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Abstract

We address the problem of data integration where correlated data are collected across multiple

platforms. Within each platform, the relationship between responses and predictors is modelled

linearly. To extend this framework, we incorporate random errors from a broader class of sub-

Gaussian and sub-exponential distributions. The primary objective is to identify key predictors

across platforms, even as the number of predictors and observations grows infinitely large.

Our approach combines marginal response densities from different platforms into a composite

likelihood and introduces a model selection criterion based on Bayesian composite posterior prob-

abilities. Under regularity conditions, we demonstrate the consistency of this criterion in selecting

the true model, even with a diverging model size. Moreover, when true models differ across plat-

forms, the proposed method successfully recovers the union support of predictors—those predictors

that are relevant in at least one platform. A Monte Carlo Markov Chain (MCMC) algorithm is

implemented to perform this model selection.

Simulation studies reveal that integrating data from multiple platforms enhances model selec-

tion accuracy compared to using a single data source. In an application to real financial data, our

method combines information from three financial indices to identify a common set of important

predictors, resulting in a predictive model with higher accuracy and lower mean squared error than

models relying on individual data sources.
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In high-dimensional linear regression models, the sparsity assumption on regression coefficients

β P Rp is often standard. However, this assumption may break down when most or all regression

coefficients are non-zero, leading to substantial bias when using methods tailored for sparse models.

To address this, we propose a novel Bayesian Grouping-Gibbs Sampling (BGGS) method, which

relaxes the sparsity assumption. The BGGS method partitions β into k distinct groups, enabling

efficient sampling in high-dimensional spaces.

We explore the selection of k through simulations and recommend the use of an ”elbow plot”

for precise determination. Theoretical analysis guarantees model selection consistency, parame-

ter estimation consistency, and bounded prediction error under regularity conditions. Numerical

experiments on two finite examples demonstrate the competitive advantage of BGGS in terms

of parameter estimation and prediction accuracy. Finally, the method is applied to a financial

dataset, showcasing its practical effectiveness in identifying robust predictive models.

Keywords: Bayesian method, Data integration, Gibbs sampling, Model selection, Sub-Gaussian,

Sub-exponential, Union support recovery, Bayesian Grouping-Gibbs sampling, Non-sparse, High-

dimensional, Linear regression.
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1 Introduction

Over the past decade, data volume has surged across various domains, presenting both op-

portunities and challenges. While large-scale data enables more precise analyses and informed

decision-making in fields such as finance, biology, and healthcare, it also introduces computational

and methodological hurdles. The increasing complexity of datasets necessitates the integration of

multiple data sources and the consideration of model variations, leading to union support recov-

ery. Additionally, handling high-dimensional variables requires imposing sparsity assumptions to

address ill-posed problems while also accounting for non-sparse cases when these assumptions do

not hold. This dissertation explores these two key issues—data integration and non-sparsity—in

specific contexts and proposes innovative methods to address them.

For the first issue, data integration is the process of combining data generated from different

platforms to provide a consolidated analysis across multiple sources. This process is crucial in

many contexts. For instance, in financial markets, indices are often influenced by the fluctuations

of numerous stock prices. Simplifying the forecasting of multiple market indices requires identify-

ing key stocks that are important across these indices. By integrating data from various financial

indices, a consolidated analysis helps pinpoint critical stocks (Gao and Carroll (2017), Li et al.

(2022)). Similarly, in biomedical applications, classifying a disease condition often relies on a col-

lection of genetic biomarkers. Experimental platforms like mRNA expression, protein expression,
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and RNAseq expression provide complementary data on genes. The integration of these datasets

aims to identify important genes influencing disease processes across these platforms (Wu et al.

(2012), Tian et al. (2004)).

A common assumption in many existing data integration methods is that different tasks share

the same set of true predictors. However, this assumption may not hold in practice, as many related

tasks have their distinct sets of true predictors (Caruana (1997)). For example, in satellite imaging,

tasks such as predicting satellite keypoints, direct pose regression, and binary segmentation of the

satellite foreground are all related to detecting and estimating a target spacecraft. Each task has

a unique model, yet a joint model can learn features relevant to the combination of these tasks

(Park and D’Amico (2024)). This multitask learning approach effectively integrates information,

leveraging commonalities while preserving task-specific distinctions. Let the underlying model of

each platform i be represented by Si � t1, 2, . . . , pnu, where Si is the set of the indices of all true

predictors to the ith platform.

The goal of the model selection approach is to recover the union of all individual models, denoted

by S � Yk
i�1Si, i � 1, . . . k, where k is the total number of platforms. In the literature, Wainwright

(2009) and Tang and Nehorai (2010) analyzed the performance of penalized variable selection

methods for recovering the union support. These studies explored the theoretical and practical

aspects of penalized approaches in the context of union support recovery. Further, Ramesh et al.

(2019) investigated the performance of group LASSO for recovering the union support under the

assumption of sub-Gaussian errors, demonstrating its utility in high-dimensional settings.

The question of model selection on one data source has been extensively explored. In linear

models, the Bayesian variable selection approach has been studied by Clyde et al. (1998), Clyde

and George (2000), and Wolfe et al. (2004) among others. The Bayesian models used in Bayesian
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variable selection often rely on variations of the hierarchical Bayesian model (George and Mc-

Culloch (1993)), which facilitates the integration of marginal posterior probabilities of candidate

models given the observed dataset. The model with the highest posterior probability is selected.

For a fixed number of predictors p, the consistency of Bayesian variable selection has been estab-

lished by Fernández et al. (2001), Moreno and Girón (2005), Liang et al. (2008) and Casella et al.

(2009), etc. When p diverges with the sample size, Bayes factor consistency has been proved by

Berger et al. (2003), and Moreno et al. (2010).However, as Bayes factor consistency applies to

pairwise model comparisons, there is a need to establish stronger model selection consistency for

the true model against all competing models. Shang and Clayton (2011) and Shang and Li (2014)

investigated the asymptotic properties of Bayesian model selection in linear models, where the

number of predictors p grows with but does not exceed the sample size n. Their results demon-

strate that under this framework, the true model is chosen with the highest probability. For data

integration across multiple platforms, Gao and Carroll (2017) proposed a pseudo-likelihood based

Bayesian information criterion and proved its model selection consistency for divergent p. Their

approach, however, used frequentist methods to perform variable selection via group penalization

on the pseudo-likelihood. The data sets across different platforms can be different types including

discrete and continuous responses. Maity et al. (2019) extended Bayesian variable selection to

handle data integration problems involving both survival and binary data using a shrinkage prior.

However, the model selection consistency of their Bayesian approach has not been formally estab-

lished. Additionally, Dai et al. (2020) introduced a quantile-based method for selecting predictors

that influence responses at any quantile level, estimating nonzero parameters in high-dimensional

settings. Despite these advances, the model selection properties of Bayesian methods for data in-

tegration remain underdeveloped. There is a pressing need for Bayesian data integration methods
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capable of selecting the true underlying model with a probability that tends to 1, addressing both

theoretical consistency and practical challenges.

For the second issue, the rapid advancements in data collection and measurement techniques

have led to datasets with an increasingly large number of predictors or variables p, often exceeding

the number of samples n. This high-dimensional scenario (p ¡ n) poses significant challenges for

regression modeling, as the estimation problem becomes ill-posed without additional assumptions

on the regression coefficients.

A commonly adopted and natural assumption to address this issue is sparsity: the idea that only

a subset of predictors, associated with non-zero elements of β, significantly influence the response.

These predictors are referred to as active predictors. By assuming sparsity, the complexity of the

high-dimensional problem can be reduced, enabling feasible parameter estimation and variable

selection.

Many frequentist methods apply well-known penalization techniques that shrink the regression

coefficients towards zero. Some prominent methods include the least absolute shrinkage and selec-

tion operator (Lasso) (Tibshirani, 1996), the smoothly clipped absolute deviation (SCAD) (Fan

and Li, 2001), the minimum concave penalty (MCP) (Zhang, 2010), and the adaptive LASSO

(Zou, 2006). Many Bayesian methods have also been proposed for variable selection, including

the stochastic search variable selection (George and McCulloch, 1993), empirical Bayes variable

selection (George and Foster, 2000), spike and slab selection method (Ishwaran and Rao, 2005),

penalized credible regions (Bondell and Reich, 2012), nonlocal prior method (Johnson and Rossell,

2012), among others. Shankar et al. (2015) evaluated a selection of both frequentist and Bayesian

regression modeling ensembles based on Microbiome data, which are represented by variants of sta-

bility selection in conjunction with elastic net and spike-and-slab Bayesian model averaging. More
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recent works have been proposed for variable selection under other model frameworks. Specifi-

cally, Narisetty et al. (2019) proposed a Skinny Gibbs sampling method for variable selection in

logistic regression under the sparse assumption in the case of large p. Wang et al. (2021) proposed

a one-step Bayesian variable selection method for partially linear models. Yi and Tang (2022)

proposed a variational Bayesian approach for simultaneous variable selection and parameter es-

timation in high-dimensional linear mixed models. Lee and Goh (2023) introduced a Bayesian

variable selection scheme employing the hybrid deterministic-deterministic variable selection (HD-

DVS) algorithm, which guarantees rapid convergence to the global mode of the posterior model

distribution.

Frequentist and Bayesian methods have been widely applied for simultaneous variable selection

and parameter estimation in high-dimensional regression models under the assumption of sparsity.

However, these methods may perform poorly when the majority of regression coefficients are non-

zero, such as when the number of non-zero elements in β is comparable to or larger than the sample

size n. This limitation arises because most existing approaches are fundamentally designed to

exploit sparsity, which may not always hold in practical scenarios. Moreover, verifying the sparsity

assumption can be challenging in real-world applications. Beyond sparsity, grouping structures are

often present in high-dimensional regression problems. These structures reflect the relationships

among predictors, where subsets of variables may exhibit shared effects. Methods for addressing

grouping problems based on the penalization techniques have been well studied by shrinking the

differences between regression coefficients towards zero, such as fused Lasso (Tibshirani et al.,

2005), group lasso (Yuan and Lin, 2006), FGSG (Shen et al., 2012; Zhu et al., 2013), among

others. However, the efficiency of model estimation via penalized methods may not be adequate

due to the resulting nonconvex optimization problems and/or the mis-selection of regularization
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parameters. More recently, sparse and grouping pursuit problems have also been studied in the

Bayesian framework. Chen et al. (2015) proposed a Bayesian approach to tackle the sparse group

selection problem in regression models by utilizing a Bayesian hierarchical formulation, where

each candidate group is associated with a binary variable to indicate its activity status (active or

not). Lee and Cao (2020) explored the use of a hierarchical group spike and slab prior for logistic

regression models with group-structured covariates in high-dimensional settings.

In high-dimensional problems, linear regression models are often utilized under the assumption

of sparsity. This framework typically focuses on prediction and the identification of significant

predictors (variable selection). While sparsity is a common and effective assumption, it may not

always reflect the underlying structure of the data. Departing from this assumption, our work

addresses high-dimensional linear regression problems without relying on sparsity.

The challenge of non-sparsity has been explored in recent frequentist methods. For instance,

Ding et al. (2021) investigated a scenario where β consists of two distinct groups: components in

group I are large, while those in group II are small but not necessarily zero. Their work analyzed

the asymptotic behavior of a ridge-regularized high-dimensional multivariate M-estimator for β in

group II.

In this dissertation, regarding the first issue of data integration, we consider the problem in

the Bayesian data integration framework and aim to develop a model selection method to recover

the union support of the true predictors. Most existing data integration methods have focused on

applications with Gaussian random errors. In real applications, light-tailed random errors such as

uniform random errors or errors with bounded values may arise. Similarly, heavy-tailed random

errors such as t distribution or χ2 distribution can occur in data sets. To accommodate both

light-tailed and heavy-tailed distributions, we extend the proposed method to sub-Gaussian and
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sub-exponential family of error distributions so that the method is applicable to a broad range of

data types. First, we consider random errors with a Sub-Gaussian distribution, which is a wide

family with strong tail decay, that is the tail of sub-Gaussian distribution is dominated by the tail

of normal distribution. A random variable X follows a sub-Gaussian distribution with a proxy

variance σ2, if for all t P R, EetX ¤ et
2σ2{2. It has the property that ||X||ψ2 ¤ K for some K ¡ 0,

where ||X||ψ2 � supp¥1 p
�1{2pEXpq1{p, which is another definition equivalent to the previous one.

A random variable X follows SubEpσ2, bq, if for all t such that |t|   1
b
, EetX ¤ et

2σ2{2. To fur-

ther include more general cases of random errors with heavier tails than normal distribution, we

consider the sub-exponential distribution which is a wider family of distributions including normal

distribution, sub-Gaussian distributions and some distributions with heavier tails than normal

distribution. Data from multiple platforms can be correlated. Instead of formulating the joint

likelihood of all the data sets, we can formulate composite likelihood (Lindsay (1988); Cox and

Reid (2004); Varin et al. (2011)) by compounding the marginal densities of the responses from

different sources. Composite likelihood has also been adopted in a Bayesian framework (Cooley

et al. (2007); Ribatet et al. (2012)). To solve the Bayesian variable selection problem on data inte-

gration, we can formulate the marginal density of the response variables from each data source, and

combine the marginal densities to form a composite likelihood of the overall data. We assign priors

to different competing models and calculate a composite posterior probability for each competing

model. Then we formulate a model selection criterion based on composite posterior probabilities

to select the union support of true predictors. To implement the Bayesian approach, a Gibbs sam-

pling algorithm is used to explore the model space, compare different models and select the best

model. Lastly, we apply our method to integrate the data from three different financial indices

and the models learned from multiple platforms are shown to have better predictive performance
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than other competing methods.

For the second issue addressing the challenge of releasing sparsity assumption in high-dimensional

data, we continue to consider the general non-sparse case. Denote the group index sets by

GI � tj|βj � Op1q, j P t1, . . . , puu for Group I and GII � tj|βj � op1q, j P t1, . . . , puu for Group II.

Then β � pβJ
GI
,βJ

GII
qJ, where βGI

� tβj|j P GIu and βGII
� tβj|j P GIIu. The components of βGII

are relatively small but still significant. Specially, GI can be empty, implying that all the compo-

nents of β are small. Ding et al. (2021) proposed to estimate the expected mean squared error of

βGII
using a two-step estimation procedure whereas βGI

is estimated by some penalized methods

including LASSO, SCAD and MCP. However, the two-step estimation may produce a large bias

since these penalized methods are designed for sparse models while β is non-sparse in their study.

In light of the grouping penalization methods, say, fused Lasso and FGSG, we adopt a flexible

grouping technique to tackle this challenging estimation problem when p ¡ n with non-sparsity.

It is noted that the βGI
or βGII

may also contain subgroups. Within a subgroup, the regression

coefficients are similar or identical. Notably, the number of subgroups will not exceed the sample

size n, while the number of nonzero coefficients can be larger than n. To the best of our knowledge,

there are few Bayesian methods specifically designed to address non-sparse high-dimensional linear

regression models using grouping techniques. One advantage of the Bayesian method for model

estimation is that Markov Chain Monte Carlo (MCMC) techniques can be used to explore the

posterior distributions, which often offer a more informative approach than the corresponding pe-

nalization method requiring a selection of tuning parameters and a highly nonconvex optimization

problem (Narisetty et al., 2019). We devise a grouping-Gibbs sampler for high-dimensional pos-

terior sampling, leveraging grouping information to reduce computational complexity and achieve
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computational efficiency. Under regular conditions, theoretically, we demonstrate weak and strong

model selection consistency, parameter estimation consistency and boundedness on mean squared

error (MSE). In the context of linear regression models, parameter estimation and prediction are

of prime concern. This dissertation focuses on the estimation of β and model’s prediction accuracy

rather than on identifying the groups of β, although we assume β has a grouping structure. The

competitive advantages of the proposed method are demonstrated by simulated examples and a

financial dataset.

In this dissertation, we explore two key Bayesian approaches. In Chapter 2, we introduce model

selection via composite likelihood, establishing model selection consistency, developing a Gibbs

sampling algorithm for efficient model space exploration, and validating the approach through

simulations and real data analysis. In Chapter 3, we present Bayesian grouping-Gibbs sampling

(BGGS) for non-sparse linear models, demonstrating both model and parameter consistency in

non-sparse settings, developing a group Gibbs sampling algorithm for coefficient estimation, and

showing superior performance compared to existing methods in simulations and real data analysis.

These techniques address traditional limitations while enhancing prediction accuracy and model

selection consistency.
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2 Bayesian Model Selection via Composite Likelihood for

High-dimensional Data Integration

2.1 Methodology

Assume we have data collected from multiple experimental platforms, with responses that are

related to the same research question. The primary objective is to identify important predictors

that influence at least one of the responses across these platforms.

Let y1,y2, ...,yk denote the response vectors from k different platforms, where yi � pyi1, . . . , yinqJ,

represents the responses observed for n subjects on the ith platform, for i P t1, . . . , ku. For each

platform, we have an n � pn design matrix Xi, where Xirlms denotes the value of mth predictor

for the `th subject, with ` P t1, . . . , nu, and m P t1, . . . , pnu. While the platforms share a com-

mon set of pn predictors, the predictor values can vary from different platforms. To accommodate

high-dimensional data, we allow the number of predictors pn to increase with the sample size.

The response vectors yi’s may exhibit dependent relationships due to shared underlying factors

or correlated measurement processes across platforms. Instead of modeling the complex joint dis-

tribution of the responses across platforms, we adopt a composite likelihood approach. Composite

likelihood methods construct a pseudo-likelihood by combining the marginal likelihoods of the

individual datasets (Lindsay (1988), Cox and Reid (2004)).
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CLpy1, ...,ykq �
k¹
i�1

fpyi; θq,

where θ represents the parameters in the marginal likelihoods. Although the composite likelihood

is not a true likelihood, it retains many desirable properties similar to those of the true likelihood

(Kent (1982), Varin et al. (2011), Chandler and Bate (2007)). For instance, the score function

of the composite likelihood is a linear combination of the score functions derived from the true

likelihoods. As a result, the composite score function has zero expectations under the true model,

ensuring that the estimation procedure is unbiased in expectation.

Furthermore, the maximum composite likelihood estimator (MCLE) is consistent, meaning it

converges to the true parameter values as the sample size increases. Additionally, the MCLE pos-

sesses an asymptotic normal distribution, which facilitates statistical inference, such as hypothesis

testing and the construction of confidence intervals. These properties make the composite like-

lihood approach a robust and efficient tool for modeling and estimation, particularly in complex

or high-dimensional settings where constructing a joint likelihood is infeasible or computationally

expensive.

Consider the setting that yi and Xi have linear relationship yi � Xiβi � εi, where βi �

pβi1, ..., βipnqJ are linear coefficients. We assume that the models are sparse and share identical

sparsity patterns across the k models. In Section 2.3, this assumption will be relaxed, and the

method will be extended to account for situations where the sparsity patterns differ among the

models. Define the indicator vector γi � pγi1, ..., γipnqJ, where γij � Ipβij � 0q, for i P t1, . . . , ku

and j P t1, . . . , pnu. As for current section, the models across all platforms are assumed to be

identical, we ignore the subscript i and use γ � pγ�1, ..., γ�pnqJ to denote the common model of all

11



platforms and γ0 to denote the values under the true model. This indicator vector uniquely defines

a model in the model space, which includes all the models under consideration. Throughout the

rest of this dissertation, the model under the indicator vector γ is written as “model γ” with

model size denoted as |γ|. Let sn denote the model size of the true model and let rn denote the

maximum size of the models in the model space. We have |γ| ¤ rn ¤ pn.

We assume that the marginal distribution of yi follows a hierarchical Bayesian model (Shang

and Clayton (2011)), which is a variation of the model proposed by George and McCulloch (1993):

yi|βi, σ2
i � Xiβi � εi,

βij|γ�j, σ2
i � p1� γ�jqδ0 � γ�jN p0, cijσ2

i q,

1{σ2
i � χ2

vi
,

ppγq �

$''''&''''%
πγ , if |γ| ¤ rn,

0, otherwise.

