minimally influenced by the basic reproduction number of

reservoir hosts. This suggests that control measures aimed at reducing the spillover rate

may be effective in mitigating infections in target hosts.

Figure 4.2b indicates that the maximum endemic infection level in target hosts reaches

40. Notably, when the basic reproduction number of reservoir hosts exceeds 5, reduc-

tions in the spillover rate may paradoxically lead to an increase in the endemic prevalence.

Additionally, when the basic reproduction number of reservoir hosts is approximately 4,
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(b)

Figure 4.2: Contour plots of the endemic prevalence of infections in targe hosts in

the plane of spillover rate and the basic reproduction number of reservoir hosts.
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decreasing the spillover rate from 2.6 × 10−6 to 0.8 × 10−6 results in only minor changes

in endemic infection levels in target hosts, highlighting the non-linear relationship between

the spillover rate and prevalence dynamics.

4.4 Conclusions

In this Chapter, we introduced a mathematical model to investigate the transmission

dynamics of monkeypox during stage II, incorporating population demographics and target

control strategies. The primary objective was to identify threshold values associated with

disease persistence, peak endemic prevalence, and the potential extinction of target popula-

tions. Through a detailed analysis of the transmission dynamics, our work provides valuable

insights into the interaction between spillover processes and target control strategies and

offers practical recommendations for mitigating spillover impacts.

For monkeypox to persist in target hosts, a basic reproduction number greater than one

in reservoir hosts is necessary but not sufficient condition. The spillover of the virus from

endemic reservoir hosts to target hosts plays a crucial role in determining infection levels

within target populations.

Our findings reveal that under conditions where the disease persists in reservoir hosts

and the quarantine and culling rate is weak (ca ≤ c+
1 ), the system stabilizes around an

endemic equilibrium regardless of the spillover rate. In this scenario, the spillover process

does not drive the target population to extinction. Conversely, the model predicts that an
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additional restriction on the spillover rate, such that βra < β̃1, is necessary to prevent pop-

ulation extinction. This threshold depends on population- and disease-specific parameters

for both host species, excluding the maximum carrying capacity of the target host popu-

lation. These results align with previous findings, which demonstrated that high spillover

rates in less populated environments could heighten the risk of extinction for the entire

target host [242].

Under conditions where ca ≤ c+
2

(
< c+

1

)
, reducing the spillover rate decreases the

endemic level [263]. This finding suggests that the number of infections in target hosts

at endemic equilibrium can serve as a useful metric to quantify spillover risk. When the

quarantine and culling rate of target hosts exceed c+
2 , a critical spillover rate, β̃2, must be

highlighted, as it marks the point at which endemic prevalence reaches its peak. If the

spillover rate exceeds β̃2, an integrated strategy targeting both reservoir transmission and

spillover process should be implemented [27]. Such strategies may include the removal of

reservoir hosts or reducing interspecific contacts. In contrast, strategies focused exclusively

on target control, such as quarantine and culling, are less effective. These target control

measures may inadvertently increase infections due to a rise in the number of susceptible

individuals driven by density-dependent growth dynamics [176, 190, 198].
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5 Environmental Stochasticity in Monkeypox

Spillover from Reservoir to Target Hosts

5.1 Introduction

The occurrence of spillover events exhibits an inherently stochastic nature, characterized

by the potential for fading out and recurrent episodes [21, 264]. Viral mutations and

random host contact patterns play critical roles in shaping this stochasticity. Furthermore,

anthropogenic activities, such as globalization and habitat destruction, further exacerbate

the random interspecific contacts. Therefore, it is important to model stochastic spillover

processes [256]. Existing studies have primarily focused on demographic stochasticity in

spillover transmission, analyzing the probability distribution of the first spillover event

[133, 134, 233]. In this chapter, we introduce environmental stochasticity and explore its

impact on outbreak dynamics within target hosts.

Stochastic bifurcations have been predominantly investigated through simulations due

to a lack of general theorem and criteria [107, 119, 120, 121, 122, 123, 124]. A phenomeno-
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logical bifurcation (P-bifurcation) is defined as a qualitative shift in the stationary proba-

bility density function (PDF) of an observable induced by variations in system parameters

[265, 266]. For example, the stationary density function may undergo transitions from one

peak to two peaks or a crater-like form [119, 124, 267, 268]. Intrinsic stochasticity has

been seen to lead to periodic outbreaks, contrasting with the behavior of the deterministic

analogue that would converge to a stable equilibrium [123, 269, 270, 271, 272]. Addition-

ally, quantitative changes in the mean values and variance of the stationary PDF in an

eco-epidemiological system has been observed in [107]. However, this P-bifurcation has

rarely been studied in zoonotic disease models, and its applications in disease prevention

are worth investigating.

In this chapter, we extend the model developed in Chapter 4 to investigate the spillover

effects on target hosts in stage III. Our extended deterministic framework incorporates an

exposed class and intraspecific transmission among target hosts. We perform a basic anal-

ysis of the ODE model, deriving threshold conditions for disease persistence, maximum

endemic prevalence, and population extinction. Subsequently, by introducing environmen-

tal stochasticity into the spillover rate, we examine the occurrence of P-bifurcation in the

SDE model.
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5.2 Deterministic Model

5.2.1 Model

We extend the reservoir-target system introduced in Chapter 4. In Cercopithecus spp.,

initial symptoms, such as fever, typically appear between 5 and 9 days post-infection [36, 48],

before which the virus remains undetectable. To represent this latent phase of infection,

the model is modified to include an exposed class in the infection progression for the target

host population. Additionally, intraspecific transmission among target hosts is incorporated

into the model, aligning with observations in stage III. By incorporating these two factors,

the viral spillover dynamics from reservoir hosts to target hosts in stage III satisfies the

following model 

S′r = Λr − βrIrSr − drSr,

I ′r = βrIrSr − drIr − µrIr,

S′a = ΛaNa

(
1− Na

Ka

)
− βraIrSa − βaIaSa − caSa,

E′a = βraIrSa + βaIaSa − τaEa − caEa,

I ′a = τaEa − γaIa − caIa − µaIa,

R′a = γaIa − caRa.

(5.1)

The model variables and parameters remain consistent with those presented in Table

4.1, with the inclusion of a new variable, exposed class Ea, and a new parameter, the latent
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period τa. The spillover initial conditions of system (5.1) yields

Sr (0) = Sr0, Ir (0) = Ir0, Sa (0) = Sa0, Ea (0) = Ia (0) = Ra (0) = 0.

We then proceed to analyze the basic properties of the entire system (5.1). This includes

examining the existence and stability of boundary and endemic equilibria, exploring the

conditions necessary for disease persistence, and evaluating the combined effects of spillover

transmission, as well as target control measures such as culling and quarantine.

5.2.2 Existence of Boundary Equilibria and the Basic Reproduction

Number

The system (5.1) always has the following boundary equilibrium points: a trivial equilib-

rium (0, 0, 0, 0, 0, 0), a reservoir-population-only equilibrium
(

Λr
dr
, 0, 0, 0, 0, 0

)
, and a disease-

free equilibrium
(

Λr
dr
, 0, (Λa−ca)Ka

Λa
, 0, 0, 0

)
. Additionally, if R0r = Λrβr

dr(dr+µr)
> 1, the system

admits a reservoir-disease-only equilibrium
(
S̃r, Ĩr, 0, 0, 0, 0

)
.

The local stability of the disease-free equilibrium is determined by the basic reproduction

number R0. Using the Next Generation Matrix method, R0 is calculated as the maximum

of the two subsystem values, given by

R0 = max{R0r, R0a}. (5.2)

where R0a = βaτa(Λa−ca)Ka
(τa+ca)(γa+ca+µa)Λa

.

As this chapter focuses on viral spillover to target hosts during stage III, we assume

R0a < 1. This assumption ensures that, in the absence of reservoir hosts, sustained trans-
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mission within the target population is not feasible, thereby highlighting the critical role of

spillover events and external inputs in driving disease dynamics. Consequently, for system

(5.1), the basic reproduction number simplifies to R0 = R0r .

5.2.3 Stability of Boundary Equilibria

The Jacobian matrix of system (5.1) yields

J3 =



−Irβr − dr −Srβr 0 0 0 0

Irβr Srβr − dr − µr 0 0 0 0

0 −βraSa g33 g34 g35 g34

0 βraSa βraIr + βaIa −τa − ca βaSa 0

0 0 0 τa −ca − γa − µa 0

0 0 0 0 γa −ca



.

g33 = Λa

(
1 − Sa + Ea Ia +Ra

Ka

)
− Λa
Ka

(Sa + Ea + Ia +Ra) − βraIr − βaIa − ca,

g34 = Λa

(
1 − Sa + Ea + Ia +Ra

Ka

)
− Λa
Ka

(Sa + Ea + Ia +Ra) ,

g35 = Λa

(
1 − Sa + Ea + Ia +Ra

Ka

)
− Λa
Ka

(Sa + Ea + Ia +Ra)− βaSa.

Theorem 5.2.1. For the system (5.1), we have the following results

(i) The trivial equilibrium and the reservoir-population-only equilibrium
(

Λr
dr
, 0, 0, 0, 0, 0

)
are unstable.
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(ii) The disease-free equilibrium
(

Λr
dr
, 0, (Λa−ca)Ka

Λa
, 0, 0, 0

)
is locally asymptotically stable

if R0r < 1.

To determine the stability of the reservoir-disease-only equilibrium, we denote

Λ̂ =
(τa + ca) (ca + γa + µa) ca

(ca + γa) τa + (ca + γa + µa) ca
(> ca) ,

β̂ =
(τa + ca) (ca + γa + µa) (Λa − ca) ca

(τa + ca) (ca + γa + µa) caĨr − ((ca + γa) τa + (ca + γa + µa) ca) ΛaĨr
.

Theorem 5.2.2. The reservoir-disease-only equilibrium
(
S̃r, Ĩr, 0, 0, 0, 0

)
is locally asymp-

totically stable if R0r > 1, Λa < Λ̂, and βra > β̂.

Proof. The eigenvalues of the Jacobian matrix J3 at the equilibrium
(
S̃r, Ĩr, 0, 0, 0, 0

)
sat-

isfy the characteristic equation

(
λ2 + ((R0r − 1) dr + dr)λ+ (R0r − 1) dr (dr + µr)

) (λ4 +B1λ
3 +B2λ

2 +B3λ+B4

)
ca

= 0,

where B1 = 4ca + βraĨr + µa + γa + τa − Λa,

B2 = −Λaca

(
3ca + βraĨr + µa + γa + τa

)
+ 3ca

(
2ca + βraĨr + µa + γa + τa

)
+βraĨr (µa + γa + τa) + (µa + γa) τa,

B3 = −
(

2βraĨr + 2 (γa + τa + µa) + 3ca

)
Λaca − βraĨrΛa (γa + τa + µa)

−Λaτa (γa + µa) + c2
a

(
4ca + 3

(
βraĨr + µa + γa + τa

))
+2βraĨr (γa + τa + µa) ca + (µa + γa) τa

(
βraĨr + 2ca

)
,
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B4 = −Λa

(
βraĨr + ca

)
(ca + γa + µa + τa) ca − βraĨrγaτaΛa − τaca (γa + µa) Λa

+
(
βraĨr + ca

)
ca (ca + γa + µa) .

