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Abstract

A formalism for expansions of all bimodal spin-orbit Jahn-Teller and pseudo-Jahn-Teller Hamil-
tonian operators in trigonal and tetragonal symmetries is presented. With the formalism, we can
easily obtain expansion formulas of the Hamiltonian matrix elements in symmetry-adapted vibra-
tional coordinates up to arbitrary order. The formalism is presented as a set of generic matrices
and lookup tables, which are convenient to use even without understanding the derivation of the
formalism. Three examples are used to demonstrate the correctness, completeness, and concise-
ness of the formalism. One of the examples is also used to demonstrate how to obtain expansion
formulas in more than two vibrational modes by using the bimodal formalism. This work lays a
foundation for deriving a unified formalism for spin-orbit and non-spin-orbit (pseudo-)Jahn-Teller

Hamiltonians in general axial symmetries.



I. INTRODUCTION

The Jahn-Teller (JT) effect was proposed about 80 years ago.! Nonlinear polyatomic sys-
tems with a principal axis > 3-fold can have orbital degeneracy. Paradoxically, the orbital
degeneracy forces the systems to distort to lower symmetries and lose the degeneracy. The
distortion arises from the fact that electronic Hamiltonian matrix elements of the degenerate
states depend on non-totally-symmetric vibrations.2* Such a vibronic coupling also occurs
between non-degenerate states and leads to the pseudo-Jahn-Teller (pJT) distortion of sys-
tems in non-degenerate electronic states.® JT and pJT interactions are ubiquitous in chem-
istry and physics, leading to numerous phenomena in spectroscopy, structural chemistry,
solid-state physics, and materials science.®? The JT and pJT interactions are important as

they provide the only source of spontaneous symmetry breaking in polyatomic systems.?

Spin-orbit coupling (SOC) is another type of interaction that is closely related to or-
bital degeneracy of electronic states.'* 22 Orbital degeneracy implies nonzero orbital angular
momentum of electrons, which interacts with electronic spin and gives SOC. There is an in-

23737 since they are both connected

timate interplay between SOC and JT/pJT interactions
to electronic orbital degeneracy. They in general quench each other (e.g., through the Ham
reduction factors®®).243% SOC at high symmetry configuration can split degenerate states
and convert JT to pJT interaction. Reversely, JT/pJT distortion to lower symmetry lifts
orbital degeneracy, quenches orbital angular momentum, and consequently reduces magni-
tude of SOC. On the other hand, they may enhance each other if there is a constructive
interference between the vibronic couplings of non-SOC and SOC origins.?* SOC can even
induce JT interaction. For instance, the F ® t5 interaction in T; symmetry and the £ ® e
interaction in Doy symmetry are JT-active in first order expansion in vibrational coordinates
only when SOC is considered.*®*! The interplay of the two types of interaction is especially
pronounced for systems with heavy elements, whose SOC strength is comparable to electro-

static interaction.!4 16:22:344244 Tt ig necessary to treat SOC and JT/pJT interactions on an

equal footing for those systems.

In studying a JT/pJT problem, the Hamiltonian operator of the system is resolved in a
set of electronic states that are supposed to interact significantly along nuclear distortion.
In a diabatic representation of the states,**“® the Hamiltonian matrix elements are smooth,

differentiable functions of vibrational coordinates. They are expanded as Taylor series of the



vibrational coordinates, taking the high-symmetry, undistorted structure as the origin. In
standard JT /pJT model, the expansions are truncated at the second order.3* For a long time,
when SOC is included in the Hamiltonian, the SO matrix elements had been assumed to
be constants along nuclear distortion and only adopt values obtained at the high-symmetry
structure. The first attempt to include linear dependence of SOC on vibrational coordinate
was made by Moffitt and Thorson in their study of SO JT effect in octahedral complexes.*’
Half a century later, Poluyanov and Domcke and their coworkers carried out a series of
studies on SO JT/pJT interactions in trigonal, tetragonal, and cubic systems using SO
Hamiltonian expanded to the first order in vibrational coordinates.?34041:50 They pointed
out the relativistic origins of some JT interactions in tetragonal and cubic systems.

In the past 15 years, more and more studies on electrostatic (i.e., non-SO) JT/pJT
systems showed the inadequacy of the standard second order model Hamiltonians,» " espe-
cially in simulating vibronic spectra. The main source of the inadequacy is the anharmonicity
in the potential energy surfaces of the diabatic states, which is often induced by large ampli-
tude motion of nuclei.’® There is no reason to assume exemption from this inadequacy in SO
JT/pJT problems that involve heavy elements. Therefore, high-order expansion formulas of
SO JT/pJT Hamiltonian matrix elements in vibrational coordinates are highly desired, as
much as the high-order formulas of non-SO JT/pJT Hamiltonians.

The first attempts to derive high-order expansion formulas for SO JT/pJT Hamilto-
nians were made in 2016 by the Domcke group® and the Eisfeld group.®' Domcke and
coworkers derived expansion formulas for a set of p orbitals in the tetrahedral and trigonal
environments. They derived the relations between SO and non-SO JT/pJT Hamiltonian
matrix elements of the p orbitals. One can then adapt non-SO JT/pJT expansion formulas
to express SO JT/pJT expansions. Weike and Eisfeld derived expansion formulas for the
(E+ A))®(e+ay) and (F + A;) ® (3e + 3ay) JT/pJT problems in Cs, symmetry, with the
purpose to study the SO JT/pJT interactions in CH3I™.

These pioneering and enlightening works motivate us to perform the present study to
derive general expansion formulas for SO JT/pJT Hamiltonians in trigonal and tetragonal
symmetries. The two classes of symmetries are chosen because: (1) trigonal symmetries are
the lowest symmetries that allow for orbital degeneracy and thus JT effect; (2) tetragonal
symmetries are the lowest symmetries that possess all three types of irreducible representa-

tions (irreps) of axial symmetries (i.e., symmetries with only one principal symmetry axis),
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A-, B-, and E-type; (3) tetragonal symmetries are the lowest symmetries that feature purely
SO-induced JT effect. Our objective is to obtain bimodal expansion formulas up to arbitrary
order for all SO JT/pJT problems in all 6 trigonal symmetries (C3, Cs,, D3, Csp, D3y, and
Dsy) and all 7 (Cy, Sy, Cyy, Daog, Dy, Cyp, and Dyy,) tetragonal symmetries. This objective is
attained by our efficient derivation, which is based on the idea of “descent in symmetry” %2
the root-branch approach, and the modularized approach. The idea and approaches have
been employed in our recent derivations of arbitrarily high order expansion formulas for
non-SO JT/pJT problems in trigonal, tetragonal, and cubic symmetries.%3 %7 They can be
equally employed in deriving SO JT/pJT formulas, and the resultant formulas can be simi-
larly summarized in a set of look-up tables. Each independent Hamiltonian matrix element
of a SO JT/pJT problem carries a set of symmetry eigenvalues, which guide us to retrieve
the element’s expansion formulas in the tables. We focus on bimodal problems because:
(1) it is usually adequate to consider up to two vibrational modes; (2) problems involving
more than two modes can be approximated as composites of bimodal sub-problems; (3) it is

straightforward to extend the bimodal expansions to formulas for more vibrational modes.

One example of the extension is given in Section VIIC.

II. SETTING, SYMBOLS, AND TERMINOLOGIES

Following the tradition in the JT community, we use upper case Mulliken symbols to
label electronic states and lower case symbols to label vibrations. As shown later, only
one-electron states (i.e., orbitals) need to be considered in the derivation. We label the two
real-valued components of an E state as |X) and |Y), and the two components of an e
vibrational mode as e, and e,. The component states are so oriented that they transform

under C,, (n = 3,4) as
A 2 2 A 2 2
G| X) = cos — |X) +sin — [Y);C, [Y) = cos — |Y) — sin — | X), (1)
n n n n

and the component modes transform similarly. The component states are combined to form
cigenstates of C,,
1 1 1 A :Fl2l A .
(1) =) = (1X) [Y)) VAU ;O &) = ™5 |&); Oy &) = Fi|£) . (2)
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In D3, D3y, Dsgq, Dy, Dy, and Dy symmetries, |X) and |Y') are further defined so that
the former is symmetric with respect to one C’é, while the latter is antisymmetric. In C,,
symmetry, the component states follow the same transformation but with C’é being replaced
by &,. The two e component modes transform similarly under C’é and &, in the respective
symmetries. Such a setting of the £ component states and e component modes is exemplified
in Figures S.1 and S.2 in the Supporting Information, for trigonal and tetragonal symmetries,
respectively. A consequence of such an orientation setting of the real-valued £ component
states is

Cyl£) = |F) = (1) 6, 14) = [F) = (|4)". (3)
For these states, the actions fo the two symmetry operators give the same results as the
time-reversal operator (vide infra).

z and y and their polar counterparts p and ¢ (x = pcos¢; y = psin ¢) are used to label
vibrational coordinates of the e, and e, component modes, z for a mode, and w for b mode.
SOC and JT interaction between states arising from the same term symbol are called intra-
term couplings. They are labelled as I'® (7(1) + 7(2)) and correspond to SO JT interactions.
The interactions between states from different term symbols are called inter-term couplings.
They are labelled as (I'; + ') ® (7(1) + 7(2)) and correspond to SO pJT interactions. As
the multi-electronic states reduce to one-electron orbitals in the following derivation, the
terminologies of “intra-shell coupling” and “inter-shell coupling” are used instead.

« and S are used to label the two electronic spin functions with spin-up and -down. The

z axis for spin quantization is chosen to be the principal C), axis. This setting leads to the

transformation
R 1 a1 A 1 a1
Cyld=)=e""3 2= );Cy|E= ) =¢eT'1 |[£= ). 4
g ) = e [y )Gl ) =7 ) ()
Here, %> and |—%> are used represent the o and 3 spin functions. In Ds, Dsy,, D34, Dy,

Dsg, and Dy, (Cs, and Cy,) symmetries, we need to consider the transformations of the spin
functions under the actions of C’é (6,). Therefore, we also need to consider spin quantizations
along directions perpendicular to the z axis. The most convenient setting is that the C? axis
in D3, Dsy, Dsq, Dy, Doy, and Dy, symmetries is chosen to be the x axis, along which the

Pauli matrix

Oy = (5)



is used to represent the 5, component of the spin operator . “C’é” and “C’é‘” are used
interchangeably in the text below. In (s, and (4, symmetries, the x axis is defined to be
perpendicular to the principal axis and contained by the o, plane. The y axis is obtained
by the cross product § = z'x Z. Such a setting of the spin quantization axes is exemplified

in Figure S.3. With this setting, the spin functions transform under 4, and C’é as

G, (o, B) = ICY (o, B) = C¥ (v, B) = (a, B) ; (6)
1 0
. N 0 —2

¢y (a, B) = C5 (a, B) = (o, B) Pk (7)

I is the inversion operator. The o, plane in Csj, D3y, Cy, and Dy, symmetries is the xy

plane. Under the action of 3, the spin functions transform as

on (o, B) = 1C5 (o, B) = C5 (o, B) = (v, B) ' . (8)

ITII. SPIN-ORBIT HAMILTONIAN AND ITS APPROXIMATION AS AN EFFEC-
TIVE ONE-ELECTRON OPERATOR

Under the Breit-Pauli approximation, SOC operator in atomic unit reads

~ 1 VS 1% 4 -,

iy
i i#£j
= hin(i) + Y hE(, ), 9)
i i#j

Symbols in the first row are commonly used in literatures and are not re-introduced here.
Definitions of the symbols in the second and third rows become clear when the rows are
compared with the first row. Hgo contains both one- and two-electron components, corre-
sponding to the electronic orbital motions around nuclei and other electrons, i.e., l: A and l_;j,
respectively. Hgo under other approximations, e.g., Douglas-Kroll-Hess, %% infinite-order

"L72 carry the same sym-

two-component,” and relativistic elimination of small components,
metry properties. Since only these symmetry properties matter in the following derivation,

the resultant formalism is applicable regardless of the approximation in obtaining Hgo.