In this model setup, the variable δ0 is a point-mass measure concentrated at zero. The random

errors are denoted by εi � pεi1, ..., εinqJ, where εi`, ` P t1, . . . , nu, are assumed to be independent

and follow an identical sub-Gaussian or a sub-exponential distribution with the variance proxy σ2
i .

The inverse of the variance proxy σ2
i has a prior chi-square distribution with degrees of freedom

vi, where vis are fixed hyper-parameters. Let Σi � diagpciq with ci � pcijqJ1¤j¤pn being a vector of

positive entries. Let Σi,γ be the |γ|� |γ| dimensional sub-diagonal matrix of Σi, βi,γ be the |γ|�1

sub-vector of βi, and Xi,γ be the n� |γ| sub-matrix comprising the columns of Xi corresponding

to the nonzero entries of γ. Let Zi � pyi, Xiq denote the full data set. When pn is finite, we could

use a uniform prior on the model space. However, in this dissertation, we address th scenario

where pn grows to infinity as the sample size increases. Consequently, it is necessary to enforce

12



sparsity in the model by imposing prior probabilities ppγq on the models, based on their model

sizes. If |γ| ¡ rn, the model has zero prior probability. Otherwise, the model is assigned a prior

πγ9q|γ|p1� qqrn�|γ|, where log q � �M log pn, and M is a constant.

Within each platform, the errors from different subjects are assumed to be independent. How-

ever, across different platforms, the errors for the same subject ε1`, . . . , εk` may be correlated.

This leads to the dependent relationships among y1,y2, ...,yk. Instead of directly formulating the

full likelihood, which is difficult to construct, the composite likelihood method is used to model

multiple data sets together:

PCpσ2
1, ..., σ

2
k,β1, ...,βk,γ|Z1, ..., Zkq9ppγq

k¹
i�1

!
fpyi|Xi,βi, σiq

1

2
vi
2 Γpvi

2
qσ

�vi�2
i expr� 1

2σ2
i

s
pn¹
j�1

 1a
2πcijσi

expr� 1

2σ2
i cij

β2
ijs
(γj).

If fpyi|Xi,βi, σiq is a normal density, we can integrate out β1, ...,βk, σ1, ..., σk and obtain the

composite posterior probability (Shang and Clayton, 2011):

PCpγ|Z1, ..., Zkq

�c � ppγq
k¹
i�1

!
|Wi,γ |� 1

2 p1� yJi pIn �Xi,γpXJ
i,γXi,γ � Σ�1

i,γq�1XJ
i,γqyiq�

n�vi
2

)
,

(2.1)

where c is a normalizing constant, Ui,γ � Σ�1
i,γ �XJ

i,γXi,γ , and Wi,γ � Σ
1{2
i,γUi,γΣ

1{2
i,γ . For the special

case that γ0 � 0, this formula still works if we assign that Xi,H � 0,Σi,H � Ui,H � Wi,H �

1. Incorporating the normalizing constant, Equation (2.1) is a composite posterior probability

distribution for all the competing models in the model space. If fpyi|Xi,βi, σiq is a sub-Gaussian or

sub-exponential density, analytically integrating out β1, ...,βk, and σ1, ..., σk becomes challenging.

Consequently, Equation (2.1) does not represent a true composite posterior probability of the

model given the data. However, it still defines a valid probability distribution over the model
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space. Remarkably, it retains model selection consistency and assigns the highest probability to the

true model, as demonstrated in Theorems 2.2.1 and 2.2.2 in Section 2.2. Leveraging this property,

we adopt Equation (2.1) as a model selection criterion and select the model that maximizes this

criterion.

2.2 Model selection consistency

In this section, we establish the model selection consistency property for the criterion introduced

in Section 2.1. Specifically, we show that the proposed method selects the true model with a

probability tending to one as the sample size increases. This result holds for a broad class of error

distributions, including sub-Gaussian and sub-exponential distributions.

Let γzγ 1 denote a vector with the jth element pγzγ 1qj � Ipγ�j � 1, γ1�j � 0q, j � 1, ..., pn. If

γzγ 1 � 0, then γ is nested in model γ 1. Let γ0 denote the true model and β0 denote the true

regression coefficients. Define the collection of overfitting models S1 � tγ | γ0zγ � 0,γ0 � γu and

the collection of wrong models S2 � tγ | γ0zγ � 0u. The collection of all models is denoted by

S1 Y S2 Y tγ0u.

2.2.1 Model selection with sub-Gaussian random error

First, we focus on the setting where the random errors follow sub-Gaussian distributions. When

γ0 � 0, we define

ϕminpnq � min
iPt1,...,ku

min
γPS2

λ�p 1

n
XJ
i,γ0zγpIn � Pi,γqXi,γ0zγq

and

ϕmaxpnq � max
iPt1,...,ku

max
γPS2

λ�p 1

n
XJ
i,γ0zγXi,γ0zγq,
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where Pi,γ � Xi,γpXJ
i,γXi,γq�1XJ

i,γ is the projection matrix, and λ�pAq and λ�pAq denote the mini-

mal and maximal eigenvalues of a square matrix A, respectively. Under the following assumptions,

we prove the consistency of the model selection criterion.

Assumption 2.2.1 There exist positive constants C1 and C2 such that

lim inf
n
ϕminpnq ¥ C1 and lim sup

n
ϕmaxpnq ¤ C2.

There exists a constant δ P p0, 1q and a constant C3 ¡ 0 such that when n is large enough, for

i P t1, . . . , ku,

inf
γPS1

λ�p 1

n
XJ
i,γzγ0pIn � Pi,γ0qXi,γzγ0q ¥ C3n

�δ.

There exists a positive constant C4 such that every entry of Xi is uniformly bounded by C4. There

exists C5, C6 greater than zero such that

C5 � lim inf
n

min
iPt1,...,ku

min
γ

1

n
λ�pXJ

i,γXi,γq,

C6 � lim sup
n

max
iPt1,...,ku

max
γ

1

n
λ�pXJ

i,γXi,γq.

Remark 2.2.1 Assumption 2.2.1 is commonly employed in high-dimensional settings to ensure

that the eigenvalues of the design matrix remain bounded as the dimensions of the design matrix

grow to infinity.

Assumption 2.2.2 It is assumed that there exist the following constants and sequences:

When γ0 � 0, there exists a positive sequence ψn such that

min
iPt1,...,ku

min
jPγ0

|β0
ij| ¥ ψn and nψ2

n Ñ 8.

There exists a positive sequence kn � maxiPt1,...,ku maxjPγ0 |β0
ij|, such that

k2nsn � Opφ
n
q,
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where φ
n

is a positive sequence such that

min
1¤j¤pn,1¤i¤k

cij ¥ φ
n
.

There exists a positive sequence φn � Opnδ0q for some δ0 ¡ 0 such that the proportions of variance

in different normal distributions are bounded by

max
iPt1,...,ku

max
1¤j¤pn

cij ¤ φn.

Remark 2.2.2 Assumption 2.2.2 requires the nonzero parameters to be bounded away from zero at

a specific rate. Additionally, it imposes both lower and upper bounds on cij, the variance parameters

of the prior distribution for the nonzero parameters, which ensures that the true values of the

regression coefficients have a high probability of being selected while keeping the variance of the

prior within the necessary range.

Assumption 2.2.3 It is assumed that sn ¤ rn   n, and

rn maxtlog pn, log nu � opn logp1�mint1, ψ2
nuqq,

where ψn is defined in Assumption 2.2.2.

Remark 2.2.3 Assumption 2.2.3 specifies the rate of the maximum dimension rn of candidate mod-

els relative to the sample size n. When ψn ¡ 0, this assumption can be simplified as rn maxtlog pn, log nu �

opnq. It clarifies that the maximum model size considered cannot exceed the size of the dataset and

is often much smaller.

Assumption 2.2.4 The prior ppγq satisfies

ppγq � q|γ|p1� qqpn�|γ|,

where q � p�Mn for some constant M ¡ 0.
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Remark 2.2.4 The specified prior favors models that contain only a few relevant predictors, al-

lowing us to efficiently initialize from a small model.

Theorem 2.2.1 Under Assumptions 2.2.1, 2.2.2, 2.2.3, 2.2.4, if p
α0�2M{k
n � opn1�δφ

n
q for some

α0 ¡ 1, then

sup
ci,1,...,ci,pnPrφn,φns,iPt1,...,ku

max
γ�γ0

PCpγ|Z1, Z2, ..., Zkq{PCpγ0|Z1, Z2, ..., Zkq pÝÑ 0.

If p
α0�2pM�1q{k
n � opn1�δφ

n
q, then

sup
ci,1,...,ci,pnPrφn,φns,iPt1,...,ku

¸
γ�γ0

PCpγ|Z1, Z2, ..., Zkq pÝÑ 0.

Without loss of generality, we use C to represent different constants throughout the proof. For

notational simplicity, we assume that all σ2
i ’s are identical and represent them as σ2. We begin

by decomposing the composite posterior probability into five terms. For each term, we derive the

asymptotic bound in the corresponding technical lemmas. We have

� logpPCpγ|Z1, ..., Zkq{PCpγ0|Z1, ..., Zkqq � � logp ppγq
ppγ0qq�

k¹
i�1

!1

2
logp |Wi,γ |

|Wi,γ0 |
q � n� vi

2
logp 1� yJi pIn �Xi,γU

�1
i,γX

J
i,γqyi

1� yJi pIn �Xi,γ0U
�1
i,γ0
XJ
i,γ0
qyi

q
)

� � logp ppγq
ppγ0qq �

k¹
i�1

!1

2
logp |Wi,γ |

|Wi,γ0 |
q

� n� vi
2

logp1� y
J
i pIn �Xi,γU

�1
i,γX

J
i,γqyi

1� yJi pIn � Pi,γqyi q

� n� vi
2

logp1� y
J
i pIn �Xi,γ0U

�1
i,γ0
XJ
i,γ0
qyi

1� yJi pIn � Pi,γ0qyi
q

� n� vi
2

logp 1� yJi pIn � Pi,γqyi
1� yJi pIn � Pi,γ0qyi

q
)
� �T1 �

k¹
i�1

tT piq
2 � T

piq
3 � T

piq
4 � T

piq
5 u.

(2.2)

Denote the above summands by T1, T
piq
2 , T

piq
3 , T

piq
4 , T

piq
5 .
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Lemma 2.2.1 If γ P S1, then uniformly for ci1, ..., cip P rφn, φns,

T
piq
2 ¥ 1{2p|γ| � snq logp1� C3n

1�δφ
n
q.

If γ0 � 0, when γ P S2,

T
piq
2 ¥ �1{2sn logp1� C2nφnq.

If γ0 � 0, S2 � H. In this case, T
piq
2 is not considered.

Proof of Lemma 2.2.1. First we consider the scenario when γ P S1.

|Ui,γ | �|Ui,γ0 ||Σ�1
i,γzγ0 �XJ

i,γzγ0pIn �Xi,γ0U
�1
i,γ0
XJ
i,γ0
qXi,γzγ0 |

¥|Ui,γ0 ||Σ�1
i,γzγ0 �XJ

i,γzγ0pIn � Pi,γ0qXi,γzγ0 |

¥|Ui,γ0 ||Σ�1
i,γzγ0 � C3n

1�δIγzγ0 |.

Thus

|Wi,γ |
|Wi,γ0 |

¥ detpp1� C3n
1�δφ

n
qI|γzγ0|q � p1� C3n

1�δφ
n
q|γ|�sn .

So

T
piq
2 ¥ 1{2p|γ| � snq logp1� C3n

1�δφ
n
q.

If γ P S2, noting that |Wi,γ | ¥ 1, by Assumption 2.2.1,2.2.2,

T
piq
2 � 1{2 logp |Wi,γ |

|Wi,γ0 |
q ¥ �1{2 log |Wi,γ0 | � �1{2 logp|Ui,γ0 ||Σi,γ0 |q

� �1{2 logp|Isn �XJ
i,γ0

Xi,γ0Σi,γ0 |q ¥ �1{2sn logp1� C2nφnq.

Lemma 2.2.2 Suppose ε` follows sub-Gaussian distribution, varpεq ¤ σ2, for ` P t1, . . . , nu.

(a). Let vγ � pIn � PγqXγ0zγβ0
γ0zγ. If S2 is not empty, then

max
γPS2

|vJγ ε|{||vγ ||2 � Opp
a
rn log pnq,
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where we adopt the convention that |vJγ ε|{||vγ ||2 � 0 when vγ � 0.

(b). If S1 is not empty, then there exists a constant C ¡ 0 so that for any α ¡ 1, with probability

approaching 1,

max
γPS1

εJpPγ � Pγ0qε ¤ Cαp|γ| � snq log pn.

(c). If S2 is not empty, and we adopt the convention that εJPγε{|γ| � 0 when γ is null, then there

exists a constant C ¡ 0, so that for any α ¡ 1, with probability approaching 1,

max
γPS2

εJPγε ¤ Cα|γ| log pn.

The proof of this lemma follows similar arguments as in the proof of Lemma 2.2.4 using Propo-

sition 1.1 in Götze et al. (2021).

Lemma 2.2.3 As nÑ 8, uniformly for γ P S1,

T
piq
5 ¥ �1{2p|γ| � snqα0 log pn

with probability tending to 1, where α0 is a constant greater than 1. Similarly, when γ0 � 0,

uniformly for γ P S2,

T
piq
5 ¥ �1{2pn� viq logp1� C 1ψ2

nq

with probability tending to 1, where C 1 is a constant. When γ0 � 0, S2 is empty, thus T
piq
5 can be

ignored.

Proof of Lemma 2.2.3. We consider the two cases γ P S1 and γ P S2 separately. Assumption

2.2.3 implies that rn log pn � opn logt1�mint1, ψ2
nuuq. This entails rn log pn � opnψ2

nq. Let vi,γ �

pIn � Pi,γqXi,γ0zγβ
0
i,γ0zγ . From Lemma 2.2.2, there exists C ¡ 0 such that for any γ P S2 and with
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probability tending to 1,

yJi pIn � Pi,nqyi � ||vi,γ ||22 � 2vJi,γεi � εJi pIn � Pi,γqεi

¥ ||vi,γ ||22 � 2C
a
rn log pn||vi,γ ||2 � εJi εi � C|γ| log pn

¥ ||vi,γ ||22
�

1� 2C

?
rn log pn
||vi,γ ||2 � C

rn log pn
nϕminpnqψ2

n

	
� εJi εi

� ||vi,γ ||22p1� op1qq � εJi εi

¥ nϕminpnq||β0
γ0zγ ||22p1� op1qq � εJi εi

¥ nϕminpnqψ2
np1� op1qq � εJi εi.

Assumption 2.2.3 implies that sn � opnq, and therefore,

εJi pIn � Pγ0qεi � pn� snqvarpεiqp1� opp1qq.

Thus, there exists a C 1 such that with large probability approaching 1,

T
piq
5 ¥ n� vi

2
log

�1� nϕminpnqψ2
np1� op1qq � εJi εi

1� εJi pIn � Pi,γ0qεi
	
¥ n� vi

2
logp1� C 1ψ2

nq

uniformly for γ P S2. On the other hand, by the properties of projection matrices and part (b) of

Lemma 2.2.2, with probability approaching 1, we have

1� yJi pIn � Pi,γqyi
1� yJi pIn � Pi,γ0qyi

� 1� yJi pPi,γ � Pi,γ0qyi
1� yJi pIn � Pi,γ0qyi

� 1� β
0
γ0
XJ
γ0
pPi,γ � Pi,γ0qXγ0βγ0 � 2β0J

γ0
XJ
γ0
pPi,γ � Pi,γ0qεi � εJi pPi,γ � Pi,γ0qεi

1� yJi pIn � Pi,γ0qyi
� 1� εJi pPi,γ � Pi,γ0qεi

1� εJi pIn � Pi,γ0qεi
¥ 1� αp|γ| � snq log pn

n
,

uniformly for γ P S1, where α is a constant such that 1   α. By the inequality that logp1�xq ¥ �x

for x P p0, 0.5q, and by Assumption 2.2.3, it follows that uniformly for γ P S1,

T
piq
5 ¥ n� vi

2
log

�
1� αp|γ| � snq log pn

n

	
¥ �2�1p|γ| � snqα0 log pn,
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for some α0 ¡ pn� viqα{n with probability tending to 1.

Proof of Theorem 2.2.1. First, we consider γ0 � 0. By Assumption 2.2.1, we have that

T1 � logp ppγq
ppγ0qq � p|γ| � snq log

q

1� q
.

Since for i P t1, . . . , ku, Ui,γ � XJ
i,γXi,γ � Σ�1

i,γ ¥ XJ
i,γXi,γ , we have T

piq
3 ¥ 0. To approximate

T
piq
4 , let

∆i � yJi Xi,γ0pXJ
i,γ0
Xi,γ0q�1pΣγ0 � pXJ

i,γ0
Xi,γ0q�1q�1pXJ

i,γ0
Xi,γ0q�1XJ

i,γ0
yi.

By the Sherman-Morrison-Woodbury matrix identity,

U�1
i,γ0

�pXJ
i,γ0
Xi,γ0 � Σ�1

i,γ0
q�1 � pXJ

i,γ0
Xi,γ0q�1

� pXJ
i,γ0
Xi,γ0q�1pΣγ0 � pXJ

i,γ0
Xi,γ0q�1q�1pXJ

i,γ0
Xi,γ0q�1.

This implies that

U�1
i,γ0

� pXJ
i,γ0
Xi,γ0q�1 �� pXJ

i,γ0
Xi,γ0q�1pΣγ0 � pXJ

i,γ0
Xi,γ0q�1q�1pXJ

i,γ0
Xi,γ0q�1.

Thus,
1� yJi pIn �Xi,γ0U

�1
i,γ0
XJ
i,γ0
qyi

1� yJi pIn � Pi,γ0qyi
� 1� y

J
i pPi,γ0 �Xi,γ0U

�1
i,γ0
XJ
i,γ0
qyi

1� yJi pIn � Pi,γ0qyi
�1� y

J
i Xi,γ0ppXJ

i,γ0
Xi,γ0q�1 � U�1

i,γ0
qXJ

i,γ0
yi

1� yJi pIn � Pi,γ0qyi
� 1� ∆i

1� yJi pIn � Pi,γ0qyi
.

Using the fact that pa� bq2 ¤ 2pa2 � b2q, and

yi � Xi,γ0βi,γ0 � εi, pΣi,γ0 � pXJ
i,γ0
Xi,γ0q�1q�1 ¤ Σ�1

i,γ0
,

we have
∆i

1� yJi pIn � Pi,γ0qyi
¤ 2

β0J
i,γ0

Σ�1
i,γ0
β0
i,γ0

� εJi XJ
i,γ0
pXJ

i,γ0
Xi,γ0q�1Σ�1

i,γ0
pXJ

i,γ0
Xi,γ0q�1Xi,γ0εi

1� yJi pIn � Pi,γ0qyi
.
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By Assumption 2.2.2, we obtain that φ
n
In ¤ Σi,γ0 and

1� ∆i

1� yJi pIn � Pi,γ0qyi
¤ 1� 2φ�1

n

}βi,γ0}22 � εJi Xi,γ0pXJ
i,γ0
Xi,γ0q�2XJ

i,γ0
εi

1� yJi pIn � Pi,γ0qyi
.

For the denominator, we have that yJi pIn�Pi,γ0qyi{n � εJi pIn�Pi,γ0qεi{nÑ σ2
i in probability.

As H P S2,

ϕminpnq � min
i�1,,,k

min
γPS2

λ�p 1

n
Xi,γ0zγpIn � Pi,γqXi,γ0zγq ¤ λ�p 1

n
XJ
i,γ0
Xi,γ0q.

