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Ship your grain across the sea;
after many days you may receive a return.
Invest in seven ventures, yes, in eight;

you do not know what disaster may come upon the land.

— Ecclesiastes 11:1-2
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Abstract

The coming together of digital data sets, computational power and rigorous probability
theory has transformed finance and insurance in the last century. Once the purview of
heuristics and an almost artisanal knowledge, these fields have increasingly taken on a
scientific sophistication in technique. Modern regulations even require firms to retain
the mathematical skill necessary to perform complex risk analysis. Mechanical heuristics
originally developed in the absence of probabilistic assumptions have been demystified
and reworked for novel applications. Complex structured products can be simulated and
statistical learning algorithms can be applied to gain insights where none existed before.

This dissertation is concerned with such problems.

In the realm of property and casualty insurance, this thesis addresses challenges in
risk estimation, quantification and allocation when the risk can be modelled by multivari-
ate Stable distributions, which we will argue provide a suitable null model in the case of
heavy-tailed losses. Traditionally the lack of means and distribution functions has ren-
dered these distributions difficult to work with. We will sidestep this issue in estimation
by using an integral transformation-based method of estimation. For risk quantification,
we develop computationally simple and efficient representations of commonly used risk

measures. Allocation then follows from our choice of dependence structure.

In the area of life contingencies, we will study a relatively new product, the fixed index
annuity (FTA). The variety of annuity parameters and the complexity of the underlying
index makes FIA comparisons very challenging. While still an insurance product, FIAs
require sophisticated models of equity indices to analyze. We elect to use machine learn-
ing techniques to reproduce FIA-linked equity indices. In order to understand our often

surprising results, we make use of a few stochastic volatility models.
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Chapter 1
Introduction

It is not possible to give a
definition of insurance which is
short and precise, and at the
same time completely

satisfactory.

Karl H. Borch

The argument could be made that humans, as social creatures, invented the most basic
insurance when they started living in groups that shared resources. Formally, insurance in
some form or another has existed as long as human civilization has been sufficiently complex
to support it. The first codified examples date back to ancient Babylon and Hammurabi.
In a more modern, legal sense, we can think of insurance as a contract binding two parties
together: the insurer and the insured. The insurer guarantees compensation to the insured
in the case of specific uncertain events in the future in exchange for a certain premium
paid today. This contracted bridge between certain amounts today and uncertain amounts

tomorrow falls naturally within the purview of mathematics, specifically probability theory.

Indeed mathematics in the form of actuarial science has become essential to the un-

derstanding of insurance and the management of risk therein for insurers. At times the



contribution has flowed the other way, from the actuarial sciences to mathematics. Years
before Kolmogorov’s Foundations of the Theory of Probability was published, the great
Harald Cramér was already working as an actuary in addition to his role as a professor.
He would go on to make innumerable contributions to our understanding of probability
and statistics as well as its application to more pure fields of mathematics (e.g. number
theory). Today the Cramér—Lundberg model and risk theory can be considered the jewel

in the crown of actuarial science.

The same can also be said of finance. Even earlier than Cramér, Bachelier had al-
ready gained practical trading experience running his family business before publishing his
Théorie de la Spéculation. This text would go on to influence the program of probability
theory and stochastic analysis for the next half century, with Einstein kicking off a parallel
program in the physical sciences via his seminal paper on Brownian motion (see the In-
troduction of | ]). Today mathematical finance is a healthy and
well-developed subfield of applied mathematics, primarily concerned with the valuation of

contingent claims, which can themselves be viewed as a kind of insurance contract.

Specifically, in both finance and insurance most tasks can be formulated as follows.
Given a random liability of interest (e.g. a capital loss, lifetime earning etc.), we want to
model it by a random variable X described by a distribution function Fx(z). Assuming
our model is sufficient, we need to produce a real number H[X] representing some ordinal
measure of risk; H[X] can be used to derive premiums directly or for management or mar-
keting purposes to compare products and contracts. Nowadays regulatory bodies require
that firms retain the mathematical sophistication necessary to perform complex risk calcu-
lations, so H[X] may represent regulated and required metrics of risk to maintain solvency

and financial stability.

As in Cramér’s and Bachelier’s time, these questions of a computational and mathe-
matical nature in finance and insurance have often predated their formal mathematical

study. This dissertation is concerned with three such examples:

o In Chapter 2 we focus on the basic question of how to model insurance losses and

how to estimate quantities associated with such a model. Specifically, we will study



the practical question of how to estimate heavy-tailed losses for the purposes of loss

reserving.

e In Chapter 3 we will expand on a special case of joint losses from Chapter 2. We
believe our model can serve as a suitable null model in the case of heavy-tailed
exposure via the Generalized Central Limit Theorem (GCLT) (see A.3). We then
pair this with a model of risks and capital allocation (H[X] above) that makes for

easy and useful calculations.

e In Chapter 3 we will switch from property and causalty—style insurance questions to
life contingencies, specifically indexed annuities. We will investigate the systematic

comparison of these complex, financially linked products.

In each chapter, we will provide some of the general background required for the problem
in hand, and will also elucidate any connections that may exist in the mathematics between

them.



Chapter 2

Stochastic Loss Reserving:

Dependence and Estimation

Earlier we claimed that much of insurance modelling can be abstracted to modelling losses
X and some associated risk H[X]. However, this is an oversimplification. Nowadays insur-
ers have to account for not just stand-alone risks but also potentially complex dependencies
between risks. In that case X is now a vector X and the total risk capital is H[Y; X¥].
We study possible decomposition between business lines in Chapter 3. For now we focus
on the losses alone. Another aspect not often considered is the role of time. In reality
there is no single X that we need to model to calculate premiums but several, as claims
are incurred through time. The total sum of these losses over time is the so-called “loss
reserve,” the portion of premiums set aside to meet future claims and maintain an insurer’s

solvency.

2.1 Introduction

Highly regulated and vitally necessary, the loss reserve is typically the largest liability on
an insurance company’s balance sheet. Proper estimation of future claims is therefore

paramount for financial stability. In fact, with the introduction of regimes like Solvency

4



IT actuaries are now sometimes required not just to estimate reserves but model potential
shortfalls and risks of insolvency. This makes a stochastic model of loss reserves necessary
(see | ] or | | and references therein). This
is complicated by the fact that delays between an incurred claim and proper reporting
can take some time, often years. There may also be ongoing or renewed liability at a
later date for many reasons, such as legal proceedings and lengthy investigations. In the
recent past, there have been several high profile examples of these kinds of “tort liabilities”
such as asbestos and other environmental pollutants (] | and |

]). Newer concerns such as the health risks of engineered materials may
present similar issues (| ]). Complicating estimation even further is the
potential dependence among claims between business lines. One example that could induce
such a dependence may be industry-specific inflationary trends. Medical costs can often
rise faster than economy-wide price levels; accident business lines especially may need to
incorporate this into their reserves. Similarly, auto repair techniques may incur increased
costs for both commercial and personal lines. Such a dependence can represent a potential

for diversification or an increased risk to the insurer (see e.g. | 1.

Given the importance of proper loss reserving it is unsurprising that there are as many
forms of reserve estimation as techniques in statistics (see | | and
references therein). In this paper we focus on the model popularized by | ]
and model claims parametrically and dependence “cell-wise” across business lines. Within
this framework, it is popular to model severity and dependence separately via copulas
(e.g. | ]). We instead take a multivariate modelling approach as
in [ ]. The benefits and drawbacks of these two approaches (copulas vs
multivariate models) are essentially the same as in traditional statistics. Copulas provide
a great deal of model flexibility but at the cost of increased numbers of parameters and
decreased interpretability. Multivariate models are much more parsimonious but restrict

the available marginals.

In order to negotiate this trade-off we construct incremental loss models across busi-
ness lines via an Additive Background Risk Model (ABRM). ABRMs provide an easily

interpretable and flexible dependence through the use of a common shock structure across



business lines. The technique can be easily extended to a variety of marginal distributions
leading to many possible multivariate models. By way of example, this chapter makes use
of the multivariate gamma and Tweedie model of, respectively, |

] and [ Jasin | | as well as introduces a
particular multivariate Stable distribution. The idea of additive risk models is not new in
economics and finance. The most famous examples are of course the Capital Asset Pric-
ing Model (CAPM) | ] and Arbitrage Pricing Theory (APT) |

|. More recently the potential for applications in insurance — especially enterprise risk
management — has been explored (see e.g. | | and | D).

Other ways to introduce dependence in loss reserves are the Multiplicative Background
Risk Models (MBRMs) (e.g., | ], | I, |

| and [ |), minimum-based background risk models
(e.g., | | and | |), and background risk models
that allow for multiple types of risk factors (e.g., | ] and |

D

The main contribution of our work is not just applying ABRMs but also model es-
timation. Useful loss models frequently lack a closed form or computationally simple
Probability Density Function (PDF), making classical estimation difficult (e.g. compound
Poisson, NIG in the Tweedie case or most non-normal stables). The small sample sizes
and many parameters in reserve models naturally lead many to rely on a Bayesian analysis
(see for example | ]). There have been attempts to study estimation
in the multivariate Tweedie using the method of moments ([ |) but for the
reasons already stated this seems inappropriate. Continuous Generalized Method of Mo-
ments (CGMM) of | | offers a hope of success where the basic
GMM may fail. Incorporating an infinite number of moment conditions makes the CGMM
maximally statistically efficient. In this work we outline a novel use of the CGMM that
is relatively computationally inexpensive, especially for “larger” multivariate models. By
using the CGMM in conjunction with ABRMs we open up the practical application of a

variety of models without the need to resort to highly uncertain Bayesian estimates.

This chapter is organized as follows. In Section 2.2, we give a more detailed account of



cell-wise loss modelling and basic estimation. A discussion of what makes a useful model
and the introduction of our Tweedie and Stable ABRM examples takes place in Section 2.3.
The CGMM and our novel approach are outlined in Section 2.4. Finally, some simulation

results and an illustration using real data are given in Sections 2.5 and 2.6.

2.2 Parametric Loss-Reserving Models

In this section we briefly review parametric loss-reserving models. Let us consider the
following situation. We are in the mth accident year since writing a particular non-life
policy. We have been able to observe incremental claims z;; for each of i = 1,...,n
Accident Years (AY)! and j = 1,...,m — i + 1 Development Years (DY). We assume
that all these are individual samples from random variables X, ; that are stochastically

independent. We add some necessary structure by enforcing shared parameters in a typical

way (see [ D):

E[Xl’]] = ILL,L’] = T]ZVJ and Var[Xl’]] =045 = ww’y] (21)

where w; ; is an appropriate weight and «; a scale parameter. For some X;; with a PDF
of the form fx, (i |pi;, o), such as Tweedie, Stable, and so on, we can easily construct

a Maximum Likelihood Estimate (MLE) for the model parameters:

i+j<m+1
{0, 25, 9;) 35 = argmin I fx,@asliig i)l =nwyons=wim, ¢ - (2:2)
V55V i

In fact, for Tweedie-distributed incremental losses, estimators of the form (2.2) are
numerically similar to the well-known Chain Ladder (CL) estimators of | | (see
[ ] or especially | ] for more details). Notably, for a Tweedie power

parameter of p = 1 (the overdispersed Poisson) the correspondence is exact. For values

Year losses were incurred but not necessarily paid.
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“close” to p = 1, these estimates are very similar conditional on the scale. For example, if

we consider a Gamma model of the form

1
Xi; ~ Gamma (7'7 7]@‘%‘%‘) ~ Twa(n;vs,75) (2.3)

J

where Tw,(u,0?) denotes the reproductive Tweedie density (see A.2 for definitions and
details), we can simulate a Gamma-distributed loss development triangle and compare the
MLE-derived development factors to those from the CL estimates in Figure 2.1. It can be
seen that the CL and MLE estimates are virtually identical and both of them are fairly

good estimates for the true model.

T T T
True dev. factors
—%— CL (Mack) dev. factors

—©— MLE dev. factors

1 2 3 4 5 6 7 8 9
Development Year

Figure 2.1: Comparison of the true, MLE- and CL-estimated development factors in a
Gamma-distributed development triangle, specifically p = 2 with vy =+, =02, 9, =7 =5
and v ranging over 1 to 0.55

While the Tweedie class of distributions is quite large, there are some losses for which
it is inappropriate. For example, fire and automobile insurance coverage frequently exhibit
heavy Pareto-style tails, suggesting an infinite or undefined variance (see | D).
The behaviour of such heavy-tailed distributions is qualitatively different from the typical
Tweedie models near p = 1 (or thin-tailed models generally). One extremely useful and
well-motivated model is the Stable distribution. If we repeat our experiment from Figure

2.1 with a stable loss model we can see in Figure 2.2 how the CL estimates quickly break



down.

Figure 2.2: Examples of draws from the same development triangle (n = 5 and v = 1—0.55)
featuring Stable-distributed losses with tail parameter o = 1.8

In the stable case, many draws would exhibit fairly typical behaviour (see Figure 2.2a).
This is not too surprising as the CL estimates are unbiased provided the mean exists. In
the typical case, the sample is mostly represented by the fairly well-behaved centre of the
distribution. However, successive draws can reveal that even one or two losses reported
out on the tail of the distribution can quickly contaminate the CL estimates, rendering
them useless (refer to Figure 2.2b and 2.2¢). It is worth pointing out that in Figure 2.2b a
major loss early in the development pattern had the unexpected effect of underestimating
the development factors. This may not be so obvious in a less marked example when a
sample from the tail is creating similar issues. Though the examples chosen are extreme

by design, it is easy to see that blind application of non-parametric estimates is ill-advised.

To fully appreciate the implications of heavy tails, we consider that in Figure 2.2¢ a
single cell incurred about 50% of all losses in the triangle. In multiple business lines sharing
systematic risk, this can be even more consequential. A single draw from a significantly
heavy-tailed risk shared across a portfolio could potentially be greater than the reserve
estimated in a thin-tailed model. Such counterintuitive behaviour for heavy tails cannot

be ignored.

While a dramatic level of risk exists in heavy-tailed losses, there is hope of overcoming



this issue. Unsurprisingly, the MLE estimates in Figure 2.2 are adequate, but this is not
without major qualification. First, in order to compute the MLEs one needs a PDF. In
the stable case (excepting the Normal distribution), there is no closed-form PDF with
finite variance. Calculating the PDF requires the numerical inversion of the Characteristic
Function (CF) or the evaluation of a truncated infinite series to some precision. This
numerical quadrature can be very expensive and in the case of multiple business lines is
not practical. Additionally, the level of precision required is very high. In the MLEs we
studied, we found that the scale parameter was often poorly reported. Furthermore, the
method is very sensitive to the choice of initial points used in the optimization. In the case

of Figure 2.2b, a few attempts had to be made before producing the results shown.

In this chapter we motivate the use of stable loss models. We also extend them to the
case of multiple lines of business with a stable ABRM. The ABRM has a flexible and eas-
ily interpretable dependence structure modelling cell-wise dependence with a multivariate
stable distribution. In order to deal with the aforementioned estimation challenges, we
make use of the CGMM of | ]. These estimates are comparable
to MLEs in a more typical case with an order of magnitude fewer calculations. This is
achieved by constructing estimators from the CF directly as opposed to reconstructing
a PDF. For example, in the examples above with identical optimization parameters, the
CGMM was about thirty times faster than the MLE (60 vs 2000 seconds on a standard
IBM ThinkPad). We show that the CGMM makes the multivariate estimation of multiple

business lines a practical reality for stable ABRMs.

2.3 An Additive Background Risk Model

While a single loss development triangle can be used to estimate the required loss reserve
facing that line of business, an insurance company typically manages a portfolio of several
lines. Given the importance of reserve estimates, dependence between reserves must be
modelled. To that end, we identify a few desirable properties of any cell-wise dependent

model:

10



o Marginal flexibility: Any model must capture a large class of possible distributions.

o Closure under marginal convolution: To model sub-portfolios accurately, we must be

able to add incremental cells together easily.

¢ Model confidence: Our model should exist in the limit of a set of reasonable stochastic
models, as for example the Normal arises from the Central Limit Theorem (CLT).

This allows us to feel confident applying the model in general situations.

e Simple and flexible dependence: Any dependence must be transparent and easily

interpretable.

To establish our last desired property we introduce an ABRM. The assumptions behind
this model are simple. For the kth line of business (LoB) of a total of n, we assume a

cell-wise model of the form

i?j

That is, we have an independent idiosyncratic component Yz(jk ) and a “common shock”

component Z; ; across business lines. If we denote

am- = (a(l) . a(n))’ and bi,j = (b(l) ey b<n)),

4,J 7 1,] 0,J0 i,J

then we can arrange the same cells across business lines into a vector form:

Xi,j = ai,j e} Yi,j + bi,jZi,j (25)

where “o” denotes the outer product. In this way, we can reduce dependence to the b, ;
parameters alone. In fact, we can show that for some models (e.g. Normal) this is related

to the typical Pearson correlation structure.

The density of such a model can be found by integrating the univariate PDFs a la

equation (2.9) in | ] or equation (6.1) of | .

11



As the PDFs may not always exist, we are more concerned with the CF. Letting t =

(tM ..., ™) we compute the multivariate CF in terms of the univariate CFs:

ox.,(t) = E [exp {it X, }] (2.6)
=E [exp {Z zt(k)al(-?Y;ff) + Z‘thZ”jZi,j}‘| (2.7)
k=1
= 11 ¢y Va7, (£ b)) (2.8)
k=1 "7

where x"y denotes the inner product. We can see how the value t"b, ; will control the
dependence structure of the distribution. We now move on to some specific examples to

illustrate why this representation may be more appropriate.

2.3.1 Example 1: A Multivariate Tweedie Approach

In our first example we discuss the multivariate Tweedie’s desirable properties. It satis-
fies the requirements of marginal flexibility and closure under marginals. As discussed,
special cases of the Tweedie are the Poisson and Gamma distributions; a more exhaustive
list would include the compound Gamma, Normal, and Normal Inverse Gaussian distribu-
tions. Additionally, there is a Tweedie class generated by Stable distributions. Being an
exponential dispersion model, the multivariate Tweedie has many desirable properties for

inference, computation, and interpretation.

We can construct the Tweedie ABRM model in the form of Eq. (2.4), as follows:

k k k
Y~ Ty (nPv®) 4 9), (2.9)
Z;; ~ Twy(a, B) (2.10)

12



where the additional model parameters are

al) =1, (2.11)
1-p
(k)
bk — « T (2.12
J m(k:)yj(k) 3 )
This gives us a cell-wise distribution of
2—p 2—p
(k) (k)
k K) (K o g o g
XZ.(J) = Tw, 77@( )Vg(‘ ) ( " (k)) 7 +1/,4® ((k)(k)) 5 +1|]. (2.13)
U U

For various values of the Tweedie power parameter p, we lack a closed-form PDF. We
can however easily construct the univariate CF via the cumulant function of the Tweedie
distribution (see sections (A.1) and (A.2) for details). If Y ~ Tw, (i, 0%), then

Ele™) = exp {5 [ma(o) + ito) = (4]

where k,(-) is given by equation A.10.

The universality properties of the Tweedie are perhaps what makes it most applicable
to insurance loss modelling. Tweedie distributions are the only EDMs that are closed under
rescaling. Take any Exponential Dispersion Model (EDM) whose variance is asymptotically
a function of the mean such that Var[Y] ~ C - E[Y]P. This model “converges” in some

sense with rescaling to a Tweedie distribution (| ])-

Abusing notation slightly, suppose ED(u,0) is a random variable with an exponen-
tial dispersion distribution function (A.8). Reading the following equality in the sense of
distribution, if

cED(pn,0) = ED(cp, > Po?)

then ED(u,0) is Tweedie. EDMs converge under rescaling to Tweedies, in much the same
way that Stable variables remain stable under addition and the limit of normalized sums.

For any p > 0 and o2 > 0, suppose Var[Y] = o2V () (A.9); if V() ~ cop? as ¢ — 0 (resp.

13



o0), then we have

ED(cu,0%c*7P)

— Tw, (1, coo®)
c

in distribution as ¢ — 0 (resp. oo0). Consider some hypothetical losses incurred according
to an EDM with s, u and so where s is the scale ($1,000’s, $1M’s etc.) as long as the

variance remains constant at scale (i.e. p = 0). In this case,

ED(sp, (50)%)

— Twa(p, s0) = N (1, 80)-

Another example would be for discrete data. Imagine that we are modelling the number

of claims N in some risk model with distribution N ~ ED(u, 1), where V(u) ~ p. Then

ED(cp,c)

— Twy(p, 1) = Poi(p).
c

A trivial example of this would be if claims were binomially distributed and the num-
ber of claims were aggregated or rescaled. The compound Poisson-Gamma is a Tweedie
distribution (a compound distribution of two other Tweedies) that may be obtained using

this mechanism, which may explain its popularity as a loss model.

2.3.2 Example 2: A Multivariate Stable Approach

We now consider the most “natural” model that would meet all our required criteria: the
multivariate Normal distribution. As the basin of attraction in the Central Limit Theorem,
it has the required closure under convolutions and an interpretable linear dependence

structure. In fact, for Tweedie power parameter p = 0 we recover this model.

Since we lack marginal flexibility, the symmetric nature of the Normal makes it awkward
for insurance applications. We can however generalize the Normal to the Stable family
of distributions. Furthermore, we can consider the class of totally skewed Stables for a

more realistic application to insurance. Stables exist as the basin of attraction of sums of
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heavy-tailed random variables. Thus, given the data compiled by | | and
[ ], Stable models are a good candidate for heavy-tailed insurance
portfolios, which cannot be captured by the Tweedie ARBM. Indeed, we will expand on

this model for insurance losses in Section 3.3.

Proceeding in the same way as before,

Zi,j ~ Sa(/vb, g, 1), (2 15)
we can set

In fact we can show that for these parameter values Xj; is a true multivariate Stable
vector with marginals

X35 = Sam v+, () +0%)%, 1), (2.17)

2, [

where the mean, if it exists, is p, and we specify scale ¢ and importantly the skewness
parameter 3. We consider the special case of maximum skewness i.e. § = 1 for the rest of
the chapter as it is the most appropriate for loss modelling. The parameter « controls the

heavy-tailedness of the distribution.

A Stable model for losses could arise simply through aggregation of smaller losses.
Whenever there is an incremental loss, it can be written as the sum of smaller i.i.d. losses
L;:

x, =t e n. (2.18)
Pn
Then by the Generalized Central Limit Theorem (Theorem A.3.2), we have that fx, — fx

weakly where fx is a standardized Stable distribution:

X %y 5.(1, 8,0).
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In both the ABRMs just discussed, we often lack a closed-form PDF of the kind we
had in the earlier Gamma model (Eq. (2.3)). In the Stable case, for instance, we only have
a closed-form PDF for tail parameters @ = 0,5,1,2. Unlike our simple example earlier
we also have many more parameters across n business lines. This further compounds our

computational issues.

And yet we have shown such models are desirable. This raises the question: Is there a
way of estimating reserves given the observed part of a loss triangle using only what we are
guaranteed to have, for example the CF given by Eq. (2.8)7 Also, what sacrifices in terms

of efficiency would this imply, if any? We explore these issues in the following section.

2.4 Estimation via Continuous Generalized Method

of Moments

2.4.1 Motivation

As seen in Section 2.2, given the cell-wise PDF of our claims it is fairly easy to construct
maximum likelihood estimators for our model. Unfortunately, as pointed out in the pre-
vious section, the ABRMs can lack such a PDF for many parameter values. Indeed, this
may make even simple cases (single loss triangles, not too many AY/DYs) computationally
expensive. As a point of comparison, one estimation from Table 2.3 in Section 2.5.1 with
identical optimization parameters is about thirty times faster using the continuous gener-
alized method of moments (CGMM) objective than with the MLE objective. This is due
to the fact that every evaluation of the PDF /likelihood requires a numerical quadrature of
a characteristic or moment function. In multiple lines of business, this is made even worse

by the need to add another quadrature for a convolution of univariate PDFs.

In such a case, it may be preferable to seek out alternatives to likelihood estimation.
This is the approach adopted by | ] in relation to |
|, employing a Markov chain Monte Carlo approach to the completion of a Bayesian

analysis. While experience rating can doubtless help the estimation procedure along, we
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would hope this is not the only recourse available, especially given the often counterintuitive
hidden risks of heavy-tailed models specified as in Eq. (2.17).

The only other method of inference introduced in the multivariate Tweedie case is the
method of moments (see | ]). There has also been much interest in using a
method of moments-style estimator for Stable models, but with the characteristic function
as a moment condition (see e.g. | | or | |). However,
this is inappropriate for loss reserving due to a lack of large enough sample sizes. That

said, there is a generalization we may use.

First, let us review the classical Generalized Method of Moments (GMM) introduced
by [ |]. The GMM has become overwhelmingly popular in econometrics. This
success is in part due to the fairly arbitrary moment conditions required and the lack of dis-
tributional assumptions. The GMM can for example handle complex nonlinear regressions

involving tricky economic concepts such as endogenous variables.