The main body of the two-electron SO interaction can be viewed as the screening of the
one-electron SO interaction. Consequently, the matrix element between two multi-electronic
states |¥;) and |V ;) can be safely approximated as a summation of integrals of the mean-field

one-electron SO operator hle 73T

HpP = (V] Hso V) ~ ZZP” | e ) ZZP” (il 275 165) - (0l §ory)

(10)

where i and j loop over all molecular spin orbitals 1, 1;, and P!/ stands for the transition
density matrix between the two states. The spin orbitals are products of spatial orbitals ¢;,
¢; and spin functions o, 0;

Eq. 10 represents an important simplification. Any multi-electronic SO matrix element
can be eventually expressed using one-electron SO matrix elements. It is for this reason that
the expansion formulas obtained in Refs. 60 and 61, in which the derivations were based
on the one-electron Pauli SOC operator and spin orbitals, are also applicable in expanding
SO matrix elements of multi-electronic states. The procedure is as follows. Given a pair of
diabatic states |U;) and |¥;) that are built using a common set of diabatic spin orbitals
{1}, one first calculates its transition density matrix P’/. A few pairs of ¢; and 1; that
correspond to PI 7 elements with large magnitude are selected. The expansions of the one-
electron elements (1;| hi et [¥0j)s in vibrational coordinates are then linearly combined with
the P/’ coefficients to give the expansion of H}f. Clearly, the derivation of Hf expansion
formulas has been reduced to deriving expansion formulas for (1);] hl %+ |¥;)s, which are the
focus of this work. Henceforth, the term “matrix element” is reserved for (¢] heff |1;).
The actual forms of Bé;ﬁ 5 and ?:_*Sc)f are not of importance. We only need to know that they
share the same structures and symmetries with the EEFO and >, TZT*:i 4 operators in Eq. 9,

respectively.

IV. SYMMETRY

Symmetry properties of Hgo have been thoroughly discussed in Refs. 15 and 78. In
short, the operator is invariant with respect to the time-reversal operator and all symmetry
operators of a system. Furthermore, the Wigner-Eckart Theorem (WET) allows us to obtain

a set of (U, (Mg)| Hso |W; (M%))s with a constant AMg = Mg — MY, from one element of
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the set. In this set of elements, all bra states only differ in the projection of total spin (i.e.,
the Mg quantum number), and so do all the ket states. Also, an element is nonzero only
for AMg = 0,4+1. All these symmetry properties are transferrable to izé?f, which is just
a one-electron special case of Hgo. In this section, we will discuss how the time-reversal

symmetry and WET simplify the structure of the (v l}éjc 7 [¥5) matrix.

A. Time-Reversal Symmetry

General aspects of time-reversal symmetry and the time-reversal operator T, especially
those that are relevant to our derivation, are detailed in Ref. 79. They are recapitulated

here:
1. T converts all imaginary unit ¢ in its operand to —i, a to 3, and [ to —a;

2. each state |X) has its time-reversal counterpart |X’) = 7 |X). |X’) may be equal
to |X) when it is a state of an even number of electrons. In this situation, we may

multiply ¢ to the |X). The resultant V) =i |X) satisfies T|Y) = —|YV);

3. for a Hamiltonian operator H that is time-reversal symmetric, its matrix elements
between states of even numbers of electrons satisfy (X;| H 1X;) = <XJ" H|X!) and
(Xil H | XG) = (X;| H |X]);

4. its matrix elements between states of odd numbers of electrons satisfy (X;| H |X;) =

(X!| H|X7) and (X H | XY = — (X;] H X))

Point 3 determines that a Hamiltonian matrix of a set of time-reversal-adapted states of
an even number of electrons adopt the block structure shown in Figure 1(a). The states are
ordered so that the first 2k states are k pairs of | X;)s and | X)s, the k | X;)s first, followed by
the k | X!)s; then n |Y;)s that are invariant under the action of 7 then m |Z;)s that change
their signs under the action of 7. The whole set of the adapted states can be transformed to
all |Y;)-type or all |Z;)-type states. We keep the form of Figure 1(a) to maintain generality.

Point 4 determines that a Hamiltonian matrix of a set of time-reversal-adapted states of
an odd number of electrons adopt the block structure in Figure 1(b). For a system with
an odd number of electrons, the |Y;)-type and |Z;)-type states do not exist. All states
in the set must be paired into the | X;)-type and | X/)-type states, underlying the Kramer
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X0, Xy o X XL X5 Xl Vi, ¥y Zyy 2

A B D | E KooKy Xe X1, X3 .. X,
(A B)" A B
B A @ | @
@ (B) W\ | O] B \
ey @
(D) oy | C |G B | @
(B)' -EY Gt |

FIG. 1. Block structures of general matrices of a time-reversal symmetric Hamiltonian in a set
of time-reversal-adapted states with (a) an even number and (b) an odd number of electrons.
Superscripted asterisk, 7" and dagger indicate taking the complex conjugate, the transpose, and
both for the denoted block of matrix. Superscripted ¢ indicates that the denoted block is purely
imaginary. Superscripted r indicates that that the denoted square block is real and symmetric.
The two dashed lines in (b) indicate that the “diagonal” elements of the two off-diagonal blocks

are zero.

doublet degeneracy.®® Putting i = j in the second equality in Point 4, we immediately see
(X;] H |X!) = 0, which gives the dashed lines in Figure 1(b), which indicate zero “diagonal”
elements on the off-diagonal blocks. The block structure in Figure 1(b) is most relevant to our
derivation. We are deriving expansion formulas for (v Bi? 7 [¥5)s, with [¢h;) and [¢;) being
one-electron states (i.e., spin orbitals or spinors). Clearly, given a time-reversal-adapted set
of 2k spin orbitals, we only need to consider the @ elements in the A triangle block
and the @ elements in the B triangle block. Henceforth, all matrices discussed adopt
the form of Figure 1(b). And there are only k% independent matrix elements. Compared to
the % independent matrix elements in a 2k x 2k hermitian matrix, the time-reversal
symmetry has reduced the number of independent matrix elements by more than one half.
The terms “A block” and “B block” are frequently used below. We emphasize that they
denote the different triangle blocks in Figure 1(b), and one shall not associate the A and B
in the terms to A- and B-type irreps.

The connections between 7', 0y, and C’é are important. It has been pointed out under

Eq. 3 that for the complex-valued E component states, the operations of &, and C’é give the
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same result as acting 7. The comparison of Point 1 and Eqgs. 6 and 7 clearly shows that
for the spin functions, the operation of &, is equivalent to 7. C’é is also closely related to T
by swapping the two functions. The three operators all reverse the direction of the angular
momentum along the principal axis, and that is why they are connected. As shown below, the
close connections between 7', 0y, and C’é allow us to derive the expansion formulas without
resorting to constructing eigenfunctions of 4,, and é'é This is one technical difference

between the present work and Ref. 61.

B. Symmetry Relation Dictated by the Wigner-Eckart Theorem

Now, we order a time-reversal-adapted set of spin orbitals so that the | X;)-type states all

have « spin functions, and the | X/)-type states all have 8 spin functions, i.e.,

¢105a ¢2av¢ka7¢>{ﬁ7¢;ﬁa¢25 (11>

¢; indicates the spatial part of a spin orbital. According to WET, the matrix element
(Xi| hi; 1X;) can be written as™

. 1 1 411
(Xi] heff | X;) = (diar| heff 9j0) = (] |Zeff0§| 9) (571; 5,0‘5, 5) ) (12)
where <2, 1,3,0/3, %) is the Clebsch-Gordan coefficient with the format (jl,jg, my, Ma| 7, m),

and (¢ |2.5;08]|¢;) the reduced matrix element of the one-electron spin operator &, along

11) _
202 ) —

with the 0 spherical component of the rank-1 tensor operator z - Since ( 1, ;, 0
_ (1 _1)
27 2y 92 )
1 1 41 1
(X0 b5 1) = = (@il 1245701 165) (501 = 50050 =5 ) = = (6Bl M5 166) . (13)

If ;8 and ¢, happen to be in the set of | X])-type states, i.e., ¢;0 = X/, and ¢;8 = X] (or
equivalently, ¢; = ¢}, and ¢; = ¢}), then

(Xl hep 1X5) = = (X0, b5 1X7) (14)

and this equality reduces the number of independent matrix elements in the A block in
Figure 1(b). Eq. 14 is used in all considered cases below to further simplify the derivation.

For one-electron spin orbitals, WET can only be used through Eqgs. 13 and 14, i.e., to
connect the (¢;a| b o1 lpja) and (33| ! ot |#;8) elements by a sign change. Given two spatial
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orbitals ¢; and ¢;, there are two more ﬁéj} s matrix elements:
S e e 2 1 1 g1 1
(el iy 1038) = o 18553103 (5.1, 5.1[5.5 )

R A 1 1 1 1
(008115 ose) = (o 185810 (31,5133 ) (15)

The reduced matrix elements of the 0, +1 and —1 spherical component of ?el

$p are in
general independent of each other. Therefore, we can only associate (¢;c| Béjcf |pjc) and
(i3] izifc ! |¢;3), which share a reduced matrix element. The spatial symmetry of a poly-
atomic system may impose relations between the reduced matrix elements (¢;| |25, j:1§1 |;)
or nullify some of them. However, the symmetry lowering due to JT/pJT distortion in gen-
eral alleviates such constraints. We hence do not consider any symmetry relations between
the reduced matrix elements.

Before ending this section, we note that with the spin orbitals ordering convention in

Eq. 11, SOC matrix elements of the ég%czéz component in the dot product in Eq. 10 are in
the A block, while those of the 28%030'% and i'i})f’yéy components are in the B block.

