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Abstract

The growing demand for fast and cost-effective last-mile delivery has prompted logistics

operators to explore emerging delivery technologies such as autonomous vehicles (AVs) and

drones. This dissertation investigates the design and strategic planning of multi-echelon last-mile

delivery systems using emerging delivery technologies. Through three complementary studies,

we explore the integration of AVs and drones into traditional truck-based delivery networks

using analytical models and parametric design frameworks.

The first study examines recipient-dependent routing policies in AV-enabled deliveries,

where recipients participate by using their AVs for parcel pickup. We introduce and analyze

three delivery policies- AV pickup, Hybrid pickup, and Crowdsourced delivery— and derive

upper and lower bounds on their total system costs. These policies are compared against the

traditional truck delivery model, with results showing that recipient-dependent strategies become

increasingly dominant as the number of deliveries grows.

The second study extends this concept to the delivery of perishable goods, where delivery

time is critical. Using parametric design, we introduce length-constrained (time-sensitive)

routing models and compare AV, Hybrid, and crowdsourcing policies to traditional truck delivery.

Our findings show that AV integration offers significant advantages in reducing delivery failure

for perishable goods, particularly under increasing hand-off costs and high delivery density.

The third study focuses on tactical fleet planning and routing in drone-assisted last-mile

delivery. We model a mixed fleet of trucks and drones, considering drone range, truck and drone

capacities, multi-launching, and vehicle synchronization. Using continuous approximation,

we derive closed-form solutions for fleet composition and routing strategies under varying

operational scenarios. The analysis yields policy spaces that guide optimal system design based

on drone and truck operational parameters, such as vehicle speeds and capacity limits.

This dissertation, through its integrated studies, offers a unified framework for the strategic

design and operational evaluation of multi-echelon last-mile delivery systems using emerging

delivery technologies. The models developed provide managerial insights for logistics planners,

policymakers, and researchers seeking scalable and efficient delivery solutions.
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Chapter One Introduction

This chapter introduces the growing significance of last-mile delivery in modern logistics and the

critical role emerging technologies play in enhancing its efficiency. As consumer expectations

for faster and more reliable delivery continue to rise, the final leg of the supply chain faces

increasing pressure to adapt, often constrained by challenges such as traffic congestion, limited

parking availability, and high delivery costs. This research examines how integrating emerging

delivery technologies and autonomous delivery mediums—such as drones and autonomous

vehicles—into existing logistics systems can help meet these challenges. The chapter outlines

the background, problem statement, research scope, and objectives, setting the foundation for a

comprehensive study on the design and analysis of multi-echelon last-mile delivery systems that

incorporate emerging technologies.

Section A: Background

The final stage of the supply chain, known as last-mile delivery, is the process of transporting

goods from distribution centers to their ultimate destination. This final leg accounts for the

28% of the total delivery cost (Hochfelder 2017), primarily due to challenges such as traffic

congestion, limited parking, and the high expenses of reaching remote locations, which often

require lengthy detours (Goodman 2005, Dolan 2022). The goal of last-mile delivery is to

ensure prompt service at the least possible cost, a goal increasingly pursued by integrating

innovative delivery technologies. Recent advancements in automation and robotics, including

drones and Automated Vehicles, have significantly transformed urban logistics operations with

the potential to enhance service reliability and relieve urban traffic congestion. (He, Liu, and

Shen 2022). The global last-mile delivery market is expected to reach $470 billion (similar to

1



the GDP of Belgium), and automation is key to achieving efficient and sustainable growth in

this sector. Automation will be key to achieving efficient and sustainable growth in this sector,

and autonomous transportation mediums are expected to significantly impact last-mile delivery,

potentially handling up to 80% of all shipments within the forthcoming decade (McKinsey

2019). Currently, Europe, China, and the United States are at the forefront of this increasing

trend (He 2021). With the US and China leading the way in this sector, many retailers have

already taken the initiative to include Autonomous Vehicles (AVs) in their fleets, including

Starship Technologies and Nuro.

In the US, Walmart and Kroger have partnered with Nuro to use AVs to deliver groceries in

Scottsdale and Houston. China is conducting trial runs in logistic parks, private communities,

university campuses, and open public roads in major cities like Beijing and Shenzhen. Neolix

has also begun mass production of delivery AVs to serve tech giants such as Huawei (Li et al.

2020a). Feasibility studies on drone-enabled deliveries were initiated by Amazon Prime Air,

which performed the first-ever drone-enabled package delivery in 2016 (Wells and Stevens

2016), and the first public delivery in the USA in 2017 adhering to the federal regulations (Rubin

2017). Other examples include DHL’s parcelcopter project (Discover 2022) and Google’s Project

Wing (Kanellos 2014). Amazon claims that 85% of their products are less than 5lb (McEntegart

2013), which is within the current drone average payload capacity. Delivery drones are expected

to carry a higher ratio of products as they advance in-flight power and payload capacity. The

drone delivery market alone is projected to surpass $7 billion globally by 2027, reflecting its

growing role as a scalable solution within modern logistics systems. Drone delivery also has

several applications in other sectors, such as applications of drone delivery in the medical sector,

which have been implemented through feasibility studies, including the collaboration of UPS

and Zipline for blood deliveries (Tilley 2016), Zipline medicine delivery in North Carolina

(Koetsier 2022), Matternet logistic network for medical samples delivery(Alley 2019), and the

joint project of UPS and CyPhy for delivering medical supplies (Carey 2016).

As logistics firms continue exploring innovative strategies for improving last-mile delivery

in urban and rural areas, combining emerging technologies with traditional delivery fleets

presents a promising direction. While autonomous delivery mediums offer significant advantages,

2



Figure One.1: Last-mile delivery systems with emerging technologies. Traditional truck-based delivery
routes are shown with thick black lines. AV routes are shown with purple dotted lines and drone flight
paths shown as dashed blue lines.

they also come with operational limitations that can be mitigated through integration with

conventional trucks. Schematic representation of last-mile delivery systems with and without

emerging technologies in shown in Figure One.1. Traditional truck-based delivery routes are

shown, where trucks depart from a central depot and follow a TSP tour to directly serve recipients.

With the integration of emerging delivery technologies such as AVs and drones, alternative

strategies emerge. These include recipient AVs traveling directly to the depot for self-pickup;

multi-echelon delivery systems, where trucks transport parcels to intermediate hubs and the

second leg is completed either by recipient AVs or through crowdsourced AV deliveries, in

which recipients use their AVs to deliver to nearby neighbors. Drone-assisted delivery is also

depicted, where drones are launched from hubs to deliver parcels directly to recipient locations.

This schematic highlights the structure of multi-echelon last-mile delivery systems enabled by

emerging technologies. This research investigates the design of multi-echelon last-mile delivery

systems, considering hybrid fleets of trucks and autonomous mediums. We focus on two specific

configurations involving autonomous vehicles and drones, which are detailed in Section 1.2

Problem Statement.
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Section B: Problem Statement

Using emerging technologies such as drones and autonomous vehicles in logistics operations

requires planning at the tactical level and delivery management at the operational level. In this

study, we focus on two-echelon truck-augmented delivery systems.

This research focuses on the strategic planning of truck-augmented last-mile delivery

systems. There are three main streams of this research as follows:

• Recipient-Dependent Last-Mile Delivery Routing With Autonomous Vehicle Applications.

• Parametric Design of Time-Sensitive Routing With Recipient-Dependent Contributions

• Tactical Fleet Planning for Drone-Based Delivery Systems.

Operational-level routing strategies support finding the optimal sequence of recipient visits,

hand-off locations from one delivery medium to the other, assignment of orders to trucks,

and other route-related properties. Such decisions often require detailed information about

the location of recipients and the route’s characteristics, including time-window restrictions,

package size, and so on. The prominent methodology for operational-level decisions relies

heavily on integer programming formulations that can capture the inherent constraints (Murray

and Chu 2015), (Murray and Raj 2020), (Poikonen and Golden 2020). In contrast, strategic

planning addresses high-level decisions such as the optimal fleet composition or facility location.

It requires less detailed data and aims to compare the growth order of cost (or revenue) with

respect to the size of recipients. A gap in the literature at the strategic level of planning is the

absence of key operational-level conditions, which are often neglected because they complicate

the analysis process.

B.1 Parametric Design

Parametric design is a modeling approach grounded in algorithmic thinking, where mathematical

rules and logical dependencies are employed to generate and manipulate complex system config-

urations. Originally developed in architecture and urban planning, parametric modeling enables

designers to explicitly define a set of parameters and rules that govern the relationships between
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design variables and outcomes. Unlike conventional static modeling methods, parametric design

allows for dynamic model adjustments, facilitating rapid evaluation of alternative scenarios

and system configurations. Figure One.2 illustrates a classical example of parametric design in

architecture, where geometric forms are generated and refined through adjustable parameters.

In the context of last-mile delivery, parametric design supports the development of flexible

optimization models that capture the complex interdependencies among variables such as routing

strategies, fleet compositions, hub locations, and recipient assignments. By systematically

manipulating these input parameters, it becomes possible to evaluate how changes in operational

conditions—such as vehicle speed, drone range, or customer density—affect overall system

performance and cost efficiency.

Figure One.2: Examples of Parametric Design modeling in architecture (Koumari 2022, Avetisyan 2022,
Sharan Architecture 2024).

A key advantage of parametric design in logistics modeling lies in its scalability and

adaptability. It facilitates rapid exploration of ”what-if” scenarios, which is particularly valuable

in dynamic logistics environments where systems must frequently adjust to shifts in demand,

urban infrastructure, or technological capabilities. This flexibility also enables detailed sensitivity

analyses, helping to identify the operational parameters that most significantly influence system

performance and cost-effectiveness. In addition, parametric design fosters transparency and

traceability in the decision-making process. By clearly articulating the relationships between

model inputs and outputs, it supports the development of analytically tractable solutions and

enables deeper insights into the structural and operational trade-offs inherent in multi-echelon

last-mile delivery systems.

To capture the complexities of strategic planning in multi-echelon last-mile delivery, this
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research proposes a parametric design framework that integrates routing parameters (e.g., vehicle

speeds and drone range limitations), facility location-allocation decisions (e.g., the number and

spatial distribution of hubs), and fleet composition characteristics (e.g., number of trucks and

drones, vehicle capacities, and coordination constraints). This structured and flexible framework

enables closed-form analytical derivations and provides a systematic basis for comparing the

cost and performance of alternative delivery policies involving emerging technologies.

B.2 Recipient-dependent Last-Mile Delivery Routing With Autonomous

Vehicle Applications

Recent technological advancements in the automation industry have enabled recipient partic-

ipation in last-mile delivery. A notable technology in this context is autonomous vehicles,

which can transport and pick up goods without human drivers. AVs offer the opportunity to

avoid visiting retail stores in person. AV owners can instead send their AVs to collect items

ordered online, thereby promoting a form of self-pickup for customers. Self-pickup with AVs

is compatible with existing drive-through pickup stations at Walmart and Loblaws, initially

designed for human-operated vehicles, demonstrating adaptability to AVs. AVs are also com-

patible with curb-side pickup remedies, which have seen a significant increase in adoption for

various applications, such as grocery and retail goods collection. This trend reflects a broader

shift towards more contactless and efficient delivery methods. For instance, many grocery stores

and restaurants have expanded their curbside pickup services to facilitate a contactless shopping

experience, allowing customers to receive orders without leaving their vehicles. AV pickups

would also alleviate the discomfort of recipients who previously had to remain onsite (at home)

during delivery time windows dictated by carriers. AVs introduce more flexibility, allowing

recipients to choose their pickup time more flexibly to reduce the likelihood of missed deliveries.

Delivery outside of the imposed time window affects recipient loyalty, retailer reputation, and

delivery cost. Voxware reports from a survey of 500 recipients that 69% of respondents are less

likely to choose the same retailer if an item is not received within two days of the promised

delivery date (Kela, 2016).

AVs will also promote the sharing economy in the last mile. AV-equipped recipients can
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leverage peer-to-peer (P2P) sharing and lend their cars to make deliveries for neighbors within

a vicinity. General Motors is promoting P2P sharing as it plans to launch a rental program,

allowing GM vehicle owners to post their AVs to rent through the automaker’s car-sharing

platform, thus generating revenue for the company’s vehicle owners (Washington Post 2018).

AV sharing is more convenient and effective than existing ridesharing and crowd-shipping

services because AVs do not need human drivers (with work shifts) and can be shared more

seamlessly. This allows mobility service operators to increase the supply of vehicles and

improve the level of service provided to recipients (Fagnant and Kockelman 2015). Existing

logistics firms are currently exploiting the benefits of crowdsourcing. Amazon Flex and Roadie

are crowdsourcing firms that recruit on-demand drivers to make deliveries (Economist, 2019).

Roadie generates 80% of its revenue from deliveries for Walmart, Macy’s, and Home Depot.

AVs could advance current crowdsourcing platforms as they are more flexible and generate

revenue for owners.

Our research focuses on emerging delivery policies that depend on recipient participation.

We consider three operational policies in which recipients (i) pick up from the central depot, i.e.,

directly send their AVs to a retailer’s location (AV policy), (ii) pick up from a hub located by

the logistics firm close to them, i.e., send their AVs to designated hubs selected by the retailer

(Hybrid policy), or (iii) pick up from a hub and make deliveries to other nearby recipients as well,

i.e., lend their AVs to complete deliveries for themselves and their neighbors (Crowdsourcing

policy). AVs would enable such policies by reducing their cost, as the opportunity cost of the

driver is no longer present. While these recipient-dependent policies can have applications other

than AVs, we use AV-related terminology to explain them and discuss their future impacts.

Recipients incur discomfort when partaking in the delivery process, primarily because it

requires them to actively spend their time or use their vehicles to collect parcels. Logistics firms

can alleviate this burden by providing financial compensation or allowing recipients to visit

designated pickup stations instead of a farther away depot. Pickup stations are dispersed in an

area and operated by the logistics firm. For example, Amazon uses Whole Foods store locations

as potential pickup locations for its e-commerce recipients. All major Chinese e-retailers also

offer pickup locations in many major cities where universities and subway stations are common
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pickup locations.

At the operational level, the quest to find the optimal set of remote pickup locations is a

multi-echelon routing problem. In our context, this problem is a variant of the vehicle routing

problem with trucks that travel between a depot and the pickup stations and AVs that travel

between the pickup stations and recipient homes (Perboli, Tadei, and Vigo 2011). The vehicle

routing problem takes precise parameters and provides detailed recipient visit schedules for each

vehicle. This level of detail is helpful for day-to-day operational-level decisions. However, in

strategic-level decisions, the objective is to have a holistic comparison of various policies without

complete or accurate data on operating conditions, such as the exact location of recipients each

day.

We study strategic-level decisions and analyze alternative recipient-dependent delivery

policies to gain insights into the parameters of the system that affect its performance and

make different policies preferable. Our analysis stems from the literature on vehicle routing

approximations that assume the recipients are: (i) dispersed on a surface with a given spatial

distribution (Newell and Daganzo 1986a,c), (ii) served by vehicles, or (iii) located on a stylized

geometrical shape (e.g., the arc of a circle) (Archetti, Savelsbergh, and Speranza 2006). Such

approximations often yield closed-form derivations of the length of tours required to visit a set

of recipients (Bertsimas and Van Ryzin 1991). Our approximations are similar in nature to the

worst-case scenario routing analysis in Archetti, Savelsbergh, and Speranza (2006).

B.3 Parametric Design of Time-Sensitive Routing With Recipient-Dependent

Contributions

Recent advances in AV technologies have enabled new forms of recipient participation in last-

mile logistics. A particularly promising direction involves the delivery of perishable goods. The

last-mile delivery of perishable goods presents a unique set of challenges due to the inherent

time sensitivity of these items. Perishable goods, such as fresh food, pharmaceuticals, or

medical supplies, often require rapid and reliable delivery within strict time constraints to

preserve their integrity. Traditional delivery systems that rely solely on trucks face significant

inefficiencies in this context, particularly due to urban congestion and failed delivery attempts.
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These inefficiencies not only increase operational costs but also raise the risk of spoilage and

customer dissatisfaction (Gustavsson et al. 2011, Hsu, Hung, and Li 2007, Lagin et al. 2022).

Recipient-dependent delivery (RDD) strategies have emerged as a promising alternative for

improving the success rate and responsiveness of last-mile deliveries. These strategies shift a

portion of the delivery burden to recipients, who retrieve their packages from depots, hubs, or

designated collection points. RDD can further benefit from emerging autonomous technologies,

particularly Autonomous Vehicles, which enable recipients to participate in deliveries with

minimal effort or coordination. AVs can be dispatched to collect parcels independently, aligning

with existing curbside or drive-through pickup infrastructure used by major retailers such as

Walmart and Target (Bagloee et al. 2016).

Building on our earlier investigation of AV-enabled recipient-dependent deliveries, this

study focuses on the application of RDD in the context of perishable goods, where delivery

performance is governed by delivery time. We investigate how the design of last-mile delivery

systems can be adapted to account for these time constraints by bounding vehicle tour lengths,

a key consideration for goods that degrade rapidly in transit. We propose a parametric design

framework for modeling and comparing different delivery policies, including traditional truck

delivery, AV-based self-pickup, hybrid delivery system with retailer-located hubs, and AV-

enabled crowdsourced deliveries.

For strategic analyses of this delivery system, we adopt stylized models to explore the

effect of routing constraints on delivery system performance. These models build upon previous

studies in vehicle routing approximations (Newell and Daganzo 1986a, Carlsson and Song

2018) and integrate design variables inspired by network design theory. We develop stylized

models assuming recipients are uniformly distributed along a known geometry, where we first

consider a one-dimensional ring structure for the service region and later extend the analysis

to a two-dimensional circular surface. These models allow for closed-form approximations

using the continuous approximation framework, which is especially suited for strategic-level

decisions with limited operational data. By framing the problem around tour length rather than

truck capacity, we capture the urgency of perishable deliveries and the trade-offs that emerge in

time-sensitive logistics environments. This framework offers a foundation for analyzing and
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designing AV-assisted last-mile delivery strategies that are robust to perishability constraints and

adaptable to future logistics infrastructures.

This research contributes to the literature on AV-enabled last-mile logistics by providing an

analytical comparison of recipient-dependent delivery models under time-sensitive constraints.

The parametric design framework enables flexibility in exploring how varying operational

parameters, such as hand-off costs, AV operating costs, and delivery density, influence routing

strategy performance. The insights derived from this analysis offer practical guidance for

fleet operators and policymakers on the design of scalable, cost-effective, and timely last-mile

systems for perishable goods. These models are validated through numerical experiments using

a Walmart delivery case study in Toronto, showing consistency between theoretical insights and

practical performance. This work lays the foundation for further exploration of time-sensitive

RDD strategies within emerging smart city environments.

B.4 Tactical Fleet Planning for Drone-Based Delivery Systems

Logistic operators can benefit from adding drones to their fleets for delivery to congested urban

or remote sub-urban areas, thus shifting part of the last-mile traffic from roads to air where

drones can fly at higher speeds and on more flexible routes. The cost of adding drones to a

fleet can be substantially lower than the expansion of the existing fleet by adding more vehicles.

Nevertheless, drones have operational constraints, including their payload and battery capacity,

which limits their flight’s maximum time and distance, known as flight endurance and flight

range, respectively. A mixed fleet of trucks and drones can provide the necessary flexibility

and speed to provide an optimal last-mile delivery strategy while overcoming the operational

constraints of delivery using only truck-exclusive fleets.

A gap in the literature at the strategical level of planning is the absence of key operational-

level conditions, which are often neglected due to complicating the analysis process. Five

of such conditions are: multi-truck multi-drone delivery, the drone range limitation, Truck

limited capacity, drone multi-launching (launching more than one drone at a time), and flight

coordination. For example, Carlsson and Song (2018) consider a coordinated single-truck

single-drone system without multi-launching, and Perera et al. (2020) consider a drone-exclusive
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system with unlimited flight range. Multi-launching is an operational condition whereby more

than one drone can be launched from a single location, and each headed toward its designated

recipient. Multi-launching further complicates the flight coordination process, requiring a truck

to be present at a promised retrieval hub prior to the arrival of the first drone and idle until the

arrival of the last drone.

In this research, we seek to find the optimal fleet composition for multi-truck multi-drone

parcel delivery to a set of recipients by proposing a parametric design and providing strategic

analyses. In our problem, multiple drones can be assigned to each truck, and the synchronization

between truck movement and drone flight is taken into account both in terms of minimizing

the delivery time and considering the operational limits of the truck and its assigned drones,

including their speed. The optimized routing strategy and fleet composition are introduced based

on drone operational constraints, including their payload capacity, flight range, and limited

capacity of trucks. We also introduce the concept of multi-launching of drones by each truck,

i.e., each truck can launch more than one drone at each launch hub in addition to the concept of

drone re-launching, which stands for the drone’s ability to get back to the truck after finalizing a

delivery to resupply itself and relaunch to the next delivery as far as it does not violate drone

range.

Section C: Literature Overview

C.1 Last-Mile Delivery with emerging Technologies

The integration of autonomous vehicles (AVs) and drones in last-mile delivery systems has been

a significant area of research over the past few decades. These emerging delivery technologies

promise to address the challenges of urban congestion, limited parking, and the increasing

demand for faster delivery times. Early studies focused on optimizing vehicle routing for trucks,

AVs, and drones using integer programming (IP) formulations. These models aimed to optimize

the routes, fleet compositions, and scheduling decisions to improve efficiency and reduce costs,

setting the foundation for further advancements in this field.
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C.1.1 Autonomous Vehicles in Last-Mile Delivery

The application of autonomous vehicles (AVs) in last-mile delivery has attracted considerable

attention in recent years, driven by the potential for cost reduction and operational efficiency.

Early works in this area focused on developing optimization models to manage the deployment

and routing of AVs alongside traditional truck fleets.

AVs are rapidly reshaping the transportation landscape with the potential to enhance mo-

bility and logistics. The three C’s of AVs, namely Connectivity, Comfort, and Collaborative

consumption, underline their transformative potential Baron, Berman, and Nourinejad (2020).

Several studies have addressed various aspects of AVs. For instance, Bansal and Kockelman

(2017) assesses consumer willingness to adopt this emerging technology, Mersky and Samaras

(2016) discusses AVs’ potential to improve fuel economy and promote environmental sustain-

ability, Mahmassani (2016) evaluates AVs’ potential impact on traffic flow and congestion

management, de Oliveira (2017) provides an in-depth analysis of the traffic patterns induced

by AVs, Mirzaeian, Cho, and Scheller-Wolf (2020) uses queueing theory to understand and

optimize AV traffic flow, Harper et al. (2016) estimates the potential increase in traffic due

to widespread AV adoption, Nourinejad and Roorda (2018) explores the potential issues and

solutions related to AVs and urban parking, Fagnant and Kockelman (2014) investigates the

feasibility of shared AV fleets, and Chen et al. (2016) proposes methods for optimizing shared

AV operations to increase efficiency and minimize costs.

However, the intersection of AVs with last-mile deliveries and logistics services remains

relatively unexplored and forms the basis of this study’s investigation.

C.1.2 Drone-Assisted Last-Mile Delivery

Drones have a wide range of applications in sectors such as logistics, disaster management, and

healthcare. A survey by Otto et al. (2018) highlighted the potential of drone delivery across

industries such as healthcare, agriculture, and disaster response. D’Andrea (2014) discussed the

economic benefits of drone delivery in these sectors based on cost-per-mile analysis. Chung, Sah,

and Lee (2020) surveys the civil application of drone delivery in different sectors, among them

are transportation and logistics, with a focus on optimization approaches in the Drone and Truck
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Coordinated Operations. Finally, Poikonen and Campbell (2021) reviewed the routing problem

of drone delivery in logistics, emphasizing the future of drone-enabled deliveries given their

lower operational cost and accessibility to remote areas. They identified the gap of inadequate

consideration of operational constraints, including flight range, battery capacity, speed, and

payload limitations. They further suggested that the synchronization of drone trajectories and

truck paths poses the most significant challenge in multi-truck multi-drone systems. We thus

consider this synchronization in our model.

We next review research focused on coordinated truck and drone delivery systems. Pi-

oneering research in truck and drone delivery systems focused on single-truck, single-drone

operations. Murray and Chu (2015) addressed the multi-echelon delivery as the Flying Sidekick

Traveling Salesman Problem (FSTSP), which was a novel variant of the classic Vehicle Routing

Problem (VRP). A mixed-integer linear program was used, but due to the complexity of the

problem, they later proposed a heuristic solution for larger instances (Murray and Raj 2020).

Several studies further tackled FSTSP and its complex variants. Agatz, Bouman, and Schmidt

(2018) and Jeong, Song, and Lee (2019) both contributed integer program solutions, with the

latter improving the algorithm complexity of FSTSP by considering the limited flight range of

drones and its dependency on carrying payloads. Furthermore, Bouman, Agatz, and Schmidt

(2018) used dynamic programming to obtain the exact optimal solution of the traveling salesman

problem with a single drone to minimize tour costs in a setting where all recipients are serviced

by either the truck or drone.

In extending the problem scope, a body of literature studied multiple-drone multiple-truck

scenarios. Sacramento, Pisinger, and Ropke (2019) examined multiple trucks and one drone

per truck, while others considered trucks with multiple drones with the carrying capability of

one parcel (Wang, Poikonen, and Golden 2017) or multiple parcels (Wang and Sheu 2019).

In addition, Kitjacharoenchai et al. (2019) modelled a multi-drone multi-truck problem where

drones can transit between trucks (launch from one truck and return to another), adding an extra

dimension to the logistical problem. However, critical operational limitations of drone-enabled

deliveries are missing in these studies, including the limited battery capacity of drones, which

leads to range or endurance constraints. We focus on the multi-truck multi-drone operation
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while considering the operational characteristics and limitations of the truck-and-drone delivery

system, including but not limited to their limited payload capacity and drone battery limitation,

which leads to flight range constraints in addition to scheduling constraints of trucks and drones.

C.2 Vehicle Routing Problems

The vehicle routing problem seeks to find the optimal set of routes for a fleet of vehicles that

visit a set of recipients only once. The conventional formulation is a combinatorial optimization

problem that is NP-hard (Laporte 1992) and commonly solved by integer programming. This

approach is data hungry (because it requires the exact location of recipients and their delivery

loads) and less suitable for strategic-level decisions where data is limited, and the level of accu-

racy in terms of finding exact routes is less important. A plausible alternative is to approximate

the vehicle routing problem, typically using one of the following three approaches.

The first approach is continuum approximation that shifts from the conventional integer

programming formulation to a continuous space by assuming that recipients are spread out on

an Euclidean surface with a density distribution. Ansari et al. (2018) provides a comprehensive

review of continuous approximation (CA) techniques and their application in addressing various

challenges within the transportation domain. Carlsson and Song (2018) uses the continuous

approximation method to approximate the cost of a two-echelon vehicle routing problem with

trucks and drones that serve a set of recipients distributed on a surface. The drones are dispatched

from the trucks at designated launch points to visit their assigned recipients and return to the

truck at a retrieval point. The model approximates the total delivery time w.r.t. the density of

recipients. Agatz et al. (2011) studies the home delivery problem of e-retailers who commonly

suffer from narrow delivery times. To lessen this burden on the recipients, a set of time slots

are assigned to each zip code and the delivery routes are generated using the approximation

method of Daganzo (2005). Carlsson et al. (2016) studies the household scheduling problem

as a variant of the generalized travelling salesman problem. Each household member performs

errands in the course of a day (e.g., going to the bank and grocery shopping afterward) and

must choose a location for performing each task. They derive the approximate length of the

household trips using continuum approximations that generalize the derivations of Beardwood,
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Halton, and Hammersley (1959) and Redmond and Yukich (1994) for the travelling salesman

problem with a large number of recipients. For a review of continuum approximation models,

we suggest Langevin, Mbaraga, and Campbell (1996) and Ansari et al. (2018).

The second approach treats vehicles as servers of a queue system. Bertsimas and Van Ryzin

(1991) study the dynamic and stochastic vehicle routing problem with the objective of mini-

mizing the waiting time of recipients for service. They assume recipients arrive according to a

Poisson process and are independent and uniformly distributed in an Euclidean service region.

The model shows that the waiting time grows faster than the waiting time in conventional queues

under heavy traffic, and the stability condition does not depend on the system geometry, which

validates the use of the approximation for an otherwise complex vehicle routing model. Other

examples of using queue models for service routing can be found in Bellos, Ferguson, and

Toktay (2017), Psaraftis (1995), and Bertsimas and Simchi-Levi (1996).

The third approach assumes recipients are located on a geometric shape (e.g., a circle).

Archetti, Savelsbergh, and Speranza (2006) studies the worse-case of the split vehicle routing

problem (where recipients can be visited more than once) originally presented by Dror and

Trudeau (1989, 1990), and use an approximation to derive closed-form performance measures.

In their analysis, recipients are located on the arc of a circle. Another similar approach is to

use space-filling curves that are continuous mappings from a lower-dimensional to a higher-

dimensional space (Sagan 2012). As an example, the Sierpinski curve is formed by repeatedly

copying and shrinking a simple pattern (Bartholdi III 1995). Bartholdi III and Platzman (1988)

use space-filling curves to develop novel heuristics for routing and partitioning combinatorial

problems. This approach follows the setting where recipients are located on a circle similar to

Archetti, Savelsbergh, and Speranza (2006).

C.2.1 Integer Programming Methodology

A widely adopted approach to solving delivery-routing problems, including sidekick-routing

variants, is integer programming (IP). IP-based approaches typically require detailed data, such

as the exact locations and delivery loads of recipients. Mathew, Smith, and Waslander (2015)

and Peng et al. (2019) focused on the delivery strategy where trucks carry and launch drones
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with parcels but do not make the final hand-off to recipients, whereas Poikonen and Golden

(2020) modeled one truck and k drones, solving a k-multi-visit drone routing problem. Kang

and Lee (2021) presented a mixed-integer programming formulation considering a fleet with

one truck and multiple drones, all capable of delivery. They proposed a heterogeneous routing

problem with multiple drones classified based on speed and battery limits, yet simplistically

required drones to return to their launch point, leading to excess truck waiting times and extended

total delivery time. Unlike the aforementioned studies where drones deliver packages (alone

or parallel to the trucks), Dayarian, Savelsbergh, and Clarke (2020) considered a case where

drones resupply trucks and proposed a vehicle routing problem with drone resupply. From a

distribution network perspective, Baloch and Gzara (2020) studied the economic desirability of

drone delivery compared to traditional delivery services and analyzed the effect of government

regulations and customer behavior in addition to the technological constraints on drone adoption.

However, they do not consider the hybrid truck-and-drone delivery scenarios. Roberti and

Ruthmair (2021) proposed a dynamic programming recursion-based branch-and-price approach

to solve traveling salesman problems with drone (TSP-D) variants. Their method outperformed

prior approaches by solving instances with up to 39 customers to optimality. Their results

demonstrated that even a single drone could substantially reduce delivery time with consideration

of synchronization between drone flight and the truck movement. Tiniç et al. (2023) introduced

the traveling salesman problem with multiple drones (TSP-mD), modeling truck and drone

synchronization by incorporating individual waiting times into the objective function. Their

proposed branch-and-cut algorithms outperform standard methods when allowing flexible launch

and retrieval locations. Morandi, Leus, and Yaman (2024) extended the orienteering problem

(OP) to incorporate multiple drones cooperating with a truck to maximize the total collected

prize under a time constraint. Their model considered drones with limited battery endurance

and developed a mixed-integer linear programming formulation and a tailored branch-and-cut

algorithm that solves instances with up to 50 nodes. One of the prominent limitations of using

IP to address the side-kick routing problems lies in its non-polynomial order of complexity. In

addition, solving these models often requires a high level of detail, such as the exact location

of recipients, delivery time windows, and recipient-specific constraints like drone acceptability.
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This complex structure and reliance on detailed input data often prevent identifying key insights

needed for strategic decision-making.

C.2.2 Continuous Approximation

Continuum approximation (CA) transforms the traditional integer programming formulation into

a continuous space, assuming that recipients are dispersed on an Euclidean surface with known

density distributions. The CA methodology replaces detailed data, such as recipient locations,

with concise summaries using a continuous density function over time and space (Daganzo

2005). This approach offers simplified yet plausible analysis, often allowing the derivation

of closed-form analytical solutions. Langevin, Mbaraga, and Campbell (1996) and Ansari

et al. (2018) provided comprehensive overviews of CA applications in logistics and freight

transportation, respectively. CA has been applied to various logistics and routing problems. It

has been used to analyze the costs of two-echelon vehicle routing problems involving trucks and

drones (Carlsson and Song 2018), where an unmanned aerial vehicle (UAV) provides service

to customers while making return trips to a moving truck that contains packages. Their work

analytically showed that efficiency improvements are proportional to the square root of the

UAV-to-truck speed ratio. Additionally, CA has been applied to the home delivery problem of

e-retailers who commonly suffer from narrow delivery times slots (Agatz et al. 2011), showing

that while these slots improve customer convenience, they can increase delivery costs.Another

application is in the household scheduling problems, which is a variant of the generalized

traveling salesman problem (TSP) (Carlsson et al. 2016), where CA-based models reveal that

centralized delivery services require large-scale adoption before achieving significant efficiency

gains over independent customer travel.

The CA paradigm has also been extended to autonomous vehicles in transit, where it aids

in fleet dispatching and service optimization. Studies have applied CA to optimize modular

autonomous vehicles in transit corridors (Chen, Li, and Qu 2022), to design semi-on-demand

hybrid transit routes with shared autonomous vehicles (Ng et al. 2024), and to determine the

optimal integration of shared autonomous vehicles with public transit (Levin et al. 2019). While

these studies highlight CA’s effectiveness in autonomous mobility-on-demand, their focus on
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public transit operations differs from our emphasis on last-mile delivery.

Another related line of research applies CA to last-mile delivery robots, which shares

some similarities with our work but differ in the fundamental aspect of recipient participation

and neglects the time-sensitive delivery of perishable goods. CA has been used to optimize

two-echelon truck-and-robot systems and provide insights on air and ground delivery robot

applications in different cities (Lemardelé et al. 2021) and evaluate hybrid drone-truck and

ground robot models (Figliozzi 2020, Jennings and Figliozzi 2019). These studies provide

valuable insights into autonomous last-mile logistics but focus on company-owned robots,

whereas our research explores the role of recipients in the delivery process and the unique

challenges posed by perishable goods.

The Continuous Approximation (CA) methodology replaces detailed data, such as recipient

locations, with concise summaries using a continuous density function over time and space

(Daganzo 2005). This approach offers simplified yet plausible analysis, often allowing the

derivation of closed-form analytical solutions. Carlsson and Song (2018) adopted CA modelling

techniques to overcome the mentioned computational challenges while still utilizing a single

drone and truck. Whereas, Campbell, Sweeney, and Zhang (2017) used CA considering multiple

drones per truck and provided strategic-level insights on the economical advantages of drone

delivery and the critical role of synchronization. Li et al. (2020b) studied a delivery setting

where recipients are uniformly distributed on a circular service region with a centrally located

depot. They applied continuous approximation methods to minimize total delivery costs and

optimize service sub-region partitioning. Their model also incorporated package deliveries by

truck, aiming to optimize the package delivery ratio between truck and drone while accounting

for constraints such as limited truck capacity. Meanwhile, Perera et al. (2020) modelled a drone

delivery system where recipients are uniformly distributed on the circumference of a circle and

evaluated the impact of drone technologies on logistics systems parameters and efficiency gains

over traditional truck logistics. Their findings highlight that, as drone technologies mature and

become more cost-effective, decentralized delivery systems become more profitable and can offer

more delivery options (e.g., same-day or one-hour delivery guarantees) and greater profit. An

existing gap in the literature on such strategic models is the lack of consideration of operational
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limitations such as drone payload capacity and flight range. We address these gaps while

considering the operational characteristics and limitations of drone delivery. Although a mixed

fleet of trucks and drones adds complexity to this problem due to the necessary synchronization

between truck paths and drone trajectories, a mixed fleet is more practical, as it offers greater

flexibility and economic advantage.

C.3 Last-Mile Delivery of Perishable Goods

Researchers have addressed specific challenges associated with managing perishability in supply

chains to extend the discussion on VRPs for perishable deliveries. In this section, we are focusing

on the delivery of perishable goods, and readers are referred to (Karaesmen, Scheller-Wolf, and

Deniz 2011) and (Baron 2010) for a more in-depth read on perishable inventory management.

Hwang (1999) developed a distribution model aimed at optimizing food supply in famine

relief, emphasizing inventory allocation and minimizing human suffering rather than travel

distance or time. In contrast, Tarantilis, Kiranoudis, and Vassiliadis (2004) proposed a threshold-

accepting algorithm to address the fresh milk distribution problem, treating it as a heterogeneous

fixed fleet vehicle routing problem, although they did not consider perishability explicitly.

Further contributions include models that incorporate perishability and time windows. Chen,

Hsueh, and Chang (2009) introduced a non-linear model for the VRP with time windows

(VRPTW) for perishable food, focusing on maximizing supplier profit while considering both

production and routing under stochastic demand. Osvald and Stirn (2008) extended the VRPTW

by accounting for time-dependent travel times and perishability, presenting a heuristic algorithm

for the distribution of fresh vegetables. Hsu, Hung, and Li (2007) considered the randomness

in perishable food delivery with a stochastic VRPTW model that optimized routes, loads, and

dispatch times. For further reviews on the role of perishability in VRP, Amorim and Almada-

Lobo (2014) and Utama et al. (2020) provide detailed insights.

Few studies address the role of emerging technologies in perishable goods delivery. Zhao

and Lee (2023) explores the potential of connected and autonomous vehicles (CAVs) in supply

chain systems, discussing how higher CAV adoption rates can reduce travel time, particularly

for long-distance deliveries of perishable products. Haji et al. (2020) conducted a compre-
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hensive review of the role of technology in improving perishable food supply chains, with an

emphasis on automated systems and sensors that monitor product quality. Gharehgozli et al.

(2017) highlighted technological advances in agricultural production and food preparation while

noting the limited focus on logistics. Although technological advancements are beginning to

influence logistics for perishable goods, the role of autonomous vehicles in this domain remains

unexplored.

C.4 Crowdsourcing in Last-Mile Delivery

Due to mounting economic pressures in the last decade, consumers are more inclined to share

goods and services, and the propensity to own is slowly fading. One prominent example of the

sharing economy is mobility services (Hu 2019). Crowdsourced delivery (crowd-shipping) is a

mobility service where recipients acquire the role of drivers and make deliveries from retailer

locations to other recipients; they become ad-hoc delivery drivers. Qi et al. (2018) present

approximation models to assess the impacts of crowdsourcing in the last mile delivery. Their

analysis of realistic settings shows that crowdsourcing is not as scalable as the conventional

truck-only system in terms of operating cost. Liu, He, and Shen (2018) study driver routing

behaviour in crowdsourcing services to assess the on-time performance of last-mile delivery.

Using continuum approximations, they integrate travel time predictors with order assignment

optimization and show the importance of learning behavioural features from operational data.

