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Abstract

Parallel robots have been widely employed in industrial applications. There are still some
challenging topics in the fundamental research, e.g., the primary problem mobility analysis
has not been solved for about 150 years. A universal mobility equation for all kinds of
parallel architectures has not been found. Another issue lies on the performance
measurements for parallel manipulators. There are plenty of kinematic and dynamic
performance indices. However, the various ranges and scales of these indicators make the
optimal design considering multiple indices complicated. It is essential to search for a
unified approach to normalize performance indicators. More dynamic performance
measurement indicators should be raised to explore the dynamic features and complete the
theory for parallel mechanisms.

In this research, an improved mobility equation is designed to reveal the degrees of freedom
for a special class of parallel robots. A novel methodology called the kinematic joint matrix
is proposed. It possesses the mapping relations with parallel manipulators. A series of 2-6
degrees of freedom parallel architectures is denoted by the kinematic joint matrix. The
theory of screw is employed to check the feasibility from several kinds of parallel structures.
A special block diagram is introduced to distinguish various kinematic joint matrices.
Since this family of parallel robots contains various motion characteristics, four parallel
robots with distinct features are selected. Based on the kinematic models, three categories
of singularities are explored. The operational and reachable workspaces of the pure-
translational parallel robots are searched and the parametric analyses are reported. The
linkage’s impacts for the reachable workspace of the mixed-motion parallel architectures
are investigated. The novel performance level index is designed to unify the positive
performance index and demonstrated the performance rank for any pose (position and
orientation). The dexterity index is utilized as an example to verify the characteristics of
the level index. The distributions and parametric analyses of two novel mass-related
performances are studied. The dimension synthesis of a selected planar parallel robot is
presented based on the non-dominated genetic algorithm 11. The experiment results testify

the correctness of the mobility and kinematic mathematical models of this mechanism.
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Chapter 1 Introduction

1.1 Backgrounds of the research

The conventional parallel mechanism is composed of at least two kinematic limbs between
the fixed platform and the moving plate. Compared with the serial counterpart, parallel
robot can achieve higher acceleration, stiffness and larger payload capacity, since there are
multiple supporting chains and actuations are attached to the fixed platform [1]. There are
also many shortcomings. The forward kinematic solutions are complicated to be solved.
The parallel robot generally has smaller workspace compared with serial robot in the
similar scale. The movement of the mobile platform is constrained by these kinematic
chains containing of active/passive joints and rods. The parallel structure exists many
singularity configurations. In 1954, the Stewart platform was invented by Eric Gough and
this robot was used as a tire testing machine [2]. Since that, parallel mechanisms have been
widely employed in various applications, i.e., parallel kinematic machine [3], picking-and-
placing robot arm [4,5], flight simulator [6], rehabilitation robot [7], etc.

The drawbacks of parallel mechanism that restrict its wider applications have received
increasing interests. The first fundamental problem is mobility analysis. The theory of
screw can be used to obtain the specific motions of the mobile platform. The general
mobility formula is the Gribler—Kutzbach equation. It is stated that the order in this
equation is 3 for planar mechanisms and 6 for spatial manipulators. It is noteworthy that
this statement is not for all parallel mechanisms. Some exceptional mechanisms include
Sarrus linkage, Bennett linkage, Goldberg 5-bar linkage, Myard linkage, Bricard linkage,
Trihedral linkage and Schatz linkage [8]. Take the Sarrus linkage 2-RRR (R denotes
revolute joint) as an example and the order is three, its degree of freedom (DOF) is
calculated as three using this formula. In fact, its DOF should be one and the order is five
due to extra constraints. The order within this equation can be calculated by the screw
theory. A more complete formulator for mobility analysis is the modified Gribler—
Kutzbach equation. However, this is not a universal equation that can directly calculate the
DOFs of all parallel mechanisms. This issue becomes complicated when there are various
class of parallel structures. For example, the over-constrained mechanisms are constructed
with special configurations that can provide redundant constraint(s). The generalized

parallel mechanism can have additional limb(s) to connect different kinematic chains, or a



configurable mobile platform instead of a fixed traveling plate. These kinds of mechanisms
build barriers for the DOF calculations employing this equation.

It is still a challenging task to design compact and simple parallel mechanisms that can
easily fulfill the industrial application requirements. One of the concerns is the limited
translational and orientational workspace volumes. The spatial kinematic pairs generally
have smaller ranges of motion when compared with planar joints [9]. The spherical (S)
joint has -23 degrees to +23 degrees for each rotational axis. The universal (U) joint in each
rotary direction may have small ranges, special when there is already rotation in its
orthogonal axis. Furthermore, the reachable workspace can be unregular shapes, especial
for parallel structures with more legs and kinematic pairs, which builds barriers to design
a proper operational workspace in future applications. Generally speaking, the usage of S
and U joints will cause smaller stiffness and payload capacity when compared with
prismatic (P) and R joints. Another significant concern is the parasite motions within
workspace. This kind of movement is an intrinsic feature for some parallel manipulators.
The mobile platform of the 2T1R 3-PRS robot has diminutive movements in the restricted
directions [10]. This phenomenon can be tolerable in some cases but not in applications
with high precision demands. The same issue happens in the 3-PRS parallel mechanism.
In the research of [11], the inner parasite motion of 1T2R parallel structure is caused by
the geometric relations from the arrangements of three kinematic legs. Following this
research, a more detailed analysis of the parasite motions for 3-PRS mechanism with
various limb assembly conditions was mentioned in [12]. In the work of [13], the detailed
parasite movements of 2 1T2R parallel structures 3-RCU (C indicates cylindrical joint) and
3-UCR were computed. The latter mechanism had smaller unexpected motions according
to the kinematic analysis and the layouts of the global average parasitic motion index.
The direct kinematic models of parallel robots are generally complicated. It is hard to find
the simple analytical solutions for some parallel mechanisms. The forward kinematic
solution of the famous Gough-Stewart parallel robot could be generated as a 40th degree
univariate polynomial expression through the algebraic elimination approach [14,15].
Raghavan [16] employed the numerical polynomial continuation approach to resolve the
direct kinematics of the Stewart platform. Merlet [17] calculated this issue with the interval

analysis method. This approach could compute an accuracy result since the round-off factor



was already considered. The forward kinematic mathematical model was constructed with
the assistance of the Sylvester dialytic elimination approach [18]. There are also some other
approaches, e.g., Newton-Raphson method, utilizing extra encoder information, Newton-
Gauss methodology [19]. The recent methods are based on artificial intelligent algorithms,
i.e., back propagation neural network, support vector machines, fuzzy inference system
[20-22].

The forward kinematic solution is very a complex problem when all these system outputs
are associated with all motion inputs. The complexity of this issue can be alleviated when
some system outputs are only pertinent to a part of the active joints. When it comes to the
complete decoupling that each position or orientation of the mobile platform is only related
to one driving joint, the forward kinematic model should be significantly simplified and
the control strategy of the robot is simple [23]. One of the most famous parallel structures
is the cartesian Tripteron robot [24]. This assumption is too difficult to be realized in most
applications. The partial decoupled features of the parallel robots are already excellent in
most scenarios and the corresponding forward kinematic solutions are simple to be found.
This phenomenon will be desired when the translational and rotational movements are
decoupled. Under this situation, the actuators of parallel robots will be actively chosen to
be adapt for various operations. This case belongs to the group decoupling mentioned in
[25]. Within group decoupling, the mobile platform movements can be divided into various
groups (each group is composed of at least one component) and every set of motions will
be monitored by its unique actuator(s).

The various singularity configurations of parallel robots hugely restrict the researchable
workspace. Generally speaking, the workspace might display a hollow shape or separate
regions due to three sets of singularities. The first kind is the inverse kinematic singularity.
It takes place mostly in the boundary of the reachable workspace. In this case, the mobile
platform may fail to move in one or more degree(s) of freedom, which also leads to the
whole parallel manipulator can stand the force or torque in the specific direction(s) exerted
on the moving platform even without system inputs. The second type is the direct kinematic
singularity. Under this situation, the travelling plate might earn one or more degrees of
freedom. Thus, the whole structure fails to bear the external force or torque although all

driving joints are monitored and can not move. This type of singularity is complex and



maybe it is difficult to obtain all the possible results. The last one is the combined
singularity where this pose is qualified for both the inverse and direct singularities [26].
The singularity configurations of the parallel robot can be calculated by the Jacobian matrix.
Therefore, some singularities are related to the pose of the parallel architecture. The rest
singularities are not pertinent to its position or orientation [27]. More kinematic joints and
limbs and complicated limb arrangements may cause more complex singularity situations.
It is common to employ the symmetrical kinematic chains to list all possible singularities
conveniently. Furthermore, the constraint singularity, which does not belong to the above
three types, can not be directly obtained based on Jacobian matrix [28].

The performance measurement is the key point for parallel robots. According to the pose
range, the various performance indices can be grouped as local indices and global indices.
Corresponding to the kinematic and dynamic models, the performance indicators can be
divided as kinematic indicators, dynamic indicators and others. Another classification
method is the intrinsic and extrinsic indicators. The former one is a built-in feature. It is
related to the overall configurations of the parallel structures. The other one is only
associated with the specific operations. These indices had been concluded in [29]. It is
noteworthy that some indicators are computed using Jacobian matrix. When it comes to
the non-square matrix, it is not possible to directly obtain its inverse matrix. Then the
pseudo-inverse Jacobian matrix will be employed [30]. The Jacobian matrix contains linear
and angular velocity connections for the mixed-motion parallel robots. The non-
homogeneous units arise concerns in utilizing these indices. The most popular solutions
include normalization and respectively formulating the translational and rotational indices
[31]. It is noting that these performance measurements distributions can be employed for
the selections of parallel structures and operational workspace. These indices can be
regarded as the objectives in dimensional synthesis by intelligent algorithms or physical
model of the solution space [32]. However, some indicators should be questioned and
reviewed. For example, the concept of the manipulability index did not adopt a scientific
and practical manner [33].

1.2 Motivations and research objectives

(A) Motivations of the research



The parallel mechanism theory has been developed for about 150 years. The fundamental
mobility analysis has not been solved due to plentiful of parallel manipulator
configurations. Although a general mobility equation could not be proposed, it is an
improvement to design a novel formula that might only be applicable to a part of parallel
robots. The mobility disclosure of more parts of the parallel robots might raise more
ignored constraints those have never mentioned before.

Although there are many advantages and tremendous industrial applications, the parallel
manipulator is not as popular as the serial robot in various scenarios due to its intrinsic
issues, i.e., restricted reachable workspace, limited orientational workspace, lots of
singularity configurations, complicated dynamic models, coupled movements. These
issues have to be reduced gradually to unlock the potential of parallel mechanisms. A good
parallel robot design can decide its performance and potential applications. This is one of
the key points to mitigate these burdens. For example, the preference should be given to
planar kinematic joints instead of spatial joints to enhance the range of motion for this joint
and increase the overall workspace of this kinematic chain and the mobile platform. In
another word, it is suggested to replace some joints with equivalent joint sets, e.g., using
two orthogonal R joint to replace U joint, three orthogonal R joints to substitute S joint.
Some special techniques can be provided to expand the range of motion for kinematic joints.
Such as, one kind of rotation in a U joint can be manufactured with larger range of motion
to satisfy the large range of motion requirement. If the desired parallel mechanism has
translational and rotational motions, it is better to allow the decoupled features for mobile
platform. The last but not the least, the parallel architecture with identical chains is
preferable. Beyond the design of one single parallel architecture with good performance, it
is desirable to propose a family of parallel structures with a systematic approach.
Compared with the wide applications of serial robot, the usages of parallel robots are too
limited. Taking the well-known picking-and-placing operations of parallel robots as an
example, the target objects can be light-weighted, fixed shapes. In the whole picking-and-
placing operations, the objects may have various shapes and size. Their weights have large
scales. The objective surface stiffness varies. The objects are randomly placed with any
kind of position and orientation. There might be interference and other uncertainties in

some complex stacking manners. Another common application is the machining for the



large-scale components. In these manufacturing process, the workpiece may have a super
large size that the overall parallel mechanism has to move along this workpiece to finish
all the operations and remain the predefined precision demands. The machining parts have
complicated shapes and surface. In some cases, this machining parts may be consisting of
different composite materials. The latest technology provides more challenges for the parts
and the parts thereby challenge the parallel kinematic machine tools with higher levels.
These conditions require techniques from many subjects. However, the most primary
performance is initially identified by the parallel mechanism design.

(B) Research objectives

Considering the mentioned problems and limitations of parallel mechanisms, this research
concentrates on the structural synthesis and modelling for a special family of parallel
structures. The objectives of this dissertation are listed below,

(i) To propose a systematic structural synthesis approach for a family of feasible 2-6
degrees-of-freedom parallel manipulators with parallelogram joint in every
kinematic chain. All these parallel mechanisms should be further determined
whether they are equipped with/without qualified movements.

(ii) To design a convenient method for discrimination of different parallel structures.
This straightforward approach should also be able to disclose more configuration
information, to be easily identified from other structures.

(iii) To design novel indices for performance evaluation. These indices can be utilized
to reveal more characteristics of the parallel mechanisms. This will assist to better
performance measurements for future selection of parallel architectures. These
indicators can also be regarded as target objectives in linkage optimizations with a
predefined operation in the future.

1.3 Organization of this dissertation

This dissertation is arranged as follows,

Chapter one provides the introductions of this research. The questions and limitations of
parallel robots include the unsolved general mobility formula, limited translational and
orientational workspaces, parasitic movements, complicated forward kinematic

mathematical models, singularity configurations and feasible performance analysis. The



motivations are introduced, followed by the research objectives of this research. The layout
of this dissertation is presented at the end.

In Chapter two, the latest research on parallel robots is listed in detail. It shows the
improvements in various topics, e.g., type synthesis approaches, dynamic modelling and
performance evaluations.

Chapter three proposes a supplementary term to form a novel mobility equation that is
applicable for a family of parallel mechanisms with parallelogram joints. The novel
kinematic joint matrix is designed to represent parallel architectures and a unique block
pattern is provided for matrices discrimination. Then a group of 2 to 6 DOFs parallel
mechanisms is completely enumerated according to this matrix. The theory of screw is
utilized to examine the unrealistic structures.

In Chapter four, a novel level index for all performance indices that are composed of
positive values is presented. To testify the characteristics of this level index, four general
parallel mechanisms are chosen. The detailed kinematic models are constructed, based on
which, all the singularity configurations are explored for further avoidance. The linkage’s
impacts on the reachable workspace are investigated. The layouts of the local condition
index and the corresponding level index are provided.

Chapter five displays the novel mass related indices, the branch-coupling absolute inertia
indicator and the variation of branch-coupling inertia indicator. The inverse dynamic
models for these four different parallel robots are established by the Lagrange equation,
followed by the construction of inertia matrices. The distributions of four mass-related
indices (joint-reflected inertia index, the coefficient of variation of joint-space inertia index
and these two new indices) are outlined, as well as the linkage’s influences.

Chapter six searches the optimal linkages dimensions of the selected planar mechanism via
the non-dominated genetic algorithm 1I. A physical prototype is completed. The
experiments are designed to verify the primary kinematic models of this parallel structure.
Chapter seven concludes the overall research and points out the innovative parts of this

dissertation. The following research objectives are provided based on the current progress.



Chapter 2 Literature review

2.1 Type synthesis of parallel robots

There are several primary theories for type synthesis of parallel structures, i.e., screw
theory, differential geometry (specifically Lie group and Lie algebra), generalized function
(Gr ) set theory, Single open chain method [34].

The constraint systems of the 2R1T (T indicates translation) parallel mechanisms with
three and four kinematic chains were calculated by means of the theory of screw in [35].
The possible kinematic branches with the simplest joint configurations in the 3-legged and
4-legged mechanisms were enumerated and the overall structures were confirmed. A
detailed synthesis steps of the mobile parallel robots was presented in [36]. The kinematic
limbs with 3 to 5 force/torque constraints were analyzed by the theory of screw, based on
which, the total parallel structures were obtained. The dual quaternion method was
employed in [37] to represent a finite motion of the 1T2R parallel mechanism with parasite
movements. All the available kinematic chains were generated after some basic rules were
defined. A group of 1T2R parallel manipulators was constructed with various assembly
conditions. In the work of [38], a general type synthesis approach was proposed to explore
a family of 4-DOF mixed motion parallel structures with a similar idea. Different from the
linkage mechanism with one single loop [39], the two-loop linkage mechanism with two
layers were more complex. The twist equation of this kind of mechanisms were outlined,
based on which, the mobility situations were figured out. Then a general approach to design
a family of this class of mechanisms was proposed.

Wei and Jian [40] studied the transitions of various parallel robot configurations (1R2T
and 2R1T) through the theory of Lie subgroups and submanifolds, and then designed a
unique kinematic joint that contained of six operational modes. A family of parallel
structures with metamorphic functions was constructed based on this special joints. Li et
al. [41] brought an approach to design a group of five-DOF parallel architectures via the
theory of Lie group. There were fourteen new parallel robots within the results. This
method could also be referred to design structures with other kinds of DOFs. The subgroup
features and intersection operations of the kinematic chains within spherical parallel

architectures were revealed by the effective approach the Lie group, and the qualified



kinematic limbs with 3-DOF, 4-DOF, 5-DOF, 6-DOF were completely searched. The
feasible parallel structures were then constructed considering the basic assembly rules [42].
The Gr set theory was utilized to calculate the motion of a point fixed on a rigid linkage.
On the basis of this advantage, the movement features of the leg and the actuation
mechanism for the mobile robot were explained. Therefore, fifteen different types of
mixed-motion legs and eight groups of actuating mechanisms were explored [43]. The G
set theory was adopted to design legs for quadruped mobile robots. These legs were
contained of serial, parallel and hybrid connections [44]. With the brief introductions of
the Gr set theory, the design principles were predefined for the press machine with 4
degrees-of-freedom parallel legs. Then the structural synthesis for the target parallel
mechanisms were listed [45]. Gao et al. [46] utilized the Gr set theory to establish the
rotational axes intersections of two rotational joints. The feasible kinematic chains were
designed based on the intersection equations. Then a set of parallel mechanisms with 2-4
DOFs with two rotary functions were illustrated.

Jin and Yang [47] defined two primary limb structures, single-open-chain and hybrid-
single-open-chain, for topology synthesis of parallel mechanisms. A general procedure was
proposed to design a family of reliable parallel structures and this approach was employed
for 3-DOF parallel architectures with pure translations. Shen et al. [48] introduced a
systematic approach to design all feasible parallel mechanisms with six DOFs under given
requirements. The authors found 28 novel structures among the obtained 29 results. Yang
et al. [49] developed the composition rules for general parallel mechanisms. These rules
were contained of not only the loop of over-constrained linkage mechanism but also the
relationships among them. Based on this improvement, the authors built a general structural
synthesis by using single-open-chain module.

In addition to type synthesis of a family of parallel mechanisms with a mature procedure,
it is essential to design an approach to represent the parallel structures. The naming
convention for the parallel mechanisms does not fully qualify this requirement. For
example, 3-RPS denotes the types and numbers of kinematic joints in the overall structure.
The limb configuration is also symmetric and all the corresponding linkages in each limb
own the identical lengths, respectively. However, the overall topology is not disclosed.

Employing matrix to present and identify the linkage mechanism has various advantages



and has attracted a lot of research. The first widely used matrix is topology matrix, which
was proposed by Yan [50] to represent the topological structure of linkage mechanism.
This matrix was constituted of linkages, joint types and connection points. It was also a
practical approach to represent the mechanisms with variable topologies [51]. Yan and Kuo
[52] designed a directionality topology matrices to describe linkage mechanisms. The joint
types, connection points and joint sequence incident for any two rods were included in this
method. To represent the joint types and sequences with a unified method, they further
developed the hexadecimal topology matrix to be conveniently utilized in coding. In a
similar manner, the authors in [53] introduced the 3-dimensional adjacency matrix in which
a 16-bit coding string could include the displacement subsets data and relative joints
relationships. The adjacency matrix is another popular research. Slaboch and VVoglewede
[54] designed the adjacency matrix to denote the topology structures of planar linkage
mechanisms. Only two elements 1 and 0 were employed in this matrix to indicate the
connection status. This adjacent matrix was also utilized in [55] to identify two distinct
configurations of a polygonal linkage mechanism. Moreover, Li and Dai [56] developed
the augmented adjacency matrix that contained the joint axis relations. Pucheta and
Cardona [57] introduced the type adjacency matrix, where the rigid rod and flexible rod
were indicated separately. Different elements 0-4 were used for various joint types. There
are also some other kinds of matrices, e.g., the authors in [58] utilized two classes of
matrices for linkage mechanisms with multiple loops. The first class was the circuit matrix
that containing the joints information based on the loop directions. The other was the
sequence matrix where the joint sequences were provided in each closed loop.

2.2 Kinematic performance measurements of parallel robots

A proper parallel structure is very important since there are some complicated
mathematical models for some parallel mechanisms. One of the well-known issues is the
difficult analytic solutions for forward kinematic models of some parallel robots.

To study the direct problem of parallel mechanisms with six DOFs, Seibel et al. [59]
classified the parallel manipulators and concluded that, for a special kind of parallel robots,
the only forward kinematic solution set could be obtained when measuring the rotational
angles of each driving prismatic joint. Considering the simple structures of the planar 3-

RRR parallel mechanism, Oetomo et al. [60] derived the forward kinematic solution and
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found the result was an eighth univariate polynomial. The whole problem could be further
simplified when the additional assumptions were implemented and yielded the decoupled
translations and rotations. The 3-RS parallel structures could be achieved when locking the
active kinematic joints within some mechanisms [61]. Under this situation, a general
procedure was suggested to deal with the corresponding forward position problem with the
assistance of the conformal geometric algebra methodology. Five parallel architectures
were utilized to verify this systematic method. Shen et al. [62] brought forward a spatial
parallel robot with pure translational movements. The analytic solutions for both the
inverse and forward position problems could be solved easily on the basis of the special
joint configurations in the overall workspace. This was helpful in path planning and
controller designing. The geometrical relationships of the 3-PRS parallel mechanism were
written in [63]. The Bezout’s elimination approach was utilized to realize 64 groups of
configurations. The essential steps to assess these solutions were not efficient on time and
could not be used for real prototypes. The alternative optimization methodology was then
presented to meet the minimal constraints errors. This method could not provide the
analytic solutions but take less time to generate the numerical solutions. Bonev [64]
classified 3-PPS, 3-RPS, 3-PRS symmetrical structures as the parallel mechanisms without
torsion. He found that the Tilt-and-Torsion angles method was the only way to calculate
the forward kinematic issues for these parallel architectures and these results corresponded
to only one or two groups of solutions. This approach was far more applicable than the
Bezout’s elimination method on these mechanisms. A compendious and effective
algorithm was proposed in the work of [65] intended for the forward position problem of
the 6-6 Steward parallel robot. A final fourteenth polynomial was described in the special
condition.

Kim and Park [66] resolved the direct kinematic problem of the 3-RS parallel robot and a
sixteenth univariate polynomial equation was finally realized by using the Sylvester’s
elimination approach. The direct position analysis of the 3-PRS parallel manipulator was
expressed in detail and a sixteenth univariate polynomial was formulated employing the
Sylvester elimination approach [67]. Due to the complexity of the direct position problem
of 3-RPS mechanism, Zarkandi and Esmaili [68] made a different driving style that the R

joints as the active joints and the P joints as passive. In this case, the nonlinear constraint
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equations could be resolved as an eighth univariate polynomial employing the Sylvester
elimination methodology. Ye et al. [69] claimed that the serial-parallel hybrid parallel
structures could not formula the analytical forward kinematic solutions in most cases. The
authors built a 5-DOF hybrid machine containing of 2-UPU/SP parallel structure. Due to
the special configuration of the parallel unit, its direct kinematic solutions could be
simplified by the Sylvester’s elimination approach and the final values could be generated
through the Ferrari’s approach. The special 1-CCC/5-SPS parallel mechanism was brought
forward in [70]. Due to its unique configuration, the constraint equations were composed
of five fixed-length expressions and one constant angle relationship. Then the direct
kinematic solution was formulated by the Sylvester’s elimination methodology and the
result was reduced as four fortieth polynomials. The final values could be obtained by the
theory of Grconer.

To avoid the time-consuming analytic forward displacement analysis of the parallel
mechanism, the improved global Newton-Raphson method was proposed in [71]. This
approach was constructed with extra Tailor expansion equation on the basis of Newton-
Raphson iteration method. A 6-UPU mechanism was taken as an example to testify the
high accuracy and convergent characteristics of this approach. The authors in [72] found
that most research solving the direct kinematics of parallel mechanisms via Newton-
Raphson method were mechanism-related and there was not a general methodology that
could be applicable to other mechanisms in a convenient manner. Therefore, such an
algorithm was presented and several commonly used parallel mechanisms were taken as
examples for testing. The authors in [73] selected the Newton-Raphson approach to search
for the corresponding platform pose of a spatial structure with the given the displacements
of the six active sliding joints. The solution was obtained in the dynamic model within the
proportional-derivative control strategy.

A cable-driven parallel manipulator with six DOFs was proposed in [74]. The forward
kinematic issue was solved by the iterative Newton-Gauss methodology. Schreiber and
Gosselin [75] realized that the direct kinematic problem of the Gough-Stewart Platform
was contained of 40 set of solutions. The forward kinematics of the redundant version of
the classic parallel structure would be more complicated to be solved by the analytic

methodologies. They applied the Newton-Gauss approach to explore the numerical
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solutions of this parallel architecture efficiently. The authors in [76] proposed a
kinematically redundant parallel manipulator. The structure was too complicated to ensure
a computational efficient analytic direct kinematic solution. The Newton-Gauss method
was then applied to promise a fast and stable result with proper original guess. This
approach was integrated in its control policy to realize desired movements.

Besides measuring the extended lengths of the driving linkages, Schulz installed inertia
measurement units to detect the linkages orientations and used this data in the computation
of forward kinematic problem of 3-RPR planar parallel mechanism [77]. In the work of
[78], the usage of this methodology did not require a nice initial guess value and could keep
convergence and save time, compared with other widely used numerical solutions. The
authors employed the homotopy continuation approach to calculate the direct kinematic
problem of the 3-UPU parallel architecture. This case study verified its advantages.

To solve the tricky direct kinematics of parallel mechanisms, Parikh and Lam [79] trained
the neural network to obtain an approximate result, then the well-known Newton-Raphson
method was employed to generate the final solutions. This hybrid strategy could run in real
time and achieve the target accuracy, which was confirmed by the calculations on a six-
degrees-of-freedom spatial mechanism. Zhang et al. [80] brought forward a 2-RPU/2-SPR
asymmetrical parallel mechanism and it was driven by four pairs of extendable linkages.
The hybrid approach consisting of Newton-Raphson and back propagation neural network
was utilized to solve its displacement problem. The simulation results demonstrated this
hybrid algorithm was fast and accurate, which enabled it for future real-time applications.
Elsheikh et al. [81] established neural networks to mimic the direct kinematic model for
three classic planar parallel structures, 3-RPR, 3-PRR and 3-RRR. Several neural networks
were applied to the direct kinematics of the spherical 3-RRR parallel robot used for haptic
device in [82]. A neural network module was employed for rough guess and the remaining
networks were responsible for the target high accuracy solutions. This proposed algorithm
only used a quarter of time using the conventional Newton-Raphson approach. Since some
numerical direct kinematic approaches had poor and unstable convergency, the authors in
[83] adopted the multi-layer perceptron neural network to predict the corresponding
solutions of the HEXA robot with given displacements of driving joints. The results

contained tolerable errors in experience. Zhang and Lei [84] compared the several
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intelligent algorithms’ performance on the forward kinematic problem of the 3-DOF
parallel structure with one passive kinematic chain. The support vector machine method
won with better convergence feature than those of multilayer perceptron and radial basis
function neural networks. Morell et al. [85] brought forward a support vector machine
approach to replace the complicated analytic direct kinematic model for the Gough-Stewart
robot. This methodology after proper training and validation displayed superior
performance on time and accuracy.

