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Abstract

We present comprehensive determinations of the diffusion coefficients for rubidium atoms
in six commonly used buffer gases using a newly developed coherent transient technique.
The experiments are carried out by establishing a spatially periodic rubidium population
grating using two laser beams intersecting at an angle of a few milliradians. The grating
decays exponentially in time due to diffusive motion induced by momentum-changing elastic
collisions with buffer gas atoms. The decay can be monitored over a large dynamic range using
a heterodyne detection system that records the coherently scattered light from the grating.
We are able to distinguish the contribution of diffusion from other collisional processes by
measuring the characteristic dependence of the decay rate on the angle between excitation
beams. These experiments are carried out in a non-magnetic atomic vapour cell manifold
that allows magnetic fields and magnetic field gradients to be cancelled so that rubidium
atoms can be manipulated in targeted internal ground states in the presence of different
inert gases that can be maintained at pressures ranging from a few hundred pascals to one
atmosphere. Our measurements agree with theoretical calculations of diffusion coefficients
after reconciling key systematic effects, and this agreement appears to resolve both the
widespread scatter in the values of diffusion coefficients using other techniques obtained over
several decades and their disagreement with theory. Our measurements lay the groundwork
for the development of a quantum pressure sensor that will rely on the intrinsic properties of

atoms to calibrate commercial pressure gauges and impact emerging quantum technologies
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such as magnetometry, spin polarized imaging, and quantum memory that rely on accurate
knowledge of diffusion coefficients. We also describe preliminary, comparative studies of a
traditional population magnetometer and a unique coherence magnetometer developed by
our group, which led to the development of the technique for measuring diffusion. All our
experiments were carried out using a low-cost, home-built diode laser system. We present a
detailed characterization of this system, which has supported wide-ranging experiments in
precision metrology such as optical tweezers-based determination of micro-particle masses,
measurements of atomic lifetimes, and atom interferometric measurements of velocity and

gravitational acceleration.
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Chapter 1

Introduction

1.1 Diffusion and precision metrology

The diffusion of microparticles such as pollen grains first observed by the botanist Robert
Brown [1] has been a source of considerable interest because of practical applications and
because the investigation of its characteristics is strongly linked to the mathematics of random
walk processes |2]. The successful treatment of microparticle diffusion by Einstein [3] showed
that the ballistic motion of the particle on short time scales evolves into diffusive behaviour

on longer timescales characterized by the famous equation.

22 =Dt (1.1)

Here, D is the diffusion coefficient, and the equation predicts that the mean squared
displacement 2?2 increases linearly with time .

Subsequently, there has been considerable interest in understanding the diffusion of atoms
for the development of compact vapour cell quantum sensors. These sensors contain trace

amounts of alkali-metal atoms in mixtures of inert buffer gases and have been developed into



essential platforms for cutting-edge quantum sensors and precision metrology. Examples of
sensors in this category include Spin-Exchange Relaxation Free (SERF) magnetometry [4], the
use of spin-polarized noble gases for medical imaging [5], schemes for quantum memory [6] and
vapour cell atomic clocks |7, 8]. Vapour cells have also been used to study optical pumping
and collisional effects using coherent transient effects including atom interferometry [9-17].

During the last forty years, there have been significant improvements in the sensitivity of
a particular class of vapour cell sensors, namely atomic magnetometers used for the detec-
tion of small magnetic fields and magnetic anomalies. The development of spin—exchange
relaxation—free (SERF) atomic magnetometers has allowed these sensors to reach sensi-
tivities below 1 T/ Hz'/2, competing with, and often surpassing, superconducting (SQUID)
magnetometers [18] to become the most precise magnetometers in the world [19]. Such
magnetometric techniques have also been used to monitor the Earth’s ocean currents and
interior dynamics [20]. Atomic magnetometers operate by optically pumping alkali vapour
into a specific internal state, thereby aligning the individual magnetic dipole moments of
atoms. This net magnetic moment will oscillate at the Larmor frequency, which is uniquely
determined by the external magnetic field. In a conventional, time-domain magnetometer,
the Larmor frequency is measured by observing the absorption of a weak probe laser [21].
SERF magnetometers achieve high precision by preserving the alignment over extended time
scales. This is achieved by using high alkali densities and specific concentrations of buffer and
quenching gases. Under these conditions, the optically-pumped alkali vapour slowly diffuses
with minimal decoherence due to radiation trapping and spin—disrupting collisions.

To optimize magnetometers and other vapour cell sensors, it is critically important to
reliably measure binary diffusion coefficients for alkali-metal atoms in inert buffer gases in
order to model the many-body evolution in these systems. Models of these systems also
require other key parameters such as spectroscopic parameters related to collision-induced

broadening, and binary collision cross-sections [22]|. Because these observables are ultimately



determined by the electronic potential energy surfaces between alkali-metal atoms and inert
buffer-gas atoms or molecules, [23-25] it is possible to compare measurements to ab-initio

calculations.

1.2 Techniques to calculate and measure atomic diffusion
coefficients

Diffusion coefficients can be theoretically calculated from an accurate knowledge of the
intermolecular potential of the colliding species by relying on the Chapman—-Enskog formalism
[22, 26]. Previous measurements of diffusion coeflicients have involved analyzing transient
signals associated with the optical pumping of alkali vapours [9-13, 27|, measuring the
amplitude decay of spin echoes in a magnetic gradient |28, 29|, and analyzing the spectrum
of transmitted probe light well below the shot-noise limit to directly observe atomic motion
[30]. Other known methods of inferring diffusion coefficients involve frequency domain
measurements of collisional broadening [31] and of collision cross—sections using four-wave
mixing [32].

In this thesis, we have developed a distinctive coherent transient technique [33-36] for
comprehensive measurements of the binary diffusion coefficients for rubidium atoms near
room temperature in the presence of inert gases helium, neon, argon, krypton, xenon,
and molecular nitrogen [35] and within the pressure range 50 Torr to 700 Torr, where
1 Torr = 133.322 Pa. Our technique relies on the decay of a coherently scattered signal from
a spatially periodic lattice (grating) created by optical pumping. Our measurements relied
on theoretical calculations of diffusion coefficients from collaborators at NIST Gaithersburg
USA. Their theoretical predictions were based on classical, semi-classical, and quantum

mechanical models and relied on the Chapman—Enskog formalism [35, 36]. The agreement



between theory and experiment in 6 atomic systems has made it possible to realize a
quantum pressure sensor based on intrinsic atomic properties rather than electromechanical
properties of materials used in pressure gauges. Our experimental configuration also proved
suitable for comparative investigations of traditional population magnetometers and coherence

magnetometer techniques developed in our group [37-39).

1.3 Contributions and key steps in the development of
this thesis

When I joined this research group, a commercial Ti:Sapphire laser system that had been used
in key measurements for over 14 years had broken down. Therefore, we embarked on a project
to develop home-built master-oscillator power-amplifier (MOPA) laser systems. The first step
involved the development of external cavity diode lasers (ECDL) and I contributed to this
effort by developing home-built controllers. These modules included circuits for stabilizing
the diode temperature and current. Scanning modules were built to apply a tuning voltage
to a Piezo transducer that controlled the length of the laser cavity. A feedforward circuit was
designed to synchronously scan the laser frequency via the diode current and the external
cavity to avoid mode-hops. My next major contribution was to develop the protocol for Allan
deviation measurements for characterizing the ECDL stability [40]. Our studies indicated
that the ECDL had a short-term linewidth of 200 kHz and an Allan deviation floor of
1.5 x 10712 at 300 s. The Allan deviation code was used for a number of results that support
this dissertation, which include tests of laser stability [40], stability of power supplies [41],
stability of a rotating knife-edge spatial profiler used for angle measurements in the diffusion
experiment [33], and to estimate the uncertainty in atomic lifetime experiment [42].

I then developed a high-power laser system by seeding a commercial semi-conductor



waveguide tapered amplifier (TA) with the ECDL. In this manner, I developed laser systems
with power outputs ranging from 2 W to 3 W [41]. I was involved in constructing multiple
replicas of this laser system to support four projects in the lab, including my own. These other
projects included optical tweezers, atomic lifetime measurements [42| and atom interferometric
measurements of gravity [43-46], all of which reached mature stages during the course of
my work. In the next phase of my research, I validated the performance of the high-power
laser systems by obtaining comparative data from traditional population magnetometers and
coherence magnetometers [39]. Using a sealed cell containing isotopically purified 8" Rb and
nitrogen buffer gas, I carried out a proof-of-concept measurement of the Rb-Ny diffusion
coefficient using coherent scattering from a population grating [33]. The completion of this
work required a spectroscopic determination of the buffer gas pressure. Learning from this
experiment, we set up a vacuum system in which different buffer gases could be introduced
at various pressures. It then became possible to use our coherent transient technique to
measure the diffusion coefficient of Rb atoms in six different buffer gas mixtures. A number
of systematic effects including transit time corrections [36] were identified so that it was
possible to compare with theoretical calculations [35]. The agreement between experiment and
theory has paved the way for future experiments to realize a pressure sensor. In a follow-up
experiment [47] we were able to use a detection system consisting of a gated photomultiplier
tube to replicate the diffusion measurements presented in this work in nitrogen. This
experiment will focus on measuring the temperature dependence of the diffusion coefficient,
which is an essential step to realize the aforementioned pressure sensor. The spectroscopic
measurements of the buffer gas pressure that were completed as part of this work were also
compared with readings from a capacitance manometer, and these results have enabled the

determination of collisional shift and broadening parameters in six Rb-buffer gas mixtures [48].



1.3.1 Impact of delays

My thesis was considerably impacted by a 15-month shutdown of our research lab during
the COVID-19 pandemic from March 2020 to May 2021, only one student was allowed to
work in the lab for one day of the week to maintain critical systems. During the period from
May to August 2021, only 50% of the research group members were allowed to work in the
lab. Although normal operation resumed in September 2021, there was widespread failure of
building infrastructure, resulting in unscheduled power outages, water leaks, and the failure
of the air conditioning unit in the lab. These failures resulted in damage to the equipment
used in the diffusion experiment. It proved time-consuming to slowly repair and replace this
equipment because my research group was constrained by a modest operational grant of
$34 000 per year and because the university did not provide reimbursements until February

2024. The collective impact of these delays set back my project by about two years.

1.4 Outline of thesis

The thesis is organized as follows: We use the remainder of Chapter 1 to provide an overview
of magnetometric techniques and the principles of our coherent transient technique to
measure diffusion. Chapter 2 covers the theoretical formalism relevant to magnetometry and
the theoretical calculations of diffusion coefficients. Chapter 3 describes the experimental
details including key elements of the apparatus. The results and discussion are presented
in Chapter 4. The supporting results are described in a series of appendices to ensure that
the main body of the thesis is compact and cohesive. Appendix A describes the MOPA
system. Appendix B describes the analysis protocol to calculate the Allan deviation to
characterize the ECDL stability. We also describe applications in which this protocol was
used to characterize the stability of laser-current controllers and a scanning knife-edge beam

profiler used to measure the angle between excitation beams in our diffusion experiments.



Appendix C describes the transit time correction to the measured diffusion coefficients due to
atoms leaving the interaction volume defined by the laser beams. Appendix D describes the
spectroscopic measurements of the pressure. Appendix E summarizes the journal publications
and conference proceedings related to this dissertation. In summary, the work described
in the appendices relates to some of the most time-consuming developments related to this
dissertation. I have described these contributions separately to ensure the readability of the

manuscript.

1.5 Overview of atomic magnetometry

1.5.1 Time-domain population magnetometer

Figure 1.1 shows a schematic of a well-understood, time—-domain, “population” magnetometer
[21]. Here, a continuous wave (CW) diode laser is amplified by a tapered waveguide amplifier
(TA) and used to generate a strong pump and a weak probe that are aligned at a small
angle through a vapour cell containing an alkali sample such as rubidium. These beams
are amplitude-modulated by acousto—optic modulators (AOMs). In this example, the

circularly—polarized pump laser is tuned to the $Rb F' = 3 — ' = 4 transition and is used
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Figure 1.1: Schematic of time-domain population magnetometer.



to optically pump atoms into the F' = 3, mp = 3 ground state magnetic sub-level, resulting
in spin—polarization. If a magnetic field is applied perpendicular to the quantization axis
defined by the pump laser, the transfer of population across the ground state manifold and
back is modulated at the Larmor frequency w; = (ur - E) /h. This population evolution is
detected as a periodic variation in the differential transmission of the two orthogonal circular
components of the probe beam.

The decay time of the signal-—which is modulated at the Larmor frequency—is limited
first by the transit time of the atoms through the pumping volume (see Figure 1.2). If the
pumping volume is extended to encompass the entire vapour cell, then the measurement
time will be limited by the effect of wall collisions that decohere the Larmor oscillations.
Although the measurement time can be extended using wall coatings, commonly—available
coatings degrade at the high temperatures required for SERF magnetometry [49]. A simpler
way to extend the measurement time is to add a high concentration of a buffer gas—such
as Ny or a noble gas—whose principal requirement is a low spin—destruction cross—section.
Collisions between the alkali atoms and the buffer gas will result in diffusive motion and
effectively increase the transit time. Under these conditions, the measurement time is limited
by radiation trapping which scrambles the atomic polarization. The addition of a small
concentration of quenching gas—such as No—with a broad range of resonant energies can
ensure that collisional de—excitations dominate spontaneous emission while preserving the
spin—polarization. In this regime, spin—exchange collisions between rubidium atoms, which
result in a transfer to atomic states that precess with the opposite phase, limit the time
scale. Even so, this effect can be avoided by increasing the alkali density until the collisional
frequency is large enough to re—initialize the phase of the Larmor precession, resulting in the
so—called SERF regime.

Other transit time limited experiments involving the configuration in Figure 1.1 have

been utilized for precise measurements of atomic g—factor ratios [38, 50]. However, this
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Figure 1.2: Methods to extend the coherence time of magnetometry signals. Collisions with
the walls present the fastest source of decoherence, and can be eliminated either by coating
the walls so that collisions do not cause decoherence, or by adding a buffer gas to decrease
the frequency of wall collisions. Both methods require the addition of a buffer gas with a
significant cross-section for quenching collisions, in order to limit decoherence due to the
reabsorption of spontaneous emission (radiation trapping). The third limiting phenomenon is
spin-exchange collisions, which can be overcome by heating the alkali vapour to increase the
atomic vapour density. Generally, coatings do not perform well at the required temperatures.

type of magnetometer is not ideally suited for diffusion measurements since the signal decay
must be modelled by a complex function which is sensitive to various mechanisms of spin—
depolarization in addition to diffusion. Further, the magnetic field response, which is also
sensitive to various systematic effects, cannot be decoupled from the signal decay. In general,
the transit time of atoms—Ti,ansit = fR?/D, where R is the beam radius, D is the diffusion
coefficient, and f is a form factor—is sensitive to the volume of the pump—probe overlap
region. In devices of this type, the geometry of the overlapping region and its corresponding
form factor contribute substantial errors into the diffusion measurement. The Rb—N, diffusion

coefficient has been inferred by experiments of this kind by illuminating an entire vapour cell



of simple geometry, with a circularly—polarized lamp source and monitoring the transmission
[11]. These measurements rely on knowledge of the form factor of the cell geometry apart

from requiring deconvolution of magnetic field effects and all sources of spin de—polarization.

1.5.2 Coherence magnetometer
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Figure 1.3: Schematic of the coherence magnetometer.

Figure 1.3 shows a schematic of a “coherence” magnetometer [37, 51-53|. Here, a spatially-
modulated coherence grating is created between adjacent magnetic sublevels of the F' = 3
ground state in 8°Rb by an excitation pulse that consists of two perpendicular linear-polarized
travelling waves, with wave vectors k; and ks, aligned at a small angle 6 (a few mrad).
The grating is formed along the direction Ak =k — k:z as shown in Figure 1.4 and has a
spatial periodicity of ~ \/6, where A = 27 /k, and k is the magnitude of the wave-vector
k= ]k] = |k;\ The grating can be detected by applying a read-out pulse along the direction
k:;, and observing the coherent emission scattered along the phase-matched direction k1. This
signal, called the magnetic grating free induction decay (MGFID) [54], exhibits a Gaussian
decay with a time constant 7 = 2/kufl, where u is the most probable speed associated with

the Maxwell-Boltzmann velocity distribution. This decay corresponds to the thermal motion
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of atoms causing the grating to dephase. The scattered electric field from the grating is then
given by

kEub

E(t) = Eye™ 53, (1.2)

If the excitation pulses have opposite circular polarizations, they will excite coherences
between magnetic sublevels separated by Am = 42, whereas perpendicular linear excitation
produces coherences between sublevels separated by Am = 4+1. The signal scattered from
these coherence gratings will have the same exponential decay time constant. The dephasing
time of the grating has been used to measure the velocity distributions of warm vapour
[37, 53], cold atomic gases [38, 52|, and atomic beams [51].

In the presence of a magnetic field, the functional form of the coherence can have a
complicated dependence, parameterized by the Larmor frequency. This behaviour has been
described in references [37, 52| based on the formalism presented in reference [55]. While
Equation 1.2 assumes the thermal trajectory of the atoms is uninterrupted over the length
scale of the grating, in the presence of a high concentration of buffer gas the mean—free—path
of Rb atoms is reduced by collisions and may become much less than the grating spacing.
In this limit, the motion of Rb atoms becomes a random walk that can be modelled by the
diffusion equation [56-58]. This condition is represented by

ou 1

1 1.
Tow S 70 (1.3)

Here, du is the average velocity change per collision and I'¢,,; is the effective collisional
rate. When Equation 1.3 is satisfied, the evolution of the ground state density matrix p can

be described by the diffusion equation,

= —DV?p(x,1). (1.4)



Here, D is the diffusion coefficient, which is inversely proportional to the perturber
pressure. D can be accurately converted to its value at atmospheric pressure Dy, using the

relationship

Here, Py is atmospheric pressure and P is the buffer gas pressure in the experiment [22, 26].

If the z—axis is along Kk, the spatial dependence of the coherence p may be written as e*%%.

This results in

dp(x,t)
ot

— —(0k)*Dp(x, 1). (1.6)

The solution to Equation 1.6 is a decaying exponential. The MGFID is therefore given by

E(t) = Ege~ WDt (1.7)

Under these conditions, the coherent scattering from the grating is preserved but the
signal exhibits an exponential decay with a characteristic time constant 7 = 1/(D(k6)?).
Since (k0)~! represents the characteristic length scale in this problem, namely the grating
spacing, the scaling law for 7 is representative of a random walk. Therefore, the coherence
magnetometer offers a direct approach for measuring diffusion rates [57]. However, this
method is prone to inaccuracies since the scattered signal has a small amplitude and is

sensitive to magnetic field gradients.

1.5.3 Formation of population gratings

Due to the limitations in the measurements of the decay times of coherence gratings, we have
exploited an interesting aspect of the lin—perp—lin excitation, namely that it simultaneously

produces a population grating with the same spatial period as the coherence grating. Ac-
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cordingly, we are able to record decays with much improved signal-to-noise ratios and with
greater accuracy due to the insensitivity of the population grating to magnetic fields and
field gradients. It should be noted that the population gratings used in this work can be
modelled without atomic recoil or matter-wave interference effects [59-63]. By recording the
decay time as a function of angle, we rely on Equation 1.7 to measure the diffusion coefficient
with a typical statistical uncertainty of 1-3%. The novelty of this technique, its ability to
separate the effects of diffusion from other collisional processes, and the detailed comparison
with theory are the most salient features of this dissertation.

In our experiments, the population grating forms as the result of a spatially—periodic
polarization modulation in the combined (standing—wave) excitation field. This standing—
wave potential optically pumps atoms into a spatially—periodic population distribution within

the ground state manifold of the Rb atoms.

1.6 Measuring diffusion

Our experiment is schematically shown in Figure 1.4 as described in reference [33]. An
optical field with spatially periodic polarization is created by overlapping two laser pulses
with perpendicular linear polarizations that intersect at a small angle 6. The laser producing
both of these excitation beams is locked 60 MHz below the frequency resonant on the
F =3 — I = 4 hyperfine transition of the 55(*S1/2) — 5p(*P3/2) or D2 line in ®Rb atoms
in a vapour cell with no buffer gas. The excitation beam directions are aligned along ko
and EQ, respectively. Their wavelengths A and wavenumbers & = 27 /A are identical. This
beam geometry produces a spatially periodic polarization grating along the direction —,
with a period of ~ A/6. The angle can be varied between 1.5 mrad and 4.0 mrad so that
the number of periods ranges between six and fifteen across the 3 mm spatial extent of the

beams in this direction. Due to optical pumping in Rb, spatially periodic gratings are formed
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in the populations of the magnetic sublevels mp of the electronic ground state [33|. Here,
the quantization axis for the mg sublevels is along the lattice direction /21 - EQ. These Rb
population gratings have the same period ~ A/f and direction as the polarization grating.

When a read-out pulse is applied later along the direction /;2, phase-matched coherent
scattering from the atomic lattice results in a scattered light signal along ko [54].

The decay of this signal is exponential and has contributions from diffusion and from
spin-exchange or spin-destruction collisions, all of which arise from the effect of elastic
momentum-changing collisions of Rb with the buffer gas atoms or molecules. Other weaker
effects, such as decoherence due to residual light, can also contribute to the decay. Our
technique, however, is able to differentiate between diffusion and other decay mechanisms
by varying angle 6. Since the grating period scales as 6=, diffusion leads to a decay time
constant 7 that is proportional to §72. We measure decay rates 1/7 with a precision of a few
percent and correct for systematic effects such as the transit time and wavefront curvature.
Our first round of measurements was carried out at a fixed pressure [33]; while our second
round of measurements was performed in an apparatus that could be filled with a buffer gas
to a pressure of up to one atmosphere [35].

We interpret our data on decay rates using the diffusion equation applied to the evolution
of number density gradients [54]. We compare the extracted diffusion coefficients with our the-
oretical calculations of thermalized diffusion coefficients expressed in terms of the microscopic
differential cross section [64] determined using accurate inter-atomic and inter-molecular
potentials. The agreement between experiment and quantum and classical calculations makes
it possible to realize an accurate quantum pressure sensor with an operating range of 50-1000
Torr. Our studies complement efforts to realize pressure standards in ultra-high vacuum
(UHV) environments using alkali-metal atoms [65-68|. These efforts involve either lithium or
rubidium atoms laser-cooled to temperatures of tens of microkelvin.

The diffusion coefficient is a function of both temperature 7" and pressure p and is given
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Figure 1.4: a) Diagram of the optical polarlzatlon gratlng formed by two perpendicular
linear polarized laser beams with wavevectors ki and ks intersecting at a small angle 6.
One laser is polarized in the plane, the other is polarized out of plane. The polarization
grating forms along k1 — ks and is indicated by red and white stripes. An excitation pulse
is applied along both directions creating a spatial population grating in each m-level of the
Rb sample along the same direction. A read-out pulse is applied along /;2 with variable time
delay after the excitation pulse, inducing a coherent scattered signal from the grating in
direction k. Fields applied at the time of the excitation pulse are shown in red, while those
present at the time of the read-out pulse are shown in purple. All beams have the same
spatial profile, but the read-out and signal beams are shown narrower so that they do not
obscure the excitation beams. b) Timing diagram for the experiment showing the laser pulses
applied along directions k1 and ky as well as the intensity of the detected fields. The detector
records light incident along direction k1. The integrated signal pulse at each read-out delay
is indicated by the dotted purple line.
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R

(1.8)
Accordingly, we report the diffusion coefficient at standard atmospheric pressure p, =
101 325 Pa for the buffer gas, following the convention in the field of pressure metrology. Here,
quantity Q(T) is the pressure invariant diffusion coefficient, and is solely a function of T,
n is the number density of the inert gas, and we have used the ideal gas law p = nkgT in

the second equality in Equation 1.8. Another common representation of Equation 1.8 in the

literature is

D(T,p) = Dopo/p (1.9)

where Dy is the temperature-dependent diffusion coefficient at pressure py.

In Table 1.1, we summarize our experimental results on diffusion coefficients D(T, p)
for trace amounts of naturally abundant Rb interacting with buffer gases X = He, Ne, N,
Ar, Kr, and Xe. In this table, we also compare our measurements to existing experimental
determinations relying on different physical effects, such as optical pumping, spin echoes,
and coherent scattering. The values in Table 1.1 have been scaled to our measurement
temperature of T' = 24.0°C using a buffer-gas dependent power law obtained from our
theoretical calculations. Our values are among the most precise and confirm our previous
measurement for nitrogen Ny [33] obtained at a fixed pressure. The data in this thesis are
obtained with a single experimental technique, with minimal changes required to interchange
buffer gases, resulting in consistency of systematic errors across the six systems. This allows
for more complete comparisons with our theoretical results and can serve as a benchmark for
future work.

Table 1.1 provides standard statistical uncertainties in parentheses where available. In this
table, we quote two results from our 2025 work for each gas, the first being the result without

systematic corrections applied, that shows only the statistical uncertainty in parentheses.

16



The second value is our recommended result, which is a weighted average of two different
models for the transit time correction. The first of these models uses rectangular spatial
profiles for the population distribution and the readout pulse, and the second model uses
Gaussian profiles. The error in the corrected value includes estimates of systematic errors

due to the transit time correction and wavefront curvature.
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Table 1.1:

T —

as extracted from our theoretical models.

The second column gives D(T',p) at
We use D o< T?/p, where

Measurements of D(T,p) in cm?/s at standard atmospheric pressure of 101 325
Pa for naturally abundant Rb-inert gas mixtures.
24.0(5)°C scaled using the third and fourth columns.
£ =1.793, 1.756, 1.730, 1.731, 1.750, and 1.791 for He, Ne, Ny, Ar, Kr, and Xe, respectively,

’ Buffer gas D (@24°C) D (@T) T (cited)
Helium (our work 2025) [35] 0.33(2);0.33(5)  0.33(2):0.33(5) 24°C
Helium (1976) [69] 0.40 0.42 32°C
Helium (1969) [70] 0.41 0.41 27°C
Helium (1965) [71] 0.53 0.68 67°C
Helium (1961) [72] 0.46 0.54 50°C
Neon (our work 2025) [35]  0.213(7);0.214(14) 0.213(7);0.214(14)  24°C
Neon (2014) [14] 0.202(5) 0.222(5) 40°C
Neon (2014) [73] 0.19(2) 0.24(3) 70°C
Neon (2008) [74] 0.11 0.13 52°C
Neon (1976) [69] 0.22 0.235 32°C
Neon (1965)[71] 0.38 0.48 67°C
Neon (1959) |75] 0.27 0.31 47°C
Nitrogen (our work 2025) [35] 0.131(3):0.132(7)  0.131(3);0.132(7)  24°C
Nitrogen (our work 2021) [33] 0.129(1); 0.129(4)  0.1490(14);0.149(5) 50°C
Nitrogen (2000) [2] 0.1305(16) 0.159(4) 60°C
Nitrogen (2000) [13] 0.1446(19) 0.30(3) 180°C
Nitrogen (1994) [12] 0.15 0.28 150°C
Nitrogen (1985) [11] 0.16 0.20 70°C
Nitrogen (1976) [69] 0.15 0.16 32°C
Argon (our work 2025) [35]  0.122(5)0.123(9)  0.122(5)0.123(9)  24°C
Argon (1976) [69] 0.15 0.16 32°C
Argon (1972) [76] 0.137(11) 0.139(11) 27°C
Argon (1965) [71] 0.29 0.37 67°C
Argon (1959) [75] 0.21 0.21 47°C
Krypton (our work 2025) [35] 0.092(5);0.093(9)  0.092(5);0. 24°C
Krypton (2014) [14] 0.085(3) 0.093(3) 40°C
Krypton (2014) [73] 0.069(5) 0.089(6) 70°C
Krypton (2012) [77] 0.033(5) 0.043(7) 70°C
Krypton (1972) [76] 0.118(10 0.12(1) 27°C
Xenon (our work 2025) [35]  0.072(3);0.073(4)  0.072(3);0.073(4) 24°C
Xenon (2014) [14] 0.0519(9) 0.057(1) 40°C
Xenon (2014) [73] 0.053(3) 0.068(4) 70°C




Chapter 2

Theory of formation and decay of

optically pumped lattices

This chapter describes the theoretical framework used to design and understand the experi-
ments described in 1. Section 2.1 reviews optical pumping due to the application of multiple
laser fields resulting in a spatially periodic population distribution (grating) in each magnetic
sub-level of the ground state of the alkali vapour. In what follows, we use the language that
optical pumping “polarizes” the sample. We use this terminology to describe any population
imbalance between the magnetic sublevels created by the laser fields. In our experiment,
we have to consider the effect of two or more laser fields with specific optical polarizations
that induce both population transfer and coherences between magnetic sublevels associated
with both the ground and excited states. For most of our work, we are interested in the
ground-state distribution of magnetic sub-level populations, but the manner in which these
distributions are created can be described in a tensor representation [55] with the lowest
ordered terms labelled monopole (population), orientation (magnetic dipole) and alignment
(magnetic quadrupole). Henceforth we will draw attention to specific aspects of the sample

polarization depending on the laser excitation configuration that is used.
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Section 2.2 describes how collisions modify the absorption lines of an alkali vapour. The
ideas in these two sections are combined in Section 2.3 where our simulations of optical
pumping are described. These simulations model the formation of the optically pumped
lattices used for our experiments. Section 2.4 describes the decay of the lattices due to
diffusion as well as other mechanisms. Finally, in Section 2.5 we discuss how the diffusion

coefficient can be calculated.

