On PCF Polynomials

Benjamin Fraser

A Dissertation submitted to the Faculty of
Graduate Studies in Partial Fulfillment of the
Requirements for the Degree of Doctor of Philosophy

Department of Mathematics and Statistics
York University
Toronto, Ontario
October 2024

(©Benjamin Fraser, 2024



Abstract

The author of [27] proves that the set of post-critically finite (PCF) polynomials of given
degree is a set of bounded height, up to PGLs-conjugacy. This result is extended to show
that the set of monic polynomials g(z) € Q[z] of given degree such that there exists a d > 2
such that g(z9) is PCF, is also a set of bounded height. Note that by fixing the degree of
a polynomial and algebraic degree of its coefficients, the set of such PCF polynomials is
in fact finite, and computable. Bounds on the coefficients for quartic PCF polynomials in
Q[z] are computed, and a search of the resulting space yields 16 distinct conjugacy classes.
Infinite families of PCF polynomials containing each of these distinct conjugacy classes are

found, giving a lower bound on the number of such conjugacy classes in terms of degree d.
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Chapter 1

Introduction

The dynamics of a rational map over C are known to be largely determined by the orbits

of its critical (ramification) points (points  for which f’(x) = 0). For instance:

Theorem 1.1 (see [37], Theorem 8.6). If f is a rational map of degree d > 2, the immediate

basin of every attracting periodic orbit contains at least one critical point.

By the [Riemann-Hurwitz formula,| the number of critical points is bounded above by

2d — 2: so the number of attracting periodic orbits is as well.

Another example of the importance of critical points’ orbits, due to Fatou follows:

Theorem 1.2 (see [37], Theorem 9.5). The Julia set (see|Definition 2.11) of a polynomial

f of degree d > 2 is connected if and only if the orbits of its critical points are bounded.

In light of the above, we are interested in when the orbits of the critical points are

bounded. One case of this is when their orbits are finite:

Definition 1.3. A rational map [ of degree d > 2 is called postcritically finite (PCF) if the

orbits of each of its critical points is finite.

The Mandelbrot set is the set of ¢ such that the orbit of 0 under iteration by f(2) = 22 +c
is bounded. The PCF quadratic polynomials 22 4 ¢ are those for which this same orbit is
finite.

There are infinitely many such maps. However, if we consider the set of conjugacy classes

of rational maps (under Mobius transformations), we are looking at the moduli space My

(see [Definition 2.28). Now, over Q, there are finitely many such points in M,: indeed,

we have a complete list of the PGLs-conjugacy classes of quadratic PCF polynomials with



rational coeflicients.

The idea above motivates the definition of height functions, which unfortunately have no
formal general definition. The general principles are that they should measure arithmetic
complexity, and that they can be used to prove results of the flavour “there are finitely many
points of bounded height in some set S” (for example, see Northcott’s Theorem that there

are finitely many points in PV (Q) of bounded height and algebraic degree).

See [Chapter 2| for the construction of the canonical height h #(P) (Definition 2.25) used

in the following definition:

Definition 1.4 (see [44], Definition 6.24). Let f : P! — P! be a rational map of degree
d > 2 defined over Q, Crit(f) be the set of critical points of f, and define the critical height
of f as

hoilf) = S hp(P) = Y (enlf) - Dig(P).

PeCrit(f) PePl(Q)

The critical height is of particular importance in studying PCF maps, as the only con-
tributions to this height come from its critical points. fALCm is well-defined on M4 modulo
change of variables ((¢~1ofog)'(P) =0 <= f'(¢(P)) =0, and i1¢71ofo¢(P) = hs(6(P))),
and has the following useful properties:

L4 iLcrit (fn) = niLcrit (f)

ait(f) =0 < fis PCF

o>

Definition 1.5 ([45]). Given an embedding of an algebraic variety ¢ : X — PV define an
ample Weil height hg by

he: X(Q) =R, he(P) = h($(P))

where h is the height on PV as in Definition 2.24.

For the following, Lattés maps fg 4 are maps induced on P!(C) by the multiplication-
by-d map on an elliptic curve E(C). The set of equivalence classes in M, are points on
an algebraic variety ([44], Theorem 2.24). Conjectured by Silverman (see [44], Conjecture

6.29), the following was proven in stages:

Theorem 1.6 (Ingram 2012 [27], Benedetto-Ingram-Jones-Levy 2014 [5], Ingram 2018 [29]).
For any ample Weil height haq, on Mgy,

h./\/ld = hcm’t

for non-Lattes maps.



Theorem 1.7 (Thurston 1980s, see [15]). Any algebraic family of PCF rational maps is

either isotrivial or a (flexible) Lattés example.

So, the non-Lattes PCF maps are a set of bounded height. Note that if there were a
non-isotrivial, non-Lattés family of PCF maps f;, this would contradict as
hcrit(ft) =0 but th(fl) — OQ.

Let P; denote the moduli space of polynomials of degree d, up to affine conjugacy.

Definition 1.8 ([27]). Any polynomial of degree d with coefficients in Q is affine conjugate
to a map f of the form z% 4 ay4_22972 + ... 4+ ag. Define the monic centered height on Py by

hmc(f) = h(ad_g, ceey 0,0).

Theorem 1.9 (Ingram 2012 [27]). There exist effectively computable constants Cy and Cs,
both depending just on d, such that

1

Qdi_lhmc(f) - Cl S hcrit(f) S 4hmc(f) + 02

for all f € P4(Q).

So, the set of PCF polynomials of a given degree d is a set of algebraic points of bounded
height. In particular, there are finitely many conjugacy classes of PCF polynomials of
bounded degree d whose coefficients have bounded algebraic degree B. This result was ex-
tended in [5] to rational maps. We extend this result in to show that the set
of polynomials g(z) of degree d over a given number field such that there exists an n with
g(z™) PCF is finite.

As the aforementioned sets are finite, some work has been done to find all such maps
for small values of d over Q. A natural choice for conjugation of a quadratic polynomial
is 22 4 ¢, moving its lone critical point to 0. So these act as representatives of the finitely
many affine-conjugacy classes of PCF polynomials: there are 3 such for d = 2, B = 1,
(f(z) = 2" +¢):

ce{0,—-1,—-2}.

The choice becomes more complicated at higher degrees. A finiteness result on the spe-
cific case of unicritical polynomials is given in [7]. In [27], the Branner-Hubbard normal form
is used, which does not preserve the field of definition of cubic polynomials. As such, in [2],
the conjugation is chosen so that the critical points are moved to 0 and 1 (if there are two
distinct critical points), and the list of 15 total conjugacy classes of cubic PCF polynomials

over Q is found. In [36], the list of conjugacy classes of quadratic PCF rational maps are



found. Things are further complicated for quartic polynomials, as in the tricritical case it is
difficult to find a ‘natural’ conjugation to move the critical points. If all the critical points
are rational, they can be moved to 0, 1, and a parameter ¢, and if they lie in a quadratic ex-
tension, we can move them to \/5, —\/5, and a parameter ¢ for some squarefree integer D.

But if the critical points lie in an extension of degree 3 or 6, there are less convenient choices.

In the following work, rather than being concerned with the location of the critical points,
we conjugate to eliminate the cubic term, and instead look at a resultant ,
which encodes information about the branch points. In we use this strategy to
find the conjugacy classes of quartic PCF polynomials defined over Q.

Another motivation for the study of PCF maps comes from their connection to arboreal
Galois representations. Consider the tree T, formed by the inverse images under f € K (x)
of some base point a. The absolute Galois group of K acts on T, by tree automorphisms,
giving a subgroup G (f) of the group Aut(7T) of all tree automorphisms [33]. One question
asked is the size of the index [Aut(Tw) : Goo(f)]. It was shown in [40] that for a generic
polynomial f, G (f) is equal to the full automorphism group:

Theorem 1.10 (Odoni 1985 [40]). Let K be a field of characteristic zero, tg,...,tq—1 be
algebraically independent over K, and F(x) = x4ty 12 4+ Ltz +ty. So Te resides
in the algebraic closure of K(to,...,ta—1), and

Goo(F) = Aut(Ths).

Generally, the index of the image of the Galois group in the full automorphism group
is expected to be finite, but f being PCF is one of the exceptions. In [32] and [26] are
theorems giving that the index is finite under certain conditions: in particular, that f is not
PCF. In [10], f not being PCF is one of the requirements for cubic polynomials f giving
[Aut(Two) : Goo(f)] finite, and in [6] the arboreal Galois representation of a cubic PCF
polynomial is explored. In [33] it is shown that if the field of definition of f PCF of degree
d has characteristic 0 or > d, then the index is infinite, and a similar result including the

converse is proven in [I§].

PCF maps often prove to be exceptional cases. In [9], f PCF is shown to imply that the
preimage field of K-rational « is finitely ramified over K. In [25], up to three exceptions, is
shown that for quadratic PCF polynomials f of a particular form with an iterate reducible
modulo every prime, that all iterates are irreducible over Q. In [42], the main stumbling

block in a proof of a case of Thurston’s rigidity theorem is cubic PCF polynomials.



In the following we work over P!(C); PCF maps in higher dimension are the subject of
ongoing research: over P2 ([19], [34], [38], [31]) or higher ([S], [28], [3], [35]). Conjectured
and proven for tail length < 2 in [30], it was shown unconditionally in [20] that PCF maps
are not Zariski dense in the space End’; of endomorphisms of degree d on P* for k > 2 (in

contrast to being Zariski dense on P!):

Theorem 1.11 (Gauthier-Taflin-Vigny 2023 [20]). Fiz two integers k,d > 2. There exists

a strict subvariety VF C End’j such that any PCF endomorphism f is contained in V.

Much current research on PCF maps is on the topic of unlikely intersections. A dynam-
ical analogue of the André-Oort conjecture given in [4] and [I4] aims to characterize the

irreducible subvarieties of M, containing a Zariski dense collection of PCF points:

Conjecture 1.12 (Baker-De Marco 2013 [4]). Suppose {f: : t € V} is an N-dimensional
algebraic family of critically-marked rational maps of degree d > 2, with V' irreducible. Then
ft is post-critically finite for a Zariski-dense subset of t € V' if and only if there are at most

N dynamically independent critical points on V.

This question is answered in the case of cubic polynomials in [I7] and [24], for unicritical
polynomials in [23] and [I1]], and in higher dimension for quadratic polynomials in [I3]. The
distribution of PCF polynomials is explored in the series ([16], [21], [22]).

In we find some infinite families of PCF polynomials, which contain all of
the quartics found in and further imply that as degree increases, so too does the

number of PCF polynomial conjugacy classes.



Chapter 2

Background

In this chapter we provide a brief introduction to arithmetic dynamics (which the interested
reader can find a more thorough treatment of in [43], from where many of the definitions in

this chapter are pulled). Our principal objects of study are iterated maps:
Definition 2.1. A dynamical system is a set S together with a map f:S — S.

We denote by
fr=fofo.of

the n* iterate of f.
Definition 2.2. The forward orbit of a point o € S (under f) is the set

O5(a) = {f"(a) i n = 0}.
Our goal is to study the orbits of points in S.
Definition 2.3. The sets of periodic and preperiodic points of f in S are denoted
Per(f,S)={a €S : f"(a) =« for somen > 1},
PrePer(f,S) ={a € S: f""(a) = f™(a) for somen >1,m >0}
={a € S:0¢(a) is finite}

respectively.

Observe that Per(f,S) C PrePer(f,S) (take m = 0, f° denotes the identity map on S).

Consider the following example of the orbit of a point o under a specific function f:

Of(a) = {Oé, f(Oé), f2(a)’ fg(a)’ f4(04), f5(0é)}
C PrePer(f,S)



Figure 2.1: Example of a preperiodic point

{£3(a), f4(@), f*(a) } € Per(f,5)

In particular, we will be interested in the case where « is a critical (ramification) point
of f.

Generally the set S on which we study iterated maps will be the complex projective line

(Riemann sphere) P!(C), and the maps f will be either polynomial or rational maps:

Definition 2.4. A rational function f(z) € C(z) is a quotient

£2) = F(z) ao+aiz+ ..+ agz®
B G(Z) - b() + b12 + ...+ bdZd

with no common factors, and deg(f) = max{deg(F), deg(G)}.

Definition 2.5. A linear fractional transformation (or Mobius transformation) is a map

of the form
az+b

cz+d

with ad — be # 0.

These maps under composition form the group PGLy(C), which is in fact precisely the
group of automorphisms of the Riemann sphere, Aut(P!(C)).

Definition 2.6. The linear conjugate (not to be confused with iteration) of a rational map
f:Pt = P! byapec PGLy(C) is the map

fP=0¢""ofog.

Figure 2.2: Conjugation/iteration commutative diagram



Two rational maps f and g are linearly conjugate if 3¢ € PGLy(C) such that f = g%,

and this defines an equivalence relation on the set of rational maps.

Usefully, linear conjugation agrees with iteration:
(O =¢"tofrop=(f")?

so the dynamics of a map f depends only on its PGLa-conjugacy class [f].

Example 2.7. Consider the polynomial f(z) = z* — 222, a tricritical polynomial with the

O—Cr O

If we conjugate by ¢(z) = 2z, we get f®(2) = (¢~ o fop)(z) = 82* — 422, which has an

identical critical portrait, only with the critical points moved:

O @p

If a is a critical point for f a PCF rational map, its tail length is the minimal n such

following critical portrait:

that f™(«) is periodic, and its cycle length is the minimal period of this periodic cycle.
For example, 2¢ is PCF for all d (0 + 0, oo — 00)

Some examples of PCF maps (and their corresponding critical portraits) are found in

Table 2.1| (we omit oo for simplicity):

Definition 2.8. The ramification index of f at « is defined as the order of vanishing of «
on (f(z) = f(a)):
ea(f) = orda(f(2) — f(a)).

o fis eq(f)-to-1 near «
o fisramified at a <= ey(f) > 2

o eo(f) < deg(f)

o If e, (f) = deg(f), we say f is totally ramified at «



f(2) f'(z)=0 Critical Portrait

0=0

—223 + 322+ 1 0,1

Table 2.1: PCF map examples

Theorem 2.9 (Riemann-Hurwitz, 1857 (see [43], Theorem 1.1)). Given f : P! — P! a map
of degree d,
222 (ealf) ~ 1)

acP?t
A consequence of this relation is that a rational map of degree d has exactly 2d — 2

critical points (counted with multiplicity).

Definition 2.10. If a # oo is a point of exact period n for f, the multiplier of f at a is

Aa(f) = (") (e),

and the multiplier of f at co (a fized point) is defined as

Aoo(f) = (F9)(¢7"(00)) ¥ ¢ € PGLy(C).

The multiplier describes what happens to a small neighbourhood of o under iteration of

f. ais called:

superattracting if Ao (f) =0,
attracting  if |Ao(f)| < 1,
neutral if Ao (f)] =1,
repelling if Ao (f)] > 1.

Definition 2.11. Given a map [ from a metric space to itself, its Fatou set, F(f), is the
mazximal open set on which the iterates of [ are equicontinuous, and its Julia set, J(f), is

the complement of the Fatou set.
Under iteration of f:

e Points in the Fatou set tend to stay close to each other



e Points in the Julia set tend to wander away from each other

o F(f), J(f), and 8J(f) are completely invariant (that is, f=1(F(f)) = F(f) =
F(F(f)), etc.)