Unfortunately, the wide applicability of the GMM comes at the cost of statistical ef-
ficiency. Because they “throw away” the excess information of perfect specification and
introduce ad hoc moment conditions, GMM estimators are widely viewed as less efficient
than their more onerous MLE equivalents?. This is one reason why we should be skeptical
about applying GMM methods to the small samples in loss reserving. That said, it is not
hard to show that if the moment conditions are the score of the correctly specified distri-
bution, we actually recover the MLE. To see this, we consider a sample of {x1,..,x;} i.i.d.
realizations from some random variable X and for r € {1, ...,1} specify moment conditions

of the form
Elg(d:x,)]=0,1<r<I (2.19)

where g(0 : x) = (g1(0 : x),92(0 : x),...,94,(0 : X)) is a vector-valued function of some
model parameters 6, dim(x) = d,, dim(g) = d,, dim(0) = dy and d, > dp; thus Eq. (2.19)

2There are recent optimal efficiency results (see | ] for two-step semi-parametric
models) but this is unsurprising as we will shortly see.
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is overdetermined®. We can take a sample average to approximate (2.19):

1 !
g(0) = 7 > glf:x,). (2.20)
r=1
For some positive definite matrix Wy, .4, , we can define an inner product and corresponding
norm and minimize the norm of Eq. (2.20) to arrive at the GMM objective function. The
GMM estimates for @ are then*

* . 1/2
Onrar = argmin [ W2, e (6)]] (2.21)

The most statistically efficient matrix is Wy, .4, = E[gi(0,) 0 g:(0,)]71, which is the inverse
of the covariance matrix of our moment conditions. We can prove that such estimators
exhibit asymptotic normality such that v/1(0%,,1,—0) ~ N(0, (GggxdGdexdnggxdg)_l),

where 6, is the true parameter value and

0g(0)

Gngdg = E [ 80

HO] (2.22)

d% is understood as the gradient in the

Where the expectation is w.r.t. X and the derivative
case dy > 1. Interestingly, this suggests that the correct moment conditions can recover
the same information that was “thrown away” from the MLE. Indeed, we will see that
the result of | ] formalizes just this idea to construct CGMM

estimators. For now, let us consider the moment condition of form

_ 9ln(fx(x,/6))

g(0:x,) 50

. (2.23)

That is, Eq. (2.23) is the score function. Obviously, 8y, will solve Eq. (2.19), while
Giyxa, = —1(0) and W, 4, = I(0) where I(0) is the Fisher information matrix. Therefore

3Note abuse of notation: technically we should denote § by @, but as a set of parameters we want to
set it aside for succinctness and to avoid confusion with data and other vectors.

v
4Obviously this is equivalent to W;Zidqgl(ﬁ) W;Zidqgl(ﬁ) =gi1(0) "W, xq,8(0), g" being the trans-

pose.
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VIO — 06) ~ N(0,171). That is, the GMM estimators achieve the Cramér-Rao (CR)
bound and are thereby as efficient as the MLEs. The intuition here is unsurprising as
we are making use of the same information, namely specification, as in the MLE. In some
sense, then, the GMM can be seen as more general than likelihood estimation. The CGMM

in turn is a further generalization to a continuum of moment conditions.

2.4.2 The CGMM

Consider the specific problem of estimating models efficiently from their integral trans-
forms, namely the aforementioned Tweedie and Stable models. In |
|, the authors suggested the following moment condition. For {Tk}iil we

choose a moment condition involving a CF of the form
gk(0: %) = ™% — b (7). (2.24)

They claimed this could be thought of as a potentially infinitely over-specified moment
condition. The idea is that by sampling an increasing number of 7 values and proceeding
with the typical GMM, one could achieve the CR bound. However, they did not prove this
result, nor did they take into account how to construct the proper covariance matrix W
in such a way as to continuously match the infinite-dimensional moment condition of Eq.
(2.24).

To see why a continuous moment matching is necessary consider the resulting vector-

valued function g;(6) (Eq. (2.20) and covariance matrix:

Kdgxdg = ngxdg = E[gl(QO)gl(eo)T] = {kij}i,j=1

9

where

kij = ¢X|9O(Tz’ —T;) — ¢X\90(Ti)¢X|90(_Tj)-
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Note that Kg,xq, is Hermitian and positive definite, and satisfies properties that we would
normally find desirable. However, one can show that the smallest eigenvalue of such a
matrix will approach zero as d,; goes to infinity. This will make operations involving
W, xa, and the GMM very unreliable numerically. In fact, if we were to take the limit as
dg approaches infinity, Wy, x4, would become unbounded and not invertible. This leaves
us in need of a procedure to continuously match our W-norm in (2.21) with the moment

conditions.

In | | the authors tackled these problems by inventing the
CGMM. Rather than simply sampling from a continuous object as in Eq. (2.24), they
reformulated the GMM in continuous terms: vectors and matrices become elements of a
Hilbert space and operators, respectively. Intuitively, if we consider d, — oo instead of
a vector moment condition we get a function, so that g;(f) — 3., el xr dxo(T),

specifically a function of 7.

In the interest of brevity, given a function of several variables g we will write integrals

like so:

/g(x)dx: /.../g(q:l,..xn)dxl...dxn. (2.25)

To avoid confusion with the discrete inner product above, the L? inner product for functions

f and g is defined as
< g, f >r2= /g(x)md:c (2.26)

In order to give the typical notion of L2, we set

Lzz{f

the space over which we will primarily be working in the CGMM. Finally, given f € L?

< f, [ >2< oo}, (2.27)

and a kernel function k : R% x R% — R we will denote the notion of a Fredholm-style

operator K as

(KCf)(t) = / k(t,s)f(s)ds. (2.28)
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By way of example to illustrate the CGMM, we again consider an i.i.d. sample {z1, ..., 2;},

but this time define the moment condition by a function of 7:

h(T,0:x)= i x bxjo(T) (2.29)
so that l
(T, 0) = }Zh(f,e %), (2.30)
r=1

And rather than a matrix we define a positive-definite kernel function:
k(’Tl,T2> = E[hl(‘l'l,e)hl(Tg,e)]. (231)
We can generalize the GMM estimators to their continuous counterparts:

0% e = argmin||K~Y2hy || 2 = argmin< K™Y2h), K™V2hy > 0. (2.32)
0 0

While the operator K and its inverse are self-adjoint, the expression < h;, K~'h; >;2 is
often undefined. The inverse square root of the operator has a larger domain than the

simple inverse and that is why we write Eq. (2.32) as here.

Estimators of the kind defined in Eq. (2.32) can be shown to be as efficient as the
MLE, achieving the CR bound. The intuition behind this is discussed in |
|. The GMM can recover the MLE if the moment conditions involve the score; by
generalizing the GMM to Hilbert spaces we can relax this. We now only require the new
moment conditions to contain the score within their linear closure. Naturally, this is true

for moment conditions of form (2.30). Figure 2.3 summarizes the situation.
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g(0:x)=(g1(0 : x), ...,gdg(H $9) h(r,0:x) =e Tx _ Pxjo(T)
1< 1<
g(0) = 7 > gld:x,) hi(T,0) = 7 > h(1,0:x,)
r=1 r=1
Rde — Rdg Rd9 — L2
gl<9) hl(T, (9) :
0 — gl(b) 0 — h(7,0)
Ry Rds L2 L2
dexdg : - K: -
g — Wg h(t,0) — [k(s,7)h(T,0)dT
Oorns = argmin|| W% & (0)] Ocigarns = argmin]|[C12hl 2

Figure 2.3: Summary of GMM and CGMM counterparts

Evaluating the objective is equivalent to solving a Fredholm integral equation of the
first kind. That is, the function u(r) = (K~Y2h;)(7) can be seen as a solution to the
equation

K20 = hy, (2.33)

where K : D(K) — R(K) is the integral operator with kernel given by Eq. (2.31).

In what follows, we provide a quick introduction to solving integral equations in a
practical way. In general, the true inverse of an operator, namely K~! : R(K) — D(K)
such that (KKX1f)(:) = 4d(-), is unbounded. Solutions of Eq. (2.33) will only be defined
for a dense subset of D(K). To ensure existence everywhere, we need to weaken our notion
of a solution to one that solves the least squares problem. Therefore, rather than solving

Ku = f, we solve
K'u = argmin {||lCu - f]|2} . (2.34)

ueD(K)

The operator KT : R(K) — D(K) is called the pseudoinverse of K. This satisfies the
existence problem. Unfortunately, problems of the kind (2.34) are still not well posed.
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Given especially that our moment conditions (2.30) are estimated from data, we need to

introduce the regularized problem that is well posed:

Ky :argmin{HlCu—f|]2—i—)\HuH2}. (2.35)
ueD(K)

This regularized minimization problem has a unique solution uy = (K'K+XI)~'K'f, where
K’ is the adjoint of K. As A — 0, we recover (2.34). We can thus think of the regularized

problem as approximating an ill-posed problem with a “nearby” well-posed one.

2.4.3 Loss Reserve Estimates

Let us revisit the example from Section 2.2 involving the Gamma losses in Figure 2.1. We
will compute estimates for n, v and ~ using the CGMM instead of the MLE. We define the

following:

e X, ; ~ Gamma (7%.,771‘”]‘73')

1

o 0= (m,vj,7;) so that §Z5X1-,]-|9(7') = E[e™ii] = (1 — iTmijj)_”i
o hij(r)=¢eTXui — bx,,10(T)
o Kijf = [kij(r,s)f(s)dm(s) where k; ;(7,s) = dx,,16(T — 5) — Ox,,10(T)Px, ;10(—5)
The objective function to be used is
(1, D3y Ay) = argmin > < K20y 5, K1 Phiy > (2.36)
NisViy7Y5 i,j

Evaluating the ;. jl/ 2}ALM using the Nystrom method and numerically optimizing (de-

tailed in the next section), we obtain the mean expected claims shown in Table 2.1.

Given that for Tweedie losses with power parameter close to 2, we expect the CL and
MLE estimates to be close, it is unsurprising that the CGMM parametric estimate for the

development factors is also similar, as shown in Figure 2.4.
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Accident Year | Realized Losses | Estimated Claims (CGMM) | Estimated Claims (MLE)

2 2.92 1.93 2.66

3 8.10 9.70 7.88

4 12.37 20.08 17.04
5 27.07 37.22 27.92
6 41.73 71.03 45.49
7 63.84 85.42 66.37
8 94.94 100.68 98.76
9 127.07 110.27 113.36
10 167.27 134.52 138.03

Table 2.1: Realized losses from the scenario used in Figure 2.1 vs the MLE- and CGMM-
estimated mean losses

2.4.4 Numerical Considerations

Estimating the Kernel Function In both the GMM and the CGMM, we have thus far
ignored the estimation of the matrix W4 and the kernel operator I respectively. Recall
they are defined as the expectation of the Kronecker product of our moment functions,
which require the very quantity we are trying to estimate, namely 6,. In the i.i.d. case, the

natural choice of estimator is simply

/\

S (e — () (e — (7)), (2.37)

t=1

T17 TQ

N‘}—i
~

where ¢(7) = Iy e

Unfortunately, in loss reserving we do not have the luxury of sizable i.i.d. samples. To
address this issue, we continuously update the kernel function (defined in (2.31)) after a
reasonable initial estimate (e.g. the CL estimates). This strategy is appropriate for the
same reason that continuously updating in the discrete GMM case works: as |

| shows, any appropriate kernel function that produces a norm can produce

a consistent estimate for 6,. Unfortunately, this does add some computational cost.
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True dev. factors
MLE Derived dev. factors
CGMM Derived dev. factors

Figure 2.4: Comparison of true estimated development factors from the Gamma model
(green) vs MLE model (blue) and CGMM estimates from Eq. (2.36) (red)

Estimation of A The choice of regularization parameter \ obviously affects the estima-
tors. If it is too large (resp. too small), the problem we are solving is too far from the
original regularized problem (resp. we lose numerical stability). We direct the reader to
the discussion in [ ] for possible simulation-based approaches to optimizing
this parameter. In the loss-reserving setting, we find that a good “rule of thumb” is to set

A ~ 1077 when the number of development years is around 10.

Numerical Integral Equation Solutions 1: The Nystrom method The most obvi-
ous way of evaluating (2.33) is via numerical quadrature. We introduce quadrature points®

{sq}qul and corresponding weights {wq}qul such that

Q
(KR)(7) = [ (7, $)h(s)dn(s) ~ D wah(r, shlsa)

5Capital @ here is taken to be deterministic.
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We can then represent the continuous problem of the kind (2.33) as

1/2 R
wik(s1,81) ... wek(s1,8,) ... wek(s1,sg) u(s) hr(s1)
wik(Sq, $1) .. wek(Sq, 8q) .. wok(sy, sg) u(sy) | = BT(sq)
wik(sg,s1) ... wek(sg,sq) ... wok(sg,sq) u(sq) BT(SQ)

or more succinctly as KgiQuQxl = hgyi. We then evaluate the CGMM objective (2.32)
as U)\TU)\, where uy, = (KQXQ + )\IQXQ)flKgiQthl.

Numerical Optimization Consider a more general moment function of the form
h(1,0 : X) =m(X,7) — E[m(X,1)]. (2.38)

Thus far, we have only discussed expressions of the kind m(X,7) = e™¥ leading to
Elm(X,7)] = ¢xjo(7), the CF. The CGMM is not limited to such expressions. For exam-
ple, given a CDF Fx(x) it is just as natural to choose m(X,7) = 1{x>}, leading to an

equivalent expression of form

h(7,0: X) = 1{x>y — Fix(7). (2.39)

A closed-form CDF is, of course, lacking in the models we are interested in, so this
point may seem moot. However, we emphasize that if the linear closure of expressions of
the form h(7,0 : X) contains the score of our distribution, we can employ the CGMM

confidently, as demonstrated by the following theorem.

Theorem 2.4.1 (] ]). Consider the subspace L*(h) of L? formed by
the linear hull of {h(1,0 : X),7 € Ri%=}. That is, for w; € R consider the space of random
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variables of the form
jn = ijh(Tj,G . X),

Jj=1

and their mean square limits G such that

Ellljn = dllz2] - 0.

n—o0

1
If the score so(x) = 8n(fg9(x]9)) € L*(h), then the resulting CGMM estimator for 0 is

asymptotically as efficient as the MLE.

Thus, for example in one dimension we can use the characteristic function and approx-

imate a limit point in L?(h) by an integral as follows:

nli_)r&ijh(Tj,Q LX) A /h(7,9 : X)w(r)dr

_ = /em”w(T)dT — /¢X|9(T)w(r)d7'
( letting w(71) = 217T/e_im39(x)dx )

= sg(x) — /se(x) {;ﬂ/e_im(ﬁxw(ﬂ} dx
= so(x) — Elso(2)]
(where the expectation is w.r.t. 0, i.e. F[sg(x)] = 0)

= sp(x).

Theoretically, there are few issues with choosing the CF. Practically speaking, however,
the CF may lead to non-convex objectives that are difficult to optimize. For instance,
consider the following simple situation. Given an i.i.d. sample of {1, ..., 2;}, where X ~
N (p,0?) with 4 =0 and 0 = 1, and [ = 10 and m(z,7) = €™, we can plot the surface of

(2.32) as shown in Figure 2.5a. Keep in mind, we wish to find the minimum.

The true minimum (shown by the red dot in Figure 2.5a) is still close to (0,1), as
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Figure 2.5: Complex-valued functions lead to periodicity and outliers

expected. We can see however that the presence of complex-valued functions creates oscil-
lations and periodicity. Often, numerical errors and the sheer non-convexity of the objective
can lead to standard gradient descent algorithms getting “stuck” out in neighbourhoods
of adjacent local minimums. This is especially true in the heavier-tailed case, where it is
harder to guess the initial point to start the optimization. To see this, look for instance
at the Prob-Prob plot of the sampling distribution for p (generated using (I = 10)-sized
Stable samples with o = 1.5) in Figure 2.5b. While the distribution appears mostly Nor-
mal (which, in theory, would be the case asymptotically) we can see that these numerical
issues create a few notable outliers. In [I[<otchoni, 2012] the application of the CGMM to
heavy-tailed Stable variates required rather large sample sizes to overcome this problem.

We suspect that this issue is partly why the CGMM has not yet seen wide application.

In the loss-reserving case, the picture is more challenging. The increased dimensions of
the objective and possible local minimums mean that it is a near certainty that standard
algorithms will get stuck. Two similar alternative approaches to finding a global minimum
that we explore are MATLAB’s built-in scatter-search and genetic algorithms. The former
is used to generate the results in our Gamma example of Section 2.4.3. Both of these

algorithms search a larger portion of the feasible space and often produce favourable results.
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Another useful trick is to add a penalty for solutions found too far away from a good first
estimate (say, the chain-ladder parameters). These approaches often produce the true
optimum. However, the reality is that the fundamental non-convexity and periodicity of

the objective are too much to overcome reliably.

Ideally, we would like to find moment conditions that are not just statistically valid
but also produce well-behaved objective functions. It is preferable to make use of integral
transforms that produce real and (log-)convex functions such as the moment-generating
function. That is,

hi(1,0 : X) = €™ — Mx (1) (2.40)

with corresponding kernel function
]ﬂ(S,T) = Mx|9(8—|—7') —Mx|9(8)Mx|9(7') (241)

where Mx (7) is the Moment Generating Function (MGF) of X. However, we run into issues
showing this satisfies the conditions of Theorem 2.4.1. To begin with , if left unrestricted,
h is no longer in L?. Additionally, we would require w(7) = —5= [ e *s(2)dx, which has

no real coefficients.

In light of this, we can instead perform a “Wick rotation” and recover the MGF that

way. Setting 7 — —iT, we can make use of (2.40) as long as we keep the CF form for K:

k(s,7) = Mxo(s —7) — Mx)o(s)Mx|p(—T7). (2.42)

Using the MGF and this new kernel, we can generate a new objective function as in
Figure 2.6 from the same scenario and data used in Figure 2.5a. As we can see, the

objective function is now convex and much more amenable to numerical optimization.

One aspect of note that will reoccur in Section 2.5.2 is that the objective function has
little curvature around the optimum. This “flatness” becomes even more pronounced as

we add dimensions to the data (or lines of business in the loss-reserving problem).

Before continuing to numerical examples, we have one additional issue to consider. To
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Figure 2.6: CGMM objective using the MGF (2.40) and the kernel from (2.42)

guarantee our conditions are properly bounded, we introduce a dampening function. In
methods where the empirical characteristic function is used (e.g. kernel density estimation),
it is well-known that some values of 7 are unreliable. If we use the MGF instead, the same
issue arises but now the actual MGF may not even be defined at some 7. As a remedy
to both issues, dampening functions are employed to emphasize more reliable regions of 7

over others. In our setting, this takes the form
he(1,0 : X) =V (r)(m(X,7) — E[m(X,7)]) (2.43)

where W(7) is a dampening function. It is easy to show that this fits well into the CGMM
framework. For instance, in [Carrasco and Florens, 2000] this takes the form of a new
measure 7(x) and space L*(7) = {f|f(x)f(x)dn(x) < oo} where the CGMM results still
hold true.
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2.5 Simulation Results

2.5.1 Single LoB Illustration

For each of the examples discussed in this section, we simulate 50 single LoB (line of
business) loss triangles with 10 accident years and 10 development years. For simplicity,
we use the same parameter values as in our Gamma examples. We use (2.40) and (2.42)
to construct a CGMM objective of the form (2.36). We then find the estimators via

MATLAB’s fmincon function, which employs sequential quadratic programming.

Tweedie Losses: Compound Gamma and Gamma In the univariate case, the (re-
productive) MGF of the Tweedie distribution is

Mo () = exb (5 lralgl) + 70%) = sy 9(u))]). 241

For some values of p, the MGF cannot be defined past some positive 7. For example,
in the p = 2 (Gamma) case, we require 7 < ﬁ This may create some issues with the
kernel function (recall the s — 7 argument in the first term). To avoid this we choose a

dampening function of the form W(7) = 1o, and consider the MGF only over (—oo, 0]:
h(7,0 :x) = 1{rc0y (exp{Tm} - MX‘Q(T)) . (2.45)

Using this formulation, we construct an objective of the form (2.36), but rather than
the CF we use the MGF and a kernel of the form (2.41). Integration for ||K~/2hz|| is done

via a simple trapezoidal scheme °

Table 2.2 summarizes the statistics for the CGMM estimates for Tweedie power param-

eters p = 1.2 and p = 2. For comparison, we include the chain ladder and MLE estimators,

6Interestingly, Newton—Coates schemes require fewer quadrature points than Gaussian quadrature.
Despite having the freedom to select any m, it appears the function is well-behaved enough that linear
approximations are sufficiently precise.
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respectively. While the mean parameters of 17 and v are slightly biased, the advantage goes
to the CGMM in the estimation of the scale. The bias is present in the Stable example as
well and we will discuss why in that case. For now, it is likely safe to conclude that the
CGMM and CL/MLE estimators are at least comparable.

Stable Losses Given that Stable variables do not admit even second moments for all
but a < 2, using the MGF over the CF to generate a CGMM objective in the Stable case
seems misguided at first glance. Fortunately, [ | and | ]
have studied the Laplace transformation of an extreme Stable distribution (8 = —1) and
applied the Paley—Wiener theorems to conclude that for X ~ S, (i, 0, —1,) the “moment

generating function” is given by

O.OL,TQ

M = - f 0. 2.46
X| o (T) = exp (,ur cos(om/Z)) , for 7 > ( )

Note the fact that the resulting cumulant function is similar to the Tweedie, which formal-

izes the connection we hinted at earlier.

Again, for negative values of 7 this obviously produces complex-valued arguments.
Hence, once again we consider only the half-line that works for us. We also multiply by

—1 to ensure positive losses:
h(r,0: 2) = Lircqp (exp{r(—2)} = M_xo(7)) . (2.47)

In Figure 2.7, we compare a slice of the CGMM objective using the Stable MGF with
another using the CF. As one can see, the difference is quite stark. Again, while a global
search may give the correct minimum, it is not difficult to see why the MGF-based moment

functions give much better and more consistent performance.

In Table 2.3, the estimates for n are slightly biased. This is in turn reflected in a small
underestimation of the outstanding losses in Figure 2.8. We suspect this is due to the

fact that compared to the MLEs, there is an extra parameter to optimize: the previously
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discussed regularization parameter A\. We conduct a crude search by checking which values

of A\ give the best performance in a small series of simulations. A more systematic treatment

could potentially offer better results and eliminate any bias. As previously mentioned, see

discussion in |

| for more on treatment of A.

CGMM Chain Ladder CGMM MLE

True | Median | SD | Median | SD True | Median | SD | Median | SD
v; | 5.00 4.71 0.77 5.12 1.14 vy | 5.00 4.97 2.40 4.75 1.08
vy | 5.00 4.73 0.59 4.99 1.24 vy | 5.00 4.59 2.00 5.24 1.04
vs | 5.00 4.84 0.76 5.05 1.17 vy | 5.00 4.35 1.67 5.12 1.10
vs | 5.00 4.64 0.80 4.95 1.29 vy | 5.00 4.41 2.25 5.16 1.05
vs | 5.00 4.60 0.66 4.77 1.39 vs | 5.00 4.39 2.38 4.90 1.23
vg | 5.00 4.79 0.92 5.23 1.44 Vg | 5.00 4.82 2.42 4.72 1.20
v | 5.00 4.49 0.80 4.77 1.44 v | 5.00 4.88 2.27 5.18 1.23
vs | 5.00 4.28 0.75 4.67 1.14 vg | 5.00 4.29 2.05 4.57 1.40
vg | 5.00 4.29 0.91 4.69 1.20 Vg | 5.00 4.52 1.75 4.67 1.42
V19 | 5.00 4.84 0.90 5.06 1.10 vio | 5.00 4.64 1.70 4.78 1.86
m | 1.00 1.00 0.00 1.00 0.00 m | 1.00 1.00 0.00 1.00 0.00
o | 0.95 0.97 0.08 0.92 0.12 1o | 0.95 0.90 0.12 0.94 0.15
ns | 0.90 0.88 0.07 | 0.87 0.09 ns | 0.90 0.82 0.14 0.87 |0.18
ns | 0.85 0.84 0.09 0.79 0.11 Ny | 0.85 0.76 0.14 0.79 0.18
ns | 0.80 0.82 0.09 0.77 0.11 75 | 0.80 0.74 0.14 0.77 10.18
ne | 0.75 0.76 0.09 0.74 0.10 ne | 0.75 0.72 0.12 0.71 0.15
n; | 0.70 0.72 0.10 0.70 0.12 n; | 0.70 0.67 |0.14 0.66 0.16
ng | 0.65 0.68 0.11 0.66 0.11 ng | 0.65 0.68 0.17 0.63 0.22
n9 | 0.60 0.66 0.12 0.58 0.13 M9 | 0.60 0.63 0.18 0.59 0.23
o | 0.95 0.58 0.13 0.53 0.17 o | 0.5 0.61 0.21 0.54 0.26

] y \ 0.20 \ 0.22 \ 0.10 \ 0.08 \ 0.07 \ ] y \ 0.20 \ 0.19 \ 0.11 \ 0.13 \ 0.03 \

Table 2.2: Statistics of the CGMM estimators in the Tweedie case with p = 1.2 (overdis-
persed Poisson, left) and p = 2 (Gamma, right) after simulating 50 triangles. Included are
the chain ladder and MLE estimators for comparison.
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Figure 2.7: Samples of the CGMM objective functions around the minima for MGF and

CF moment functions

True Mean SD True Mean SD
T 5 4.82 | 0.30 2 1 1.00 | 0.00
Mo 5 4.78 10.28 vy | 0.95 | 0.96 | 0.04
73 5 4.80 | 0.26 vs | 0.9 | 0.92 |0.04
N4 5 4.84 |0.25 vy | 0.85 | 0.86 | 0.05
M5 5 4.83 | 0.30 vs | 0.8 | 0.81 | 0.05
M6 5 4.79 |0.23 ve | 0.75 | 0.75 | 0.04
M7 5 4.80 |0.28 vy | 0.7 | 0.70 | 0.05
78 5 4.80 | 0.27 vg | 0.65 | 0.66 | 0.05
Mo 5 4.84 |0.25 vg | 0.6 | 0.59 | 0.06
710 5 4.82 | 0.27 v | 0.55 | 0.54 | 0.07
| v [ 02 ] 018 [0.02]

Table 2.3: Statistics of the CGMM estimators in the stable case after simulating 50 triangles

2.5.2 Multiple LoB Illustration

In this section, we extend all the same methods from the single LoB to two LoBs. We

simulate 50 joint triangles from a two-dimensional model of the kind specified by (2.5). To
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Figure 2.8: Mean outstanding losses calculated from Table 2.3 minus the realized losses in
the 50 simulated triangles, fitted to a normal distribution (blue line)
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create our objective we use a moment condition of the form

h((ﬁ 7'2) (91 0 «92) : X) = 671amY(l)+72“(2)Y(2)+(71+72)bz
) ) ) ) *

— A]\4y(1)|91 (Tla(l))My(2)|92 (TQCL(Q))Mzwz((Tl + TQ)b).

For the Stable case, we once again consider evaluating using —X and the half-plane
containing 7; > 0, but a practical problem immediately presents itself. As alluded to in
Section 2.4.4, K~'/2h produces an objective function with little curvature around the opti-
mum, being basically flat for much of its support. Our current workaround to produce the
results in Table 2.4 is as follows. First, we make use of a change of variable to concentrate
as many of the quadrature points as possible where the function has the most substantial
value. Second, we multiply the corresponding objective by a large number. This guarantees
that any optimizing algorithm unable to distinguish between a flat region and a very lightly
curved one would not terminate prematurely. That being said, formally understanding the
relationship between moment conditions and the resulting objective, along with a more

systematic approach to numerical optimization, remains an avenue for future work.