It is obvious that the solutions of the first quadratic equation λ2+((R0r − 1) dr + dr)λ+

(R0r − 1) dr (dr + µr) = 0 possess negative real parts if R0r > 1.

On the other hand, it can be verified that if Λa < Λ̂ and βra > β̂, then the coefficients

Bi > 0 for i = 1, 2, . . . , 4. Additionally, if B1B2B3−B2
1B4−B2

3 is positive, then by Routh-

Hurwitz criterion [273, 274, 275], all roots of the fourth-order equation λ4 +B1λ
3 +B2λ

2 +

B3λ+ B4 = 0 have negative real parts, implying the stability of the reservoir-disease-only

equilibrium.

We solve the solve the determinant expression B1B2B3 −B2
1B4 −B2

3 as

G1 (Λa) , B1B2B3 −B2
1B4 −B2

3 = b1Λ3
a + b2Λ2

a + b3Λa + b4,

where

b1 = −8c3
a −

(
8βraĨr + 8γa + 8µa + 8τa

)
c2
a

+
(
−2β2

raĨr
2
− 6βraĨr (γa + µa + τa)− 2τ2

a + (−6µa − 6γa) τa − 2 (γa + µa)
2
)
ca

−β2
raĨr

2
(γa + µa + τa)−

(
τ2
a + (3µa + 2γa) τa + (γa + µa)

2
)
βraĨr

− (γa + µa) τa (γa + µa + τa) < 0,

b2 = 48c4
a +

(
56βraĨr + 56γa + 56µa + 56τa

)
c3
a + a22c

2
a + a21ca + a20 > 0,

a22 = 20β2
raĨr

2
+ 52βraĨr (γa + µa + τa) + 20τ2

a + (52µa + 52γa) τa + 20 (γa + µa)
2 ,
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a21 = 2β3
raĨr

3
+ 14β2

raĨr
2

(γa + µa + τa)

+ 14 βraĨr

(
τ2
a +

(
19µa

7
+

15γa
7

)
τa + (γa + µa)

2

)
+2 (γa + µa + τa)

(
τ2
a + (6µa + 6γa) τa + (γa + µa)

2
)

+ a111

(
βraĨr + γa + µa + τa

)
,

a20 = β2
raĨr

2
(γa + µa + τa) + βraĨr

(
τ2
a + (4µa + 2γa) τa + (γa + µa)

2
)

+ (γa + µa) τa (γa + µa + τa) ,

b3 = −96c5
a + b34c

4
a + b33c

3
a + b32c

2
a + b31ca + b30 < 0,

b34 = −128βraĨr − 128γa − 128µa − 128τa,

b33 = −56β2
raĨr

2
− 144βraĨr (γa + µa + τa)− 56τ2

a + (−144µa − 144γa) τa

− 56 (γa + µa)
2 ,

b32 = −8β3
raĨr

3
− 52β2

raĨr
2

(γa + µa + τa)

− 52βraĨr

(
τ2
a +

(
34µa
13

+
30γa
13

)
τa + (γa + µa)

2

)
− 8 (γa + µa + τa)

(
τ2
a +

(
11µa

2
+

11γa
2

)
τa + (γa + µa)

2

)
,

b31 = −6β3
raĨr

3
(γa + µa + τa)− 14β2

raĨr
2
(
τ2
a +

(
19µa

7
+

15γa
7

)
τa + (γa + µa)

2

)
− 6βraĨr (γa + µa + τa)

(
τ2
a +

(
16µa

3
+ 4γa

)
τa + (γa + µa)

2

)
− 6τa (γa + µa)

(
τ2
a +

(
7µa
3

+
7γa
3

)
τa + (γa + µa)

2

)
,
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b30 = −β3
raĨr

3
(
τ2
a + (3µa + 2γa) τa + (γa + µa)

2
)

− β2
raĨr

2
(γa + µa + τa)

(
τ2
a + (5µa + 3γa) τa + (γa + µa)

2
)

− 3βraĨr (γa + µa + τa)
2 τa

(
µa +

2γa
3

)
τ2
a (γa + µa)

2 (γa + µa + τa) ,

b4 = (2ca + τa) (2ca + µa + γa + τa)
(
βraĨr + 2ca + γa + µa

)(
βraĨr

+ 2ca + τa)
(
βraĨr + 2ca

)
(2ca + µa + γa) > 0.

We observe that G1 (0) > 0, G′1 (0) < 0. Let

y1 ,

(
βraĨr + ca

)
(τa + ca) (ca + γa + µa) ca(

βraĨr + ca

)
(ca + γa + µa + τa) ca + βraĨrγaτa + τaca (γa + µa)

.

It follows that G1 (y1) > 0 and G′1 (y1) < 0. Next, we determine the extreme points of the

curve G1 (Λa). The derivative of G1 with resepect to Λa is given by

G2 (Λa) , 3b1Λ2
a + 2b2Λa + b3.

The roots of G2 (Λa) = 0 are

Λ−3 =
−2b2 −

√
∆a

6b1
,Λ+

3 =
−2b2 +

√
∆a

6b1
.

where ∆a is the discriminant of G2 (Λa). One can verify that Λ+
3 > Λ−3 > y1. Therefore,

the function G1 (Λa) is always positive if Λa < y1. Notice that the condition Λa < y1 holds

when Λa < Λ̂ and βra > β̂. This completes the proof.

From the stability analysis of reservoir-disease-only equilibrium
(
S̃r, Ĩr, 0, 0, 0, 0

)
, an

extinction threshold for the target hosts, β̂, was derived. Given that the disease persists in
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the reservoir hosts and the intrinsic birth rate of the target hosts is low (i.e. Λa < Λ̂), an

increase in the spillover rate beyond this threshold poses a risk of extinction for the target

population. Moreover, this threshold is determined solely by population dynamics and

disease-related factors within the target hosts, but remains unaffected by the intraspecies

transmission rate among them. This is reasonable since, if spillover events consistently

lead to population extinction in the target host, then the further introducing of βa will

exacerbate and accelerate the extinction process.

5.2.4 Existence of a Unique Endemic Equilibrium

The existence of an endemic equilibrium is established in the following proposition.

Proposition 5.2.3. Let R0r > 1. The system (5.1) exhibits a unique endemic equilibrium(
S̃r, Ĩr, Ŝa, Êa, Îa, R̂a

)
if either of the following conditions is satisfied

(a) Λa ≥ Λ̂, or

(b) ca < Λa < Λ̂ and βra < β̂.

Otherwise, no endemic equilibrium exists in the system.

Proof. The system (5.1) is decomposed, with the condition R0r > 1 ensures the existence

of S̃r and Ĩr which represent the equilibrium points of the reservoir subsystem. Then, we

solve the equilibrium for the target subsystem by using Na as a variable in place of Sa,
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yeilding

E′a = βraIr(Na − Ea − Ia −Ra) + βaIa(Na − Ea − Ia −Ra)− τaEa − caEa,

I ′a = τaEa − γaIa − caIa − µaIa,

R′a = γaIa − caRa,

N ′a = ΛaNa(1− Na
Ka

)− caNa − µaIa.

(5.3)

In system (5.3), the coordinates of endemic equilibrium satisfy

Êa =
(ca + γa + µa)Îa

τa
, R̂a =

γaÎa
ca

,

and the coordinates Îa and N̂a are determined as the positive intersections of the following

two quadratic equations

(βaIa+βraĨr)

(
Na −

(
1 +

γa
ca

+
ca + γa + µa

τa

)
Ia

)
− (τa + ca)(ca + γa + µa)

τa
Ia = 0, (5.4)

Ia =
Λa
µa

(
1− Na

Ka

)
Na −

ca
µa
Na. (5.5)

By dividing both quadratic equations by Na and defining xa = Ia
Na

< 1, equations (5.4)

and (5.5) can be transferred to

Ia = −(τa + ca)(ca + γa + µa)

βaτa

xa

(1 + γa
ca

+ ca+γa+µa
τa

)xa − 1
− βraĨr

βa
(5.6)

Ia =
Ka

Λa
(Λa − ca − µaxa)xa (5.7)

The mutually orthogonal asymptotes of hyperbola (5.6) are xa = 1
1+γaca+ ca+γa+µa

τa

< 1

and Ia = − (τa+ca)(ca+γa+µa)

βaτa(1+ γa
ca

+ ca+γa+µa
τa

)
− βraĨr

βa
. Moreover, the hyperbola (5.6) is confined to the
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second and fourth quadrants of the coordinate plane, delineated by these asymptotic lines.

The quadratic curve (5.6) intersects the x-axis at the point (1
p , 0), where

p =
(τa + ca )(ca + γa + µa )

βraĨrτa
+ 1 +

γa
ca

+
ca + γa + µa

τa
.

Simultaneously, the point of intersection between the parabola (5.7) and the x-axis is

Λa−ca
µa

. Therefore, there exists a unique positive solution for equations (5.6) and (5.7) if

Λa−ca
µa

> 1
p , which is equivalent to either (a) Λa ≥ Λ̂, or (b) ca < Λa < Λ̂ and βra < β̂.

The above calculation demonstrates that the condition R0r > 1 is a fundamental pre-

requisite for the existence of an endemic equilibrium in the system (5.1). Furthermore,

constraints on the intrinsic birth rate and spillover rate are necessary.

Table 5.1: The number of infections in target hosts at the endemic level varies with

the spillover rate, given R0r > 1. The parameter values used are the same as those

in Figure 4.2.

Spillover rate Endemic level of infections

in target hosts (R0a = 0.64)

Endemic level of infections

in target hosts (R0a = 0)

2 ∗ 10−6 42.848463 44.116446

1.8 ∗ 10−6 43.700369 44.559307

1.6 ∗ 10−6 44.321647 44.607068

1.4 ∗ 10−6 44.628307 44.130994

1.2 ∗ 10−6 44.600970 42.959711
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We use Maple [276] to compute the endemic infection level in target hosts, as presented

in Tables 5.1 and 5.2. Table 5.1 illustrates that the infection count in target hosts initially

increases but subsequently declines as the spillover rate rises. This pattern suggests the

presence of an extreme spillover rate, as analyzed in Chapter 4. Additionally, we observe

that this threshold decreases with R0a, suggesting that in the presence of target intraspecific

transmission, more stringent control measures aimed at reducing reservoir outbreaks and

limiting interspecies contacts should be implemented earlier.

Table 5.2: The number of infections in target hosts at the endemic level varies with

the quarantine and culling rate, given R0r > 1. The parameter values used are the

same as those in Figure 4.2.

Quarantine and

culling rate

Endemic level of infections

in target hosts (R0a = 0.64)

Endemic level of infections

in target hosts (R0a = 0)

0.0137 42.848463 44.116446

0.0135 119.05511 110.00382

0.0131 309.27471 240.98572

3.9 ∗ 10−5 42.829717 42.808174

3.9 ∗ 10−6 4.3108369 42.959711

On the other hand, the endemic infection level in target hosts is nonlinearly influenced

by the quarantine and culling rate, as shown in Table 5.2. This nonlinear relationship
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highlights the complexity of disease dynamics and suggests that the effectiveness of control

measures may vary depending on the specific epidemiological and ecological conditions.