Figure 2.3: Example: Julia set of 22 — 1

We will need the following definition later:

Definition 2.12. The resultant of two polynomials A(z) = agzt+ag_12%" 1+ ...+ a1z +ao,
B(2) = bo2® + be_12°71 + ... + byz + by, where aq,be # 0, is defined as

d e
res:(A(2), B(2)) = ago? [ [ [J(ci = 8y)
i=1j=1
where the o; and B; are the roots of A(z) and B(z) respectively.

Note that the resultant is equal to zero if and only if the polynomials have a common

root. Usefully, the resultant can also be computed as the determinant of their Sylvester

matrix:

aq 0 . 0 be 0 e 0

ag—1  aqg .- be—1  be
ag-1 -0 D ober o0
s (A2 B =| T Mk

ag ax oag-1 by b1 " beot

0 ao 0 bo
ai : 0o . bk
0 ag 0 bo

10



We further have, if the coefficients are in an integral domain,
res: (A(2), B(2)) = (~1)*0 [T A(8)
j=1

where the 3; are the roots of B. Note that if we take the resultant of a polynomial f and its
derivative f’, we get a polynomial in the coefficients of f which encodes information about
its branch points — that is, the images of the critical points, f(53;) where the §; are the

critical points of f.

Definition 2.13. An absolute value on a field K is a map
|-|: K—>R

such that:

la| >0

o] =0 <= a=0

laB] = |a| - |B] for all a, B € K

|+ B < laf + [B] for all o, 5 € K

The rationals Q have the usual real absolute value (archimedean):
|a]oo = max{a, —a}
and for each prime p, a p-adic absolute value (non-archimedean):
la], = per(®)

where e, () is the exponent of p in the unique factorization of « into powers of primes.

A non-archimedean absolute value satisfies the ultrametric inequality:

o+ 5| < max{|aly, |Blo}

with equality if ||, # |B]e-

Definition 2.14. Two absolute values | - |, and | - |y on a field K are called equivalent if

there exists a ¢ € R such that Va € K, || = |zlp.

Theorem 2.15 (Ostrowski 1916, [41]). Every non-trivial absolute value on Q is equivalent

to either the usual real absolute value, or a p-adic absolute value.

This motivates the following definition:

11



Definition 2.16. The set of standard absolute values on Q, denoted Mg, consists precisely

of the usual real absolute value and the p-adic absolute values.

Example 2.17. Observe that the product [[|cal, over all absolute values v is equal to 1:

10| 10| |10| 10| _10 1 1 _,
91 190, 19103 19]s 9 2~ 5
Given an o € Q written in lowest terms o = %, define its height to be H(a) =

max{|al,|b|}.

Given a P € PNV(Q) (in all of the following take N, M to be fixed positive integers), we

can find homogeneous coordinates
P =[xg,...,xn] with xg,...xxy € Z and ged(xg,...,zn) =1

by multiplying through by an integer to clear the denominators, and cancelling any common
factors. Then define
H(P) = max{Jzol, - |}

Observe that a set of points of bounded height is finite:

{P e PN(Q)|H(P) < B} < (2B+ 1N

Denote by My the set of standard absolute values on K: the set of all absolute values

on K whose restriction to Q is in Mg.

For any v € Mg, let K, denote the completion of K at v. The local degree of v is then
defined as n, = [K, : Q,].

Definition 2.18. Let K/Q be a number field, and let P € PN (K) be a point with homo-
geneous coordinates P = [xg,...,xn], all in K. The height of P (relative to K) is defined

as

Hg(P) = H maz{|xoly, -, [TN |0}
vEMg

Proposition 2.19 (see [43], Prop 3.4). Let K/Q and P € PN (K) be as above.
(a) This height Hi (P) is independent of choice of homogeneous coordinates for P
(b) Hx(P) = 1

(c) If L/K is a finite extension, then Hp(P) = Hy(P)FK]

12



Proof. (a) Any other choice of coordinates for P has form P = [axo, ..., azy].

[[ wax{lazil}™ = [T lafi max{leil}™ = ] max{laifo}™
3 3 7

vEMK vEM g vEMK

since
H lalpv =1 Vae K*  (see [43], Prop 3.3).
vEMK

(b) Dividing the homogeneous coordinates by a nonzero x; yields a homogeneous coordinate

which is at least 1, so every factor of the product in [Definition 2.18 fis at least 1.
(c) H (P) = H mzax{|:c¢\v}n“’ = H H mzax{|:ci\v}n“’

wEeM;, vEMg ’wEfV[L
[T masc{faif }EKIm = Hye ()]
vEMg !
(by [43], Prop 3.2). O

Definition 2.20. Let P € PY(Q) be a point whose coordinates are algebraic numbers.
The (absolute) height of P, H(P), is defined by choosing any number field K such that
P € PY(K), and setting

H(P) = Hg(P)Y/IK:Q,

Theorem 2.21 (Northcott 1950, [39]). Let K/Q be a number field, and B be any constant.
Then the set
{PePY(K): Hk(P) < B}

is finite. More generally, for any constants B and D, the set
{PePY(Q): H(P)<B and [Q(P):Q] <D}
is finite.

Proof. (Sketch) Divide the homogeneous coordinates of P by a nonzero coordinate so one

of them equals 1. Then
K =Q(P) =Q(zo,....,an) D Q(z;) VO<i<N

so [Q(z;) : Q] < D. Let K =Q(P) and d = [K : Q], and estimate the heights of individual

coordinates by

=
=

B> < H max{|x0|v,...,|xN|U}”’”> > H ((max{|xo|v,1}”” --~max{|x1v|ml}””)%)

vEME vEME

13



= (H(xo) -~ H(zy))¥ > H(z;)¥ Y0<i<N.

So each coordinate of P lies in a field of bounded degree and has bounded height, so it

suffices to prove

{a €Q: H(a) < B and [Q(a) : Q] = d} (2.1)

is finite. Factor the minimal polynomial of « as
FoX) =X+ a1 X 4 fag=(X-—) - (X —ag).

Then estimate the absolute values of the coefficients aq, ..., a4 in terms of the absolute values
of the roots ay,...,aq for each v € Mgy, by using the fact that the coefficients are the
elementary symmetric polynomials of the roots together with the triangle inequality. We
find

H([1,a1,..,aq)) <29H(ay) - - - H(ag)

and since the H(a;) = H(a) < B for every i we get

H([1,a4,...,aq)) < (2B)<.

This height bound implies there are finitely many possibilities for the minimal polynomial
of «, and since each has d roots, there are finitely many possibilities for «, and so is
finite. O

Theorem 2.21|says that there are finitely many points in P (Q) of bounded height and

degree.

The height of a point P measures its arithmetic complexity. Its image under a map of

degree d has height approximately the d'" power of H(P):

Definition 2.22 (see [43], pg. 89). A rational map of degree d between projective spaces,
¢ : PN - PM defined by

where fo, .., far € K[Xo, .., Xn| are homogeneous polynomials of degree d with no common
factors, is called a morphism if it is defined at every point of PV (K): that is, if the only

solution to the simultaneous equations
fo(Xo, -~-7XN) =..= f]v[()(o7 ceny XN) =0

is the trivial solution Xg = ...= Xy = 0.

14



Theorem 2.23 (see [43], Theorem 3.11). If ¢ : PV (K) — PM(K) is a morphism of degree
d, there exist constants C1,Cy > 0, depending on ¢, such that

C1H(P)? < H(¢(P)) < CoH(P)? VP € PY(K).

Proof. (Sketch) Define the absolute value of a polynomial f to be the maximum of its coeffi-
cients’ absolute values, and the absolute value of a collection of polynomials ¢ = [fo, ..., far]

to be the maximum of the absolute values of the f;.

Then using the triangle inequality, bound the absolute value of each f;(P) in terms of
the absolute values of f; and P. Then taking the maximum over ¢, bound the absolute value
of ¢(P) in terms of the absolute values of ¢ and P. Use this to similarly bound the height
H(¢(P)) from above, and the constant Cs is given explicitly by

Cy = (Nd* d) H(o).

The lower bound uses the Nullstellensatz to say there is an exponent e such that

M
Xi= Zgi,jfj V1<i<N
J

for homogeneous polynomials g; ; of degree e — d. For each P € PV (K), estimate for p-adic

—d
|Ply = Ogliégvmﬁ < CyMNde omax 9ijlo | [Pl5%|o(P)lo
0<j<M
for some constant Cy, ar,n,d,e. Letting |gl, = max; ; |g; j|v, this yields the estimate
H(P)" < Cy,v.a.H(9)H(6(P))

where H(g), the height determined by the coefficients of the g; ;, is not dependent on P. So
we have a lower bound H(P)? < CH(¢(P)) where C is not dependent on P. O

Definition 2.24. Define the logarithmic height of P (relative to K ) as

hi : PN(K) = R, hi(P) = log Hy (P)
and its absolute logarithmic height as

h:PY(Q) = R, h(P) = log H(P).
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So, we have that h(f(P)) and dh(P) differ by a bounded amount (by [Theorem 2.23)

h(f(P)) = dh(P) + O(1) VP € PN (Q).

Given functions f : S — S and h : S — R satisfying the above property, there exists
a unique function (see [43], Theorem 3.20), which we call the canonical height for each

morphism f:

Definition 2.25 (see [12], Theorem 1.1). Let f : PN — PN be a morphism of degree d > 2.

The canonical height function (associated to f) is the unique function
hy :PY(@Q) =R

satisfying

hy(P) = h(P)+ O(1) and hy(f(P)) = dhy(P).

Theorem 2.26 (Call-Silverman 1993, [12]). Let f : PV — PN be a morphism of degree
d > 2 defined over Q and let P € PN(Q). Then

P € PrePer(f) <= h;(P)=0.

Proof. If P is preperiodic, then d="h(f™(P)) — 0 as n — oo.

If h;(P) = 0, then letting K be such that P € PN(K) and f is defined over K, we have
h(f"(P)) = hy(f*(P)) + O(1) = d"hs(P) + O(1) = O(1) ¥n >0.

So the orbit
Of(P) = {Paf(P)th(P)’} - IPN<K)

is a set of bounded height, and so it is finite by [Theorem 2.21.| So P is preperiodic. O

So, the canonical heights of the critical points of a PCF map must all be equal to zero.

This is what motivates the definition of ﬁcrit( 1), [Definition 1.4.

A rational map of degree d, f : P! — P!, is specified by homogeneous polynomials F
and G:

f=[FG] =[aoX+a XY + ... +agV? g X+ 01 XY 4 . 4 bV

such that F and G have no common factors (res(F,G) # 0).

16



So, f is determined by the 2d + 2 coefficients. Denote by a the (d + 1)-tuple (ao, ..., aq),

and F, the associated polynomial.

Definition 2.27. The set of rational functions of degree d, Raty is identified with an open
subset of P24+ yiq

{[a@, b] € P24 res(F,, Fy) # 0} =5 Ratyla, b] — [F,, Fp).
Raty is an affine variety defined over Q. There is a natural map
f: P! x Raty — P! x Ratg,

([X7 Y]’ [a’ b]) = ([Fa(va)va(X7 Y)]v [av b])

Any algebraic family of degree d rational maps factors through Ratg.

For example, if we are not in characteristic 2, any quadratic polynomial f(z) = Az? +
Bz + C can be conjugated to the form 22 + c: if ¢(2) = (22 — B)/(2A), then

fo2) = (¢ o fog)(z) = 2"+ <AC - iB? + §B> .

Each ¢ value represents a different conjugacy class, so the space of these conjugacy classes
can be identified with A'.

The map
PGLy x Raty — Raty, (6, f) = fP=¢lofoo
is an algebraic group action of PGLs on Raty defined over Q.

Definition 2.28. The moduli space of rational maps of degree d on P! is the quotient space

My = Raty/ PGL,

where PGLy acts on Raty via conjugation as above.

Points in M, are conjugacy classes of degree d rational maps. For example, denote by
B the set of all degree 2 polynomials. We have seen that the moduli space of degree 2

polynomials is Al. So we have a commutative diagram

17



i l<-> }

Figure 2.4: Py commutative diagram

where (-) maps each f(z) = Az? 4+ Bz + C to the point (AC — 1B*+1B) € A! (that is,

to the unique value of ¢ when f is conjugated to the form f.(2) = 2% + ¢).
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Chapter 3

Composition With a Power Map

3.1 Introduction

It is easy to show that, for a fixed n, there are only finitely many ¢ in any given number
field such that 2" + ¢ is PCF. This is just by a basic argument bounding h(c). But in fact
the bound is better than this. If 2™ + ¢ is PCF, then c is an algebraic integer satisfying
lc] < [2[*=D and so h(c) < —L;log2. In other words, there exist only finitely many c in a
given number field such that there exists a n > 2 with 2" + ¢ PCF. This can be generalized.

Theorem 3.1. Over a number field K there are only finitely many monic polynomials g(z)
of fixed degree m such that there exists an n > 2 with g(z") PCF. Moreover,

nhcm't(g(zn)) + C Z h(g)a

where ¢ is a constant depending on m, but independent of n.

This lets us find a finite list of polynomials of fixed degree m such that if there exists
an n with g(z™) PCF, then ¢ is in this list (note that if we don’t let n vary and fix n = 1,
then this is the result from [27]). After proving some intermediate lemmas, the proof of this

theorem is given on page 30.

3.2 Local estimates

Here we take a local field, K, complete with respect to some absolute value (that is, complete
as a metric space via the metric d(z,y) = |z — y|) and algebraically closed. In general we

will drop subscripts related to the absolute value, as it is now fixed. We have n > 2 fixed,
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m = deg(g), and d = mn = deg(f) for f(z) = g(2™). To fix notation, we will also set
9(2) = 2"+ am_12™ "+ Fag

and
m—1

g(z)=m H (z —ci),

i=1

noting that this imposes a relation between the a; and the ¢; (see below).

Lemma 3.2. For g(2) = 2™ + am_12""1 + -+ 4+ ag with critical points c;, j € {1,m — 1},
log ||c|| := log max |¢;| < logmﬁgc la; | ™D 4 logm.
3
Moreover, log max;+q la; |/ (=) < log llcll+ &y, for some nonnegative real number ,,, where
gy = 0 for all but finitely many places v € M.
Proof. In one direction, note that oy, the basic symmetric polynomial of degree k in m — 1

variables, has (m,; 1) < 2m=1 terms.

Vieta’s formulas relate the coefficients of a polynomial to sums and products of its roots.
Where the roots of a general polynomial p(z) = b,,_12™ 1 + ... + by are ci1,...,Cp_1, We

have the elementary symmetric polynomials of its roots:

bm72
01(61,...,Cm,1):Cl—f—...-l-Cm,l = — s
bm—l
— _ bm—3
0’2(61, ey Cm—l) = (0162 +cie3+ .+ clcm_l) + ..t Cp—2Cpm—1 = b s
m—1

bo

bm—l ’

Um71(01’ ~-~,Cm—1) =CiC2 " Cp—1 =

Recall that ¢/(z) = m[[15"(z — &). Put it in the form ¢'(2) = bp_12™"* + ... + bo.

Then for every j € [I,m — 1], ja; = bj_1 = Fbpm_1 - Opm_1-(j—1)(C1, s Cm—1) =

+m - U’m—j(ch --~7cm—1)
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1/(m—j)
—q m m—7g
|aj|1/(m 7)< 5 ,|Um7j(c)|1/( )
1/(m—j) )
m — m—j|1/(m—j)
s|7 2™y - |llef ™ !
1/(m—j)
m e
=7 2™, - lell.