The results here are not as precise as in the previous section. However, virtually all
parameters are within a standard deviation. Importantly, the CGMM is able to capture

the systematic parameters motivating the exercise in the first place.

It goes without saying that the results for the single LoB cases seem more accurate. One
aspect of the CGMM we lament is the degree of subjectivity of choices in the methodology.
For example, to guarantee that the regularization term and MSE in Eq. (2.35) are balanced
(guaranteeing that we converge to the “correct” solution as A — 0), we need to standardize
the columns of K. In the multiple LoB case, K is rather sparse and hence very sensitive
to the choice of standardization, dramatically affecting the results. This is an example of
the kind of problem we encounter in the multiple LoB case that is either not present or at
least not as important as in the single LoB case. Furthermore, practical results (especially
vs the MLE) would still take on the order of hours or days to produce, making thorough
experimentation slow. That said, we are confident that finding the proper regularization

is simply a matter of trial and error.
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In the next section, we apply the same method to a well-studied data set, and succeed
in producing seemingly favourable results. This suggests even as a preliminary conclusion
that the CGMM can compete with existing methods.

Line 1 Line 2
Parameter | True | Median | SD Parameter | True | Median | SD
ni 5.00 4.42 0.35 0 4.00 3.78 0.52
0 5.00 4.48 0.46 3 4.00 3.68 0.44
ns 5.00 4.44 0.35 3 4.00 3.80 0.52
ni 5.00 4.40 0.39 3 4.00 3.94 0.47
ns 5.00 4.48 0.60 2 4.00 3.89 0.52
o 5.00 | 4.41 ]047 s 4.00 | 3.89 [0.40
e 5.00 4.43 0.40 2 4.00 3.85 0.39
e 5.00 4.44 0.39 ns 4.00 3.98 0.40
s 5.00 4.55 0.63 3 4.00 3.92 0.85
Mo 5.00 4.66 0.31 n% 4.00 4.02 0.43
vl 1.00 | 1.00 |0.00 v? 1.00 [ 1.00 |0.00
vy 0.93 1.01 0.08 Vs 0.95 0.96 0.09
V3 0.87 0.95 0.07 s 0.90 0.92 0.10
vy 0.80 0.88 0.07 Vs 0.85 0.85 0.11
vs 0.73 0.81 0.08 V2 0.80 0.81 0.08
Vs 0.67 0.73 0.06 Vg 0.75 0.76 0.09
vs 0.60 0.65 0.05 2 0.70 0.69 0.09
Ve 0.53 0.60 0.08 Ve 0.65 0.65 0.11
vy 0.47 0.51 0.06 Ve 0.60 0.56 0.10
vl 0.40 0.43 0.17 v 0.55 0.54 0.22
] 7t \ 0.20 \ 0.16 \ 0.10 \ ] 72 \ 0.30 \ 0.15 \ 0.09 \

Systematic Parameters
Parameter | 1.00 | Median | SD
" 0.10 0.17 0.12
o 0.10 0.12 0.07

Table 2.4: The results of CGMM estimation from 50 joint pairs of triangles
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2.6 Real-world Data Analysis

In this section, we use the data first used in | | and |

| from the Pennsylvania National Insurance Group (Schedule P, see Table E.1 and E.2)
to study multivariate and copula Tweedie-based loss models from a Bayesian perspective.
We estimate every model parameter using our multivariate CGMM methodology except
for the Tweedie power parameter p, which we set a priori at p = 1.32. This is the value

found in [ ], derived from an analysis of the likelihood.

One advantage of the Bayesian methods employed in the aforementioned works is that
they come equipped with a built-in uncertainty estimate for a single loss-reserve triangle.
Calculating the variance of model parameters and confidence intervals is quite laborious in
the CGMM. We instead opt to use the parametric bootstrap described in |

|. To briefly summarize, we estimate the model parameters from the Schedule
P data and generate new loss triangles from the results, re-estimating the parameters in
this bootstrapped sample and outstanding claims. In Table 2.6, we can see the summary
statistics from the bootstrapped samples, with the resulting outstanding claims reserve
statistics in 2.7. We find that the results of Table 2.6 are similar to the celebrated chain
ladder estimates for n and v. Given that the Tweedie is in some sense a parametric

equivalent to these classic estimators, this is both unsurprising and also a validation of the

CGMM estimates.

Table 2.5 summarizes our outstanding estimates alongside previous results using the
same data set. There appear to be smaller variances in the CGMM results. A possible
reason is the fact that in other methods relatively harsh uniform priors were used in a
Bayesian framework; besides, the | | results use heavier-tailed log-
Normal marginals. In light of the simulation results in the previous section, we must
also consider the possibility that the CGMM may be systematically underestimating the

variance of outstanding claims.
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Figure 2.9: Kernel density estimates for outstanding loss reserves, calculated via parametric
bootstrap

Personal Commercial Total
Model Median | SD | Q(0.99) | Median | SD | Q(0.99) | Median | SD | Q(0.99)
Multivariate Tweedie (CGMM) 104,935 | 3,750 | 121,377 | 82,038 | 2,052 | 87,715 | 187,542 | 4,786 | 201,928
Multivariate Tweedie (Bayes) 103,374 | 9,373 | 127,075 | 88,385 | 9,029 | 112,258 | 192,148 | 13,780 | 226,110
Clayton Copula Tweedie (Bayes) | 103,674 | 18,742 | 166,187 | 91,067 | 15,820 | 135,924 | 194,741 | 28,376 | 283,931
Gaussian Copula Tweedie (Bayes) | 107,930 | 21,502 | 172,161 | 92,773 | 17,902 | 147,734 | 200,703 | 31,333 | 295,900

Table 2.5: Comparison of estimated outstanding reserves from our work (CGMM), |

] (Bayesian estimation applied to the multivariate Tweedie), and |

] (Bayesian estimation of a model with Tweedie marginals and copula depen-
dence)

2.7 Conclusion

In this work, we have motivated the class of ABRMs with no closed-form PDF and proposed
a novel application of the CGMM to estimate model parameters. Our methods are efficient
and use moment generating functions alone. Though we primarily focus on Tweedie and
Stable marginals in theory we are not limited to these distributions. We are also not

bound by the form of ABRMs considered here. In the future, a more realistic model may
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Personal Auto Commercial Auto

Median | SD | Q(0.05) | Q(0.95) Median | SD | Q(0.05) | Q(0.95)

] 0.2635 | 0.0071 | 0.2506 | 0.2706 | | n\? | 0.1478 | 0.0142 | 0.1264 | 0.1675

V] 0.2429 | 0.0067 | 0.2328 | 0.2512 | | ¥ | 0.1528 | 0.0107 | 0.1335 | 0.1653

Y | 0.2205 [ 0.0058 | 0.2250 | 0.2430 | | »{? | 0.1517 | 0.0148 | 0.1291 | 0.1687

V] 0.2209 | 0.0082 | 0.2233 | 0.2516 | | n{Y | 0.1432 | 0.0180 | 0.1203 | 0.1731

[ 0.2324 | 0.0062 | 0.2271 | 0.2457 | | ¥ | 0.1611 | 0.0200 | 0.1286 | 0.1830

V| 0.2268 | 0.0108 | 0.2191 | 0.2424 | | nt? | 0.1457 | 0.0138 | 0.1327 | 0.1797

V[ 0.2453 | 0.0042 | 0.2385 | 0.2527 | | »{¥ | 0.1804 | 0.0105 | 0.1649 | 0.1919

Y | 0.2495 | 0.0042 | 0.2400 | 0.2526 | | n{¥ | 0.1844 | 0.0084 | 0.1655 | 0.1930

P 1 0.2946 | 0.0068 | 0.2887 | 0.3008 | | 5y | 0.1982 | 0.0054 | 0.1900 | 0.2033

n'e | 02792 [ 0.0018 | 0.2773 | 0.2815 | | 5{Y | 0.2107 | 0.0025 | 0.2061 | 0.2140

[ 1.0000 | 0.0000 | 1.0000 | 1.0000 @ [ 1.0000 | 0.0000 | 1.0000 | 1.0000

Y1 0.9951 | 0.0044 | 0.9896 | 0.9999 | | ¥ | 0.9999 | 0.0023 | 0.9944 | 1.0000

AV 105828 | 0.0045 | 05787 | 0.5883 | | 7 | 0.8753 | 0.0036 | 0.8685 | 0.8770

vY 1 0.3518 | 0.0100 | 0.3393 | 0.3691 | | v{ | 0.7074 | 0.0044 | 0.7036 | 0.7220

A 101977 100139 | 01802 | 0.2194 | | 7 | 0.4635 | 0.0075 | 0.4578 | 0.4744

vV 1 0.0932 | 0.0100 | 0.0839 | 0.1089 | | »¥ | 0.1915 | 0.0111 | 0.1875 | 0.2135

AV 1 0.0310 | 0.0038 | 0.0223 | 0.0333 | | v | 0.1428 | 0.0045 | 0.1375 | 0.1481

yP 1 0.0153 | 0.0045 | 0.0082 | 0.0224 | | 7 | 0.0517 | 0.0048 | 0.0446 | 0.0567

v 1 0.0142 | 0.0043 | 0.0067 | 0.0197 | |87 | 0.0222 | 0.0026 | 0.0179 | 0.0250

V8| 0.0008 | 0.0193 | 0.0002 | 0.0715 | |+ | 0.0003 | 0.0018 | 0.0001 | 0.0010

+®10.0010 | 0.0001 | 0.0008 | 0.0011 +@ ] 0.0011 | 0.0001 | 0.0009 | 0.0013

Systematic Parameters
0.0073 | 0.0013 | 0.0054 | 0.0100
0.0027 | 0.0003 | 0.0023 | 0.0030

ey pe

Table 2.6: Parameter estimates based on parametric bootstrap

incorporate separate scale parameters for each cell or multiple systematic components for

a richer dependence structure.

We believe the results we have obtained in simulations and in an application to Schedule
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Personal Auto Commercial Auto Total
Accident Year Mean SD Mean SD Mean SD
2 149.89 302.47 31.79 22.73 181.68 318.62
3 654.18 599.86 314.57 75.74 968.75 636.11
4 1,572.97 937.92 999.35 114.05 2,572.32 985.10
5 3,410.71 | 1,364.64 | 3,023.16 167.58 6,433.87 | 1,389.11
6 7,946.91 | 2,154.56 | 7,377.44 364.11 | 15,324.35 | 2,314.57
7 20,212.86 | 3,290.60 | 18,393.45 876.04 | 38,606.32 | 3,738.48
8 39,242.16 | 3,837.55 | 35,019.65 | 1,392.14 | 74,261.82 | 4,661.08
9 62,104.63 | 3,415.46 | 55,170.37 | 1,646.02 | 117,274.99 | 4,223.66
10 106,151.94 | 3,750.46 | 82,571.57 | 2,052.32 | 188,723.51 | 4,786.30

Table 2.7: Cumulative Outstanding Claims Reserves by Accident Year, in $1000s

P data show promise for the CGMM in insurance applications. By constructing moment
conditions that produce convex objective functions, we remove any need for overspecialized
optimization packages or knowledge. Estimation remains generic and independent of the

chosen model. That said, the art of solving ill-posed integral equations is challenging, and

in the more complicated multi-LoB models further research is likely necessary.
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Chapter 3
Risk Aggregation and Allocation

With a proper model of losses and parametric estimates for said losses in hand, we now
turn to the question of modelling the risk capital. In the specific case of our Stable ABRM,
confident in our CGMM estimation, we can ask (i) what is a prudent level of total risk

capital and (ii) how can we meaningfully allocate it among business lines?

3.1 Introduction

Let x be the set of random variables that represent the random liabilities of insurance
contracts. Call the elements X of x risks. Mathematically, X € x is a function on some
probability space, measurable with respect to the sigma measure. Risk measures are then
functionals used to assign finite real values or infinite values (corresponding to the risk

capital) to elements of y:
H[X]:x — RU{oo}.

Closely related to risk functionals are Premium Calculation Principles (PCPs) denoted
by 7[X], meaning the actual price the insurer charges for coverage of a risk. Often a PCP

is explicitly derived from a risk measure. For example, indifference premiums are often
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derived by solving H[n[X]— X| = 0, which (assuming translation invariance) simply yields
7 = —H[—X]. Aside from pricing, the calculation of risk capital is important for share-
holder and management purposes such as solvency requirements ([ D
Infrequent but large losses in insurance and finance have led to the widespread adoption
of tail-based measures of risk. Most prominent among these are Value at Risk (VaR),
Expected Shortfall (ES) and the closely related Tail Conditional Expectation (TCE).

Let X € x have a Cumulative Distribution Function (CDF) given by Fx(z). Given
some prudence level ¢ € (0,1), the VaR is simply defined as the ¢-th quantile of the
distribution of X:

VaR,[X] =z, = inf {z|Fx(z) > ¢},

or simply x, = Fy'(q) for continous distributions.

The ES attempts to capture the mean loss over a threshold by averaging the VaR over all

prudence levels greater than or equal to ¢:

ES,X] = 1= /q VaR,[X]dy.

Finally, when F is continuous the ES coincides with the more intuitive TCE, given by

TCE,[X] = E[X | X > z,].

In other words, like ES, TCE measures the mean loss over some threshold for a given
prudence level. The ES/TCE is often touted as an alternative to VaR because it is coherent
in the sense of Artzner | |. The VaR is however coherent for elliptical

loss variables!.

Given a risk measure H and n random variables X1, ..., X representing the total
losses from 7 individual business lines, the aggregate risk capital is H[S] where S = X +

...+ X The calculation of S and H [S] is the first step in any risk management framework

!This can easily be shown using properties of elliptical distributions and the triangle inequality.
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and is mandatory under insurance and banking regulations (e.g. Solvencyll/Swiss Solvency
Test, Basel III).

Corresponding to each choice of risk measure are capital allocation rules. Once H|[S]
has been computed, it is natural to ask how the individual X®’s contribute to H|[S].
Consider again a financial institution with n business lines and corresponding aggregate
loss S = X", X, The capital allocated to each line is denoted A[X® S]. Given S and
risk capital H(S), the question is: how to appropriately calculate the capital allocations
A[X@ S] such that H[S] = X" A[X®, S]? For profitability testing and other internal
analyses (e.g. cost sharing, pricing | ]) it is important to know which business

lines contribute the most to aggregate risk.

For the TCE, there is an extremely natural choice of allocation rule. Taking advantage

of the additivity of expectation, we have
E[S|S > s,] = 20, E[XD|S > s5,].

Thus, given an aggregate loss that exceeds a prudence level, the k' allocation is its expected

contribution to this excess.

Generally, calculating allocations is very involved even when given a specific risk mea-
sure like the TCE. First there is the non-trivial task of determining the stochastic properties
of S ([ | and references therein). Second, in addition to the potentially
complicated relationship between the X ®’s and S, there is often a dependence structure
between the different X ?’s. That being said, in certain cases this problem can be reduced
in complexity to determining the aggregate risk. A good example of this was first put
forward by Panjer | ] for the TCE risk measure when bivariate Normal losses
were assumed. In such a case allocations were shown to be linear in the aggregate risk

capital:
AIXD S] = E[XD] + vyo ¢ (H(S) — E[S])

where vx g is the typical regression coefficient, namely Cov[X ), S]/Var[S] where Cov[X, Y]

and Var[X]| are the covariance and variance respectively. This is obviously reminiscent of
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exposure to systematic risks a la CAPM in finance. The assumption of normality was
heuristically justified by regarding business lines as the sum of enough individual policies
to invoke the Central Limit Theorem (CLT). Later results showed this linear risk decom-
position could be extended to more general elliptical models | ].
More recently, | | and then | | have shown that
such a decomposition is possible under very general considerations. This has led to the
development of an insurance analogue to the CAPM known as the Weighted Insurance
Pricing Model (WIPM) (] ]). Crucially, [ ]
shows that the linearity of elliptical conditional expectation is key in decomposing the
allocations into linear functions of aggregate risk capital. There are however limitations
to using elliptically distributed losses. For more general criticisms on the topic of ellipti-

cal linear dependence in the risk management literature, see [ ] and
[ J

The instinct to use the CLT in risk aggregation is broadly correct. But in order to
approximate S via the classical CLT the following must be true: i) n must be large, ii) the
X@s must be sufficiently similar and iii) the moments of X®’s must be “well behaved”
(i.e. Var[X (i)] < o0, small skewness, etc.). In practice, at least one of these usually
fails. Insurance losses for example are often totally skewed and highly heterogeneous,
and can have infinite second moments. In finance, there is a perennial thread in the
literature disputing the use of Normal models (starting with | |; for a
more modern reference see | ]). The inapplicability of Normal models
may seem discouraging in applying the CLT but the Normal distribution is not the only
possible limit to schemes of sums of normalized random variables. The class of Stable

distributions and the GCLT can address the abovementioned shortcoming.

The organization of Chapter 3 is as follows. In Sections 3.2 and 3.3 we will outline
our proposed model along with the application of the GCLT. We will provide a more
detailed background on the linear decomposition of allocations in Section 3.4 vis-a-vis
Stable distributions. Section 3.5 will include a formula for the TCE in the Stable case and
the corresponding allocations. We end the chapter with some notes on how to compute

the quantities related to stable distributions in Section 3.6 followed by concluding remarks
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in Section 3.7. All technical proofs are included in Appendix D; for more background on

Stable random variables see Appendix A.3.

3.2 Multivariate Stable Random Variables

Recall that we can model the losses of the n business lines of an insurance company by the
vector X = (XM, .., X)) and the total losses by S = X + ... + X The quantity S,
being the sum of Stable marginals in a Stable vector, will also be Stable?. Likewise, (X @, S)
will be a bivariate Stable vector with results that will ultimately make the calculations of
risk capital and allocations relatively straightforward (Section 3.4.3). Before moving on to
the questions of risk capital and allocation, in this Section we describe some of the unique

properties of Stable random vectors.

Stable random vectors can be defined in a similar way to definition A.3.2. However,
more involved results will require the introduction of some extra machinery. General Stable
d-dimensional random vectors that preserve the essential properties of Stable distributions
are determined by a standard shift vector p and a finite measure A on the Borel sets of
the d-dimensional unit sphere. The measure A is often termed a “spectral measure” in
the literature. This spectral measure determines the dependence structure of the random
vector’s components. As in the univariate case, in only a few cases will a closed-form pdf

of the distribution actually exist.

Definition 3.2.1 (Stable Random Vector). X € R? is a Stable vector if it has characteristic

function

Oxun (1) = E[exp(iX7}] =exp {~ [

d

Yo (7 s)A(ds) + i,uTT} , (3.1)

denoted X «~ S, (A, 1), where

2The Stables share this property with the Normal class. However, in the same way that a vector
with Normal marginals may not be distributed as a multivariate Normal (for a classic counterexample
see | ]), Stable vectors have more properties than those of a vector with
straightforward Stable marginals.

46



1. A is a spectral measure on the unit sphere Sy determining the dependence structure
and distribution of X

2. wp is a standard location vector
3. T, is the CF of a totally skewed univariate stable variable (see A.21):
T (u) = lu|*(1 — tasign (u)) a#1
lul(1 4 2 sign (u) In(u)) a=1

Stable random vectors defined by (3.1) do share a nice property with Normals and
Normal-scale mixtures: linear combinations of their marginals are univariate Stable. Let

p = 0 and define the following:

0% (1) = /S sl A(ds) (3.2)

B(T)= 17_) / sign (77s)|T "s|*A(ds) (3.3)
o (T)(1—if (T )tan(?)) a1

Ix(7) = { o(T) (1 —ifg, T sn(r’ )A(ds)) a=1. (3.4)

Then 7' X is a one-dimensional random variable with characteristic function

Eexp{iuX "1} = exp{—Ix (ut)}.

Breaking from the multivariate Normal, the converse is not always true:

Theorem 3.2.1 (] ]). Let X be a random vector in RN. If Vt,tTX is
stable with o > 1 then X is a Stable vector.

Obviously, a potential issue for the practical usage of Stable random vectors is the spec-
ification of the dependence structure and therefore the spectral measure A(+). Fortunately,
the spectral measure can be naturally approximated by a much simpler discrete object to

arbitrary precision:
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Definition 3.2.2 (Discrete Spectral Measure). Given a set of points s; € Sq and a corre-

sponding set of weights v; > 0, we can define a spectral measure A : Sy — R as follows:

m

AC) =D %i0s,()- (3.5)

=1

For a proof and means of construction of this measure, see | -
Given that discrete measures appear naturally in many contexts (| ]) and are
much easier to manipulate, we will simply consider them on their own. Additionally, dis-
crete measures give rise to a powerful stochastic representation. A nice feature of elliptical
distributions is the ease with which they can be manipulated under linear transforma-
tions. Fortunately, this is still true when a Stable vector is described by a discrete spectral

measure.

Assume ;= 0 and define ZU) ~ S,(1,1,0) i.i.d. and

X ZJ 18]%1/042'( 2 a#1
iy $;7;(ZY +2Inv;) a=1.

It is easy to show that the characteristic function of X is

ox(T) —exp< Z% ) (3.7)

That is, X has a characteristic function of the form (3.7) if the Lévy measure in (3.1) is a
discrete measure. Once again we will exclusively look at the o # 1 case. Without loss of
generality we will include in the set of (v, s) the twin pairs (7;, s;) and (v_;,s_;) = (74, —si),
so that

X = Z /%, 20

Q=
N

= [sl e Sp, =81 — spldiag Y, o Yam Vo1 - - Yo
1
= SdX?antnX2nZ'
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If v; = v_; then we will say that A is symmetric. It is tempting to look at the expression
1
X = Syx2,D3$, 9, Z and conclude that X is elliptical if A is symmetric. In general, however,

this will not be true:

2n
X = s;( 2t — M 779y
j=1

1 n
21/a i=1
1

= ﬁ [Sl ce Sﬂ]zsym.

Each marginal in Z*¥™ has § = 0. Only if [s;...s,] is a Cholesky factorization of a
positive definite matrix do we have an elliptical Stable vector.

We conclude this section on Stable vectors by stating a theorem that will be highly

relevant in the following sections.

Theorem 3.2.2. (/ 1) Let (X2, X1) v Sa(A,0) be a jointly distributed

Stable random wvector. Then

h(xz
E[X2|X1 = :L‘] = f{/Q’lx —f— CLO’?()\QJ — 61%271)7{]{)51 ()[L’)
where
P [(Xo, Xu] s, sa]s1|* 'sign(s1)A(ds)
e of
Js, s2ls1]* " A(ds)
21 >
01

and fx,(x) is the pdf of X;.
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3.3 Multivariate Stable Insurance Losses

In Section 2.3.2 we discussed briefly how and why a multivariate Stable model may be a
natural choice for heavy-tailed insurance data. Given that it is a central object of study in
this work we will take some time to examine this model and its possible drawbacks more
fully. Ultimately we want to be able to approximate N business lines with a multivariate
Stable vector. Consider an insurance company and assume for simplicity that it has two
business lines. Further suppose each line sells identical policies whose losses can be (at
least asymptotically) described as Pareto-tailed random variables L) and L with tail

parameters a; and as respectively®.

Assuming a roughly equal number of policies, n, are sold for each line, we want to

model the total aggregate loss random vector:
n (10

Obviously we would like to show that we can model X,, as a Stable random wector. As
we will see, however, the only case in which we can do so without introducing degenerate
marginals is when a; = as. Since a > 1 we can set ¢, = (n*~77)(u1, t12)” where p; are the

respective means. Consider the linear combinations of the centred normalized losses:

n 1 9
X, - g = == (L) — ) + (L — )
nl/a n n a
= ?=1(t1L1(1) + t2L§2)) — (tipn + tapa)
B nl/a .

To make sense of the above expression we will make use of a result of |

!

Theorem 3.3.1 (] |, Lemma 3). Consider two random variables Z; and

3Specifically, 1 — Fx (z) ~ -& as ¢ — 0o and Fx (z) ~ ﬁ as T — —oo.
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Zo with Pareto tails of index aq and an. We have that

1- FZ1+Z2(kx) ~

—min {ag,a2} k
xXr as — OQ.
- FZ1+Z2 ($)

This theorem implies that tlL(l) + t2L§2) will have tail index «, and as n — 0o, by the

GCLT we have |

nl/a

TTXn —qn ™~ Sa(a(7)7ﬂ(7—)a U(T))' (38)

This is true for any linear combination and so ﬁxn — q, weakly converges to a Stable

random vector by Theorem 3.2.1 and the Cramer—Wold theorem.

Assume now that a; # as. In this case the tail index of 7' X,, will depend on 7. For
T where t,,t; # 0 the previous picture does not change significantly; by Theorem 3.3.1 the

tail of t10/" + £,0® will be a* = min{a;, as} and we will still have the situation in (3.8).

However, say 7 = (0,1)T then

L i=1 Lz(‘z) M2
nl/a* T Xn —Gn = nl/a* (39)
[ 622) — M2
e Jon (3.10)
~ Sa, (0?23 5, 3,0) (3.11)
— (x) (3.12)
and indeed, the proof of Theorem 3.2.1 in | | begins by showing that

if all linear combinations of a random vector are Stably distributed then those that are

non-degenerate have the same tail index!

In light of this we could envision (for N business lines) a model of the following kind:

a1 46
Xn =2 : (3.13)
a1 Ly
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where we have not yet specified our “idiosyncratic” and “market” factors, the I J@’s and
M;’s, beyond the fact they are Pareto-tailed. As previously mentioned, according to |

] and others many insurance losses exhibit Pareto-tailed behaviour over
a certain threshold. We believe it is prudent from a risk management perspective to choose
the tail index of losses to be the minimum such index observed across all business lines.
This also allows us to approximate the losses the insurance company faces as a Stable

vector without the degeneracies encountered in (3.9)—(3.12).

Take all the tail indexes of the losses to be a. Abusing notation, the GCLT implies

that
LTTXH — 7 X ~ Salo(T),B8(1),pn(7)).

nl/a

If this is true for all 7 and o > 1 then X is a Stable vector by Theorem 3.2.1, and by

the Cramer-Wold theorem we have

LXn—>X:a,oY—i—bZ

nl/a

where we can recover Y and Z from the CGLT convergence of the I; and M; sums. This

is the model we introduced in Section 2.5.