While these strategies may reduce the target host population and, consequently, the preva-

lence of infection, they may also increase the number of susceptible individuals due to

density-dependent effects, potentially leading to a higher prevalence.

5.3 Stochastic Model

5.3.1 Model

We consider the spillover rate, βra, as a random variable and introduce the Black-

Karasinski (BK) process to account for its stochastic nature [114]. The BK process is

a well-established mean-reverting stochastic process that ensures nonnegative solutions, a

critical property for preserving both the applicability and interpretability of the model.

Specifically, the logarithm of the spillover rate, lnβra, follows the dynamics described by

the following SDE

d lnβra = ra
(
ln β̄ra − lnβra

)
dt+ σradW1 (t) ,

where ln β̄ra denotes the logarithm of the mean spillover rate, ra represents the speed of

adjustment to the mean ln β̄ra, σra is the noise volatility , and W1 (t) is a one-dimensional

Wiener process. Specifically, the term ra
(
ln β̄ra − lnβra

)
represents the mean-reverting

force, pulling the stochastic spillover rate back towards the mean ln β̄ra. The last term
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σradW1 (t) governs the magnitude of random perturbations affecting the spillover rate.

The asymptotic distribution of the logarithm of spillover rate follows a normal distribution,

which yields

lnβra N
(

ln β̄ra,
σ2
ra

2ra

)
.

By incorporating the stochastic nature of the spillover rate into the deterministic frame-

work (5.1), we have the following SDE system

dSr = Λrdt− βrIrSrdt− drSrdt,

dIr = βrIrSrdt− drIrdt− µrIrdt,

dSa = ΛaNa(1− Na
Ka

)dt− βraIrSadt− βaIaSadt− caSadt,

dEa = βraIrSadt+ βaIaSadt− τaEadt− caEadt,

dIa = τaEadt− γaIadt− caIadt− µaIadt,

dRa = γaIadt− caRadt,

d lnβra = ra(ln(β̄ra)− lnβra)dt+ σradW1(t).

(5.8)

In this model, the transmission process among reservoir hosts remains determinis-

tic,whereas stochastic fluctuations in spillover events introduce unpredictable variations

in target infections over time. We now proceed to analyze the dynamical behavior of Ia.

5.3.2 Stochastic Bifurcation

Figure 5.1 illustrates the stationary distributions of infected target hosts under varying

levels of noise volatility in the spillover rate. Each simulation result represents the expected

128



value computed from 1 000 independent runs. The corresponding statistical measures for

these distributions are summarized in Table 5.3.

In the low-noise scenario, where the volatility is set to 0.08, the resulting distribution

exhibits a normal shape, characterized by a central peak, near-zero skewness, and a kurtosis

below 3 (Figure 5.1a). With an increase in the noise volatility, a notable shift in the

distribution pattern occurs. An additional peak emerges on the right tail, implying a

bimodal density with positive skewness (Figure 5.1b). Upon further escalation of volatility

to a level of 1, the distribution transitions to a heavy-tailed unimodal form (Figure 5.1c),

with both skewness and kurtosis coefficients exceeding those of the normal distribution

(> 0.5 and > 3, respectively). Furthermore, in Figures 5.1b and 5.1c, the distribution is

observed to be monotonically decreasing as Ia approaches zero.

Table 5.3: Statistics of stationary distributions under volatility.

Volatility Mean Variance Skewness Kurtosis

0.08 0.545124 0.0308167 0.152669 0.263932

0.45 0.564554 0.159145 0.819555 0.954708

1 0.7288 0.594339 2.23127 7.13865

4 20.4514 142.689 23.4486 647.705

Conversely, in high-volatility scenarios (Figure 5.1d), the kurtosis reaches an exception-

ally high value of 647.705, highlighting the prevalence of extreme events and the substantial
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Figure 5.1: Stationary distributions of infected target hosts at the end time of sim-

ulations (t = 9 000) with different levels of volatility of spillover rate. The inner

plot in (d) shows a sample path. The corresponding ODE stabilized at the endemic

equilibrium with the infections reaching a value 0.54. Used values of parameters are

R0r = 6.15, R0a = 0.16, β̄ra = 3.42 ∗ 10−10, and ra = 0.0081.

uncertainty associated with large deviations. As depicted in the inner plot of Figure 5.1d,

where the sample path of infected target hosts is plotted, multiple outbreaks are evident.
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Furthermore, we observe that the distribution is monotonically increasing to a peak value

as Ia tends to zero in Figure 5.1d.

In summary, the plots not only illustrate an increase in infections with higher volatility

but also reveal the presence of stochastic P-bifurcation.

5.4 Conclusions

To analyze the spillover dynamics of monkeypox from reservoir hosts to target hosts

in stage III, we extended the model presented in Chapter 4 by incorporating intraspecific

transmission within target hosts. We also introduced an exposed class for target hosts. We

started with analyzing the deterministic model and subsequently introduced stochasticity

in the spillover rate.

For the ODE model, we developed a population extinction threshold and detected a

maximum spillover threshold, as analyzed in Chapter 4. Our deterministic results im-

ply that the existence of endemic equilibrium is independent of intraspecific transmission

among target hosts but is primarily governed by the spillover rate and intraspecific trans-

mission within reservoir hosts. This supports previous results that zoonotic spillover, where

pathogens jump from animals to humans, plays a more prominent role than intraspecific

transmission within the human population [277].

Moreover, our results demonstrate that quarantine and culling, as target host control

strategies, are ineffective for disease control and mitigation. This is because, in a reservoir-
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target system in stage III transmission, the basic reproduction number of the reservoir

hosts is the primary determinant of whether an endemic equilibrium can be sustained and

is not influenced by target host control strategies. Additionally, variations in quarantine

and culling rates induce nonlinear changes in the endemic infection levels among target

hosts, further complicating disease management.

Our stochastic analysis underscores the necessity of incorporating environmental stochas-

ticity into spillover dynamics, particularly given the emergence of P-bifurcation. The

stochasticity not only results in an increase in outbreaks among target hosts but also height-

ens the likelihood of recurrent outbreaks.
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6 Reservoir Control Strategies for Mitigating

Cross-Species Transmission of Monkeypox

6.1 Introduction

To effectively mitigate the spread of disease in target hosts, management strategies

often involve reservoir control measures such as quarantine and culling of reservoir hosts

[178, 278]. Das et al. [175] formulated a coupled pig–human transmission model for Nipah

virus within a commercial farming context to investigate the dynamics of disease spillover

from pigs to humans. Their study incorporated selective culling of infected pigs as a con-

trol strategy and demonstrated both backward and Hopf bifurcation phenomena through

analytical and numerical approaches. However, in cases where the wildlife reservoir lacks

significant conservation value, mass culling—regardless of infection status and potentially

to the extent of eradication—may be deemed an acceptable and pragmatic management

strategy [177, 178].

The evaluation of mass culling as a reservoir host management strategy is both valu-
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able and challenging [279]. Existing studies have demonstrated that such approaches can

significantly reduce disease prevalence and mitigate associated risks to other populations

[27, 189]. More recent research has compared the relative effctiveness of reservoir control

and target control, suggesting that the impact of culling specific targets is comparable to

that of reservoir culling [176]. On the other hand, Tchuenche and Bauch [174] developed

an age-structured model for human monkeypox transmission, which included an animal

infection model with logistic growth and constant mass culling strategies. Their findings

revealed a paradoxical effect, whereby culling animal reservoirs could inadvertently increase

the prevalence of monkeypox among human juveniles, a demographic more susceptible to

infection than adults.

Furthermore, numerous studies have examined the effects of badger culling on limiting

the spread of Mycobacterium bovis, the causative agent of bovine tuberculosis (TB), in

cattle [178]. McCallum’s work [27] highlighted contrasting results from badger culling:

while large-scale culling can reduce disease risk in cattle, they may simultaneously increase

spillover events around the edge of the culling zone. Another previous study employed

a stochastic spatial model, contrasting the outcomes of culling on infected premises alone

with neighborhood-wide culls [179]. The authors emphasized that immediate priority should

focus on decreasing spillover rates.

The historical implementation of quarantine and culling of reservoir hosts has typi-

cally been reactive, initiated after outbreaks were detected in target populations [25, 225].

Preventive measures taken by animal owners included erecting mesh barriers around en-
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closures to deter wild rodents from interacting with domestic animals or isolating infected

individuals to limit transmission. In addition, culling of reservoir hosts was carried out,

accompanied by the proper disposal of carcasses to minimize further risks. The effective-

ness and extent of these interventions were largely determined by the level of awareness and

the robustness of surveillance systems monitoring target outbreaks. Accordingly, we model

quarantine and culling efforts for reservoir hosts as a function of the number of infections in

target populations and explore how interactions between spillover events and these control

measures influence disease dynamics.

In this study, we present deterministic modeling frameworks to describe the transmis-

sion dynamics of monkeypox in stagets II to IV using a two-species epidemiological model.

We compare the basic properties of the model without reservoir control to those of models

incorporating reservoir control strategies. A detailed analysis is conducted to determine

the equilibrium states, and we further investigate the occurrence of saddle-node and Hopf

bifurcations in models with reservoir control strategies. From this analysis, we derive thresh-

old values that capture the combined effects of viral circulation within both host species,

spillover events, and the impact of quarantine and culling strategies on host populations

and disease persistence. These thresholds offer critical insights into the risks associated

with emerging infectious diseases within a One Health context. Additionally, the proposed

modeling framework is adaptable for studying other cross-species disease systems.
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6.2 Model

6.2.1 Spillover of Monkeypox

We select Funisciurus spp. as a representative of reservoir hosts for monkeypox (de-

noted by subscript r). Susceptible species, particularly Cercopithecus spp., capable of being

infected by Funisciurus spp., are identified as target hosts (denoted by subscript a). The

total population of hosts (Nr and Na) is categorized into two distinct classes: susceptible

(Sr and Sa) and infected (Ir and Ia), such that Nr = Sr + Ir and Na = Sa + Ia. Infected

individuals may exhibit symptoms such as fever, lethargy, and reduced appetite, which can

adversely impact reproductive capabilities. Consequently, we assume that the disease sup-

presses mating behaviors [227] and model the growth of susceptible hosts using a logistic

growth framework [280].

Susceptible reservoir hosts can acquire infection through contact with infected reservoir

hosts [36, 52, 246]. We denote βr as the transmission rate among reservoir hosts and assume

a bilinear incidence. Target hosts can be infected through two types of transmission: a)

spillover (at a rate βra [45, 143, 248, 249]); and b) intraspecific transmission (at a rate βa

[24, 44, 48, 250, 251]). Based on these considerations, we define our model incorporating
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spillover dynamics as follows

S′r = ΛrSr

(
1− Sr

Kr

)
− βrIrSr,

I ′r = βrIrSr − µrIr,

S′a = ΛaSa

(
1− Sa

Ka

)
− βraIrSa − βaIaSa,

I ′a = βraIrSa + βaIaSa − µaIa.