C. Spatial Symmetry of f[go

Spatial symmetry means the actual symmetry of the system under consideration. While
the system’s symmetry is fully represented by a point group, it in general requires us to
consider the associated double group in discussing H 50, since spin is involved. Here, we show
that we only need to consider the point group symmetry in deriving expansion formulas of
the matrix elements of H SO-

The two spin functions a and § gain a minus sign under any 27 rotation (labelled as
R), instead of returning to themselves like usual objects do. Only when they are rotated
by 47 they return to themselves.*? The pair of spin functions hence form a new irreducible
representation, and correspondingly, the number of symmetry elements is doubled. Any
product of S R, with S being a symmetry operation of the original point group, is a new
symmetry operation. The extended group is the double group of the original point group. In
general, any electronic states with an even number of electrons return to themselves under
the action of Ii’, and those with an odd number of electrons change their signs. The former
belong to Boson irreps while the latter belong to Fermion irreps of the relevant double

groups.'®
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Resolving Hgo in a set of electronic states {|¥;)}, the Hamiltonian becomes
Hso = Vp) HiY (U] (16)

Throughout this work, Einstein’s convention of summing over all duplicate indices in a
mathematical expression is followed. Under the symmetry operation R, the Hamiltonian

becomes

Pbﬁsof%_l = ‘R\DI> <EH§E])> <R\I]J‘ = pos | V1) (RH§6> (Uy] =) (RH§é> (Wl
(17)

pr and py stand for the +1 or —1 phases that the U; and W ; gain under the action of R. Since
H so conserves the number of electrons, ¥; and ¥ ; must have the same number of electrons,
pr and py; must equal, giving p;p; = 1 and the last equality in Eq. 17. The Hamiltonian
belongs to the totally symmetric irrep, which is a Boson irrep. It thus must return to itself
under the action of R. To satisfy this symmetry requirement of RHsoR™'=H 50, we must
have RHE. = HLJ. Therefore, all the matrix elements must belong to Boson irreps, and
we only need to consider symmetry operations of normal point groups in deriving expansion
formulas for the matrix elements. This conclusion is tenable for the one-electron matrix
elements (1| izé;if |4;)s, which are special cases of Hy?s. With all these understandings
of symmetry properties of SOC matrix elements, we commence deriving their expansion
formulas.

We first present detailed derivation and discussion for the trigonal formalism. Many of the
results are transferrable to the tetragonal formalism. This transferability lays a foundation

for future efficient derivation of general n-gonal formalism.

V. HAMILTONIAN STRUCTURES AND SYMMETRY EIGENVALUES FOR
TRIGONAL SYSTEMS

There are A- and E-type irreps in trigonal symmetries, giving the two types of intra-shell
coupling and the (E + F), (E+ A), and (A + A) three types of inter-shell coupling. It has
been well known that angular momentum operator matrix element between identical real-
valued functions is zero due to the purely imaginary nature and hermiticity of the operator.

Since the A-type spatial orbitals can always be taken real-valued, the A-type intra-shell
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SOC is null. We only need to consider the other four types of SOC. The essence of the
modularized approach® %7 to obtain expansion formulas for Hamiltonian matrix elements is
to first derive the symmetry eigenvalues of the matrix elements. Expansions in vibrational
coordinates that feature these symmetry eigenvalues are modules. They are selected by
matching their eigenvalues with those of the matrix elements. This efficient approach allows
us to derive expansion formulas for thousands of non-SO JT/pJT problems in one work.%
In this section, we set out the first step to identify independent matrix elements in each of

the four types of SOC, and also derive their symmetry eigenvalues.

A. FE-type Hamiltonian

We start with the intra-shell SOC of a set of E-type orbitals. It is the most common
type of SOC in trigonal symmetries. There are in total four spin orbitals, |Xa), |Ya),
| X 3), and |Y8) with the real-valued spatial orbitals, or those with complex-valued spatial
orbitals obtained using the transformation in Eq. 2. Our derivation is based on the complex-
valued orbitals: |+a), |—a), |+8), and |—=F). |+«a) and |—f) together transform as Ej/o-
type irreps in any trigonal and tetragonal double groups except S2, while the other two
transform as Ej jo-type irreps. In the S7 double group, the former transform as the Ejj,
irrep, while the latter as the Ej3/, irrep. The SOC matrix of these spinors is shown in
Figure 2(a). Clearly, it takes the structure in Figure 1(b), as the spinors are properly
ordered. Henceforth, we just use H to label the one-electron effective SOC operator and
H;; to label its matrix elements between spin orbitals. There is only one element in the B

block, Hin1p5. For the A block, HY 5, 5 = —H}

Y ota due to WET. Consequently, the four

real-valued (denoted by the superscript r) diagonal elements are all connected to H’ .
WET also determines H. g g = —H,,_. The block structure in Figure 1(b) (i.e., time-
reversal symmetry) determines Hyg_3 = H,,_,. The last two equalities together determine
Hy,_o = 0. Therefore, H' ., is the only independent matrix element in the A block.

Expressed using the two independent matrix elements, the intra-shell SO Hamiltonian

reads

H = ([+a) (+a| + |=B) (=B| = |-a) (=a| = [+8) (+8]) Hiarq
+ () (+8] = |=a) (=B]) Hyatp + ([45) (+al = [=P) (—al) Hi,5.  (18)

13



We start with the lowest symmetry in the trigonal class, C5 symmetry. This is the essence
of the root-branch approach. There is only one representative symmetry operator in this
point group, which is Cy. With the Cy-transformations in Eqgs. 2 and 4, we easily obtain the

C’g—transformed Hamiltonian:
CoHCY = (|+a) (+a| +|=B) (=8| — |—a) (—a] — [+8) (+8]) CsH o 10
+([Ha) (48] — [—a) (=B]) e F CaH 1 rp
+ (|48 (+a] — |=B) (—al) €T CsH oy 5. (19)

In order to let C3sHC;' = H, HY . ., and H .5 need to be eigenfunctions of Cs, with

eigenvalues Y“® = 1 and €'5 , respectively.

+a -« - +£ Xa Ya Xp YpB
+a Higta 0 0 Higip Xa 0 —iH g4 0 —iHyq4p
—a —Higia —Hiqp 0 Ya 0 Higsp 0
- ) HY 0 X ) iHY
b complex conjugate rara b complex conjugate rara
+ﬁ _HiLZ-F(l Yﬁ 0

(a) (b)

FIG. 2. Structures of the intra-shell spin-orbit coupling matrices within a set of e-type orbitals
in (a) the complex-valued and (b) the real-valued bases. Only the elements in the upper triangle
of each matrix are given. The lower triangle is just the complex conjugate of the upper triangle.
Matrix elements that are derived from one independent matrix element by time-reversal symmetry

and WET are given in the same color.

In (5, symmetry, we need to consider the action of o,. The g,-transformations in Eqgs. 3

and 6 leads to the ,-transformed H:

6, Ho, ™" = (I=-B) (=B8] + [+a) {(+al = [+8) {(+8] = |-a) (~a]) F. H 010
+ (= |=8) (—al +[+8) (+al) 6. H ars
+(=[=a) (=Bl + [+a) (+8]) 0. H o1 5. (20)

In order to have the required symmetry for the Hamiltonian, 6,H ot = H, we must have
0l oo = Hiyio and 6,H o015 = HY, 5. The two equalities point to the following o,-
eigenvalues for the real and imaginary parts of the matrix elements: (x%., x7:,) = (1,0) and
(1,-1) for HY ., and H.,s, respectively. x7:, = 0 indicates that the matrix element is

real-valued.
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A difference between the present work and Ref. 61 is noted. We here show that it is unnec-
essary to transform the spin orbitals to 6,-eigenstates in deriving symmetry properties of the
matrix elements in C3, symmetry. &, converts each ket-bra dyad to its time-reversal coun-
terpart (see the last paragraph in Section IV A). According to the general block structure
in Figure 1(b), the matrix element of a dyad and that of the time-reversal dyad are complex
conjugates of each other. Therefore, to have the Hamiltonian invariant with respect to &,,

it is necessary to have o,H;; = HJ;,

resulting in the requirement of (x%., x7:,) = (1, —1).
This is the only constraint on the matrix element induced by &,. (x%,x75) = (1,0) is a
special case of this general requirement for real-valued matrix elements. This rationale also
applies in the derivation for the (E + E) and (E + A) inter-shell SOC below. Therefore, it
is also unnecessary to construct 7,-eigenstates in those cases.

In D3 symmetry, whose point group is isomorphic with Cj,, we need to consider the

action of C’f on H. With the C’é—transformations in Eqs 3 and 7, we have:

G (C5)" = (=B (=Bl + 1 +a) (+al = [+5) (+6] ~ | =) {~al) G5 H s
+(1=8) (—al = |+8) (+al) C5 Hasg

A

+(l=) (=B = |+) (+6]) C5HY o1 5- (21)

A A ~\—1 N ~
In order to have C§H (C§> = H, the matrix elements need to satisty C5HY = HY .,
and é§H+a+g = —H}, 5 These equalities point to the following Cj-eigenvalues of the

matrix elements: <X%, X]Ci) = (1,0) and (—1,1) for HY ., and H .43, respectively. Sim-
ilarly to &, in (3, symmetry, C’é convert each ket-bra dyad to its time-reversal counterpart
(again, the last paragraph in Section IV A), but with an extra sign change for the dyads
that involve one a and one (8 spin function, i.e., those whose elements are in the B block.
Correspondingly, the elements in the A block must be converted to their complex conju-
gates by éé, while those in the B block must be converted to the negative of their complex
conjugates. These are the only constraints imposed by C’é to the matrix elements. And it
is unnecessary to construct C’é—eigenstates out of the spin orbitals to obtain the constraints.
Similar arguments apply in the derivation for the (E + F) and (E + A) inter-shell SOC
below.