Other examples of crowdsourcing can be found in (Dayarian and Savelsbergh 2017, Behrend

and Meisel 2018, Mak 2018, Macrina et al. 2020).

Crowdsourcing initiatives are also becoming more ubiquitous in practice. ShipperBee is a

crowd-sourced distributor that owns pickup and delivery lockers throughout the City of Toronto

(shipperbee.com). According to ShipperBee’s crowdsourcing business model, ad hoc drivers

choose an item to deliver and open a designated pickup station with an assigned lock code. This

analysis explicitly considers the advantages of locating pickup stations to reduce the delivery

load on ad-hoc drivers in crowdsourcing systems.
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Section D: Study Scope and Research Objectives

This research focuses on designing multi-echelon last-mile delivery systems, particularly two-

echelon deliveries, using a hybrid fleet of trucks and autonomous mediums. Last-mile delivery

is the process of delivering packages from distribution centers to a customer’s location. In the

proposed system, trucks carry the packages for the first part of the delivery and stop at predefined

stops (hubs), where the first echelon ends. At these hubs, packages are handed off to the second

delivery medium. This research considers two autonomous mediums for the final part of the

delivery: i) AVs and ii) Drones.

In ”Recipient-dependent Last-Mile Delivery Routing With Autonomous Vehicle Applica-

tions,” we explore the role of recipient-dependent deliveries, where recipients use their AVs

to participate in deliveries. In ”Parametric Design of Time-Sensitive Routing With Recipient-

Dependent Contributions,” we extend recipient-dependent delivery using AVs to the case of

perishable deliveries, where the time goods spend in transit becomes a critical constraint. In

”Tactical Fleet Planning for Drone-Based Delivery Systems,” we focus on the case where trucks

leave the depot with both packages and drones, and drones are responsible for the final delivery to

customers. This analysis highlights several managerial insights on the efficacy of multi-echelon

last-mile delivery systems with autonomous mediums.

The main objective of this study is to explore how emerging technologies—specifically

autonomous vehicles and drones—can improve last-mile delivery systems. This is achieved

through the following research objectives:

• To analyze the operational role and performance impact of emerging delivery technolo-

gies in last-mile delivery systems, focusing on their potential to address key logistical

challenges such as delivery speed and cost.

• To develop strategic-level parametric models that capture the design complexities of the

delivery systems involving emerging technologies, incorporating constraints related to

fleet composition, routing, vehicle coordination, and facility location.

• To evaluate the evolution of traditional last-mile delivery paradigms by benchmarking
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technology-enabled delivery policies against conventional truck-based models, identi-

fying dominance regions, cost-efficiency thresholds, and scalability conditions through

analytical comparisons and numerical validation.

To achieve this, the research develops mathematical models that capture the complex

relationships and trade-offs inherent in hybrid delivery systems composed of both traditional

and autonomous mediums. These models are designed to reflect key operational characteristics

such as delivery costs, time sensitivity, fleet composition, and routing constraints. One of the

core modeling principles used is parametric design, which provides a flexible framework for

exploring how system outcomes change with variations in structural and operational parameters.

The models aim to offer analytical results that are generalizable and supported by practical case

studies, with the goal of deriving meaningful managerial insights that can assist researchers,

logistics planners, and policymakers in making informed decisions about the adoption and

integration of emerging delivery technologies.

Section E: Dissertation Outline

This dissertation is organized into three main chapters, each representing a distinct yet in-

terconnected contribution to the design and optimization of multi-echelon last-mile delivery

systems using emerging technologies. Following the introduction, Chapter 2 examines recipient-

dependent delivery models facilitated by autonomous vehicles, analyzing a set of routing policies

in which recipients participate in the delivery process through direct pickup, hub-based collection,

or crowdsourced delivery. Chapter 3 builds on this framework by addressing the time-sensitive

delivery of perishable goods, introducing length-constrained routing strategies that reflect the

urgency of such deliveries, and comparing their performance to capacity-constrained models.

Chapter 4 focuses on drone-assisted last-mile delivery, presenting a tactical fleet planning

model that incorporates key operational constraints, such as drone range, truck capacity, and

vehicle synchronization, using a continuous approximation approach. Each chapter begins

with a research summary, followed by an introduction that details the research question and

outlines the motivation and relevance of the study and reviews related literature specific to the
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research. This is followed by detailed sections on methodology and analysis, presentation of

results, and validation through a case study. Each chapter concludes with a summary of key

insights and directions for future research. The final part of the dissertation includes appendices

corresponding to each chapter, which provide supplementary material, extended formulations,

and additional numerical analysis supporting the core contributions.

Thesis Focus:
Multi-Echelon Last-Mile Delivery with Emerging Technologies

Shared Methodological Core:
• Continuous Approximation

• Parametric Design
• Stylized Spatial Modeling

Chapter 2:
Recipient Dependend Delivery

with AV Applications

Chapter 3:
Time-Sensitive Recipien-

Dependent Delivery

Chapter 4:
Tactical Planning in

Drone-Assited Delivery

Analytical Outputs & Managerial Insights:
• Closed-Form Solutions for Cost Analysis

• Policy Space Analysis and Dominance Regions
• Strategic Planning Recommendations

Figure One.3: Integration roadmap of the thesis chapters and their shared methodological core.
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Chapter Two Recipient-Dependent Last-Mile De-

livery Routing With Autonomous Ve-

hicle Applications

Research Summary

Last-mile delivery contributes to a drastic 28% of the total cost of shipping. Recent technological

advancements enable recipients to participate in these deliveries, relieving the cost of this final

leg of the supply chain. We present models of recipient-dependent routing policies in last-

mile logistics. The policies are not limited to but are motivated by the future applications of

autonomous vehicles in smart cities and their role in enabling recipient-dependent deliveries

as they relinquish the need for drivers. The policies are based on scenarios where recipients

use their AVs to pick up from (i) a central depot, (ii) a hub located by the logistics firm close

to them (Hybrid), and (iii) a hub and deliver to other nearby recipients (Crowdsourcing). We

present upper and lower bounds on the total cost of each policy, compare these policies with

the status quo truck delivery, and investigate the potential cost savings. The analysis shows

a robust dominance space pattern against key operational parameters. In particular, (i) status

quo truck routing is the currently preferred delivery policy, (ii) the Hybrid and Crowdsourcing

policies are a combination of AV and status quo Truck policies in terms of dominance space, and

(iii) recipient-dependent routing policies dominate the status quo Truck policy as the number

of recipients increases. We validate the insights from the stylized model with a case study of

Walmart in Toronto. (D Viniche et al. 2023a)
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Section A: Introduction

Last-mile delivery is the movement of goods from distribution centers to final destinations,

often residences. Last-mile delivery aims to make speedy deliveries to recipients at minimum

cost. This final leg of the supply chain makes up a drastic 28% of the total cost of delivery

(Hochfelder 2017). An emerging approach to alleviating the load of the last mile has been

to request recipients to partake in the delivery by making a self-pickup from a designated

location, either a depot or a hub operated by the logistics firm. There are several examples

of such recipient-dependent deliveries in practice. Superstores such as Walmart and Loblaws

currently provide self-pickup stations where staff load vehicles with items previously ordered

online. Recent technological advancements in the automation industry have facilitated recipient

participation in last-mile delivery. A notable technology in this context is autonomous vehicles

(AVs), which can transport and pick up goods without human drivers.

The global last-mile delivery market is expected to reach $470 billion (similar to the GDP

of Belgium), and automation and electrical vehicles (EVs) will be keys to achieving efficient and

sustainable growth in this sector (McKinsey 2019). Currently, Europe, China, and the United

States are at the forefront of this increasing trend (He 2021). With the US and China leading the

way in this sector, many retailers have already taken the initiative to include AVs in their fleets,

including Starship Technologies and Nuro. In the US, Walmart and Kroger have partnered with

Nuro to use AVs to deliver groceries in Scottsdale and Houston. China is conducting trial runs in

logistic parks, private communities, university campuses, and open public roads in major cities

like Beijing and Shenzhen. Moreover, Neolix has begun mass production of delivery AVs to

serve tech giants such as Huawei.

AVs offer the opportunity to avoid visiting retail stores in person. AV owners can instead

send their AVs to collect items ordered online, thereby promoting a form of self-pickup for

customers. Self-pickup with AVs is compatible with existing drive-through pickup stations at

Walmart and Loblaws, initially designed for human-operated vehicles, demonstrating adaptability

to AVs. AVs are also compatible with curb-side pickup remedies, which have seen a significant

increase in adoption for various applications, such as grocery and retail goods collection. This
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trend reflects a broader shift towards more contactless and efficient delivery methods. For

instance, many grocery stores and restaurants have expanded their curbside pickup services to

facilitate a contactless shopping experience, allowing customers to receive orders without leaving

their vehicles. AV pickups would also alleviate the discomfort of recipients who previously had

to remain onsite (at home) during delivery time windows dictated by carriers. AVs introduce

more flexibility, allowing recipients to choose their pickup time more flexibly to reduce the

likelihood of missed deliveries. Delivery outside of the imposed time window affects recipient

loyalty, retailer reputation, and delivery cost. Voxware reports from a survey of 500 recipients

that 69% of respondents are less likely to choose the same retailer if an item is not received

within two days of the promised delivery date (Kela, 2016).

AVs will also promote the sharing economy in the last mile. AV-equipped recipients can

leverage peer-to-peer (P2P) sharing and lend their cars to make deliveries for neighbors within

a vicinity. General Motors is promoting P2P sharing as it plans to launch a rental program,

allowing GM vehicle owners to post their AVs to rent through the automaker’s car-sharing

platform, thus generating revenue for the company’s vehicle owners (Washington Post 2018).

AV sharing is more convenient and effective than existing ridesharing and crowd-shipping

services because AVs do not need human drivers (with work shifts) and can be shared more

seamlessly. This allows mobility service operators to increase the supply of vehicles and

improve the level of service provided to recipients (Fagnant and Kockelman 2015). Existing

logistics firms are currently exploiting the benefits of crowdsourcing. Amazon Flex and Roadie

are crowdsourcing firms that recruit on-demand drivers to make deliveries (Economist, 2019).

Roadie generates 80% of its revenue from deliveries for Walmart, Macy’s, and Home Depot.

AVs could advance current crowdsourcing platforms as they are more flexible and generate

revenue for owners.

Our research focuses on emerging delivery policies that depend on recipient participation.

We consider three operational policies in which recipients (i) pick up from the central depot, i.e.,

directly send their AVs to a retailer’s location (AV policy), (ii) pick up from a hub located by

the logistics firm close to them, i.e., send their AVs to designated hubs selected by the retailer

(Hybrid policy), or (iii) pick up from a hub and make deliveries to other nearby recipients as well,
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i.e., lend their AVs to complete deliveries for themselves and their neighbors (Crowdsourcing

policy). AVs would enable such policies by reducing the cost, as the opportunity cost of the

driver is no longer present. While these recipient-dependent policies are relevant even without

AVs, we use AV-related terminology to explain them and discuss their future impacts. We model

these three policies and derive upper and lower bounds on the total cost of each policy. We

compare these policies with the status quo Truck policy, where retailers use a fleet of trucks for

deliveries (Truck policy).

Recipients incur discomfort when partaking in the delivery process, primarily because it

requires them to actively spend their time or use their vehicles to collect parcels. Logistics

firms can alleviate this burden by providing financial compensation or allowing recipients to

visit designated pickup stations instead of a depot that is farther away. Pickup stations are

dispersed in an area and operated by the logistics firm. For example, Amazon uses Whole

Foods store locations as potential pickup locations for its e-commerce recipients. All major

Chinese e-retailers also offer pickup locations in many major cities where universities and

subway stations are common pickup locations.

At the operational level, the quest to find the optimal set of remote pickup locations is a

multi-echelon routing problem. In our context, this problem is a variant of the vehicle routing

problem with trucks that travel between a depot and the pickup stations and AVs that travel

between the pickup stations and recipient homes (Perboli, Tadei, and Vigo 2011). The vehicle

routing problem takes precise parameters and provides detailed recipient visit schedules for each

vehicle. This level of detail is helpful for day-to-day operational-level decisions. However, in

strategic-level decisions, the objective is to have a holistic comparison of various policies without

complete or accurate data on operating conditions, such as the exact location of recipients each

day.

We study strategic-level decisions and analyze alternative recipient-dependent delivery

policies to gain insights into the parameters of the system that affect its performance and

make different policies preferable. Our analysis stems from the literature on vehicle routing

approximations that assume the recipients are: (i) dispersed on a surface with a given spatial

distribution (Newell and Daganzo 1986a,c), (ii) served by vehicles, or (iii) located on a stylized
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geometrical shape (e.g., the arc of a circle) (Archetti, Savelsbergh, and Speranza 2006). Such

approximations often yield closed-form derivations of the length of tours required to visit a set

of recipients (Bertsimas and Van Ryzin 1991). Our approximations are similar in nature to the

worst-case scenario routing analysis in Archetti, Savelsbergh, and Speranza (2006).

We develop two stylized models: the ring and disk models. The ring model assumes a

one-dimensional distribution where the depot is located in the center of a ring, with a radius of

one, and n recipients, each with unit demand, are located on the circumference of the ring with

equal spacing. The disk model assumes a two-dimensional distribution with the same location of

the depot in the center of the unit radius disk, with the recipients dispersed on the surface of the

disk rather than only on the circumference of the ring. We consider a linear cost of travelling for

trucks and AVs per unit distance traveled and a hand-off cost relative to the number of locations

where shipment ownership changes (e.g., from a truck to a recipient). We use stylized models as

abstractions of reality to identify the dominant policy with the lowest total system cost under

various operating conditions. For routing on a disk, we derive analytical expressions for the

upper and lower bounds of the costs of the different policies and compare these costs with each

other. We derive the asymptotic properties for the upper and lower bounds of each policy when

the number of recipients tends to infinity, to compare these bounds. Moreover, we derive the

asymptotic properties for both ring and disk routing strategies to provide an approximation of

policy costs, and we compare the asymptotic costs of the two strategies and show their similarity

up to a constant factor.

This analysis allows us to highlight several managerial insights on the efficacy of different

recipient-dependent last-mile delivery policies. We characterize the dominant policy and its

dependence on the relative cost of AVs to trucks and the hand-off cost; see Figures Two.8,

Two.9 and their discussion. We demonstrate that the status quo Truck policy is still the preferred

delivery method because of the high cost of AVs (see Insight 1). We also show that the Hybrid

and Crowdsourcing policies are sandwiched between the AV and Truck policies (see Insight 2

and Figures Two.8 and Two.9). Although AVs are not currently owned at scale, they will become

more prominent with time due to improvements in mass production and technology (e.g., Lidar

detection). Transitioning to full fleet automation is gradual and may require a phase where
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Hybrid and Crowdsourcing policies dominate. Crowdsourcing delivery policies predominantly

offered for food delivery services can evolve as AVs replace manned delivery vehicles, i.e.,

reduce the per-mile cost of this delivery method. As more recipients enter the system, the cost

of the Truck policy becomes larger than the cost of other policies (see Insight 3 and Figures

Two.8 and Two.9), and when the number of recipients asymptotically tends to infinity, the Truck

policy is dominated by one of the other three policies (see Insights 4 and 5, and Figures Two.8b).

We also show that varying the hand-off cost perturbs the dominance space boundaries, but the

overall pattern of the dominance space remains the same (see Insight 6).

We validate the findings and managerial insights from the stylized model with numerical

experiments from a case study of a Walmart branch in Toronto and recipients who are dispersed

around this branch according to population densities. We observe that the dominant policies and

the main insights from the stylized model are aligned with those from the case study. Extensive

analysis of several parameters, including the hand-off cost, shows that although the dominance

space boundaries are perturbed, the overall pattern of the dominance space remains the same.

The remainder of this paper is organized as follows. In Section B, we review the related

literature. In Section C, we present the four policies and derive the optimal cost of each policy

for routing on a ring. In Section 4, we present an extension to our model: routing on a disk.

In Section E, we compare the policies to determine which one is dominant and when, and in

Section F, we present a case study. In Section G, we provide conclusions. All proofs are in

Appendix A in the e-companion.

Section B: Related works

We review relevant literature on vehicle routing approximation models, crowdsourcing deliveries,

and future applications and existing uses of AVs in Sections B.1, B.2, and B.3, respectively.

B.1 Vehicle routing approximations

The vehicle routing problem seeks to find the optimal set of routes for a fleet of vehicles that

visit a set of recipients only once. The conventional formulation is a combinatorial optimization
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problem that is NP-hard (Laporte 1992) and commonly solved by integer programming. This

approach is data hungry (because it requires the exact location of recipients and their delivery

loads) and less suitable for strategic-level decisions where data is limited, and the level of accu-

racy in terms of finding exact routes is less important. A plausible alternative is to approximate

the vehicle routing problem, typically using one of the following three approaches.

The first approach is continuum approximation that shifts from the conventional integer

programming formulation to a continuous space by assuming that recipients are spread out on

an Euclidean surface with a density distribution. Ansari et al. (2018) provides a comprehensive

review of continuous approximation (CA) techniques and their application in addressing various

challenges within the transportation domain. Carlsson and Song (2018) uses the continuous

approximation method to approximate the cost of a two-echelon vehicle routing problem with

trucks and drones that serve a set of recipients distributed on a surface. The drones are dispatched

from the trucks at designated launch points to visit their assigned recipients and return to the

truck at a retrieval point. The model approximates the total delivery time w.r.t. the density of

recipients. Agatz et al. (2011) studies the home delivery problem of e-retailers who commonly

suffer from narrow delivery times. To lessen this burden on the recipients, a set of time slots

are assigned to each zip code and the delivery routes are generated using the approximation

method of Daganzo (2005). Carlsson et al. (2016) studies the household scheduling problem

as a variant of the generalized travelling salesman problem. Each household member performs

errands in the course of a day (e.g., going to the bank and grocery shopping afterward) and

must choose a location for performing each task. They derive the approximate length of the

household trips using continuum approximations that generalize the derivations of Beardwood,

Halton, and Hammersley (1959) and Redmond and Yukich (1994) for the travelling salesman

problem with a large number of recipients. For a review of continuum approximation models,

we suggest Langevin, Mbaraga, and Campbell (1996) and Ansari et al. (2018).

The second approach treats vehicles as servers of a queue system. Bertsimas and Van Ryzin

(1991) study the dynamic and stochastic vehicle routing problem with the objective of mini-

mizing the waiting time of recipients for service. They assume recipients arrive according to a

Poisson process and are independent and uniformly distributed in an Euclidean service region.
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The model shows that the waiting time grows faster than the waiting time in conventional queues

under heavy traffic, and the stability condition does not depend on the system geometry, which

validates the use of the approximation for an otherwise complex vehicle routing model. Other

examples of using queue models for service routing can be found in Bellos, Ferguson, and

Toktay (2017), Psaraftis (1995), and Bertsimas and Simchi-Levi (1996).

The third approach assumes recipients are located on a geometric shape (e.g., a circle).

Archetti, Savelsbergh, and Speranza (2006) studies the worse-case of the split vehicle routing

problem (where recipients can be visited more than once) originally presented by Dror and

Trudeau (1989, 1990), and use an approximation to derive closed-form performance measures.

In their analysis, recipients are located on the arc of a circle. Another similar approach is to

use space-filling curves that are continuous mappings from a lower-dimensional to a higher-

dimensional space (Sagan 2012). As an example, the Sierpinski curve is formed by repeatedly

copying and shrinking a simple pattern (Bartholdi III 1995). Bartholdi III and Platzman (1988)

use space-filling curves to develop novel heuristics for routing and partitioning combinatorial

problems. This approach follows the setting where recipients are located on a circle similar to

Archetti, Savelsbergh, and Speranza (2006).

B.2 Crowdsourcing delivery

Due to mounting economic pressures in the last decade, consumers are more inclined to share

goods and services, and the propensity to own is slowly fading. One prominent example of the

sharing economy is mobility services (Hu 2019). Crowdsourced delivery (crowd-shipping) is a

mobility service where recipients acquire the role of drivers and make deliveries from retailer

locations to other recipients; they become ad-hoc delivery drivers. Qi et al. (2018) present

approximation models to assess the impacts of crowdsourcing in the last mile delivery. Their

analysis of realistic settings shows that crowdsourcing is not as scalable as the conventional

truck-only system in terms of operating cost. Liu, He, and Shen (2018) study driver routing

behaviour in crowdsourcing services to assess the on-time performance of last-mile delivery.

Using continuum approximations, they integrate travel time predictors with order assignment

optimization and show the importance of learning behavioural features from operational data.
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Other examples of crowdsourcing can be found in (Dayarian and Savelsbergh 2017, Behrend

and Meisel 2018, Mak 2018, Macrina et al. 2020).

Crowdsourcing initiatives are also becoming more ubiquitous in practice. ShipperBee is a

crowd-sourced distributor that owns pickup and delivery lockers throughout the City of Toronto

(shipperbee.com). According to ShipperBee’s crowdsourcing business model, ad hoc drivers

choose an item to deliver and open a designated pickup station with an assigned lock code. This

analysis explicitly considers the advantages of locating pickup stations to reduce the delivery

load on ad-hoc drivers in crowdsourcing systems.

B.3 Autonomous vehicles

AVs can radically alter mobility patterns and improve the performance of transportation systems.

They have many advantages over regular vehicles, including their ability to communicate with

each other and the infrastructure, which makes traffic smoother with less abrupt acceleration

and braking. Their driverless capability also allows for new travel behaviour and consumption

patterns. For example, household activity schedules may vary as some parents no longer need to

drive their children to school and can use an AV as a chauffeur (Fagnant and Kockelman 2014,

Xu, Mahmassani, and Chen 2019a,b). Baron, Berman, and Nourinejad (2020) introduce the

properties of AVs and assess their impacts in terms of three C’s: Connectivity with other AVs on

the road and the transportation infrastructure, the Comfort of not driving and instead engaging

in productive activities whilst in the car, and Collaborative consumption which allows travellers

to share AVs together. Exploring the three C’s, Baron, Berman, and Nourinejad (2020) show

that AVs may negatively impact social welfare in cities that are not yet prepared with the proper

infrastructure needs.

The literature on AVs is diverse and focuses on topics such as willingness-to-pay for

AVs (Bansal and Kockelman 2017), fuel economy (Mersky and Samaras 2016), traffic flow

(Mahmassani 2016, de Oliveira 2017, Mirzaeian, Cho, and Scheller-Wolf 2020), induced traffic

(Harper et al. 2016), AV parking (Nourinejad and Roorda 2018), and the use of AVs as a shared

fleet between a group of recipients (Fagnant and Kockelman 2014, Chen et al. 2016). Although

many features of AVs are currently being investigated, their impacts on logistics services are
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less explored. In this paper, we consider that recipients have access to AVs and can use them for

last-mile deliveries.

Section C: Routing on a Ring

Consider a depot located at the center of a circle with a radius normalized to 1. A total of n

recipients are located on the circle’s boundary. We consider two alternative recipient distributions,

a 1-dimensional and a 2-dimensional one. Here, we explain our policies for the 1-dimensional

model. Under this model, the n recipients are located on the circumference of the circle (a

ring) with density δ = n/2π. The expected distance between every two adjacent recipients is

∆ = 2π/n. The analysis of the 2-dimensional model, where recipients are located on the surface

of the circle, is presented in section 4. We assume all recipients are willing to make a self-pickup

if they are reimbursed for their discomfort, e.g., via a discount on the shipping fee.

The operator serves recipients from the depot using one of the four policies depicted in

Figure Two.1. In the Truck policy, a fleet of trucks leaves the depot, visits a set of recipients, and

returns to the depot. In the Autonomous Vehicle policy, each recipient sends their unoccupied

AV to the depot and back. The operator reimburses these recipients in proportion to the distance

traveled. An extension is considering the tendency of AV owners to participate in the last-mile

delivery if the reimbursement is larger than their opportunity cost, which requires remodelling

the problem as a two-sided market with ad-hoc earning sensitive AV owners and is beyond

the scope of our study. The Hybrid policy combines the first two policies, where the operator

dispatches its trucks to designated hubs (pickup stations) and AVs visit the hubs. Finally, the

operator crowdsources deliveries to designated AVs in the Crowdsourcing policy. The operator

first dispatches its trucks to designated hubs; designated AVs are responsible for delivering to a

set of recipients by driving to their closest hub, making deliveries to the set of recipients, and

returning to their original owners.

Let the subscript j = {q,v} denote the truck and AV modes of transportation, respectively,

and let the superscript i = {t,a,h,w} denote the Truck, AV, Hybrid, and Crowdsourcing policies,

respectively. The operator incurs a travel cost for trucks and AVs in each policy. The travel cost
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per unit distance of trucks and AVs is cq and cv, respectively, where cv is the opportunity cost of

AV owners per unit distance traveled. The cost, cv, also incorporates any payments made by the

logistics firm to the AV owners for their inconvenience. The total distance of mode j in policy i

is di
j. Thus, the travel cost of policy i is cqdi

q + cvdi
v. We assume a fixed truck acquisition cost is

prorated in the variable cost per unit distance of a truck (cq).

The operator also incurs a hand-off cost to support the infrastructure needed to allow items

to change ownership. It is equivalent to a setup cost, e.g., trucks need to find parking when

making a delivery to a recipient, or AV-enabled deliveries require a platform that tracks the

location of AVs to prepare and load the requested items at the time of the vehicle’s arrival. This

hand-off cost is proportional to the number of stops where the ownership changes from one

party to another.

Let si and ci
s be the number and marginal cost of hand-offs in policy i. The total hand-off

cost of policy i is ci
ss

i. We denote the total cost of policy i as zi, expressed as

zi = cqdi
q + cvdi

v + ci
ss

i. (Two.1)

C.1 Truck policy

Consider the Truck policy of Figure Two.1a, which has f t truck routes of the same length (each

covered by one truck), visiting xt recipients, such that f t = ⌈n/xt⌉. We assume that n ≫ xt , and

Figure Two.1: Four distribution policies. The thick black and thin gray lines represent truck and AV
routes, respectively.

(a) Truck	

Hybri
d 

(d)	Crowdsourcing(b)	Autonomous	Vehicle (c)	Hybrid
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thus approximate f t as

f t =
n
xt . (Two.2)

The length of each truck route lt is

lt = 2+(xt −1)∆

≈ 2+ xt
∆, (Two.3)

where ∆ = 2π/n is negligible in the approximation when n is large. The two terms in (Two.3)

represent the length of inbound and outbound trips (each with length 1) and the sum of traveled

arcs on the ring to visit the recipients, respectively. The total truck distance is dt
q = f t lt obtained

from (Two.2) and (Two.3). We relax all approximations in the case study of Section F.

Each truck has a capacity of visiting K recipients. Thus, in this policy, the number of

recipients per truck route is equal to the truck’s capacity:

xt = K. (Two.4)

The hand-off in the Truck policy represents the inconvenience of finding a parking spot

near the recipient’s location and finding the recipient’s door on foot. There are n hand-offs in

the Truck policy because the trucks stop at every recipient’s location.

Given (1) and our discussion in this section, the total cost of the Truck policy is zt =

cq f t lt + ct
sn. We derive the Truck policy cost, zt , in the following proposition.

PROPOSITION C.1.1. The Truck policy cost under the approximated tour length and size is

zt = 2cq(π+
n

K
)+ ct

sn (Two.5)
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C.2 Autonomous Vehicle policy

In the Autonomous Vehicle (AV) policy, the AVs perform the deliveries, as shown in Figure

Two.1b. The total AV travel length is da
v = 2n, where 2 accounts for each recipient’s inbound

and outbound trips. In the AV policy, the hand-off is the cost of establishing an automation

center at the depot that connects to arriving AVs and loads them with the requested items. There

is only one stop at the center of the circle where the operator loads the items onto the AVs, i.e.,

sa = 1. Hence, the hand-off cost is ca
s . The total AV policy cost, zv, is

zv = 2cvn+ ca
s . (Two.6)

C.3 Hybrid policy

In the Hybrid policy, each truck travels a radius of r from the depot, stops at xh hubs on the ring

(each at a distance r away from the depot and equally spaced), and then returns to the depot.

Recipients send their AVs to pick up their orders from these hubs. There are m recipients that use

their AVs to visit the same closest hub, e.g., m = 3 in Figure Two.1c. The number of recipients

per hub, m, times the number of hubs per truck, xh, is obviously bounded by the truck capacity,

i.e., mxh ≤ K. Figure Two.2 shows two special cases of the Hybrid policy where m = 1 and

m = K. The number of hand-offs in this policy is equal to the number of hubs as it stands for

where the ownership changes. Since m recipients send their AVs to each hub, the total number

of hubs and, consequently, the number of hand-offs is n/m. For example, where m = 1, there are

sh = n hand-offs because each recipient has a designated hub, and for m = K, there are sh = n/K

hand-offs as each truck route has a single hub. The n/m hubs are equally spaced from each

other, located at a distance r from the depot, and their distance from each other is ∆h = 2rmπ/n.

We note that both r and m are decision variables chosen to minimize the operator’s cost.

Note that when r = 1, the travel cost of the Hybrid policy is identical to the Truck policy, but the

Hybrid policy has fewer hand-offs. Similarly, when r = 0, the travel cost of the Hybrid policy is

identical to the AV policy, but the Hybrid policy has more hand-offs.

There are f h truck routes that have the same length, and each visits an average of mxh
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Figure Two.2: Boundary condition cases of the Hybrid policy. Thick black lines represent truck routes,
and thin gray lines represent AV routes. Panel a) m = 1; Panel b) m = K.

(a) (b)

recipients such that f h = ⌈n/mxh⌉. When n/m ≫ xh, we approximate f h as

f h =
n

mxh . (Two.7)

The length of each route is lh, given by

lh = 2r+(xh −1)∆h

≈ 2r+ xh
∆

h, (Two.8)

where similar to (Two.3), ∆h is negligible when n is large. We relax the approximation in

(Two.8) in the case study of Section F. The number of hubs per route is bounded by the truck

capacity:

xh =
K
m
, (Two.9)

We use (Two.9) to derive the number of truck routes (Two.7) and the length of each route

(Two.8).

The number of hand-offs in the Hybrid policy is the number of hubs, which is sh = n/m,

and the hand-off cost is ch
s n/m. The truck cost is cqdh

q where dh
q = f hlh and the AV cost is cvdh

v .

We approximate the AV distance dh
v given in Lemma A.1 of Appendix A in e-companion
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as:

dh
v ≈ 2n(1− r)+

m2π2r

3(1− r)
. (Two.10)

As a special case of (Two.10), when r = 0, the AV distance is dh
v ≈ 2n, which indicates

that the recipients send their individual AVs to the depot as in the AV policy.

We minimize the cost of the Hybrid policy, zh, at the optimal truck travel radius r∗h and the

optimal number of recipients per hub m∗. We derive r∗h and m∗
h in the following proposition.

PROPOSITION C.3.1. The cost of the Hybrid policy, zh, is

zh ≈ ch
s

n
m
+ cv(2n(1− r)+

m2π2r

3(1− r)
)+2cq(

nr
k
+ rπ) (Two.11)

For any given number of recipients per hub, m, the Hybrid policy cost, zh, is minimized at

the following optimal radius

r∗h = 1−mπ

√√√√ cvK

6(cvKn− cqn− cqKπ)
if

6(n+Kπ)

6Kn−Km2π2 ≤
cv

cq
,

0 if
6(n+Kπ)

6Kn−Km2π2 >
cv

cq
,

and for any given truck radius, r, the optimal number of recipients per hub is m∗
h = 1if

3n(1− r)

2π2r
≤

cv

ch
s

,

3

√√√√3ch
s n(1− r)

2cvπ2r
if

3n(1− r)

2K3π2r
≤

cv

ch
s
<

3ch
s n(1− r)

2π2r
,

K if
3n(1− r)

2K3π2r
>

cv

ch
s
.

According to Proposition C.3.1, the optimal radius is related to the vehicle travel cost ratio

cv/cq, whereas the number of recipients per hub depends on the ratio of the AV cost to the

hand-off cost, cv/ch
s . Proposition C.3.1 presents a system of two equations with two unknowns.

While these are easy to solve numerically, in general, there are no closed-form solutions for

r∗h and m∗
h. The lack of a closed-form expression also reduces the tractability of the Hessian

matrix required to establish the optimality of the solutions. Nevertheless, in a detailed numerical
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experiment, the Hessian matrix showed convexity w.r.t. both r and m. In Section E.2, we

numerically solve this system of equations to find r∗h and m∗
h, and in Section E.3, we derive an

asymptotic cost, zh, in closed-form.

According to (C.3.1), r∗h decreases linearly with m. Similarly, from ∂m∗
h/∂r in (C.3.1), m∗

h

decreases with r∗h. As a consequence, the operator experiences a trade-off in locating the hub

closer to recipients but serving fewer recipients per hub and vice versa. Moreover, from ∂r∗h/∂n

in (C.3.1), when K > cq/cv then r increases with the number of recipients n. That is the operator

benefits from economies of scale of serving more recipients per truck and is willing to increase

r∗h to locate the hubs closer to recipients. Furthermore, as the cost ratio, cv/cq, increases, the

operator locates the hubs closer to recipients to limit the large total AV distance.

C.4 Crowdsourcing policy

In the Crowdsourcing policy, each truck travels a radius r from the depot, stops at xw hubs, and

returns to the depot. Recipients lend their AVs to the operator to perform the deliveries. Each AV

leaves the recipient’s location, drives to the nearest hub, and returns to the ring to serve m−1

other recipients until it reaches its own location, as shown in Figure Two.1d. Thus, each AV

serves m recipients, including its owner. For simplicity, we assume that AVs have a large enough

capacity to serve these m recipients. It is evident that m is smaller than the truck capacity K.

The generic routing of the Crowdsourcing policy is presented in Figure Two.3, where for

illustration purposes, m = K (i.e., AVs have the same capacity as trucks) and r ∈ (0,1). We

present two boundary conditions of the Crowdsourcing policy in Figure Two.3 where m = K

and r = {0,1}. When r = 1, Figure Two.3b shows that the operator locates the hubs on the ring

and AVs travel only on select arcs of the ring. In the other boundary condition, Figure Two.3c

shows that when r = 0, the tours are traveled exclusively by recipient AVs. Here, the travel cost

of the Crowdsourcing policy differs from the AV policy as AVs travel less to the depot.

The design of the Crowdsourcing policy routes is as follows. There are f w truck routes that

each visit xw hubs. The length of each route is lw. Similar to (Two.7) and (Two.8), we have

f w ≈ n/mxw and lw ≈ 2r+ xw
∆

w. (Two.12)
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Figure Two.3: Boundary conditions of the Crowdsourcing policy. Thick black lines represent truck routes,
and thin gray lines represent AV routes. In all panels, we set m = K. Panel a) 0 < r < 1; Panel b) r = 1;
Panel c) r = 0.

(b) (c)(a)

The hand-off cost for the Crowdsourcing policy is equal to the number of hubs (hand-off

to AVs), in addition to the number of recipients (hand-off to recipients). Note that there would

be no hand-off cost at the AV owner’s location (similar to the AV policy), but we ignore this

difference for simplicity. Thus, there are sw = n/m+n hand-offs.

The operator minimizes the sum of costs, zw, according to (Two.1). The hand-off cost is

cw
s (n/m+n), the truck cost is cq f wlw, and the AV cost is cvdw

v . We approximate the AV distance

dw
v given in Lemma A.2 of Appendix A in e-companion as:

dw
v ≈ 2π+

2n(1− r)

m
+

rπ2m

n(1− r)
, (Two.13)

where the first term is the approximate distance traveled on the ring (the exact distance is

2π−n/m∆), and the second and third terms are the line-haul distances. When r = 0, the AV

distance is dw
v ≈ 2π+2n/m according to (Two.13), indicating that each of the n/m AVs has a

line-haul distance of 2 and travels a distance of 2πm/n on the arcs of the ring to visit recipients.

We minimize the cost of the Crowdsourcing policy, zw, at the optimal truck travel radius,

r∗w, and the optimal number of recipients per hub, m∗
w. The components of the Crowdsourcing

policy cost, zw, have been discussed in (Two.12) and (Two.13), and we use assumptions similar

to the Hybrid Policy. We derive zw, r∗w and m∗
w in the following proposition.
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PROPOSITION C.4.1. The Crowdsourcing policy cost, zw, is

zw ≈ cw
s (n+

n
m
)+ cv(2π+

2n(1− r)

m
+

rπ2m

n(1− r)
)+2cq(

nr
k
+ rπ) (Two.14)

For any given number of recipients per hub, m, the Hybrid policy cost, zw, is minimized at

the following optimal radius

r∗w = 1−mπ

√√√√ cvK

2n(cvKn− cqmn− cqKmπ)
if

2mn(n+Kπ)

2Kn2 −Km2π2 ≤
cv

cq
,

0 if
2mn(n+Kπ)

2Kn2 −Km2π2 >
cv

cq
, and for any given truck radius, r, the optimal number of recipients

per hub is

m∗
w = 1if

n2(1− r)

π2r−2n2(1− r)2 ≤
cv

cw
s

,

n

π

√√√√cw
s (1− r)+2cv(1− r)2

rcv
if

n2(1− r)

K2π2r−2n2(1− r)2 ≤
cv

cw
s
<

n2(1− r)

π2r−2n2(1− r)2 ,

K if
cv

cw
s
<

n2(1− r)

K2π2r−2n2(1− r)2.

Proposition C.4.1 also presents a system of two equations with two unknowns. In Section

E.2, we numerically solve this system of equations to find r∗w and m∗
w and in Section E.3, we

derive an asymptotic cost, zw, in closed-form.

According to (C.4.1), r∗w decreases with m if n >
cqKmπ

cvK−cqm and according to (C.4.1), m∗
w

decreases with r∗w. Consequently, similar to the Hybrid policy, the operator experiences a

trade-off in locating the hub closer to recipients but serving fewer recipients per hub and vice

versa. Our numerical analysis shows that this system of equations is numerically convex.

Section D: Routing on a disk

In this section, we extend the previous model by assuming recipients are dispersed on the surface

of a disk rather than only on the circumference of a ring. This setting is practical and requires

minor modifications to each policy’s routing strategy. We introduce additional bounds on the

performance of each policy and compare the ring and circular routing results.
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Following the previous notation convention, we use j = {q,v} to denote the truck and AV

modes of transportation, and i = {t,a,h,w} to denote the Truck, AV, Hybrid, and Crowdsourcing

policies, respectively. We consider that the depot is located at the center of a unit disk, and

recipients are uniformly dispersed on the surface of the disk. The recipient density on the disk

is δ so that there are n = πδ recipients in total. For the Truck, Hybrid, and Crowdsourcing

policies, we propose the following routing heuristics for the truck routes. The heuristic divides

the circular service area into C concentric rings, with equal distance, τ, between them and these

rings are traversed by the trucks. The rings radii, Ri for i = 1...C, increase incrementally by τ,

which is a decision variable of the heuristic, yielding the following radii:

R1 = τ/2 , R2 = 3τ/2 , Ri = (i− 1
2
)τ. (Two.15)

We derive upper and lower bounds for each policy, considering that each truck services a

specific neighborhood defined by its ring. Furthermore, we show that for each policy, the costs

obtained under the lower and upper bounds have the same asymptotic properties (sandwich

policy). Figure Two.4 illustrates an example of routing on a disk, where the circular surface is

divided into a number of rings. These rings, shown by black lines, are traversed by trucks, and

the AV distances are shown by thin yellow lines. Trucks may not always travel along the shortest

paths within neighborhoods due to the higher density of obstacles like buildings. We considered

this by using Euclidean travel distances (L2 norm) and Manhattan distances (L1 norm) in

different scenarios. We explain the bounds within the descriptions of each policy. Additionally,

the AV distances follow a specific routing strategy in the Hybrid and Crowdsourcing policies,

which is consistent with the concept of short travels on local roads within each recipient’s

neighborhood. These strategies are depicted for a subset of recipients in Figure Two.4 and will

be detailed in subsequent sections.