(6.1)

The model variables and parameters are summarized in Table 6.1. The spillover initial

conditions of system (6.1) yields

Sr(0) = Sr0, Ir(0) = Ir0, Sa(0) = Sa0, Ia(0) = 0.

We observe that the model (6.1) is decoupled. In the absence of target hosts, the

subsystem consisting solely of reservoir hosts exhibits a disease-free equilibrium (Kr, 0).

The local stability of this equilibrium is determined by the basic reproduction number,

R0r = Krβr
µr

[97]. Similarly, the subsystem for target hosts, in the absence of spillover

from reservoir hosts, exhibits a disease-free equilibrium (Ka, 0). The local stability of this

equilibrium is governed by the basic reproduction number R0a = βaKa
µa

.

6.2.2 Quarantine and Culling of Reservoir Hosts

To mitigate the monkeypox outbreaks, rodents susceptible to monkeypox should be

quarantined or culled [225, 226], a strategy effectively implemented during the 2003 out-

breaks [25]. We assume that the quarantine period is sufficiently long to ensure that no
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uninfected target hosts remain. Consequently, the effects of quarantine and culling are

considered equivalent in terms of their impact on epidemic control.

Table 6.1: Model variables and parameters. In the model, i = r or a represents the

reservoir and target hosts, respectively.

Notation Description

Si(t) Number of susceptible hosts on day t

Ii(t) Number of infected hosts on day t

Λi Intrinsic birth rate

Ki Maximal carrying capacity

βi Intraspecific transmission rate

βra Spillover rate from reservoir hosts to target hosts

cr Scaled quarantine and culling rate based on testing policy

µi Removal rate due to recovery or death

In our model, the quarantine and culling of the reservoir population occurs at a per

capita rate pr(Ia) ∈ [0, 1], which implies that quarantine and culling occurs at unit time

intervals, leading to 1
pr(Ia) quarantined hosts or culls during the average lifetime of a reser-

voir host in the presence of the target infections [184]. This quarantine and culling rate

depends on Ia, as we assume that mass quarantine and culling of reservoir hosts are imple-

mented only after infections in the target host population are detected. Specifically, we set
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pr(0) = 0, indicating no quarantined hosts or culls in the absence of confirmed target hosts.

We further assume that p′r ≥ 0 for Ia ≥ 0, signifying that quarantine and culling efforts

may increase, decrease, or exhibit non-monotonic behavior in response to the number of

infected target hosts Ia. Consequently, our model incorporating spillover, quarantine, and

culling is given by 

S′r = ΛrSr

(
1− Sr

Kr

)
− βrIrSr − pr(Ia)Sr,

I ′r = βrIrSr − µrIr − pr(Ia)Ir,

S′a = ΛaSa

(
1− Sa

Ka

)
− βraIrSa − βaIaSa,

I ′a = βraIrSa + βaIaSa − µaIa.

(6.2)

There are two possible forms for the function pr(Ia). The first approach assume a

simple linear relationship between pr and Ia, which is valid when Ia remains relatively

small. Specifically, we define pr(Ia) = c0qaIa
Na

, where qa represents the diagnose rate of

target hosts, and c0 is a coefficient that reflects changes in the quarantine and culling rate

based on the proportion of newly confirmed target hosts. For simplicity, we introduce

cr = c0qa
Na

and refer to this as the scaled quarantine and culling rate based on testing policy

[182]. Additionally, we assume c0 <
1
qa

to ensure crIa < 1.

Alternatively, a saturating function can be selected. Let C denote the half-saturation

constant, which measures the efficiency of quarantine and culling strategy. Then, pr(Ia)

can be modelled as pr(Ia) = cr
Ia

C + Ia
. This formulation captures the phenomenon where

the quarantine and culling rate decreases as the infected host population grows sufficiently
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large. In our work, we adopt the linear form and obtain the system

S′r = ΛrSr

(
1− Sr

Kr

)
− βrIrSr − crIaSr,

I ′r = βrIrSr − µrIr − crIaIr,

S′a = ΛaSa

(
1− Sa

Ka

)
− βraIrSa − βaIaSa,

I ′a = βraIrSa + βaIaSa − µaIa.

(6.3)

The model (6.3) with cr can be interpreted as a perturbation of model (6.1). The model

variables and parameters are summarized in Table 6.1. The spillover initial conditions of

system (6.3) yields

Sr(0) = Sr0, Ir(0) = Ir0, Sa(0) = Sa0, Ia(0) = 0.

In the following, we begin by analyzing the fundamental properties of model (6.1), which

includes the existence and stability of boundary and endemic equilibria. We then extend

this analysis to model (6.3), comparing the results between the two models. Subsequently,

we proceed with numerical analyses of the dynamics and bifurcations of model (6.3), offering

critical insights into the effects of spillover processes and the implementation of quarantine

and culling strategies.
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6.3 Model Analysis and Dynamics

6.3.1 Model without Reservoir Control Strategies

Existence of Boundary Equilibria and Basic Reproduction Number

The system (6.1) exhibits several types of equilibria. First, it has a trivial equilibrium

(0, 0, 0, 0), which corresponds to the complete extinction of all populations and the absence

of disease. Second, there exists a reservoir-population-only equilibrium (Kr, 0, 0, 0), where

the reservoir population persists without disease, while the target population is entirely

absent. Third, a target-population-only equilibrium (0, 0,Ka, 0) exits, representing the

absence of the reservoir population and a disease-free state within the target population.

Fourth, a disease-free equilibrium (Kr, 0,Ka, 0) exists, wherein both population are present

but remain free of disease.

If R0r > 1, the system attains a reservoir-disease-only equilibrium
(
µr
βr
, Λr(Krβr−µr)

Krβ2
r

,

0, 0). This equilibrium indicates that the disease becomes endemic within the reservoir

population, while the target population remains absent due to infection.

Similarly, if R0a > 1, the system has a target-disease-only equilibrium(
0, 0, µaβa ,

Λa(Kaβa−µa)
Kaβ2

a

)
, where the disease becomes established in the target population,

with no reservoir population due to infection, quarantine, and culling.

Additionally, if R0a > 1, the system has another boundary equilibrium
(
Kr, 0,

µa
βa
,

Λa(Kaβa −µa)
Kaβ2

a

)
, named as reservoir-disease-free. This equilibrium indicates the disease erad-

ication in the reservoir hosts while it becomes established in the target hosts.
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The local stability of (Kr, 0,Ka, 0) is governed by the basic reproduction number R0,

which can be calculated using the Next Generation Matrix method [97]

R0 = max{R0r, R0a}. (6.4)

Stability of Boundary Equilibria

Proposition 6.3.1. For the system (6.1), we have the following results

(1) The trivial equilibrium, the reservoir-population-only equilibrium (Kr, 0, 0, 0) and the

target-population-only equilibrium (0, 0,Ka, 0) are unstable.

(2) The disease-free equilibrium (Kr, 0,Ka, 0) is locally asymptotically stable if R0r < 1

and R0a < 1.

(3) When R0r > 1, the reservoir-disease-only equilibrium
(
µr
βr
, Λr(Krβr −µr)

Krβ2
r

, 0, 0
)
is un-

stable if βra < ΛaβrR0r

Λr(R0r−1) and locally asymptotically stable if βra > ΛaβrR0r

Λr(R0r−1) .

(4) When R0a > 1, the target-disease-only equilibrium
(

0, 0, µaβa ,
Λa(Kaβa −µa)

Kaβ2
a

)
is unsta-

ble.

(5) When R0a > 1 and R0r < 1, the reservoir-disease-free equilibrium
(
Kr, 0,

µa
βa
,

Λa(Kaβa−µa)
Kaβ2

a

)
is locally asymptotically stable.

This analysis provides critical insights into population dynamics within the disease

transmission system. The instability of the reservoir-population-only equilibrium (Kr, 0, 0,
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0) and the target-population-only equilibrium (0, 0,Ka, 0) indicates that it is impossible for

one population to remain unaffected by the disease while the other population goes extinct.

The stability of disease-free equilibrium (Kr, 0,Ka, 0) implies that disease eradication

in both populations requires R0r and R0a to be less than one, provided that the initial sizes

of the subpopulations are within the basin of attraction of this equilibrium.

For the reservoir-disease-only equilibrium
(
µr
βr
, Λr(Krβr−µr)

Krβ2
r

, 0, 0
)
, given the persistence

of the disease in the reservoir population and weak spillover (i.e. βra < ΛaβrR0r

Λr(R0r−1)), the target

population will be affected but will not go extinct due to the infection. However, when the

spillover is strong (i.e. βra >
ΛaβrR0r

Λr(R0r−1)), the possibility of target population extinction

arises, particularly if the initial subpopulation sizes fall within the basin of attraction of

this equilibrium. This highlights the critical role of spillover strength in determining the

outcome of disease dynamics, with stronger spillover transmission leading to more deadly

consequences for the target population.

The stability of target-disease-only equilibrium
(

0, 0, µaβa ,
Λa(Kaβa−µa)

Kaβ2
a

)
and reservoir-

disease-free equilibrium
(
Kr, 0,

µa
βa
, Λa(Kaβa−µa)

Kaβ2
a

)
indicate that once the disease becomes

endemic in the target population, the extinction of the reservoir population is impossible.

However, disease extinction in the reservoir host population remains feasible when R0r < 1.

This implies that while the disease may persist in target hosts, effective control strategies

can facilitate its eradication in the reservoir population.

Spillover Extinction Threshold

We define R∗ = Λrβra
Λaβr

R0r−1
R0r

as the spillover extinction threshold which quantifies the risk
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of extinction of the target host population due to spillover transmission. This threshold can

be interpreted as follows. The factor R0r−1
R0r

accounts for the effect of sustained transmission

within the reservoir population, signifying a key condition for disease spillover. This is

further adjusted by an adjustment Λrβra
Λaβr

, which represents the relative strength of the

spillover transmission rate compared to the internal transmission rate within the reservoir

population, weighted by the respective population growth rates.

When this threshold exceeds one, the target population faces a significant risk of ex-

tinction due to spillover transmission. It has been observed that a high birth rate in the

reservoir population, or a low birth rate in the target population, coupled with an elevated

spillover rate, can drive the target population towards extinction. Additionally, this extinc-

tion threshold is independent of disease-related factors within the target host population

[133]. In summary, this threshold provides a critical measure to assess the conditions under

which spillover transmission from the reservoir to the target population becomes dangerous

enough to threaten the survival of the target species.

Existence and Stability of a Unique Endemic Equilibrium

To obtain the endemic equilibrium, we set the right hand sides in system (6.1) equal to

zero and obtain

Sr =
µr
βr
, Sa =

µaIa
βraIr + βaIa

, Ir =
(R0r − 1)Λrµr

Krβ2
r

.

The coordinate Ia is determined as the solution of the following parabolic equation

f(Ia) = ā2I
2
a + ā1Ia + ā0, (6.5)

144



where

ā2 = −K2
rβ

2
aβ

4
rKa ≤ 0,

ā1 =
(
KrΛaµa(R0a − 1)β2

r − 2KaΛrβaβraµr(R0r − 1)
)
Krβ

2
r ,

ā0 = (1−R∗) (R0r − 1)µrKrΛaβ
2
rβraΛrKa.