3.4 Weighted Insurance Pricing

3.4.1 Weighted Risk Measures

Consider a loss random variable X. We can compute its expectation using the inverse

CDF and integrating over probabilities:

Ex] = [ P ()

In order to avoid ruin with probability one, insurers require net premiums to be at

least E[X]. The easiest way to do this is to distort probabilities of events in such a way
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as to guarantee that the net premiums satisfy this lower bound. That is, we calculate the
expectation or net premium under a distorted distribution. This is commonly achieved
through a distortion function g : [0,1] — [0, 1], an increasing function such that ¢g(0) = 0

and ¢g(1) = 1. Define for the net premium the class of risk measures

HIX.g) = [ F0)g (- pp

called distortion risk measures (see | ]). Note that ¢'(1—p) is non-negative
and non-increasing: large losses are emphasized and lossless scenarios are de-emphasized.
These distortion risk measures encompass a large class of well-studied risk functionals and

corresponding premium calculations.

A similar procedure for achieving the same goal of reweighing the loss probabilities is
to directly re-weight the distribution function. Given a random variable S and a weight
function w such that 0 < E[w(S)] < 0o, we can define the CDF of the weighted distribution

as

EL(S < s}u(S)]
Fuss) = =@

We can define the weighted risk measures similarly to our definition of the distortion

class, as an expectation with respect to the new distribution:

ElSw(S
1,15) — ESw(S)]
E[w(S)]
Note that the class of distortion risk measures are a special case*. Additionally, while
we will primarily be interested in the case of the TCE (w(s) = 1{s > s,}), this class easily

recovers other standard risk measures (see | ,

w(s) = g'(Fs(s))
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3.4.2 Weighted Allocations

Perhaps the most important and useful property of the class of weighted risk measures
is the ease with which corresponding allocation rules can be derived and interpreted. To

simplify the analysis, we assume continuous risks, so that

Recall the notation that assigns, for a financial institution with n business lines, losses
XW x@ X®™ and aggregate loss S = YN, X®. Using additivity of expectation,

E[Sw(S)] _ ¢~ EIXPw(9)]
E[w(S)] _Z; E[w(S)]
_ S o w(S)
_ ; / X()E[w(s)] foes)(, s)dxds
_y i w(S)
_ Zl/ UX<>fX|S(x|s)dx gy /S5
=3 [EXO1S = 8] dFus(s)

.
I
—

One can show that the quantity [E[X®|S = s]dF,.s(s) satisfies many properties de-
sired in an allocation rule: no unjustified loading, consistency and of course full additivity.
Furthermore [ | shows that it is non-negative and no undercut
holds in the TCE case. To that end, we define for a given weight function w the allocation

E[X®w(S

AulX, 8 = =g I /E[X<i>|s — 5] dFy.s(s).

This allocation is easily interpretable in the case that fg, fx € L% Assume an insurer’s
preferences or utility for profit and losses is quadratic for each business line. This is a

standard assumption in many basic versions of various financial models such as the CAPM
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[ ]. We have

min E [(X(i) — ;) w(S) ] — minE [E {(X(i) — a;)?

a;

We can easily prove that:

3.4.3 Weighted Allocations given Stable Losses

Having elucidated the necessary properties of both weighted allocations and Stable vectors,
we are now ready to derive results for weighted allocations in the Stable case. We begin
by referring back to Section 3.4.2 and specifically the derivation of A,[X®,S]. Making
use of Theorem 3.2.2 we can find a very general form for allocations when the joint losses

X are described by a Stable random vector:

Efw(s)] A /E 0S = slw(s) fs(s)ds

—/(mzs—kaas( — Bsk )f(z)>w(s)fs(s)ds

= i [ su(s)fs(s)ds + a0 = B [ b fs(s)ds

fs(s

Where k; = [)2&5] and \; is similarly defined with respect to X; and S. This gives us
S

that for any appropriate weight function,

J h(s)w(s)ds

Au[ X1, 5] = miH(S) +ao§(h — Bsri) —gr e

(3.14)
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Before continuing, it is worth making a couple of observations about Eq. (3.14). While
we can simplify the task of calculating allocations to the evaluation of the aggregate risk
capital H,(S) and some skewness term (the integral involving h(s)), this in itself is not a
trivial task. Surprisingly, as we will see, the skewness term disappears, leaving just the risk
capital term. That being said, there are in general not many well-known results for risk
measures involving Stable Losses. Only numerical results are known on H,,(S) for Stable S
in the TCE case | ]. Specifying Eq. (3.14) for the TCE (w(x) = 1(354,))

case will be our focus for the rest of this paper.

As Applied to the Model The quantity aaa% is shared for all X®: the effects

of skewness enter the allocation only in the \; — Bgk; term. Interestingly, our model allows
for a non-elliptical dependence while preserving the results of |

|. If the losses LY are Pareto-tailed and totally skewed then 1 — Fs(s) ~ Cs™@
and Fg(s) ~ 0. In the limit when approximated by a Stable, the marginals will be totally
skewed to the right (see Theorem A.3.2). Assume a discrete spectral measure for the vector
(X1, ..y Xn, S)T where for s; € Sy;1 we have s; = (sg-l),. S gz),. .5;). Recalling (3.2) and
(3.3), this yields

m

Z 5i]%;

1 m
= —QZ |s;]“sign(s¥));.
03 j=1
Clearly, there is no nonzero support in the spectral measure where sign(s%)) = —1 and
Ki Zs(z)|s]|a Lsign(s¥)) —Zs |s;1%7 1y, = A
US j=1 05 i3
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So then (\; — Bsk;) = 0, and in the model,

Ap[XD 8] = k;H,[S]. (3.15)

Recall that Theorem 3.2.2 considered the case with no location parameters (or means

where they exist). One can easily add them in:

A[XD ) = E[XY] 4 k;(H,[S] — E[9]). (3.16)

Calculating the allocations in this case will only require us to calculate x; and H,(S).
In the next section we do just that, providing a result for the TCE in the Stable case and

a simple example involving x.

3.5 Stable TCE and Portfolio Risk Allocation

In this section we will provide a representation of the TCE in the Stable case using the Fox
H-functions described in Appendix B to represent the Stable pdf. We will use two lemmas
proved in Appendix D. It is worth noting that in | | a formula for the
Stable TCE is developed through direct numerical integration, whereas the Fox H-function
representation used in this work allows us to leverage the numerical convenience therein
(see Section 3.6).

Following the derivation of this representation, we will work with our simple example

of an insurance company, using 3.5.3 and (3.15) to compute the allocations. Given that
H,[S] is the TCE when w(s) = 14, then

H,[S] = 1;}/:0 sfs(s)ds

where E[w(s)] = [ fs(s)ds = 1 — u and, given the cdf Fg(s) = P(S < s), we have
sy = F5'(q). To compute such an integral we will need to represent fs(s) as the inverse

Fourier transform of the characteristic function (A.21), entailing a double integral. In order
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to do this, will need to state a few results, beginning with expressing the following Laplace

transform in terms of a simple H-function.

Lemma 3.5.1 (The Laplace transform of t/e~"").

, a 1
L {tje_bt } (z) = 11 Hll,il [ °

ab fg

When applying Lemma 3.5.1 we shall often need to take the real part of an H-function

with complex arguments. To that end we shall need the following:

Lemma 3.5.2. For 21,25 € C, 1 € R and v, € R,

(a1, A1)

1,1
2{*H{] |25°x
(bla Bl)

(J,,A 1_911/1’@ ’A 1_01V1’M
— e (|| ) (? AR A L ( N ;;)
(blyBl) (5_ 17rl> 22) (b17Bl) (1_ lﬂ—la%>

where r; = |z;| and 0; = arg(z;).

Theorem 3.5.3. Let S ~ S,(0,3,0), s > 0, r = \/1+(aB)?, ¢ = tan"'(aB) and
v = % — O% Then the TCE is given by

L1111 sq
oT « H2’2 [J

1
ra

(1—o1 1 m)}
0,1)  (1,7)

TCE,[S] = .

Proof. We need to evaluate the aforementioned double integral:
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/Sq sfs(s)ds = /S:O s {21# /_O:O e_“sgbx(t)dt] ds
= i/sjo sRe [/OOO e_itse_tagdt] ds
=5 [ smelefer ] o
= Re 71r /S:O sL {e‘t%} (is) ds]

(given the exterior integral is real)

— e % e} )]

Recall Lemma 3.5.1:

L{t2e7 ((is) = L HY [ =

Fortunately, H 1111 222 0P

™

[a{ {ta 2et" £}< )S:Sq] = 0'7“"‘[‘[21721{ Sq1

While this characterization may seem uninformative, the Fox H-functions are a class

of special functions with many known results. Furthermore, we will present a few natural

ways of computing H-functions in Section 3.6.

SRefer to the definition of the Fox H-function in Appendix B.1. As the Bromwich path will have all

positive real parts, then we can show that the integrand goes to zero and use the Dominated Convergence

Theorem.
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3.6 Evaluating Fox H-Functions

At this point it is natural to ask how to make use of the H-function representations in
Section 3.5 and Appendix B.2. In this section we will detail how one can compute the
density function of the univariate Stable distribution via its H-function representation.
The same methods can be repurposed for the evaluation of the TCE and other quantities

found in Section 3.5 without any major changes.

There are two approaches to consider:

1. Numerically invert the integral transform defining the H-functions.

2. Find an equivalent series representation.

Integral Transform Inversion We will start with the more straightforward approach.
Consider the Stable pdf as an H-function:

1
QTOT o

Interpreting this expression as an inverse Mellin transform and simplifying the integrand

using the Euler reflection formula gives

Fe(@) = — 1/CCHOOF(S)F(1;S>sin(ﬂ[”y—’ys])( T \-sds, (3.17)

B Tm'omaré —i00 orea
In order for the integral in (3.17) to converge, the path of integration must separate
the poles of the two Gamma functions in the integrand (it being a Mellin—Barnes integral).
The poles of the Gamma functions in (3.17) are s = —kj and s = 1 + aksy for ki, ke € Z7.
The path of integration will be the line in the complex plane running from ¢ —ioo to ¢+i00

with ¢ € (0,1). In this case, (3.17) corresponds to the usual definition of an inverse Mellin

transform.
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The transformation s" = *=¢ yields

11
fX(iU) = %a

[ 1—c—15 .
/ I'(c+is)T (czs) sin(m[y — y(c — is')])e”FIM@) gg - (3.18)
—00 «

So (3.17) can also be evaluated as an inverse Fourier transform (or inverse two-sided Laplace

transform):

e—cln(ac/m"é)

fx(@) = ——c—F lr (c+is)T (

1 1
aﬂ'o’rz IH(I/UT’Q)

1—c—is

) sin(rly — 7(c — is)))

o

There are several well-known ways of inverting Fourier and Laplace transforms numer-
ically (see e.g. [ | and references therein). The naive approach is simply to
truncate the contour at the points +b (or ¢£ib in the original coordinates). This truncated
approximation is indeed practical here, yielding

Dt ) =[PP ]

s (3.19)
k=0 1+ G
That is, as the imaginary part of the contour increases in magnitude, the complex

Gamma function decays rapidly.

The reader can implement these inversions using their preferred numerical methods.
Additionally, there are commercial numerical Mellin/Fourier/Laplace inversion packages

available for example in computing systems such as Mathematica and Matlab

Series Representations Deriving power series and asymptotic expansions directly from
(3.17) is a relatively simple application of complex analysis. Consider the two half-circles
in the complex plane formed from the diameter running between ¢ + ib where ¢ € (0, 1)

and b € R (Fig. 3.1).

As we allow b — o0, the segment of the contour along the diameter will become what we

need to evaluate (3.17). Provided the contribution from the arc of the half-circle disappears
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c,ib)

Figure 3.1: Possible contours

in the usual way, can use Cauchy’s Residue Theorem to evaluate the contour integral. From
(3.19) we know that the modulus of the integrand of (3.17) on the half circle will achieve
its maximum on the point intersecting the real line. The remaining issue is to decide which

half-circle and therefore what residues to use. Assume « > 1 and consider two distinct
limits of the Gamma function product:

r(s)r(1;8> r(s)r<1_3>

() o« _T() .
T T(1—s)sin(x[l — s]) ['(1-1/a+ s/a)sin(r[*5])
praedl e

We can see that for the integrand in (3.17), if we integrate along the left semi-circle, in
the limit of an infinitely large radius the contribution from the left arc disappears by the

estimation lemma and we recover (3.17). This allows us via residues to easily derive series
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representations:

1 1

([ o o)
= /Cmoof(S)ds + 0

oam 271 Je—ico

= 3 Res(7 ().~

where

flo) =1 ()1 () sinaly — s (=5 )

ora
and given Res(f, —k) = lim,,.(z + k) f(z), we have
Res(f(s), —k) = Res(T'(s), k)T (W“) sin(r[y + ~vk)) (“””)k .
(6] oTra

For any k € N we can use the recurrence formula:

I'z+k+1)

CHRLE) = o e k—

The numerator at z = —k is '(—k+k+1) = (1) = 1 and the denominator is (—1)*k!.

So the residues of the gamma function at those points are

_ (=t
Res(T', —k) = o
which finally gives
1 z |(1-2,2) (1=97
QmoT ™ ora (0, 1) (1 e ’Y)

1
OT «

C 1 & (BE)sin(aly + k) (_ x >'~f .

1
= |
ATOT « p—q k!
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For |z| < 1 this series will converge rather slowly as it will take many terms for the
gamma function to overpower the z* term. This would make some kind of asymptotic

series desirable. Interestingly the series for the o < 1 case is such a series.

If we instead examine the opposite half circle (with residues s = 1 + ak) we would
derive the series for the case of a < 1:

Res(f(s),1+ ak) =T (s) Res <F <T€> 1+ ak> sin(w[y — (1 + ak)]) <Uf;> o

Using the Recurrence Formula in a similar fashion yields

Fyla) = 1 iF(l+ak)sin(7r[7+7(1+al<:)])(_1>k( x1>_1_ak7 o

0471'0'7“é k=0 k' or« ( )
3.20

To see how this will give an asymptotic series in the a > 1 case requires the use of a

modification of the standard Jordan’s Lemma (for proof see Appendix (C.3)).

Lemma 3.6.1 (Jordan’s Lemma). Given the right-hand semicircle in Fig. 3.1 with the

part-contour arc = {c+ Re™" | § € -2, 2]},

T
<e *—Mpr where Mp:= ax
a oc[-5,5]

/ e ®g(z)dz

g (c—i— Rew)‘ .

We have from (3.17) that a = In(z/or=) and since g(-) acheives it’s max on 6 = 0
Mr=T(c+R)T (%) sin(r[y — y(c + R)]). So we have <=2 — ( as x — co. Since

the contribution from the arc vanishes for large x regardless of R, that leaves just the

contribution from the diameter, and thus as =z — oo,

1 & T(1+ ak)sin(r]y + (1 + ak)])

1
amora k!

fx(z) ~

(—1)* <Scl)lak, a>1. (3.21)

ora
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The TCE Case Following the same steps as above, we can show for example that

Lor11| s,
O-TQH2’2|:

(1—24,2) (%7)]

ora (O, 1) (777)
l—gq
- ora if(l—;—}-g) sin(m[1 — v+ vk]) (_ Sq >k
1 — Fs(s) k=0 k! ori/

An asymptotic series is again available in the av < 1 case; however, Fig. 3.1 no longer
applies. Instead, the Bromwich path in the o < 1 case must separate poles at s = —k and

a—1— k.

As a general comment, we would recommend the integral transform inversion approach
whenever possible. The main issues are that the transition from the truncated power series

to the asymptotic regime can create inaccuracies at points of interest (e.g. at high ¢ values
in the TCE case).

3.7 Conclusion

In this chapter we have presented a new way of computing allocations among business
units with shared systemic shocks, via the GCLT and some useful properties of Stable
distributions. Notably, we make use of the fact that as long as our business units share a

tail index we can make a Stable approximation.

The methods presented here allow for a very general, prudent and simple way of han-
dling the allocation problem. By assuming the worst-case tail index for each loss, the Stable
approximation is viable. This in turn leads to very simple allocations as linear functions
of total risk capital. Additionally, the total risk capital has been computed in the Stable

approximation for the first time in the TCE case using the Fox H-functions.

The possibility of computing TCE allocation estimates should be valuable for insurance

companies and banks trying to define their minimum capital requirements under the Basel
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framework. This approach may also be generalized for other useful risk functionals.
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Chapter 4

A Tale of Two Correlations:
Comparing FIA Products at Scale

4.1 Introduction

In the United States, fixed annuities hold an important place in retirement portfolios. In
addition to guaranteed fixed returns that are usually above and beyond other fixed-income
instruments, they also come with a full array of useful benefits that would neither be
easy nor practical to replicate otherwise, such as tax deferral, income, and death benefit
provisions (see | ). In an environment of low interest rates (like the recent
past) and prolonged market volatility, one particular subcategory of fixed annuities, the
Fixed Index Annuity (FIA), provides two additional benefits, in equity market participation
and principal protection respectively. The first, albeit sometimes very limited, is enabled
by the insurance carriers through interest-crediting option strategies that are tied to a
particular index, while the second is the guarantee offered by the insurance company via
their investments of premiums in their general account. Selection and allocation to different
interest-crediting options available within FIAs have become important questions to which
many near-retirees need answers. The National Association of Insurance Commissioners
(NAIC) in the United States prescribes (at least for FIAs) that illustrations and therefore
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comparisons be performed via “back testing” | ], that is using historical financial
data to illustrate annuity performance. Looking into the most recent, worst and best index
performance scenarios, one can definitely understand the “movements” inside the annuity.
However, this kind of inspection can by no means determine which annuity construct
(comprising crediting term + strategy + index) will provide the desired results. Back tests
can be extended to cover a greater number of historical scenarios, but all of this comes
down to what is usually referred to as “driving forward while looking in the rear-view

mirror.”

An alternative to back testing would be generating annuity return forecasts based on
individual indices and then comparing their point estimates (means, medians, standard de-
viations etc.). One issue that we identify is that, while one can believe that the compared
indices may have similar distributions, the annuity crediting strategies transform the re-
turns so significantly that distributions are no longer comparable. This is easily overcome
with side-by-side simulations of different indices and therefore annuity structures. In this
way we can still compare point estimates but can also go further, drawing entire return
distributions and determining which annuity did better and how often. At this point we
arrive at what we believe are the main contributions of this chapter: doing this comparison,
consistently, for many annuities struck on many different indices and with realistic results.
We propose ways to model esoteric indices (in our case volatility controlled ones) more
precisely, without re-engineering index mechanisms in our simulations but instead simply
relying on known machine learning (ML) techniques to recreate them. To enable large-
scale forecasting, we utilize long-term capital market assumptions that are established in
the industry and provided by many institutions. We do this by fitting each of our index
models with features from a common “core” economy consisting of major asset classes and
their benchmark indices. We also show that in many cases this broad exposure works bet-
ter when compared to the correct set of index features. Finally, we explore what models

are best suited for the proper simulation of this common economy.

In order to make a selection or decide on the allocation within an FIA, it is important
to understand both the interest-crediting structure of the annuity and the underlying index

features. In order to properly compare two or more annuities whose returns are linked to

68



different underlying indices, the payout and index have to be modelled and forecasted in a
consistent manner. Given that the interest-crediting formula is essentially a deterministic
function of index returns, we look into ways to replicate index performance, pass obtained
returns through annuities and ultimately allow for comparison and informed selection. We
discovered two main challenges to this: i) cross-sectional index returns are difficult to
model and ii) intertemporal return dependence in financial markets interacts with index
calculations in novel ways. The former problem is a known issue in financial modelling
generally. The latter issue, intertemporal dependence, is the motivation for stochastic
volatility models. That said, these considerations have not been studied in this context

before. As we will demonstrate, however, they are of critical importance.

It is also important to emphasize the aspects we are not going to address, and where
and how we chose to make certain assumptions. We will neither explore nor elaborate on
the merits and appropriateness of annuity-crediting strategies. Despite ongoing criticism
in the light of the famous example of | |, we will not model annuity
parameters (caps, participation rates, spreads etc.) alongside index simulations, instead

keeping them constant for the duration of calculations.

This chapter is organized in two parts, as follows. In Part 4.2 we explore the cross-
sectional correlation issue. Section 4.2.1 examines some toy models of annuities, illustrating
the importance of cross-sectional return correlations among indices. In Section 4.2.2, we
discuss the kinds of indices linked to FIAs. While there are many kinds of indices involving
various calculations, we discuss their relative challenges and choose to focus on an extremely
popular and easily understood category within risk-controlled (RC) or volatility-managed
indices. Section 4.2.3 discusses our common-economy method of sidestepping the issue
of direct cross-correlations by using machine learning on a smaller subset of benchmark
indices. Finally, in Section 4.2.4 we simulate single and multiple annuity rates using the

aforementioned methods.

In Part 4.3, section 4.3.1 draws on our analysis in the previous section to understand
the ways in which our methods may fall short. As we are replicating the index methodol-
ogy instead of modelling the index levels directly, we ask what features are important to

account for in the underlying index components. In Section 4.3.2 we discuss the nature of
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index return statistics generally and explore the intertemporal dependence of returns. We
then explore stochastic volatility models as a means of accounting for these intertemporal
features, along with the relative advantages and disadvantages of well-known models. In
Section 4.3.3 we explore the specific features of risk control models and hypothesize on
the behaviour we observed in Part 4.2. Finally, we bolster this hypothesis with results in
Section 4.3.3. We find that more sophisticated fractional or “rough” stochastic volatility
models are needed to properly account for the effects of the risk control mechanism. We
conclude by discussing the implications of the analysis covered in this chapter, as well as

possible future avenues of research.

At this point, it is also important to bring to attention the fact that this chapter is
a product of joint work with another PhD student and (then) VP of research at Cannex
Financial Exchanges Ltd, Branislav Nikoli¢. I was a MITACS intern at CANNEX on
two occasions and Branislav has a decade-long career interest in annuity products. To
contextualize our respective contributions, much of the insight for this work was framed
within an expansive MITACS!® project hosted by CANNEX and York University where the

collaboration that led to this project was established.

4.2 Cross-Sectional Correlation: Annuity Forecasting

at Scale

4.2.1 Motivation and Examples

We will discuss FIAs in more detail in Section 4.2.2, but to begin with we present the
main FIA building blocks in our modelling. A growing number of FIAs are linked to
volatility- or risk-controlled (RC) indices, denoted by I; in our particular example. Basic
RC indices shift their exposure between an equity index, say the S&P 500 (SPX), and a

less volatile fixed-income index or even cash. We will refer to these “primary” indices as

Thttps://www.mitacs.ca/
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P, and B, respectively. The return on the RC index is then passed through an annuity-
crediting formula; this return, denoted here X;, is what the investor receives in their FIA

accumulation account.

Consider for example a 10-year FIA using a 55% participation strategy and linked to
the S&P 500 Average Daily Risk Control 10% USD Price Return Index (SPXAV10P). In
this case, P, is the SPX and B; would be a cash account. The index provider, in this case
Standard & Poor’s, tracks index levels of P, and B; to construct index levels for I;. Finally,

the annuity carrier applies 55% of the annual returns of I; for the duration of the FIA.

To summarize,

I = f({Ps}s<t, {Bs}s<t)
L, — I _
X,, = max (0.55““‘”,0)
I, st
i=1,..10
0t =1 year.

The exact nature of the mapping from the basic indices to the RC index f(-,-) will be
discussed in Section 4.2.2. For now, suffice to say that this constant reallocation from a
risky asset class to a less risky one is designed to keep the volatility below a prescribed

level.

The current state of the art? in forecasting FIA returns (i.e. the X;’s) is to model the
underlying index returns (the I;’s) by a stand-alone Geometric Brownian Motion (GBM)
and then pass them through the annuity crediting formula. We now model the mean
effective 10-year return of the annuity in the previous example and consider some problems
arising from the results. This is achieved by computing terminal accumulation value at

the 10-year mark and calculating the annual rate of return that would yield it, namely

Y = <11_0[(1 + Xi)>1/m - 1.

=1

2Evidenced by Branislav Nikoli¢’s experience while working at CANNEX. For more details see white
papers produced there during his tenure.
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We present two sets of results (Figure 4.1a), one in which index I; is modelled by a

GBM and another for which we rely on the historical data for the index; note however that

both represent returns after these are passed through the annuity crediting formula (i.e.

Xy, in Eq. 4.1). More precisely, for the historical data we took 10-year windows of monthly

index returns, starting in 1986 (when the SPXAV10P data set begins) and moving forward

in monthly increments to create our data set. The GBM was calibrated to the historical
data set of monthly price levels for SPXAV10P obtained from CANNEX.

3%.0 yr Annualized Effective Annuity Return Distributions

3]50 yr Annualized Effective Annuity Return Distributions

0.02

[ GBM driven SPXAV10P inside FIA
[ Historical SPXAV10P inside FIA

301

0.04 0.06

25+

20+

151

10

[ GBM driven SPXAV10P inside FIA
Historical SPXAV10P inside FIA
= (resampled)

Figure 4.1: Histograms of 10-year annualized annuity returns without and with resampling
of returns (panels (a) and (b) resp.)

GBM Index | Real Index Returns (Actual) | Real Index Returns (Resampled)
Mean 0.064 0.060 0.056
SD 0.019 0.016 0.023
Skewness 0.286 0.322 0.758

Table 4.1: Annuity return comparison of a direct GBM model for the index with the actual
and resampled returns

On the other hand, compare our previous results to the case where we have taken the

sample of historical index returns and resampled them with replacement before passing
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them through the annuity formula (Figure 4.1b). That is, we have removed any depen-
dence structure that exists through time on the index returns while still using their his-
torical distribution. Keep in mind the caveat that this historical distribution may not be
representative of a stationary distribution, if it exists. Even so, we can at least wvisually

observe that the resampled results align much closer to the GBM results.