D.1 Truck policy on a disk

We first define the Truck policy heuristic, inspired by the Beardwood-Halton-Hammersley

(BHH) Theorem and extended in studies such as Beardwood, Halton, and Hammersley (1959)
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to approximate the vehicle routing problem. As mentioned in the previous section, the circular

service area is divided into concentric rings and each recipient is allocated to the ring nearest to

them; therefore, the number of recipients on ring i can be obtained from the probability that a

random recipient is closer to ring i than to any other ring. The number of recipients on ring i,

derived in Appendix A in e-companion, is

ni = (2i−1)τ2
πδ. (Two.16)

Figure Two.4: Routing heuristics on a disk. Thick black and thin yellow lines represent truck and AV
routes. Black squares represent hubs in panels (c) and (d). In panels (a), (c), and (d), the disk is divided
into concentric rings. Dots represent recipients, and each color colour represent recipients assigned to
each ring.
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The number of truck routes on ring i is f t
i , each having a distance of lt

i . Recall that in the

single ring case, the total cost of the Truck policy with n recipients is zt = cq f t lt + ct
sn (derived

at the end of 3.1) where f t and lt were the number of truck routes and the average length of each

truck route on the single ring, respectively. We expand this expression for the case of multiple

rings by adding the index i for each ring such that

zt(τ) = cq

C

∑
i=1

f t
i lt

i + ct
sδπ, (Two.17)

where f t
i is the number of routes on ring i and lt

i is the average length of each such route. We

next obtain an upper bound and a lower bound for each truck tour length.

An Upper Bound: We derive the upper bound by assuming each truck departs from the

depot, drives to a ring, and then travels an arc on the ring. While moving on the arc, the truck

travels to and from each recipient, following the shortest distance between the arc and the

recipient, as shown in Figures Two.4a and Two.5a. As mentioned earlier, each recipient is visited

by the truck on the nearest ring.

We assume all routes are bounded by the truck capacity, and each truck route holds K

recipients. Given the number of recipients assigned to each ring, derived in (Two.16) , the

number of routes in each ring i is f t
i = ni/K. Thus, from (Two.16), the number of routes on ring

i is

f t
i = (2i−1)τ2

πδ/K. (Two.18)

The average length of each route on ring i consists of three terms (i) the sum of inbound and

outbound distances between the depot and the ring, (ii) the distance traveled on the ring by each

truck, which is dictated by the truck capacity and the average distance on the ring between two

consecutively visited recipients, and (iii) an average detour for each of the K recipients on each

route. Since the rings are separated in a radius by τ and recipients are uniformly dispersed, the

maximum and minimum detours would be τ/2 and zero, respectively; thus, the average detour

under the uniform distribution is τ/4, which would be doubled since there are inbound and

outbound detours for each recipient. Thus, the average length of each detour is 2(τ/4) = τ/2
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and the average route length on ring i is

lt
i = 2Ri +

2πRiK
nt

i
+

Kτ

2
. (Two.19)

PROPOSITION D.1.1. Given that Ri,nt
i, f t

i , and lt
i are all characterized by τ, we can re-write

(Two.17) as zt
u(τ)≈ cq(

4δπ

3K + π

τ
+ δπτ

2K )+ ct
sδπ, which from the first and second order conditions

is minimized at τ∗ =
√

2
δ
, giving the following approximation for the optimal cost of the Truck

policy

zt
u
∗ ≈ cqπ(

4δ

3K
+
√

2δ)+ ct
sδπ. (Two.20)

A Lower Bound: We derive the lower-bound by assuming that each truck initiates its route

from the depot, travels to a specific ring, and then visits the assigned recipients by traveling the

shortest path. Figure Two.5b shows the lower bound on the truck route in each service area.

Each truck route has two parts: (i) the sum of inbound and outbound travel distances between the

depot and the ring, and (ii) the distance travelled within each truck’s service area to deliver to K

recipients. This solution is a lower bound, as the shortest path may not always be feasible, e.g.,

when there are buildings in the way. We prove the lower bound using Lemma A.3 and Theorem

1 in the Appendix, which is inspired by the Lemma 2 in Carlsson et al. (2016). We extend the

unit square derivation to a rectangular derivation, providing a more accurate representation of

the truck service area.

Under the Truck policy, the service area takes an approximately rectangular shape with the

Figure Two.5: Travel distances in lower and upper bounds in the Truck policy. The dashed arcs specify
the service area of one truck, and the thick black lines show truck route. The yellow circles represent
recipients in this service area.

(a) Upper bound. (b) Lower bound.
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length of 2πRiK
nt

i
= K

τδ
and width of τ, and the number of recipients in each service area is the

truck’s capacity K. Thus, using Theorem 1, the average length of truck route on ring i is:

lt
i = 2Ri +α

√
K

K
τδ

τ = 2Ri +αK

√
1
δ
. (Two.21)

PROPOSITION D.1.2. Using (Two.21), a lower bound on the total cost of the Truck policy as

zt
l(τ)≈ cq(

4δπ

3K
+απ

√
δ)+ ct

sδπ. (Two.22)

We now derive the cost per recipient in asymptotic condition for large δ:

lim
δ→∞

zt
l

πδ
= lim

δ→∞

cq
4

3K
+ cq

α√
δ
+ ct

s. (Two.23)

In the classic TSP and its extensions to the vehicle routing problem, with recipients

uniformly distributed on a surface, the cost per recipient is proportional to 1/
√

δ for large δ

(Daganzo 2005). This is validated in our work through (Two.20) and (Two.23).

We now compare the total costs of upper and lower bounds in the Truck policy, presented

in (Two.20) and (Two.23), respectively.

lim
δ→∞

zt
l

πδ
= lim

δ→∞

zt
u

πδ
=

4cq

3K
+ ct

s. (Two.24)

Thus, the total costs of the upper and lower bounds in the Truck policy exhibit the same

asymptotic properties, which will be used later in the comparative analysis.

D.2 AV policy on a disk

In the AV policy, the AVs travel directly to and back from the depot. There are no upper and

lower bounds for this policy as we are able to derive the exact travel distances. The total AV

distance is obtained from integration over the surface of the disk

da
v = δ

∫ 1

0
(2l)2πl dl = 4/3δπ, (Two.25)
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whereby based on the density of recipients, 2πl dl recipients impose a travel of distance of 2l for

AV travel to and from the depot. Each AV has a single stop at the depot, i.e., sa = 1; hence, the

hand-off cost is ca
s , and the total AV policy cost is

zv = 4/3πδcv + ca
s . (Two.26)

D.3 Hybrid policy on a disk

In the Hybrid policy, each truck departs from the depot, travels to a designated service area,

visits a series of hubs, and returns to the depot. Recipients, in turn, use their AVs to travel

to a hub for package pickup. We use the proposed heuristic of dividing the circular area into

concentric rings. In this routing strategy, the number of truck routes on ring i is f h
i , each with

a length of lh
i . The total AV distance in the Hybrid policy is dh

v , where the notation is similar

to that of the routing on a single ring (Section 3.3). There are sh hand-offs, corresponding to

the number of hubs, which are the transition points where delivery shifts from trucks to AVs.

Therefore, the cost of the Hybrid policy is

zh(τ,m) = cq

C

∑
i=1

f h
i lh

i + cvdh
v + ch

s sh. (Two.27)

Each truck departs from the depot, travels to a ring, and stops at a number of evenly

spaced hubs on the ring. Therefore, the length of each truck route consists of (i) the inbound

and outbound travel distances between the depot and the ring and (ii) the cumulative distance

traveled by the truck as it visits the hubs located on that ring, as shown in Figures Two.4c and

Two.6. Given that there are ni recipients assigned to ring i, and each hub is tasked with serving

m recipients, the total number of hubs on ring i is ni/m. Since the number of hand-offs in the

Hybrid policy directly corresponds to the number of hubs, the total number of hand-offs in this

policy is obtained by aggregating the number of hubs across all rings, sh = ∑
C
i=1

nh
i

m = n
m .

With ni recipient on ring i and K recipients per truck, we have f h
i routes on each ring such

47



that f h
i = ⌈ni

K ⌉. When ni ≫ K, we approximate f h
i as

f h
i ≈ ni

K
(Two.28)

We establish lower and upper bounds for the travel distances of trucks and AVs with the

following rationale. For AV routes, we consider that travelling along the shortest paths within

neighborhoods may not always be possible due to the higher density of buildings and other

obstacles. We addressed this in our analysis, where we set the lower bound, assuming that AVs

travel in neighbourhoods following a Euclidean travel distance, while the upper bound is based

on Manhattan distances.

An Upper Bound: We propose an upper bound where the circular area is divided into a

number of concentric rings, and truck routes are as follows: each truck departs from the depot,

travels to a specific ring, traverses an arc of this ring while it stops at a series of evenly spaced

hubs on the ring, and returns to the depot. This routing strategy is illustrated for the entire fleet

in Figure Two.4c and for an individual truck in Figure Two.6a.

The distance between consecutive hubs on Ring i, using (Two.16), is:

∆
h
i =

2Rimπ

ni
=

(2i−1)τmπ

πδτ2(2i−1)
=

m
δτ

. (Two.29)

Figure Two.6: Lower and upper bounds in the Hybrid policy. The thick black lines show truck route,
and the black squares represent hubs. The gray lines show AV routes, and the yellow disk represents
recipients in this service area. This figure is for one truck and the dashed arcs specify the service area of
one truck.

(b) Lower bound.(a) Upper bound.
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The length of each route is

lh
i ≈ 2Ri +

2πRiK
ni

. (Two.30)

In deriving the upper bound for the traveling distances of AVs, we assume that AVs follow

a Manhattan distance and travel in the ring and radial directions to and from each hub, as

illustrated in Figure Two.4c and Figure Two.6a. This approach is consistent with the concept

of short travels on local roads within each recipient’s neighborhood. The AV distance in the

Hybrid policy is dictated by the number of recipients and the sum of the expected ring and radial

distances per recipient:

dh
v =

C

∑
i=1

2ni(
τ

4
+

∆h
i

4
)≈ δπτ2 +mπ

2τ
. (Two.31)

PROPOSITION D.3.1. The cost of the Hybrid policy, zh
u(τ,m)≈ cq(

π

τ
+ 4πδ

3K )+ cv
δπτ2+mπ

2τ
+ ch

s
n
m ,

is minimized at τ∗ =
√

2cq+cvm
cvδ

from the first and second order conditions, giving the following

approximation for the optimal cost of the Hybrid policy:

zh
u(m)

∗ ≈
4πδcq

3K
+π

√
cvδ
√

2cq + cvm+ ch
s

δπ

m
. (Two.32)

Proposition D.3.1 validates the 1/
√

δ scale in the literature when δ → ∞ in zh(m)/δ given

the expression of zh(m) in (Two.32).

A Lower Bound: We use a lower bound heuristic where each truck travels from the depot

to a ring, traverses the ring to visit xh hubs along the ring and then returns to the depot. The

distance traveled by truck, particularly along an arc of the ring, is approximated using (Two.30),

where the truck follows a predetermined arc during its route. For the AV travel distance, a lower

bound is determined by considering the direct routes from the hub to the recipient locations

and back. This differs from the AV distances in upper bound (Two.31) in terms of considering

Euclidean travel distances of direct routes instead of ring-radial (Manhattan) distances, as shown
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in Figure Two.6b.

dh
v =

C

∑
i=1

2ni

√
(

τ

4
)2 +(

∆h
i

4
)2 =

π

2τ

√
δ2τ4 +m2 (Two.33)

PROPOSITION D.3.2. Using (Two.33) and (Two.30), a lower bound on the total cost of the

Hybrid policy is:

zh
l (τ,m)≈ cq(

4πδ

3K
+

π

τ
)+ cv(

π

2τ

√
δ2τ4 +m2)+ ch

s
δπ

m
, (Two.34)

which is minimized at τ∗ ≈
√

2cq
cvδ

from the first and second order conditions, and gives:

zh
l (m)∗ ≈ cq(

4πδ

3K
+π

√
cvδ

2cq
)+ cv(

πδ

2

√
2cq

cvδ
)+ ch

s
δπ

m
. (Two.35)

We now derive the cost per recipient in asymptotic conditions, which again validates the

1/
√

δ scale in the literature:

lim
δ→∞

zh
l
∗

πδ
= lim

δ→∞

4cq

3K
+

√
cvcq

2δ
+

√
cvcq

2δ
+

ch
s

m
. (Two.36)

Comparing the upper and lower bound in the asymptotic condition gives:

lim
δ→∞

zh
l
∗

πδ
= lim

δ→∞

zh
u
∗

πδ
=

4cq

3K
+

ch
s

m
, (Two.37)

which shows the same result for the asymptotic properties of the upper and lower bounds costs

in the Hybrid policy.

D.4 Crowdsourcing policy on a disk

In the Crowdsourcing policy, the truck routing is similar to that of the Hybrid policy, with

inbound/outbound travels between the depot and the ring and visiting hubs in each truck service

area. Each truck travels radius Ri to ring i, stops at xw hubs, and returns back to the depot.
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Figure Two.7: Lower and upper bounds in the Crowdsourcing policy. The thick black lines show truck
routes, and the black squares represent hubs. The gray lines show AV routes and the yellow circle
represents recipients. This figure is for one truck and two AVs that are crowdsourcing to their neighbors.
Each dashed area represent the service area of one Av.

(b) Lower bound.(a) Upper bound.

Similar to (Two.30), the length of each route is:

lw
i ≈ 2Ri + xw

∆
w
i , (Two.38)

where ∆w
i is the distance between consecutive hubs. The number of routes per each ring, similar

to (Two.28), is obtained as f w
i ≈ ni

mxw , where xw =
K

m
. Thus,

f w
i ≈ ni

K
. (Two.39)

As shown in Figure Two.4d and Figure Two.7, for a group of m recipients closest to each

hub in the Crowdsourcing policy, one AV travels to that hub and later delivers to other m−1

recipients in its neighborhood. The hand-off cost of the Crowdsourcing policy is equal to the

number of hubs (hand-off to AVs) in addition to the number of recipients (hand-off to the

recipients):

sw = n+
C

∑
i=1

ni

m
= n(1+

1
m
). (Two.40)

An Upper Bound: We propose an upper bound for the Crowdsourcing policy in which

trucks traverse the rings and stop at hubs on the rings that are equally distant, and AVs take over

the second part of the delivery from these hubs to the recipient’s location. The truck routing is

similar to that of the upper-bound solution in the Hybrid policy. For the AV routing, one AV

in each hub travels to the hub and delivers to the m recipients closest to that hub, including the
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location of the AV owner itself. The upper bound on AV tour length in the Crowdsourcing policy

accounts for the AV navigating the perimeter of the area assigned to each hub, in addition to

covering radial local distances to each recipient’s location, shown in Figure Two.7a and Figure

.3. Consequently, the average travel distance for each AV is 2 τ

2 +2(τ+∆w
i )+m τ

4 where the first

term approximates the inbound and outbound AV travel distances, the second term represents

the perimeter of the designated area, and the third term accounts for perpendicular detours to

recipients. Given f w
i xw hubs on ring i, the total AV distance is calculated in Appendix A in

e-companion as:

dw
v =

C

∑
i=1

f w
i xwdw

v i ≈
2π

τ
+

τδπ(12+m)

4m
. (Two.41)

PROPOSITION D.4.1. The operator’s cost zw
u (τ,m)≈ cq(

π

τ
+ 4πδ

3K − πδτ2

3K )+ cv(
2π

τ
+ τδπ(12+m)

4m )+

cw
s (n(1+

1
m)) is minimized at τ∗ =

√
2m(cq+2cv)
cvδ(12+m) , giving the following approximation for the

optimal cost of the Crowdsourcing policy:

zw
u (m)∗ ≈ cq

4δπ

3K
+

√
m(cq +2cv)

√
cvδπ(12+m)

m
+ cw

s
δπ(m+1)

m
. (Two.42)

Similar to Proposition D.3.1, Proposition D.4.1 also validates the 1/
√

δ scale when δ → ∞

in zw(τ,m)/δ given the expression of zw(τ,m) in (Two.42).

A Lower Bound: We establish a lower bound for the Crowdsourcing routing problem by

assuming that in each hub neighbourhood, the AV responsible for crowdsourcing travels from

the AV owner location to the hub, starts its TSP tour from the hub and visits the recipients in that

neighborhood by traveling the shortest path. We prove this lower bound through Lemma A.3 and

Theorem 1 in the appendix. This provides the TSP tour length of each crowdsourcing AV, which

is responsible for visiting m recipients who are distributed within an approximately rectangular

area with a length of ∆w
i = m

δτ
and width of τ, as shown in Figure Two.7b, which gives the TSP

tour length of α2
√

m∆w
i τ. We also account for the travel distance of the crowdsourcing AV from

its location to the hub (to start the TSP tour), which has an average of 2
√
( τ

4)
2 +(

∆h
i

4 )2, similar

to derivation in the lower bound of the Hybrid policy. Thus, the average travel distance of each
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AV is:

dw
v i = 2

√
(

τ

4
)2 +(

∆h
i

4
)2 +α2

√
m2

δ
. (Two.43)

Given f w
i xw hubs on ring i, where f w

i ≈ ni
mxw , the lower bound on the total AV distance is:

dw
v =

C

∑
i=1

f w
i xwdw

v i ≈
C

∑
i=1

ni

mxw xw(2

√
(

τ

4
)2 +(

∆h
i

4
)2 +α2

√
m2

δ
)≈ πδτ

2m
+α2π

√
δ. (Two.44)

For trucks, we use a routing strategy similar to the Hybrid policy; each truck travels from

the depot to a ring, visits xw evenly spaced hubs on each ring, and returns to the depot at the

center.

PROPOSITION D.4.2. Using (Two.44), a lower bound on the total cost of the Crowdsourcing

policy is:

zw
l (τ,m)≈ cq(

π

τ
+

4πδ

3K
)+ cv(

πδτ

2m
+α2π

√
δ)+ cw

s (πδ(1+
1
m
)), (Two.45)

which is minimized at τ∗ =
√

2cqm
cvδ

and gives the optimal cost as:

zw
l (m)∗ ≈ cq(

4πδ

3K
+π

√
cvδ

2cqm
)+ cv(πδ

√
cq

2mcvδ
+α2π

√
δ)+

cw
s πδ(m+1)

m
. (Two.46)

Obtaining the cost per recipient in asymptotic condition, we have:

lim
δ→∞

zw
l
∗

πδ
= lim

δ→∞

4cq

3K
+

√
cqcv

2mδ
+

√
cvcq

2mδ
+

cvα2√
δ

+
cw

s (m+1)
m

. (Two.47)

which validates the 1/
√

δ scale when δ → ∞ in zw(τ,m)/δ.

Comparing the asymptotic properties of the lower and upper bound costs of the Crowd-

sourcing policy, we have:

lim
δ→∞

zw
l
∗

πδ
= lim

δ→∞

zw
u
∗

πδ
=

4cq

3K
+

cw
s (m+1)

m
. (Two.48)
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Thus, for the Crowdsourcing policy, the lower and upper bounds show similar results in the

asymptotic conditions.

Section E: Comparative analysis

In this section, we derive the asymptotic properties for both ring and disk routing strategies

when the number of recipients tends to infinity. We show that both strategies yield the same

structure for the optimal cost function. Given the agreement on the cost structure, we thereafter

focus on the ring model to derive a dominance space, identifying which policy has the lowest

cost for different marginal cost realizations. We lastly investigate the role of hand-off costs on

the policy costs, obtain insights from the special cases of zero and ordered hand-off costs, and

investigate the effect of unequal hand-off costs.

E.1 Asymptotic properties and comparison of the ring and the disk models

We compare the policies when n → ∞ and consider the cost per recipient defined as zi/n for

policy i. We assume the hand-off costs are equal and denoted by cs but later relax this assumption

in Section E.3. The asymptotic cost per recipient of policy i in the ring model is

zi
∞,r = lim

n→∞

zi

n
. (Two.49)

Similarly, as n = πδ, the asymptotic cost per recipient in the disk model can be expressed

with the recipient density δ using (Two.49) as

zi
∞,c = lim

δ→∞

zi

πδ
. (Two.50)

We have shown in the previous section that for routing on a disk, the lower and upper

bound costs in each policy give the same asymptotic properties.

For the ring model, we express the asymptotic cost of each policy in the following proposi-

tion.
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PROPOSITION E.1.1. For the ring routing, as n → ∞, the asymptotic cost of each policy i is:

zt
∞,r =

2cq

K
+ ct

s (Two.51)

za
∞,r = 2cv (Two.52)

zh
∞,r =


2cq

K
+

ch
s

K
cq ≤ Kcv

2cv +
ch

s
K

cq > Kcv

(Two.53)

zw
∞,r =


2cq

K
+

cw
s (K +1)

K
cq ≤ cv

2cv

K
+

cw
s (K +1)

K
cq > cv

(Two.54)

The following proposition derives the asymptotic costs for routing on a disk.

PROPOSITION E.1.2. For routing on a disk, as δ → ∞, the asymptotic cost of each of the four

policies, for both upper and lower bound derivations, is given by

zt
∞,c =

4cq

3K
+ ct

s (Two.55)

za
∞,c =

4cv

3
(Two.56)

zh
∞,c =

4cq

3K
+

ch
s

K
(Two.57)

zw
∞,c =

4cq

3K
+

cw
s (K +1)

K
(Two.58)

From Propositions E.1.1 and E.1.2, it is evident that for both the ring and disk routing, the

asymptotic cost of each policy per recipient has the same scale w.r.t. the truck capacity, and

marginal travel and hand-off costs. For the Hybrid and Crowdsourcing policies, the marginal

costs of circular routing, i.e., (Two.57)-(Two.58), are consistent in scale (in terms of truck

capacity and marginal costs) with their ring routing counterparts, i.e., (Two.53)-(Two.54), when

cq ≤ cv. This outcome is representative of the inability of the disk routing model and other

similar continuum approximation methods of vehicle routing to capture cases where the second
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Figure Two.8: Dominance space under asymptotic conditions with cq = 1− cv.

mode of a two-echelon system, AVs in this paper, also contribute to the long-haul segments of

the route. These models only capture the local segments of the second transportation mode.

E.2 Dominant policies in generic settings

Given the discussion following Propositions E.1.1 and E.1.2, and the agreement on the cost

structure of ring and disk routing strategies, we analyze the ring model for deriving a dominance

space shown in Figure Two.8. Hereafter, we use the following definition to compare the policies.

Policy i dominates policy j if it has a lower cost, i.e., zi < z j. The dominant policy is one

that dominates all other policies.

The mathematical expressions of the dominant policy boundaries are not all derivable in

closed-form due to the computational complexity. We discuss these boundary expressions in

the asymptotic analysis of the next section. The insights from the dominance space in Figures

Two.8 and Two.9 are as follows:

Insight 1 (dominance space patterns): The AV policy is dominant when the marginal AV

cost, cv, is low, and the Truck policy is dominant when the marginal AV cost, cv, is high.

Insight 2 (sandwiched policies): Crowdsourcing and Hybrid policies are sandwiched

between Truck and AV policies. Between Hybrid and Crowdsourcing policies, the latter is

dominant when the hand-off cost is small because the Crowdsourcing policy has more hand-offs

than the Hybrid policy.
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We now present numerical experiments to show the evolution of the dominance space with

respect to the number of recipients n. For each n, we numerically solve the system of equations

in Propositions C.3.1 and C.4.1 to compute the radius and number of users per hub that can be

used to derive the cost of the Hybrid and Crowdsourcing policies.

Insight 3 (Impact of recipients): Figure Two.9 shows increasing the number of recipients

shrinks the dominance space of Truck, AV, and Crowdsourcing policies but grows the space of

the Hybrid policy.

Based on Proposition E.1.1, we depict the asymptotic dominance space for the asymptotic

case in Figure Two.8b, and the following insights are evident from the dominance space.

Insight 4 (asymptotic dominated Truck policy): The Hybrid policy dominates the Truck

policy when n→∞. Thus, the availability of recipient-dependent deliveries (in either AV, Hybrid,

or Crowdsourcing policies) eliminates the conventional method of distribution using only trucks.

Moreover, given that the Truck policy is never dominant and the AV policy’s hand-off cost does

not appear in the asymptotic costs; only the hand-off cost of the Hybrid and Crowdsourcing

policies determine the dominant policy.

Insight 5 (asymptotic dominant policies): When cq ≤ cv, either the Hybrid or AV policies

dominate the others. Moreover, the Hybrid policy dominates the AV policy if (2cq+cs)/2cv <K,

which happens when the capacity is large, making only the hand-off cost of the Hybrid policy

detrimental in the final cost of delivery.

E.3 Analysis of hand-off costs

In general settings, the hand-off costs of the four policies are not equal. Nevertheless, the

asymptotic analysis above suggests that the form of the dominant space is robust with respect

to these costs. We consider three scenarios with different hand-off costs to investigate this

robustness further. Specifically, in Section E.3.1, we consider the case with no hand-off costs.

In Section E.3.2, we consider cases with low, medium, or high hand-off costs. Finally, in

Section E.3.3, we consider three special cases of hand-offs related to the cost of automation and

distribution.
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Figure Two.9: Dominant policy at different n. The truck capacity is K = 10. The letters t,a,h,w represent
the Truck, AV, Hybrid, and Crowdsourcing policies, respectively.
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E.3.1 No hand-off costs

Consider a special case where hand-offs are inexpensive, i.e., cs = 0. Then, the Crowdsourcing

policy dominates the Hybrid policy because for each pair (r,m), the truck costs are the same, but

the AV cost of Crowdsourcing is lower than the cost of the Hybrid policy due to the geometry

of the routes; In the Hybrid policy, each of the m recipients has to access the hub individually,

whereas in the Crowdsourcing policy, only one recipient accesses the hub and the remaining

travel is completed on an arc of the ring.

We now compare the Truck and AV policies. According to (Two.5) and (Two.6) and under

cs = 0, the AV policy dominates the Truck policy if the cost ratio cv/cq is less than a threshold

such that

zv ≤ zt ⇔
cv

cq
≤

πK +n

nK
(Two.59)

As K decreases, the Truck policy is dominated because each route covers fewer recipients
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and consequently, the number of routes increases. Moreover, according to (Two.59), when

n ≥ cqKπ/(cvK−cq), the Truck policy is dominant because each truck benefits from economies

of scale by serving many recipients for a single inbound and outbound trip. In contrast, the AV

policy serves only one recipient for each inbound and outbound trip.

E.3.2 Low, medium, or high hand-off costs

Consider cases where the hand-off cost is low (cs = 0.1), medium (cs = 0.5), or large (cs = 0.9).

We also vary the AV cost, cv, in the same increments as those of the hand-off cost and present

the cost breakdown of the four policies in Figure Two.10 for n = 1,000.

According to Figure Two.10, the hand-off cost, cs, has a small effect on the AV policy

because it has only one hand-off (compare panels a-c). Moreover, when the hand-off cost is

small (panel a), the difference in policy costs is large, which is attributed to the distinctive

transportation costs. Moreover, Figure Two.10 also demonstrates that the AV cost decreases the

Truck policy and increases the AV policy costs as expected. However, the impact of cv on the

Hybrid and Crowdsourcing policies is more intricate as the cost of Crowdsourcing in all three

panels (and the cost of the Hybrid policy in panel a) first increases and then decreases with cv.

According to these trends, the initial increase in cost occurs because of a larger cv, and the latter

decrease in cost occurs because the operator reduces its usage of AVs in its optimal routing

compositions. Figure Two.10 also presents the cost percentage of AV routes in the Hybrid and

Crowdsourcing policies. In all cases but one (panel a, cv = 0.5), the AV cost percentage of

Figure Two.10: Policy costs. In Panels a, b, and c, the hand-off costs are 0.1, 0.5, and 0.9, respectively.
The AV cost percentage of the total cost is shown on top of the Hybrid and Crowdsourcing bars.
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the Hybrid policy is larger than Crowdsourcing because of the larger number of in-bound and

out-bound trips in the Hybrid policy where each recipient individually sends an AV to a hub,

whereas there is only one inbound and outbound trip per hub in the Crowdsourcing policy.

E.3.3 Different hand-off costs

We now consider three scenarios for the relative hand-of costs of the different policies. The

first scenario assumes the hand-off cost is predominantly related to the automation technology

required by AV, Hybrid, and Crowdsourcing policies. For example, the vehicles in the AV policy

first enter a pickup facility, then communicate their orders with a central system and proceed to

receive their orders (the entire process can be automated using robotics that load the AVs with

their requested items). In this scenario, we assume the hand-off cost of the Truck policy is half

the hand-off cost of the other policies, i.e., the dominance space is presented in Figure Two.11a,

which can be compared to the original one presented in Figure Two.9b. As expected, the Truck

policy space is much larger in this scenario. However, the boundaries of the AV policy remain

somewhat intact because this policy shares boundaries with the Hybrid and Crowdsourcing

policies, which both include AV automation as well.

The second scenario assumes the hand-off cost is predominantly related to the construction

and maintenance of the pickup facility for the AV policy. We assume that the hand-off cost

for the AV policy is twice the hand-off cost of the other policies, as the other policies do not

Figure Two.11: Dominant policy for the different hand-off scenarios when n = 1,000 and K = 10. The
letters t,a,h,w represent the truck, AV, Hybrid, and Crowdsourcing policies, respectively. Panels a, b, and
c correspond with the three scenarios.
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experience this large facility cost. The dominance space is presented in Figure Two.11b. As

expected, the dominant space for the Hybrid and Crowdsourcing policies increases in this

scenario as these policies dominate the AV policy in more cases.

The third scenario assumes the hand-off cost is predominantly related to the facility cost

in the AV policy and the automation technologies in the Hybrid and Crowdsourcing policies.

We assume the Truck policy hand-off cost is a quarter of the AV hand-off cost, and the hand-

off costs of the Crowdsourcing and Hybrid policies are half the AV hand-off cost, i.e., the

dominance space is presented in Figure Two.11c. As expected and similar to Figure Two.11a,

the Truck policy space is much larger in this scenario, and the boundaries of the AV policy

remain somewhat intact. However, the Crowdsourcing policy is better (dominated) over a larger

range in this scenario. We summarize this analysis in the following insight.

Insight 6 (robustness to hand-off costs): In the case of policy-specific hand-offs, although

the dominance space boundaries are perturbed, the overall pattern of the dominance space

remains the same. Moreover, the large dominance space of the Truck policy supports its

applicability in today’s logistics operations.

Section F: Case study

In this section, we present a case study to assess the validity of the analytical results derived

from the stylized model. We choose Walmart as the retailer in our analysis. Walmart serves

roughly 2.4 million recipients who shop daily in-store and online. The website “Walmart.ca” is

visited more than 900,000 times on a daily basis, which complicates the last-mile delivery of

shopping items from the superstore to recipients homes.

There are currently 20 Walmart superstores in the Greater Toronto Area. We choose the

single superstore with the largest geographical catchment area shown in Figure Two.12. We

assume a fixed number of recipients geographically dispersed on the map. The location of the

recipients is proportional to the population density shown as a heat-map in Figure Two.12, i.e.,

land parcels with larger populations are more likely to produce recipients. We calculate the

distance between the recipients and the depot and the distance between the recipients using the
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Euclidean metric.

We derive the cost of each policy using heuristic models that provide sub-optimal solutions.

We keep the heuristics simple as we only intend to approximate the policy costs.

For the Truck policy, we solve a vehicle routing problem (VRP) using a Simulated Anneal-

ing algorithm (Osman 1993). This method is known to perform well in finding local optimum

solutions for large-scale discrete optimization problems. The inputs to the VRP include the

recipient and depot locations, the capacity of the trucks and the allowable tour length. Each

recipient generates one unit of delivery load. Hence, the number of recipients in each route

should be smaller than the truck capacity. The output is the set and sequence of recipients

visited in each tour. In the simulated annealing algorithm, we set the initial temperature to 100,

the damping rate to 0.98, the maximum internal iterations to 100, and the maximum external

iterations to 2,000.

In the AV policy, we simply connect each recipient directly to the depot and sum the

inbound and outbound costs of visiting recipients.

In the Hybrid policy, we begin by allocating recipients to clusters using the k-means

algorithm (Hartigan and Wong 1979). The recipients in each cluster are served via a single hub.

We locate the hubs at the centroid of each cluster. We then solve a VRP using the simulated

Figure Two.12: Walmart superstore in the Greater Toronto Area with the largest geographical catchment
area. The shades of purple represent the population of the land parcels. [source: censusmapper.ca]
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annealing algorithm, where the destinations are the hubs. The pickup load at every hub is the

sum of the number of recipients assigned to that hub, as each recipient has a unit load of delivery.

In the Crowdsourcing policy, we also use the k-means algorithm to allocate the recipients to

clusters. For each cluster, we solve a Traveling Salesman Problem (TSP) to find a near-optimal

solution for visiting all recipients (of each cluster) in one tour. We then find the recipient in

each tour that is closest to the depot and locate the hub there. We then solve a VRP using the

simulated annealing algorithm, where the destinations are the hubs.

For n = 100 recipients and K = 10, Figure Two.13 depicts the solution of the four policies.

We vary the marginal AV and truck cost within the range of 0 to 1 dollars per km and assume

cv = 1− cq. We also vary the hand-off cost from 0 to 10 dollars per hand-off. The policy space

for n = 100 and n = 1,000 are presented in Figures Two.14. It is evident that Figure Two.14a

closely resembles Figure Two.8, thus showing that the case study displays the same dominance

space patterns as the analytical model. We observe that Insight 1 holds in the case study with

regard to the marginal AV cost. Insight 2 holds as well because the Hybrid and Crowdsourcing

policies are sandwiched by the truck and AV policies.

The policy space for n = 1,000 in Figure Two.14b also closely resembles Figure Two.8c-d

of the analytical model. Moreover, it is evident that the space of the Truck and Crowdsourcing

policies shrink when increasing n from 100 to 1,000, thus validating the asymptotic properties

of the analytical model as discussed in Insight 3. The case study also validates Insight 4,

given that the Truck policy is almost entirely dominated when n is large. The linear pattern

introduced in Insight 5 cannot be strictly validated. Although we observe the equivalent pattern

Figure Two.13: Four distribution policies. The Black and gray lines represent truck and autonomous
vehicle routes, respectively.

(a)	Truck	 (d)	Crowdsourcing(b)	Autonomous	Vehicle (c)	Hybrid

(a)	Truck	 (d)	Crowdsourcing(b)	Autonomous	Vehicle (c)	Hybrid
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Figure Two.14: Dominant policy for at different n. The letters t,a,h,w represent the truck, AV, Hybrid,
and Crowdsourcing policies, respectively.
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for Crowdsourcing policy here, it has nonlinear behaviour. Our extensive numerical experiments

with different hand-off costs also show similar patterns in the dominance space, thus validating

Insight 6.

Section G: Conclusions

Recipient participation in last-mile logistics can lead to new patterns of delivery. The ultimate

goal of analyzing these new delivery patterns is to reduce the cost of last-mile logistics while

compensating recipients for taking a role in the process. Recipient participation has also become

more viable due to recent advancements in technology. The emergence of AVs has the potential

to alter delivery patterns further. The ability of AVs to drive without humans reduces their

opportunity cost (i.e., the cost of driver time) and thus creates new opportunities for using

them to do household errands such as picking up online shopping. AVs can also support a

Crowdsourcing delivery policy, i.e., they could be outsourced to make deliveries for neighboring

recipients to generate revenue for their owners.

This paper studies the role of incorporating recipients in last-mile logistics. We consider

four policies: status quo Truck delivery, AV pickup, Hybrid combination of trucks and AVs, and

Crowdsourcing. We present two stylized models for routing on a ring and on a disk, derive upper

and lower bounds for routing in each policy, and show the consistency between the asymptotic

properties of the costs based upon both bounds. We then derive the optimal cost of the policies
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and compare them using a dominance space that is sensitive to driving and hand-off costs.

Under general settings, increasing the hand-off cost (related to the number of locations

where ownership changes) makes the AV and Hybrid policies more dominant, and increasing

the truck cost makes the AV and Crowdsourcing policies more dominant. When the number of

deliveries tends to be infinite, the status quo Truck policy is dominated by other policies.

Using a detailed case study for a grocery delivery service in Toronto, we further demonstrate

that the insights from our stylized models also remain valid for these practical settings. The

insights of this paper can assist in strategic-level decisions related to incorporating AVs in

last-mile logistics. Our analysis focuses mainly on comparing the costs of the four policies.

Some policies require a model detailed assessment if implemented for day-to-day operations.

The Crowdsourcing policy is, by nature, a two-sided market where the number of drivers is

sensitive to the wage offered by the platform, and the number of recipients is sensitive to the

charged delivery cost. Future research may also consider the environmental benefits of AVs as

they can drive in platoons with fewer abrupt acceleration and breaking. Service providers may

be more inclined to incorporate AVs as they become aware of these environmental advantages.
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Chapter Three Parametric Design of Time-Sensitive

Routing with Recipient-Dependent

Contributions

Research Summary

Last-mile delivery complexities intensify for perishable goods, which must maintain quality,

mainly when transported on non-refrigerated vehicles. If recipients are unavailable, delivery

failure may prolong the delivery of perishable goods, thus jeopardizing their integrity. This

study proposes recipient-dependent last-mile delivery solutions for perishable goods with time-

sensitive delivery routes where the recipients contribute to the process. We explore applications

of Autonomous Vehicles (AVs) in recipient-dependent deliveries of perishable goods and

compare traditional truck delivery with a proposed AV pickup policy and other multi-echelon

routing policies. We propose a parametric design of the policies, characterizing each policy by a

set of variables inspired by the network design literature. In this study, routes are regarded as

length-constrained, which is essential for the time-sensitive delivery of perishable goods. We

compare the optimal cost of policies in length-bounding (time-sensitive) with capacity-bounding

routes. Increasing hand-off costs also lead to the dominance of AV and hybrid policies over

traditional truck delivery. We validate the proposed managerial insights through a case study of

a Walmart location delivery service in Toronto, proving the applicability of the models. This

research contributes to the strategic integration of AVs in the last-mile delivery of perishable

goods. (D Viniche et al. 2024)
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Section A: Introduction

Transporting packages from distribution centers to final destinations, commonly known as

last-mile delivery, is the final leg of the supply chain, comprising about 28% of total shipment

costs (Goodman 2005, Ranieri et al. 2018). The growing demand for fast and responsive delivery

relies on the efficiency of the last mile, influencing customer satisfaction and loyalty (Jacobs et al.