2.1 Optical pumping

In the absence of external fields, the populations of ground state magnetic sublevels (mpg
states) in an atomic vapour are isotopically distributed. Such a distribution can be intuitively
understood since the mp state distributions correspond to the projections of the magnetic
dipole moment of an atom onto a particular axis, and we would not expect the magnetic
dipole moment to have a preferred direction in the absence of any fields. The application
of a near-resonant optical field will generally lift this isotropy, resulting in a redistribution
of the sub-level populations which is biased towards certain states and against others. This
redistribution is achieved in our case by optical fields that connect the ground states with
the excited state.

The direction and magnitude of this bias is dependent on: (i) the absorption strength of
every ground-excited transition in the atom, (ii) the probabilities of alternative relaxation
channels from the excited state to the ground state (i.e. other than spontaneous or stimulated
emission of a photon). Both of these mechanisms are strongly influenced by collisions with
the buffer gas, in the case of (i) by broadening the line-widths and shifting the line-centres,
and in the case of (ii) by providing a potentially significant number of “quenching” collisions,
which allow the atom to relax to the ground state without regard to the selection rules for

electric dipole transitions.
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In this section, we will quantify each of these factors with the goal of simulating the result
of optical pumping by a relatively long optical pulse. A long pulse length is defined here as
one in which the population of atoms has reached a steady state, and further exposure to the

same field will no longer significantly change the population distribution.

2.1.1 Rate equations to model optical pumping

The response of the atom to applied optical fields can be simulated based on the semiclassical
model of a multi-level atom. [39, 78]. Ignoring collisions, optical pumping will redistribute
atomic populations p among ground states with F' = G, each with magnetic sublevels m,
and excited states F' = H, each with magnetic sublevels mpy, following a set of rate equations

of the form
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These rate equations describe the time evolution of the population p in hyperfine ground
state |G, mq) 2.1 and excited state |H, mg) 2.2, in the presence of an applied optical field,
where F' = G or H and mp = m¢g or my are the total angular momentum and magnetic
projection quantum numbers, respectively. These relations can be derived from the full set

of density matrix equations [39, 78], but since the goal of this simulation is to observe the

21



steady-state atomic population distribution given by a particular driving field, all atomic
coherences are ignored to make computation more efficient. For now, we ignore the effects of
collisions on the transfer of atomic populations.

Here, I'y is the natural linewidth of the atoms, xu ¢ is the Rabi frequency, Ay ¢ is the
detuning of the optical field from resonance, ¢ is the projection of photon angular momentum
[—1,0,1], ¢, is the unit vector corresponding to the polarization of spin g.

The first term in Equations 2.1 and 2.2 describes relaxation due to spontaneous emission.
The excited state decays with a total radiative rate I'g (in vacuum), and the ground state
is repopulated from all possible excited states with an effective rate proportional to the
Clebsch-Gordan coefficient symbol between initial and final states.

The second term in both Equations describes the interactions of the atoms with the
driving optical field, namely the stimulated absorption and emission processes characterized
by the effective Rabi frequency (H||7- E||G) /2hv/2H + 1, and the detuning from atomic
resonance Ay g = Wiser — W - Here, p'is the electric-dipole operator, E is the electric field
strength, wWiaser is the laser frequency, and wp ¢ is the atomic resonance frequency between
hyperfine states |H) and |G). The inner product (G m¢ 1 q|H my) is the Clebsch-Gordan
coefficient, which describes the transition strength between states with different angular
momenta coupled by a photon with spin projection ¢ onto the quantization axis. The Clebsch-
Gordan coefficient has the general form (j; m; ja ma|js ms) and describes the addition of
two angular momenta j; and j, with projections onto the quantization axis m; and ms
respectively, into a product state with combined angular momentum j3 and projection mg. It
is non-zero only for electric-dipole-allowed transitions. A time-dependent envelope function
is used to model the amplitude of the pumping pulse over time.

We now illustrate the effects of optical pumping in the absence of collisions. These
examples are particularly relevant for the description of the magnetometer signals which are

outlined in Chapter 1 and described in detail in Chapter 4. Figure 2.1 shows optical pumping

22



Fl=1_

(O O+
Atoms
F=1 e
mF '1 0 1

Figure 2.1: An optical pumping scheme with a dark state. The particular circular polarization
and frequency of the field can excite atoms out of all ground states except the mp = +1
ground state. As atoms are repeatedly excited and decay, they will all eventually migrate to
this dark state. This ideal scheme would be unaffected by collisions to first order.

in the presence of a dark state. This example illustrates the general trend that atoms will
collect in ground states that are weakly coupled to the excited state (due to relatively small
or non-existent Clebsch-Gordan coefficients). A dark state is an extreme example of this
effect as it cannot couple to the excited state at all.

However, as demonstrated in the second example shown in Figure 2.2, atoms are not
always biased towards the ground state with the weakest coupling. In this example, where
there are no dark states, and the applied field is circularly polarized, ground-excited and
excited-ground couplings involve Amp = +1 transitions. In this case, spontaneous emission
of a photon is the only other mechanism for decay and it will result in Amp = —1,0 or
1 transitions with equal probability. This means that the average change in mg due to
spontaneous decay is 0, and thus the angular momentum of the optical field accumulates in
the ground state, and atoms eventually migrate to the extreme mpg level, even though this
level will also have the strongest coupling to the excited state.

We now consider the effect of collisions. The final example, depicted in Figure 2.3, shows
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Figure 2.2: A situation where all ground states can be excited. Due to the polarization of
the field, an excitation, or a stimulated relaxation, is always accompanied by an increase in
the angular momentum projected on to the quantization axis. In the absence of collisions,
this results in the migration of atoms into the mp = 4+1 and mpg = +2 states.

one way in which the presence of a buffer gas can dramatically change the result of optical
pumping. Here, the applied field and atom are the same as in the previous example, but the
addition of a molecular quenching gas, with many vibrational excitations, allows the alkali
atom to decay via collisions with this gas. Decays via this pathway are generally not limited
to the selection rules for an electric dipole transition. Thus, Am can have a range of values
when the atoms decay from the excited state. This effectively eliminates the accumulation of
angular momentum seen in the previous example, resulting in a situation similar to the first
example, in which the state with the weakest coupling will collect the largest population of

atoms.

2.2 Collisional broadening and shifting of spectral lines

The effect of collisions on spectral lines is important for several distinct reasons in this
work. First, it is necessary for modelling the optical pumping in the transit-time limited
magnetometer experiments. It is also necessary in order to model optical pumping in the

diffusive regime, on the basis of which we can understand how spatially periodic population
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Figure 2.3: If collisions with the buffer gas allow atoms to decay to many ground states with
high probability, instead of being limited to transitions |Amp| < 1 as is the case for electric
dipole transitions, the angular momentum of the applied field is not able to accumulate in
the atoms. The Clebsch-Gordan coefficients for o photons are strongest for the mp = +1 to
mp = 42 transition and decrease to the left, so in the absence of accumulation the atomic
population will be biased towards the ground states that have the weakest coupling to the
excited state, with the mp = —1 having the largest population.
gratings are formed. Finally, measurements of the collisionally broadened line can be used
for an independent spectroscopic determination of the buffer gas pressure, which can be
compared to the pressure determined on the basis of the diffusion measurement. .

In general, the presence of a buffer gas will cause the Rb spectral lines to broaden and

shift. We will briefly review the reasons for these effects in the following section on the basis

of reference [79].

2.2.1 Models of collisional broadening and shifting of spectral lines

Theories accounting for the effect of collisions on spectral lines begin with the time domain
picture of an atom radiating an infinite train of monochromatic light. The emission spectrum
of this overly simplified atom can be obtained by taking the Fourier transform of this sinusoid,
which would result in a delta function centred at the frequency of the monochromatic light.
Before considering collisions, the first correction to this simple model would be to include

the natural exponential decay of the atom determined by the 1/e lifetime 7 of the excited
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state. This modification in the time-domain results in a Lorentzian distribution centred at
the frequency of the monochromatic light, and with a full-width at half-maximum (FWHM)
'y = 1/2n7. The effect of collisions is modelled in a similar way, by modifying the radiation
from the atom in the time-domain, and then taking the Fourier transform to find the effect
on the emission spectrum.

The simplest model for collisions is the impact approximation, in which the wave-train
is interrupted by collisions that occur at a rate and duration determined by a billiard-ball
model of atoms. This approach was introduced by Michelson [80] and predicts a broadening
proportional to the inverse of the collision rate. By replacing a steady collision rate with a rate
characterized by Poisson statistics, Lorentz found the collisionally broadened lineshape takes
on the experimentally observed Lorentzian distribution g(A) = I'/2x((I'/2)? + A?)~! [81].
Although these models give inaccurate predictions for the spectral broadening and predict no
spectral shift, they give an intuitive description of how the observed broadening can arise
as a result of collisions, which is not immediately apparent. A slightly more sophisticated
approach introduced by Lenz 82, 83] and Lindholm [84] models the effects of collisions as
phase shifts instead of abrupt interruptions to the wave-train. The change in the phase of
the radiation caused by the interaction between the atom and its surroundings results in a
shift of the central frequency.

The simple models described here capture the basic features of collisional effects. More
recent, highly sophisticated models have been developed, which predict accurate shifts and
widths starting from ab-initio calculations of inter-atomic potentials [23]. An additional
consideration required to combine the effect of collisional broadening with Doppler broadening
(which results in a Gaussian distribution in the absorption profile) is the use of a Voigt profile,
which is the convolution of its Lorentzian and Gaussian components [85].

An example of the effect of shifting and broadening of spectral lines due to collisions is

shown for naturally abundant 8Rb and ®"Rb in Figure 2.5a. Unshifted, Doppler-broadened
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Figure 2.4: Impact of interruptions to the phase of the resonance in the time domain (shown
on the left side) on the lineshape observed in the frequency domain (right side). a) and
b) show a pure sinusoid, with a delta function lineshape. ¢) and d) show an exponentially
decaying sinusoid, modelling the effect of the excited state lifetime, the result is a Lorentzian
lineshape in d). e) demonstrates phase interruptions which manifest as broadening of the
lineshape in f). g) demonstrates a continuous phase shift related to the interatomic potential
between the atomic gas the perturber, this results in a broadened and shifted lineshape.
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Figure 2.5: a) Collisionally broadened and shifted D2 lines in naturally abundant Rb with
200 Torr of Ny gas. Individual transitions are shown as coloured lines. The total absorption
spectrum is shown in black. b) Doppler broadened D2 lines in naturally abundant Rb at
room temperature and Rb vapour pressure with no buffer gas. Individual transitions are
shown with the same colours as a). The total absorption spectrum is shown in black. The
detuning axis shown relative to F' = 3 — F’ = 4 transition in 3°Rb.

spectra are shown in Figure 2.5b for comparison.

2.3 Simulations of optical pumping in the presence of
collisions

We now modify Equations 2.1 and 2.2 to include the effects of collisions on the spectral line,
and include radiative as well as collisional transfer between the ground and excited states.
Specifically, we have added the quenching rate I'y, a broadening parameter I',; which appears
as part of the total broadened line-width I'y, = I'g 4+ ', and a shift parameter A.,. All
of these parameters are buffer gas dependent and their values are obtained from previous
measurements. Reference [86] is used for broadening and shift parameters and reference [87]
is used for quenching rates. The collisionally modified rate equations for the ground and

excited states are given by
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Here, most of the quantities are defined in Section 2.1.1, and ¢ = 2G + 1 gives the
degeneracy of a given ground state manifold |G). This term allows all ground states to be
populated by any excited state with equal probability, providing a simple model of how
quenching collisions redistribute the excited state.

Although this model is simplistic, it is effective in predicting the optical pumping of all
magnetic ground-state sublevels on long timescales. A more detailed model of the collisional
and radiative transfer gives more accurate predictions for all timescales [78] but this is not
necessary for our purposes.

Table 2.1 shows the broadening, shift, and quenching rates used in this simulation.

We apply this model to simulate optical pumping of Rb atoms in the absence of buffer
gas or presence of buffer gas in Figures 2.6 and 2.7 respectively.

In Figure 2.6a, a circularly polarized pumping field resonant with the F' =2 — F' = 2
transition of the 25S; /5 —25P1 /2 (or D1) line of ®Rb is applied for 800 ns. The D1 level

structure resembles that of Figure 2.1 in that there are the same number of magnetic sublevels
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Gas | I'cor (MHz/Torr)[86] | Acor (MHz/Torr)[86] | ', (MHz/Torr)[87]
N, 18.9 -8.2 1.2

He 22.5 2.2 4.5 x 10713

Ne 9.4 -3.7 2.2 x 1071

Ar 19.8 7.1 2.5 x 1077

Kr 17.5 -8.4 3.0 x 1077

Xe 19.8 -7.0 1.8 x 107"

Table 2.1: Collisional spectroscopic parameters for the buffer gases used in this simulation.
Values for I'y assume a temperature of 24°C. Other values have not been scaled for temperature
since no simple scaling law applies.
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Figure 2.6: Simulation of optical pumping on the D1 and D2 lines in 8"Rb in the absence
of buffer gas. a) pumping from a circularly polarized optical pulse resonant with the
F =2 — F' =2 line on the D1 transition in 8Rb. b) pumping from a circularly polarized
optical pulse resonant with the F' =2 — F’ = 3 line on the D2 transition in 8"Rb.
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Figure 2.7: Simulation of optical pumping on the D1 and D2 lines in rubidium in the presence
of 700 Torr of Ny gas
in the ground and excited state, thus pumping with circularly polarized light can result in a
dark state at one extremum of mpr. However, since there are two hyperfine ground states
in 8Rb (F =1 and F = 2, and both are accessible from any excited state via spontaneous
emission of a photon, a large proportion of the atoms are transferred into the other dark state
before they reach the dark state. Since the resonances are narrow at this pressure, atoms in
the FF =1 ground state interact very weakly with the laser field, and thus will be pumped
very slowly into the dark F' = 2, mp = +2 state (= 3 ms). Figure 2.6b simulates optical
pumping on the 25S; /5 —25P3/,, or D2 line in ®*"Rb, caused by a circularly polarized field
resonant with the F' = 2 — F’ = 3 transition. The D2 level structure resembles Figure 2.2,
in which the excited state has additional angular momentum states available, and therefore
there are no dark states. Since electric dipole decays from the F/ =3 — F' = 1 level are not
allowed, transfer to the F' = 1 hyperfine level is very slow. The atoms that were initially in
the F' = 2 ground state are efficiently pumped into the F' = 2, mp = 42 state. When the
pulse is shut off at ¢ = 0.851s the excited state, which has been quickly transferred to the
F' =3, mp = +3 state decays almost entirely into the F' = 2, mp = +2 state.

In Figure 2.7a, the same pumping scheme on the D1 line of 8’Rb is applied as in Figure 2.6a
but with 700 Torr of Ny buffer gas. The presence of the buffer gas broadens all transitions

so that atoms from all ground states are efficiently pumped into the dark ground state.
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Figure 2.7b simulates the results of the same optical pumping pulse on the D2 line as in
Figure 2.6b with the addition of 700 Torr of Ny buffer gas. With no dark states, and all
states broadened by the buffer gas, the atoms are redistributed into an equilibrium in which

the population of each state is inversely proportional to the strength of the transition.

2.3.1 Simulations of lattice formation

We use this model to simulate optical pumping and model the resulting spatial population
distribution for each mp state for the excitation scheme used in our experiment. The
excitation scheme was presented in Chapter 1 but is revisited in detail here along with the
accompanying Figure 2.8. A spatially periodic polarization grating in the excitation field is
produced by overlapping two laser beams with perpendicular linear polarizations, identified
by their wavevectors k1 and EQ, at a small angle . To find the total polarization created by
both fields, we can start by writing the fields in coordinate systems (', 79/, 2’) and (2", 9", 2"),
such that k; || 2 and ks || 2. The electric fields at a particular point can then be written

very simply as

By, = Ai/e™™! (2.5)

and

Ey, = Bif'e ™" (2.6)

We then rotate each co-ordinate system onto a common co-ordinate system (2", 9", 2",

defined such that the co-linear component of the beams is parallel to 2”, i.e. ki + ko || 2.

This means rotating z’ by an angle /2 and z” by —6/2. The total field can now be written

Eeom = € (2" Acos(0/2) + " B — 2" Asin(6/2)). (2.7)
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Thus far, we have chosen an arbitrary point in space where the two beams are in phase,
however, we can see that the relative phase will shift between the two beams as a function of

displacement along " (the same as Z in Figure 2.8). This phase difference ¢ is

27 sin 6

¢= Acos(0/2)

Az ~ kOAz. (2.8)

The total field including this phase difference can be written

Eeom = ¢ (" Acos(0/2) + §/"Be™ — 2" Asin(6/2)). (2.9)

Finally, we are interested in reflections off of the zy-plane. So, the relevant quantization

axis for optical pumping is along the 2" axis. The relevant spherical coordinates are

(j:ﬁ”l _ ig/l/)7 (210)

& =", (2.11)

Rewriting in terms of this coordinate system gives us

Eeom = ¢~ ((%Asm(em) - iBe_i¢> (6. —¢é)+ Acos(e/z)@0> . (2.12)

We see that the polarization formed by the small angle geometry in Figure 2.8 is primarily
linear everywhere, but has a small component which oscillates between ot and ¢~ polariza-
tions, with a period of &~ \/6 as shown in Figure 2.8. We have simulated the spatially periodic
optical pumping for this applied field using rate Equations 2.3 and 2.4, which describe the
evolution of the F' and mp populations of ®Rb and 8 Rb in a buffer gas, incorporating

collisionally broadened and shifted atomic resonances [86] as well as relaxation from collisions
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Figure 2.8: a) Diagram of the optical polarlzatlon gratlng formed by two perpendicular
linear polarized laser beams with wavevectors ki and ks intersecting at a small angle 6.
One laser is polarized in the plane, the other is polarized out of plane. The polarization
grating forms along k1 — ks and is indicated by red and white stripes. An excitation pulse
is applied along both directions creating a spatial population grating in each m-level of the
Rb sample along the same direction. A read-out pulse is applied along /;2 with variable time
delay after the excitation pulse, inducing a coherent scattered signal from the grating in
direction k. Fields applied at the time of the excitation pulse are shown in red, while those
present at the time of the read-out pulse are shown in purple. All beams have the same
spatial profile, but the read-out and signal beams are shown narrower so that they do not
obscure the excitation beams. b) Timing diagram for the experiment showing the laser pulses
applied along directions k1 and ky as well as the intensity of the detected fields. The detector
records light incident along direction k1. The integrated signal pulse at each read-out delay
is indicated by the dotted purple line.
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between an electronically excited Rb atom and buffer gas atoms or molecules [87]. This is
the effect that creates spatially periodic population gratings that are central to this thesis.

Reference [88],and [86] measure the broadening and shift rates for the buffer gases used
in this work at a temperature of 7' = 20°C and T = 121 °C, respectively. Both of these
experiments were carried out at pressures ~ 100 Torr. The broadening and shift parameters
measured in either [88] or [86] are the same within experimental uncertainties for all /' and
mp levels and for both Rb isotopes. However, although the measured shift and broadening
rates in these two works are generally similar, they do not typically agree within their error
bars.

For nitrogen, the broadening parameters are in agreement, and the shift parameters differ
by two standard deviations. Here, we have used 18.9(5) MHz/Torr and 8.2(6) MHz/Torr for
pressure broadening and shifts, respectively, from Ref. [88] for Ny because the temperature in
that experiment is better matched to the temperature at which our experiments are carried
out. For the entirety of our pressure range, collisional broadening is on the order of several
GHz, which is larger than the natural line-width of Rb (/= 6 MHz), Doppler broadening (= 500
MHz), and hyperfine splittings of the 5p(*P3/s) state (= 300 MHz) for either isotope. If the
pressure exceeds ~ 250 Torr, collisional broadening is also larger than the 5s(S;/2) hyperfine
splittings (= 5 GHz ). Our simulations represent a simplified model of the experiment since
they ignore effects of the transit of atoms in and out of the volume of the excitation and
ignore coherences between magnetic sublevels. Nevertheless, the simulations provide useful
insight into the population gratings in our Rb-inert gas mixtures.

The results of these simulations are shown in Figure 2.9 for typical laser parameters used
in our experiments. For these parameters, we find that the populations of each ground-state
sub-level reach steady-state values so that a larger power or pulse length will not change the
distributions. We plot the deviation in mg level populations from a uniform distribution,

Np/(2F + 1) for each level, for projections mp defined along lgl - l%. The simulations
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reveal that the spatial gratings of the magnetic sublevels have different amplitudes due to
asymmetries in the coupling strengths of the excitation fields. The sum of all F' and mpg
populations adds to one at all positions corresponding to a constant Rb density profile. The
simulations show that the contrast in the F' = 2 ground state of °Rb is significantly larger
than that for /' = 3. Similarly, the contrast for the F' = 1 state of 8’Rb is larger than that
for FF = 2. Although the contrast of each F,mp grating is small, it is still possible to detect
a signal because of the phase-matched emission of coherently scattered light, whose intensity

exhibits a faster than linear scaling with grating contrast [45, 54, 89].

2.3.2 Formation of the population gratings in collision-free and

collisionally broadened regimes

Although all of the experiments described in this work are performed in the presence of
a buffer gas, it is useful to describe the formation of Rb population gratings in both the
presence and absence of buffer gas collisions for the small angle excitation geometry shown
in Figure 2.8. In the absence of a buffer gas and at a low Rb vapour pressure of 3.5 x 1077
Torr at 24°C, the Rb spatial population distribution can be assumed to evolve ballistically
over the spatial period of our gratings. Under these conditions, the grating contrast in a
room temperature Rb vapour cell with no buffer gas decays on a timescale of 1 ps when
0 ~ 1 mrad [33]. This effect arises from the thermal motion of the Rb atoms, also known as
Doppler dephasing. This timescale is significantly shorter than the ~ 10 ps transit time for
room-temperature Rb atoms to pass through our 3 mm diameter laser beams. All velocity
classes along lgl — 122 are resonant with the excitation pulses, whereas short optical pulses can
ensure that a substantial fraction of the Doppler broadened velocity distribution is excited
along the direction of the excitation beams. Although pulses as short as 100 ns are required

to observe a signal, the optical pumping process remains incomplete and the grating contrast
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is significantly smaller than that shown in Figure 2.9. Under these conditions, scattered light
signals from coherence gratings, which have the same period as population gratings and are
related to superpositions of adjacent mp levels, are dominant [54]. These signals have been
exploited to measure velocity distributions, magnetic fields, and collision cross-sections in
vapour cells, laser-cooled gases, and atomic beams [37, 51-53].

When a small concentration of buffer gas corresponding to a pressure of ~ 10~° Torr is
added to the Rb vapour cell, the mean-free path for Rb-X collisions becomes of the order
of the spatial period of the gratings. This buffer gas pressure marks the beginning of the
diffusive regime [56]. When the buffer gas pressure is further increased to ~ 100 Torr, the
rubidium resonances are collisionally broadened and shifted, such that the excitation and
read-out laser pulses couple to all ground and excited hyperfine states of both ®*Rb and 3"Rb.
Under these conditions, all velocity classes are excited within the pulse bandwidth of the
excitation pulse.

The transit time of &~ 2 ms at these pressures is then significantly larger than in the
collision-free regime. If the excitation pulses are sufficiently long (> 10 ps), population
gratings like those shown in Figure 2.9 are maximized. Further, when ambient magnetic
fields are minimized, the contribution to the signal from coherence gratings is reduced [33].
In the presence of a buffer gas, the on-resonance optical depth of the sample is reduced by
a factor of ~ 300 compared to that of a Rb vapour cell without a buffer gas at the same
temperature. This effect occurs because the coupling strengths of the Rb hyperfine transitions
are distributed over a large spectral width [85], resulting in a reduction in the absorption
signal. We compensate by heating the cell so that the Rb number density is increased by

about a factor of 10 within the excitation zone defined by the laser beams.
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Figure 2.9: Simulation of the population distribution after a 50 ps excitation pulse in the
ground-state magnetic sublevels quantized along k1 — ky of Rb F = 2 (panel a), F' =3 (b)
and of Rb F =1 (¢), F = 2 (d) as functions of position along k;, — ky for one period of
the grating. We have assumed a 200 Torr Ny buffer gas and an average light intensity of 120
mW /em?. The distribution for each level is shown in terms of its deviation A from a uniform
population in each mp sub-level for each F state (i.e. a population of 1/(2F+1)). After the
pulse, 96 % of the **Rb population is pumped into the F' = 2 ground state and 4 % into the
F = 3 state. For 3 Rb the percentages are 87 % and 13% for F' = 1 and 2, respectively. For
all four panels, the two linearly polarized laser beams intersect at angle # = 3 mrad and
have a laser frequency that coincides with the F' = 3 — F’ = 4 transition for a 8°Rb atom in

vacuull.
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2.4 Decay of population gratings in diffusive regime

In the diffusive regime, the ground-state populations pg,, (7, t) for hyperfine state F, mp of
8Rb or 8Rb at position & = (x,v, 2) and time ¢ satisfy the diffusion equation

OpFmy (fa t)

ot = —D(T,p)VQmeF(f, t) (2'13)

with coordinates x, y, and z along directions j— (El + Eg) /2, and k1 x Eg, respectively,

as shown in Figure 2.8, the populations have an initial spatial dependence given by

where 0 < |Bpm,.| < Apm, as suggested by our simulations in Figure 2.9.

When the read-out pulse is applied along Eg, as shown in Figure 2.8, the phase matched
emission from dipole oscillators interferes constructively along k1 [33, 54]. The amplitude of
the electric field of the scattered light into this latter direction is measured and is proportional

to the ky — ky Fourier component of the populations ppp, »(Z,t). This signal is
Ec(t) = Ege~ DT}t (2.15)

with diffusion time constant 7o = D(T, p)~'(k#)~2. Here, Ej is the non-negative amplitude
which depends on the grating contrast (Bp,,, in Equation 2.14) and the amplitude of the
readout field Frp. The corresponding decay rate 1/7p scales inversely as a function of the
buffer gas pressure since Dopy = Dp or D(T,p) = Q(T)kgT/p.

In our experiments, we record the decay rate of optically pumped population gratings as a
function of the angle 6 and the pressure of the buffer gas. There are, however, two additional

contributions to the decay rate. The first is due to binary spin-exchange or spin-destruction
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collisions between Rb and the inert gas atoms or molecules [76, 90-92|. This process adds a
decay rate n(vogpin) = P(Vopin)/(ksT) to the total decay of the grating. Here, (vogpm) is the
thermally averaged rate coefficient for spin-exchange or spin-destruction collisions.

The second additional contribution is caused by leakage of residual laser light after the
excitation beams are nominally turned off. Measurements have shown that the intensity of
this residual light is no larger than 0.1 mW /cm?, which is less than 0.3 % of the typical
intensity of the excitation pulse. If the residual intensity along the directions ki and ky are
closely balanced, the light will contribute to optical pumping and increase the amplitude of
the Rb population grating. For unbalanced residual intensities, we find that the light will
reduce the grating amplitude. These effects can be modelled by an additional contribution
to the decay rate given by W(v, T, p)I'op, where W(v, T, p) is a collisionally broadened and
shifted Voigt profile and I'yp; is a signed optical pumping rate that is a function of both
residual intensities [93].

The dimensionless Voigt profile describes the atomic response to the laser light as a
function of the laser frequency v at fixed temperature and buffer gas pressure p [85]. This
normalized function is a convolution of a Gaussian distribution, primarily due to Doppler
broadening, and a Lorentzian distribution with a width that is primarily due to collisional
broadening and thus proportional to p. For our temperature and range of pressures, the
Lorentzian component is dominant, and therefore W(v, T, p) has a 1/p dependence near atomic
resonance. Therefore this term can be approximated as W(v, T, p) & W(v, T, pret) X (Pret/D)-
Here, p.f is a convenient reference pressure.

