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1. Introduction

Tn the domain 2 = (0, 1) x (0, 1), we consider the free boundary problem:

Find (u,7) € H'(Q) x L>(Q) such that :

(i) w=0, 0€~+y<l, uly—1)=0 ae inQ
(P)

(i) u= on d

(#it) [ (H.(J:)Vu+'yh(;r:)ex).vgd::dy =0 V £e H)Q)
Q
where e. = (1,0), ¢ € C"(Q),

0 on Ty=(0,1)x {0}, Bo(y) on {0} x[0,1]
plz,y) = and

we on Ty =(0,1)x {1}, Bi(y) on {1} x[0,1]

with #; being regular and nondecreasing functions satisfying 0 < 6;(y) < u,, i = 1,2, and u, is a positive constant.

The function h is C'(]0, 1]) and satisfies for some positive constants J and h*:

0 < hz) <h, K(z)<—h" <0 for zel0,1]. (1)
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The matrix a depends only on the z-variable and satisfies:

ac Wh=(0,1)nc”to, 1] (2)

ml|f]® <ayll; <MIEP V EER?, m>0, M>0. (3)

This problem has been studied by the author in [3] under higher regularity assumptions on the functions h(z) and a(x).
The method used involved € regularity of the solution u far from the free boundary.

In this paper, we will establish the regularity using comparison methods in the weak formulation of the problem. The
motivation of this approach came from its application to similar problem with h. = 0 in [6, 7] and for the study in a
heterogeneous coastal aquifer in [8]. Another motivation (see [4, 10]), is the fact that the solution behaves like the solution

of an obstacle problem because of the property
div(a(z)Vu) = —(h)ex([u > 0]) in  D(Q), (4)

where x = 1 if z € [u > 0] and x = 0 if not. The property (4) is established by taking +(H.(u)¢), £ € D(Q2), £ 2 0 as a

test function in (P), with

0 if t<0
Hc(t) = tle if 0<t<e
1 if t=e€

This function involves in the penalization problem:

Find u, € H 1(Q) such that :
(P) (2) u. = on 90

(44) f (a(:{:}Vm_ + h(:t:}f-ﬂ_(u(_}el)v.fd:cdy =0 Vé&c E}(Q)
Q
where, for € € (0, min(1, u,)), we establish, as in [5], that there exists a unique solution for (F.) satisfying:
w, —u in H' (€2), H.(u)—~ in LQ(S!)

and that (u,7) is a solution of (P).
Taking u, (respectively (u, —u.)") as a test function in (P.), shows that u. > 0 (resp. u, < u,). Then, comparing

u! = u.(z,y+ 1) with u, as in [8], we obtain (u.), = 0 and finally get
0<u<u,, — =20 aein €. (5)

This work brings answers to the situation where the function h is not increasing. Applications of such a model appear, for
example, in the Lubrication problem [2] and the dam problem [1].

In all what follows, we consider only monotone solutions of (P). As a consequence, we deduce that [5]:

o V(zo,yo) € [u>0] = [u(z,y) > 0N, I §>0such that

ufz,y) >0 for (z,y) € Bs(zy,yo) U (g — d, 29 + 8) X [y, 1]
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e ©:(0,1) — [0,1) is well defined by
®(z) = inf{y € (0,1)/ u(z,y) > 0}

and is upper semi-continuous (n.s.c) on (0, 1).
o [u>0]=[y>®(x)].
We recall also some properties:
o div(a(z)Vu) = —(hy). in D'(Q).
® uc (f;'u:‘(ﬂ ULy UTy) (]9, Theorem 8.24, p.202]).
® [u > 0] is an open set.

e div(a(z)Vu) 20 and (hy). <0 in D'(Q).

2. A Barrier Function and Comparison
Let xy € (0,1) and ey = min(zy, 1 — x¢)/6. Then
we G ([.’L‘l} — €0, 7o + €] % [0, l]) for some o< (0,1). (6)

Assume that there exists e; > 0 such that

VvV oee (0,6), y—3e >0,
where y € (0,1) and y may depend on e.
Let z; € (0, 1) satisfying

w1 <o and |z —mo| < eV with ee ([}, IIliIl(Eu,E])).

Set.