2019). In the already competitive and laser-thin profit sector of last-mile logistics, delivering

perishable goods, such as food and medical supplies, further complicates operations due to strict

delivery regulations that maintain product integrity (Hsu, Hung, and Li 2007, Nguyen et al. 2013,

Nguyen, Dessouky, and Toriello 2014, Lagin et al. 2022). Lengthy deliveries increase the risk of

spoilage or quality degradation of perishable goods, ultimately leading to direct product loss,

affecting customer trust, and causing future losses (Gustavsson et al. 2011, A. Rijpkema, Rossi,

and GAJ van der Vorst 2014). Globally, 14% of food production is lost within the supply chain,

amounting to a substantial 931 million tonnes of food (FAO, UN 2023, UN 2024). Another

complexity in the last mile logistics is the challenge of failed deliveries, a problem not exclusive

to but notably intensified for perishable goods. First-time delivery attempts have an average

20% chance of failure in urban areas, such as Chicago city (Stanley Lim 2023). However, the

time-sensitive nature of perishable goods often does not allow for multiple delivery attempts,

which can degrade the quality of the perishable order. One way of reducing failed deliveries is

to rely on recipients to partake in the delivery process so they have more flexibility in pickup

time, leading to a higher chance of successful delivery.

Many logistics firms are adopting recipient-dependent delivery (RDD) strategies, shifting a

portion of the delivery responsibility to the recipients. RDD relies on receivers to collect their

items from either hubs or other specified locations, such as local collection stores or secure

lockers strategically placed in accessible areas. RDD strategies can also benefit from emerging

technologies, such as autonomous vehicles (AVs), which can enhance accessibility to goods and

services (Bagloee et al. 2016). In such a setting, recipients can dispatch an AV to pick up their

packages, eliminating the need for physical store visits. This delivery strategy is compatible

with pickup infrastructure at major grocery retailers, such as the drive-through pickup stations
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at Target and Walmart. This study proposes RDD-enabling last-mile logistics solutions for

perishable items, considering differing delivery policies inspired by integration with AVs.

AVs can streamline delivery by reducing human involvement, enhancing crowdsourcing,

and supporting the sharing economy. AV-equipped recipients can pick up packages and distribute

them in their neighborhoods, creating a shared delivery network that cuts costs and delivery

times. General Motors (GM) supports peer-to-peer sharing, allowing owners to rent AVs for

delivery, generating income (Washington Post 2018). Crowdsourcing AVs also reduces the

need for multiple pick-up stations. In cases of recipient unavailability, AVs use secure kiosks or

lockers, offering real-time notifications for timely deliveries.

This paper addresses the research question of designing last-mile delivery strategies for

the time-sensitive delivery of perishable goods with the participation of the AV-owned recipient.

We base the analysis on the established framework of Continuum approximation for the cost

analyzed of two-echelon last-mile delivery system (Carlsson and Song 2018) and vehicle routing

approximations with a given spatial distribution of the recipients (Newell and Daganzo 1986a,c).

To analyze the impact of length-bounding constraints, we adopt a two-stage modeling approach.

We first develop an analytical framework assuming a uniform spatial distribution of recipients,

leveraging the symmetry of the circular structure to provide analytical tractability. The circular

models are widely used in the operations management literature, particularly when demand is

assumed to be uniformly distributed, as they allow for the formulation of total cost functions

using continuous approximation methods. Moreover, many major cities, such as Beijing and

Indianapolis, have a circular or ring structure with business hubs near the center and residential

areas expanding outward, making the circular approximation both mathematically convenient

and empirically relevant. We later extend this analysis to a two-dimensional service area,

allowing for a more generalized comparison between length-bounding and capacity-bounding

constraints in real-world delivery networks.

The emerging RDD policies facilitated by AVs are explored in Chapter Two, where they

focus on scenarios where recipients own and use AVs to participate in last-mile delivery. Their

model primarily considers capacity constraints in routing strategies but does not account for

the time-sensitive nature of perishable goods. This study expands Chapter Two by introducing
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recipient-dependent AV-enabled delivery of perishable goods. We contribute to the literature

on AV-facilitated RDD, focusing on time-sensitive perishable deliveries. This study addresses

time-sensitive delivery by incorporating a delivery tour length constraint to limit the goods spent

in transit. Furthermore, we compare the cases when delivery tours are constrained by either the

truck’s capacity (capacity-bounding case) or tour length (length-bounding case). The proposed

optimization model in this study is not limited to truck-AV applications; it is adaptable to the

routing characteristics of any two-echelon last-mile delivery system. While AVs are used as an

example of emerging technologies that enhance last-mile delivery efficiency, this framework can

be applied more broadly to recipient-dependent strategies. For instance, Amazon’s two-echelon

delivery system typically uses large line-haul trucks for shipments from distribution centers

to local hubs, followed by smaller delivery vans or regional carriers for last-mile distribution

to customers’ locations. Nevertheless, this work contributes to the ongoing discussion on AV

integration in last-mile logistics, providing valuable insights for shaping future policies and

practices in AV-assisted delivery systems.

Including length-bounded travel tours in the model adds valuable insights for fleet man-

agement decisions, in addition to addressing the time sensitivity in the delivery process. This

addition improves fleet management strategies and emphasizes the importance of delivery timing.

We identify similarities between length-bounding and capacity-bounding scenarios, particularly

when the number of deliveries grows, demonstrating the model’s robustness under these con-

straints. For instance, with a large number of recipients in both cases, the status quo truck policy

is dominated by other policies, indicating its reduced effectiveness. Furthermore, under varying

marginal AV costs, we observe comparable levels of cost-effectiveness between AV and truck

policies (single-echelon policies) in both length- and capacity-bounding cases. However, key

differences emerge in two-echelon truck-AV delivery scenarios. The asymptotic analysis shows

that the two-echelon optimal costs are affected by customer-to-hub allocations only in the case

of time-sensitive deliveries, where truck routes are constrained by tour lengths. Moreover, in the

time-sensitive delivery of perishable goods, the hybrid policy becomes more cost-effective and

gains dominance across broader conditions in the length-bounding case. These findings highlight

the potential of AV-equipped RDD strategies to enhance the efficiency, cost-effectiveness, and
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scalability of last-mile logistics for perishable goods, especially within smart city frameworks.

This study provides valuable insights for logistics companies, policymakers, and transportation

planners regarding the benefits of these strategies for perishable goods delivery.

The organization of the paper is as follows: In Section 2, we review the literature relevant

to this research. Section 3 briefly introduces the modelling policies for using autonomous

vehicles in recipient-participated last-mile delivery. Section 4 details the modelling strategy,

which employs a ring-structure service area, and compares the policies in this stylized setting.

Section 5 presents the results of the comparative analysis of the length-bounding case with the

capacity-bounding case and their asymptotic costs. In Section 6, we extend the one-dimensional

distribution of recipients to a two-dimensional distribution model and compare the analytics

results and asymptotic cases of these two modelling approaches. In Section 7, we conduct a case

study on Walmart delivery to validate the analytical framework and findings. Section 8 presents

the conclusion of this study, providing insights and potential implications for the future.

Section B: Related works

We review the literature on three areas: approximation models for vehicle routing, the concept of

crowdsourcing deliveries, and the use and potential of autonomous vehicles (AVs) in logistics.

B.1 Approximation Models for Vehicle Routing Problem

Vehicle routing problems (VRPs) aim to determine the optimal set of routes for a fleet of vehicles

to serve a set of customers. VRP is a NP-hard combinatorial optimization problem; that is,

conventionally addressed via integer programming methods which can provide optimal routing

details such as the assignment of customers to individual vehicles and the sequence of customer

visits for each vehicle (Laporte 1992). However, the constraints of traditional vehicle routing

formulations often limit their value in scenarios with limited data, a large number of recipients,

or for strategic-level decisions where precision is not the foremost concern. In such situations,

approximation strategies offer a suitable alternative. The two prominent methods to approximate

VRP are continuum approximation and geometric approximation.

70



Continuum approximation (CA) transforms the traditional integer programming formulation

into a continuous space, assuming that recipients are dispersed on an Euclidean surface with

known density distributions. The CA methodology replaces detailed data, such as recipient

locations, with concise summaries using a continuous density function over time and space

(Daganzo 2005). This approach offers simplified yet plausible analysis, often allowing the

derivation of closed-form analytical solutions. Langevin, Mbaraga, and Campbell (1996) and

Ansari et al. (2018) provided comprehensive overviews of CA applications in logistics and freight

transportation, respectively. CA has been applied to various logistics and routing problems. It

has been used to analyze the costs of two-echelon vehicle routing problems involving trucks and

drones (Carlsson and Song 2018), where an unmanned aerial vehicle (UAV) provides service

to customers while making return trips to a moving truck that contains packages. Their work

analytically showed that efficiency improvements are proportional to the square root of the

UAV-to-truck speed ratio. Additionally, CA has been applied to the home delivery problem of

e-retailers who commonly suffer from narrow delivery times slots (Agatz et al. 2011), showing

that while these slots improve customer convenience, they can increase delivery costs.Another

application is in the household scheduling problems, which is a variant of the generalized

traveling salesman problem (TSP) (Carlsson et al. 2016), where CA-based models reveal that

centralized delivery services require large-scale adoption before achieving significant efficiency

gains over independent customer travel.

The CA paradigm has also been extended to autonomous vehicles in transit, where it aids

in fleet dispatching and service optimization. Studies have applied CA to optimize modular

autonomous vehicles in transit corridors (Chen, Li, and Qu 2022), to design semi-on-demand

hybrid transit routes with shared autonomous vehicles (Ng et al. 2024), and to determine the

optimal integration of shared autonomous vehicles with public transit (Levin et al. 2019). While

these studies highlight CA’s effectiveness in autonomous mobility-on-demand, their focus on

public transit operations differs from our emphasis on last-mile delivery.

Another related line of research applies CA to last-mile delivery robots, which shares

some similarities with our work but differ in the fundamental aspect of recipient participation

and neglects the time-sensitive delivery of perishable goods. CA has been used to optimize
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two-echelon truck-and-robot systems and provide insights on air and ground delivery robot

applications in different cities (Lemardelé et al. 2021) and evaluate hybrid drone-truck and

ground robot models (Figliozzi 2020, Jennings and Figliozzi 2019). These studies provide

valuable insights into autonomous last-mile logistics but focus on company-owned robots,

whereas our research explores the role of recipients in the delivery process and the unique

challenges posed by perishable goods.

Geometric approximations assume the distribution of recipients follows a particular geo-

metric shape or area, such as the arc of a circle. This approach has been used to study the split

vehicle routing problem and develop novel heuristics for routing and partitioning combinatorial

problems, which provide strategic-level insights. The application of space-filling curves, which

are continuous mappings from a lower-dimensional to a higher-dimensional space, is also part

of this approach (Archetti, Savelsbergh, and Speranza 2006, Bartholdi III 1995, Bartholdi III

and Platzman 1988).

In this study, we adopt the CA paradigm to analyze recipient-dependent delivery with time-

sensitive perishable goods, leveraging it to approximate vehicle routing costs and compare the

optimal last-mile delivery policies. In addition, for analytical tractability, we introduce a circular

geometric approximation, considering two stylized models where recipients are distributed on

(i) a ring and (ii) a circular surface. This assumption enables closed-form solutions for our

optimization model and provides valuable managerial insights. By combining CA with this

geometric simplification, we ensure that our model remains both computationally efficient and

practically relevant for last-mile delivery analysis.

B.2 VRP of Perishable Goods

Researchers have addressed specific challenges associated with managing perishability in supply

chains to extend the discussion on VRPs for perishable deliveries. In this section, we are focusing

on the delivery of perishable goods, and readers are referred to (Karaesmen, Scheller-Wolf, and

Deniz 2011) and (Baron 2010) for a more in-depth read on perishable inventory management.

Hwang (1999) developed a distribution model aimed at optimizing food supply in famine

relief, emphasizing inventory allocation and minimizing human suffering rather than travel
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distance or time. In contrast, Tarantilis, Kiranoudis, and Vassiliadis (2004) proposed a threshold-

accepting algorithm to address the fresh milk distribution problem, treating it as a heterogeneous

fixed fleet vehicle routing problem, although they did not consider perishability explicitly.

Further contributions include models that incorporate perishability and time windows. Chen,

Hsueh, and Chang (2009) introduced a non-linear model for the VRP with time windows

(VRPTW) for perishable food, focusing on maximizing supplier profit while considering both

production and routing under stochastic demand. Osvald and Stirn (2008) extended the VRPTW

by accounting for time-dependent travel times and perishability, presenting a heuristic algorithm

for the distribution of fresh vegetables. Hsu, Hung, and Li (2007) considered the randomness

in perishable food delivery with a stochastic VRPTW model that optimized routes, loads, and

dispatch times. For further reviews on the role of perishability in VRP, Amorim and Almada-

Lobo (2014) and Utama et al. (2020) provide detailed insights.

Few studies address the role of emerging technologies in perishable goods delivery. Zhao

and Lee (2023) explores the potential of connected and autonomous vehicles (CAVs) in supply

chain systems, discussing how higher CAV adoption rates can reduce travel time, particularly

for long-distance deliveries of perishable products. Haji et al. (2020) conducted a compre-

hensive review of the role of technology in improving perishable food supply chains, with an

emphasis on automated systems and sensors that monitor product quality. Gharehgozli et al.

(2017) highlighted technological advances in agricultural production and food preparation while

noting the limited focus on logistics. Although technological advancements are beginning to

influence logistics for perishable goods, the role of autonomous vehicles in this domain remains

unexplored.

B.3 Crowdsourced deliveries with pickup locations

Crowdsourced delivery (or crowd-shipping) has become an increasingly viable solution in the

field of mobility services as a part of the sharing economy (Hu 2019). In the sharing economy,

recipients transition from only receivers to active delivery drivers. The scalability and logistical

implications of crowdsourcing have been examined by Arslan et al. (2019), Qi et al. (2018),

Dayarian and Savelsbergh (2017), Behrend and Meisel (2018), Macrina et al. (2020), and its
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real-world application is already visible in various crowdsourcing initiatives. For example,

ShipperBee, a company in Toronto, Canada, uses pickup and delivery lockers throughout the city.

Their business model allows ad-hoc drivers to select an item for delivery, which they retrieve

from a specific locker using an assigned code. This model highlights the benefits of designated

pickup stations, which can significantly reduce the delivery load on drivers in crowdsourcing

systems.

We extend this line of research by proposing two-echelon last-mile delivery models in

which RDD using AVs can be either individual participation or crowdsourcing models.

B.4 Applications of Autonomous Vehicles

AVs are rapidly reshaping the transportation landscape with the potential to enhance mobility and

logistics. The three C’s of AVs, namely Connectivity, Comfort, and Collaborative consumption,

underline their transformative potential Baron, Berman, and Nourinejad (2020). Several studies

have addressed various aspects of AVs. For instance, Bansal and Kockelman (2017) assesses

consumer willingness to adopt this emerging technology, Mersky and Samaras (2016) discusses

AVs’ potential to improve fuel economy and promote environmental sustainability, Mahmassani

(2016) evaluates AVs’ potential impact on traffic flow and congestion management, de Oliveira

(2017) provides an in-depth analysis of the traffic patterns induced by AVs, Mirzaeian, Cho,

and Scheller-Wolf (2020) uses queueing theory to understand and optimize AV traffic flow,

Harper et al. (2016) estimates the potential increase in traffic due to widespread AV adoption,

Nourinejad and Roorda (2018) explores the potential issues and solutions related to AVs and

urban parking, Fagnant and Kockelman (2014) investigates the feasibility of shared AV fleets,

and Chen et al. (2016) proposes methods for optimizing shared AV operations to increase

efficiency and minimize costs.

However, the intersection of AVs with last-mile deliveries and logistics services remains

relatively unexplored and forms the basis of this study’s investigation. Chapter Two presents

models for routing policies in recipient-dependent last-mile logistics using AVs. Motivated by

potential applications of AVs in smart cities, these policies are compared to traditional truck

delivery, revealing potential cost savings and superiority in scalability as the number of recipients
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increases. They consider two-echelon delivery strategies involving trucks and AVs, where trucks

have a limited capacity on the number of recipients each truck can serve, which dictates the

truck routes. We further enhance their model by considering that truck routes can be either

truck’s capacity or tour length, and we compare the results of different policies in both cases.

Section C: The policies

Focusing on the RDD of perishable goods, we propose three policies based on the application of

AVs and compare their performance with conventional truck-based deliveries (Truck Policy). We

adopt the definitions of “AV policy”, “Hybrid Policy”, and “Crowdsourcing Policy” and explore

these policies for the case of perishable goods delivery with constrained tour lengths. Due to the

time-sensitive nature of perishable goods, we impose a tour length constraint on truck routes

for both the single-echelon (truck-only) and two-echelon (hybrid and crowdsourcing) policies.

In the hybrid policy, each AV handles only a single delivery per trip, and in the crowdsourcing

policy, each AV is responsible for fewer deliveries than trucks, which hold a higher number of

deliveries across more dispersed locations. As a result, AVs are expected to cover significantly

shorter distances. Thus, tour length constraints are not applied to AV travel routes. Details

on AV travel distances are provided in the appendix. Finally, we compare the results of the

proposed length-bounding case for the delivery of perishable goods and the capacity-bounding

alternative to provide further insights.

Truck Policy: In the status quo Truck Policy, a fleet of trucks departs from the depot, visits

a set of recipients to make deliveries, and returns to the depot. This traditional approach relies

on trucks as the only means of delivery. This policy is consistent with the current literature on

the vehicle routing Problem (VRP).

AV Policy: In the AV Policy, the assumption is that recipients own AVs, and they send their

unoccupied AVs to the depot to pick up a package and return to the recipient location. In this

policy, the recipients will receive a reimbursement for their contribution, such as a discounted

shipping fee.

Hybrid Policy: The Hybrid Policy is a combination of the Truck and AV policies such that
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the operator dispatches its trucks to designated hubs, which act as pickup stations for AVs, and

recipients use AVs to visit these hubs. AVs are loaded with the package of each recipient at this

hub and return to their recipient’s location afterward. This is a two-echelon delivery setting that

facilitates efficient and coordinated deliveries.

Crowdsourcing Policy: Crowdsourcing policy is the other two-echelon delivery setting.

The operator dispatches trucks to designated hubs, and then from recipients closest to that hub,

one recipient crowdsources the AV for delivery. The AV is responsible for delivery to a set of

locations in its neighbourhood and then returning to its original owner’s location.

The transportation modes are denoted with the subscript j = {u,v} representing the truck

and AV modes of transportation, respectively, and the policies are denied with the superscript

i = {t,a,h,w} for the truck, AV, hybrid, and crowdsourcing policies, respectively. The delivery

cost of each policy consists of travel costs and hand-off costs. The travel cost for each policy is

derived from the cumulative travel costs of each mode (i.e., truck and AV), with the cost of each

mode being proportional to its respective travel distance. The cost per unit of travel distance for

trucks and AVs are denoted as su and sv, respectively. The total distance travelled by mode j

under policy i is represented as di
j. Consequently, the travel cost under policy i can be expressed

as sudi
u + svdi

v. The per unit distance travel cost for AVs includes any compensation given to AV

owners from the delivery firm for their involvement in the delivery process. Additionally, a fixed

acquisition cost for trucks is considered in the variable cost per unit distance of a truck.

The operator also incurs a hand-off cost, which reflects the operational complexities

involved in supporting and maintaining the infrastructure that facilitates the change of item

ownership. This cost also stands for delays associated with transferring goods ownership at

transfer points, such as locating parking spaces at recipient locations in the Truck policy or

preparing and loading packages onto AVs at depots or hubs in AV-based policies. This hand-off

cost is directly proportional to the number of stops where the ownership changes from one party

to another. For instance, in the truck policy, there are n hand-offs as the trucks make a stop at

each recipient’s location. In contrast, in the AV policy, there’s just one hand-off since there’s a

single transfer location at the center of the circle. The number of hand-offs and the marginal cost

of these hand-offs under policy i are denoted as f and si
f, respectively; thus, the total hand-off

76



cost of policy i is si
f f . Therefore, the total cost of policy i, represented by Ci, can be determined

by the following equation:

Ci = sudi
u + svdi

v + si
f f i. (Three.1)

The policies offer distinct strategies for optimizing the last-mile, emphasizing recipient

participation and the integration of AVs. Each policy has unique advantages and potential

trade-offs in last-mile delivery of perishable goods, which are analytically assessed in this

research.

Section D: Ring-Structured Model

The model considers a delivery operation with a single depot located at the center of a circle.

Recipients are uniformly distributed along the circumference of the circle. The total number of

recipients is denoted by n, and the circle radius is normalized to 1 for simplicity. This uniform

distribution results in a recipient density of ρ = n/2π, and the expected distance between any

two consecutive recipients is δ = 2π/n.

D.1 Truck Policy

In the truck policy, the service area is equally divided among truck routes of identical delivery

lengths. Each truck route is covered by a single truck, serving mt recipients, such that the number

of truck routes is γt = ⌈n/mt⌉. Here, we assume n ≫ mt, and estimate the number of routes

as γt ≈ n
mt . Figures Three.1 and Three.2 are structured based on the presence of truck routes.

Figure Three.1 presents the one-echelon policies, detailing the truck and AV policies, and Figure

Three.2 focuses on the truck-based policies, including truck, hybrid, and crowdsourcing policies.

The truck policy appears in both figures for a clearer comparison.

The length of each truck route consists of the inbound and outbound trips to the ring’s

circumference and the arc-shaped distances travelled on the ring to visit the recipients. Note that

the ring radius is normalized to one. Thus, it follows that lt = 2+(mt −1)δ where δ = 2π/n is

the distance between two consecutive recipients. Assuming a large number of recipients, we
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Figure Three.1: Ring-Structured Service Area with radius normalized to 1. (a) Truck Policy. The Circular
service area is divided into γt truck routes (here γt = 10 and mt = 6). The thick black line shows a truck
route. (b) AV Policy. Dashed gray lines show AV routes.

approximate the length of the truck route as:

lt ≈ 2+mt
δ, (Three.2)

Considering that truck routes can be either capacity bounding or length bounding, the

number of recipients per truck route, mt, is approximately (up to integrality)

mt = min{K,
(T −2)n

2π
}, (Three.3)

where the two terms present constraints on the trucks capacity and their route length, respectively.

We consider cases where at least one of the constraints in (3) is active: the length-bounding

case when lt = T and (Three.2) gives mt = (T −2)n/2π, and the capacity bounding case when

mt = K. The feasibility of the problem requires T ≥ 2 (sum of inbound and outbound trips)

for the feasibility of the problem so that each truck can travel from the depot to the ring’s

circumference and visit at least one recipient.

The total truck travel distance is dt
u = γtlt, where the length of each truck route is

lt =


2+

2πK
n

if K ≤ n(T −2)
2π

T if K >
n(T −2)

2π

(Three.4)
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In the truck policy, a hand-off refers to the challenge of locating a parking spot close to

the recipient’s location and reaching their doorstep on foot. As trucks halt at each recipient’s

location, the truck policy involves f t = n hand-offs.

Considering (1), it follows that the total cost of the truck policy is

Ct = suγ
tlt + st

fn. (Three.5)

D.2 Autonomous Vehicle Policy

In the Autonomous Vehicle (AV) policy, AVs are responsible for making the deliveries to the

recipients, and their total travel length is da
v = 2n. This follows as each AV travels from the

depot at the center to the circumference of the ring, visits one recipient, and returns to the depot,

as shown in Figure Three.1b. The hand-off in the AV policy corresponds to the expense of

setting up an automation center at the depot with the cost of sa
f to connect to vehicles and load

the AVs with ordered items. There is one such hand-off that happens at the depot, thus f a = 1.

This leads to a hand-off cost of sa
f for this policy. Therefore, the total cost under the AV policy,

expressed as Ca, is as follows:

Ca = 2svn+ sa
f . (Three.6)

Note that capacity-bounding and length-bounding strategies are for truck routing and do

not affect the AV policy.

D.3 Hybrid Policy

The hybrid policy involves a multi-echelon delivery setting where both trucks and AVs contribute

to the process. As shown in Figure Three.2b, the truck routing in this policy is similar to the

pizza-slice pattern in the truck policy, and these truck routes are constrained by tour length.

However, there is a key distinction between hybrid and truck policy: in the hybrid policy, instead

of traveling directly to the recipients located at the circumference of the ring, each truck travels

a distance r < 1 from the depot and traverses an inner ring with the radius r, stopping at mh hubs
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Figure Three.2: Truck, Hybrid, and Crowdsourcing policies. The black pizza slices indicate one truck
route, and the dashed gray lines indicate AV routes. The gray circles show recipients and gray triangles
show hubs. a)Truck policy with mt = 6. b and c) Hybrid and Crowdsourcing policies with mh = mw = 2
and x = 3.

on this route. AVs visit these hubs to pick up the packages instead of traveling all the way to the

depot and save time. Once the truck stops at all designated hubs, it finalizes its delivery route by

returning to the depot.

Each AV owner dispatches their AV to collect packages from a hub, subsequently delivering

them to the owner’s location. Recipients select the nearest hub for their AVs to retrieve the

packages, and each hub experiences visits from x AVs.

In this policy, the number of hand-off points corresponds to the number of hubs at which

ownership of the packages changes. Given that x recipients send their AVs to each hub, the total

number of hubs amounts to f h = n/x. For example, when x = 1, the number of hand-offs equals

n since each recipient is paired with a distinct hub. Conversely, when x = K in the capacity-

bounding case, there are f h = n/K hand-offs in total, as every truck’s route incorporates a single

hub. Overall, in the hybrid policy, the number of hubs can be expressed as f h = n/x, and their

distance from each other is δh = 2rxπ/n. Since AVs in the hybrid policy return directly to their

owners without requiring additional labor or facility costs, there is no additional hand-off cost at

the recipient’s (owner) location.

The travel distances and costs observed in the special scenarios of the hybrid policy where

r = 1 and r = 0 match those of the truck and AV policies, respectively. This can be observed by

comparing Figures Three.1 and Three.2. Yet, regarding hand-offs, the hybrid policy demonstrates
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more hand-offs than the AV policy when r = 0 and fewer hand-offs than the truck policy when

r = 1.

There are γh truck routes with the same length lh, each visiting an average n/x hubs such

that γh = ⌈n/xmh⌉. When n/x ≫ mh, we approximate the number of truck routes as γh = n
xmh .

The length of each route is approximated similar to (Three.2):

lh ≈ 2r+mh
δ

h. (Three.7)

Truck routes can be length-bounding or capacity-bounding in the hybrid policy. Thus, the

number of hubs per route is obtained as follows:

mh = min{K
x
,
(T −2r)n

2rxπ
}, (Three.8)

where the first term stands for the capacity-bounding case and the second term for the length-

bounding case. Similar to (Three.3), mh is an integer, but (Three.8) provides a reasonable

approximation when n is large. Thus, total truck travel distance dh
u = γhlh for the length-

bounding case is:

dh
u =

2πrT
T −2r

. (Three.9)

The AV travel distance dh
v is approximated using a Taylor expansion of error order two:

dh
v ≈ 2n(1− r)+

x2π2r
3(1− r)

. (Three.10)

As a special case of (Three.10), when r = 0, the hybrid policy and AV policy are the same,

where dh
v ≈ 2n and means that recipients send their AVs to the depot.

Using (Three.9) and (Three.10), and with the cost parameters su, sv, and sf, the total cost

of the hybrid policy is as follows:

Ch ≈ su
2πrT

T −2r
+ sv(2n(1− r)+

x2π2r
3(1− r)

)+ sh
f

n
x
. (Three.11)
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D.4 Crowdsourcing Policy

In the crowdsourcing policy, the truck routing follows a similar pattern to the hybrid policy

wherein each truck travels a radius r from the depot, traverses a ring route, stops at mw hubs,

and then returns to the depot. Moreover, there are again x closest recipients allocated to each

hub. However, as shown in Figure Three.2c, the routing for AVs differs from the previously

mentioned policies in the crowdsourcing policy. Under the crowdsourcing policy, recipients

use their AVs to perform the deliveries to their x−1 neighbours. In this policy, each AV serves

all x recipients allocated to its hub, including its owner. After serving all its recipients, the AV

reaches its owner’s location. The recipient on the edge of the AV routes is responsible for the

crowdsourcing, i.e., the first recipient on the row for recipients assigned to each hub, as shown

in Figure Three.2c. For simplicity, assume that the AVs have sufficient capacity to accommodate

the demands of these x recipients.

The design of the crowdsourcing policy routing is as follows. There are γw truck routes,

each visiting mw hubs where the length of each route is lw. Similar to the hybrid policy,

γw ≈ n/xmw and lw ≈ 2r+mwδw. The hand-off cost under the crowdsourcing policy equals the

number of hubs (which corresponds to hand-offs to AVs) plus the number of recipients (which

stands for hand-offs to recipients). Thus, there are f w = n+n/x hand-offs. The cost associated

with truck travel is represented as suγwlw, while the AV travel cost is svdw
v .

We use an approximation for the AV distance dw
v as follows:

dw
v ≈ 2π+

2n(1− r)

x
+

rπ2x

n(1− r)
, (Three.12)

The first term is the approximate distance travelled on the ring, and the second and third

terms are the line-haul distances.

Finally, the total cost of the crowdsourcing policy is:

Cw ≈ suγ
wlw + sv(2π+

2n(1− r)

x
+

rπ2x

n(1− r)
)+ sh

f (n+
n
x
). (Three.13)
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Section E: Comparative Analysis

In this section, we assess the optimal design of routes in the four introduced policies, compare the

length bounding case with the capacity bounding case, and analyze the asymptotic conditions for

all policies in the length bounding case. In Section 5.1, we derive the optimal design parameters

for each policy, except for the AV policy with cost is presented in (Three.6).

We use this optimal policy design to derive a dominance space in Section 5.2. Policy i

dominates policy j if it exhibits a lower cost, denoted by Ci <Cj. Ultimately, the dominant policy

is the one that outperforms all other policies in terms of cost-effectiveness. The dominance space

plot, shown in Figure Three.3, identifies which policy has the lowest cost out of the four policies.

We also compare the dominance space for the capacity and length-bounding cases. The results

reveal the following consistencies for capacity and length bounding cases (Insight 1): Both

cases have similar dominance patterns, the hybrid and crowdsourcing policies are sandwiched

between the truck and AV policies, and increasing the number of recipients diminishes the area

where the truck policy is dominant. Moreover, in Section 5.3, we derive closed-form expressions

for the policy costs when n → ∞ and under these asymptotic conditions, we show that the truck

policy is dominated in both length and capacity bounding cases (Insight 2).

There are also some differences between the capacity and length-bounding dominance space

analysis: Unlike the capacity-bounding case, in the length-bounding case, the crowdsourcing

policy is dominated by other policies in the asymptotic conditions (Insights 3), and in the

length-bounding case, the asymptotic cost of hybrid and crowdsourcing policies also depends on

the number of customers allocated to each hub, in addition to their dependency to the hand-off

cost (Insight 4).

E.1 Optimal policy design

In this section, we use the approximated cost of the hybrid and crowdsourcing policies in

(Three.11) and (Three.13), respectively, to derive their optimal radius. We relax all approxima-

tions in the numerical analysis in the case study of Section G.
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E.1.1 Truck Policy Optimal Design

For the truck policy cost, Ct, in the length-bounding, using (Three.5), the following proposition

holds:

PROPOSITION E.1.1. The truck policy cost in the length-bounding case under the assumption

(i), i.e., the approximated tour length and size, is

Ct ≈
2πT su

T −2
+ st

fn. (Three.14)

E.1.2 Hybrid Policy Optimal Design

To minimize the overall operational costs in the hybrid policy, we compute the hybrid policy

cost Ch as per (Three.11). We minimize the associated cost by identifying the optimal truck

travel radius r∗h and the optimal number of recipients per hub x∗h. In the following proposition,

we derive the optimal cost and the optimal values of r∗h and x∗h for the hybrid policy in the

length-bounding case.

PROPOSITION E.1.2. The hybrid policy cost in the length-bounding, where lh = T , is

Ch ≈ 2svn+ sf
n
x
+(2suπ+

svx2π2

3
−2svn)r+(

svx2π2

3
+

4suπ

T
)r2. (Three.15)

The optimal radius for any given x is approximated as

r∗h ≈



1 if
2π(4+T )

(2n− x2π2)T
≤

sv

su
,

(6svn−6suπ− svx2π2)T

24suπ+2svx2π2T
if

6π

6n− x2π2 ≤
sv

su
<

2π(4+T )

(2n− x2π2)T
,

0 if
6π

6n− x2π2 >
sv

su
.

(Three.16)
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For any given r, the optimal number of recipients per hub is

x∗h =


1 if

3n(1− r)

2π2r
≤

sv

sh
f

,

3

√√√√3sh
f n(1− r)

2svπ2r
if

sv

sh
f
<

3sh
f n(1− r)

2π2r
.

(Three.17)

According to Proposition E.1.2, the optimal radius in the length-bounding case is correlated

with the vehicle’s travel cost ratio (sv/su). Additionaly, from ∂r∗h/∂m in (Three.16), it follows

that r∗h decreases with x only if n > suπ(T−2)
svT . These insights are similar to those of the capacity-

bounding case. However, in the length-bounding case, if n < suπ(T−2)
svT then r∗h increases with x

to keep the total truck distance bellow the tour limit T .

In Proposition E.1.2, a system of two equations and two unknowns is proposed where

finding closed-form solutions for the unknowns, r∗h and x∗h, is challenging due to the complex

coupling between the equations, which reduces the system’s traceability. However, in the

numerical experiment presented in Section G, we find r∗h and x∗h, and the Hessian matrix showed

convexity w.r.t. both r and m. Moreover, in Section E.3, we derive an asymptotic cost when

n → ∞ and get closed-form solutions for the optimal cost of each policy.

E.1.3 Crowdsourcing Policy Optimal Design

We minimize the cost of the crowdsourcing policy Cw, according to (Three.13) at the optimal

truck travel radius r∗w and the optimal number of recipients per hub x∗h for the length-bounding

case. The optimal truck travel radius, r∗w, for the capacity-bounding case and the optimal number

of recipients per hub, x∗w, are detailed in the appendix.

PROPOSITION E.1.3. The crowdsourcing policy cost in the length-bounding case is

Cw = sv

(
2π+

2n
x

)
+sf

n(x+1)
x

+(sv(
π2x
n

− 2n
x
)+2πsu)r+(

2π2svx
n

+
8πsu

T
)
r2

2
. (Three.18)
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The optimal radius is approximated as

r∗w ≈



1 if
2xnπ(4+T )

(2n2 −3x2π2)T
≤

sv

su
,

2svn2T −2suxnπT − svx2π2T

2mπ(4sun+ svxπT )
if

2xnπ

2n2 − x2π2 ≤
sv

su
<

2xnπ(4+T )

(2n2 −3x2π2)T
,

0 if
2xnπ

2n2 − x2π2 >
sv

su
.

(Three.19)

The optimal number of recipients per hub for any given r is

x∗w =


1 if

n2(1− r)

π2r−2n2(1− r)2 ≤
sv

sw
f

,

n

π

√√√√sw
f (1− r)+2sv(1− r)2

rsv
if

sv

sw
f
<

n2(1− r)

π2r−2n2(1− r)2 .

(Three.20)

In the length bounding case, from ∂r∗w/∂x in (Three.19), r∗w decreases with x only if

n >
suπx

√
T (4+s2

vT/s2
u)−8−svxπT

4su
, showing a similar pattern to the capacity bounding case.

E.2 Comparative Analysis for Length-bounding and Capacity-bounding

Cases

We employ the concept of policy dominance to compare the total cost of the four introduced

policies. We compare the general dominance space for the capacity-bounding case in Figure

Three.3a with the analysis of the dominance space in the length-bounding case, shown in Figure

Three.3b. Due to the computational complexity, the mathematical expressions of dominant

policy boundaries are not all derivable in closed form. We discuss these boundary expressions

in the asymptotic analysis of the next section. The findings from the dominance space analysis,

shown in Figure Three.3, are as follows:

Insight 1: The results show robustness across both length-bounding and capacity-bounding

cases. The analysis of dominance policies notably reveals that the dominant policy space in both

cases has a similar pattern, where the AV policy dominates other policies when the marginal

AV cost, sv, is low, while the truck policy dominates other policies when the marginal AV
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Figure Three.3: Dominance space under asymptotic conditions. Panels (b) and (d) belong to the length-
bounding case, while panels (a) and (c) from Chapter Two belong to the capacity-bounding case.
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cost is high. We also observe the sandwiched policies in both cases where crowdsourcing and

hybrid policies are sandwiched between the truck and AV policies. Moreover, the hand-off

cost significantly impacts these sandwiched policies, where the hybrid policy dominates the

crowdsourcing policy in higher hand-off costs due to the smaller number of hand-offs in the

hybrid policy.

Moreover, in both cases, increasing the number of recipients expands the dominance space

of the hybrid policy and reduces the dominance space of the truck, AV, and crowdsourcing

policies. Figure Three.4 shows how increasing the number of recipients grows the policy space

of the hybrid policy but shrinks the dominance space of the AV, truck, and crowdsourcing policies

to the point that the crowdsourcing policy is non-existent at the largest n. We further analyze the

effect of the number of recipients in the next section, where we analyze the asymptotic case.
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Figure Three.4: Dominant policy for the length bounding case at different n. The tour length limit
is T = 2.2, and the truck capacity is K = 5. The letters t, a,h,w represent the truck, AV, hybrid, and
crowdsourcing policies, respectively.
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E.3 Asymptotic Analysis

We next compare the cost of the different policies when n → ∞ and consider the cost per

recipient defined as Ci/n for policy i. The asymptotic cost per recipient of policy is denoted i by

Ci
∞ = limn→∞

Ci

n . The following proposition presents the asymptotic cost of each policy in the

length-bounding case.

PROPOSITION E.3.1. In the length bounding case, as n → ∞, the asymptotic cost of policies are:

Ct
∞ = sf, Ca

∞ = 2sv, Ch
∞ =

sf

x
, Cw

∞ = sf(
x+1

x
). (Three.21)

Based on Proposition E.3.1, we depict the asymptotic dominance space for the length-

bounding case in Figure Three.3d. The following insights are derived from the dominance space

analysis. This analysis assumes that hand-off costs are equal across different policies.

Insight 2 (Asymptotic dominated truck policy): In the length-bounding case, the hybrid

policy dominates the truck policy. This follows from a direct comparison of the asymptotic

costs of truck and hybrid policies presented in (Three.21) as the number of recipients per hub

x ≥ 1. Thus, introducing recipient participation in time-sensitive delivery of perishable goods—

whether through the exclusive use of autonomous vehicles, hybrid systems, or crowdsourcing

models— eliminates the conventional method of distribution using only trucks. Additionally,
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considering that the truck policy never holds dominance and the AV policy’s hand-off cost is not

a factor in the asymptotic costs, the dominant policy is determined solely by the hand-off costs

associated with the hybrid and crowdsourcing policies.