The resulting total decay rate of the population grating is

p

— ]{;B—T<Uo-spin> + D(T, p)(k'e)Q + W(V, 7—17 p>FOpt (216)

1
-
This expression can be rewritten to explicitly show the dependence on pressure by using
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D(T,p) = Q(T)kgT/p, and assuming that W(v, T, p) o 1/p. Hence,

1 <Uaspin> (ke)Z Dref
- = — Lopt— - 2.1
- kBT P+ Q<T)kBT D + W(V> T7 pref) opt D ( 7)

The diffusion coefficient can be unambiguously inferred from Equation 2.17 by measuring
this characteristic angle dependence of 7. For decreasing angle 6, however, the number of
grating planes in the excitation volume decreases, optical pumping becomes less efficient,
and the angle determination is more error prone. For increasing 6, the decay time becomes
shorter, which limits the precision. Therefore, we find a balance by operating the experiment
over the range 6 = 1.5 mrad to 4 mrad. In addition, D(T, p) can also be measured by varying
the pressure of the buffer gas when the contributions from spin-exchange, spin-destruction

processes, and residual light are small.

2.5 Calculating the diffusion coefficient

In Section 2.4 we calculated the time evolution of the population grating by applying the
diffusion equation (2.13). We now discuss how the parameter D(T’, p) itself can be calculated
from first principles.

As described in reference [64], the diffusion coefficient for a binary mixture is defined by
the Chapman-Enskog method for solving the Boltzmann equation, assuming an isotropic,

non-reactive, and spin-independent interaction, as given by [94]

D@MZ%(

(2.18)

27rkBT) S|
p nA(T)

Here, kg is the Boltzmann constant, 7' is the temperature, u = mims/(my + my) is the
reduced mass of the two colliding species, n is the number density, and A(T") is the thermally

averaged diffusion area which is defined as
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AT) = (2.19)

with the diffusion area A(E)

AE) = /dQ(l—cos@)j—?2 (2.20)
= S Vsintea (B) — m(B)], (221)
T ¢=0

where E = h*k,/(2p) is the collision energy with collision wave-number k,, do/dQ) is the
differential elastic scattering cross section, which now only depends on polar scattering angle
©, and 7,(E) is the collisional phase shift for partial wave ¢ and collision energy E. The
factor 1 — cos © suppresses the role of small angles © in area A(7") as small angle collisions
do not lead to significant diffusion or transfer of momentum between Rb and inert gas atoms
or molecules.

Calculations of D(T,p) in this work were carried out by our collaborators at NIST
Gaithersburg, Eite Tiesinga and Jacek Ktlos [35]. They performed simulations based on
semi-classical, classical and quantum models for solving for A(T) which will be described
below.

These models require knowledge of the differential cross section for 8Rb + X as well as
8"Rb + X that are based on the electronic potential energy surfaces published by Ref. [25]
as well as those by Ref. [24]. The relevant potentials have well depths D, expressed in
energy equivalent temperatures D./kg = 1.6 K, 8.8 K, 34 K, 56 K, 97 K, and 150 K for
X = “He, *°Ne, “N,, Ar, 84Kr, and ¥?Xe, respectively, and are shallow compared to those

of more typical chemical bonds. Moreover, these well depths are smaller than kg7 for the
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temperatures T used in experiments measuring diffusion coefficients in the viscous regime.
The standard uncertainties in D, and, in fact, of the shape of the electronic potential energy
surfaces can be found in Ref. [25].

The theoretical simulations involve numerically calculating the regular solutions of radial
Schrédinger equations as functions of the separation R between the centre of masses of ’Rb
and a noble gas atom or Ny. We thus obtain one equation for each partial wave £ = 0,1,2,....
Collisional phase shifts 7,(F) as functions of collision energy F and ¢ are extracted from the
large- R behaviour of these solutions [95]. The reduced mass p in the kinetic energy operator
of the Schrodinger equations is determined from the atomic masses. We have used the atomic
masses from Ref. [96] and recommended energy conversion factors from Ref. [97]. Standard
uncertainties in the theoretical values for D(T), p) are estimated from scattering calculations
performed with the electronic potential energy surfaces obtained from ab initio calculations
with several basis sets for the electronic wave-functions as described in Ref. [25].

In principle, one would need to determine diffusion coefficients for all isotopologues of
systems Rb + X, especially for those elements where more than one isotope has a significant
abundance. However, the electronic potential energy surfaces for different isotopologues are
the same to a good approximation and we need only to change the reduced mass in the

kinetic energy operator of the Schrédinger equations. [35]

2.5.1 Semi-classical approximation

The semi-classical method is analytical, and relies solely on perturbative scattering from the
attractive, long-range, van-der-Waals —Cg/R® component of the electronic potential with
a positive dispersion coefficient Cs. The methodology starts with the Born approximation
for the phase shift n,(E) = (37/32)(E/Es)*/¢°, which is valid for collision energies FE > Fg

and small polar angles © < 7 [95]. Here, the van-der-Waals energy is Eg = h*/(2u/3?)
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with van-der-Waals length s = (2uCs/h%)Y/*, and £ is the reduced Planck constant. The
van-der-Waals energies for our systems lie between kg x 0.14 mK for 3’Rb-Xe and kg x 29
mK for 8"Rb-He. With this ansatz for 7,(E) and changing the sum over ¢ into an integral,
all relevant thermalized quantities can be computed analytically. Specifically, we have for the

semiclassical thermalized diffusion area
A (T) = 3.9728(kpT/E¢) /352 , (2.22)

so that D(T,p) (kT)5/6u*1/2C6_1/3p*1 (see also Section 2.3.a of Ref. [64]). Although
approximate, this model sets expectations for the orders of magnitude of the diffusion

coeflicients.

2.5.2 Classical and Quantum mechanical models

The classical model is based on the expression for the classical deflection angle in terms of
the impact parameter and the collision energy [24, 95]. The classical results are computed
numerically using the potentials from Refs. [24, 25]. Again, the differences in values for D(T', p)
based on the potentials from Ref. [24] and those from Ref. [25] are smaller than the theoretical
uncertainties. It is worth noting that within the classical approximation, Monchick in Ref. [98]
found by inspection that for a repulsive exponential potential Vi, (R) = Vpexp(—bR) for all

R, the thermally averaged diffusion coefficient is well described by

(kBT)3/2

POP) o Ve T

(2.23)

Here, Vj and b are the positive parameters of the exponential potential (see also Section
2.3.b of Ref. [64]). This scaling law is appropriate at temperatures above 300 K because the

thermal kinetic energy is much larger than the depth of the attractive part of the interaction
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potentials.

The quantum calculations are divided into two parts. The first corresponds to “exact”
numerical solutions of Schrodinger equations using the most-accurate electronic potentials
from Refs. [24, 25| for tens of thousands of pairs ¢ and E with ¢ up to 950 for our heaviest
system, and F < kg x 3000 K. The differences in values for D(T, p) based on the potentials
from Ref. [24] and those from Ref. [25] are smaller than the theoretical uncertainties. For
the second quantum results, we replace the shallow electronic potentials with ones that are
purely repulsive. That is, the repulsive wall of the electronic potentials from Ref. [25] for
V(R) > kg x 45 K are kept and smoothly connected to a repulsive exponential potential for
larger separations. The potential energy at the connection point was chosen to be smaller

than our collision energies at room temperature [35].

2.5.3 Results of simulations

Figure 2.10 shows “weighted” differential cross sections (1 — cos ©)do /dS) for our 8"Rb+X
systems as functions of polar scattering angle © for collision energy F = kg x 300 K. These
differential cross sections are determined using the quantum-mechanical method and using
the most-accurate electronic potentials by Ref. [25]. They have a complex, fast oscillatory
behaviour for polar angles up to 15° for 8"Rb+He and even up to 60° for 8"Rb-+Xe. Moreover,
the amplitude of these oscillations increases with the mass of the inert gas atom or molecule.
These oscillations correspond to glory scattering from interferences between waves reflected
at different atom-atom separations R [95|. For larger angles the “weighted” differential cross
sections are slowly increasing smooth functions. These behaviours are in sharp contrast to
those for do/d€2, which is extremely large and highly peaked for © < 1°, i.e. near forward
scattering. Integrated over all angles, however, the total cross section o(E) = [ dQ (do/dQ)

is only two to three times larger than the diffusion area A(FE) at the same E. Unsurprisingly,
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Figure 2.10: “Weighted” differential cross sections (1 — cos ©)do/dS2 at a collision energy of
kg x 300 K as functions of polar scattering angle © for systems 5"Rb + X, where X = *He,
20Ne, 4Ny, 4°Ar, 84Kr, and ¥2Xe. The red curves are obtained from quantum scattering
calculations using the most-accurate electronic potentials by Ref. [25]. Blue curves are
obtained with quantum scattering calculations using a purely repulsive potential derived
from the repulsive wall of the potential for this system (see text for details). Data for the

various systems have the same vertical scale but are displaced by unequal amounts for clarity.
Dashed black lines correspond to the zero values for the relevant data.
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A(FE) < o(F) as small angle © scattering does not lead to significant diffusion or transfer of
momentum between Rb and inert gas atoms or molecules.

Figure 2.10 also shows (1 — cos ©)do/dQ2 for 8Rb + X systems, where the electronic
potential has been replaced by the purely repulsive shape. We find that the rapid oscillations
in the forward scattering region are mostly absent, but that for larger polar scattering angles
the “weighted” differential cross sections based on the “exact” potential and the repulsive
potential are in agreement.

We compare thermalized diffusion coefficients D(T, p) at standard atmospheric pressure
as functions of temperature 1" obtained with quantum, classical, and semi-classical theoretical
methods , along with those measured experimentally over the past fifty years for 8Rb + N,
in Figure 2.11 [35]. Firstly, we observe that the quantum and classical diffusion coefficients
based on the most-accurate potential energy surfaces are identical to within our uncertainties
and are slowly increasing. The less than 0.5 % standard uncertainties in D(T, p) for the
temperature range shown in the figure are due to uncertainties in the ’Rb-N, potential energy
surface from Ref. [25]. For temperatures between 300 K and 500 K, classical simulations of
D(T,p) are more than adequate. Now, however, we can quantify the degree of agreement
using our quantum results.

The blue lines in Figure 2.11 also show D(T,p) based on the quantum-mechanical
calculations using the purely repulsive potential. These values are systematically larger than
those based on calculations using the most-accurate potential energy surface but have visually
identical temperature dependencies. A larger D(T,p) is consistent with the observations in
Figure 2.10 for 'Rb + N,. That is, the difference in D(T',p) for the two calculations is due
to differences in the behaviour of (1 — cos ©)do/dS2 at relatively small polar angles.

The observation regarding the temperature dependence of D(T,p) in the previous para-
graph led Eite us to try to fit the theoretical 8"Rb + *N, quantum data in Figure 2.11 to

the analytical expression for D(T,p) for an exponential potential given in Equation 2.23.
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The fit with its two adjustable parameters reproduces our theoretical data to within their
uncertainties, thereby validating the results of Ref. [98]. A naive fit to (kg7)*/?, however, is
insufficient to reproduce theoretical results.

Next, Figure 2.11 shows the semi-classical, analytical estimates for 3’Rb 4 *N,. They are
significantly lower than the quantum and classical results, e.g., by about 30 %, and have a
noticeably weaker T" dependence than that found with the quantum or classical simulations.
For the Rb and rare-gas-atom systems, the analytical estimates are similarly too small.
We conclude from the calculations with the purely repulsive potential and the semi-classical,
analytical estimates that the diffusion coefficients are mainly determined by the inner repulsive
wall of the potential energy surfaces.

Finally, Figure 2.11 shows the available experimental diffusion coefficients for Rb + Ny
as measured over the past fifty years and over a temperature range between 300 K and 460
K. Our measurement performed at 24 °C is the smallest studied temperature [35]. The
experimental data is consistently larger than the theoretical values. The experimental data
for other Rb + X systems do not necessarily follow this pattern, as we will show and discuss
in Chapter 4. However, we find our measured D(T, p) to be in agreement with the quantum
and classical theoretical calculations after correcting for systematic effects.

We conclude this chapter with some qualitative comments that capture our overall
understanding. We started with an investigation of the semiclassical treatment based on an
attractive, 1/r% van-der-Waals potential. This approach has been very successful in modelling
cold collisions that involve interactions between atoms at long range (small angle scattering)
such as in references [99-101]. However, our diffusion measurements and the quantum and
classical theoretical calculations disagreed with the ;~/2 scaling of D(T,p) predicted by the
semiclassical theory. The disagreement, while within a factor of two, was still severe, with
the semiclassical calculation predicting diffusion coefficients that were about 35% lower than

experiment and the quantum and classical theory.
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Figure 2.11: Thermalized diffusion coefficients as functions of temperature T for 8"Rb-+4N,
and at the standard atmospheric pressure of p = 101325 Pa. The solid black curve with
small standard-uncertainty error bars correspond to our quantum simulations as well as
the (nearly) indistinguishable classical simulations from Ref. [24]. The dashed black curve
corresponds to a quantum simulation using the purely repulsive potential constructed from
our most-accurate electronic potential. The blue curve corresponds to the semi-classical,
analytical estimate. Two overlapping red markers with standard uncertainties just below
T = 300 K are from Ref. [33] and [35]. Green markers with standard uncertainties and
author labels at higher temperatures correspond to measurements found in Table 1.1. For
publications that did not supply an uncertainty budget we assume standard uncertainty 1 in
the last significant digit.

The differential cross-sections for the quantum mechanical calculations show a high degree
of complexity over a fairly large range of angles (see red curves in Figure 2.10). However, if
the electronic potential is replaced by a repulsive barrier in the spirit of hard sphere models,
we obtain a much less complex differential cross section (see blue curves in Figure 2.10), which
gives similar predictions for D(T,p) as those obtained using the potentials which are the

basis for the red curves in Figure 2.10. This observation suggests that diffusion coefficients

are mainly determined by the inner repulsive wall of the potential energy surface.
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Chapter 3

Experimental apparatus

In this chapter, we describe the two experimental apparatuses used in this work. In Section 3.1
we describe the apparatus used in reference [33] to measure diffusion of 8"Rb in a N, buffer
gas, and compare magnetometer signals based on the evolution of atomic populations or
coherences. For these experiments, the Rb-N, mixture is contained in a sealed cell, which was
also used to compare population and coherence magnetometry. In Section 3.2 we describe
the apparatus used in reference [35] to measure diffusion of naturally abundant Rb atoms in

the presence of Ny, He, Ne, Ar, Kr, and Xe.

3.1 Apparatus for comparison of population and coher-
ence magnetometers and demonstration of diffusion
measurement technique

The first apparatus relies on a home-built external-cavity diode laser (ECDL) [40] that seeds
a tapered amplifier (TA) with ~15 mW of light to produce an output power of 2 W [41].

The ECDL is frequency stabilized with respect to the F' =2 — F’ = 2,3 crossover peak
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Figure 3.1:  Schematic of the experimental set—up. The laser (ECDL) seeds the TA, the
output of which is split by half wave plate (A/2)—polarizing beam splitter (PBS) and sent to
the two AOMs. The two AOMs are driven by 80 MHz pulses produced by the RF generator
(RF), and their respective TTL switches. In the diffusion measurements, the coils minimize
the external field (B ~ 0). The signal from the cell is overlapped with an optical LO
(undiffracted beam from the k; AOM) on a non-polarizing beam splitter (NPBS) to produce
a heterodyne signal recorded on two photodiodes (PD). These signals are subtracted to
remove DC amplitude fluctuations. The subtracted signal, which is an amplitude modulated
80 MHz beat-note, is mixed down using RF mixers (M) to DC using the RF oscillator diving
the AOMS, and a 90° phase shifted oscillator produced by phase—shifting cable (PS). The
in—phase and out—of-phase components of the signal are obtained in this manner. These
mixed—down signals are recorded and analyzed on the PC oscilloscope.

on the D2 line in 8"Rb (see Figure 3.4) using saturated absorption in a 5 cm-long vapour
cell. The output of the TA is split into two beams, each amplitude modulated by an 80-MHz
acousto-optic modulator (AOM) as shown in Figure 3.1. The AOMs are driven by a radio
frequency (RF) network consisting of an RF generator, RF amplifiers, transistor-transistor
logic (TTL) switches, and pulse generators. By adjusting the power and timing of the
RF pulses, the power and pulse sequence of the (diffracted) AOM outputs may be varied.

The up-shifted beams from these AOMs, which are at a frequency of 53 MHz below the

F =2 — F’ = 3 resonance, are aligned along directions k1 and ks through a 10-cm, quartz,
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Figure 3.2: Level diagram showing the energy of the optical field relative to the 8’Rb hyperfine
52512 — 5?P3/ transitions. The right side shows the saturated absorption profile for the
8"Rb F' = 2 — [ transitions where F’ is 1, 2,3 including the crossover peaks induced by
simultaneous excitation of different velocity classes by the counter-propagating pump and
probe laser beams. The laser frequency is locked to the highlighted F' =2 — 2,3 crossover
peak.
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vapour cell containing isotopically pure 8'Rb and 564 & 2 Torr of N,. The isotopic purity of
the cell simplifies its magnetic response, but it is not a primary requirement for the diffusion

measurement, which is insensitive to magnetic fields and isotopic differences.

3.1.1 Pressure measurement

To determine the pressure in the sealed cell, we scanned a free-running laser diode with an
estimated linewidth of 50 MHz across the pressure-broadened (and pressure-shifted) resonances
in the isotopically purified 3’Rb. This technique is described in detail in Appendix C, and is
shown schematically in Figure 3.3. Absorption spectra were recorded on a photomultiplier
tube (PMT) for a range of logarithmically varied laser powers from 1 — 2 pW, for which
there are no detectable optical pumping effects. Optical pumping is observed as a narrowing
of the collisionally broadened absorption line, as atoms in a state that is currently being
addressed by the laser are quickly pumped into a state with a resonance farther from the
laser frequency. By recording absorption spectra with logarithmically varied laser powers of
1 pW up to 1 mW, we were able to identify the 1-2 pW range being low enough that optical
pumping does not distort the absorption line while also providing a good signal-to-noise ratio
on the PMT.

The laser diode was scanned at rates of 21-106 Hz with 10,000-30,000 samples per sweep,
and the laser frequency was scanned over a range of ~60 GHz. The spectrum was obtained
by averaging 560-1660 sweeps of the frequency range. To provide a frequency calibration,
a reference scan was simultaneously recorded in a vapour cell containing a natural isotopic
abundance of Rb at room temperature. A photodiode was used to record the laser intensity
variation during the scan. This information was used to model frequency dependent intensity
variations of the laser diode, such as those caused by etalon effects and the diode gain curve.

To infer the Ny gas concentration from the measured spectrum, as well as the N, pressure in
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Figure 3.3: Schematic of experimental set up to measure the pressure in the isotopically
purified 8Rb cell. A diode laser is scanned over ~ 60 GHz by scanning the current. The
power of the laser is attenuated using two 13 dB ND filters to avoid spectral distortions due
to optical pumping. The frequency scan is calibrated using the spectrum of a low—pressure
reference cell. Power fluctuations in the laser output are calibrated by recording the laser
intensity on a photodiode. The pressure-broadened spectrum of the 8"Rb cell is recorded
using a PMT.

the cell, we perform a fit to the collisionally broadened and shifted profile of 8Rb as shown

in Figure 3.4.

3.1.2 Signal detection

The isotopically pure experimental cell is insulated and maintained at a temperature of
50 + 2 °C using a resistive heater. As shown in Figure 3.1, the cell is placed in a constant
magnetic field transverse to the direction of laser propagation. The B field is produced by
a pair of “racetrack” coils with an elliptical cross section. The undiffracted beam from the
ky AOM, at a frequency 80 MHz below the frequency of the diffracted beam, bypasses the
cell and is combined with the beam along ki on a beam-splitter downstream from the cell.
The outputs of the beam-splitter that contain a heterodyne signal with a beat frequency of
80 MHz are incident on a balanced detector. This detector consists of two Si:PIN photodiodes

with 1-ns rise times that are biased to produce signals with opposite polarity. The combined,

o4



1.00

0.80
(0] L
(&)
% 0.60
_e L
3 0.40
o)
2 i
0.20
0.00 " F=2->F'=1,  F=15F'=0 |,
20  -10 0 10 20

Frequency (GHz)

Figure 3.4: Absorption spectrum from the isotopically pure experimental cell fitted to
composite spectrum for 8’Rb resonances. Blue and yellow curves show data from the upward
and downward frequency scan respectively, the best fit to both of these curves is shown in
black. Individual resonances are shown with broadening and shift parameters determined
by the fit and strengths and centres relative to each other taken from reference [102]. The
frequency axis is relative to the F' = 2 — F’ = 3 transition on the D2 line (5281/2 — 52P3/2)
. 8T

in °®'Rb.

80-MHz signal from the photodiodes is amplified and mixed down to DC to generate the
in-phase and /2 out-of-phase components. These signal envelopes are further amplified
and recorded on a 12-bit analog to digital converter (ADC) with a bandwidth of 125 MHz
corresponding to a two-channel acquisition rate of 250 million samples per second. The total
amplitude ar is obtained by adding the two signal components a; and as in quadrature
ar = \/a? + a3. The experiment is operated at approximately 1-kHz repetition rates using
digital delay generators. The time base of these generators is referenced to a 10-MHz rubidium
atomic clock [103] with an Allan deviation floor value of 3 x 107! at 1 h. The pulses from
the delay generators are coupled to the AOMs using TTL switches. The RF generator that
produces the 80 MHz AOM drive frequency is also phase locked to the same 10-MHz output

of the rubidium clock. This practice ensures phase noise makes a negligible contribution to

the error of this measurement.
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Figure 3.5: Schematic of automated data acquisition loop used in reference [33]. Pulse
generators, power supplies and data acquisition oscilloscope were controlled using LabView
on laptop computer. Commands to pulse generators and power supplies were issued over
GPIB using a USB-GPIB controller. Commands to PC oscilloscope were issued over USB.
Background subtraction and integration was done in real time in LabView and saved in comma-
separated variable (CSV) files. All raw data also saved as CSV files for error diagnostics and
further analysis.

The same setup was used to generate signals from the coherence grating (MGFID) and
the population grating (as shown in Figure 1.3 of Chapter 2. The quartz vapour cell was
replaced with a pyrex cell containing a natural abundance of ®*Rb and 8"Rb isotopes and
no buffer gas to record reference MGFID signals. The important difference between this
cell and the previously mentioned cell is the absence of a buffer gas. For studies of the
population magnetometer (see Figure 1.1 in Chapter 1), which were carried out in the quartz
cell containing isotopically pure 8"Rb vapour, the ky beam was circularly polarized and served
as the pump, while the k; beam was linearly polarized and attenuated to serve as the probe.
The signal was recorded by measuring the differential absorption of the oppositely polarized

circular components of the probe beam that are split by the \/4 waveplate-cube beam splitter

combination shown in Figure 1.1.

o6



In all of these experiments, the decay of the signal is recorded by varying the delay time
of the read-out or probe pulses and recording the average of 80-100 repetitions. This process
was automated by a LabView program running on a laptop computer. The data acquisition

loop is shown in Figure 3.5.

3.1.3 Angle Measurement

The angle between ki and k, was measured using a scanning knife edge profiler with a
rotation frequency of ~10 Hz. The separation between the beams was measured at two
locations separated by ~2 m. The centre of each beam was located using Gaussian fits to
the profiler output, allowing the separation between beams to be determined. The variation
in the rotation frequency as a function of time was characterized by an Allan deviation plot
(see Appendix B). The errors in the rotation frequency and separation were then propagated
and combined in quadrature to obtain the error in the angle. To ensure that the condition
for diffusion (Equation 1.3) was met for the 564 Torr cell, the selected angles ranged from 1.5
to 9 mrad, corresponding to grating spacings of 10-80 pm, about two orders of magnitude

greater than the mean-free path for 564 Torr of Ny (/280 nm)

3.2 Apparatus for pressure varied diffusion measurements
with different buffer gases

The second apparatus is also based on the same home-built ECDL [40] and MOPA system [41].
However, instead of sealed cells containing rubidium samples, the experiment is performed
in a vacuum system which includes an experimental cell containing naturally abundant Rb
vapour and in which the pressure of the inert gases can be varied. In this apparatus, the cell

is maintained at a temperature of 24°C.
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Figure 3.6: Level diagram showing the energy of the optical field relative to the ®*Rb hyperfine
528, 9 — 5%P4 /2 transitions. The right side shows the saturated absorption profile for the
8Rb F = 3 — F' transitions where F’ is 2,3, 4 including the crossover peaks induced by
simultaneous excitation of different velocity classes by the counter-propagating pump and
probe laser beams. The laser frequency is locked to the highlighted F' = 3 — 3,4 crossover
peak.

The ECDL is frequency stabilized with respect to a D2 line in ®Rb using saturated
absorption spectroscopy in a 5 cm long Rb reference cell that contains no buffer gas. The
lock point coincides with the peak of the F' = 3 — F’ = 3,4 crossover resonance in 5°Rb,
which is 60.3 MHz red detuned from the F' = 3 — F’ = 4 transition for a ®*Rb atom at rest
(see Figure 3.6). The output of the TA is split into two beams, each amplitude modulated by
an 80-MHz AOM.

The AOMs are driven by an RF network consisting of an RF synthesizer, RF amplifiers,
transistor-transistor logic (TTL) switches, and pulse generators. This RF network is depicted
in Figure 3.7. The sinusoidal 80 MHz sinusoid is created by the waveform generator. This
signal is then sent to a coupler, the coupled (=10% of input power) output is used to trigger
the pulse generators, the main output (~90% of the input power) is sent to an amplifier.

The amplified signal is sent to a second coupler, whose main output is used to mix down

measured signals (see Figure 3.14), while the coupled output continues to a splitter/combiner

o8



To K2/RO

<30.02 dBm

<-1.93 dBm

To K1

<29.81 dBm

Wfm. Gen. <1.05dBm Amp. Amp.
SRS SG384 ZHL-1-2W ZHL-1-2W
6.12 dBm <-2.08 dBm
< 1.29 dBm
To Trigger Coupler TTL Switch TTL Switch TTL Switch
ZDC-10-1 ZASWA-2-50DRA+ ZASWA-2-50DRA+ ZASWA-2-50DRA+
_1
5.30 dBm
< 2.55 dBm < 3.02dBm < 3.5dBm
Var. Att. Var. Att. Var. Att.
ZAS-3+ ZAS-3+ ZAS-3+
11 4.00dBm 4.85 dBm
22.47 dBm -
4dB ! 522 dBm
‘ Coupler S/C S/C
To Signal
20C-10-1] oo qerl Z5C-2-1W ] 2 8.32 dBm zsc-2-1w [ 2

Figure 3.7: RF network for driving AOMs in diffusion experiment. 80 MHz RF signal from
the waveform generator (Wfm. Gen.), is sent through a network of Couplers, amplifiers
(Amp.), splitter/ combiners (S/C), variable attenuators (Var. Att.) and TTL switches to
provide the desired driving frequencies. Passive xdB attenuators are labelled “-z dB”. Portions
of the RF signal split off to trigger the pulse generators and to mix down the signal from the
photodiodes.
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Figure 3.8: a) Sketch of gas handling apparatus including the glass manifold. Gate valves
are represented by circles with crosses. A capacitance manometer (“Cap. Manom.” in the
figure) measures pressures in the central chamber between 0.1 Torr and 1000 Torr, while an
ion gauge measures pressures from 1072 Torr to 10~% Torr. b) Detailed sketch of the glass
manifold with the valve connecting the manifold to the central chamber shown in panel a).
The cylindrical out-of-plane heated duct (red circle) helps maintain a constant rubidium
vapour density in the experimental cell.
(S/C). One output of the splitter is sent to a second splitter. The resulting three outputs are
each sent to a variable attenuator, whose control voltage is set by the pulse generators. From
this point onward, powers in Figure 3.7 are quoted as less than their maximum value, which
corresponds to the minimum attenuation level of the attenuator. The three attenuated signals
are sent to TTL switches which apply the pulse envelopes defined by the pulse generators.
After this, two of the three pulsed signals are combined, these are the readout and Ky pulses.
The cable lengths carrying these pulses are adjusted to ensure that the phase difference
between them is close to m, this ensures that if the pulses accidentally overlap, that they do
not interfere constructively and produce a potentially damaging pulse power. The combined
pulses are sent to the K /RO AOM, while the third pulse is sent to the k1 AOM.

The frequency up-shifted, 3 mm diameter laser beams emerging from the two AOMs are
aligned along the nearly parallel directions k1 and Eg, respectively, and aligned through the
atomic vapour cell.