Z = (r1,m0) X (y —&y), D = (z1,20) x (0,y),
w(e,y) = 31y~ F@)'T,
fl@)=y—e+ ] [uu(s) +ct.} 0

ar1(s)
where (3 and A are constants. We choose 'y = 2M so that

—M +2M 2(x) + C 3M
s = a12(z) + Co < — V x€fro— e, o+ €]

1= =
M an(z) m

Then f satisfies

aiz(z) + Co

f(x)= o (@) >1>0 and —an(z)f (£)+ az(z) = —Co,
11(x
Ja)=y—e
f(-fu)—.}—f‘f'f [{IU( +(;[J]d5€y l="’ﬂ(wﬁl—h)
ai(s) m
M 4 . mo\ ioa
Cy—et+ 208 g i € (u.(—) )
y e+ mf <E i ee A\ 37



A Barrier Function for the Regularity of the Free Boundary in div(a(z)Vu) = —(h(z)v)s with k. < 0

Note that [y > f(x)] N Z # () since we have for € € ([], (%) m) = (0, e2)

: 3M 4.
£ < €— ?63'{ ég—f(:c;;) <y-— f(z) <y-— flz1) =€ Vz € [z1, 0]

Next, we have w € H'(D) and

Vulay) =Aw— @) | T | x> F@))
1

—f'(x)an +awz
a(z)Vw = My — f(z))’ re
—f'(x)az1 + az

div(a(z)Vw) = Aa(zx) _flifﬂ) . _fl(-r) in |y > f(z)

Am[l 4 (f'(2)?] € div(a(x)Vw) < AM[L+ (f'(z))*] in [y > f(z)).

Lemma 2.1. Let e & ([]" min(ﬁu,ﬁl,ez)) and 0 > (. Then, there exists Ao > 0 independent of € such that: VA € (0, o), we

have

/ [a.(:.';)Vw.VQ + Ox([w > l]]](]d:ydy =0 V¢eHy(D), ¢z=0.
D

Proof. Let ¢ € Hy(D), ¢ = 0. We have

[ — div(a(z)Vw) + B]Crﬁmdy + / [ﬂ.(!ﬂ)VTU.V}C

f [a[:l;)Vw.VC + Ox([w > ()])C] dzdy, :f
D ly=F(=)]

[y>f(x)]
1
L+ f*(x)

Since Vw = 0 on [y = f(x)], we have

where v = (v, v,) = (f'(x), —1) is the unit normal to the curve [y = f(z)] pointing towards the set [y < f(z)].

[ [rL(:r,)V'm.VC + Ox([w > []])C} dzdy = f [— div(a(z)Vw) + 19] (dxdy
D lu=f(x)]
3M~2
= — AM(1 + + 8| dxd
ﬂyb!(zj] [ ( ( m ) ) ]C /

]

We conclude the lemma by choosing Ay € | 0, —— |" O
M (l + (:;M) )

The following lemma compares u and w near a free boundary point, along the z direction. First, from (6), there exists a

positive constant K* such that for (z,y), («',y) € [z0 — €0, m0 + €] % [0, 1],

o
2

lu(z,y) —u(@’,y")| < K" (lz — ' + |y —¢'|") 2. (7)

Lemma 2.2. Assume that u(xo,y) = 0. Then for e € ([], min(m):, L €D, 61,6_2]), we have u(z,y) < w(r,y) V € [r1,zo].

Proof.  Since u(zo,y) = 0, we have by (7) in particular

u(ﬂ:,g] < K'|r — x| < K*(e:ﬂu)” for all = € [zq — ex”“’,;r:u + 63”“].
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On another hand, we have for = € [z1, z0],

w(ey) = 3l 1@ > 3l ) > 5(5)
Hence,
*r 3/a\a 62 A
u(z,y) <KV <Ag Swlzy) <= < g

3. Non Oscillation Lemma

The following Lemma shows that we cannot have a vertical segment where u = () without having u = 0 at some point to the
left of the segment. When, we have a point to the right of the segment, where u = 0, we have necessarily another point to

the left. This property is needed when proving the continuity of the free boundary.