In C3, symmetry, the E orbitals are addressed by the prime or double-prime, depending

on whether they are oj,-even or -odd. Using p and ¢ to express the generic superscript of
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prime and double-prime, the SO Hamiltonian reads

H = (|[47a) (+7a] + |="8) (="8| — |-Pa) (~Pa| — [+7B) (+7B]) Hvasra

+ (|+70) (+7B] — |0} (=BI) Hinares + (H75) (+70] — |75} (~a) Hipaurs22)

The same superscript for the spatial orbitals + and — determines that their phase flippings

(if there are) cancel. With the ,-transformations of spin functions in Eq. 8, we have

onHe; " = (| +7a) (+Pal + [=PB) (75| — |="a) (~Pa] — [+78) (+7B]) 6hH \raira
+ (= [HPe) (+PB] + | =Pe) (=P B) onH varrg

+ (= [+78) (+7al +|="8) (=Pal) ohH o0 (23)

To have 6,Ho;,' = H, we need 6,H vy = Hvoive and 63 Hyvairsg = —H vayng. The
matrix elements need to be o,-eigenfunctions with the eigenvalues y» = 1 and —1, respec-
tively. It is interesting to note that even for this intra-shell SOC, the o,-eigenvalue of the
matrix elements is not always 1, which is the case for the corresponding non-SOC intra-shell
(and intra-term too) elements. The reason is related to the different oj-eigenvalues of |«)
and |5) (Eq. 8).

v03 = ¢% and yor = —1 for H v 40p indicates that €’-type (€’) modes are SO JT-active
(-inactive) in first order expansion. This is because the linear monomial pe~™ of a set of
" coordinates has the specific Y“* and x°*, while any functions of ¢’ coordinates must have
x°" = 1. On the contrary, when SOC is not considered, only e’-type modes are JT active.
The JT-activity of e”-type modes is thus a purely relativistic effect. Please note that this
relativistic JT-activity is in terms of the original F-type spatial orbitals. If we consider that
SOC has split the E-type shell to the two sets of E;/o- and Ej3/,-type spinors, the e’-type
modes is pJT-active in coupling the non-degenerate spinors (recalling that |[+«) and |+0)

transform as Fj)o- and Eyjo-type irreps, respectively).

Dgy, is the composite of D3 and Cj;,. Correspondingly, the matrix elements need to
adopt all four (three sets of) symmetry eigenvalues, (XCB, (X%e, X%) ,X"h). Although the
D34 point group is isomorphic to Ds,, we cannot directly transplant the Ds;, symmetry

eigenvalues directly to D3g. This is because the spin functions a and S are invariant under
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I , but they gain phases under ;. Under the action of I ,

THI™ = (1) (+pal + | =pB) (=B8] = [=p) (=pa| = [+38) (+48]) HS oy
+ ([ (o8] = | =) (=pBl) H ot

+ ([+p8) {(Hpa| = |=p8) (—pal) —T-poz—kpﬂ' (24)

Certainly, x! = 1 for both HY i oand Hy oy . Here, the subscript p has been used to
represent the g and u symmetry of the E orbitals.

Our derivation for symmetry eigenvalues of all matrix elements in E-type intra-shell SOC
problems in all six trigonal symmetries is finished. The eigenvalues are summarized in the
E block of Table I. As discussed later, these eigenvalues guide us to look up appropriate
expansion formulas for the matrix elements.

In Section IV C, we show that only point group symmetry operations shall be considered
in deriving expansion formulas of the SOC matrix elements. However, while the D3, and D3y
point groups are isomorphic, with 5, in the former being replaced by I in the latter, different
symmetry eigenvalues are obtained for the two operators. Specifically, x°» = 1 for H ro4rg,
but x?* = —1for H ,,5. This seems inconsistent to our conclusion in Section IV C: if only
point group symmetries matter, the isomorphism between point groups shall strictly apply,
and the matrix elements in isomorphic correspondence shall have the same eigenvalues for
the corresponding symmetry elements. A further clarification is necessary.

The isomorphism between the matrix elements of the two point groups is applicable only
when the two sets of ket-bra dyads transform as the corresponding irreps. For instance, in
the E-type non-SO JT couplings in Dy, symmetry, the ket-bra dyad (|4P) (+7| 4+ |—P) (=P])
transforms as A}, (|[+P) (+P| — |=P) (=P|) as A}, |+P) (=P| and |—P) (+P| together as E’. In
the corresponding Ds, problem, (|+,) (45| + |—p) (—p|) transforms as Ay, (|4+,) (+p| — [—p) (—»|)
transforms as Asg, |+,) (—p| and |—,) (+,| together as E,. In the isomorphic relation be-
tween the two point groups, A} corresponds to A;,, A} to Ay, and E' to E,. These
correspondences guarantee the isomorphism between the matrix elements of the two sets of
dyads.

Now let’s consider the dyads of the spin functions. (|a) (a] + |8) (f]) transforms as A} in
Dy, and Ay in D3y, (o) (| —|5) (B]) as Af in Dsj, and Ay, in Dsq. Good correspondences
between the irreps of the two sets of dyads maintain so far. |a) (8| and |5) («|, however,

transform as E” in Dgj, and E, in D3;. However, E, corresponds to E’, not E”. This
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inconsistence is carried to the dyads of spin orbitals, which are the direct products of the ket-
bra dyads of the spatial orbitals and the dyads of the spin functions. It is this inconsistence
that eliminates the isomorphism between the H v rg and Hy oy g elements. The further
underlying reason for this inconsistence is that the D3, and D3, double groups are not
isomorphic, although their normal point groups are. The non-isomorphism arises from that
the spin functions are invariant under I but gain the opposite phases —i and ¢ under gy,
(Eq. 8). The characters of the fundamental Fermion irreps composed of the spin functions
are thus different: 2 in D3, and 0 in D3,. The different character tables of the D3, and D3,
double groups can be seen in Pages 260-261 in Ref. 42. Similar non-trivial differences in
symmetry eigenvalues of matrix elements between Dsj, and D3, symmetries also exist in the
(E + E)-type and (E + A)-type inter-shell SOC below. The rationalization here also applies
in those cases and is hence not repeated. We only need to consider symmetry operations in
normal point groups in deriving symmetry properties of each matrix element. However, this
conclusion does not mean the irrelevance of double group symmetry to SOC. Double group

symmetry matters for this intrinsically spin-related interaction.

With all these understandings, we come back to the opposite symmetry eigenvalues of
H.,ipin Cs, and Ds: (%, x75,) = (1, —1) in the former and (—1, 1) in the latter. However,
the C3, and D3, double groups are isomorphic and the spin ket-bra dyads transform as
corresponding irreps in the two symmmetries. Such an inconsistence should not occur. The
inconsistence arises from the different transformations of the spin functions with respect to
0, and C’é (Eq. 6 vs Eq. 7). And this difference can be removed. Replacing § by —if, i.e.,
rotating # by —m about the (3 axis and using the resultant spin function as the spin-down
basis, the C)-transformation matrix is identical to the o, matrix in Eq. 6. Consequently,
with such a new 8, H,,yp in Ds has the same (x%.,x7:,) = (1,—1) as in C5, symmetry.
This phase multiplication to 3 does not change the |5) (5| dyad, as the phases in the bra
and ket cancel. The symmetry eigenvalues of H' 4, (equivalently HY,,,) are hence not
affected by the phase, and the equivalence between the symmetry eigenvalues of HY ., in
the two symmetries maintain. Overall, the isomorphism of the SOC operators in C, and
D3 symmetries is regained with such a —i phase multiplication to . In short, the difference
in the symmetry eigenvalues of H,,yp in C3, and D3 symmetries is trivial and can be

eliminated by a phase adjustment to the spin basis. Similar trivial differences in symmetry

eigenvalues between Cj, and Dj also exist in the (E + E)- and (E + A)-type SOC below.
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The rationalization will not be repeated.

B. (F + E)-type Hamiltonian

This type of inter-shell SOC can be seen in many transition metal compounds. For
instance, the d,. and d,, orbitals of the central metal form one set of E-type orbitals, and
the d,2_,2 and d,, oribtals form another set. Superscripts p and ¢ are used to differentiate the
two sets. They also label the " and ” oj,-parities of the orbitals in D3j, symmetry, as well as the
g and u [-parities in D3, symmetry. The inter-shell SOC matrix takes the structure shown
in Figure 3(a), which is consistent with the one shown in Figure 1(b), since the eight spinors
are properly ordered. WET determines Hirgya3 = —H rataq and Hivg_ag = —H pgq_aq.

Time-reversal symmetry determines Hirgyag = H*,, 4,

and Hirg_ap = H*,, 4, These
four equalities together lead to H_»q—aq = —H p, qo and H_poiaq = —HZ,,_q,. Therefore,
only two independent elements remain in the A block and they are colored in blue and green
in Figure 3(a). As discussed in Section IV B, WET cannot be used to reduce the number
of independent elements in the B block. There are hence in total six independent matrix

elements.

With the six independent matrix elements shown in Figure 3(a), the inter-shell Hamilto-

nian reads

H = (|+Pa) (+%| — [+78) (+9B] + |=1B) (=8| — |-9a) (~Pa|) H.irataa + he

+ ([+Pa) (o] = [+78) (8] + [+8) (8] — |+ o) (") Hira—aa + he

+ (IHPe) (=8| = [+7) (=PB) Hyra—ap + he

+([+7a) (+98] = | =) (="B]) Hiratas + he

+([=Pa) (=98] = [+7) (+"B) H-ra—ap + he

+ (I="e) (+78] = [="a) (+7B) H vayap + he. (25)

Here, each hc stands for the hermitian conjugate of the operator component in front of it.
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+Pq —Pa +ia —a
+Pa [ H,pgiaq H,p,_ a4
E; intra-shell SOC . B
—Pq _H+T’a—qa —H+Pa+qa
+a
E;; intra-shell SOC
(@) -
—Pg ]
+p .
—ag complex conjugate
+18

(b)

()

(d)

XPa

YPa |

XPB

Y?B |

X
im(Hpgsaq) + im(Hpg—ay)
iRe(Hirgiaq) + iRe(Hivg_ay)

XB
—iIm(H pgraq) — UUm(H vy—ay)
—iRe(H pg+aq) — iRe(H py—ay)

X9

1
XPa E(H+p“+qﬁ + H_pg_ag + Hypg_ap + H_pa+ql;)

i
YPa §(H+va+qﬁ — H_pq_ap + Hivg_ap — H_pgeag)

(e)

XPp

1
Xa —E(Hwawg + H_pg_ag + Hypg_ap + H_Pa+LIﬁ)

i
Yia |—=(—Hivarag + Hvo-ag + Hivg-ag —H_rasag)

FIG. 3. (a) Structure of the inter-shell spin-orbit coupling matrix between two sets of E-type
orbitals in the complex-valued bases. Only the inter-shell elements in the upper triangle of the
matrix are given. The lower triangle is just the complex conjugate of the upper triangle. Matrix
elements that are derived from one independent matrix element by time-reversal symmetry and
WET are given in the same color. The blocks of the E-type intra-shell SOC matrix elements are
indicated by text and they take the same structure as in Figure 2(a).

blocks of the inter-shell SOC matrix in the real-valued bases. (b) and (c) are complex conjugates

_Pﬁ +pﬁ _Qﬂ +Qﬁ

Hipy_a Hypgrag ]
E; intra-shell SOC Haestp s
H_pg-ag H_pgiap

—Hivrg_a —H_pg_a
Hastp “tp E;; intra-shell SOC
—Hyvgrapg  —H_pgiap

* *
Hipgiaq Hipg_aq

E; intra-shell SOC
—Hipgaqg —Hyivgiaq

E}; intra-shell SOC

Yia
—iRe(H pgrag) + iRe(H vy az)

im(H pgyaq) — im(H vy _ag)