The vacuum system is schematically shown in Figure 3.8a with a more detailed diagram of

the Pyrex glass manifold shown in Figure 3.8b. The cylindrical experimental atomic vapour
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cell has a diameter of 5.1 cm, a length of 5.1 cm, and circular end-faces of thickness 0.3 cm.
This cell is attached to a Pyrex manifold by a thin stem of length 4.4 cm and an outer
diameter of 0.3 cm, located halfway along the length of the cylinder. The k1 and ks laser
beams are well collimated (with a Rayleigh range of ~ 1 m), aligned perpendicular to the
end-faces of the experimental cell, and strongly overlapped over the cell length. One end of
the Pyrex manifold, which has a glass-to-metal graded seal, is attached to a gate valve. A
glass ampoule containing a sample of natural isotopic abundance Rb is fused to the cylinder
below the experimental cell as shown in Figure 3.8b. A gate valve attaches the glass manifold
to a small stainless-steel central vacuum chamber. The glass manifold can be evacuated by
a turbo pump and then filled with rubidium as described below. The central chamber can
also be filled with inert gases from a high-pressure gas cylinder via a stainless-steel gas line
through a second gate valve.

The pressure in the experimental cell is measured using a capacitance manometer in the
central chamber with the connecting valve open. The manometer has an operating range
between 0.1 Torr and 1000 Torr with at worst a 0.2 % fractional standard uncertainty. The
central chamber and glass manifold can be evacuated to ~ 10~® Torr by a turbo pump with
a pumping speed of 70 L/s. Our base, or lowest-achievable pressure, is 5 x 107 Torr. When
the vacuum system is operated below 10~* Torr, e.g. while pumping out the central chamber
and glass manifold, a micro-ion gauge is used to monitor the pressure. The turbo pump is
attached to a roughing pump rated at 200 L/s through a fore-line bellows hose (not shown in
Figure 3.8). The fore-line pressure is monitored by a Pirani gauge.

Before a buffer gas can be introduced into the experimental cell from the central chamber,
rubidium vapour is cycled into the experimental cell by repeatedly heating the rubidium
ampoule and the glass walls of the manifold for ten minutes at a time, in order to create
thermal gradients between the pyrex manifold and the experimental cell that speed up the

introduction of the Rb vapour into the cell. This loading procedure is necessary because the
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Figure 3.9: Comparison of the phase noise between the local oscillator and excitation beams
in a) an oven design based on an insulated box fed forced air from a heat gun begin controlled
by a PID loop and b) an aluminum duct wrapped in heater tape with a constant current.
The phase noise is measured by running the k1 and LO beams CW and overlapping them to
observe their beat-note. The noise is compared to the baseline beat-note when the oven is
not running.

migration of rubidium is highly restricted due to collisions after the buffer gas is added [104].

3.2.1 Heating the experimental cell

Stable and sufficiently large rubidium vapour pressures in the experimental cell are needed
to optimize the observed signals. This is accomplished by surrounding the cylindrical
experimental cell with a heated cylindrical aluminum duct, 10.1 cm in diameter and protruding
20 cm on either side of the length of the experimental cell. Earlier designs of the oven utilized
forced hot air from a heat gun attached to an insulated box surrounding the glass manifold via
aluminum ducts. The heat gun was incorporated in a PID loop to stabilize the temperature
of a thermocouple located inside the insulated box. This design had to be abandoned as it
was found that the hot air currents introduced significant phase noise between the excitation
and signal beams and the local oscillator. The heterodyne detection method is extremely
sensitive to this phase noise as shown in Figure 3.9. The final design with no forced air, and
the local oscillator passing through the oven, was chosen over similar designs because it was

able to minimize this phase noise.

62



1x1074F
5x107°f

1x107° ¢
5x1078 f

Vapor Pressure (Torr)

1x1076 |
5x1077 |

AN TS S S S S IS S S ST S S S S S ST S S SN [N S SO SO S N S SO S
290 300 310 320 330 340 350 360

Oven Temperature (K)

Figure 3.10: Rb vapour pressure as the duct temperature is increased from 23 °C to 83 °C
(blue points) in the presence of 416 Torr of Ny
gas. The black line shows the expected vapour pressure curve for Rb as a function of
temperature. Deviations from the black line are attributed to insufficient Rb coating the
walls of the experimental cell and the gradual migration of Rb out of the experimental cell.

To minimize phase noise, one would ideally create an air-tight chamber around the cell
and surround it with heater tape, which would minimize the possibility of bulk air currents
in the beam paths. However, it was not possible to create such an airtight box around the
delicate glass manifold. Future measurements are being performed with a PMT which is not
sensitive to the phase of the signal [47].

In the final design, the duct has a circular hole of diameter 4 cm to accommodate the
thin glass stem of the experimental cell. The duct is wrapped in resistive heater tape and
the air just inside the duct is maintained at a temperature of 50(2) °C as measured by a
thermocouple between the top of the experimental cell and the heated duct. As a result of
the 4 ¢cm hole in the duct, there is a steady-state convective flow of air from the surrounding
laboratory at Tj,p, = 23 °C in through the hole and out through the ends of the heated duct.
Under these conditions, the walls of the experimental glass cell are coldest near the stem, and

hottest on the opposite, upper side. In recent work [47|, this oven design has been successfully

modified to achieve uniform high temperatures throughout the cell.
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Figure 3.11: Measured diffusion values (red points) in the presence of 416 Torr of N, as a
function of the temperature as measured by the thermocouple in the air between the heated
duct and the top of the experimental cell. Since these diffusion values are taken from single
measurements (instead of by varying the angle) the effect of residual light optical pumping
cannot be meaningfully subtracted. The values shown assume there is no residual light
pumping, as such their absolute values are not meaningful, but their trend as a function
of temperature is meaningful. Thick red line shows the mean of the measured diffusion
values, and fainter red lines show one standard deviation above and below the mean. Blue
points indicate the theoretical value of Rb-Ny diffusion as a function of temperature at this
pressure. Comparing the trends of the blue and red points demonstrates that although
the temperature outside the experimental cell is changing by 60 °C, the temperature inside
the cell (conservatively) cannot change by more than ~ 5 °C (the theoretical change in
temperature corresponding to the standard deviation of the measured values)

This configuration ensures that the rubidium density at the centre of the cell is enhanced
by the vapour leaving the hottest surface. The absorption spectra of a probe laser passing
through the centre of the cell indicate that the rubidium density is about a factor of 10 larger
than its value without heating. The estimated rubidium density as a function of temperature
is plotted in Figure 3.10. The process to obtain the density spectroscopically is described in
detail in Appendix C. Despite the increased Rb density, the gas mixture near the centre of
the cell illuminated by the laser beams is inferred to be at a temperature of 24.0(5) °C.

This inference is supported by two separate considerations. Firstly, we find that measure-

ments of D(7T,p) in Ny remain unchanged within experimental uncertainty of 1% for a fixed
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angle and pressure when the temperature of the duct is increased from 23°C to 83°C. In
contrast, for this temperature variation, D (T, p) is expected to increase by 42 % for Ny based
on the theoretical predictions and experimental data shown in Figure 2.11. We compare
our measured diffusion to the expected diffusion at the temperature measured by the oven
thermocouple in Figure 3.11. A stable measured D(T,p) with its 1 % accuracy then implies
that the temperature of the gas mixture at the centre of the cell can be no higher than 24°C
for the typical duct temperature of 50 °C. In addition, the room temperature of 23 °C places
a lower bound on the gas temperature. Secondly, a simulation based on the heat equation
and the steady-state Navier-Stokes equations, that uses measured temperatures around the
cell and the thermal conductivities of the gas and Pyrex glass, provides confirmation of this
temperature range.

We observe a gradual depletion of rubidium vapour in the experimental cell over the course
of days due to the thermal gradients. These observations are consistent with a non-equilibrium
distribution of rubidium. Under these conditions, the rubidium density is strongly influenced
by the hottest surfaces of the cell. We monitor the rubidium density in the experimental cell
by measuring collisionally broadened Rb spectra [33]. When the Rb is depleted, we evacuate

the system to base pressure and reintroduce rubidium and buffer gas.

3.2.2 Cancellation of ambient magnetic fields and gradients

We cancel ambient magnetic fields using three pairs of square magnetic-field coils, oriented
along three orthogonal axes and with currents running in the same direction as depicted in
Figure 3.12. The coils in each pair are separated by 0.55¢, where ¢ is the side length of the
square, and are centred on the experimental cell. We cancel linear magnetic field gradients
using three additional coil pairs in the same geometry. These additional coils have currents

in opposite directions.
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Figure 3.12: CAD drawing of cell inside field coils. The coils centred on the front-back axis
have 100 turns in the Helmholtz (current in the two coils same direction) configuration and
60 turns in the anti-Helmholtz configuration (current in two coils go in opposite directions).
They have an interior side-length of 50.6 cm and a thickness of 5.0 cm. The coils centred
on the left-right axis have 100 turns Helmholtz and 50 turns anti-Helmholtz. They have an
interior side-length of 40.5 cm and a thickness of 5.0 cm. The coils centred on the front-back
axis have 100 turns Helmholtz and 40 turns anti-Helmholtz. They have an interior side-length
of 30.6 cm and a thickness of 5.0 cm. The experimental cell in the centre of the coils has a
length of 5.1 cm and a diameter of 5.1 cm.
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A finite magnetic field and gradient are initially set to easily record an oscillatory signal
associated with Rb Larmor precession from a coherence grating magnetometer, as in the
experiments carried out using the apparatus described in Section 3.1. Subsequently, the field
and gradient are iteratively reduced to zero to maximize the coherently scattered light signal
from the Rb population grating. In the current work, this iterative procedure is applied to
all three axes, whereas in Section 3.1 we only reduced the magnetic field and gradient along

the direction El — Eg.

3.2.3 Pressure measurement

The pressure of the inert gas in the experimental cell is measured using the capacitance
manometer and is independently verified, typically to within 20 %, using atomic spectroscopy
of Rb resonances similar to what was performed in Section 3.1 and described in detail in
Appendix C. In this latter approach, the pressure is determined from a fit to the collisionally
broadened and shifted rubidium lines. Figure 3.13 shows an example of such a Rb spectrum
for trace amounts of Rb in a Ny buffer gas as well as a fit to the spectrum [34]. Using the
shift and broadening parameters from Ref. [86] and assuming that these parameters are
independent of temperature for the relevant temperature range, the fit gives a Ny pressure
of 145.7(5) Torr while the capacitance manometer reading is 134.10(5) Torr. Moreover, we
determine the Rb number density to be 8.2(4) x 10'° cm™3, from the fitted signal amplitude
of the spectrum. The Rb density can be inferred from the amplitude using the known length
of the experimental cell, D2 transition dipole moments of ¥Rb and 8"Rb [102, 105|, and the

isotopic abundances of 8Rb and 8"Rb.
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Figure 3.13: Rubidium absorption spectra a cell of length 5 cm at T = 24.0(5) °C and
a pressure of 134.10(5) Torr of Ny buffer gas as measured by the capacitance gauge. The
plot shows absorbance —In(//Iy) as a function of laser detuning, where I and [ are the
transmitted and off-resonant transmitted laser intensities, respectively, and the laser detuning
is relative to the F' = 3 — F’ = 4 hyperfine transition frequency of the D2 line in 8°Rb in its
rest frame and absent any buffer gas. Blue and yellow traces correspond to data from upward
and downward scans of the laser frequency. A fit of both traces to the composite spectrum
for collisionally broadened and shifted ®**Rb and 8"Rb D2 hyperfine transitions is shown in
black [33]. Individual D2 hyperfine line profiles are also shown as coloured lines, the most
prominent of these coloured lines is the collisionally broadened and shifted F' =3 — F' =4
line in * Rb.
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3.2.4 Signal detection

The heterodyne detection technique is illustrated in Figure 3.15. The undiffracted laser beam
from the El AOM, at a frequency 80 MHz below the frequency of the diffracted lgl beam,
serves as a local oscillator (LO) and travels through the air gap between the heated duct and
the glass cell. The LO is combined with the beam along k1 that passes through the centre of
the experimental cell on a beam-splitter downstream from the cell. Among other possible
configurations, this path of the LO minimizes phase noise relative to the k1 beam. The two
outputs of the beam splitter, which consist of heterodyne signals that have a relative 7 phase
shift and a beat frequency of 80 MHz, are incident on the two photodiodes of a balanced
detector. These Si:PIN photodiodes have 1 ns rise times and are reverse-biased with voltages
of opposite polarity. As a result, the combined heterodyne signals of the two photodiodes
add in phase, while their DC offsets cancel.

The combined 80 MHz signal from the photodiodes is gated by a TTL switch so as
to shield the downstream amplifiers from the intense excitation pulse, while allowing the
scattered signal to pass through at the time the read-out pulse is applied. The signal from the
switch is then amplified and mixed down to DC using the RF oscillator that drives the AOMs
to generate the in-phase and m/2-out-of-phase components. The RF network performing this
function is shown in Figure 3.14. The mixed down signal envelopes are further amplified and
recorded using an 8-bit analog to digital converter (ADC) with a bandwidth of 125 MHz at a

sample acquisition rate of 500 x 10 per second in each channel.

3.2.5 Data acquisition

The experiment is operated at an approximately 1 kHz repetition rate using digital delay
generators. The time base of these generators is synchronized to the 10 MHz clock of a

radio-frequency synthesizer [106]. The delay generators are also triggered by the clock signal
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Figure 3.14: RF network for mixing down heterodyne signal. Photodiode signal is gated
by a TTL switch to protect amplifiers from the high-power excitation pulse. The signal is
amplified by a low noise amplifier (LN Amp.), and sent through a 150 kHz high pass filter
(HP) to remove slow drifts. The signal is the split, and combined with mixers, whose local
oscillator inputs are driven by RF from the AOM driving RF network (Figure 3.7). The
cable lengths of the local oscillators are adjusted so that there is a relative 7/2 phase shift in
the 80 MHz signals, while the cable lengths carrying the signal are set to ensure there is no
phase difference. The mixed down output goes through a 22 MHz low pass filter (LP) to
remove leakage of the 80 MHz LO.
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Figure 3.15: Simplified diagram of our heterodyne detection setup. Optical signals are
shown in red, analog electronic signals are shown in black, and digital electronic signals are
shown in blue. LO - local oscillator light from the k1 AOM; BS - 50:50 beamsplitter; BPD -
balanced photodiodes; M - mirrors; RF - RF signal used to drive the AOMs, and used here
to demodulate the heterodyne signal m/2 - m/2 phase shifter; X - RF mixers.

to reduce jitter. The pulses from the delay generators are coupled to the AOMs using TTL
switches with an RF extinction ratio of 80 dB. Nevertheless, this optical setup produces
residual scattered light along El and /;2 at the level of a few nW even when the AOMs are
turned off. The level of the background light depends on alignment and varies on a timescale
of days.

Data acquisition is controlled and automated by a LabView program that features
numerous improvements over the one that was used in Section 3.1.2. The data acquisition
loop is shown in Figure 3.16 with improvements over the previous system highlighted in red.
The experiments in the pressure-varied apparatus required measurements taken over a much
larger range in parameter space than the experiments in the sealed Ny cell. For example, the
diffusion measurement in Section 3.1 ultimately relied on 20 measured grating decays, while

for the pressure varied experiments, a minimum of 50 decays would be needed for each of the
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Figure 3.16: Schematic of automated data acquisition loop used in reference [35]. Improve-
ments over the loop in Figure 3.5 are highlighted in red. Pulse generators, power supplies
and data acquisition oscilloscope were controlled using LabView on desktop PC. Commands
to pulse generators and power supplies were issued over GPIB. Commands to PC oscilloscope
were issued over USB. Background subtraction and integration was done in real time in
LabView and saved in binary TDMS files. All raw data are also saved as binary files for error
diagnostics and further analysis
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six buffer gases, and ultimately more than 100 decays were required in some gases in order to
obtain a clear picture. While measurement times of 30-45 minutes per decay were acceptable
in the experiments in Section 3.1 that would not be feasible in this round of measurements.

The primary bottleneck in the data acquisition loop in Figure 3.5 was the saving of
data to CSV files. The LabView program was modified to save binary files in the National
Instruments TDMS format. The time required to save files went from being a bottleneck
to being negligible. This change also resulted in a substantial reduction in the hard-drive
space required to store the data. In order to read and analyze the TDMS data files, I wrote
a package to open and manipulate TDMS files in Mathematica. The LabView program was
also modified to only transfer data from the PC oscilloscope to the PC after it had completed
all N acquisitions at a certain set of device parameters (consecutive signals or backgrounds
at a particular delay). Other improvements were related to the upgrade of the controlling
computer from a laptop to a desktop PC with a GPIB-PCle card and USB 3.0 support.
These features of the new computer enable faster data transfer to the controlled devices and

faster transfer from the acquisition oscilloscope respectively.

3.2.6 Angle Measurement

The angle 6 between /21 and Eg is measured using a beam profiler attached to an automated,
motorized translation stage as shown in Figure 3.17. The stage moves the beam profiler
repeatably between two points along the beam path separated by = 82 ¢m. The centre of
each beam is found using Gaussian fits to the profiler output at these two points. In order to
ensure that the beams have Gaussian profiles and their centres can be determined accurately,
the beams have been spatially filtered using an iris during the angle measurement. Since the
irises are fully open during the diffusion measurement, a potential systematic effect due to

wavefront curvature arises which is quantified in Chapter 4. By comparing the separation of
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Figure 3.17: Schematic representing the angle measurement protocol using two measurement
steps. The two nearly parallel lasers, indicated by red beam paths coming from the left,
are operated in cw mode and a motorized translation stage (thick rectangular box) moves a
spatial beam profiler (circle inside a square with red signal traces.) between two points along
the beam path. The angle is calculated from Gaussian fits to the double-peaked beam-profiler
signal. The path distance between the two points is approximately 82 cm and is measured
with a precision of 0.3 cm.
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the beams at the two locations to the measured distance between the locations, we determine

the angle between the excitation beams.
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Chapter 4

Results and discussion

This section will discuss the key experimental results of this thesis in the order they were
obtained. Section 4.1 describes the initial demonstration of the population magnetometer
using the home-built MOPA system [39, 41]. Section 4.2 describes the initial demonstration
of the coherence magnetometer signal using the same MOPA system and compares the signal
with the widely used population magnetometer [33|. Section 4.3 discusses the proof-of-concept
measurement of the Rb-N, diffusion coefficient in a sealed cell containing 8"Rb at a fixed
Ny pressure [33]. Section 4.4 presents measurements of the Rb-X diffusion coefficients using
the gas manifold where X is He, Ne, Ar, Kr, Xe, and Ny [35, 36]. Section 4.5 discusses the

impact of the results, and we provide concluding remarks in Section 4.6.

4.1 Demonstration of population magnetometer using

home-built MOPA system

The initial magnetometry work demonstrated the capability of our home-built MOPA system
to be deployed in a magnetometer [39]. Magnetometry signals were obtained in a vapour cell

containing naturally abundant Rb at room temperature vapour pressure, as well as in the
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quartz cell containing isotopically purified 8"Rb vapour in addition to 553 Torr of Ny buffer

gas.
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Figure 4.1: Time-domain magnetometry signals detected by measuring differential probe
absorption in 8Rb. (a) Signal for a room temperature vapour cell with no buffer gas. (b)
Signal for a cell with 553 Torr of Ny at 40 °C. The applied magnetic field is approximately 3
G in both cases

Figure 4.1 shows a comparison of magnetometer signals from the two vapour cells in
a magnetic field of approximately 3 G. The signal decay time in the buffer gas cell is
approximately a factor of two larger. This behaviour is consistent with the expectation that
the transit-time-limited signal will be considerably extended due to diffusion through the
buffer gas. Additionally, the rate of collisional de-excitation in the buffer gas cell exceeds the
rate of spontaneous emission. Under these conditions, radiation trapping is not expected to
limit the decay time. The signal amplitude in the buffer gas data is notably larger due to the
higher vapour pressure associated with the high temperatures. Applying this technique in the
vacuum cell yields a reduced decay time limited by the transit time of free-moving particles.
Other factors that limit the decay time include the probe intensity and the magnetic gradients
across the cell length due to the field coils, the cell heaters, and magnetized materials near
the cell. Based on the results of the simulations in Chapter 2, we expect that operating on
the D1 transition under the same conditions will result in a larger signal amplitude, thereby
permitting the signal decay to be observed over a longer timescale.

Figure 4.2 shows the Fourier transform of the signal in Figure 4.1(b). The data are fit
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Figure 4.2: Fourier transform and fit corresponding to the time domain signal in Figure 4.1b

to a Lorentzian function added to a 1/f decay to account for noise. Datasets like this one
show a single-peaked spectrum, but at lower magnetic fields (1 G) two peaks spaced by
approximately 100 kHz are distinguishable. This effect is attributed to the presence of a

magnetic field gradient across the cell.
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Figure 4.3: Larmor frequency as a function of the applied magnetic field. (a) Data from a

room temperature vapour cell with no buffer gas. (b) Data from a vapour cell containing 553
Torr of Ny at a temperature of 40° C.

Figure 4.3 shows the measured Larmor frequency as a function of the applied magnetic
field in the two vapour cells. In Figure 4.3(a) a linear fit to the form |sB, + By| + B, gives
a slope of s = 716 + 5 kHz/G based on a current-to-field calibration of 42.3 G/A. This coil
calibration was verified at the 10% level using a Hall sensor. The error bars in this fit have

been weighted by the full-width at half maxima of the Lorentzian fits. While these error bars
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probably overestimate the uncertainty in the centre frequency, we have been conservative in
these estimates to account for errors due to uncontrolled magnetic field gradients including
those that arise from the shape of the coil. The slope is comparable to the expected value of
~ 700 kHz/G for the 8Rb F' = 3 atom, and the measured deviation is entirely consistent
with the uncertainty in the magnetic field due to the coil calibration and spatial gradients.
Figure 4.3(b) shows similar data for the cell containing buffer gas. Here we find a slope
of 636 + 3 kHz/G. The uncertainty of each frequency measurement is reduced due to the
extended timescale of the signal. However, the overall quality of the fit is comparable for
both datasets. We attribute the deviation with respect to the expected slope of 700 kHz/G
to the fact that the coils had to be displaced slightly to accommodate the heaters used for

the buffer gas cell.

4.2 Comparison of coherence and population magnetome-
ters

Using a redesigned apparatus, the coherence magnetometer method was demonstrated
using the same MOPA system and compared to the signals obtained using the population
magnetometer method. Signals from the optically pumped lattice formed in the coherence
magnetometer method, which can be observed by using small external magnetic fields. When
the magnetic fields are annulled, the resulting population gratings are found to be particularly
well suited for measuring diffusion coefficients [33].

Figure 4.4 shows representative signals of the coherent transients obtained from the
population magnetometer method, the coherence magnetometer method, and from population
gratings. Figure 4.4(a) shows the population magnetometer signal recorded in the Pyrex

vapour cell without a buffer gas. The duration of the pump pulse was 300 ns and the
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Figure 4.4: Representative responses of the coherence and population magnetometers.
Field strengths are varied to clearly demonstrate the magnetic field response over the varied
timescales. (a) Decay of the spin—polarization of a population magnetometer in the pyrex
vapour cell containing natural abundance of Rb and no buffer gas. With a magnetic field
of 0.2 G, the observed Larmor frequency (0.433 MHz) is consistent with this field. (b)
Gaussian decay of the total signal of the coherence magnetometer (MGFID) in the same
cell. The magnetic field is zeroed to minimize Larmor oscillations in the decay and infer
the most probable speed. The excitation pulse width is 70 ns and 6 = 2 mrad. The fit
gives u = 246 m/s, which corresponds to a temperature of 30°C, agreeing with the cell
temperature. Inset shows the MGFID signal in a magnetic field of 13.8 G. The Larmor
oscillation frequency is 6.5 MHz. (c¢) The response of the coherence magnetometer (MGFID)
in a magnetic field of 1.25 G with 553 Torr of N» buffer gas. The excitation pulse width is 1
s, which ensures that the signal from the population grating is small. The Larmor oscillation
of 1.7 MHz is consistent with the applied magnetic field. (d) The response of the coherence
magnetometer with a longer excitation pulse (80 ps), 6 = 5.23 mrad, and magnetic field of
0.17 G. The magnetic field response is visible at early times but the coherent scattering from
the population grating dominates at later times.
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duration of the weak probe pulse was 100 ps. Here, the signal represents the intensity of the
differential absorption of the two polarization components of the probe pulse. The decay time
is principally limited by the estimated transit time across the 3 mm x 3 mm probe beam
(approximately 12 ps). The frequency of the Larmor oscillations is consistent with the applied
magnetic field. The data illustrates the difficulty of using this signal for measurements of
diffusion. Firstly, the magnetic field response must be de-convolved. Secondly, to relate the
decay time to the diffusion coefficient, one must solve the diffusion equation for the expansion
of the optically pumped cloud. This kind of calculation is performed in Appendix D, where
it is shown that the resulting decay has a complicated dependence on the diffusion coefficient.
These requirements add significant uncertainty to any diffusion measurement. Figure 4.4(b)
shows the MGFID of the coherence magnetometer recorded in the same cell as in 4.4(a), with
ky and ko excitation pulse widths of 70 ns. Fach point was recorded by varying the delay of an
intense, 70 ns read-out pulse, then integrating and adding the two components in quadrature
to obtain the total intensity. These measurements were carried out by annulling the ambient
magnetic field to avoid Larmor oscillations from the coherence grating. A Gaussian fit to the
intensity gives a temperature of 30°C which is consistent with the cell temperature. The
1/6 dependence of the decay time has been verified in reference [57]. The inset shows the
in-phase component of the MGFID signal in a magnetic field (13.8 G). The Larmor oscillation
frequency of 6.5 MHz is consistent with the expected value of 6.43 MHz for this field. The
inset data were taken with a single, long, weak read—out pulse, as was done for Figure 4.4(a).

Figure 4.4(c) shows the MGFID signal in the presence of a magnetic field of 1.25 G, from
isotopically pure 8’Rb vapour in 553 Torr of N, gas. Here, the k; and ks, excitation pulse
widths were 1 ps. The delay time of a 100 ns, intense, read-out pulse was varied to record
the signal decay. As in Figure 4.4(b), the total intensity of the scattered signal is displayed.
The frequency of the Larmor oscillations (1.7 MHz) is once again consistent with the applied

magnetic field. Although this signal could be used for a diffusion measurement, it is necessary
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to remove the effects of the magnetic field and residual field gradients to obtain smooth
decays. This process can be error-prone and can only be avoided by good magnetic shielding.
However, a population grating, which is formed by the same excitation configuration by
spatially dependent optical pumping, is insensitive to magnetic field effects and does not have
shielding requirements. Additionally, as we will show, a much larger signal-to-noise ratio can
be realized using a population grating. In Figure 4.4(d) the width of the excitation pulse is
extended to 80 ps and the magnetic field is reduced to 0.17 G. The coherent scattering is
recorded in the same manner as in Figure 4.4(b) and 4.4(c) by varying the delay time of an
intense 100 ns read-out pulse. The coherent scattering from the magnetic field-dependent
coherence grating is visible at early time delays while the scattering from the population
grating dominates at later times. It is evident that the signal from the population grating
can be observed on much longer timescales since it has a greater amplitude than the signal

from the coherence grating for suitably long excitation pulses.

4.3 Measurement of Rb-N, diffusion coefficients in sealed
cells

Figure 4.5(a) shows the signal from a long-lived population grating recorded by varying the
delay time of an intense 100 ns read-out pulse. This data was recorded over a timescale of ~1
hour by randomizing 1000 delay times. Over this duration, we verified that the uncertainty
in 6 is less than 0.01 mrad by sampling the beam profile on a profile analyzer. The signal
exhibits the expected exponential decay curve represented by the fit line. Here, the angle
6 between 151 and k:g was adjusted to be 1.31 £ 0.01 mrad. The magnetic fields were also
minimized using a single pair of coils to reduce the amplitude of Larmor oscillations that are

visible at the beginning of the curve in Figure 4.4d. These kinds of decay curves were used in
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Figure 4.5: (a) Exponential signal decay of a population grating at 553 Torr N,. The
excitation pulse width is 80 ps and the delay of a 100 ns read—out pulse is varied. Here,
each excitation pulse has a single-photon, average Rabi frequency €2 ~ 10I', where I" is the
radiative rate of the excited state. The dataset consists of 1000 points. Here, # = 1.31 £ 0.01
mrad and the decay time 7 = 363 4+ 1 ps, which together give D = 0.246 cm?/s. (b)
Normalized fit residuals of the exponential decay. (c) Fit to the decay rate (1/7) of the
density grating as a function of (kf)? showing a linear dependence. The slope gives D =
0.2049 4= 0.0019 cm/s?, which represents a statistical error of 1%. Scaling to atmospheric
pressure gives Dy = 0.1490 + 0.0014 cm?/s.

the diffusion measurement. The measured decay time constant 7 is 363 ps with a fit error of
+1 ps. The value of D (at 553 Torr) extracted from the fit f(t;a,7, 01g) = y/ae™2/7 + o},
to the dataset y; on the basis of Equation 1.7 is 0.2049 4 0.0019 cm?/s. Figure 4.5(b) shows
the normalized fit residuals (f(¢;) — v;)/f(t;) which demonstrate that the model based on an
exponential fit agrees with the data.