We may be tempted to think we can salvage the GBM model by simply altering the
GBM parameters to give results more consistent with the real distribution. However, this

ignores two issues:

Issue 1: Intertemporal Dependence of Returns While shifting the parameters
of the GBM may yield some reasonable values, it ignores any underlying mechanisms
accounting for why such a shift would be needed. While the underlying index or P, (SPX
in this case) itself appears to behave roughly like a GBM at certain time scales |

|, it is not immediately clear whether the behaviour of the underlying index or the
risk control mechanism is the source of any intertemporal dependence and deviations from
the GBM model. Without understanding these issues, it would not be prudent to alter the
GBM parameters manually to fit historical results, as there may be hidden risks in doing

so. We will study this in much greater detail in Part 4.3 of the chapter.

Issue 2: Comparing at Scale Point estimates are often insufficient to determine
how often one specific annuity product will outperform another. Assume for now there are
no issues with the GBM methodology and consider a new experiment involving annuities
being struck on two benchmark indices (there is no RC mechanism under consideration in
this case). Here we have simulated two indices, the S&P 500 (annual average return (u)
of 0.08 and volatility (o) of 0.16) and the Russell 2000 (¢ = 0.11 and ¢ = 0.19) and have
considered a few annuity strategies in various commonly occurring comparisons. Clearly,
the higher mean return of the Russell index translates into greater annuity returns most of
the time. How often this is true is reliant on the dependence structure of the index returns

(a historical estimate of the correlation between returns gives p = 0.63) and thus will not
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be captured by point estimates alone. This is true in general: any consistent comparisons

will rely heavily on the dependence structure between index returns (see Table 4.2).

SPX with 7.75% cap | Russell with 25% par

Mean SD Mean SD P(SPX > Russ)
p=-—1 69.4%
p=0 74.9%
oy 6% 1.1% 3.5% 1.1% e
p=1 92.5%

SPX with 7.75% cap | Russell with 7.25% cap

Mean SD Mean SD P(SPX > Russ)
= —1 13.3%
p= 48.2%
ey 6% 1.1% 4.7% 1.0% gl
=1 141%

SPX with 30% par | Russell with 25% par

Mean SD Mean SD P(SPX > Russ)
p=—1 45.3%
p=0 44.6%
=063 3.3% 1.1% 3.5% 1.1% 1177
p=1 0.0%

Table 4.2: Relative performance of 10-year annuities written on benchmark indices for
different strategies and dependence structures

Today there are between 100 and 150 indices linked to FIA products of relevance, many
of which are only a few years old. What this means in practice is that many of these indices
will have only a few years of “live” data compared to back-tested performance. It is also
well known that estimating correlations among stock returns is problematic, especially in
the case of multiple assets (see e.g. | ]); we believe this also applies to equity

indices. Indeed, this may help explain the many theoretical irregularities in real portfolios
{ Jor [ -

Compare the following two scenarios: (i) A sample of 100 indices with five years of daily

returns and (ii) 15 indices with a 10-year daily return universe. Scenario (i) captures the
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data we need to work with when studying FIA returns. Scenario (ii) motivates our choice
of a common economy in Section 4.2.3. In both cases we model the indices with jointly
correlated GBMs. In Figures 4.2 and 4.3 we look at the statistics of estimated correlation
matrices of returns in the two scenarios®. Specifically we focus on the distribution of the
highest eigenvalue (A4, ) in Figure 4.2 and the mean absolute error of the entries in Figure
4.3. In scenario (i), in blue, higher errors within the correlation matrix itself can clearly be
seen and indeed the sampling distribution for the largest eigenvalue is not representative
of the actual value. In scenario (ii), in red, we see an improvement on both counts. Indeed
it is not obvious that we can reliably estimate the dependence of the 100 indices to such
a precision that a joint GBM model will meaningfully deliver index returns and therefore
annuity comparisons. Our main contribution here is the claim that we can sidestep the
issue of fitting 100 indices by moving to scenario (ii). Many FIA indices are constructed
from the same basic building blocks. For example the whole class of SPX RC indices is

constructed from the SPX and fixed-income indices alone (see Figure 4.5).

There remains the issue of accurately replicating the (proprietary) risk control calcula-
tions. Our first attempts at doing so using the calculations provided by some carriers were
comparatively unsuccessful. Without access to the exact computations we found we could
not perfectly replicate the index even in sample. That is, given the correct components
and the formulas provided by the index provider, our reconstructed index deviated from
the true value. Starting in Section 4.2.3 we instead use statistical learning (a.k.a. machine

learning) techniques, with much greater success.

4.2.2 Fixed Index Annuities

When introduced in the United States in the mid-90s, FIAs (then called equity-indexed
annuities) were intended to provide owners with interest credit that would outpace banks’
certificates of deposit (CDs). Fast forward a couple of decades and we have an array of

index-linked products that still provide equity index-based interest credits but also offer

3We chose a random positive definite matrix for the “true” correlation matrix in each scenario, but the
results are universal. See e.g. | ].
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Figure 4.2: Sampling distribution of A4,
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Figure 4.3: Sampling distribution of the MAE for p; ;
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principal protection for near- or new retirees. Through over a dozen distinct crediting
methods in conjunction with the 100+ indices available, these products offer a unique value
proposition that demands insights from several areas for the consumer to make an informed
choice. Selecting one that is just right for a particular individual is an almost impossible
task and there is now a sizable literature exploring product types, crediting strategies,
index characteristics and so on (see | | and references therein). If
annuities are linked to the same index, the choice of crediting strategy boils down to the
highest available rate and which crediting method is likely to produce favourable returns
given belief about how well (or not) the index will perform in the future. However, we
have a number of options when it comes to understanding how different annuities struck

on different indices compare.

In terms of index crediting strategies, a popular choice is point-to-point participation
with and without a cap. The participation strategy without the cap is the best illustration
of why the indices have to be modelled consistently, as it provides minimal return trans-
formation, while the capped version is the most popular from the sales perspective. We

focus on the former strategy in this chapter.

The point-to-point participation rate strategy measures the performance of the index
from one point in time to another, usually running from the day the contract is purchased
until a year later and then repeating the measurement every year. The strategy then uses
a “participation rate,” a percentage of index gains that determines the amount of credited
interest so that it increases in proportion to the index returns. The participation rate may
be above or below 100%, depending on the nature of the index itself. On the other hand,
the point-to-point cap strategy similarly measures the performance of the index from one
point in time to another; however the strategy then uses a cap that limits the amount
of interest, no matter how well the index performs. Different levels of participation are
technically available when the cap is used, but the level is usually set at 100%. As with
all FIAs, the interest credited in any year cannot go below 0% no matter how much the
index loses. Participation strategy returns mimic the underlying returns effectively but are

usually dampened or enhanced, while the cap provides full exposure within the limit (see

[ D).
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While the ideal scenario would be to address a broad universe of indices available in the
market, after initial experimentation we decided to focus on risk-controlled indices, as the
machinery we built would need different tweaks depending on the index category. Another
important reason for this particular choice was the availability of “live” index history. Once
an index goes live, its returns are a true representation of how it works compared to what
was intended by the index manufacturer. Absent that, what is available is the “back-tested”
or “synthetic” history where the index provider illustrates the behaviour that would have
been observed in the past based on the underlying index mechanics and movement of the
constituents. Here we draw attention to a potential pitfall. The index behaviour observed
in the back-test may be substantially different to the one after the index goes live, in which
case our model would learn from a not-very-representative sample. In other words, if the
index methodology was overfitted to past market conditions and if history does not repeat,
the index will diverge from the expected behaviour and therefore the model’s forecast may

be misleading.

One example that illustrates some of the idiosyncrasies of more complex index struc-
tures is the Barclays Trailblazer Sectors 5 Index (BXIITBZ5). As a “smart beta” index its
behaviour is motivated by Modern Portfolio Theory (MPT) and Arbitrage Pricing Theory
(APT), and it aims to use momentum in the market to inform index constituent selec-
tion and to rebalance among selected constituents (see | | and |

|). Its ability to recognize and act differently in a highly stressed period (e.g. during
the opening months of COVID) as opposed to more typical market cycles causes problems
for our machine learning approach. Due to the complexity of the algorithm, each instance
of return computation is sufficiently novel that an effective training set would need to
be prohibitively large, while making certain out-of-sample events not generalizable. Con-
versely, risk control calculations are consistent and simple enough that even a relatively
small training set can be effective, even when we have events out of sample that are in

hindsight seen as significant or even seismic.

A detailed description of machine learning techniques used is outlined in Section 4.2.3.
At this point, for illustrative purposes only we provide the summary of this exercise in

Table 4.3. We see that low R? values are mainly unaffected by different training/test set
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ratios in the neural network cases and that our estimates are not up to par. This conclusion

is even possible by visual inspection of Figure 4.4.

Train/Test Split

30% / 70% | 50% / 50% | 70% / 30%
NN Model R* | SPX10AV10P 0.455 0.664 0.730
(Out of Sample) | BXIITBZ5 —0.130 —0.109 —0.012

Table 4.3: Comparison of R? for out-of-sample predictors for different training/test data
splits

Volatility-Controlled Indices

Managing volatility emerged as a noteworthy exercise and rose in prominence particu-
larly within the insurance industry during and immediately after the 2008 financial crisis.
Its intent was to reduce risk and severity of losses for securities investors, but it enabled
variable annuity issuers to offer secondary guarantees on their annuities because of low-
ered hedging costs, even in the face of the volatile period of low interest rates and bond
yields that followed. Managed volatility expanded far beyond this use with its applica-
tion to index-linked products. Prior to volatility management, there was little or no need
for such management for index-linked structured products such as structured notes and
FIAs. Structured product writers, namely banks and insurance companies, were able to use
benchmark indices in their products and still offer competitive crediting rates compared
to other fixed-income vehicles. As most of these products use options struck on the un-
derlying index to fashion the payouts, both the prevailing interest rate and the underlying
volatility play significant roles not only in the option pricing but also in the variability of
the price at any given time. As low interest rates persisted, the option budgets required
to provide credits in the FIAs, being tied closely to bond yields, were simply not adequate
to offer attractive payouts using relatively volatile broad market indices. Issuers were able
to address this by selecting or creating a less volatile underlying index that would result
in more predictable and attractive rates. Lowering and stabilizing the volatility of the un-

derlying index would ensure lower and more stable option prices for annuity providers and
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Figure 4.4: Comparison of neural network models in and out of sample for various train/test
splits. SPXAV10P is more easily captured than BXIITBZ5 when there is less data to train
on.



therefore better offerings for annuity purchasers. In general, volatility-controlled indices
operate on the rudimentary principle of moving exposure between high- and low-volatility
assets. In its simplest form, this transition takes place between equities and bonds (see
Figure 4.5). Pursuing an explanation on a slightly deeper level immediately becomes more
complicated, as different index providers use different methods to measure and achieve ef-
ficient and worthwhile “shifting” while preserving enough of the upside of credited interest
as well. These methods include volatility targets or levels, predetermined rule sets and
leverage conditions, or a combination thereof to provide an index that allows for attrac-
tive option pricing and therefore favourable annuity rates (higher participation, caps and
lower spreads). Index providers tackled this problem in a number of ways over the years,
with methodologies evolving and often being kept secret. Without extensive work put into
reverse engineering it has been very difficult to forecast the performance of these indices,

as well as any structured products that use them as the underlying index.

Index Returns
Interest Rates

Figure 4.5: Schematic of a risk-controlled index

Risk Control Calculation —— Risk Control Returns

Consider one generic implementation of a RC index in the following*: we model the
price level of some equity or commodity index at time ¢ by a stochastic process P;. We
model the dynamics of P, with the following SDE:

dP,

—t = /Ldt + Utth

B
where W, is a standard Wiener process. Note the time dependence imposed on volatility,
0. We can model this using a local or stochastic volatility model. RC or volatility-
controlled indices take the real-world stochastic nature of volatility into account and seek to

provide the same equity premium exposure of another index while maintaining a volatility

“4Inspired by the discussion in | ], reformulated here using stochastic calculus.
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around a target value. They do this by shifting exposure between fixed-income and equity
components. Consider a generic bond (or interest rate index) modelled by another process
B;. For now we assume dB; = rB;dt. We can construct an RC index I; in the following
generic way. Using time-dependent weights wt(i), the RC index as sum of positions in equity
and bonds can be modelled by the following SDE:

dI, = wrB,dt + w® Py(pdt + o, dW,) (4.2)
dI B 2P,
C o | o g | vt + | e g | (pdt + 0d W) (4.3)
I, w; ' By +w,” Py w; ' By + w7 P,y
1—m¢ Tt
= (7’ + 7Tt(/L — T))dt + (WtUt)th. (44)

We can write this as dIy = pfI;dt + o} [,dW where u; = r + m(u — r) and o = m0y.
Assuming the fixed-income exposure is fairly close to the theoretical risk-free rate, the

Sharpe ratio of the new index I, is the same as the original®.

If we set @ as the “target” volatility, then the natural choice is to set m; = C% where &,
is an estimate of the current volatility. This ensures that the RC index (at least in theory)
maintains a constant target volatility of o} = (%at ~ 0. There are of course caveats to
this. There are different methodologies in use for calculating &, that will not perfectly
capture o;. Standard choices include a rolling window of the standard deviation of index
returns or an Exponentially Weighted Moving Average (EWMA) model. Many RC indices
also take a maximum or average of different estimates to smooth the estimates out (again,
see [ | for details). Most important for our purposes however is the reality that
in order for carriers to provide FIA exposure to an RC index, they have to purchase a
custom derivative over the counter. The writer of this derivative contract in turn needs
to hedge their exposure with options on the original equity index. As a result, the RC

index cannot be too dissimilar from the original, so that constructing the RC index entails

*
BymT _ p—r
o* ot

5Considering that dI—It” are the returns (see Part 4.3),
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leverage restrictions (denoted K,) and maximum bond portions (denoted Kj) such that

7 = max(min(dy, Ky,), Kg). (4.5)

Equation 4.5 will be very relevant in our discussions in Part 4.3. As we shall see, the
RC index inherits enough essential features of the original index that any modelling at

scale will require some sophisticated stochastic volatility modelling.

Before moving on to the next section, we would like to discuss some experiments and
results that for brevity’s sake we do not include here. For the rest of the chapter we detail
how we used ML to reconstruct RC indices from other components in the market. Given
the simplicity of (4.4) and (4.5) it would be natural to ask why we could not directly
reconstruct the index, no ML required. When we attempted to model RC indices directly
using (4.4) and (4.5) and the methods provided to the public in the index fact sheets,
we found the results to be poor in comparison. In the ML case, as we shall see, we
provide a set of trailing returns to allow the machine to make the necessary volatility
calculations. When we provided 6, as an input in lieu of trailing days of returns, the ML
results underperformed in comparison. This leads us to believe there are idiosyncrasies in
how &, is estimated (data cleaning, weekend /seasonal effects etc.) to which we do not have
access, and for this reason ML models are more favourable. Furthermore, their generic
nature simply makes for a more efficient methodology. Our technique does not require

novel reproduction of the index methodology associated with each specific RC index.

4.2.3 Index Methodology
The CORE Hypothesis

A key motivating question for our work was “What percentage of time does one annuity
struck on a particular index outperform another?” To answer this we need to be able
to produce the relevant index return distributions (back-tested or forecasted) for different

annuities and determine the overlap, the proportion of times one annuity return was higher

83



than the other. In any event we need two pieces of machinery: an index simulator and an
annuity return calculator. Given the straightforward and deterministic nature of the latter

we can forgo a detailed explanation. In this section we focus on index simulations.

In Section 4.2.1 we saw how we could perform direct index modelling via stochastic
processes with limited success. We also encounter scalability problems when we try to
expand this approach to capture a larger set of annuities. As said in Section 4.2.1, the
difficulty comes down to the impossibility of producing a good correlation matrix for the

large number of underlying indices. In this section we detail our solution via ML techniques.

A first approach to consider is to “back out” the index methodology function using
known index components. This quickly presents a problem, however: even if the set of
index components may be smaller than the set of FIA indices we are interested in (e.g. the
SPX is a known component of all SPX RC indices), we are still relying on the ability to
simulate all known annuity index components with high-dimensional correlation matrices.
We use this first approach as a benchmark for our “core economy” hypothesis. We spent
some time looking into the overarching set of indices that would encompass as much of
the economy as possible (from now on referred to simply as CORE) while staying within
a reasonable number of indices due to the correlation issues identified in Section 4.2.1.
We hypothesize that our machine learning algorithm should be able to pick up the index
function equally well from the “core economy” set of indices as compared to calibrating it
on the set of known index components. With this separation, we open the door for future
research on how to model and simulate the economy optimally while using ML-derived

functions for indices.

One question that remains is the proper choice of the CORE economy. We define the
CORE as our set of indices representing asset classes that capture the broader market well
(See Table 4.4 for individual indices). From now on, for simplicity we will refer to the set
of equity indices listed in Table 4.4 as CORE equities and the set of fixed-income indices as
CORE bonds. The CORE data was provided by CANNEX and consists of daily price-level
index time series from 2010/01/29 to 2021/09/21.

Traditionally, long-term capital market assumptions available from investment banks,
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Asset Class Description Name Ticker
US Small Cap Equities Russell 2000 RTY
US Small-Mid Cap Equities Russell 2500 Index R2500
US Mid Cap Balance Equities | MSCI US Mid Cap 450 Index MZUSM
Equities US Large Cap Equities Russell 1000 RIY
US All Cap Equities Russell 3000 RAY
World Equities MSCI World Index MXWO
International Equities MSCI ACWI ex US Index MXWDU
Emerging Markets Equities MSCI Emerging Markets IMI MXEFIM
High-Quality US Fixed Income | Bloomberg Barclays US Aggregate Bond Index LBUSTRUU
Low-Quality US Fixed Income | Bloomberg Barclays High-Yield Very Liquid Bond Index | I133743US
Fixed Income | World Fixed Income Bloomberg Barclays Global Aggregate Bond Index LEGATRUU
International Fixed Income Morningstar Global ex-US Core Bond MGXUSN
Money Market Bloomberg Barclays 1-3 Month US Treasury Bill Index | 100078US

Table 4.4: The CORE set of indices

asset managers and insurance companies (JPM, PGIM, Callan etc.), are provided on an
asset-class basis in terms of their returns, volatility and correlations. These are forward-
looking assumptions and can be used for forecasting in the models. Ideally, these would
coincide with the asset classes available in the training data set. For that reason, we chose
to represent each asset class with the index benchmark. The chosen index benchmark is
preferably a good representation of the asset class but not necessarily an explicit compo-
nent of the risk control index that we are trying to train on, to avoid overfitting in the
model. This would allow for calibration to the history via the index benchmark and the
use of long-term capital market assumptions for more consistent forecasting. Ultimately,
this is just one possibility and the technology we developed for index calculations should
in principle be able to use any other variations of the CORE economy representation (i.e.
alternative sets of indices), subject to size constraints that would make forecasting and

projections feasible in regards to the correlation issues that we outlined earlier.

Machine Learning Techniques

In examples presented in this section we use the CORE dataset from Section 4.2.3 in
addition to the S&P itself and the yield on U.S. Treasury Securities at 10-Year Constant
Maturity (DSG10). These later additions will serve as the true ingredients for some RC
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Equity Features | Fixed income Features 7 of Daily Returns Eﬁ?ﬁiisz Total # of Returns GPR R? | NN R?
DGS10 8875 2 17750 0.884 0.878

S&P 100078US 2807 2 5614 0.807 0.82
LBUSTRUU 2807 2 5614 0.804 0.816

Core Bonds 744 6 4464 0.756 0.617

DGS10 3055 9 27495 0.92 0.902

Core Bquity 100078US 3055 9 27495 0.919 0.898
LBUSTRUU 3055 9 27495 0.92 0.896

Core Bonds 918 13 11934 0.907 0.809

Table 4.5: Summary of results; neural network with 10 layers, with 10 trailing days as
inputs for SPXAV10P. R? is calculated out of sample (30% of the total data set allocated
for training)

indices as a point of comparison. For our features or predictors, we exclusively used daily
returns (as this is the true input during index construction) and included 10 trailing days of
index returns to allow for any algorithm to compute current volatility levels. Our response

variables were the returns for the index of interest.

We started our experimentation with a simple ordinary regression model over index
returns and as anticipated found this not to be a worthwhile avenue. Looking at Eq. (4.5) in
Section 4.2.2 we can see that index exposure will be dynamic and nonlinear. We did however
discover a feature that we carried over into more complex ML techniques. Including a
set of lagged or trailing returns for the underlying indices produced better results than
incorporating traditional volatility calculations in the case of RC indices. Clearly there
were idiosyncrasies in the real volatility calculation that were hard to capture with the
products’ stated volatility methodology (e.g. EWMA or rolling window). It is unlikely
that the index documentation provided (albeit possibly vague) is incorrect; rather, we
suspect our inability to reproduce the index precisely is based on our interpretation of the

rules and our dataset.

The natural starting point beyond a regression model when dealing with a “black box”
function like an index calculation is a neural network (NN) of the kind repopularized by
[ |. These have become increasingly popular in recent years. For a practical
or introductory reference on these and other statistical learning topics, see |

| and references therein. We used standard stochastic gradient descent (SGD)
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Figure 4.6: SPXAV10P results with 20 trailing days: (a) all data, (b) zooming in on out-
of-sample performance

training with a tanh activation function from | ]. Knowing exact
index components as features in an NN gave promising results (see the first row of Table
4.5). As discussed in the previous section, we were ultimately interested in the performance
of the generic CORE economy which delivered comparable if not better performance out

of sample.

As we set up our NN with 10 layers, one issue we quickly discovered was that including
trailing days of returns meant very wide NNs. For instance, when trying to model the
SPXAV10P, from Table 4.5 we see that the number of features is 10 trailing days times
the number of indices, for example 130 in the CORE bonds and equity row. Relative to
the 10 hidden layer results presented in Table 4.5, our NNs are very shallow. In order to
remain confident that we were not simply “fitting the data” but rather accessing the full
potential of deep learning® to correctly handle novel inputs, we needed to explore larger,

deeper networks.

Our first attempt to improve the fit by increasing the depth of the NN from 10 hidden

layers to 20 is shown in Figure 4.6. We observe that we can get reasonably good fit in

bsee | | for information about deep learning and | ] for more on the

depth vs. width trade-off.
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Figure 4.7: Same NN model as in Figure 4.6 but now comparing returns of (a) the model
and real data (b) the in-sample index vs SPX returns and (c) the out-of-sample index vs
SPX returns

and out of the sample, but cumulative returns viewed through index price levels start to
diverge out of sample. The divergence is mostly caused by a few outliers whose magnitude
is not properly captured, even in sample. This nuance is best observed in Figure 4.7b,
which depicts relatively good agreement of actual returns with the ones produced via ML
(visually, most blue dots are covered with orange ones) in sample, while still having few

observations that disagree.

Unfortunately, we observed that the NNs in this case started to suffer from vanishing
gradients and a low convergence rate (see | | and references therein). We

claim that a more appropriate technique is Gaussian process regression (GPR).

We will not reiterate the theory of GPR here, nor explain the implementation we used
from | | other than to mention that we made use of a standard RBF
kernel. Briefly, GPR is a technique that can be thought of as a Bayesian stochastic kernel
machine or a generalization to Bayesian linear regression accounting for more complex,
nonlinear functional forms. Our motivation for using it here was twofold: computational
cost and certain theoretical qualities. Heuristically, the time complexity of SGD is about

O(dn?)" where d is the number of parameters and n is the training sample size. By

"To see this, O(d) x O(n) x O(1/n), the cost of gradient computation per epoch multiplied by O(1/n) ~
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comparison, the time complexity of fitting a Gaussian process regressor is O(n?). The
large NNs in this case make GPR comparable or more practical. Theoretically, a Gaussian
process regressor with an RBF kernel can be thought of as the limit of an infinitely deep
NN (albeit an RBF network, not an MLP; see | |). So we can sidestep the
vanishing gradient issue, while hopefully achieving better out-of-sample performance at the
same cost. Table 4.5 seems to bear this intuition out. Additionally, many common financial
models are themselves Gaussian processes with a particular kernel. So we can model the
CORE indices with some stochastic process and GPR will produce the resulting index
models as a jointly distributed stochastic process. For the mathematically inclined, GPR
provides a common language between potential CORE models and our machine learning
models: stochastic processes. We refer the interested reader to |

I [ ], [ ] and references therein.

Discussion of Results

From Table 4.5 we see that the CORE data set performed fairly well as predictors. Even
though more cross-validation is required, we see an improvement in out-of-sample perfor-
mance when compared to the case of known index elements. Additionally, we achieved
these results with fewer trailing days than the actual volatility estimation techniques for

these indices.

It is important to note a difference in the results summarized in Table 4.5. As a starting
point, we took S&P 500 returns and “added” interest rate inputs. In addition, we tested
adding our entire set of CORE bonds and observed no material difference in the quality of
the estimate, as measured through R? out of sample. This was true regardless of the proxy
for interest rates used. Under this data setup, GPR performs much better than NN with
10 layers, and moreover the NN started to suffer from vanishing gradients when we tried to
increase the network depth. Alternatively, if we substitute S&P 500 as a feature with the
broader set of CORE equity indices, we see notable improvements across the board. Even

though CORE bond selection yields worse results compared to more precise interest rate

O(n) where 7 is the learning rate.
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Figure 4.8: Comparison of NN and GPR models for SPXAV10P in and out of sample for
various train/test splits
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proxy choices, we are satisfied with the R? of over 0.907 in case of GPR and slightly less
for the NN with 10 layers. In addition, inclusion of more indices to represent the broader

equity market seems to solve the vanishing gradients issue in the impractically deep NN.

Looking at the striking difference in performance between NN and GPR, we conclude
that we obtain the best R? out of sample with CORE data (generalized economy) compared
to known custom index components used as features. This result is counterintuitive at
first, so we seek an explanation via principal component analysis. Unsurprisingly, the
principal components of the CORE data set daily returns corresponding to the two largest
eigenvalues are related to “market movements” and “market volatility” (see Figure 4.9).
This gave us confidence that the effects our ML models were picking up are real and
explainable in our context. Despite the relatively short time window of the CORE data
(approximately three years), the core data set contains a great deal of cross-sectional data
across many indices, as evidenced by the total number of returns column in Table 4.5. As
a result, we can extract the equivalent information on exposure to a wider set of market

factors compared to the deeper historical data set of just a few indices.
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Figure 4.9: Principal components corresponding to the largest two eigenvalues and (a)
rescaled S&P returns, (b) volatility
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4.2.4 Results
A Single Annuity

Having established the practicality of using the CORE set of indices in conjunction with ML
to reproduce risk-controlled indices within FIAs, we would like to apply this to accomplish
our goal of annuity interest credit forecasting. With simplicity in mind, we looked only
at participation strategies of the kind summarized in Eq. 4.1. Not only are these easy to
reproduce, but the resulting return distribution is more closely related to the underlying
index distribution. Any underlying issues with the index calculations are easier to spot in

these annuity crediting rates.