Insight 3 (Asymptotic dominant policies): In the length bounding case, the crowdsourcing

policy is dominated by the truck and AV policies due to the need for a significant number of hand-

offs in the crowdsourcing policy. Here, the asymptotic cost of crowdsourcing, sf + sf/x, equals

the sum of the asymptotic costs of the truck policy, sf, and hybrid policy, sf/x. Additionally, as

per (Three.21), the hybrid policy dominates the AV policy when sf < 2svx. This occurs when

the number of recipients assigned to each truck route is large, enabling the hybrid policy to

benefit from the economies of scale in the truck portions of the routes.

Comparing this result with the capacity bounding case, the main difference in crowd-

sourcing policy dominating other policies over a broader range of parameters under the former.

Nevertheless, in both cases, the dominant patterns are similar.

Insight 4 (Hub allocation in multi-echelon policies): The number of recipients per hub

does not influence the asymptotic cost per recipient in single-echelon policies (AV and Truck).

However, as indicated in (Three.21), the number of recipients allocated to each hub impacts the

asymptotic costs per recipient in two-echelon policies (hybrid and crowdsourcing). Since truck

routes have a fixed maximum tour length, the cost per recipient in the hybrid policy decreases

as the number of recipients per hub increases. As the number of recipients approaches infinity,

with the tour length at its maximum, the cost per recipient can approach zero asymptotically. On

the other hand, in crowdsourcing policy, the asymptotic cost for a large number of recipients is

comparable to that of the truck policy, provided that crowdsourcing AVs have sufficient capacity

to carry a high volume of packages. This similarity can also be observed by comparing panels a

and c in Figure Three.2, which show the similarity between truck routes in the truck policy and

AV routes in the crowdsourcing policy if the number of recipients on those routes is the same.
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Section F: Routing on a Circle

In this section, w expand the model for two-dimensional routing when recipients are distributed

on the face of a surface. We are inspired by the routing policies on a circle introduced in Chapter

Two, where, different from our work, truck routes were bounded by truck capacity. In the

two-dimensional routing, the service area is a circular surface, with the radius normalized to one

and the depot at the center. They propose the following heuristic for the routing on this circular

surface is as follows: The circular service is divided into C concentric rings, which are equally

distanced, and these delivery rings are for truck routing in truck, hybrid, and crowdsourcing

policies, as shown in Figure Three.5. There is an additional decision variable τ as the distance

between every two consecutive rings to find the optimal number of delivery rings for the given

circular surface; thus, the radii of rings are:

R1 = τ/2 , R2 = 3τ/2 , Ri = (i− 1
2
)τ , RC = 1. (Three.22)

In this circular surface, n recipients are distributed with the density of ρ, so the number of

recipients can be calculated as n = πρ. In this section, we adapt this heuristic for routing on a

circle to modify the four previously introduced policies for the length-bounding case, extending

the routing from a one-dimensional ring to a two-dimensional circular surface. As we focus on

truck routes constrained by tour lengths for the time-sensitive delivery of perishable goods, the

AV routes in two-echelon policies remain intact. Therefore, we use their derivation in the upper

bound of the hybrid and crowdsourcing policies on a circle from Chapter Two. For completeness,

we have included these derivations in the appendix.

F.1 Truck Policy for Routing on a Circle

In truck policy, trucks travel to each ring and make small perpendicular detours from the ring

to visit each recipient assigned to that ring, as shown in Figure Three.5a. In this policy, each

recipient will be served from the ring closest to them. Since recipients are distributed uniformly,
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the number of recipients assigned to each ring is:

ni = (2i−1)τ2
πρ. (Three.23)

The routing choices for truck routes consider that trucks may not always follow the shortest

paths within neighborhoods due to real-world constraints such as buildings, restricted roads, and

traffic regulations. Thus, trucks follow longer but more feasible paths along highways or ring

roads rather than navigating through dense local neighborhoods. The length of each truck route

consists of the inbound and outbound travel distances to and from each ring, the portion of the

ring traversed by each truck, and the sum of detours from the ring to the recipient’s locations for

mt recipients assigned to each truck. Figure Three.5a shows one truck route, in truck policy, in

detail. We analyze the case of length bounding truck routes in (Three.4), leading to the following

relationship between the routing parameters and length constraint:

lt
i = 2Ri +

2πRimt

nt
i

+
mtτ

2
= T. (Three.24)

Thus, the number of recipients assigned to each truck in this policy is

mt =
T −2Ri
2πRi

nt
i
+ τ

2

. (Three.25)

Figure Three.5: Truck routing in Truck, Hybrid, and Crowdsourcing policies, in routing on a circle.
Policies are shown for a single truck route. The black dots are recipients, and the gray triangles are hubs.
The thick black lines show truck routes, and the dashed gray lines show AV routes.
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Based on the number of recipients on each ring in (Three.23), and the number of recipients

on each truck route in (Three.25), the number of truck routes is

γ
t
i =

ni

mt = ni

2πRi
nt

i
+ τ

2

T −2Ri
=

2πRi +
nt

iτ

2
T −2Ri

. (Three.26)

Finally, the total cost of the truck policy on the circular surface is

Ct = su

C

∑
i=1

γ
t
il

t
i + st

fρπ. (Three.27)

We approximate the cost in (Three.27) assuming ∑
C
i=1 γt

il
t
i ≈

∫C
i=0 γt

il
t
i . We also use the

approximation of T + τ ≈ T as τ is relatively small compared to T ; see details in the appendix.

PROPOSITION F.1.1. Given that lt
i and γt

i are characterized by τ, the approximated cost is Ct

minimized at τ∗ =
√

2
ρ

, giving the following approximation for the optimal cost of the truck

policy on a circle

Ct∗ ≈

√
2T su(2−T log[T−2

T ])+ sfπρ

√
1
ρ√

1
ρ

=
√

2ρT su(2−T log[
T −2

T
])+ sfπρ. (Three.28)

F.2 AV Policy for Routing on a Circle

The AV policy here has a similar setting to the AV policy in routing on a ring where AVs were

sent directly from each recipient’s location to the depot and back, shown in Figure Three.6. The

only difference is that recipients are distributed on the surface, so the total AV travel distance is:

da
v = ρ

∫ 1

0
(2l)2πl dl =

4
3

ρπ, (Three.29)

where we take integral over the surface of the circle.

There is one single hand-off location at the center of the circle, where AVs are loaded with

the packages. Thus, the total cost of the AV policy for routing on a circle is:

Ca =
4
3

πρsv + sa
f . (Three.30)
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Figure Three.6: AV policy in the circular service area. Dashed gray lines show AV routes.

F.3 Hybrid Policy for Routing on a Circle

For the hybrid policy, the truck routing heuristic introduced in the truck policy is applied, where

trucks travel to a ring to serve the recipients closest to that ring. However, in this policy, trucks

stop at a number of hubs on the ring, and recipients send their AVs to those hubs to pick up

their items, as shown in Figure Three.5b. There are ni customers assigned to each ring, and x

customers visit each hub on the ring. Thus, the distance between each two consecutive hubs is:

δ
h
i =

2πRix
ni

=
π(2i−1)τx

πρτ2(2i−1)
=

x
ρτ

. (Three.31)

Similar to the truck policy, each truck travels from the depot to ring i with radius Ri,

traverses the ring, and goes back to the depot. while on the ring, the truck visits mh hubs

distanced δh
i from each other. Thus, the truck travel distance in the hybrid policy is obtained as

follows, bounded by the tour length constraint,

lh
i ≈ 2Ri +mh

δ
h
i = T. (Three.32)

The next step is calculating the number of hubs on each truck route:

mh =
T −2Ri

δh
i

=
(T −2Ri)ρτ

x
(Three.33)

The number of length-bounded truck routes in the hybrid policy can be calculated from the
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ratio of the total number of recipients assigned to each ring and the number of recipients served

in each route:

γ
h
i =

ni

mhx
=

nix
(T −2Ri)ρτx

. (Three.34)

We use the following approximation of the AV travel distance in the hybrid policy; see the

appendix for details.

dh
v ≈ τπ

2
(ρτ

2 + x)
1
τ2 =

τ2ρπ+ xπ

2τ
. (Three.35)

Finally, the cost of the hybrid policy on the circular surface is

Ch = su

C

∑
i=1

γ
h
i lh

i + svdh
v + sh

f sh. (Three.36)

We approximate the cost in (Three.36) by assuming ∑
C
i=1 γh

i ≈
∫C

i=1 γh
i and approximating

the number of rings as C ≈ 1/τ; see details in the appendix.

PROPOSITION F.3.1. Using (Three.32), (Three.34), and (Three.35), which are all characterized

by τ, the approximated cost Ch, is minimized at τ∗ =

√
π(suT 2 log[ T

T−2 ]+svx)
4suT+πsvρ

, giving the following

approximation for the optimal cost of the hybrid policy in routing on a circle

Ch∗ ≈
πT sux

√
T 2su log[ T

T−2 ]+svx
T su+svρ

2
+2T sux

√
T 2su log[ T

T−2 ]+ svx
T su + svρ

(Three.37)

−2T sux+πsvxρ

√
T 2su log[ T

T−2 ]+ svx
T su + svρ

+
sh

f ρπ

x

F.4 Crowdsourcing Policy for Routing on a Circle

In the crowdsourcing policy, trucks travel from the depot toward a ring and stop at certain hub

locations on the ring, similar to the hybrid policy. Thus, the truck travel distance on each route

and the number of truck routes in this policy can be obtained using (Three.32) and (Three.34) in

the hybrid policy, respectively.
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In this policy, we use AVs for crowdsourcing and consider the mw recipients who visit each

hub as one neighbourhood. We use the following approximation of AV travel distance, which is

detailed in the appendix.

dw
v ≈ τρπ(12+ x)

4x
+

2π

τ
. (Three.38)

The number of hand-offs in crowdsourcing policy equals the number of hubs in which

hand-offs happen from trucks to AVs, plus the number of recipients, which stands for the

recipient’s location where AVs are delivering to other recipients sw = n+∑
C
i=1

ni
x = n(1+ 1

x ).

Finally, the total cost of the crowdsourcing policy is

Cw = sudw
u + svdw

v + sw
f sw. (Three.39)

We approximate the cost in (Three.39) by assuming ∑
C
i=1 γh

i ≈
∫C

i=1 γh
i and approximating

the number of rings as C ≈ 1/τ; see details in the appendix.

PROPOSITION F.4.1. Using (Three.32), (Three.34) and (Three.38), all characterized by τ, the

approximate cost Cw is minimized at τ∗ =
√

2

√
xπ(4sv+suT 2 log( T

T−2 ))
svρπ(12+x)+8suT x , giving the following ap-

proximation for the optimal cost of the crowdsourcing policy in routing on a circle

Cw∗ =
√

2

√
xπ
(
4sv + suT 2 log[ T

T−2 ]
)

svρπ(12+ x)+8suT x

(
2suT +

svρπ(12+ x)
4x

)
−

(Three.40)

√
2

√
svρπ(12+ x)+8suT x

xπ(4sv + suT 2 log[ T
T−2 ])

(
suT 2π

2τ
log[

T
T −2

]+
2svπ

τ

)
−2suT + sw

f ρπ(1+
1
x
)

F.5 Asymptotic Case for Routing on a Circle

Given the complex cost functions of the policies in routing on a circle and the optimal costs

obtained in the previous section, in this section, the goal is to calculate the asymptotic costs of

the policies and compare the routing on a circle with the routing on a ring when n → ∞. For

routing on a circle, as n = πδ, the cost per recipient in policy i is defined as Ci/ρπ and the
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asymptotic cost per recipient of policy i is Ci
∞ = limn→∞

Ci

πρ
. The following proposition presents

the asymptotic cost of each policy in the length-bounding case for routing on a circle.

PROPOSITION F.5.1. For routing on a circle in the length bounding case, as n → ∞, the

asymptotic cost of policies are:

Ct
∞ = sf, Ca

∞ =
4
3

sv, Ch
∞ =

sf

x
, Cw

∞ =
sf(x+1)

x
. (Three.41)

Insight 5 (Robustness of asymptotic costs): The asymptotic results obtained from the

two-dimensional circular routing model in (Three.41) are consistent with those from the one-

dimensional ring routing model in (Three.21), differing only by a constant factor in the AV

policy. This reinforces the robustness of the models across different routing strategies. Moreover,

this consistency implies that Insight 1-4 discussed there also hold for the more realistic routing

on a circle case.

Section G: Case study

This case study is designed to validate the analytical results of the previous sections by incor-

porating real-world constraints of the last-mile delivery of perishable goods. We propose a

heuristic model that accounts for routing limitations, where truck-based policies (truck, hybrid,

and crowdsourcing) are constrained by a maximum travel length (T ), ensuring the feasibility of

perishable goods delivery. Recipient locations are proportional to population density, ensuring

that routing decisions reflect real-world demand distributions. The models also integrate variable

travel costs for AVs and trucks, as well as variable hand-off costs, allowing insights to remain

applicable across different economic conditions. Moreover, we compare the results of this case

study for the length-bounding case with the numerical results of the capacity-bounding case.

A Walmart Superstore location is chosen due to Walmart’s large customer base, including

about 2.4 million daily in-store and online shoppers and over 900,000 visits to its website.

The focus is on the Greater Toronto Area, with 18 Walmart superstores currently operating.

Among these, the location chosen for detailed analysis is the superstore with the most extensive
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geographical catchment area, as depicted in Figure Three.7. We consider that recipients are

dispersed on the map with their location proportional to the population density, obtained from

the heat map in Figure Three.7, i.e., there are more potential customers in the areas with larger

populations.

Figure Three.7: Walmart superstore in the Greater Toronto Area with the largest geographical catchment
area. The darker shades of brown indicate the higher population density of the land parcels. [source:
ArcGIS.com]

We here consider that truck movement can be either length bounding (the length of each

truck tour has to be shorter than T ) or capacity bounding (trucks have a capacity of K). To

compare the length and capacity bounding cases, we derive the cost of each policy using heuristic

models that provide sub-optimal solutions.

We are interested in comparing the validation of the length-bounding and capacity-bounding

cases using this case study. Thus, we briefly discuss the heuristic model used for the four policies.

In the truck policy, a VRP is addressed using the Simulated Annealing algorithm (Osman 1993),

an effective method for finding local optimum solutions for large-scale discrete optimization

problems. This requires the location data of recipients and the depot, truck capacity, and the

allowable tour length. We encourage readers to refer to Kinderlehrer and Stampacchia (1980)

and Blum and Roli (2003) for more in depth readings on such heuristics. The output is the

set and sequence of recipients visited in a tour by one truck. The parameter of the simulated

annealing algorithm is presented in Table 1. For the AV policy, each recipient’s AV is directly
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sent to the depot, and the cost of the visit equals the length of inbound and outbound trips. In

two-echelon policies (hybrid and crowdsourcing policies), we first allocate recipients to clusters

using the k-means algorithm (Hartigan and Wong 1979), where recipients in each cluster are

served from one hub. The location and number of recipients are proportional to the population

density from Figure Three.7. This ensures that areas with higher population densities contain a

greater concentration of recipients. The k-means clustering algorithm is then applied to group

these recipients based on their spatial distribution. As a result, the formed clusters reflect the

population density pattern. In the hybrid policy, the hubs are positioned at the centroid of each

cluster, which are formed using the k-means algorithm applied to recipient locations that follow

the population density distribution. After clustering, we then solve a VRP using the simulated

annealing algorithm, where the destinations are the hubs. The pickup load at every hub is the

sum of the number of recipients assigned to that hub. In the crowdsourcing policy, we solve a

TSP for each cluster to find a near-optimal solution for visiting all the cluster’s recipients in one

tour. Here, we find the recipient in each tour closest to the central depot and locate the hub in

that recipient’s location. Similar to the hybrid policy, we next solve a VRP using the simulated

annealing algorithm, where the destinations are the hubs. For all policies, we consider that each

recipient generates a single unit of delivery load.

Table Three.1: Simulated Annealing Algorithm Parameter.

Parameter Value
Initial Temperature 100
Damping Rate 0.98
Maximum Internal Iterations 100
Maximum External Iterations 2,000

We impose the length bounding cases by setting the maximum truck tour length T = 30km

in addition to the capacity constraint of setting the truck’s maximum capacity at K = 10 and

analyze this case study with 100 recipients. Figure Three.8 shows the results of the described

heuristic models for the four policies and the comparison between length and capacity bounding

cases presented in the top and bottom rows, respectively. The AV policy does not incorporate

truck routes and their constraints, so it remains unchanged across both cases. Nonetheless,
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noticeable differences can be seen when comparing the truck routing in truck, hybrid, and

crowdsourcing policies. In the truck policy, the number of required trucks increases in the

length-bounding case compared to the capacity-bounding case. Furthermore, the clustering of

recipients in truck routes varies across the truck, hybrid, and crowdsourcing policies. That is, as

the truck tours differ, different recipients are clustered together. In the multi-echelon policies

(hybrid and crowdsourcing), clustering and assignment of recipients to hubs also vary within

each truck route. In the length-bounding case, the total travel distances for truck and AV modes

in each policy are as follows: total truck travel distance of 281.28 km in the truck policy; total

AV travel distance of 757.38 km in the AV policy; total truck travel distance of 275.37 km and

total AV travel distance of 124.11 km in the hybrid policy; and total truck travel distance of

211.77 km and total AV travel distance of 145.68 km in the crowdsourcing policy.

Figure Three.8: Four policies with the black and gray lines representing truck and autonomous vehicle
routes. The top panels from Chapter Chapter Two represent capacity-bounding cases, while the bottom
panels represent length-bounding cases.

(a)	Truck	 (d)	Crowdsourcing(b)	Autonomous	Vehicle (c)	Hybrid

We vary the marginal AV and truck travelling costs within a range of 0 to 1 dollar per

km, assuming sv = 1− su. We also vary the hand-off cost from 0 to 10 dollars per hand-off.

The policy spaces for n = 100 and n = 1,000 are represented in Figures Three.9 and Three.10,

respectively, to evaluate the delivery cost of a higher number of recipients. In both figures, panels

(a) correspond to the capacity-bounding case, which we compare with the length-bounding case

in panels (b). Notably, Figure Three.9 exhibits a similar pattern to Figure Three.3, indicating
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that the case study displays the same dominance space patterns as the analytical model. Key

observations include: i) The hybrid and crowdsourcing policies consistently fall between the

truck and AV policies in both capacity-bounded and length-bounded scenarios (the so-called

“sandwiched” effect). ii) We observe that Insight 1 holds in the case study, given that capacity

and length bounding cases have similar dominance patterns.

The policy space for a large number of recipients (n = 1,000), in Figure Three.10, closely

resembles Figure Three.3c-d from the analytical model validating the asymptotic analysis. It is

shown here that the policy space of the truck and crowdsourcing policies shrink as n increases

from 100 to 1,000. This observation supports Insight 2, confirming that the truck policy is

predominantly outperformed once n is significantly large. Finally, the comparison between

the asymptotic cost of length and capacity bounding cases further validates Insight 3, as the

crowdsourcing policy space has a smaller share in the length bounding case compared to the

capacity bounding case. Beyond validating individual insights, these findings illustrate how the

theoretical model serves as a benchmark for real-world policy decisions. Despite the stylized

assumptions of the theoretical model, the case study preserves the key dominance relationships,

reinforcing the model’s practical applicability. This consistency suggests that decision-makers

can use the analytical framework to approximate cost-effective policies in diverse operational

settings, even when exact optimality is unattainable.

Figure Three.9: Dominant policy for n = 100. Letters {t,a,h,w} represent truck, AV, hybrid, and
crowdsourcing policies, respectively. (a) Capacity-bounding case Chapter Two. (b) Length-bounding
case.
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Figure Three.10: Dominant policy for n = 1,000. The letters {t,a,h,w} represent the truck, AV, hybrid,
and crowdsourcing policies, respectively. (a) Capacity-bounding case from Chapter Two. (b) Length-
bounding case.
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Section H: Conclusions

The complexity of last-mile logistics is particularly challenging when delivering perishable

goods, as it becomes difficult to maintain product quality. In response, to address part of these

challenges, we study recipient-dependent last-mile logistics in the time-sensitive delivery of

perishable goods, which offers the advantage of higher delivery success rates. This research

provides new insights into RDD by focusing on the application of AVs and their role in RDD.

This is a relatively unexplored area that demands more attention, given the rapid advancements

in AV technology. To focus on the RDD of perishable goods and explore AV-enabled policies,

we used the stylized model for routing policies and significantly expanded the literature by

comparing aspects of length-bounding routes for time-sensitive deliveries and capacity-bounding

truck routes, a key point missing in the existing literature.

One of the primary contributions of this study is comparing different policies under length-

bounding and capacity-bounding cases. We found similarities between cases, such as the similar

dominance patterns of the AV and truck policies under different marginal AV costs. Furthermore,

we observed that when the number of deliveries tends to infinity, the status quo truck policy

is dominated by other policies in both cases. We also presented unique patterns in the time-

sensitive delivery case, such as the dependency of the asymptotic cost to the hub allocation in

101



two-echelon policies. Additionally, we note the expansion of the hybrid policy’s dominance

space with the increase in the number of recipients under the length-bounding case.

As we push forward, the impact of this research extends to practical applications, particu-

larly in shaping policies for AV integration in last-mile logistics. While the analysis was mainly

centered on comparing costs, it is essential to understand that practical implementation requires

a more detailed assessment incorporating various factors such as wage rates, delivery charges,

and environmental impact. This study presents significant insights into new opportunities and

challenges associated with AVs in last-mile logistics and paves the way for future research.

More comprehensive models are needed that factor in the dynamics of two-sided markets,

environmental benefits, and the sensitivity of driver and recipient numbers to cost changes.

The ultimate goal remains to develop an optimal, efficient, and sustainable model for last-mile

logistics that brings maximum benefits to all parties involved.
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Chapter Four Tactical Routing and Fleet Planning

in Drone-Assisted Last-Mile Deliv-

ery

Abstract

Problem definition: Last-mile delivery is the most time-sensitive and expensive leg of the

logistic process, requiring innovative solutions to optimize delivery in urban and suburban

locations. Drones bring substantial value to this sector by avoiding congested routes and

following aerial pathways at higher speeds. Strategically, the decision to incorporate drones

into the existing fleet requires a balanced assessment of the benefits of reduced delivery time

against operational constraints and acquisition expenses. We formulate a problem of optimal

routing and fleet composition in drone-assisted delivery, providing a comprehensive assessment

of drone characterization and operational constraints on delivery performance. We consider

a drone-assisted delivery setting whereby trucks travel to designated hubs from which drones

are launched and retrieved. Methodology: We adopted the continuous approximation (CA)

paradigm, using a continuous distribution of recipients to minimize total delivery time and fleet

configuration. We use CA to approximate expected delivery distances in stylized settings and

analyze the effect of operational constraints, including drone range, truck and drone capacity,

and their synchronization, on delivery performance. We use parametric design to capture the

complexities of strategic planning to optimize routing strategies, hub location-allocation, and

fleet composition, and we obtain the closed-form expressions for the routing strategy decision

variables and optimal fleet composition. Managerial implications: This research bridges the gap
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between incorporating routing-based operational-level constraints, such as drone flight range,

coordination of truck routes with drone trajectories, and the potential for launching multiple

drones from a single hub. The study identifies policy regions based on the operational parameters

of the delivery model, including the truck-to-drone speed ratio, flight range, and truck capacity.

The policy spaces developed in this study analyze system efficiency under varying conditions

and guide strategic decisions to optimize fleet composition and routing strategies based on

technological advancements and operational parameters. (D Viniche et al. 2025)
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Section A: Introduction

Last-mile delivery is the final leg of the supply chain involving the transportation of goods

from distribution centers to their final destinations. The last mile constitutes about one-third

of the average cost of shipping an item due to the complexities of traffic congestion, limited

parking availability, and the high detour costs of reaching remote recipients (Dolan 2022). As

warehouses and recipients are at the two ends of this leg, last-mile delivery directly influences

the customer experience and the profitability of the delivery firm. Last-mile delivery firms aim

to provide prompt and efficient service at the least feasible cost by incorporating innovative

technologies, business models, and logistics strategies. Among the most promising advances

in this space are autonomous transport mediums such as drones, which significantly improve

last-mile delivery and can handle up to 80% of shipments in the next decade (McKinsey 2019).

Due to their advantages in saving delivery time and cost, drone delivery services are expected

to grow to $100 billion market by the end of the next decade (Liu and Sun 2022). Drones are

small unmanned aerial vehicles (UAVs) that can be automated or remotely controlled. They

offer faster deliveries than conventional vehicles by operating independently of road networks,

yielding benefits in dense urban areas, where they can avoid traffic congestion, and remote

suburban regions, where they can fly directly on shorter paths.

Any large-scale deployment of drones in the last mile requires proof-of-concept pilots to

demonstrate feasibility and efficiency. Major industry leaders have already conducted feasibility

studies and pilot programs to explore drone applications in last-mile logistics. Feasibility studies

of drone-assisted deliveries were initiated by Amazon Prime Air, performing the first-ever

drone-enabled package delivery in 2016 (Wells and Stevens 2016), and the first public delivery

in the USA in 2017 (Rubin 2017). Amazon claims that 85% of its products are less than 5lb

(McEntegart 2013), within the current drone average payload capacity. Walmart also offers the

largest drone delivery program among US retailers, recently expanding its service to up to 1.8

million households throughout the Dallas-Fort Worth metroplex (Walmart 2024). The program

provides customers with fast delivery options, with orders arriving in 10-30 minutes, further

advancing the role of drone technology in retail logistics. As drone technology improves in-flight
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power and payload capacity, more products are expected to become eligible carriable items, thus

expanding their reach to more customers. Drone delivery has also shown significant potential

across other delivery sectors besides the last mile, such as healthcare supply delivery. For

instance, Boutilier and Chan (2022) proposed a drone network design to deliver defibrillators in

response to out-of-hospital cardiac arrests, demonstrating the potential of modest drone networks

to reduce response times and increase survival rates. Feasibility studies have demonstrated

the potential of drones through projects such as the UPS and Zipline collaborations for blood

deliveries (Tilley 2016), Zipline’s medicine delivery initiative in North Carolina (Koetsier 2022),

Matternet’s logistics network for transporting medical samples (Alley 2019), and the joint UPS

and CyPhy project for delivering medical supplies (Carey 2016).

Logistic firms can benefit from integrating drones into their delivery fleets in congested

downtown cores and remote suburban regions. In densely populated city centers, drones

can bypass traffic congestion and reduce delivery times by taking aerial routes. In remote

suburban areas, drones provide an environmentally friendly alternative by eliminating the need

for large delivery vehicles to travel long distances to reach geographically isolated customers.

Nonetheless, drones have operational constraints, including their battery capacity, which limits

their flight’s maximum airborne time and distance, known as flight endurance and range. A

mixed fleet of trucks and drones can leverage the strengths of both modes of transportation

and offer the necessary flexibility and efficiency of an optimal last-mile delivery strategy while

effectively overcoming the operational constraints of truck-exclusive or drone-explosive fleets.

Integrating drones to last-mile operations requires planning at the tactical level and delivery

management at the operational level. Operational-level routing decisions are day-to-day and

related to finding the optimal sequence of visits, assigning orders to trucks, selecting drone

launch/retrieval locations, and configuring route-related properties. Such decisions often require

detailed information about the location of recipients and other properties like time-window

restrictions, package size, and so on. The problem of operational-level decisions is classically

posed as mixed integer-linear programs, which find the optimal visit sequence for each truck in

the fleet and other drone-related decisions such as their launch and rendezvous points (Murray

and Chu 2015, Murray and Raj 2020, Poikonen and Golden 2020). In contrast, strategic
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planning addresses high-level decisions like configuring the fleet composition and choosing

facility locations. Strategic planning requires less detailed data and aims to compare the growth

order of cost (or revenue) with respect to the size of recipients. Carlsson and Song (2018)

proposed a strategic planning model with one truck and one drone and showed that the efficiency

of adding a drone to a truck depends on the square root of the ratio of the truck and the drone

speeds.

A gap in the literature at the strategical level of planning is the absence of key operational-

level conditions, which complicate any analytical modeling of the problem. Five such com-

plexities are the drone range limitation, limited capacity of drones and trucks, synchronization

between truck and drone movements, and launching (or retrieving) multiple drones from (or at) a

single launch point. For example, Carlsson and Song (2018) proposed a coordinated single-truck,

single-drone delivery system where the drone picks up packages from the moving truck, delivers

them, and returns to the vehicle. They use the Continuous Approximation (CA) paradigm to

analyze the system and show that efficiency improvement depends on the square root of the

truck-to-drone speed ratio. This finding is further validated through computational experiments.

Perera et al. (2020) focuses on the decentralization problem of partitioning the market using

a multi-drone delivery network with a drone-exclusive delivery system without limitation on

the drone flight range. Li et al. (2020b) use CA to provide analytical insights for a multi-truck

multi-drone joint delivery system without drone operational constraints.

This study seeks the optimal fleet composition for multi-truck multi-drone delivery to a set

of recipients by proposing a parametric design and providing strategic analyses. To capture the

complexities of strategic planning, we propose a parametric design framework that enables the

formation of a flexible, rule-based routing strategy to optimize fleet configurations and delivery

strategies through parameter manipulation. Initially derived from architecture and construction

engineering, parametric design facilitates the management of complex design variables. The

complex nature of the multi-drone, multi-truck fleet composition problem requires considering

i) routing parameters, including vehicle speeds and drone range limitation; ii) facility location-

allocation parameters, including the number of hubs, their distance from the central depot, and

the allocation of recipients to those hubs; and iii) fleet composition parameters, i.e., number of
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trucks and drones in the fleet and their respective capacities. Parametric design allows for the

integration of all these characteristics into the mathematical model, ensuring clear and explicit

relationships between the various components. As a result, parametric design facilitates the

analysis of how different parameter changes influence the decision variables. By capturing the

complex interactions, this design approach facilitates the derivation of closed-form analytical

results and provides valuable managerial insights.

This study proposes an optimal routing strategy and fleet composition policy based on

drone operational constraints, including their payload capacity, flight range, and truck-load

capacity. We consider a multi-truck multi-drone problem, where multiple drones can be assigned

to each truck. Trucks travel from a depot, carrying drones and packages, while they stop at

designated hubs on their path to launch and retrieve the drones. Drones are launched from those

hubs, delivering the packages to recipients. We consider drone re-launching, where a drone is

intercepted by a truck and relaunched to the next delivery point while staying within the drone

range. We also consider the multi-launching of drones by each truck, where each truck can

launch more than one drone at a single launch hub and retrieve them together at the next hub.

The synchronization of truck and drone movements is considered for proper scheduling between

the truck and its drones while minimizing the delivery time. Trucks need to be at the retrieval

hub prior to the first drone, which we name the scheduling constraint. Furthermore, trucks need

to wait at the retrieval point to retire the last drone before leaving that hub. Multi-launching

further complicates the scheduling process, requiring a truck to be present at the designated

retrieval hub before the arrival of the first drone and idle until the arrival of the last drone.

We focus on a stylized setting with a circular service area and a single depot at the cen-

ter. This assumption leverages the symmetry of the circular structure and provides analytical

tractability. The circular models are widely used in the operations management literature, partic-

ularly when demand is assumed to be uniformly distributed, as they allow for the formulation

of total cost functions using continuous approximation methods. Many major cities, such as

Beijing and Indianapolis, have a circular or ring structure with business hubs near the center and

residential areas expanding outward, making the circular approximation both mathematically

convenient and empirically relevant. We first consider the one-dimensional distribution of
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recipients along the circle’s boundary, i.e., the circle’s circumference. Later, we consider a

two-dimensional distribution of recipients on the entire circular surface.

The models in this study identify three distinct policy regions based on the operational

parameters of the delivery model, including the truck-to-drone speed ratio, flight range, and

truck capacity. In the regions of the policy space, the following features become the limiting

factor in deciding the optimal delivery time of the routes: drone range, truck capacity, and the

synchronization of each truck’s movement with its assigned drones. We derived the closed-

form expression for the routing decision variables and the critical speed ratios that define

the boundaries of policy regions. The policy space from this analysis illustrates that in low

speed ratios, drones fly to their full range, necessary synchronization between truck and drone

movement is limiting the delivery performance, and trucks carry partial load below their capacity.

For medium speed ratios, drones are flying to their full range, the synchronization between truck

and drone movements does not affect the total travel time, and trucks are full to their capacity.

In high speed ratios, drones do not fly to their full range, the synchronization is bounding, and

trucks are full to their capacity. Moreover, we show that, while amortized ownership costs of

trucks and drones influence the critical speed ratios, the optimal fleet composition in each policy

region depends solely on the routing strategies rather than vehicle ownership costs. Finally, we

validate the total delivery cost for routing on the surface model by demonstrating consistency

with the classical Traveling Salesman Problem (TSP) literature, confirming that for uniformly

distributed recipients, the cost per recipient scales proportionally to the square roots of the

number of recipients.

The remainder of this paper is structured as follows. In Section B, we provide an overview

of the most related academic works. In Section C, we first formally introduce the mathematical

model, provide the non-linear relationships between the components of the problem, and later

introduce the routing problem in a stylized setting. In Section D, we analyze optimal routing

for two different settings, followed by the fleet composition optimization problem in D.3. In

Section E, we expand the one-dimensional stylized distribution with recipients on the boundary

of a circle to a two-dimensional distribution model where recipients are distributed on a surface

and how the consistency between the optimized route and fleet composition optimization in the
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two settings. Finally, the conclusions and directions for future research are provided in Section

F. All the proofs are in the appendix.

Section B: Related works

Drones have a wide range of applications in sectors such as logistics, disaster management, and

healthcare. A survey by Otto et al. (2018) highlighted the potential of drone delivery across

industries such as healthcare, agriculture, and disaster response. D’Andrea (2014) discussed the

economic benefits of drone delivery in these sectors based on cost-per-mile analysis. Chung, Sah,

and Lee (2020) surveys the civil application of drone delivery in different sectors, among them

are transportation and logistics, with a focus on optimization approaches in the Drone and Truck

Coordinated Operations. Finally, Poikonen and Campbell (2021) reviewed the routing problem

of drone delivery in logistics, emphasizing the future of drone-enabled deliveries given their

lower operational cost and accessibility to remote areas. They identified the gap of inadequate

consideration of operational constraints, including flight range, battery capacity, speed, and

payload limitations. They further suggested that the synchronization of drone trajectories and

truck paths poses the most significant challenge in multi-truck multi-drone systems. We thus

consider this synchronization in our model.

We next review research focused on coordinated truck and drone delivery systems. Pi-

oneering research in truck and drone delivery systems focused on single-truck, single-drone

operations. Murray and Chu (2015) addressed the multi-echelon delivery as the Flying Sidekick

Traveling Salesman Problem (FSTSP), which was a novel variant of the classic Vehicle Routing

Problem (VRP). A mixed-integer linear program was used, but due to the complexity of the

problem, they later proposed a heuristic solution for larger instances (Murray and Raj 2020).

Several studies further tackled FSTSP and its complex variants. Agatz, Bouman, and Schmidt

(2018) and Jeong, Song, and Lee (2019) both contributed integer program solutions, with the

latter improving the algorithm complexity of FSTSP by considering the limited flight range of

drones and its dependency on carrying payloads. Furthermore, Bouman, Agatz, and Schmidt

(2018) used dynamic programming to obtain the exact optimal solution of the traveling salesman
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problem with a single drone to minimize tour costs in a setting where all recipients are serviced

by either the truck or drone.

In extending the problem scope, a body of literature studied multiple-drone multiple-truck

scenarios. Sacramento, Pisinger, and Ropke (2019) examined multiple trucks and one drone

per truck, while others considered trucks with multiple drones with the carrying capability of

one parcel (Wang, Poikonen, and Golden 2017) or multiple parcels (Wang and Sheu 2019).

In addition, Kitjacharoenchai et al. (2019) modelled a multi-drone multi-truck problem where

drones can transit between trucks (launch from one truck and return to another), adding an extra

dimension to the logistical problem. However, critical operational limitations of drone-enabled

deliveries are missing in these studies, including the limited battery capacity of drones, which

leads to range or endurance constraints. We focus on the multi-truck multi-drone operation

while considering the operational characteristics and limitations of the truck-and-drone delivery

system, including but not limited to their limited payload capacity and drone battery limitation,

which leads to flight range constraints in addition to scheduling constraints of trucks and drones.

A widely adopted approach to solving delivery-routing problems, including sidekick-

routing variants, is integer programming (IP). IP-based approaches typically require detailed data,

such as the exact locations and delivery loads of recipients. Mathew, Smith, and Waslander (2015)

and Peng et al. (2019) focused on the delivery strategy where trucks carry and launch drones

with parcels but do not make the final hand-off to recipients, whereas Poikonen and Golden

(2020) modeled one truck and k drones, solving a k-multi-visit drone routing problem. Kang

and Lee (2021) presented a mixed-integer programming formulation considering a fleet with

one truck and multiple drones, all capable of delivery. They proposed a heterogeneous routing

problem with multiple drones classified based on speed and battery limits, yet simplistically

required drones to return to their launch point, leading to excess truck waiting times and extended

total delivery time. Unlike the aforementioned studies where drones deliver packages (alone

or parallel to the trucks), Dayarian, Savelsbergh, and Clarke (2020) considered a case where

drones resupply trucks and proposed a vehicle routing problem with drone resupply. From a

distribution network perspective, Baloch and Gzara (2020) studied the economic desirability of

drone delivery compared to traditional delivery services and analyzed the effect of government
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regulations and customer behavior in addition to the technological constraints on drone adoption.

However, they do not consider the hybrid truck-and-drone delivery scenarios. Roberti and

Ruthmair (2021) proposed a dynamic programming recursion-based branch-and-price approach

to solve traveling salesman problems with drone (TSP-D) variants. Their method outperformed

prior approaches by solving instances with up to 39 customers to optimality. Their results

demonstrated that even a single drone could substantially reduce delivery time with consideration

of synchronization between drone flight and the truck movement. Tiniç et al. (2023) introduced

the traveling salesman problem with multiple drones (TSP-mD), modeling truck and drone

synchronization by incorporating individual waiting times into the objective function. Their

proposed branch-and-cut algorithms outperform standard methods when allowing flexible launch

and retrieval locations. Morandi, Leus, and Yaman (2024) extended the orienteering problem

(OP) to incorporate multiple drones cooperating with a truck to maximize the total collected

prize under a time constraint. Their model considered drones with limited battery endurance

and developed a mixed-integer linear programming formulation and a tailored branch-and-cut

algorithm that solves instances with up to 50 nodes. One of the prominent limitations of using

IP to address the side-kick routing problems lies in its non-polynomial order of complexity. In

addition, solving these models often requires a high level of detail, such as the exact location

of recipients, delivery time windows, and recipient-specific constraints like drone acceptability.