Lemma 3.1. Let u be a solution of (P). Let (zy,y,) € Q and r > 0 such that B, = B,(zg,y,) CC Q. Then we cannot have

the following situations:
i) u>0 in B.\S. and u=0 in S,
i) u>0 in B, and u=0 in BlUS,
with Sy = {xo} X (yo — 1,90 +7), By =B, N[z <z0] and B} = B. N[z > ).
Proof.
Case i). Since u > 0 in B, \ S and |S| =0, then v = 1 a.e in B,. We have

/n(a(z)Vu + h(z)e.).Védrdy = 0 V €€ Hy(Q)

Let 7 € (0,7/4) and u,(z,y) = u(z,y — n). Then, u, satisfies

/ a(z)Vu, VE&(z,y)dzdy = / a(z")\Vu(z',y"). Ve y' +n)de' dy’
Byja

Byja—mey

=- / h(z' )&, (2", y" + m)da’dy’
Byja—mey

- / h(z)€. (z, y)dzdy

r/4

= L a(z)Vu.VE(z,y)dzdy V € € D(B,)s).
/4

We deduce that
div(a(z)V(u —u,)) =0 in B,
u—uy, =20 in B,y
u—u, =0 on S,
By the strong maximum principle, we deduce that u —u, = 0 in B, 4.

ou -

Consequently, 7y 0 in D'(B,/4) which leads to u(zx,y) = () in B, /1. Now, we have

div(a(z)Vu) = div(a(z)V7) = —h'(z) in  B,4.
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Using the monotony of u, we have, in particular

div(a(r)V(u—7)) =0 in D,y = (zo — .m0+ i) x (70, 1)
u—720 in Dy

u—7=0 in BN D, s

Applying the strong maximum principle, we deduce that: uw — 7 = 0 in D, 4. The continuity of u up to I'; implies that
T =1for x € (xg — 7,0 + ). This contradicts div(a(z)Vr) = —h'(z) > 0.

Case ii). Because u =0 in B, N[z > x|, we will have
(h(z)y)e = —div(a(z)Vu) =0 = h(z)y=L(y) ae. in B,
Therefore, for £ € D(B,),

yotr
/ a(x)Vu.VE(x,y)dedy = —/I;_ h[::;)fm(ﬂ;,y)+/ L(y)é&(wo, y)dy.

ke r Yo T
For u,, as defined in Case 1), we have for £ € D(B, 4) and & = 0,

yo+r
[ e@vu,Ve@aarty =~ [ h@gen+ [T Lo -ne. vy

Bv‘f'l B.,-'{_i Yo— T

Then, we obtain

yo tr
/ a(z)V(u — u,).VE(z,y)dedy = f (L(y) — L(y — n))&(z0, y)dy.
B,\l‘,f,n'

vo- T
Thus
div(a(z)V(e—uy,)) <0 in B,y

u—1iuy =0 in By

u—uy, =0 in B'_"M

since we have L, = (0. Indeed, we have (u.), = 0, (H.)'(t) = 0,

L, = (h(x)y)y = h(z)y, inD'(B}), and

(Ho(u))y = Hl(w))-(1u)y — v, in  D'(S).

As in Case 1), we conclude that u = 7(x) and get a contradiction. O
Arguing as in the previous proof, we establish the following property of the free boundary:
Lemma 3.2. The set [y = ®(x)] N Q has no horizontal segment.

Proof.  Assume that there exist =1, 12 € (0, 1) such that
o1 < z2 and P(x)=yo V z € [z1,12].
Using the monotony of u, we have

uw>0 on (z,z) % (yy,1] and w=0 on (z,2)x(0,y]

40
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from which we deduce that h(z)y = L(y) a.e in (z1,z2) x (0,90).
Let xo € (z1,z2) and let 7 > 0 such that A, = (zo —r,zo+7) X (yo —r,y0 + 1) C (z1,22) x (0,1). For 5 € (0,7/4), define

wy(x,y) = u(x,y —n). Then, for £ € D(A, /), we have

[ @9 ). Ve ydrdy = [ (Lly — 1) — L(y))€-dady
Ay A ey <uol
vo
= [7 w=m - L) [gto + 1/2.9) ~ a —r/2.9)] dy
yo /2
=1
Thus
div(a(z)V(u—u,)) =0 in A,
w—u, 20 in A,
wu—uy, =0 In ANy <l
and we get a contradiction as in the proof of the previous lemma. O

4. Regularity of the Free Boundary

The main result of this section is the following theorem on the regularity of the free boundary.
Theorem 4.1. ® is either continuous or left continuous on a point in (0,1) N [®(x) > 0].