The eigenvalues of pXJ
i,γ0
Xi,γ0q�1 are the same as these of Xi,γ0pXJ

i,γ0
Xi,γ0q�2XJ

i,γ0
. By eigenvalue

decomposition, there exists orthogonal matrix U with dimension sn�sn and eigenvalues λ1, ..., λsn

such that Xi,γ0pXJ
i,γ0
Xi,γ0q�2XJ

i,γ0
� UJΛU , where Λ is a diagonal matrix whose diagonal elements

are zeros and λ1, ..., λsn . We have

εJi Xi,γ0pXJ
i,γ0
Xi,γ0q�2XJ

i,γ0
εi � εJi UJΛUεi ¤ εJi UJΛUεi

¤ εJi Bεiλ�pXJ
i,γ0
Xi,γ0q�1 ¤ εJi Bεipnϕminpnqq�1,

where B is a diagonal matrix whose first sn diagonal elements are 1s and the rest of them are 0s.

Furthermore,

EpεJi Xi,γ0pXJ
i,γ0
Xi,γ0q�2XJ

i,γ0
εiq ¤ varpεiqsnpnϕminpnqq�1 Ñ 0.

Next, we prove that εJi Xi,γ0pXJ
i,γ0
Xi,γ0q�2XJ

i,γ0
εi � Opp1q. The errors εij are from sub-Gaussian

distribution with maxj�1,...,n ||εij||ψ2 ¤ K for some K ¡ 0, where ||X||ψ2 � supp¥1 p
�1{2pEXpq1{p.

By Hanson-Wright inequality, there exists a constant C ¡ 0 such that for any n�n matrix A and

for all t ¡ 0,

P pεJi Aεi � EpεJi Aεiq ¡ tq ¤ exp

$&%�C min

�
t2

K4||A||2F
,

t

K2||A||2

�,.- .

When t is sufficiently large, we get

P pεJi Aεi � EpεJi Aεiq ¡ tq ¤ exp

� �Ct
K2||A||2



.
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Let A � Xi,γ0pXJ
i,γ0
Xi,γ0q�2XJ

i,γ0
. Then ||A||2 � pnψminpnqq�1 and

||A||F �
b

trpXi,γ0pXJ
i,γ0
Xi,γ0q�3XJ

i,γ0
q �

b
trppXJ

i,γ0
Xi,γ0q�2q ¤

a
pnψminpnqq�2sn.

Thus,

P pεJi Aεi � EpεJi Aεiq ¡ tq ¤ expp�nψminpnqCt{K2q Ñ 0,

as n Ñ 8. So, for every δ ¡ 0, there exist t, and nδ ¡ 0 such that EpεJi Aεiq ¤ 1 and

expp�nψminpnqCtqq ¤ δ, for all n ¡ nδ and

P pεJi Aεi ¡ t� 1q ¤ P pεJi Aεi � EpεJi Aεiq ¡ tq ¤ expp�nψminpnqCt{K2qq ¤ δ.

This implies εJi Xi,γ0pXJ
i,γ0
Xi,γ0q�2XJ

i,γ0
εi � Opp1q. Continue from Equation (2.3), combining all

the results above, there exists a constant rC ¡ 0

1� yJi pIn �Xi,γ0U
�1
i,γ0
XJ
i,γ0
qyi

1� yJi pIn � Pi,γ0qyi
¤ 1� 2φ�1

n

k2nsn �Opp1q
1� nvarpεiq

¤ 1� 2k2nsn
nφ

n
varpεiqp1�Opp 1

snk2n
qq

¤ 1� 2k2nsn
nφ

n
varpεiqp1� opp1qq ¤ 1� 2 rC

n
p1� opp1qq.

By Assumption 2.2.3. �T piq
4 ¥ � rC, i P t1, . . . , ku. By Lemma 2.2.1, 2.2.2, Assumption 2.2.3, 2.2.4

and the fact that p
α0� 2M

k
n � opρnq with ρn � n1�δφ

n
,

PCpγ|Z1, ..., Zkq{PCpγ0|Z1, ..., Zkq

¤ rC� expp�2�1p|γ| � snq logpp1� C3ρnq{pα0
n qq

	k� q

1� q

	p|γ|�snq
¤ rC�p2pnqα0� 2M

k

1� C3ρn

	kp|γ|�snq{2 pÝÑ 0,

with probability tending to 1. By Assumptions 2.2.2 and 2.2.3, it can be verified that sn logp1 �
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C2nφnq ! n�vi
2

logp1� C 1ψ2
nq. So,

PCpγ|Z1, ..., Zkq{PCpγ0|Z1, ..., Zkq

¤ rC exprkp2�1sn logp1� C2nφnq �
n� vi

2
logp1� C 1ψ2

nqqs

¤ rCp1� C 1ψ2
nq�k

n�vi
4

pÝÑ 0.

Next we establish the strong model selection consistency results under two scenarios. First for

overfitting models,

¸
γPS1

PCpγ|Z1, ..., Zkq{PCpγ0|Z1, ..., Zkq ¤ rCk
¸
γPS1

�1� C3ρn

p
α0�2M{k
n

	�2�1kp|γ|�snq

� rCk
rn�sn¸
r�1

�
pn � sn

r


�1� C3ρn

p
α0�2M{k
n

	�rk{2
¤ rCk

rn�sn¸
r�1

prn
r!

� pα0�2M{k
n

1� C3ρn

	rk{2
� rCk

rn�sn¸
r�1

1

r!

�pα0�p2M�2q{k
n

1� C3ρn

	rk{2
¤ rCk

rn�sn¸
r�1

�pα0�p2M�2q{k
n

1� C3ρn

	kr{2

¤ rCk

�
p
α0�p2M�2q{k
n

1�C3ρn

	k{2
1�

�
p
α0�p2M�2q{k
n

1�C3ρn

	k{2 pÝÑ 0,

where the last limit result follows from the assumption that p
α0�2pM�1�Lq{k
n � opρnq. For wrong

models, by rn log p � opn logp1� ψ2
nqq, we have

¸
γPS2

PCpγ|Z1, ..., Zkq{PCpγ0|Z1, ..., Zkq ¤ rCktpkrnn p1� C 1kψ2
nq�pkn�

°
viq{4u pÝÑ 0.

Second, we consider γ0 � 0. In this situation, S2 is empty, we only need to consider S1.

In this case T4 � 0, T1 and T3 are bounded as before. Similar to the argument above, T2 ¥

2�1|γ| logp1� C3n
1�δφ

n
q, and T5 ¥ �2�1|γ|α0 log pn. Therefore, the proof is completed.

The composite posterior probability of the true model can be formulated as

PCpγ0|Z1, Z2, ..., Zkq � 1

1�°
γ�γ0 PCpγ|Z1, Z2, ..., Zkq{PCpγ0|Z1, Z2, ..., Zkq .
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Following Theorem 2.2.1, we can get

inf
ci,1,...,ci,pnPrφn,φns,iPt1,...,ku

PCpγ0|Z1, Z2, ..., Zkq pÝÑ 1.

This implies that the composite posterior probability of the true model converges to 1, thereby

establishing the strong consistency of the model selection procedure. Achieving this result requires

demonstrating that the sum of the Bayes factors tends to zero, as shown by Shang and Clayton

(2011). This condition is stronger than the weaker consistency, which only requires each individual

Bayes factor to approach zero.

2.2.2 Model selection with sub-exponential random errors

The sub-Gaussian error distributions discussed in the previous subsection exhibit tail behavior

similar to that of Gaussian distributions, with tail probabilities decaying exponentially fast. In

contrast, sub-exponential distributions have heavier tails, resulting in slower decay of their tail

probabilities compared to Gaussian distributions.

In this subsection, we extend our model selection results to accommodate sub-exponential

random errors. Although exponential deviation inequalities for weighted sums of independent sub-

exponential random variables are available, the control over large deviations is governed by weaker

bounds. To address the challenges posed by the heavier tails of sub-exponential distributions, we

introduce modified assumptions tailored to this setting.

Assumption 2.2.5 It is assumed that sn ¤ rn ¤ n, and

maxtr2n log2 pn, rn log nu � opn logp1�mint1, ψ2
nuqq.

Remark 2.2.5 Similar to Assumption 2.2.2, this assumption limits the considered model size to

be smaller than the data size. Compared to Assumption 2.2.3 for sub-Gaussian errors, Assumption

25



2.2.5 for sub-exponential errors is more stringent, requiring a lower growth rate of rn, with respect to

the sample size n. When ψn ¡ 0, Assumption 2.2.5 can be simplified to maxtr2n log2 pn, rn log nu �

opnq. This indicates that, for the same rn, the sub-exponential distributions require a larger sample

size compared to sub-Gaussian distributions to achieve similar guarantees.

Theorem 2.2.2 Under Assumptions 2.2.1, 2.2.2, 2.2.4, 2.2.5, if for some α0 ¡ 7, p
α0�2M{k
n �

opn1�δφ
n
q, then

sup
ci,1,...,ci,pnPrφn,φns,iPt1,...,ku

max
γ�γ0

PCpγ|Z1, Z2, ..., Zkq{PCpγ0|Z1, Z2, ..., Zkq pÝÑ 0.

If p
α0� 2pM�1q

k
n � opn1�δφ

n
q, then

sup
ci,1,...,ci,pnPrφn,φns,iPt1,...,ku

¸
γ�γ0

PCpγ|Z1, Z2, ..., Zkq pÝÑ 0.

Lemma 2.2.4 Suppose that εi � SubEpσ2, bq, that is for @t : |t|   1{b,Eetεi ¤ et
2σ2{2, for

i P t1, . . . , nu, X is n � pn dimensional matrix satisfies the assumptions of design matrix, Xγ is

constructed by the columns of X, which are indexed by 1 in γ.

(a). Let vγ � pIn � PγqXγ0zγβ0
γ0zγ. If S2 is not empty, then

max
γPS2

|vJγ ε|{||vγ ||2 ¤ 4rn log pn{λ

with probability tending to 1, for some 0   λ ¤ 1{b, where we adopt the convention that |vJγ ε|{||vγ ||2 �

0 when vγ � 0.

(b). If S1 is not empty, with probability approaching 1,

max
γPS1

εJpPγ � Pγ0qε ¤ 7ασ2p|γ| � snq log pnq,

for some α ¡ 1.

(c). If S2 is not empty,

max
γPS2

εJPγε ¤ 7ασ2|γ| log pn
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with probability approaching 1, for some α ¡ 1. We adopt the convention that εJPγε{|γ| � 0, when

γ is empty.

Proof of Lemma 2.2.4. (a) Denote vγ{||vγ || � V � pV1, ..., VnqJ, ε � pε1, ..., εnqJ. Then

EpeλV Jεq � Epeλ
°n
i�1 Viεiq �

n¹
i�1

EpeλViεiq.

Using the definition, we obtain the following inequality. When |λVi| ¤ |λ| ¤ 1{b,

EpeλViεiq ¤ e
λ2V 2

i σ
2

2 .

Thus,

EpeλV Jεq �
n¹
i�1

EpeλViεiq ¤ e
λ2σ2

°n
i�1 V

2
i

2 � e
λ2σ2

2 .

Then by Markov’s inequality,

PrpV Jε ¥ tq � PrpeλV Jε ¥ eλtq ¤ EpeλV Jεq
eλt

¤ e
λ2σ2

2
�λt ¤ e�

λt
2 ,

when |λ| ¤ 1{b, t ¥ σ2{b.

Denote the size of S2 by |S2|. Then we have

|S2| ¤
�
pn
1

�� �
pn
2

�� ...� �
pn
rn

� ¤ ¸
`¤rn

p`n{`! ¤ prnn .

Choose a λ such that |λ| ¤ 1{b. With sufficient large rn such that 2rn ¥ σ2λ{b, we have

Prpmax
γPS2

|vJγ ε|
||vγ || ¥ 4rn log pn{λq ¤

¸
γPS2

Prp |v
J
γ ε|

||vγ || ¥ 4rn log pn{λq

¤ prnn expp�4λrn log pn{p2λqq � p�rnn Ñ 0,

as nÑ 8.
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(b). When γ P S1, Pγ � Xγ

�
XJ
γXγ

	�1

XJ
γ is a projection matrix with dimension |γ|. The

true model γ0 is nested in model γ, so

Pγ � Pγ0 � Xγ

�
XJ
γXγ

	�1

XJ
γ �Xγ0

�
XJ
γ0
Xγ0

	�1

XJ
γ0

and

Pγzγ0 � Xγzγ0
�
XJ
γzγ0Xγzγ0

	�1

XJ
γzγ0

are both projection matrices with dimension |γ| � |γ0|. By eigenvalue decomposition,

Xγzγ0
�
XJ
γzγ0Xγzγ0

	�1

XJ
γzγ0 � R

�����Iγzγ0
O

����
RJ,

Xγ

�
XJ
γXγ

	�1

XJ
γ �Xγ0

�
XJ
γ0
Xγ0

	�1

XJ
γ0
� Q

�����Iγzγ0
O

����
QJ,

where Q and R are orthogonal matrix containing all eigenvectors of Pγ�Pγ0 and Pγzγ0 respectively.

So, we have

Xγ

�
XJ
γXγ

	�1

XJ
γ �Xγ0

�
XJ
γ0
Xγ0

	�1

XJ
γ0
� QRJXγzγ0

�
XJ
γzγ0Xγzγ0

	�1

XJ
γzγ0RQ

J

� rV ApAJAq�1AJrV J,

where rV � QRJ, A � Xγzγ0 . Next,

εJ
�
Pγ � Pγ0

�
ε � εJrV ApAJAq�1AJrV Jε

� εJrV A?
n
pA

JA
n

q�1A
JrV J
?
n
ε

� εJrV A?
n
pA

JA
n

q� 1
2 pA

JA
n

q� 1
2
AJrV J
?
n
ε

� UJU , (2.3)
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where U � pAJA{nq�1{2AJrV Jε{?n � H�1{2AJrV Jε{?n, and H � AJA{n. Denote rV �

p rV1, rV2, ... rVnqJ, where rVi’s are column vectors. Let ε � pε1, ..., εnqJ. Then

U � H�1{2AJrV Jε{?n � 1{?nH�1{2AJp rV1, rV2, ... rVnqpε1, ..., εnqJ
� 1{?nH�1{2AJp rV1ε1 � � � � � rVnεnq.

Thus the moment generating function of U is

EpetJU q � EpetJ 1?
n
H� 1

2AJ°n
i�1

rViεiq �
n¹
i�1

Epe t
J?
n
H� 1

2AJ rViεiq �
n¹
i�1

Epe
si?
n
εiq

by setting si � tJH�1{2AJ rVi. Using the definition of sub-exponential distribution, when |si| ¤
?
n{b, Epe

si?
n
εiq ¤ exp

s2i σ
2

2n , then

EpetJU q ¤ exp

�
ņ

i�1

σ2s2i
2n

�
.

By the fact that

ņ

i�1

s2i �
ņ

i�1

tJH� 1
2AJ rVi rV J

i AH
� 1

2 t � tJH� 1
2AJ

�
ņ

i�1

rVi rV J
i

�
AH� 1

2 t

� tJH� 1
2AJrV JrV AH� 1

2 t � tJH� 1
2AJAH� 1

2 t � ntJt,

so EpetJU q ¤ exp
�
σ2tJt{2�. For si, we have

|si| � |tJH� 1
2AJ rVi|

¤ ||t||
brV J

i AH
�1AJ rVi.

Denote Q � pQ1, ...,QnqJ. Then

rV � QRJ � pRQJqJ � pRpQ1, ...,QnqqJ � pRQ1, ..., RQnqJ.
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By the properties of semi-positive definite matrix and Assumption 2.2.1, we have

rV J
i AH

�1AJ rVi � QJ
i R

JAH�1AJRQi � nQJ
i R

JApAJAq�1AJRQi

� nQJ
i

�����Iγzγ0
O

����
Qi � n

�
Xγ

�
XJ
γXγ

	�1

XJ
γ �Xγ0

�
XJ
γ0
Xγ0

	�1

XJ
γ0



ii

�
�
Xγ

�
XJ
γXγ{n

	�1

XJ
γ



ii

�
�
Xγ0

�
XJ
γ0
Xγ0{n

	�1

XJ
γ0



ii

¤
�
Xγ

�
XJ
γXγ{n

	�1

XJ
γ



ii

¤ C�1
5 pXγXJ

γ qii ¤ C2
4C

�1
5 |γ| ¤ C2

4C
�1
5 rn.

Therefore, |si| ¤
a
C2

4C
�1
5 rn||t||. When ||t|| ¤

b
n

C2
4C

�1
5 b2rn

, we have si ¤
?
n{b,EpetJU{σq ¤ et

Jt{2,

which means thatU{σ satisfies the exponential moment condition. Using Corollary 4.2 in Spokoiny

(2013), we have

Pr
�
εJpPγ � Pγ0qε{σ2 ¥ p|γ| � sn � 6xq{σ2

�
� Pr

�
εJpPγ � Pγ0qε{σ2 ¥ p|γ| � sn � 6ασ2p|γ| � snq log pnq{σ2

�
¤ 10.4 expp�pαp|γ| � snq log pnqq

¤ 10.4 expp�αp|γ| � snq log pnq.

Thus,

Prpmax
γPS1

εJpPγ � Pγ0qε ¥ p7ασ2p|γ| � snq log pnqq

¤ Prpmax
γPS1

εJpPγ � Pγ0qε ¥ p|γ| � sn � 6ασ2p|γ| � snq log pnqq
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¤
¸
γPS1

Pr
�
εJpPγ � Pγ0qε ¥ p|γ| � sn � 6ασ2p|γ| � snq log pnq

�

�
¸
γPS1

10.4p�αp|γ|�snqn ¤
rn�sn¸
r�1

�����pn � sn

r

����
p�α{rn

¤ p1� p�αn qpn�sn � 1 Ñ 0.

(c). We reformulate the following quadratic form

εJXγpXJ
γXγq�1XJ

γ ε �
εJXγ?

n
pX

J
γXγ

n
q�1

XJ
γ ε?
n

� εJXγ?
n
pX

J
γXγ

n
q� 1

2 pX
J
γXγ

n
q� 1

2
XJ
γ ε?
n

� UJU ,

whereU � pXJ
γXγ{nq�1{2XJ

γ ε{
?
n � H�1{2XJ

γ ε{
?
n, andH � XJ

γXγ{n. DenoteXγ � pX1,X2, ...XnqJ,

where Xi’s are column vectors. Denote ε � pε1, ..., εnqJ. Then

U � H�1{2XJ
γ ε{

?
n � H�1{2pX1,X2, ...,Xnqpε1, ..., εnqJ{

?
n � H�1{2

ņ

i�1

Xiεi{
?
n.

Thus the moment generating function of U is

EpetJU q � EpetJ{
?
nH�1{2°n

i�1Xiεiq

�
n¹
i�1

EpetJ{
?
nH�1{2Xiεiq �

n¹
i�1

Epesi{
?
nεiq ¤ e

°n
i�1 s

2
i σ

2{p2nq

by setting si � tJH� 1
2Xi. When |si| ¤

?
n{b,

EpetJU q ¤ exp

�
σ2

2n

ņ

i�1

s2i

�
.

By the fact that

ņ

i�1

s2i �
ņ

i�1

tJH� 1
2XiX

J
i H

� 1
2 t � tJH� 1

2

�
ņ

i�1

XiX
J
i

�
H� 1

2 t

� tJH� 1
2XJ

γXγH
� 1

2 t � ntJt,
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we have EpetJU q ¤ exp
�
σ2tJt{2�. For si, by Assumption 2.2.1, we have

|si| � |tJH� 1
2Xi| ¤ ||t||

b
XJ

i H
�1Xi

¤ ||t||||Xi||C� 1
2

5 ¤ C4C
� 1

2
5

a
|γ|||t||

¤ C4C
� 1

2
5

?
rn||t||.

When ||t|| ¤
b

n
b2C2

4C
�1
5 rn

, we have si ¤
?
n{b, and EpetJU{σq ¤ et

Jt{2, which means that U{σ

satisfies the exponential moment condition.