Yag
iRe(H pyiaq) — iRe(H vy ag,)
—iIm(H pgsaq) + iIm(Hipg_ag) |

Yip

i

E(—H+pa+q5 +H vg_ag +Hipg_ag — H_p,Hqt;)

1

> (Hivarap + Hopgag = Hiva-ag = H_vasag)
YPB

i
—3 (H+Da+q5 —H_ vy ag+ Hyvgap — H_pa+qﬁ)

1
_E (H+pa+q5 + H_pa_qg - H+Pa_qlg - H_Pa+flﬁ)

of each other. (d) and (e) are the negative of the transpose of each other.
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C’g transforms the Hamiltonian as

CaHC5" = ([+70) (+7a] = [+78) (+8] + |=*8) (~"B] — |="a) (~"a]) CsH.rassa + he
+F (|47a) (<%a] — [+78) (=98] + [+98) (—"8] — |+7a) (—"al) Cs H yasa + he
+ ([+7a) (=76] = [+4a) (= B]) CsH.rvaas + he
+e7'F (J47a) (+98] = |=1a) (="B]) CsH rasas + he
+e= % (|=Pa) (~98] — [+%a) (+7B]) CsH_saag + he
+e % (=0} (+15] = |=") (+78]) CoH_rasss + he: 20

Clearly, the Cs-eigenvalues of the six matrix elements are: Y* = 1 for Hrq aq and H +Pa—aB;
Y% = e % for Hiopg_aa and H porap; X&° = ¢ for H.ivorapg and H_p,_ap, so that
CuflCt —
In ('3, symmetry, under the action of &,
6,06, = (|=78) (=18] = |="a) (~a] + [+%a) (+Pa| = [+78) (+75]) 60 H rara + he
|=78) (+98] = | =) (+7a| + [="a) (+Pal — |=18) (+7]) 6uH pa—sa + he
et

+(

+ (= “a| + |—18) (+Pal) 6y Hypa—ap + he
+(=1-"8
+(=

+(=

) (+ )
> < qa| + |+q5> <+p04‘) H+pa+q/j + he
+28) (+7al + |[=8) (—Pal) 6o H _ra—ap + he
[+78) (=a| + [+8) (—Pal) 6o H varap + he. (27)

Evidently, to have §,H6,' = H, we need 6,H oo = Hipgron; OvHivaaa = Hipo an;
vl yro—ap = Hipa—flﬁ? vl ratap = Hipa+q,85 vl _pa—ag = Hiz’a—w? Ol _pates =
H*, . 45 Therefore, all six independent matrix elements have (x%., x75,) = (1, —1).

In D3 symmetry, under the action of ég,

C3H (C5) = (1-"8) (=8| = |=¥a) (=% + |+9a) (+7a| = |+9B) (+78]) CF Hirasaa + he
+(1=8) (+18] = [=Pa) (+9a + |=1a) (+Pa] — |=*B) (+7B]) CF Hira-sa + he
+(|="B) (+9%a| — |=B) (+*a|) CYH po—ap + he
+(|=7B) (="a| — [+8) (+7al) C§ Hovaras + he
+([478) (+7a] — |~18) {~7a]) O3 Hora_us + he
+ (|478) (=%a| — |+8) (=*al) C5 H varas + he. (28)
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To have C’f[—:f (é’;)_l = f[, we need é§H+pa+qa = Hlooiaas O§H+pa_qa = Hlpq_aai
C8H ra—ap = —Hpoogi C3Hopasap = —Hipopopgi C3H va—ap = —H*p_ogi C3H poyap =
—H*,, 145 Therefore, ()éé,)(%) = (1,-1) for Hiroraa and Hipq_aq, and (—1,1) for
Hivo—ag, Hivgrap, H_vo_ag, and H_pqiap.

In C3;, symmetry, the spatial orbitals are addressed by the prime and double-prime, which

are symbolically represented by the superscripts p and ¢q. Under the action of &y,

onHo" = (1) (|470) (+9a] — [478) (+78] + |=B) (="B] — |~1a) (="a|) 64 H pasaa + he
+ (=1 (| 470) (=Ta] — [+78) (=8| + [+°B) (—7B| — |+7@) (~"0]) 64 H sra—ua + he
+ (=1)" (|47 a) (=8| — |[+%a) (~PBI) 61 H pa—as + he
+(=1)" (|47 a) (+98] = [=“@) (=" B]) 61 H paras + he
+ (=1 (|=Pa) (=8| — [+9a) (+7B]) 6nH vaa5 + he
+ (=1 (|=Pa) (+98| — |=%a) (+7B]) 64 H v ya5 + he. (29)

The (—1)°*" factor with the symbolic Kronecker delta arises from the product of the two E
sets’ op-parities. This factor becomes (—1)6pq when the spin orbitals are different in bra and
ket. Clearly, x* = (—1)"*™" for Hiparaa and Hopq_aq and (—1)°%" for H opa_ag, Hirasras,
H_po_ap, and H_p,yap, to give a op-invariant Hamiltonian.
The matrix elements in Dsj, symmetry must have all four symmetry eigenvalues, (X (X R;, X h,n> , X”h) .
In D3, symmetry, the orbitals are dressed by the g and u subscripts. The [-parities are still
symbolically represented by the p and ¢ superscripts, just for convenience, so that we can

still use the Hamiltonian in Eq. 25 in the following derivation. Under the action of I,

THIT = (=1)" (|4Pa) (+7a] — [+78) (+°8] + [=*8) (—"B| — |="a) (="a|) [ H {pataa + he
(=98] + |+98) (="B| — |+%a) (="a|) [ Hypo—oa + he
@) (=PB)) IH o0 + he

(—PB1) [ H a5 + he

a) (+PB|) TH voy—ag + he

(+PB]) [H v a5 + he. (30)

Evidently, only when ! = (—1)5”‘1+1 for all the six matrix elements, the Hamiltonian is
I-invariant. All symmetry eigenvalues of the (E + E)-type SOC matrix elements have been
derived and they are summarized in the (F + E) block in Table I.
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C. (A+ E)-type Hamiltonian

This is also a common type of inter-shell SOC in trigonal systems.?® For instance, it
can occur in transition metal compounds with E-type orbitals of d,. and d,. character and
an A-type orbital of d.2 character. Or similarly, but in main group compounds, between
E-type orbitals of p, and p, character and an A-type orbital of p, character.9%! |Aa) and
|AB) transform as FEjj,-type irreps in any trigonal and tetragonal double groups except
S3. In the S; double group, they transform as the Ej irrep. The SOC matrix in the
complex-valued bases adopts the structure in Figure 4(a), which is consistent with the
structure in Figure 1(b). WET determines H, 343 = —H n440. The time-reversal symmetry
determines Hygap = H* ,,. They together lead to H_oan = —H7Y,,,- There is thus only
one independent matrix element in the A block of the SOC matrix, and three in the whole
matrix.

Expressed using the three independent matrix elements in Figure 4(a), the Hamiltonian

reads
H = (|+a) (Aa| — |Aa) (—a| + [AB) (—=B] — [+8) (AB]) Hiqaa + he
+ ([+a) (AB| — |Aa) (=B]) Hyaap + he
+ (=) (AB| = |A) (+B]) H-aap + he. (31)
Under ég,

CsHC! = e7'5 (|+a) (Aal — [Aa) (~a| + |AB) (=8| — |+8) (AB|) CsH ana + he
+€'F ([+a) (AB| — |Aa) (—BI) CsH anp + he
+(|—a) (AB| — |Aa) (+8]) CsH_aas + he. (32)

Therefore, to have égf]ég_l = f], we need to have Y3 = 7, e"%ﬂ, and 1 for H a4,
Hyoap, and H_, g, respectively.
In C3, symmetry, the A-type orbital is dressed by a subscript 1 or 2, which is symbolically

represented by k. The action of 7, transforms the Hamiltonian to

6,H6," = (1) (|=B) (AxB| — |ApB) (+5] + [Ara) (+a| = [=a) (Axa]) &, Hsane + he
+ (=)™ (|=8) (Ara| = |AxB) (+al) 6,H anys + he
+ (1) (1+6) (Axal — |AkB) (~al) 6,H_aas + he. (33)
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+a —a Aa -B +£ ApB

+a H H
E intra-shell SOC +ima E intra-shell SOC raap
—a —Hiqaa H—“AE
(@) At; | 0 —Higap  —H_aap HXO |
) Eintra-shell SOC ada
+B complex conjugate R
AB 0
Xa Ya Aa XB YB AB
_ 1 -
Xa ) iV2Im(H, guq) —=(Hiaap + Honap)
Eintra- . V2
shell SOC E intra-shell SOC ;
Ya VZRe(H, qaq) — (Hiaup — H-qap)
V2
1 i
(b) A~ 0 —\/—E(Uﬂm/; + H_qup) —\/—E(UMA;; — H_qup) 0 -
X —iV2Im(H
4 E intra-shell SOC (Heaa)
YB ~ivV2Re(H, 440)
AB 0

FIG. 4. Structures of the inter-shell spin-orbit coupling matrix between a set of E-type orbitals
and an A-type orbital in (a) the complex-valued and (b) the real-valued bases. Only the inter-shell
elements in the upper triangle of the matrix are given. The lower triangle is just the complex
conjugate of the upper triangle. Matrix elements that are derived from one independent matrix
element by time-reversal symmetry and WET are given in the same color. The blocks of the F-
type intra-shell SOC matrix elements are indicated by text and they take the same structure as in

Figure 2(a).

A TTAa—1 1] : A _ Ok2 7% A _ Ok2 Trx . A _
o,HG, ' = H requires 6, H a0 = (—1) todpe OvH pans = (—1) taas Ovl _aap =

(—1)%= H* 4, 5 Therefore, (X%, X75,) = ((—1)5’“2 , (—1)5’“1> for all three matrix elements.

In D3 symmetry,

$H(C5) ™ = (-1 (1-6) (AuBl — |AuB) (+6] + | Asa) {4l — | =) (Asal) O Humayo + he
(= 1)% (1=8) {Asal — |AkB) (+a]) CF H ran, + he
(= 1)% (145) (Agal — |AkB) (~al) CFH an,s + he (34)

A A A -1 A . C/ C/
CsH <C’§> = H requires (XRi’XITQn)
for H+a,4k5 and H—aAkB‘

((—1)‘3’“2 , (—1)%) for Hyau, o and ((_1)% , (_1)6kz)
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In Cy;, symmetry, the (E + A)-type SO Hamiltonian reads

H = (|+7a) (A%a| — |A%) (=Pa| + |A78) (="B| — |+7B) (A*5]) Hivaiea + he
+([+Pa) (A75| — |A%) (=" B) Hiranap + he
+(|=Pa) (A78] — |A%a) (+7B]) H-randp + he. (35)

p and ¢ denote the " and ” op,-parities. Under the action of 4y,

onl ey, = (=1)"" (|47 a) (A%a| = |A%) (=Pa| + |AT8) (="B| — |+75) (A*B]) 61 H ransa + he
+(=1)% (|+7a) (A7] — |A%) (=P B]) 63 H panag + he
+(=1)" (|=Pa) (A1B] — |A%) (+7B]) 65 H »aaap + he. (36)
To have 6hﬁ6;1 = H, we need x7 = (—1)"*! for H,popsq and (—1)" for H . pqa0p and
H_voa4p. The (E + A)-type Hamiltonians in Dy;, symmetry simply adopt all four symmetry
eigenvalues, (XC?’, (X%, X%) ,X"h>.
In D34 symmetry, the (E + A)-type SO Hamiltonian reads
H = ([+p0) (Al = [Arger) (—parl + [AkgB) (=pB| = [+8) (AkqB1) He panrga + he
+ ([4p0) (ArgBl = |Arg) (=pBl) Hypany,p + he
+ (|=p) (ArgB| = |Arge) (+8]) H- 0, + he. (37)

p and ¢ denote the g and u [-parities.