In addition to the complex direct kinematic models, the other problems in kinematic
analysis have been widely investigated by researchers around the world. In the work of
[86], the authors proposed a reconfigurable parallel mechanism 3-SvPS (Sv denotes the
spherical joint with changing axis direction). The unique structure could have three to six
DOFs for different operation modes. Its workspace was explored by the spatial searching
algorithm. The Jacobian matrix that could cover all operations modes was constructed by
the theory of screw. The dimension-independant local transmission index and the global
transmission behavior were established and their distributions were discussed. A 3-RRR
parallel manipulator with only rotations and reconfigurable characteristics was proposed
in [87]. The loci for two groups of singularity configurations were explored and its
symmetrical rotational workspace was obtained, based on which, the authors defined an
operational workspace without singularities. The layouts of its local condition index and
global condition index were illustrated to find out the best performance.

The authors in [88] proposed a planar 5-R parallel structure with nine kinds of driving
strategies. The new performance orthogonal-degree-based local transmission index, which
was inspired from the branch transmission index and end-effector transmission index, was
defined and evaluated to assess this mechanism under various operation modes. Plitea et
al. [89] designed a hybrid parallel robot for surgery operation. The spatial search method
was employed for the workspace and the dexterous workspace was implemented for the
surgical operation requirements. Three family of singularities were computed based on
Jacobian matrix. Several surgical operation paths were tested on this hybrid structure.
Schreiber and Gosselin [90] introduced two kinematically redundant planar parallel
mechanisms, 2-RPR/2-(RPR)R and 2-RPR/R-2-(RPR). The singularity configurations
were obtained by the Jacobian matrices. The reachable workspace of each of them
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indicated that one platform could rotate without constraints while another could not rotate
one round. These researchers [91] then presented a kinematically redundant spatial parallel
robot with nine driving joints. The singularity analysis based on Jacobian matrix revealed
that the additional kinematic chains could be employed to avoid singularity configurations.
In additional to its translational workspace, the rotational workspace was huge. The
maximal torsion angle is 200° and the tilt angles range from 80° to 160°. The trajectories
along several single direction demonstrated that the platform could achieve large
orientation angles and keep far from singularities at some conditions. Nurahmi et al. [92]
further studied the singularity configurations of the 3-PRS cubic parallel structure
mentioned by Huang and Fang [93]. These unexpected singularities were illustrated into
the joint space. There was only one operation mode for the mobile platform, as denoted by
the eight kinematic constraint functions. Except for the three vertices of the moving
platform, the other points fixed on the moving platform could move within a Steiner surface.
The vertical Darboux motion was also found on this structure.

A special rR (reconfigurable R) joint was designed in [94] and could be driven by the worm
gear system or bevel gear system. The adoption of this unique joint in the 3-RPS parallel
mechanism gained two working modes for the mobile platform, 3-rotations and 1-
translation-and-2-rotations. The singularity loci in various modes were found through the
Jacobian matrix constructed by the screw theory. The workspace without singularity was
obtained and the parametric impacts on this workspace were discussed. Gosselin et al. [95]
designed a group of planar parallel manipulators. They all included redundant kinematic
limb to gain full cycle movements. They could avoid all kinds of direct singularities by
make full use of the additional kinematic chain. This special design could cause singularity-
free workspace for all of them. An over-constrained 2-RPU/SPR parallel structure was
displayed in [96]. Both the analytical solutions for the inverse and forward kinematic
models were generated based on the geometry relation in each kinematic chain. Instead of
using the inverse kinematics in workspace analysis as seen in most research, the direct
kinematic model was adopted to obtain the reachable workspace with the spatial search
algorithm. The parasitic motion was also revealed and its workspace was also found. The
pressure angles within this parallel mechanism were applied to establish two performance

indicators to measure the transmission performance. The 2-DOF RPaR-RRPRR (Pa
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denotes parallelogram linkage, 2(R-R)) was developed in [97]. On the basis of the analytic
inverse/forward kinematic solutions, this structure owned the fully decoupled feature. All
the possible singularity conditions were explored completely based on the theory of screw.
The whole reachable workspace was its isotropic workspace, which indicated this structure
had excellent motion/force transmission in any position and orientation.

The Hexarot robot was proposed in [98] and the detailed kinematic models were
constructed due to its special configuration. Its reachable workspace was provided by
considering the constraints originated from kinematic joints and chains. Taking the six
movements of the mobile platform into account, its workspace in various planes were
plotted in 3D images, for better understanding of its borders. The authors also found the
symmetrical plane for this reachable workspace. The authors in [99] brought forward the
3-PRS parallel architecture. The active prismatic joints owned two types of configurations.
According to the inverse kinematic model, the Jacobian matrix was established and the
singularities were discussed. The Jacobian matrix based indices, the minimum singular
value, condition number, kinematic configuration index and local/global conditioning
indices were evaluated within reachable workspace. The 3-P(US). parallel robot without
orientation workspace was proposed in [100]. In accordance with the constant linkage
length relationship in each chain, the constraint equations set were obtained and then the
kinematic models were solved. The numerical approach was employed to determine the
reachable translational workspace. The global dexterity index and manipulability were
measured with respect to the angles of driving linkages. Xie et al. [L01] investigated the 5-
DOF parallel robot with asymmetrical limbs, URPR-2[R-(RP).-RUR]. The corresponding
mobility analysis was carried out through the combination of line graph approach and
Grassmann line geometry. The tilt-and-torsion angles were applied and the results showed
that the travelling plate had flexible rotational performances within workspace. The
unwanted parasite motion was explained and its distribution was revealed. At last, four
operation modes were identified for future applications to avoid the singularities. In the
work of [102], the authors presented a novel parallel structure where the mobile platform
had two modes and could achieve Schnflies movement. Four steps of the line graph
approach were employed to capture the mobility of overall mechanism. The symmetrical

rotational range index and maximum rotational range indicator were proposed and
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evaluated. The maximum symmetrical circle workspace was investigated with the
reachable workspace.

2.3 Dynamic analysis of parallel mechanisms

There are many approaches employed for dynamic solution of parallel robot. The factors
of the dynamic performance, e.g., the joint friction, clearance and deformation, were
formulated in detail to generate comprehensive models for kinematic pairs. Their impacts
for specific joints were further discussed. They were contained in the integrated dynamic
model of the parallel mechanism 2[(PUS)s-S] through Newton—Euler method [103]. The
contact models of the spherical joints in dry and lubricated situations were constructed,
based on which, the spherical joints’ influences on the active torques were derived and
testified by comparing with simulation results. To obtain an efficient model of the 2PUR-
PSR parallel mechanism [104], the natural orthogonal complement matrix was computed
by the theory of screw. The complete dynamic solution considering compatible
deformation was then derived based on the Newton-Euler approach. Both the translational
and rotary dynamic manipulability ellipsoid of this manipulator were generated to measure
its thorough isotropy characteristics. A serial-parallel hybrid space robot (2UPS-
UP)+RRRR for grasping operation was presented in [105]. The analytical dynamic solution
was completed after the corresponding dynamic models in recursive forms for the serial
and parallel parts were generated by the Newton-Euler method. This dynamic model was
verified in a case study under given conditions and employed in the control strategy. The
isotropic and fully decoupled 3-DOF parallel mechanism Tripteron robot proposed by
Kong and Gosselin [106] was studied in [107]. Some simplification assumptions were
provided firstly and the dynamic model was derived considering joints frictions.

To achieve a dynamic model with high precision, the authors in [108] constructed a linkage
flexibility model and spherical joint clearance model for the dynamic solution for a 4-
SPS/PS mechanism based on the Lagrangian equation. This model was then examined by
a case study. The Lagrange equation was employed [109] to derive the inverse dynamic
model of a compact spherical parallel mechanism in operational workspace. Modelling
errors and external disturbances were included to obtain a complete and high-precision
model. The HEXA parallel mechanism was proposed in [110]. The local mobility of each
branch was eliminated and this architecture was reduced as a 6-RUS parallel mechanism,
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based on which, the corresponding dynamic solution was established through
D’Alembert’s principle. This approach assisted to estimate the absorbed power on every
driving joint and loading characteristics of all kinematic chains. They provided a strong
proof for proper arrangements of system inputs for safety issue and long-term reliability.
A novel methodology integrated with the Hessian matrix was introduced to construct
Lagrange—D’Alembert equation for the dynamic model of parallel robot. The 3-RRR
parallel mechanism was taken as an example for method validation[111].

Moreover, the principle of virtual work was utilized for inverse dynamic model of a planar
parallel structure in [112], it was further tested and verified by comparison with simulation
result of ADAMS prototype. The Kane’s method without unnecessary forces/moments and
joint reaction forces/torques was employed for the dynamic modeling of the parallel
mechanism 3RSS/S [113]. Two cases were implemented to validate the proposed algorithm.
The complicated dynamic modeling process required a large amount of computations and
it was time-consuming. It needed to be further combined or simplified to realize increased
computation efficiency and equivalent accuracy. The Lagrangian formulation was utilized
for the dynamic modeling of the 2UPS/UP parallel mechanism while the principle of virtual
work was integrated to promise a feasible and efficient process. The combined algorithm
proposed in this research was verified to reduce computation time [114]. In the work of
[115], The main dynamic modeling approaches were reviewed. Their completed and
simplified models were discussed, and computation times and precisions were derived and
compared when the classic Delta robot was taken as an example. Nabavi et al. [116]
compared the results of accurate and simplified dynamic models for the 6-PUS parallel
robot. The latter model could save computation time compared with the first solution. Du
and Lou [117] proposed a methodology to simplify the dynamic model of the parallel
mechanism. The comparisons based on the Delta manipulator were conducted and the
simplified algorithm won on efficiency, which was beneficial for real-time control.

Apart from the various modelling issues for the dynamic solutions, the dynamic
performance has attracted a lot of interests. The dynamic isotropy indices[118] were
suggested for pure translation/rotation and mixed movements. The coupling acceleration
capacity was derived for selection of feasible acceleration sets. An intrinsic approach

related to inertia and an extrinsic approach concerning the active force/torque vector [119]
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were discussed comprehensively, based on which, the linkage optimization was provided
within the pre-set workspace. A dynamic performance factor containing gravity [120] was
outlined and demonstrated and compared on 2UPU/SP and Tricept parallel robots. The
configuration’s impacts on this index were also explored to future selections. Fontes and
Silva [121] defined a dynamic index to indicate the maximal driving forces/torques
demanded by a pre-set operation. This assisted to measure and compare the features of a
group of planar parallel mechanisms with and without kinematic redundancy.

The Generalized inertia ellipsoid designed by Asada [122,123] and dynamic manipulability
ellipsoid developed by Yoshikawa [124] were widely applied to measure various parallel
manipulators. In [125], both the translational and rotary dynamic manipulability ellipsoids
for the 3-PRRU parallel structure, to quantitatively describe the level of transformation of
the pose (position and orientation). A solution was also mentioned to achieve the dynamic
isotropy. The same index was employed to conduct the dynamic performance of the over-
constrained 2-PUR/PSR parallel robot [126]. In the work of [127], a 2-RPU/PRS/UPS
parallel system was proposed. The dynamic manipulability ellipsoid was classified into a
pure translational dynamic manipulability ellipsoid and a pure rotary dynamic
manipulability ellipsoid. A special index was further developed to describe the relationship
between the dynamic performances and its pure-translational DOFs. The dynamic model
of 2PRU-UPR parallel robot [128] was derived through the principle of virtual work. The
dynamic manipulability ellipsoid was selected to evaluate its local performance. A
2UPS/RRR mechanism for ankle rehabilitation was introduced in [129]. Based on the
kinetostatic model, the motion isotropy, force transfer ratio and isotropic force radius were
calculated. Its dynamic uniformity within the desirable workspace was computed and
discussed.

The other inertia-matrix related indices also play important roles to assess and optimize
parallel manipulators. The joint-reflected inertia index was investigated for the Stewart
parallel manipulator in [130]. The corresponding index denoted the inertia capacity of all
limbs and its distribution was obtained and discussed. Then Mo et al. [131] further
developed the coefficient of variation of joint-space inertia index, based on which the
dynamic performance of a four-legged picking-and-placing parallel mechanism was

evaluated comprehensively. However, Muralidharan et al. [132] adopted the Euclidean
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norm of the inertia matrix, which was applied to estimate the 3-RRR and 3-RRS parallel
manipulators. To understand the performance of the redundant-actuation parallel
manipulators with various operation modes, the authors in [133] defined the inertia torque
index by combining the inertia matrix and the acceleration of the mobile platform.

2.4 Linkage optimization research

Optimization relating to motion performance and geometry [134] is one essential problem
that has been discussed in many research. There are various methods for this topic. The
Genetic algorithm is widely employed to search for the optimal set of linkages lengths.
Kelaiaia et al. [135] studied linear Delta parallel mechanism’s multi-performance. The
multi-objecitve optimization was conducted via the genetic algorithm Strength Pareto
Evolutionary Algorithm-Il and the targets were larger dexterous workspace, better
kinematic and dynamic indices. A three-DOF spherical parallel robot was proposed in
[136]. The requirements of smaller mass of all the moving bodies and modified global
conditioning index were met by searching through the well known non-dominated genetic
algorithm I1. Garcia and Campos [137] computed all types of singularity configurations of
the 6-UPS parallel structure based on the theory of screw. These special conditions
provided supportive unwanted configurations and were avoided in the optimization process.
To acquire the initial orientation of moving platform corresponding to the biggest sphere
in workspace, there were two steps in optimization. The golden search method was
employed in the first step to obtain the optimal radius of the sphere and the genetic
algorithm was then applied to locate the origin of this sphere. Song et al. [138] calculated
a five-DOF parallel structure with passive limb and two-layer mobile platforms. The mean
value of generalized virtual power transmissibility and its discrete value within a given
workspace were desired and the nondominated sorting genetic algorithm Il provided the
optimal process. The lower-limb rehabilitation robot with 3 DOFs was presented in [139].
A special objective demonstrating the global transmission index was designed to pursue
the optimal set of linkages by the assistant of genetic algorithm.

Liu et al. [140] designed a five-bar mechanism with only revolute joints. The physical
model of the solution space was employed to classify the linkage lengths relationships into
several cases. The various singularity loci in each working mode were presented. Proper

linkages lengths in the design space were searched in the pursuit of larger workspace
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volume and global condition index. In the work of [141], three dimensionless linkages
lengths were defined for the 3-PRS robot. Then the parameter design space was established.
The good-transmission orientation capability and the global transmission index were
plotted in this design space. On the basis of the demands retaining the predefined smallest
values of these indices, the optimal set of rod dimensions could be chosen from the
distributions of the target performances. The detailed kinematic problems of the planar
parallel robot containing of three Pa joints were presented in [142]. The dimensionless
design space of all parameters was plotted and the whole cases could be classified as 12
groups. The area and the range along X axis of the good transmission workspace were
chosen as the target in the optimization process. The optimal results could be selected based
on the layouts of these two indicators. The parallel robot with high accuracy positioning
level was presented in [143]. The layouts of the conditioning index and global mobility
conditioning indicator under specific conditions were illustrated on its solution space, to
search for the best set of rods dimensions.

The multi-objective differential evolution algorithm was employed in [144] on the 3-UPU
parallel mechanism. The optimal target was the global condition index and the sampling
points were generated by the Monte Carlo method. An ankle rehabilitation robot with
redundant actuations was proposed in [145]. The workspace, two global transmission
indices and the global torque index were adopted as the targets in the optimization based
on various differential evolution algorithms. The 2-UPS/RRR parallel architecture for
medical robot was introduced in [146]. Nine different indices were integrated into one
expression, which served as the objective. The differential evolution algorithm was applied
to search for the optimal linkage dimensions. The planar 3-RRR parallel structure was
developed in [147]. The objective of the case study included the geometric wrench and
extra penalties. Both the differential evolution methodology and the modified algorithm
were used for the optimization under various working modes and driving situations.
Shirazi et al. [148] conducted the optimal dimensions for the 6-UPS parallel mechanism.
Three lengths variables were constrained between zero and one. Three kinds of indices
including the workspace volume, global condition number and stiffness index were
optimized through the particle swarm optimization. Gao and Zhang [149] designed a

compliant parallel structure with three DOFs. The particle swarm optimization approach
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was utilized to search for the largest volume of the reachable workspace. In the work of
[150], the 4-PUS/PS parallel architecture was presented. The particle swarm optimization
and the quantum particle swarm optimization were adopted to conduct the single-objective
optimization while the objective as the workspace volume or the dexterity index. Both
scenarios demonstrated the latter algorithm converged faster. The parallel kinematic
machine Tricept was analyzed in [151]. The basic optimal designs of the workspace
volume or the global condition index were implemented by the particle swarm optimization.
The multi-objective particle swarm optimization methodology employing weight
coefficients and the epsilon constraint were both carried out.

Enfereadi and Nikrooz [152] conducted detailed optimizations for the 3-UPS/S parallel
robot. The global workspace conditioning index, global conditioning index, gradient global
index and dynamic dexterity index were calculated for this mechanism. Four single-
objective optimizations using them were implemented. The optimal results and the
processing times by genetic algorithm and pattern search approach in each case were both
recorded and compared. Four dual-objective optimizations employing non-dominated
sorting genetic algorithm-I1 were reported. At last, one triple-objective optimization was
represented. The 4-RUPaR parallel robot with mixed movements was presented in [153].
The searching for the maximal effective transmission positional workspace was provided
by the differential evolution algorithm, genetic algorithm and particle swarm optimization.
The comparison results showed the differential evolution obtained the best performance.
Russo et al. [154] conducted the linkage optimization of a 3-UPR robot where the
objectives contained of workspace and several Jacobian-matrix-based kinematic behaviors,
dexterity, stiffness and force transmission. Two variables were selected as the references
and the remaining dimensions could be represented. All these targets were mapped into the
parameter space for optimal design. Sun et al. [155] proposed an effective workspace
decomposition approach. After normalizing linkage parameters, dimensional synthesis of
the novel five-DOF Tricept-1V robot was conducted considering two subsystems classified
by the proposed method. Two global indices, inertia torque index and centrifugal/Coriolis
torque index were established in [156], based on which, optimal design of a redundantly
actuated parallel mechanism was obtained with several kinematic constraints satisfied. The

2-translations and 2-rotations parallel manipulator 2-RPS/2-UPS was proposed in [157].

22



The singularity loci were fully found within reachable workspace, based on which, the
zero-singularity workspace was obtained and the maximum was search by predefined sets
of linkage dimensions. Karimi et al. [158] derived the singularity configurations of the 3-
RPR parallel mechanism in detail. Two coefficients related to the reachable workspace and
zero-singularity workspace were combined as single objective. The branch-and-prune
intelligent algorithm was proposed for this optimal problem. The detailed kinematic
analysis of the Exechon parallel machine was introduced in [159]. The discrete workspace
volume and the global condition index were combined into one single objective with
flexible weight coefficients. The dimensional synthesis was conducted five times with this
target and the results were compared.

2.5 Summary

Four existing problems of parallel mechanisms are discussed in this chapter. The latest

researches on these four issues are cited to represent different approaches and results.
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Chapter 3 Structural synthesis of a group of parallel manipulators
3.1 Revised mobility equation for a group of parallel robots
The Gribler—Kutzbach equation [8] for the mobility of a linkage mechanism with multiple
chains is listed below.

9

M=dn-g-1)+>_f (3-1)

i=1
where M denotes the degrees of freedom (DOFs) of the mobile platform (or end-effector),
d represents the order of the mechanism(d =6— A, where A is the number of common

constraints, it is generally 6 for spatial mechanisms and 3 for planar mechanisms), » and g

are the number of moving linages and joints, respectively. f, represents the DOFs for the i-

th linkage.
However, this expression can not reveal the mobility features for some parallel mechanisms,
i.e., the Sarrus Linkage, Delta robot. The modified Gribler—Kutzbach formula [8] is then
proposed, as shown below

9

M=d(n-g-D)+> f+v-¢ (3-2)

i=1
where v denotes the redundant constraints (can be determined by the screw theory), expect
the common constraints of the mechanism. £ indicates the passive degrees of freedom
within the linkage mechanism.
Beside A, ifany limb’s reciprocal screw is more than (all limbs’ reciprocal screw system),

this part belongs to v. If there is no S-S joint linkage or cam-roller, there is no £ for this
mechanism and ¢ =0. Equation (3-2) is suitable for most parallel mechanisms. There can

be some excepts when the mechanism contains of special relations for joint arrangements
or linkage lengths. An example is shown in figure 3-1. In this two-legged parallel structure,
each chain has one prismatic joint connected to the fixed platform, and one parallelogram

joint connected to the moving platform.
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Figure 3-1 Schematic diagram of this planar parallel mechanism

The coordinate system of the parallel mechanism is attached in figure 3-1. The linkages
A1As, A2A4, B1B3z and B2B4 are in the same dimension of 2Ls. Point As (x1,0,0) is the center
of linkage A1As. Point Bs (x2,0,0) is located at the center of linkage B1Ba3. Point P (x,y,0) is
the center of linkage As4B>. The positions for dots Az, A2, As and A4 are respectively
denoted as (x1-L3,0,0), (x-3L3,0,0), (x1+L3,0,0) and (x-L3,0,0). The positions for dots B1, B>,
Bs and By are respectively denoted as (x2-L3,0,0), (x+L3,0,0), (x2+L3,0,0) and (x+3L3,0,0).

In the limb one of this parallel structure, the kinematic screws for the linkages A1A; and

AzAy are listed as

$,=[0 0 L, 0 L-x O]

- oo o (3-9)
$A2:[0 0 L vy 3L-x O]

$=[0 0 L 0 -L,—x O]

A3 [ L—x T] (3-4)
$A4:[O 01 y L-x 0]

The reciprocal screws of these limbs are calculated as below

$hu=[(x-2L,-x)/y 1 0 0 0 x-L]J
$,=[0 0 00 0]

12 = ] -

$er1,13:[0 0 0 01 O]T
$er1,14:[0 0 010 O]T
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S =[(x-2L,-x)/y 1 0; 0 0 x+L]
$.,=[0 0 L 0 0 0]
$5,,=[0 0 0; 0 1 0
$5,=[0 0 0; 1 0 0

(3-6)

where the superscript r denotes reciprocal. It is the same for the following equations. The
subscripts el and e2 mean the equivalent joints of the parallelogram joint A1A2> AzA4 and
B1B2 B3B4, respectively.

Based on the definition of reciprocal screw, the equivalent kinematic pair of this
parallelogram A1A2 AsAs is calculated as

$,=[0 0 0; y/(2L+x-x) 1 0] (3-7)
Considering the kinematic screw of the first sliding joint
$5=[0 0 0; 1 0 0] (3-8)

The twist screw system is solved as the reciprocal screw of Egs. (3-7) and (3-8), as

$,=[0 0 0; 1 0 O]

$,=[0 0 0; 0 1 0]

$,=[0 0 0; 0 0 1 (3-9)
$.=[0 0L 0 0 0]

In the second limb, the kinematic screws for the linkages B1B2 and B3Bs are listed as

$,=[0 0 L 0 L—x, O]
$,=[0 0 L y -L—x 0] (3-10)

$=[0 0 L 0 -L—x, O]

{$34=[0 013 y -8L-x 0] (3-11)
The reciprocal screws of these two limbs are derived as
$,0 =[(x+2L,-x,)/y 1 0; 0 0 x2—L3]T
$,,=[0 0 L, 0 0 0]
$,,=[0 0 0; 01 0] (3-12)
$,4=[0 0 0, 10 O]
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S =[(x+2L,-x)/y 1 0; 0 0 x+L]

$5,=[0 0 L 0 0 0

$5,,=[0 0 0; 0 1 0] (3-13)
$5,,=[0 0 0; 1 0 0]

the equivalent kinematic pair of this parallelogram B1B2 B3B4 is calculated as

$,=[0 0 0; —y/(@L+x-x%) 1 0]

(3-14)
Combined with the kinematic screw of the first sliding joint
$5=[0 0 0; 1 0 0
(3-15)
The twist screw system is solved as the reciprocal screw of Equations (3-14) and (3-15),
as
$; =%,
%, =%,
$ =%, (3-16)
%, =%,

According to the Equation (3-16), the common constraints A for two kinematic chains are
4. Therefore d=6-4=2. v and £ both are zeroes. Employing the Equation (3-2) yields

M =2(8-10-1)+10+0-0=4 (3-17)
Based on the structure of the mechanism in figure 3-1, its mobility should be 2. Equation
(3-17) shows Equation (3-2) is not feasible in this kind of parallel structures.
This kind of parallel structures has one P, joint in each kinematic chain. There are three
kinds of planes for P, joint, parallel to XOY, XOZ, or YOZ planes. In each parallel
architecture, the joints numbers and types should be the same. The prismatic joint can be
added if the mobile platform requires more translations. There are three directions for
prismatic joint, parallel to X, Y or Z directions. The revolute joints can be provided in each
kinematic limb if the moving platform needs rotational workspace. There are three kinds
of axis directions for revolute joint, parallel to X, Y or Z directions. Assuming the
parallelogram module as one generalized kinematic joint, this kind of mechanisms belongs

to fully parallel robot, where the number of chains is same as the degrees-of-freedom of
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the whole manipulator. In addition, the number of joints of each chain is equal to the
degrees-of-freedom of the parallel mechanism and only the joint connected to the fixed
platform is equipped with an actuator.
Since the order of the planar parallel mechanism with 2 branches is special, a term
containing of the order is added to achieve a revised mobility equation, to be suitable for
this class of parallel manipulators, as seen below
M=d(n—g—1)+zg:fi+v—§+d(d—3) (3-18)
i=1
Based on Equation (3-18), the mobility analysis of the 2-PPa structure is
M, =2(8-10-1)+10+0-0+2(2-3) =2 (3-19)
where the subscript 2 means 2 kinematic chains.
There are some other parallel mechanisms within this group, 3-PPaP, 4-PPaPR, 5-PPaPRR,
6-PPaPRRR. Considering the cases of the 2-PPa, the common constraints A for them are
3, 2, 1 and 0, respectively. Their degrees of freedom can be solved by utilizing Equation
(3-18), as shown below
M, =3(14-18-1)+18+0-0+3(3-3)=3
M,=4(22-28-1)+28+0-0+4(4-3)=4
M, =5(32-40-1)+40+0-0+5(5-3)=5
M, =6(44-54-1)+54+0-0+6(6-3)=6

(3-20)

The possible parallel structures are listed below, according to the modified equation. Each
case will be explained and infeasible structures will be verified by screw theory.

Table 3-1 Possible parallel mechanisms in this group

Number ] Mechanism type
of DOFs d n g f. (T-Translation, R- Mechanism
Chains o Rotation)
2T 2-PPa
2 2 2 8 10 10 ITIR 2-RPa
2R 2-RPa
3T 3-PPaP
3 3 3 14 18 18 2TIR 3-PPaR
IT2R 3-PaRR
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3R 3-PaRR

3TIR 4-PPaPR
4 4 4 22 28 28 2T2R 4-PPaRR

IT3R 4-PaRRR

3T2R 5-PPaPRR
5 5 5 32 40 40

2T3R 5-PPaRRR
6 6 6 44 54 54 3T3R 6-PPaPRRR

3.2 Kinematic joint matrix
In this section, the novel concept kinematic joint matrix that can represent linkage
mechanism is introduced in detail. The basic module of the kinematic joint matrix can be
represented as
m, m, m,
m, my, my, (3-21)
my; m, m,
where mj; (i,j=1,2,3) in the i-th row and j-th column element of this square matrix denotes
the kinematic joint type within the parallel mechanism.
This matrix can be divided into three categories. The diagonal elements m;; of Equation (3-
21) can display one kind of kinematic joint. Three elements above or below the main
diagonal can indicate additional two kinds of kinematic pairs, respectively. In such a way,
this matrix has the ability to imply linkage mechanisms under some conditions. The parallel
mechanism with three kinds of joints can be expressed by the kinematic joint matrix, as

demonstrated below
S P O O O T O O S A (3-22)

where j1, j2 and js indicate three sorts of kinematic joints respectively. The vertical dash
line is employed to distinguish adjacent square matrices.