This second inequality follows by using the triangle/ultrametric inequality. If v is
archimedean, clearly we should have a product (since the (m — j)* symmetric polyno-
mial has at most 2™~ monomials, and each term is a product of m — j terms). On the
other hand, if v is nonarchimedean, then by the ultrametric inequality, the sum of these

monomials is at most the maximum of them, and so we can have (2m~1), = 1.

So if v restricts on Q to a p-adic absolute value with p > m, then |m/j| = 1 and
(2m~1), = 1, so we have log max; |a;|'/(™~7) < log|c|| for all but finitely many places

(that is, &, = 0). For the remaining nonarchimedean places, we have

loga; [V~ < log e + log |m/jl,

m—j

and so we can take

1
Ev _maX{ 10gm/]|70}7
m-=7

where, since j < m — 1, it can be easily seen that
gy <log(m —1). (3.1)
In the archimedean case we have

loga; [V~ < log e +

1 j —1)log™ |2
pr— og|m/j|+ (m —1)log™ [2],

and so we can take

1
evzmax{ ,log|m/j|,0}+(m—l)log+|2|
m—=7
where similarly we can see that

g, <logm + (m —1)log™ |2|. (3.2)

In the other direction, note that for all ¢ € [1,m — 1],

g (c)) =mc" + (m—1Day_1c" 24 4a; =0,

%
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since the ¢;’s are roots of ¢'(z).

In a non-archimedean absolute value we would have a contradiction if the lead term is

larger than all others (|mc 1| > |jajc "] for all j < m — 1), because then by the ultra-

metric inequality, this sum would equal the value of its maximum

term, and hence not be

zero. So there must be some j with |me"~!| < |jajc) . So, Vi € [0,m —1], 35 € [1,m —1]

such that if ¢; # 0:
me* Y < |jage]

= Jo|"™ < "7%’
m

1
Y Tm—3) 1
J ) gy
— ‘Ci| < |£ ]( 7)
. 1
7 (m—i) (7#771)
< max |— a;
0<i<m—1|m
R
< max|a™ 7 |- max |~
> U i [
i#0 i#0 |m
=max a7 | -max<{ | "} 1l me/2
- = 7 ) PR
i#0 m m

= log||c| < logm;gg(laﬂl/(m*i) +logm.

m—1

m

m—2

m

)

}

In the archimedean absolute value we would have a contradiction if the lead term is

larger than all others times m — 1: (that is, [mc" ! > (m — 1)|ja;cl | for all j < m — 1),

since then it would be larger than the sum of all other terms combined, and hence adding

it to them would not yield zero. So there must be some j with [mc}"~!| < (m — 1)|jajﬁ71|.

So, Vi € [0,m — 1], 35 € [1,m — 1] such that if ¢; # 0:
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1
e < |2
m
1
i(m—1) -5 —1_
— o] < j(m ) ng—.y)
m
; T
< max Z(m_ ) i(m—l)
0<i<m—1 m
1
1 i(m — 1) @D
< max |a,"""| - max im —1) ‘
i#0 i#£0 m
1
1 1\ o
< max |a,"" " | - max (m -2+ )
i#0 i#£0 m

= log|lc] < logmax la; |V ™= 1 logm.
1

Let
" o £4(2)
Grlz) = lim =3

2m, if v is archimedean

1, otherwise

Lemma 3.3. Let
C, = log max{1, |a;|/(m~9}.

Then for nlog|z| > Cy + log(2m), we have

1
log =

Gro(2) 2 log" |2l + >

1
d—1
and in the non-archimedean case we have

Gio(z) = log™ |z|.

Proof. Observe, for every i < m — 1:

23



Cy +log(2m), < nlog|z|

1
= ai(mﬂ) < |zI"

- |CLZ| < Zn(mii)

= |a;z™| < |2"™.

So, in the non-archimedean absolute values, the condition nlog|z| > C, +log(2m), just

ensures that the lead term of f(2) = g(2™) = 2™ +a,,_12"™ Y 4 ...+ a, 2" +ay dominates.
So,
log™ |g(")| = log™* |z"™| = log™ |2?| = dlog™ 2],
and by induction
log* | f*(2)| = d" log™ |z].

Then,
+ |k
G(z) = lim log™ | f*(2)]

oot
k—oo  deg(f)k = log™ |2].

In the archimedean absolute value, we have, for every i < m — 1

log(2m), + Cy < nlog|z|
— 2m|ai|1/(m_i) < |z|"
= (2m)"™ ai| < |20
= 2mla;2"| < |2|"™
— Ja; 2™ < %M”m

Then,

|g(z")| — |an Jram_lzn(mfl) +o a2 Jrao‘

> 2" = fam 12"V = = |arz"] = ||
1 1 !
> nmy L nm| _ = nm| _ _— nm
> 2" 2m|Z | 2m|z | Qm‘z |
__|.nm| _ i nm
= [z""| 2\2 |
1

Then . 5
§|an| <lg(z")] < §|Z|nm7

(note that the right-hand inequality follows by doing a similar argument to above, only
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lg(z™)| < [2"™] + [am—12"™ D]+ .+ |a12"] + |ag| < ... < 2|2%]), and by induction,

ak—1 dk—1
1 d—1 nmk 3 d—1 nmk
(3)7 st (3) 7 e

Proof. Proof of the left-hand inequality by induction. The right-hand inequality would have

a similar argument. First, if we assume that m > 2 (as we can since the introduction para-

graph takes care of the case m = 1):

nlog|z| > Cy4 +log(2m), > log(2m),
= |z|" >2m

= |z["™ 1 >4 (since nm — 1 > n and m > 2)
1
= lg(z")] = 12" > 2[z] > |z].

That is, if z meets the hypothesis of then so does g(z").
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[FEH @) = £ (7R ()
= I(f'“(Z))"m +am L(FEN™M Y 4 an(F5(2)" + aol

1 1
> k nm k nm| _ = k nm| _ _~ k nm
> ()™ = 5 ™ = = o)™ = 5 ()™
d k_ d
1 3\ 1 k
> “I =515 B
2 2
k+1_g4 ak+1_g
_ 1 d—1 ‘ dk+1| 1 § d—1 | dk+1|
B 2 2\ 2
dktl g dktl _q
_ 1 d—1 1 3 d—1 ‘ dk+1|
2 2 \2 :
aktl_q
— k41
-|G) T (-3 )
2
1 ak+1_4 1 —(d—1) 1 .
d—1 d—1 dk+1_g k41
=1l5 = 1—=(3) 47T d
) ( |
dktl_y
1 =1 1 k+1_ )
_ <) 5 <1_ (S)dd—l d> | dF+ |
2
aktl
1\ T 1 d*t —d
> <2> -2 (1 -3 3) |zdk+1\ (since clearly -1 >1)
dkt1_4
1 d—1 k41
=(= —1)[]2¢
(3) ~ eofl
dkt+1l_q
1 d—1 prast
O
Then, taking logarithms and limits yields
1 loglf*(2)] 3
log - < 1 —1 < log —
d—lOgQ*kggo deg(f)k og|z|7d_1og27
o) U
log™ | f*(2) + 1
= > —=.
Gy(z) klim dez () >log™ |z| + 7 1log2
O

Lemma 3.4. For each 1 < i < m — 1, let Gi(c1,...,cm-1) = g(c;) — ag, and let G(z) =
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g(z) — ag. Then the polynomials G; € Q[ey, ..., cm—1] are homogeneous forms of degree m,

with no common root over Q other than the trivial root c¢; = 0 for all i.
Proof. See Lemma 7 of [27]. O

Observe that

Cy = logmax{1, |ai\1/(m*i)}
< maX{IOgm%( |ai|1/(m—i)’ log |a0|1/m}
< max{log e]| + <., log oo/} (by [Commmna 3]
= max{log ||c| + &, 1log [g(0)|*/™}  (since aq is the constant term of g).

Note that if 1 dominates in the above, then we have C; < 0, and so follows
trivially.

Recall that the critical points of f are the solutions f'(¢) = 0, and the branch points are
the f(c).

Lemma 3.5. There is a branch point B of f(z) = g(2™) and a real number 6, < 0 with
log |B‘v > deg(g)cg + 0o,

for every v € Mg, where §, = 0 for all but finitely many v.

Proof. Let G;(c1,...,¢m—1) = G(¢;) € Qleq, ..., ¢m—1] be the homogeneous polynomials de-
fined in By that lemma, these polynomials have no common root other than
the trivial one, and so as in (Lemma 8, [27]), by Hilbert’s Nullstellensatz,

deg(g)log ||c|| — By, = mlogmax{|ci|yy s |Cm—1]v} — By < log max{|G(c;)|v}

where B, > 0 is 0 for all but finitely many v € Mk.

Note that the branch points of f(z) = g(2™) are f(0) = ap = ¢g(0) (with multiplicity
1/n

n — 1) and the m — 1 many branch points of g, f(¢;”") = g(¢;) (each with multiplicity n):

PR =g n g =m [ ).

i1
So log max{|g(c;i)|v,|g(0)|,} gives log of a branch point. For non-archimedean v, there

exists a ¢; such that:
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log max{|g(¢i)|v,|9(0)|s} > loglg(ci) — g(0)] (by the ultrametric inequatlity)
= log |G(ci)lv
> deg(g)log|lc|]| — B, (by the above inequality).

Case 1: log|g(0)]"/™ < log|lc|| + e, = C, <log|c| +e, = C, — ¢, <log|lc||
= logmax{|g(ci)s, [9(0)[.} = deg(g)Cy — deg(g)en — B,
so choose §, = —(deg(g)e, + By)-

Case 2: log |g(0)|"/™ > log ||c|| + e, = C, < L 1log|g(0)|, and so the above inequality
clearly holds (log max{|g(c;)|v,[9(0)|v} = log|g(0)|, = deg(g)Cy).

For archimedean v, we’d like to do something similar to the above, this time using the

triangle inequality...

log(2 max{|g(c;)|, |g(0)]}) > log |g(c;) — g(0)] (by the triangle inequatlity)
= log |G(ci)lv
> deg(g)log|lc|| — B,  (by the above inequality).

Case 1: log[g(0)|"/™ < log|lc|| + &, = Cy <log|lc] +e,.

= logmax{[g(ci)|,|9(0)[} = deg(g)Cy — deg(g)e, — By — log(2),

so choose §, = —(deg(g)e, + By + log(2)).

Case 2: log|g(0)|*/™ > log |lc| + e, = Cy < Llog|g(0)] = log|g(0)| > deg(g)Cy,
and so take 8 = ¢(0) and we get log|3| > deg(g)C,

Finally, note that since both ¢, and B, are zero for all but finitely many v € Mg, the
same holds for §,. O

Lemma 3.6. For any v € Mg, there is a ¢, <0 such that
1
E(Cg + Cv) < Acrit,v(f)

for all c € AY"Y(Q). Furthermore, ¢, = 0 for all but finitely many v € Mg.

28



Proof. By there exists a branch point 8 of f(z) = g¢(z™) with log|8|, >
deg(g)Cy+9,. So, nlog|Bl, > nmCy +ndy, and if nmCy +nd, > (2m),C,, then [ satisfies

the hypothesis of For all but finitely many v, d, = 0, and clearly nm > (2m),
since n > 2, so this would be true. For the remaining v...

Case 1 (O > ——%%x):

nm—(2m),

If ¢y > nm‘fég:n) = "(iefl(fEZ";nJr)B“), we have nlog |8, > (2m),Cy. So in this case, we

also have 3 satisfying the hypothesis of

—ndy ):

Case 2a (v is archimedean, C, < T (2m)y

n(deg(g)e, + By +10g2)
nm — (2m),
= n(mey + By + log2) (by definition of (2m), )|
nm — log 2m
n(m(logm + (m — 1) log 2) + B, + log 2)
nm — log 2m
< m(logm + (m — 1)log2) + B, + log 2

— m — log2m
n

Cy

(by 3:2] from [Lemma 3.2)|

< m(logm + (m — 1)log2) + B, + log 2

< — Togom (since n > 2).

—ndy, ):

Case 2b (v is non-archimedean, g, < Py Gy

n(deg(g)e, + By)

<
Cg - nm — (2m)v
. BU —
_ n<m€i+1> (by defmition of (2m))]
nm —
I -1 B,
L nm ogfz - 1> B8 by B from

< mlog(m — 1)+ B,

m=
1 -1)+ B, .
— og(m 1) i (since n > 2).
m-—3

So by for all but finitely many v we have G, (3) > log™ |B|, + ﬁ log & for

some branch point 5.
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R R 1
mC’g+5v+mlog§<log |ﬂ|v+d_1

log% < max{Gy,(8) : branch 3}

1
log = < mnAcrit,o (f)

mCy + 0y + 5

1
d—1
1 1 1 1
- (C’g + ~ (51) 4 -1 log 2>> < Aerito(f)

1
= ﬁCg + (< )\crit,v(f)

Ll

where (, = % ((5U + Til log %) is clearly non-positive. Note §, is zero at all but finitely
many places, and (, = %51, at the non-archimedean places, so we have (, = 0 for all but

finitely many v.

For the remaining finitely many v in Case 2, we have Cy bounded above by a constant
k not dependent on n. Since Agrito(f) > 0, we can simply choose ¢, = —= and the result

follows.

We now proceed to prove

nhcrit(f) + C Z h(g)

Proof. Defining ﬁcrit( f) in terms of local contributions...

heit(F) = D nw(Aerit,o (f)) (”v = [KU@U])

vEMEK [KQ]
> Y s (G 46) (o [omma 36
vEME
= % (h(g)Jr > Cu>
vEME

where the constant (, does not depend on n.

vEMEK

3.3 Explicit computations

In this section we will compute all of the possibilities for monic quadratics whose composition

with a power map could be PCF.

Proposition 3.7. Let g(z) = 22 + az + b € Q[z]. The set of (a,b) such that there exists
n > 2 where g(z") is PCF is a set of bounded height.
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Proof. We begin with the archimedean case, and omit subscripts on the absolute value. Note
g(2") = 22" + az" 4+ b. Let |z|" > max{4]al, 16[b|2}. Then 112|™ > la| and 5i5]z*" > [b).

l9(z")] = |2*" — lall2|" — [b]
1

1
2n T L 2n
> |22 = Tel |l — el
191
= e
256
256\
> if [2|™ > .
> | il > (352l

So, z is a wandering point if |z|” > max{4|a|, 16|b|2} and |z|" > (%M)%

D=

So, if z is preperiodic then |z|" < max{4|al, 16|b|z, (33812))

1.

If g(z™) is PCF, then its critical points are preperiodic.

d

2 9(E") = nz" "l (2") = n2"TH(2(2") + ),

so the critical points are 0 and solutions to 2" = —3.

Case 1: 16]b]2 > 4|al.

g(z") is PCF == b is preperiodic (since the critical point 0 — b)

1
1 2 2 1
— |p" < max{4|a|,16|b2, (13(1514) } = 16b|2

2n—1
= |b|7z <16
— b <1677,

Case 2: 16]b|2 < 4]a| (= 256b| < 16a|? = |b| < lal?).
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a\?2 a®
g(z") is PCF — (75) -3 + b is preperiodic (since the critical point
a
2" = —7 maps to it)
2

SN 7% + b is preperiodic

a2 " 1 a2 %
= ‘—4-1—() < max 4a|,16b|2,<2‘—4+b) = 4|al

2N 1 2" 2 n
= 31% < 4al (since |b] < 1—6|a|2 = 31% < ‘—2 +b| )

4

2n—1

— <
o= Grey

— |a§((3/116)n)2"11.