IHI ' = (_1)6pq+1 <|+pa> <Aqu‘| - |Akqa> <_pa| + |Akq5> <_pﬂ| - |+pﬂ> <Akqm) fHeraAkqoz + he
+(=1)" (40 (ApgB| — [Arget) (—pBI) TH 0,5 + he
+ (1) (| =) (AgBl — [Argar) (+,8) TH_ q,,5 + he. (38)

To have THI™' = H, we need — (—1)6’"’+1 for all three matrix elements. All the symmetry

eigenvalues derived in this section are summarized in the £ 4+ A block of Table I.

D. (A+ A)-type Hamiltonian

SOC between two A-type orbitals is less common than the others. But it can occur,
e.g., in coupling the fys_s,,2 and fys_s,.2 orbitals of an f-block atom at the trigonal center
(exemplified in Figure 5(a)). This coupling is induced by the iél)ﬁzéz component in the

dot product operator in Eq. 10. As mentioned in the end of Section IV B, matrix elements
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of this type of coupling appear in the A block. At any undistorted trigonal structures,

the égc)fxégﬁ and 580)]0;/311 components cannot couple any A-type orbitals, because éél)fx and

é'é;)fy belong to an E-type irrep, which is not contained by the direct product of two A-type
irreps. However, this symmetry argument does not hold when the structure is distorted
by JT/pJT interaction, which is our main concern. For instance, the two A-type orbitals
shown in Figure 5(b) are composed of peripheral p orbitals in a Dgj, framework. At the
undistorted trigonal structure, the éé})fz and 2£})fy matrix elements of the orbitals are zero
due to cancellation of the contributions from the three peripheral atoms. As the structure
is distorted along an e mode, the exact cancellation is alleviated, resulting in nonzero SOC.

This type of coupling contributes elements in the B block. With all these considerations,
we should not leave behind the (A + A)-type SOC.

Ay fya_gyx2 AL fyaxy?
(a) %37 %’7  Aa Ala AB AlB
A, Ay A 0 Hjﬁw?a 0 Hapaals
(b) _8 Aja | 0 ~Hapaals o |
AlB complex conjugate 0 _Hfi‘i“f“?“
AlB | o

(d) (c)

Byg

FIG. 5. (a) fys_gye2 and fys_s,,2 orbitals at the center of a Dg; framework, with their irrep
symbols; (b) two A-type orbitals that can have nonzero SOC along e’ distortion from the Dsgy,
structure; (c) structures of the inter-shell spin-orbit coupling matrix between two A-type orbitals.
The lower triangle in (c) is just the complex conjugate of the upper triangle. Matrix elements that
are derived from one independent matrix element by time-reversal symmetry and WET are given
in the same color. The trivial zero A-type intra-shell SOC matrix elements are also given; (d) a

B- and an A-type orbital that can have nonzero SOC along e, distortion from the Dy structure.

The (A + A)-type SOC matrix adopts the structure in Figure 5(b), with the A and B
blocks each containing one element. k& and [ denote the 1 and 2 parities, and p and ¢ the ’
and ” parities and ¢ and u parities, whenever the parities are applicable. WET determines
H APgAIE = —H APQATq- The time-reversal symmetry determines H APgAIE = <H APq Alqa) :

These two equalities determine H4r, a1, to be purely imaginary, which is denoted by the
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superscript i in Figure 5(c). The (A + A)-type SOC Hamiltonian reads

H = (|Afa) (Afa| + |AB) (ALB] — |Afa) (Afal — | ALB) (AB]) Hipoase
+ ([ AR (A7 8] — [Afa) (ALBI) Hapaags + he. (39)

Under the action of C’g, the Hamiltonian becomes

C3HC5" = (|ARa) (Afal + |A]B) (ALB| — | Afa) (ARal — | ALB) (AB]) CsHlyp a0
+e7F (| AVa) (AIB] — | Afa) (A2B]) CsH apgasg + he. <4o>

To have 6'3]:16'3_1 — H, we need X% =1 and €' % for HAp Ala and H yro 35, respectively.

In C3, symmetry, 6, transforms the Hamiltonian to

6,16, = (=1)" (|A75) (AIB] + | Afer) (Afal — |A]B) (ALB] — | Afa) {Afal) 6 Hiipo s

5 .
+(=1)™ (|AxB) (Alal = |A1B) (Axal) 60 Hagaazs + he. (41)
s Al _ B : P _ S+l pyi
In order to have 6,Ho, ! = H, the matrix elements need to satisfy O’vHAZaA?a = (—=1)™ HApaAq

O +1 HZP Aqﬂ7 ) (X?@Xﬁn) _ (0, (_1)5kz+1) and <(_1)5kz+1 7 (_1)5kz>

for the two elements, respectively. Similar to the xr,, = 0 cases above, yg. = 0 arises from

and &UHAzaA?B = ( 1)

that the element is purely imaginary.

In D3 symmetry, ég transforms the Hamiltonian to

Gy (C5) ™ = (-1 (|AZB) (A7) + |Ala) (AZa] — |AI6) (ALS] — | Af) (Alal) Cf g
(<) (1448) (Afal - |AL6) (Afal) C5 Hagoags + e )

A A ~\ 1 ~
In order to have C5 H (Cf) = H, we need C””HZ (—1)%t H', adla and C3 H apq 115 =

(—1)% HZ” Aq,m o (X%a)(]m> = (0,( 5““) and ( 1)% (- 6’”“) for the two ele-
ments, respectively.

In C3;, symmetry, 65, transforms H to

6uToy" = (~1) (| A7a) (Afal + |AIB) (AZB] — | Afa) (ALal] — |ALB) (AIB]) nHy ase
+(—1)% (| AZa) (ATB] — | Ala) (AZB]) 6nH aganss + he. (43)

R A ~ “ . 5 1 R
In order to have 6, Hd; ' = H, we need UthzaA?a = (=1)%" Hpponio and 6p,Hpponip =

(—1)°e Hpponag, 1., X7 = (=1’ and (=1) for the two elements, respectively.
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Matrix elements in Ds;, symmetry need to be characterized by all four (three sets of)

symmetry eigenvalues. In D3y symmetry, I transforms the Hamiltonian to
THI™" = (1) (|Aa) (Afal + |ATB) (ALB| — |Ala) (Afal — |ARB) (ATBI) I Hlyp a0,
+ (=) (| Af) (ATB] — |Afcr) (ARBI) T H apaazs + he. (44)

Evidently, we need y! = (=1)*™ for both elements. All symmetry eigenvalues of the

(A4 A)-type SOC matrix elements have been derived and they are summarized in the
(A+ A) block in Table I.

E. The Table of Symmetry Eigenvalues

Table I is the central contribution of this work. This table allows us to identify symmetry
eigenvalues of matrix elements of all bimodal SO JT/pJT problems in trigonal symmetries.
When FE-type orbitals are involved, the symmetry eigenvalues are for the elements in the
complex-valued F components. In practice, quantum chemistry calculations generate data
for real-valued F components. To facilitate the use of our expansion formulas in actual
simulations, the structures of the SOC matrices in the real-valued E orbitals representations
are also given in Figures 2 to 4. The matrices in the complex-valued spinors are more
relevant to systems with strong SO interaction, since the spinors are symmetry-adapted for
the relevant double groups. The matrices in the real-valued spin orbitals are more relevant
to systems with weak to intermediate SO interaction, since the real-valued spatial orbitals

are adapted for the relevant point groups.

VI. HAMILTONIAN STRUCTURES AND SYMMETRY EIGENVALUES FOR
TETRAGONAL SYSTEMS

Symmetry-wise, the spatial orbitals in tetragonal and trigonal symmetries ONLY differ
in their C),-eigenvalues. Consequently, the results derived above for trigonal problems, which
are obtained without explicitly consideration of Cs-eigenvalues, are directly applicable to
tetragonal problems. These results include the matrix structures in Figures 2 to 4, the
o.-eigenvalues, the Cs-eigenvalues, and the I-eigenvalues. In short, the only additional
derivation for tetragonal SOC problems is to obtain Cy4- and Sy-eigenvalues of the relevant

independent matrix elements.
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TABLE I. The eigenvalues of symmetry operators of the independent elements in trigonal and
tetragonal vibronic Hamiltonian matrices. The o,- and Cy-eigenvalues are given for the real and
imaginary parts of the matrix elements separately. The heading (E + E) means the matrix elements
underneath are relevant to the (E + E) problems, etc. &k and [ stand for the 1 and 2 subscripts when
oy or C} are relevant. p and ¢ stand for the " and ” superscripts when oy, is relevant. Although p

and ¢ are placed as superscripts, they also stand for possible g and u subscripts when [ is relevant.

d
c, c,
X3 x b x5 (XFe XTin) (XREL:XzﬁL) (x7m)° (xh)’
. HT .o 12 11 (1,0) (1,0) 1 1
T (1,-1) (-1,1) -1 1
Hos 1 11
frafte ( 1,-1 ) ( (—1)%pa+1 )
Hivo ao e '3 -1 —1 ’
Hipo 1 =i
(E—‘,—E)g H+Pa B i 4 ' 1,-1 (_l)épq+l
e 3 (2 —1
H+Pa+‘1,8 ZZTW ‘ ' 1,1 (_1)5}"1
—Pa—4p3 e 1 —1
: —i2E ; ;
H—Pa+qﬁ e 3 —1 7
Hiponto €3 i i (%2, (mP)  (—1)Pnat?
E+ A9 ] —iZr —1)%k2  (—1)%: _1)%pg+1
(B+A) Hipopepe s -1 1 (=1)°%2, (=1) (—1)%k1, (—1)%2 ) ( (—1)%a ) (-1
H_popag 1 1 -1
k
i _1\0k1t+1 _1\Oki+1 _1)%pqt1
(A+A)g HA:ZaAga 12 1 1 <07( 1) ) (0’( 1) ) ( l) (_1)5Pq+1
Hapaars ©F 0 =i ((=)™F ()%) (1) (<1)PFt) (1P
H papga —i i (e (mnyper)  (—1)ratt
(B+B) H,popo N G RN C
traBih % %) (')
H_»apis -1 1
i _ 1)k +1 _1)0k1+1 _1)%pqt1
(B—I—B)q HBQO/B;IQ 1 1 (07( 1) ) <07( 1) ) ( 1) (_1)5Pq+1
Hppangs i i (R ) (DT () (e
i _ _ _1\0k1+1 _1\%mi+1 _1)\%pq+1
4+ By Tazasia I N (A (0, (=1 1) (1) -
Hapapis R G G ) I (G R G ) I G O