Figure 4.5(c) shows the decay time constant measured as a function of angle ¢ and plotted
as a function of 1/6%. This trend demonstrates one of the key advantages of this technique,
namely the ability to change the length scale on which diffusion occurs. We note that this
length scale (the grating spacing) is significantly smaller than the beam diameter of 3 mm.
Over the range of angles, this ratio of the beam size to grating spacing varies from 27 to
360, suggesting that the transit time correction is small. We have calculated a correction
for the transit time outlined in Section 4.4.1 and described in detail in Appendix D, and
shown that the correction for these nitrogen measurements is less than 0.4% of the measured
value. The linear dependence confirms the characteristic scaling law expected for a diffusion—

dominated system (Equation 1.7). The slope of this line gives D = 0.2049 + 0.002 c¢m?/s,
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which represents a statistical uncertainty of 1%. We scale this to atmospheric pressure and
obtain Dy = 0.149 cm?/s. The combined error in k, # and 7, computed in quadrature, is
0.9%, which is consistent with the observed statistical error. Additionally, the variation in cell
temperature is 0.5%. These factors contribute to an overall uncertainty of 1.3% (assuming
a TH™0 scaling law for D, see Chapter 2), giving an absolute error of £0.005 cm?/s when

added to the systematic errors discussed in Section 4.4.1.

4.3.1 Pressure measurement in the sealed cell

To infer the Ny gas concentration from the measured spectrum, we perform a fit to the
collisionally broadened and shifted profile of 8Rb. The profile is fit to the spectra from
the experimental cell to the composite lineshape obtained by shifting and broadening the
underlying resonances (see Figure 4.6) and determining the broadening and shift by comparing
the underlying features to their counterparts in the unbroadened, reference spectrum (see
Appendix C. All line profiles share the same Lorentzian width and shift parameters, which are
defined by a single pressure parameter that uses the relationships measured in reference [86.
The line strengths and splittings are taken from reference [102]. We also use a scalable
background term based on the measured laser intensity. To ensure that the fit parameters
are strongly constrained, datasets obtained by increasing and decreasing the laser frequency
during the scan are fit simultaneously. The pressure is extracted from fits such as the one
shown in Figure 4.6. This fit is superimposed on an illustration showing the component
line-shapes which add to form the composite spectrum.

Figure 4.7 shows the inferred pressure obtained with laser powers ranging from 1 — 2 pW
and an effective temperature of 47°C. We find that the fit errors typically range from 0.07%
to 0.2%. The scatter in the data can be attributed to temperature fluctuations of +1.5°C over

the time in which the data was acquired. The average value was determined to be 544 +2 Torr
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Figure 4.6: Data from the experimental cell fitted to composite spectrum for 8"Rb resonances
in the isotopically purified cell. Blue and yellow curves show data from the upward and
downward frequency scan respectively, the best fit to both of these curves is shown in black.
Individual resonances are shown with broadening and shift parameters determined by the fit
and strengths and centres relative to each other taken from reference [102]. The frequency
axis is relative to the F' =2 — F” = 3 transition on the D2 line (52S;/2 — 5*P3/5) in *'Rb.

at 47°C. Using the ideal gas law, this value can be scaled to the cell temperature during the
diffusion measurement (50°C) giving a pressure of 553+2 Torr. This is lower than the bound
provided by the cell manufacturer when scaled to a temperature of 50°C (650 & 65 Torr). It
is significant that the statistical uncertainty in the pressure measurement has reduced the
dominant systematic uncertainty in the measurement of the diffusion coefficient from 10% to
0.4%, resulting in a negligible contribution to the overall error.

The final value, Dy = 0.149 4+ 0.005 cm?/s, has been rescaled using Dy = D’%, where
D' is the diffusion coefficient measured at 50 °C and P’ is the pressure inside the cell at this
temperature, inferred from the pressure measurement at 47 °C. Here, Dy and P, represent

the values at atmospheric pressure.
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Figure 4.7: Distribution of pressure measurements taken at varying input laser powers
(between 1-2 nW) and laser scan rates of 106 Hz or 21 Hz, at an effective temperature of
47°C. The fit errors in the pressure parameter of the Voigt profiles are shown as error bars.
The additional spread is attributed to the +1.5% temperature fluctuations in the cell. The

mean value of 544.0 Torr is indicated by a pink line. The standard deviation of +2.3 Torr is
indicated by the dashed pink lines.

4.4 Measurement of diffusion coefficients in Rb-X mix-

tures

As explained in Chapter 3, the apparatus was substantially modified to measure the diffusion
coefficient in a Pyrex cell where the pressure and composition of the buffer gas could be freely
varied [35]. The cell contained a naturally abundant mixture of 8*Rb and 8’Rb. The method
of data acquisition and analysis was also further refined and optimized.

The combined amplitude of the Rb population gratings in each m level is measured by
applying a read-out pulse with a rise-time of ~ 67 ns and a duration of ~ 50 ns. The read-out
pulse has an intensity of 120 mW /cm? optimized to maximize the scattered light signal.
The read-out delay time relative to the excitation pulse is varied in a random sequence over
N ~ 1500 delays. For each delay, the scattered light signal E¢(t) of Equation 1.7 is acquired

by averaging four consecutive repetitions at the ~ 1 kHz repetition rate of the experiment.
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We then acquire the background signal Egg by turning off the ks excitation pulse for the
same delay time. The switching process requires &~ 10 ms. The signal Fgq is also acquired
by averaging four consecutive repetitions. We limit the number of consecutive traces to four
because the phases of these electric fields are well correlated on timescales of &~ 20 ms. This
limitation is imposed by variations in the optical path length between the excitation and
LO beams caused by convection currents caused by the heated oven. To improve statistics,
each of the N time delays is repeated four times in a random sequence of 4N acquisitions. It
takes &~ 150 ms to transfer data and switch to a different delay time. As a consequence, the
acquisition time for the entire decay curve ranges from 5 min to 15 min. This data acquisition
procedure was modified only in nitrogen, for which the signal strength was the largest. In
this case, the signal and background were acquired on the basis of 50 consecutive repetitions
which were not repeated.

For delay time ¢, signals F¢ and Fpg are detected as a heterodyne beatnote at 80 MHz and
mixed down to DC using the 80 MHz RF oscillator driving the AOMs (see Figure 3.15. The
resulting in-phase, V;,, and 7/2-out-of-phase, V;, homodyne signals are added in quadrature
\/W to obtain non-negative electric field amplitudes. The associated phases ¢¢(t) and
¢pe are arctan(V,/V;,) when Vy > 0 and arctan(V,/Vy) + 7 when V, < 0. We have made it
explicit that Ec(t) and ¢¢(t) depend on delay time ¢ and, in practice, 0 < Epg < Ec(t).

The non-negative background-subtracted (BS) signal amplitude is
EBs(t) = ’Ec<t)6i¢0(t) - EBGewBG‘ (41)

as a function of delay time and |z| is the absolute value of the complex argument z.
In the presence of amplitude and phase noise, the background signal can be described by
probability density pga(Esg, ¢pg) = e Fha/278¢) /(2102 ). This corresponds to a Gaussian

distribution with a zero mean and a standard deviation opg for Epge’3¢. The acquired,
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background-subtracted signal F,,(t) becomes

e’} 27
Eoq(t) :/0 EBGdEBG/O d¢pe pee (B, ¢pc)Eps(t) . (4.2)

No closed form is available for this two-dimensional integral, but some algebra shows that

the background-subtracted signal amplitude satisfies

1 (Ec(t)\’
\/EO'BG [1 + - ( C( )) ] fOl" Ec(t> < OBG
2 4 OBG

1 OBG 2
1+ = for E
+2(Ec(t)> ] or Ec(t) > opg

Eag(t) = (4.3)

Ec(t)

omitting terms of higher order in E¢(t)/opg and opg/Ec(t) for the two limits, respectively.

Since we have not taken data for Eq(t) < opg, we fit the measured E,(t) to

Eaq(t) = 1/ Ec(t)® + R (4.4)

ensuring that we reproduce the first two terms of Equation 4.3 when E¢(t) > opg, while
still predicting a finite, although incorrect E,,(t) for small E¢(t). The standard deviation
opg is an adjusted parameter in addition to those of E¢(t) in Equation 1.7 with decay rate
1/7 of Equations 2.16 or 2.17.

The inset of Figure 4.8a shows data for a typical example of the background-subtracted
signal amplitude, obtained for the delay time ¢ = 41.33 ps at a pressure of 342.70(5) Torr
of neon buffer gas and 7' = 24.0(5) °C. Each point on this curve has an error bar that
represents the standard deviation of the 16 measurements. The integrated area under
such curves S; = S(t;) is computed for each delay time t;, ¢ = 1,..., N. The results are
shown in Figure 4.8a. Each point S; has an error bar representing the standard uncertainty

u(S;) = u(S(t;)) of the integrated area, calculated as the quadrature sum of the error bars in
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the inset.
Using Equations 1.7 and 2.16, we extract the decay time constant 7 by minimizing the

chi square, calculated as

i\f: S an tZ7E070_BGa ))

w2(S)) ) (4.5)

i=1

where for the acquired, background-subtracted signal E.q(¢; Eo, 0pa, 7) = \/ Ec(t)? + 03¢ =

VB3 exp(—2t/7) 4+ 0 we have made the dependence on the adjustable parameters Ey, opc,
and 7 apparent.

For the data shown in Figure 4.8, where the non-exponential behaviour for large delay
times is clearly visible, we find that the standard uncertainty at a delay time, u(S;), generally
underestimates the deviation from the fit value, i.e. the residual S; — E,q(t;; Eo, 0pa, 7).
This effect is quantified by the Birge ratio of the fit given by \/m = 3.7, which
is significantly larger than 1 for our N > 1. We attribute this inconsistency to the time-
correlation between the consecutively acquired samples for each delay time, an effect that
arises due to the phase drifts associated with the convection currents from the oven. In fact,
from analyses of the fit residuals, we find that the residuals are proportional to 1/S;, with a
few exceptions in the nitrogen data at large angle for which the residuals are proportional to
S;.

Figure 4.8b shows the normalized residuals r; = [S; — Ea.q(ti; Eo, o, 7)]/u(S;) as a

function of delay time ¢;. Their standard deviation \/(r?) = \/x2/N is clearly larger than
1. More importantly, the figure shows that there exist no obvious correlations among the
data. In fact, the residuals are well represented by a normal distribution. To account for
the observed large residuals and to obtain a satisfactory fit, the standard uncertainty of the
decay time constant 7 from the fit is multiplied by the Birge ratio. We find that the typical

Birge ratio for each gas is near 3.7, but it is as high as 5.6 in helium.
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Figure 4.8: a) Decay of the square of the amplitude of the optically pumped grating, the
integrated signal S(t;), with 341.70(5) Torr of neon buffer gas at 7" = 24.0(5) °C as function
of time after excitation or delay time ¢;. The excitation beams are aligned with an angle
0 = 1.61(2) mrad. Here, the parentheses represent one standard deviation of statistical
and systematic uncertainty due to wavefront curvature as explained in the text. A fit to
V E2 exp(—2t/7) 4+ 0 gives a decay time constant of 123.0(4) ps. Inset of panel a) shows
the background-subtracted signal amplitude produced by a 50 ns readout pulse with a delay
of 41.33 ps after the excitation pulses. The rise time of read out pulse is 67 ns. Such
signals are integrated and squared to obtain each point in panel a). b) Normalized residuals
(S(t;) — Eaq(ti; Eo, oBc, 7)) /u(S;) of our fit as a function of ¢;.

Figure 4.9 presents all measured decay rates 7 and their standard uncertainties for the six
inert buffer gases and a large set of pressures p and angles #. These measurements have been
obtained at a temperature of 24.0(5) °C and with the laser locked to the F'=3 — ' = 3,4
crossover peak in ®Rb (Figure 3.6). Figures 4.9a and 4.9b show observed decay rates as
the pressure of each gas is varied at constant angle. Figures 4.9c and 4.9d show the data
as a function of the angle between laser beams at constant pressure. For each buffer gas,
we measure decay rates at [ pairs (p, ). These data are fit to Equation 2.17 with positive
fit parameters (Vogpin)exp and Qexp(T), and signed parameters (WIopepref )i, Where index
1 =1,...,m corresponds to data taken on different days and models changes in residual light
due to small deviations in the alignments of the AOMs. For each buffer gas, the number of
fit parameters m + 2 is significantly smaller than the number of measured decay rates (.

To better visualize the p and 6 dependencies of the decay rates, we have plotted a modified
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decay rate in Figure 4.9. First, we subtracted (WI optDret)i/p from each measured 1/7 using
the corresponding fitted value (WL opiprer)i- Then, for Figure 4.9a and b, the resulting decay

rates have been scaled to a common angle of # = 2 mrad. Here, the scaled rate (1/7)" is

SNGET

where g(p, 0, T) corresponds to the first two terms on the right-hand side of Equation 2.17

determined by

using the fitted values for (vogm) and Q(T). In a similar manner, the decay rates in
Figures 4.9c and d have been scaled to a common pressure p’ = 200 Torr. As a result,
a positive modified decay rate for # — 0 in Figures 4.9c and d indicates the presence of
spin-exchange and spin-destruction collisions.

We note that in Figures 4.9a and 4.9b the lowest pressures at which we can observe a
signal are buffer-gas dependent. They are determined by the limited efficiency of optical
pumping for small collisional shifts and broadening, as discussed in Chapter 2.

Based on Equation 2.17, we infer that the contributions from the Rb spin-exchange and
spin-destruction collisions are small compared to that of Rb diffusion and residual light.
For the heavier argon, krypton, and xenon gases, the decay rates in Figure 4.9b exhibit
a component proportional to p, which is apparent at our larger pressures. We interpret
this trend as evidence of the influence of spin-exchange and spin-destruction collisions. In
Figure. 4.9c and 4.9d the linear increase with (k6)? is solely due to diffusion. While this
dependence can be used to determine D(T, p) even without the data in Figure. 4.9a and 4.9b,
the quality of the fits improves by including all data.

Figure 4.9d shows our nitrogen data as well as data from our previous determination in
reference [33| as functions of angle 6. The data from reference [33], taken at a temperature of
50 °C, has been scaled to 24.0(5) °C using the procedure described in the caption of Table

1.1. The fit to the nitrogen data gives D(T,p) = 0.131(3) cm?/s at standard pressure, which
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Figure 4.9: Data for naturally abundant Rb-X systems at T' = 24.0(5) °C with fits based
on Equation 2.17 as described in the text. a) Decay rates for helium, neon, and nitrogen
buffer gases as functions of buffer gas pressure for angle § = 1.88 mrad, 1.60 mrad, and
2.34 mrad, respectively. b) Decay rates in argon, krypton, and xenon as functions of buffer
gas pressure for # = 2.49 mrad, 1.57 mrad, and 1.63 mrad, respectively. For all the angles
reported here, the statistical uncertainty is small compared to the systematic uncertainty of
1.5 % which arises due to wavefront curvature as explained in text. For ease of comparison,
decay rates in panels a) and b) have been scaled to correspond to data taken at a common
angle of 2 mrad. c) Decay rates as functions of (kf)? for helium, neon, argon, krypton, and
xenon taken at buffer gas pressure 659.0(5) Torr, 526.73(1) Torr, 294.292(1) Torr, 90.27(1)
Torr, and 38.953(1) Torr, respectively. Only the best fit to the nitrogen data is shown in this
panel. The nitrogen experimental data is displayed separately in panel d). d) Decay rates
as function of (k6)? for a nitrogen buffer gas at 325.97(2) Torr for this work and 552.4 Torr
for our previous determination [33]. Four data points from the previous determination fall
outside the plot range. For ease of comparison, decay rates in panels ¢) and d) have been
scaled to correspond to data taken at a common buffer gas pressure of 200 Torr. The error
bars in all panels represent one-standard-deviation uncertainties obtained from fits such as
that shown in Figure 4.8a.

92



agrees with the reported 0.129(1) cm?/s in reference [33]. We summarize the data from
Figure 4.9 in Table 4.1 where the second column represents the values of D(T', p) extracted
from the fits to Equation 2.17 with statistical uncertainty shown in parentheses. The second

column of Table 4.2 shows the values of (vVOgpin)-

4.4.1 Systematic Corrections

A transit time correction is estimated by simulating the signal decay based on two analytical
models that attempt to account for the spatial expansion or diffusion of the Rb population
grating beyond the extent of the read-out beam, as described by Equation D.1. A detailed
derivation of these models can be found in Appendix D and in reference [36]. In both
models, the analytical signal E(t) is given by the k1 — ks Fourier component of the product
of population grating pp.,,.(Z,t) and the profile of the electric field amplitude of the read-out
beam FEgro(T).

In the first model, we assume that the spatial amplitudes Bp,,, of the initial population
gratings in Equation 2.14 and FEro(Z) are finite and positive on the same rectangular cuboid
and are zero elsewhere. This cuboid reflects the spatial volume of the Gaussian laser beams,
within which the atomic transitions are saturated and a grating is formed, and the volume
from which coherent light scattering can be detected. The cuboid is assumed to be infinitely
long along (/21 + Eg)/2, but has finite sizes w, = 3 mm and w, = 4 mm along directions
l% - Eg and El X I;Q, respectively, based on our measurements of the beam intensity profile
and simulations of optical pumping that show the saturated area of Rb.

This first model predicts that the decay of the scattered field will be the real component
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1A% (1 _ in((?)> (erf(dx(t)/Q —iA(t)) + erf(iA(t)))

Erect (t) :EO

(4.7)

with the dimensionless time-dependent functions

A(t) = kO/D(T,p)t, (4.8)
di(t) = w;//D(T,p)t (4.9)

with i = x and z. Here, erf(z) is the error function of a complex variable z, erfi(z) = —ierf(iz),
Re[z] and Im[z] are the real and imaginary components of the complex variable z. Note that
with erf(z) — 1 — exp(—22)/+/7z for 2 — oo Equation (4.7) approaches Equation (1.7) when
w; — 00.

In the second model, we assume that the spatial amplitudes Bp,,, of the initial population
gratings in Equation 2.14 and Fro(Z) have the same Gaussian profile along orthogonal
directions El — Eg and El X IZQ. The profiles of Bp,,, are assumed to be dictated by the
laser intensity profile, which has a measured 1/e? full width of W, = 2.4 mm and W, = 2.4
mm along these two directions, respectively. The profile of Ero (%) is the square root of the
measured intensity profile and thus has a 1/e full width of W, = 2.4 mm and W, = 2.4 mm.

This model predicts a modified decay given by signal
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X exp (WWE(!{:@F + %w;*(t; (k0)*D(T, p)t) ,

where w} (t) = W2+ 8D(T, p)t and w}*(t) = W? +8D(T,p)t/3 for i = x and z.
The signals Fiet(t) and Fgauss(t) are non-exponential in delay time ¢. We then construct

the acquired, background-subtracted signal as

(4.11)

sim

\/[Ea (t)€_<v0'spin>pt/kBT] 2 + BG2

where a = rect or Gauss, in analogy to the expression for the signal in Equation (4.4). Here,
factor exp(—(vospin)pt/kpT’) accounts for the effects of spin-destruction collisions and opg_sim
represents the phase and amplitude noise of the heterodyne detection. We do not directly fit
our experimental data to these model signals, but instead generate discrete noisy datasets
based on Equation (4.11) for each pair of (p,#) for which a time trace was acquired. To
generate these datasets, we use estimates for Q and (vog,,), and assume a one-dimensional
normal distribution for BGgj,, with a mean of zero and width given by opg for that time
trace. We take the average of 16 of these simulated time traces and fit the averaged datasets
to the Equation (4.4) with an exponential signal E¢(t) and obtain a modified rate 7/ and oj
for each time trace. Next, we fit the values of 7" as a function of § and p to Equation (2.17)
to obtain output values for Q" and for (vogy,)’, which are now systematically offset from Q
and (vogn) due to the effects of transit time and the heterodyne noise.

We adjust our input values for Q and (vog,,) in Equation (4.11) until we arrive at a
range of simulated values of Q" and (vogp,)’ that match our experimental observations of

Qexp and (VOspin)exp Within the experimental error bar. The mean of the estimates which
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satisfy this condition is taken as the corrected values of Q and (Vo). The uncertainty in
the corrected values has been evaluated by simulating a library of decay curves obtained by
varying input parameters p, 6, w;, W;, Q, and (vogpin) based on their uncertainties.

The transit time corrected values of D(T),p) for each model are displayed in columns 3
and 4 of Table 4.1 [35, 36]. The uncertainty in these values has been added in quadrature to
the statistical error in column one of Table 4.1 to obtain the error values reflected in columns
three and four. Similarly, the transit time corrected values of (vogu,) and their associated
uncertainties are displayed in columns 3 and 4 of Table 4.2.

We observe that the corrected values of D(T,p) in columns 3 and 4 of Table 4.1 are
larger than the uncorrected values. This behaviour arises from the functional form of the
non-exponential decay curves predicted by the models, which exhibit a more rapid decay for
short delay times and a less rapid decay for longer delay times.

Column 5 of Table 4.1 represents the final experimental value for D(T, p) given by the
weighted average of the results of the two models for the transit time correction. We observe
that the Gaussian model predicts a very small correction, whereas the correction is substantial
in the rectangular model. Since we do not know which of these models is correct, we choose
the conservative option of reporting the weighted average. The error in this value is computed
as the quadrature sum of the error in the rectangular model, the error in the Gaussian model,
and half the difference between the corrected value given by these two models. Column 5 of
Table 4.2 shows the final experimental value for (vog,,) using the same procedure.

A second systematic effect relates to the curvature of the laser wavefronts that are incident
on the aperture used to spatially filter the excitation beams in order to measure angle 6.
This effect does not change the fitted value of 7 but does introduce an additional fractional
uncertainty of 1.5 %, which is added in quadrature to the statistical uncertainty in column
two of Table 4.1, and reflected in columns three through five. To obtain this uncertainty, we

translate the circular aperture across the excitation beam profiles and find that the measured
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Table 4.1: Measured Rb-inert gas diffusion coefficients D(T),p) for naturally abundant Rb
and our calculated 8"Rb-inert gas diffusion coefficients at standard atmospheric pressure and
T = 24.0(5)°C. Values and uncertainties in parenthesis are reported in cm?/s. The diffusion
coefficients with their statistical uncertainties inferred from fits are reported in column two.
Columns three and four show D(T',p) corrected for transit time effects using two models
as explained in the text. Column five shows our recommended value, a weighted average
of columns three and four, with errors in parentheses calculated as described in the text.
Diffusion coefficients for 8"Rb-X systems calculated using the quantum mechanical model are
shown in the last column.

Gas | D(T,p)| D(T,p) D(Tp) D(T, p) D(T,p)
corrected corrected recommended | quantum

(rect.) (Gaus.)

He | 0.33(2) | 0.34(4) 0.33(2) 0.33(5) 0.3768(16)

Ne | 0.213(7) | 0.217(11) 0.213(8)  0.214(14) 0.212(3)

N, | 0.131(3) | 0.134(5) 0.131(4)  0.132(7) 0.1257(3)
N, [33] | 0.129(1) | 0.130(3)  0.129(2)  0.129(4)

Ar | 0.122(5) | 0.124(7)  0.122(5)  0.123(9) 0.1329(13)

Kr | 0.092(5) | 0.096(7) 0.092(5)  0.093(9) 0.0960(11)

Xe | 0.072(3) | 0.074(3) 0.072(3)  0.073(4) 0.0709(5)

angle varies by as much as 130 prad per mm of translation. As the maximum uncertainty in
the placement of the aperture (with diameter ~ 0.1 mm) is 0.2 mm, the maximum systematic
uncertainty in the angle is 26 prad. The impact of this effect on D(T, p) as a function of 0
and p is as large as 1.5 %.

Finally, we compare our weighted experimental values reported in column five of Table 4.1,
to those predicted by the quantum theory in Chapter 2. We find deviations from the
experimental determinations of 0% to 12 % for the six gases, all of which are in agreement
within experimental errors.

From the compilation of (vogpy) in Table 4.2, we find our measurements show increasing
positive values as a function of the mass of the buffer gas. However, the values are also
consistent with zero. This is likely due to the fact that we operate under conditions in which

diffusion dominates other decay rates and thus limits our sensitivity to (vos,). For Kr and
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Table 4.2: Measured (vogm)/ksT in unit s~ Torr™! at T' = 24.0(5) °C for spin-exchange
and spin-destruction processes of trace amounts of naturally abundant Rb in inert buffer
gases X. The fitted values are shown in column two with their statistical uncertainties in
parenthesis. Columns three and four show values after correcting for systematic errors due to
transit time using two models as described in the text. Column five shows our recommended
value, a weighted average of columns three and four as explained in text. Our rate coefficients
are compared to those measured by reference [76| in column six where available. Note
that (vogpin)/(ksT) expressed in unit s~'Torr™! is equivalent to (vog,) expressed in unit
3.08 x 10717 cm? /s at 24°C.

Cas | {00}/ (ko T) | {00/ (R T) (0iad [T (0 [T | (007} /(i T)
X corrected corrected recommended [76]
(rect.) (Gaus.)

He 0(11) 0(11) 0(11) 0(16) -

Ne 0(2) 0(2) 0(2) 0(3) -

N, 1(3) 0(4) 1(3) 0(5) -

Ar 2(2) 2(3) 2(2) 2(4) 0.95(3)
Kr 4(3) 4(4) 4(3) A(5) 33.2(1.5)
Xe 23(15) 22(21) 23(15) 23(26) 185(10)

Xe, our values deviate significantly from previous measurements at a similar temperature of
27°C by reference [76]. While we do not have an adequate explanation, we note that the
values of the diffusion coefficients are not impacted by the values of (vog,) and vice-versa.
As shown in Equation 2.17, this is because the decay rate due to diffusion scales as p~! and
62, while the decay rate due to (vogm) scales only as p, with no known coupling between
these two effects. We speculate that the discrepancy between our values of (vog,) and
previous measurements arises from the fact that the measurements in reference [76] were
carried out using highly polarized Rb in the presence of a small, 1 Torr concentration of buffer
gas leading to longer timescales 7 and thus greater sensitivity to (Vo). Measurements of
(VOgpin) at a higher temperature 92| are also discrepant with our values when scaled to the

same temperature.

98



o.4o0p——mmm—m—m—————7

Absorbance
o o
N w
o o

o
—h
o

0.00.5" 5 0 5 10
Detuning (GHz)

Figure 4.10: Rubidium absorption spectra a cell of length 5 cm at 7' = 24.0(5) °C and
a pressure of 134.10(5) Torr of Ny buffer gas as measured by the capacitance gauge. The
plot shows absorbance —In(I/I,) as a function of laser de-tuning, where I and I, are the
transmitted and off-resonant transmitted laser intensities, respectively, and the laser de-tuning
is relative to the ' = 3 — F’ = 4 hyperfine transition frequency of the D2 line in 8°Rb in its
rest frame and absent any buffer gas. Blue and yellow traces correspond to data from upward
and downward scans of the laser frequency. A fit of both traces to the composite spectrum
for collisionally broadened and shifted ®* Rb and 8"Rb D2 hyperfine transitions is shown in
black [33]. Individual D2 hyperfine line profiles are also shown as coloured lines, the most
prominent of these coloured lines is the collisionally broadened and shifted F' =3 — F' =4
line in ®°Rb.
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4.4.2 Pressure measurement in the gas manifold

The pressure of the inert gas in the experimental cell is measured using the capacitance
manometer and is independently verified, typically to within 20 %, using atomic spectroscopy
of Rb resonances [33]|. In this latter approach, pressure is determined from a fit to the
collisionally broadened and shifted rubidium lines. Figure 4.10 shows an example of such a Rb
spectrum for trace amounts of Rb in a Ny buffer gas as well as a fit to the spectrum [34]. Using
the shift and broadening parameters from reference [86] and assuming that these parameters
are independent of temperature for the relevant temperature range, the fit gives a Ny pressure
of 145.7(5) Torr while the capacitance manometer reading is 134.10(5) Torr. Moreover, we
determine the Rb number density to be 8.2(4) x 10'° cm™3, from the fitted signal amplitude
of the spectrum. The Rb density can be inferred from the amplitude using the known length
of the experimental cell, D2 transition dipole moments of ¥Rb and 8"Rb [102, 105], and the

isotopic abundances of ®Rb and 3" Rb.