A simple argument can bound a and b p-adically. Note that |g(2")], < max{|2%"|,, |az"|,, |b],},

with equality if one of the terms exceeds the others.

Supposing |a[, > 1 yields that the critical point 2™ = —§ wanders unless ’(_%)471 <
P
|bl,. But in this case the branch point b wanders. So |a|, < 1, and then if b, > 1, b

wanders, so we also have |b], < 1.
So a,b € Z. By the archimedean bounds above, we then have that |a| < 4 and |b] < 6.

So by the above bounds, a € {—4,-3,-2,-1,0,1,2,3,4} and b € {—6,—5, —4,
—-3,-2,—-1,0,1,2,3,4,5,6}, so there are 9 - 13 = 117 possibilities.
O

We could then search to find, say, all monic quadratics whose composition with 23 is

PCF, by searching within the above 117. This turns up the following;:

f(z) Classification
2" Unicritical
25 —1 Unicritical
284223 See |Prop 5.1, f(2z),a=2,m=1,n=3
28 —22341 See[Prop 5.1} h(z),a=2,m=1,n=3

Table 3.1: PCF polynomials of form 2% + az3 + b for a,b € Q

Note that the 117 provide a complete list of quadratics whose composition with z™ could
possibly be PCF, for any n. Determining for which of the 117 there exists an n with g(z")

PCF (and if so, for how many such n) remains an open problem.
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Chapter 4

Quartic PCF Polynomials € Q|z]

In this chapter, we want to find the conjugacy classes of quartic PCF polynomials g(z) €
Q[z]. We take a different approach to that of [2], as there is not a natural conjugation
to move three distinct critical points. Instead, we conjugate to simplify the coefficients as

much as possible, and make use of the resultant’s relationship with the branch points.

We first conjugate to eliminate the cubic term (if h(z) = a12* + a22® 4+ az2® + agz + as,
where 1(z) = 2 + — 22 the conjugation 1)~! o h o ¢ eliminates the cubic term), so let
g(2) = az* + b2 + ¢z + d. Note that the conjugation f(z) = g?(2) = (¢ "L ogo¢)(z) € Q[¢]
where ¢(z) = dz ensures that we can move the constant term to 1 (if it is nonzero). So we
can assume throughout the work that d € {0,1}. Then

T — f(2) = —az* —b2% — cz+ (T — d), f'(2) = 4az® 4+ 2bz + ¢
and s
res. (T — f(2), f'(2)) = (=1)(4a)* [[(T - f(¢;)) = 2564 H (T - £(&))
Jj=1 j=1

where the (; are the 3 critical points of f.

Now we can also compute the resultant as the following determinant:
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T-d 0 0 c 0 0

—c T—-d 0 2b ¢ 0

—b —c T—-d 0 2b ¢ O

res. (T — f(2), f'(2)) =| 0 b —c¢ da 0 2b c
—a 0 —b 0 4a 0 2b

0 —a 0 0 0 4a O

0 0 —a 0 0 0 d4da

= a?(256a>T> + (128ab* — 768a%d)T? + (768a*d? — 256ab*d + 144abc? + 16b*)T
+ (128ab*d* — 256a°d® — 144abc®d + 27ac* — 16b*d + 4b3c?)

b? b2d  9bc: bt
:256a4(T3+(2a—3d>T2+(3d2_a+c+ )T

16a  16a2
L b2d? B 9bc*d i 27¢ B bd n b3c? )
2a 16a 256a  16a2? = 64a2 )’

So, since f((;) are the 3 branch points of f, we have that

b2
— —3d
2a

o1 = [f(C) + f(G2) + f(G3)]w =

)
v

b2d  9bc? b

oy = [f(C1)f(C2) + f(C)f(CG) + f(C)f(G)]w = ‘3d2 T + Toa + 16a2

)
v

b2d? 9c*d  27¢* bd | b3
73 = I (H@I Gl = |5 = = T+ 356, ~ 160 * Gaa?

)
v

where v is either the usual archimedean absolute value | - |, or one of the non-archimedean

absolute values | - |, for any prime p.

4.1 Bounds

Let

where, as in Chapter 3,

8, if v is archimedean

otherwise
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For non-archimedean absolute values, for any prime p, by the ultrametric inequality if
1f(Glp < Crp Vi

then
or < max{|f(()lp}' < C, Vi

So if f is PCF, we must have

max {01, /02, o3} < Cyp.

We use this fact to obtain bounds on each of the coefficients.

Throughout the following lemmas, we will split into cases which generally result in a

dominant term in the sums comprising the ¢’s, and then we have strict equality in the
ultrametric inequality |z + y|, < max{|z|p,|ylp}.

Lemma 4.1. If f is PCF, then there exists a conjugate of f which maintains the field of
definition such that d € {0,1}, and |alp, |b|p, |c|, <1 for all p # 2,3.

Proof. In each case, we start by supposing that f is PCF and |a|, > 1. We obtain a con-
tradiction, and then show that |a|, <1 = |b|,, |c|, < 1, to bound all three coefficients.

2 b3 : 27c4 b8 e | b2 . .

If |¢?], > ‘; > then in o3, |5z6- ) > 5| 5 s0if |2 ) > 1, then this term dominates,
4 . . .
and we have o3 = || . This fact is used in Cases 1.1 and 1.2 below.
p

Casel: d=1

d|1 1% 1(3 bl3 | 1%

— |L]4 113 o c|(3 114

SO|E’p_|a|p2|a|p’socfp_max{|a’p’|ap’|a|p}'

Case 1.1: ’%‘p >1=1d,

Under these hypotheses, we have

b? b? b?

01:2——3d zmax{ ,|3|p}: .

a p a p a p

: 1 1
First, suppose |¢?[, < ‘% g and so Cp, = max{|§|; ,‘%|£} Note that ‘%’p >
1 2 1 1
L= > la, = bl > lag, so on = & > |25 = |5 > [2]2,

p a2 lp

3 3
since if H > 1and |al, > 1, then [}, > 1. Also [b2 > |al, => [b|7 > lalF, so
p
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b2

a

g1 =

S

P

S

a

1
112 3 iq .
> |E’p7 so o1 > C )y in this case.
P P

b3
Now suppose |¢?|, > ‘E

4

— | c

,and so o3 = |<
P

1 1
and Cfp:max{|£|3,|l|4}. First note
» ’ alp *lalp

3 3 i . .
that |c?|, > ‘%’ = |c|p > % , and [b%|, > |al, = |b], > |a|z. Putting it together,
p a
P
4 3 1 1 1 1 1 1
3 b2cs b2azcs b2c3 cl3
Vo3 1 5 > 5 = 1 > ‘7
a3 a6 a6 as alp
P P P P
(again since |b|, > 1). Similarly,
1
\ 3 b2 bzai b3 1|3
VO3 = |—1 > | — > = - —
a3 P a a4 a

So we have ¥o3 > Cy,, in this case as well, and so we must have |a|, < 1.

Case 1.2:

b2
‘a

= ‘d‘pzl
P

Case 1.2.1: |¢?|, > ‘%’p = |bl,

Under these hypotheses, we have g3 = ‘%

.

So, this case looks identical to Case 1.1, since we still have |¢?|, > ‘%’ and [b[2 > |al,
p

(only they’re equal now). So |a|, < 1.

Case 1.2.2: |¢?|, < ‘%‘p = |b],

1

Since |¢2, < ]g\p — [2]f < |22 = |2]2, we have Cp, = | 2|} < 1.

By way of contradiction, suppose that

p

b? b’d  9bc? b*
— —3d 1, 82 - —+ "+ — 1,and
% p<’ ‘ * 60 T 16a2| <0
Vd? o 9bcld  27¢t bid 3P
— —d’ - - < 1.
2a 16a 256a  16a? = 64a? »
b2 2 2 b3
— —3d| =|—-3] <1 = —=34+cand — = te
2a » 2a 2a 2

2 where |e], < 1
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== ‘3d2bij+ib6cj+lg;p‘32(3+s)+91b;j+(325)2p<1
‘—i+?%cj 1 and _§+9(3-8Fb€)02 <

= %:6+% and ¢ = (9(;5’@) <6+i) where |5, < 1.
v’d? o 9bchd 27t bid 3P

=50 T " T6a T 2560 1642 6da? )

“lora-1--Ge (ig) (0 1) - 5T (5) (+)

Y PP SN (RS P R B S A
N 6(3+¢) 4 2 4 6 8 18 18
p
— Iy 3] <
8  32(3+¢)],

since clearly every other term in the sum has p-adic absolute value less than 1, and these 2

are the only terms with p-adic absolute value equal to 1.

-7 3
= — +——— =l { k,leZ
3 + 96 + 32pk pl for some k,[ €

— p((32kl)p + (961 + 28k)) = —81
= p|8l = p=3

1
which is a contradiction, since p # 2,3. Sog; =1 > ‘ﬂ; = Cyp for some j.
So |al, < 1. Then |c?|, < [b], and [b]2 = |al, = [b]p, |el, < 1.

Case 1.3: ’%‘ <|dl, =1
P

Under these hypotheses, we have o; = 1.

, and so Cf7p:max{|§|j7|1{%}_ Note that ’%‘ <l =
) P

. 2 b3
First, suppose |¢*|, < ’; al

1
a4

1
< 1=o0y. Also clearly |%|; < 1 =0y since |a], > 1,
P

3 1 b|z 1
bl <lalp = fg|p < Y , T
so o1 > (', in this case.
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b3
Now suppose |¢?[, > ‘;

1 1
,and so Cy, = max{|§|;' , |%|;} First note that if |c[, <
p

1
lalp, then ’g‘; < 1 = o1, so we have 0, > Cy,. So we can assume that |c|, > |a|, > 1.

Then we have that o3 = ‘%

, since under these hypotheses it dominates all other terms in
P

ol
ol

C

C

the sum comprising o3. Then o3 = £

1
c|3 &
> ’a’p since |¢|, > 1, and

1
> lelp > [2],
p

ol
ol

a

a
P
since |a|, > 1, so &3 > Cyp in this case as well, and so |al, < 1.

Iffal, < Tand |%| <1, then [b], < 1. Then |2}, < || < Jbl, = |e}, < 1. Finally,
p p

Wl

[

1 1
suppose |c?|, > ‘%‘p and |c|, > 1. Then o3 = 256‘% > ’g‘; > ’ﬂ;, S0

, SO /o3 =
P

[

a

we have &o3 > Cy,. So |c|, < 1.
Case 2: d=0

b2

1 1 1 1
dl1 __ _ blz |c|3 |13 _
So, |4]5 = 0,50 Cyp = max {|4]2 ] |3, |2]7 }, and oy = | &

P a

)
In this case, we can conjugate to clear the denominator of a, so |al, < 1.

Finally, we prove that |b,,|c|, < 1 in those cases where it has not already been shown.
0?

| , so:

In Cases 1.1 and 2, we have o1 = ‘
i 2 b® b|Z |13
First, suppose |¢?|, < ‘;’p, and so C'f, = max {|E|p , E|p }

bZ %

b
> | —
ap

b2

b2

o1 = >Crp = and

p

p

= |b]} > |al,.

p

So, f PCF = |al, > b2 = [b], < 1. So |¢?], < ‘L] <1 = |, <1.
p

% (all have been shown

In Cases 1.1, 1.21, and 2, we have |c¢?|, > ‘%‘ = 03 =
P p

4 3.2
above except Case 2, which is clear since d = 0 = o3 = max{‘ggga , 24% }) and
P P
c 3 1 3 c% c|3 103
— 3 3 ] N — 3 3
Cip = max{‘ﬂp , E‘p}' First note that if ||, > 1, then o3 = 1 . > ’E}p ’a‘p,
1
so we have /o3 > Cy,. So we can assume that |c[, < 1, so Cf, = ‘%’; Then in Cases
2
1.1 and 2 we have 01 = ‘%‘p < Cpp = ) <lal, = b, < 1. In Case 1.21,

|c?], > b, = |b], < 1.
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So we have shown that after a change of variables, in all cases |alp, |b]p, [¢|, < 1.

Lemma 4.2. If f is PCF, and p # 2,3, then |a|, <1 = |b|, < 1.

Proof. First, note that since our coefficients are in Q, b, <1 = |b|, < %. We will
write this proof based around the cases of Note that we already have |b|, < 1.
Suppose |a|, < 1 and |b|, = 1.

In Case 1.1, we have

- 1 3 2
b C|3 1 b
Cf,p: - S |z ’ 01 = |—
al, lalp faj, »
1 _ e _ 2 b3 13 1 3
If |c[, < Talz> then o1 = |% = |E|p > |E|; > ‘E|;' Then, |c|, < az = |§|; <
1
1} S0 >
If |e|p, > |a1|2, then |c|, > 1 > |b],, and
P
b2d| |9bc? bt 1] |c? 1
_ 2 _
Ug—max{?)d |,,16a,16aQ}—maX 1,&,;1),?]? .
. 2 . 3 1 2 bz
So, /o2 = |%|p = ai% ) > :%1 > ‘§|;’ We also have ’%}p = ai% > |E; =

12> |22 So Az > O,

So in this case we have |al, <1 = [b], < _.

In Cases 1.2 and 1.3, we have ‘%

< 1, so to satisfy the condition |a], > [b]2 with
P
lal, < % requires at least |b|, < %.

In Case 2, d =0. If ’g‘ > 1, then we use the same proof from Case 1.1.
P

2
If’%‘ <1, we have |b|, < L
» P

O

Lemma 4.3. If f is PCF, then there exists a conjugate of f which maintains the field of
definition such that d € {0,1}, |ala <1, |bla < %, and |c|s < %.
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Proof. In each case, we start by supposing that f is PCF and |als > 1. We obtain a con-
tradiction, and then show that |als <1 = [b] < 3 and |c|]z < %, to bound all three

coefficients.
3 . 4 6 . 2 . .
If |c?|o > ’% , then in o3, ’ggga > 256 2—3 , so if ’%‘ > %, then this term dominates,
2 2 2 2
4 . . .
and we have o3 = |<-| . This fact is used in Cases 1.1 and 1.2 below.
2
Casel: d=1
d|i 1% 1(3 bl3 |e|d |14
— 4 3 J— 3
So. [gl; = |2l3 = (5[5, 50 Cr2 —max{|a’2 als 121 }

Case 1.1: 2 ‘%‘2 >1=|d|2

b2
%—3d

b2

Under these hypotheses, we have
2

b
:maX{Z ,|3|2}:2
2 a g

1 1 2
) and so Cy o :max{|§|§,|%|§}. Note that ‘%‘2 > % =
1
> ﬁ‘b“j - V2|4
2 az

3 3
if ‘%’2 > land |al; > 1, then [b]s > 1. Also [b]3 > ilal = [b|3 > 2%|a|247 S0
4

g1 =

2

. 2 bS
First, suppose |c?|s < ‘E

b2

1
2 1 1 5 o
bls > 5lala = [bl2 > ﬁ|a|22, so 01 = |5 ,

) > |g}2%, since

2 P Lt 1 ) .
01:2‘1’—’ > 91 [bZat | _ 93 b2 >|l{4,soal>C’f21nth1scase.
a |y a aZ al2 ’
2 2
2 b ! cl3 |13 :
Now suppose [c?]s > % R and so o3 = 256‘;‘2 and Cyo = max{|5’2 , E|2 } First
3 3 1 . .
note that |2 > || = |c]2 > |25, and [b?|2 > Llals = |b2 > %|a|22 Putting it
2 az
2
8 c% 8 b%c% 13 b%a%c% 13 b%c% c% : :
together, 3/o3 =23 |<-| > 23 < > 26 = =2% ¢ > |7|2 (again since
a3 2 a6 2 at 2 a3 2 a
L 8|3 8 | p2 23 |pdal 23 | p3 1%
|b|2 > 1). Similarly, ¢/os = 25 |£1| > 25 |&| > 212 =212 |2| > |7’2. So we
a3 2 @2 @ 2 a4 @
have /o3 > C[ 2 in this case as well, and so we must have |a|2 < 1.