@ Applicable for trigonal symmetries. ® Applicable for tetragonal symmetries except Sy. ¢ Applicable for Cs, and Cj,
problems. x7¥ =0 (x%, = 0) means only the real (imaginary) part of the expansion formula formula is taken. @ Applicable
for D3, D3y, D3gq, D4, Doy, and Dy, problems. x?ﬂl = (xg%3 = 0) means only the real (imaginary) part of the expansion is
taken. ¢ Applicable for Csj, and Dsj, problems. f Applicable for D3y, Cap, and Dyj, problems. 9 The superscripts p and ¢
represent the prime and double-prime in C3, and Dgp symmetries. The also represent the g and u subscripts in Dsg, Cyp,
and Dy, symmetries. For (A + A)-, (E + E)-, and (B + B)-type (only applicable for tetragonal symmetries) problems in C3,

C3y, D3, Cyq, S4, Cay, D4, and Dog symmetries, they simply denote the two sets of orbitals that transform as the same irrep.
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The orbitals with x“* = 1, —1, (4, —i) transform as A-, B-, and E-type irreps in tetragonal
symmetries, respectively. Given the extra B-type irrep, there are the following additional
types of SOC in tetragonal symmetries: B intra-shell coupling, (A + B), (B + B), and
(B + E) inter-shell coupling. |Ba) and |Bj3) transform as Ej/o-type irreps in any tetragonal
double groups except S%, in which as the £} /2 irrep. With the real-valued Y = —1, B-type
orbitals can always be taken real-valued, just like A-type orbitals. Therefore, the B-type
intra-shell SOC is null. The (B + E) inter-shell coupling adopts the same matrix form as
the (A + E) coupling in Figure 4, only with the A orbital label being replaced by B. An

example of the (B + E) coupling is between a d,, orbital (or d,2_,2 orbital) and a (d,.,

)
dy,.) set of orbitals at a tetragonal center. The (A + B) and (B + B) couplings adopt the
same matrix form as the (A 4+ A) coupling in Figure 5(c), only with one and both A orbital
labels being replaced by B, respectively. The (B + B) inter-shell coupling is commonly seen

between a d,2_,2 orbital and a d,, orbital at a tetragonal center. A- and B-type orbitals

~y
that can be SO coupled through e-type distortion are exemplified in Figure 5(d).

The Cy-eigenvalues of the tetragonal matrix elements are derived in a similar way as
for the Cs-eigenvalues above. Skipping the details, the resultant Cj-eigenvalues are all
summarized in Table I. It is not accidental that the y“‘s of the (E + A) and (E + B)
tetragonal problems differ by a sign change, and so do those of the (A + A) and (A + B)
tetragonal problems. This is related to the y“* = 1 and —1 for A- and B-type orbitals,
respectively. Also, the (A + A) and (B + B) type problems share the same y“s, since the
sign changes of the two B-type orbitals cancel. We note again that the same set of g,-, Co-,
and [-eigenvalues are shared by the same type of trigonal and tetragonal problems. The
(E+ A) and (E + B) tetragonal problems share the same set of o,-, Cy-, and I-eigenvalues,
since the two types of problems only differ in x“*s of their independent matrix elements. For
the same reason, The (A+ A), (A+ B) and (B + B) tetragonal problems share the same

set of g,-, Cy-, and [-eigenvalues.

Summarized in Table I are also S,-eigenvalues, which are relevant for problems in S sym-
metry. The C? and S? double groups are isomorphic. However, the Cy- and S-eigenvalues
are not all identical. Those for the B block elements have opposite signs. The fundamental
reason for this difference is that the o and 3 spin functions transform as the E/, irrep in
the C7 double group, while as the E3; irrep in the S double group. This is because the 6y,

hidden in the S, operator brings an extra rotation of 7 to the spin functions. Consequently,
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the action of Sy on the |o) (8| dyad results in an extra —1 factor compared to the action
of Cy. All derivation work in this study has been finished. Again, Table I is our central

contribution.

VII. EXPANSION FORMULAS AND COMPARISONS WITH PREVIOUS RE-
SULTS

All bimodal expansion formulas that feature the symmetry eigenvalues summarized in
Table I, except (X;ZCQ, X}';’n’cé> = (0, £1), have been derived before in the context of non-SO
pJT/JT interactions in trigonal®®®" and tetragonal® symmetries. The trigonal formulas are
summarized in Tables S.I to S.VIin Section S.I11, and the tetragonal formulas in Tables S.VII
to S.XV in Section S.IV. Given the symmetry eigenvalues in Table I, one can easily look
up symmetry-adapted expansions for a specific SO JT/pJT problem. Here we use three

examples to show how to obtain expansion formulas for specific SO pJT/JT problems, and

compare our formulas with those obtained in previous studies.

A. (E+A)®(e+a) in C3, Symmetry

This specific SO pJT problem is considered because the expansions of its matrix elements
were derived in Ref. 61. Comparison with those results confirms the correctness of our general
formalism.

In Figure 4 we see that there are three independent matrix elements for this problem:
Hioava, Hioa g, and H_, 4, 5. From Table I, we see that (XC3, (X%, X}’ﬁn)) = (ei%ﬂ, (1, —1)),
<e_i%ﬂ, (1,—1)), and (1,(1,—1)) for the three elements in order. X% = €% of Hiqua

directs us to Table S.II, whose (e + a)-row gives the root expansion:
Hiana = pP" 25 0775121 cos((3n — 1)¢) — b5 2" sin((3n — 1)9)
+i (b;fg;(lzh sin((3n — 1)) + bg’g;{lzh cos((3n —1)¢))] (45)
Throughout this work, all summation (power) indices that are in the absolute value symbol
take all integer values, while the others only take nonnegative integer values. Also, Einstein’s

convention of summing over duplicate indices is followed. In the expansion formula, the

subscript 1 of the a; orbital has been dropped because this is the expansion in the lowest
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(in correspondence to “root”) C3 symmetry among all trigonal symmetries. y* = i also
directs us to Table S.IV, and the (e 4+ a;)-(1, —1) entry there is “b" nz”, i.e., only the terms
with the b" coefficients in Eq. 45 shall be nonzero. Therefore, the final expansion for H 44,4

is obtained:

3n—1 - i(3n—
HJraAla — bgl’gK th\i’m 1\+2Kez(3n 1)¢ (46)

The symmetry eigenvalues of H .4, are identical to those of H 4,4 except for the Y
takes the complex conjugate. Therefore, the H 4,5 expansion takes the complex conjugate

of the H, 44, expansion:

r,3n—1 — —i(3n—
H+aA1,8 le nK th\?m 1\+2K6 i(3n 1)(15' (47)

Please note that the expansion formulas of H,,4,, and H 4,3 are connected by taking
complex conjugate. The coefficients in the two expansions are not correlated. That is why
we use ¢ to label the coefficients in the H,4,s expansion.

The ¥ =1 of H_,4,p directs us to Table S.I, whose (e + a) row gives the root expansion

H_oa5 = p|3m|+2K [a? 3;'}{2’ cos(3mae) — aZIS’;Kz sin(3mao)

+i (ap’5i 2" sin(3me) + af 52" cos(3me))] (48)

The x“¢ = 1 also directs us to Table S.III. Applying the “a” nz” constraint in the (e + a1)-

(1, —1) entry there to the root formula, we have the final expansion

H_ iy = a2 o 2K eiome, (19)

Figure 4(b) shows that the three complex-valued independent matrix elements become
four real-valued independent matrix elements in the real basis set. They take the following

expansion formulas:

— _ n3n—1_I; [3n—1]4+2K _: .
Hxaaa = ivV2Im (Hiana) = by ok 2 1pl | sin (3n — 1) ¢;
_ _ ar3n—1_1 |3n—1|+2K .
Hyoa,o = iV2Re (Hiona) = by ok 2 1pBn=l+2K (o5 (3n — 1) ¢
r,3n—1 11 3n—1 +2K —i(3n—1)¢ r3m I |3m|+2K i3md.
ol \ (3n—1)¢ 4 ay’hez pl3mI+2K gidme.,

1
Hxonp = 7 (Hyaap+ H aap) = Cilog 2

¢ r3n—1_I; |3n—1|+2K —i(3n—1)¢ _ - r3m _I, [3m|+2K i3me
Hyanp = /2 (Hyaap = Hoaayp) = icy 5 2'p € —an k% P e

(50)
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The common factors v/2 and \% have been absorbed in the coefficients 4", a”, and ¢". Up to

4th order, the term-by-term expansions are

Hxaaa = —ibyy 'y + ibgo2ey — ibyy 2y — ibyy ' (¢ + y°) y + ibyoz2uy — by 2y
—ibyy ay (2 — y?) +ibgs (27 +y7) 2wy — ib]5 2 (2 + ) y + b5 2 2wy — iby 2y
Hyna = 55"+ 05 (2 — ) + 055" 657" (2 40 04 3= (02— 47) + "
bt (2t 4 gt — 62%7) b (o — y) + b e (2 4 ) w4 ib5RER (0 — )
+ibg”alz3x
Hanss = 658 + -+ i’ (0~ i) + G (2 447) + e + e (02 — 47 + 20
+C?,0_12 (z —1y) + a6’753 (mg — 3xy? — 32y + iyg) + ag’% <$3 — 3xy? + i32%y — iy3)
+a?’gz (1'2 + y2) + ag’»%zg + CSEI (752 + 92) (x —iy) + 07{’,(232 (x2 -y + i2a:y)
g2 (@ = iy) + agh (22 + 97)” + alps (o - Bey? — i3a%y + i)
+appz (2% — 3ay? + 32’y — iy®) + ayye? (2 + ) + aft
—1—66’54 (J’A + y4 - 69(:23/2 — idxy (:1:2 - y2)> + 06’73 (x2 + yZ) (x2 _ y2 n i2:1;y)

+c’{’;12 (932 + yz) (x —1y) + cg’f)zz (332 — 2+ z'2:1:y) + cg’,alzg (x —1iy). (51)

Replacing ¢" by ic” and a” by —ta"” in the H x4, 3 expansion, we obtain the Hy4,s expansion.
The three expansions in Eq. 51 are identical to those given in Ref. 61 except for some trivial

phase differences. The correctness of our general formalism is confirmed.