Proof.  We will adopt the notations in Section 2. Let (zq, ®(x0)) = (z0,y0) € © with &(x) > 0. Set eg = min(zg, 1 —z0)/6.

Using (7), for € € (0, €), there exists d1 € (0, ¢*/) such that:
u(z,y) = |u(z,y) — u(zo,30)| < K*¢* V (z,3) € Bs, (zo, o).
1°* Situation: In applying the oscillation Lemma 3.1 1), assume that
3 (zo,90) € Bsy(zo,90)s  wl(zg,y9) =0, @y <wo, |zg —wo| < < e
Set

T = Iy, y= min(®(za), 3, )

Z:(I],III(})X(E—E,E), D = (z1,x0) x (0, y)
we) = 3l =)' @) =y-er [ [#2IEC

(1]1(

We deduce from Lemma 2.2 that u(z,y) < w(x,y) and that (u — w)t € Hi(D). We can write then

/ a(z)Vu.V(u — w) " dedy < / B () x([w > 0))(u — w) " dedy
D D

f a(x)Vw.V(u —w) " dedy > ] —Ox([w > 0))(u — w) " dxdy
D D

Subtracting the two inequalities, we obtain

A a(r)V(u—w)" . V(u—w)" dedy < ]

DN [w=0]

B (2)x([u > 0)(u — w) " dedy + f (h'(x) + 6)(u — w) " dedy
Dfw>0]

< f (=" 4 6)(u — w) " dedy
Dnfw=0]
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since B'(x) < —h* < 0 on (0,1).
First, we choose @ < h*. Then, we use the ellipticity of the matrix a(z) and apply Poincaré’s inequality to conclude that
(. —w)" = 0in D. In particular, we have u(x,y — €) = 0; that is the free boundary remains above the horizontal line

segment (z,,20) X {y — €} which we can express by writing that:
B(r) 2y —e= P(r) — & —e V€ (zy,z0). (8)
We conclude from (8) that @ is lower semi continuous at w; at the left. Therefore @ is continuous to the left at this point
since it is w.s.c at xg.
279 gituation: Using oscillation Lemma 3.1 1), we assume this time
3 (-‘5:: ,yd ) € Bsy (zo,30), '"'(:5[; ,yd )=0, f”:! > T, mu’ —z0| < b < e

Set

T = To, zh =1z, y = min(P (o), o )
Z= (-7:11‘?:{)) X (37613)7 D= (:5153";}) x (“ly)l

A : C
we,y) = 30— F@)' P, )=y -t [ [220ED 0
ann(
Arguing as in the first situation, we deduce that u(x,y —€) = 0 and
B(z) > y—e€2= B(z0) — /" —€ Vi € (z1,5h) = (z0, 7). (9)

We conclude from (9) that @ is lower semi continuous at zo to the right. So @ is continuous at xo to the right.

Now, by Lemma 3.1 ii), we cannot have u > 0 to the left of the vertical line {zo} x (0,7 — €). Therefore,

3 (ro,y0 ) € Bsy (o, y —e) Ny <y—el, ulzy,yo)=0, zq <zo, |zg —x0| < < e
Set
!
Tl = Ey ¥y =
Z = (x1,70) X (g' — E,g'), D = (x1,20) % (ll,y’),
A a12(s) + pn
w(z,y) = 5[y - F@)'T, f() _J—e+f [l £ Cony,
cl11
‘We then have 'u.(:::, E’ —€) = 0 and @ is lower continuous to the left of 7. Indeed, we have
D(z) = H’ —ezy —e— ez D(zg) — 2" 2 WV ozc (z1,20) = (g ,T0). (10)

Finally we conclude from (10) that @ is lower semi continuous at x; to the left. Therefore @ is continuous at this point. []

Remark 4.2. We weren’t able to establish the continuity of @ completely at any point in (0,1) N [®(x) > 0]. Indeed, if the
situation

i) u>0 in B/ and u=0 in B, US,
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couldn’t occur, this would complete the proof in situation 1 and show that ® is continuous at xy. Our attempt to establish

iii) by similar arguments as in the proof of i) and i) in Lemma 3.1 led to

div(a(z)V(u—uy)) 20 in B
u—u, =0 in B
w—uy, =0 an B /4

which prevented us to apply the mazimum principle.
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