We denote the discriminant of equation (6.5) as ∆̄, which yeilds

∆̄ = (KrΛa(Kaβa − µa)2β2
r + 4KaΛrβaβraµa(Krβr − µr))K3

rβ
6
rΛa > 0.

Thus, when R0r > 1 and R∗ < 1, the system (6.1) exhibits a unique endemic equilibrium,

represented as
(
µr
βr
, (Krβr−µr)Λr

Krβ2
r

, (R0r−1)Λrµr
Krβ2

r
, Ia1

)
, where

Ia1 =
(KrΛaµa(R0a − 1)β2

r − 2KaΛrβaβraµr(R0r − 1))Krβ
2
r +
√

∆̄

2K2
rβ

2
aβ

4
rKa

.

Furthermore, it can be verified that for the case R∗ ≥ 1, the coefficient ā1 < 0, indicating

the nonexistence of an endemic equilibrium.

Proposition 6.3.2. The endemic equilibrium of system (6.1) is locally asymptotically stable

when it exists.

The above analyze indicates that the condition R0r > 1 serves as a fundamental pre-

requisite for the existence of an endemic equilibrium in the system (6.1). This condition

ensures the sustained presence of the disease within the reservoir population, thereby creat-

ing the potential for spillover into the target population. Furthermore, for population and

disease persistence within the target hosts, the spillover extinction threshold R∗ < 1 must

be satisfied.
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Notably, while the persistence of disease in the target population is independent of the

basic reproduction number of the target population, R0a, it does influence the endemic level

of infection. This implies that although spillover-driven persistence is primarily governed

by the spillover process and transmission dynamics within the reservoir population, the en-

demic disease burden in the target population remains shaped by the internal transmission

dynamics within that population.

6.3.2 Model with Reservoir Control Strategies

Existence of Boundary Equilibria and Basic Reproduction Number

The system (6.3) with quarantine and culling strategies exhibits the same bound-

ary equilibria as the system (6.1) without these strategies, except for the reservoir-

disease-free equilibrium. For system (6.3), the reservoir-disease-free equilibrium is(
Kr(KaΛrβ2

a−Λacrµa(R0a−1))
KaΛrβ2

a
, 0, µaβa ,

Λa(Kaβa−µa)
Kaβ2

a

)
when R0a > 1 and cr <

KaΛrβ2
a

Λaµa(R0a−1) . This

equilibrium indicates that quarantine and culling strategies lead to a reduction in the sus-

ceptible population within the reservoir hosts. Furthermore, a moderate level of intervention

is necessary to avoid the extinction of the reservoir hosts.

The local stability of (Kr, 0,Ka, 0) in system (6.3) is governed by the basic reproduction

number R0, which can be calculated using the Next Generation Matrix method [97]

R0 = max{R0r, R0a}. (6.6)

It is observed that the basic reproduction number remains unchanged when considering
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quarantine and culling strategies. This is reasonable because, in our model, when there is

no infection in the target population, no culling occurs; that is, pr(0) = 0.

Stability of Boundary Equilibria

The Jacobian matrix of system (6.3) yields

J5 =



J11 −βrSr 0 −crSr

βrIr βrSr − µr − crIa 0 −crIr

0 −βraSa Λa

(
1− Sa

Ka

)
− ΛaSa

Ka
− βraIr − βaIa −βaSa

0 βraSa βraIr + βaIa βaSa − µa


,

where

J11 = Λr

(
1− Sr

Kr

)
− ΛrSr

Kr
− βrIr − crIa.

Proposition 6.3.3. For system (6.3), we have the following results

(1) The trivial equilibrium, the reservoir-population-only equilibrium (Kr, 0, 0, 0) and the

target-population-only equilibrium (0, 0,Ka, 0) are unstable.

(2) The disease-free equilibrium (Kr, 0,Ka, 0) is locally asymptotically stable if R0r < 1

and R0a < 1.

(3) When R0r > 1, the reservoir-disease-only equilibrium
(
µr
βr
, Λr(Krβr−µr)

Krβ2
r

, 0, 0
)

is un-

stable if R∗ < 1 and locally asymptotically stable if R∗ > 1.

(4) When R0a > 1 and cr >
KaΛrβ2

a
Λaµa(R0a−1) , the target-disease-only equilibrium

(
0, 0, µaβa ,

Λa(Kaβa −µa)
Kaβ2

a

)
is locally asymptotically stable.
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(5) Denote c1 , β2
aKaΛrµr(R0r−1)

(Krβr+Λr)(R0a−1)µaΛa
. When R0a > 1, c1 < cr <

KaΛrβ2
a

Λaµa(R0a−1) , the

reservoir-disease-free equilibrium
(
Kr(KaΛrβ2

a−Λacrµa(R0a−1))
KaΛrβ2

a
, 0, µaβa ,

Λa(Kaβa−µa)
Kaβ2

a

)
is lo-

cally asymptotically stable.

The stability of the boundary equilibria in system (6.3) — such as the trivial equi-

librium, the reservoir-population-only equilibrium (Kr, 0, 0, 0), the target-population-only

equilibrium (0, 0,Ka, 0), the disease-free equilibrium (Kr, 0,Ka, 0), and the reservoir-

disease-only equilibrium
(
µr
βr
, Λr(Krβr−µr)

Krβ2
r

, 0, 0
)

— is same as their stability in sys-

tem (6.1). However, the stability of the last two boundary equilibria, the target-

disease-only equilibrium
(

0, 0, µaβa ,
Λa(Kaβa−µa)

Kaβ2
a

)
and the reservoir-disease-free equilibrium(

Kr(KaΛrβ2
a−Λacrµa(R0a−1))
KaΛrβ2

a
, 0, µaβa ,

Λa(Kaβa−µa)
Kaβ2

a

)
, changes or requires additional constraints.

The target-disease-only equilibrium
(

0, 0, µaβa ,
Λa(Kaβa−µa)

Kaβ2
a

)
is locally unstable in system

(6.1), but becomes stable in system (6.3) when R0a > 1 and cr >
KaΛrβ2

a
Λaµa(R0a−1) , indicating

that the persistence of the disease in the target population, combined with aggressive quar-

antine and culling, can drive the reservoir population toward extinction if the initial sizes

of the subpopulations are within the basin of attraction of this equilibrium.

In contrast, with a moderately aggressive level of quarantine and culling, such that

c1 < cr <
KaΛrβ2

a
Λaµa(R0a−1) , the outbreak in the reservoir hosts can be controlled. This high-

lights that the stability of reservoir-disease-free equilibrium
(
Kr(KaΛrβ2

a−Λacrµa(R0a−1))
KaΛrβ2

a
,

0, µaβa ,
Λa(Kaβa−µa)

Kaβ2
a

)
in system (6.3) is governed by the scaled quarantine and culling rate

cr, independent of the basic reproduction number of the reservoir hosts, R0r, which is the
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key determinant in system (6.1).

Existence and Number of Endemic Equilibria

For the endemic equilibrium of system (6.3), its coordinates satisfy

Sr =
Iacr + µr

βr
, Sa =

µaIa
βraIr + βaIa

.

The coordinates Ir and Ia are the intersections of the following curves

cr (βrKr + Λr) Ia + β2
rKrIr − Λrµr (R0r − 1) = 0, (6.7)

(βaIa + βraIr)
2Ka − (βaIa + βraIr) ΛaKa + µaΛaIa = 0. (6.8)

We express Ir in terms of Ia using equation (6.7), which gives

Ir = −(Krβr + Λr)cr
Krβ2

r

Ia +
(R0r − 1)Λrµr

Krβ2
r

. (6.9)

This result indicates that for the endemic equilibrium to exist, the condition R0r > 1 must

hold, along with Ia <
(R0r−1)Λrµr
(Krβr+Λr)cr

.

Substituting (6.9) into (6.8) yields the following hyperbolic form

f(Ia) = a2I
2
a + a1Ia + a0, (6.10)

where

a2 = −(Krβaβ
2
r − cr(Krβr + Λr)βra)

2
Ka ≤ 0,

a1 = (Krβr + Λr)βra(2Λr(Krβr − µr)βra −KrΛaβ
2
r )Kacr +Krβ

2
r (KrΛa(Kaβa − µa)β2

r

−2KaΛrβaβra(Krβr − µr)),

a0 =
(

1− Λrβra(R0r−1)
ΛaβrR0r

)
(R0r − 1)µrKrΛaβ

2
rβraΛrKa.
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It is noticed that if cr = 0, equation (6.10) becomes equation (6.5).

Case 1

When cr = Krβaβ2
r

(Krβr+Λr)βra
, the coefficient a2 = 0. In this case, if the conditions R∗ < 1

and R0a <
1

1−R∗ are satisfied, the system exhibits a unique endemic equilibrium Ě, where

Ǐa =
(1−R∗)βraΛr(R0r − 1)Kaµr

Krβ2
rµa

,

Ǐr =
Λrµr(R0r − 1)

β2
rKr

(1− (1−R∗)R0a) .

Case 2

When cr 6=
Krβaβ

2
r

(Krβr + Λr)βra
, we denote the discriminant of parabola (6.10) as ∆ and

collect in terms of cr, which becomes

∆ = r2c
2
r + r1cr + r0, (6.11)

where

r2 = Λa(Krβr + Λr)
2β2
raK

2
a > 0,

r1 = 2(Krβr + Λr)Ka(−2Λrβraµr(R0r − 1)−KrΛa(R0a − 1)β2
r )µaβra,

r0 = Krβ
2
r (KrΛa(Kaβa − µa)2β2

r + 4KaΛrβaβraµa(Krβr − µr)) > 0.

We further denote the discriminant of ∆ as ∆c, given by

∆c = 16(Λrβra(Krβr − µr)− Λaβ
2
rKr)(R0r − 1)(Krβr + Λr)

2β3
raK

2
aΛrµ

2
aµr.

When ∆c > 0, then ∆ = 0 in (6.11) exhibits two roots, denoted by

c± =
−r1 +

√
∆c

2r2
.
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Case 2.1

If R∗ < 1, then a0 > 0. In this case, parabola (6.10) has a positive root, denoted by

I+
a , which is expressed as

I+
a =

−a1 +
√

∆

2a2
.

To ensure the positivity of Ir, we solve f
(

(R0r−1)Λrµr
(Krβr+Λr)cr

)
, which yields

f

(
(R0r − 1)Λrµr
(Krβr + Λr)cr

)
=

β4
rK

2
r (Krβr − µr)Λr

c2
r(Krβr + Λr)2

(Λaµa(Krβr + Λr)(R0a − 1)cr

−KaΛrµr(R0r − 1)β2
a

)
.

Hence, if R0a ≤ 1, it follows that f
(

(R0r−1)Λrµr
(Krβr+Λr)cr

)
< 0, which guarantees the existence of

a unique endemic equilibrium, E+. Additionally, if R0a > 1 and cr < c1, the positivity of

E+ is also ensured.