Case 1.2: 2

B2
‘a

=ldz=1
2

b3

a

Case 1.2.1: |¢?|o

v

, = 31bl2

<t
| .

Under these hypotheses, we have o3 = 256

40



b3

So, this case looks identical to Case 1.1, since we still have |¢?|y > >

L [bB > dal.

(only they’re equal now), and o3 = 256 |-

*|, and if ‘%’ = % and |alz > 1, then [b]3 >
2 2
L= > % = |b]s > 1 (since b € Q) = |a|> <1 (by the argument of Case 1.1).

So since ‘%‘2 =1, b3 <3 = |b2 < 3. It remains to bound |c|s.

Case 1.2.2: |¢?|3 <

b3
a

1
=1p
9 2| |2

Under these hypotheses, we have

2 2 4 4
02:‘3d2_bad+9bc b b

a2

bc?

1 bt
= 1,-,16 |—
max{ '3

a2

.16
2

=4
2

b0
2

1 1
So Cyo = max{|g‘§7 ﬂ;} As in case 1.2.1, we have |bly > 1 since |als > 1.

2 3 3 3 1 5 5,3 8

vor = 22| = atfd] ar|a| sk wa ve = 22|, - k[l
2 az l2 2 5
5 b2 1)1
21 a >|E‘2,and so \/oz > Cy 2.
2

So |alz <1, and so [b]z < 3, as in Case 1.2.1. It remains to bound |c[s.

Case 1.3: 2|%2| < |dl2 =1

Under these hypotheses, we have

b2
— —3d
2a 3

b2

_ 5|32} =1L
2

a

g1 =

= max {2
2

1
= b2
) and so Cy o _max{|a’2 ,

. 3
First, suppose |c?|s < ‘%

1
1|7 b2 1
E|§}' Note that ‘;‘2< 5 —

e
NS

1 1 1
bl3 < Jrlali = [2]; <

‘ _

1
T
21

|~

2
1
|%|24 < 1 =0y since |alz > 1, so 01 > Cy 5 in this case.

< 1 = oy (since |a]z > 1). Also clearly

NS

N
INE

2

IS}

a4 12

Now suppose |c?|y > ‘%

1 1
,andso Cyo = maX{E‘; , ﬂ;} First note that if |c|2 < |ala,
2

1
then |§|23 < 1= 01, so we have o1 > Cfo. So we can assume that |c|]2 > |a]2 > 1. Then

we have that o3 = 256 % , since it exceeds all other terms in the sum comprising os
4 10 2 8 8 2

(for instance, 256 |<| > 256 [%2| > 256|%2%c3| — 256 |22 > 16|%| ). Then
@19 a3 2 a3 2 @ 2 @ 12

o
[

(8]

c

1 1
> |§|23 since [c[z > 2, and 25 lela > |%|§ since |alz > 1, so

2

8
3oz = 23

%

ol
ol

a a

2
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o3 > Cy 5 in this case as well, and so |als < 1.

2 3
If |als < 1 and ‘%‘2 <1 then [b]y < L. Then || < ‘%]2 <lply = |Ph<i =

]2 < §. It remains to bound |c|> when |c?|; > ¥

Case 2: d=0

b2

@2

So, | 213 = 0,50 Cpp = max {42, [, |13}, and 0 =

In this case, we can conjugate to clear the denominator of a, so |a|s < 1.

Finally, we prove that |b|a, |c]2 < 1 in those cases where it has not already been shown.

In Cases 1.1 and 2 if |c lz: , then
2
b%d bc? b* b*
og—max{|3d oy || 16| | 16| }_162
a a
2 2 2 2
1 1
and Cy o :max{lg‘s, %’5} So
1
b2 b2 b2 b2 13
Voo =4|— >C'f2<:>4 >|—| and4|—| > |-
alg  |G]g aly  |0G]g

<= 16/b|3 > |alz and 8[b|3 > |alz
= 8bf3 > |al2.
So, f PCF = |a|y > 8|b|§ = b3 < § = |bl2 < 1. Now in all cases,

3
|2 <= ld< X — Ik <1

; 1

When |c?|; > ‘% ;e have Co = max 4 | £| 5 % 23} and if |c]o > 1 and |a|2 < 1, we

h c F. h .f > 1 § 3 > 2g % 1 %

ave o3 = Ty irst note that if [c] > 3, then o3 = 25 —%2_ 3|E|2 >|E|27
1

so we have {05 > Cfs. So we can assume that |c] < &, so Cpp = |1|Z. Then

01:2\§‘Q§cﬁ2 = 23p3 <laly = [bl2 < L.

So in all cases we have shown |als < 1, [bl2 < %, and |c| < .

Lemma 4.4. If f is PCF, then |a|y < % = ||z < i.

Proof. This proof follows a similar strategy to using the cases from
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here.

Suppose that |al> < 4 and |bs = 1 (since we already have |b]> < 3, so we only need to

rule out equality, and then we conclude |2 < ).

Note that 2 ‘%’ > 1, and so Case 1.3 does not occur.
2

b2
In Case 1.1 (2 = 2>1),vvehawe |a|2§%. o1 =2|% :%|%’2>C’f,2:
;
max{ b ’2 , % 24} so f is not PCF, a contradiction.
2
For Case 1.2 (2 % = 1), we have |als = . Case 1.2.1 never occurs, since |c|s <
2
= L >, > L Lbly = 1, a contradicti In C 1.2.2 h
3 T 2 2 ||, 510l2 = 7, iction. In Case 1.2.2, we have
— 9t L -
Cpo =27 @], = Vo2

p3
‘a

In Case 2, when |c?|y < , we have |al; > 8[b]f = b3 < & = bl < 5. We
2

never have that |c2|y >

b : b® 2
. 2,511106‘;‘ > 1> >c.
O

Lemma 4.5. If f is PCF, then there exists a conjugate of f which maintains the field of
definition such that d € {0,1}, and either |a|s = 3%, |b]3 = 3%, and |c|3 = 32, or |a|3 < 35,
b3 < 32, and |c|3 < 32.

Proof. In the following, we start by supposing that f is PCF and |a|3 > 3°. We ob-
tain a contradiction in most cases, and then show that |a|]s < 3° implies the desired
bounds on |b|s and |c|3. In one narrow case (1.2.3 below), we get the unfortunate bounds
lajs < 3% = |b|3 < 3% and |c|3 < 32.

Casel: d=1
So, |43 = 1[4 > [2]3, 50 Cpa =max {|L[2, |2[2 2[5}
Case 1.1 ’ ‘ > 1 =[3d|3

Under these hypotheses, we have

2

— —3d
2a 3

2

{b
= max{ [—
2

43

g1 =




Qo

f,lﬂf}. Note that ‘%‘3 >1 —
1 1
, > V32l > [2]5,

3 3
since if ‘%}3 > 1and |a]3 > 1, then |b]3 > 3. Also b3 > |alz = [b]Z > |ali, so

. 3
First, suppose |c?|3 < ‘% o and so Cy3 = max{|

|

B2
@

bl3 > 3lals = [bl3 > lals, so o1 =

I

3 a2 |3

3
4

|3

1
b2a

a

b2

a

3

>
3

g1 =

i

a

> \/ﬂﬂé > |é|§, so 01 > Cy 3 in this case.
3

Next suppose 3 )%‘3 <|e33 <9 ‘% 5 and so under these hypotheses

{ b2d? | 9bcd| |27t btd b3c? b3c?
03 = max ) 39 ) ) 2 ) 2 = 2 .
3 16a |5 |256a |, |16a |, |64a® |4 a® |4
3 (1)1 be3 1 lpBcd Spbch
c|3 |12 3 _ c P c Lla c _
Crz = max{|a|3 ,}a|3}. We have o3 = T \ > 35 5 , > 35 . \ =
1 b%c% 2 c% c% 3 bc% 1 p? i a%b% i b%
36 I 233 T > |E|3' AISO, \/O03 = z 233 - 233 ~ :33 T >
) a3 3 a3 3 a3 3 3 3 ai 3
14 (o e | b2 1
|E|3 (since if |2 ; > 3 and |a|3 > 1, then [b|3 > 1), and so /o3 > Cf 3.
3
Now suppose |25 > 92| |, and so under these hypotheses
pp i yp
{| 32| bid| |9bc? b } 1|bc?
09 = max — — — =—|—] .
37 ) b 2
a |4 | 16a |5 |16a® |, 9| a |
c % 1 % 1 b%c —1 b%c% —1 a%b%c%
Cf3 = max }E|37|E3 . We have /o3 = 5 |>5°| > 373 |¥=% > 37s 5 =
a?2 ab a6
3 3 3
L|p3cs L ch |3 1[b3ec b2 1p3 b3 103
373 2= =36 |1 >|§|§’ Also, /o3 = 3 |21 B> e = |z >|E|§
a3 as |g 2 3 3 at 3

(since if ‘%‘ > 1 and |al3 > 1, then [b[3 > 1), and so /g2 > Cj 3.
3

1 1
So |als < 1. So |%|§’ > |%|§, changing C;3 in the following argument. So, when

|23 < ‘%‘ , we have
3

ol

b2 %

b2

als

1

a

b

a

b2

and — |3 > |als.

3

>
3

>Cr3 <=
2

g1 =
3

So f PCF = a3 > b2 = |bls < 1, and |2]; < H <1 = |5 < L.
3

o

2
bcs
2
a3

(8]

v

1
> =5
3 33

If 3

ol

b3
a a

<|c?3<9 ’% , then first note if |c|3 > 3, then o3 =
3 3

33 ’5’3% > |§’§ > |%’§, so we must have |c|3 < 1, and so [b[3 < 1.
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. e 2 b3 . 1 |p3 ba 3 bE s 1
Finally, if |c*|5 > 27 aly then if |b]3 > 3, \/o2 = 3 a%c 32 ag > ag ‘ >’§‘§‘,
1 2 1
and also,/crg:% b2e 2\/5‘%‘ > V38 > |%|§,so we must have |b]3 < 1. Then if
a2 3 3 a3 3
3% 7% % 3 71*12 d 3 1 b%c > 1| ¢ c % 1 %
lc[s > 32lal; ® = |c|3 > 3|al3 ™ and [c|3 > 3, /o2 = 3 a—%3_§ T 3>|g’3 >|E|37

_1
so we must have |¢|s < 3%|al; ® < 33, since by the lemma below, |a| < 655211 — |a|3 >
3712, So |e|3 < 27 (although this only occurs at |a| = 531441: otherwise we have |a|3 > 3711
and so |c|3 < 3% = lc|ls < 9).

Case 1.2: ’%‘3 = [3d|3 = %

Under these hypotheses,

1|t
:}O’SZ—

b3
— o3=1 |c?[3 > 81 <
a g 27

b3
s <9‘
a

3

Case 1.2.1: |c?|3 <9 ‘%’3 = 3|bl3

2 b®
If 2|5 < ‘;

2 then Cy 3 = max{|b’

a

W ol

1
1 bIE (s
m > |2 , (since

1
lals > 1), and clearly also exceeds |%’§ (since b3 = %lals = [p]3 > 1 = |bl3 > 1), so
o3 > Cf 3 in this case.

3 3 1 1 1|3
If 3 % , < |35 < 9‘% 2 then Cf3 = max{|§’§, %’3“} o3 =1 = 31 Zz . >
1 1 1 1
31z <] > ’g’; (since |c3 |3 < 3% |22| | and |als > 1), and also exceeds ‘%‘; by the same
al2 a6
3

argument as above, so ¢o3 > Cy 3 in this case as well.

So |als < 1, and so ’%‘3 =1 = [b[3 < 3. Then |¢*|3 < 3|bls = |c|]s < 1.

Case 1.2.2: |¢|3 > 81 ‘% = 27|bs
3

11
2¢3

> V3|2

1 1
So Cy3 = max{|§|§’,|}l é‘} Then &0z = %

1
c|3 (g
> ‘a|3 (since

1
a3

b3 > 1), and also /o3 = % | <

1
> ’%’;, so we have o3 > Cj 3 in

this case.

ol

c

>
3

2 .
So |als < 1, and so ‘%‘3 =1 = [b3 < 1. Thenif |c[3 > 3, we have /o3 = %

S]
ol

|§|3% > |%|§, so we must have |c|s < 3.
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b3
a

Case 1.2.3: |¢?|3 =27

, = 9lbls
3

In this case there is no dominant term in the sums describing the o, so by way of

contradiction we suppose that the sums of the dominant terms are all strictly less than their
maxima. That is, suppose

bd 92 b 1
2 —_ PR R —
S T T6a ez, < 30

b2d? 3 9bc?d  27c bid B3P

—_— — < 1.
2a 16a + 256a  16a? + 64a2

3

< ! = v’ 3+ ¢ and b <—3+E here |g|3 < !
- 2 _ il W W< =
9 2a 22 b T

b2
— -3
2a

3

— —3d

2a 3

9c? (3 +¢e)?
=13-2(3 —
\ ’ ( +e)+16a+ 1

1
< — and
San

2 2 4
— ’3d2—bad+9bc + b

1
;3

16a  16a?

3 9(3+4e)?

3 9bc? 3.
8b

4 16a

<1
3 3

N

3

S @ B 9bc*d n 27¢ _ btd n b3c?
7 2 16a ' 256a 16a% ' 64a?|,
9bc? N 27¢t (3 +¢)? N (3 +¢)bc?
16a ' 256a 4 32a |,

“fora-t-a i (i) (5 5) - S5 (o)

:—1+a—5+<1)<5+3>2—65—52+36+9+55+36 <1
6312 1) 1T aTT TR TR
7 3
- ‘_8+32(3+5) ,

since clearly every other term in the sum has 3-adic absolute value less than 1, and these

2 are the only terms with 3-adic absolute value equal to 1.
T3
8 96 + 864k
= 288l(9k + 1) 4+ 756k = —81

— = 3l for some k,l € Z

— 320(9%k + 1) + 84k = —9
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which is a diophantine equation with no solutions.

1 1
So max{o1, y73, Y73} = . We have Cra = max {|£[3,[1[}, 0 fals > 3 —
1 1 1 1
11 < o asso, ] =3t |2[F =375 2]} < & Solaly >3 = max{or, vaz, 975} >
Cy,3.

So we have |a|3 < 3% in this case. Then %|a|3§ = |bls == |bl3 < 3% Finally,

1
362 = |cls = |e|s < 3°.

Note that the relations %|a|; = |b|3 and 3\b|§ = |c|3 prohibit |a|3 € {3%,37,3%} (since

our coefficients are in Q), so if |a|3 # 3%, then |a|z < 3% and |b3, |c|3 < 32.

Case 1.3: ’%‘ < |3d|s = %
3

Under these hypotheses, we have

1
o1= 3 and if |¢?|3 < 81|=| , then o3 = 1.

als

1 1
First, suppose |c?|3 < bj ,and so Cy3 = max{‘ﬂ; ,}é‘;}, and o3 = 1. Note that
3

W=

b2

1
‘Q|§ 1 a
a 3

34

1
T
31

< =
8 3

1
Also clearly |%|§ < 1= {o3 since |als > 1, so o3 > Cf 3 in this case.

< /o3 (since |als > 1).