In the kinematic joint matrix, the written sequence is from left to right. In each group of
kinematic pair, the corresponding joint position will be filled once this position in the left
square matrix is already filled, to achieve a compact format.

The widely used prismatic (P) joint, revolute (R) joint and parallelogram (Pa) joint are

taken as examples. The elementary kinematic pairs P and R joints with larger ranges of
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motion, higher stiffness compared with U and S joints. As a result, the intrinsic
shortcomings of parallel mechanisms can be decreased and the target performance
including large translational and rotational workspaces, high stiffness and load capacity
can be realized. These joints are further constrained in this case. Each prismatic joint axis
can be parallel to X, Y or Z direction, denoted as Px, Py and Pz, respectively. The rotational
joint axis can parallel to X, Y or Z direction separately, represented respectively as Rx, Ry
and Rz. Every Pa joint can be placed in planes that are parallel to XOY, XOZ or YOZ plane,
and respectively shown as Pxy, Pxz and Pyz. Thereafter, each category of kinematic joint is
further divided into three cases, which reveals that each component position is unigue.
According to definition of Equation (3-21), the kinematic joint matrix under this

circumstance can be formulated as

Pe Py Py
R, B P, (3-23)
Ry Ry P,

There are two reasons indicating the kinematic joint matrix is insufficient to directly
distinguish any two parallel structures. The first factor is the mapping relations with
parallel mechanisms. The matrix can have one-to-one mapping relationship with the
parallel mechanism if this matrix is simple and there are few elements. If there are more
kinematic joints, the matrix becomes complicated and may exist one-to-many relationship
with parallel mechanisms. For example, three joints Px, Rx and Pxy in Equation (3-23) can
be treated in the same branch or different branches to construct various parallel structures.
The second factor is that various kinematic joint matrices can be obtained if the parallel
manipulator is placed in different coordinate systems (e.g., the Px joint in one coordinate
system might be Pv or Pz joint in another reference system).

However, it is meaningful to propose an approach for discriminating different kinds of
matrices, since any two parallel manipulators expressed by different categories of
kinematic joint matrices are distinct. It also means the second factor can be resolved. It is
evident that two kinematic joint matrices are different if the total numbers for prismatic
joints or revolute joints or Pa joints are not the same. This question is further constrained
to distinguish the matrices with identical numbers for prismatic joints, rotary joints and Pa

joints, respectively. For a given kinematic joint matrix representing parallel mechanisms,
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The total numbers of Px, Py, Pz, Rx, Ry, Rz, Pxy, Pxz and Pyz joints are expressed separately
as Ni1, N22, N33, N3z, N3z, N21, N12, N1z and Ns. The i, j, k are integers ranging from 1 to
3. The following numbers are pre-defined
al=min(i, j) a2=max(, J)
a3=min(i,k) a4 =max(i,k) (3-24)
ab=min(j,k) a6=max(j,k)
A unique block pattern is introduced, as shown in Figure 3-2(a). In this block pattern, the
first column is for Nii. The second column is filled by N2, N31 and N2z. The last column is
for N12, N1z and N2s3. An example is illustrated in Figure 3-2 (b). Take the N11, N32, N12 and
N1z as examples, the physical relevance (inner feature) among them is the common
subscript X in Px, Rx, Pxy and Pxz. The external feature is based on the subscripts of these
filled elements Nj;j in this pattern. If the first column is selected, each element of the second
column can be decided by the elements of the first column and the other rows. For example,
the subscripts a5 and a6 of Nagas are respectively the minimal and maximum values between
j and k (subscripts of Njj, Nkk). Each element of the third column can be concluded by the
directly connected two columns (the two elements of the first column), i.e. Naia2 is directly
connected by Nasas and Nasaz. Then the subscripts al and a2 are solved respectively as the
minimal and maximum elements of the subscripts of Nii, Nj;.
Before filling elements into the block pattern, comparing Nii, Njj, Nk (i, j, k=1,2,3.) and
the following expression can be obtained
N; =N, >N, (3-25)
The following scenarios can be found
(1) N >N, >Ny
(am N, > N =Ny &Ny > Nogoy
() N, > N =Ny &Ny = Noysay
(IV) N;>N; =N, &N_, <N, (3-26)
(V) N, = N > Ny &Nogoy > Ny
(VI) N, = N > Ny &Nyzoy = Nosae
(VI) Ny =N >Ny &N 5.y <N g6
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Nii |« » Na6as [€ » Nala?

Nijj » Nada3 Na3a4

Nkk |« » Nazal (€ » Nasa6
(a) Block pattern

NiI1 [« » N32 |« » Ni2

N22 |« » N3i1 Ni13

N33 |« » N21 | » N23

(b) Block pattern of a sample

Figure 3-2 Block patterns for kinematic joint matrix

(The red block is filled with the sum for one kind of joint.

The double arrow line implies two blocks are pertinent.)
In cases (1), (11), (V), the first column of the block pattern is Nii, Njj and Nw. The final
pattern is the same as in Figure 3-2 (a). For case (111), the first column of the pattern can be
Nii, Njj and Nkk, or Nii, Nk and Njj. The whole patterns are the same. In case (IV), the first
column of the pattern is listed as Nii, Nkk and Nj;. In case (V1), the first column of the block
pattern can be Nii, Njj and Nk, or Njj, Nii and Nkk. The contents are identical in any selection.
In case (VI1), the first column of the block pattern is listed as Njj, Nii and Ni.
The other situations happen when N11= N22= Nas3. Before classifying the remaining cases,

comparing Nata2, Nazas and Nasqs yields
Nb1b2 > Nb3b4 2 Nb5b6 (3'27)
where Np1n2 and Nishe are respectively the largest and smallest among Naia2, Nazas and Naszs.

Nb3bs is the rest of them.

The remaining scenarios are concluded as
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(VI N;, = N =Ny &Nyjpo > Nygoy > Nigpe
(IX) Nii = ij = Nkk & Nblb2 > Nb3b4 = Nb5b6
(X) N; = ij =Ny & Nb1b2 = Nb3b4 > Nb5b6
(XI) N; = ij = Ny &Ny = Nygs = Nigpe

(3-28)

In case (V1I1), the first column of the block pattern is Nii, Njj and Nkk. In case (IX), the first
column of the pattern can be either Nii, Nj; and Nk, or Njj, Nii and Nkk. In case (X), the first
column of the pattern can be either Nii, Njj and Nkk, or Nii, Nk and Nj;. In case (XI), the
first column of the pattern can be listed in any sequence to finally derive a unique pattern.
All the feasible situations for the block pattern are summarized in Equations (3-26) and (3-
28). As long as two kinematic joint matrices can create identical block patterns, these two
matrices belong to the same kind of matrix and can express the same parallel mechanism(s).

One sample is provided below. Two kinematic joint matrices are listed as

Py - Pq Py - Pq Py - - Py - - Py - _ Py -
R, B P R, B P R, B P R, B P R, _ _ R, _
_RY Ry P, ;RY Ry P ;RY Ry _ gRY Ry _ ‘RY Ry _ iRy Ry
(3-29)
_Px _ Py Py _ Py Py _ Py Py _ Py - - - - -
R, R P iRz P, Ry iRz P, _ iR, R _ iRy R _iR; R
_RY Ry P, iRy Ry PR, x - iRy Ry 4Ry x -iRy Ry
(3-30)

The parameters for these two aforementioned matrices are computed separately. They
correspond to N, =6,N,=0,N;=2,N,; =6,N,, =4,N,, =4,N,;; =6,N;, =6,N,, =2
and N, =4,N, =0,N,=4,N,, =6,N,, =6,N,;, =2,N;, =6,N,, =6,N,, =2. Following
the above method, these two scenarios can be classified into the case (). Their final block
patterns can both be written as seen in figure 3-3, which indicates they belong to the same
kind of kinematic joint matrix. One feasible 6-DOF parallel structure is illustrated in figure
3-4. According to figure 3-4, one is based on the X1-Y1-Z1 coordinate system while the
other is generated in accordance with the X2-Y2-Z2 coordinate system. These two
coordinate systems can be transformed by rotation operations (The directions of the

corresponding axes are separately parallel. The same origins are not required).
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Figure 3-3 The block pattern for two similar matrices

Limb Three

Figure 3-4 Prototype of a 6-DOF parallel structure

»
>

Base

4

Z1

Therefore, this block pattern is helpful for the enumerations of every possible kinematic

joint matrix with predefined conditions.

3.3 Enumeration of a family of parallel mechanisms

3.3.1 Two-DOF parallel mechanism
(i) Case one: 2T mechanism

There are two limbs

{PX - PXY
PY - PXY
|:Px vai| {_

34

Limbs are shown in matrix form

(3-31)

(3-32)



The limb can be represented as Qi. In enumeration, there will be Q° +QQ; =2+C}=3

(The superscript n means n such limbs in mechanism) kinds of matrices. The same matrices
are ones with similar cell configuration, while their orientations in the global coordinate

system are different. At last, there are 2 kinds of feasible matrices. The first matrix can be

represented as
(3-33)

Pimeans there are i prismatic joint(s) in this parallel manipulator and R; denotes there are i
revolute joint(s) in this parallel manipulator. Its corresponding planar translational parallel
mechanism is illustrated in figure 3-5. There is one P2 joint(Px). There are two same Pa
joints(Pxy) related to the P2 joint(Px).

Moving Platform
o lg
Limb
Y[
0
]
Base

Figure 3-5 Schematic diagram of 2-DOF parallel structure (1)
The second kinematic joint matrix is

|:PX PXY E— PXY:| (3_34)
A

Its corresponding parallel mechanism is illustrated in figure 3-6. There are two Py joints(Px

and Py). Two same Pa joints are both related to P1 joint(Px) and P1 joint(Py).
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Q Moving
Limb Two 5 Platform
Q O,
Limb
One
AY
o X Base 9 [©
> ]

Figure 3-6 Schematic diagram of 2-DOF parallel structure (2)
(i) Case two: 2R mechanism
The only possible solution is 2-RP,, since each limb supports one rotation and one
decoupled translation, it may not be feasible for a 2-rotational mechanism. One such limb

is presented in figure 3-7.

Base

Figure 3-7 The first branch of 2R mechanism

The coordinates of these points are provided as, A(0,0,0), B,(0,L,cosé,,L,sinéG,),
C,(0,1,1,0), D0, Ly, +L,, 0086, L,SinG,), E (0,050, +L,,c086,,L,,sind,).

In this case, only one possible branch is provided and analyzed. The kinematic screws of

four joints of P, joint
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$u=[1 0 0; 0 0 0]
$,=[1 0 0; O lesiné?1lT ~L,,c0s6,]" (335)
$,=[1 0 0; 0 0 —-L,]
$o=[L 0 0; 0 L,sing, -L,-L,cos6,]
The equivalent screw
$=[0 O O; 0O sing, -cosd,] (3-36)

It denotes the equivalent movement is an arc and the translational direction is the tangential
direction of this arc.
The kinematic screw of joint Ex
$.=[1L 0 0; 0 L,sind, -05L,-L,cos6,] (3-37)
The reciprocal screw of this branch
$=[1 0 0, 0 0 0]
$,=[0 0 0; 0 0 1]
$,=[0 0 0; 0 1 0]
$r,=[0 cosd, sind,; 05L, 0 0]

(3-38)

The first screw is a constraint force along X direction. The second screw is the constraint
moment about Z axis. The third screw is the constraint couple about Y direction. The last
screw is a constraint force (the direction is parallel to radial direction of the arc). This
branch constrains two rotations. Therefore, the moving platform has one rotation at most.
The 2R mechanism can not be constructed.

(iii) Case three: 1T1R mechanism

The only possible solution is 2-RPa, since each limb supports one rotation and one
decoupled translation, it may not be feasible for a 17T1R mechanism. One such parallel
structure is presented in figure 3-8.
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7A
E2

Platform

j&l Cl Base A2 52 g

Figure 3-8 1T1R mechanism
The coordinates of these points are provided as, A(0,0,0), B,(0,L,cosé,,L,sing,),
¢@o,.,,0 , Db(@L,+L,cos8,,L,sind,) , E(@O05L,+L,cos4,L,sinG,) ,
A(0,L,,0) , B,(0,L,+L,cosé,,L,,sinb,) , C,(0,L,,+L,,0) ,
D,0,L,+L, +L,co0s6,,L,sind,), E,(O,L,+0.5L, +L,,cos6,,L,sinb,,).

The screw systems for the P, joints in two chains

$u=[1 0 0; 0 0 0]
$.=[L 0 0; O lesinHHT ~L,,c086,] 539
$,=[L 0 0; 0 0 -L,]
$o=[L 0 0; 0 L,sing, -L,-L,cos6,]
$=[L 0 0; 0 0 —L,J
$,=[L 0 0; 0 L,sind, —LTZO—LzzcosHZl]T (3-40)
$,=[L 0 0 0 0 —L,-L,]
$,=[L 0 0; 0 Lysing, -L,-L,—L,cos6,]
Their equivalent screws are respectively
$.,=[0 0 0; 0 sing, —cosell]T (3-41)
$p, =[0 O 0; 0 sing, —cosé,] (3-42)
The kinematic screws for the remaining joints
$.=[1 0 0; 0 L,sind, -05L,-L,cos6,] (3-43)
$,=[1 0 O; 0 L,sing, -L,,—05L,—L,,cos6,] (3-44)
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The corresponding reciprocal screws for the first and second chains are separately
$o=[L 0 0 0 0 0]
$,=[0 0 0; 0 0 1

(3-45)
$,=[0 0 0; 0 1 0]
$r,=[0 cosé, sind,; 05L, 0 0]
$,=[1 0 0; 0 0 O]
$,=[0 0 0; 0 0 1]
r : (3-46)
$,=[0 0 0; 0 1 O]
$,=[0 cosd, sind,; 05L,+L, 0 0]
The kinematic screw for the moving platform
.
$ =0 - Ly =Ly~ 2Ly L 00 -L, (3-47)
—-L, cotd, -2L,coté, +L,cotl,

This illustrates the moving platform has only one rotation. The 1T1R movement can not
be achieved.

3.3.2 Three-DOF parallel mechanism

(i) Case one: 3T mechanism

The possible limbs are provided as

{R(_PYZ_PX PY_PXY_PZ PX_PXY_PZ (3-48)
Px_sz_R( Pz_sz_R( PZ_R(Z_PX
Limbs shown in matrix form:
_PX I:>XY — __ PXY — ] _PX I:)XY —
- R - R -
P
- T T A e 8 (3-49)
I:)X — I:)XZ — — I:>XZ I:)X — -
- R{ —_ —_ R( — — - Yz
L — — — l— - I:)z 1l L= = I:)z

The limb can be represented as Qi. In enumeration, there will be

Qi3+Qi2Qj +QQ,Q, =6+A?+C> =56 kinds of matrices. The same matrices are ones

with similar cell configuration. There are two different scenarios for 3/4/5/6 DOFs parallel
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mechanisms. The first one is that their orientations in the global coordinate system are
different or represent. The next one means they represent different mechanisms.
At last, there are 10 kinds of feasible matrices. These mechanisms are shown in matrix
form. The first matrix is listed as

P, Py Py Py
' (3-50)

One possible parallel architecture is seen in figure 3-9. There are three P> joints (Px, Py and
Pz) and three different P, joints (Pxy, Pxz and Pyz). Each Pa joint is related to two different
P2 joints. Two different Pa joints (Pxy, Pxz) are related to P2 joints (Px). Two different P,
joints (Pxy, Pyz) are related to P joints (Py). Two different P, joints (Pxz, Pyz) are related to
P, joints (Pz).

Limb
Three

Moving
Platform

F’ﬂ 2 4 ase
’ Limb One b .
Figure 3-9 Schematic diagram of 3-DOF parallel structure (1)
The second matrix is provided as
PX IDXY - ; IDX
' (3-51)

One possible parallel architecture is seen in figure 3-10. There are one P1 joint (Py), one P>

joint (Pz), one P3 joint (Px), one Pa joint (Pxy) and two same Pq joints (Pyz). Three Pq joints
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(Pxv, Pyz) are related to Py joint (Py). Two identical Pa joints (Pvz) are related to P joint

(Pz). One Pa joint (Pxy) is related to Ps joint (Px).

Mm‘ing/

Platform

Limb One ‘ F Base .
Figure 3-10 Schematic diagram of 3-DOF parallel structure (2)
The third matrix is provided as

Y
P, (3-52)

One possible parallel architecture is seen in figure 3-11. There are three P2 joints (Px, Py
and Pz), one P4 joint (Pyz) and two identical Pa joints (Pxy). Two same P, joints (Pxy) are
related to P2 joints (Px). Three P, joints (Pxy, Pyz) are related to P2 joints (Py). One Pa joint
(Pvz) is related to P2 joints (Pz).

Moving __— .
Platform ; e Limb
Limb Two
Base Three
— % s

-. [} ] Z

Limb One

Figure 3-11 Schematic diagram of 3-DOF parallel structure (3)

The fourth matrix is denoted as

Py Py Py Pe - _ : Pe _ _
- R( PYZ ! - PY - - - - (3'53)

One feasible parallel architecture is shown in figure 3-12. There are one P; joint (Pz), one
P joint (Py), one Pz joint (Px), and three different P, joints (Pxy, Pxz and Pyz). Two P, joints
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(Pxz, Pyz) are related to Py joint (Pz). Two Pa joints (Pxz, Pyz) are related to P2 joint (Py).

Two P, joints (Pxy, Pxz) are related to P3 joint (Px).

= -

R .
Limb Two
Moving
. Platform
0% - ¥

Figure 3-12 Schematic diagram of 3-DOF parallel structure (4)

Limb Three

Base

The fifth matrix is denoted as

P Po ;Px
' (3-54)

One feasible parallel architecture is shown in figure 3-13. There are one P; joint (Pz), one
P2 joint (Px), one Ps joint (Py), one P, joint (Pxy) and two identical P, joints (Pyz). Two
same Pq joints (Pyz) are related to P; joint (Pz). One Pa joint (Pxy) is related to P2 joint (Px).

Three P, joints (Pxy, Pyz) are related to Pz joint (Py).

. %
Limb & .

Limb
Three \ Two
Moving
Platform
-

.
i Base

L -
Limb One
b

Figure 3-13 Schematic diagram of 3-DOF parallel structure (5)

The sixth matrix is denoted as
I:>X
P, (3-55)
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One feasible parallel architecture is shown in figure 3-14. There are one P; joint (Pz), one
P2 joint (Py), one Ps joint (Px) and three identical P, joints (Pyz). Three same P4 joints (Pyz)

are both related to P1 joint (Pz) and P2 joint (Py). No Pa joint is related to P3 joint (Px).

Limb Three | g™

g
Moving
Platform 7

Figure 3-14 Schematic diagram of 3-DOF parallel structure (6)

The seventh matrix is represented as

P, P, (3-56)

One feasible parallel structure is shown in figure 3-15. There are two Ps joint (Px, Py) and
three identical Pa joints (Pyz). Three Pa joints (Pyz) are related to Ps joint (Py). No Pa joint

is related to P3 joint (Px).

Limb
Three

Moving
Platform

s Limb One
Base

Figure 3-15 Schematic diagram of 3-DOF parallel structure (7)

The eighth matrix is represented as
I:)X — PXZ ; PX
' (3-57)
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One feasible parallel structure is shown in figure 3-16. There are two P3 joint (Px, Py), one
Pa joint (Pxz) and two identical Pa joints (Pyz). One P joint (Pxz) is related to Ps joint (Px)
and two same Pa joints (Pyz) are related to Ps joint (Py).

Limb Three 'Sg S5 @ e Limb

LN

Moving
Platform

Figure 3-16 Schematic diagram of 3-DOF parallel structure (8)
The nineth matrix is represented as
PX — PXZ ; PX f
- PY PYZ - PY Pvz (3'58)
P, ;
One feasible parallel structure is shown in figure 3-17. There are one P1 joint(Pz), one P
joint (Px), one P3 joint (Py), one P, joint (Pxz) and two identical Pa joints (Pvz). Three Pa
joints (Pxz, Pyz) are related to P joint(Pz). One Pa joint (Pxz) is related to P2 joint (Px). Two
same identical Pa joints (Pyz) are related to Ps joint (Py).

<T Limb One Platform

Figure 3-17 Schematic diagram of 3-DOF parallel structure (9)
The last matrix is represented as
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(3-59)

One feasible parallel structure is shown in figure 3-18. There are one P: joint(Pz), one P
joint (Pv), one Ps3 joint (Px), one Pa joint (Pxz) and two identical Pa joints (Pyz). Two same
Pa joints (Pvz) are related to P1 joint(Pz). Three Pa joints (Pxz, Pyz) are related to P2 joint
(Py). One P4 joint (Pxy) is related to Ps joint (Px).

Figure 3-18 Schematic diagram of 3-DOF parallel structure (10)
(i) Case two: 3R mechanism

The possible structure is 3- PaRR. The following demonstration is provided.

7ZA

F1

Figure 3-19 The first branch of 3R mechanism
The main points are represented as, A(0,0,0), B,(0,L,cosé,,L,siné,), C(0,L,,0),

D,0.L, +L,c080,, L,sind,) . E(0.05L,+L,0080, L,sing,)
F(0,0.5L,; + Ly, c0s6,; +Ly5C058,, Ly, sin G, +Ly;sin6,).
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In this case, one possible chain is provided and calculated via screw theory. The kinematic
screws of the Pa joint

$o=[1L 0 0, 0 0 0]

$.=[1 0 0; 0O L,sing, -L,cosd,]
$e1 =

T (3-60)
=[1 0 0; 0 0 —-L,]
$0=[L 0 0; 0 L,sing, -L,—L,cosd,]
The equivalent screw is computed as
$=[0 O O; 0 sing, -—cosd,] (3-61)
Equation (3-61) shows the trajectory of this Pa joint is an arc.
The kinematic screws for the remaining joints in this limb
$,=[L 0 0; 0 L,sing, -05L,-L,cos6,] (3.62)
$,=[0 1 0, -L,sind,-L,sing, 0 0O

The reciprocal screws for this limb
$=[0 0 0; 0 0 1]
$,=[L 0 0; L,sing,+L,sing, 0 0] (3-63)
$,=[0 cos@, sind,; 05L, 0 0]

The first screw denotes a constraint couple about Z axis. The second screw means a
constraint force (parallel to X axis). The last screw stands for a constraint force(parallel to
radial direction of the arc path).
This branch constrains two rotations. Therefore, the moving platform could not achieve 3R
movement.
(iii) Case three: 1T2R mechanism
The possible structure is 3-PaRR. The following calculations will verify its mobility. If the
first two chains are both PyzRxRy joint configuration, the permitted translation of these
two chains are along Y and Z axes, the permitted rotations of them are about X and Y axes.
There are three possible scenarios for the last chain, PyzRxRy and PxzRyRx. If any of them
fails to achieve 1T2R movement, the 1T2R mechanism will not be possible.

1) 3-PyzRxRy
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Figure 3-20 The first kind of 17T2R mechanism
The positions of the main points are calculated as, A(0,0,0), B, (0, L, cosé,,L,sinéd,),

co.Ly.,0 , b@OL,+L,cos8,,L,sinE,) , E(@O05L,+L,cos8,,L,sinb,) ,
F(0,05L,+L,cos8, +L,cos8,,L,sin4, +L,sind,) : A (0,L,,0) :
B,(0,L,+L,co0s6,,L,sinb,),C,0,L,+L,,0),D,0,L,+L, +L,cos6,,L,sinb,),
E,(O,L,+0.5L, +L,cos6,,L,,sinb,) :
F,(0,L,,+0.5L, +L,cos6, +L,c0s6,,,L,,sin6,, +L,;sinb,,) , ALy L,0
By(Lx Lyp + Ly COS By, Ly, SiNG) , Cy(Laxs Lo + Ly, 0) ,
D,(L, . L, +L,; +L,,c086,,L,sin6,) , Ej(Ly, L, +05L, +L;,cosé,,L,sin6,)
F(Ly. Ly, +0.5L, + L, cosb,, + L, cos6,,, L, sinG,, + L, 8in6,,) .

Kinematic screw systems for three branches

$u=[1L 0 0; 0 0 0]
$,=(1 0 0; O sing, -L,co0s6,]"
B1 [ L, 11T L, 11] (3-64)
$,=[1 0 0; 0 0 -L,]
. T
$,=[1 0 0; 0 L,sing, -L,-L,cos6,]
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$,=[1 0 0, 0 0 -L,]
$,=[L 0 0; 0 L,sind, -Ly—L,cos6,] (3-65)
$C2 = [1 0 O; 0 O _LZO - L21]T
$,=[L 0 0; 0 Lysing, -—L,-L,—L,cos6,]
$=[1 0 0, 0 0 —LJ
. T
$=[1 0 0; 0 Lysiné, —L,—L,cos6,] (3-66)
T
$csz[l 00 00 _I—so_l-sl]
. T
$|33:[1 0 0 0 Lgsingy, _Lso_l-sl_l-32cos‘931]
The equivalent kinematic screws for each Pa joint
$=[0 O 0; 0 sing, -—cosd,] (3-67)
$o, =[0 O 0; O sing, —cosé,] (3-68)
$os=[0 O 0; O sing, -—cosd,] (3-69)
The remaining kinematic screws for each limb
$.=[L 0 0; 0 L,sing, -05L,-L,cos6,] (3-70)
$=[0 1 0; —L,sind,—L,sing, 0 0]
$,=[L 0 0, 0 L,sind, -L,—05L,~L,cos6,] (3-71)
$,=[0 1 0; —L,sind, —L,sing, 0 0]
$es=[1L 0 O; 0 Lysing, -L,—05L,—L,cos6,] (3:72)
$F3:[O 10 _Lszsin931_|—335in032 0 LSX]T

Through the definition of reciprocal screw, the constrain screws for each branch
$=[0 0 0; 0 0 1]
$,=[1 0 0; L,sind,+Ly,sing, 0 0] (3-73)
$r,=[0 cos@, sind,; 05L, 0 0O
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$,=[0 0 0; 0 0 1]
$5,=[L 0 0 L,sind,+L,sind, 0 0] (3-74)
$5,=[0 cosé, sind,; L,+05L, 0 0]

$y=[0 0 0; 0 0 1]
$5,=[1 0 0; Lysind,+Lysing, 0 0] (3-75)
$i,=[0 cos@, sind,; L,+05L, 0 0]

Therefore, the kinematic screw of the moving platform can be obtained by the reciprocal
screw of all constraint screws of each limb. The kinematic screw of the moving platform
is null. The moving platform can not translate or rotate.

2) 2-PyzRxRy+PxzRyRx

7A Fi1  Platform F2

N

Figure 3-21 The second kind of 1T2R mechanism
(Solid dot denotes the R joint with the axis being parallel to Y axis)

The first chain and second chain are the same with that of 3-PyzRxRy. Therefore, only the

third chain is provided below. The positions for main points are listed as A/(L;,,0,0),
B3(L30 + Lsz COS‘931’0’ Lsz sin 931) ' Cs(l-so + L31a 0, O) ) Ds(l-so + L31 + L32 005931, 0, Lsz sin 931) '

E, (Lyy +0.5Ly; + Ly, €086,,0, L, Sin 6,) ,
F (L, +0.5L, +L,, cosé, +L,,cos6,,,0,L,,sin6, +L,,sin6,,).

The kinematic screws for the P, joint in the third limb
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$=[0 1 0, 0 0 —L,]

$55=[0 1 0; -L,sing, 0 —L,-L,cos6,] 376)

$=[0 1 0; 0 0 Ly+L,]

$5s=[0 1 0; —L,sind, 0 Ly+Ly,+L,cos6,]
The equivalent kinematic screw for the P, joint

$os=[0 O 0; sin@, 0 —cosd,] (3-77)

The kinematic screws of the following two revolute joints

{$E3[0 1 0; -L,sing, 0 L,+05L,+L,cos6,] a18)

$s=[L 0 O; 0 Ly,sind,+Lysing, 0]

The above equations form the kinematic screw system of the third limb. The reciprocal
screws
$.=[0 0 0 0 0 1]
$5,=[0 1 0; -L,siné, —Lysing, 0 0] (3-79)
$i,=[cos8, O sind,; 0 -L,-05L, 0]

Combined with the constraint screws in Equation (3-79), the kinematic screw of the
moving platform can be calculated and it is null. It shows the moving platform can not
move.