Case 2.2

If R∗ > 1, then a0 < 0 and ∆c > 0. Additionally, if cr < c− or cr > c+, the discriminant

∆ > 0. We further determine the sign of a1. We define c2 as

c2 ,
Krβ

2
r (KrΛa(Kaβa − µa)β2

r − 2KaΛrβaβra(Krβr − µr))
(Krβr + Λr)βra(KrΛaβ2

r − 2Λr(Krβr − µr)βra)Ka

Hence, if cr > c2, the coefficient a1 is positive. Substituting c2 into ∆ yields

∆(c2) =
4(Krβr − µr)(1−R∗)µ2

aΛrΛ
2
aβraβ

6
rK

3
r

(KrΛaβ2
r − 2Λr(Krβr − µr)βra)2

< 0,

indicating c− < c2 < c+. Therefore, if cr > c+, we have a1 > 0 and ∆ > 0, implying

parabola (6.10) has two positive roots I±a , where

I−a =
−a1 −

√
∆

2a2
.
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To ensure the positivity of I±r , the conditions f
(

(R0r−1)Λrµr
(Krβr+Λr)cr

)
< 0 and f ′

(
(R0r−1)Λrµr
(Krβr+Λr)cr

)
<

0 must be satisfied. As discussed above, the first condition f
(

(R0r−1)Λrµr
(Krβr+Λr)cr

)
< 0 is always

satisfied if R0a ≤ 1. If R0a > 1, we further verify that c+ < c1. Therefore, if R0a > 1 and

c+ < cr < c1, we have ∆ > 0 and f
(

(R0r−1)Λrµr
(Krβr+Λr)cr

)
< 0.

Additionally, solving for f ′
(

(R0r−1)Λrµr
(Krβr+Λr)cr

)
yields

f ′
(

(R0r − 1)Λrµr
(Krβr + Λr) cr

)
=
d2c

2
r + d1cr + d0

cr (Krβr + Λr)
,

where

d2 = −KaβraΛa(Krβr + Λr)
2,

d1 = (Krβr + Λr)(KrΛa(Kaβa − µa)β2
r + 2KaΛrβaβra(Krβr − µr)),

d0 = −2KaKrΛrβ
2
aβ

2
rµr(R0r − 1).

We denote g(cr) , d2c
2
r + d1cr + d0 and its discriminant ∆d = d2

1 − 4d2d0. The two

roots of g(cr) = 0 when ∆d > 0 are

d±c =
−d1 ±∆d

2d2
.

It can be verified that g(c+) < 0 and g′(c+) < 0 when R0a ≤ 1, indicating d+
c < c+.

Therefore, if R0a ≤ 1 and cr > c+, the positivity of I±r is guaranteed. For the case where

R0a > 1, the sign of g depends on the relative positions of c+, c1, and d±c , which is influenced

by the spillover rate. Thus, a detailed analysis is omitted.

In summary, either if R0a ≤ 1 and cr > c+, or if R0a > 1, c+ < cr < c1, and

g(cr) < 0, the positivity of I±r is ensured, indicating the system exhibits two positive

endemic equilibrium E±.
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Conversely, if R0a > 1 and cr ≥ c1, then ∆ > 0 and f
(

(R0r−1)Λrµr
(Krβr+Λr)cr

)
≥ 0, indicating

the system exhibits a unique endemic equilibrium, E−.

Moreover, if −2Λrβraµr(R0r − 1)−KrΛa(R0a − 1)β2
r < 0, then r1 < 0, indicating that

the equation ∆ = 0 has two positive roots c±. As discussed above, c− < c2, and the

existence of two endemic equilibria requires cr > c2. Therefore, only when cr = c+ does

the discriminant ∆ = 0, causing the two endemic equilibria to coalesce into E∗, where

I∗a =
−a1

2a2
.

Case 2.3

If R∗ = 1, then a0 = 0; additionally, the condition ∆ = 0 yield cr = − r1
2r2

=

(Krβr−µr)(Kaβa+µa)Λr
(Krβr+Λr)ΛaKa

. In this case, solving the quadratic equation (6.10) yields a unique

positive root I+
a , which is

I+
a =

(Krβr − µr)ΛrΛa((Krβr + Λr)ΛaKacr − (Krβr − µr)(Kaβa + µa)Λr)

(Krβaβ2
r − cr(Krβr + Λr)βra)2Ka

.

We observe that I+
a is positive when cr > − r1

2r2
. Moreover, if R0a ≤ 1, it follows that

f
(

(R0r−1)Λrµr
(Krβr+Λr)cr

)
< 0, which guarantees the existence of a unique endemic equilibrium, E+.

On the other hand, if R0a > 1 and (Krβr−µr)(Kaβa+µa)Λr
(Krβr+Λr)ΛaKa

< cr < c1, the positivity of E+ is

also ensured.

Theorem 6.3.4. Assume R0r > 1, we have the following results for system (6.3)

1. If cr = Krβaβ2
r

(Krβr+Λr)βra
, then the system has a unique endemic equilibrium Ě, provided

that R∗ < 1 and R0a <
1

1−R∗ .
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2. If cr 6= Krβaβ2
r

(Krβr+Λr)βra
and R∗ < 1, then the system has a unique endemic equilibrium

E+, provided that one of the following conditions is satisfied

a. R0a ≤ 1.

b. R0a > 1 and cr < c1.

3. If cr 6= Krβaβ2
r

(Krβr+Λr)βra
and R∗ = 1, then the system has a unique endemic equilibrium

E+, provided that one of the following conditions is satisfied

a. R0a ≤ 1.

b. R0a > 1 and (Krβr−µr)(Kaβa+µa)Λr
(Krβr+Λr)ΛaKa

< cr < c1.

4. If cr 6= Krβaβ2
r

(Krβr+Λr)βra
and R∗ > 1, then the system has two endemic equilibria E±

when cr > c+, provided that one of the following conditions is satisfied

a. R0a ≤ 1.

b. R0a > 1, g(cr) < 0, and cr < c1.

These two equilibria coalesce into E∗ if and only if cr = c+ > 0.

5. If cr 6= Krβaβ2
r

(Krβr+Λr)βra
and R∗ > 1, then the system has a unique endemic equilibrium

E−, provided that R0a > 1 and cr ≥ c1.

This theorem indicates that when the spillover extinction threshold is less than one, the

model with quarantine and culling strategies exhibits at most a unique endemic equilibrium,

similar to the model without these strategies. However, it requires additional constraints on
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the basic reproduction number of target hosts and the scaled quarantine and culling rate.

This is reasonable, as large-scale quarantine measures and extensive culling of reservoir

hosts can significantly reduce the reservoir population, disrupting the conditions necessary

for the existence of an endemic equilibrium.

Moreover, when the spillover threshold equals or exceeds one, the model (6.1) with-

out quarantine and culling strategies does not exhibit any endemic equilibria due to the

widespread infection driving the target population towards extinction. However, with the

implementation of these strategies, the system (6.3) can have up to two endemic equilib-

ria. This requires a relative high quarantine and culling rate such that cr > c+, thereby

effectively reducing the spillover source. If the basic reproduction number of target hosts

also exceeds one, a moderate quarantine and culling strategies, such that cr < c1, becomes

necessary to ensure the existence of these two equilibria. Beyond this threshold, only a

single endemic equilibrium remains.

Stability of Endemic Equilibria

Theorem 6.3.5. In system (6.3), the endemic equilibrium E− is unstable if it exists.

Conversely, if the endemic equilibrium E+ exists, it is locally asymptotically stable provided

that the following conditions are satisfied

b3 > 0, b3b2 − b1 > 0, and b3b2b1 − b23b01b02 − b21 > 0,

where bi are the coefficients of the fourth-order equation (6.12).

Proof. Eigenvalues of the Jacobian matrix at the endemic equilibrium
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(
Iacr+µr

βr
, Ir,

µaIa
βraIr+βaIa

, Ia

)
are solutions of

λ4 + b3λ
3 + b2λ

2 + b1λ+ b01b02 = 0, (6.12)

where

b3 =
(b31Ir + b30)

Λacr(Krβr + Λr)
,

b2 = b22I
2
r + b21Ir + b20,

b1 = b13I
3
r + b12I

2
r + b11Ir + b10,

with

b31 = ((Krβra(Kaβa − Λa)− ΛrΛa)βr + Λrβra(Kaβa − Λa))cr −Krβa(Kaβa − Λa)β
2
r ,

b30 = ((Krβr + Λr)Λ
2
a + (Λ2

r + (−Kaβa + µa + µr)Λr −Krβr(Kaβa − µa))Λa)cr

+(Kaβa − Λa)(Krβr − µr)Λrβa,

b22 = − 1

(Krβr + Λr)2Λac2
r

(
K2
r (2Kaβ

3
a + Λac

2
r)β

4
r −Kr((KaKrβaβra − ΛaΛr)cr

+4KaKrβ
2
aβra + Λrβa(Kaβa − Λa))crβ

3
r +KaΛ

2
rc

2
rβ

2
ra(cr + 2βa)

+Kr(KaKrc
2
rβra + (2KaKrβaβra − ΛaΛr)cr − 4KaΛrβ

2
a)βracrβ

2
r

+2Λr

(
KaKrcrβra + 2βraKaβaKr +

Λr(Kaβa − Λa)

2

)
βrac

2
rβr

)
,

b21 =
1

(Krβr + Λr)2Λac2
r

(
KaβraΛa(Krβr + Λr)

2c3
r + 4KaKrΛrβ

2
r (Krβr − µr)β3

a

+3(Krβr + Λr)

(
βra(Kaβa − Λa)Λ

2
r

3
+

(
KrΛaβ

2
r

3

+
(−βraKaβaKr + Λa(Kaβa − Λa − µa))βr

3
+
((
Kaβa −

µa
3
− µr

3

)
Λa

+
2Kaµrβa

3

)
βra

)
Λr +Kr

(
µrβr

3
+
(
Kaβa −

µa
3

)
βra

)
βrΛa

)
c2
r

−4βacr

(
3K2

rβ
3
r (Kaβa − µa

3 )Λa

4
+

(
Kr(Kaβa − Λa)β

2
r

2
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+

(
βraKaβaKr −

µr(Kaβa − Λa)

4

)
βr − βraKaµrβa

)
Λ2
r

+Krβr

((
βraKaβaKr +

(3Kaβa − µa − µr)Λa
4

+
Kaµrβa

4

)
βr

−βraKaµrβa

)
Λr

))
,

b20 = − 1

(Krβr + Λr)
2 Λac2

r

(
2KaΛ

2
r (Krβr − µr)2 β3

a

−3crKa (Krβr − µr) Λr

(
(Krβr + Λr) Λa +

(Λr + µr) Λr
3

)
β2
a

+crΛa(cr((Krβr + Λr)Λa + (Λr + µr)Λr)(Krβr + Λr)Ka

+(Λ2
r + (µa + µr)Λr +Krβrµa)(Krβr − µr)Λr)βa

−c2
r((Λ

2
r + (µa + µr)Λr +Krβrµa)Λa

+(Λr + µr)Λrµa)Λa(Krβr + Λr)