This complex structure and reliance on detailed input data often prevent identifying key insights

needed for strategic decision-making. To address this, our model adopts an approximation of

recipients’ distribution rather than their exact location, allowing us to estimate the total travel

distance in drone-assisted scenarios. At the strategic level, the available data is more aggregate,

and the emphasis is on comparison policies in terms of their order of cost. This approach

facilitates the derivation of managerial insights for strategic decision-making by leveraging

approximations of the aggregated data to compare policies in terms of their order of cost.

The Continuous Approximation (CA) methodology replaces detailed data, such as recipient

locations, with concise summaries using a continuous density function over time and space

(Daganzo 2005). This approach offers simplified yet plausible analysis, often allowing the

derivation of closed-form analytical solutions. Carlsson and Song (2018) adopted CA modelling
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techniques to overcome the mentioned computational challenges while still utilizing a single

drone and truck. Whereas, Campbell, Sweeney, and Zhang (2017) used CA considering multiple

drones per truck and provided strategic-level insights on the economical advantages of drone

delivery and the critical role of synchronization. Li et al. (2020b) studied a delivery setting

where recipients are uniformly distributed on a circular service region with a centrally located

depot. They applied continuous approximation methods to minimize total delivery costs and

optimize service sub-region partitioning. Their model also incorporated package deliveries by

truck, aiming to optimize the package delivery ratio between truck and drone while accounting

for constraints such as limited truck capacity. Meanwhile, Perera et al. (2020) modelled a drone

delivery system where recipients are uniformly distributed on the circumference of a circle and

evaluated the impact of drone technologies on logistics systems parameters and efficiency gains

over traditional truck logistics. Their findings highlight that, as drone technologies mature and

become more cost-effective, decentralized delivery systems become more profitable and can offer

more delivery options (e.g., same-day or one-hour delivery guarantees) and greater profit. An

existing gap in the literature on such strategic models is the lack of consideration of operational

limitations such as drone payload capacity and flight range. We address these gaps while

considering the operational characteristics and limitations of drone delivery. Although a mixed

fleet of trucks and drones adds complexity to this problem due to the necessary synchronization

between truck paths and drone trajectories, a mixed fleet is more practical, as it offers greater

flexibility and economic advantage.

Section C: Delivery Routing and Allocation

Consider a distribution firm with a mixed fleet of trucks and drones. Trucks start their route from

a depot and visit a set of hubs before returning to the depot. Drones are launched and/or retrieved

on these hubs. The first and last hubs visited by each truck are exclusively used for launching

and retrieving, respectively, and all other hubs are used for both. We consider a routing policy in

which the final drop-off is made by drones; i.e., trucks do not visit the recipients. We consider

the following operational restrictions for the truck and drone delivery model.
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1. Drone Range: Drones have certain flight restrictions that shall not be violated during the

course of delivery. The maximum distance each drone can fly is flight “range,” which

is restricted by the drone’s limited battery capacity. Drones can be re-launched multiple

times along the truck route as long as their entire flight distance does not exceed their

range. Drones are fully charged at the beginning of the delivery, starting from the depot,

and cannot recharge during operations.

2. Truck-and-Drone Synchronizing: Each drone is operated (launched and retrieved) by

a single truck. Each truck can operate multiple drones. Truck paths and their drone

trajectories must be coordinated such that launched drones do not arrive at their retrieval

hub prior to the arrival of the truck, indicating that there is no drone hovering and a

retrieving truck is to be present at the retrieval hub before the drone’s arrival. Moreover,

trucks cannot leave the rendezvous hub before retrieving all drones of the batch.

3. Trucks Capacity: Trucks have a limited capacity represented by the maximum number of

recipients they can serve during a delivery day. We assume each recipient takes one unit

of the truck’s capacity, and each drone serves only one recipient per launch.

The objective is to find the optimal mixed fleet of trucks and drones that minimizes the

fleet acquisition and routing (operating) costs. Let nt and nd be the number of trucks and

drones, respectively, and Ft and Fd be their respective marginal amortized ownership costs.

The routing cost of visiting a set of N recipients depends on the fleet composition (number of

trucks and drones), and the routing strategy. Hence, we denote the routing cost as T (nt ,nd,ψ),

where ψ represents the properties of a feasible routing strategy and recipient information, such

as their locations. Feasible routing conditions must satisfy the drone range, truck-and-drone

synchronization, and truck capacity constraints.

We seek to minimize the fleet acquisition and routing costs expressed as

C = min
nt ,nd ,ψ

T (nt ,nd,ψ)+Ftnt +Fdnd. (Four.1)

The conventional discrete formulation of (Four.1) suffers from the curse of dimensionality

due to the combinatorial nature of the route structure in T (nt ,nd,ψ) for any given nt and nd , as
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discussed in the related works section. Therefore, we use a stylized setting of the problem for

the routing strategy.

C.1 Routing Strategy

We consider a delivery strategy with a single depot from which N recipients are served. There

are nt trucks, each with capacity K in the fleet to serve these customers. We consider that the

number of recipients per truck is equal to xt , which has to satisfy the truck capacity constraint:

xt ≤ K. (Four.2)

The required number of trucks is then ⌈N/xt⌉. The number of trucks in the fleet must be

sufficient to meet the service needs of all customers, and therefore it must exceed the required

number of trucks:

⌈N
xt
⌉ ≤ nt . (Four.3)

Each truck visits m ≥ 1 hubs on its path to launch and/or retrieve the drones. We consider

equal distanced hubs, with the inter-hub distance being δ. Each truck holds a batch of q drones

simultaneously launched from each hub, except for the last hub; Therefore, each drone is

launched at most m−1 times. Each batch of drones will be retrieved together at the subsequent

hub along the truck path. Figure Four.1 presents three geometric realizations with various values

for m and q. For example, in Figure Four.1a, a batch of q = 3 drones is launched one time,

given that m−1 = 1, whereas in Figure Four.1c, the same batch is launched twice, given that

m−1 = 2.

Figure Four.1: Examples with various values for m and q.
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Drones on each truck can visit q(m−1) recipients, which we term the truck’s drone capacity.

Thus, the number of recipients per truck must be less than or equal to the truck’s drone capacity:

q(m−1)≥ xt . (Four.4)

We next describe the drone-imposed restrictions. The available number of drones in the

fleet, nd , must be greater than the required number of drones. Given ⌈N/xt⌉ trucks and q drones

per truck, we have:

nd ≥ q⌈N
xt
⌉. (Four.5)

The two constraints in (Four.4) and (Four.5) guarantee the sufficient number of drones in

the fleet to serve N recipients in addition to satisfying the drone capacity per truck.

Each of the q drones launched by a truck from a given hub flies a unique trajectory between

launch and retrieval hubs. We denote the maximum and minimum flight distances in these

trajectories by L and L, respectively. An upper bound to each drone’s flight distance is when

a drone flies a maximum distance of L between every two consecutive hubs, i.e., for m− 1

relaunches. We ensure that drone flight range is not violated in the worst-case scenario, where a

single drone travels the longest possible distance of L in each of its (m−1) launches. Thus, for

a flight range R, the range constraint is

(m−1)L ≤ R. (Four.6)

To ensure trucks are at the retrieval point prior to all drones assigned to them, truck travel

time between two consecutive hubs should be less than the shortest flight time of those drones,

which we call the scheduling constraint. With the shortest travel time as the extreme case, we

thus require the following:

L
sd

≥ δ

st
, (Four.7)

where st and sd represent the average speeds of trucks and drones, respectively. sd ≥ st ,

reflecting that drones travel along aerial trajectories and are not constrained by traffic congestion
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or associated limitations. The assumed speeds also account for the detours that trucks must

make due to the geometry of road networks, while drones can traverse direct distances with

greater flexibility.

In addition to the scheduling constraint, trucks leave a hub only after retrieving all their q

drones. This condition leads to a waiting time at each of the last m−1 hubs, accounting for the

period between the truck’s arrival and the receiving of the last drone of the batch, i.e., the drone

that travels the longest distance. Given m−1 retrieval hubs per route, the total waiting time of

each truck at all its visiting hubs is

(
L
sd

− δ

st
)(m−1). (Four.8)

The routing cost per truck consists of i) truck routing time and ii) truck waiting time at all

hubs. Considering that each truck travels the distance of lt , and using the truck waiting time

given in (Four.8), the routing cost per truck, with a marginal cost of time that is normalized to 1,

is

T (nt ,nd) =
lt
st
+(

L
sd

− δ

st
)(m−1). (Four.9)

We note that the routing cost and its associated constraints depend on the fleet composition,

nt and nd , as well as on the routing strategy that can be characterized by the decision variable

set ψ = {m,q,xt}, which is dropped for brevity from T (nt ,nd,ψ) in (Four.9).

We seek to minimize the total cost of the presented delivery model. We discuss the optimal

fleet composition, i.e., the optimal number of trucks n∗t and drones n∗d in the fleet, and the routing

decision variables ψ = {m∗,q∗,x∗t } of the truck and drone delivery operations by optimizing a

non-linear mathematical model with the objective function (Four.1), and the set of constraints

(Four.2)-(Four.7).

The proposed mathematical model is non-linear due to constraints (Four.2), (Four.4),

(Four.5), (Four.6), and (Four.7), which include products of decision variables and square-root

terms. Given this non-linearity, direct analysis of the Karush–Kuhn–Tucker conditions leads to

a large system of equations, with solutions sets that are not easily comparable (Wu 2007). We,
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therefore, propose a backward induction methodology, whereby we first consider a given fleet

composition of nt trucks and nd drones and minimize the total routing cost T (nt ,nd) obtained

from (Four.9). This approach requires that we bound the number of trucks such that nt ≥ N
K ,

otherwise, the trucks would not have enough capacity to serve all recipients.

We use the backward induction to solve the mathematical model for a given fleet composi-

tion, given the non-linearity of (Four.1)-(Four.7). To address the integrality of the number of

trucks, ⌈N/xt⌉, we consider a continuous relaxation of this term and approximate the truck fleet

size as N/xt . This approximation becomes more accurate for N ≫ K as the deviation between

the continuous and discrete decision variables is diminished. The relaxed mathematical model is

min
xt ,m,q

T (nt ,nd) =
lt
st
+(

L
sd

− δ

st
)(m−1) (Four.10)

s.t. (m−1)L ≤ R,

xt ≤ K

xt ≤ q(m−1)

δ

st
≤ L

sd
N
xt

≤ nt

q
N
xt

≤ nd.

In the interest of deriving closed-form expressions and meaningful insights, we consider

a stylized setting of the problem, which we refer to as “circular routing,” where demand is

only on the circumference of the circle. Section D proposes a routing strategy for a given nt

and nd , using the circular routing model. We obtain the closed-form solution of the optimal

circular routing in Section D.1 and present a ring-radial routing model, which is a modification

of circular routing in Section D.2. We then solve for the optimal fleet composition (optimal

number of trucks and drones) in Section D.3, where we approximate (Four.1) and derive the

optimal fleet composition and routing strategy. Finally, in Section E, we analyze the case where

demand occurs over the entire circular surface.
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Figure Four.2: Circular routing model.

Section D: Circular Routing

Consider a depot located at the center of a circle with N recipients uniformly distributed on the

circle’s circumference, as shown in Figure Four.2. Trucks travel a distance r away from the

depot, then traverse an arc of radius r , as shown in Figure Four.2. Thus, each truck travels the

distance of lt = r+ larc, where the terms represent the outbound and arc lengths. Without loss

of generality, we do not consider the truck’s inbound trip from the final hub to the depot, as

this segment does not affect the delivery time or the delay experienced by the recipients. We

normalize the circle radius to 1. The arc length is inversely proportional to the number of trucks,

and therefore, the length of each truck route is

lt = r+
2πr

⌈N/xt⌉
. (Four.11)

Each truck visits m hubs that are equally spaced and located a distance r away from the

depot, as shown in Figure Four.2. Given that the perimeter of the inner circle is 2πr, the inter-hub

distance, δ, is

δ =
2πr

m⌈N/xt⌉
. (Four.12)

We calculate the maximum and minimum flight distances of the drones in each batch,

accounting for the different flight trajectories among drones in each batch. We approximate the
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geometry of the flight trajectory by converting the two arcs of Figure Four.3a into two parallel

lines as in Figure Four.3b. Using the Pythagorean Theorem, the maximum flight distance is

L = (1− r)+
√

(δ)2 +(1− r)2, (Four.13)

and the minimum flight distance is

L = 2
√
(δ/2)2 +(1− r)2. (Four.14)

We now use the derivation of the circular routing strategy in constraints (Four.3)-(Four.7),

to obtain the closed-form solution for optimal routing cost per truck, presented in (Four.9).

D.1 Optimal Circular Routing

We solve the mathematical model presented in (Four.10) for a given fleet composition of

trucks and drones using the proposed circular routing model. We leverage the circular routing

derivations presented in (Four.11)-(Four.14) to obtain the closed-form expressions for the

optimal routing decision variables ψcircle = {m,q,r,xt}, proved in the appendix, which leads to

the following propositions.

Proposition 1 The optimal number of recipients per truck x∗t , the optimal number of

launches per hub q∗, and the optimal number of hubs m∗ are derived in the appendix as

x∗t =
N
nt
,q∗ =

nd

nt
,m∗ =

N
nd

+1, (Four.15)

Figure Four.3: Minimum and maximum flight distance for drones are launched from one truck in a batch
together (only the shortest and longest routes are shown).
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Proposition 2 The optimal truck travel radius r∗ is derived in the Appendix as

r∗ =


−m∗NR

√
4x∗2

t π2(R−2m∗+2)+Rm∗2 N2+Rm∗N

4x∗2
t π2(m∗−1)

st/sd ≤ τ

m∗2
N2s2

t −πm∗Nstx∗t
√

s2
d−s2

t

m∗2N2s2
t −π2x∗2

t (s2
d−s2

t )
st/sd > τ,

(Four.16)

where τ is the critical speed ratio, derived in the Appendix as:

τ =
nd

√
4π2r2n2

d +(1− r)2N2n2
t

N
√

4π2r2n2
d +(1− r)2N2n2

t − (4π2rn2
d − (1− r)N2n2

t )
, (Four.17)

which depends on the number of recipients and fleet composition.

We demonstrate the results of Propositions 1 and 2 in Figure Four.4. The main insights

from Propositions 1 and 2 are:

Insight 1: Proposition 1 shows that recipients are equally divided amongst trucks; each

truck holds nd/nt drones, where all drones are launched together (starting from the first hub

visited by the truck), and each drone is launched N/nd times.

Insight 2: When the truck-to-drone speed ratio is below the critical speed ratio, the drone’s

range becomes the primary factor affecting the optimal radius. In this case, since the drone speed

is “sufficiently” higher than the truck speed, drones are favored more and use their full flight

range for optimal operation. Therefore, the range constraint (Four.6) is binding. Moreover, the

speed parameters do not affect the optimal radius here; thus, the scheduling constraint (Four.7)

is not binding.

Insight 3: When the speed ratio is above the critical speed ratio, the speeds are the primary

factor affecting the optimal radius., e.g., the optimal radius is independent of R. In this case,

drones are favored less because their speed is not “sufficiently” higher than the speed of the

trucks, and therefore, the full drone range is not depleted. In such cases, the range constraint

is not binding, and the routing is governed by the coordination between trucks and drones as

expressed in (Four.7).

Figure Four.4 depicts the optimal radius and the associated routing cost, where different

colors represent different flight ranges R = 0.5,1, ...,2.5. The speed ratio ranges from zero to
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Figure Four.4: Optimal radius and Minimum Routing Cost based on speed Ratio st/sd for Different Fligh
Range R.

one, where we fix the drone speed and increase the truck speed from zero to sd . When the speed

ratio is below the critical speed ratio, Figure Four.4a shows that the optimal radius depends only

on the range as the binding constraint in this region, consistent with Insight 1. On the other hand,

when the speed ratio is above the critical point, the range does not affect the optimal radius,

and all travel radii overlap, following the reasoning of Insight 2. In the extreme case when the

truck speed is close to the drone speed, based on (Four.16), the optimal radius approaches one,

and trucks get as close as possible to the recipients. This means that drones do not travel any

distance because of the financial advantages of trucks when they can travel at the same speed.

As drone range increases, trucks can launch drones from greater distances toward the

recipients, resulting in hubs being positioned closer to the depot. Consequently, the optimal

radius starts from smaller values. As illustrated in Figure Four.4a, the critical speed ratio

decreases as the range increases. Figure Four.4b shows that the routing cost consistently

decreases with the speed ratio, both below and above the critical speed ratio, τ. However, as

previously discussed, below the critical speed ratio, the routing cost is influenced by the drone

range, with higher ranges resulting in lower costs. In contrast, above the critical speed ratio, the

routing cost becomes solely dependent on the speed ratio and is no longer affected by the range.

Consequently, as shown in Figure Four.4b, the routing costs for all ranges converge to a single

curve of minimum cost beyond the critical speed.

The number of trucks and drones in the fleet affects the optimal routing decision variables.
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Figure Four.5: Effect of fleet composition on Optimal Radius and Minimum Routing Cost.

Figure Four.5 illustrates the effect of fleet composition on these decision variables by increasing

the number of drones to match the number of recipients. Comparing Figure Four.5 with Figure

Four.4, which depicts a scenario with a higher number of drones, we observe that for the same

flight range, the optimal radius decreases as the number of drones increases. This is because a

sufficient number of drones allows each recipient to be served by a single drone, eliminating the

need for relaunching. In this case, each drone utilizes its full range for a single delivery, allowing

trucks to travel shorter distances, which results in a lower optimal radius. In the extreme case

depicted in Figure Four.5a, when R = 2 (double the normalized radius of the circle), the fleet has

a sufficient number of drones to serve all recipients directly. Consequently, the optimal radius

r∗ is zero before the critical speed ratio, as drones can complete direct flights from the depot

to each recipient and back. Since trucks do not leave the depot in this scenario, the minimum

associated routing cost remains constant and independent of the speed ratio before the critical

point, as shown in Figure Four.5b. Furthermore, increasing the flight range beyond this point

(e.g., from R = 2 to R = 2.5) does not change the result, as the same optimal values are achieved

for those ranges.

Despite having an interpretable solution, the circular routing model has some drawbacks.

The closed-form derivation of the optimal routing cost T (nt ,nd) is not mathematically tractable

due to complexities such as the co-dependence of the optimal radius and the critical speed

ratio in (Four.16) and (Four.17). This caveat also complicates the derivation of the optimal
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fleet composition, which is a primary objective of this study. Therefore, we consider a slightly

modified “ring-radial” routing strategy that exhibits similar patterns as circular routing and is

tractable in deriving the optimal fleet composition.

D.2 Ring-Radial Setting

We present an alternative model of the circular routing problem that provides an upper bound

on the objective function (Four.9). The ring-radial routing strategy allows drones and trucks to

move in four directions: two radial directions towards and away from the depot, and two ring

directions along an arc such that the distance of any point on the arc from the depot remains the

same (i.e., along arcs of concentric rings with a radius smaller or equal to one). Figure Four.6

depicts examples of circular routing from Section D.1 and ring-radial routing.

The ring-radial setting is similar to circular routing in terms of constraints and objective

function, except for the definitions of the maximum and minimum flight distances of the drones

in each batch. As shown in Figure Four.6, truck movements are identical in both settings.

However, the drones follow distinct flight patterns in the ring-radial configuration, where the

minimum and maximum flight distances are equal and can be expressed as:

L = L = L = 2(1− r)+δ. (Four.18)

Again, we consider the optimization routing problem for a given number of trucks and

drones and discuss the optimal decision variables in the following proposition.

Figure Four.6: Ring Radial Routing Setting. Minimum and maximum flight distances for drones are
launched from one truck in a batch together (only the shortest and longest routes are shown).
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Proposition 3 The optimal decision variables of the ring-radial setting are identical to those

in the circular routing setting, except for the optimal radius, as given by (Four.15) and detailed

in the Appendix.

r∗ =


2Nnt−ndntR
2Nnt−2πnd

st/sd ≤ τ

Nntst
πnd(sd−st)+Nntst

st/sd > τ,

(Four.19)

where the critical speed ratio is derived in the appendix as

τ =
Nntnd +ntn2

d
2N2nt +2Nntnd −2πNnd

. (Four.20)

The optimal radius for the ring-radial routing simplifies to a tractable expression that,

similar to the circular routing case, depends on the truck-to-drone speed ratio, where τ is the

critical speed ratio for the ring-radial setting, given in the Appendix.

Insight 4: The ring-radial routing setting exhibits similar trends to the circular routing

model with respect to the dependency of the optimal radius and total cost on the critical speed

ratio. When the truck-to-drone speed ratio is below the critical speed ratio, the optimal radius

depends on the drone’s range, while above the critical speed ratio, the optimal radius becomes

independent of the range and is influenced solely by the speed ratio.

Insight 5: Different from the circular setting, in the ring-radial setting, the critical speed

Figure Four.7: Optimal radius and Minimum Routing Cost in the Ring-Radial Setting.
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ratio is independent of the drone’s range. This independence simplifies the optimization problem

by decoupling the critical speed ratio from the optimal radius, which makes it possible to express

the optimal ring-radial routing cost in a more tractable form.

Figure Four.7 shows that optimal radius and routing cost in the ring-radial setting follow a

similar trend to circular routing. The radius below the critical speed ratio depends on the drone’s

range, as shown by the different colors, as the range constraint is binding. However, once the

speed ratio exceeds the critical value, the optimal radii for all ranges converge, and the radius

is influenced solely by the speed ratio. The associated routing cost, shown in Figure Four.7b,

also decreases with the speed ratio, as in the circular setting. The key distinction is that in the

ring-radial model, the critical speed ratio is independent of the drone’s range. This simplifies the

optimization problem by decoupling the critical speed ratio from the optimal radius, which was

a source of complexity in the circular routing model. The ring-radial setting retains the same

binding constraints as circular routing: the range constraint is binding below the critical speed

ratio, and the scheduling constraint governs routing decisions above it. The critical speed ratio

in ring-radial routing is independent of the optimal radius, which provides a tractable framework

for deriving the close-form optimal routing cost.

T ∗(nt ,nd) =


R
sd
+ 2Nnt−ndntR

2st(Nnt−πnd)
st/sd ≤ τ

N(nt+2π)
ndπ(sd−st)+ntstN

st/sd > τ.

(Four.21)

The critical speed ratio and optimal cost also depend on fleet composition, i.e., the number

of trucks and drones in the fleet, and the number of recipients.

D.3 Fleet composition optimization

With the closed-form solutions of the optimal routing strategy for a given fleet composition, we

now turn to the problem of determining the optimal fleet composition to minimize the total cost

of the delivery operation. The total cost is influenced by both the routing strategy and the fleet

composition. We derive the optimal fleet composition using the optimal routing results from
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Propositions 1 and 3,

C = ntT ∗(nt ,nd)+Ftnt +Fdnd. (Four.22)

We consider the entire fleet cost in contrast to (Four.9), where only one truck route was

considered. Here, T ∗ is the minimized routing cost from the ring-radial setting. The routing

constraints in (Four.2)-(Four.7) of Section C.1 hold for the fleet composition optimization

problem as well.

Proposition 4 We find the optimal solution for minimizing (Four.22) where the closed-form

expressions for the optimal number of hubs m∗ and the number of launches per hub q∗ are the

same as for the optimal routing problem. The optimal number of recipients per truck x∗t is related

to both the number of trucks and the truck capacity.

x∗t = min{K,
N
n∗t

}, q∗ =
n∗d
n∗t

, m∗ =
N
n∗d

+1, (Four.23)

Proposition 5 The optimal fleet composition, i.e., the optimal number of trucks n∗t and

drones n∗d in the fleet, are:

n∗t =


2πr∗sd

Rst
st/sd ≤ τ1

N
K st/sd ≥ τ1

, (Four.24)

and

n∗d =



2Nsd(1−r∗)
R(sd−st)

st/sd ≤ τ1

2N2(1−r)
NR−2πKR τq ≤ st/sd ≤ τ2

N
K st/sd ≥ τ2

, (Four.25)

where

r∗ =


nt(2N−ndR)
2Nnt−2πnd

st/sd ≤ τ2

Nntst
πnd(sd−st)+Nntst

st/sd > τ2

. (Four.26)
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Figure Four.8: Fleet Composition Optimal Radius and Cost

We observe that the fleet optimization problem involves three critical speed ratios. Equa-

tions (Four.23) to (Four.25) detail how these critical speed ratios influence the routing solution.

The two critical speed ratios identified in Proposition 4 align with three key constraints: range,

scheduling, and capacity. Figures Four.8 and Four.9 show the optimal decision variables for

the fleet optimization problem across different flight ranges, based on the routing and fleet

compositions derived in Propositions 3 and 4. The plots correspond to the two critical speed

ratios and depict three distinct regions governed by the key constraints. Each region in Figures

Four.9 is labeled according to the corresponding non-binding constraint within that region, as

discussed below.

Excess Truck Capacity Region: When the truck-to-drone speed ratio is significantly lower

than the drone speed, i.e., below the first critical speed ratio, the optimal routing strategy

favors drones flying longer distances due to their ”sufficiently” high speeds relative to trucks.

In this scenario, drones fly their maximum allowable distance, determined by their range, to
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Figure Four.9: Optimal fleet composition regions formed based on key constraints. Each region is named
after the constraint that is not binding in that region.

fully leverage their speed advantage; thus, the drone range constraint becomes binding. For

this spectrum of speed ratios, the optimal radius r∗ is relatively small, bounded by the drone

range limitation, as shown in Figure Four.8a. In extreme cases where the drone range is large

enough, the optimal radius can reduce to zero, meaning drones are launched directly from the

central depot to customers and retrieved at the depot. Since trucks are slower and responsible

for covering a shorter portion of the delivery route, they do not utilize their full capacity.

Consequently, the share of recipients per truck x∗t remains below the truck’s capacity, as depicted

in Figure Four.8b. As a result, the number of trucks n∗t required in this scenario is relatively high,

as shown in Figure Four.8e. In this region, multi-launching occurs, with q∗ > 1, as illustrated in

Figure Four.8c, meaning multiple drones are launched from each hub. The drones in each batch

follow different trajectories with varying lengths, detailed in (Four.13)-(Four.6). Therefore,

the scheduling constraint becomes binding to ensure synchronization between all drones and

their associated truck movements. As the speed ratio increases within this spectrum while still

remaining below the first critical point, the optimal radius increases to better leverage the higher
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speed (Figures Four.8a). Consequently, the number of recipients per truck x∗t increases (Figure

Four.8b), and the total number of trucks in the fleet n∗t decreases (Figure Four.8e).

Scheduling Region: When the truck-to-drone speed ratio exceeds the first critical speed

ratio, drones remain the preferred mode of delivery. As shown in Figure Four.8a, the optimal

radius does not change, and the range constraint continues to be binding. The optimal radii for

various range limitations are illustrated using different colors in Figure Four.8, indicating that the

radius varies depending on the specific range limitation. To take advantage of the slightly higher

truck speed, the optimal number of recipients per truck x∗t increases and eventually reaches the

truck’s full capacity K, as depicted in Figure Four.8b. Thus, the capacity constraint is binding in

this scenario. Since each truck now responds to higher demand by operating at full capacity, the

optimal number of required trucks n∗t decreases, while the optimal number of drones in the fleet

n∗d remains unchanged, as shown in Figures Four.8e and Four.8e, respectively. Moreover, the

optimal number of drones launched in each batch increases to the truck’s capacity, as shown in

Figure Four.8c. Since the number of recipients per truck equals its capacity, each truck carries

exactly one drone for each recipient. Therefore, relaunching is not required in this scenario. As

shown in Figure Four.8d, each truck stops at exactly two hubs along its route: at the first hub, it

launches all q = K drones to deliver to xt = K recipients, and at the second hub, it retrieves all

the drones before returning to the depot.

Excess Range scenario: When trucks are faster, and the speed ratio exceeds the last critical

speed ratio, trucks become the preferred mode of delivery due to their higher speed, and the

optimal travel radius increases, as shown in Figure Four.8a. In this scenario, drones no longer

need to fly to their full range to complete deliveries; thus, the drone range constraint is no longer

binding. Consequently, the optimal travel radius becomes independent of range limitations,

and from this point onward, all range-based plots in Figure Four.8 converge into a single plot,

represented by a single color. Unlike previous scenarios, where the optimal radius remained

constant, here, an increase in truck speed directly impacts the delivery process, resulting in a

continuous increase in the optimal radius as truck speed rises. Similar to the Scheduling Region,

trucks operate at their full capacity to maximize the benefits of higher speeds, and the optimal

number of recipients per truck x∗t reaches the truck’s capacity K, as depicted in Figure Four.8b.
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Thus, the capacity constraint is binding in this scenario. In addition, as the speeds of trucks and

drones become comparable, ensuring synchronization between their movements becomes more

challenging, making the scheduling constraint binding. According to (Four.24) and (Four.25),

the optimal number of trucks and drones in the fleet, n∗t and n∗d respectively, reach a fixed point

in this scenario, as shown in Figures Four.8e and Four.8f. Each truck is equipped with exactly

one drone, q∗ = 1, as shown in Figure Four.8c. Furthermore, as the closed-form solutions in

(Four.25) indicate, the optimal number of drones n∗d becomes independent of the range limitation

in this scenario. This convergence is illustrated in Figure Four.8f, where all previously distinct

plots merge into a single unified plot. Therefore, each truck carrying one drone stops at multiple

hubs along its route and relaunches the same drone at each hub to complete deliveries efficiently.

Insight 6: The marginal amortized ownership costs of trucks and drones affect the critical

speed ratios, i.e., the speed ratios determining the three operational regions. However, these

fixed costs do not affect the optimal fleet composition within each region.

D.4 Dominant Constraint Analysis

The policy analysis in Figure Four.10 illustrates the three introduced regions and their positioning

based on the truck-to-drone speed ratio. The policy plot confirms the findings from the previous

section, showing that, for a fixed truck capacity or drone range, increasing the truck-to-drone

Figure Four.10: Fleet Composition Policy Plot. The green, blue, and yellow regions are named based on
the constraint that is not binding in that region. All constraints are binding in the gray region.
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Figure Four.11: Fleet Composition - Low Flight Range

speed ratio transitions the system through these three distinct regions. Similar to Figure Four.9,

which depicted these regions for a specific delivery scenario, the policy plot in Figure Four.10

extends this analysis to various delivery scenarios across different range and capacity limitations.

As the speed ratio increases: I) The delivery operation first enters the Excess Truck Capacity

Region, where the truck capacity constraint is not fully utilized. II) With increasing truck speed,

it then transitions into the Scheduling Region, where synchronization between drones and trucks

becomes critical. III) Finally, it reaches the Excess Range Region, where the drone range is no

longer a limiting factor.

In addition to these primary regions, the policy plot reveals the existence of a fourth

region under specific conditions. In this region, all three constraints—range, capacity, and

scheduling—are simultaneously binding. For fixed range and capacity limitations, this region

positions between the Scheduling Region and the Excess Range Region, as shown in Figures

Four.10 and Four.11.

All binding scenario: In this region, the truck-to-drone speed ratio is higher than that of

132



the Scheduling Region but still not sufficiently high to reach the Excess Range Region. Drones

continue to use their full range and cover a larger portion of the delivery route, making the

range constraint binding, as shown in Figure Four.11a. However, with increasing truck speed,

unlike in the Capacity and Scheduling Regions, the optimal radius increases, and drones are

launched closer to the recipients. Consequently, the optimal number of drones in each batch q∗

decreases but is still more than one, shown in Figures Four.11c, indicating the occurrence of

multi-launching. Moreover, the optimal number of hubs m∗ increases from one, indicating that

relaunching also occurs, as shown in Four.11d. The occurrence of both multi-launching and

relaunching complicates the synchronization between trucks and drones, binding the scheduling

constraint in this region. Similar to the Scheduling Region, trucks operate at full capacity, with

the optimal number of recipients per truck x∗t = K, as shown in Figure Four.11b, making the

capacity constraint binding.

The All Binding Scenario does not always appear; in some cases, when the flight range is

sufficiently large, and the range scenario begins at lower speed ratios, as the speed ratio increases

further, the system transitions directly from the Scheduling Region to the Excess Range Region.

Section E: Routing on a surface

The circular routing model discussed in the previous section was a stylized representation

designed to capture the trade-offs between the key operational constraints in drone routing.

While effective for capturing these complex dynamics, it can be argued that, in practical

applications, recipients are dispersed across a surface. To address this, we extend the circular

model to a surface-based routing model, allowing for a more realistic analysis of delivery

scenarios.

Consider a depot located at the center of a circular surface. Unlike the circular model,

in this surface routing model, recipients are uniformly distributed across the entire face of

the circular region with a density of ρ. We propose a routing heuristic for the surface-based

distribution and compare its performance with the original circular routing model to evaluate the

impact of distributions on operational efficiency and routing decisions.
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Figure Four.12: Routing on a circular surface

For routing on a surface model, we apply a heuristic that divides the circular surface into S

concentric rings, each with radius Di for i = 1,2, ...,S. Recipients are assigned to the closest

ring, as illustrated in Figure Four.12. This division simplifies the routing process by allowing

the truck to focus on a specific ring, making the model comparable to the previous section. For

each ring, a truck departs from the depot, travels to the designated ring, and follows an arc

along the ring while launching and retrieving drones. Similar to the stylized setting discussed in

Section C, drones are launched from hubs along the truck’s route, deliver packages to recipients

within their designated range, and are retrieved at hubs further along the truck’s path. Here, we

normalize the circle’s radius (the outermost ring) to 1.

We define the distance between consecutive rings i−1 and i as di. Based on this definition,

the radius of ring i, denote by Di, is obtained as follows:

D1 = d0 , D2 = d0 +d1 , Di =
i−1

∑
z=0

dz. (Four.27)

Each ring i is served by nti trucks. A truck departs from the depot, travels a distance Di to

the ring, and then traverses an arc while launching and retrieving drones to serve xt recipients.

Following the approach used in Section C.1, the return trip from the ring to the depot is excluded

from the routing analysis, as it does not impact the delivery time. The details of truck travel

distance for routing on a surface are derived in the Appendix.

We adopt the polar coordinate system introduced in Section D.2, using ring and radial routes
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for drone flight paths. The key distinction between the circular and surface distribution models is

that, in the surface model, the maximum and minimum flight distances in the ring-radial setting

differ due to the two-dimensional distribution of recipients. In the one-dimensional circular

model, illustrated in Figure Four.6, all drones travel the same distance. In contrast, in the surface

model, variations in recipient locations result in different flight distances, represented by two

shades of blue in Figure Four.12. Each drone flight consists of two components: ring distance

and radial distance. The ring distance is the fixed distance between two consecutive hubs,

denoted by δi and depicted in Figure Four.12. This component remains consistent across all

drone trajectories. However, the radial distance varies based on recipient locations within each

ring, resulting in differing total flight distances. By applying the Extreme Value Distribution

Theorem for uniformly distributed recipients, the minimum and maximum drone flight distances

for ring i are:

Li = δi +
di

Ni
& Li = δi +di(

Ni −1
Ni

), (Four.28)

where Ni is the number of recipients assigned to the ring, detailed in the Appendix.

The routing cost per truck on each ring follows the same structure as in equation (Four.9),

accounting for both travel time and waiting time,

Ti(Di,di) =
li
st
+(

Li

sd
− δi

st
)(m−1), (Four.29)

where st and sd represent the truck and drone speeds, respectively. This objective function is

subject to the same set of constraints outlined for the one-dimensional stylized routing model in

Section C.1.

The total routing cost on a circular surface is the sum of the routing costs across all rings,

ΣS
i=1nt iTi(Di,di), with the overall cost comprising both the routing cost and the fleet’s amortized

ownership costs:

C = Σ
S
i=1nt iTi(Di,di)+ntFt +ndFd. (Four.30)
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We propose the following strategy for solving the circular surface model, leveraging insights

from the one-dimensional model’s results regarding the optimal number of drones per truck.

Specifically, we adopt the insight that when the speed ratio exceeds the first critical point, the

capacity constraint becomes binding, and the optimal number of drones dispatched in each batch

equals the truck’s capacity. This is discussed in detail in Section 4.3 and illustrated in Figures

Four.8 and Four.9. Therefore, each truck is equipped with a single drone, making the number of

drones in the fleet equal to the number of trucks (see (Four.25)). In the surface-based model, we

assume trucks operate at full capacity, with each truck serving exactly K recipients, i.e., x∗t = K.

Given that the capacity constraint is binding in this scenario, the routing strategy aligns with the

results derived for the ring-based model in Section 4.3.

Similar to the routing model in Section C.1, the range constraint ensures that a drone’s

total flight distance does not exceed its range limitation, R, even when operating at its maximum

travel distance in each relaunching. In scenarios where the capacity constraint is binding, the

number of drones equals the number of trucks, nd = ntwith each truck equipped with a single

drone to serve K recipients. As a result, each drone is relaunched K times, and the cumulative

flight distance across these deliveries must remain within the drone’s range, KLi ≤ R.

We also incorporate the scheduling constraint for routing on a surface to ensure that trucks

arrive at retrieval hubs before their respective drones. This prevents drones from waiting at

hubs, which would otherwise result in excessive battery consumption and delays. Thus, the time

it takes a truck to travel between two consecutive hubs on each ring must be shorter than the

corresponding drone flight time, δi
st
≤ Li

sd
.

E.1 Routing on a Circle: Equal Fleet of Trucks on Each Ring

We obtain the optimal solution for the routing on the surface model by considering a fixed fleet

of trucks visiting each ring. The circular surface is divided into S concentric rings, with each

ring serving an equal number of recipients. Given that recipients are uniformly distributed across

the surface, the area of each ring is partitioned equally to ensure balanced delivery assignments.
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Following this heuristic, the radius of each ring is derived in the appendix as:

Di =

√
i
S
. (Four.31)

The distance between the depot and the first ring is the radius of the first ring, d1 = D1.

For the remaining rings, the distance between ring i is approximated by considering the strip

area assigned to each ring as a rectangle. The rectangle’s width corresponds to the ring’s

circumference, and its height represents the distance di between consecutive rings. Thus, the

distances between rings are determined as:

di ≈
1

2SDi
=

1
2
√

iS
. (Four.32)

Using the derived expressions for the ring radius Di and the distance between consecutive

rings di, we can rewrite the circular routing equations for the surface-based model, where we

obtain the minimum and maximum drone flight distances for routing on the surface as follows:

Li =
2π

√
iS

N
+

√
S

2N
√

i
, Li ≈

2π
√

iS
N

+
1

2
√

iS
. (Four.33)

The detailed derivations of these expressions are provided in the appendix.

The range constraint for the surface-based routing model can be rewritten using (Four.33)

as:

2Kπ
√

iS
N

+
K

2
√

iS
≤ R. (Four.34)

Similarly, for the scheduling constraint, we apply the updated definitions from (Four.32)

and (Four.33):

2π
√

iS
Nst

≤ 2π
√

iS
Nsd

+

√
S

2Nsd
√

i
. (Four.35)

The routing cost for each ring i, denoted as Ti(S), is determined based on both the range

and scheduling constraints. The bounds on i, imposed by these constraints in (Four.34) and
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(Four.35), define four distinct cases for the total cost structure. The detailed derivation of these

cases is provided in the appendix (Routing on a Circular Surface Cost Structure).