As a base case we simulated the CORE economy (equity and bond indices from Table
4.4) using a multivariate GBM®. That is, we modelled P, and B; by a GBM with regards
to the FIA summary in Eq. 4.1. These multivariate normal returns were then used as the
input into our ML-obtained RC index function (f in Eq. 4.1). The distributions of FIA
returns based on this scenario are shown in Figure 4.10 in red and orange for GPR and
NN respectively. Alternatively, we could simulate the RC index directly as a GBM, which
means simulating I; from Eq. 4.1 with a GBM directly. In Figure 4.10 the distribution of

FIA returns obtained by this direct index simulation via GBM is shown in blue.

Surprisingly, at first glance, this does not appear to translate into comparable cumula-
tive annuity returns over a 10-year period. What is surprising is not that the index itself
does not seem to evolve according to a GBM (Figure 4.1) but rather that using a GBM-
based input to an RC index function produced such narrow distributions. Consider one
example of the FTA with participation strategy, struck on SPXAV10P and a 55% partic-
ipation rate over a 10-year accumulation period. Leveraging our ML models described in
Section 4.2.3 with the CORE equity and I00078US as an interest rate input? we simulated

a sample of annuity returns (see Figure 4.10, left panel).

We observe that distributions of FIA returns obtained via ML are wildly different than

8We estimate the parameter directly by fitting a multivariate normal to the daily returns in the dataset.
9Specifically, U.S. Treasury Bills 1-3 Months index. As discussed in 4.2.3, the choice of fixed-income
exposure seems to make little difference to the final index result.
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Figure 4.10: FIA return distributions for 1000 simulations for SPXAV10P with 55% par-
ticipation, alongside the same simulation results with resampled monthly returns before
crediting to the FIA. On the left, note that the relative performance between the two
products is driven more by the mean as the ML models have narrower yield distributions.

those obtained through direct index modelling via the GBM. Despite reproducing the mean

we can see the shape of the distributions of FIA returns is very different.

We initially suspected that our ML models were poorly standardized. Not only was this
not the case, but we were happy to observe that the annual credited returns are essentially
identical. In Table 4.6 we look at the yield Y computed from annual credited returns X;
such that (14 Y)¥* = [[}% (1 + X;). We found that the X;’s are correctly distributed but
the distributions diverge when looking at the total returns, [[;2,(1 + X;). The only way

GBM GPR NN
Mean 6.43% | 6.05% | 5.95%
SD 1.90% | 0.68% | 0.65%
Skewness | 28.56% | 44.21% | 39.66%
Mean 6.43% | 6.25% | 6.12%
SD 1.90% 1.87% 1.81%
Skewness | 28.56% | 42.75% | 41.98%

Actual total returns
(i.e. not assuming independence between years)

Total returns assuming
independence between years

Table 4.6: 10-year annualized FTA return statistics
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to reconcile these facts is to realize that the X;’s are not independent. To support this we
resampled the monthly returns of our ML-derived index returns and redid the experiment

with the annuity returns (Figure 4.10, right panel).

The intuition is as follows: even though the features we used (underlying economy
returns) were simulated via GBMs, the ML model is picking up on the volatility calculations
in SPXAV10P. Even though there is no autocorrelation structure in the case of a pure
GBM, in our ML case large swings are followed by a higher “estimate” for 6 and m; (see
Eq. 4.5), dampening returns in the next period. This is the key benefit of the RC indices
as marketed. Even though the volatility is constant in our GBM inputs, sample volatility
is not, and so m; will be non-constant. This will introduce a native autocorrelation to the
RC index output of our ML model, effectively independent of the model for underlying

components.

Compared to the results with the same products in Section 4.2.1, we would expect
some change in the distribution (e.g. perhaps some reduced variance). The results shown
by Figure 4.10, on the other hand, seem too extreme. Even ignoring the data, consider
the following heuristic argument. The original RC index is constructed to aim at a value
of o = 0.10, so the participation of 55% should give 0.55¢ = 0.055 and the floor at zero
percent will roughly halve this again to give ~ 0.250 at 0.025 or 2.5%, on the same order
of magnitude of our observations. But a volatility of less than one percent, especially
given the high returns of ~ 6%, seems counterfactually low and defies financial sense. So,
regardless of the choice of benchmark (direct GBM or historical data) for our results, we
can see that the shape of our distribution is too narrow and the standard deviation of rates

is an order of magnitude too small. These findings motivate the results studied in Part
4.3.

Multiple Annuities

Before moving on to Part 4.3, in which we will study the effects of dependent returns, we
take a moment to explore their importance. Recall the original goal was a comparison

between two annuities linked to different indices. For this, we need to perform simul-
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SPXAV10P with 55% par | SPMARC5P with 85% par
Mean SD Mean SD P(SPX > MARCS5)
GBM | 0.059 0.018 0.063 0.016 42.8%
GPR | 0.050 0.006 0.065 0.004 2.2%
NN 0.049 0.006 0.057 0.004 11.8%
Table 4.7: Summary statistics, comparison of annualized returns for two annuities struck

on two different indices

taneous simulations of two indices, comprised of different components and with different
participation rates. Here we add Standard and Poor’s MARC 5% Excess Return Index
(SPMARCS5P), which is similar to the other two indices explored previously but with an
added gold index component. For this index, the prevailing participation rate (in late
2021) is set at 85% for the strategy. We simulated the same CORE economy with the
addition of a gold index, in hopes that this would improve our estimates’ performance, and
repeated the same procedure as before. Figure 4.11 shows similar behaviour. It is worth
noting that in Figure 4.12 we see a larger difference between the NN and GPR results in
the MARC5 case than for SPXAV10P. This is not too surprising as the MARCSH index is
a more complex product and the two methods likely struggle to sufficiently capture the

index dynamics to the point that they converge.

SPXAV10P SPMARC5
8010 yr Annualized Effective Annuity Return Distributions 14010 yr Annualized Effective Annuity Return Distributions
a [T GBM 0 GBM
70L il CCTGPR | COGPR
H NN 120 NN |
60 F
100
50
80 F
40 -
60 -
30
40 -
20
10 | 1 20r
0 ‘ 0 4_.::&@ ‘
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0 0.02 0.04 0.06 0.08 0.1 0.12 0.14

Figure 4.11: The MARCS5 yield results have similar properties to the SPXAV10P product.
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Not only do we see the same dramatic change in the summary statistics, we also see
a striking change in relative performance. This is to be expected as the lower variance
drives a narrower yield distribution and therefore less overlap and more dramatic relative

performance, especially compared to the GBM base case (see Figure 4.12 and Table 4.7).

30

140

[ SPXAV10P GBM [ SPXAV10P GPR
1 SPMARC5 GBM [0 SPMARCS5 GPR

25 -

20 -

15+

10

Figure 4.12: The relative performance between the two products is driven more by the
mean, as the ML models have narrower yield distributions.

While these results were not what we had expected to uncover, they are nevertheless
very encouraging. An appropriate and well-trained ML model was able to capture the very
feature on which these indices are marketed, namely volatility control. However, we do see
the overreaction of the ML-trained index functions due to the insufficiently sophisticated
“economy” simulation model. This suggests (as will be seen in Part 4.3) that a more
sophisticated CORE economy model is likely needed in place of correlated GBMs. To
obtain more realistic results, the autocorrelation that affects variance through aggregate
returns in the index function must interact with some autocorrelation native to the CORE
set of indices. These issues, as well as the features needed in the CORE model and how to

obtain proper annuity returns, are the topics we explore in Part 4.3.
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4.3 Intertemporal Correlation: Risk Control Indices
and Volatility Modelling

4.3.1 FIA Index Construction and Implications

In this second part of the chapter we aim to explain the results of Section 4.2.4. We
first provide some context relevant to FIA construction. As mentioned in Section 4.2.2,
the low interest rate environment that resulted from the Great Financial Crisis was the
main motivator for the design of risk-controlled indices. With historically low yields for
Treasuries and corporate bonds, insurance providers needed a new product to keep annuity
returns competitive. Providing index exposure with a principal guarantee is one way to do
this. However, reliance on a broad market index with high volatility (e.g. the SPX) is not
tenable in an economic environment where the option budget available under low interest
rates renders the crediting rate unattractively low to annuity buyers. The solution widely
adopted by the industry was RC indices of the kind discussed in Section 4.2.2. Risk control
mechanisms modulate exposure to the respective primary indices to make hedge positions
cheaper and pricing of the associated options more stable. Ultimately, an entity in the
supply chain has to have the underlying index or components on their books somehow. An
FIA provider needs to take some of the premiums received for the FIA and purchase an
option or portfolio of options giving them the requisite exposure to the index to credit the
FIA returns. The option provider in turn needs to hedge this exposure to the index in the

open market. A nice schematic of this process can be found in | ].

This process greatly constrains the kind of index behaviour we would expect to see. Any
successfully marketed index with sufficiently idiosyncratic behaviour would very quickly
run into capacity issues, with hedge providers trying to create exposure and hedging in
the open market. Indices therefore must be constructed from components that are very
liquid or similarly exposed to broad risk factors to make substitution possible (e.g. hedging
the SPX with another “market proxy”). For instance, in Section 4.2.3 we explored (via
PCA) the possibility that our CORE economy returns were mostly driven by a market

and volatility risk factor. Risk-controlled indices must necessarily be driven by exposure
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to these same factors; otherwise, the hedge provider would not be able to sell the necessary
options to make a market for FIAs possible. Likewise, the risk control mechanisms cannot
be too complex and sensitive, or the number of transactions needed to hedge would be cost-
prohibitive. We argue as evidence of this the fact that RC indices still have sufficiently
interesting intertemporal return dependence that, when passing a GBM through the RC
mechanism and aggregating returns over an FIA crediting period, we get counterfactual
results'” of the kind in section 4.2.4. Put another way, while RC indices may have been
motivated in part by FIA products, they have a life separate from FIAs and are subject
to all the same construction and modelling challenges present with any index. This lies at

the heart of our results in this chapter part.

In Part 4.2, we discussed how to recreate cross-sectional index returns by reproducing
the index calculations themselves and passing a smaller CORE economy through them. We
saw that the simulated economy needed certain essential features that interact with the
index calculations. These are features that simple GBMs do not possess. In this chapter
part, we explore what those essential features may be, and which are sufficient to reproduce
reasonable FIA returns. We do this by first studying the stylized facts of indices in general
and how these affect the aggregation of returns in Section 4.3.2. In Sections 4.3.2, 4.3.2
and 4.3.2 we apply this to the popular class of stochastic volatility models, the very class
of model that inspired the RC mechanisms we are interested in. We then return to RC
indices specifically in Section 4.3.3 before finally addressing the question of FIA returns in

Section 4.3.3. A brief conclusion tying the results of Parts 4.2 and 4.3 together follows.

4.3.2 Stochastic Volatility: Statistics of Indices

As a general rule, asset prices are often less useful than relative asset growth or loss. This
is why we employ the notion of a return. Given a time series of prices {PZ-}Z.J\L1 sampled at

regular intervals of time At (e.g. daily), we consider two different notions of asset returns,

10To note briefly, dependence in the aggregation of returns is a known, perhaps under-investigated
phenomenon in finance generally. See for instance | 1.l L.l

] or | ]
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the simple or gross return (R;) and the logarithmic return (r;):

PP, P,
Ro=—l g .
P, s (B»l)

Comparing the two, the key point is that logarithmic returns are additive across periods
of time while simple returns are additive across portfolio components. What is often lost
is the understanding that these are statistics of the price data, with all the associated
statistical questions and issues. For instance, a gross return is clearly most useful when
describing a quantity that grows additively or linearly in time, whereas a logarithmic return
captures the rate of an exponential growth. Depending on the data, the context and
application of these two notions of return are not a priori interchangeable. The difference
can be captured when considering geometric Brownian motion (GBM), a common null
model of financial returns going back to the work of | ], [ ] and

the thousands of works derived since:

dP, 2
?t = pdt + odWy = P, = P,_1 exp { <,u — 2) At + JWN} ) (4.6)
t

GBM growth is inherently geometric or multiplicative: r; ~ N((u — U—;)At,UQAt),
whereas R, will be a shifted Log-Normal distribution with mean exp(uAt) — 1 and vari-
ance [exp(0?At) — 1]exp(2uAt). From a statistical perspective, logarithmic returns are
favourable, as %, will be scale-free and the mean will report a typical portfolio trajectory
(for recent discussions of the relevance of this, see | ] and |

|). Despite this, simple returns are often used in many financial calculations (e.g.

annuity crediting formulas) of interest to us.

Fortunately, at small enough time scales these two notions of return are functionally

interchangeable. To see this we need only consider the Taylor approximation to exp (x):

Py

R, —1=-exp(ry) — 1~

99



Consider the justification for the GBM as a suitable null model of financial asset dy-
namics. Regardless of the kind of return considered, in any event we can express longer

time returns using a sum of log price ratios:

P T
1+ Rp=1+—"+— H

T
= exp (Zl (Pt 1)) — LogNormal by CLT

P T
rT—log<P0> log <H P 1) Zlog (Ptt1> — Normal by CLT

t=1

As long as the log (%) terms are sufficiently i.i.d. and well behaved, we can justify the
GBM as a model by invoking the CLT. Indeed, at long enough time scales this model does
appear sufficient (| ).

That said, the exact nature of the temporal dependence of returns is the subject of much
debate and from some perspectives can be thought of as the open problem of mathematical
finance. Investigators often turn to statistical autocorrelation functions (ACFs) to provide
insight. Consider the autocorrelation of S&P returns (i.e. Corr|ry,r,,|). Figure 4.13a
suggests that any dependence between returns is nonlinear, as returns are not linearly
correlated through time. Indeed many nonlinear functions of returns express nontrivial
correlations (again see | ] and references therein). Nonlinear dependence can be
expressed as the sum of contributions of correlations between powers of returns via Taylor
series. So it is useful to consider products of powers of returns alone. For instance, in
finance we often consider the magnitude of squared returns such as the volatility squared

(typically denoted by o?).
2 2
Let us define the instantaneous squared volatility at time i by 62 = <= (or %: where

At At
R; ~ r;). Two significant nonlinear correlations appear to be persistent features of many
traded assets across different kinds of markets (see previous references, for example |

]). We demonstrate them here with daily S&P 500 (SPX) returns:

1. Volatility autocorrelation: In Figure 4.13b we plot the autocorrelation of instanta-

neous volatility in terms of a fixed lag 7 via ¢(7) = Corr[6y, ,..|. The results strongly
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suggest that there is a persistent sizable dependence in volatility across time.

. Leverage correlation: In Figure 4.13c we plot L(7) = Corr [(LE[”]) ,6252”}. Large

At
negative price movements seem to be correlated to increases in volatility that decay

after the initial shock. The correlation is generally strongest following negative re-

turns; that is, volatility clustering cannot meaningfully “anticipate” a sudden price

drop.
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Figure 4.13: Sample autocorrelation functions of (a) returns, (b) volatility and (c) the
leverage correlation

Higher-order correlations may have some impact on prices, but for reasons of both

statistical quality and modelling convenience we typically restrict ourselves to volatility

and leverage. This motivates the common strategy of replacing the volatility o in Eq. (4.6)

by a stochastic process o, with a positive decaying autocorrelation. In order to induce the

leverage correlation, a dependence between o, and W, is typically imposed. Now reconsider

the issues raised by Figure 4.10 and Table 4.6, as well as the analogous results for multiple

annuities in Section 4.2.4. To understand how the variance of returns can depend on the

aforementioned correlations, we look at the variance of the sum of log returns given by
var[SN  ry).
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If we take dP; = puP,dt + o, P;,dW; then we simply have

P T T 2 T
ro = log (PT) = /o dlog(P;) = /0 (u — U;) dt —i—/o o dW,
0

which is a GBM-like formula with a stochastic volatility.

To explain the aggregated variance of index returns, we aim to decompose Var|ry| into
a sum of the contributions from autocorrelation and leverage. To do so we will need some
assumptions about the form of o; and possible dependence on 7;. In the rest of this section

we will study models of the following form:

T 2 T
rr = / (ILL — Ut) dt +/ |0’t‘th(1)
0 2 0

¢ N orir(2)
O¢ :m—’—A k(t,t)th/

to

This general framework can be augmented further for realism. For example we could
make the change |oy] — f(0;). The choice of f(-) would control the ultimate stationary
distribution (if it exists) of volatility; for instance, f(z) = e¢” would produce Log-Normal
distributions for volatility (| ]). In the remainder of this section we
will consider the model presented above and focus on the choice of volatility kernel k(¢,t"),
which will determine the stochastic volatility model under consideration. This model for
ry and oy is flexible enough to capture many cases but parsimonious enough to compute

the variance we are interested in:

Theorem 4.3.1. If returns are generated by a model of the form (4.7), then

Varfry] — E l | Tagds] + ! / ! iC(t,u) 9PNkt u)H(t — w)E 0] | dtdu (4.8)

——
= 02T in GBM

leverage corr.
vol. autocorr.

where C(t,u) = E[(0? — E[0?])(6% — E[0?])], © = P(0, > 0) — P(0, < 0) and H(-) is the
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Heaviside step function.

We can simplify Eq. (4.8) further via Lemma D.1.1 by making the substitution C(¢, s) =
2(E [0404)° —m*). This conveniently allows us to compute only one model correlation. The
leverage term in Eq. (4.8) is so called for the following reason: if we say r; ~ %? and
At &~ dt and use the standard Ito conventions and results from Appendix D.2, we can

show that

E l(ﬂ) ,63] ~ 2pk(u, t)0(t — u)E[o0,; (4.9)

that is, we can see that the leverage term in (4.8) is proportional to the leverage correlation
L(7). So we have the expression we were looking for: the variance of r¢ in terms of the

two significant correlations we have discussed.

Many indices conform to the S&P pattern laid out in Figs. (4.13b) and (4.13c), namely
a positive volatility autocorrelation and a negative leverage correlation implying p < 0. A
negative p implies in turn that the sum of the correlation terms in Eq. (4.8) is positive,
so that the variance of the T-period return distribution will be larger given intertemporal
dependence than otherwise. RC indices are constructed specifically with such a dependence
induced by stochastic volatility of the kind in Eq. (4.7) in mind. Indeed, as the RC
mechanism attempts to dampen the shocks of stochastic volatility (shrinking the leverage
and autocorrelation terms) we should see smaller T-period return variance in the RC index

versus the underlying index.

We now apply Eq. (4.8) to some well-known stochastic volatility models in the form of
(4.7) to gain some insight, keeping in mind that to fit the stylized features of index data,
we should see leverage correlation and volatility autocorrelation as well as a variance that

will be asymptotically linear to conform to a GBM-like behaviour seen at large time scales.
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The Ornstein—Uhlenbeck (OU) Model

We will start with perhaps the simplest well-known stochastic volatility model: the OU

process. This process can be put in the form of our model above via an exponential kernel:
doy = —a(o —m)dt + AW, = o(t)=m+ A\ /too e t=)qw?), (4.10)
So we use the following in Eq. (4.8):
k(t,u) = e~

A
E — 2 —a|t—u\'
(o0, = m” + <2a> e

Let us denote (ﬁ) by 6. For the OU model described in Eq. (4.10) we can show that

Var[rr] = (m* + )T + 6(0 — 2)\Ap) ro1-e
rri=Am Ploa ™ T (2a)
o ar (4.11)
Y Lt |
[0 (6]

Consider how this behaves asymptotically. For a small-T" approximation, take the Taylor
series of (4.11):

Var[rr] & (m? + 0)T + o [20(0 — 2AAp) +m?(20 — 2AAp)| T* + O(T*). (4.12)

For a negative p we will see a superlinear growth in the variance, whereas for large T',

(4.13)

Var(r] = O ((mQ o 0(6 — 2XAp) N m?2(20 — 2)\Ap)> T) |

2a Q

For large enough T' the behaviour will become linear.
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It is also worth making note of another asymptotic regime. For @ — oo we can see that
Var[ry] = O((m* + 0)T) (4.14)

where we make use of big-O notation to avoid taking explicit limits as 6 — 0. Intuitively, in
the large o limit the characteristic scale of the volatility correlation (1/a)) goes to zero and
the process starts to resemble a GBM. This may also explain why this particular model is
popular in many applications: it allows for the creation of a non-constant volatility surface
in options modelling without deviating too much from a GBM. To see this, consider a

special case of the OU model, the Heston stochastic volatility model (] D).

It is well known that if m = 0 a sum of squared OU processes can be used to create a
Cox—Ingersoll-Ross (CIR) model, the same process used in the Heston model. Proceeding

from our single OU process, we have the following correspondence:

d(0?) = 20do, + Ndt

l2
— (2q) ( = —02>dt + (20 AW,
—— \ 2« N

0

If m = 0 then oy ~ N(0,60) and A = 0. Making use of Eqs. (4.8) or (4.11), we can show

the variance of aggregate returns in the Heston model is

Var(rr] = 0T + (6% — Apde) (T 1= eXP(_fﬁT))

K K2

~ 0T + k0*T? 4+ O(T?)

where the second expression is the “small T approximation. While we still see the same
behaviour as in the OU model, the deviations from a GBM are less severe. For a large
enough « the differences are inconsequential in practice and the sample variance of returns

will scale mostly linearly.
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Rough Volatility: The Gatheral or Stein & Stein Model

Many authors have pointed out the insufficiency of the Heston/OU model in a variety of
ways (| | and references therein). In particular, volatility autocorrelation
decays too rapidly as an exponential in the model, whereas the data suggest something
more akin to a power law. Some authors suggest that a sum or nested set of (potentially
infinite) OU processes can account for this and would reflect the different time scales of
market participants ([ 1, [ ], [

| and [ ]). Others have attempted to create an entirely
new class of stochastic volatility models using tools beyond the standard Ito process. One

such tool is the fractional Brownian motion (FBM) denoted by

W= o [ (= 9" (s ) ) a

T Oy )

where Cy is a normalization constant. The parameter H € (0,1), called the Hurst index,
controls the degree of mean reversion or momentum for the process. We have chosen
the value of Cy = [°__ (1 — )12 (S)H_1/2) dt’ + 55 in order to give a convenient
expression for variance,

Var[WH — W = |t — u*".

Assuming that ¢, u > 0, we can use this to derive the autocorrelation:

1
BIWHWH) = S(BH + ! — |t — ")

For H < 1/2 the process has negatively correlated values (i.e. mean-reverting be-
haviour), for H = 1/2 it is a standard BM and for H > 1/2 it has positively correlated
values. For more details, see the original work introducing the FBM |

] or a more modern text such as | ].

For our purposes we will be studying a model inspired by | ]
and | ]. Although it should be noted that in those references they

made use of a Log-Normal model (i.e. f(o) = €7 in 4.7). The model we study here will
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be a more tractable “smoothed” model called the fractional Stein and Stein model after
[ ] and developed by Gatheral in | |. This model is
constructed via the OU process, but we replace the BM driving the process with an FBM:

t
doy = —a(o —m)dt + \dW} = o(t) = m + \ / e =) qwi, (4.15)

Asymptotically at least, models of the form of (4.15) will produce the power-law be-
haviour of volatility we see in the data ([ ], Theorem 2.3). Unfor-
tunately, it is difficult to express this model in the form of Eq. (4.7) (see e.g. |

|, p- 121 for a comprehensive discussion). For the often-used truncated FBM
WH = e Jo(t = 8)712dW, we can show that

k(t,u) =k(t —u) = C}H (c;;

0 )/Ox(x - z)o‘eo‘zdz> . (4.16)

However, this comes at the cost of a covariance function that is more difficult to work with,

involving hypergeometric integrals.

Let m(t) = m + e (0o —m). Then
¢ ¢
o(t) =m+ )\/ e EqWH = m(t) + )\/ el g,
—oo 0

In general, looking at financial data, « in Eq. (4.15) tends to be very small. In this
regime (months to a few years), we will assume « is small enough to make the following

approximation:

or = m 4+ AWH - Wi (4.17)
which is much easier to work with:

Bes) = [ (=507 = ((=5))" %)

—0o0

E 0104 = m® + N E[W/WL].
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We will also make the simplifying assumption that © = 1, implying that we have chosen

parameters guaranteeing o, is positive''. With these simplifications, we have

Var(re] = m? [T + C{™ N2 T22H — O™ pAT3/241

+ A2 T1+2H +C A4T2+4H —_C p)\3/2T3/2+3H (418)
1+2H ! 2
where
o _ _1+4H + 4H?
! 2(1+ H)(1 +2H)?’
o - 2+ T7H +4H? Vrl'(2+ 2H) 1
YT 41+ 4H)(1+2H)??  8(2YNI'(3/2+2H)  8(1+2H)?’
(m) _ 8
G = 3+8H +4H?’
o 16H 30(1/2 + H)I'(1 + 2H)
7 (1+2H)*(1+6H) I'(5/2 + 3H)

This is the small-T" formula for the T-period variance analogous to Eq. (4.12) in the pure
OU model. We would now like to know the large-T" behaviour as in Eq. (4.13). While as
previously mentioned we cannot give the full model the same treatment analytically, we

can draw some conclusions.

It has been shown by | ] that there exists a stationary distribution given
by
1 oy — m(t))?
p(t, 04|og) = ——— exp {_(trz())}
212(t) 272(1)

where the long-term variance is given by 72(t) = 2H\2e~2 [/ s2H 12255 If t — oo then
m — mand if H < 1/2 then 42(t) = O(H#2%4~(-21)) Thus, the long-term distribution for
rr will become GBM-like with a constant volatility of m. The speed of this convergence

is governed by two mean reversion components: the classical OU reversion governed by «

HKeep in mind that for large enough time we can also take into account the OU-style mean reversion.
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and the FBM reversion governed by H.