Pr
�
εJXγ

�
XJ
γXγ

	�1

XJ
γ ε ¥ t

�
� Pr

�εJXγ?
n

�
XJ
γXγ

n

�� 1
2

I|γ|

�
XJ
γXγ

n

�� 1
2 XJ

γ ε?
n
¥ t

�
� Pr

�
UJI|γ|U ¥ t

	
� Pr

�
UJI|γ|U{σ2 ¥ t{σ2

	
.

By Corollary 4.2 in Spokoiny (2013), we have

Pr
�
εJXγ

�
XJ
γXγ

	�1

XJ
γ ε ¥ |γ| � 6x

�
¤ 10.4 expp�x{σ2q � 10.4 expp�α|γ| log pnq � 10.4p�α|γ|n .

This entails

Prpmax
γPS2

εJPγε ¥ 7xq � Prp max
γPS2zH

εJPγε ¥ 7xq

¤
¸

γPS2zH
Pr
�
εJPγε ¥ |γ| � 6x

� ¤ ¸
γPS2zH

10.4p�α|γ|n

¤
rņ

r�1

�����pn
r

����
10.4p�αrn ¤ 10.4pp1� p�αn qpn � 1q Ñ 0.
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Lemma 2.2.5 When n tends to infinity, for γ P S1, there exists a constant α0 ¡ 7, such that

T
piq
5 ¥ �2�1p|γ| � snqα0 log pn

with probability tending to 1. When γ0 � 0, for γ P S2, there exists a constant C 1 such that

T
piq
5 ¥ pn� viq{2 logp1� C 1ψ2

nq

with probability tending to 1. When γ0 � 0, S2 is empty. Then T
piq
5 is not considered.

Proof of Lemma 2.2.5. We consider two cases of γ P S1 and γ P S2 separately. Suppose εi �

SubEpσ2
i , bq, i P t1, . . . , ku. According to Assumption 2.2.5, r2n log2 pn � opn logp1�ψ2

nqq. Therefore,

r2n log2 pn � opnψ2
nq. Let vi,γ � pIn�Pi,γqXi,γ0zγβ

0
i,γ0zγ . For any γ P S2, according to Lemma 2.2.4

(a) and (c), there exists C ¡ 0 such that when n goes to infinity, with probability tending to 1,

yJi pIn � Pi,γqyi � ||vi,γ ||22 � 2vJi,γεi � εJi pIn � Pi,γqεi

¥ ||vi,γ ||22 � 2Crn log pn||vi,γ ||2 � εJi εi � 7ασ2
i |γ| log pn

¥ ||vi,γ ||22
�

1� 2C
rn log pn
||vi,γ ||2 � 7α|γ| log pn

nϕminpnqψ2
n

	
� εJi εi

� ||vi,γ ||22p1� op1qq � εJi εi

¥ nϕminpnqψ2
np1� op1qq � εJi εi.

Note that Assumption 2.2.5 implies that sn � opnq, and therefore, yJi pIn � Pi,γ0qyi � εJi pIn �

Pi,γ0qεi � pn � snqσ2
i p1 � opp1qq. Thus, for γ P S2, there exists a C 1 such that with probability

tending to 1,

T5 ¥ n� vi
2

log
�1� nϕminpnqψ2

np1� op1qq � εJi εi
1� pn� snqσ2

i p1� opp1qq
	
¥ n� vi

2
logp1� C 1ψ2

nq.

On the other hand, for γ P S1, by the properties of projection matrices and Lemma 2.2.4 (b), with
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probability tending to 1,

1� yJi pIn � Pi,γqyi
1� yJi pIn � Pi,γ0qyi

� 1� yJi pPi,γ � Pi,γ0qyi
1� yJi pIn � Pi,γ0qyi

� 1� β
0
γ0
XJ
γ0
pPi,γ � Pi,γ0qXγ0βγ0 � 2β0J

γ0
XJ
γ0
pPi,γ � Pi,γ0qεi � εJi pPi,γ � Pi,γ0qεi

1� yJi pIn � Pi,γ0qyi
� 1� εJi pPi,γ � Pi,γ0qεi

1� εJi pIn � Pi,γ0qεi
¥ 1� 7αp|γ| � snq log pn

n
,

where α0 ¡ 7α ¤ α0. Using the fact that logp1�xq ¥ �x for x P p0, 1{2q, with probability tending

to 1, T
piq
5 ¥ n�vi

2
log

�
1� 7αp|γ|�snq log pn

n

	
¥ �2�1α0p|γ| � snq log pn.

Proof of Theorem 2.2.2. First, we consider γ0 � 0. Combining the results from the lemmas, we

obtain the bounds for each of the terms, T1, T2, T3, T4, and T5. Using the fact that p
α0� 2M

k
n � opρnq

with ρn � n1�σφ
n
, uniformly for γ P S1 with probability tending to 1,

PCpγ|Z1, ..., Zkq{PCpγ0|Z1, ..., Zkq

¤ rC exp

�
�|γ| � sn

2
plogp1� C3ρnq � α0 log pnq


k �
q

1� q


|γ|�sn

� rC �
1� C3ρn
pα0
n


� kp|γ|�snq
2

�
q

1� q


|γ|�sn

� rC
��� pα0

n

1� C3ρn

�
p�Mn

1� p�Mn

� 2
k

��

kp|γ|�snq

2

�
�� p

α0� 2M
k

n

p1� C3ρnqp1� p�Mn q 2
k

�

kp|γ|�snq

2

pÝÑ 0,when nÑ 8,

where rC is a constant depending on the lower bound of T
piq
4 . By Assumptions 2.2.2 and 2.2.5,
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sn logp1� C2nφnq ! pn� viq{2 logp1� C 1ψ2
nq. Therefore, with probability tending to 1, uniformly

for γ P S2,

PCpγ|Z1, ..., Zkq{PCpγ0|Z1, ..., Zkq

¤ rC exp

�
snk

2
logp1� C2nφnq �

kn�°
vi

2
logp1� C 1ψ2

nq

�

q

1� q


|γ|�sn

¤ rCp1� C 1ψ2
nq�

nk�° vi
4

�
q

1� q


|γ|�sn
pÝÑ 0,

when nÑ 8.

To establish the stronger version of the model selection consistency, which demonstrates that

the probability of selecting true model approaches 1, we consider two cases of overfitting models

and wrong models. For overfitting models, we have

¸
γPS1

PCpγ|Z1, ..., Zkq{PCpγ0|Z1, ..., Zkq ¤ rC ¸
γPS1

p1� C3ρn

p
α0� 2M

k
n

q�2�1kp|γ|�snq

� rC rn�sn¸
r�1

�
pn � sn

r



p1� C3ρn

p
α0� 2M

k
n

q�rk{2 ¤ rC rn�sn¸
r�1

prn
r!
p p

α0� 2M
k

n

1� C3ρn
qrk{2

� rC rn�sn¸
r�1

1

r!
pp

α0� 2M�2
k

n

1� C3ρn
qrk{2 ¤ rC rn�sn¸

r�1

pp
α0� 2M�2

k
n

1� C3ρn
qkr{2

¤ rC pp
α0� 2M�2

k
n

1�C3ρn
qk{2

1� pp
α0� 2M�2

k
n

1�C3ρn
qk{2

pÝÑ 0, when nÑ 8,

where the last limit result comes from the assumption that p
α0�p2�2Mq{k
n � opρnq. Note that

�
q

1� q


|γ|�sn
¤
�

1� q

q


sn

¤ q�sn � pMsn
n .

Using the fact that r2n log pn � opn logp1� ψ2
nqq, for γ P S2, we have

¸
γPS2

PCpγ|Z1, ..., Zkq{PCpγ0|Z1, ..., Zkq ¤ rCpMsn
n p1� C 1ψ2

nq�pkn�
°
viq{4 pÝÑ 0.
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When γ0 is null, similar to the null case in the sub-Gaussian section, we can prove the theorem

as well. Thus

PCpγ0|Z1, ..., Zkq pÝÑ 1.

Remark 2.2.6 Theorem 2.2.2 implies the strong model selection consistency result under sub-

exponential error distributions. For both Theorems 2.2.1 and 2.2.2, if a larger M is chosen in the

prior probability q � p�Mn , it will make the requirement on pn less stringent and allow pn to grow

at a higher rate with the sample size n.

2.3 Union support recovery

In the previous sections, we focued on the setting that the true model is identical across dif-

ferent platforms. However, in real-world applications, different platforms may share a common

set of important predictors while still having distinct true models. For example, in the analysis

of handwritten digit images, chirography can vary among individuals. For the same digit, the

pixel-based features are similar but not identical across different people (Ramesh et al. (2022)).

When handwriting samples are collected from different individuals, viewed as separate platforms,

the underlying models may exhibit broad concordance while differing in finer details. Another

example involves multitask learning, as considered by Park and D’Amico (2024), where three

tasks—predicting satellite key points, direct pose regression, and binary segmentation of the satel-

lite foreground—were jointly modelled. While these tasks are distinct, they are fundamentally

connected by the spacecraft’s core features, including its geometry and pose.

Selecting the predictors that are important in at least one platform corresponds to identifying
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the union of the true models across different platforms, referred to as union support recovery. In

this section, we demonstrate that when the true model varies across platforms, the model selection

criterion in Equation (2.1) is consistent in selecting the union of the true models.

From earlier discussions, it is evident that the ratio of the model selection criterion between

the true model and an under-fitting model decreases exponentially with the sample size, while

the ratio between the true model and an over-fitting model decreases at a much slower rate. The

union support model is either the true model or an over-fitting model for all platforms, whereas

any other competing model is an under-fitting model for at least one platform. Consequently, the

union support model is preferred by the model selection criterion.

Assume that the true models for each platform are γ0
1 , ...,γ

0
k , which are not necessarily identical.

The union of the true models is denoted by γo, whose jth element is defined by γoj � Itpγ01j �

� � � � γ0kjq � 0u, j P t1, . . . , pnu. Denote S3 � tγ | γozγ � 0,γo � γu and S4 � tγ | γozγ � 0u.

Then, S3 Y S4 Y tγou is the whole model space. Denote

pcpγ|Ziq9|Wi,γ |� 1
2 p1� yJi pIn �Xi,γpXJ

i,γXi,γ � Σ�1
i,γq�1XJ

i,γqyiq�
n�vi

2 ,

and

PCpγ|Z1, ..., Zkq{PCpγo|Z1, ..., Zkq � ppγq
ppγoq

k¹
i�1

t pcpγ|Ziq
pcpγo|Ziqu.

Assumption 2.3.1 It is assumed that for some constant C 1 ¡ 0,

rn logp1� nφnq � opn logp1� C 1ψ2
nqq,

where ψn is defined in Assumption 2.2.2.

Remark 2.3.1 When the true models differ across platforms, a single candidate model may simul-

taneously overfit some platforms while underfitting others. This scenario necessitates calculating
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the lower bound of the Bayes factors between an overfitting model and an underfitting model. To

establish this lower bound, Assumption 2.3.1 is required.

Theorem 2.3.1 Under Assumptions 2.2.1, 2.2.3, 2.2.4, 2.2.5, 2.3.1 , given sub-Gaussian random

errors with some α0 ¡ 2 or given sub-exponential random errors with some α0 ¡ 7, if p
α0�2M{k
n �

opn1�δφ
n
q, then

sup
ci,1,...,ci,pnPrφn,φns,iPt1,...,ku

max
γ�γo

PCpγ|Z1, Z2, ..., Zkq{PCpγo|Z1, Z2, ..., Zkq pÝÑ 0.

If p
α0�2pM�1q{k
n � opn1�δφ

n
q, then

sup
ci,1,...,ci,pnPrφn,φns,iPt1,...,ku

¸
γ�γo

PCpγ|Z1, Z2, ..., Zkq pÝÑ 0.

To prove Theorem 2.3.1, we need to introduce two lemmas.

Lemma 2.3.1 Suppose that γ0
i is the true model for Zi, and γo is an over-fitting model for Zi.

Under Assumptions 2.2.1, 2.2.2, 2.2.5, 2.3.1, for model γ, with γ0
i � γ � γo, there exists a

constant C7 such that

pcpγ|Ziq{pcpγo|Ziq ¤ C7p1� nC6 φnq|γo|{2

with probability tending to 1.

Lemma 2.3.2 Under Assumptions 2.2.1, 2.2.2, 2.2.5, 2.3.1, if γ P S3, there exists a constant C8

such that

pcpγ|Ziq{pcpγo|Ziq ¤ C8

�
expp�2�1p|γ| � |γo|qq logpp1� C3ρnq{pα0

n q
	

with probability tending to 1. If γ P S4, and γ0
i � γ, then

pcpγ|Ziq{pcpγo|Ziq ¤ C9p1� C 1ψ2
nq�

n�vi
4

with probability tending to 1.
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Proof of Lemma 2.3.1. According to Equation 2.2, we have

� log
�pcpγo|Ziq
pcpγ|Ziq

	
� 1

2
log

� |Wi,γo |
|Wi,γ |

	
� n� vi

2
log

�1� yJi pIn �Xi,γoU
�1
i,γo
XJ
i,γoqyi

1� yJi pIn � Pi,γoqyi
	

� n� vi
2

log
�1� yJi pIn �Xi,γU

�1
i,γX

J
i,γqyi

1� yJi pIn � Pi,γqyi
	

� n� vi
2

log
�1� yJi pIn � Pi,γoqyi

1� yJi pIn � Pi,γqyi
	)

� T
piq
2 � T

piq
3 � T

piq
4 � T

piq
5 . (2.4)

Note that |Wi,γ | ¥ 1. For T
piq
2 , according to Assumption 2.2.1,

T
piq
2 � 1{2 logp |Wi,γo |

|Wi,γ | q ¤ 1{2 log |Wi,γo | � 1{2 logp|Ui,γo ||Σi,γo |q

� 1{2 logp|I|γo| �XJ
i,γoXi,γoΣi,γo |q ¤ 1{2|γo| logp1� C2nφnq.

Since

Ui,γ � XJ
i,γXi,γ � Σ�1

i,γ ¥ XJ
i,γXi,γ ,

we have T
piq
4 ¥ 0 for any n. Next, we establish a bound for T

piq
3 . Let

∆ � yJi Xi,γopXJ
i,γoXi,γoq�1pΣγo � pXJ

i,γoXi,γoq�1q�1pXJ
i,γoXi,γoq�1XJ

i,γoyi.

By the Sherman-Morrison-Woodbury formula,

U�1
i,γo

�pXJ
i,γoXi,γo � Σ�1

i,γo
q�1 � pXJ

i,γoXi,γoq�1

� pXJ
i,γoXi,γoq�1pΣγo � pXJ

i,γoXi,γoq�1q�1pXJ
i,γoXi,γoq�1.

This implies that

U�1
i,γo

� pXJ
i,γoXi,γoq�1 �� pXJ

i,γoXi,γoq�1pΣγo � pXJ
i,γoXi,γoq�1q�1pXJ

i,γoXi,γoq�1.

Thus,
1� yJi pIn �Xi,γoU

�1
i,γo
XJ
i,γoqyi

1� yJi pIn � Pi,γoqyi
� 1� y

J
i pPi,γo �Xi,γoU

�1
i,γo
XJ
i,γoqyi

1� yJi pIn � Pi,γoqyi
� 1� y

J
i Xi,γoppXJ

i,γoXi,γoq�1 � U�1
i,γo
qXJ

i,γoyi

1� yJi pIn � Pi,γoqyi
� 1� ∆

1� yJi pIn � Pi,γoqyi
.

39



Using the facts that pa� bq2 ¤ 2pa2� b2q, and yi � Xi,γoβ
0
i,γ0

i
� εi, and pΣi,γo �pXJ

i,γoXi,γoq�1q�1 ¤

Σ�1
i,γo

, we have

1� ∆

1� yJi pIn � Pi,γoqyi
¤

1� 2
β0J
i,γ0

i
Σ�1
i,γo
β0
i,γ0

i
� εJi Xi,γopXJ

i,γoXi,γoq�1Σ�1
i,γo
pXJ

i,γoXi,γoq�1XJ
i,γoεi

1� yJi pIn � Pi,γoqyi
.

By Assumption 2.2.2, φ
n
Iγo ¤ Σi,γo , therefore

1� ∆

1� yJi pIn � Pi,γoqyi
¤ 1� 2φ�1

n

}β0
i,γ0

i
}2o � εJi Xi,γopXJ

i,γoXi,γoq�2XJ
i,γoεi

1� yJi pIn � Pi,γoqyi
.

Next, we have

yJi pIn � Pi,γoqyi{n ¤ yJi pIn � Pi,γ0
i
qyi{n � εJi pIn � Pi,γ0

i
qεi{n

� εJi pIn � Pi,γ0
i
qεi

pn� |γ0
i |q

n� |γ0
i |

n

pÝÑ σ2
i ,

as n Ñ 8. Note that C5 ¤ λ�p 1nXJ
i,γoXi,γoq and the eigenvalues of pXJ

i,γoXi,γoq�1 are the same as

these of Xi,γopXJ
i,γoXi,γoq�2XJ

i,γo . Therefore,

εJi Xi,γopXJ
i,γoXi,γoq�2XJ

i,γoεi ¤ εJi I|γo|εiλmaxppXJ
i,γoXi,γoq�1q

¤εJi I|γo|εiλ�pXJ
i,γoXi,γoq�1 ¤ εJi I|γo|εipnC5q�1.

Suppose for platform i, i P t1, . . . , ku, the variace of εi1, ..., εin are the same, the value is denoted

as varpεiq. Next, we have

EpεJi Xi,γopXJ
i,γoXi,γoq�2XJ

i,γoεiq ¤ varpεiq|γo|pnC5q�1,

εJi Xi,γopXJ
i,γoXi,γoq�2XJ

i,γoεi � Oppvarpεiq|γo|pnC5q�1q.
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This entails that

1� yJi pIn �Xi,γoU
�1
i,γo
XJ
i,γoqyi

1� yJi pIn � Pi,γoqyi
¤ 1� 2φ�1

n

k2n|γ0
i | �Oppvarpεiq|γo|pnC5q�1q

1� nvarpεiq

¤ 1� 2φ�1

n

k2n|γ0
i | �Oppvarpεiq|γo|pnC5q�1q

1� nvarpεiq

¤ 1� 2φ�1

n

k2n|γ0
i | �Oppvarpεiq|γo|pnC5q�1q

nvarpεiq

� 1� 2k2n|γ0
i |

nφ
n
varpεiqp1�Opp varpεiq|γo|

nϕi,minpnqk2n|γ0
i |
qq ¤ 1� 2k2n|γ0

i |
nφ

n
varpεiqp1� opp1qq.

Consequently, T
piq
3 ¤ C7 with probability approaching 1, where C7 is a constant. As γ � γ0,

1� yJi pIn � Pi,γoqyi
1� yJi pIn � Pi,γqyi � 1� yJi pPi,γ � Pi,γoqyi

1� yJi pIn � Pi,γqyi ¤ 1.

Therefore, T
piq
5 ¤ 0. Combining all the results above, with probability tending to 1,

pcpγ|Ziq{pcpγo|Ziq ¤ C7p1� nC6 φnq|γo|{2.

Lemma 2.3.3 If γ P S3,

T
piq
2 ¥ 1{2p|γ| � |γo|q logp1� C3n

1�δφ
n
q

with probability tending to 1. If γ P S4, and γ0
i � γ, then

T
piq
2 ¥ �1{2|γo| logp1� C2nφnq

with probability tending to 1.

Proof of Lemma 2.3.3. If γ P S3, then using the result in Lemma 2.2.4, we get T
piq
2 ¥ 1{2p|γ| �

snq logp1 � C3n
1�δφ

n
q. If γ P S4,γ

0
i � γ, following similar arguments as in the proof of Lemma

2.2.1, we obtain that T
piq
2 ¥ �1{2|γo| logp1� C2nφnq.

41



Lemma 2.3.4 For γ P S3,

T
piq
5 ¥ �1{2p|γ| � snqα0 log p

with probability tending to 1, where α0 is a constant. For γ P S4, γ
0
i � γ,

T
piq
5 ¥ �1{2pn� viq logp1� C 1ψ2

nq

with probability tending to 1, where C 1 is a constant.