1 1
5 = b3 < Jrlals -,

m\»—-‘

;
,andsoC’ﬁg:max{ g; ‘1‘3} FlrstnotethatlfS‘ ’

Now suppose |c¢

1 1
I2|s < 81H < 9lbs, then ]} < 3% |25 <3t |L| < 1= yF5 (since as > 3 =
a
3
1
2| <37%), and like above we also have |%|§ = o3, 0 o3 > Cf 3 in this case.
a4 13
1 1
For the last case, suppose |a|3 > 3° and |c?|3 > 81 % g and so Cy 3 = max{’ﬂg , %’34 }

1 1
First note that if |c|3 < g5lals, then ‘§|§ < 3 =01, and fafs > 3 = ’ﬂé‘ < 3 =0y,

so we have 07 > Cj3. So we can assume that |c[3 > zxlals > 3°. Then we have

4 . . . . .
that o3 = % S| because it exceeds all other terms in the sum comprising o3 (for in-
3
1 |c 1 bc% 1 ba%c3 1 |t 1 1pc? 1 |bc?
Stance, 27 | a -5 I Z =5 |/ = =5 |/ Z —_— > 9| a ) Then
413 335 | a3 | 35 | a3 |g 33 [ ¢ I3 e 13 @13

3 3 1|ed 1 1%

c 3 3 — c 4 3
oz == % | since |c[3 > 3, and Y03 = 3 T > glclz >3 > |5|3 since a3 > 1,

so o3 > Cf’g in this case as well, and so |a|3 < 3°.

47



If |al3 < 3% and ’%L < &, then [b|s < 3. Then |c?[3 < 81 ’%L <93 = |3z <

o

1
27 = el <3, and if |?|; > 81|% ol > |e)s >

3, then if |c|3 > 9 we have /o3 = %

ol

a

1
’%’;, so we must have |c|3 < 9.
Case 2: d=10

This argument bounding |b|s and |c|s largely follows that of Case 1.1, since in this case,

we can conjugate to clear the denominator of a, so take |a|3 < 1.

If [?]3 < %‘ , then o7 is the same, so the argument is unchanged. If 3 ‘%‘ <23 <
3 3
9 ’% , then /o3 is the same as far as showing that |c[s < 1. Then 3 ‘%‘ <I|3<1 =
3 3

3B <1 = |blz < i If81 ‘%’ < |c?|3, then the same argument shows |c[3 < 3, and so
3

1
3

81‘%‘3 <Py <3 = 81 <3 = |bls< L.

b4

a2

3
: -3
3

_1
b3 < 1 and |c|s < 32]als *. If on the other hand we have ’%‘ < 3, then [afs <1 =
3

9bc>
16a

Finally, suppose |c?|3 = 27 So oy = , and so if ‘%‘ > % then
3

b3
a

b3 <1 = b3 < 1. Finally, |?|; = 27

\ <27blz = |c?3 <9 = |c|3 < 3.

O

We next tackle the archimedean bounds. By the triangle inequality, note that there must
exist branch points f(¢;), f(Ck), f(¢;), not necessarily distinct, such that

FOe2 G ad J@le2y[Z and @2 ¥

since the o are symmetric polynomials of the branch points. We can use these quantities
with the constant Cf o to find an archimedean bound. Alternatively (as we do in the below
lemma), we can find a bound on a coefficient above which we determine a point to wander.
That is, we show that |a|] > M and |a| > N = |f(a)| > |a|, where M € R* and N is
some function of the coefficients. We then show that one of the above o; expressions exceeds
N, and so conclude that |a| < M. We can suppose that a and d have the same sign, since
this is the worse case and leads to the worse bounds (since if a and d have the same sign,

then % = g—d‘: +1).

b2
6a

Lemma 4.6. If f(z) = az? + b2? + cz + d € Q[2] is PCF, then |a| < 816916.
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1 1
Proof. Let |a| > max{z |%| 2y |§|3 ,z} for some x,y,z > 0. Suppose that

1

la| > . (4.1)
ETGRENETS)
Then
1 1
s <lol (1-]35] | 35))
= 1 <lal (1 1 !
R AR
|Oé|3 1'2 y3
1 1
— |a|<|a|-|a|3|a|-( \ y)
a a
N <|aa3|—‘x2a3‘— y3a3)

< laa* +ba? + ca + d|

= [f()].

That is, if {.1] holds, then « is a wandering point.

First, consider the case that d = 1. Throughout the proof, we will use the above argu-
1 1
ment, showing that a o; exceeds either x |3| *ory |§| ® for sufficiently large |a|, and that it
exceeds a constant z, so we get another bound on |a| from equation and take the worst
of the two.

Case 1: Suppose |c|? < bg

K

soxltf 2 yle

Suppose |b| > nla|z for some n > 0. Suppose that

where (g — 7) > 0, so we must have n > V6. Then ”1 > (% %)

(that is, we have a critical point « such that |a| > 2). AlbO,
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n 1 b b2
L _z >
6 n az a
1
nl|b b|2
bl B (N N
60,% _xa
b b2
) I S
6a _xa
g1 b%
- — > |-
3 a

1 1
So we have a critical point « such that |o| > max{z |g|2 lE]® =)

Next suppose |b| < mja|z for some 0 < m < n. Suppose that

25) %
la] > z=1—— (4.3)

_ m2 6

6

where 1 — %2 > (0, so we must have m < v/6. Then % >1-— mTZ = z (that is, we have a

critical point « such that |a| > z). Also,

jal > ( Nf)

6

4

<:>1—2>fo
6 a
m? b%
= 1l——2>2x|-
6 a
b2 b|®
= 1—|—|>z|-
6a a
blz
01
S
3 *xa

1 1
So we have a critical point a such that |o| > max{xz |2|? ,y|£|® ,z}.

We can narrow the interval (m,n) containing v/6 in the above at the cost of getting a

worse bound on |a|. However, it will be necessary to narrow this interval in order to deal
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with the case that m|a|2 < [b| < n|a|? using either % or Yo3. We will work to optimize

these choices to make the worst bound on |a| across all cases as low as possible.

Suppose mla|? < |b| < n|a|z. Suppose that

4
la| > <m§ﬂ) z=m?3p (4.4)

>mif =2 (that is, we

13z 1 1) _ o2 b
where \/(3n2 g5 — ml 48) = . Then ./ = Zmﬂ’a%

have a critical point « such that |a| > 2z). Also,

b 3
= mpB|—<|>2x
a
N R R L T
3n2  16y% m* 48/ |a =%
L3011\ [b b|?
3n2  16y5 m* 48 ) |a? =75
T LTI
16a 48a? 3a| = " |a
g9 b%
—— — > —
3 a

1 1
So we have a critical point « such that |o| > max{z |g|2 lE]® =)

Note that in the above, we require 8 > 0. As m,y get larger and n,z get smaller we can

increase the quantity under the root to satisfy this requirement.

We optimize Case 1 by equating bounds [4.2] [£.3] [£4] If all of these conditions are met,
then we have a critical point which wanders. So, if f is PCF then |a| < the maximum of
these bounds. When z = 1.09,y = 3.37,m = 2.38, and n = 2.52, we find an approximate
optimal bound |a| < 816916.

Case 2: \c|2>x—G i sox|9’% < |£’% :372’2’%'
AL & y® | a |’ a Y a : a :
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Case 2.1: a and b have the same sign:

Suppose |b| > nla|? for some n > 0. Supoose that

3 4 3,2
y z°n
al z( 3 ) =T (45)

0'2

>z n’ 2~ B = z (that is, we have a critical

where 4/ (137; Tz mﬁ)

point « such that || > z). Also,

=

22ns 1
= —5B=2y|-
Yy a
2,2 1 1
r?n2 | c¢3 3
— 2 ﬁ 1 Zy -
y a2
1
c c|s
= VnB|—=|>y|-
a4 a
3 Yo bzc c|3
== = T 5336 ol I
16 3n22% /) | g3 a
3 Y0 bc? c|s
— _— — — > —_
\/ 16 3n2x6> a | =Yl
3bc2 b4 b2d cl3
48a2 3a a
g9 & %
3 a

1 1
So we have a critical point a such that |a| > max{x |%|2 .y |£]%,2}. We can see that

the smaller y is relative to z, the smaller we can make n.

Next, suppose |b| < nla|z and |¢|? > Z pn|a2\ > sp|b\ Suppose that

16 4
y 2
la| > P25t zZ= (pn)zaé (4.6)

w\»—- w\.b

sl 27 9y m2yl2 412 5
where \/<256 Tpa® — 1657777 — pEnTal? = ¢. Then o3 >§

is, we have a critical point a such that || > z). Also,
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16

Y
lal 2 P2n2gi2st
3
11X 1
< op°n?—la|? =y
Y
= dlc| >y
3 3
= d|—=|2y|-
a3
6 24,12 12 4 1
:>3£_9y_ny __Y izyES
256  16pz8  16p2z12  p?n22'2 ) | a a
s 274 b2d? b3c? 9bc?d b*d 1> c|3
256a| | 20 | |64a2| | 160 | |16a2|  ~Yla
cls
= Vo3 >y|-
a
1 1
So we have a critical point a such that [ > max{z|2|?,y|£|®,z}. Note that the

smaller n is, the smaller we can make p.

Next, suppose |c|? < %pn\aﬂ and |b] < l|a|2z or m|a|z < |b| < n|a|2, where the interval

(I,m) is centered on v/6. Suppose that

N4
x(pn)s 12
Iaz<1 P) i1 (47)

6

where 1 — % > 0, so we must have [ < V6. So % >1- % = z (that is, we have a critical

point « such that |«| > z). Also,

1\ 4
(o)
6

l2
— 1- 5 > Jc(pn)é

1
1

2 1
3

— 1- >y
6 a

b2 cl3
= |——1|>y]|-
6a a

1

3 a

1 1
So we have a critical point « such that |o| > max{xz |2|* ,y|£|®,z}.

We have z and y fixed by Case 1, so we optimize over [£.5 [.6] [4.7] varying n, p, and

I. We get a worse bound on |a| the more we constrict the interval (I,m) around v/6. So
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to exclude as small an interval as possible, we optimize a bound close to but less than the
|a] < 816916 obtained in Case 1, achieved when n = 39.5,p = 108700, = 1.79.

So the next case to consider is 1.78]a|z < |b| < 3.11]a|z where |¢[? < g—an|a%| =

le| < 4916|a|%. We next use /% to eliminate part of this case. Specifically, suppose
sla|z < |b] < t|a|z and gla|F < |¢| < rla]i. Then we find that
bt
- ‘ }

92 3bc?
3 ="\ | T6a ’ 4842
3sq? st 12 52 3tr? 4
> sl M R S
—max{\/< 6 TR 3>’¢<3 16 48

pa
48a2

2
3a

i
3a

3 3bc?
16a

+1+’

4
3.37r3
— |o| > ( 6”)  |a| > 816916

except in 1.78|a|2 < |b| < 3.11]a|2 and |¢| < 1.02]al%.

We use /o3 for some of the remaining cases. We computationally check small subin-
tervals in 1.78]alz < |b| < 3.11]a|2 and 0.15|a|i < |¢| < 1.02]alF or |¢| < 0.15]ali and
2.18la|> < |b] < 3.26a|z.

Specifically, suppose s|a|z < |b| < t|a|2 and gla|7 < |¢| < r|a|i. Then we find that

Yoz > max 9bc?d bid |27t | b2d? ] | b3e?
8= 16a 1642 256a 2a 64a?|’
/| 27c¢* b2d? b3c? 9bc?d b*d 1
256a 2a 64a2 16a 16a2

9sq2 st t3r2  2Trt 2
> (T I et
—max{\/( 6 "6 T 6 26 2)

o (27 52 s3¢g2  O9tr?z i 1, .1
: JI T ) Vo> 337
\/( 25 "2 64 16 16 2 3:87rsa[

4
3.37r3
= o] > ( 5“ ) < |a| > 816916
for all choices of s,t,r, ¢ in the above intervals.

So the last subcase is |¢| < 0.15]a|% and 1.78]a|z < |b| < 2.1]a]2.
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2 1
3

%z M—l’zl—izy\z == alz3'137(02'_1%23é < la[ =10
which rules out the last case.
Case 2.2: a and b have the opposite sign:
Similar to Case 2.1. Suppose |c|> > z—:p 2| and |b| > njalz. Suppose that
la| > 17271{3361264 z = p§n2z;15 (4.8)
where { (22576 - 64?;6;1;6 - 16222306 - 16pg'r1;112 - p2’r:’y7;2(l?12) = 0. Then /o3 > 6 % 2 p%”2§

z (that is, we have a critical point « such that |«| > 2). Also,

y16
lal

> p2n6x1264

1 osad
= 5p2n2y—3|a|4 >y

= || >y
c3 c|3
= d|—<|>yl|-
a3 a
s E_ yG B gyG B y12 B y12 é >y E%
256  64pz®  16pn2z6  16p2n2x12  p2ndxl2 ) |a| T 7la
e 27c4 b2d? b3c? 9bc2d b*d 1>ql€ 3
256a| | 2a | |64a2| | 16a | |16a2| T =Yla
cls
== Jo3>y|—
a

1 1
So we have a critical point a such that |a| > max{z |2|* ,y|£|®, 2}.

. . 6 3 6
Similarly, suppose |c[? > P B e > Z—6p|a\% and |b] < nja|z. Then as above, sup-
pose that

16 4

y 2T
al > ——5= z=p3—9 4.9
| ‘—p2x1254 b v (4.9)

4
< 27 6 Inyb 12 12 3 2 .4

where {/(256 - 6412% — 167;)1206 — 1&%9612 — p?;xm) = 9. Then o3 > ¢ 2—2 > p3 %6 =z

(that is, we have a critical point « such that || > z). Also,
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16

Y
lal > P2zl
1%
= dp2—lal" >y
Y
= J|c| >y
c3 3
= || >y|-
a3
6 6 12 12 4 1
(2 v 9y syl
256  64xz8p  16paS  16p2x12  p2212 ) | a a
e 27¢4 b2d? b3c? 9bc2d b*d 1> al€ 3
256a| | 2a | |64a2| | 16a | |16a2|  ~Yla
c|3
== V032Y|-
a
1 1
So we have a critical point a such that |o| > max{xz |2|? ,y|£|®,z}.

b3

a

 [ef? < Z5plal® and [b] < ila|* or mlal? < [b] < nlal?,

6
Next, suppose |c|? > 5D

where the interval (I,m) is centered on /6. Then suppose

4
la| > ap b 4.10)
al > . z = & (4.

6

where 1 — % > 0, so we must have [ < /6. Then F=>1- % = z (that is, we have a critical

point « such that |«| > z). Also,

4
Zps
la| > | —F=
6

1
1

2 11
— 1—— >aps |—
6 a
2 1
6 a
2 1
— b—1’>y -y
6a a
1
3 a

1 1
So we have a critical point a such that |o| > max{xz |2|? ,y|£|®,z}.

We have z and y fixed by Case 1, so we optimize over [£.8] [4.9] varying n, p, and [.
We get a worse bound on |a| the more we constrict the interval (I,m) around /6 and the
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smaller we have p. So to exclude as small an interval and make p as small as possible, we
aim to get a bound smaller than but close to the |a| < 816916 obtained in Case 1, achieved
when n = 1,p = 7000, = 2.21.

b3

The next case to consider is |¢|* > 2—27000 >

2.69]alz.