The results of the 3-PyzRxRy and 2-PyzRxRy+PxzRyRx are both null. The 1T2R
mechanism can not be constructed.

(iv) Case four: 2T1R mechanism

limbs:

{Px - va - Rz (3-80)

PY - PXY - Rz

Limbs shown in matrix form
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| PX IDXY __
RZ — -

-z (3-81)
PX IDXY —
RZ |:>Y -

The limb can be represented as Qi. In enumeration, there will be Q° +Q/Q, =2+C, =4

kinds of mechanism. They are all planar parallel mechanisms. The same matrices are ones
with similar cell configuration. At last, there are 2 kinds of feasible Mechanisms. These
matrices and corresponding parallel structures are listed below.

Px PXY — I:)x PXY — Px PXY
' (3-82)

Limb One

Figure 3-22 Schematic diagram of 2T1R parallel structure (1)
Feature: There are one P3 joint (Px), one Rz joint (Rz) and three identical Pa joints (Pxy).
Three Pa joints (Pxy) are related to Pz joint (Px) but irrelevant to Rs joint (Rx). The
translational direction (X axis) of Ps joint (Px) and the rotational axis (Z direction) of R3

joint (Rx) are not parallel.

(3-83)
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Y
X
Limb One
o 4

Base

Figure 3-23 Schematic diagram of 2T1R parallel structure (2)
Feature: There are one P1 joint (Py), one P2 joint (Px), one Rs joint (Rz) and three identical
Pa joints (Pxy). Three Pa joints (Pxy) are both related to P joint (Py) and P2 joint (Px) but
irrelevant to Rz joint (Rz).
A sample is provided below to demonstrate the above 2T1R mechanisms can not have
anther rotation (parallel to Y axis). In the following figure, the mechanism can move in the

YOZ plane, but the rotation for each chain is parallel to Y axis.

ZA

El  platform E2

Base

-5

Figure 3-24 Diagram of 3-DOF parallel structure
The coordinates of these points are listed as: A;(0,x,0) , A(0,x—-0.5L,,0) ,

B1(01)(1_()-5'-11"'|-12 Cosell’LIZSingll) ) C1(01X1+0-5L1110) ,

52



D,(0,% +0.5L,, +L,,c088,,L,,sin6,) , E (0 x+L,c088,,L,sin6,) . A,(0,x,0) ,
A,(0,x,—05L,,0) , B,(0,x,—05L,+L,c0s6,,L,sin6,) , C,(0,x,+05L,,0) |
D,(0,x,+0.5L, +L,,cosé,,L,siné,), E,(0,x, +L,cos6,,L,,sin6,), As(Ly.X%.0),
A (L, , % —0.5L,,,0) , By(L;y, %, —0.5L,, + Ly, cosb,, L;,siné,,) , Cy(Lsy, % +0.5L,,,0) ,
D,(L;, . %, +0.5L,, + L, cos &, L, siné,,), E; (L, , X, + Ly, cOS G, L, SiNé,)

The kinematic screws of Pa joint in each limb

$a=[1 0 0; 0 0 05L,-x]

$.=[L 0 0; 0 L,sing, 05L,-x—L,cos6,]

. (3-84)
$,=[1 0 0; 0 0 -0.5L,-x]
$01:[1 0 0; 0 L125in911 —O.5L11—X1—L12COS(911]T
$,=[L 0 0; 0 0 05L,-%]
$,=[1 0 0; 0 L,sing, OELZl_XZ_LZZCOSQZl]T (3-85)
$,=[1 0 0; 0 0 -05L,-x]
$D2 = [1 0 0, 0 L22 Sln 021 _0'5L21 - XZ - L22 COs HZl]T
$=[L 0 0; 0 0 05L,-x]
$33:[1 0 0 0 Ly,sing, 0-5|-31_X3_L32003‘931]T (3-86)
$s=[L 0 0; 0 0 —05L,-x]
$D3=[1 0 0; 0 Lysing, _0'5L31_X3_L32C08931]T
The equivalent kinematic screw of the Pa joint in each chain
$=[0 0 O; 0 sing, -cos@,] (3-87)
$Pa2:[0 0 0, 0 sing, _005621]T (3-88)
$ps=[0 O 0; O sing, —cosé,] (3-89)
The kinematic screws for the remaining joints of each limb
$,,,=[0 0 0; 0 1 0]
ao = ] (3-90)

$.=[0 1 0; -L,sing, 0 0]
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$2=[0 0 0; 0 1 0]
$,=[0 1 0; —L,sind, 0 0]

{$A03[0 00 01 0f

$.,=[0 1 O

—Ly,sing, 0 0]

The corresponding reciprocal screws for each limb

$,=[0 0 O
$,=[0 0 O
$,=[1 0 O
$,=[0 0 O
$,=[0 0 O
$, =[1

o
e

$,=[0 0
$,=[0 0 0
$,=[1 0

00 1
10 0]
0 L,sing, 0]

o

0 1]
0o o]
0 Lysing, 0]

[EEN

00 1
10 0]
0 Lysing, 0]

The kinematic screw system for the moving platform

01 0]

$,,=[0 0 0, 0 0 1]

{$m1 =[0 0 o

(3-91)

(3-92)

(3-93)

(3-94)

(3-95)

(3-96)

The Equation (3-69) denotes the moving platform can move along Y and Z axes. It can not

conduct 2T1R motion.

Even the rotational axis of joint E in each chain is parallel to Z axis, the same result will

be obtained if applying for the above procedure. Since these calculations are similar, the

calculation process is not provided. The result is still two translations along Y and Z axes.

The moving platform can not achieve 2T1R motion. These calculations also prove 2T1R

mechanism is a planar mechanism and only two feasible branches are provided in this case.

3.3.3 Four-DOF parallel mechanism
(i) Case one: 3T1R mechanism

The possible limbs are:
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Px _PXZ_PY_RX
I::'x _PYZ_PY_RX

(3-97)

Px _PXY _Pz_Rx

Px _PYZ_PZ_RX
PY_PXY_PZ_RX
PY_PXZ_PZ_RX
Px _PXZ_PY_RY
Px _PYZ_PY_RY
Px _va _PZ_RY

(3-98)

Px _PYZ_PZ_RY
PY _PXY _PZ_RY
PY _PXZ_PZ_RY
|:)x _PXZ_PY_RZ
Px _PYZ_PY _Rz
Px _va _PZ_RZ

(3-99)

Px _PYZ_PZ_RZ
PY _PXY _Pz_Rz
PY _sz_Pz_Rz

Limbs are shown in matrix form, corresponding to Equations (3-97) to (3-99),

I:>XY

(3-100)
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| I:)X - PXZ 17 I:)X - - 171 I:)X I:)XY - |
- I:)Y - - PY I:)YZ - - -
RY - - RY - - RY - I:)Z
_PX - - 17 - |:)XY - 17 - - PXZ_
— - I:)YZ - I:)Y - - I:)Y -
RY - PZ RY - PZ RY - I:)Z (3_ 1 O 1)
I PX - I:)XZ 17 PX - - 17 PX PXY - |
RZ I:)Y - RZ I:)Y I:)YZ RZ - -
— - - - - - - - PZ
_PX - - 17 - |:)XY —_ I - - PXZ_
I:QZ - I:)YZ I:QZ I:)Y - RZ I:)Y —
P P
I e Y (3-102)

The limb can be represented as Qi In enumeration, there will be
3x(Q'+Q'Q; +Q'QJ +QQ;Q +QQ;QQ) =3x(6+ Ay +C; +6xC; +C;) =378 kinds
of matrices. The same matrices are ones with similar cell configuration. At last, there are

24 Kkinds of reliable matrices. These matrices and corresponding parallel structures are

listed below.
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_Px - sz Px - sz_

- T

R R

R S (3-103)
Px - sz Px - sz

R R
L - Re _ _ Ry i

Limb  Limp

Three  Four

Figure 3-25 Schematic diagram of 4-DOF parallel structure (1)
Feature: There are two P4 joints (Px, Py), one R4 joint (Rx) and four identical Pa joints (Pxz).
Four Pa joints (Pxz) are related to P4 joint (Px). No Pa joint is related to P4 joint (Py). The
translational direction of P4 joint (Px) and the rotational axis of R4 joint (Rx) are parallel (X

axis).

_PX - I:)XZ ; PX - I:)XZ ]

- I:)Y I:)YZ : — I:)Y -
R R

N (3-104)
PX - I:)XZ PX - -
A A

L - Rx - - Rx -
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Figure 3-26 Schematic diagram of 4-DOF parallel structure (2)
Feature: There are two P4 joints (Px, Py), one R4 joint (Rx), one Pa joint (Pyz) and three
identical P, joints (Pxz). Three Pq joints (Pxz) are related to P4 joint (Px). One Pj joint (Pyz)
is related to P4 joint (Py). The translational direction of P4 joint (Px) and the rotational axis

of R4 joint (Rx) are parallel (X axis).

_PX PXY PXZ ; PX - PXZ
- PY - - PY -
R ? R
S (3-105)
Py - Py ; P _ -
- PY - - PY -
L — Rx - - Rx -

Figure 3-27 Schematic diagram of 4-DOF parallel structure (3)
Feature: There are two P4 joints (Px, Py), one R4 joint (Rx), one Pa joint (Pxy) and three
identical Pa joints (Pxz). Four P, joints (Pxy, Pxz) are related to P4 joint (Px). One Pa joint
(Pxv) is related to P4 joint (Py). The translational direction of P4 joint (Px) and the rotational

axis of R4 joint (Rx) are parallel (X axis).
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PX - I:)XZ PX - I:)XZ
- I:)Y PYZ - PY -
- R By Re (3-106)
PX - I:)XZ PX - -
N
L - Re _ _ Ry i

Figure 3-28 Schematic diagram of 4-DOF parallel structure (4)
Feature: There are one P1 joint (Pz), one Pz joint (Py), one P4 joint (Px), one Ra joint (Rx),
one P4 joint (Pyz) and three identical Pa joints (Pxz). Four Pa joints (Pxz, Pyz) are related to
P1 joint (Pz). One P4 joint (Pyz) is related to Ps joint (Py). Three Pa joints (Pxy) are related
to P4 joint (Px). The translational direction of P4 joint (Px) and the rotational axis of R4 joint

(Rx) are parallel (X axis).

_PX I:)XY I:>XZ ; I:)X - PXZ ]
— I:>Y - - I:)Y -
S L (3-107)
PX - I:>XZ I:)X — —
- I:>Y — — — —
L — Ry - - Ry -
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Platform

Figure 3-29 Schematic diagram of 4-DOF parallel structure (5)
Feature: There are one P; joint (Pz), one Pz joint (Py), one P4 joint (Px), one Ra joint (Rx),
one Pa joint (Pxy) and three identical Pa joints (Pxz). Three Pq joints (Pxz) are related to Py
joint (Pz). One P4 joint (Pxy) is related to Ps joint (Py). Four Pa joints (Pxy, Pxz) are related
to P4 joint (Px). The translational direction of P4 joint (Px) and the rotational axis of R4 joint

(Rx) are parallel (X axis).

I:>X - I:)XZ ; I:>X - I:)XZ

- I:’Y - ; - PY -

- R By Reo (3-108)
|:>X - I:)XZ - - |:)XZ

- R R
L - Ry - - Ry -

Limb Three i o) |
Limb One iy /|

Figure 3-30 Schematic diagram of 4-DOF parallel structure (6)
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Feature: There are one Py joint (Pz), one Ps joint (Px), one P4 joint (Py), one R4 joint (Rx)
and four identical P, joints (Pxz). Four P joints (Pxz) are related to P: joint (Pz). Four P,
joints (Pxz) are related to Pz joint (Px). Zero Pa joint is related to P4 joint (Py). The
translational direction of Ps joint (Px) and the rotational axis of R4 joint (Rx) are parallel (X

axis).

P - Pq P ]

- RRy N

5 R

- - - (3-109)
Pe _ Py Pe - _

- R P - R

L — X - : - RX —

Figure 3-31 Schematic diagram of 4-DOF parallel structure (7)
Feature: There are two P4 joints (Px, Py), one R4 joint (Rx), two same P, joints (Pxz) and
two same P joints (Pyz). Two P joints (Pxz) are related to P4 joint (Px). Two P4 joints (Pyz)
are related to P4 joint (Py). The translational direction of P4 joint (Px) and the rotational axis

of R4 joint (Rx) are parallel (X axis).

_PX IDXY I:>XZ PX - __
O
R R
R (3-110)
I:)X IDXY I:)XZ PX - -
O
L — RX I:>Z - RX —_]
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Figure 3-32 Schematic diagram of 4-DOF parallel structure (8)
Feature: There are two P> joints (Py, Pz), one P4 joints (Px), one R4 joint (Rx), two same P,
joints (Pxy) and two same P, joints (Pxz). Two Pa joints (Pxy) are related to P2 joint (Py).
Two P joints (Pxz) are related to P2 joint (Pz). Four P, joints (Pxy, Pxz) are related to P4
joint (Px). The translational direction of P4 joint (Px) and the rotational axis of R4 joint (Rx)

are parallel (X axis).

O
>
o o
O
O 50 %
O
>

- (3-111)

, O
>
<9
)
<O 5 %
, O
>
|
|

R Limb Three

Limb Four

Figure 3-33 Schematic diagram of 4-DOF parallel structure (9)
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Feature: There are two P> joints (Py, Pz), one P4 joints (Px), one R4 joint (Rx), two same P,
joints (Pxz) and two same P joints (Pyz). Two Pa joints (Pyz) are related to P2 joint (Py).
Four P4 joints (Pxz, Pyz) are related to P2 joint (Pz). Two Pa joints (Pxz) are related to Pa
joint (Px). The translational direction of P4 joint (Px) and the rotational axis of R4 joint (Rx)

are parallel (X axis).

PX - PXZ ; - - PXZ

kR _ iR

- R Byl Reo (3-112)
I:)X - PXZ ' - - PXZ

- PY - - PY -
L — RX I:)Z - RX -

‘ :";1'
Limb Four ,-|
r"“

Figure 3-34 Schematic diagram of 4-DOF parallel structure (10)
Feature: There are two P joints (Px, Pz), one P4 joints (Py), one R4 joint (Rx) and four
identical P, joints (Pxz). Four Pa joints (Pxz) are related to both P> joint (Px) and P> joint
(P2). There is no P4 joint relating to P4 joint (Py). The translational direction of P2 joint (Px)

and the rotational axis of R4 joint (Rx) are parallel (X axis).

_PX IDXY I:>XZ ; PX - __

— I:>Y PYZ E - PY —

- R R - - (3-113)
Py B Py - -

- I:)Y — . — — —
L — Rx - - Rx -
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Figure 3-35 Schematic diagram of 4-DOF parallel structure (11)
Feature: There are one P1 joints (Pz), one Ps joints (Py), one P4 joints (Px), one R4 joint (Rx),
one Pa joint (Pxy), one P4 joint (Pyz) and two identical P, joints (Pxz). Three Pa joints (Pxz,
Pyz) are related to P1 joint (Pz). Two different P4 joints (Pxy, Pyz) are related to P3 joint (Py).
Three P, joints (Pxy, Pxz) are related to P4 joint (Px). The translational direction of P4 joint

(Px) and the rotational axis of R4 joint (Rx) are parallel (X axis).

I:)X - I:)XZ ; I:)X - -

- I:)Y I:)YZ % - PY -

- R Pl R (3-114)
PX - PXZ PX - -

- I:)Y I:)YZ e — —
L — Rx - - Rx -

Platform Limb Four 4
Limb One % 4
—— . ‘,
S ‘ X
=N g
A}
5

Figure 3-36 Schematic diagram of 4-DOF parallel structure (12)
Feature: There are one Py joints (Pz), one P3 joints (Py), one P4 joints (Px), one R4 joint (Rx),
two identical Pa joints (Pxz) and two identical P, joints (Pyz). Four P4 joints (Pxz, Pyz) are

related to P: joint (Pz). Two same P, joints (Pvz) are related to Ps joint (Py). Two same Pq
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joints (Pxz) are related to P4 joint (Px). The translational direction of P4 joint (Px) and the

rotational axis of R4 joint (Rx) are parallel (X axis).

I:>X - PXZ ; I:>X - PXZ

— I:)Y PYZ ; - PY -

- Re P R (3-115)
I:>X - I:)XZ - - —

- I:)Y - - I:)Y -
L — Rx - - Rx -

z
¥
X Limb

Luanour Three ;

Figure 3-37 Schematic diagram of 4-DOF parallel structure (13)
Feature: There are one P1 joints (Pz), one P3 joints (Px), one P4 joints (Py), one R4 joint (Rx),
one Pa joint (Pyz) and three identical Pa joints (Pxz). Four Pa joints (Pxz, Pyz) are related to
P1 joint (Pz). Three same Pa joints (Pxz) are related to Pz joint (Px). One Pa joint (Pyz) is
related to P4 joint (Py). The translational direction of P3 joint (Px) and the rotational axis of

R4 joint (Rx) are parallel (X axis).

_PX I:)XY PXZ I:)X - —_
- I:)Y F)YZ - - -
- R P Res (3-116)
F)X - F)XZ I:)X - -
T
L — I:QX I:)Z - RX —_
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Figure 3-38 Schematic diagram of 4-DOF parallel structure (14)

Feature: There are one P joints (Py), one P2 joints (Pz), one P4 joints (Px), one R4 joint (Rx),

one Pq joint (Pxy), one Pa joint (Pyz) and two identical Pa joints (Pxz). Two Pa joints (Pxy,

Pyz) are related to P> joint (Py). Three P4 joints (Pxz, Pyz) are related to P2 joint (Pz). Three

Pa joints (Pxy, Pxz) are related to P4 joint (Px). The translational direction of P4 joint (Px)

and the rotational axis of R4 joint (Rx) are parallel (X axis).

PX PXY
- R
_ Ry

I:)X PXY
— PY

- R

Figure 3-39 Schematic diagram of 4-DOF parallel structure (15)

PXZ
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Feature: There are one P> joint (Pz), one Pz joint (Px), one Pz joint (Py), one R4 joint (Rx),
two same P joints (Pxy), two P joints (Pxz). Two same P joints (Pxz) are related to P2 joint
(P2). Four P4 joints (Pxy, Pxz) are related to P3 joint (Px). Two identical P4 joints (Pxy) are
related to Pz joint (Py). The translational direction of P3 joint (Px) and the rotational axis of

R4 joint (Rx) are parallel (X axis).

PX P)<Y PXZ : PX - IDXZ

- P - - P -

SR R R (3-118)
PX - PXZ , - - -

- PY - - - -
L — I:QX I:)Z | - RX -

Figure 3-40 Schematic diagram of 4-DOF parallel structure (16)
Feature: There are one P> joint (Pz), one Pz joint (Px), one Pz joint (Py), one R joint (Rx),
one Pa joint (Pxy), three identical Pa joints (Pxz). Three same P, joints (Pxz) are related to
P joint (Pz). Four P4 joints (Pxy, Pxz) are related to Ps joint (Px). One Pa joint (Pxy) is related
to Ps joint (Py). The translational direction of Ps joint (Px) and the rotational axis of R4 joint

(Rx) are parallel (X axis).
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_PX I:)XY PXZ I:)X - —_
- I:>Y PYZ - PY -
S CE (3-119)
F)X - F)XZ - - —
O
L — RX I:)Z - RX —_

7

v
X Limb Four T
/Al
)|«

Figure 3-41 Schematic diagram of 4-DOF parallel structure (17)
Feature: There are one P> joint (Pz), one Pz joint (Px), one Pz joint (Py), one Ra joint (Rx),
one P, joint (Pxy), one Pa joint (Pyz) and two same P joints (Pxz). Three Pa joints (Pxz, Pyz)
are related to P2 joint (Pz). Three Pa joints (Pxv, Pxz) are related to P3 joint (Px). Two
different Pa joints (Pxy, Pyz) are related to Ps joint (Py). The translational direction of P3

joint (Px) and the rotational axis of R4 joint (Rx) are parallel (X axis).

I:>X - I:)XZ ; I:>X - I:)XZ

— I:)Y PYZ ; - I:)Y —

- Re By Reo (3-120)
I:>X - I:)XZ - - —

- I:)Y — — — —
L — RX PZ - RX -
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Limb Four -

z
Y
X

Limb One

Figure 3-42 Schematic diagram of 4-DOF parallel structure (18)
Feature: There are one P> joint (Pz), one Pz joint (Px), one Pz joint (Py), one R joint (Rx),
one Pa joint (Pyz) and three same Pa joints (Pxz). Four Pa joints (Pxz, Pyz) are related to P
joint (Pz). Three same P4 joints (Pxz) are related to Pz joint (Px). One Pa joint (Pyz) is related
to Pz joint (Py). The translational direction of P3 joint (Px) and the rotational axis of R4 joint

(Rx) are parallel (X axis).

PX I:)XY PXZ - - I:)XZ

- Rl R L

- R B Re (3-121)
IDX - PXZ - — —

- Rl R
L — RX I:)Z - I:QX -

Figure 3-43 Schematic diagram of 4-DOF parallel structure (19)
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Feature: There are two P: joint (Px, Pz), one P4 joint (Py), one R4 joint (Rx), one Pa joint
(Pxv) and three same P, joints (Pxz). Four Pa joints (Pxy, Pxz) are related to P2 joint (Px).
Three same P, joints (Pxz) are related to P2 joint (Pz). One Pa joint (Pxy) is related to P4
joint (Py). The translational direction of P2 joint (Px) and the rotational axis of R4 joint (Rx)

are parallel (X axis).

_PX PXY PXZ PX — —_
— PY PYZ — PY —
- R P Re (3-122)
PX - PXZ E — — —
- R - - R
- Ry _ | _ Ry ]

Figure 3-44 Schematic diagram of 4-DOF parallel structure (20)
Feature: There are one P1 joint (Pz), one P3 joint (Px), one P4 joint (Py), one R4 joint (Rx),
one P, joint (Pxy), one Pa joint (Pyz) and two same P joints (Pxz). Three Pa joints (Pxz, Pyz)
are related to Py joint (Pz). Three Pa joints (Pxy, Pxz) are related to Ps joint (Px). Two
different Pa joints (Pxy, Pyz) are related to P4 joint (Py). The translational direction of P3

joint (Px) and the rotational axis of R4 joint (Rx) are parallel (X axis).

_PX PXY I:>XZ ; PX - __
— I:)Y I:)YZ E - - —
- R - Reo- (3-123)
P o iR _ L
— I:)Y I:)YZ : - - —
L — X PZ - RX —_
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Figure 3-45 Schematic diagram of 4-DOF parallel structure (21)

Feature: There are two P» joint (Py, Pz), one P4 joint (Px), one R4 joint (Rx), one Pa joint

(Pxv), one P4 joint (Pxz) and two same P joints (Pyz). Three P4 joints (Pxy, Pyz) are related

to P2 joint (Py). Three P4 joints (Pxz, Pxz) are related to P joint (Px). Two different P joints

(Pxv, Pxz) are related to P4 joint (Px). The translational direction of P4 joint (Px) and the

rotational axis of R4 joint (Rx) are parallel (X axis).
Py
PYZ :

PX PXY
- R
_ Ry
PX F)XY
- R

L — RX

Figure 3-46Schematic diagram of 4-DOF parallel structure (22)

PXZ
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Feature: There are one P2 joint (Pz), two Ps3 joint (Px, Py), one R4 joint (Rx), one Pa joint
(Pxz), one P4 joint (Pyz) and two same Pj joints (Pxy). Two different Pa joints (Pxz, Pvz) are
related to P2 joint (Pz). Three different P4 joints (Pxy, Pxz) are related to Pz joint (Px). Three
Pa joints (Pxv, Pyz) are related to Ps joint (Py). The translational direction of P3 joint (Px)

and the rotational axis of R4 joint (Rx) are parallel (X axis).

_PX PXY PXZ ;PX - —_
— PY PYZ E — PY —
- R P Re (3-125)
S
- I:)Y PYZ —_ — -
L — X PZ — RX —_]

Limb
Three

Figure 3-47 Schematic diagram of 4-DOF parallel structure (23)
Feature: There are one P2 joint (Pz), two Ps joint (Px, Py), one R4 joint (Rx), one Pa joint
(Pxy), one P4 joint (Pxz) and one P4 joint (Pyz). Three P, joints (Pxz, Pyz) are related to P
joint (Pz). Two different P4 joints (Pxy, Pxz) are related to Ps joint (Px). Two different P,
joints (Pxy, Pyz) are related to P3 joint (Py). The translational direction of Ps joint (Px) and

the rotational axis of R4 joint (Rx) are parallel (X axis).
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_PX - I:)XZ I:)X - —_
- I:)Y I:)YZ - PY -
- R Ry R (3-126)
PX - PXZ T - —
- I:)Y I:)YZ 5 - — —
L — RX PZ - RX —_

Figure 3-48 Schematic diagram of 4-DOF parallel structure (24)
Feature: There are one P> joint (Pz), two P3 joints (Px, Py), one R4 joint (Rx), two same P,
joints (Pxz) and two same Pa joints (Pyz). Four Pa joints (Pxz, Pyz) are related to P2 joint (P2).
Two identical P, joints (Pxz) are related to P3 joint (Px). Two identical P, joints (Pyz) are
related to Pz joint (Py). The translational direction of P3 joint (Px) and the rotational axis of
R4 joint (Rx) are parallel (X axis).
(ii) Case two: 2T2R mechanism

The possible mechanism is 4-PPaRR, as demonstrated in figure 3-49.
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Base

A03 Ao4

Figure 3-49 2T2R mechanism
These  coordinates are given as:  A,(0,x,00 , A(Ox-05L,0)

B,(0,x,—0.5L, +L,cosé,,L,sind,) , C,(0,x,+0.5L,,,0)
D.(0,x,+0.5L, +L,cosé,,L,sing,) : E (0, x +L,cosé,,L,sind,)

F (O, x +L,cos8, +L,,cos8,,L,sing, +L;sind,) , A,(0,x%,,0) , A(0,x,-0.5L,,0)
B,(0,x,—0.5L,, +L,,cos6,,L,siné,) : C,(0,x,+0.5L,,,0)
D,(0,x,+0.5L, +L,cos6,,L,siné,) , E,(0,x,+L,cosé,,L,,siné,,)
F,(0,x, + L, cosb,, +L,cos8,,,L,sin6, +L,,sinb,,) : Ay (Lyy 1 %3,0)

A (L, %, —0.5L,,,0) , B,(Lyy, X, —0.5L,, + Ly, cosé,, Ly, sinb,)) , C,(L,y, %, +0.5L,,,0)
D,(Ly, % +0.5L, +L,cos8,,L,,sin6,)) ., Ei(Ly,%+L,cos6,,L;,siné,)

F (L, % + Ly, cosb,, + L, cosb,,, L, sin g, + L;sinb,,) : AL,y %,,0)

A (L., %, —05L,,0), B,(L,,, X, —0.5L, +L,,cosb,,L,,sind,), C,(L,,, X%, +0.5L,,0),

D,(Lx, %, +0.5L, +L,,cos8,,L,,sin6,)) .  E,(Ly,X +L,c086,,L,sin6,)
F,(L,y. X, +L,cosé, +L,cos6,,L,sin6, +L,;sinb,,).