B. The (E'+ A)) ® (¢! + af)) Problem in Ds;, Symmetry

Another example is the (E' + A}) @ (¢/ + af) SO pJT problem in D3, symmetry, whose
expansion formulas were derived in Ref. 60 under the assumption that the £’ and A% orbitals
arise from one set of p orbitals that are located at the Ds;, center. From Table I, we
immediately obtain the symmetry eigenvalues of the three independent matrix elements:
<XC3, (X%,Xgi) ,X"h> = (ei%", (—1,1), —1) for Hyrqaya; (e*i%ﬂ, (1,-1), 1) for Hyioays,
and (1, (1,~1),1) for H_r,ay5. Guided by these eigenvalues and consulting the root formulas
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table and constraints tables, we obtain the general expansion formulas of the elements:

_ yr3n—1 2I1+1 |3n—1|+2K _i(3n—1)¢.
H+’aA’2’a - b211+1,2KZ P € !
_ r3n—1_2I |3n—1|+2K —i(3n—1)¢.
Hyrqays = G o271 ¢ ’
_ r3m 20 |3m|+2K _i3m¢
H—’aA’Q’,B = CL21172KZ 1% e . (52)

They differ from the counterparts in Eqs 46, 47, and 49 in the selections of the z powers. We
can hence obtain the Hx/oay, and Hyiqayp expansions up to 4th order by taking only the

terms with odd powers of z in the Hxa4,o and Hyq4,s expansions in Eq. 51, respectively:

HX/aA’Q’a = —Z’bg:alzy + lb?{:%Zny o Z‘bg:;lz (xQ + y2) y B ibg:alz?’y;
Hy g = 855 20 4 032(a? — 1) 4 0552 (22 4 9) o 4 i3 0. (58)

They are identical to the expansions given in Egs. 39(b) and 39(c) in Ref. 60, except for a
trivial sign difference in Hy,, Ao
Similarly, we obtain the Hyrn4y5 expansion up to 4th order by taking the terms with

even powers of z in the Hx,4,p expansion in Eq. 51:

Hyroays = ago + coo (x —iy) + ags (2 + %) + ajoz® + cig (a2 — y° + i2zy)

+(agy + agy”) (% = 3xy®) + (ag)y + agy”)i (32%y — )

+c€:§1 (® +9?) (xz —iy) + c;”alzz (v —iy) + agﬂ (2* + y2)2 + aS’EzQ (* +y%) + aZ”%z‘L

—i—c&&‘l (z* +y* — 62y —iday (2° — 7)) + cg’é (® +y?) (2% — y* + i2zy)

+che2? (2 — y? + i2zy) . (54)
Discrepancy is seen between this expansion and the one given in Eq. 39(e) in Ref. 60,
which lacks the term corresponds to the i (3z%y — 3®) monomial. The assumption there that
all three orbitals arise from a common set of p orbitals imposes higher symmetry to the
(E' + AY) problem, and naturally keeps fewer terms in the expansions. Specifically, this
assumption excludes all terms with the isin 3m¢ angular factor in the Hx:,ayp expansion.
Under this assumption, the Hx,ays expansion takes a form of iHxryr — Hxrxr — Hayay
(see Eqgs. 14(b), 14(e), and 21(e) in Ref. 60), where the real-valued H;; stands for the
electrostatic, non-SO coupling between states I and J. The component that is totally

symmetric with respect to Cyis H Ay Ay, which contains terms with cos 3m¢ but not those

with 7 sin 3me.
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We have no attempt to criticize the work of Ref. 60. As mentioned in Section I, this
excellent work motivates us to derive the present formalism. The authors of Ref. 60 have
clearly discussed the approximation nature of the formulas therein and the limits of their
use. The comparison here is only to highlight the capacity of the present formalism. It

provides both the terms that are included and not included by the three-p-approximation.

C. The (E, + Ay,) ® (€y + big + bag) Problem in Dy, Symmetry

First order expansion formulas of this SO pJT problem are given in Ref. 81 in the con-
text of studying Ng™F, cations (Ng: a nobel gas atom). We take this problem as an
example to show how to obtain trimodal expansions from the presented bimodal formal-
ism. First, we identify the three independent matrix elements and their symmetry eigenval-
ues (XC4, (X%,X%) 7X[> in Table I: H,y oa5,0, (i, (=1,1),1); Hi,aa,,8 (—1,(1,—1),1);
H_ oa,5, (1,(1,—1),1). Second, we recognize that there are four types of products of
monomials of the two b coordinates, w?*Trw22Tt 21T y2 222t and w?twil,
which transform as agg, by, b2y, and a;, coordinates, respectively. w; and ws are used to
label the the actual b, and by, coordinates. Third, using the symmetry eigenvalues and
from Tables S.VII to S.XV, we extract the (e, + az,), (en + b1g), (€y + boy), and (e, + a1,)
expansion formulas for the three matrix elements. We call these the intermediate expansions.

The (e, + by)-(i,1) and (e, + ay)-(7,1) entries in Table S.XV are both “na” (not ap-
plicable) and therefore, the intermediate expansions for H, ,4,,. are null and so is the

(€y + b1y + bgy) expansion. This is consistent with the null Hy,y; element in Eq. (21) of

Ref. 81. The (e, + ag,) intermediate expansion for H. ,a,,5 is

bg,ﬁl;}?Z2Ip|4k+2|+2K€i(4k+2)¢ + va;;lﬁr;[(zyﬂp|4k+2|+2K€i(4k+2)¢’ (55)

where 2 is used to label the symbolic a4 coordinate. The other three intermediate expansions

for this matrix element and all four intermediate expansions for H_ ,4,,s are not shown.

The fourth step is to replace the symbolic coordinates by the corresponding products of the
211+1  21>+1

two b coordinates. For instance, in Eq. 55, z is replaced by w;™ " w5?"", and after some

simple algebraic manipulation, the expansion becomes

7,4k+2 20y 205 k422K Si(Ak+2)d | pidk42 2N1+1, 2+1
2

[4k+2|+2K _i(4k+2)¢
o6 2l 2Kk W1 Wy " P € 2 +1,2I+1,2K W1 -(56)

1% €
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The other three intermediate expansions for H, ,a4,,3 become

r,4k 2041, 212 |[4k|+2K idke r,4k-+2 21y, ALy |[4k+2|+2K i(4k+2)é.
bor 100k WY WP € + by, 4p, o Wi Wy P p e ;

rdk+2 4L 212 [4k-+2|+2K Li(4k+2)¢ 20 212+1 |4k|+2K _idke.
AT, 205 2K W1 P + b211 2, +1,2Kk W1 P e

rAk+2 21y, 2@y |4k+2|+2K i(4k+2)¢
o6 2l 2k W1 Wa P € . (57)

The analogue expansions for H_ ,4,,s are not shown.
The fifth and final step is to sum all the four expansions corresponding to the four types

of b monomial products. Combining duplicate terms, the final expansion formulas are

Hyoonys = bgék;—]i’QKw%hw2]2p|4k+2|+2K€i(4k+2)¢> 4 bgélil 2]2,2Kw%h+1 212p|4k|+2K€i4k¢>
+sz2;11k:12212+1 2Kw%h+1wglz+1p|4k+2|+2K€i(4k+2)¢
+217211 2I+1, 2Kw%h wgl2+lpl4kl+2K€i4k¢§ (58)
H_,an5,8 = 0211%212, Kw%hw%/ﬂmﬁl{@mm + agﬁﬁ%m,ﬂ(w%h“w;hP‘4k+2|+2K6i(4k+2)¢

i 4k 20,41 212+1 |4k|+2K _idke
+Za211+1 2L, +1,2K W1 P e

i, 4k+2 26y 2Dp+1 |[dk+2|+2K _i(4k+2)¢
+w211 2l 412Kk W1 Wa p € . (59)

Keeping up to the linear terms, H a4,,5 = b?,%,owl + ibg’g’[)wg and H_ o4, = a&%vo, which
are consistent with Hy,y, = —v2 (yq1 — i6q) and Hy,y, = v/28 in Eq. (21) of Ref. 81,
respectively.

Expansion formulas involving more vibrational modes can be obtained in a similar fash-
ion. For non-degenerate modes (a- and b-type modes), we can always combine their mono-
mials to have symbolic single mode coordinates. For problems with more e-type modes,
we can always decompose single e mode’s monomials to products of multiple e modes’
monomials. For example, to obtain the (bi, + by, + 2e,) expansions for the two matrix el-

ements above, we simply need to replace pl#l+2Keidke py pMh=mIT2K ) Iml 2K il(dk—m)¢1+mos]

and p\4k+2\+2K i(4k+2)¢ by p|4k+2 m\+2K1p|m|+2K2 i[(4k+2—m)p1+me2] , and then to add the extra

summation indices to the coefficient labels. Depending on the parities of the matrix elements

and the modes, further constraints on the summation indices may be applicable.

VIII. CONCLUSIONS

In this work, we present a general formalism for all bimodal spin-orbit (pseudo-)Jahn-

Teller problems in trigonal and tetragonal symmetries. The formalism gives us expansion
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formulas of spin-orbit matrix elements in symmetry-adapted vibrational coordinates up to
arbitrary order. The derivation is based on the fundamental symmetry requirements of
the spin-orbit vibronic Hamiltonian operator and does not rely on a specific form of the
operator. The root-branch approach and the modularized approach facilitate the deriva-
tion so much that thousands of problems in the two classes of symmetries are covered in
this work. The formalism is presented as four generic matrices, one table of symmetry
eigenvalues, two tables of root expansion formulas, and ten tables of constraints. We can
identify independent matrix elements and look up their expansion formulas using the tables.
With the generic matrix structures, we can easily construct the total spin-orbit vibronic
Hamiltonian operator from the independent matrix elements. With all these features, the
formalism is programmable. The correctness, completeness, and conciseness of the formal-
ism is demonstrated by comparisons with formulas derived in earlier studies. Given the
ubiquity of trigonal and tetragonal spin-orbit (pseudo-)Jahn-Teller problems, especially for
heavy element compounds of the symmetries, the applicability of the presented formalism
is broad.

The derivation in this work also lays a solid foundation for future derivation for the
spin-orbit (pseudo-)Jahn-Teller formalism for general axial symmetries with arbitrary n-
fold principal axes. The generic matrix structures and the o,-, Co-, and [-eigenvalues are
transferable. We will still need to derive C),- and S,-eigenvalues, and some extra root
expansion formulas and the constraints onto them. Since spin-orbit and non-spin-orbit
(pseudo-)Jahn-Teller formalisms only differ in symmetry eigenvalues of independent matrix
elements, we can combine the two formalisms into one. It will be an interesting future
study to derive the unified formalism for spin-orbit and non-spin-orbit (pseudo-)Jahn-Teller

problems in arbitrary axial symmetries.
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