, le)? < ;—27000|a|% and 2.21]a|z < |b| <
6
lef? < 5—67000|a|5 — |2 < 8.02]a|?, and

6 b3
lef? = 27000 —| A 2.21a|7 < o] = [¢? = 8.02(2.21)%|al?,
y

a contradiction, so this case is empty. Our remaining case to consider is

< 4.77|a)" 7.

1
lc]? < 8.02|a? = y‘5’3
a

Once again, we can use % and [b| < lla|z or m|a|z < |b|, where the interval (I,m) is
centered on /6.

1
g1 3

>ﬁ—1>1—£> ¢
3 16a |= 6~V

l2
=1-2 A.77|a|"3

4
4.77
6

So once again, constricting the interval (I,m) of unaccounted for cases, we achieve the
same bound |a| < 816916 except in 2.24|a|z < |b] < 2.66]a|z.

So our final case (I promise. Well... as long as d = 1) is, since |2 < 8.02|al?,
1
1

| < 2.84[alf = y ]5‘ < 4.77|a|"% and 2.24]a|? < |b| < 2.66]al?.
a

1
Now, as at the end of Case 1, we can confirm that /% >y ’3’3 by checking small
subintervals in |¢| < 2.73|a|7 and 2.24|a|z < |b] < 2.66]al=.

Specifically, suppose sla|2 < |b| < t|a|? and g|a| < |c| < r|a|i. Then we find that
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pa
48a?

b2d
3a

3 3bc?
16a

b4
| 48a2

b2d

++‘

3bc?
> min ,
16a
o 3$q + 1 t4 52 T14 st 3tr2 < ‘c 3
min - —1-— — — - — -
= 16 3 8 )\ \3 8 16 ) (Y4

4

1

3.37rs
<~ |a| >
. 3sq2 s2 t4 52 s4 3tr2
mm{\/( 16 +?_1_Ts)v\/(?+1+fs_ 6 )}

— |a| > 816916

for all choices of s,t,r, ¢ in the above intervals.
Our remaining cases are 2.24|a|2 < |b] < 2.66|a|? and 2.73|a|7 < |¢| < 2.84]a|3.

Flrst note that the remaining cases are easily handled by %' if a is negative (since then
). So we can assume that a is positive and b is negative. So

-
9bc2d 27c4 b2d? b*d b3c?
3 > 3 — 1=
Vo8 = max{ 16a ‘256a 2 | |16a2 64a? |
5/ b3c? b*d _|9bed| | 27ct| | b2d?
64a? 1642 16a 256a 2a

> max d ¢ 9sq? . 27q4 . szttt 1 372
max ————1-
- 16 256 2 16 64 )’
s3¢2 st 9tr2 27t 2 11
o/ (S 5 22 AL 55
\/( 64 "6 T 16 236 2 = 3.37r3]a 7>

4
3.37r%
= |al z( 6“) — |a| > 816916

in all of the remaining intervals, which rules out the last case.

Next consider the case that d = 0. We start by proving a relationship between the

p-adic absolute values of a and b. Conjugate so that a is a cube-free integer (note that if
&L _ %

a=pi' - ppk, then if ¢(z) = (P1 SR Dy J) z, the conjugation ¢! o f o ¢ results in

a € Z cube-free). Then

1
2

b
Crp —max{’a‘

p
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b3
It |C2|p < ’Z

1 1
| then Cpy = max {[4], 1]}, and

2

b2 > lal, (if p #2), or 25 [bf3 > |al, = o1 = -

> Cf,p.
P
Since |al, € {1, %, %}, we have

p

3
b < lal, = [b[2 < lal, and 2% [bf} < lals = [b[3 < lalo.

b3
If | 2], > ’;

, then Cy,, :max{|§’§ , |%|§}, and if p # 2,3
p

1

bz¢
b > laly = vz = || >
p
For p = 3, we split into cases. If |c?|3 > 9 ‘% , then
3
1 |b2e
_2
3 5|b|§ > |CL|3 —> /02 = g T > Cf’g
az |,
and if3‘%‘ < |33 < 9‘% , then
3 3
—2;13 2
3 3|b|3>|a|3 — 01 = |— >Cf,3
3
Finally,
8 C%
|b‘§ > |a\2 — Joz = 23 aié > Of72
2

Since |al, € {1 11 }, we have

' po ?
b2 < lal, = [bl2 < |al, and 37353 < [als = [b[3 < [als and

b3 < lal> = [b5 < lal.,
So we have, unless b = 0 (which is a case we will have to deal with separately),
|b\§ < |al, for every prime p == |b|2, > |a|c-

1 1
First, suppose |c|? < g—i % ,sogc‘g|2 Zy\§|3

. Then suppose

la| > (62)* z = (4.11)

1
5
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Then % = g—a > & = z (that is, we have a critical point a such that |a| > z). Also,
la > (62)*
s |a|7 > 6z
b=
- — 2>z
6
1
110 b2
6 a? a
b? b2
- |—| x|
6a a
1
g1 b2
= — > |-
3 a
1 1
Next suppose |c|? > z—z % , SO X |%|2 <y |§|3 Then suppose
12 3
Y T
la| > oy z= ﬁ? (4.12)

w

1
where /2 — #26 = . Then /% > B’:";‘ > B

critical point « such that |a| > z). Also,

o %

Y
=
@“‘i%

= z (that is, we have a

12
Y
ol 2 55
1‘2 1
= 5?\644 >y

2

= B >y
Yy
2 3
z* | b2
ﬁ? 1 Z?J
5 12
3y bzcs >y
16 481‘6 as
3 Yo |bie cls
— _— = T > ‘—
V16~ 1826 |03 | =Yl
1
g9 C|3
= /22y
3 a

Optimizing with equations and [4.12] we find |a| < 4979 when x = 1.4,y = 1.752.

Finally, we must address the case that b = d = 0. Note that if f(z) = az* + cz, then

1
"(2) = 4az® + ¢, so the critical points have absolute value |a| = % [<]3.
23 '@
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Note that

Wl

1

a

1
C|3

, C’fvpmax{’

4
c3
1
3 ¢

?

vEn
256
so it is simple to show that if f is PCF, |c|o < %, |¢[3 < 3, and |¢[, < 1 for p # 2,3. So

lc| > 3. It turns out that if |c| = § then for all a, the critical points of f are fixed, and so

f is PCF. For larger |c| (which by the above, |c| > ), we can show that a critical point

|3, =

p

p

wanders.

OELS

Since we have a critical point |a| = =
23

()] = laf (laa®] + |c])

1
> Jal (~5lel +1d
3 8
= Il <4 ' 3>

> |al

so a critical point wanders, and f is not PCF.

Lemma 4.7. If f(z) = az* + b2* + cz + d € Q[2] is PCF, then |b| < 3318.

Proof.

1
b"“c

’
a

a

Ctoc=8- max{

Clearly our worst bounds will occur for the largest values of a, since we have larger powers
1 1
of a in the denominators of the o. |%| > and ’ﬂ“ will be dominated in C'y o unless b, c are
1 1
,s08 2|2 > 8|<|®. Suppose |b| > nla|z = /816916n.

n 1
-1 L
~(5-4)

quite small. First, suppose |c|* < ‘%

1
b b|?
2 a

a?2

b2

6a

n
71>77
6 |a

g
- >
3

N

<n 1> 8
— Vn(=-=)>—
6 n 81691612
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— n > 2.96.

1 1
Next, suppose |c|? > §,508|g|2 <8lel®.
02 3bc? b4 bid
16a 48a2 3a
1 1 bc?
S . . S I
- 16 n? 48 3n a
3 1 1 bie
A\ "2 T m a2 || T T
16 n2 48 3n) |4t

1
= n3528‘
a

5 8
“—— n2 >
b2 8169161

<— n > 3.67.
So we find [b| < v/816916 - max{2.96,3.67} < 3318. O
Lemma 4.8. If f(z) = az? +b2%2 + cz +d € Q|z] is PCF, then |c| < 153.4.
Proof. As above, we may assume the largest value of |a|, and that ‘%‘% and |%’% will be dom-

3 1 1
% , s08|§|2 > 8|§|3. From the above lemma, we

inated in C . First, suppose |c|? <

1 1 /556
then have that |b| < 2.99]a|2, and so 8 |2]7 <8v2.99|L|* = 8296 Suppose |c| > nlali.

8169167
27ch | | |b2d?| | B3| |9bc2d| | bid |
- 256a 2a 64a2 16a 16a2
i/27n4 2965 9(2.96)*  2.96%
256 64 16 16
27nt 8v/2.96
> 2 395 SV
256 8169167
<~ n > 4.38.

1 1
, SO 8 |g|2 <8 |§|3, and by the above lemma we have that

3
Next, suppose |c[? > ‘%
|b] < 3.67|alz.
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o/ 27c b2d? 3 b3c2 B 9bc2d B bid
- 256a 2a 64a? 16a 16a2
> L 9B67) 367 13|

256 64 16n2 16n2 nt)|a

23 9(3.67) 367 1
h 3 _— e — . — :5
<W ere \/<256 1602 16n2 n4> >
cls
>8‘£’ < 0|c| > 8
8

8169161
<— n > 5.1.

< nd >

So we find |¢| < 8169163 - max{4.38,5.1} < 153.4. O

Repeating the arguments of the above two lemmas when d = 0 results in the improved
bounds |b] < 226 and || < 32.

4.2 Search

Combining the results from the previous[section, our search space is a € [—816916 816916], a
is an integer multiple of 2 39, b € [-3318,3318], b is an integer multiple of 2, ¢ € [—154, 154],

c is an integer multiple of =, and d € {0, 1}. So the size of our search space is approximately

33 ’
3.6 x 10", which gives a long runtime to any search of the full space.

We can however rule out broad swaths of this space which violate the archimedean
bound. We apply a series of filters to the search space to make it more manageable. For
d=1:

1. First, we check the corners of unit boxes formed by the intervals [a,a+1], [b,b+1], t
see whether %t > C o at all four corners (assuming the worst case, with the largest
possible value of |¢|). Since the function describing oy is monotone except where a = 0
or b = 0, it is monotone in both variables within each of these boxes, and so if the
above condition holds, we can rule out such boxes. This eliminates most possible pairs

(a,b): those that remain are displayed in the below plot:
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Pairs (a,b) not violating archimedean bound
4000

3000

2000

1000

1000

-2000

-3000

4000
-1

Figure 4.1: Improved bounds on a,b, where d = 1

2. For each a > 10, we search the above results to compute bounds

< n2.a-

Ni,a < ‘1
az

The smaller this interval, the more useful this information is in the following argument
bounding |¢|. Below is displayed nj o and ng, for a > 5000 (where the interval is

sufficiently small to help).

Upper and lower bounds on [b/al"/?]

Figure 4.2: Bounds nq 4 < ‘% <nogq
a2
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b
T

a2

Note that at

b2 b 2¢/2)2 24/2)4 1
TP AR g V)
3a  48a2 3 48 3

and the value becomes a larger positive at || = na,, (from Step 3). So, where

a?2
Ll M M.
m = max — —
3’ 3 48 ’

for each a, search over some possible values of x, letting

2

|c\>@|a|i = z°|—| >m.
x

So we have
n1,a(3¢?) 3n1,4 — 1622 16:1:2

16a3?

So, if we also have

1

3
3 — 1622\ "2 3 — 1622\ %
le| > <nll%ngz) and |¢| > <m'116x> la|3,

then /% > Cy o, and we have a wandering critical point. So, we have an upper
bound on |¢| equal to the maximum of the above 3 quantities. This results in improved

bounds on |¢| for each value of a (for instance, |¢| < 15 for every a > 20200).

. For the remaining steps, we now check each individual value of ¢. Taking partial

derivatives, we can show that the function describing

E n b n 3bc?
3a  48a2 16a

0'2:‘1—

is monotonic in each variable when a, b, and ¢ are nonzero and provided

| NG \/3a — 42

8ab —b

|| # and [c| #

So, if the above two expressions are either strictly less or strictly greater than |c| at
all 4 corners of unit boxes as in Step 1, and are monotonic within these boxes, then

we can conclude that o, is monotone.

Once again taking partial derivatives of the above expressions, we have that they are
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monotone provided
2 1
|b] #2\/;\/5, b # 2v2v/a, |b] # 3 Va, and b#0.

Thankfully, the above are monotone. So, if each of
1/a

2/3va 2vava .
an
b b b
lie within one of (—o0, —1), (—1,1), or (1,00) at all 4 corners of boxes, then we have

the original desired monotonicity.
Now filtering boxes once again, using the improved bounds together with our tests
for monotonicity of o; and o2, we eliminate more regions, as in Step 1 above. This

eliminates all a > 11570.
Taking partial derivatives we can show that the function describing
bid b3c?

27c*
256a  16a?  64a?

b2d? . 9bc?d
16a

2a
is monotonic in each variable when a, b, and ¢ are nonzero and provided

o3 —

, el # 2V,

\/ b2 (10824 18ab2 +b%)+18ab—b3
a

2
c
o] # 373
o WE ) NENCE T
| # —“Y=———-", and |c .
V3v12a — b2 3va
So, as before, we check that each of the above expressions lie on one side of |¢| for

all 4 corners of boxes, as in Step 4. But then we need to ensure that the expressions

themselves are monotone, so taking partial derivatives again, we find that we need

V/108a2b2 + 18ab* + b6 + 9ab + b* # 0,

N 3b(6a + b?)?
V/108a2b? + 18ab* + b6
2(48a? — 32ab® +b*) # 0, and b* — 12a # 0.

So, we check that at all 4 corners each of the above 4 expressions are either negative
or positive, and then check that they are themselves monotone. Once again taking

which holds, as the equality has no real solutions,
+18a — 3b% # 0,
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partial derivatives, we finally require

b # 2\/4a + V13a, (36v183a® + 487a%)5 — a2 # 0,

1
and |b7é\/> \/487 +36V183 + ——— 8| a
V487 + 361/183
So, we check that the first and third of the above expressions are either strictly less or

strictly greater than |b|, and that the second inequality holds, and we have the original

desired monotonicity.

6. Finally, we put boxes through the above o3 filter, and check individual points in those
that pass it. For this, we check all possible triples (a, b, ¢), filtering through all 3 o’s.
This results in the improved bounds a € [~2,10], b € [-10,9], and |¢| < 31. The test
for individual points involves iterating critical points 4 times: if they don’t escape any

of the archimedean or p-adic bounds, then they are potentially PCF, to be verified by
hand.

Pairs (a,b) not violating archimedean bound Pairs (a,c) not violating archimedean bound

5

& b b b o N a2 o ®

3
8
°
.
"
»
®
3

Figure 4.3: Improved bounds on a,b, ¢, where d = 1

Note that in the case d = 0 we have that a,b € Z, |bls < 3, |c|> < %, and |c|5 < 3. So,
a, b, and ¢ are integer multiples of 1, 2, and % 5 respectively, and the search space is already
small enough to be tractable. With the requirement that |b|?> > |a| (as was shown in the
proof of we filter through all 3 o’s, leaving a relatively small set to check,
displayed below (|c| < 22):
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Pairs (a,b) not violating archimedean bound

40
=
O - °
30
20F
w0
a 0
ot
20t
30t
o™ .-
i ) . ’ ’ ’ )
1500 1000 500 0 500 1000 1500

Figure 4.4: Improved bounds on a, b, where d = 0

Finally, the points which passed the above archimedean filters are tested p-adically.