The kinematic screws of Pa joint in each limb
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$a=[1 0 0; 0 0 05L,-x]

$.=[L 0 0; 0 L,sing, 05L,-x—L,cos6,] 3-127)

$.=[L 0 0; 0 0 -05L,-x]

$o=[L 0 0; 0 L,sind, -05L,-x-L,cos6,]

$,=[L 0 0; 0 0 05L,-x]

$,,=[1 0 0; 0 Ly,sing, 05L,—x,—L,co0s6,]

B2 [ 22 21 il 2 22 21] (3-128)

$,=[L 0 0; 0 0 -05L,—x,]

$,=[L 0 0; 0 L,sing, -05L,—x, —L,cos6,]

$=[L 0 0; 0 0 05L,-x]

$5=[L 0 0; 0 Ly,sind, 05Ly,—x —L,cos8,] 3129)

$s=[1L 0 0; 0 0 —05L,-x%]

$ps=[1 0 0; O Lygsing, -05L,—x,—L,cos6,]

$p=[L 0 0; 0 0 05L,-x]

$,=[1 0 0; 0 L,sing, 05L,-x,—L,cos0,]

B4 [ 42 41 ilrl 4 42 41] (3_130)

$s=[L 0 0; 0 0 -05L,-x,]

$5.=[L O O; 0 L,sind, -05L,-x,—L,cos6,]

The equivalent kinematic screw of the Pa joint in each chain

$=[0 O O; 0 sing, -—cosd,] (3-131)
$p, =[0 O 0; 0 sing, —cosé,] (3-132)
$ps=[0 O 0; O sing, —cosé,] (3-133)
$oe=[0 O 0; O sing, -cosd,] (3-134)

The kinematic screws for the remaining joints of each limb

$.=[0 0 0; 0 1 0]

$=[1 0 0; 0O L,sing, -x-L,cosd,] (3-135)
$,=[0 1 0; -L,sind,~L,sing, 0 0O
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$=[0 0 0; 0 1 0]
$,=[L 0 0; 0 Lysing, -x-L,c0s6,] (3-136)
$:,=[0 1 0; -L,sing, —Lysing, 0 0]

$s=[0 0 0; 0 1 0]

$e,=[L 0 0; 0 Lg,sing, -x-L,cosd,] (3-137)
. . T

$F3=[O 1 00 —Lysing, —Lgsing, 0 Lsx]

$a:=[0 0 0; 0 1 0
$.=[L 0 0; O L,sind, -x,-L,cos6,] (3-138)

T

$,=[0 1 0, -L,sing,—L,sin6, 0 L,]

The corresponding reciprocal screws for each limb

000 00 1

%=l ] (3-139)
$,=[1 0 0; 0 Ly,sing,+Lysing, O]

21

$,=[0 0 0; 0 0 1]
,=[1 0 0; 0 L,sing, +Ly,sing,, 0]

{ 600y (3-141)

(3-140)

0; 0 Lysing, +Lysing, 0]

{$;1[0 00 00 1 212
$,=[1 0 0; 0 L,sing,+L,sing,, O]

The kinematic screw system for the moving platform

$,=[0 0 0; 0 1 0]
$.,=[0 0 0; 0 0 1] (3-143)
$

=t 00 0 0 0]

Equation (4-116) denotes the moving platform can move along Y and Z axes, rotate about
X axis. It can not conduct 2T2R motion.

(iii) Case three: 1T3R mechanism

The possible mechanism is 4-Pa.RRR, as shown in figure 3-50.
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Figure 3-50 1T3R mechanism

The coordinates for these points are provided as follows,

A(0,0,0) , B(O,L,cos4,,L,sind,) , C(O,L,,0) , D(O,L,+L,cosb,,L,sinb,) ,
E (0,05L, +L,cos8,,L,sin4,) :
F(0,0.5L, +L,cos6, +L,cos6,,L,sing, +L,sinb,) :
G,(L,cosé,,0.5L, +L,,cos8, +L,cos6,,L,,sing, +L;sing,+L,sinb,,) :
A,(0,L,,0) : B,(0,L,+L,,cosé,,L,sind,) : C,(0,L,+L,,0) :
D,0,L,+L, +L,cos6,,L,sin6,) , E(0L,+05L,+L,cosb,,L,sinb,) ,
F,(0,L,,+0.5L, +L,,cos6, +L,,cosé,,L,,sin6, +L,,sinb,,) :
G,(L,cosb,, L, +0.5L, +L,,cos8,, +L,,co86,,,L,,sin6,, +L,,sin6,, +L,,sin6,;)
ALy Lp0) Byl Ly +Ly0080,, Lysing)  , Cyllyy Ly +Ly,,0)
D,(Ly ., Ly + Ly + L5, c086,,, L,8in6,,) , Ej(Ly, Ly, +0.5L, + L, cosé,, Ly, siné,,)

F (L., Ly, +0.5L,, + L, cos 6, + L, cos b, L, sin 6, + L, siné,,) :
G,(L;y + Ly, cosé,;, Ly, +0.5L,;, + L, cos @, + L, cosb,,, Ly, siné, +L,siné, + L, Siné,,)

AL, Ly 0) , B(Ly,L,+L,c0s6,,L,sin8,) , C,(L,, Ly,+L;0)

D, (Lyx Lup + Ly + Ly, €050,y L, Sin6,) , E,(Lyy, Ly +0.5L,, +L,,c086,, L,,SiN6,,)
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F, (L, L, +05L, +L,,cosé, +L,,cos8,,,L,,sinb,, +L,,sinb,,)

G, (L, +L,cosb,,L,,+0.5L, +L,,cosb, +L,,cos6,,,L,,sin6, +L,,sinb,, +L,,sin6,;)

.The kinematic screws for the P, joint of each limb

$a=[L 0 0; 0 0 0]
. T
$,=[1 0 0; O lesm@nT —L,,cos6, ]| (3-144)
$.=[1 0 0; 0 0 -L,]
. T
$,=[1 0 0, 0 L,sing, -L,-L,cos6,]
$,=[1 0 0; 0 0 —L,]
. T
$,=[1 0 0; 0 Lysing, —I_TQO—LZZCOSHH] (3-145)
$02:[l 0 0, 0O _Lzo_L21]
$,=[L 0 0; 0 L,sing, -L,-L,—L,cos6,]
$=[L 0 0; 0 0 —L,]
. T
$s5=[1 0 0; 0 L,siné, —I_:O—Lucoseu] (3-146)
$c3:[1 0 6 0O _L40_L41]
$s=[L 0 0; 0 L,sind, —L,-L,—L,cos6,]
$.=[L 0 0; 0 0 —L,]
. T
$s,=[1 0 0; O Lysing, —|_Tgo—|_32cose3l] (3.147)
$c4:[1 006 00 _LSO_LSI]
. T
$D4:[1 0 0, 0 Lgsing, _Lso_l-sl_l—szcosesl]
Their corresponding kinematic screws are obtained respectively
$=[0 0 O; 0 sing, -cosd,] (3-148)
$5,=[0 O 0; 0 sind, -cosa,] (3-149)
$os=[0 O 0; O sing, -—cosé,] (3-150)
$oe=[0 O 0; O sing, -cosd,] (3-151)

Considering the remaining kinematic joints in each branch,
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$,=[L 0 0; 0O L,sing, -05L,-L,cos6,]
$=[0 1 0; -L,sing,-Ly,sing, 0 0] (3-152)
$(31:[0 0 L 05L,+L,cos6,+L,c086, -L,c086; O]T

$,=[1 0 0; 0 L,sind, -L,-05L,-L,cos6,]
$:,=[0 1 0; -L,sing, —Lysing, 0 0] (3-153)
$,=[0 0 L L,+05L,+L,cos6,+L,cos6, -L,cosé, 0]

R T

$,=[1 0 0; 0 Lysing, -L,-05L;—L;cos6,]

$:,=[0 1 0; —Ly,sind,-Ly,sing, 0 L[ (3-154)
$55=[0 0 L Lyy+05Ly+L,c080,+Ly,c086, —Lyy—Ly,cos6, 0]

$.=[L 0 0; 0 L,sing, -L,-05L,-L,cosd,]
$:,=[0 1 0; -L,sing,—Lysing, 0 L, (3-155)

$.=[0 0 1L L,+05L,+L,c086, +L,c086, -L, —L,cosd, O]

The constraint screws from each branch are listed below

r . i i '
{$11-[1 0 0 0 L,sing,+Lysing, -05L,-L,cos,~L,;cos6,] (3-156)

$,=[0 cosd, sind,; 05L, 0 L,cosd,cotd,]
$,=[L 0 0; 0 L,sind,+L,sing, —L,—05L,—L,,cos6, —L,cos6,]
{$§2[0 C0s6, sinb,; L,+05L, 0 L,cos6,cotd,]
(3-157)
{$;1[1 0 0; 0 Lysing,+Lgsing, —Lg,—05L, —L,cos6, —L;cosd,]
$5,=[0 cos@, sind,; L,+05L, -L, (L +L,cosé,)cotd,]
(3-158)
$.=[L 0 0; 0 L,sind,+L,sind, -L,—05L,—L,cosé, —L,cos6,,]
{$ZZ:[O cosd, sind,; L,+05L, —L, (L +L,cosd,)cotd,]
(3-159)

Based on Equations (3-156) to (3-159), the kinematic screws of the moving platform can

be derived and the result is null. It means the moving platform can not move.
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However, in some special cases, the moving platform can gain some movements. A

scenario is provided below. Assuming all Lis, Liz, Lis, Lis and 8, (i=1,2,3,4) are in the same

value respectively. Lax=Lax. L20= La4o. L30=0. Then the kinematic screw of the moving

platformis $,=[0 0 0; 0 sing,

translational movement along Y and Z axes under the previous condition.

3.3.4 Five-DOF parallel mechanism
(i) Case one: 3T2R mechanism

The qualified limbs are:

I:)X
P
PX
P
P

Y

Limbs are shown in matrix form, corresponding to Equations (3-160) to (3-162),

_sz
. —P
_PXY
. —P

_PXY
P, —P

—C0s 011]T . The moving platform has a decoupled

YZ

YZ

Xz

I:)Y

I:)Z

PY
I:)Y
PZ
I:>Z
I:)Z
I:)Z
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RX
RX
RX
RX
RX
RX

RY
RY
RY
RY
RY
I:QY

R,
R,
R,
R,
R,
R,
R,
R,
R,
R,
R,
R

z

(3-160)

(3-161)

(3-162)



0
N

0
N

O
><;U _<-U 5
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_PX - __ __ F>XY _— __ - I:>XZ_
I:QZ - PYZ RZ PY - RZ I:)Y -
RY - z I:QY - I:)Z RY - I:)Z (3_ l 6 5)
The limb can be represented as Qi. In enumeration, there will be
3x(Q° +Q'Q; +Q'Q; +Q’Q,Q, +QQ/Q, +Q'Q,Q.Q +QQ,Q.QQ,)
=3x(6+ A+ A +6xCZ+C.x4+6xC+C;) (3-166)

=756
kinds of matrices. The same matrices are ones with similar cell configuration. At last, there
are 40 kinds of qualified matrices. These matrices and corresponding parallel structures are

listed below.

_Px - sz : Px - sz |Dx - sz_

R i R R

RY Rx - ;RY Rx - ERY Rx - (3-167)
I:)x - sz I:)x - sz - - _

B T .
_RY Rx - RY Rx - - - -

VA

Figure 3-51 Schematic diagram of 5-DOF parallel structure (1)
Feature: There are two Ps joints (Px, Py), two Rs joints (Rx, Ry) and five same P, joints
(Pxz). Five same P4 joints (Pxz) are related to Ps joint (Px) but nor related to Ps joint (Py).
The translational direction of Ps joint (Px) and the rotational axis of Rs joint (Rx) are parallel
(X axis). The translational direction of Ps joint (Py) and the rotational axis of Rs joint (Ry)

are parallel (Y axis).
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P« _ Py P« _ PeiPc _ _
- R R - R - - P
R, Ry _ ;RY Re _ iR Ry _ (3-168)
P« _ Py Po = Pei o
_ R o P, _ L
R Ry _ iR Ry _ -

Limb Three Four

Figure 3-52 Schematic diagram of 5-DOF parallel structure (2)
Feature: There are two Ps joints (Px, Py), two Rs joints (Rx, Ry), one P4 joint (Pyz) and four
same P joints (Pxz). Four same P joints (Pxz) are related to Ps joint (Px). One Pa joint (Pvz)
is related to Ps joint (Py). The translational direction of Ps joint (Px) and the rotational axis
of Rs joint (Rx) are parallel (X axis). The translational direction of Ps joint (Py) and the

rotational axis of Rs joint (Ry) are parallel (Y axis).

_Px Po Py Po _ Py Pe _ _
I - _ R _ 0 - _
R, Ry P, R, Ry _ PRyRe L (3-169)
Py _ Py P _ Pei_ - =
. - | _ R . - - =
_RY Ry _iRORy - - —
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Platform Limb
>4 ; Five

Figure 3-53 Schematic diagram of 5-DOF parallel structure (3)
Feature: There are one Py joint (Pz), one P4 joint (Py), one Ps joint (Px), two Rs joints (Rx,
Ry), one P4 joint (Pxy) and four same P joints (Pxz). Four same P, joints (Pxz) are related
to P1 joint (Pz). One P4 joint (Pxy) is related to P4 joint (Py). Five P4 joints (Pxy, Pxz) are
related to Ps joint (Px). The translational direction of Ps joint (Px) and the rotational axis of
Rs joint (Rx) are parallel (X axis). The translational direction of P4 joint (Py) and the
rotational axis of Rs joint (Ry) are parallel (Y axis).

_Px _ Pq P« _ Py P _ _

T - R - i - - -

RY Rx I:)z RY Rx - RY Rx - (3_170)
Pv _ Py iPx _ Py - - -

_ R _ i _ R _i_
_RY Ry _ i RyRy - - —

Figure 3-54 Schematic diagram of 5-DOF parallel structure (4)
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Feature: There are one Py joint (Pz), one P4 joint (Py), one Ps joint (Px), two Rs joints (Rx,

Ry), one P, joint (Pyz) and four same P4 joints (Pxz). Five Pa joints (Pxz, Pyz) are related to

P1 joint (Pz). One P4 joint (Pyz) is related to P4 joint (Py). Four identical Pa joints (Pxz) are

related to Ps joint (Px). The translational direction of Ps joint (Px) and the rotational axis of

Rs joint (Rx) are parallel (X axis). The translational direction of P4 joint (Py) and the

rotational axis of Rs joint (Ry) are parallel (Y axis).

_PX

Figure 3-55 Schematic diagram of 5-DOF parallel structure (5)

I:)XY
I:)Y
RX

PXZ

Py,

E PX - I:>XZ ;
- R
ROR
I:>X - I:)XZ
- R
RORe

(3-171)

Feature: There are one Py joint (Pz), one P4 joint (Px), one Ps joint (Py), two Rs joints (Rx,

Ry), one P, joint (Pxy) and four same Pa joints (Pxz). Four identical P4 joints (Pxz) are related

to P1 joint (Pz). Five P4 joints (Pxy, Pxz) are related to P4 joint (Px). One Pa joint (Pxy) is

related to Ps joint (Py). The translational direction of P4 joint (Px) and the rotational axis of

Rs joint (Rx) are parallel (X axis). The translational direction of Ps joint (Py) and the

rotational axis of Rs joint (Ry) are parallel (Y axis).

I:)XZ ;

P
_ R
R, Ry
P, _
_ R

Ry Ry

- Pei
P
Re _ IR
Py
Pl
- .
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Limb One 1..

Figure 3-56 Schematic diagram of 5-DOF parallel structure (6)
Feature: There are one Py joint (Pz), one P4 joint (Px), one Ps joint (Py), two Rs joints (Rx,
Ry) and five same P, joints (Pxz). Five identical P, joints (Pxz) are related to P1 joint (Pz).
Five identical Pa joints (Pxz) are related to P4 joint (Px). Zero Pa joint (Pxy) is related to Ps
joint (Py). The translational direction of P4 joint (Px) and the rotational axis of Rs joint (Rx)
are parallel (X axis). The translational direction of Ps joint (Py) and the rotational axis of

Rs joint (Ry) are parallel (Y axis).

Py Pyz Po _ Py Pe _ _

_ R Py _ R - N

R, Ry _ éRY R« _ 'R Ry _ (3-173)
Po _ Py P _ - - - -

N L L P, - - - -
R Ry _ iR Ry -

Limb Five z v
= Platfo rm A
~ ALL”
— S0 & -.‘,_,‘,
. iy

Figure 3-57 Schematic diagram of 5-DOF parallel structure (7)
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Feature: There are two Ps joints (Px, Py), two Rs joints (Rx, Ry), two same P4 joints (Pyz)
and three same P, joints (Pxz). Three identical P, joints (Pxz) are related to Ps joint (Px).
Two same P joints (Pyz) are related to Ps joint (Py). The translational direction of Ps joint
(Px) and the rotational axis of Rs joint (Rx) are parallel (X axis). The translational direction

of Ps joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis).

Py Py Py P« _ Py P _ _
I O
RM Ry P, R, Ry - | Ro Ry _ (3-174)
Py Py Py Pe . - - =
— I:)Y - . — — — — —_ _
_RY Ry P, R, Ry - . —

Figure 3-58 Schematic diagram of 5-DOF parallel structure (8)
Feature: There are one P> joint (Pz), one Pz joint (Py), one Ps joint (Px), two Rs joints (Rx,
Ry), two same P, joints (Pxy) and three same P, joints (Pxz). Three identical Pa joints (Pxz)
are related to P2 joint (Pz). Two identical P, joints (Pxy) are related to Ps joint (Py). Five Pa
joints (Pxy, Pxz) are related to Ps joint (Px). The translational direction of Ps joint (Px) and
the rotational axis of Rs joint (Rx) are parallel (X axis). The translational direction of P3
joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis).

PX - PXZ ; PX - PXZ ; I:)X -
- PY I:)YZ | - PY - | - - -
I:QY RX PZ ; RY RX - RY I:QX - (3_175)
PX - PXZ ; PX - - - - -
- PY I:)YZ E - - - - - -
I:QY RX PZ , RY I:QX - - - -
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y
X

Figure 3-59 Schematic diagram of 5-DOF parallel structure (9)
Feature: There are one P2 joint (Pz), one Ps joint (Py), one Ps joint (Px), two Rs joints (Rx,
Ry), two same P, joints (Pyz) and three same P, joints (Pxz). Five Pa joints (Pxz, Pyz) are
related to P> joint (Pz). Two identical P, joints (Pyz) are related to Ps joint (Py). Three
identical Pa joints (Pxz) are related to Ps joint (Px). The translational direction of Ps joint
(Px) and the rotational axis of Rs joint (Rx) are parallel (X axis). The translational direction

of P3 joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis).

_Px Py Px Py - Py _ -

_ R _ i _ R _i_ P _
Ry Ry z | Ry Ry - R, Ry _ (3-176)

Px PXY sz - - - - _ _

_ P _ i _ R il

_RY Ry P, iR/ Ry . R

7
y
Platform L?"Tb ‘\L’

Limb Thre

Figure 3-60 Schematic diagram of 5-DOF parallel structure (10)
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Feature: There are one P2 joint (Pz), one Ps joint (Px), one Ps joint (Py), two Rs joints (Rx,
Ry), two same P, joints (Pxy) and three same P joints (Pxz). Three same Pa joints (Pxz) are
related to P2 joint (Pz). Two identical Pa joints (Pxy) are related to Ps joint (Py). Five P,
joints (Pxy, Pxz) are related to Ps joint (Px). The translational direction of Ps joint (Px) and
the rotational axis of Rs joint (Rx) are parallel (X axis). The translational direction of Ps

joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis).

Po _ Py Po _ Py - _ Py

L

R, Ry P R, Ry _ R, Ry _ (3-177)
Po _ Py - _ Pyt - -

R Rl L
_RY Ry P, | R, Ry _ . - -

Figure 3-61 Schematic diagram of 5-DOF parallel structure (11)
Feature: There are one P2 joint (Pz), one Pz joint (Px), one Ps joint (Py), two Rs joints (Rx,
Ry) and five same P, joints (Pxz). Five same P4 joints (Pxz) are related to P2 joint (Pz). Zero
Pa joint is related to Ps joint (Py). Five same P4 joints (Pxz) are related to Ps joint (Px). The
translational direction of P3 joint (Px) and the rotational axis of Rs joint (Rx) are parallel (X
axis). The translational direction of Ps joint (Py) and the rotational axis of Rs joint (Ry) are

parallel (Y axis).
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PX I:)XY IDXZ ;PX — PXZ ; PX — —
— IDY PYZ f — I:)Y — ; — — —
RY RX PZ ERY RX — RY I:QX — (3'178)
IDX — PXZ ; PX — — — — —
SRR
RY RX — | RY RX —_ — — —

z Limb Five
Y Limb One 7=
Y et D B

Figure 3-62Schematic diagram of 5-DOF parallel structure (12)

Figure 3-62 Schematic diagram of 5-DOF parallel structure (12)
Feature: There are one Py joint (Pz), one P4 joint (Py), one Ps joint (Px), two Rs joints (Rx,
Ry), one Pa joint (Pxy), one P4 joint (Pyz) and three same Pa joints (Pxz). Four Pa joints (Pxz,
Pyz) are related to P1 joint (Pz). Two different P4 joints (Pxy, Pyz) are related to P4 joint (Py).
Four P4 joints (Pxy, Pxz) are related to Ps joint (Px). The translational direction of Ps joint
(Px) and the rotational axis of Rs joint (Rx) are parallel (X axis). The translational direction

of P4 joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis).

PX - I:>XZ ; I:)X - PXZ ; I:>X — -
- I:)Y I:>YZ é - I:>Y — | - — -
RY RX I:)Z é RY X - RY RX - (3_179)
PX - I:>XZ i I:)X - - - — —
— I:)Y I:>YZ E - I:)Y — - — -
RY RX — : RY X - - — —
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Limb Three

Base
Figure 3-63 Schematic diagram of 5-DOF parallel structure (13)

Feature: There are one Py joint (Pz), one P4 joint (Py), one Ps joint (Px), two Rs joints (Rx,

Ry), two same P, joints (Pyz) and three same P, joints (Pxz). Five Pa joints (Pxz, Pyz) are

related to Py joint (Pz). Two same P, joints (Pyz) are related to P4 joint (Py). Three identical

Pa joints (Pxz) are related to Ps joint (Px). The translational direction of Ps joint (Px) and

the rotational axis of Rs joint (Rx) are parallel (X axis). The translational direction of P4

joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis).

_Px Po Py Po _ Py P - __

B S _ R - N

R, Ry P, R, Ry _ ' R, Ry _ (3-180)
Po _ Py Py - - -

. o P, - - -
Ry Ry _ iR Ry L - I

Figure 3-64 Schematic diagram of 5-DOF parallel structure (14)
Feature: There are one Py joint (Pz), one P4 joint (Px), one Ps joint (Py), two Rs joints (Rx,

Ry), one P4 joint (Pxy), one P joint (Pyz) and three same Pa joints (Pxz). Four P joints (Pxz,
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Pyz) are related to P1 joint (Pz). Four Pa joints (Pxy, Pxz) are related to P4 joint (Px). Two
different Pa joints (Pxv, Pyz) are related to Ps joint (Py). The translational direction of P4
joint (Px) and the rotational axis of Rs joint (Rx) are parallel (X axis). The translational
direction of Ps joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis).

PX - PXZ ; PX - PXZ ; - - —
- PY I:)YZ é - PY - | - I:>Y -
I:QY RX PZ é RY I:QX - RY I:QX - (3'181)
PX - IDXZ i PX - PXZ i - - —
P i R
L RY R X - I:QY R X - - - —_

Figure 3-65 Schematic diagram of 5-DOF parallel structure (15)
Feature: There are one Py joint (Pz), one P4 joint (Px), one Ps joint (Py), two Rs joints (Rx,
Ry), one P, joint (Pyz) and four same P joints (Pxz). Four Pa joints (Pxz, Pyz) are related to
P1 joint (Pz). Four same P, joints (Pxz) are related to P4 joint (Px). One Pa joint (Pyz) is
related to Ps joint (Py). The translational direction of P4 joint (Px) and the rotational axis of
Rs joint (Rx) are parallel (X axis). The translational direction of Ps joint (Py) and the

rotational axis of Rs joint (Ry) are parallel (Y axis).

Py Pw Py Pv _ Py Pe _ _

N S _ R — ' - - _

R, Ry P, R, Ry _ Ry Re (3-182)
Py B P _ — - - _

- PY - - - — - - -
_RY Ry P, R, Ry - - I
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Figure 3-66 Schematic diagram of 5-DOF parallel structure (16)
Feature: There are one P> joint (Pz), one Ps joint (Py), one Ps joint (Px), two Rs joints (Rx,
Ry), one P4 joint (Pxy), one P4 joint (Pvz) and three same P joints (Pxz). Four Pa joints (Pxz,
Pyz) are related to P2 joint (Pz). Two different P4 joints (Pxz, Pyz) are related to P3 joint (Py).
Four P4 joints (Pxy, Pxz) are related to Ps joint (Px). The translational direction of Ps joint
(Px) and the rotational axis of Rs joint (Rx) are parallel (X axis). The translational direction

of P3 joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis).

_Px P Py Py - Py - -

_ P - i N _ | — -

R, Ry P, Ry Ry iR Ry (3-183)
Py Po Px Py - _ — -

T
LMy Ry P, Ry Ry - - R

Figure 3-67 Schematic diagram of 5-DOF parallel structure (17)
Feature: There are one P2 joint (Pz), two P4 joints (Px, Py), two Rs joints (Rx, Ry), two same
Pa joints (Pxy) and three same P joints (Pxz). Three same P, joints (Pxz) are related to P

joint (Pz). Five P, joints (Pxy, Pxz) are related to P4 joint (Px). Two same P, joints (Pxy) are
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related to P4 joint (Py). The translational direction of P4 joint (Px) and the rotational axis of
Rs joint (Rx) are parallel (X axis). The translational direction of P4 joint (Py) and the

rotational axis of Rs joint (Ry) are parallel (Y axis).

_Px Pov Py Po _ Py . - =
I I . - - =
R, Ry P, RY Ry _ PRyRe L (3-184)
Py _ Py P _ Pei_ - =
T
_RY Ry P, | R, Ry - . I

Limb One Platform

Base " Three

Figure 3-68 Schematic diagram of 5-DOF parallel structure (18)
Feature: There are one P> joint (Pz), two P4 joints (Px, Py), two Rs joints (Rx, Ry), one P,
joint (Pxy) and four same P, joints (Pxz). Four same Pa joints (Pxz) are related to P> joint
(Pz). Five P4 joints (Pxy, Pxz) are related to P4 joint (Px). One Pq joint (Pxy) is related to P4
joint (Py). The translational direction of P4 joint (Px) and the rotational axis of Rs joint (Rx)
are parallel (X axis). The translational direction of P4 joint (Py) and the rotational axis of
Rs joint (Ry) are parallel (Y axis).

Pe Py Py P« _ Py - - _
_ R Py _ R - i - - _
RA Ry P, iRY Ry _ iR Ry L (3-185)
Py _ Py : Py _ - - - -
I
_RY Ry P, R, Ry - . —
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Figure 3-69 Schematic diagram of 5-DOF parallel structure (19)
Feature: There are one P2 joint (Pz), two P4 joints (Px, Py), two Rs joints (Rx, Ry), one Pa
joint (Pxy), one P4 joint (Pyz) and three same P, joints (Pxz). Four P4 joints (Pxz, Pyz) are
related to P2 joint (Pz). Four P, joints (Pxv, Pxz) are related to P4 joint (Px). Two different
Pa joints (Pxy, Pyz) are related to P4 joint (Py). The translational direction of P4 joint (Px)
and the rotational axis of Rs joint (Rx) are parallel (X axis). The translational direction of

P4 joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis).

_Px _ Py Po _ Py - . __

_ R Py _ R . : - - =

R, Ry P, R, Ry - R, Ry _ (3-186)
Po _ Py épx _ Py . - =

S O
_RY Ry P, R, Ry - . —

Figure 3-70 Schematic diagram of 5-DOF parallel structure (20)
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Feature: There are one P; joint (Pz), two P4 joints (Px, Py), two Rs joints (Rx, Ry), one P,
joint (Pyz) and four same P joints (Pxz). Five Pa joints (Pxz, Pyz) are related to P2 joint (Pz).
Four same P4 joints (Pxz) are related to P4 joint (Px). One P4 joint (Pyz) is related to P4 joint
(Py). The translational direction of P4 joint (Px) and the rotational axis of Rs joint (Rx) are
parallel (X axis). The translational direction of P4 joint (Py) and the rotational axis of Rs

joint (Ry) are parallel (Y axis).