4.5 Discussion of diffusion results

Our results allow us to make detailed comparisons between theory and experiment involving
six distinct Rb-X systems. Figure 4.11 shows D(T,p) for all six buffer gas systems with
data from our experiments, our values from quantum mechanical calculations, and results
of other experiments (see Table 1.1). Here, the vertical axis is dimensionless and represents
the ratio D(T,p)/Dyaw, where the van-der-Waals diffusion coefficient Dyqw = Pgvg, with
relative van-der-Waals velocity vg = \/m so that Dyqw = h/p, which only depends on
the reduced mass p of the system. This ratio, with most values between 2500 and 7500, allows
us to compare the six buffer gas systems on the same vertical scale. Our experimental values
for D(T, p) agree with the quantum mechanical calculations across all of the different gases.

We also find a similar systematic variation in both experiment and theory as a function of
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Figure 4.11: Ratio D(T,p)/Dyaw, where Dyqw = Bsvg = h/p, for all six naturally abundant
Rb+X systems. Filled blue circles with error bars show this ratio based on the experimental
determinations presented in this paper. The ratios based on quantum theoretical values for
8TRb-X systems are shown as red circles with error bars. We also display the same ratios
with respect to other experimental results (in Table 1.1) as grey circles with error bars, where
we assume a standard uncertainty of 1 in the last significant digit for publications that did
not supply an uncertainty. The diffusion coefficients D(T, p) are at standard atmospheric
pressure and measured at or scaled to T = 24.0(5)°C.
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Figure 4.12: Measured D(T, p) for six natural abundance Rb-X systems and theoretical
8TRb-X diffusion coefficients from quantum mechanical simulations at standard atmospheric
pressure and 1" = 24 °C plotted as functions of the corresponding semi-classical values for
D(T,p). Blue and red markers with error bars representing standard uncertainties correspond
to our experimental and quantum theoretical values, respectively. Gray markers correspond
to previous measurements found in Table 1.1, where for publications that did not supply an
uncertainty budget we assume a standard uncertainty of 1 in the last significant digit. The
dotted blue and red lines correspond to linear least-squares fits to the blue and red markers,
respectively. The solid black line represents the semiclassical value for D(T, p)

the mass of the buffer gas. The other historical measurements of D(T, p), however, show a
much larger spread of values relative to the theoretical predictions.

In the semiclassical formalism, an analytical expression for D(T,p) follows from the
expression for the thermally averaged cross section A(7') in Equations 2.18 and 2.22. It is
then instructive, as shown in Figure 4.12; to plot the measured D(T,p) along with those
from our quantum theoretical calculations as functions of D(T,p) from the semiclassical
treatment at one standard atmospheric pressure and 17" = 24 °C. The graph shows that the

experimental and semiclassical values agree to within a factor of two for all inert buffer gases,

as already discussed for nitrogen in Figure 2.11. It is worth noting that the semiclassical
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diffusion coefficients depend on both p and the van der Waals coefficient (. In fact, we
recall that the semiclassical D(T, p) scales as pu~/2C; /.

Linear fits to our experimental and quantum diffusion coefficients with respect to the
semiclassical values are also shown in Figure 4.12. The slopes for the experimental and
quantum predictions are unitless and have values of 1.13(16) and 0.90(7) respectively, both
of which differ from the semiclassical slope of unity.

In addition to the tabulated systematic uncertainties, we have examined additional
systematic effects that can affect the experimental diffusion coefficients. Firstly, we have
investigated the role of broadband background light due to, for example, amplified spontaneous
emission (ASE) from our tapered amplifier by spatially filtering the excitation and readout
beams using an optical fibre. Reference [39] has shown that the spectral intensity of ASE
can be reduced by a factor of 5.8 by using an optical fibre. However, spatial filtering did not
affect the values for D(T, p).

We have also considered two other systematic effects that can potentially impact the
diffusion coefficients. These are i) spin decoherence due to the formation of Rb + X van
der Waals molecules [69, 76, 90-92, 107] and ii) the redistribution of light due to radiation
trapping, including the role of quenching and mixing collisions. These effects can modify
the formation of the population grating by depopulating the excited state and redistributing
light and result in an inverse pressure dependence. The first of these two effects is known to
be small at the typical, > 10 Torr buffer gas pressures used in this work [90]. Secondly, based
on reference [108], we have determined that the lifetime of the excited state of Rb within the
cylindrical excitation volume is only extended by a factor of ~ 3 due to radiation trapping.
This timescale is three orders of magnitude smaller than the timescale of diffusion and is
therefore unlikely to play a role in the observed decays. As collisional quenching and mixing
are only relevant when radiation trapping is prominent, these effects can be ruled out for the

same reason. Additionally, reference [87| suggests that collisional quenching rates in noble

103



gases are of order 200 Hz at 760 Torr, which is too small to affect our measurements even at
the upper limit of our experimental pressure range. We conclude that these processes have
not influenced our measurements.

We conclude this subsection by describing a possible application of our setup, namely,
the realization of a quantum pressure sensor that depends on the intrinsic properties of
atomic interactions. Since experiment and theory are in agreement, it is possible to solve
Equations 1.8 and 2.18 directly for p by first determining Q(7") by recording decay curves
over a range of angles and using the calculated value of A(T'). By following this procedure,
one can infer the absolute value of the pressure of a buffer gas X in a Rb-X mixture, over
the effective pressure range of the technique. In this manner, our technique can serve as a
basis for a quantum pressure sensor. Such an effort would complement other techniques that
have been recently developed to realize pressure sensors using ultra-cold atoms under high

vacuum conditions [65—68].

4.6 Conclusions and future research

We have presented unified measurements of diffusion coeflicients near room temperature along
with theoretical predictions using quantum, semiclassical, and classical models for six inert
buffer gases and trace amounts of natural abundance rubidium using a single experimental
apparatus. Our experiment relies on creating spatial population gratings in each m-level of
the rubidium gas and measuring its decay or diffusion using two nearly parallel optical laser
beams. The decay rate is proportional to the diffusion coefficient and the square of the small
angle between the laser beams.

By accounting for systematic effects we have resolved discrepancies between the experi-
mental and theoretical diffusion coefficients for six buffer gases, which provides the basis for

a pressure sensor. A practical realization of this idea requires confirmation of the predicted
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temperature dependence of D(T,p). Such a confirmation would require an improved oven
design which can produce a uniform temperature profile throughout the gas manifold. A
new round of experiments will be able to realize greater precision as the optical pumping
simulations in Figure 2.9 suggest that an increase in the signal to noise ratio may be possible
by tuning the read-out and excitation pulses to be resonant with separate ground state
hyperfine levels. Systematic effects due to signal offsets, as shown in Figure 4.8, can be
avoided by using a detection system consisting of a photomultiplier tube with an electronic
gate and an AOM shutter as in reference [44]. It may also be possible to reduce the effect of
wavefront curvature on the systematic error in the angle ¢ by spatially filtering the excitation
and readout beams using optical fibres. A better description of the effects of residual laser
light on the rubidium atoms can be based explicitly on the line-shape function as described
by the last term in Equation 2.16 instead of the approximation described by the last term in
Equation 2.17. Such an improved description, which must include all magnetic sublevels and
their relative populations, may allow us to reduce the error associated with this effect.
Some of the improvements proposed here have been realized in a new round of measure-
ments [47]. Here, gated PMT detection was used to measure D(T,p) in a Rb-Ny mixture
using a modified oven which allowed a uniform temperature profile over the range of 24°C
to 80°C. Measurements of D(T,p) reported in reference [47] at T' = 24.0(5)°C agree with
the measurements obtained in this dissertation [33, 35] and the preliminary results for the
temperature dependence are consistent with the temperature scaling predicted in Figure 2.11

by the quantum and classical models.
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Appendix A

Characterization of tapered amplifier

system

A.1 Development of master oscillator, power amplifier

(MOPA) system

There is widespread interest in developing a new generation of spin-exchange free rubidium
magnetometers [4] for geophysical exploration. These magnetometers can be used in airborne
surveys for the improved detection of metal and mineral deposits. Magnetometers require
laser sources for optical pumping. The laser source should be capable of being frequency
stabilized with respect to rubidium atomic transitions without the need for human intervention.
Additionally, the laser pulses should have pulse widths of about 100 ns, repetition rates of
several kilohertz and power outputs of a few Watts. In this appendix, we describe the pulsed
laser system based on auto-locked diode laser systems (ALDLS) that we developed [40, 41]
that is capable of addressing all the required specifications.

During the last forty years, there have been significant improvements in the sensitivity of
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vapour cell magnetometers used for the rapid detection of small magnetic fields in airborne and
terrestrial surveys. These surveys are capable of detecting magnetic anomalies and magnetized
rocks associated with deposits of metals and minerals. Vapour cell magnetometers rely on
optically pumping alkali vapours using high-power light sources. The vapour becomes
spin-polarized and transparent to the pump laser when the optical pumping is complete.
Therefore, monitoring the transmission of the pump laser serves as a convenient method of
probing the atomic polarization due to optical pumping. An external magnetic field drives
a periodic change in population between adjacent ground state magnetic sublevels at the
Larmor frequency. As a result, the orthogonal, circularly polarized components of the probe
laser are differentially absorbed and exhibit Larmor oscillations. A balanced photo-detector
can be used to record these Larmor oscillations and measure the magnetic field.

ALDLS units are integrated using components from original equipment manufacturers
(OEM) coupled with specially machined parts and powerful central processors. The laser’s
master oscillator depends on optical feedback from a narrow band interference filter to realize
a narrow laser line width ( 500 kHz)[109, 110]. The thermally stabilized laser cavity can
be evacuated within minutes and vacuum-sealed for several months, making the system
insensitive to environmental temperature and pressure fluctuations. The optical feedback
from the interference filter can be adjusted from outside the cavity using a vacuum feed-
through. The ALDLS can be locked or scanned with respect to a spectral line without the
need for human intervention using a digital controller that is capable of storing a variety of
algorithms in its memory for laser frequency stabilization using techniques such as pattern
matching and first or third derivative feedback. The laser cavity relies on an interchangeable
optics kit consisting of a laser diode and optical feedback elements to operate in the desired
wavelength range. Therefore, the master oscillator can be designed to optically pump both
the D2 (780 nm) and D1 (795 nm) absorption lines in rubidium. The laser source can also

address spectral lines associated with both ®Rb and 3Rb isotopes. The ALDLS technology
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Figure A.1: Schematic of ALDLS system consisting of an external cavity diode laser (ECDL)
with an auto-lock controller and waveguide tapered amplifier (TA). Amplitude modulation is
achieved by pulsing an acousto-optic modulator (AOM) with RF circuits

enables additional features such as power amplification of the master oscillator’s output of
100 mW to several Watts using semiconductor waveguides [111] as well as rapid amplitude
modulation using acousto-optic modulators (AOMs) and radio frequency (RF) electronics. A
schematic diagram of the pulsed laser system is shown in Figure A.1.

The output of the master oscillator is fibre coupled through a beam splitter into an
auto-lock controller containing a saturation-absorption spectrometer and control electronics
for frequency stabilization with respect to Rb spectra. Another output of the beam splitter
is aligned through a 2-W semiconductor waveguide amplifier to increase the power output.
The AOM utilizes TTL switches to produce suitably short pulses for optical pumping.

Optical feedback from a narrowband interference filter [109, 110] is used to realize a
laser linewidth of 500 kHz. Laser operation was initially demonstrated at 780 nm and 633
nm based on rubidium and iodine spectroscopy, respectively. We characterized the system

performance through measurements of the Allan deviation of the beat note between two lasers,
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Figure A.2: Output power of 2-Watt tapered amplifier as a function of injection current
recorded with and without fibre coupling at a temperature of 16°C. The power input from
the seed laser was 17 mW. The straight lines show the extrapolated power output for the
maximum allowed injection current
and through a measurement of the Allan deviation of the lock stability of a single laser. The
laser frequency was stabilized using different auto-locking algorithms selected from the digital
controller’s library for these studies. We used third derivative feedback for iodine spectroscopy,
and both pattern matching and first derivative feedback for rubidium spectroscopy. The laser
linewidth and lock stability allowed precision measurements of gravitational acceleration with
an accuracy of 3 parts-per-billion (ppb) using a state-of-the-art industrial sensor. Our studies
also showed that the correction signals were reduced by nearly an order of magnitude by
evacuating the air in the laser cavity. Under laboratory conditions, the Allan deviation of the
beat note between two identical lasers was measured to be 2 x 1072 for a measurement time
7 = 40 s. The Allan deviation of the lock stability of a single laser is 2 x 107'2 for 7 = 80 s,
which suggests a similar level of performance. These specifications compare favourably with
respect to different types of diode lasers[112-114].

The pulsed laser system relies on the amplification of highly monochromatic light from
the auto-locking diode laser system (ALDLS) using a tapered, semiconductor waveguide

amplifier. The amplifier consists of two sections: a waveguide, and a tapered gain region.
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The tapered geometry of the gain region couples the amplified light into several spatial
modes. This configuration allows the amplifier to operate at high currents without increasing
the energy density of the beam inside the device to the point where non-linear effects can
cause catastrophic self-focusing. Spatially filtered laser light from a monochromatic source
is coupled into the waveguide section and diffracts into the tapered section such that the
tapered gain region is completely filled, allowing maximum amplification of the seed light [111].
Figure A.2 shows the performance of a 2 W tapered amplifier seeded by 17 mW of light from
a seed laser locked to a Rb spectral line.

The amplifier introduces two detrimental effects in the seed light. Firstly, the spatial
profile of the beam is distorted by the large number of spatial modes associated with the
amplifier cavity. Seeding with a filtered TEMO0O mode limits the output to a subset of spatial
modes, but the beam is still far from Gaussian, assuming a more “flat topped” profile with
a few local maxima. Secondly, the spectral profile of the output beam is modified by the
broadband amplified spontaneous emission (ASE) from the TA cavity. The simplest way to
reduce these effects is to spatially filter the output. This process eliminates undesired spatial
modes and a large portion of the ASE as well [115]. However, it comes at the cost of the
output power of the beam, as shown in Figure A.2.

We have characterized the relative intensity of the ASE and its reduction through fibre
coupling by using a grating spectrometer with a resolution of 1 nm, as shown in Figure A.3.
The ASE consists of partially coherent light spanning several nanometers. We find that the
intensity of ASE is three to four orders of magnitude smaller than the amplified light at the
seed wavelength.

The output power of the amplifier has been measured as a function of the power of the
seed laser as shown in Figure A.4. The data show the saturation of the power output of the
amplifier as the seed power approaches 30 mW. These results also suggest that a single seed

laser (power output of 100 mW) can drive up to three waveguide amplifiers.
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Figure A.3: Spectral characterization of a 2-Watt waveguide amplifier operating at 780 nm
with a fibre coupled spectrometer. The full width at half maximum (FWHM) of spectral
response function of the spectrometer (1 nm) is shown in grey. This FWHM is much larger
than the linewidth (500 kHz) of the seed laser. The spectrometer transmission is recorded
before and after an optical fibre that is used to spatially filter the output of the amplifier. At
each location, the ASE is recorded by blocking the seed light from the ALDLS. The spectrum
of the amplified light is also recorded before and after the fibre.

The effect of the temperature of the tapered amplifier on the power output for constant
injection current and seed powers is shown in Figure A.5. The gain-curve of the semiconductor
shifts gradually as a function of temperature and we find that for most devices the ideal
operating temperature is well below room temperature. The limit on the TA operating
current in ambient conditions is then the ambient dew point, since condensation forming on
the contacts of the TA will result in catastrophic failure of the device. By operating the TA
in a controlled environment (e.g. with dry air) one can operate at lower temperatures which
will optimize the performance of the device.

Following the development of the laser system, my research group typically used a single

ECDL to seed multiple waveguide amplifiers to support four experiments including my own.

These experiments included magnetometry /diffusion [33, 35|, atom interferometry [43—46],

128



600 [ . 1
500 * ]
400 . B

300 F * 1

Output Power [mW]

200 F B

100 - B

ob, ooy
0 10 20 30 40

Seed power [mW]

Figure A.4: Waveguide amplifier output as a function of seed-power. This data was recorded
with a 2-Watt amplifier driven with an injection current of 1980 mA at a temperature of 16°C
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Figure A.5: Output power of 2-Watt waveguide amplifier as a function of temperature

atomic lifetime measurements [42] and optical tweezers [116].
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Appendix B

Computing the Allan deviation

B.1 Introduction and outline

The Allan variance o2 and Allan deviation (AD) o, = /02 were introduced by David Allan as
alternatives to the standard variance o2 and standard deviation o = /o [117]. The problem
Allan was trying to address was the non-convergence of the standard deviation in the noise
of an oscillator, which is due to successive frequency measurements of an oscillator being an
example of a “non-stationary process”. Non-stationary processes are commonly encountered
in nature; for example, flicker noise (a type of “1/f” or “pink noise”, described in more
detail later) has a divergent standard deviation and is ubiquitous in all electronic systems.
Despite the prevalence of these processes, standard methods to characterize them were not
developed until it became a necessity in the study of atomic clocks. The noise distribution of
an atomic clock is its key figure of merit, and a diverging standard deviation completely fails
to characterize this distribution and therefore could not facilitate the comparisons of clocks
using different techniques. Since its introduction, the Allan variance and deviation have
become adopted as standard methods to analyze the frequency stability of an oscillator [118].

However, the application of the AD does not need to be limited to the stability of an oscillator,
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and many systems can benefit from characterization using the AD.

The AD was used in this thesis to characterize the stability of an oscillator, namely the
frequency of our home-built diode laser systems described in reference [40] and Appendix A.
The algorithms developed for this purpose were used to characterize the stability of a
modulation-free laser frequency stabilization setup [119]. We have also broadened our
application of the AD to characterize laser current controllers [41, 61], and motorized knife
edge profilers used for angle measurements in diffusion experiments [33], and we also used it
in the analysis of a precision measurement of atomic excited state lifetimes [42].

In this appendix, we will define the AD and describe its relationship to other metrics
commonly used to characterize the noise in a measurement, namely the standard deviation
o5, the power spectral density (PSD) Szz(f), and the autocorrelation function (ACF) Ry;(t).
Unlike most texts on this subject, we will keep this discussion completely general and avoid
specifics that are relevant only to measurements of frequency. Next, we will describe practical
algorithms for calculating the AD. Finally, we will describe how these methods were applied

to achieve various goals in this thesis.

B.2 Stationary processes: The standard variance and
standard deviation

We begin by describing the general problem, performing a series of N successive measurements
of some system that yields a list 3. For notation and computing purposes, i/ can be considered

a vector in N dimensions as

g: {yb Y2, Y3 -+, ?JN} (B1>

For stationary processes, we expect ¢ to reflect some underlying probability distribution
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Figure B.1: Example histogram of dataset of 10 000 points with a mean of zero and o = 1.
The black line shows the underlying probability density function P(y)

P(y), most commonly a normal distribution, such that as N — oo a histogram of ¢ will
approach P(y) as shown in Figure B.1.

To be defined as a stationary process it is necessary that every measurement in ¥ is
identically distributed, meaning that the centre and the width of P(y) do not change over
time. It is also necessary that the measurements are independent meaning that the value
of any particular y, does not affect the probability distribution of any other. Data which
conforms to these assumptions is referred to as Independent, Identically Distributed (IID)
data.

The mean gy and standard deviation oy are the two most commonly applied metrics to

quantify this distribution. With y defined as

1 N
i=<> ¥ B.2
TN (B-2)

and o, defined in relation to the standard variance o2 as o, = /02 with
ol =y —9)%), (B.3)
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where (z) is the expectation value of the expression x. The expectation value is a property
of the underlying distribution function, which cannot be obtained from a finite set of

measurements. Thus, we use the estimator for the variance of a sample defined as

2 1 -

0s= N1 (yn — ). (B.4)

n=1

Using these tools, one is able to obtain the central value of the distribution from 4 and a
quantity describing the width of the distribution from oy.
However, these metrics will fail if either or both of the assumptions of independence and

identical distribution are not true. That is to say, if the process is not stationary.

B.3 Non-stationary processes, the Autocorrelation and
Power Spectral Density

Before discussing the AD, which has already been introduced as a method to characterize
non-stationary processes, we will describe what it means for a process to be non-stationary
using methods that have broader applicability, namely the Power Spectral Density (PSD)
Sz and autocorrelation function (ACF) Rzz;. We will later show the important relationships
between these functions and the AD.

If a dataset 3 is not stationary, it means that there is some kind of time dependence to
the measurements y,,. If the measurements y,, are not independent it means that obtaining a
particular y, will impact the probability distribution of ¥, 11, ¥ni2, ... (and, assuming ¥ has
time symmetry, ¥, 1, Yn_o2, - .. ). In other words, without the assumption of independence,
the specific ordering of 3 is important, and that same process could never produce certain
permutations of y. If each measurement is not identically distributed, then that means that

there is some time dependence to P(y), such that either the centre or the width of the
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distribution changes with time.

B.3.1 Noise classification based on the power spectral density

The standard method to analyze the time dependence of a signal is by examining the signal
in the frequency domain by taking the Fourier transform. The discrete Fourier transform
F(¥) is a list of complex elements Y = {Y1, Ys, ..., Yy} where each element Y}, represents a

complex frequency and is defined as

N
1 . k-1
}/k - § n e—lQWT(TL—l) (B5)
v N n=1

The amplitude of each Y}, represents the amplitude of the £ frequency component, which,
for a time interval T between y,, and y,, 41 has frequency f(k) = (k—1)/(NT). The arc-tangent
of the ratio of Re(Y};) and Im(Y}) represents the phase of the k™ frequency component. The
normalization factor 1/v/N is chosen so that the inverse transform is unitary, and can be

written as

N k—1
> Ve w (), (B.6)

In many applications, the phase is of secondary interest, so focus is placed on the amplitude

by looking at the power spectral density Sg;(f), which is defined as

Syi(f) = |F@I° = [V (B.7)

Here, |z| represents the absolute value of the complex argument z. Each value of Sy;(f) can
be interpreted as the power density (power per frequency bin) of the signal at a frequency f.
For IID measurements, Szz(f) shows no trend as a function of f. This is a consequence of

our earlier discussion regarding permutations of g/. If, for IID measurements, any permutation
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of i/ is equally probable, this means that no matter the time separation between two values
Y, and ¥/, in the series, they will have the same expected variance. In the frequency domain,
this means that the power at all frequencies must be roughly equal.

Processes for which Syz(f) has no trend in f are called “white noise” processes, or simply
“white noise”.

Just as Syz(f) is used to identify stationary processes as white noise, it is also used to
classify different types of non-stationary processes. Processes which have a roughly ! trend
in Sz7(f) are referred to as “pink noise” as referenced in the introduction. The name “pink”
refers to the fact that it resembles white noise except for a bias toward lower frequencies
toward the “red” side of the spectrum. One can see how stronger lower frequencies manifest
as a violation of the assumption of IID by looking at the example data in Figure B.2. For
pink noise, the time domain signal has an apparent drift in the mean value of the distribution.
The slight preference for values taken closer together in time to be similar is common in many
physical systems. It is also important to note that pink noise can appear white if we only
look at a short enough time interval.

More extreme cases of drift of the mean are identified by a f~2 trend in Sz;(f) and
referred to as “brown noise”. Here, the name “brown” refers to Brownian motion, since this
type of spectrum will result from random walk processes.

Syz(f) with positive trends in f are also observed in nature, although they are less
common. A trend of f is named “blue noise” for the same reason the f~! is named “pink.”
At first glance, blue noise may appear similar to white, and one would assume from looking
at the time series that it is IID. However, blue noise is also not strictly a stationary process
since, over short time scales (in contrast to long time scales in the case of pink and brown
noise) the variance and mean can vary.

It is important to note that these noise types are conceptual constructions and are not

strictly followed by any physical process. In addition, a physical process can generally be
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approximated as one noise type over a particular timescale. Typically, the noise types with
higher frequency components (blue and white) will become less prominent at a long enough

timescale, then the time series will appear pink and ultimately brown.

B.3.2 The autocorrelation function

Analysis of time series is not restricted to the frequency domain, and the most common

time-domain tool is the autocorrelation function Ry;(l), which is defined as

Ryg(1) = (U Ur)- (B.8)

Here, [ is an integer representing the “lag” between the indices of the two copies of ¥, z*
represents the complex conjugate of the complex number z. This plot provides information
on the “correlation” between measurements separated by [. As an example, a list of points
obeying sin(w t) would be highly correlated at times ¢ = 27 /w and would accordingly have
a sharp peak at the corresponding | = 27/(w7) rounded to the nearest integer, where 7 is
the time between measurements. The autocorrelation of the data in Figure B.2 is shown in
Figure B.3. One can observe that brown and pink noise are significantly correlated over short
timescales, while white and blue noise appear to have no correlation whatsoever.

For a dataset of finite length n, we estimate the expectation value as

N
1 *
Ry(l) = N > n v (B.9)
n=1

Here, | can take any value from 1 to N, and indices larger than N are “rolled over”, i.e. any
index n can be interpreted as ¥mod(n—1/n)+1 Where mod(q) is the modulo function, giving the
remainder of the quotient ¢. The addition and subtraction of 1 make the modulo function

compatible with the convention throughout this appendix of starting lists with the index “1”.
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Figure B.3: Comparison of auto-correlation functions for the randomly generated data with
different frequency profiles seen in Figure B.2

There are many conventions and standards for normalizing the autocorrelation. We have
chosen to normalize by 1/4/N in order to be consistent with Equation B.5 and make the

following alternate definition of the autocorrelation precisely true.

Ryy(l) = F 1 (Sgz(f))- (B.10)

Here, F~1(Y'(f)) is the discrete inverse Fourier transform of Y}. Thus, the autocorrelation and
power spectral density form Fourier transform pairs. The proof of this follows straightforwardly
from the convolution theorem. This is very useful for computing the autocorrelation, which
typically involves ~ N? operations. By utilizing this identity, along with fast-Fourier
transform (FFT) algorithms, one is able to compute the autocorrelation faster than by direct
computation. One may also use an estimator for the autocorrelation which does not “roll
over” indices while maintaining Equation B.10 if one defines the discrete Fourier transform
and autocorrelation by padding i with N zeros.

Ultimately, since the autocorrelation is the product of two displaced vectors, one cannot
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Figure B.4: Comparison of standard variance as the dataset is increased for the randomly
generated noise with different frequency profiles seen in Figure B.2

get immediate intuitive quantitative information from its value in the way that one can from
the standard deviation, and, as we will show later, the AD. Nevertheless, the autocorrelation
function is very effective at identifying precise phase differences in data, such as those caused
by the translation of an imaged object. We applied the autocorrelation to complete such a

task in reference [116].

B.3.3 Issues in applying the standard variance to non-stationary

processes

We have described non-stationary processes, and shown how they can be classified using the
power spectral density and autocorrelation function. We will now demonstrate what happens
when one tries to apply the standard deviation to these processes. Figure B.4 shows oy for
the datasets in Figure B.2 as the length for the dataset is increased. One can see that for
pink and especially brown noise, the standard variance can change dramatically depending

on how long you record data.
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Because of this trend, the standard deviation fails to characterize the data in any meaning-
ful way. Additionally, although the variance converges for white and blue noise, the standard

deviation provides no way of differentiating these noise types.

B.4 Introduction to the Allan deviation

The Allan variance, o2(7), represents the average difference between two consecutive mea-
surements of a quantity, averaged over time 7. Thus, the Allan variance can be computed for
all 7 from the time-step of the data up to one half the total measurement time of the data.

The Allan variance is defined as

1

(1) = 5{(Fasr = 7)), (B.11)

where 7, , and 7, are separated by and averaged over the time 7. The Allan deviation (AD),

0.(7), is simply the square root of this number.

0a(T) = \/0a2(7) (B.12)

The AD quantifies the average deviation of a dataset at specific timescales. This is similar
to the autocorrelation function but in terms of the difference between time-separated values
rather than their product. It is typically reported as a unit-less, fractional deviation from the
mean value of a quantity.

The AD can be used both to qualify noise types in data, as the power spectral density and
autocorrelation function did in the previous section, and quantify the magnitude of deviations,
in a manner similar to the role of the standard deviation for stationary processes. In addition
to these applications, the AD can also quantify the timescales over which a certain type of

noise dominates.
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Figure B.5: Comparison of AD as a function of averaging time for the randomly generated
datasets with different frequency profiles seen in Figure B.2

Figure B.5 shows the AD for the datasets introduced in Figure B.2. Each type of noise
has a characteristic slope in the Log-Log AD plot. Brown, or random walk noise has a slope
of 1/2, indicating a trend of (m7)/2. Pink, or flicker noise has a slope of zero. White noise

has a slope of —1/2, or (m7)~/2, and blue noise has a slope of —1, or (m7)~".