Finally, consider the regime where we send H — 0 (as we did for e.q. Eq. (4.14)).
Equation (4.18) is uninformative as H # 0 in any FBM, but we can make the approximation
that o is nearly constant at E[06?] &~ m? + A\, namely the lowest-order term in (4.18).
Consider Figure 4.14, where we have chosen some reasonable model values and compared
Var|ry| to the H = 0 case of /(m? + A2)T.

- H=0.01
—— H=0.1
0.10 " H=02

= H=0.5

- — 'H=0'

T

Figure 4.14: Variance for “small-time” r7 in rough model for A = 0.1, p = —0.5,m = 0.16

Beyond Stochastic volatility?

In a GBM the standard deviation for both simple and logarithmic “small time” returns
scale as VAt so that Var[R,| ~ Var[r,] = ¢?At until At grows too large so that this
scaling only applies to logarithmic returns. We also saw this in (4.13) and the expression
for v(t) in the previous sections for the OU and Gatheral models respectively. Both models
eventually become GBM-like with respect to variance scaling. For long enough (> 1 year)
time scales, as previously mentioned the GBM serves as a good model for equity asset
returns. Indeed we will discuss how RC indices can dampen stochastic volatility resulting
in smaller variances when considering the long-time emergent GBM behaviour of the index.

For completeness, however, we now consider the possibility of some alternative index models
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and mechanisms.

Let us denote by S,a; and s,a; the standard deviations of simple and log returns
respectively over nAt time. Consider in Figure 4.15 the ratios S,a:/Sa: and spat/sa; for
the S&P 500 (SPX). We can see that the expected square root scaling does not hold for

less than a year; the actual relationship appears to be closer to n%4.

Time Scaling of the SPX std. deviation

log returns data A
b= simple returns data A ‘L
sqrt(n)

std. ratio

Figure 4.15: Log-Log plot of S and s ratios for At =1 day

To infer that dependence between small time log returns is the culprit for the anomalous

scaling in Figure 4.15, consider a counterfactual presented in Figure 4.16. In this case we

b
Py

As we can see, the resampled return data conform to the square root scaling of a GBM,

have resampled across time the log ( ) terms in order to remove any time dependence.
as the CLT convergence is not weakened by dependence in the summands. The difference
in the standard deviation on the order of a year can be as much as 20% which will clearly

be significant when considering portfolio returns.

Frustratingly, the two popular models of the form (4.7) we studied in the previous
sections cannot explain the kind of anomalous scaling of the kind in Figs. (4.15) and
(4.16). In the case of FBM driven model, however, a decrease in absolute variance can
at least be achieved, albeit one that grows too quickly (see Figure 4.14). As we shall
see in Section 4.3.3, models with this behaviour should prove satisfactory in capturing
some essential features of the dependence structure of returns. We now discuss why this

anomalous scaling was so hard to achieve and what if anything can be done.
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In both Sections 4.3.2 and 4.3.2 our models possessed a stationary kernel, k(t,u) =

k(t — u), producing a stationary process. Indeed, in such a case we can show that

el = [ ; R =)t = [ R (w)du

Therefore the first term of (4.8) grows as T; and if C(t,u) = C(t —u) = (k* k)(t — u)

(where k % k is the convolution of identical copies of the kernel), we have that

// tudtdu—T/ <1—|;|)ds

which necessarily grows at least as fast as 7. So with the stationary models of the kind
we have used, it is impossible to achieve the scaling of variance seen in Figure 4.15. There
are two possible responses to this. First, we could abandon the form of (4.7) entirely:
rather than model the volatility separately, we could just model the returns directly. So
for example the following fractional GBM (studied by | | and others) would

exhibit power-law behaviour for E[(r;)?(ry)?]:

2
PT:POeXp{<u—(;>T+UWf}

and we would see the anomalous scaling we desire:

Var(Ry] = VAR [oWj'| = o*T*".

Unfortunately, for Gaussian processes return and volatility autocorrelation would be
linked by Lemma (D.1.1). This implies some kind of non-Gaussian rough model or mul-
tifractal model (see | 1, 1 ]). Alternatively, we
could abandon models based on stochastic processes entirely. For instance, agent-based
models ([ ] or [ ]) or even quasi-deterministic models (|

|or | |) have been able to capture many stylized

features of markets.
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simple return data
reshuffled data

log return data
reshuffled data

(a) (b)

Figure 4.16: Permuted return data for (a) log and (b) simple returns more closely conforms
to n% as expected vs n®45 (both drawn in black).

Of particular note is the recent work of [ ]), who suggested that
aggregated returns do appear to display serial correlations. The complex market operations
used to hedge index exposure may influence the constituent securities that make up the
index, with the resulting feedback leading to serial correlations. A more realistic upgrade

to (4.7) may introduce a serially correlated substitute for W ™).

For now, it is important to show that stochastic volatility and intertemporal dependence
therein can influence and explain the aggregated return variance of index (and by extension
annuity) returns. When modelling RC indices for the purposes of FIAs, we can show
volatility and leverage correlations of the original index are carried over to the risk control
version. This will lead to issues when using the naive GBM models no matter how well one
can reproduce the risk-control index calculations. Again, see Section 4.2.2 for a discussion

of the relationship between risk control mechanisms and stochastic volatility in FIA indices.
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4.3.3 RC index Simulation
The Role of Dependence

Thus far, we have only discussed the statistics of the SPX. However, our focus in this
chapter is the SPX RC indices. As we saw in Section 4.2.1, the choice of intertemporal
dependence structure of returns for the RC indices is extremely relevant to determining
annuity returns. We have also discussed how the intertemporal dependence structure
induced by stochastic volatility will have an impact on the aggregated return statistics of

an index. So it is natural that this would be a consideration for RC indices as well.

Consider the volatility autocorrelation and leverage correlations of the SPXAV10P and
the SPX together in Figure 4.17, and recall our outline of a generic RC mechanism in
Section 4.2.2. It is to be expected that the RC mechanism “dampens” the volatility au-
tocorrelation. The autocorrelation shows up in the clustering of large volatility events:
periods of high volatility follow one another. The RC mechanism when encountering a
high volatility event will shift index exposure to bonds lowering the volatility of subse-

quent returns.

04 Sample SPX & SPXAV10P lev. correlation

Sample ACF of SPX & SPXAV10P vol

1 ‘ ‘
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Figure 4.17: Volatility autocorrelation is damped by the RC mechanism (left) while the
leverage correlation persists (right)

It is the RC index’s leverage correlation that is more interesting. If the autocorrelation
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is damped, we would expect to see something similar in the leverage correlation through
some mechanism similar to that in Eq. (4.9). Instead, we see essentially the same pattern.
It is tempting to think this is simply because of the normalization we have chosen (indeed
the leverage covariance is lower in magnitude). To check this, we perform the following
experiment: we fit an ML model for SPXAV10P as in Section 4.2.3 using the SPX and
100078US indices and consider the results when simulating the SPX via a GBM (Figure
4.18). In the language of (4.1) I is the SPXAVI10P, P, is the SPX, B, is 100078US and
f is our ML model. Considering the results in Figure 4.18, the autocorrelation is clearly
even lower than the RC index and the leverage correlation is greatly reduced. There does
appear to be a small amount of induced leverage, but this could easily be an artefact of
the ML model imperfectly fitting the RC mechanism. Naturally, the GBM has no native
autocorrelation to dampen and no leverage correlation, as volatility is not stochastic. On
the other hand, the observed pattern of SPX volatility autocorrelation appears to have

a power-law decay and is persistent over long periods of time (longer than the leverage

correlation, which was also remarked on by [ D).
1 T 0.1 T
— GBM GBM
Real 1 Real
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/\ﬁ," /
0.6 4 0 by “‘”‘)\\‘\‘; h
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Figure 4.18: Unlike the volatility autocorrelation (left), the RC mechanism will induce a
similar leverage correlation when fed GBM-generated returns.

These observations suggest that while the RC mechanism does reduce the intertemporal

covariance of volatility (e.g. E[o;0,] in Eq. 4.8), the RC index still has a rich intertemporal
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dependence of volatility and a stochastic volatility of its own inherited from the non-RC
underlying index. Given the persistence of volatility autocorrelation, it stands to reason
that even the most ambitious RC mechanisms would be unable to completely dampen it.
This is also a practical issue: an index carrier could not purchase efficiently priced options
from an index provider for a perfect RC index, as the provider mitigates volatility risk by
adding a risk margin. Effectively, the hedge provider is pricing for volatility higher than
the index is designed to maintain, as the trades required to perfectly conform to the RC

mechanisms of (4.4) are not practical.

We now return our attention to the results of Section 4.2.4 for annuity returns using a
GBM economy (CORE or otherwise). We would like to see index models with stochastic
volatility become GBM-like on longer time scales, as seen in the data. We saw two examples
of this in Sections 4.3.2 and 4.3.2. Through Eq. (4.8) we saw that the stochastic volatility
dynamics at smaller time scales can aggregate to affect the resultant larger time-scale
GBM. For instance, in Eq. (4.13) we saw that at large 7" the popular OU/Heston volatility
dynamics show the variance to be linear in 7', like a GBM, but is larger than it would be
otherwise if there were no dependence structure to volatility. Indeed, if we were to use a

model with no intertemporal dependence we would obtain

Var[rr] = E l/oT a?ds} +/0T /OT <i/QW_OMOdth.

—_—
GBM volatility

While the RC mechanism purports to dampen volatility, it does not completely elim-
inate intertemporal covariance as above. In Section 4.2.4 we used a GBM, which has no
such dependence. We believe this explains the suspiciously extreme narrowing of the dis-
tributions in Section 4.2.4. At the current state of the art, as demonstrated in Section
4.2.1 we can fit the statistics of the resultant RC index directly, but if we want to produce
an RC index by passing its constituent components through a model, we need an accurate

model for the stochastic volatility that can interact with the RC mechanism.

In the following section we consider two modifications of our models in Sections 4.3.2

and 4.3.2, aiming to determine the necessary features of an accurate stochastic volatility
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model.

Candidate models for Stochastic Volatility

If true, our hypothesis would suggest that any underlying simulation or economy must
properly capture the proper decay of volatility autocorrelation such that the RC mechanism
does not overpower it and deliver unrealistic results as in Section 4.2.4. We will test this

using the following two models.

Model 1: An FBM model We will employ the model of | ], a
version of which we studied in Section 4.3.2. We make the change that f(o) = €7, as this

is more realistic and empirically sound. In discrete daily returns the model takes the form

Ty, = pAL + "V ALAW,,,
v, = vy, +a(m — vy, )AL+ ANAW (4.19)
pAt(AL)* = E[AW, AW/[T].

Unfortunately, estimation within this model is severely complicated by the fractional
term. We simply used the parameters found for the SPX in | ]. Simu-
lation of an FBM is also difficult to achieve through some kind of Euler-style integration.
We prefer to simulate the FBM through spectral methods for accuracy (see |

|); including a p and therefore leverage correlation is very challenging and we will
have to eschew this for now, although as we shall see this will not materially affect our

conclusions.

Model 2: A Moving Average Model We set At =1 day such that for an N-day
simulation horizon we have t —ty = NAt and tp = t;_ny < ... < t;_; < ... < t; =t. For a

volatility kernel in the form (4.7), let k(¢;,t;,—;) = ki—; where k;_; ~ 0 for some j > g. We
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can then make the following approximation for a discrete daily volatility model:

to

i=1

t q
/ k()W =3 k(ti, tio)) AW,

Note that this is functionally equivalent to a moving average model M A(q) (see |
]), and so fitting the following model with built-in MA tools is straightforward:

re, = pAt + i/ ALAWDY,

q
Vg, =M + Z kfi_jAWt(z)

=0

(4.20)

i—j)

p(A1)? = EIAW N AW,

We do this for the SPX and compare the subsequent return distributions in Figure
4.19. We can see that the M A(50) volatility model can reproduce real SPX returns more

closely, notably in the tails of the return distribution where the deviations from normality

are driven by high stochastic volatility events.
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Figure 4.19: The MA model appears to reproduce the tails of the empirical distribution of

returns more closely.

The question we will address in the next section is: How much does this fidelity to the
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return distribution help when we suspect that the real driver of aggregated RC returns is
autocorrelation? The MA model will by definition only have an exponentially decaying
volatility for 50 days, whereas the FBM model may not fit the returns as well but has a

persistent power-law autocorrelation that may not be overpowered by the RC mechanism.

Simulation Results

We simulated an economy with an SPX component given by Egs. (4.19) and (4.20) and a
bond component given by I00078US similar to Section 4.2.4. The results are compiled in
Table 4.8. Contrary to the discussion (inspired by the results of | 1)
in Section 4.3.2, on the scale of a decade we found that the a parameter is crucial in
calibrating returns. This makes sense as o = 0.14 gives an approximate characteristic
scale of 5 years, of obvious relevance for a 10-year FIA. Recall we discussed in Section 4.2.1
the prudence (or otherwise) of using historical RC index results as a benchmark. That
said, a properly calibrated FBM model can capture the standard deviation of historical
FIA returns. This is despite their potentially having a higher skewness, perhaps as an

artefact of no leverage correlation.

On the other hand, the MA(50) model delivers results that are essentially identical
to the GBM model studied in Part 4.2. Examining Figure 4.20, we can see the extreme
narrowing of the annuity return distribution for the MA(50) model annuity returns versus
the more heavy-tailed FIA return distribution, even though the tails of the underlying
returns better match the underlying distribution in the MA case! This would appear to
validate our hypothesis: the RC mechanism interacts with the more realistic power-law
decay of an FBM model in the appropriate way, whereas the MA model decays too quickly

and will be unrealistically narrow in the aggregate, as in the GBM case.

4.4 Conclusion

The main focus of this work was to provide a blueprint for solving the annuity decision

problem practically and at scale through simulations. The number of annuity indices
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GBM | Real Returns
Mean 0.059 0.060
Direct RC index model SD 0.019 0.016
Skewness | 0.421 0.322
SPX model GPR NN
Mean 0.054 0.054
GBM SD 0.006 0.006
Skewness | 0.394 0.444
Mean 0.059 0.059
MA model (p = —0.4) SD 0.006 0.006
Skewness | 0.454 0.391
Mean 0.071 0.072
FSV (H=0.14, a =0, p=0) SD 0.025 0.029
Skewness | 2.969 2.927
Mean 0.064 0.065
FSV (H =0.14, « = 0.18, p = 0) SD 0.010 0.011
Skewness | 0.850 0.824

Table 4.8: Annuity return statistics using an SPX/I00078US GPR model with various
stochastic volatility models for SPX

currently employed makes direct simulation problematic given the complex dependence
structure between them. Furthermore, even within the comparatively simple class of RC
indices, direct modelling of the index methodology remains elusive. We were, however,
successful in showing that even basic ML applications can outperform more elaborate direct
modelling of indices. For instance, ML models seemed to reproduce the index volatility
calculations (e.g. EWMA) better than the publicly listed methodology. In fact, we do not
even need the constituent underlying assets as features when using the CORE methodology.
If the index components are unknown, our CORE methodology proves to be a superior
approach in many cases, not simply a healthy alternative. However, outside the class
of RC indices the CORE methodology tended to fail. For example, for MARC5 we had
to add gold, and the Barclays index we studied appeared too complex or else had novel

exposure. Extremely complex indices aside, the fact that for large classes of indices we
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Figure 4.20: Relevance of stochastic volatility to aggregated returns: (a) the MA model
behaves very much like our original constant volatility model, whereas (b) the rough model
appears more realistic.

could reproduce more reliable returns via machine learning made the exercise worthwhile
as a whole. This provides a viable avenue for index forecasting where transparency of the
index methodology is low.

" reproducing the

In fact, the ML methods we used were in some sense “too accurate,’
RC mechanisms with enough fidelity that a GBM-based underlying economy model was
too simple. Our ML-trained index functions were strong enough to “over-react” to the ran-
dom nature of GBM paths, anticipating time dependence of volatility, and when receiving
none they “over-dampened” random jumps. This necessitated a more thorough investiga-
tion of the relationship between stochastic volatility (and the induced return dependence
therein) and the aggregate distribution of index returns. We identified the major features
of stochastic volatility (autocorrelation and leverage effects) and found a way of expressing
the variance of aggregate returns with respect to them. While a full accounting of the de-
pendence between returns would require more study, we felt that this was sufficient given
the nature of RC calculations. We then explored what kinds of stochastic volatility models

would work well with our ML index models and found that the “rough” autocorrelation of
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volatility seems to play a crucial role in explaining the behaviour of RC indices.

This naturally leads us to the first avenue for future research: constructing a rough
stochastic volatility economy that will work with our ML models to accurately model the
annuity decision problem. Another natural next step is to find estimates for some of the
more complex indices. Regardless of volatility models, a more informed choice of the
underlying economy (e.g. adding commodities, different duration and credit quality when
it comes to fixed income, and some alternatives) would provide a much richer data set to
train our ML models. Absent that, more complex ML techniques may help. The novelty
and complexity of some index strategies may warrant techniques such as natural language

processing, adversarial learning and so on.

Aside from the technical details of modelling, there are products besides FIAs to which
this work can be applied. Registered index-linked annuities, or RILAs, are very similar
to FIAs but contain a loss profile (see | ). In terms of product analysis,
extending our methodology to the evaluation and comparison of RILAs is straightforward
but possibly even more informative. Because they offer different downside or loss profiles,
while the option pricing stability arising from RC indices offers genuine benefits, they
generally suffer from low transparency. Understanding how to forecast these properly

could be critical for the industry.

Because RC indices have cheaper options, they also offer participation rates exceeding
100-200% that are attractive to clients and resistant to variation based on prevailing market
volatility. Furthermore, the recent rise in interest rates allows for richer option budgets,
upon which all index-linked annuities (including both FIAs and RILAs) depend. Therefore,
it is important to understand and be able to compare indexed annuities linked to different,
sometimes less familiar indices. Due to their stable and relatively low volatility, RC indices
allow for more predictable option pricing, and in a rising interest rate environment they
offer attractive participation rates. As it is impossible to research, deconstruct and model
all of them, we believe that our methodology opens the door to another way of simulating
these products while enabling the inclusion of many different structures struck on many

different indices.
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Chapter 5
Conclusion

Dissertation Review The first two chapters of this thesis were concerned with par-
ticular models for the losses of an insurance company, Additive Background Risk Models
(ABRMs). Specifically in Chapter 2 we examined estimation in an already-studied Tweedie
model and a new Stable ABRM. The same Stable model was studied in Chapter 3 in the
context of risk allocation and pricing. Our Stable ABRM is the main contribution of
this work: we explored its potential for modelling insurance losses as well as studying

allocations, risk measures, and prices; finally we studied how to estimate in the model.

While a Stable ABRM can be estimated in a typical MLE scheme, we pointed out the
impracticality of this for some insurance applications, in particular loss reserving. Large,
complex, interdependent losses require a more numerically efficient means of estimation.
By making use of the fact that the extreme Stable distributions (the most useful case for
insurance losses) have an MGF, we were able to adapt the CGMM to create a convenient
convex objective function for estimating the quantities of a Stable ABRM. By comparison
with previously studied Tweedie ABRMs as a proof of concept, we are confident that a
Stable ABRM can be practically used now by insurance practitioners. This opens up a
whole new class of models that are useful for heavy-tailed losses and suitable for many

business lines as well as catastrophe modelling.

Once the practicality of Stable ABRMs has been established through estimation, we
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can concern ourselves with more classic risk-theoretic questions. Pricing risk and allocating
capital under a Stable ABRM is non-trivial for the same reasons as MLE estimation: a lack
of closed-form expressions such as pdfs, cdfs and so on. We studied the ES/CVar/TCE
risk measure due to its ubiquity under Basel and its helpful properties. We also studied
the resulting linear allocations through the CAPM-like Weighted Insurance Pricing Model.
Our expression for the stable ES makes use of the Fox H-function, a special function well
studied for its use in representing the Stable pdf among other distributions. We argue
that the Fox H-function Mellin—Barnes integral or series representations can be used to

practically compute risk capital and allocations for a Stable ABRM.

In the final chapter of this dissertation we shifted to the study of Fixed Index Annuities
(FTAs): structured products offered by insurance carriers using equity exposure to hedge
longevity risk. The main issue facing FIA carriers or brokers, given the large universe
of products and underlying indices, is forecasting performance in a consistent way. This
problem is twofold: (i) the large universe of indices makes cross-sectional forecasting diffi-
cult while (ii) the complex nature of the indices involved renders simple models such as a
geometric Brownian motion (GBM) insufficient. We first used machine learning to shrink
the number of needed variates down to a more manageable number of baseline indices, and
then showed how more complex stochastic volatility models are required to capture the

necessary intertemporal correlations in index returns that are reflected in annuity products.

Limitations and Future Work In Chapter 2 we arguably “buried the lede” by restrict-
ing ourselves to estimation in the context of Stable and Tweedie ABRMs for loss reserving.
The technology presented in the CGMM can, however, be more broadly applied in other
insurance and non-insurance settings. Special cases of the Tweedie such as the multivariate
Gamma have appeared in many insurance settings. That being said, the CGMM objective
function is very “flat” and only becomes more so as the dimensions increase; numerical

methods outside the scope of the chapter need to be considered in future research.

In Chapter 3 the most obvious question is whether or not we can apply our methods
Fox H representations, linear sharing) to other risk measures. We considered for instance
g

size bias and Esscher risk measures and they seem (at least initially) feasible.
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In neither chapter did we consider the myriad of other possible applications of Stable
ABRMs. Stable distributions have famously been considered in finance and practical sci-
ences like engineering. It seems likely that fruitful applications of our work will be found

if the net is cast more widely.

Many of the broad concepts and methods in Chapter 4 are not restricted to FIAs. In
fact, the project could in some sense be better thought of as index modelling. Structured
products linked to indices are likewise not just restricted to FIAs. However, one specific
issue is there is no analytic mechanism explaining the need for rough volatility in the FIA
returns. This is in part due to the optionality in FIA returns and also the difficult-to-use
stochastic calculus of rough processes. The methods explored in Chapter 4 are very much
near the cutting edge of current research in stochastic processes, and we hope that this

index/FIA problem may serve as another laboratory for this work.
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Appendix A

Background on Distributions

A.1 Dispersion Models

Let Y ~ N (u, o) and consider the Normal distribution function:

Frlvlin) = <= exp{ =5 (0= '} (A1)

Notice that (y—u)? is a typical notion of distance. The Euclidian metric is a natural notion
of distance over R with which to describe errors; but how to extend it to R™, Z, [0,00), S
and so on? That is, we would like to make substitutions of form (z — p)? — d(y; p) and

\/;7 — a(y; 0?) that define new distributions such as

1
202

By (wli ) = alys o) exp { ——d(y )} (A2)

Bent Jgrgensen used just this approach ([ | and references therein) to
create ezponential dispersion models (EDMs). Naturally, d(y; p) will be proportional to the
log-likelihood of the “u” parameter (whatever that may represent). In this way, the theory
of generalized linear models can be easily extended to non-Normal, non-Euclidean settings.

It is not obvious, however, that for each d there will be an appropriate normalization a to
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produce a distribution. Put another way, given d(y; i), can we find an a(y; o) that solves

the following integral equation of the first kind:

1= /a(y; o”) exp {—Q;d(y; u)} dy. (A.3)

In general, determining the existence and uniqueness of such a solution is hard and replete
with technical issues (see Section 2.4.4). One strategy is to start with a solution and
“invert” this to find the distribution. Consider a distribution a(y; \) with known cumulant
function' denoted by x(6) and defined as the logarithm of the MGF:

Ak(0) = log {/ ea(y; )\)dy} : (A.4)

We can easily construct a distribution called the additive exponential dispersion model,
given by Z ~ ED*(A,0)):

pz(2]0,\) = exp {z0 — Ak(0)} a(z; N) (A.5)

Clearly this solves (A.3), since

/exp {20 — X&(0)} a(z; \)dz = e /ezea(z; ANdz = 1.

The transformation (Y, u,0?) = (£, x'(0)

5 ) gives the reproductive exponential distri-
bution model. Note that

1
D)

My(7) = exp {A[K(0 + 7) — ()]} (A.6)

and
My (1) = exp {A\[k(0 +T/X\) — Kk(6)]}, (A.7)

implying that
ElY]=pu=r'(0) = g(d) and Var[Y] = ¢'(0).

'Known as the partition function in physics and statistical mechanics.
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The reproductive form of the pdf (given by Y ~ ED(u,0?)) is then

eyl 0®) = exp { =5 (=20, 1) s o) (A8

202

where —0(y, ) = yg~'(u) — k(g7 (n)) is the negative log-likelihood® and a(y;c?) =
a(yX;1/A). Having come full circle, we can regard —2¢ as d(y,u). Thus, maximizing
likelihood is equivalent to minimizing the distance of some residual or error according to
a metric determined by the partition function of the distribution — a highly elegant and
useful construction! Note particularly that as long as we have a distribution and corre-
sponding MGF we can construct a model of the kind in (A.5). Indeed, this is a very rich

family of distributions found across the statistical sciences.

A.2 Tweedie Models

There is an interesting subclass of exponential dispersion models with useful properties

and many well-known special cases. We begin by defining the unit variance function V'(u):

var[Y] = o?V (). (A.9)

It can be shown that V(1) = ¢'(¢7 (1)), uniquely determines the distribution. The Tweedie
Ezponential Dispersion models are characterized by the unit variance function V (u) = p®,

or equivalently as being the only EDMs closed under scale transforms. That is, if

cED(pn,0) = ED(cu, > Po?)

then the EDM is Tweedie (denoted Y ~ Tw,(u,0?)). Notably, Tweedie models are also

infinitely divisible (a concept discussed in the next appendix).

The parameter p in the unit variance is called the Tweedie power parameter. Solving

2 Assuming the range of 7 is the same as the domain of p; otherwise we need to add terms.
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the ODE defining the Tweedie unit variance allows us to find the x(6) that generates the
Tweedie models. Let o« = (p —2)/(p — 1); then

el (%)a, forp £ 1,2
kp(0) = { —log(—0), forp=2 (A.10)

e, for p =1.

Comparing this characterization to (A.6) and (A.7), we can easily recover a few common

distributions:

p = 0 is the Normal distribution,

e p =1 is the Poisson distribution,

1 < p < 2 yields the Compound Poisson-Gamma distribution, and

p = 2 is the Gamma distribution.