—Px Po Py Po _ Py . - =

O

R, Ry P, R, Ry - | R, Ry _ (3-187)
Py _ Py - _ Pyt - =

_ R R
_RY Ry P, | R, Ry - . I

Figure 3-71 Schematic diagram of 5-DOF parallel structure (21)
Feature: There are one P> joint (Pz), one Pz joint (Px), one Ps joints (Py), two Rs joints (Rx,
Ry), one P4 joint (Pxy) and four same P joints (Pxz). Four same P, joints (Pxz) are related
to P2 joint (Pz). Five P4 joints (Pxy, Pxz) are related to Pz joint (Px). One Pa joint (Pxy) is
related to Ps joint (Py). The translational direction of P3 joint (Px) and the rotational axis of
Rs joint (Rx) are parallel (X axis). The translational direction of Ps joint (Py) and the
rotational axis of Rs joint (Ry) are parallel (Y axis).
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- PY PYZ - - - - -
RY RX I:)Z ; I:QY RX - RY I:QX - (3'188)
IDX - I:)XZ i PX - - - - -
- PY PYZ - I:)Y - - - -
RY RX - RY I:QX — — — —

V" Limb
Base Three

Figure 3-72 Schematic diagram of 5-DOF parallel structure (22)
Feature: There are one P1 joint (Pz), one P4 joint (Py), one Ps joints (Px), two Rs joints (Rx,
Ry), one P4 joint (Pxy), two same P, joints (Pxz) and two same Pa joints (Pyz). Four Pa joints
(Pxz, Pyz) are related to Py joint (Pz). Three P4 joints (Pxz, Pyz) are related to P4 joint (Py).
Three Pq joints (Pxy, Pxz) are related to Ps joint (Px). The translational direction of Ps joint
(Px) and the rotational axis of Rs joint (Rx) are parallel (X axis). The translational direction

of P4 joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis).

Po _ Py Py - Pe _ _
_ R Py L P Py P
R, Ry P iR, R _ 'R Ry _ (3-189)
Po _ PeiPe o
R PR
Re Ry _ iR Re v o L
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Figure 3-73 Schematic diagram of 5-DOF parallel structure (23)
Feature: There are one P1 joint (Pz), one P4 joint (Py), one Ps joints (Px), two Rs joints (Rx,
Ry), two same P, joints (Pxz) and three same Pa joints (Pyz). Five Pa joints (Pxz, Pyz) are
related to P1 joint (Pz). Three same P4 joints (Pyz) are related to P4 joint (Py). Two same P
joints (Pxz) are related to Ps joint (Px). The translational direction of Ps joint (Px) and the
rotational axis of Rs joint (Rx) are parallel (X axis). The translational direction of P4 joint

(Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis).

_Px Pov Py Pe _ _ ; Po _ _

I T N - -

R, Ry P R, Ry _ iR Ry _ (3-190)
Py Py Py P _ _i_ - -

- PY - — - - - -
_RY Ry P Ry Ry _i _ ——

P Limb

Base Three

Figure 3-74 Schematic diagram of 5-DOF parallel structure (24)
Feature: There are one P> joint (Pz), one Ps joint (Py), one Ps joints (Px), two Rs joints (Rx,

Ry), one Pq joint (Pyz), two same P; joints (Pxy) and two same P4 joints (Pxz). Three P, joints
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(Pxz, Pyz) are related to P joint (Pz). Three P4 joints (Pxy, Pyz) are related to Ps joint (Py).
Four P4 joints (Pxy, Pxz) are related to Ps joint (Px). The translational direction of Ps joint
(Px) and the rotational axis of Rs joint (Rx) are parallel (X axis). The translational direction
of Ps joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis).

_Px Po Py P P _ - __

- R i - R S - -

Ro Ry P R Ry P Ro Ry _ (3-191)
P Py Py Py - - - - _

S T
_RY Ry P éRY Re _ 1 _ —

Figure 3-75 Schematic diagram of 5-DOF parallel structure (25)
Feature: There are two Ps3 joints (Py, Pz), one P4 joint (Px), two Rs joints (Rx, Ry), two same
Pa joints (Pxz) and three same Pa joints (Pxy). Three same P, joints (Pxy) are related to P3
joint (Py). Two same P4 joints (Pxz) are related to Ps joint (Pz). Five Pa joints (Pxy, Pxz) are
related to P4 joint (Px). The translational direction of P4 joint (Px) and the rotational axis of
Rs joint (Rx) are parallel (X axis). The translational direction of Ps joint (Py) and the
rotational axis of Rs joint (Ry) are parallel (Y axis).

Po _ Py Py - Pe _ _

_ R Py _ R PR . - _

R, Ry P, R, Ry ' R, Ry _ (3-192)
P _ Pe P . - - _

_ R Py - . - - _
_RY Ry P, iR Ry _ - R
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Figure 3-76 Schematic diagram of 5-DOF parallel structure (26)
Feature: There are one P> joint (Pz), one Ps joint (Py), one Ps joint (Px), two Rs joints (Rx,
Ry), two same P, joints (Pxz) and three same Pa joints (Pyz). Five Pa joints (Pxz, Pyz) are
related to P> joint (Pz). Three same Py joints (Pyz) are related to Pz joint (Py). Three same
Pa joints (Pxz) are related to Ps joint (Px). The translational direction of Ps joint (Px) and
the rotational axis of Rs joint (Rx) are parallel (X axis). The translational direction of P3

joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis).

_Px Pov Py Pe Py j
- RPRy | - . . : - - -
Ry x P iRy Ry PiR, Ry (3-193)
Py _ PP - - -
_ R Py - . - - -
_RY Re P, iR Ry _ i _ . _J
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Figure 3-77 Schematic diagram of 5-DOF parallel structure (27)
Feature: There are one P> joint (Py), one Pz joint (Pz), one Ps joint (Px), two Rs joints (Rx,
Ry), one P4 joint (Pxy), two same P joints (Pxz) and two same P4 joints (Pyz). Three P, joints
(Pxv, Pyz) are related to P> joint (Py). Four Pa joints (Pxz, Pyz) are related to P3 joint (Pz).
Three Pq joints (Pxy, Pxz) are related to Ps joint (Px). The translational direction of Ps joint
(Px) and the rotational axis of Rs joint (Rx) are parallel (X axis). The translational direction

of P, joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis).

_Px P Py Pe _ -1 - . __

I N | - R . - -

RM Ry P . R, Ry P Ro Ry _ (3-194)
Py _ Py Pe  _ - - - -

- R PR - . - - -
_RY Re P iR Re _ i _ —
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Figure 3-78 Schematic diagram of 5-DOF parallel structure (28)
Feature: There are two Pz joints (Py, Pz), one P4 joint (Px), two Rs joints (Rx, Ry), one Pa
joint (Pxy), two same P joints (Pxz) and two same Pa joints (Pyz). Three Pa joints (Pxy, Pvz)
are related to P3 joint (Py). Four Pa joints (Pxz, Pyz) are related to Ps joint (Pz). Three Pa
joints (Pxy, Pxz) are related to P4 joint (Px). The translational direction of P4 joint (Px) and
the rotational axis of Rs joint (Rx) are parallel (X axis). The translational direction of P3

joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis).

P« _ Py P« _ Py . - _

A - R - . - =

R, Ry P R, Ry P Ro Ry _ (3-195)
P« _ Py Pe i - =

- Rk - - . - - =
_RY Ry P iR Ry - . —
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Figure 3-79 Schematic diagram of 5-DOF parallel structure (29)
Feature: There are two Ps3 joints (Py, Pz), one P4 joint (Px), two Rs joints (Rx, Ry), two same
Pa joints (Pyz) and three same Pa joints (Pyz). Two same Pq joints (Pyz) are related to Ps joint
(Py). Five Pa joints (Pxz, Pyz) are related to Ps joint (Pz). Three same P, joints (Pxz) are
related to P4 joint (Px). The translational direction of P4 joint (Px) and the rotational axis of
Rs joint (Rx) are parallel (X axis). The translational direction of Ps joint (Py) and the

rotational axis of Rs joint (Ry) are parallel (Y axis).

Po _ Py Po _ Py P - =

_ R Py _ R - - R

R, Ry P, R, Ry o R, Ry _ (3-196)
Po _ Py - _ Pgi - =

N . _ R . - - =
_RY Ry P, R, Ry - . —
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Figure 3-80 Schematic diagram of 5-DOF parallel structure (30)
Feature: There are one P> joint (Pz), one Ps joint (Px), one Ps joint (Py), two Rs joints (Rx,
Ry), one P, joint (Pyz) and four same Pa joints (Pxz). Five Pa joints (Pxz, Pyz) are related to
P> joint (Pz). Three same Pa joints (Pxz) are related to P3 joint (Px). One Pa joint (Pyz) is
related to Ps joint (Py). The translational direction of Ps joint (Px) and the rotational axis of
Rs joint (Rx) are parallel (X axis). The translational direction of Ps joint (Py) and the

rotational axis of Rs joint (Ry) are parallel (Y axis).

_Px Po P P _ Pei - _

. _ R — - - _

R, Ry PR Ry P iR Ry (3-197)
Py B - _ Pei - _

R Rl L
_RY Ry P, | R, Ry - . —
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Figure 3-81 Schematic diagram of 5-DOF parallel structure (31)
Feature: There are two P3 joints (Px, Pz), one P4 joint (Py), two Rs joints (Rx, Ry), one P,
joint (Pxy) and four same P joints (Pxz). Five Pa joints (Pxy, Pxz) are related to Ps joint (Px).
Four same P4 joints (Pxz) are related to P3 joint (Pz). One P4 joint (Pxy) is related to P4 joint
(Py). The translational direction of P3 joint (Px) and the rotational axis of Rs joint (Rx) are
parallel (X axis). The translational direction of P4 joint (Py) and the rotational axis of Rs

joint (Ry) are parallel (Y axis).

I:>X I:>XY I:>XZ I:>X - — i I:>X — —
— I:>Y I:>YZ - I:)Y — — — —
RY RX I:)Z ; RY RX - RY RX - (3'198)
I:>X - I:)XZ ; I:>X — — — — —
— I:>Y I:>YZ E - — — — — —
RY RX I:)Z RY RX — — — —
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Figure 3-82 Schematic diagram of 5-DOF parallel structure (32)
Feature: There are one P> joint (Pz), one Ps joint (Py), one Ps joint (Px), two Rs joints (Rx,
Ry), one P joint (Pxy), two same P, joints (Pxz) and two same Pa joints (Pyz). Four Pa joints
(Pxz, Pyz) are related to P2 joint (Pz). Three P4 joints (Pxy, Pyz) are related to Ps joint (Py).
Three Pq joints (Pxy, Pxz) are related to Ps joint (Px). The translational direction of Ps joint
(Px) and the rotational axis of Rs joint (Rx) are parallel (X axis). The translational direction

of P3 joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis).

_Px Po Py P _ i . __

I A T - -

RA Ry P, éRY Re _ iR Ry _ (3-199)
Pe Py Py P _ i _ - -

R R L
_RY Ry P Ro Ry _i_ I

Figure 3-83 Schematic diagram of 5-DOF parallel structure (33)
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Feature: There are one P; joint (Pz), two P4 joints (Px, Py), two Rs joints (Rx, Ry), one P,
joint (Pyz), two same P, joints (Pxy) and two same Pa joints (Pxz). Three P4 joints (Pxz, Pvz)
are related to P> joint (Pz). Four P4 joints (Pxy, Pxz) are related to P4 joint (Px). Three Pq
joints (Pxv, Pyz) are related to P4 joint (Py). The translational direction of P4 joint (Px) and
the rotational axis of Rs joint (Rx) are parallel (X axis). The translational direction of P4

joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis).

_Px Pov Py P _ i - __
I T N - -
R, Ry P R, Ry _ iR Ry _ (3-200)
Py B P _ _i_ - -
R T R - -
_RY Re P, iR Ry _i_ ——

Figure 3-84 Schematic diagram of 5-DOF parallel structure (34)
Feature: There are one P> joint (Pz), two P4 joints (Px, Py), two Rs joints (Rx, Ry), one P,
joint (Pxy), two same P, joints (Pxz) and two same P, joints (Pyz). Four P joints (Pxz, Pyz)
are related to P2 joint (Pz). Three Pa joints (Pxv, Pxz) are related to P4 joint (Px). Three Pa
joints (Pxy, Pyz) are related to P4 joint (Py). The translational direction of P4 joint (Px) and
the rotational axis of Rs joint (Rx) are parallel (X axis). The translational direction of P4
joint (Pvy) and the rotational axis of Rs joint (Ry) are parallel (Y axis).

107



Figure 3-85 Schematic diagram of 5-DOF parallel structure (35)

(3-201)

Feature: There are one P> joint (Pz), two P4 joints (Px, Py), two Rs joints (Rx, Ry), two same

Pa joints (Pyz) and three same Pq joints (Pxz). Five Pa joints (Pxz, Pyz) are related to P2 joint

(Pz). Three identical P, joints (Pxz) are related to P4 joint (Px). Two same P, joints (Pyz) are

related to P4 joint (Py). The translational direction of P4 joint (Px) and the rotational axis of

Rs joint (Rx) are parallel (X axis). The translational direction of P4 joint (Py) and the

rotational axis of Rs joint (Ry) are parallel (Y axis).

Pv Py
_ R
R, Ry
Py _
I
Ry Ry

PXZ ;

PY

N

P, |

P, :
Py,
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Figure 3-86 Schematic diagram of 5-DOF parallel structure (36)
Feature: There are one P> joint (Pz), one Pz joint (Px), one Ps joint (Py), two Rs joints (Rx,
Ry) , one P4 joint (Pxy), one Pajoint (Pyz) and three same Pa joints (Pxz). Four Pa joints (Pxz,
Pyz) are related to P2 joint (Pz). Four Pa joints (Pxy, Pxz) are related to Ps joint (Px). Two
different Pa joints (Pxy, Pyz) are related to Ps joint (Py). The translational direction of P3
joint (Px) and the rotational axis of Rs joint (Rx) are parallel (X axis). The translational

direction of Ps joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis).

PX PXY PXZ : PX

- I:)Y IDYZ é - I:>Y — — — —
RY RX PZ é RY RX IDZ I:QY RX - (3_ 203)
IDX IDXY PXZ i IDX - — — — —
P H

— Y — — — — — — —

I:QY RX PZ i RY RX
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Figure 3-87 Schematic diagram of 5-DOF parallel structure (37)
Feature: There are two Ps joints (Py, Pz), one P4 joint (Px), two Rs joints (Rx, Ry) , one P,
joint (Pyz), two same Pa joints (Pxy) and two same Pa joints (Pxz). Three Pa joints (Pxy, Pyz)
are related to P3 joint (Py). Three P4 joints (Pxz, Pyz) are related to Pz joint (Pz). Four Pa
joints (Pxy, Pxz) are related to P4 joint (Px). The translational direction of P4 joint (Px) and
the rotational axis of Rs joint (Rx) are parallel (X axis). The translational direction of P3

joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis).

_Px Po P Po _ Py . - _

N A _ R — - - _

R, Ry P, R, Ry P, R, Ry _ (3-204)
Py B Py _ i - _

— I:>Y - . — — — — —_ —_
_RY Ry P, R, Ry - . I
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Figure 3-88 Schematic diagram of 5-DOF parallel structure (38)
Feature: There are two P3 joints (Py, Pz), one P4 joint (Px), two Rs joints (Rx, Ry) , one Pa
joint (Pxy), one P4 joint (Pyz) and three same P, joints (Pxz). Two different P4 joints (Pxy,
Pyz) are related to Pz joint (Py). Four Pa joints (Pxz, Pyz) are relevant to Ps joint (Pz). Four
Pa joints (Pxv, Pxz) are relevant to P4 joint (Px). The translational direction of P4 joint (Px)
and the rotational axis of Rs joint (Rx) are parallel (X axis). The translational direction of
P3 joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis).

P Py Py P« _ Py - - =

I o

R Ry P, R Ry P Ry Ry _ (3-205)
P Py Py - - o - =

R iR
_RY Ry P, Ro Ry _ . —

LimbOne Platform

Figure 3-89 Schematic diagram of 5-DOF parallel structure (39)
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Feature: There are two P3 joints (Px, Pz), one P4 joint (Py), two Rs joints (Rx, Ry) , two
same P, joints (Pxy) and three same P joints (Pxz). Five P4 joints (Pxy, Pxz) are related to
Ps3 joint (Px). Three identical Pa joints (Pxz) are relevant to P3 joint (Pz). Two same Pa joints
(Pxy) are relevant to P4 joint (Py). The translational direction of Pz joint (Px) and the
rotational axis of Rs joint (Rx) are parallel (X axis). The translational direction of P4 joint

(Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis).

_Px Po P Po _ Py . - _

N S _ R — - - _

R, Ry P, R, Ry P, R, Ry _ (3-206)
Py B - . o - _

R Rl L
_RY Ry P, R, Ry - . I

Three

Base

Figure 3-90 Schematic diagram of 5-DOF parallel structure (40)

Feature: There are two Ps joints (Px, Pz), one P4 joint (Py), two Rs joints (Rx, Ry) , one P,
joint (Pxy), one P joint (Pyz) and three same Pa joints (Pxz). Four P4 joints (Pxy, Pxz) are
related to Ps joint (Px). Four Pa joints (Pxz, Pyz) are relevant to P3 joint (Pz). Two different
Pa joints (Pxy, Pyz) are relevant to P4 joint (Py). The translational direction of Pz joint (Px)
and the rotational axis of Rs joint (Rx) are parallel (X axis). The translational direction of
P4 joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis).

(i) Case two: 2T3R mechanism

The possible mechanism is 5-PPaRRR, as illustrated in figure 3-91.
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Figure 3-91 2T3R mechanism

The coordinates of the main points in this mechanisms are listed as, A, (0,x;,0) ,
A(0,x-05L,,00 , B/(0,x—-05L,+L,cos6,,L,sind,) , C/(0,x+05L,,0) ,
D,(0,x, +0.5L, + L, cosb,,L,sinb,) : E ,x +L,cos8,,L,sin6,) :
F(O,x +L,cosé,+L,cos8,,L,sinE, +L,,5In4,) :
G,(L,cosb,,x +L,cosd, +L,cos8,,L,,sing, +L,sind, +L,sind,) , A,(0Xx,,0) ,
A,(0,x,—-05L,,0) , B,(0,x,—-05L, +L,co0s6,,L,sind,) , C,(0x,+05L,,0) ,
D,(0,x,+0.5L, +L,cos6,,L,sind,) , E,(0,x,+L,cosé,,L,,sinb,,) ,
F,(0,x, +L,,cosé,, +L,cosb,,,L,,sinb, +L,sinb,,) :
G,(L,, cos8,;, X, +L,,c0s6,, +L,,c086,,,L,siné,, +L,;sinb,, +L,siné,,), A;(0x,,0),
A0,x,-0.5L,,0) , B,(0,x,—0.5L;, +L,,cos6,,L,,sin6,) , C,(0,%x+0.5L,,0) ,
D,(0, %, +0.5L,, + L,, cosé,,, L, sinG,,) : E,(0,x, + L, cos @, L,,sind,,)

F(0, %, + L, cosé,, +L,,cos6,,L,,sin6, +L,siné,,)
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G,(L,, cos@,;, x, + L, cosé,, + L, cosé,, L, sinb, +L,;sing,, + L, Sin6,;) :
A, (L %00, A(Ly.%—05L,,0) , B,(Ly,x,—05L,+L,cos6,,L,sing,) |
C,(L,,,x,+0.5L,,0) : D,(L,,,x,+0.5L, +L,,cosb,,L,,sinb,,)
E,(L,x.x, +L,,c0s6,,L,,sin6,)

F,(L,y, X, +L,,cos6,, +L,,co86,,,L,,sing, +L,;sin6,,)

G,(L, +L,c0s6,;,x, +L,,cos6, +L,,cos6,,L,,sin6, +L,,sinb,,+L,,sinb,,)
Prs(Lox %.0) + A(Ley, % —05L5,0) , By(Lye, % —05Lg, +L, 0056, Ly, sind,)
C, (L. % +0.5L,,0) : D, (L, , % +0.5L, + L, cos@,,, L, siné,,) :
E (L., X + L, cosé,,, Ly, sindG,,) )
F (L, X + L, cosé,, + Ly, cos b, L, sin 6, + L, Siné,,) :
G, (Ls, +Lg, cosb,,, X + Ly, cosé,, + L, cos b, Ly, siné,, + Lg;siné,, + Ly, Sind,,) .

The kinematic screws of the Pa joint in each branch

$u=[1 0 0; 0 0 05L,-x]
) T
$=[1 0 0; 0 Lysing, 0-5L11—X1—L120039n] (3-207)
$,=[1 0 0, 0 0 -05L,-x]
$,,=[1 0 0; 0 Ly,sing, —0-5|—11—X1—|—12C°5911]T
$,=[L 0 0; 0 0 05L,-x%]
. T
$52:[1 0 00 0 Lysing, 0'5Li1_x2_L22C08021] (3-208)
$,=[1 0 0; 0 0 -05L,-X,]
$,=[L 0 0; 0 Lysing, -0.5L,—x,~L,cos6,]
$=[L 0 0; 0 0 05L,-x]
. T
$=[1 0 0; 0 Lysing, O.5I_il—x3—L320054931] (3-200)
$:=[1 0 0; 0 0 —05L;—x]
$D3:[1 0 0, 0 L,sing, —0.5L31—X3_L32C03‘931]T
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The equivalent kinematic screw of the Pa joint in each branch
$=[0 O 0; 0 sing, -cosd,]
$:,=[0 O 0; O sing, -cos6,]
$ps=[0 O 0; O sing, —cosé,]
$oe=[0 O 0; O sing, —cosé,]
$oas=[0 O 0; O sing, —cos6,]
The kinematic screws of the remaining kinematic joints for each branch
$=[0 0 0; 0 1 0]
$.=[L 0 0; 0 L,sind, -x-L,cosd,]
$,=[0 1 0; -L,sing,-Lysing, 0 0]
$,=[0 0 L x+L,cos6,+L,cos6, -L,cos6, O]

0 =[0 0 0; 0 1 0]

$

$,=[1 0 0; 0 L,sing, —xz—Lzzcos@ﬂ]T
$:,=[0 1 0; -L,sind,—Lysind, 0 0]
$
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$=[L 0 0; 0 0 05L,-x]

$.=[L 0 0; 0 L,sind, 05L,—x,—L,c0s6,]
$.=[1 0 0; 0 0 -05L,-x]

$5.=[L 0 0; O L,sing, -05L,-x,—L,c086,]
$5=[L 0 0; 0 0 05L,-x]

$s=[L 0 0, 0 Lysing, 05L,—x —L,cos6,]

$5=[L 0 0; 0 0 —05L,—x]

$s=[L 0 0; 0 Lysing, -05L,—x—L,cos6,]

(3-210)

(3-211)

(3-212)
(3-213)
(3-214)
(3-215)

(3-216)

(3-217)

(3-218)



$
. T

$,=[1 0 0; 0 Lysing, —x3—I_32c05031T] (3-219)
$,=[0 1 0; -L,sing,—Lysing, 0 O]

$

ss=[0 0 L x+L,cos6, +L,c0s6, -L,cosd, O

w0 =[0 0 0; 0 1 0]

$

. T

$,=[1 0 0; 0 Lg,sing, -x,—L,cos6,] T (3-220)
$,=[0 1 0; -L,sing,—L,sin6, 0 L,]

$

.=[0 0 L x,+L,cosé, +L,cosd,, —-L, —L,cos6, O]

$ps=[0 0 0; 0 1 0]
$.=[1 0 0; 0 Lgsing, —x5—L52c03<951]T

] (3-221)
$=[0 1 0; -Lysing,—Lg,sin6, 0 L]

$s=[0 0 L x +Lgco86, +Lgc086, -L;, —Lgcos6, O]

The corresponding constraint screw for each branch
$.=[1 0 0; 0 L,sind,+Lysing, —x—L,cosd,—Lcosd,] (3-222)
$,=[L 0 0; 0 L,sind,+L,sind, —x,—L,,cos6,—L,cos6,] (3-223)
$,=[1 0 0; 0 Ly,sinG, +Lysing,, —x,—L;,cos6, —L;;cos6,, ]T (3-224)
$.=[L 0 0; 0 L,sind,+L,sind, —x,—L,cos6,—L,cos6,,] (3-225)
$.=[L 0 0; 0 Lysing, +Lgsing, —x —L,cos6, —L,cos6,,] (3-226)

Therefore, the kinematic screw system of the moving platform can be calculated as

[0 00 010
[0 00 001 (3-227)
1 0o 00 0f

S
$no
$is

Equation (3-227) illustrates the moving platform has translational movements along Y and
Z directions, rotational movement about X direction.

3.3.5 Six-DOF parallel mechanism

The possible limbs are:
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Limbs shown in matrix form:

PY - Rx
Y Rx
IDz - Rx
— RX
|:)z - Rx
_ RX
PYZ
IDz

-R, -
-R, -
~R, -
-R, -
-R, -

The limb can be represented as Qi. In enumeration, there will be

Q° ++Q°Q; ++Q"(Q] +Q,Q)+Q7(Q] +Q/Q, +Q,QQ)

+Qf (szka +Qj2QkQI +Q;QQQ,) +QQ;QQQ,Q,
=6+A +A +6xC2+C.+ A +6xCS+C2+CZC; +6xC. +1
=362

(3-228)

(3-229)

(3-230)

kinds of matrices. The same matrices are ones with similar cell configuration. At last, there

are 73 kinds of practical matrices. These matrices and corresponding parallel structures are

listed below.

N;U ><-U —<w N;U X-U

~

-<;U N;U ><-U -<;U Nz ><-U
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O
>

—<:U N;U ><-U <
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" Limb Four

Figure 3-92 Schematic diagram of 6-DOF parallel structure (1)
Feature: There are two Ps joints (Px, Py), three Rs joints (Rx, Ry, Rz) and six same P joints
(Pxz). Six identical P, joints (Pxz) are related to Ps joint (Px). Zero P, joint is relevant to P
joint (Py). The translational direction of Pe joint (Px) and the rotational axis of Re joint (Rx)
are parallel (X axis). The translational direction of Pe joint (Py) and the rotational axis of

Rs joint (Ry) are parallel (Y axis).

PX - I:)XZ ; PX - PXZ ; I:)X - I:)XZ

RZ I:)Y I:)YZ % I:zZ I:)Y - % RZ I:)Y -

R R - éRY Re - éRY R - (3-232)
Px - sz Px - sz Px - -

RZ PY - , I:QZ I:)Y - , RZ PY -

_RY Rx — RY I:QX — I:QY RX ——

Figure 3-93 Schematic diagram of 6-DOF parallel structure (2)
Feature: There are two Ps joints (Px, Py), three Rg joints (Rx, Ry, Rz), one P, joint (Pyz) and
five same P, joints (Pxz). Five identical P, joints (Pxz) are related to Pg joint (Px). One Pa
joint (Pyz) is relevant to Ps joint (Py). The translational direction of Ps joint (Px) and the
rotational axis of Rs joint (Rx) are parallel (X axis). The translational direction of Ps joint

(Pv) and the rotational axis of Re joint (Ry) are parallel (Y axis).
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Py Py Py Py B Po _ Py

R, R - R, P - R, PR -

R, Ry z R, Ry - R, Ry - (3-233)
Py B Po _ Py P _ -

R, R - R, P - , R, _ -
_RY Ry _ R, Ry _ R Ry -

VA

4 Limb One

Platform ) )
at lmb Six

Limb Four

Figure 3-94 Schematic diagram of 6-DOF parallel structure (3)
Feature: There are one P1 joint (Pz), one Ps joint (Py), one Ps joint (Px), three Re joints (Rx,
Ry, Rz), one P, joint (Pxy) and five same P4 joints (Pxz). Five identical P, joints (Pxz) are
relevant to P: joint (Pz). One Pa joint (Pxy) is relevant to Ps joint (Py). Six Pa joints (Pxy,
Pxz) are related to Ps joint (Px). The translational direction of Pg joint (Px) and the rotational
axis of Re joint (Rx) are parallel (X axis). The translational direction of Ps joint (Py) and the
rotational axis of Re joint (Ry) are parallel (Y axis). The translational direction of P joint

(Pz) and the rotational axis of Rs joint (Rz) are parallel (Z axis).