B.4.1 Calculating the Allan deviation

Since the statistical expectation value in Equation B.11 cannot be known for a finite dataset,

we use the estimator.

=
s

) = 3=y 2 s~ T’ (B.13)

Il
=)

n
where N is the total number of measurements.

By averaging m consecutive measurements, we can obtain a new set of consecutive
measurements "'y averaged over time mr.

This averaging can be completed either by taking consecutive non-overlapping subsets
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with each element in ™y defined as

m= 1 —
Yn = E Zlym(n—l)-i-i- (B14)

This process is visualized in Figure B.6 and results in a vector of length ™ N = L%J . Here, |¢|
is the floor function of the quantity ¢, which rounds ¢ down to the nearest integer. Computing

the AD from this list would result in ™ N — 1 pairs to be subtracted in Equation B.13

Y1 Y2 Y3 Ya Ys Yo Y7

%Q@@

Yi Y2 Y3 Ya Ys Yo Y7
2}’ 1 2)’2 2}’3

Figure B.6: Averaging a dataset i separated by time 7 to successive datasets "y separated
by time m7 without any overlap between averaged data.

Alternatively, one can obtain m different lists ™74 averaged by mr if each list starts on
the ;' element of the original list, with 1 < j < m. This process is visualized in Figure B.7,
as we can see these lists have considerable overlap, but as long as the differences used in
Equation B.13 are always taken from the same ™7/, they meet the requirements for an AD.

Each term in the overlapping vectors ™77 is defined as

m,Jj 1 -
Ty = m Z Ym(n—1)+i+(j—1) (B.15)
i=1
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Figure B.7: Averaging a dataset separated by time 7 to m successive datasets ™7jj separated
by time m7 and offset by j. These overlapping datasets can be used to calculate the AD as
long as consecutive pairs subtracted in Equation B.13 are always taken from the same list

m,jy—"
The length of all ™74 is ™/ N = N — 2m, which results in N — 2m — 1 pairs to subtract in
Equation B.13

ADs obtained from the overlapping method have much better confidence intervals than
their non-overlapping counterparts. In standard practice, the AD for m7 is assumed to be

calculated using the overlapping method unless specifically stated otherwise.

B.4.2 Relationships between the Allan deviation and other quanti-
ties

The expected value of the Allan variance for a finite dataset has a simple relationship with

the standard variance. The difference between their expected values is

(o0) = (02) = (Fabns+1)- (B.16)
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That is to say, the difference between the expectation values is the autocorrelation for a
lag [ = 1. This explains why the standard variance and Allan variance diverge so much for
brown and pink noise, since those noise types are strongly correlated over short timescales.

The Allan variance can also be related to the power spectral density Sgy as

sm (mfT)
o; —4/ Sy (f (2 ———==df. (B.17)

B.4.3 Confidence interval of the Allan deviation

Figure B.5 demonstrates that the AD appears to be less reliable as m approaches its maximum
value of | N/2]. This begs the question of the error in the AD given the initial sample size N
and the averaging length m.

The confidence interval can be calculated using a Chi-Squared distribution. The confidence
interval around the measured AD o,,,, which includes the true value of the AD o, with a

probability P, can be shown to be

\/x%, (11 p)j2)mm =T = \/Xz(w (1= P27 (B.18)

Here, x?(v, Q) represents the Q™ quantile of a Chi-squared distribution with v degrees of
freedom.

The effective degrees of freedom in the AD depend on the type of noise, as described in

Table B.1.
Noise type v
. ~ [ 3(N=1) 2(N—-2) 4m?
White v~ ( 2m N ) Am2+5
. — 5N2 .
Pink VNWIfmZQQ
Brown VR NW_ZQ (N-1) _(3],\71_(;)\;2—1)+4m

Table B.1: Effective degrees of freedom v for the Allan deviation for different noise profiles.
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Figure B.8: The interval that contains the true AD o, 95% of the time as a fraction of the
measured AD o,, . Plotted as a function of m for a) N = 200 and b) N = 2 x 10°. The
Gray lines indicate the upper and lower bounds of the interval for white noise, the pink lines
do the same for pink noise, and the brown lines for brown noise.

Combining Equation B.18 with Table B.1, the 95% confidence intervals for different noise
types are plotted for the case of N = 200 and N = 2 x 10% in Figure B.8. The confidence
interval is quite close to the measured value for most values of m, but as m — N/2, the
interval spans 3 orders of magnitude. This quantitatively justifies the commonly applied
rule of thumb to discard the last quarter of the AD plot. Alternatively, to maximize the

information derived from the AD, it is recommended that one display all of the data as well

as the confidence interval.

B.5 Algorithms for computing the overlapping Allan de-
viation

Computation time is often a primary concern when computing the Allan variance. Longer

datasets require exponentially more time to compute.
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B.5.1 A simple algorithm for computing the Allan deviation

A brute force algorithm for computing the overlapping Allan variance based on Eqs. B.15

and B.13 is demonstrated in algorithm 1.

Algorithm 1 Brute force algorithm for calculating the overlapping Allan deviation

1: Store dataset recorded at intervals 7 in a list ¢ with length N

2: iy = data

3: N = Length(y)

4: Calculate the maximum number of points in the Allan deviation M, initialize list for

Allan variance o2 with Length M

s M= Y] -1

6 02 = {2 [1],02[2],...,02 [M])

7: Initialize loop to calculate each o2 [m)]

8 form=1,2,3,...,M do

9: Initialize loop to calculate all overlapping averages as list ™y of length N —m
10: for j=1,2,3,..., N—-2m+1do
11: Average over m points (or a duration of mr)
12: "y ] o L gl
13: end for
14: Calculate all differences d separated by m points (or a duration of mr in ™y

15 d<"ym+1,m+2,.... N—m+1—"y[1,2,....N —2m + 1]
16:  Calculate o2 [m] using Eq. B.13

N—2m+1 7712
17 ol [m] « m >ict d 4]
18: end for
19: Calculate the Allan deviation &,
20: On = /02

B.5.2 More efficient methods of computation

Algorithm 1 is computationally intensive. The approach used for efficiently calculating the
autocorrelation, namely, using its relationship to the Fourier transform to take advantage
of the efficiency of FFT algorithms, does not work here. This is because the relationship
between Sg; and o2 in Equation B.17 requires recalculating Sg; for each average, and also

calculating the value of sin*(7f7)/(7 f7) for all possible values of f. This results in even
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Figure B.9: Demonstration of how successive list of subtrahends, labelled “F” can be calculated
from the previous list, (represented by blue boxes) and the original dataset (represented by
black boxes) for a dataset of length 6. Teal values increase by one with each iteration. Each
average only requires the addition of two numbers, but represents the average of m numbers.
more intensive computation than the brute force algorithm.

Instead, one can efficiently compute the AD by trying to re-use as many calculated
averages as possible. For example, if one has already calculated the average of every m
consecutive points in 7, and saved it as ™y, then to compute the average of m + 1 points, one
only needs to calculate

m+1 M"Y + Ynsm

, = —— 20 gnrm B.1
Y m+ 1 (B.19)

This allows one to perform the average using one addition operation instead of m — 1 for every
point. This results in substantial gains in efficiency. To implement this in an algorithm, it is
convenient to imagine creating a list of averages for the minuend (first term in the difference)

in Equation B.13 "5 and a separate list for the subtrahends (second term in the difference)

"yr.
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Figure B.10: Demonstration of how successive list of minuends, labelled “S” can be calculated
from the previous list (represented by red boxes) and the original dataset (represented by
black boxes) for a dataset of length 6. Teal values increase by one with each iteration. Each
average only requires the addition of two numbers, but represents the average of m numbers.
Figure B.9 shows an example of how successive lists of subtrahends can be generated for
a dataset of length 6, while Figure B.10 shows an example of how successive lists of minuends
can be calculated for the same example. Using the ideas in Figures B.9 and B.10, one can
improve algorithm 1. An example of an improved algorithm is shown in algorithm 2
Further gains to the efficiency of the AD computation can be made by truncating the
datasets and limiting values of m7 only to values of m for which 2 = m, where p is an
integer. This approach was used in reference [120] to calculate the AD very quickly for very

large datasets. For smaller datasets, however, it is useful to use algorithm 2 in order to cover

the full range of m values.
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Algorithm 2 Fast algorithm for computing the overlapping Allan variance at all possible
values of m7 by reusing averages

1:

10:
11:
12:

13:
14:
15:
16:
17:
18:

19:

Store dataset recorded at intervals 7 in a list ¢ with length N
y = data
N = Length(y)
Calculate the maximum number of points in the Allan deviation M, initialize list for
Allan variance o? with Length M
M= (] -1
oy ={o21],0712],..., 00 [M]}
Initialize lists of averaged minuends g5 and subtrahends ¢z using i/
Ur <y
Ys <y .
Initialize loop for calculating each o2 [m]
form=1,2,...,M do
Calculate subtrahends and minuends from the previous iteration as in Figures B.9
and B.10
Jp < ~(@m...N —m]+ (m — 1)gp[l...N —2m + 1]+)
Js < =(y2m... N+ (m = 1)js[2... N — 2m + 2]+)
Subtract subtrahends from minuends to calculate 02 using Equation B.13
7% ] o Yo (Fs ] - e ()2
end for
Calculate the Allan deviation o,

On =1\/02
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B.6 Applications

B.6.1 Characterizing stability

The Allan variance is typically used to measure the stability of an oscillator such as a clock
or the frequency of a laser. We applied the results from this appendix work to characterize
our home-built laser system [40]. The AD of the laser is shown in Fig. B.11. Typically, the

minimum value of the AD (AD floor) is reported, as well as the corresponding averaging

time.
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Figure B.11: AD curves obtained using 780 nm IF lasers. (a) and (b) are recorded using
current controllers with 200 nA/v/Hz of noise. They show the AD of (a) the beat note
between two IF lasers, and (b) the lock signal for a single laser. Ripples in the curve are
attributed to the resonant frequency of the vibration isolation platform. (c¢) and (d) are
similar, recorded using a current controller with 100 pA/ VHz of noise.

The Allan variance can also be used to characterize the stability of other systems for
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which the standard deviation does not converge. We applied it in one such case to compare

the stability of various laser current controllers (Fig. B.12) [61].
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Figure B.12: Comparison of AD plots for integrated Thorlabs controller (left) and commercial
ILX laser diode controller (right). The red line shows a 771/2 trend-line, characteristic of shot
noise. We can see that shot noise dominates for the ILX for all timescales measured, while
other sources take over at 0.34 seconds for the Thorlabs controller

B.6.2 Optimizing averaging time

We have also applied the AD in reference [42] to optimize the averaging time in a data
acquisition loop. The number of averages taken for each measurement was set to 50000 based
on the fact that this represented a minimum in the AD curve.

For typical systems, the AD will decrease until you begin averaging over timescales large
enough that pink noise sources begin to dominate. Beyond those timescales, we have shown
that the standard deviation will begin to diverge, meaning that further data collection will
not result in any further precision.

This presents a method to optimize the statistical uncertainty of a measurement. We
utilized this approach when acquiring measurements of the **Rb 5P3 /2 excited state lifetime
in reference [42]. Here, AD was also used to obtain the best estimate for the precision in the

lifetime based on successive measurements.
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B.6.3 Estimating errors on particular time scale

A final application of the AD is to characterize the error in a device on a particular timescale.

For example, in reference [33] we measured the angular separation of two laser beams
using a motorized knife-edge beam profiler. The profiler had to be physically moved from
one point in the beam path to another, a process that took 5 minutes from the end of the
acquisition of the first point to the second. On this time scale, the motor spinning the
knife-edge clearly exhibits drift and random-walk noise as seen in Figure B.13a. Using the
AD plot in Figure B.13b, we were able to estimate the average deviation of the profiler on

timescales of 5 minutes.
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Figure B.13: a) The measured frequency of a motorized knife-edge profiler over a period of 17
minutes. The frequency is measured by timing the interval between pulses of light reaching
the photodiode on the inside of the spinning profiler drum from a continuous laser. b) The
AD of the data in Figure a

B.7 Conclusion

We have given an overview of the AD and its relationship to the standard deviation, the
autocorrelation function, and the power spectral density. We have described methods to
efficiently compute the AD as well as various different applications in which these methods

have been deployed during the work comprising this thesis.
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Appendix C

Collision spectroscopy of rubidium vapour

As described in Section 2.2, the presence of the buffer gas modifies the width and line-centre
of the rubidium resonances. Using absorption spectroscopy of the collisionally broadened and
shifted rubidium lines in the experimental cell, we were able to determine the pressure of the
buffer gas in the cell used in reference [33| which significantly exceeded the value quoted by
the commercial manufacturer. We also applied the same technique in reference [35] to verify
the capacitance manometer readings and to monitor the rubidium vapour density. Analysis
of these data is expected to produce a new determination of line shifts and broadening

parameters for the Rb D2 line [48].

C.1 The absorption spectrum of rubidium

Extracting the pressure from absorption spectra requires precise knowledge of line strengths,

shifts, and broadening parameters of the rubidium absorption lines. We will outline the

established theory here based on a more detailed description in references [85, 102, 105].
For a monochromatic optical field with frequency w and intensity Iy, the transmitted

intensity as a function of w, through a cell of length [ is
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I(w) = Lye '@, (C.1)

Here, § a(w) is the optical depth in the cell, and we have assumed that the fluorescence from
the cell is negligible, which is valid if Iy < I, where Iy, is the saturation intensity of the
spectral lines.

We are concerned with the case where the cell is filled with the vapour of a hydrogen-like
atom (such as rubidium), and the frequency w is near atomic resonances. We must allow this
vapour to have different isotopes with nuclear angular momentum 7, each having a ground
state with electron angular momentum Jg, split into hyperfine ground states with angular
momentum G = {/ — Jg, I —Jg+1...1+ Jg}. The energy of the optical photons Epp, = hw,
with the reduced Planck constant h, is close to the energy difference between the ground
states and an excited state with electron angular momentum Jy. The excited state is split
into hyperfine excited states with angular momentum H = {I — Jy, I —Jy+1... 1+ Jg}. In
this case, a(w) can be written in terms of a sum over the atomic resonances for all isotopes 1

and between all ground and excited states, G and H respectively, within each isotope, so that

a(w) = Z—‘: 3" Baune (1 - 9G”H) G(w). (C.2)

[G.H gang
As an aside, in order to avoid overly cluttered subscripts we have omitted the isotope
identifier I from all subscripts. Therefore, one must keep in mind that the numbers G and H
do not uniquely define a hyperfine state if there are multiple isotopes present. I will continue
to be identified in sums when a sum is to be taken over all isotopes. If I is omitted from the
subscript of a sum, it is intended that the sum only pertains to the states of a single isotope.
In Equation C.2, G(w) is the atomic response function which describes the shape of the
absorption profile near resonance. We will discuss G(w) in detail shortly, but first we will

define the rest of the coefficients which together comprise the amplitude of each resonance.
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First, gr = (2F + 1) is the magnetic degeneracy factor for the ground state F' = G or excited
state F' = H, and np is the density of the ground state F' = G or excited state F' = H.
The second term in parentheses (ﬁ—ﬁ’é) is called the source function and is associated with
stimulated emission. For small [y < I, the atomic population remains primarily in the
ground state so that ng > ny, and this term is approximately zero. Finally, Bq g is the

Einstein absorption coefficient in terms of intensity, defined as

B 472 1
N 3€0h2CQG

Be.n Sa, - (C.3)

Here, € is the vacuum permittivity, c is the speed of light in vacuum, and S¢ g is the line
strength, or the square of the electric dipole moment of the ground and excited states, defined

as

Ses= Y [GmeglerHmpg). (C.4)

mag,mH,q

In Equation C.4, ¢ is the projection of angular momentum of the optical field, mg =
{—G,—G +1...G} are the ground state magnetic sublevels, my = {—H,—H +1... H} are
the excited state magnetic sublevels, e is the electron charge, and 7" is the electron position
relative to the nucleus. Using the Wigner-Eckart theorem, it is possible to write the matrix
element (G mgler|H my) in terms of the reduced matrix element for the electron (Jg||er]|Jg)

as

G 1 H G 1 H
(GmglerlHmy) = (=1)""* /gug6g, (Jaller|Ju)
—mg ¢ Mg Jg I Ja

(C.5)
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G 1 H
Here, is the Wigner 3-j symbol for combining the angular momentum of

—mg ¢q Mg
G 1 H

the ground state mg and the excited state my with a photon, is the Wigner
Jyu 1 Jg

6-j symbol for combining the angular momentum of the electron in the ground and excited
states with the angular momentum of the nucleus.

From experimental measurements of the Rb lifetime, the reduced matrix element for the
D2 transition in rubidium (5%Sy/2 — 5°Pss) is (Jo = 1/2||er]|Jg = 3/2) = 4.22753(62)eay
for ®Rb [105], and 4.22752(62)eaq for * Rb [102], with ag being the Bohr radius.

Thus, every quantity in Equation C.2 is known with the exception of the atomic populations
ng and ny. By assuming [y < I, we have already established that ny can be ignored.
Using the same assumption, and the additional assumption that isotopically oriented atoms
are entering the optical field faster than the field can redistribute atoms into different ground
states (as would be the case for a low intensity laser beam in a vapour cell) we can infer that
the ground state atoms remain in their initial, isotropic distribution i.e. equally populating
all magnetic sublevels. This allows us to describe all the populations n¢g in terms of the

population of the isotope n; as given by

ng = JaG ny (C.6)

ZG gc

In the case of an isotopically pure vapour, n; describes the density of the atomic gas. For
the case of naturally abundant vapour, we use the fractional occurrence of each isotope C; to

describe the ground state populations in terms of the density of the gas ng,s so that
Clngas' (C?)

ney— 9G
> ¢ 9a
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For naturally abundant Rb, C; = {Cs/2,C5/2} = {0.278,0.722} for the isotopes ' Rb and **Rb
respectively.

In this manner, we have reduced the number of variables needed to describe the amplitude
of absorption features to one, namely the density of the vapour ngs. The shape of the

spectrum as a function of frequency is determined by the atomic response function G(w).

C.1.1 The atomic response

As mentioned in Section 2.2, the natural atomic response near a resonance we y is a Lorentzian

line shape with FWHM T'x = 1/277, where 7 is the lifetime, so that

I'n 1
T %+ (w—wen)?

On(w) = (C.8)

Using this response function for each of the transitions in the Rb D2 line, along with the
amplitudes obtained in the previous section, we obtain Figure C.1 for a(w)/ngy of naturally
abundant Rb.

Each of the 12 hyperfine resonances is narrow enough to be individually resolved. In our
experiments, G(w) is complicated by the Doppler shift of atoms. An atomic vapour generally
has a Maxwell-Boltzmann distribution of velocities pgas(¥)) dU. In one dimension pgas(vy) dv,

is a Gaussian distribution with a width determined by the temperature 7" according to

2
Moas _ Mgasvy
pgas(va}) dv:c — ﬁe 2kpT d?)x. (09)

Here, myg,s is the mass of the atom and kg is the Boltzmann constant. Since each atom
observes a different w depending on its velocity, the observed spectrum will be the convolution
of the natural lineshape with this Gaussian velocity distribution. The convolution of a

Lorentzian L(w;I") and Gaussian G(w; o) distribution functions is called a Voigt profile [85]
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Figure C.1: Absorption spectra in units of «/ngy for ultra-cold, naturally abundant Rb
near the D2 transition. There are 12 resonances clustered into groups of three as each of
the two ground states in the two naturally occurring isotopes (four ground states total) has
three dipole-allowed excited state transitions. The resonances from left to right are: 3’Rb
G=2—-H=1,RbG=2—-H=2,RbG=2—-H=3,%RbG=3— H=2,%Rb
G=3—-H=3,*RbG=3—-H=4,%RbG=2—-H=1,%RbG=2— H=2,%Rb
G=2—-H=3,%RbG=1—-H=0,RbG=1—-H=1,and®*RbG=1— H =2.
The frequency axis is relative to the centre of strongest transition, ®Rb G = 3 — H = 4.

W(w; T, o).

W(w;T,0) = L(w;T) x Gw; o) = / L(w—;T)G(W';0) du’ (C.10)
As a result of Doppler broadening, it is difficult to observe a spectrum like the one shown
in Figure C.1. In order to obtain such a spectrum, one must perform spectroscopy in cold

atom traps. For room temperature Rb, the spectrum will resemble Figure C.2.

In Figure C.2, G(w) has been modified to include the Doppler shift.

FN 1 mgas _'";ias;’?:
=|— — C.11
9o ( s FQN + (w - WG,H>2> * ( 27T]€BT6 ° ( )
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Figure C.2: Absorption in units of a/ngy, for a room temperature vapour cell at Rb vapour
pressure near the D2 transition. Individual transitions appear in the same order, and with
the same colour, as in Figure C.1. In addition, the black line shows the total absorption due
to all transitions. The frequency axis is relative to the centre of strongest transition, **Rb
G=3—-H=14

which is the Voigt profile resulting from the convolution of the natural atomic response Gy,
with the normalized Gaussian velocity distribution along the direction of propagation of the
optical field.

The lines in Figure C.2 are no longer individually resolvable. Instead, each cluster of
three lines associated with the four ground states now features considerable overlap. Due
to this, the spectrum one observes is the sum of the overlapping transitions, indicated by

the black line in Figure C.2. We also note that in this case, the Gaussian width parameter

WG, H
2me

o = kgT/mgy is much larger than the Lorentzian linewidth I'y. Thus, the Voigt profiles

resemble Gaussian distributions because the Gaussian factor dominates the convolution .
The final complication that we must consider in the atomic response is how it is modified

by pressure. In section 2.2 we noted that the atomic lineshape is broadened and shifted due
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to collisions with an inert buffer gas. The broadened and shifted lineshape has the form

1 I'n +mp

1 . C.12
T (BEE)? 4 (A — deorp)? o

which resembles the natural lineshape but with additional buffer gas dependent broadening
and shift rates as a function of pressure, y, and d., respectively. Using this function as the
Lorentzian component of the Voigt profile allows us to predict the spectrum of naturally
abundant, or isotopically pure Rb at any temperature and pressure. Figure C.3 shows an

example at room temperature, with 200 Torr of Ny buffer gas.
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Figure C.3: Absorption in units of a/ngy, for a room temperature Rb vapour with 200 Torr
of Ny buffer gas near the D2 transition. Individual transitions appear in the same order, and
with the same colour, as in Figure C.1. In addition, the black line shows the total absorption

due to all transitions. The frequency axis is relative to the centre of strongest transition,
SRbG=3— H=4
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C.2 Procedure for obtaining spectra

Spectra were acquired using slightly different techniques for the experiments in the cell
containing isotopically pure 8" Rb and for the experiments in the glass manifold containing a

natural abundance of Rb.

Reference

P D Spectrum

. Rb T
THPES -

P D Background

= JNPBS —
'%31;;_ . =

ND2

PMT Broadened
N

Spectrum

87Rb
o~ L
N2 -

ND1

Figure C.4: Schematic of experimental set up to measure the pressure in the isotopically
purified 8"Rb cell. A diode laser is scanned over ~ 60 GHz by scanning the current. The
power of the laser is attenuated using two 13 dB ND filters to avoid spectral distortions due
to optical pumping. The frequency scan is calibrated using the spectrum of a low—pressure
reference cell. Power fluctuations in the laser output are calibrated by recording the laser
intensity on a photodiode. The pressure-broadened spectrum of the 8"Rb cell is recorded
using a PMT.

A schematic showing the experimental setup in the isotopically purified 8’Rb cell is shown
in Figure C.4. To record these spectra, with a scan range of several GHz, the external
cavity feedback of a homebuilt ECDL was defeated, and the laser frequency was scanned by
using the diode current. In this configuration, the linewidth of the laser diode is ~ 50 MHz.
However, this resolution is more than adequate for recording these spectral features which,
at minimum, have a Doppler width of 500 MHz, and at high pressures can have collisional

linewidths of as much as 20 GHz.
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The spectra from the experimental cell were recorded on a photomultiplier tube (PMT)
for a range of logarithmically stepped laser powers ranging from 1 — 2 pW, at which there
are no detectable optical pumping effects. The laser diode was scanned with a triangle wave
scan at rates of 21 — 106 Hz, with 10,000 — 30,000 samples per sweep. The spectrum was
obtained by averaging 560-1660 sweeps. To provide a frequency calibration, a reference scan
was simultaneously recorded in a vapour cell containing a natural isotopic abundance of Rb
at room temperature. A photodiode was used to record the laser intensity variation during
the scan. This information was used to model frequency-dependent intensity variations of the

laser diode, such as those caused by etalon effects, optical filters, and the diode gain curve.
Reference
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Figure C.5: Schematic of experimental set up to measure the pressure in the gas manifold
with naturally abundant Rb. A diode laser is scanned over ~ 60 GHz by scanning the current.
The power of the laser is attenuated using polarization beam splitters to avoid spectral
distortions due to optical pumping. The frequency scan is calibrated using the spectrum of a
low—pressure reference cell. Power fluctuations in the laser output are calibrated by recording
the laser intensity on an amplified photodiode. The pressure—broadened spectrum of the
87TRb cell is recorded using an amplified photodiode.

In the glass manifold, the experimental cell contained both Rb isotopes in natural
abundance, and the same process was streamlined. A diagram relating to these pressure

measurements is shown in Figure C.5. All measurements were taken with a laser power of
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~ 400 nW. The spectra were recorded on a photo-diode with a trans-impedance amplifier.
This detector had a faster recovery time than the PMT. The laser scan ramp was changed
from a triangle to a sinusoidal form to try to reduce hysteresis and avoid abrupt changes in
current. The power was reduced using optical filters that were placed before the beam paths
were split to ensure that intensity variations related to the filters are common to all paths so

that they can be subtracted in post-processing.

C.3 Fitting to the broadened spectra

We now discuss how the spectroscopic data was processed and fitted. We begin by outlining
our technique for fitting to the Voigt profile in Section C.3.1. We then describe the pre-
processing done on the data in Section C.3.2. Finally, we describe the regression model and

show example fits in Section C.3.3

C.3.1 Fitting to Voigt profiles

Fitting to a sum of Voigt profiles can be computationally intensive. To understand why,
we revisit our previous description of the Voigt profile in Section C.1.1. The convolution
described in that section has the analytical solution

1

Nor Re(w(z)) (C.13)

where w(z) is the Faddeeva function, with the argument

W(w;T,0) = L(w;T) *x G(w;0) =

_w—i—iF

V20

P (C.14)

The Faddeeva function itself is defined as
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w(z) = e erfc(—iz) (C.15)

with erfc(z) being the complementary error function

erfe(z) = 1 — erf(2) (C.16)

Since the error function does not have an analytical form, performing linear regression is
inefficient.

To improve curve fitting, we used the series expansion of the Faddeeva function derived
in reference [121] for large imaginary components of the argument z, and improved upon in

reference [122| to be accurate for all z

1— z‘rmz n ’LTmZ -1

w(z) ~ i Z nQW?_T%Q . (C.17)

Tm#~

Here, 7, and N are parameters of the approximation that can be adjusted to increase
the precision. We have chosen values of 7, = 12 and N = 24, which align with the choices in
reference [122]. The Fourier expansion coefficients a,, can be approximated as

2 T _n27r2
ap = L—e e (C.18)

Tm
This approximation can be rapidly computed and is accurate to 15 decimal places across

three orders of magnitude of z, as shown in reference [122].

C.3.2 Data pre-processing

The first step in preparing the data is splitting all data into upward frequency scans and

downward frequency scans. Due to laser diode hysteresis for the laser current Ij,s cannot

’dI

be assumed to be equivalent, and the upward and downward scans must be treated separately.
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Figure C.6: Intensity variation due to etalon effects in the laser beam path. Data points are
shown as percentage of the component of the intensity caused by the current scan determined.
Blue points show the upward frequency scan and yellow points are the downward frequency
scan. The solid blue line indicates the Fourier series approximation to the upward scan and
the solid yellow line shows the same for the downward scan. The frequency axis is labelled in
reference to the G = 3 — H = 4 transition in ®Rb. Both upward and downward scans show
linear current-frequency scaling but also show evidence of nonlinear scaling at the extremes.

Since the scan is wider than necessary these non-linearities should have a minimal effect on
the fit.