There are also some more exotic distributions: Inverse Gaussian (p = 3) and some
“extreme stable” distributions (p > 3 or p < 0). It should be noted however that the latter
distributions are only generated by Stable distributions and will only truly be Stable if
0 =0.
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A.3 Sums of Independent Variables and Stable Vari-

ables

It can be said without
exaggerating that contemporary
probability theory has acquired
[its independence, authority and
methods] in the course of the
solution of the problem of
approximating distributions of
sums of independent random

variables

V. M. Zolotarev

First appearing in Paul Lévy’s 1925 Calcul des probabilités, Stable variables were studied
by such renowned figures as Kolmogorov and Feller. Vladimir M. Zolotarev, a student
of Kolmogorov, built much of his career on the probability theory of sums and other
asymptotic schemes of random variables (see | | and |

). There are several challenges in working with stable distributions, not least the
nonexistence of “nice” closed-form distribution functions. This is likely at the root of their
historical unpopularity compared to other, similar distributions. These challenges also

carry over to the multivariate class of Stable distributions, introduced in Section 3.2.

In this section we will outline the key results on Stable distributions. We will start by
examining some results regarding sums of random variables generally, before discussing the
GCLT. Much of this material can similarly be found in | ], [ | or

[ J

Infinite Divisibility

Definition A.3.1 (Infinite Divisibility). Consider j = 1,...,n and X, ; i.i.d. random

variables and sums of the form
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Zp=Xp1+ -+ Xnn (A.11)
The weak limit of Z,, — Z is said to be an infinitely divisible random variable.

Denote the CDF of Z, by Fy . Remarkably there is a fairly straightforward result
characterizing (weak) limits of (A.11), the proof of which can be found in any standard

probability theory text such as | ] or the ones previously mentioned.

Theorem A.3.1 (Lévy—Khintchine formula). G is a weak limit of Fz, as n — oo iff its
CF s of the following form:

/eitZdG(z) = exp {ita — bt* + /ino(em —1—it sin(w))dM(m)} (A.12)

where a,b > 0 and M, called the Lévy measure’, satisfies the following:

1. M({0})=0

2. Jocwer T2dM (z) < 00

Any random variable with characteristic function of the form (A.12) is said to be
infinitely divisible, as it can be expressed as an infinite sum of other random variables.

Examples include the Student-t, Gamma and compound Poisson distributions. Let us add

another example with this property in mind: the Stable random variables.

Univariate Stable Distribution

Definition A.3.2 (Stable random variable, first definition). A random variable X is said

to have a Stable distribution if for n > 2, 3¢, € R™,d,, € R such that

Xi4 4+ Xn Lo, X +d, (A.13)

3There are some equivalent ways of characterizing the integrand w.r.t. the Lévy measure; we chose the
one from | ] for ease of reference.
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where the X; are independent copies of X.

Such a distribution will be intimately connected to the question of sums of i.i.d. random

variables. Consider the following standardized sum of random variables Y;:

. Y+ +Y,
A L (A.14)
Pn
A random variable X is the weak limit of Z,, if and only if it is Stable. To see this, assume
that the Y;’s are stable; clearly the limit will also be Stable by (A.13). Conversely, assume

Zy converges to X. Let 51, = X1 +---+X,,, Sop = X1+ -+ Xy, and so on. Consider

the following rearrangement:

o Sl,n+"'+Sk,n
Pk

Zn,k — qu. <A15)

We have that

where the right-hand side is a sum of k Z,’s. Taking limits on both sides, we see that if
the weak limit exists, it satisfies definition A.3.2. We can thus identify the weak limits of

standardized sums of i.i.d. random variables with Stable random variables:

Definition A.3.3 (Stable random variable, second definition). A random variable X is

said to have a Stable distribution if for some i.i.d. Y;’s and

X has a distribution function in the weak limit of F; asn — oo.
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Clearly any Stable variable is infinitely divisible. The converse is not true: there are
infinitely divisible distributions that are not Stable. Comparing (A.17) and (A.11) we can
see that infinite divisibility is weaker, as the summands may depend on n. For instance,
Gamma random variables are infinitely divisible but not Stable, since a sum of n Gamma’s
with shape a/n will converge to another Gamma with shape a. That is, as n grows, the

summands, while i.i.d., are not the same.

While both definitions A.3.2 and A.3.3 are fairly easy to interpret, we desire a way
of working analytically with Stable variables. That is, we would like to identify the dis-
tribution and find a density if it exists. Unfortunately for most cases we can only find
a closed-form expression for the CF, and even then there is a great deal of machinery

involved.

Following | ], one can take the characteristic function of both sides of
A1T:

S In(éx,) = itds + In(go,x). (A.18)
i=1

Substituting (A.12) into (A.18) we get a functional equation. Solving it in the non-Normal

case we get

—kll'_a y x>0
M(z) = (A.19)
k’g(—.ﬁlﬁ)_a, x < 0.

Evaluating (A.12) yields an expression for the characteristic function. For o # 1 4,

/z (€ = 1 —itsin(a))dH (x) = ~[t|"(1 — if tan(ar/2)sign(1)) (A.20)

4Unless otherwise stated we will exclusively work in the o # 1 case. The a = 1 case corresponds to
the Cauchy distribution. Dealing with the Cauchy distribution directly is easy enough, whereas we need
to deal with a whole new set of considerations when deriving it from (A.12).
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where 5 = (k; — k2)/(k1 + ko). Including a scale and location parameter (and modifying
¢, and d,, accordingly), a Stable random variable X has CF

ox(t) = e H&Ft with ¢ = 0%(1 — iaBsgn(t))

or if we include the o = 1 case,

bx(t) = exp(—|ot|*(1 —. iB(signt)a) + it,u),. a#1 (A21)
exp(—|ot|(1 +iB2(signt) In [t]) +itp), a=1

denoted X ~ S,(i, 0, 3) with a = tan(%*) when o # 1. The p and o are the location and
scale parameters, and are equal and proportional to the mean and variance respectively
when they exist; a € (0, 2] is the tail parameter. For v = 2 we have a Normal distribution,
for a < 2 a Pareto-tailed distribution with exponent oe. The value [ is a skewness parameter

and if & < 1 and § = £1 the support of X is either [, 00) or (—o0, p].

The GCLT (due to [ |) then follows very naturally:

Theorem A.3.2. (The Generalized Central Limit Theorem) Consider the sequence of

centred and normalized sums of i.i.d. random variables Y; with Pareto tails such that
1= Fy,(y) ~ kiy™ and Fy,(y) ~ kaly|™*.
Define

~ Yi+..+Y,
7 _ 1+ ...+ B

n - Q’n
Pn
and for o £ 1,2° set
P = Wm and q, = E[Y;] (if it exists, zero otherwise).
®In the Normal case B,, = \/n. See | | for the Cauchy case.
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Then [z, — fs weakly where fg is a standardized Stable distribution. Thus,

Z, 2y 5 (1, 8,0)

where B = (ky — ka)/(k1 + ko) once again.

Properties Now that we have a characteristic function for a general univariate Stable

distribution, we note a few properties before moving on to the multivariate case.

» Given Xl ~ SOL<0—17/617/’61) and XQ ~ Sa(0—27ﬁ2>ﬂ2)7 we have Xl + X2 ~ Sa(@@ﬂ)

where

W= 1+ o,
1
o= (o7 +05)~, (A.22)
8= prof +52<T§Y.
(of +0%)

« As noted before, the tails of Stable distributions are asymptotically Pareto laws with
index a. So first and second moments only exist for « > 1 and o = 2 respectively.

And if @ < 1 and 8 = %1, the support is either [u, 00) or (—oo, .

« Stable pdfs do not generally exist in closed form. There are, however, three notable

exceptions®:

— Normal (v =2)
— Cauchy (t with d.o.f. =1) (a=1,6=0)

— Lévy (a:%,ﬁzl)

6 Another approach to the Stable CF due to | | suggests that since these are
special cases, a natural choice of solution to (A.18) is ¢x(t) = e~I!I"é. With some work involving the
theory of slowly varying functions and the properties of the CF we can derive the correct & and an identical
expression to (A.21).
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o While closed-form pdfs do not exist for general «, the class of special functions
known as the Fox H-functions can be used to represent Stable pdfs | ].
Suppose X ~ S,(0,3,0). Forz >0 ,r=4/14+ (af)? and v = % — w we have

QTOT @ ora

1 T
fX(w) = T H21,§1 [ 1

(1—-11) <1—m>]
(07 1) (1 - 777) .

Note that while H-functions are only defined for positive x, we have that

fx(—z|a, 0,8, 1) = fx(z|a, o, -3, —p),
fx(ela,,50) =~ fx (La,1,8,0).

g

H-functions are defined through a Mellin—Barnes integral; we include more details in
Appendix B.1. Additionally see Section 3.6 for details on computing the values of

H-functions.
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Appendix B

Fox H-Functions

B.1 The Fox H-function

Here we give a brief introduction to H-functions. For more details, refer to | ].

Definition B.1.1 (The Fox H-function). For 0 <m <¢q, 0 <n <p and A;,B; > 0,

e (a1, A1) (a2, As) ... (ap, Ap)
P (b1,B1) (ba, By) ... (by,By)
_ ! { (IT72, (b + Bys))(ITj= T'(1 — a; — Ays)) }
© (e T =0 — Bjs)) (I i1 Dla; + Ajs))

—~ =

bj + B;s))(ITj— I'(1 — a; — A;s))
1—bj — B;s))(ITj=ps1 T(a; + Ajs))

2 %ds

. 1/ (H;n:1 I
2mi Jo ([Tjzpmia T

where C' separates the poles of products of Gamma functions in the numerator such that it

—~

lies respectively to the right and left of
b, +k —1—k
o + a;

z =

B; 4;
forallj and k=1,2,3....

For z € R the function is only defined for z > 0.
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Important Properties:

1. For ¢ > 0,
A
( A ) ( A ) 1 (ab f)
Hp'rr:],n € ay, A1 p, Ap _ 7Hp7r:1n >
’ (b1, B1) (bg, By c = B,
(bb 7)
For ¢ < 0, use the fact that
1 A A 1-56,B
Hpr/;,n - (0’17 1) (apa p) o anzsm ( 1 1)
o7 (b, Br) (bg: By ’ (1 —ai, Ar)
2. Ford € R,
Zde,n P (al?Al) (aihAP) — g™, (al +dA17A1)
P47 (by, By) (b, B) | 77 |7 |(by 4 dBy, By)
1, P1 q) Pq 1 1, P1

3. The Laplace Transform is also an H-function:

A A
L Hpnz,n . ((11, 1) (ap? P) (T)
7 (b1, Br) (bg, By)
_ le,n f (1_b1 _BbBl) (1 —bq—Bq,Bq>
c PTle|(l—a — A A) (1—ay— A, A)|
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B.2 H-Function Representation of One-Dimensional

Stable Densities

Originally shown by | | (using a different parameterization of stable distri-
butions) we rederive the Fox H-function representation of a univariate stable distribution

in our notation.

Theorem B.2.1. For X ~ S,(0,8,0) , = >0, r = /1+ (aB)?, ¢ = tan"'(aB) and
1 ¢
Y= 2 an’
1 (1 ! 1) (1—7.7)
x - T -7
fx(z) = T Hyy | — a a !
amars orel 0,1 (1-=v7)

Proof. Let & = 1 —iB(signt)a, £ =1 —ifa and € = 1 +iBa. We begin by inverting the

characteristic function:

1 oo «
_ / e—zmt6|t| ftdt
21 J -0

]_ S . o 0 . o
= —/ el qr 4 1/ e~tell®t g
2w Jo T J-—

1 oo . 4
= Re [/ e et édt}
0

™

/(@)

RN
= —Re ;Hll,il % ’
T O[fa ga (0’1>

by Lemma 3.5.1

11
1—=,=) (1-
amors " |ors | (0,1 (1=9,7)

by Lemma 3.5.2, where 6, = ?, vy =1 = —1,0p = (;T — ¢) ]
«

156



Appendix C

Proofs of Lemmas

C.1 Proof of Lemma 3.5.1

Proof. First note that being an exponential function, the Mellin transform of e %" is a

Gamma function:

MY (s) = /0 T gy,

Making the substitution u = bt®, we obtain % = %, so that

00 s/a d
—bt™ _ E —u u
./\/l{e }(s>_/0 (b) ¢ au
]_ )
= — / u¥ et dy,
aba Jo

_ 1y <S> ‘
aba «Q

Making use of the Mellin-Barnes Representation,

(0% 0%

=t o (2) 8] = L
L

o)
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Using Property 2 of Fox H-functions from Appendix B.1,

e
et ZgHol,iO bat (

1
0,
o

Finally, using the Laplace transform (Property 3 in Appendix B.1) yields

1 B 1 (1 j+1 1)
L 1H01,710 bat jo1 (z) = jHﬁf il a
aba (a,g) ab™

«
a

(0,1)

C.2 Proof of Lemma 3.5.2

Proof. Define

v _ v b1
21T = 1€

vo o 1010
29" = Tye

and recall the Euler reflection formula:

T(1—2)(z) = Sm?m).
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We have

(a1, Ay)

1,1
lellHl”l 212/21'
(blv Bl)

2 o
. v1 ,i(01v1—02v2s Vo \—s

= 57 [T+ Bi)D(1 = ay = Ays)) (@020 (ri) = ds
V1

1 46 0
= gl /(; ['(by + B1s)I'(1 —a; — Ays)) sin <7r <2 + i 2V28>> (r2a)~* ds

)
V1

0 6
+ igl : / ['(by + Bys)T'(1 — a; — A;s))sin (W <1V1 _ 2’/28>> (r22) " ds

T JC

and using the definition of the Fox H-function and the reflection formula,

1 _ 01 Oore
vipr L1 e (al’A1> (2 T ) ow )
’ (b, By) (1w o
1,21 2 T ) 7
Oiv1 Oava
. 1,1 ( 1,A1> (]_ — 77)
+amr Hy b |15 Gﬂ 671'
(b1, By) (1 — 1”1’27V2)
™ iy
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C.3 Proof of Modified Jordan’s Lemma in Section 3.6

Proof. Consider the CW curve Y : s =c+ Re ™, e [-%, 2]

’/T g(s)z%ds

7sln(z)d
/Y g(s)e s

™

/f glc+ Re ™) exp {—In(2)[R cos(#) — iRsin(0)]}(—iR)e " do

s
2

< RMRefcln(z)/

— e—cln(z)

us
2

e~ In(z)R cos(0) 4o

jus
2

— QRMRe—cln(z) /0 o~ In(2)Rcos(9) g

™

2

< 2RMpe~ (et () /0 o~ 2RI(=)0/7 g9
—3

(since on [—7/2,0] we have — cos(0) < —1 — 20/)

— Maoe—(c+RIG) (T (,RinG) _ 4
re In(z) (e )

™
< Mp—n0 —cln(z).
- Rln(z)e
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Appendix D

Novikov’s Theorem

D.1 Miscellaneous Proofs

Lemma D.1.1. For normally distributed random variables X, and Xs, we have that
Cov[ X7, X3] = 2(E[X, X]* — E[Xi]*E[X,]*)

Proof. Recall that the normal conditional moments are

Var(X,|X,) = Var[X,] — Cm
and
E[XQ‘Xl] = E[XQ] + W(Xl - E[X1]).
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We show first that Cov[(X; — E[X1])?, (X5 — E[X5])?] = 2Cov[X;, X5]*:

Cov[(X; — E[X1])?, (X5 — E[X))])?]
= E[(X, — E[X1])*(X; — E[X,])?] — Var[X;]Var[X,)]
= E[(X1 — E[X1])°E[(X2 — E[X])?| X1]] — Var[X ]Var[X))]
= E[(X1 — E[X1))? (Var(X,| X)) + E[X,| X1 ]2 — 2E[Xo]E[Xa| X1] + E[X,]?) ]
— Var[X;|Var|[X,]

- _Cov[Xl,XQ]2
B Var[X,]

Cov[ Xy, Xy

o) El - e

E[(X, — E[X1])%] + <

(making the required substitutions and simplifying)

= 2COV[X1, X2]2.

We can now prove the lemma. Starting from
Cov[ X7, X3] = E[X7X3] — E[XT]E[X})]

and using normal cumulants or Isserlis’ theorem on the right-hand side, after some calcu-

lations we get

Cov[X2, X2] = Cov[(X; — E[X1])2 (Xa — E[X.])?]
+ 2E[X1JE[(X) — E[X1]) (X2 — E[X2])?] + 2E[X,]E[(X) — E[X1])*(X2 — E[Xa))]
+ 4E[X4|E[XoE[(X1 — E[X4])(X2 — E[X2])]
= 2CoV[ X1, X,]? + 4E[ X, |E[XL]E[(X, — E[X1])(X;y — E[X3])]
= 2(E[X1, Xo]? — E[X1]?E[X2]?)

162



Proof of Theorem 4.3.1

Proof. We compute

T 52 T
Var[X] = Var |fLT —/ ?tdt +/ |0t|th]
0 0

2

T T o T 52 T
:Var/ lo,|dW, | + Var / 9 gt| + 2Cov / —tdt,/ 0| d W | .
0 0o 2 o 2 0

1st term:
T WA, 2 T 9
var [/ |atyth]=E (/ \at|th) —EK/ |at|th>1
0 0 0
r T
—E / \at|2dt]—02
Jo
[ rT
=E / O'?dt].
Jo
2nd term:

=1 [ [ (E[otor] €[] E[02]) drd

where C(t,u) = COV|o?,0%]. If the correlation structure is stationary (i.e. C(t,u) =

C(|t — u|)) we can simplify this further into a single integral.
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3rd term: Here we employ Theorem D.2.1. If

u t N 2
lou| = ‘/ k(u,@)dWs| and o = </ k(t,t)dW,;)

we have h(z) = |z| and g(x) = 22. We also account for the difference in W2 and W1 by

introducing a p term:

E K/OTafdt> (/(]T\ou\dwuﬂ — sz/OT /OT k(t, u)H(t — w)E [o4]o ] dtdu

T T
= 2p)\@/0 /0 k(t,u)H(t — u)E [or0,] dtdu

where © = P(0, > 0) — P(0, < 0). It only remains to show that E[oy|0,|] = OF [0,0,].
But

E[0)]ou]] = /0 (e, )5, ) H (s — #)E[sn(o)]dt’ = Efsgn(ou)]E [010] = OF [oy0]
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D.2 Some Notes on Novikov’s Theorem and White

Noise Analysis

[We] are aware of the fact that in the mathematical
literature [...] the notion of a random (or stochastic)
process has been defined in a much more refined way.
This allows [us] for instance to determine in certain
cases the probability that a random function y(t) is
of bounded variation, or continuous or differentiable,
...]. However, it seems to us that these investigations
have not helped in the solution of problems of direct
physical interest, and we will, therefore, not try to

give an account of them.

— M.C. Wang and G.E. Uhlenbeck (|
)

Building the bridge from theory to application can be quite challenging. As a branch
of mathematics, white noise analysis can be traced back to | ] but earlier ver-
sions were originally conceived as a means of analyzing particle motion under turbulent
flow (see the work of Novikov, | ]). These techniques of the so-called random
force method were fortunately rediscovered for finance by J.P. Bouchaud (]

|). The results presented here can be easily derived using notions of functional deriva~
tives in the sense most often used by theoretical physicists. We provide a proof at the end
of this appendix that allows us to sidestep this approach, but the result has been widely

used for some time. We first offer some historical background for the interested reader.

In deriving the leverage correlation term in Theorem (4.3.1) we made use of a theorem

of Novikov. In particular, we showed that

E [(/()Tafdt> (/OT|au|qu>] — 2p)\A/OT /()Tk(t,u)H(t—u)E[0t|au|]dtdu.
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Novikov’s theorem is a common tool in the random force method of statistical physics
even today ([ ]). The method relies on the manipulation of the derivative of
Brownian motion and functional calculus therein. Physicists typically write dW; = &,dt
where &, is called white noise, purportedly the derivative of Brownian motion W;. In this
way, they write SDEs in the same way as deterministic differential equations:

X(t)

d

As a function of time, & changes with each realization. Therfore the solution to the

above is best thought of as a functional:
t
X[E(s) = pt+0 [ &(s)ds

Physicists frequently apply typical deterministic functional calculus (a.k.a. the calculus
of variations) to this style of functional. For now we will ignore all the requisite rigour for
functional calculus, such as the spaces we are working over, existence results and so on.
Recall the Gateaux derivative:

DX =i~ (X[e(s) + e6(s)] — X[E(s)]).

Using inner product notation for operators, we can write D, X = (A, ¢) = [ A¢ds. If
we take the Gateaux derivative in the “direction” of the Dirac Delta 6(s — t), we obtain
DsX = (A,0(s —t)) = A(t). Physicists identify A(t) with the Fréchet derivative of X and
write ([ 1)

Ay — OXEE)]
3¢ (t)

Using this notation, Novikov’s theorem takes the form

IF'[¢ (8)]]

E[FIE(s))€(1) = E [ 3¢ (1)
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for some functional F. In this way, our result would be expressed in the following way:

E [(/()Tofdt> (/OT |0u|qu>1
—E VOT /OT af|au|§udtdu1
:/T /TE (020 [¢1] dtdu
— p/ / [2@\%\ +at 5|§u|] dtdu

— P\ / / (2010 [kt w) H(t — u) + o?sgn(o,)k(u, u) H(0)| dtdu

= Qp)\/o /0 k(t,u)H(t — u)E [o¢|o,|] dtdu (since H(0) =0)

T rT
— 2pAA / / k(t,u)H(t — 0)E [0,0) didu.
0 0

As is often the case in both mathematics and physics, the rigour of these techniques
followed the application. It is easy enough to make the theory rigorous in the deterministic
case. By picking an appropriate space of functions (continuous, compact etc.), the Gateaux
derivative is a functional Dy X : ¢ — R that can be represented by Dy X = [ ¢dm where
m is some measure. As long as m is absolutely continuous with respect to the Lebesgue
measure A, the Radoanlkodym can serve as our analogue of % 5X , the Fréchet derivative.
However, even this incomplete story is significantly comphcated by the introduction of
stochastic functions. To begin with, it is not even clear what kind of object should serve

as the white noise.

This issue lies at the heart of Hida white noise theory and the associated Hida—Malliavin
(a.k.a. stochastic functional) calculus (| ] and references therein).
While far outside the scope of this appendix, rich mathematical theories such as these make
the above discussion rigorous. That being said, we could not find a modern reference
proving the Novikov theorem using Hida—Malliavin techniques, perhaps unsurprisingly

since presumably the original physics derivation can be made rigorous using this theory.
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However, for the sake of completeness a proof is required if we are to make use of Theorem
4.3.1. To that end, we now provide a proof using standard techniques (Ito integrals, Stein’s
Lemma) familiar to most readers with a mathematical finance or actuarial background. We

do not claim it is necessarily an original result, but rather a contemporary verification.

Theorem D.2.1 (Novikov). For h,g € C*'(R) and continuous k(-,-), define

he = h (/u k(u, a)d%) R (/_too k;(t,f)dW;) and G =g (/_; k(t,f)dW;) .

— 00

If

< oo and E[sup |g]] < o0 (D.1)
t€[0,T]

E K /O ' huqu> ( /0 ' gtdtﬂ - /0 ' /0 " E [hugok(t, w)0(t — w)] didu. (D.2)

Proof. Consider a partition m with

[,

u€(0,7)]

then

Aui = [Uz’—la ui], Atz = [ti—17ti] and AWZ = (Wul — Wui—l)'

T T [
E [( huqu> ( / gtdtﬂ —E| lm [ X h AW [ T g, A
0 0 Il —o0 Au; €T At;em

=E lim Z Z hui,lgtiflAWiAti

_||7r||—>oo Au e At; €T

= lim > 3 E g, AWi| At;

l[ll—o0 Au;em At;€m

where we can establish the last equality by dominated convergence given Eq. (D.1).
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Consider a new partition 7 for the interior of h and g:

E [hu,_ 90, AW] = E [h ( / - k(u,ﬂ)dWﬁ) p ( / o k:(t,f)dW;) AWi]

—0o0 —0o0

= E[hu | E| dim g| > k(t50)AW; [ AW
I7li=o0 | At ex
J<i

By continuity of g and Stein’s Lemma,

E lim g Z k(t,fj_1>AWj AWZ
FFli=o0 ™ | At em
J<i

IFFll—o0 Atjem
j<i

7| =00

At eT
L\ s
ti_ ~
=E [g (/ ' k(t,t)dW{) k(t,ti,1)9<ti,1 — ui,l)Aui

and so

() ()

= lim > > Elhu_,g. AW At

I} =00 Auem At; €T

= hm Z Z E [hui—lgti—lk(t7 ti_1)9<ti_1 — ui—l):| At,Aul

HWH_}OO Au;em At;em

:/OT /OTE[hug'tk(t,u)Q(t—u)] dtdu

which is Eq. (D.2) as required.
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Appendix E

Miscellaneous Tables

DY
AY [Premium | 1 | 2 | 3 | 4 [ 5 | 6 | 7] 8] 9]10
1 62467 16864 15508 9341 3537 1853 1184 500 308 338 50
2 59821 14528 17727 8747 4149 2252 715 325 261 255
3 62968 14241 13763 7512 5207 2068 1674 219 421
4 64453 14765 14323 8426 6513 3144 1067 913
5 71185 16395 17038 9826 6381 4037 1839
6 82793 18136 21582 13415 8519 4583
7 100826 | 24727 24037 15181 7105
8 98358 24749 24501 11830
9 76653 23063 21035
10 71326 | 20083
Table E.1: Auto data example of | |: Personal auto line ($1,000s)
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DY

Table E.2: Auto data example of |

171

AY [Premium | 1 | 2 | 3 [ 4 | 5 6 | 7 [ 8] 9 |10
1 [ 42847 | 5407 9015 4641 3384 1695 1262 1425 373 241 6
2 | 38820 | 6279 8725 6172 4494 2110 919 447 202 69

3 | 43001 | 7256 8667 4778 4262 2884 1427 889 493

4 | 41840 | 5028 5317 4697 3795 2871 1100 657

5 | 44525 | 5721 6097 6389 3802 4306 862

6 | 50923 | 7413 9385 7772 5850 3383

7 | 56601 | 10868 12337 7966 8531

8 | 54609 | 10143 14193 8070

9 | 47204 | 9596 12235

10 | 42412 | 9076

|: Commercial auto line ($1,000s)
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