P _ Py P« _ Py P« _ Py

R, P P R, R - R, B -

R, Ry P R, Ry - R, Ry - (3-234)
Po _ Py P - Po P -

R, R - R, R _ iR -

_RY Ry - ; R, Ry _ i RRy -
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Figure 3-95 Schematic diagram of 6-DOF parallel structure (4)

Limb Four

Feature: There are one P1 joint (Pz), one Ps joint (Py), one Pg joint (Px), three Re joints (Rx,

Ry, Rz), one Pa joint (Pyz) and five same Pa joints (Pxz). Six Pa joints (Pxz, Pvz) are relevant

to Py joint (Pz). One Pa joint (Pyz) is relevant to Ps joint (Py). Five identical P joints (Pxz)

are related to Pe joint (Px). The translational direction of Ps joint (Px) and the rotational

axis of Re joint (Rx) are parallel (X axis). The translational direction of Ps joint (Py) and the

rotational axis of Re joint (Ry) are parallel (Y axis). The translational direction of P1 joint

(Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).

_PX

pA

X D

O

>

20

N

R

<Z

I:)XY
I:)Y
R X

PXZ

ol

o 'O

P

z

>

N

2Z

I:)XZ

I

I:>XZ

Figure 3-96 Schematic diagram of 6-DOF parallel structure (5)
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Feature: There are one Py joint (Pz), one Ps joint (Px), one Ps joint (Py), three Re joints (Rx,
Ry, Rz), one P4 joint (Pxy) and five same P4 joints (Pxz). Five Pa joints (Pxz) are relevant to
P1 joint (Pz). Five Pa joints (Pxv, Pxz) are relevant to Ps joint (Px). One Pa joint (Pxy) is
related to Pe joint (Py). The translational direction of Ps joint (Px) and the rotational axis of
Re joint (Rx) are parallel (X axis). The translational direction of Ps joint (Py) and the
rotational axis of Re joint (Ry) are parallel (Y axis). The translational direction of P; joint

(Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).

Py _ Py Py _ Py Py _ Py

R, R - R, R - R, P -

R, Ry z R, Ry - R, X - (3-236)
Py _ Py Py _ Poi_ _ Py

R, R - R, R _ R, R -

_RY Ry - R, Ry _ R X -

Six

Limb One

Platform

Base Limb Four

Figure 3-97 Schematic diagram of 6-DOF parallel structure (6)
Feature: There are one Py joint (Pz), one Ps joint (Px), one P joint (Py), three Re joints (Rx,
Ry, Rz) and six same P, joints (Pxz). Six identical P4 joints (Pxz) are relevant to P1 joint (Pz).
Six same P joints (Pxz) are relevant to Ps joint (Px). No P4 joint is related to Ps joint (Py).
The translational direction of Ps joint (Px) and the rotational axis of Re joint (Rx) are parallel
(X axis). The translational direction of Ps joint (Py) and the rotational axis of Rs joint (Ry)
are parallel (Y axis). The translational direction of P1 joint (Pz) and the rotational axis of

Rs joint (Rz) are parallel (Z axis).
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o oo

<z

Figure 3-98 Schematic diagram of 6-DOF parallel structure (7)

O 0
N

<

O
=

o
>

XD

I:)XZEPX
_ iR,
_ IR,
szgpx
_ iR,
_ iR

(3-237)

Feature: There are two Pg joints (Px, Py), three Rs joints (Rx, Ry, Rz), two identical P, joints

(Pyz) and four same Pa joints (Pxz). Four same P, joints (Pxz) are relevant to Pg joint (Px).

Two identical Pa joints (Pyz) are related to Pe joint (Py). The translational direction of Pg

joint (Px) and the rotational axis of Rs joint (Rx) are parallel (X axis). The translational

direction of Pg joint (Py) and the rotational axis of R joint (Ry) are parallel (Y axis).

PX

z

N;U X-U —<;U o

D

Figure 3-99 Schematic diagram of 6-DOF parallel structure (8)

PXY

o)
% ><;U )

)

PXZ

O O

P,

z

—<;U N;U ><-U <
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PXZ;PX
_ IR,
iR,
szgpx
_ iR,
_ iR

"Limb Four

(3-238)



Feature: There are one P2 joint (Pz), one P4 joint (Py), one Pg joint (Px), three Re joints (Rx,
Ry, Rz), two same P4 joints (Pxy) and four same P4 joints (Pxz). Four identical P joints (Pxz)
are relevant to P> joint (Pz). Two same Pa joints (Pxy) are relevant to P4 joint (Py). Six Pa
joints (Pxy, Pxz) are related to Ps joint (Px). The translational direction of Ps joint (Px) and
the rotational axis of Re joint (Rx) are parallel (X axis). The translational direction of Ps
joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational

direction of P2 joint (Pz) and the rotational axis of R joint (Rz) are parallel (Z axis).

I:>X - PXZ ; I:>X I:)XZ ; I:>X -

RZ I:>Y PYZ é RZ I:>Y - é RZ - -

RY RX PZ é RY RX - é RY RX - (3_239)
I:)X - PXZ ' PX - I:)XZ ' I:>X - -

RZ I:)Y I:)YZ RZ I:>Y - RZ - -

RY X PZ RY R X RY R X —_

Figure 3-100 Schematic diagram of 6-DOF parallel structure (9)
Feature: There are one P2 joint (Pz), one P4 joint (Py), one Pg joint (Px), three R joints (R,
Ry, Rz), two same P joints (Pyz) and four same Pa joints (Pxz). Six Pa joints (Pxz, Pyz) are
relevant to P2 joint (Pz). Two same P4 joints (Pyz) are relevant to P4 joint (Py). Four identical
Pa joints (Pxz) are related to Ps joint (Px). The translational direction of Pg joint (Px) and
the rotational axis of Re joint (Rx) are parallel (X axis). The translational direction of Ps
joint (Py) and the rotational axis of Res joint (Ry) are parallel (Y axis). The translational

direction of P; joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).
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PX PXY
I:QZ IDY
RY RX
IDX I:)XY
RZ I:)Y
L RY RX

Limb One

Limb Tee

Figure 3-101 Schematic diagram of 6-DOF parallel structure (10)

o
>

Platform

Liur

R PR
R, Ry
P
| R, R

R, Ry

'R, R
R, Ry
'R, P,
R, Ry

Base

(3-240)

Feature: There are one P2 joint (Pz), one P4 joint (Px), one Ps joint (Pv), three R joints (R,

Ry, Rz), two same P4 joints (Pxy) and four same Pa joints (Pxz). Four identical Pa joints (Pxz)

are relevant to P2 joint (Pz). Six Pa joints (Pxy, Pxz) are relevant to P4 joint (Px). Two

identical Pa joints (Pxy) are related to Ps joint (Py). The translational direction of P4 joint

(Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational direction

of Ps joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational

direction of P2 joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).

I:)X

z

-<;U N;U ><-U -<;U X

A 0

I:)Y

P,

pA

I:>Y

:U_<'U,
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I:)XZ ;

— I:>XZ
I:)Y —
RX —

— I:>XZ
I:>Y —
RX —

(3-241)



Limb Four

Figure 3-102 Schematic diagram of 6-DOF parallel structure (11)
Feature: There are one P> joint (Pz), one P4 joint (Px), one Ps joint (Py), three R joints (Rx,
Ry, Rz) and six same P, joints (Pxz). Six identical P, joints (Pxz) are relevant to P2 joint (Pz).
Six same P, joints (Pxz) are relevant to P4 joint (Px). No Pa joint is related to Pg joint (Py).
The translational direction of P4 joint (Px) and the rotational axis of Re joint (Rx) are parallel
(X axis). The translational direction of Ps joint (Py) and the rotational axis of Re joint (Ry)
are parallel (Y axis). The translational direction of P joint (Pz) and the rotational axis of

Rs joint (Rz) are parallel (Z axis).

Py Py Py Po _ Py f Pe - _
R, R P, R, P - R, B _
Re Re P iR Re LR Re (3-242)
P. _ Py Pe _ P iPe _ _
R, R - R, P R
R Ry _ iR x - iRy Ry _]

Limb One Platform e S ) j‘*y

= - > » -

Limb
Five

Figure 3-103 Schematic diagram of 6-DOF parallel structure (12)
Feature: There are one Py joint (Pz), one Ps joint (Py), one Ps joint (Px), three Re joints (Rx,

Ry, Rz), one P4 joint (Pxy), one Pa joint (Pyz) and four same P, joints (Pxz). Five P, joints
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(Pxz, Pyz) are relevant to Py joint (Pz). Two Pa joints (Pxy, Pyz) are relevant to Ps joint (Py).
Five P, joints (Pxy, Pxz) are related to Ps joint (Px). The translational direction of Pe joint
(Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational direction
of Ps joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational

direction of Py joint (Pz) and the rotational axis of R joint (Rz) are parallel (Z axis).

P - Py P _ Py P _ _
R, R P R, R - R, B _
R x P R, Ry - Ry X - (3-243)
P - Pq Pe _ Pog P _ _
R, B Py R, R _ R
_RY X _ iR Ry _ i RRy -

Figure 3-104 Schematic diagram of 6-DOF parallel structure (13)

Feature: There are one P1 joint (Pz), one Ps joint (Py), one Pg joint (Px), three Re joints (Rx,
Ry, Rz), two identical Pa joints (Pvz) and four same P, joints (Pxz). Six Pa joints (Pxz, Pvz)
are relevant to P joint (Pz). Two identical Pa joints (Pyz) are relevant to Ps joint (Py). Four
same P, joints (Pxz) are related to Ps joint (Px). The translational direction of Ps joint (Px)
and the rotational axis of Re joint (Rx) are parallel (X axis). The translational direction of
Ps joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational
direction of Py joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).
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Py Py Py P, _ Py P _ _
R, P P, iR B _ IR P _
RY Rx Pz 5 RY RX _ RY RX _ (3-244)
P, _ Py P, _ Py, _ o
'R, Ry _ IR Ry _ IR Ry _]
Lioth )ne Platform Lim j)‘k) '
Limb Two psr— y : TG %

Limb

Three

Limb Four

Figure 3-105 Schematic diagram of 6-DOF parallel structure (14)

Feature: There are one Py joint (Pz), one Ps joint (Px), one Ps joint (Py), three Re joints (Rx,

Ry, Rz), one P4 joint (Pxy), one P4 joint (Pyz) and four same P, joints (Pxz). Five Pa joints

(Pxz, Pyz) are relevant to P joint (Pz). Five Pa joints (Pxy, Pxz) are relevant to Ps joint (Px).

Two P4 joints (Pxy, Pyz) are related to Ps joint (Py). The translational direction of Ps joint

(Px) and the rotational
of Ps joint (Py) and the

axis of Re joint (Rx) are parallel (X axis). The translational direction

rotational axis of Re joint (Ry) are parallel (Y axis). The translational

direction of Py joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).

P« _ Py Po _ Py P« _ Py

R, R P R, R - R, R -

R, Ry P R, Ry _ RRy - (3-245)
P« _ Py P _ Py - -

R, R - R, B _RR -

R, Ry - R, Ry _iRORy -
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Figure 3-106 Schematic diagram of 6-DOF parallel structure (15)

Limb Fou

3 Platform
(- -

Feature: There are one Py joint (Pz), one Ps joint (Px), one Ps joint (Py), three Re joints (Rx,

Ry, Rz), one Pa joint (Pyz) and five same Pa joints (Pxz). Six Pa joints (Pxz, Pvz) are relevant

to P1 joint (Pz). Five identical P, joints (Pxz) are relevant to Ps joint (Px). One Pa joint (Pxz)

is related to Pe joint (Py). The translational direction of Ps joint (Px) and the rotational axis

of Re joint (Rx) are parallel (X axis). The translational direction of Ps joint (Py) and the

rotational axis of Re joint (Ry) are parallel (Y axis). The translational direction of P; joint

(Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).

I:)X PXY
RZ I:)Y
RY RX
I:)X —
RZ I:)Y
L RY X

Py Py
Py R, R
P, R, X
Py Pe
_ iR R
P, | R X
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PXZ

O O

3

P,

VA

—<;U N;U X-U

(3-246)



Limb |

Two

Figure 3-107 Schematic diagram of 6-DOF parallel structure (16)

Limb One

Feature: There are one P2 joint (Pz), one P4 joint (Py), one Pg joint (Px), three R joints (R,

Ry, Rz), one Pq joint (Pxy), one Pa joint (Pyz) and four same Pa joints (Pxz). Five P4 joints

(Pxz, Pyz) are relevant to P joint (Pz). Two Pa joints (Pxy, Pyz) are relevant to P4 joint (Py).

Five Pa joints (Pxy, Pxz) are related to Ps joint (Px). The translational direction of Ps joint

(Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational direction

of P4 joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational

direction of P2 joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).

z |

I:>X I:)XY I:>XZ

RZ I:>Y —

RY RX

I:>X IDXY P

RZ I:>Y —
L RY RX

Figure 3-108 Schematic diagram of 6-DOF parallel structure (17)
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Limb Four
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-<;U N;U ><-U
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P,
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O 0

(3-247)

Feature: There are one P2 joint (Pz), one Ps joint (Px), one Ps joint (Py), three Re joints (Rx,

Ry, Rz), two identical P, joint (Pxy) and four same P joints (Pxz). Four identical P, joints
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(Pxz) are relevant to P; joint (Pz). Six Pa joints (Pxy, Pyz) are relevant to Ps joint (Px). Two
identical Pa joints (Pxy) are related to Ps joint (Py). The translational direction of Ps joint
(Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational direction
of Ps joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational

direction of P2 joint (Pz) and the rotational axis of R joint (Rz) are parallel (Z axis).

I:)x PXY sz I:)x - sz I:)x - sz
Rz PY - Rz PY - I:\)z PY -
RY I:\"x Pz RY I:\)x - RY Rx - (3-248)
I:)x - sz Px - sz - — _
Rz PY - I:zz PY - Rz — _
_RY Rx IDz RY Rx - RY Rx -
4

y

Figure 3-109 Schematic diagram of 6-DOF parallel structure (18)

Feature: There are one P> joint (Pz), one Ps joint (Px), one Ps joint (Py), three Re joints (Rx,
Ry, Rz), one P, joint (Pxy) and five same P4 joints (Pxz). Five identical P, joints (Pxz) are
relevant to P joint (Pz). Six Pa joints (Pxy, Pyz) are relevant to Ps joint (Px). One Pa joint
(Pxy) is related to Ps joint (Py). The translational direction of Ps joint (Px) and the rotational
axis of Re joint (Rx) are parallel (X axis). The translational direction of Ps joint (Py) and the
rotational axis of Re joint (Ry) are parallel (Y axis). The translational direction of P joint
(Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).
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Pe Po Px P« _ Pyg P _ _
R, B P R, R - R, B _
R Ry P R, Ry - Re Ry _ (3-249)
Py _ Py Po _ Pyg - - -
R, PR - R, R - R, _ _
_RY Re P, R Ry - ; Re Ry -

Two

i Four
Limb Three
Figure 3-110 Schematic diagram of 6-DOF parallel structure (19)

Feature: There are one P> joint (Pz), one Ps joint (Px), one Ps joint (Py), three Re joints (Rx,
Ry, Rz), one P, joint (Pxy), one Pa joint (Pyz) and four same Pa joints (Pxz). Five Pa joints
(Pxv, Pxz) are relevant to P2 joint (Pz). Five Pa joints (Pxy, Pxz) are relevant to Ps joint (Px).
Two different P4 joints (Pxy, Pyz) are related to Ps joint (Py). The translational direction of
Ps joint (Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational
direction of Ps joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The
translational direction of P joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z

axis).

P _ Py P _ Py P _ Py

R, R Py R, R - R, R -

Re Ry P, Ro Ry _ R, Ry - (3-250)
P _ Py P _ Py - - -

R, R - R, R - R, _ -

_RY Ry P Ro Ry _ | R, Ry -

131



Figure 3-111 Schematic diagram of 6-DOF parallel structure (20)

Limb Four

Five

Limb Six J|

Feature: There are one P> joint (Pz), one Ps joint (Px), one Ps joint (Py), three R joints (Rx,

Ry, Rz), one Pa joint (Pyz) and five same Pa joints (Pxz). Six Pa joints (Pxy, Pxz) are relevant

to P2 joint (Pz). Five identical P, joints (Pxz) are relevant to Ps joint (Px). One Pa joint (Pyz)

is related to Ps joint (Py). The translational direction of Ps joint (Px) and the rotational axis

of Re joint (Rx) are parallel (X axis). The translational direction of Ps joint (Py) and the

rotational axis of Re joint (Ry) are parallel (Y axis). The translational direction of P> joint

(Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).

_PX

Py
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e
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Figure 3-112 Schematic diagram of 6-DOF parallel structure (21)
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Feature: There are one P2 joint (Pz), one P4 joint (Px), one Ps joint (Py), three Re joints (Rx,
Ry, Rz), one P, joint (Pxv) and five same Pa joints (Pxz). Five same Pa joints (Pxz) are
relevant to P2 joint (Pz). Six Pa joints (Pxy, Pxz) are relevant to P4 joint (Px). One Pa joint
(Pxv) is related to Pe joint (Py). The translational direction of P4 joint (Px) and the rotational
axis of Re joint (Rx) are parallel (X axis). The translational direction of Pe joint (Py) and the
rotational axis of Re joint (Ry) are parallel (Y axis). The translational direction of P2 joint

(Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).

I:>X - PXZ ; I:>X - I:)XZ ; I:>X - -

RZ I:>Y PYZ ; RZ I:>Y I:>YZ ; RZ I:)Y -

R - R Reo - R Re - (3-252)
I:)X - I:)XZ f PX - - : I:>X - -

RZ I:)Y I:)YZ g RZ I:>Y - RZ I:)Y -

_RY Rx - : RY Rx - RY Rx -

nb On Platform M5! :Ll
Limb S =" e Ky

Limb Three Base Lithb Eor Five

Figure 3-113 Schematic diagram of 6-DOF parallel structure (22)
Feature: There are one Ps joint (Px), one Pg joint (Py), three Rs joints (Rx, Ry, Rz), three
identical P, joints (Pxz) and three same P4 joints (Pyz). Three identical Pa joints (Pxz) are
relevant to Pe joint (Px). Three identical P, joints (Pyz) are related to Ps joint (Py). The
translational direction of P4 joint (Px) and the rotational axis of Re joint (Rx) are parallel (X
axis). The translational direction of Pg joint (Py) and the rotational axis of Re joint (Ry) are

parallel (Y axis).

PX PXY PXZ ; PX PXY PXZ ; PX — —
RZ I:)Y — é RZ Y — é RZ — —
I:QY I:QX z é RY RX PZ é RY RX — (3_253)
PX PXY I:)XZ i PX — — ' PX — —
R, P _ iR _ _ iR _ _
L RY I:QX PZ ; RY RX — I:QY RX —
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Figure 3-114 Schematic diagram of 6-DOF parallel structure (23)
Feature: There are two Pz joints (Py, Pz), one Ps joint (Px), three Rs joints (Rx, Ry, Rz),
three identical Pa joints (Pxy) and three same P, joints (Pxz). Three identical Pa joints (Pxy)
are relevant to Pz joint (Py). Three identical Pa joints (Pxz) are relevant to Pz joint (Pz). Six
Pa joints (Pxv, Pxz) are related to Ps joint (Px). The translational direction of Ps joint (Px)
and the rotational axis of Re joint (Rx) are parallel (X axis). The translational direction of
Ps joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational

direction of Pz joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).

I:>X - I:)XZ ; I:)X - I:’XZ ; I:>X - -
RZ I:>Y I:)YZ é RZ I:>Y I:>YZ é RZ - -
RY RX PZ é RY RX I:>Z é RY RX - (3_254)
|:)X - |:)XZ é I:)X - - ' |:>X - -
RZ |:>Y |:)YZ E RZ - - RZ - -
L RY R X I:>Z : RY R X - RY R X —_

= 9 Limb Five
" Limb Four

Figure 3-115 Schematic diagram of 6-DOF parallel structure (24)
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Feature: There are two Pz joints (Py, Pz), one Ps joint (Px), three Rs joints (Rx, Ry, Rz),
three identical P joints (Pxz) and three same P, joints (Pyz). Three identical P, joints (Pyz)
are relevant to Pz joint (Py). Six Pa joints (Pxz, Pvz) are relevant to Pz joint (Pz). Three
identical Pa joints (Pxz) are related to Pe joint (Px). The translational direction of Ps joint
(Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational direction
of Pz joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational

direction of Pz joint (Pz) and the rotational axis of R joint (Rz) are parallel (Z axis).

PX — I:>XZ ; I:>X — I:)XZ ; — — I:)XZ
RZ PY — : RZ I:>Y — : RZ I:>Y —
RY RX I:)Z RY RX PZ RY RX — (3_255)
PX — PXZ — — I:)XZ — — PXZ
RZ I:)Y — RZ PY — RZ I:>Y —
L RY Rx I:)z RY Rx - RY Rx -
VA
Y
- L\Limb One
X £ Limb Six

Platform

Limb Four

Figure 3-116 Schematic diagram of 6-DOF parallel structure (25)
Feature: There are two Pz joints (Px, Pz), one Pg joint (Py), three Rs joints (Rx, Ry, Rz) and
six identical P, joints (Pxz). Six identical Pa joints (Pxz) are relevant to both P joint (Px)
and P3 joint (Pz). Zero P4 joint is related to Ps joint (Py). The translational direction of P3
joint (Px) and the rotational axis of Rs joint (Rx) are parallel (X axis). The translational
direction of Pe joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The
translational direction of P3 joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z

axis).

135



Pe Py Py P _ Py P _ _
R, B P, R, R - R, R _
RM Ry P, R, Ry - R, Ry _ (3-256)
Py - Py Pe _ R
R, B P, R, R R L
_RY Ry _ i ROR _ i RORy -

Limb One _= }»)

—d

Limb Four Base

Figure 3-117 Schematic diagram of 6-DOF parallel structure (26)
Feature: There are one P1 joint (Pz), one Ps joint (Py), one Pg joint (Px), three Re joints (Rx,
Ry, Rz), one P joint (Pxy), two identical P, joints (Pyz) and three identical Pa joints (Pxz).
Five Pa joints (Pxz) are relevant to Py joint (Pz). Three Pa joints (Pxy, Pyz) are relevant to Ps
joint (Py). Four P4 joints (Pxy, Pxz) are related to Pe joint (Px). The translational direction
of Pg joint (Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational
direction of Ps joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The

translational direction of P joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z

axis).
i PX - PXZ ; PX - PXZ ; PX — - |
RZ PY I:)YZ % RZ I:)Y PYZ % RZ I:)Y -
RY I:QX PZ ; RY X - ' I:QY RX - (3_257)
I:)X - I:)XZ : I:)X - — I:)X — -
I:QZ F)Y PYZ 5 I:QZ I:)Y - RZ — -
L I:QY R X - : I:QY X - RY I:QX —_|
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Figure 3-118 Schematic diagram of 6-DOF parallel structure (27)
Feature: There are one P1 joint (Pz), one Ps joint (Py), one Pg joint (Px), three Re joints (Rx,
Ry, Rz), three identical P, joints (Pxz) and three identical P4 joints (Pyz). Six Pa joints (Pxz,
Pyz) are relevant to Py joint (Pz). Three same P, joints (Pyz) are relevant to Ps joint (Py).
Three identical Pq joints (Pxz) are related to Ps joint (Px). The translational direction of Ps
joint (Px) and the rotational axis of R joint (Rx) are parallel (X axis). The translational
direction of Ps joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The
translational direction of P joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z

axis).
_PX I:)XY IDXZ ; PX - I:)XZ ; PX - —_
I:QZ PY PYZ ? I:QZ PY - i RZ I:)Y -
RY RX PZ é RY I:QX - RY RX - (3'258)
PX - PXZ : I:)X - — : - - -
I:QZ PY I:)YZ 5 RZ I:’Y — I:QZ I:)Y -
_RY Rx - : RY Rx - RY Rx —

A A Limb Five  Z
Limb Six Platform Y
By B (12 0 .4

. = =
Limb 5= —— e

Figure 3-119 Schematic diagram of 6-DOF parallel structure (28)
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Feature: There are one Py joint (Pz), one Ps joint (Px), one Ps joint (Py), three Re joints (Rx,
Ry, Rz), one P4 joint (Pxy), two same P, joints (Pyz) and three identical Pa joints (Pxz). Five
Pa joints (Pxz, Pvz) are relevant to P; joint (Pz). Four P4 joints (Pxy, Pxz) are relevant to Ps
joint (Px). Three P4 joints (Pxy, Pvz) are related to Ps joint (Py). The translational direction
of Ps joint (Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational
direction of Pg joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The

translational direction of P1 joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z

axis).
I PX - I:)XZ ; PX - I:)XZ PX - —_
RZ I:)Y I:)YZ % RZ PY - I:QZ I:)Y -
I:QY RX I:)Z ; I:QY RX - I:QY I:QX - (3_259)
I:)X - I:)XZ : PX - I:)XZ — — —
RZ PY I:)YZ 5 RZ PY - I:QZ I:)Y -
L RY Rx - RY I:\)x - RY Rx -

|

—
o

s

Limb Three Base

Figure 3-120 Schematic diagram of 6-DOF parallel structure (29)
Feature: There are one Py joint (Pz), one Ps joint (Px), one Ps joint (Py), three Re joints (Rx,
Ry, Rz), two same P, joints (Pvz) and four identical Pa joints (Pxz). All Pa joints (Pxz, Pyz)
are relevant to P1 joint (Pz). Three identical P, joints (Pxz) are relevant to Ps joint (Px). Two
same P, joints (Pyz) are related to Ps joint (Py). The translational direction of Ps joint (Px)
and the rotational axis of Re joint (Rx) are parallel (X axis). The translational direction of
Pe joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational

direction of Py joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).

138



PX PXY PXZ ; PX - I:)XZ ; PX - -
I:QZ IDY PYZ é I:QZ PY - é RZ - -
RY RX PZ é RY RX - é I:QY RX - (3'260)
IDX - PXZ i IDX - — ' PX - —

Limb Four

Figure 3-121 Schematic diagram of 6-DOF parallel structure (30)
Feature: There are one P2 joint (Pz), one P4 joint (Py), one Pg joint (Px), three Re joints (Rx,
Ry, Rz), one P4 joint (Pxy), two same P, joints (Pyz) and three identical P, joints (Pxz). Five
Pa joints (Pxz, Pyz) are relevant to P2 joint (Pz). Three Pa joints (Pxy, Pyz) are relevant to P4
joint (Py). Four P4 joints (Pxy, Pxz) are related to Pe joint (Px). The translational direction
of Ps joint (Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational
direction of P4 joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The

translational direction of P joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z

axis).
I PX PXY PXZ ; PX - I:)XZ ; PX - —_
I:QZ I:)Y PYZ ? I:QZ I:)Y - ? RZ - -
RY I:QX PZ é RY I:QX I:)Z é I:QY RX - (3'261)
PX - PXZ : PX - — ' Px - —
RZ I:)Y PYZ 5 RZ - — RZ - -
L RY Rx I::'z RY Rx - RY Rx —
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Figure 3-122 Schematic diagram of 6-DOF parallel structure (31)
Feature: There are two Ps joints (Py, Pz), one Ps joint (Px), three Re joints (Rx, Ry, Rz), one
Pa joint (Pxy), two same P joints (Pvz) and three identical Pa joints (Pxz). Three Pa joints
(Pxv, Pyz) are relevant to Pz joint (Py). Five P4 joints (Pxz, Pyz) are relevant to Pz joint (Pz).
Four P4 joints (Pxy, Pxz) are related to Pe joint (Px). The translational direction of Ps joint
(Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational direction
of Pz joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational

direction of P3 joint (Pz) and the rotational axis of R joint (Rz) are parallel (Z axis).