)
,

b13 =
1

(Krβr + Λr)
3 Λac2

r

(
c3
rβraKa (Krβr + Λr)

2 (βr + 2βra) (Krβr + Λr)βra

−2βr

(
Kr

(
Kaβa −

Λa
2

)
β2
r + 2KaKrβaβrβra −KaΛrβaβra

)
(Krβr + Λr)

2 βrac
2
r

+ (Krβr + Λr)βaKr

(
Kr (Kaβa − Λa)β

2
r + 2KaKrβaβrβra − 4KaΛrβaβra

)
β3
r cr

+2KaK
2
rΛrβ

3
aβ

5
r

)
,

b12 =
1

(Krβr + Λr)3Λac2
r

(
− ((3Λa + Λr + µr)βra + Λaβr)Ka (Krβr + Λr)

3 βrac
3
r

+

(
KrΛa (Kaβa − Λa − µa)β3

r + 3βra

(
Ka

(
Λa + Λr +

2µr
3

)
βa −

Λa (Λr + µr)

3

)
Krβ

2
r

+4Λr

(
βraKaβaKr −

3
(
Λa + µr

3

)
Kaβa

4
+

Λaµa
4

)
βraβr − 2ΛrKaβaβ

2
ra (Λr + 3µr)

)
· (Krβr + Λr)

2 c2
r − 2βr (Krβr + Λr)

((µr
2

+ Λr

)
K2
r (Kaβa − Λa)β

3
r + 2ΛrKr

·

(
βraKaβaKr −

3
(
Λa + µr

3

)
Kaβa

4
+

Λa (µa + µr)

4

)
β2
r − 4βraKaKrΛrβa (Λr + µr)βr

+2KaβraΛ
2
rµrβa

)
βacr − 6β3

rKaΛrβ
3
a

(
Kr

(
Λr +

µr
3

)
βr −

2Λrµr
3

)
Kr

)
,
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b11 =
1

(Krβr + Λr)
3 Λac2

r

(
Λaβra (Λa + Λr + µr) (Krβr + Λr)

3Kac
3
r − (Krβr + Λr)

2

·
(
βra ((−3Kaβa + µa) Λa +Kaβa (Krβr − µr)) Λ2

r +KrΛaµrβ
2
r (Kaβa − Λa − µa)

+

(
− βr (Kaβa + Krβr − µa) Λ2

a +
(
Kr (Kaβa − µa)β2

r

+3KaKrβaβrβra − 6βraµr

(
Kaβa −

µa
6

))
Λa + Kaµrβaβra

(Krβr − µr)
)

Λr

)
c2
r +

(
2KaΛr

(
− 3βr

(
Kr

(µr
2

+ Λr

)
βr

−Λrµr
2

)
Λa +

(
Kr (Λr + µr)β

2
r

2
+ KrΛrβrβra − 2βra

(
3µr
2

+ Λr

)
Λr

)
· (Krβr − µr)

)
(Krβr + Λr)β

2
a − Λa

(
K2
r (Λr + µr)β

2
r − 2Kr

(
µ2
r

2

+
(Λr + µa)µr

2
+ Λrµa

)
βr + Λrµaµr

)
βrΛr (Krβr + Λr)βa

)
cr

+6βr

(
Kr

(
Λr +

2µr
3

)
βr

Λrµr
3

)
Ka (Krβr − µr) Λ2

rβ
3
a

)
,

b10 =
1

(Krβr + Λr)
3 Λac2

r

(−Λr(Λr + µr)((KrΛaβr + ΛaΛr)cr

−βa(Krβr − µr)Λr)(((Kaβa − µa)ΛaΛr +KrβrΛa(Kaβa − µa))cr

−2KaΛrβ
2
a(Krβr − µr))),

b01 =
(βaIa + βraIr − Λa) (crIa + βrIr − Λr)

ΛaΛr
> 0,

b02 = −
a2Ir

(
Ir + a1

2a2

)
2Kaβ2

acr (Krβr + Λr)
.

It is noticed that Ir = − a1
2a2

represents the axis of symmetry of parabola (6.10), so we

obtain b02(I+
r ) > 0 and b02(I−r ) < 0. Hence, the equilibrium E− is locally unstable [275].

Furthermore, if the conditions b3 > 0, b3b2 − b1 > 0, and b3b2b1 − b23b01b02 − b21 > 0 are

satisfied, the endemic equilibrium E+ is locally stable [281].
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Hopf Bifurcation

Lemma 6.3.1. Equation (6.12) exhibits a pair of pure imaginary roots alongside two roots

possessing non-zero real parts if and only if one of the following conditions, denoted as A

or B, is satisfied:

A. b3b1 > 0, b01b02 6= 0, and b3b2b1 − b23b01b02 − b21 = 0.

B. b3 = 0, b1 = 0, and b01b02 < 0.

Furthermore, Equation (6.12) has a pair of pure imaginary roots and two roots with

negative real parts if and only if the following condition, referred to as Condition C, is

satisfied:

C. b3 > 0, b1 > 0, b01b02 > 0, and b3b2b1 − b23b01b02 − b21 = 0.

Theorem 6.3.6. Let ϕ∗ represent a parameter set that satisfies the properties outlined in

conditions A, B, or C. If dReλ(ϕ)
dϕ

∣∣∣
ϕ=ϕ∗

6= 0, where Reλ(ϕ) is the real part of λ(ϕ), then a

Hopf bifurcation occurs at the parameter ϕ∗ [273].

It is noticed a Hopf bifurcation may occur at E+ when either condition A or condition

B in Theorem 6.3.6 is satisfied. Additionally, a Hopf bifurcation may also occur at E−

when either condition A or condition C holds.
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(a) cr = 0.4

(b) cr = 0.3
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(c) cr = 0.3, R∗ = 40 (d) cr = 0.3, R∗ = 40

Figure 6.1: (a-b) bifurcation diagrams in (R∗, Ia) plane and (c-d) system solutions.

In panel (a), a forward bifurcation occurs at R∗ = 1. The stability of E+ transitions

from stable (blue line) to unstable (red line) as R∗ increases, while E− is always

unstable (red line). Additionally, a stable limit cycle (blue line) bifurcates from

supercritical Hopf bifurcation on E+. In panel (b), a forward occurs at R∗ = 1 and a

saddle-node bifurcation (SN) occurs at R∗ = 21.67. The stability of E+ transitions

from stable (blue line) to unstable (red line) as R∗ increases, while E− is always

unstable (magenta line) when it exits. A stable limit cycle (blue line) bifurcates

from supercritical Hopf bifurcation on E+ while an unstable limit cycle (red line)

bifurcates from subcritical Hopf bifurcation on E−. These two limit cycles collide at

the limit point cycle (LPC). The parameters are set as R0r = 5.82 and R0a = 0.086.
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6.4 Simulations

6.4.1 Spillover Processes and Reservoir Control Strategies Shape System

Dynamics

Given the basic reproduction number in the reservoir set to the supercritical regime,

i.e. R0r > 1, we conduct the following simulations. In Figure 6.1, we set R0a < 1 and plot

the bifurcation diagram in (R∗, Ia) plane by perturbing the spillover rate under different

values of cr. For the selected parameter values, we calculated c+ = 0.3, which represents

the minimum quarantine and culling rate required to ensure the existence of two endemic

equilibria when the spillover rate is high, such that R∗ > 1.

When cr = 0.4, under a low spillover rate such that R∗ < 1, the system stabilizes at

a unique endemic equilibrium E+ (Figures 6.1a and 6.1b). As the spillover rate increases,

the system transitions to presenting two coexistence equilibria E±, where E− is unstable.

With further increase in the spillover rate, the system undergoes a Hopf bifurcation (Figure

6.1a), accompanied by the instability of the equilibrium E+ and the stabilization of the

system into a limit cycle. Moreover, the limit cycle expands to encompass both equilibria

as the spillover rate increases. Additionally, since cr > c+, the discriminant ∆ remains

positive, indicating that these two equilibria do not collide.

We subsequently examine the case where the scaled quarantine and culling rate, cr is

0.3, as depicted in Figure 6.1b. Two endemic equilibria exist when R∗ ∈ (1, 21.67). A

saddle-node bifurcation occurs when the two equilibria collide. Furthermore, a stable limit
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(a) R∗ = 12.35 (b) R∗ = 12.35

(c) R∗ = 1.49 (d) R∗ = 1.49

163



(e) R∗ = 0.26 (f) R∗ = 0.26

Figure 6.2: Bifurcation diagram in (R0a, Ir) plane under different R∗. The point

LPC represents the limit point of a limit cycle. Panels (a), (c), and (e) illustrate the

bifurcation structure over a wide range of R0a values, whereas panels (b), (d), and

(f) provide a detailed view of the region where R0a is close to one. The parameters

are set to cr = 0.3 and R0r = 5.82.

cycle bifurcates from a supercritical Hopf bifurcation at E+, while an unstable limit cycle

emerges from a subcritical Hopf bifurcation at E−. These two cycles eventually collide at

the limit point of cycles (LPC).

Furthermore, in the case of a non-significant spillover rate where two endemic equilibria

coexist, a comparison of Figures 6.1a and 6.1b reveals that increasing the scaled quarantine

and culling rate either decreases the equilibrium prevalence in the target hosts or reduces
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the peak value of the periodic prevalence.

In the case of a significant spillover rate with cr = 0.3, we present the dynamics of

the susceptible and infected target hosts in Figures 6.1c and 6.1d. The results reveal that

the solution initially oscillates around an endemic level before eventually approaching the

boundary point
(
µr
βr
, Λr(Krβr −µr)

Krβ2
r

, 0, 0
)
. This outcome indicates the extinction of the target

population due to spillover infection.

6.4.2 Effects of Spillover Processes and Target-to-target Transmission

The bifurcation diagram is depicted in the (R0a, Ir) plane by perturbing the target-

to-target transmission rate under different spillover rates, as shown in Figure 6.2. Phase

portraits corresponding to selected values of R∗ and R0a are provided in Figure 6.3. Mag-

nified views of specific regions in Figures 6.2a, 6.2c, and 6.2e are presented in Figures 6.2b,

6.2d, and 6.2f, respectively. In the (R0a, Ir) plane, it is observed that E− is positioned

above E+ when they coexist, as shown in Figures 6.2a and 6.2c.

When R∗ > 1, the system admits at most two endemic equilibria, both of which are

unstable (Figures 6.2a, 6.2c). Under a low R0a, the system tends toward a stable periodic

solution when the equilibria coexist (Figure 6.2b, 6.2d). As R0a increases, the periodic

solution expands and progressively approaches the Ir = 0 plane (Figures 6.2b, 6.2d). By

examining the phase portraits of (Sr, Ir), we observe that the solution remains the Ir = 0

plane for a while (Figure 6.3a), indicating transient dynamics. We infer that this behavior,
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(a) R∗ = 12.35, R0a = 1.01 (b) R∗ = 0.26, R0a = 0.94

(c) R∗ = 0.26, R0a = 1.011 (d) R∗ = 0.26, R0a = 1.0169

Figure 6.3: Phase portraits of (Sr, Ir) showing (a-c) transient dynamics and (d) a

stable equilibrium.

coupled with the further shrinkage of the limit cycle, may contribute to the failure of the bi-

furcation plotting algorithm, resulting in the incompleteness of the periodic solution around

R0a = 1 in Figure 6.2b. Conversely, under a high R0a, the system demonstrates at most a

single unstable equilibrium (Figures 6.2a, 6.2c). In this case, the system converge toward
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the boundary point
(

0, 0, µaβa ,
Λa(Kaβa −µa)

Kaβ2
a

)
, which reflects the extinction of the reservoir

population. This extinction is primarily attributed to elevated infection levels in the target

hosts, which lead to intensified quarantine measures and culling efforts. Additionally, the

system may exhibit unstable limit cycles for specific parameter combinations (Figure 6.2a).