Proof of Lemma 2.3.4. Following the similar arguments as in Lemma 2.2.3 and Lemma 2.2.5, we

obtain the same result for T
piq
5 .

We are not in position to proceed with the proof of Lemma 2.3.2

Proof of Lemma 2.3.2. Combining the results above, we have T
piq
3 ¥ 0, T

piq
4 ¤ C8 with probability

tending to 1, where C8 is a constant. By Lemmas 2.3.3 and 2.3.4, for γ P S3, with probability

tending to 1,

pcpγ|Ziq{pcpγo|Ziq

¤ C8

�
expp�2�1p|γ| � |γo|qq logpp1� C3ρnq{pα0

n q
	
.

For γ P S4 and γ0
i � γ, with probability tending to 1,

pcpγ|Ziq{pcpγo|Ziq ¤C8 expp2�1|γo| logp1� C2nφnq �
n� vi

2
logp1� C 1ψ2

nqq

¤C8p1� C 1ψ2
nq�

n�vi
4 .

Proof of Theorem 2.3.1. We consider three scenarios. Let Ĉ � maxtC7, C8u. First, for all the
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overfitting models,

¸
γPS3

PCpγ|Z1, ..., Zkq{PCpγo|Z1, ..., Zkq �
¸
γPS3

k¹
i�1

t pcpγ|Ziq
pcpγo|Ziqu

ppγq
ppγoq

¤ Ĉk
¸
γPS3

p1� C3ρn

p
α0� 2C

k
n

q�2�1kp|γ|�snq � Ĉk
rn�sn¸
r�1

�
pn � sn

r



p1� C3ρn

p
α0� 2M

k
n

q�rk{2

¤ Ĉk
rn�sn¸
r�1

prn
r!
p p

α0� 2M
k

n

1� C3ρn
qrk{2 � Ĉk

rn�sn¸
r�1

1

r!
pp

α0� 2M�2
k

n

1� C3ρn
qrk{2

¤ Ĉk
rn�sn¸
r�1

pp
α0� 2M�2

k
n

1� C3ρn
qkr{2 ¤ Ĉk

pp
α0� 2M�2

k
n

1�C3ρn
qk{2

1� pp
α0� 2M�2

k
n

1�C3ρn
qk{2

pÝÑ 0,

when n Ñ 8. The last limit result above follows from the assumption that p
α0�2pM�1q{k
n � opρnq.

Secondly, we consider the scenario when γi � γ � γo for some i P D � t1, ..., ku. Then by Lemma

2.3.1 and Assumption 2.3.1,

PCpγ|Z1, ..., Zkq
PCpγo|Z1, ..., Zkq �

¹
jPD

pcpγ|Zjq
pcpγo|Zjq

k¹
j�1,jRD

t pcpγ|Zjq
pcpγo|Zjqu

ppγq
ppγoq

¤ Ĉk�1p1� nC6 φnqpk�1q|γo|{2p1� C 1ψ2
nq�pn�viq{4

pÝÑ 0 when nÑ 8.

Lastly, for other model in S4, PCpγ|Z1, ..., Zkq ¤ PCpγi|Z1, ..., Zkq. Using the assumption that

rn log pn � opn logp1� ψ2
nqq, rn logp1� nφnq � opn logp1� C 1ψ2

nqq, we show that

¸
γPS4

PCpγ|Z1, ..., Zkq{PCpγo|Z1, ..., Zkq

¤ Ĉk�1prnn p1� nC6 φnqpk�1q|γo|{2p1� C 1ψ2
nq�pn�viq{4.

The right-hand side converges to 0 in probability, as nÑ 8.

Theorem 2.3.1 implies

inf
ci,1,...,ci,pnPrφn,φns,iPt1,...,ku

PCpγo|Z1, Z2, ..., Zkq pÝÑ 1,

which establishes the strong model selection consistency for the union model.
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2.4 Gibbs sampling and simulation

Initialize: γp0q where the superscript ptq means the tth iteration

for t � 1, 2, . . . do

γ
ptq
�1 � ppγ�1|γ�2 � γ

pt�1q
�2 , γ�3 � γ

pt�1q
�3 , ..., γ�p � γ

pt�1q
�p q

γ
ptq
�2 � ppγ�2|γ�1 � γ

ptq
�1 , γ�3 � γ

pt�1q
�3 , ..., γ�p � γ

pt�1q
�p q

...

γ
ptq
�p � ppγ�p|γ�1 � γ

ptq
�1 , γ�2 � γ

ptq
�2 , ..., γ�p�1 � γ

ptq
�p�1q

end for

noend 1: Gibbs sampler

We use PCpγ|Z1, ..., Zkq as the model selection criterion and search for the optimal model that

maximizes PCpγ|Z1, ..., Zkq. After incorporating the normalizing constant, PCpγ|Z1, ..., Zkq repre-

sents a valid probability distribution over the model space. To explore this probability distribution

and select the model with the highest probability, we employ Gibbs sampling procedure. The al-

gorithm is outlined in the table above and the conditional probabilities used in the Gibbs sampling

procedure are:

ppγ�j|γ�1, ..., γ�j�1, γ�j�1, ..., γ�pq �
PCpγ�1, ..., γ�p|Z1, ..., Zkq

PCpγ�,�j, γ�,j � 0|Z1, ..., Zkq � PCpγ�,�j, γ�,j � 1|Z1, ..., Zkq ,

where γ�,�j � pγ�1, ..., γ�j�1, γ�j�1..., γ�pq.

In the numeric studies, we compare the proposed Bayesian model selection method with the

group LASSO algorithm implemented by R package FusionLearn (Gao and Zhong (2019)). Addi-

tionally, we evaluate the performance of the Bayesian method applied separately to each dataset,

44



as well as two alternative approaches: the union method, which combines all predictors selected

from the four marginal models, and the intersection method, which selects only the predictors

common across the four marginal models. These comparisons provide a comprehensive assessment

of the proposed Bayesian method’s effectiveness relative to established techniques and alternative

strategies.

We simulate data from k different platforms. We let k � 4, and generate an n � 4 response

matrix py1,y2,y3,y4q. The row vector pyi,1, yi,2, yi,3, yi,4q follows a multivariate heavy-tailed distri-

bution with means equal to pXJ
i1β

0
1, X

J
i2β

0
2, X

J
i3β

0
3, X

J
i4β

0
4q, variances equal to one and covariances

of 0.6 or 0.8. To demonstrate the robust performance in handling heavy-tailed distributions, we

selected the multivariate t-distribution, which exhibits heavier tails compared to the typical sub-

exponential distribution. We choose these two levels of covariance to represent both medium and

high correlation scenarios across the platforms. The row of design matrix Xi is generated from a

p-dimensional multivariate normal distribution with mean equal to zero, variances equal to one,

and covariances equal to 0.2 or 0.5. These two covariance levels represent low and medium corre-

lations among the predictors. The consistency of LASSO method (Zhao and Yu (2006)) requires

the irrepresentable condition, which will be violated under high correlations among the predictors.

The consistency of our proposed method also requires the eigenvalues of the design matrix to be

bounded away from zero. So the performance of our method is also affected if the correlations are

too high. In addition, we consider the situation of large correlations within blocks of predictors.

We partition the predictors into blocks of 20 members and all predictors within each block have

correlations 0.8, whereas predictors from different blocks have zero correlations.

The sample size n is set to 500 or 800 and the number of predictors p is set to 1000. The true

model size sn is set to 10 and the maximum model size rn is set to 20. The nonzero parameters
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Table 2.1: The summary of different simulation settings.

Case corrpxq corrpyq n Case corrpxq corrpyq n

A 0.2 0.8 500 D 0.2 0.8 800

B 0.5 0.8 500 E 0.8 0.8 500

C 0.2 0.6 800 F 0.8 0.8 800

The symbol corrpxq denotes the correlation among the covariates; the symbol corrpyq denotes

the correlation among the responses from different platforms. For Case E and F, corrpxq denotes

the blockwise correlation among the covariates.

are simulated from Up0.5, 1q. We choose this range because the lower bound is sufficiently away

from zero so that the methods are able to detect these nonzero parameters. We choose the upper

bounds to not be too high so that different methods can compete in terms of their performance. If

the nonzero parameters are set too high, all the competing methods would exhibit similarly good

performance. In total, we consider six different simulation settings which are summarized in Table

2.1. Under each setting, we simulate 100 datasets.

To initialize the Markov chain at a starting model, we use a ranked t-test to sort the predictors

and select the highest rn predictors in the initial model. We set the hyper-parameters vi � 2,

c1j � c2j � 4, and c3j � c4j � 10. After initializing the Markov chain, we use Gibbs sampling

to update the models and calculate the composite posterior probability of each model. For one

trial, we simulate 50000 runs, burn in the first 20000 runs and record all the models selected in

each run. The final model is the one that occurs most frequently. The results of 100 simulations

are provided in Figure 2.1. We use positive selection rate (psr) and false discovery rate (fdr) to
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compare the performance of the methods:

psr �
°pn
j�1 Ipγ̂.j � 0qIpγoj � 0q°pn

j�1 Ipγoj � 0q ,

fdr �
°pn
j�1 Ipγ̂.j � 0qIpγoj � 0q°pn

j�1 Ipγ̂.j � 0q ,

where γ̂.j and γoj denote the indicators of the jth predictor for the selected model and the true

model, respectively. From Figure 2.1, we observe that all the methods improve their performance

with the increase in sample size. The proposed Bayesian method greatly outperforms the marginal

methods, the intersection method, and the union method. The proposed Bayesian method has

comparable performance over the group LASSO method, with the Bayesian method exhibiting a

higher positive selection rate but also a higher false discovery rate. We evaluate the performance

of each method when the correlations among the predictors increase. The group LASSO method’s

performance deteriorates as the correlation among the predictors increases, whereas the proposed

Bayesian method is less affected. We examine the performance of the two methods in the presence

of high correlations within blocks of the predictors. The proposed method continues to outperform

than the LASSO method. We demonstrate the results of all methods when the correlation among

different platforms increases. Both the proposed Bayesian method and the group LASSO maintain

similar satisfactory performance in the presence of high correlations among the platforms.

We further evaluate the performance of the proposed method for the union support recovery

when the true models for four platforms are not identical. The union of four true models contains

a total of twelve predictors and the difference between the union model and each of the true models

for different platforms is a set of two predictors. We compare the performance of the proposed

Bayesian method, the group LASSO and the union method which combines the selected models

from each marginal model. The number of predictors is set to p � 600. The nonzero parameters
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Figure 2.1: The model selection performance of eight different methods. There are six different

simulation settings: Case A, B, C, D, E and F. Symbol ‘mar xi” denotes the result when the

Bayesian method is applied on the ith marginal platform; ”intersection” denotes the method that

selects the commonly nonzero parameters of four marginal models; “union” denotes the method

that combines all nonzero parameters of four marginal models.

are simulated from Up1, 2q. The sparsity pattern of union support recovery differs across different

platforms. The signal of nonzero parameters may appear on one of the platforms. So compared to

the simulation in the setting that nonzero parameters show up in all of the platforms, achieving

similar performance requires larger nonzero parameters in the union support recovery simulation.

So, we select a larger lower bound of the uniform distribution. The result is summarized in Figure

2.2. It is observed that the proposed Bayesian method performs best among all the methods, and
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it achieves a high positive selection rate and a low false discovery rate.

Figure 2.2: The union support recovery performance of three different methods. Symbol ”Bayesian” and ”Glasso”

represent the proposed Bayesian method and the group LASSO method. Symbol “union” denotes the method

that combines all nonzero parameters of four marginal models. The simulations are conducted with varpyq � 1,

corrpxq � 0.2, and corrpyq � 0.6. Red line and blue line represent the setting of n � 200 and n � 500, respectively.

2.5 Real data analysis

We consider a data integration problem in which a collection of worldwide equity indices, North

American bond indices, and major stocks indices are included to model a panel of three different
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financial indices such as S&P 500 Index, the Dow Jones Index, and the VIX index. The analysis

aims to select a subset of covariates which are true predictors for at least one of the indices in the

panel. The data set includes three-year performance of the S&P 500 Index (GSPC), Dow Jones

Index (DJI) and VIX index (VIX) and the 46 covariates. To reduce the autocorrelation and satisfy

the independent assumption, we select the index values every three days between September 2013

to June 2016. For each index, the value used in the analysis is the logarithmic returem calculated

as the loganithm of today’s value divided by yesterday’s value multiplied by 100. The transformed

values of the GSPC, DJI and VIX indices are not autocorrelated at the 5% significance level.

We use cross-validation to verify the performance of our proposed method and the group LASSO

method. The training set contains 232 records for all indexes. For each response, we built a linear

regression model based on the set of 46 covariates and use our method and group LASSO method

to select the predictors. The subset selected by group LASSO contains covariates ‘DJA’, ‘NYA’,

‘OEX’, and ‘RUI’; and the subset selected by the proposed Bayesian method contains ‘DJT’,

‘DJU’, ‘DJA’, ‘OEX’, ‘XMI’, ‘RUI’. The two methods identify three covariates in common. We

used the models built from the training data set to predict the response variables on a validation

data set of 232 records, which consists of indexes values two days after each observation in the

training set. The mean squared prediction error for each platform (MSE) is defined as MSEi �

p1{nqtpyi1 � ŷi1q2 � � � � � pyin � ŷinq2u. As shown by Table 2.2, the models built by the Bayesian

method have lower prediction errors than the models built by the group LASSO for all three

responses, which demonstrating the advantage of the proposed method in model selection and

prediction.
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Table 2.2: The Mean Squared Prediction Error (MSE) of each competing method on the financial

data.

indices group LASSO Bayesian full model

VIX 17.0710 16.8442 24.2533

GSPC 0.0006 0.0005 0.0008

DJI 0.0221 0.0006 0.0011

The full model is the model contains all of the covariates.

2.6 Summary

We propose a Bayesian model selection method tailored for high-dimensional model selection

when data are collected from multiple platforms. The method is shown to achieve model selection

consistency for a broad class of error distributions, including sub-Gaussian and sub-exponential

errors. Moreover, we demonstrate that the method is consistent for union support recovery even

when the true models across different platforms are not identical. This significantly broadens the

scope of applications, as many real-world tasks involve heterogeneous models across platforms.

Simulations and real data analyses illustrate that the proposed data integration method outper-

forms competing methods in model selection performance. Furthermore, the models built using

this integrated approach exhibit higher predictive power compared to models derived from indi-

vidual data sources.

The current work focuses on integrating linear models from different tasks. As future research,

the method could be extended to handle more complex models from multiple platforms, such
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as generalized linear models and survival models. A key challenge in such extensions lies in

deriving a closed-form expression for the composite posterior distribution across different models.

Investigating the use of Laplace approximations for composite posterior probabilities to combine

multiple nonlinear models is a promising direction for further exploration.
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3 Bayesian Grouping-Gibbs Sampling Estimation of

High-dimensional Linear Model with Non-sparsity

3.1 Model setup

Notations:

We use X to denote a n � p design matrix. We denote the i-th row and j-th column of X by

xi, i � 1, . . . , n and xpjq, j � 1, . . . , p, respectively. Let C be a subset of t1, . . . , pu, and |C| is the

length of C. XC denotes a n � |C| submatrix of X, containing the columns of X indexed by C.

Moreover, we use βC to denote the corresponding regression coefficients associated with XC. Let

It�u and 1d be an indicator function and a d� 1 vector with all elements 1, respectively. Consider

a linear regression model,

yi � xJi β � εi, i � 1, . . . , n,

where yi P R are response observations, xi P Rp are predictors, εi P R are random errors with mean

zero and unknown constant variance, β P Rp is an unknown regression vector that needs to be

estimated. Unlike previous works that usually impose sparse assumptions on β, in this dissertation,

we consider the non-sparse situation where β is composed of both large and small components,

but possibly not zeros—that is, the majority, if not all, of the regression coefficients have non-zero

values. To tackle the ill-posed problem, we assume that β may carry a grouping structure. Let
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Πk � tC1, C2, . . . , Cku be a partition of t1, 2, . . . , pu, where k is the number of subgroups, k   n.

Denote β � pβJ
C1 ,β

J
C2 , . . . ,β

J
CkqJ, βC` � tβj, j P C`u for ` � 1, 2, . . . , k. Within a subgroup, say C`,

the components of βC` are similar or identical. Notably, the number of non-zero elements of β has a

magnitude comparable to the sample size n or larger than n, but the number of subgroups does not

exceed n. Furthermore, denote X � pXC1 ,XC2 , . . . ,XCkq. Most sparse regularized methods work

well on weakly dependent predictors. In our work, the strength of correlation among predictors

follows the framework of Witten et al. (2014), assuming that xpjq and xpj1q are highly correlated if

j, j1 P C`, but weakly correlated if j P C`, j1 P C`1 , ` � `1.

Compared to the sparsity assumption, where only a small subset of predictors significantly in-

fluences the responses, the group structure allows for the inclusion of more predictors by clustering

weakly influential predictors together and treating them as a group to demonstrate their collective

effect. If the true underlying model considers all predictors important, the group structure may be

more suitable than the sparsity assumption, as it includes more predictors and better approximates

the real model. In cases where most predictors are unnecessary, the group structure can still be

effective by grouping all relevant predictors into different subgroups while placing the remaining

non-influential predictors into another subgroup. The primary drawback, however, is the increased

computational load and model complexity compared to the sparsity assumption.

3.1.1 Prior specification

We propose to provide grouping prior information via a random indicator vector, v � pv1, . . . , vpqJ,

enhancing the representational capacity of the priors in terms of grouping predictors, where vj � `

means that βj belongs to the `-th subgroup, j � 1, . . . , p, ` � 1, . . . , k, where k is pre-specified and
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smaller than n. The priors on βj given vj is specified as

βj|vj � ` � Npµ`, τ 2nq with P pvj � `q � dj,` and µ` � Np0, c2q,

where µ` refers the `-th grouping mean, dj,` ¥ 0, and
°k
`�1 dj,` � 1. Note that P pj P C`q � P pvj �

`q � dj,`. In practice, βj may belong to any group equally if there is no any prior information.

Therefore, we further assume dj,` � 1{k. The regression coefficients might be identical or similar

within each group, whereas they are different between groups. We assume both the grouping

variance of each group τ 2n and the variance of µ` satisfy τ 2n Ñ 0, c2 Ñ 0. We remark that the order

of τ 2n is flexible. In Narisetty et al. (2019), τ 2n � 1{p. Herein, we take τ 2n � 1{pnaq, 0   a   1. More

assumptions on τ 2n, c
2 are given in Assumption 3.2.1 in Section 3.2. As for the random error, we

assume εi � Np0, σ2q, i � 1, . . . , n, and the conjugate prior for the normal variance σ2 is inverse

Gamma (IGamma), i.e., σ2 � IGammapα, βq, where α ¡ 0 and β ¡ 0. Following the process

outlined in Li and Zhang (2010), when αÑ 0 and β Ñ 0, it simplifies to a flat prior distribution,

which is adopted in this paper.

3.1.2 Grouping-Gibbs sampler

Given X,β, σ2,µ,v, we have

yi|X,β, σ2,µ,v � NpxJi β, σ2q, i � 1, . . . , n.

The joint distribution of β,v,µ,y, σ2|X is given by

β,v,µ,y, σ2|X9
n¹
i�1

1?
2πσ2

exp

�
� 1

2σ2
pyi � xJi βq2


 p¹
j�1

k¹
`�1

#
d`

1a
2πτ 2n

exp

�
� 1

2τ 2n
pβj � µ`q2


+Itvj�`u

�
k¹
`�1

1?
2πc2

exp

�
� 1

2c2
µ2
`



1

σ2
. (3.1)
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By some computation, we obtain the posterior distributions of βC` , µ`, vj and σ2 theoretically for

` � 1, . . . , k, j � 1, . . . , p as follows.