From the four cases detailed in the appendix, we focus on Case1 in the following discussion.

If S ≤ NR
2Kπ

, then we have S ≤ N2R2

4SK2π2 . Since i is the indicator of the ring number, i.e. i ≤ S,

we have i ≤ N2R2

4SK2π2 . Thus, the range constraint presented in (Four.34) is always met, and we

can claim that the range constraint is never binding. In this case, the scheduling constraint in

(Four.35) determines the structure of the cost function as follows:

Ti(S) =


√

i
st
√

S
+ 4KπiS+KN

2Nsd
√

iS
1 ≤ i ≤ st

4π(sd−st)

√
i

st
√

S
+ 2πK

√
iS

stN
+

K(1− 2S
N )

2sd
√

iS
st

4π(sd−st)
≤ i ≤ S

. (Four.36)

The total cost of routing on a surface is obtained based on equation (Four.30) by summing

the routing costs across all rings and adding the fleet amortized ownership cost, as introduced in

equation (Four.1). Thus, the total cost is obtained in the appendix as:

C1 =
N
K
(Ft +Fd)+


3KsdN+2sdNS+4KπstS2

3KsdstS
1 ≤ i ≤ st

4π(sd−st)

3KstN+2sdNS−6KstS+4KπsdS2

3KstsdS
st

4π(sd−st)
≤ i ≤ S

. (Four.37)

We now proceed to find the optimal number of rings for the proposed heuristic to minimize

the total delivery cost for the two-dimensional distribution over the circular surface, which is

derived in the appendix as follow:

S∗ =


√

3
4π

√
N 1 ≤ i ≤ st

4π(sd−st)√
3

4π

√
st
sd

√
N st

4π(sd−st)
≤ i ≤ S

. (Four.38)

Since the two optimal values are similar, differing only by the factor of speed ratios, the

choice between them has minimal impact on the total optimal cost. Moreover, advancements in

drone technology suggest that drones will surpass the higher speed threshold. Thus, we consider

the second part in the piecewise function of Case 1 for obtaining the optimal cost. Thus, the
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optimal total cost for routing on a surface is:

C∗(S∗) =
2N

3Kst
+

√
6πN

√
sdst

− 2
sd

+
N
K
(Ft +Fd). (Four.39)

The routing cost structure derived for the surface-based model shows consistency with

the circular model in terms of its dependency on truck and drone speeds. In both models, the

total cost increases as either the truck or drone speed decreases, reflecting the critical role of

speed in determining delivery efficiency. Additionally, the difference between truck and drone

speeds impacts the cost, and when the speeds become more comparable, the overall routing cost

decreases for both models.

Proposition 6 The asymptotic cost per recipient for a large number of recipients (large N),

in routing on a surface, is:

lim
N→∞

C∗

N
=

2
3Kst

+

√
6π√

N
√

sdst
+

Ft +Fd

K
. (Four.40)

In the classic TSP literature and its extensions to VRP, when recipients are uniformly

distributed over a surface, the cost per recipient scales proportionally to 1/
√

N for large N

(Daganzo 2005). Our analysis confirms this relationship.

Section F: Conclusions

Last-mile delivery leg of the supply chain makes up a substantial portion of the shipping cost.

Amongst the innovative technologies for improving last-mile delivery, drones provide abundant

advantages in road-congested urban areas and rural delivery locations. At the strategic decision-

making level, introducing drones to the fleet system requires a high-level analysis of the costs

and benefits. Strategic models, however, often miss critical operational constraints such as the

limited range of drones, truck capacity, or the presence of more than one truck and drone in the

fleet.

This study proposes a strategic-level decision-making model that considers the prominent

operational constraints, including i) the drone range limitation, ii) the truck capacity, iii) the
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presence of multi-truck fleets, iv) assignment of more than one drone to each truck, v) the

complexities of multi-launching and re-launching drones, and vi) the synchronization of truck

paths and drone trajectories to ensure coordination. The analysis reveals three critical operational

scenarios where delivery performance is limited by the truck capacity, the drone range, and the

timing coordination of the trucks and drones.

We use stylized routing models to capture the trade-offs in drone-assisted routing and fleet

composition strategy. We first consider a circular setting with the one-dimensional distribution

of recipients on the boundary of the circle and later extend the model to a two-dimensional

distribution where recipients are scattered on the surface of a circle. For routing on a surface,

we use heuristics to divide the circular surface into a set of concentric rings and assign each

recipient on the circle to their closest ring. This approach allows for extending the proposed

circular routing model to routing on a surface. We validate the total delivery cost for routing in

the surface model by demonstrating consistency with the classical Traveling Salesman Problem

literature, which shows that for uniformly distributed recipients over a surface, the cost per

recipient scales proportionally to the square root of the number of recipients.

The insights gained from this research provide direct implications for strategic planning in

drone-assisted delivery systems. The proposed models offer a comprehensive understanding

of how technological capabilities (e.g., drone speed and range) and operational parameters

influence overall system performance. The policy space analysis developed in this research

further enables decision-makers to assess system performance under varying conditions and

identify opportunities for improvement.

A limitation of this study that can be relaxed is the assumption of fixed and known travel

speeds, which may not be reliable when these parameters are random and subject to a large

variance. Thus, a stochastic extension of the model can enhance the solution’s reliability.
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Chapter Five Conclusion

This dissertation investigates the strategic design and optimization of multi-echelon last-mile

delivery systems, leveraging emerging delivery technologies, including autonomous vehicles

and drones. As e-commerce expands and customer expectations for fast and reliable delivery

grow, the last mile has become a critical bottleneck in logistics networks, accounting for nearly

28% of overall delivery costs. By exploring delivery models that integrate traditional trucks with

AVs and drones, this thesis presents a comprehensive framework for improving the efficiency of

urban and suburban last-mile logistics through these emerging technologies.

The first study introduced and analyzed recipient-dependent AV-enabled last-mile policies,

including AV, Hybrid delivery, and Crowdsourcing policies. These models incorporate AVs

owned or accessed by recipients, enabling them to contribute to the delivery process. Using

stylized models over the specific geometry of ring and circular city settings, upper and lower

cost bounds were derived for each policy. We identified dominance regions where each of

these policies outperforms the others in terms of delivery cost. We also compared the AV-

enabled policies with the status quo truck delivery. We showed that the two-echelon AV-enabled

policies are dominant (have lower operational costs), especially when hand-off costs are high

or as the number of recipients increases. A case study based on Walmart delivery in Toronto

was conducted to validate these analytical findings through a data-driven case, reinforcing the

practical applicability of our results.

The second study extended the analysis to the delivery of perishable goods, where timely

delivery is critical. We introduced length-bounded (time-sensitive) routing models to capture

the constraints faced in delivering perishable products and compared them with conventional

capacity-bounded models. Through parametric design, the study demonstrated how AV-based

recipient participation can enhance delivery reliability and reduce the risk of spoilage, par-
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ticularly in dense delivery networks or where hand-off costs are high. The Hybrid and AV

policies exhibited expanding dominance regions in time-sensitive contexts, offering a promising

alternative to traditional truck delivery for perishable goods. The research also highlighted the

trade-offs between delivery capacity, time constraints, and hand-off logistics in the context of

AV-enabled recipient participation.

The third study focused on integrating drones with trucks in a multi-echelon setting. We

developed a two-stage continuous approximation model that captures fleet sizing and routing

decisions under operational constraints: drone range, truck capacity, truck-drone coordination,

and the possibility of multi-launch and re-launch operations. The framework distinguishes three

operational regions: range-limited, capacity-limited, and synchronization-limited, and delivers

closed-form solutions tailored to each case. We extended the model from a one-dimensional ring

to a two-dimensional circular surface using a ribbon-based heuristic. The asymptotic properties

of delivery cost were validated against classical Traveling Salesman Problem results, confirming

the scaling with the square root of the number of recipients for uniformly distributed recipients.

These validations strengthen the analytical robustness and practical relevance of the proposed

models. The policy space analysis developed provides valuable insights into when and how

drone deployment offers strategic advantages and helps quantify the influence of vehicle speeds,

payload limits, and coordination strategies.

Together, these studies present a unified approach to modernizing last-mile logistics through

emerging delivery technologies. They provide analytical tools and closed-form insights to inform

strategic decision-making, while highlighting the potential of parametric design and continuous

approximation in complex logistics planning. Across all three papers, the models emphasize

scalability, cost-efficiency, and operational feasibility, paving the way for a new generation of

delivery systems tailored to the realities of urban and suburban environments.

The findings of this dissertation have important implications for logistics planners, tech-

nology developers, and policymakers. Recipient-dependent routing offers cost reductions and

operational flexibility, especially as AV ownership rises. Time-sensitive models provide new

tools for managing perishable goods, enabling more responsive and resilient supply chains.

Drone-assisted delivery models offer a pathway to faster service in rural areas while reducing
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traffic congestion and emissions in high-density urban areas. Decision-makers can use the

policy space characterizations developed in this thesis to evaluate trade-offs and identify optimal

configurations under real-world constraints.

Limitations and Future Research

While the analytical models developed in this dissertation offer strong strategic insights, several

assumptions can be relaxed in future research. The models developed are based on deterministic

parameters (e.g., fixed speed, demand density, and fleet availability), which may not fully capture

real-world variability. Future work can introduce stochastic extensions to account for uncertainty

in traffic, weather, and demand. For instance, travel speeds and vehicle availability were assumed

to be fixed and deterministic; introducing stochastic variability could better reflect real-world

conditions. Moreover, the stylized setting assumed known deterministic demand and recipient

distributions, which can be relaxed in future studies with consideration of more realistic service

areas. Further work could also generalize the urban form beyond stylized circular layouts using

empirical street-network data.

The modeling of two-sided markets, particularly in AV-sharing polices and the crowdsourc-

ing element, is another promising direction, especially when platform participation depends

on wage offers and pricing strategies. In these settings, the delivery network is affected by the

strategic behavior of both supply-side participants (e.g., vehicle owners) and demand-side users

(e.g., recipients). Modeling such interactions requires incorporating incentive compatibility,

participation thresholds, and pricing mechanisms that can influence service levels and platform

sustainability. Future research could explore equilibrium models that capture the dynamic

interplay between service pricing, user adoption, and platform profitability, enabling a more

realistic and implementable framework for these emerging delivery modes.

Additionally, this work has not explicitly considered the environmental benefits of AVs

and drones, such as reduced emissions and fuel consumption, which could further support their

adoption. The integrated emission modeling would support broader sustainability evaluation

and life-cycle cost analysis, integration with renewable energy systems, and sustainability
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assessments, which are valuable areas for future exploration.
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Appendices

A Appendix of Chapter Two

A.1 Lemma

LEMMA A.1. In the Hybrid policy, the total AV distance is approximated as

dh
v ≈ 2n(1− r)+

m2π2r

3(1− r)
. (.1)

Proof of Lemma A.1: As shown in Figure .1, let y(θ) be the distance from a hub to a

recipient that is located at an angle θ away from a horizontal line that passes the depot. From

the geometry of the sector, we have

y(θ) =
√

1+ r2 −2r cosθ. (.2)

We now divide the recipients into two groups, those that fall below and those that fall above

the horizontal line. We vary θ between 0 and mπ/n. Between angles θ and θ+δθ there are δdθ

recipients (recall that δ is the density of recipients on the ring) each with an AV travel distance

of y(θ). Thus, the total AV distance in the Hybrid policy is:

dh
v =

4n

m

∫ mπ/n

0
y(θ)ρdθ, (.3)

where n/m is the number of hubs, and the constant 4 captures the outbound/inbound trip and the

number of recipients below/above the horizontal line. Each hub serves the recipients on a sector

of the circle with angle 2mπ/n, which corresponds with the boundaries of (.3).

Using a Taylor expansion of y(θ) w.r.t. θ with the initial condition of θ = 0 (which is a
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good approximation for a large number of recipients and an error order of two, we get

dh
v =

4n

m

∫ mπ/n

0

√
1+ r2 −2r cos(θ)ρdθ

≈ 2n(1− r)+
m2π2r

3(1− r)
(.4)

LEMMA A.2. In the Crowdsourcing policy, the total AV travel distance is approximated as

dw
v ≈ 2π+

2n(1− r)

m
+

rπ2m

n(1− r)
. (.5)

Proof of Lemma A.2: The three components in the route length of each AV include the

pickup trip from the driver’s location (i.e., the AV owner) to the hub equal to y(mπδ/n) per

Figure .1, from the hub to the first recipient that is also equal to y(mπδ/n) per Figure .1 and the

drop-off trip that travels an arc of the ring to visit all recipients. These sum up to

dw
v ≈ 2π+

2n

m
y(

mπδ

n
), (.6)

where the first term, 2π, is the distance on the n/m arcs on a ring, each with length 2πm/n, and

the second term is the distance of paths that begin and end at the hub. Inputting y(mπδ/n) from

(.2) into (.6) gives (.5).

Figure .1: Distance of the AV mode in the Hybrid policy

𝜃

𝑚𝜋/𝑛

𝑦 𝜃 = 1 + 𝑟+ − 2𝑟 cos 𝜃

𝑦 𝜃

𝑟

𝑚𝜋𝛿/𝑛 users

𝜃𝛿 users
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A.2 Theorem 1

Theorem 1 is inspired by the lower bound of Theorem 2 in Carlsson et al. (2016). Their Theorem

gives a lower bound on the TSP tour that visits the {x1,x2, ...,xn} points in a specific service

area for the case where the number of point sets, n, becomes large. We expand their analysis

and consider a rectangular service area with the length of m∗a and width of m∗b. We use this

Theorem in the lower bounds of the truck, Hybrid, and Crowdsourcing policies for routing on a

disk. To prove the lower bound, we first introduce the following Lemma:

LEMMA A.3. Let Γ ⊂ Z2 denote a rectangular integer lattice in the plane with length m∗a and

width m∗b, let n ≥ 2 be an integer, and let l > 0. Let P denote the set of all paths of the form

{x1,x2, . . . ,xn}, with xi ∈ Γ for each i, and whose length does not exceed l. Then,

|P| ≤ m2ab
(

l +n−1
n−1

)
(

8l
n−1

)n−1. (.7)

This lemma is borrowed from Lemma 2 in Carlsson et al. (2016), where in their work they

use m2 choices of the initial point x in the triplet, and we have m2ab such choices for the defined

rectangular service area.

Theorem 1: For a set of points {x1,x2, ...,xn} uniformly distributed on a rectangular service

area with the length of ma and width of mb, the expected length of a TSP tour to visit these n

points satisfies E(T SP(x1,x2, ...xn))≥ α2
√

abn.

Proof of Theorem 1: We use Lemma A.3 for the rectangular service area.

For the {x1,x2, ...,xn} set, there are n! different possible sequences of points. Thus, there

are n! possible paths for visiting these n points.

Pr(T SP(x1,x2, ...xn)≤ α2
√

abn) = Pr(length of one of the n! valid paths ≤ α2
√

abn). (.8)

As the probability of at least one of these valid paths to be short enough is no more than the sum
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of the probabilities of each of them (Union Bound), we have:

Pr(length of one of the n! valid paths ≤ α2
√

abn)≤ n!Pr(length(ρ)≤ α2
√

abn). (.9)

where ρ ∈ P is a path that visits all the points in the set of point {x1,x2, ...,xn} in a random

sequence.

For the rectangular service area, we consider the example shown in Figures Two.7 and .3.

We let L denote a lattice within this service area of the following form:

{ 1
m
,

2
m
, ...,

am−1
m

,
am
m

}x{ 1
m
,

2
m
, ...,

bm−1
m

,b}.

Here, ρ is ′′simply a path that is sampled uniformly at random from the collection of all

possible paths between n points taken from L” (Carlsson et al. 2016), and there are (m2ab)n

of these sampled paths. We seek to find the portion of these paths with the length of at most

α2
√

abn. Scaling the rectangular lattice of Lemma A.3 by a factor of
√

m2ab, the number of

paths whose length does not exceed α2
√

abn is at most:

m2ab
(

m
√

abα2
√

abn+n−1
n−1

)
(
8m

√
abα2

√
abn

n−1
)n−1

≤ m2ab
(m

√
abα2

√
abn+n−1)n−1

(n−1)!
(
8m

√
abα2

√
abn

n−1
)n−1,

(.10)

Thus, the probability that one of these paths has a length less than α2
√

abn can be obtained

by dividing (.10) by the total number of paths, (m2ab)n, as follows

Pr(length(ρ)≤ α2
√

abn)≤
m2ab (m

√
abα2

√
abn+n−1)n−1

(n−1)! (8m
√

abα2
√

abn
n−1 )n−1

(m2ab)n . (.11)
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Therefore:

lim
m→∞

supPr(length(ρ)≤ α2
√

abn)

≤ lim
m→∞

sup
m2ab (m

√
abα2

√
abn+n−1)n−1

(n−1)! (8m
√

abα2
√

abn
n−1 )n−1

(m2ab)n

= (8abα
2
2)

n−1 nn−1

(n−1)!(n−1)n−1 .

(.12)

Thus, we conclude that:

Pr(T SP(x1,x2, ...xn)≤ α2
√

abn)≤ n!(8abα
2
2)

n−1 nn−1

(n−1)!(n−1)n−1 = (8abα
2
2)

n−1 nn

(n−1)n−1 ,

(.13)

which goes toward zero for n → ∞ when 8abα2
2 < 1. Using Markov’s inequality, Pr(X ≥ a)≤

E(X)
a , therefore, Pr(X < a)≥ 1− E(X)

a .

Thus,

E(T SP(x1,x2, ...xn))≥ (1− (8abα
2
2)

n−1 nn

(n−1)n−1 )α2
√

abn

= α2
√

abn− (8abα
2
2)

n−1 nn+1/2

(n−1)n−1 ∼ α2
√

abn,
(.14)

which proves the lower bound.

A.3 Proofs

Proof of Proposition C.1.1: From (Two.4), the routes are capacity bounding, i.e., xt = K.

Therefore, according to (Two.2) and (Two.3), there are γt = ⌈n/K⌉ ≈ n/K routes of length

lt = 2+(xt −1)δ ≈ 2+ xtδ. Thus, from (Two.1) and Dt
t = γtlt , the cost of the Truck policy is

zt ≈ 2ct(π+n/K)+ csn.

Proof of Proposition C.3.1: Consider the capacity bounding case (mh = ⌊K/m⌋ ≈ K/m).

The first order condition for minimizing the total Hybrid policy cost, zh, w.r.t. any radius r gives

r∗h = 1−πm
√

svK
6(svKn−ctn−ctKπ) . We now check the second order condition zh, w.r.t. any radius r.
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The second derivative is

∂2zh

∂r2 =
2svm2π2

3(1− r)3 > 0 ∀r ∈ [0,1), (.15)

Hence, for any given m, the radius r∗h is a unique global minimum. We check the bounds of

r ∈ [0,1]. We have r∗h ≥ 0 if
2mn(n+Kπ)

2Kn2 −Km2π2 ≤
sv

ct
; and we have r∗h ≤ 1 because r∗h is presented

as one minus a positive value per (C.3.1).

We now derive the optimal number of recipients per hub, m∗
h. The first order condition for

minimizing the total Hybrid policy cost, zh, w.r.t. any m gives m∗
h =

3
√

3csn(1−r)
2svπ2r . We now check

the second order condition of zh w.r.t. any m. The second derivative is

∂2zh

∂m2 =
6csn(1− r)+2svπ2rm3

3m3(1− r)
> 0 ∀r ∈ [0,1). (.16)

Hence, m∗
h is unique.

We check the bounds of m∗
h ∈ [1,K]. We have m∗

h ≤ 1 if sv ≥ 3csn(1−r)
(2π2r) ; and we have m∗

h ≥ K

if sv ≤ 3csn
3csn+2K3π2 . Thus, we get (C.3.1).

Proof of Proposition C.4.1: We derive the optimal number of recipients per hub in the

Crowdsourcing policy, m∗
w. For any given r, the first order necessary condition of optimality

w.r.t. m gives m∗
w =

n

π

√√√√cs(1− r)+2sv(1− r)2

rsv
, and the second order condition gives

∂2zw

∂m2 =
2n(cs +2sv(1− r))

m3 > 0 ∀r ∈ [0,1]. (.17)

Thus, the Crowdsourcing cost, zw, is also convex w.r.t. m.

We now derive the optimal radius r∗w, where we have mw = ⌊K/m⌋ ≈ K/m based on the

truck’s capacity. The first order condition for minimizing the total Crowdsourcing cost, zw, w.r.t.

any radius r gives r∗w = 1−mπ

√√√√ svK

2n(svKn− ctmn− ctKmπ)
. We now check the second order
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condition zw, w.r.t. any radius r. The second derivative is

∂2zw

∂r2 =
2svmπ2

2(1− r)3 > 0, (.18)

Hence, r∗w is unique. We check the bounds of r ∈ [0,1]. The condition r∗w > 0 is satisfied as

long as sv ≥ 2n(n+Kπ)
4n2+2Knπ−K2π2 . Moreover, we have r∗w < 1 because it is presented as one minus a

positive value.

Proofs of Truck policy on a disk

Proof of Eq (Two.16): We calculate the number of recipients on ring i having the density

of recipients δ and the area surrounding ring i. Recipients assigned to ring i are located in the

area Ai between two rings with radius Ri + τ/2 and Ri − τ/2, respectively. Thus:

Ai = [π(Ri +
τ

2
)2)−π(Ri −

τ

2
)2)] = π[(iτ)2 − (iτ− τ)2] = πτ

2(2i−1), (.19)

Thus, we calculate the number of recipients assigned to ring i as Ni = δAi, from which (Two.16)

follows:

Ni = δAi = (2i−1)τ2
πδ. (.20)

Proof of Proposition D.1.1: Using the number of routes on each ring and the expected

length of each truck route for the Truck policy from (Two.18) and (Two.19), respectively, we

have:

C

∑
i=1

γ
t
ilt i =

C

∑
i=1

(
(2i−1)τ2πδ

K
)(2Ri +

2πRiK
Nt

i
+

Kτ

2
). (.21)

Since Ri = (i− 1
2)τ, and using (.20),

C

∑
i=1

γ
t
ilt i =

C

∑
i=1

(
(2i−1)τ2πδ

K
)(τ(2i−1)+

(2i−1)τπK
(2i−1)τ2πδ

+
Kτ

2
)

=
C

∑
i=1

(
(2i−1)τ2πδ

K
)(τ(2i−1)+

K
τδ

+
Kτ

2
) (.22)

Using the sum of (2i−1) from i = 1 to i =C which is equal to C2 and sum of (2i−1)2

163



from i = 1 to i =C which is equal to (4C3 −C)/3 and approximating the number of rings as

C ≈ 1/τ

1/τ

∑
i=1

γ
t
ilt i ≈

4δπ

3K
− δπτ2

3K
+

π

τ
+

δπτ

2
(.23)

Since τ is small for large δ, the second term is negligible.

1/τ

∑
i=1

γ
t
ilt i ≈

4δπ

3K
+

π

τ
+

δπτ

2
, (.24)

which we substitute into (Two.17), to get

zt
u(τ)≈ ct(

4δπ

3K
+

π

τ
+

δπτ

2
)+ ct

sδπ. (.25)

From the first-order condition, ∂zt
u(τ)
∂τ

= 1
2ctπ(δ− 2

τ2 ) = 0, the optimal τ for the Truck policy

on a disk is

τ
∗ =

√
2
δ
, (.26)

Re-writing zt(τ,m) from (.25) with this optimal τ∗ gives

zt
u
∗ ≈ ctπ(

4δ

3K
+
√

2δ)+ ct
sδπ. (.27)

Proof of Proposition D.1.2: We use (Two.21) as a lower bound on truck route length on

ring i

lt i = 2Ri +α

√
K

K
τδ

τ = 2Ri +αK

√
1
δ
. (.28)

Using the number of routes on each ring and the expected length of each truck route for the

Truck policy from (Two.18) and (Two.21), respectively, we have:

C

∑
i=1

γ
t
ilt i =

C

∑
i=1

(
(2i−1)τ2πδ

K
)(2Ri +αK

√
1
δ
). (.29)
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Since, from (Two.15), we have Ri = (i− 1
2)τ, we can rewrite (.29) as follows

C

∑
i=1

γ
t
ilt i =

C

∑
i=1

(
(2i−1)τ2πδ

K
)(τ(2i−1)+αK

√
1
δ
)

=
C

∑
i=1

(
(2i−1)2τ3πδ

K
+α(2i−1)τ2

π

√
δ). (.30)

For the summations, we use

C

∑
i=1

(2i−1) =C2 ,
C

∑
i=1

(2i−1)2 = (4C3 −C)/3 (.31)

Approximating the number of rings as C ≈ 1/τ in (.30), and using (.31), we have

1/τ

∑
i=1

γ
t
ilt i ≈

4δπ

3K
− δπτ2

3K
+απ

√
δ. (.32)

Since τ is small for large δ, the second term is negligible.

1/τ

∑
i=1

γ
t
ilt i ≈

4δπ

3K
+απ

√
δ, (.33)

which we substitute into (Two.17) to get (Two.22).

Proofs of Hybrid policy on a disk

Proof of Proposition D.3.1: In the Hybrid policy, there are mh hubs on each truck route on

the radius Ri, and hubs are equally spaced from each other. Thus, the length of each truck route

on ring i, lh
i , is the sum of (i) inbound and outbound travel distances between the depot and ring,

and (ii) truck travel distance on the arc between the hubs:

lh
i ≈ 2Ri +mh

δ
h
i = 2Ri +

2πRiK
Nh

i
. (.34)
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Figure .2: Hybrid Policy TSP area

Δ!"
" "

Δ!"

(a) (b)

From (.34), (Two.28), (Two.16), and (Two.15) we have

γ
hlh ≈

C

∑
i=1

nh
i

K
(2Ri +

2πRiK
Nh

i
) =

C

∑
i=1

2Rinh
i

K
+2πRi

=
C

∑
i=1

2(i−1/2)τ(πδτ2(2i−1))
K

+
C

∑
i=1

2π(i−1/2)τ

=
πδτ3

K

C

∑
i=1

(2i−1)2 +2πτ

C

∑
i=1

(i−1/2)

=
πδτ3

3K
(4C3 −C)+πτC2 (.35)

where for the summation, we use (.31). Approximating of C ≈ 1/τ,

γ
hlh ≈ πδτ3

3K
(

4
τ3 −

1
τ
)+

π

τ
=

4πδ

3K
− πδτ2

3K
+

π

τ
, (.36)

where the last term is negligible due to the small value of powers of τ. Thus,

γ
hlh ≈ 4πδ

3K
+

π

τ
. (.37)

The expected average ring and radial distances for AVs in the Hybrid policy are equal to

τ

4 and δh
i

4 , respectively (shown in Figure .2). Thus, the AV travel distance (from the hub to the

recipients) in the Hybrid policy can be obtained from the number of recipients multiplied by the
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sum of these expected ring and radial distances

dh
v =

C

∑
i=1

2ni(
τ

4
+

δh
i

4
) = n(

τ

2
+

m
2δτ

). (.38)

Recalling that n = πδ,

dh
v ≈ δπτ2 +mπ

2τ
. (.39)

The total cost of the Hybrid policy from (Two.27) can now be simplified to

zh
u(τ,m)≈ ct(

4πδ

3K
+

π

τ
)+ sv

δπτ2 +mπ

2τ
+ ch

s
n
m
. (.40)

From the first and second-order conditions, it is easily verified that the optimal τ for the

Hybrid policy is

τ
∗ =

√
2ct + svm

svδ
, (.41)

which upon substituting into (.40) gives (Two.32).

Proof of Proposition D.3.2: In the lower bound of the Hybrid policy, we approximate

the travel distance of each truck using (Two.30). Thus, we use (.34)-(.37) for this part as well.

To obtain the lower bound of the Hybrid policy cost, we consider that AVs travel direct routes

following Euclidean distance. Thus, the expected travel distance to each customer location is√
( τ

4)
2 +(

δh
i

4 )
2. We now obtain the total AV travel distance in this routing as:

dh
v =

C

∑
i=1

2ni

√
(

τ

4
)2 +(

δh
i

4
)2 =

√
τ2

16
+

m2

16δ2τ2

C

∑
i=1

2ni = 2n

√
δ2τ4 +m2

16δ2τ2 , (.42)

where we used ∑
C
i=1 ni = n. For the total number of recipients, we have n = δπ. Thus:

dh
v =

π

2τ

√
δ2τ4 +m2. (.43)
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Figure .3: Crowdsoucing Policy TSP area

Δ!"

" "

Δ!"

(a) (b)

Substituting this into (Two.27) gives the total cost of the Hybrid policy as:

zh
l (τ,m)≈ ct(

4πδ

3K
+

π

τ
)+ sv(

π

2τ

√
δ2τ4 +m2)+ ch

s
δπ

m
. (.44)

Since m is a positive integer we have π

2τ

√
δ2τ4 ≤ π

2τ

√
δ2τ4 +m2. Thus, we have a lower

bound on the Hybrid cost as:

zh
l (τ,m)≈ ct(

4πδ

3K
+

π

τ
)+ sv(

πδτ

2
)+ ch

s
δπ

m
. (.45)

From the first and second-order conditions, we can obtain the optimal τ as follows:

τ
∗ ≈

√
2ct

svδ
, (.46)

which we substitute in (Two.34) and get (Two.35).

Proofs of Crowdsourcing policy on a disk

Proof of Eq (Two.41): In the Crowdsourcing policy, we assume that each AV, responsible

for delivering to m recipients, travels the perimeter of the designated area assigned to each

hub (depicted in Figure .3). They first travel to their designated hub, i.e., 2τ/2, then the entire

perimeter, i.e., 2(τ+δw
i ) and then the radial local distances to each recipient location, i.e., mτ/4.

Thus, the expected travel distance of each Av is:

dw
v i ≈ 2

τ

2
+2(τ+δ

w
i )+m

τ

4
(.47)
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an approximation of inbound and outbound travel distances of AV shown with lines between the

black square (as the depot) and the perimeter in Figure .3, the second term is the area perimeter,

and the last term is perpendicular detours.

Given γw
i mw hubs on ring i and noting that γw

i ≈ ni
mmw , and δw

i = m
δτ

the total AV distance is

dw
v =

C

∑
i=1

γ
w
i mwdw

v i ≈
C

∑
i=1

ni

mmw mw[τ+2(τ+δ
w
i )+m

τ

4
]

= (
τ(12+m)

4m
+

2
δτ

)
C

∑
i=1

ni. (.48)

Using ∑
C
i=1 ni = n = πδ,

dw
v ≈ τδπ(12+m)

4m
+

2π

τ
(.49)

Proof of Proposition D.4.1: The operator’s costs for the Crowdsourcing policy is zw =

ctdw
u + svdw

v + cw
s sw which can now be simplified using (Two.28), (Two.30), (Two.40), and

(Two.41):

zw
u (τ,m)≈ ct(

4πδ

3K
+

π

τ
)+ sv(

τδπ(12+m)

4m
+

2π

τ
)+ cw

s (n(1+
1
m
)) (.50)

From the first-order condition,

∂zw
u (τ)

∂τ
=

svπδ(12+m)

4m
− π(ct +2sv)

τ2 = 0

Thus, the optimal τ for the Crowdsourcing policy on a disk is

τ
∗ =

√
2m(ct +2sv)

svδ(12+m)
. (.51)

Using (.51) in (.50), we have the optimal cost of the crowdsourcing policy as:

zw
u (m)∗ ≈ ct

4δπ

3K
+

√
m(ct +2sv)

√
svδπ(12+m)

m
+ cs

n(m+1)
m

. (.52)
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Proof of Proposition D.4.2: We use Lemma A.3 and Theorem 1 for each Crowdsourcing AV,

which is responsible for visiting m recipients, distributed within an approximately rectangular

service area with a length of δw
i and width of τ. Thus, the TSP tour length of each crowdsourcing

AV is:

α2

√
mδw

i τ = α2

√
m

m
δτ

τ = α2

√
m2

δ
, (.53)

and the average travel distance of each AV is:

dw
v i = 2

√
(

τ

4
)2 +(

δw
i
4
)2 +α2

√
m2

δ
. (.54)

We considered that the number and length of truck routes are the same as the upper bound

(also in Proof of Proposition D.4.1). The total AV distance is dw
v = ∑

C
i=1 γw

i mwdw
v i, where

γw
i ≈ ni

mmw :

dw
v =

C

∑
i=1

γ
w
i mwdw

v i ≈
C

∑
i=1

ni

mmw mw(2

√
(

τ

4
)2 +(

δw
i
4
)2 +α2

√
m2

δ
). (.55)

Since (δh
i

4 )
2 ≥ 0, we have

√
( τ

4)
2 ≤

√
( τ

4)
2 +(

δw
i
4 )2. Thus, the lower bound on the total AV

distance in the Crowdsourcing policy is:

dw
v ≈

C

∑
i=1

ni

m
(

τ

2
+α2

√
m2

δ
) = (

τ

2m
+α2

√
1
δ
)

C

∑
i=1

ni. (.56)

Using ∑
C
i=1 ni = n = πδ, we have:

dw
v =

πδτ

2m
+α2π

√
δ. (.57)

Thus, the lower bound on the total cost of the Crowdsourcing policy is:

zw
l (τ,m)≈ ct(

π

τ
+

4πδ

3K
)+ sv(

πδτ

2m
+α2π

√
δ)+ cw

s (n(1+
1
m
)). (.58)

From the first and second order conditions, this cost is optimized at the following optimal
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τ:

τ
∗ =

√
2ctm
svδ

, (.59)

which upon substituting into (Two.45) gives (Two.46).

Proof of Asymptotic Properties

Proof of Proposition E.1.1: When n → ∞, the capacity constraint is bounding, i.e. xt = k

and mh = mw = k/m. In the Truck policy, we use (Two.5) to derive the asymptotic cost as

Ct
∞,r = lim

n→∞

2ct(π+
n

K
)+ csn

n
=

2ct

K
+ cs. (.60)

In the AV policy, we use (Two.6) to derive the asymptotic cost as

Ca
∞,r = lim

n→∞

2svn+ cs

n
= 2sv. (.61)

In the Hybrid policy, we derive the asymptotic cost as

Ch
∞,r = lim

n→∞

zh

n
= 2sv +

cs

m
+(

2ct

K
−2sv)r. (.62)

The optimal number of recipients per hub is m∗
h = k because

∂Ch
∞,r

∂m < 0. We now look at the first

order condition of Ch
∞,r w.r.t. radius r. From the derivative

∂Ch
∞,r

∂r = 2ct
K −2sv > 0, we have r∗h = 0

when ct > svK. Otherwise, r∗h = 1 when ct ≤ svK. Inputting r∗h in (.62) gives (Two.53).

In the Crowdsourcing policy, we derive the asymptotic cost as

Cw
∞,r = lim

n→∞

zw

n
=

csK(1+m)+2svK(1− r)+2ctmr

Km
, (.63)
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which has the following two derivatives w.r.t. r and m

∂Cw
∞,r

∂m
=

−2sv(1− r)− cs

m2 < 0. (.64)

∂Cw
∞,r

∂r
= ctm− svK, (.65)

Because (.64) is strictly negative, m∗ = K. Then, according to (.65) and given m = K, r∗ = 0 if

ct > sv and r∗ = 1 if ct ≤ sv. Inputting r∗ and m∗ in Cw
∞,r gives (Two.54).

Proof of Proposition E.1.2: We derive asymptotic properties for the routing on a disk

when δ → ∞ for different policies based on (Two.50). For the Truck policy, we use (Two.20) to

derive the asymptotic cost:

Ct
∞,c = lim

δ→∞

zt

πδ
= lim

δ→∞

ctπ(
√

2δ+ 4δ

3K )+ ct
sδπ

πδ
=

4ct

3K
+ ct

s. (.66)

For the AV policy, we use the AV cost in (Two.26)

Ca
∞,c = lim

δ→∞

za

πδ
= lim

δ→∞

4/3πδsv + ca
s

πδ
=

4sv

3
. (.67)

For the Hybrid policy, we use the total cost of the Hybrid policy in (Two.32), where n = δπ

to derive the asymptotic cost

Ch
∞,c = lim

δ→∞

zh

πδ
= lim

δ→∞

4πδct
3K +π

√
svδ

√
2ct + svm+ ch

s
δπ

m
πδ

=
4ct

3K
+

ch
s

m
. (.68)

The optimal number of recipients per hub is m∗
h = k because

∂Ch
∞,c

∂m < 0. Thus,

Ch
∞,c =

4ct

3K
+

ch
s

K
. (.69)

For the Crowdsourcing policy, we use (Two.42) to derive the asymptotic cost

Cw
∞,c = lim

δ→∞

zw

πδ
= lim

δ→∞

ct
4δπ

3K +

√
m(ct+2sv)

√
svδπ(12+m)

m + cw
s

n(m+1)
m

πδ
=

4ct

3K
+

cw
s (m+1)

m
. (.70)
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where the optimal number of recipients per hub is m∗
w = k because

∂Cw
∞,c

∂m < 0, and

Cw
∞,c =

4ct

3K
+

cw
s (K +1)

K
. (.71)
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B Appendix of Chapter Three

B.1 Proofs

Proof of Proposition E.1.1: From (Three.3), the routes are length bounding, i.e., lt = R, if

K > n(T − 2)/(2π), and otherwise capacity bounding. We focus on the case that routes are

length-bounding, then xt = (T −2)n/2π and the number of truck routes are

γ
t = ⌈ n

xt
⌉ ≈ 2π

T −2
(.72)

each with the length of lt = R. Thus, the cost of the truck policy is

zt ≈ 2πRct

R−2
+ ct

sn. (.73)

When capacity is bounding, xt = K, there are γt = ⌈n/K⌉ ≈ n/K routes of length lt =

2+(xt −1)δ ≈ 2+ xtδ. Thus, from (Three.1) and Dt
t = γtlt , the cost of the truck policy is

zt ≈ 2ct(π+n/K)+ ct
sn. (.74)

Proof of Proposition E.1.2:

When routes are length-bounding, i.e., (lh = T ), given (Three.1) the hybrid policy has a

cost of

zh = cs
n
m
+2svn(1− r)+ sv

m2π2r

3(1− r)
+ ct

2πrT

T −2r
. (.75)

Because the optimal r∗h is cumbersome to derive, we use the Taylor expansion of zh, with

an error order of three, given by (Three.15):

zh ≈ 2svn+ cs
n
m
+(2ctπ+

svm2π2

3
−2svn)r+(

svm2π2

3
+

4ctπ

T
)r2. (.76)

The first order condition for minimizing the total hybrid policy cost, zh, w.r.t. any radius
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r gives r∗h =
(6svn−6ctπ− svm2π2)T

24ctπ+2svm2π2T
in (Three.16) that is within the bounds of r ∈ [0,1] if

6π

6n−m2π2 ≤
sv

ct
<

2π(4+T )

(2n−m2π2)T
.