When R∗ decreases to 0.26, the system exhibits a unique equilibrium for R0a < 1.0218,

and its stability changes with R0a (Figures 6.2e, 6.2f). The system initially stabilizes at the

equilibrium before transitioning to a limit cycle. Furthermore, the limit cycle first expands

and then contracts, approaching Ir = 0. Phase portrait reveals that both coordinates Ir

and Sr tend to zero when R0a = 0.94, indicating transient dynamics (Figure 6.3b). The

appearance of transient dynamics near the origin likely contributes to the incompleteness

of the periodic solution in Figure 6.2e when R0a ∈ [0.9262, 1.01]. For a larger value of R0a,

the trajectory deviates from the origin in the (Sr, Ir)-plane and stabilizes at a smaller limit

cycle (Figure 6.3c). When R0a exceeds 1.0164 but remains less than 1.0218, the system

stabilizes at the unique endemic equilibrium again (Figures 6.2f, 6.3d).

Furthermore, a comparison of Figures 6.2a, 6.2c, and 6.2e reveals that a reduction in

the spillover rate leads to a decreased equilibrium prevalence in target hosts. This, in turn,

reduces the need for quarantine and culling of reservoir hosts, resulting in an increase in

the number of infected reservoir hosts.
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6.5 Conclusions

In this chapter, we proposed a generalized reservoir-to-target transmission model for

monkeypox, applicable to stages II through IV, which integrates reservoir control strategies.

Our novel approach, which considers mass quarantine and culling of reservoir hosts based on

the number of detected target hosts, is not only biologically meaningful but also provides

insight into the interactions between spillover events, target outbreaks, and intervention

strategies. To the best of our knowledge, this type of monkeypox model has not been

previously explored, despite the considerable epidemic risk posed by reservoir infections

and subsequent spillover to target populations. Our findings highlight the necessity of

analyzing mass quarantine and culling strategies in two-host models for managing epizootic

outbreaks.

In the model without mass quarantine and culling strategies, the target population is

vulnerable to extinction under a strong spillover, as indicated by an extinction threshold

exceeding one. Importantly, our extinction threshold holds the same significance as the

spillover threshold defined by Singh et al. [174], but it offers a more precise functional form

that captures the effects of spillover rate, demographic factors of both populations, and

disease-related factors in reservoir hosts. Additionally, a high birth rate among target hosts

can help mitigate the risk of spillover-induced extinction.

The implementation of mass quarantine and culling does not eradicate the disease in

the two populations but significantly reduces its prevalence when it is well-designed [184].

168



This supports previous research showing that mass quarantine and culling of reservoir hosts

lower the risk of spillover [198]. Additionally, these strategies increase the probability of the

existence of endemic equilibria, indicating their potential role in biodiversity conservation,

particularly in protecting target species vulnerable to extreme spillover events [178]. How-

ever, a key finding indicates that the threshold between the level of mass quarantine and

culling required to maintain disease endemicity and the point at which reservoir population

extinction occurs can be narrow. This is especially true in cases of high spillover rates

coupled with intense intraspecific transmission among target hosts [184].

Mathematically, the interactions between spillover events and the implementation of

mass quarantine and culling strategies can lead to saddle-node and Hopf bifurcations [187].

Based on these observations, we recommend that mass quarantine and culling be imple-

mented only when supported by appropriate models that indicate their likely effectiveness

[282].
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7 Conclusions

Pathogens capable of transmission through multiple host species present significant

challenges for disease mitigation and control. Such pathogens typically undergo distinct

stages of evolutionary adaptation: beginning as infections confined to reservoir hosts (stage

I), progressing to spillover infections in target hosts (stage II), followed by an adapta-

tion phase where spillover events coincide with limited onward intraspecific transmission

in target hosts (stage III), and ultimately leading to sustained and significant intraspecific

transmission within target hosts (stage IV) [2, 13]. Evaluating the effects and outcomes of

spillover processes across stages II to IV are fundamental for developing effective interven-

tion strategies.

In this dissertation, monkeypox transmission between reservoir and target hosts is used

as an example to elucidate the critical effects of spillover events. Distinguishing between

reservoir and target hosts, and understanding their respective roles in disease prevalence,

are essential for assessing the consequences of spillover. Important insights are gained

through progressive modeling approaches: beginning with a single-host model, advancing

to a reservoir-target system without demographic considerations, then incorporating popu-
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lation demographics, spillover stochasticity, and target control measures into the reservoir-

target system, and finally developing models capable of illustrating reservoir control strate-

gies across stages II to IV. Theoretical and numerical analyses are derived for these models,

providing a comprehensive basis for disentangling spillover dynamics.

In Chapter 2, we established a basic framework to model monkeypox transmission within

a single host population, incorporating mass quarantine and culling strategies. We first ana-

lyzed the local and global dynamics of the deterministic model, demonstrating that effective

implementation of quarantine and culling can significantly eradicat the disease [189]. Build-

ing upon this framework, we then developed a hybrid stochastic model that accounts for

both demographic variations and environmental fluctuations in the transmission rate. A

key finding of our study is the population-size-dependent shift in the relative influence of

demographic and environmental stochasticity on disease dynamics. Specifically, in small

populations, demographic stochasticity plays a dominant role, primarily driving the risk of

disease extinction [109]. In contrast, as population size increases, environmental stochastic-

ity exerts a stronger influence, gradually surpassing the effects of demographic fluctuations

[240]. Environmental noise not only amplifies both the peak and cumulative number of

infections [223] but also modulates the duration of transient dynamics. Depending on the

system behavior and intensity of the fluctuations, environmental noise can either shorten

or prolong the transient period [30].

Since spillover arises from shedding by reservoir hosts, interspecific contact, and target

host exposure, frameworks estimating risk in target hosts should account for these pro-
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cesses. In Chapter 3, we analyzed a basic reservoir-target system focusing on spillover

transmission from reservoir to target hosts in stages II and III, excluding population demo-

graphics. This foundational analysis revealed that the basic reproduction number fails to

capture interspecific transmissibility. To address this limitation, we derived a new thresh-

old based on the final size relation, which incorporates both spillover rate and intraspecific

transmission rate within target hosts. This threshold provides a more accurate prediction

of outbreak risk, emphasizing the spillover rate as a critical determinant [19]. Reducing

spillover rates through biosecurity measures, such as constructing fencing in high-risk areas

or during animal transportation, is recommended as a primary intervention.

In Chapters 4 and 5, we incorporated demographics to analyze spillover from reservoir

to target hosts in stages II and III, respectively. These models also included targeted control

strategies such as mass quarantine and culling. Unlike the single-host model in Chapter

2, where quarantine and culling reduce R0 and effectively control the disease [176], these

strategies are ineffective in the reservoir-target system, as the quarantine and culling rate

do not impact R0. Furthermore, our analysis revealed that combining intensified quarantine

and culling with strong spillover processes could drive target host population extinction.

Interestingly, the extinction threshold is independent of intraspecific transmission in target

hosts. This is reasonable since, if spillover events consistently lead to population extinc-

tion in the target host, then the further introducing of target-to-target transmission will

exacerbate and accelerate the extinction process.

The endemic prevalence in target hosts, influenced significantly by spillover rates [243],
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was identified as a key indicator of spillover risk in target hosts. However, under moder-

ate quarantine and culling rates, a nonlinear relationship emerged between spillover rates

and endemic prevalence. This relationship led to the identification of a disease severity

threshold, which represents the maximum level of endemic infections in target hosts. The

expression for this threshold was analytically derived in Chapter 4 and further validated

numerically in Chapter 5.

In Chapter 5, we also incorporated stochasticity into the spillover process by introducing

a BK process. Our stochastic simulations revealed that the stationary distribution changes

with noise volatility, leading to increased variability and asymmetry. This stochastic P-

bifurcation highlights the heightened unpredictability of the system, accompanied by an

increase in disease incidence.

Lastly, we developed a model capable of analyzing spillover effects on target hosts in

stages II to IV, taking into account reservoir control strategies such as mass quarantine and

culling of reservoir hosts. Our novel approach, which ties the implementation of quarantine

and culling in reservoir hosts to the number of infected target hosts, is both biologically

meaningful and mathematically insightful. It captures the interactions between spillover

events, target outbreaks, and reservoir control measures. The extinction threshold derived

in this model holds similar significance to the spillover threshold defined by Singh et al.

[133], but offers a more precise functional form. Notably, this threshold is independent of

disease-specific factors in target hosts. Additionally, the interplay between spillover events

and the application of quarantine and culling strategies can result in periodic outbreaks,
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as indicated by Hopf bifurcation [187]. While these control measures cannot fully eradicate

the disease in both populations, they have the potential to reduce its prevalence [184].

In summary, while a basic reproduction number exceeding one in a reservoir-target

system is necessary for disease outbreaks and persistence in target hosts, it is not sufficient

on its own. When spillover rate is too weak, it is unable to support endemic or epidemic

spread [283]. An additional threshold, related to the spillover rate, must also be considered.

To manage disease transmission in target hosts during stages II and III, strategies focusing

on reservoir management and limiting spillover events are most effective. However, once

the pathogen progresses to stage IV in target hosts, control measures specifically targeting

the target population become equally essential. We recommend that mass quarantine and

culling should be employed only after appropriate models demonstrate its efficacy and

feasibility [282].

Future Work

Intense intraspecific transmission within reservoir hosts can significantly influence the

likelihood of spillover events. To better capture this relationship, future studies should con-

sider modeling the spillover rate as a function of population dynamics and disease preva-

lence within reservoir hosts. This approach highlights the need for further pathological and

epidemiological investigations to understand how pathogens overcome transmission barriers

and the associated dose–response relationships [14]. Similarly, this concept can be extended

to reflect how the development of intraspecific transmission among target hosts accumulates

as a result of spillover events.
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Our reservoir-target host framework serves as an initial step in analyzing spillover ef-

fects. Future research could extend this framework by incorporating additional host species.

For example, exploring spillover dynamics involving multiple reservoir or target host species

may yield valuable insights. Moreover, the role of intermediate hosts in facilitating trans-

mission should not be overlooked, as they may significantly alter outbreak thresholds. In

such scenarios, more comprehensive models are necessary to accurately predict spillover

impacts.

Lastly, ecological factors within host populations, such as competition or predator-prey

relationships, were not included in the current models. Incorporating these factors into

future modelling could provide a more nuanced understanding of the ecological drivers of

spillover events and disease transmission.
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