(i) Conditional distribution of βC` , ` � 1, . . . , k for giving v,µ,y, σ2,X:

βC` |v,µ,y, σ2,X9 exp

$&%�1

2

��βJ
C`Σ

�1
` βC` � 2pσ�2pyJXC` �

¸
`1�`
βJ
C`1X

J
C`1XC`q � τ�2

n µ`1|C`|qβC`

�
,.- ,

where Σ�1
` � σ�2XJ

C`XC`�τ�2
n I|C`|. Thus, the conditional distribution of βC` for giving v,µ,y, σ2,X

follows a |C`|-multivariate normal distribution, i.e.,

βC` |v,µ,y, σ2,X � Npm`,Σ`q, (3.2)

where the grouping mean and covariance are respectively given by

m` � Σ`pσ�2pXJ
C`y �XJ

C`

¸
`1�`
XC`1βC`1 q � τ�2

n µ`1|C`|q, Σ` � pσ�2XJ
C`XC` � τ�2

n I|C`|q�1.

The posterior of βC` follows a multivariate normal distribution, enabling the grouping Gibbs-

sampling of βC` . Clearly, the maximum variances of βjs, j P C` are proportional to τ 2n, which

ensures that the posterior variance approaches zero.

(ii) Conditional distribution of µ`, ` � 1, . . . , k for giving β,v,y, σ2,X:

µ`|β,v,y, σ2,X9 exp

$&%�1

2

��pτ�2
n |C`| � c�2qµ2

` � 2τ�2
n

¸
jPC`

βjµ`

�
,.- .

Then, the conditional distribution of µ` for giving β,v,y, σ2,X follows a normal distribution, i.e.,

µ`|β,v,y, σ2,X � N

�� c2

c2|C`| � τ 2n

¸
jPC`

βj,
τ 2nc

2

c2|C`| � τ 2n

�
. (3.3)

In the `-th subgroup, the posterior mean of µ` is proportional to 1
|C`|

°
jPC` βj if the ratio of τ 2n{c2

tends to zero. The posterior variance of µ` is equal to p|C`|{τ 2n�1{c2q�1, which approaches to zero,

guaranteeing that the grouping mean µ` is equal to the 1
|C`|

°
jPC` βj with large probability.
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(iii) Conditional distribution of vj, j � 1, . . . , p for giving β,µ,y, σ2,X follows a multi-nominal

distribution, i.e.,

vj|β,µ,y, σ2,X � multinomialpk,pjq, (3.4)

where pj � ppj,1, . . . , pj,kqJ with

pj,` � expt�p2τ 2nq�1pβj � µ`q2u°k
`�1 expt�p2τ 2nq�1pβj � µ`q2u

, ` � 1, . . . , k.

In the `-th subgroup, the posterior probability of vj � ` is proportional to the Euclidean distance

of βj and µ` for j P C`. When τ 2n is given, the closer of βj and µ`, the higher probability of vj � `.

(iv) Conditional distribution of σ2 for giving β,y,X:

σ2|β,y,X9 1

σn�2
exp

#
�py �Xβq

Jpy �Xβq
2σ2

+
.

Then, the posterior on σ2 is given by σ2|β,y,X � IGpn{2, py �XβqJpy �Xβq{2q. The scale

parameter is positively related to the mean squared error of residuals. When n is given, the residual

variance is more likely centered at zero as the response y is well fitted.

3.1.3 Grouping-Gibbs algorithm

Narisetty et al. (2019) proposed a Skinny Gibbs algorithm under a sparse assumption for the

case of large p, which is a simple yet effective modification of the Gibbs sampler. Herein, we

develop the grouping-Gibbs algorithm, an enhanced modification of the Gibbs or Skinny Gibbs

sampler, designed to address large p with non-sparsity. In each Gibbs sampling iteration, β

is partitioned into k different segments, βC1 ,βC2 , . . . ,βCk , where k is pre-specified. We use a

index indicator variable to express the group to which each component of β belongs to, i.e.,

vj � `, j � 1, . . . , p; ` � 1, . . . , k, implying that βj belongs to the `-th group. We limit k to be less
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than n, but it can vary with n. Therefore, the components of βC` are sampled from a multi-normal

distribution with a common mean and variance. Specifically, the grouping-Gibbs algorithm is

detailed as follows.

- Step 1 : Initialization: the index indicator variables v
p0q
j , j � 1, . . . , p, are sampled from 1

to k with equally probabilities. Then denote Cp0q` � tj, vp0qj � `u for ` � 1, . . . , k, j � 1, ..., p,

and the initial partition of Xp0q � pXCp0q1
, ...,XCp0qk

q and βp0q � pβp0qJ
Cp0q1

, . . . ,β
p0qJ
Cp0qk

qJ. The

grouping means tµp0q1 , µ
p0q
2 , . . . , µ

p0q
k u are i.i.d. generated from Np0, c2q. The components of

β corresponding to v
p0q
j � `, are i.i.d. sampled from the normal distribution, i.e., β

p0q
j |vp0qj �

` � Npµp0q` , τ 2nq, for j � 1, ..., p, ` � 1, ..., k, where k, c2, σ2, τ 2n are pre-specified.

- Step 2 : Given the m-th sampling results, vpmq, Cpmq
` , µ

pmq
` ,XCpmq

`
,β

pmq
C` , ` � 1, . . . , k, generate

β
pm�1q
C` for pm� 1q-th iteration,

β
pm�1q
Cpmq
`

|Cpmq
` , µ

pmq
` ,XCpmq

`
,β

pmq
Cpmq
`

� Npmpmq
` ,Σ

pmq
` q, ` � 1, ..., k, (3.5)

where

Σ
pmq
` � pσ�2XJ

Cpmq
`

XCpmq
`

� τ�2
n I|Cpmq

` |q�1,

m
pmq
` � Σ

pmq
` pσ�2pXJ

Cpmq
`

y �XJ
Cpmq
`

¸
`1�`
XCpmq

`1
β
pmq
Cpmq
`1
q � τ�2

n µ
pmq
` 1|Cpmq

` |q.

- Step 3 : Given the m-th sampling results, vpmq, Cpmq
` , µ

pmq
` ,XCpmq

`
, and the pm�1q-th samplers

β
pm�1q
Cpmq
`

, ` � 1, . . . , k, generate µ
pm�1q
` , ` � 1, ..., k,

µ
pm�1q
` |βpm�1q

C` , Cpmq
` ,y,XCpmq

`
� Np c2

c2|Cpmq
` | � τ 2n

¸
jPCpmq

`

β
pm�1q
j ,

τ 2nc
2

c2|Cpmq
` | � τ 2n

q. (3.6)

- Step 4 : Given the m-th sampling results vpmq and the pm�1q-th samplers µ
pm�1q
` , βpm�1q, ` �
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1, . . . , k, generate v
pm�1q
j , j � 1, ..., p by

v
pm�1q
j |βpm�1q, µpm�1q

` � multinomialpk,ppmq
j q, (3.7)

where p
pmq
j � pppmq

j,1 , . . . , p
pmq
j,k qJ with

p
pmq
j,` �

expt�p2τ 2nq�1
°p
j�1

°k
`�1pβpm�1q

j � µ
pm�1q
` q2Itvpmq

j �`uu°k
`�1 expt�p2τ 2nq�1

°p
j�1

°k
`�1pβpm�1q

j � µ
pm�1q
` q2Itvpmq

j �`uu
.

Then update Cpm�1q
` � tj, vpm�1q

j � `u.

- Step 5 : Repeat steps 2-4 for m � 1, . . . , 2M to generate a sequence of samples of β, i.e.,

tβp1q, . . . ,βp2Mqu, where 2M is a pre-specified maximum length of the Gibbs Chains.

Thus, β̂ can be obtained by taking average of the Gibbs chains with a burn-in of M , i.e.,

β̂ � 1

M

2M̧

m�M�1

βpmq. (3.8)

One should note that β undergoes low-dimensional, grouping-wise sampling, which efficiently

reduces the computational load. The computational complexity for each iteration is npkpq, similar

to the complexity of the Skinny Gibbs algorithm proposed in Narisetty et al. (2019) that is designed

for a sparse β.

Remark 3.1.1 Theoretically, we take τ 2n � 1{pnaq, c2 � n�a
1

for some 0   a1   a   1 in As-

sumption 3.2.1 to guarantee asymptotic properties of parameter estimation and model selection

(see Section 3.2 for more details). For finite samples, one can also choose other values, such as

τ 2n � 1{p, c2 � 1{ logppq, or others. As for the residual variance σ2, although we have made an

inference on the posterior distribution of σ2 in Section 3.1.2, the sampling process is inefficient for

numerical studies. In order to reduce the computational load, we set σ2 as a small constant value.
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3.1.4 Selection of the grouping number k

When performing the grouping-Gibbs sampling algorithm, the grouping number k should be

pre-specified. Suppose that k0 is the underlying true grouping number. Intuitively, if k � k0 � 1,

then one of the true subgroups is partitioned into two segments. Without loss of generality, if the

`-th subgroup is over-segmented, i.e., βC` � pβJ
C`,1 ,β

J
C`,2qJ, the posterior distributions of βC`,1 and

βC`,2 will have similar means and covariance. Therefore, the over-segmentation of β may rarely

affect the estimation accuracy of β̂. However, as k increases, the bias of β̂ may increase. Therefore,

k should be chosen within an appropriate range. We use numerical simulations to choose a proper

range of k. Given a candidate set of k, i.e., k P t2, . . . , nu, we calculate their mean squared errors

of β (MSEβ) for all k. The details are given in Section 3.3.1. It is recommended that one may

take kmax � n{4 for a real problem, where kmax is the maximum grouping number. In addition to

specifying an appropriate range of k, one may also be interested in determining the optimal value

of k. Herein, we also propose an approach to select k provided that a proper range is given.

- Step 1 : Take a rough k value, say, k � n{4.

- Step 2 : Perform the grouping-Gibbs algorithm in Section 3.1.3, and obtain the parameter

estimate, β̂rks.

- Step 3 : Sort the components of β̂rks by an increasing order, i.e., β̂
rks
p1q, . . . , β̂

rks
ppq and implement

first-order difference, denoted as diffpβ̂rksq � pdβ1, . . . , dβp�1qJ, where dβj � β̂
rks
pj�1q � β̂

rks
pjq for

j � 1, . . . , p� 1.

- Step 4 : Denote Sα � tj|dβj ¡ α, j � 1, . . . , p � 1u, where α ¡ 0 is a threshold. Then

k̂ � |Sα|.
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Remark 3.1.2 Theoretically, the threshold α measures the degree of difference between subgroups,

i.e., α � minjPC`,j1PC`1 ,`�`1 |β0
j �β0

j1 | for `, `1 � 1, . . . , k0, where β0
j ’s are true. However, α is unknown

for a real problem. We can provide a candidate set of α, such as α P tα1, . . . , αmaxu. Intuitively, as

α increases, |Sα| will decrease. We use the “Elbow plot” to choose k̂ quantitatively. One may take

k̂ as the elbow appears. Numerical simulations are performed to illustrate the selection of k̂.The

details are provided in Section 3.3.1.

3.2 Theoretical results

Denote V P Rp�k as a generic model, where k is the grouping number (or the size of the model

V ). For each row of V , only one element equals one, i.e., vj` � 1 and vj`1 � 0 for `1 � `, indicating

that βj belongs to the `-th group, j � 1, . . . , p, ` � 1, . . . , k. Let βpV q � pβJ
C1 , . . . ,β

J
CkqJ P Rp be

the regression vector corresponding to model V . We use Vt P Rp�k0 to denote the underlying true

model and Vt̃ P Rp�k̃ to denote an over-segmented true model for k̃ ¥ k0. Now we provide a simple

example to explain the over-segmented true model. Let βpVtq � pβJ
C1 , . . . ,β

J
Ck0
qJ, k̃ � k0 � 1,

implying that for any ` P t1, . . . , k0u, the `-th subgroup is partitioned into two segments, i.e.,

βC` � pβJ
C`,1 ,β

J
C`,2qJ, where the distributions of βC`,1 and βC`,2 are similar or identical. Rewrite

βpVtq � βpVt̃q � pβJ
C1 , . . . ,β

J
C`,1 ,β

J
C`,2 , . . . ,β

J
Ck0
qJ. Therefore, the parameter estimation of the

over-segmented true model will rarely be affected if k̃ is given properly. Note that the selection

of k̃ has been discussed in the Section 3.1.4. For simplicity, we use Vt P Rp�k, k0 ¤ k ¤ kmax, to

denote the true model and the over-segmented true models in the followings. We use Vf P Rp�k

to denote a wrong model such that Vf � Vt. For a given k, denote a collection of Vt and Vf by

Vt and Vf , respectively. Clearly, if k � k0, Vt contains one element, which is the underling true
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model. While if k0   k ¤ kmax, Vt contains more elements. Now we study the model selection

consistency, parameter estimation consistency of β̂, and bounds for the prediction error.

First, we need to obtain the posterior distribution of V . Since σ2 is assumed to be a constant,

we omit it in the formulas for simple notations hereafter. (3.1), the joint posterior distribution of

β,V ,µ|X,y can be rewritten as

fpβ,V ,µ|X,yq9 exp
!
� 1

2

�
βJΛ1β � 2βJΛ2 � y

Jy
σ2

� µ
JV JV µ
τ 2

� µ
Jµ
c2

	)
, (3.9)

where Λ1 � XJX
σ2 � Ip

τ2
, and Λ2 � V µ

τ2
� XJy

σ2 . By integrating fpβ,V ,µ|X,yq with respect to β,

we have the joint posterior distribution of V ,µ|X,y,

fpV ,µ|X,yq9 exp
!
� 1

2

�yJy
σ2

� µ
JV JV µ
τ 2

� µ
Jµ
c2

�ΛJ
2 Λ�1

1 Λ2

	)
. (3.10)

Denote ApV q � V JV
τ2

� Ik
c2
� V JΛ�1

1 V

τ4
. By integrating fpV ,µ|X,yq with respect to µ, the posterior

distribution of V is given by

fpV |X,yq9 ��ApV q��� 1
2 exp

!
� 1

2

�yJX
τ 2σ2

Λ�1
1 V ApV q�1V JΛ�1

1

XJy
τ 2σ2

	)
. (3.11)

Next, we study the model selection consistency under the Bayesian framework. Before pro-

ceeding, we review two types of consistency central to this work, i.e., the posterior odds ratio

consistency (weak model selection consistency) and the posterior model consistency (PMC: strong

model selection consistency). According to Zellner (1978), the posterior odds ratio is defined as

fpVf |X,yq{fpVt|X,yq. Generally speaking, to make a correct model selection, it holds that

max
Vf

fpVf |X,yq{fpVt|X,yq Ñ 0, as nÑ 8, (3.12)

implying that the posterior probability of the true model asymptotically dominates that of any

incorrect model, which guarantees the posterior odds ratio consistency. While for the strong model
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selection consistency (PMC), it holds that fpVt|X,yq Ñ 1 as n Ñ 8. Representative references

include assessment of posterior odds ratio and PMC can be found in Zellner (1978) and Liang et

al. (2008). Under our model settings, the strong model selection consistency holds if

¸
VtPVt

fpVt|X,yq Ñ 1, as nÑ 8, (3.13)

since there are more than one alternative true models if k ¡ k0. Meanwhile, the posterior odds

ratio consistency follows if

°
VtPVt fpVt|X,yq

maxVfPVf fpVf |X,yq Ñ 8, as nÑ 8. (3.14)

Now, we make the following assumptions.

Assumption 3.2.1 Assume that k   n, τ 2 � Opn�aq, c2 � Opn�a1q, 0   b ¤ a1 ¤ a   1,

log p � opn2{3q, and n � opp2{3q.

Recall thatApV q � Ik
c2
�V JXJX

σ2 p τ2XJX
σ2 �Ipq�1V . LetMpV1,V2q � V1ApV1qV J

1 �V2ApV2qV J
2 ,

which measures the difference of any two models V1, V2 P Rp�k.

Assumption 3.2.2 Assume that, for any Vt and Vf ,

Y JX
τ 2σ2

Λ�1
1 MpVt,Vf qΛ�1

1

XJY
τ 2σ2

¥ k

2
log

�
1� λmaxc

2

λmaxτ 2 � σ2{n
	
� log n, (3.15)

where Λ1 � XJX
σ2 � Ip

τ2
.

Remark 3.2.1 Assumption 3.2.1 gives common conditions used to constrain the ranges of constant

parameters in the priors. To relax the sparsity assumption, we consider the scenario where the

number of groups, k, satisfies k   n. In this setting, the number of nonzero parameters can exceed

n. Assumption 3.2.2 is used to show the influence of the structure of β, which bounds the difference
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between the true and incorrect models. The left-hand side can be viewed as the difference of two

norms of pXJX
σ2 � Ip

τ2
q�1XJY

τ2σ2 with respect to VtApVtqV J
t and VfApVf qV J

f . It assumes that the true

model has the greatest norm among all models.

Based on the above notations and assumptions, we now establish the weak model selection

consistency of the proposed BGGS method.

Theorem 3.2.1 Under the Assumptions 3.2.1-3.2.2, with probability at least 1� 1
2 logn

, it follows

that

°
VtPVt fpVt|X,yq

maxVfPVf fpVf |X,yq Ñ 8, as nÑ 8. (3.16)

Theorem 3.2.1 shows that the posterior probability of selecting the true model is significantly

greater than that of a false model, which implies weak model selection consistency. If Assumption

3.2.2 is further strengthened by following assumption 3.2.3, then the strong model selection (PMC)

will be guaranteed.

Assumption 3.2.3 Assume that, for any Vt and Vf ,

Y JX
τ 2σ2

Λ�1
1 MpVt,Vf qΛ�1

1

XJY
τ 2σ2

¥ k

2
log

�
1� λmaxc

2

λmaxτ 2 � σ2{n
	
� 2n log p. (3.17)

Theorem 3.2.2 Under the Assumptions 3.2.1 and 3.2.3, with probability at least 1 � 1
2 logn

, it

follows that

maxVfPVf fpVf |X,yq°
VtPVt fpVt|X,yq ¤ 1

pn
, as nÑ 8. (3.18)

Furthermore,

¸
VtPVt

fpVt|X,yq Ñ 1, as nÑ 8. (3.19)
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Theorem 3.2.2 states that under certain conditions, the posterior probability fpVt|X,yq domi-

nates fpVf |X,yq for any model Vf � Vt. This implies that the Bayesian model selection procedure

will correctly identify the underlying true model with high probability.

By the grouping-Gibbs algorithm, we also provide the estimate of β in Eq.(3.8). In the follow-

ing, we study the estimation consistency of β̂ and the bounds of the prediction error in L2 norm,

i.e., 1
n
}Xβ �Xβ̂}22. The proof of Theorem 3.2.1 and 3.2.2 are provided below.

Proof. The posterior distribution of V is given by

fpV |X,yq9 ��ApV q��� 1
2 exp

!
� 1

2

�yJX
τ 2σ2

Λ�1
1 V ApV q�1V JΛ�1

1

XJy
τ 2σ2

	)
, (3.20)

where Λ1 � XJX
σ2 � Ip

τ2
,ApV q � V JV

τ2
� Ik

c2
� V JΛ�1

1 V

τ4
� Ik

c2
�V JXJX

n
p τ2XJX

n
� σ2Ip

n
q�1V . In order

to prove theorem 3.2.1, we need to find the lower bound of the posterior odds ratio, i.e.,

fpVt|X,yq
fpVf |X,yq �

|ApVf q|1{2
|ApVtq|1{2 exp

!1

2

�yJX
τ 2σ2

Λ�1
1 MpVt,Vf qΛ�1

1

XJy
τ 2σ2

	)
.

By the boundness of nonzero eigenvalues of X
JX
n

in Assumption 3.2.4, it follows that

0 ¤ XJX
n

�τ 2XJX
n

� σ2Ip
n

	�1

¤ λmax

λmaxτ 2 � σ2{nIp.