The next step is to calibrate each dataset. The scan of the room temperature vapour cell
is fit to Equation C.2, with free parameters ngy, and 7. The Lorentzian component of the
Voigt profile is assumed to have width I'y. Since the cell is at Rb vapour pressure, which will

cause some degree of collisional broadening, this broadening will be small compared to the

Doppler width o = kgT'/mgy,

Sl 2 200 MHz.

We then characterize the intensity fluctuations in the laser. To first order, the intensity
scales proportionally to the laser frequency. However, etalon effects along the beam path
add small periodic intensity fluctuations as a function of frequency. These small fluctuations
will interfere with the fits to the composite pressure-broadened lineshape and must be first
removed. To do this, we make a Fourier series approximation of the laser intensity (Figure C.6).
This analytical expression is incorporated into the fit to the pressure-broadened spectrum,

with the only free parameter being its overall amplitude.

For the data from the manifold, the spectrum was acquired with a current scan that is
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sinusoidal in time. As a result, the acquired frequency-intensity points are closer together
in frequency space near the anti-nodes of the scan, and farther apart at the nodes. Since
the discrete Fourier transform requires even spacing of points, the points are binned and
averaged to achieve this.

Having calibrated the frequency axis and determined the intensity profile of the light

entering the cell, the broadened spectrum is ready to be fitted.

C.3.3 Fitting to the pressure broadened spectra

We fit the spectra using Equation C.2, with Voigt profiles as described in Section C.3.1, using
the measured hyperfine splittings between Rb spectral lines [102, 105]. The fit function is

given by

flw;s,0,m,ngp, p) = (s [;(w) — o)(exp(—l a(w; nry, p, T = 297.15, Y, 0ca1) +7)  (C.19)

Here, I;(w) = Luyp(w) Or Iqown(w) is the laser intensity of the upward and downward scans
that were previously determined, [ = 5.1 cm is the length of the cell, 7, is the broadening
parameter for the gas in the cell, and d., is the shift parameter. The broadening and
shift parameters used can be found in Chapter 2. The free parameters of the fit are the
rubidium density ngy,, the buffer gas pressure p, and background light parameters, s, o, and
r. The upward and downward scans are fit simultaneously to the same free parameters;
the only distinction between the fits is the previously determined laser intensity functions.
Fitting to the downward and upward scans simultaneously causes irregularities in the laser
current-frequency function to average out and increases the precision.

The absorption coefficient a(w) includes only transitions in **Rb when fitting to data

from the cell containing isotopically pure ’Rb (Figure C.7), and includes transitions in Rb
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Figure C.7: Data from the experimental cell fitted to composite spectrum for ¥’ Rb resonances.
Blue and yellow curves show data from the upward and downward frequency scan respectively,
the best fit to both of these curves is shown in black. Individual resonances are shown with
broadening and shift parameters determined by the fit and relative line-strengths and centres
taken from reference [102]. The frequency axis is relative to the F' = 2 — F’ = 3 transition
on the D2 line (5%S;/5 — 5°Pj/2) in ®'Rb.

and " Rb in their natural abundance when fitting to data taken from the glass manifold
(Figure C.8).

In reference [33], the broadened spectrum was recorded on a PMT, while the laser intensity
was recorded on a photodiode. Since the PMT had a slower response time than the photodiode,
an additional delay parameter was added to the fit to account for the time delay. The time
delay had the same magnitude but opposite sign for the upward and downward fits.

Using this method we are able to determine the buffer gas pressure p and ng;, with
1% precision. This method has the advantage of being able to measure the pressure and
Rb density directly along the beam path used in the diffusion experiment. This contrasts

with methods that rely on pressure gauges located some distance from the experimental

region. However, the accuracy of our technique is limited by the accuracy of the measured
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Figure C.8: Rubidium absorption spectra a cell of length 5.1 cm at 7' = 24.0(5) °C and
a pressure of 134.10(5) Torr of Ny buffer gas as measured by the capacitance gauge. The
plot shows absorbances —In(//Iy) as a function of laser detuning, where I and I, are the
transmitted and off-resonant transmitted laser intensities, respectively, and the laser detuning
is relative to the FF = 3 — F’ = 4 hyperfine transition frequency of the D2 line in 3Rb in
its rest frame and without any buffer gas. Blue and yellow traces correspond to data from
upward and downward scans of the laser frequency. A fit of both traces of the composite
spectrum for collisionally broadened and shifted **Rb and 3"Rb D2 hyperfine transitions is
shown in black. Individual D2 hyperfine line profiles are also shown as coloured lines, the most
prominent of these coloured lines is the collisionally broadened and shifted F' =3 — F' =4
line in ®Rb.
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broadening and shift parameters. These parameters disagree in their reported error bars
for references [88] and [86]. There are also further variations for measurements obtained at
different temperatures such as in reference [123]. The discrepancies in the literature provide
a strong motivation for using our data and fits to infer collisional shift and broadening rates

for the Rb D2 line and to enable better comparisons with theory.
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Appendix D

Diffusive transit-time corrections to the
scattering from one-dimensional, periodic

population distributions in a finite volume

D.1 Introduction

The effects of transit times of atoms either when passing through laser beams, moving from
one laser beam to another, or between temporal laser pulses have received considerable
interest in the fields of laser spectroscopy and precision metrology [124-128]. For example, a
variety of coherent transient experiments that rely on photon echoes [129] require knowledge
of state-prepared atoms that leave the interaction zone defined by excitation laser beams to
estimate systematic effects. Another example involves atom trapping experiments, where the
time-of-flight (ToF) distribution of cold atoms released from the trap is often of interest. Atom
clouds are released from their traps, allowed to expand for a variable amount of time, and
then imaged by fluorescence using resonant laser beams [130]. Knowledge of ToF distributions

is also useful for calculating the transfer efficiencies of atoms from a low-vacuum chamber to
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an ultra-high-vacuum (UHV) chamber for Bose-Einstein condensate experiments [131]. Atom
interferometers that measure atomic recoil [62], gravity [63, 132, magnetic gradients [133] as
well as velocimeters operating at room temperature [37] or with ultracold atoms [46] are all
fundamentally limited in precision by the transit time of atoms.

Transit time corrections are also important for a variety of optical pumping experiments [5,
11, 73, 76, 91| and in coherent transient investigations of diffusion [33-35]. In this appendix,
we study the diffusive motion of localized, spatially periodic density profiles of dilute Rb
samples in the presence of an inert buffer gas near ambient temperatures. The density profile,
or lattice, is detected by coherently scattering light from a readout laser pulse applied after an
initial excitation laser pulse, which created the profile. We show that the corrections depend
on the spatial profile of the initial density distribution as well as the readout laser beam.
These corrections were crucial for reconciling our measurements of Rb—X diffusion coefficients
D(T,p), as a function of temperature T" and pressure p, with theoretical calculations [33, 35].
These reconciliations have enabled us to propose the realization of a quantum pressure sensor
operating in the range 7,000 Pa to 90,000 Pa.

We focus on the diffusion measurements presented in this dissertation, in which we studied
coherent light scattering from one-dimensional (1-D) periodic population distributions in
trace Rb vapour at ~ 107 Pa in the presence of an inert buffer gas at a pressure that is
at least six orders of magnitude larger than the Rb vapour pressure. In this appendix, we
examine the corrections to the decay of such scattered signals due to the transit of a localized
spatial distribution of atoms probed by an optical field with a well-defined spatial profile [36].

The remainder of this appendix is structured as follows: In Section D.2, we describe
the theoretical approach used to calculate the evolution of spatial population distributions.
We review the case when there is no transit time correction in Section D.3. In Section D .4,
we calculate the evolution of the population distribution when the initial distribution and

the readout beam have 2-dimensional Gaussian profiles with related width parameters. In
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Section D.5, we study the evolution of the population distribution for an initial distribution
and readout beam with the same rectangular cuboid spatial profile. The experimental
configurations realized in this work lie somewhere between these two geometries. We describe

the impact of these corrections in Section D.6.

D.2 Theoretical approach and assumptions

We consider Rb-based diffusion experiments where the gases are at or near room temperature,
buffer gas pressures are greater than 7,000 Pa, and lattices have periods near 100 pm, which
is much larger than the mean free path for Rb atoms scattering from buffer gas atoms or
molecules [56]. Moreover, we can assume that the Rb atoms do not collide with each other
during the measurement procedure. Under these conditions, the evolution of the Rb number
density p(7,t) at position 7 and time t is described by the equation

Op(T, 1)
ot

= D(T,p)V?p(7 1), (D.1)

where the diffusion coefficient D(T, p) is inversely proportional to pressure p.

D.2.1 Establishing an initial population distribution

In references 33, 35|, the initial Rb population distribution is established by two orthogonally
polarized excitation pulses directed along El and /;2 at a small angle 6§ ~ 1 mrad as shown in
Figure D.1. These beams originate from a common laser, and therefore have nearly identical
spatial profiles. We choose El —H;Q along our 2 axis, /21 — IZQ is along our z axis, and k = ky = ks.
If the readout pulse, which has the same spatial profile as the excitation beam along /;2, is
turned on, the coherently scattered signal is produced along the phase-matched direction

—

k1. In this case, the Rb population grating is formed along our # axis and has a wavevector
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Figure D.1: Realistic depiction of the shapes and directions of Gaussian or cuboid excitation,
readout and signal laser beams, shown as red or purple regions, in the experiments. The
periodic Rb population distribution (white/red gradient in the centre) forms in the overlapping
region of the spatial profiles of the two excitation beams with directions /21 and 122. The
purple beams indicate the readout and scattered fields. They have the same propagation
vectors as the excitation fields.

Kk = ksinf ~ k0.

D.3 Evolution without transit time corrections

The simplest periodic number density profile is created by assuming that the initial exci-
tation laser pulses in Figure D.1 are plane waves. Figure D.2 demonstrates this condition,
including definitions of a convenient coordinate system, orientations of the density profile,
and propagation directions of the various light beams. The number density profile at time

t = 0 is then a 1-D sinusoidal function with wavenumber x along direction 7 is
Pow (T, =0) = po + pa cos(kz). (D.2)

Here, ¥ = x2+yy+ 22, where z, y, and Z form an orthonormal set of unit vectors. Furthermore,
po and pp are the positive mean number density and lattice amplitude, respectively. The

choice of the phase of the lattice relative to the origin ¥ = 0 and orientation along 7 is
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Figure D.2: Sketch of Rb lattice generated by plane-wave excitation laser beams (not shown)
as well as the orientations of plane-wave readout and signal fields. The horizontal red and
white bands represent the sinusoidal Rb population distribution directed along our & axis
and has a wavenumber x. The bands extent all along the y axis, out of the plane of the page.
Wide arrows with narrow red stripes represent the directions in the xz plane of the plane
wave readout and scattered (or signal) laser fields with wavenumber k. The directions of the
two fields have polar angle v from the positive z direction. Their azimuthal angles differ by
7 radian.

arbitrary. We also assume |pa| < po.

D.3.1 Time evolution of a plane-wave number density distribution

The time evolution of the number density distribution in Equation D.2 is governed by

Equation D.1. Therefore, the ¢ > 0 solution is given by
Pow (75 t) = po + pae P cos (k). (D.3)

Here, we have omitted the arguments of the diffusion coefficient for clarity. Equation D.3
predicts an exponential reduction in the lattice amplitude with a time constant 7 = 1/(Dk?)
without a change in the lattice period, which is visualized in Figure D.3. Measuring 7 and

can then be used to find D. Our choices for D and « in the figure are typical for Rb diffusion
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Figure D.3: Snapshots of the lattice amplitude of a plane-wave Rb number density distribution
at four times at and after the excitation pulses. The lattice wavenumber and diffusion
coefficient are 8 mm~! and 20 mm?/ms, respectively. The panels shows the amplitude in
the zy plane with lengths in units of mm. The colour scale indicates the number density
distribution with pg = 2 and pa = 1 in arbitrary units.

in inert buffer gases at atmospheric pressure and ambient temperatures, the relevant optical

transition frequency of Rb, and the small angle between the two excitation laser beams.

D.3.2 Bragg-like scattering from the plane-wave number distribution

The coherent optical field of the read-out pulse, with wavenumber k, is then applied at some
later time. It is propagating in the xz plane with an angle v relative to the positive 2 direction.
Coherent scattering of this field by the Rb atoms will be sharply peaked into a single direction.
This direction is set by the Bragg or phase-matching condition for constructive interference
given by [54, 56]

m— =2—sin-~y, (D.4)
K

where m is an integer. We choose the angle v such that this condition is satisfied for m = 1.
The direction of this signal or scattered light is shown in Figure D.2.

The experiments use detectors that are aligned in such a manner that they collect only
the coherently scattered light. In fact, we use a heterodyne detection system that is sensitive
to the amplitude of the scattered electric field E(¢). The amplitude of this electric field is

proportional to the amplitude of the Fourier component of the spatially periodic gratings in
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Figure D.4: Scattered electric field amplitude E from a plane wave Rb population distribution
as a function of time. This curve is based on the same values for pa, po, k, and D as used to
generate Figure D.3. The times of each snapshot in Figure D.3 are highlighted by red dots.
the populations of the magnetic sublevels mp of the electronic ground state [33, 54|. Here,
the quantization axis for the mp sublevels is along the lattice direction k1 — ky. For the plane

wave case, the time dependence of the k% Fourier component can be found by inspecting

Equation D.3, resulting in a scattered signal of the form
E(t) = Eye PFt (D.5)

where Fj is the electric field amplitude at time ¢ = 0. This decay is shown in Figure D.4 for

the same parameters as in Figure D.3.
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D.4 Gaussian distribution of populations and readout
with Gaussian spatial profile

Our first attempt at a more realistic treatment of the experiments, in accordance with the
geometrical constraints in Figure D.1, will assume that the excitation and readout beams are
Gaussian laser beams that have the same two-dimensional Gaussian intensity profile in the
xy plane and have an intensity profile that is independent of z along z. Here, we have relied
on observations that, in practice, the Rayleigh ranges of the beams are significantly longer
than their beam waists and that we can ignore the effects due to the small angle # between
the excitation beams relative to the z axis. In fact, in our experiments, the Rayleigh ranges
are 20 times longer than the length of the glass cell containing our inert buffer gases and Rb
atoms. Consequently, the Rb transit times along the z and gy directions will be much smaller
than those for atoms reaching the vapour cell windows along 2.

The amplitude of the sinusoidal contribution to the initial population distribution pg(7,0)
is proportional to the intensity profile of the excitation beams for low laser intensities. Since
the measured signal is proportional to the scattered electric field (and not the intensity) and
the readout beam has the same spatial profile as the excitation beams, the 1/e widths of the
initial population distribution of Rb and the electric field amplitude of the readout beam will
differ by a factor of v/2. We allow the 1/e widths to differ along the 2 and y axes in order to
account for the asymmetric beam profile measured in the experiment. The 1/e widths of the
electric field will be denoted by lengths a and b, respectively. Therefore, we write the electric

field amplitude of the readout beam as
Ero(F) = Ero(0)e™ /" ~W/P", (D.6)

where Ero(0) is the electric field strength at the centre of the beam profile, and the initial
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Figure D.5: Electric field (blue) and intensity profiles (orange) of a Gaussian laser beam
as functions of distance from the centre of the profile and perpendicular to the propagation
direction. The two functions are normalized to have the same value at the centre and distances
are in units of the 1/e beam radius of the electric profile. The envelope of the initial Rb
population distribution will be proportional to the intensity profile for low laser intensities.

population distribution as
pa(7,0) = po + pae 2@ =2/ cog () . (D.7)

This expression represents the lattice amplitude py, as defined in Equation D.2, multiplied

by the intensity profile.

D.4.1 Time evolution of Gaussian population distribution

Unlike in Section D.3, the more complicated form of the initial density distribution in

Equation D.7 forces us to employ the general solution to Equation D.1. We express this
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general solution in terms of the 3-D Fourier transform P(§) of p(7,0) as

pt) = s [ P@ETe (D.3)

1
(2m)3
where the wavenumber vector ¢ = ¢,% + ¢,y + ¢.2. For the Gaussian Rb number density

profile in Equation D.7, P(q) is

b
Po(d) = (2)° {m@ o Jempae T (1 gotae/2) e—“qi/%(qz)} . (DY)
T

where 0(q,) and 0(q) are the one- and three-dimensional delta function, respectively, resulting

in the solution

pa(T,t) = po + W€n2pta2/A(t)pA cos(rkza®/A(t))e 2" /AN ~24*/B(1) (D.10)

with time-dependent areas A(t) = a® + 8Dt and B(t) = b? + 8Dt.

The quantity pg(7,t) — po based on Equation D.10 is visualized in Figure D.6 for typical
parameter values of our systems. We observe that the lattice period along the & axis and the
widths of the spatial Gaussians are increasing as a function of time ¢, first slowly and then
linearly for longer times. The amplitude of the number density distribution decreases, first
exponentially but then slowly as 1/t for longer times ¢. In contrast, the amplitude of the

number density distribution decreases exponentially for all time in the plane wave case.
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Figure D.6: Snapshots of the lattice amplitude in the xy plane given by the term proportional

to pa in Equation D.10 for an initial Gaussian population distribution. We used x = 8 mm™1,

D =0.2 cm?/s as well as a = 2.5 mm and b = 3 mm. The horizontal and vertical axes in the
snapshots shows lengths in mm and correspond to our z and ¢ directions, respectively. The
colour scale indicates the lattice amplitude with pp = 1 in arbitrary units.

D.4.2 Scattering of a Gaussian readout field from an expanding
Gaussian Rb lattice

As in Section D.3, our observed signal will be proportional to the k& Fourier component of
the Rb population distribution. Unlike in Section D.3, however, only the portion of the Rb
number distribution that is illuminated by the readout beam produces coherently scattered
light. So, to find the time dependence of the scattered field, we take the product of Ero(7)

and pg(7,t) and then find its Fourier component at xkz. The result is

Eq(t) /d%pg(f’, t) Bro (7)e ™" , (D.11)

which can be solved using

/OO dxef(x/s)ink:r — \/%86782]62/4

o0

to obtain the scattered electric field as a function of time. It is given by

180



-, 2.2 =, b 2 2
Eo(t) o« Epo(0)pomabLe %" 4+ Eno(0)pamabl——e_o=#*Dta/A) (D 12
G() Ro( )Po RO( )/)A A(t)B(t) ( )

Xe—a252(1+a4/A2(t))A(t)/4A(t) cosh (a4m2/2A(t)) 7

where areas A(t) = 3a® + 8Dt, B(t) = 3b* + 8Dt and length L is the size of the glass cell
along the Z direction. The result in Equation D.12 represents a more accurate version of
Equation 4.10. Here, a and b correspond to Wy and W, in Chapter 4 respectively, and A(t)
should not be confused with the diffusion area A(T") in Chapter 2. Also, A(t) and B(t)
correspond to 3wy* and 3w;” in Chapter 4 respectively. The expressions given here and in
Chapter 4are similar enough to produce the same transit time corrections.

For early times when Dt < a? and assuming that a ~ b, akx > 1 to have several periods

over beam radius a, and py exp(—a®k?/4) the time-independent background signal is < pp /6,

so that
1 o —k2Dt Dt °? 343/ 6
Eq(t) o« éﬁabLERO(O)pAe X |1+ c1—5 +ca—p +0(Dt/a”) (D.13)
a a
with negative
e (D.14)
L =—= — .
! z
and positive
8 9 16 a? a’
ngg(//ia) +2+§b_2+2b_4 (D.15)

resulting in a function that has the same short time dependence as in the plane-wave case
i.e. ="’ Dt Here, symbol O represents the big O notation. For typical values of a, b, x, and
D, the term proportional to p, in Equation D.12 will be many orders of magnitude larger

than that from pg and ax > 1. This observation agrees with the intuition that the periodic
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component of the density distribution will have a much greater impact than the constant
offset component.

Figure D.7 shows the ratio of Equation D.12 and Equation D.5 obtained in the plane-
wave case as a function of time, normalizing the electric fields to have the same value at
t = 0. Figure D.7 also shows the ratio of the quadratic approximation in Equation D.13 to
Equation D.5 in the plane-wave case. The approximation is in close agreement with the other
curve for the timescales typical of the diffusion measurements. Formally, we are in the regime
a~b, Dt < a* and Dt > 1/k? for the largest time shown in Figure D.7 consistent with the
requirements for the validity of Equation D.13.

Although the deviation from the plane-wave case is as high as 15% for the time scale
shown, this amounts to a modest correction to the diffusion coefficient. Nevertheless, it is

statistically significant in precise determinations of D(T', p) [35].

D.5 Rectangular population distribution and readout
with rectangular distribution

The Gaussian population envelope assumed in Section D.4 is not accurate for typical operating
parameters due to saturation of optical pumping among the hyperfine states I, mp of the
electronic ground state of Rb at high excitation laser intensities. Typically, these lasers are
tuned to the 5s to 5p electronic transition of the 8°Rb isotope. Simulations of optical pumping,
following the procedures described in Chapter 2 based on [78] and shown in Figure D.8,
demonstrate that most of the population is in hyperfine states with a grating envelope that
has developed a top-hat shape. The width of this rectangle depends on the power of the
excitation lasers as well as the pressure of the buffer gas.

We will now carry out calculations of transit-time corrections assuming an initial rectan-

182



1.15F i i i ;
= ]] B .
W o
Q
W 1.05} .
//./'
-l? ? L L N
0 1 2 3 4
Time (ms)

Figure D.7: Ratio of reflected electric fields from the plane-wave distribution £, and the
Gaussian distribution with a Gaussian readout Eg as described by Equation D.12 as a function
of time (blue). The quadratic approximation to this ratio, as shown in the parentheses of
Equation D.13 (orange). All curves use the beam shape and diffusion parameters of Figure D.6.
The electric fields have been normalized to have the same value at t = 0. The four left-most
red points represent the times of the snapshots in Figures D.3 and D.6.
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Figure D.8: Spatial dependence of the population for each F, mp magnetic sublevel of the
electronic ground state of 8°Rb along & with y = z = 0, i.e. the lattice depth or amplitude
for each sublevel, obtained by rate equation simulations assuming Gaussian excitation pulses.
The lattice depth is expressed in units of parts per million (ppm) of the total number of
Rb atoms. The black vertical lines indicate the 1/e radius of 1.1 mm of the electric field
of the excitation lasers. We have used typical pulse and buffer gas parameters used in our
experiments (50ps pulse length, 70 mW total power, and 26,700 Pa of Ny buffer gas).
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gular lattice envelope with spatial dimensions a and 3 along the x and y axes, respectively.

This is given by

pacos(kx) if |z| < a/2 & |y| < 5/2
prect(Fa O) = Po + . (D16)

0 otherwise

D.5.1 Time evolution of rectangular distribution

Using the same procedure as Section D.4, we first find P (¢) from the Fourier transform of

Prect (T, 0) to be

Prea(@) =(27)"pod (@) D17
+ paafm {sinc (@) + sinc (@) } sinc (%) 6(q.). |

Here, sinc(z) = sin(z)/z. We then proceed to derive the time-dependent pyect (7, t) and obtain

prea(t) = po+ %lpA€”2Dt (erf(ly + 8/2)/VADI) — exi(ly - B/2]/v/ADD))  (D.18)

oo (2 ) (5 ).

where erf(z) is the error function with erf(—z) = —erf(z) and erf(z) — +(1 —e " //mz) for
real x — £00, respectively, based on Chapter 7 of reference [134] and we used reference [135]
to perform the integrals. Equation D.18 is even in both x and y.

The predictions of Equation D.18 are visualized in Figure D.9. We again observe that the
amplitude of the sinusoidal pattern decays over time with limited expansion in the x and y

directions.
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Figure D.9: Snapshots of the Rb lattice amplitude in the xy plane for an initial rectangular
population distribution at times ¢ = 0 ms, 1 ms, 2 ms, 3 ms. The lattice wavenumber is 8
mm~}, @ =6 mm, 3 =7 mm, and the diffusion coefficient is 0.2 cm?/s. Lengths are in units
of mm and the colour scale indicates the population in arbitrary units.

D.5.2 Scattering of a rectangular readout field from an expanding

rectangular Rb lattice

The spatial profile of a rectangular readout beam with dimensions o and 5 along z and g,
respectively, is given by

=,

Ero(7) = Ero(0) (D.19)

when |z| < «/2 and |y| < /2 and zero otherwise. This expression replaces the Fro defined
in Equation D.6 for the Gaussian case. We can then obtain the scattered field using the

"rectangular” version of Equation D.11. This results in

Erect(t) o aBLERO(a)pO sinc(ka)

"‘%OZBLERO(G)pAeHQDt [erf(ﬁ/\/ 4Dt> - W

2 o 2 | Dt Dt
x [_ﬁeﬁ o (1 — e /by COS(’W‘)) ol (cosﬁ(za) - 2,%04?) erfi(kv/Dt)

Dt eir> a
1+ 2ika— — 1 f| —— +ikvVD D.2
+Re{( + Ko zﬁa)er <@+mv t)H : (D.20)
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Figure D.10: Comparison of the scattered electric field as described by Equation D.12 (green),
Equation 4.7 (blue) and the plane-wave solution Equation D.5 (orange). Curves are shown
with a Log vertical scale.
where the imaginary error function erfi(z) = erf(iz)/i, which is real-valued for real arguments.
The result in Equation D.20 amounts to a slight difference from Equation 4.7, as shown
in Figure D.10. The parameters o and 8 in Equation D.20 correspond to w, and w, in
Chapter 4. Here, we show the decay curves predicted by Equation D.20, Equation 4.7 and
Equation D.5 on a log scale. However, the discernible differences between the predictions of
Equation D.20 and Equation 4.7 result in corrected diffusion values that agree within the
error bars quoted in Chapter 4.

We see that for early times with Dt < o? and Dt < 3%, Equation D.20 with a negligible

contribution from the term proportional to py leads to

Erect(t) X —OKBLERO( )pAe " (1_ _\/;)
3/2 5/2 3
alo+azl\/F dg(Dt) +d; (—2) +0 ((%))
Oé Oé (6] (6]
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Figure D.11: Ratio of scattered electric fields from the rectangular distribution with a
rectangular readout profile, Fr, and the plane-wave distribution, £y, as a function of time
(green). Ratio of the non-analytic approximation in Equation D.21 and the plane-wave
distribution, E,,, (orange). The electric fields have been normalized to have the same value
at t = 0 and system parameters are those used in Figure D.9.

with
dy=1+ Sinﬁ(za) , (D.22)
dy — —% (1+ cos(ka)) , (D.23)
dz = %(KQ)Z (1 — %COS(RQ)) , (D.24)

and
ds = %(/@@)4 <1 - gcos(ma)) : (D.25)

Hence, the early time behaviour of Fi..(t) is nonanalytic in time, which, as we will show
next, leads to significant deviations from the ideal exponential behaviour observed for models
assuming the plane-wave and Gaussian laser beam profiles.

In Figure D.11 we show the ratio of Equation D.20 and Equation D.5 in green and the
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ratio of the non-analytic approximation shown in Equation D.21 and Equation D.5 in orange
over the same time interval as for the Gaussian model of transit time corrections. We see that
the rectangular model described by Equation D.20 leads to a deviation from the plane-wave
case that reaches nearly 300 % at the largest timescale. This contrasts with the Gaussian
case shown in Figure D.7 with similar system parameters. The Gaussian model predicts a
ratio close to one over the same time interval. The impact of these differences can be seen in
Table 4.1. Since the approximation given by Equation D.21 is significantly different from the
predictions of Equation D.20, we do not use it further.

We note that the rectangular model contributes to a larger correction to the diffusion
values than the Gaussian model. We now discuss the implications of this larger correction.
In reference [35], we use the weighted averages of the corrections predicted by the Gaussian
and the rectangular models. We reported an error bar that was computed as the quadrature
sum of (i) the error in the rectangular model, (ii) the error in the Gaussian model, and (iii)
half the difference between the corrected values given by these two models. Therefore, the
rectangular model produces a larger transit-time correction and, as a result, reduces the
accuracy of the corrected diffusion coefficients. Nevertheless, the corrections predicted by
Equation 4.7 and Equation D.20 are the same within error, as discussed in the context of

Figure D.10.

D.6 Conclusions

We have outlined the effects of transit-time corrections on measurements of diffusion coeffi-
cients of trace amounts of Rb vapour in inert gases. Although we have presented improved
models for the Gaussian and rectangular cases, these improvements do not significantly impact
the corrections to diffusion coefficients based on the calculations presented in Chapter 4.

These models will support future experimental work to reduce the impact of transit time
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effects. As described in references [33, 35|, measurements of these diffusion coefficients can be
used to realize a quantum pressure sensor for the calibration of pressure gauges if the accuracy
of these determinations can reach the level of 0.5%. Transit time corrections are also of interest

to a wider class of diffusion experiments that rely on optical pumping [5, 11, 73, 76, 91].
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