[Lemma 4.2 and [Lemma 4.4] help by reducing the number of valid b for each a (especially as

a grows larger, and hence is increasingly likely to contain large prime factors). See|Appendi
[A] for the code used in the search algorithm.

Theorem 4.9. There are exactly 16 conjugacy classes of quartic PCF polynomials defined
over Q, representatives of which are given in[Table 4.1]

f(z) f'(z)=0 Critical Portrait

T s
-zt 41 0 °.°
EA -2+ 82+1 -3,3 @D @D

17576 .4 52,2 8 _9 9
g 2 — 312 — szl 267 13
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483%68 4_%22_%2_,_1 _%7%
24— 422 41 ~-1,0,1 @ @ @D
R oa | H»@:) @:3
¢k =
324+ 32 elim+2k) /3 @:}
ke€{0,1,2}
E (O
424 — 422 O,i% +7 O @D
E {0
Az — 422+ 1 O,i% :t\/i Q/ @D
4 2 1
824 — 82241 0+ @_.@5\@

Table 4.1: Quartic PCF polynomials

The first 3 conjugacy classes are unicritical, the next 6 are bicritical, and the next 7 are

tricritical, which can be divided into two groups dependent on whether the critical points

are rational. The last polynomial is the Chebyshev polynomial Ty(z).

Note that the bicritical conjugacy classes could be made less messy by removing the

requirement that the representative be of the form az* + b2% 4 cz + d. They are conjugate

to those given in obtained by moving the critical points to 0 and 1.
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f(2) f'(z)=0 Critical Portrait
—3z% 4423 0,1 @:} @D
324 — 423 +1 0,1 ®/\j@
R o1 | (O)—Cp (o

Table 4.2: Bicritical Quartic PCF polynomials
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Chapter 5

Families of PCF polynomials

Note that there were no quartic examples found where the algebraic degree of the critical
points over Q is greater than 2. Further, the total number of conjugacy classes found is
close to that found in the cubic case in [2]. This might be explained by the fact that as the
polynomial degree d increases, there is a tradeoff between increased degrees of freedom, and

a more stringent requirement of needing more critical points to be preperiodic.

Consider: what happens to the number of conjugacy classes as d — oo, if the number
field K remains fixed? We have some additional infinite families to help us explore this

question.

In this chapter, a number of infinite families of conjugacy classes of PCF polynomials
are described. Many were found by matching polynomials of different degree with similar
critical portraits. Some were found by attempting to construct PCF polynomials of higher

degree with similar critical portraits to known PCF polynomials of lower degree.

First, let unicritical, bicritical, tricritical, .... denote polynomials with 1, 2, 3, ... distinct
critical points respectively. Observe in[Table 5.1]that there are 6 infinite families of conjugacy

classes for bicritical polynomials, for any degree d > 3:

f(z) f'(z)=0 Critical Portrait

—(d —1)2% + dz?! 0,1 @D @D
(d—1)z% —dz?1 +1 0,1 @/\:@
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v

d d . d— d

o
(o

9 ©

T
L

de? — Lyl do 0,1 @
O

—dz? 4 Lol 0,1

Table 5.1: Bicritical PCF polynomials

Similarly, there are 2 infinite families of conjugacy classes for tricritical polynomials given
in[Table 5.2} for any degree d > 4 (where 0 has multiplicity d — 3, and +1 have multiplicity

1). Where d is even, they are conjugate to one another.

f(z) Critical Portrait

d=2,d _ %zd” @D m

where d is odd

O=R0=0=

where d is even

P R O O-RO=

where d is odd

O=RO=0=

where d is even

Table 5.2: Tricritical PCF polynomials

We also have the following (d — 1)-critical polynomials in[Table 5.3 with distinct critical
points (1, ... q_1:

72



f(z) Critical Portrait

4t (o v
.

where d is odd

Table 5.3: (d — 1)-critical PCF polynomials

Note that these in [Table 5.3] coincide with two of the bicritical families from [Table 5.1]
in the cubic case. Next, we have families of polynomials given in which are found
by making slight changes to Chebyshev polynomials conjugated to be monic (dots are used
in rows 1 and 3 because these critical portraits vary: their only commonality is that each

critical point ends at the same fixed point under iteration):

f(2) Critical Portrait

Where Ty(z) =
2% Hag22+2,
take (3)(z% +
ot ag2?) £ 2

where d(mod 4) =0

where d(mod 4) = 2

Where Ty(z) =
2% Hag22+2,
take (3)(z% +

2
e F a22%) where d(mod 4) =0
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(o) ‘@a

where d(mod 4)
Where
Ty(z) ~ 24 —
ag_o2%2.. 4 @D
a1z, take 2% +
lag_o|2z92.

.+

a1 |z

where d(mod 4) =1

1)

where d(mod 4) = 3

Table 5.4: Chebyshev-like PCF polynomials

For |[Table 5.5 and [Table 5.6

let m € Z, and define T(z) = (@) 24 _ (0(;112) Ld-1 4
- (ﬂ) m+1 Where d is odd, let m = 42

g . We have bicritical families in

Table 5.5

Critical Portrait

T(1)~1T(z) @D @D
—T(1)"'T(z) +1

Table 5.5: d odd, bicritical PCF polynomials
Where d(mod 6) =4, let m =

3 -

We have tricritical families in [Table 5.6
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f(z) Critical Portrait

—2T(1)"'T(z) +1 @ @ @:}

Table 5.6: d(mod 6) = 4, tricritical PCF polynomials

Between the 3 unicriticals, T4(z), and families from the preceding tables, all quartics

found in are accounted for by some infinite family, classified in

f(z) Classification

22 Unicritical

2441 Unicritical

-2z 41 Unicritical
—325 4423 Table 5.1, Row 1
321 — 423 +1 Table 5.1, Row 2
-2+ 2 Table 5.1, Row 3
—2t 4 %z?’ +1 Table 5.1, Row 4
42t -+ 2 Table 5.1 Row 5
425 4 ?23 Table 5.1, Row 6
A —2241 Table 5.6, Row 2
224 — 4274+ 1 Table 5.6, Row 3
21 =222 Table 5.6, Row 1
A4 %z Table 5.3, Row 1
42 — 422 Table 5.4, Row 3
427 — 422 41 Table 5.4, Row 1

821 — 822 +1 Ty(2)

Table 5.7: Quartic PCF polynomial classification

Note every quartic PCF polynomial with rational coefficients is conjugate to one of these,

but not necessarily via a conjugation over Q.

Proposition 5.1. For any a € Z>o,m,n €N, ifd=mn+a+1, and T(z) = <%})) 2% —

<§mi> 2d-n 4 (d(mz)n) Ay (@) 241 then f(2) = T(1)~\T(2) is PCF. If we
further have that n and a are even, then g(z) = —T(1)"'T(z) is PCF. If a(mod n) = —1,
then h(z) = =T(1)"'T(z) + 1 is PCF.
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Proof. Note that f'(z) = T(1)7'2%(2™ — 1)™. So, our critical points are the n*® roots of
unity, each of multiplicity m, and 0, of multiplicity a. We clearly have that 0 is a fixed

point. The n'" roots of unity are closed under f:
. _ d _ d
f(627mk/n) _ T(1)71 <<e27rzk/n) T(l)) — (eZﬂzk/n) ,

thus f is PCF. Note that if n is even, we have an even number of critical points which are
roots of unity. So, their negatives are also roots of unity, and we thus have that g = —f is
PCF. Further, if a is also even, then d is odd, and ¢ is not conjugate to f, since the lead

term of f has odd degree.

Since a(mod n) = —1 = d(mod n) = 0, roots of unity are mapped by f to 1. So they
are mapped by h to 0, and we have h(0) =1, h(1) =0, so h is PCF. O

Note the above explains [Table 5.2 and [Table 5.5 We can also explain the first row of
since d(mod 6) =4 = d—1=m(2(1) + 1) (that is, where there are two roots
of unity and zero as the critical points, all of multiplicity m). The second and third rows of
are explained by the fact that roots of unity are mapped to 1 (as in h), and the
fact that those roots of unity are precisely -1 and 1, respectively. It also explains the first
two rows of [Table 5.1] (taking a =d — 2, m =1, and n = 1).

In [I], a lower bound of |4:] is found on the number of PGLy conjugacy classes of
degree d > 3 conservative polynomials in Q[z]. Conservative polynomials are those whose

critical points are fixed, a special case of PCF polynomials. The families in

provide more examples in the less restrictive PCF case (close to (d — 1)? many).

Example 5.2. Where degree d = 13, a = 2, n = 5, and m = 2. by

where T(z) = 152'% — 228 4+ 2%, the polynomial f(z) = T(1)7'T(z) = 28T (z) =

%zl?’ — @zS + 35 52 23 is PCF, with 6 distinct critical points, each of multiplicity 2.

Note that f'(z) = 1382%(2% — 1)2, and we have the critical portrait:

@a@a::

Note that we can construct similar rational functions h(z) with the property that the
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critical points are roots of unity, which are closed under h.

and let h(z) = ;8; Then we have

W(z) = 7%, with critical points 0 and the (n — 1)™ roots of unity, with 0 mapped to

oo and roots of unity closed under h.

Example 5.3. Let T(z) be as in |Proposition 5.1,

Table 5.8| gives the cubic PCF polynomials from [2], and the corresponding infinite
families they belong to. The rows with a ‘7’ are those which did not belong to any of the

infinite families described in this chapter.

f(z) Classification
23 Unicritical
23 +1 Unicritical
—223 + 322 + % ?
-2+ 322 +1 [Table 5.1 Row 4
—22% 4+ 322 |Tab1e 5.1|, Row 1 & |Tab1e 5.3|, Row 1
—32° + 327 [Table 5.1 Row 6
—23 43221 ?
—423 —i—2622 - % |Table 5.4|, Row 6
223 -327+1 [Table 5.1} Row 2 & [Table 5.3] Row 2
423 — 627 + 3 Ts(2)
223 — 322 + % ?
325 — %ZQ +1 Table 5.1, Row 5
23— %zz Table 5.1, Row 3
—%23 + %z +2 ?
—z2 — %2+ ?

Table 5.8: Cubic PCF polynomial classification

The cubics in rows 3, 7, 11, 14, 15 appear to be exceptional, and do not fit into any of
the infinite families found thus far in the above. It is straightforward to check whether there
can exist bicritical polynomials with d > 3 that have isomorphic critical portraits to these.
For instance, if there exists a bicritical quintic similar to —223 + 322 + %, then it must be of

either of the forms

= f(z)zx(f—f)—kCorf(z):x(f—%jf j)+c
X xz
= f(0)=Cand f(1) = —55 + Cor f(1) = 55+ C



5 4 _Z 4 ()5 —z 4 ()4
:>x<c—c>+C:1andx<( 20; ) —( 20; )>+C=C

5 4
5 4 3
orf(C)x(CSQZ CS)+C’1
L)Y 3(&4+0) +C
andx<(305 ) (304 )+(%+C)3 (302 ))+C C

systems which have no solutions over the rationals.

A cursory search for quintic PCF polynomials with rational coefficients yields only poly-
nomials belonging to one of the infinite families described in this chapter (the expected
quintics are given in Specifically, the region searched was (for quintics conju-
gated to the form az® +b23 + c2? +dz + k) |a| < 100, |b] < 50, |c| < 20, |d| < 10, k € {0,1},
with |alp, [blp, |clp, |d], < 1Vp # 2, and |al2, |b|2, |¢|2,|d]2 < 16. The quintics not found by
this search were the bicriticals from whose 2-adic absolute values are much higher
when conjugated to this form.

f(z) Classification
2° Unicritical
—25+1 Unicritical
25— 22142 Table 5.1, Row 3
25+ 224 +1 Table 5.1} Row 4
52 — 22142 Table 5.1 Row 5
—52° + 2,7 Table 5.1, Row 6
625—5234—%,2 |Pr0p 510 f(z),a=0,m=2,n=2
—62° +52° — 22 Prop 5.1, g(z) a =0, m=2,n=
—42° 41521 — 2023 + 102 Prop 5.1} f(z) a=1,m=3,n=
25 —15214202°—1022+1 Prop 5.1, h(z) a=1,m=3,n=
25 — 1524 + 1023 [Prop 5.1} f(2),a=2,m=2,n=1
—62° + 1527 —102° + 1 Prop 5.1 h(z) a=2, m=2,n=1
—42° 4+ 52% Prop 5.1} f(z) a=3,m=1,n=1
42° — 524 +1 Prop 5.1, h(z) a=3,m=1,n=1
%,25 g 3 Prop 5.1} f(z),a=2,m=1,n=2
—32°+ 2278 Prop 5.1} g(2),a =2, m=1,n=2
%z —|—§2 Prop 5.1, f(z),a=1,m=1,n=3
2° + %z Table 5.3 Row 1
2° — %z Table 5.3 Row 2
2% — 523+ 52 T5(2)

Table 5.9: Quintic PCF polynomials from aforementioned infinite families

Conjecture 5.4. Fvery conjugacy class of PCF polynomials with rational coefficients be-

longs to one of the infinite families described in this chapter, aside from the 5 exceptional
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cubics in Table 5.8. Namely:
e Unicritical polynomials

o Chebyshev polynomials

o Families from[Table 5.1|, [Table 5.3, [Table 5.7, or[Table 5.0
o Families generated by
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Appendix A: Sage Pseudocode

Below is pseudocode for finding the triples (a,b, c) to be checked (where |al3 = 3%, d = 1),

within the intervals [ag, a1], [bo, b1], and [co, ¢1]:

for i in range(3%(ao), 3%(a1)):
# Skip multiples of 3, which would give |a|3 < 38
if mod(i,3) = 0:
I = list(factor(i))
p=1
for 1 in range(0,len(I)):
# lal, <1 = |b], <1, Lemmas 4.2, 4.4
if I[1][0] != 3:
p = p * I[1J[0]
~
for j in range(3*(by), 3*(b1), 2p):
# Skip multiples of 3, which would give |b|3 < 33
if mod(j,3) = 0:
= 4
for k in range(33(co), 3%(c1), 4):
# Skip multiples of 3, which would give |c|3 < 32
if mod(k,3) = 0:

k
6:3*3

Each triple (a,b,c) is run through the following filters to eliminate polynomials which

are not PCF:

potential = true

_ bl3 |c|5 |d|T
0—8*Ina><{\a| SHERH

13
la
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0'1:%—3d

02 B 32d227 IFTd Jr glbﬁcg + 12%4 4 3 .2
e o
ifmax{’% %%,|03\%}§C’:

primes = Primes()

)

for 1 in range(M):
p = primes.unrank(l)
pa = QQ.valuation(p)
Op — max {(pfpa(b/a))l/Q, (pfpa(c/a))l/.?” (pfpa(d/a))1/4’ (pfpa(l/a))l/S}
if max {(p—pa(ol)), (pPa(e2))3 (p—pa(«n))é} > O,
potential = false
if potential == true:
x = PolynomialRing(ComplexField(), 'x’).gen()
derivative = 4ax® + 2bx + ¢
crit = derivative.roots()
potential = false
for k in range(0,len(crit)):
Oy, = crit[k][0]
for n in range(5):
Or=axOL +bx 0% +cx O +d
if max {|O|} > C:
break
ifn ==4:

potential = true

That is, if none of the sigmas exceed either the archimedean constant or the p-adic con-
stant for the first M primes, and none of the critical points exceed the archimedean constant

after 4 iterations, we have a potentially PCF polynomial, to be checked manually.
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