By the definition of ApV q, we obtain that Ik{c2 ¤ ApV q ¤ Ik{c2 � λmax

λmaxτ2�σ2{nV
J
t Vt. Then, for

any Vt P Vt, Vf P Vf , it holds that

fpVt|X,yq
fpVf |X,yq ¥

|Ik{c2|1{2
|Ik{c2 � λmax

λmaxτ2�σ2{nV
J
t Vt|1{2

exp
!1

2

�yJX
τ 2σ2

Λ�1
1 MpVt,Vf qΛ�1

1

XJy
τ 2σ2

	)
. (3.21)

For the first term of Eq.(3.21), we can obtain that

|Ik{c2|1{2
|Ik{c2 � λmax

λmaxτ2�σ2{nV
J
t Vt|1{2

¥
d

1

p1� λmaxc2

λmaxτ2�σ2{nqk
�
�

1� λmaxc
2

λmaxτ 2 � σ2{n
	� k

2
. (3.22)
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While for the second term of Eq.(3.21), by Assumption 3.2.2, it follows that

exp
!1

2

�yJX
τ 2σ2

Λ�1
1 MpVt,Vf qΛ�1

1

XJy
τ 2σ2

	)
¥ ?

n
�

1� λmaxc
2

λmaxτ 2 � σ2{n
	 k

2
. (3.23)

Putting (3.21)-(3.23) together, therefore, we have

°
VtPVt fpVt|X,yq
fpVf |X,yq ¥ ?

nÑ 8, as nÑ 8. (3.24)

This completes the proof of Theorem 3.2.1.

Under Assumption 3.2.3, we have that

fpVf |X,Y q°
VtPVt fpVt|X,Y q ¤ p�n,

¸
VtPVt

fpVt|X,Y q � 1

1�
°
Vf PVf fpVf |X,Y q
°
VtPVt fpVt|X,Y q

¥ 1

1� pp�1q!
pk�1q!pp�kq!pn

Ñ 1, as pÑ 8.

This completes the proof of Theorem 3.2.2.

Assumption 3.2.4 The rank of XJX is r satisfying r   nb{ log n. Let the nonzero eigenvalues of

XJX
n

be λ1, λ2, ..., λr bounded by λmax and λmin, where λmin ¡
?

log n{n1�a and λmax is bounded by a

constant. Furthermore, assume that for the real value of β, denoted as β0, satisfies β0Jβ0 ¤ C   8

and
°p
j�r�1 β

2
j � Op1{ log nq, where βj, j � r � 1, . . . , p, are associated with zero eigenvalues of

XJX
n

.

Theorem 3.2.3 Under the Assumptions 3.2.1 and 3.2.4, with probability greater than p1�e�?nqp1�

e�n
b{ lognq, it follows that

}β̂ � β0}22 � O

�
1

log n



. (3.25)

The following Lemma, derivated by Hsu et al. (2012), is needed in the proof of Theorem 3.2.3.
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Lemma 3.2.1 Assume β follows a multivariate normal distribution Npβ�,Σq, with mean vector

β� and covariance Σ. Let ξ � Σ�1{2pβ � β�q � Np0, Ipq. For all t ¡ 0, it follows that

P pξJΣξ ¡ trpΣq � 2
a
trpΣ2qt� 2||Σ||tq ¤ e�t, (3.26)

where }Σ} denotes the spectral norm of the matrix Σ.

Now we begin to prove Theorem 3.2.3.

Proof. By integrating fpβ,V ,µ|X,yq with respect to µ, we get the posterior probability of

β|V ,X,Y , i.e.,

fpβ|V ,X,Y q9 exp

#
�1

2

�
� 2Y JXβ

σ2
� βJpX

JX
σ2

� Ip
τ 2
� V
τ 2
pIk
c2
� V

JV
τ 2

q�1V
J

τ 2
qβ

	+
.

(3.27)

Clearly, β follows a multivariate normal distribution, Npβ�,Σq, where β� � ΣXJY
σ2 ,Σ � p Ip

τ2
�

XJX
σ2 � V

τ2
pIk
c2
� V JV

τ2
q�1V J

τ2
q�1. Since β̂ � °M

m�1 β
pmq{M , then β̂ � Npβ�,Σ{Mq. Considering the

fact that

pβ̂ � β0qJpβ̂ � β0q ¤ 2pβ̂ � β�qJpβ̂ � β�q � 2pβ� � β0qJpβ� � β0q, (3.28)

we now work on the two terms in the right hand of (3.28). Before proceeding, we need to approx-

imate the eigenvalues and trace of Σ. We have the following inequalities,

Ip
τ 2
� V
τ 2
pIk
c2
� V

JV
τ 2

q�1V
J

τ 2
¥ Ip
τ 2
� V
τ 2
pIk
c2
� Ik
τ 2
q�1V

J

τ 2
¥ p 1

τ 2
� 1

τ 4
p 1

c2
� 1

τ 2
q�1qIp � Ip

c2 � τ 2
.

By Assumption 3.2.4, it holds that

Σ ¤ pX
JX
σ2

� Ip
c2 � τ 2

q�1 ¤ pc2 � τ 2qIp,

trpΣq ¤ ppc2 � τ 2q.
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Next, we provide the boundness of the first term in the right hand of (3.28). Taking t � ?
n,

by Lemma 3.2.1, we have

e�
?
n ¥ P tξJΣξ{M ¡ trpΣq{M � 2

a
trpΣ2qt{M � 2||Σ||t{Mu (3.29)

� P tpβ̂ � β�qJpβ̂ � β�q ¡ trpΣq{M � 2
a
trpΣ2qt{M � 2||Σ||t{Mu

¥ P tpβ̂ � β�qJpβ̂ � β�q ¡ ppc2 � τ 2q
M

� 2

?
ppc2 � τ 2q
M

n1{4 � 2
?
npc2 � τ 2q
M

u.

With probability greater than 1� e�
?
n, therefore, it holds that,

pβ̂ � β�qJpβ̂ � β�q ¤ ppc2 � τ 2q
M

� 2

?
ppc2 � τ 2q
M

n1{4 � 2
?
npc2 � τ 2q
M

Ñ 0, as nÑ 8. (3.30)

Then we provide the boundness of the term pβ� � β0qJpβ� � β0q. By plugging in Y �Xβ0 � ε,

we get that

pβ� � β0qJpβ� � β0q �
�
pΣX

JX
σ2

� Ipqβ0 � ΣXJε
σ2

�J�
pΣX

JX
σ2

� Ipqβ0 � ΣXJε
σ2

�
.

It is easy to verify the following inequalities hold, i.e.,

0 ¤ Ip � ΣXJX
σ2

� Ip �
�
Ip
τ 2
� X

JX
σ2

� V
τ 2
pIk
c2
� V

JV
τ 2

q�1V
J

τ 2

��1
XJX
σ2

¤ Ip �
�
Ip
τ 2
� X

JX
σ2

� V
τ 2
p 1

c2
� p� k � 1

τ 2
q�1V

J

τ 2

��1
XJX
σ2

¤ Ip �
�

τ 2 � c2pp� kq
τ 4 � c2τ 2pp� k � 1qIp �

XJX
σ2

��1
XJX
σ2

�
�

τ 2 � c2pp� kq
τ 4 � c2τ 2pp� k � 1qIp �

XJX
σ2

��1
τ 2 � c2pp� kq

τ 4 � c2τ 2pp� k � 1qIp

�
�
Ip � τ 4 � c2τ 2pp� k � 1q

τ 2 � c2pp� kq
XJX
σ2

��1

¤
�
Ip � τ 2

XJX
σ2

��1

.
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Then we have

pβ� � β0qJpβ� � β0q �
�
pΣX

JX
σ2

� Ipqβ0 � ΣXJε
σ2

�J�
pΣX

JX
σ2

� Ipqβ0 � ΣXJε
σ2

�

¤2β0J
�

ΣXJX
σ2

� Ip
�J�

ΣXJX
σ2

� Ip
�
β0 � 2εJXΣ2XJε

σ4

¤ 2σ4β0Jβ0

pnτ 2λmin � σ2q2 � 2
p̧

i�j
β2
i � 2εJX

�
XJX � σ2Ip

c2 � τ 2

��2

XJε

¤ 2σ4C

pnτ 2λmin � σ2q2 �
2

log n
� 5σ2

0n
bc2

σ2 log n
, (3.31)

where λmin ¡ na�1
?

log n. The left-hand side convergence to zero when c2 � Opn�bq. The nonzero

eigenvalues of XpXJX � σ2Ip
c2�τ2 q�2XJ are nλipnλi � σ2{pc2 � τ 2qq�2, i � 1, ..., r, and

trpXpXJX � σ2Ip
c2 � τ 2

q�2XJq ¤ n1�bλminpnλmin � σ2{pc2 � τ 2qq�2{ log n

¤ n1�bλminpnλmin � σ2

2c2
q�2{ log n

¤ Cnbc2

2σ2 log n
, (3.32)

for some constant C. The second inequality is derived from the fact that P pεJXpXJX �
σ2Ip
c2�τ2 q�2XJε{σ2

0 ¥ 5nbc2

2σ2 logn
q ¤ e�n

b{ logn, where σ2
0 is the variance of ε, which is assumed to be

a constant. Putting Eqs.(3.30)-(3.31) together, we thus have pβ̂ � β0qJpβ̂ � β0q � Op 1
logn

q, with

probability greater than p1� e�
?
nqp1� e�n

b{ lognq. This completes the proof.

Theorem 3.2.3 demonstrates that the distance of β0 and β̂ in the L2 norm goes to zero, implying

the consistency of β̂. Aligned with Assumption 3.2.4, the bounds on the prediction error can be

obtained directly from Theorem 3.2.3, i.e.,

1

n
}Xβ �Xβ̂}22 ¤ λmax}β̂ � β0}22 � Op

�
1

log n



. (3.33)
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Remark 3.2.2 Assumption 3.2.4 provides a bounded support for β0 in the L2 norm. Denote the

components of β associated with zero eigenvalues as βGII
. Since p Ñ 8, we limit the elements of

βGII
to have small values, such that }βGII

}22 � O
�

1
logn

	
. This assumption is in line with Assumption

(A2) in Ding et al. (2021). A more stringent constraint on the order of }βGII
}22, such as }βGII

}22 �

O
�

1
na1�b logn

	
, leads to a less restrictive degree of non-sparsity. Specifically, when }βGII

}22 � 0,

it reduces to sparsity. Furthermore, we assume that λmin ¡ np3a
1�bq{2�1

?
log n. Then, the order

of Eq.(3.25) becomes O
�

1
na1�b logn

	
. To ensure that λmin tends to zero, we assume that 0   b  

a1   p2 � bq{3. Consequently, the minimum convergence rate of the BGGS estimator exceeds

Op 1
n2{3 lognq. In comparison with the convergence rate of Lasso, which is Oppn�1{2q (Fan and Li,

2001), the BGGS estimator achieves a faster convergence rate.

3.3 Simulations

In this section, we perform simulations to illustrate the selection of k numerically. Following

this, we compare our proposed BGGS method with several classic frequentist methods, such as

Lasso (R package glmnet by Friedman et al. (2021)), ncTLF and Gflasso (R package FGSG by Shen

et al. (2015)) in terms of parameter estimation and prediction accuracy via two examples. Lasso is

designed for a sparse model, whereas both ncTLF and Gflasso are designed for sparse and grouping

models. Although fused Lasso (Tibshirani et al., 2005) is proposed for estimating homogeneous

subgroups, its major limitation is that the predictors should be given in a serial order associated

with the regression coefficients. For this reason, we exclude fused Lasso from our comparison.

We emphasize that our study focuses on the estimation of β and the model’s prediction accuracy

rather than on identifying the groups of β. The grouping technique serves as a tool to achieve the
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estimation objective. As a result, the evaluation metrics we adopt are mean squared error (MSE)

and mean absolute error (MAE) to measure the prediction accuracy, i.e.,

MSE � 1

n
}Xpβ̂ � β0q}22, MAE � 1

n
}Xpβ̂ � β0q}1,

where β̂ is an estimate of β, β0 is the underlying true regression vector, X P Rn�p is p predic-

tors with a sample size n. Moreover, we apply the following two evaluation metrics to measure

parameter estimation accuracy, i.e.,

MSEβ � 1

p
}β̂ � β0}22, MAEβ � 1

p
}β̂ � β0}1.

3.3.1 Numerical study for selection of k
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Figure 3.1: Plots of MSEβ given different k for (A) Example 1: k0 � 2, σ2 � 1, and (B) Example

2: k0 � 5, σ2 � 1.

In this subsection, we perform simulations to illustrate that when k is chosen within an appro-

priate range, it rarely affects the estimation of β. Figure 3.1 displays the plots of MSEβ for different
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Figure 3.2: The elbow plots the estimated k̂ given different α for (A) Example 1: k0 � 2, σ2 � 1,

and (B) Example 2: k0 � 5, σ2 � 1. The blue horizontal lines show the underlying true grouing

numbers.

k values in Example 1 and Example 2. Clearly, as k increases, MSEβ initially decreases, then sta-

bilizes when k ¡ k0, and increases when k continues to grow. If k   k0, β is under-segmented,

resulting in a large bias of β̂. Conversely, if k ¡ K, β becomes overly segmented, increasing

number of groups and computational loads. Due to the limited processing time, the convergence

of model selection may not be guaranteed, which can amplify the variance of β̂. However, if k falls

within an appropriate range, the effects of k on the parameter estimation is negligible.

Additionally, we conduct two more simulations to illustrate the approach for selecting k. Figure

3.2 shows the elbow plots of the estimated k̂ for different α, which is helpful for determining the

grouping number k̂. Clearly, as α increases, k̂ decreases and approaches a constant value. From the

two subplots in Figure 3.2, the elbows appear around the true k0 for both examples. Although this

approach can be somewhat subjective when identifying the elbow, it provides at least an estimate

of k̂. Even if k̂ ¡ k0, it tends towards the true k0, rather than deviating from it. The elbow

plot is a well-established quantitative approach for selecting principal components, regularization

parameters, the K value in the K-Nearest Neighbors method, and others. Finally, we note that
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the data generation for example 1 and example 2 is provided in the following two subsections.

3.3.2 Example 1
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Figure 3.3: Example 1:boxplots of MSEβ estimated via ncTLF, Gflasso, and BGGS over 100

simulations under the settings of n � 200, σ2 = 0.5, 1, and (A) p � 100, (B) p � 200, (C) p � 500,

(D) p � 1000.

In this example, we consider an interesting situation in which β P Rp consists of two groups:

components in group I are large, while components in group II are small but possibly nonzero. Ding

et al. (2021) studied the asymptotic behavior of the ridge regularized high-dimensional multivariate

M-estimator of β in group II by applying the double leave-one-out method. The components in

group I are generated from a uniform distribution, specifically Up1, 1.2q, while the components in

group II are generated from Up0.1, 0.3q. We further assume that |C1| � p{4, and |C2| � 3p{4. A

total of 100 simulations were conducted.

Table 3.1 lists the average MSEs and MAEs (standard deviation in parentheses) of Lasso,

ncTLF, Gflasso and BGGS under the settings n � 200, p � 100, 200, 500, 1000, and σ2 = 0.5, 1.

The results are alos presented in Table 3.1 and Figures 3.3-3.4. As observed from Table 3.1, for
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Table 3.1: Example 1: comparison of average MSEs and MAEs (standard deviation in parentheses)

among Lasso, ncTLF, Gflasso and BGGS under the settings of n � 200, p � 100, 200, 500, 1000,

σ2 = 0.5, 1.

p Method σ2 = 0.5 σ2 = 1

MSE MAE MSE MAE

100 Lasso 1.5464(0.26) 0.9871(0.09) 1.3101(0.30) 0.9095(0.11)

ncTLF 0.5241(0.12) 0.5760(0.07) 1.0235(0.21) 0.8034(0.08)

Gflasso 0.4257(0.08) 0.5204(0.05) 0.7881(0.14) 0.7053(0.06)

BGGS 0.2014(0.03) 0.3585(0.03) 0.3799(0.06) 0.4901(0.04)

200 Lasso 11.8387(1.92) 2.7368(0.22) 11.6605(1.96) 2.7199(0.23)

ncTLF 1.8725(0.37) 1.0921(0.11) 3.7226(3.72) 1.5364(0.16)

Gflasso 1.2116(0.21) 0.8802(0.08) 2.1836(0.39) 1.1758(0.11)

BGGS 0.2610(0.04) 0.4071(0.03) 0.4457(0.08) 0.5314(0.05)

500 Lasso 135.0585(15.54) 9.2941(0.53) 133.4525(18.30) 9.2112(0.64)

ncTLF 0.6469(0.09) 0.6377(0.05) 0.9852(0.15) 0.7922(0.06)

Gflasso 0.7514(0.11) 0.6889(0.05) 1.0726(0.17) 0.8246(0.06)

BGGS 0.3733(0.07) 0.4870(0.04) 0.4616(0.08) 0.5408(0.05)

1000 Lasso 693.1763(82.68) 20.9944(1.33) 697.9479(86.889) 21.0823(1.37)

ncTLF 1.3283(0.24) 0.9181(0.08) 1.4367(0.25) 0.9551(0.08)

Gflasso 1.5584(0.31) 0.9934(0.10) 1.6442(0.31) 1.0213(0.10)

BGGS 1.0002(0.28) 0.7939(0.11) 1.0345(0.30) 0.8055(0.11)

74



Table 3.2: Example 1: average MSEs and MAEs (standard deviation in parentheses) of Lasso,

ncTLF, Gflasso and BGGS under the settings of C1 � H, n � 200, p � 100, 200, 500, 1000, σ2 =

0.5, 1.

p Method σ2= 0.5 σ2 = 1

MSE MAE MSE MAE

100 Lasso 0.4535(0.10) 0.5357(0.06) 0.5816(0.11) 0.6062(0.06)

ncTLF 0.5055(0.11) 0.5653(0.06) 0.9935(0.21) 0.7909(0.08)

Gflasso 0.3887(0.07) 0.4966(0.05) 0.7148(0.13) 0.6719(0.06)

BGGS 0.1900(0.04) 0.3473(0.03) 0.3624(0.07) 0.4790(0.04)

200 Lasso 3.3618(0.49) 1.4594(0.11) 3.1977(0.54) 1.4286(0.12)

ncTLF 1.8957(0.37) 1.0958(0.11) 3.6019(0.61) 1.5096(0.13)

Gflasso 1.0855(0.18) 0.8303(0.07) 1.7618(0.26) 1.0605(0.08)

BGGS 0.2228(0.03) 0.3772(0.03) 0.3794(0.05) 0.4924(0.04)

500 Lasso 32.5542(4.89) 4.5517(0.34) 30.9022(4.35) 4.4190(0.31)

ncTLF 0.5327(0.07) 0.5806(0.04) 0.9024(0.15) 0.7581(0.06)

Gflasso 0.5704(0.08) 0.6003(0.05) 0.9369(0.15) 0.7719(0.77)

BGGS 0.3165(0.04) 0.4490(0.03) 0.4194(0.05) 0.5178(0.03)

1000 Lasso 156.6529(18.61) 9.9879(0.62) 152.5972(21.22) 9.8274(0.71)

ncTLF 0.6811(0.07) 0.6584(0.04) 0.7868(0.09) 0.7065(0.04)

Gflasso 0.7187(0.08) 0.6764(0.04) 0.8235(0.09) 0.7227(0.04)

BGGS 0.6213(0.06) 0.6284(0.03) 0.6431(0.06) 0.6385(0.03)
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Figure 3.4: Example 1:boxplots of MAEβ estimated via ncTLF, Gflasso, and BGGS over 100

simulations under the settings of n � 200, σ2 = 0.5, 1, and (A) p � 100, (B) p � 200, (C) p � 500,

(D) p � 1000.

the Lasso method tailored for sparsity, there is a notable increase in both MSEs and MAEs as p

increases. In contrast, for BGGS, MSEs and MAEs show a gradual increase with the augmentation

of p. In contrast, for ncTLF and Gflasso, both MSEs and MAEs exhibit slight fluctuations as p

varies. Among Lasso, ncTLF, and Gflasso, BGGS demonstrates superior prediction performance,

achieving the smallest MSEs and MAEs. Figures 3.3-3.4 show boxplots of MSEβ and MAEβ

respectively, estimated via ncTLF, Gflasso, and BGGS over 100 simulations under the settings

n � 200, p � 100, 200, 500, 1000, and σ2 = 0.5, 1. Given that Lasso yields the largest MSEs and

MAEs across all cases, we omit MSEβ and MAEβ of Lasso in the figures. These findings align with

observations reported for both MSEs and MAEs.