We now check the second order condition of zh in (Three.15) w.r.t. any radius r,

∂2zh

∂r2 =
2svm2π2T +24ctπ

3T
> 0. (.77)

Now, we derive the optimal number of recipients per hub m∗
h. The first order necessary

condition of optimality for minimizing the total hybrid policy cost zh, w.r.t. m gives m∗
h =

3
√

3csn(1−r)
2svπ2r . The second order condition of zh w.r.t. m gives

∂2zh

∂m2 =
6csn(1− r)+2svπ2rm3

3m3(1− r)
> 0 ∀r ∈ [0,1). (.78)

Hence, r∗h and m∗
h are unique.

The derivation of the capacity-bounding case can be found in Chapter Two.

Proof of Proposition E.1.3:

Consider the length bounding case where (lh = T ), given (Three.1) the crowdsourcing

policy has a cost of

zw =
cs(1+m)n

m
+ sv(2π+

2n(1− r)

m
+

mπ2r

n(1− r)
)+

2ctπrT

T −2r
. (.79)

Because we cannot find a closed-form r∗w, we use the Taylor expansion of zw, with an error

order of three:

zw = sv

(
2π+

2n
m

)
+ cs

n(m+1)
m

+(sv(
π2m

n
− 2n

m
)+2πct)r+(

2π2svm
n

+
8πct

T
)
r2

2
. (.80)

The first order condition for minimizing crowdsourcing cost, zw, w.r.t. any radius r gives

(Three.19) that is within the bounds of r ∈ [0,1]. We now check the second order condition zw,
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w.r.t. any radius r. The second derivative is

∂2zw

∂r2 =
2π2svm

n
+

8πct

T
> 0. (.81)

Hence, r∗w is unique.

The derivation of the capacity-bounding case can be found in Chapter Two in the proof of

Proposition 3.

Proof of Proposition E.3.1:

We now consider the length bounding case. In the truck policy, we derive the asymptotic

cost as

zt
∞ = lim

n→∞

csn(T −2)+2ctπT
n(T −2)

= cs. (.82)

In the AV policy, we derive the asymptotic cost as

zv
∞ = lim

n→∞

2svn+ cs

n
= 2sv. (.83)

In the hybrid policy, we drive the asymptotic cost as

zh
∞ = lim

n→∞

zh

n
=

cs

m
+2sv(1− r), (.84)

which gives r∗ = 1, since
∂zh

∞

∂r
=−2sv < 0, yielding the final cost in (Three.21).

In the crowdsourcing policy, we drive the asymptotic cost as

zw
∞ = lim

n→∞

zw

n
=

2sv

m
(1− r)+

cs(1+m)

m
, (.85)

which gives r∗ = 1 , since
∂zw

∞

∂r
= −2sv

m < 0 yielding the final cost in (Three.21).

Proof of Proposition F.1.1:
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The total cost of the truck policy on the circular surface is

zt = ct

C

∑
i=1

γ
t
ilt i + ct

sρπ. (.86)

.

Since we are considering the length bounding case, we have

zt = ct

C

∑
i=1

γ
t
iT + ct

sρπ = ctT
C

∑
i=1

γ
t
i + ct

sρπ, (.87)

where

C

∑
i=1

γ
t
i =

C

∑
i=1

2πRi +
Nt

i τ

2
T −2Ri

=
C

∑
i=1

2π(i− 1
2)τ+(i− 1

2)τ
2πρτ

T −2(i− 1
2)τ

=
C

∑
i=1

(i− 1
2)(2πτ+ τ3πρ)

T −2(i− 1
2)τ

. (.88)

We approximate this by taking the integral over i = 0 to C:
∫C

i=0
(i− 1

2 )(2πτ+τ3πρ)

T−2(i− 1
2 )τ

. Thus:

zt ≈
−ctT (2+ρτ2)(−2+T log[1− 2

T+τ
])

4τ
+ ct

sρπ. (.89)

We approximate T + τ ≈ T .

zt ≈
−2ctT (2+ρτ2)(−2+T log[1− 2

T ])

4τ
+ ct

sρπ. (.90)

Take the first order derivative of the cost function with respect to τ:

∂zt

∂τ
=

−2ct(−2+T log[1− 2
T ])(−2+ρτ2)

4τ2 . (.91)

We put this derivative equal to zero to find the optimal τ. Thus, the optimal τ is:

τ
∗ =

√
2
ρ
. (.92)

By replacing this optimal value in the original cost function, the optimal cost of the truck
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policy in routing on a circle is:

zt∗ ≈

√
2T ct(2−T log[T−2

T ])+ csπρ

√
1
ρ√

1
ρ

=
√

2ρT ct(2−T log[
T −2

T
])+ csπρ. (.93)

Proof of Proposition F.3.1:

The total cost of the hybrid policy is obtained as follows:

zh(τ,m) = ct

C

∑
i=1

γ
h
i lh

i + svdh
v + ch

s sh, (.94)

and the number of hand-offs equals the number of hubs, sh = ∑
C
i=1

Nh
i

m = n
m .

Using (Three.32), (Three.34) and (Three.35) we have:

zh(τ,m) = ct

C

∑
i=1

γ
h
i lh

i + svdh
v + ch

s
n
m

= ctT
C

∑
i=1

γ
h
i + svdh

v + ch
s

n
m
. (.95)

where

C

∑
i=1

γ
h
i =

C

∑
i=1

Ni

(T −2Ri)ρτ
=

C

∑
i=1

(2i−1)τ2πρ

(T − (2i−1)τ)ρτ
=

C

∑
i=1

(2i−1)τπ

T − (2i−1)τ

We consider the continuous analogue of the given discrete sum and use the approximation

of ∑
C
i=1 γh

i ≈
∫C

i=1 γh
i which gives the following:

∫ C

i=1

(2i−1)τπ

T − (2i−1)τ
=

π

2τ
(T log[

T − τ

T + τ−2Cτ
]+2τ−2Cτ).

Approximating the number of rings as C ≈ 1/τ, we have:

C

∑
i=1

γ
h
i ≈

π

2τ
(T log[

T − τ

T + τ−2
]+2τ−2).

For the AV routing, we use the following heuristic inspired by the upper bound of the

hybrid policy in routing on a circle in Chapter Two. Each AV travels from its owner’s location

to the closest hub, following ring-radial routes (Manhattan distances) on a grid-like city layout.

Having the number of recipients and the expected ring and radial distances of each AV route,
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the total length of AV routing is obtained as follows:

dh
v =

C

∑
i=1

2ni(
τ

4
+

δh
i

4
) =

C

∑
i=1

2(2i−1)τ2
πρ(

τ

4
+

m
4ρτ

) =
τπ

2
(ρτ

2 +m)
C

∑
i=1

(2i−1) =
τπ

2
(ρτ

2 +m)C2

(.96)

We approximate the number of rings as C ≈ 1/τ. Thus,

dh
v ≈ τπ

2
(ρτ

2 +m)
1
τ2 =

τ2ρπ+mπ

2τ
(.97)

Thus, the total cost of the hybrid policy on a circle is:

zh(τ,m) = ctT (
π

2τ
T log[

T − τ

T + τ−2
]+2τ−2)+ sv(

τ2ρπ+mπ

2τ
)+ ch

s
n
m
. (.98)

If we approximate T − τ ≈ T + τ ≈ T ,

zh(τ,m) = ctT (
π

2τ
T log[

T
T −2

]+2τ−2)+ sv(
τρπ

2
+

mπ

2τ
)+ ch

s
ρπ

m
. (.99)

We take the first-order derivative of the cost function with respect to τ to find its optimal

value,

∂zh

∂τ
= ctT (−

πT
2τ2 log[

T
T −2

]+2)+ sv

(
ρπ

2
− mπ

2τ2

)
. (.100)

Putting this Derivative equal to zero gives the optimal value:

τ
∗ =

√
π(ctT 2 log( T

T−2)+ svm)

4ctT +πsvρ
(.101)

This is consistent with the hybrid policy on a circle in the capacity-bounding case (D Viniche

et al. 2023b). We replace this in the cost function to find the optimal cost of the hybrid policy:
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zh∗ =
πT ctm

√
T 2ct log[ T

T−2 ]+svm
T ct+svρ

2
+2T ctm

√
T 2ct log[ T

T−2 ]+ svm
T ct + svρ

(.102)

−2T ctm+πsvmρ

√
T 2ct log[ T

T−2 ]+ svm
T ct + svρ

+
ch

s ρπ

m
.

Proof of Proposition F.4.1:

The total cost of the crowdsourcing policy is

zw = ctdw
u + svdw

v + cw
s sw (.103)

where the number of hand-offs is

sw = n+
C

∑
i=1

Ni

m
= n(1+

1
m
). (.104)

AVs are used for crowdsourcing to the mw recipients who visit each hub as one neighbour-

hood. From each neighborhood, one AV is responsible for visiting the closest hub, picking up

the packages, and delivering them to all recipients in that neighborhood, including its owner.

We use the following heuristic for AV routing in each neighbourhood where each AV travels the

perimeter of its neighborhood and makes small detours from the perimeter to each recipient’s

location. Again, we consider that AVs travel Manhattan distances and follow ring-radial routes,

shown in Figure Three.5c, inspired by the upper bound of the crowdsourcing policy in routing

on a circle in Chapter Two. In contrast to truck routing, AVs are assumed to navigate freely

through local neighborhoods, enabling more direct and shorter paths. Based on the area around

each hub (neighbourhood perimeter), and the expected travel distances from the perimeter to

each recipient’s location, each AV route is equal to 2 τ

2 + 2(τ+ δw
i )+m τ

4 . Thus, the total AV

distance is:

dw
v =

C

∑
i=1

ni

mmw mw[τ+2(τ+δ
w
i )+m

τ

4
] = (

3τ

m
+

τ

4
+

2
ρτ

)
C

∑
i=1

ni. (.105)
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Using ∑
C
i=1 ni = n = πρ, and approximating the number of rings as C ≈ 1/τ, we have:

dw
v ≈ τρπ(12+m)

4m
+

2π

τ
. (.106)

The truck routing in the crowdsourcing policy is similar to the hybrid policy, so we use

(Three.32) and (Three.34),

zw = ctdw
u + svdw

v + cw
s sw = ctT (

π

2τ
T log[

T − τ

T + τ−2
]+2τ−2)+ sv(

τρπ(12+m)

4m
+

2π

τ
)+ cw

s ρπ(1+
1
m
).

(.107)

If we use the approximation of T − τ ≈ T + τ ≈ T , we have

zw = ctdw
u + svdw

v + cw
s sw = ctT (

π

2τ
T log[

T
T −2

]+2τ−2)+ sv(
τρπ(12+m)

4m
+

2π

τ
)+ cw

s ρπ(1+
1
m
).

(.108)

Optimizing for this cost function, we take the derivative of the cost function with respect to

τ:

∂zw

∂τ
= ctT (−

πT
2τ2 log[

T
T −2

]+2)+ sv(
ρπ(12+m)

4m
− 4π

τ2 ). (.109)

Which gives the optimal τ as:

τ
∗ =

√
2

√
mπ
(
4sv + ctT 2 log( T

T−2)
)

svρπ(12+m)+8ctT m
. (.110)

We replace this in the cost function to find the optimal cost of the hybrid policy:

zw∗ =

(
2ctT τ+

svρπ(12+m)τ

4m

)
−
(

ctT 2π

2τ
log
(

T
T −2

)
+

2svπ

τ

)
−2ctT + cw

s ρπ

(
1+

1
m

)
.

(.111)

Proof of Proposition F.5.1: We derive asymptotic routing costs for the different policies in
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routing on a circle when δ → ∞. For truck policy, using (Three.28), we have

zt
∞ = lim

ρ→∞

zt

πρ
= cs. (.112)

For AV policy based on, (Three.30), we have:

zv
∞ = lim

ρ→∞

za

πρ
=

4
3

sv. (.113)

For the hybrid policy, we calculated asymptotic cost using (Three.37),

zh
∞ = lim

ρ→∞

zh

πρ
=

ch
s

m
. (.114)

Finally, for the crowdsourcing policy we use (Three.40), and have:

zw
∞ = lim

ρ→∞

zw

πρ
=

cw
s (m+1)

m
. (.115)

182



C Appendix of Chapter Four

C.1 Proofs

Proof of Proposition 1:

There are two approaches for proving (Four.15). First is to use the standard KKT conditions

(Scales 1985), which yields a system of equations with decision variables and Lagrangian

multipliers as the unknowns of the system. However, we take a more straightforward proof

approach that relies on the geometrical symmetry of the routes and our stylized model.

From the cost function in (Four.9), we have:

T (nt ,nd) =
lt
st
+(

L
sd

− δ

st
)(m−1),

where δ ≈ 2πrxt
mN and L = (1− r)+

√
(δ)2 +(1− r)2. Since lt = r+δ(m−1), we can rewrite the

objective function as:

T (nt ,nd) =
r+δ(m−1)

st
+(

L
sd

− δ

st
)(m−1) =

r
st
+(

L
sd
)(m−1). (.116)

We use the first-order condition to analyze the optimal share of each truck x∗t , the optimal

number of hubs m∗, and the optimal number of drones in each batch q∗. We take the derivative

of the cost function with respect to these decision variables as follows:

We use the first-order condition to find the optimal share of each truck x∗t ; we take the

derivative of the cost function with respect to the number of recipients per truck.

∂T (nt ,nd)

∂xt
=

(m−1)
sd

∂L
∂xt

=
(m−1)

sd

(2πr
mN

)2
xt√(

2πrxt
mN

)2
+(1− r)2

≥ 0. (.117)

The derivative is always positive, ∂T (nt ,nd)
∂xt

≥ 0, and in order to minimize the cost function,

x∗t should be as small as possible.

We now take the first-order derivative of the cost function with respect to the number of
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hubs m:

∂T (nt ,nd)

∂m
=

(m−1)
sd

∂L
∂m

+
L
sd

∂(m−1)
∂m

=
(m−1)

sd

−
(

2πrxt
mN

)2

m

√(
2πrxt
mN

)2
+(1− r)2

+
(1− r)+

√
(2πrxt

mN )2 +(1− r)2

sd

=
−m−1

m

(
2πrxt
mN

)2
+(1− r)

√(
2πrxt
mN

)2
+(1− r)2 +(1− r)2 +

(
2πrxt
mN

)2

sd

√(
2πrxt
mN

)2
+(1− r)2

.

By combining the first and last terms in the numerator, we have:

∂T (nt ,nd)

∂m
=

1
m

(
2πrxt
mN

)2
+(1− r)

√(
2πrxt
mN

)2
+(1− r)2 +(1− r)2

sd

√(
2πrxt
mN

)2
+(1− r)2

≥ 0. (.118)

The first-order deviation is always positive, and to minimize the cost function, the optimal

number of hubs m∗ needs to be the smallest possible value.

While minimizing these two decision variables minimizes the cost, we must check the

constraint to ensure their feasible minimum.

(A) (m−1)L ≤ R,

(B) K ≥ xt ,

(C) q(m−1)≥ xt ,

(D)
δ

st
≤ L

sd
,

(E) nt ≥
N
xt
,

(F) nd ≥ q
N
xt
.

For the optimal share of each truck x∗t , constraints B and C and D are restricting x∗t from

exceeding a maximum value. Thus, they are not limiting the minimization of x∗t and are,
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therefore, non-binding in the optimal solution. From constraints E and F, we have:

x∗t = max{N
nt
,q

N
nd

}. (.119)

For the optimal number of hubs m∗, we combine constraint C with (.119). Moreover, we

need to consider constraint D.

m∗ = max{ N
nd

+1,
N

ntq
+1,

r
1− r

πxt

N
(
sd

st
−1)}. (.120)

Considering the approximation of the asymptotic case for a large number of customers,

when n → ∞, the third term is small; thus, we have:

m∗ = max{ N
nd

,
N

ntq
}+1. (.121)

Based on (.119) and (.121), if q ≤ nd
nt

we have x∗t =
N
nt

and m∗ = N
ntq

+1. On the other hand,

if q ≥ nd
nt

, x∗t = q N
nd

and m∗ = N
nd
+1. Since we want to minimize x∗t and m∗ in order to minimize

the total cost, we have q = nd
nt

, x∗t =
N
nt

and m∗ = N
nd
+1.

To elaborate more on this, we show that if q≤ nd
nt

or q≥ nd
nt

one of the two decision variables

of x∗t and m∗ are not minimized. If q < nd
nt

, then m∗ = N
ntq

+ 1, and since N
ntq

+ 1 > N
nd
+ 1, in

this scenario m∗ is not minimized. Also, if q < nd
nt

, then x∗t = q N
nd

, and since q N
nd

> N
nt

, in this

scenario x∗t is not minimize. Thus,

x∗t =
N
nt
,q∗ =

nd

nt
,m∗ =

N
nd

+1. (.122)

Proof of Proposition 2:

From the objective function (Four.9) and its revised form in (.116), we have

T (nt ,nd) =
r
st
+(

L
sd
)(m−1),

where L = (1− r)+
√

(δ)2 +(1− r)2, and δ ≈ 2πr
m(N/xt)

from (Four.13) and (Four.12), respec-
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tively. The partial derivative of the objective function w.r.t. the radius r is:

∂T (nt ,nd)

∂r
=

1
st
+

(m−1)
sd

−1+
4π2rx2

t
m2N2 − (1− r)√(

2πr
m N

xt

)2

+(1− r)2

 . (.123)

We use the optimal expressions for m and xt , provided in (Four.15):

∂T (nt ,nd)

∂r
=

1
st
+

N
ndsd

−1+

(
4π2rn2

d
N2n2

t
− (1− r)

)
√(

2πrnd
Nnt

)2
+(1− r)2

 . (.124)

Re-arranging the terms to factor out the speed ratio st/sd , gives ∂T
∂r ≥ 0 if st/sd ≤ τ and

∂T
∂r < 0 if st/sd > τ, where the term τ is the critical speed ratio. By putting the first derivative

equal to zero, we have:

τ =
nd

√
4π2r2n2

d +(1− r)2N2n2
t

N
√

4π2r2n2
d +(1− r)2N2n2

t − (4π2rn2
d − (1− r)N2n2

t )
, (.125)

where r is the optimal radius, which itself depends on the critical speed ratio.

The second-order derivative of the cost with respect to the truck travel radius as follows:

∂2T (nt ,nd)

∂2r
=

4Nndπ2(
N2n2

t (r−1)2 +4ndπ2r2
)√

1+ sdr
(

r−2+ 4π2rn2
d

N2n2
t
)
) , (.126)

which is always positive by nature. Moreover, the first-order derivative of the cost function with

respect to r, both before and after the critical speed ratio, is a monotonic function.

We now proceed to obtain the optimal radius by using constraints (Four.6) and (Four.7),

naming them C1 and C2, respectively.

C1 = (m−1)L−R. (.127)
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Using (Four.13) and the optimal value of m and xt in (Four.15), we have

C1 =
N
nd

(
(1− r)+

√
δ2 +(1− r)2

)
−R, (.128)

where δ ≈ 2πr
m(N/xt)

. Thus, taking the first derivative with respect to truck travel distance r

∂C1

∂r
=

N
nd

(
−1+

δ
2πxt
mN − (1− r)√
δ2 +(1− r)2

)
. (.129)

Considering the approximation of the asymptotic case for a large number of customers, i.e.,

when n → ∞, we have ∂C1
∂r ≤ 0.

We now proceed to the second constraint:

C2 =
δ

st
− L

sd
. (.130)

Using (Four.14), the constraint is:

C2 =
δ

st
− 2
√

(δ/2)2 +(1− r)2

sd
. (.131)

Taking the first derivative with respect to r, we have

∂C2

∂r
=

2πnd

Nntst
+

2(1− r)

sd

√
(πrnd

Nnt
)2 +(1− r)2

, (.132)

which is evidently always positive ∂C2
∂r ≥ 0.

We now proceed to derive the optimal truck travel radius. Based on (.124) and (.125), when

st
sd

≤ τ we have ∂T
∂r ≥ 0 and to minimize the total cost, we need to decrease the r∗ as low as

possible. On the other hand, based on range constraint in (.128), its derivative with respect to

radius in (.129), and the fact that ∂C1
∂r ≤ 0 for r in the range of [0,1], smaller r can violate this

constraint. Thus, the optimal radius for this speed range, r1
∗, can be obtained by solving C1 = 0
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for r:

C1 = (m−1)L−R = 0. (.133)

Thus,

N
nd

1− r1
∗+

√(
2πr1∗nd

Nnt

)2

+(1− r1∗)2

= R, (.134)

which gives (for the range 0f [0,1]) :

r1
∗ =

Nn2
t R−nt

√
(N2n2

t +4n2
dπ2)R2 −8Nndπ2R

4ndπ2 , (.135)

For larger truck speeds when st
sd
≥ τ, from (.124) and (.125) we have ∂T

∂r ≤ 0 which tends

to increase the truck travel radius r. Nevertheless, based on (.131), its derivative with respect

to r in (.132), and the fact that ∂C2
∂r ≥ 0, large r would violate the scheduling constraint. Hence,

the optimal value of r for this speed range to minimize the cost function but not violate the

constraint would be obtained as follows:

C2 =
δ

st
− L

sd
= 0. (.136)

Hence,

2πr2
∗nd

Nntst
=

2

√(
πr2∗nd

Nnt

)2
+(1− r2∗)2

sd
, (.137)

from which we obtain:

r2
∗ =

Nntst

Nntst +ndπ

√
s2

d − s2
t

. (.138)

Thus, we derive the optimal radius r∗ for the circular routing setting:
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r∗ =


Nn2

t R−nt

√
(N2n2

t +4n2
dπ2)R2−8Nndπ2R

4ndπ2 st/sd ≤ τ

Nntst

Nntst+ndπ

√
s2

d−s2
t

st/sd > τ

. (.139)

Proof of Proposition 3:

Based on (Four.18), for the ring-radial routing, we have:

L = L = L = 2(1− r)+δ. (.140)

The cost function of the ring-radial model, using (Four.9) and (Four.18), is:

T (nt ,nd) =
r
st
+(

L
sd
)(m−1) =

r
st
+(

2(1− r)+δ

sd
)(m−1). (.141)

Taking the first derivative of the cost function with respect to r, gives:

∂T (nt ,nd)

∂r
=

1
st
+(m−1)

(
2πxt

mNsd
− 2

sd

)
. (.142)

The critical speed ratio can be obtained by re-arranging the terms to factor out the speed

ratio when the first derivative equals zero and changes the sign. Using the optimal value of

(Four.15), we have:

τ =
Nntnd +ntn2

d
2N2nt +2Nntnd −2πNnd

. (.143)

Similar to the circular routing, from (.142) we have the case that ∂T
∂r ≥ 0 if st

sd
≤ τ and we

have ∂T
∂r ≤ 0 if st

sd
≥ τ.

We now proceed to check the constraints in the ring-radial model. Using (Four.18), we can

rewrite the range constrain in (.128) as:

C1 = (m−1)(2(1− r)+δ)−R. (.144)
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where δ ≈ 2πrxt
mN . Taking the first derivative with respect to r, we have:

∂C1

∂r
= (m−1)

∂L
∂r

= (m−1)(−2+
2πxt

(m−1)N
). (.145)

Considering the asymptotic conditions where N is large, we have ∂C1
∂r ≤ 0.

Since for st
sd
≤ τ we have ∂T

∂r ≥ 0 but ∂C1
∂r ≤ 0, the optimal r is this range is bound by range

constraint.

C1 = (m−1)L−R = 0. (.146)

Thus,

(m−1)(2(1− r∗1)+δ) = R, (.147)

which gives the optimal r∗1 as:

r∗1 =
nt(2N −ndR)
2Nnt −2πnd

. (.148)

From the scheduling constraint for the ring-radial setting, from (Four.7) and (Four.18), we

have:

C2 =
δ

st
− L

sd
=

δ

st
− 2(1− r)+δ

sd
= δ(

1
st
− 1

sd
)− 2(1− r)

sd
. (.149)

We take the first derivative of C2 for the ring radial setting, with respect to r:

∂C2

∂r
=

πxt

mN
(

1
st
− 1

sd
)+

2
sd
, (.150)

which is always positive.

Since for st
sd
≥ τ, we have ∂T

∂r ≤ 0, but we also have ∂C2
∂r ≥ 0, the optimal radius in this speed
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region would be bounded by the scheduling constraint.

C2 = δ(
1
st
− 1

sd
)− 2(1− r)

sd
= 0. (.151)

Thus,

δ(
1
st
− 1

sd
) =

2(1− r)
sd

, (.152)

which gives the optimal radius r∗2 as:

r∗2 =
Nntst

πnd(sd − st)+Nntst
. (.153)

Finally, we have:

r∗ =


nt(2N−ndR)
2Nnt−2πnd

st/sd ≤ τ

Nntst
πnd(sd−st)+Nntst

st/sd > τ,

. (.154)

Proof of Proposition 5:

We take an approach similar to previous section and use the constraints A-F for the proof of

optimal fleet composition in (Four.24)-(Four.25). We first focus on the optimal number of trucks

nt . When the speed ratio is smaller than the first critical threshold st
sd
≤ τ1, using constraints A

and E gives:

(m−1)L = R ,
δ

st
=

L
sd
. (.155)

In the fleet composition optimization, we are focusing on the ring-radial setting, thus L = L.

Replacing the L in E with the L from A, we have:

δ

st
=

R
(m−1)sd

. (.156)
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Using (Four.23), results in following:

2πrnd

Nntst
=

Rnd

Nsd
. (.157)

Thus,

n∗t 1 =
2πrsd

Rst
. (.158)

For the speed ratio larger than the first threshold τ1 ≤ st
sd

, from constraint B, xt = K. Using

(Four.23), we have

n∗t 2 =
N
K
. (.159)

Moving to the optimal number of drones nd , when st
sd
≤ τ1 we use the first case in (Four.19)

and (Four.24).

r∗ =
2Nn∗t −n∗dn∗t R
2Nn∗t −2πn∗d

,

n∗t =
2πr∗sd

Rst
.

Replacing r∗ in n∗t , we can obtain the optimal number of drones in this speed range:

n∗d1 =
2Nsd(1− r∗)

R(sd − st)
. (.160)

When the speed ratio is between the first and second threshold st
sd
≤ τ1, we use the first

case of r∗ in (Four.19) and the second case of n∗t in (Four.24) (constraints A and E):

r∗ =
2Nn∗t −n∗dn∗t R
2Nn∗t −2πn∗d

,

n∗t =
N
K
.
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Thus, the optimal number of drones in this speed range is:

n∗d2 =
2N2(1− r)
NR−2πKR

. (.161)

Finally, when the speed ratio is larger than the second threshold, τ2 ≤ st
sd

, we use constraints

B and F:

K = xt , nd ≥ q
N
xt
. (.162)

Thus, the optimal number of drones in this speed range is:

n∗d3 =
N
K
. (.163)

.3.2 Routing on a Circular Surface Cost Structure

In the routing on a circular surface, we divide the circular surface into S concentric rings, each

with radius Di for i = 1,2, ...,S. Given that recipients are uniformly distributed across the surface

with a density of ρ, the total number of recipients on the circular surface is πρ. The area allocated

to each ring i is denoted as Ai, and the number of recipients assigned to ring i is calculated as:

Ni = ρAi. (.164)

The radius of ring i, denote by Di, is obtained as follows:

D1 = d0 , D2 = d0 +d1 , Di =
i−1

∑
z=0

dz. (.165)

The total distance travelled by each truck is

li = Di +δi(m−1), (.166)

where m is the number of hubs along a truck’s path, and δi is the distance between two
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consecutive hubs on each ring,

δi =
2πDi

(m−1)nti
. (.167)

By applying the Extreme Value Distribution Theorem for uniformly distributed recipients,

the minimum and maximum drone flight distances for ring i are:

Li = δi +
di

Ni
& Li = δi +di(

Ni −1
Ni

), (.168)

where Ni is the number of recipients assigned to the ring as given in (.164).

The routing cost per truck on each ring follows the same structure as in equation (Four.9),

accounting for both travel distance and waiting time,

Ti(Di,di) =
li
st
+(

Li

sd
− δi

st
)(m−1), (.169)

where st and sd represent the truck and drone speeds, respectively.

The range constraint for the routing on a surface model is

KLi ≤ R, (.170)

and the scheduling constrict is

δi

st
≤ Li

sd
. (.171)

For routing on a circular surface with equal fleet of trucks on each ring, the number of

recipients assigned to each ring is Ni = ntK. Given that the number of recipients is derived from

their density and area assigned to each ring, as in (.164), we partition the surface so that all areas

are equally A for each ring. Considering that we divide the circular surface into S rings, where

the Sth (last) ring is the surface region with a radius of one. Thus, the area surrounding each ring
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and the number of recipients in that area are

A =
π

S
& Ni =

N
S
, (.172)

and the number of trucks on each ring is

nt =
N

SK
. (.173)

To obtain the radius of these S concentric rings, we begin with the first ring, which encloses

Ni recipients within the area of A. Hence, we can calculate D1 =
√

1
S . Subsequently, the area

within the second ring is the aggregation of the first ring’s area and the area of the strip between

the first and second rings, where each of these is equal to A. Therefore, πD2
2 = 2A = 2π

S and

D2 =
√

2
S . Using this heuristic, we derive the radius of each ring:

Di =

√
i
S
. (.174)

From, (Four.32), the distance between rings i and i+1 is:

di ≈
1

2SDi
=

1
2
√

iS
. (.175)

The travel distance for each truck is given by li = Di +
2πDi

nt
. Using equations (.173) and

(Four.31), we arrive at the following:

li =

√
i
S
+

2πK
√

iS
N

. (.176)

The inter-hub distance on each ring was previously defined in (.167). Using equations

(.173) and (Four.31), we can derive the inter-hub distance:

δi =
2π

√
iS

N
, (.177)
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Using (Four.32) and (.177), for the minimum drone flight distance in (Four.28), we have:

Li =
2π

√
iS

N
+

√
S

2N
√

i
. (.178)

Moreover, assuming that Ni is significantly larger than 1, i.e., Ni >> 1, we have the maximum

drone flight distance as Li = δi +di. Substituting the expressions from (Four.32) and (.177), we

obtain the maximum drone flight distance on ring i as follows:

Li ≈
2π

√
iS

N
+

1
2
√

iS
, (.179)

which has the properties of high values in both the first and last rings corresponding to very

small and very large i values, respectively, along with a minimum value of Li∗ =
2
√

π√
N

at i∗ = N
4πS .

Based on the range constraint given in (.170), we have KLi ≤ R. Thus, It is apparent that

the drone flight range should at least exceed this minimum threshold for drone delivery to be

feasible. Thus, 2K
√

π√
N

< R. The range constraint presented in (.170) can be rewritten by using

the new form of maximum drone flight distance derived in (.178):

2Kπ
√

iS
N

+
K

2
√

iS
≤ R. (.180)

The range constraint gives the following bounds for i:

− K2N

S(2NR2 +2R
√

N2R2 −4NK2π−4K2π)
≤ i ≤ N2R2 −2K2Nπ+NR

√
N2R2 −4NK2π

8SK2π2 .

(.181)

Considering the asymptotic case when N → ∞, the left-hand side is always true as it has

negative values, and i is a positive indicator. On the right-hand side, we can ignore lower degrees

of N and simplify the equation as follows:

i ≤ N2R2

4SK2π2 . (.182)

If this condition is met, we use the original form of cost presented in (Four.29). Otherwise,
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the range constraint limits the maximum drone travel distance, and we have Li = R.

For the scheduling constraint from (.171) we have δi
st
≤ Li

sd
. We repeat the process of

implementing the new definition provided in (Four.32) and (.177), and thus we have:

2π
√

iS
Nst

≤ 2π
√

iS
Nsd

+

√
S

2Nsd
√

i
, (.183)

which gives:

i ≤ st

4π(sd − st)
. (.184)

If this condition is met, we use the original form of cost presented in (Four.29). Otherwise,

the minimum drone travel distance and truck movement (traversing) on the ring are bounded by

the scheduling constraint and δi
st
= Li

sd
.

We obtain the routing cost of each ring i, Ti(S), based on the range and the scheduling

constraints. The range constraint and the scheduling constraint presented in (Four.34) and

(Four.35), respectively, and their bounds on i, presented in (.182) and (.184), offer four different

cases for the total cost structure.

Case 1 If S ≤ NR
2Kπ

, then we have S ≤ N2R2

4SK2π2 . Since i is the indicator of the ring number, i.e.

i ≤ S, we have i ≤ N2R2

4SK2π2 . Thus, the range constraint presented in (Four.34) is always met, and

we can claim that the range constraint is never binding. In this case, the scheduling constraint

and (.184) would determine the structure of the cost function as follows:

Ti(S) =


√

i
st
√

S
+ 4KπiS+KN

2Nsd
√

iS
1 ≤ i ≤ st

4π(sd−st)

√
i

st
√

S
+ 2πK

√
iS

stN
+

K(1− 2S
N )

2sd
√

iS
st

4π(sd−st)
≤ i ≤ S

. (.185)

Case 2 If S ≤ st
4π(sd−st)

, based on the fact that i < S (by definition), we conclude that

i < st
4π(sd−st)

and inequality in (.184) is always true; Thus, the scheduling constraint is never

binding. In this case, the range constraint presented in (Four.34) would determine the structure
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of the cost of each ring:

Ti(S) =


√

i
st
√

S
+ 4KπiS+KN

2Nsd
√

iS
1 ≤ i ≤ N2R2

4SK2π2

√
i

st
√

S
+ R

sd

N2R2

4SK2π2 ≤ i ≤ S
. (.186)

If S ≤ NR
2Kπ

and S ≤ st
4π(sd−st)

are both true, we have the overlap of Case 1 and Case 2 where

Ti(S) =
√

i
st
√

S
+ 4KπiS+KN

2Nsd
√

iS
. In this scenario, neither range constraint nor scheduling constraint

is binding. If N2R2

4SK2π2 < S and st
4π(sd−st)

< S, then both range and scheduling constraints can be

binding depending on the values of the parameters. Thus, the comparison of the right sides of

inequalities (.182) and (.184) would determine the cost structure, and we will have three regions

as follows.

Case 3 If st
4π(sd−st)

≤ N2R2

4SK2π2 ≤ S, we have the three regions presented as follows:

Ti(S) =



√
i

st
√

S
+ 4KπiS+KN

2Nsd
√

iS
1 ≤ i ≤ st

4π(sd−st)

√
i

st
√

S
+ 2πK

√
iS

stN
+

K(1− 2S
N )

2sd
√

iS
st

4π(sd−st)
≤ i ≤ N2R2

4SK2π2

X N2R2

4SK2π2 ≤ i ≤ S

. (.187)

Here, in the first region, no constraint is binding; in the second one, the scheduling constraint is

binding; and in the third one, both the range and the scheduling constraints are binding.

Case 4 Lastly, in the case that we have both constraints determining the cost structure, if

N2R2

4SK2π2 ≤ st
4π(sd−st)

≤ S, We again have three regions with no constraint binding int he first region,

and both range and scheduling constraints are binding in the third region. Nevertheless, in this

case, the range constraint is binding in the second region.

Ti(S) =



√
i

st
√

S
+ 4KπiS+KN

2Nsd
√

iS
1 ≤ i ≤ N2R2

4SK2π2

√
i

st
√

S
+ R

sd

N2R2

4SK2π2 ≤ i ≤ st
4π(sd−st)

Y st
4π(sd−st)

≤ i ≤ S

. (.188)

The total cost of routing on a surface is obtained based on equation (Four.30) by summing

the routing costs across all rings and adding the fleet amortized ownership cost, as introduced
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in equation (Four.1). Considering that the number of trucks and drones is equal in this section,

nt = nd , the total cost is expressed as:

C = Σ
S
i=1ntTi(S)+

N
K
(Ft +Fd). (.189)

Focusing on Case1, we have:

C1 =
N
K
(Ft +Fd)+Σ

S
i=1nt


√

i
st
√

S
+ 4KπiS+KN

2Nsd
√

iS
1 ≤ i ≤ st

4π(sd−st)

√
i

st
√

S
+ 2πK

√
iS

stN
+

K(1− 2S
N )

2sd
√

iS
st

4π(sd−st)
≤ i ≤ S

. (.190)

We approximate this cost by taking the integral of the second term over i = 0 to S:

C = nt

∫ S

0
Ti(S)+

N
K
(Ft +Fd), (.191)

which gives the cost of Case1 as:

C1 =
N
K
(Ft +Fd)+nt

∫ S

i=0


√

i
st
√

S
+ 2Kπ

√
iS

sdN + K
2sd

√
iS

1 ≤ i ≤ st
4π(sd−st)

√
i

st
√

S
+ 2πK

√
iS

stN
+

K(1− 2S
N )

2sd
√

iS
st

4π(sd−st)
≤ i ≤ S

(.192)

=
N
K
(Ft +Fd)+


3KsdN+2sdNS+4KπstS2

3KsdstS
1 ≤ i ≤ st

4π(sd−st)

3KstN+2sdNS−6KstS+4KπsdS2

3KstsdS
st

4π(sd−st)
≤ i ≤ S

.

To solve for the optimal number of rings S, we take the derivative of the cost with respect

to the number of rings:

dC1

dS
=


− N

sdS2 +
4π

3sd
1 ≤ i ≤ st

4π(sd−st)

− N
sdS2 +

4π

3st

st
4π(sd−st)

≤ i ≤ S
. (.193)

By setting this derivation equal to zero, we obtain the optimal number of rings as we:
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S∗ =


√

3
4π

√
N 1 ≤ i ≤ st

4π(sd−st)√
3

4π

√
st
sd

√
N st

4π(sd−st)
≤ i ≤ S

. (.194)

As advancing technologies in drone delivery suggest, and based on the improving trend

in this industry, we can claim that drones will undoubtedly be more than 7% faster than trucks.

Thus, in the piecewise function of Case 1, we always have the second part as the optimal number

of rings for the proposed heuristics and minimized cost

S∗ =

√
3

4π

√
st

sd

√
N , C∗(S) =

2N
3Kst

+

√
6πN

√
sdst

− 2
sd

+
N
K
(Ft +Fd). (.195)

Using this optimal value to obtain the total optimal cost:

C∗(S) =


2N

3Kst
+ 4

√
πN√

3sd
+ N

K (Ft +Fd) 1 ≤ i ≤ st
4π(sd−st)

2N
3Kst

+
√

6πN√
sdst

− 2
sd
+ N

K (Ft +Fd)
st

4π(sd−st)
≤ i ≤ S

. (.196)

As advancing technologies in drone delivery suggest, and based on the improving trend

in this industry, we can claim that drones will undoubtedly be more than 7% faster than trucks.

Thus, in the piecewise function of Case 1, we always have the second part as the optimal number

of rings for the proposed heuristics and minimized cost

S∗ =

√
3

4π

√
st

sd

√
N , C∗(S) =

2N
3Kst

+

√
6πN

√
sdst

− 2
sd

+
N
K
(Ft +Fd). (.197)
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