Additionlly, we consider a special case where all components of β are small, i.e., C1 � H. The

corresponding MSEs and MAEs are presented in Table 3.2. For a given p and σ2, the MSEs and

MAEs are comparatively smaller than those reported in Table 3.1. Similar trends are evident

across both tables. Clearly, BGGS consistently achieves the highest prediction accuracy across all
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cases.

3.3.3 Example 2

.

Table 3.3: Example 2: comparison of average MSEs and MAEs (standard deviation in parentheses)

among Lasso, ncTLF, Gflasso and BGGS over 100 simulations under different pairs of pn, pq and

the settings of σ2 = 1,2,5.

pn, pq Method σ2 � 1 σ2 � 2 σ2 � 5

MSE MAE MSE MAE MSE MAE

(50, 100) Lasso 9.1256(3.05) 2.3982(0.39) 9.1676(2.67) 2.3963(0.36) 9.1840(2.64) 2.3983(0.37)
ncTLF 1.8998(0.72) 1.0876(0.21) 2.7598(0.93) 1.3137(0.23) 6.4442(2.26) 2.0043(0.35)
Gflasso 2.5988(0.97) 1.2729(0.24) 3.2564(0.91) 1.4356(0.21) 6.1936(2.04) 1.9582(0.33)
BGGS 1.4564(0.57) 0.9542(0.18) 2.1742(0.75) 1.1641(0.20) 4.9450(1.65) 1.7595(0.29)

(50, 200) Lasso 56.4708(14.43) 5.9651(0.80) 59.1229(14.71) 6.0791(0.81) 54.2584(13.92) 5.8492(0.75)
ncTLF 4.9759(2.29) 1.7506(0.40) 5.4278(2.00) 1.8381(0.35) 6.6057(2.86) 2.0122(0.42)
Gflasso 8.5559(3.17) 2.3119(0.43) 8.6024(3.20) 2.3117(0.42) 8.5537(3.31) 2.2955(0.43)
BGGS 3.7482(1.80) 1.5159(0.35) 4.1878(1.56) 1.6147(0.31) 5.4928(2.45) 1.8380(0.40)

(100, 200) Lasso 22.4695(4.53) 3.7745(0.39) 21.3346(4.73) 3.6631(0.43) 21.2851(4.21) 3.6667(0.39)
ncTLF 1.7965(0.48) 1.0628(0.14) 2.7913(0.67) 1.3300(0.17) 6.1035(1.44) 1.9595(0.25)
Gflasso 2.4767(0.60) 1.2477(0.15) 3.1407(0.68) 1.4103(0.15) 6.0758(1.30) 1.9612(0.23)
BGGS 1.3764(0.35) 0.9325(0.12) 2.1232(0.52) 1.1585(0.15) 4.6314(1.05) 1.7110(0.21)

(100, 500) Lasso 241.1811(44.35) 12.3069(1.16) 236.9172(46.60)12.2308(1.20) 234.0847(41.70)12.2058(1.12)
ncTLF 7.9784(2.48) 2.2346(0.36) 8.0775(2.27) 2.245(0.33) 8.9332(2.96) 2.3705(0.39)
Gflasso 11.5257(3.22) 2.6887(0.38) 11.1470(3.07) 2.6427(0.37) 11.2446(3.42) 2.6672(0.42)
BGGS 5.8641(1.85) 1.9180(0.31) 6.0245(1.79) 1.9367(0.29) 6.6712(2.31) 2.0444(0.35)

(200, 500) Lasso 97.5593(12.92) 7.8508(0.52) 99.6449(14.18) 7.9360(0.59) 96.9504(12.47) 7.8677(0.56)
ncTLF 2.0526(0.35) 1.1375(0.10) 2.7838(0.54) 1.3242(0.13) 4.8786(0.87) 1.7569(0.15)
Gflasso 2.8889(0.53) 1.3492(0.13) 3.4613(0.66) 1.4774(0.14) 5.1933(0.88) 1.8151(0.16)
BGGS 1.5494(0.26) 0.9896(0.09) 2.1513(0.43) 1.1639(0.11) 3.8383(0.68) 1.5581(0.14)

(200, 1000)Lasso 557.5391(70.05) 18.8198(1.24) 565.0438(76.35)18.9851(1.28) 552.8262(68.37)18.7333(1.23)
ncTLF 7.0901(1.57) 2.1162(0.24) 7.7320(1.80) 2.2125(0.26) 8.6426(2.10) 2.3343(0.28)
Gflasso 9.3120(2.00) 2.4246(0.27) 9.8988(2.22) 2.5045(0.28) 10.3957(2.44) 2.5621(0.30)
BGGS 6.3771(1.53) 2.0058(0.25) 6.7427(1.53) 2.0670(0.24) 7.1612(1.75) 2.1227(0.25)

In the second example, we consider a more complex situation where β contains five clusters. The

components of β are generated as follows, tβj � Up�1.5,�1.4q, j P C1u, tβj � Up�0.7,�0.6q, j P

C2u, tβj � Up0.6, 0.7q, j P C4u, tβj � Up1.4, 1.5q, j P C5u and |C1| � |C2| � |C4| � |C5| � p{16,
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Figure 3.5: Example 2: boxplots of MSEβ estimated via ncTLF, Gflasso, and BGGS over 100

simulations with different pairs of pn, pq: (A) pn, pq � p50, 100q, (B) pn, pq � p50, 200q, (C) pn, pq �

p100, 200q, (D) pn, pq � p100, 500q, (E) pn, pq � p200, 500q, and (F) pn, pq � p200, 1000q.

tβj � 0.2, j P C3u, |C3| � 3p{4. We consider different pairs of pn, pq and σ2. The simulation

results are presented in Table 3.3 and Figures 3.5-3.6. Under complex scenario involving positive,

negative, and small values of βj, the BGGS method achieves the smallest MSEs and MAEs among

the Lasso, ncTLF, Gflasso and BGGS. Furthermore, the results of MAEβ and MSEβ shown in

Figures 3.5-3.6 also demonstrate the superior performance of BGGS.
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Figure 3.6: Example 2: boxplots of MAEβ estimated via ncTLF, Gflasso, and BGGS over 100

simulations with different pairs of pn, pq: (A) pn, pq � p50, 100q, (B) pn, pq � p50, 200q, (C) pn, pq �

p100, 200q, (D) pn, pq � p100, 500q, (E) pn, pq � p200, 500q, and (F) pn, pq � p200, 1000q.

3.4 Real data analysis

We further demonstrate the practical performance of the proposed BGGS method using a

financial dataset. Our objective is to build a linear regression model that relates the S&P 500

index to the stocks within the S&P 500 list. We assess the predictive accuracy of various methods,

including Ordinary Least Squares (OLS), Lasso, ncTLF, Gflasso, and the newly introduced BGGS.

Specifically, we collect and transform the weekly closing prices of the S&P 500 index and the stocks

listed within it into a time series of weekly log returns. We conduct our study over two recent

three-year periods: from January 3, 2017 to December 30, 2019 (Market I), and from January 3,
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Table 3.4: Predicted MSE of test sets under different pairs of pn, pq for two three-year periods

of January 3, 2017 to December 30, 2019 (Market I) and January 3, 2020 to December 30, 2022

(Market II).

pn, pq OLS Lasso ncTLF Gflasso BGGS

Market I

(100, 50) 0.1665 0.3127 0.1665 0.1565 0.1432

(100, 75) 0.2569 0.1402 0.2577 0.1273 0.1250

(100, 98) 6.7170 0.1182 0.7740 0.0885 0.0930

(100, 158) – 0.1838 0.1491 0.0945 0.1044

(100, 229) – 0.1440 0.1000 0.1145 0.0960

Market II

(100, 50) 44.9960 41.7844 44.9960 28.4911 23.2088

(100, 75) 43.9987 41.9822 43.9982 17.2896 14.9495

(100, 98) 75.5661 24.8826 48.6707 14.9381 8.6421

(100, 158) – 19.8430 16.7482 18.4435 4.1263

(100, 229) – 9.4832 5.9774 2.8768 2.0414

2020 to December 30, 2022 (Market II). These periods are selected due to the significant impact of

the global outbreak of COVID-19 on the financial market, resulting in a change in the underlying

model. We focus on stocks belonging to five sectors: Technology, Healthcare, Financial Services,

Energy, and Communication Services, with each sector forming a subgroup. Stocks within the

same sector often exhibit strong correlations, while those from different sectors tend to have weaker

correlations. We anticipate that the selected stocks within each sector have similar contributions
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to the S&P 500 index. Naturally, each stock’s contribution to the S&P 500 may be relatively small

but not negligible. In other words, the regression coefficients do not exhibit sparsity. Relying on

methods assuming sparsity may result in misleading model estimates and substantial prediction

errors.

After data preprocessing, which involves the removal of stocks or samples with excessive missing

values, we are left with a dataset comprising 156 samples and 229 stocks for two distinct time

periods. To effectively showcase the practical applicability of various models, we divide the datasets

into in-sample and out-sample sets. In the in-sample dataset, the sample size n is fixed at 100.

Additionally, we investigate different scenarios with varying numbers of stocks, p = 50, 75, 98,

158, and 229. The performance of different methods is compared as p increases. The results of

our analysis are presented in Table 3.4, which details the Mean Squared Errors (MSEs) of out-

sample sets for various combinations of pn, pq over two distinct three-year periods: January 3,

2017, to December 30, 2019 (Market I) and January 3, 2020, to December 30, 2022 (Market II).

The smallest MSEs are highlighted in bold.

In general, we observe that the MSEs for Market II are larger than those for Market I, primarily

due to the increased volatility in Market II. It is evident that the predictive accuracy of OLS

diminishes as p increases. However, when p ¡ n, OLS becomes infeasible. Among the other four

methods considered, the proposed BGGS method consistently yields the smallest MSEs in the

majority of cases (8 out of 10), with the exceptions occurring when p equals 98 and 158 in Market

I. Nonetheless, the MSEs for these two cases (0.0930 and 0.1044) are remarkably close to the

two smallest MSEs (0.0885 and 0.0945), which are achieved by the Gflasso method. In essence,

both Gflasso and BGGS outperform OLS, Lasso, and ncTLF in terms of prediction accuracy for

both financial markets. In Market I, BGGS exhibits behavior similar to Gflasso, as evidenced
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by their closely matched MSEs. However, in Market II, characterized by higher volatility, BGGS

significantly outperforms Gflasso in terms of prediction accuracy, highlighting the robustness of

the BGGS method. These empirical findings showcase the practical utility of BGGS in the context

of high-dimensional linear regression models with non-sparse assumptions.

3.5 Summary

This dissertation delves into crucial aspects, such as parameter estimation and prediction, for

high-dimensional linear regression models under non-sparse assumptions. To tackle these chal-

lenges, we introduce the BGGS method within the Bayesian framework. This method employs

a grouping strategy to categorize regression coefficients into k groups, facilitating rapid sampling

in high-dimensional space by avoiding the computation of high-dimensional covariance matrices.

The computational complexity for each iteration is npkpq, as is the complexity of Skinny Gibbs in

Narisetty et al. (2019) that is designed for sparsity. Furthermore, through simulations exploring

the selection of the grouping number (k), we find that within an appropriate range, the impact

of k on parameter estimation is negligible. More precisely, we advocate the use of the “Elbow

plot” approach for selecting k. Theoretical analysis, contingent upon regular conditions, reveals

that BGGS achieves both weak and strong model selection consistency, parameter estimation con-

sistency and mean squared prediction error bounds. In numerical analysis, our proposed method

exhibits superior predictive accuracy across various simulation seetings. Our simulations demon-

strate that the BGGS method consistently yields the smallest Mean Squared Error (MSE) and

Mean Absolute Error (MAE) compared to alternative methods under diverse scenarios. Finally,

the analysis of a financial dataset illustrates the outperformance of BGGS in prediction under com-
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plex real-world situations where sparsity is often unknown. This suggests that when confronted

with problems featuring more predictors, it may be more advantageous to utilize the entirely of

the available data information, rather than disregarding a portion of predictors.

In practice, justifying the group structure is challenging without background knowledge or

additional information. The high correlation and the approximate eigenvalues of covariate matrix

may indicate group structure. But we can’t say the group structure estimated by our BGGS

methods is correct, even we have a better estimation results than other methods. But we provide a

new attempt towards extension the limits of the size of non-zero parameters. In practice, justifying

the group structure is challenging without background knowledge or additional information. High

correlations and approximate eigenvalues in the covariate matrix may suggest a group structure,

but we cannot assert that the group structure estimated by our BGGS methods is entirely accurate,

even if our estimation outperforms other methods. However, our approach offers a novel attempt

to extend the limits on the size of non-zero parameters, contributing to advancements in this area.
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4 Conclusions and Future Work

4.1 Conclusions

Chapter 2 of this dissertation addresses the challenge of data integration for correlated data

collected across multiple platforms, modeling the linear relationships between responses and predic-

tors within each platform. By incorporating random errors from a broader class of sub-Gaussian

and sub-exponential distributions, we extend traditional frameworks to identify key predictors

across platforms, even as the number of predictors and observations grows infinitely large.

The proposed method integrates marginal response densities from multiple platforms into a

composite likelihood and introduces a Bayesian model selection criterion based on composite pos-

terior probabilities. We demonstrate the consistency of this criterion under regularity conditions,

ensuring reliable model selection even with diverging model sizes. Furthermore, the method effec-

tively recovers the union support of predictors, capturing those relevant in at least one platform,

even when models differ across platforms. To achieve this, an efficient Monte Carlo Markov Chain

(MCMC) algorithm is implemented.

Simulation studies highlight that data integration across platforms significantly enhances model

selection accuracy compared to single-source analyses. A real-world application to financial data

further supports the utility of the method, combining information from three financial indices to

identify a shared set of important predictors. The resulting predictive model demonstrates higher
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accuracy and lower mean squared error than models relying on individual data sources.

Chapter 3 mainly discusses that in high-dimensional linear regression models, the commonly

assumed sparsity of regression coefficients β P <p can lead to significant bias when most or all

coefficients are nonzero. To address this limitation, we propose the Bayesian Grouping-Gibbs

Sampling (BGGS) method, which relaxes the sparsity assumption by partitioning β into k distinct

groups. This grouping framework facilitates efficient sampling and modeling in high-dimensional

spaces where sparsity-based methods may fail.

Through simulations, we provide guidance on selecting k, recommending the use of an ”elbow

plot” for reliable determination. Theoretical guarantees affirm that the BGGS method achieves

model selection consistency, parameter estimation consistency, and bounded prediction error under

regularity conditions. Numerical experiments on finite examples further highlight the competitive

edge of BGGS in both parameter estimation and predictive accuracy.

In a practical application to financial data, the BGGS method demonstrated its effectiveness

by identifying robust predictive models without relying on sparsity assumptions. This result un-

derscores the method’s utility in scenarios where traditional approaches are prone to bias or fail

to capture the underlying data structure.

In conclusion, Chapter 2 provides a robust framework for data integration in high-dimensional

settings, offering consistent model selection and improved prediction accuracy through the union of

information across platforms. This approach has broad applicability and offers significant benefits

in multi-source predictive modeling scenarios. In Chapter 3, the BGGS method offers a powerful

alternative to sparsity-based approaches, providing flexibility and accuracy in high-dimensional

regression settings. Its ability to accommodate dense coefficient structures and deliver consistent

results makes it a valuable tool for a wide range of applications, particularly in fields where
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predictive performance and model robustness are critical.

4.2 Future work

This dissertation has introduced a framework for multivariate statistical modeling, particularly

in the context of high-dimensional data with group structures. While the proposed methods

provide significant advancements, several extensions and refinements remain to be explored in

future research.

One key direction involves extending the current framework to more complex scenarios where

response variables follow multivariate distributions and exhibit structured interdependencies. Ex-

isting methodologies often treat response variables independently, neglecting intrinsic group struc-

tures that arise naturally in biological, medical, and financial applications. Developing models

that simultaneously account for both predictor and response group structures remains an open

challenge. A promising approach is to incorporate a grouped penalty into our method to better

capture these dependencies and improve interpretability.

High-dimensional statistical analyses, such as genomic association studies, frequently encounter

challenges related to sparsity, where only a small subset of predictors is truly relevant to the re-

sponse. Regularization techniques, including the lasso (Tibshirani (1996)), adaptive lasso (Zou

(2006)), elastic net (Zou and Hastie (2005)), and smoothly clipped absolute deviation (SCAD)

penalties (Fan and Li (2001)), have been widely employed to enhance model interpretability and

predictive performance. While these methods have been extensively studied for univariate response

settings, their extension to multivariate responses, particularly with complex group structures, war-

rants further investigation. Developing new regularization strategies that leverage both response
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and predictor dependencies is a critical area for future work.

Several methodologies have been proposed to address these challenges in multivariate regression.

For example, mixed l1{l2 penalties have been employed to identify hub covariates in gene regulatory

networks (Peng, J. et al. (2010)), while Lounici et al. (2011) established oracle inequalities in the

multitask learning framework. Despite these advancements, there has been limited focus, to our

knowledge, on cases where the responses themselves exhibit group structures, even though such

cases are common in biological studies. Future research should focus on refining these techniques

to incorporate biologically meaningful groupings in a statistically rigorous manner.

A common approach for analyzing multivariate responses is to perform covariate selection for

each response variable independently. While this strategy can account for the predictor group

structure, it often neglects the intrinsic group structure present in the responses. This oversight

can lead to suboptimal results, particularly when the response group structure is critical for under-

standing the underlying biological or functional relationships. Addressing this gap by developing

methods that simultaneously consider both predictor and response group structures remains a

pressing challenge in multivariate statistical analysis.

Li et al. (2015) proposed a multivariate sparse group lasso method for variable selection and

estimation, designed to handle data with both high-dimensional predictors and high-dimensional

response variables. This method was implemented within the framework of a penalized multivari-

ate multiple linear regression model, allowing for an arbitrary group structure to be imposed on the

regression coefficients. By incorporating both sparsity and group-level structure into the penalty

design, the proposed approach enables simultaneous selection of relevant predictors while account-

ing for the inherent group relationships within the data. This dual consideration is particularly

advantageous in applications where predictors and responses exhibit complex interdependencies,
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such as genomic studies or functional neuroimaging analyses. The flexibility of our model en-

sures its applicability to a wide range of high-dimensional problems, providing a robust tool for

uncovering meaningful associations in data with group structures.

Beyond the previously discussed models, future work could also consider more complex sit-

uations, such as formulating the full likelihood for multivariate clustered data, which can be

a complex and computationally infeasible task. The Generalized Estimating Equation (GEE)

framework provides a viable alternative, ensuring consistency even when the working correla-

tion matrix is misspecified. Li et al. (2015) introduced a multivariate sparse group lasso method

for variable selection and estimation in scenarios involving both high-dimensional predictors and

high-dimensional response variables within the GEE framework. Extending this framework by

introducing an additional dimension, referred to as the platform dimension, presents a significant

computational and theoretical challenge that warrants further exploration. This extension accom-

modates multiple data sources and accounts for the possibility of varying underlying influential

covariates across platforms.

In conclusion, future research will aim to enhance the robustness, flexibility, and applicability

of high-dimensional statistical models by incorporating multivariate responses, complex group

structures, and more general assumptions. Theoretical advancements, coupled with empirical

validation through large-scale simulations and real-world applications, will be essential for refining

these methodologies and expanding their impact across various domains, including biology, finance,

and healthcare.
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