_Px Po Py Py Pw Py Py __
R, R _ iR R _ iR
R, Ry P R, x P; R, Ry _ (3-262)
P« Pw Py Py - . - - -
R, R - R, R R L
_RY Ry P, R, Ry _ i RyRy —

Limb Four

Figure 3-123 Schematic diagram of 6-DOF parallel structure (32)
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Feature: There are one Pz joint (Pz), one P4 joint (Py), one Ps joint (Px), three Re joints (Rx,
Ry, Rz), three same P4 joints (Pxy) and three identical P, joints (Pxz). Three same P, joints
(Pxz) are relevant to Pz joint (Pz). Three identical P4 joints (Pxy) are relevant to P4 joint (Py).
Six Pa joints (Pxy, Pxz) are related to Ps joint (Px). The translational direction of Ps joint
(Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational direction
of P4 joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational

direction of Pz joint (Pz) and the rotational axis of R joint (Rz) are parallel (Z axis).

_Px Po Py Po _ Py Pe - _
R, R _ iR R _ iR
R, Ry P R, Ry z R, Ry _ (3-263)
Py Py Py P - Pl - -
R, R - R, P R L
_RY Ry P, R, Ry _ R Ry -

Limb Four

Figure 3-124 Schematic diagram of 6-DOF parallel structure (33)

Feature: There are one Pz joint (Pz), one P4 joint (Py), one Ps joint (Px), three Re joints (Rx,
Ry, Rz), two same P, joints (Pxy) and four identical P, joints (Pxz). Four identical Pa joints
(Pxz) are relevant to P3 joint (Pz). Two identical Pa joints (Pxy) are relevant to P4 joint (Py).
Six P, joints (Pxy, Pxz) are related to Ps joint (Px). The translational direction of Ps joint
(Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational direction
of P4 joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational
direction of Pz joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).
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Figure 3-125 Schematic diagram of 6-DOF parallel structure (34)
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(3-264)

Feature: There are one P2 joint (Pz), one P4 joint (Py), one Pg joint (Px), three Re joints (Rx,

Ry, Rz), three same P, joints (Pxz) and three identical P, joints (Pyz). Six Pa joints (Pxz, Pyz)

are relevant to P> joint (Pz). Three identical Pa joints (Pyz) are relevant to P4 joint (Py).

Three same P, joints (Pxz) are related to Pe joint (Px). The translational direction of Pe joint

(Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational direction

of P4 joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational

direction of P> joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).
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Figure 3-126 Schematic diagram of 6-DOF parallel structure (35)

- Limb Six

Feature: There are two Pz joints (Py, Pz), one P joint (Px), three Rg joints (Rx, Ry, Rz), one

Pa joint (Pxy), two same P, joints (Pyz) and three identical Pa joints (Pxz). Three Pa joints

(Pxy, Pyz) are relevant to P3 joint (Py). Five P4 joints (Pxz, Pyz) are relevant to Pz joint (Pz).

Four P4 joints (Pxy, Pxz) are related to Pe joint (Px). The translational direction of Ps joint

(Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational direction

of Pz joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational

direction of Pz joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).

I:>X

z

XD 0 ;Do

Z

I:>XY

I:>Y
RX
I:>Y
RX

O O

O
=

N

N

P,

z

<

ol

I:)Y
RX

<9

143

(3-266)



Limb One

Figure 3-127 Schematic diagram of 6-DOF parallel structure (36)
Feature: There are one Pz joint (Pz), one P4 joint (Py), one Ps joint (Px), three Re joints (Rx,
Ry, Rz), one P4 joint (Pxy), two same P, joints (Pyz) and three identical P, joints (Pxz). Five
Pa joints (Pxz, Pyz) are relevant to Pz joint (Pz). Three Pa joints (Pxy, Pyz) are relevant to P4
joint (Py). Four P4 joints (Pxy, Pxz) are related to Ps joint (Px). The translational direction
of Ps joint (Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational
direction of P4 joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis). The

translational direction of Ps joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z

axis).
I PX - PXZ ; PX - PXZ ; PX — - |
I:QZ PY I:)YZ % RZ I:)Y - % RZ - -
I:QY I:QX F)Z ; I:QY RX I:)Z : I:QY I:QX - (3'267)
F)X - PXZ : I:)X - PXZ — — -
I:QZ I:)Y PYZ 5 I:QZ PY - RZ — -
L I:QY I:QX I:)Z : RY I:QX - S RY RX —_
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Figure 3-128 Schematic diagram of 6-DOF parallel structure (37)
Feature: There are one Pz joint (Pz), one P4 joint (Py), one Ps joint (Px), three Re joints (Rx,
Ry, Rz), two same P joints (Pyz) and four identical Pa joints (Pxz). Six Pa joints (Pxz, Pyz)
are relevant to P3 joint (Pz). Two same P4 joints (Pyz) are relevant to P4 joint (Py). Four
identical Pa joints (Pxz) are related to Ps joint (Px). The translational direction of Ps joint
(Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational direction
of P4 joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational

direction of P3 joint (Pz) and the rotational axis of R joint (Rz) are parallel (Z axis).

_Px P Py P« _ Py - - __
R, R P, R, R - R, R _
RM Ry P, R, Ry _ R, X - (3-268)
Pe Py Py Pe _ . - - -
R, P - R, R - R, P _
_RY Ry P, iRy Ry _ iR X -

Limb Three Limb Four

Figure 3-129 Schematic diagram of 6-DOF parallel structure (38)
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Feature: There are one P2 joint (Pz), one P4 joint (Px), one Ps joint (Py), three Re joints (Rx,
Ry, Rz), one P4 joint (Pyz), two same P joints (Pxy) and three identical Pa joints (Pxz). Four
Pa joints (Pxz, Pvz) are relevant to P joint (Pz). Five Pa joints (Pxy, Pxz) are related to P4
joint (Px). Three P4 joints (Pxy, Pyz) are relevant to Pe joint (Py). The translational direction
of P4 joint (Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational
direction of Pg joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The

translational direction of P joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z

axis).
_PX PXY I:)XZ ; I:)X I:)XY PXZ — - __
RZ I:)Y - E RZ I:)Y - RZ I:)Y -
I:QY I:QX Z : RY RX I:)Z I:QY RX - (3'269)
I:)X PXY I::.XZ : I:)X - — — — -
Rz PY - Rz PY - RZ - -
_RY RX PZ : RY RX - 1 I:QY RX —_

Limb :i‘}
Six 5%
T 7

Limb Three

Limb Four Base

Figure 3-130 Schematic diagram of 6-DOF parallel structure (39)
Feature: There are one Pz joint (Pz), one P4 joint (Px), one Ps joint (Py), three Re joints (Rx,
Ry, Rz), three same Pa joints (Pxy) and three identical P, joints (Pxz). Three identical Pa
joints (Pxz) are relevant to Ps joint (Pz). Six Pa joints (Pxy, Pxz) are related to P4 joint (Px).
Three identical Pa joints (Pxy) are relevant to Ps joint (Py). The translational direction of P4
joint (Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational
direction of Ps joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The
translational direction of Ps joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z

axis).
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Figure 3-131 Schematic diagram of 6-DOF parallel structure (40)
Feature: There are one Pz joint (Pz), one P4 joint (Px), one Ps joint (Py), three Re joints (Rx,
Ry, Rz), one Pa joint (Pyz), two same P, joints (Pxy) and three identical Pa joints (Pxz). Four
Pa joints (Pxz, Pyz) are relevant to Ps joint (Pz). Five P4 joints (Pxy, Pxz) are related to Pa4
joint (Px). Three P, joints (Pxy, Pyz) are relevant to Ps joint (Py). The translational direction
of P4 joint (Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational
direction of Ps joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The
translational direction of Ps joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z

axis).
I PX F)XY PXZ ; PX - F)XZ ; - - __
RZ I:)Y - | I:QZ I:)Y - i RZ I:)Y -
RY RX PZ RY RX I:)Z : I:QY RX - (3_271)
PX F)XY PXZ - - F)XZ : — — —
I:QZ I:)Y - I:QZ I:)Y - RZ PY -
L RY RX PZ RY RX - I:QY R X —_
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Figure 3-132 Schematic diagram of 6-DOF parallel structure (41)
Feature: There are two P joints (Px, Pz), one Ps joint (Py), three Rs joints (Rx, Ry, Rz), two
same Pa joints (Pxy) and four identical Pa joints (Pxz). Six Pa joints (Pxy, Pxz) are related to
P3 joint (Px). Four same P, joints (Pxz) are relevant to Ps joint (Pz). Two identical Px joints
(Pxy) are relevant to Pe joint (Py). The translational direction of Ps joint (Px) and the
rotational axis of Re joint (Rx) are parallel (X axis). The translational direction of Pg joint
(Pv) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational direction

of Ps joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).

P, _ Py Po _ Py - _ Py

R, P PR, R, P, - R, R -

R, Ry P, R, Ry - R, Ry - (3-272)
P, _ Py P _ Poi - -

R, P - R, P _ R, R -

_RY Ry P, | R, Ry _RRy -
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Figure 3-133 Schematic diagram of 6-DOF parallel structure (42)
Feature: There are one P2 joint (Pz), one P4 joint (Px), one Ps joint (Pv), three Re joints (R,
Ry, Rz), one Pa joint (Pyz) and five identical Pa joints (Pxz). Six Pa joints (Pxz, Pyz) are
relevant to Pz joint (Pz). Five identical Pa joints (Pxz) are related to P4 joint (Px). One P,
joint (Pyz) is relevant to Ps joint (Py). The translational direction of P4 joint (Px) and the
rotational axis of Rs joint (Rx) are parallel (X axis). The translational direction of Ps joint
(Pv) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational direction

of P2 joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).

Py Pw Py P. _ Py - - sz_

R, PR - R, R - R, P -

R, Ry z R, x P R, Ry - (3-273)
Py R Po _ Py - - -

R, PR - R, R - R, _ -

_RY Ry P, R, X _ R, Ry .
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Figure 3-134 Schematic diagram of 6-DOF parallel structure (43)
Feature: There are one Pz joint (Pz), one P4 joint (Px), one Ps joint (Py), three Re joints (Rx,
Ry, Rz), one Pa joint (Pxy) and five identical P, joints (Pxz). Five identical P, joints (Pxz)
are relevant to Ps joint (Pz). Six Pa joints (Pxy, Pxz) are related to P4 joint (Px). One P4 joint
(Pxy) is relevant to Ps joint (Py). The translational direction of P4 joint (Px) and the rotational
axis of Re joint (Rx) are parallel (X axis). The translational direction of Ps joint (Py) and the
rotational axis of Re joint (Ry) are parallel (Y axis). The translational direction of P3 joint

(Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).

Po _ Py P, _ Py - _ Py
R, B P, R, P - R, R -
R, Ry P R, Ry P, R, Ry - (3-274)
Po _ Py P _ Pei_ - -
R, R - R, P _ R -
_RY Ry P, R, Ry _ 1+ RRy -
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Figure 3-135 Schematic diagram of 6-DOF parallel structure (44)
Feature: There are one Pz joint (Pz), one P4 joint (Px), one Ps joint (Py), three Re joints (Rx,
Ry, Rz), one Pa joint (Pvz) and five identical P joints (Pxz). All Pa joints (Pxz, Pyz) are
relevant to Pz joint (Pz). Five identical P, joints (Pxz) are related to P4 joint (Px). One Pa
joint (Pyz) is relevant to Ps joint (Py). The translational direction of P4 joint (Px) and the
rotational axis of Re joint (Rx) are parallel (X axis). The translational direction of Ps joint
(Pv) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational direction

of Ps joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).

_Px Po  Px Py _ Py - Py

R, PR - : R, R - ' R, R -

R, Ry > P RyRy > ' RyRy - (3-275)
Py R - _ P - -

R, PR - ! R, R _ R, R -

_RY x P; R, Ry _ 1 RORy -
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Figure 3-136 Schematic diagram of 6-DOF parallel structure (45)
Feature: There are one Pz joint (Px), one P3 joint (Pz), one Ps joint (Py), three R joints (Rx,
Ry, Rz), one Pa joint (Pxy) and five identical Pa joints (Pxz). All P joints (Pxv, Pxz) are
relevant to Pz joint (Px). Five identical Pa joints (Pxz) are related to Ps joint (Pz). One P,
joint (Pxy) is relevant to Ps joint (Py). The translational direction of P3 joint (Px) and the
rotational axis of Re joint (Rx) are parallel (X axis). The translational direction of Pg joint
(Pv) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational direction

of Ps joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).

i I:>X I:)XY IDXZ ; PX - PXZ ; I:)X - —_
RZ I:>Y I:)YZ é RZ I:)Y - é RZ - -
RY RX PZ é RY RX - é RY RX - (3'276)
PX - PXZ i I:)X - - ' PX - -
RZ I:>Y I:)YZ E RZ I:)Y - RZ - -
L RY R X I:>Z : RY R X - : RY R X —_]
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Figure 3-137 Schematic diagram of 6-DOF parallel structure (46)
Feature: There are one P2 joint (Pz), one P4 joint (Py), one Pg joint (Px), three R joints (R,
Ry, Rz), one P4 joint (Pxy), two same P, joints (Pyz) and three identical P, joints (Pxz). Five
Pa joints (Pxz, Pyz) are relevant to P2 joint (Pz). Three Pa joints (Pxy, Pyz) are related to P4
joint (Py). Four P4 joints (Pxy, Pxz) are relevant to Ps joint (Px). The translational direction
of Pg joint (Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational
direction of P4 joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis). The

translational direction of P2 joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z

axis).
_PX I:>XY IDXZ ; PX - PXZ ; I:)X — __
RZ I:)Y I:>YZ ; RZ I:)Y - | RZ I:)Y -
RY RX I:>Z ; RY X - ; RY X - (3_277)
I:>X IDXY I:)XZ f PX — - f - - —
Rz PY - Rz PY - Rz - -
_RY Rx IDz : RY X - : RY Rx —
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Figure 3-138 Schematic diagram of 6-DOF parallel structure (47)

Feature: There are one P2 joint (Pz), one Ps joint (Px), one Ps joint (Py), three Re joints (Rx,

Ry, Rz), one P, joint (Pyz), two same P joints (Pxy) and three identical P4 joints (Pxz). Four

Pa joints (Pxz, Pvz) are relevant to P joint (Pz). Five Pa joints (Pxy, Pxz) are related to Ps

joint (Px). Three P, joints (Pxy, Pyz) are relevant to Ps joint (Py). The translational direction

of Ps joint (Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational

direction of Ps joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The

translational direction of P2 joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z

axis).

I:)X PXY I:)XZ ; I:)X —_ I:)XZ ; I:>X — -
RZ I:)Y I:>YZ ; RZ I:)Y —_ ; RZ I:>Y -
RY X Pz RY Rx - RY X -
PX —_ I:)XZ ; PX —_ — : — - -
RZ I:)Y I:>YZ E RZ I:)Y — RZ — -
_RY X I:)Z : RY X — RY RX —_]
Z

¥

Px
Limb

Platform

Four

Limb Three Base

Figure 3-139 Schematic diagram of 6-DOF parallel structure (48)
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Feature: There are one P2 joint (Pz), one Ps joint (Px), one Ps joint (Py), three Re joints (Rx,
Ry, Rz), one P4 joint (Pxy), two same P, joints (Pyz) and three identical Pa joints (Pxz). Five
Pa joints (Pxz, Pvz) are relevant to P2 joint (Pz). Four Pa joints (Pxy, Pxz) are related to Ps
joint (Px). Three P4 joints (Pxy, Pyz) are relevant to Ps joint (Py). The translational direction
of Ps joint (Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational
direction of Ps joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The

translational direction of P joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z

axis).
_PX - I:)XZ : PX - I:)XZ ; PX - —_
RZ I:)Y I:)YZ % RZ PY - ; I:QZ I:)Y -
I:QY RX I:)Z ; I:QY RX - I:QY I:QX - (3_279)
I:)X - I:)XZ : PX - I:)XZ — — —
RZ PY I:)YZ 5 RZ PY - RZ - -
_RY Rx Pz RY I:\)x - RY Rx —

Limb Three Base Four

Figure 3-140 Schematic diagram of 6-DOF parallel structure (49)
Feature: There are one P> joint (Pz), one Ps joint (Px), one Ps joint (Py), three Re joints (Rx,
Ry, Rz), two same P, joints (Pyz) and four identical Pa joints (Pxz). Six Pa joints (Pxz, Pvz)
are relevant to P2 joint (Pz). Four identical P, joints (Pxz) are related to Ps joint (Px). Two
identical P4 joints (Pyz) are relevant to Ps joint (Py). The translational direction of Ps joint
(Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational direction
of Ps joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational

direction of P> joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).
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_Px Poo P iPx _ Poy - __
R, B P R, R _ iR R
R Ry P R, Ry _ PR Ry (3-280)
Py _ Py P« _ Pgi_ - -
R, PR - R, R _ iR R
_RY Ry P R Ry _ i RyRy _

Limb Three Base

Figure 3-141 Schematic diagram of 6-DOF parallel structure (50)
Feature: There are one P2 joint (Pz), one P4 joint (Px), one Ps joint (Py), three Re joints (Rx,
Ry, Rz), one P4 joint (Pxy), one Pa joint (Pyz) and four identical P joints (Pxz). Five Pa joints
(Pxz, Pvz) are relevant to P> joint (Pz). Five Pa joints (Pxy, Pxz) are related to P4 joint (Px).
Two different P joints (Pxy, Pyz) are relevant to Ps joint (Py). The translational direction of
P4 joint (Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational
direction of Pg joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The

translational direction of P joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z

axis).
i PX I:)XY I:)XZ ; PX — IDXZ ; PX — —_
RZ PY PYZ é RZ I:)Y — é RZ — —
I:\)Y RX PZ é I:\)Y RX IDZ ; RY RX — (3'281)
PX PXY PXZ i PX — — — — -
Rz PY - Rz PY - I:\)z - -
R, R, P, iR R, _ iR R, _|
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Figure 3-142 Schematic diagram of 6-DOF parallel structure (51)
Feature: There are one P3 joint (Pz), one P4 joint (Py), one Ps joint (Px), three Re joints (Rx,
Ry, Rz), one P joint (Pvz), two identical Pa joints (Pxy) and three identical P, joints (Pxz).
Four P, joints (Pxz, Pyz) are relevant to Ps joint (Pz). Three P, joints (Pxy, Pyz) are related
to P4 joint (Py). Five Pa joints (Pxy, Pxz) are relevant to Ps joint (Px). The translational
direction of Ps joint (Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The
translational direction of P4 joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y
axis). The translational direction of P3 joint (Pz) and the rotational axis of Re joint (Rz) are

parallel (Z axis).

Py Py Py Po _ Py Pe _ _
R, P P, R, P - R, _ _
R Ry P, R, Ry z Ro Ry _ (3-282)
Py B Po _ Py . - -
R, R - R, P - R, _ _
_RY Ry P, | R, Ry - | R, Ry -
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Figure 3-143 Schematic diagram of 6-DOF parallel structure (52)

Feature: There are one Pz joint (Pz), one P4 joint (Py), one Ps joint (Px), three Re joints (Rx,
Ry, Rz), one P4 joint (Pxy), one P4 joint (Pyz) and four identical P joints (Pxz). Five Pa joints
(Pxz, Pvz) are relevant to P3 joint (Pz). Two different P4 joints (Pxy, Pyz) are related to P4
joint (Py). Five P4 joints (Pxy, Pxz) are relevant to Ps joint (Px). The translational direction
of Ps joint (Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational
direction of P4 joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis). The
translational direction of Ps joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z
axis).

Pe Po Px P« _ Pyg . - -
R, B P R, R - R, B _
R Ry P R, Ry z Ro Ry _ (3-283)
Py _ Py P _ Pgi_ - -
R, PR - R, R R
_RY Ry P R Ry _ i RRy _
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Figure 3-144 Schematic diagram of 6-DOF parallel structure (53)

Feature: There are one Pz joint (Pz), one P4 joint (Px), one Ps joint (Py), three Re joints (Rx,
Ry, Rz), one P4 joint (Pxy), one P4 joint (Pyz) and four identical Pa joints (Pxz). Five Pa joints
(Pxz, Pyz) are relevant to Pz joint (Pz). Five Pa joints (Pxy, Pxz) are related to P4 joint (Px).
Two different P, joints (Pxy, Pyz) are relevant to Ps joint (Py). The translational direction of
P4 joint (Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational
direction of Ps joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis). The
translational direction of Ps joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z
axis).

PX I:)XY PXZ ; IDX - — IDX — —
RZ PY I:)YZ é RZ PY - RZ — —
RY RX PZ é RY X - RY RX - (3'284)
IDX PXY IDXZ i PX - - PX — —
RZ PY IDYZ E RZ PY - I:QZ — —
L I:QY I:QX PZ : RY X - RY RX —_

Base Limb Five

Limb Four

Figure 3-145 Schematic diagram of 6-DOF parallel structure (54)
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Feature: There are one P2 joint (Pz), one P4 joint (Py), one Pg joint (Px), three Re joints (Rx,
Ry, Rz), two identical P, joints (Pxy), two identical P, joints (Pxz) and two identical P, joints
(Pvz). Four P, joints (Pxz, Pyz) are relevant to P2 joint (Pz). Four P, joints (Pxy, Pyz) are
related to P4 joint (Py). Four different Pa joints (Pxy, Pxz) are relevant to Ps joint (Px). The
translational direction of Ps joint (Px) and the rotational axis of Re joint (Rx) are parallel (X
axis). The translational direction of P4 joint (Py) and the rotational axis of Re joint (Ry) are
parallel (Y axis). The translational direction of P> joint (Pz) and the rotational axis of Re

joint (Rz) are parallel (Z axis).

P, _ Py g Py - Pp _ _
R, R P R, R Py R, _ _
R, Ry P R, Ry _ R, Ry _ (3-285)
P _ Py Py N
R, B P R, B PR _
_RY Re P iR Ry _ IR O—
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Figure 3-146 Schematic diagram of 6-DOF parallel structure (55)
Feature: There are one P2 joint (Pz), one P4 joint (Py), one Pg joint (Px), three Re joints (Rx,
Ry, Rz), two identical P, joints (Pxz) and four identical Pa joints (Pyz). Six Pa joints (Pxz,
Pyz) are relevant to P joint (Pz). Four same P4 joints (Pyz) are related to P4 joint (Py). Two
same P, joints (Pxz) are relevant to Pe joint (Px). The translational direction of Ps joint (Px)
and the rotational axis of Re joint (Rx) are parallel (X axis). The translational direction of
P4 joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational

direction of P> joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).
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Figure 3-147 Schematic diagram of 6-DOF parallel structure (56)
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Feature: There are three P4 joints (Px, Py, Pz), three Re joints (Rx, Ry, Rz), two identical P,

joints (Pxz) and four identical Pa joints (Pxy). Six Pa joints (Pxv, Pxz) are relevant to P4 joint

(Px). Four same P, joints (Pxy) are related to P4 joint (Py). Two same P, joints (Pxz) are

relevant to P4 joint (Pz). The translational direction of P4 joint (Px) and the rotational axis

of Re joint (Rx) are parallel (X axis). The translational direction of P4 joint (Py) and the

rotational axis of R joint (Ry) are parallel (Y axis). The translational direction of P4 joint

(Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).
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Figure 3-148 Schematic diagram of 6-DOF parallel structure (57)
Feature: There are three P4 joints (Px, Py, Pz), three Re joints (Rx, Ry, Rz), two identical P,
joints (Pxy), two identical P4 joints (Pxz) and two same Pa joints (Pyz). Four Pa joints (Pxy,
Pxz) are relevant to P4 joint (Px). Four P4 joints (Pxy, Pvz) are related to P4 joint (Py). Four
Pa joints (Pxz, Pvz) are relevant to P4 joint (Pz). The translational direction of P4 joint (Px)
and the rotational axis of Re joint (Rx) are parallel (X axis). The translational direction of
P4 joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis). The translational

direction of P4 joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).

I:>X PXY PXZ ; I:>X - - ; I:)X — -
RZ I:>Y I:)YZ é RZ PY I:>YZ é RZ — -
RY RX I:>Z é RY RX - ' RY RX - (3'288)
I:)X - I:)XZ é I:>X - - I:)X — -
RZ I:>Y I:)YZ E RZ I:)Y - RZ — -
L RY R X I:>Z : RY R X - RY R X —_|
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Figure 3-149 Schematic diagram of 6-DOF parallel structure (58)

Limb Four

Feature: There are one P2 joint (Pz), one P4 joint (Py), one Pg joint (Px), three R joints (R,

Ry, Rz), one P4 joint (Pxy), two identical P4 joints (Pxz) and three same Pa joints (Pyz). Five

Pa joints (Pxz, Pyz) are relevant to P2 joint (Pz). Four Pa joints (Pxy, Pyz) are related to P4

joint (Py). Three P4 joints (Pxy, Pxz) are relevant to Pe joint (Px). The translational direction

of Pg joint (Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational

direction of P4 joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The

translational direction of P2 joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z

axis).
I I:>X I:)XY
RZ I:>Y
RY RX
I:>X I:)XY
RZ I:>Y
L RY RX

Figure 3-150 Schematic diagram of 6-DOF parallel structure (59)
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Feature: There are one P2 joint (Pz), one Ps joint (Px), one Ps joint (Py), three Re joints (Rx,
Ry, Rz), two identical P4 joints (Pxy), two identical Pa joints (Pxz) and three same Pa joints
(Pvz). Four P, joints (Pxz, Pvz) are relevant to P2 joint (Pz). Four Pa joints (Pxy, Pxz) are
related to Ps joint (Px). Four Pa joints (Pxv, Pyz) are relevant to Ps joint (Py). The
translational direction of Ps joint (Px) and the rotational axis of Re joint (Rx) are parallel (X
axis). The translational direction of Ps joint (Py) and the rotational axis of Re joint (Ry) are
parallel (Y axis). The translational direction of P> joint (Pz) and the rotational axis of Re
joint (Rz) are parallel (Z axis).

PX - PXZ ; PX - PXZ f PX - -
I:QZ PY PYZ é RZ IDY PYZ é RZ I:)Y -
RY I:QX I:)Z é RY RX - é RY RX - (3_290)
PX - PXZ : I:)X - - i - — —
I:QZ I:)Y PYZ ? RZ I:)Y - E RZ - -
L RY R X I:)Z , RY R X - , I:QY R X —_

Figure 3-151 Schematic diagram of 6-DOF parallel structure (60)
Feature: There are one P2 joint (Pz), one Ps joint (Px), one Ps joint (Py), three Re joints (Rx,
Ry, Rz), three identical Pa joints (Pxz) and three same Pa joints (Pyz). Six Pa joints (Pxz, Pvz)
are relevant to P joint (Pz). Three same P, joints (Pxz) are related to Ps joint (Px). Three
identical Pa joints (Pyz) are relevant to Ps joint (Py). The translational direction of Ps joint
(Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational direction
of Ps joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational

direction of P; joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).
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_Px P Py Pe - Pe __
R, B P R, B _ R, _ _
Re Ry P, R, Ry P Ro Ry _ (3-291)
Py Py Px Pe _Pe L
R, B P R, _ RO
_RY Ry P iR Ry _ iR Ry —

Limb Four

Figure 3-152 Schematic diagram of 6-DOF parallel structure (61)
Feature: There are one P3 joint (Py), one Pz joint (Pz), one Ps joint (Px), three Re joints (Rx,
Ry, Rz), two identical Pa joints (Pxy), two identical Pa joints (Pxz) and two same Pa joints
(Pyz). Four Pa joints (Pxy, Pvz) are relevant to Ps joint (Py). Four Pa joints (Pxz, Pyz) are
relevant to Pz joint (Pz). Four Pa joints (Pxv, Pxz) are related to Pe joint (Px). The
translational direction of Ps joint (Px) and the rotational axis of Re joint (Rx) are parallel (X
axis). The translational direction of P3 joint (Py) and the rotational axis of Re joint (Ry) are
parallel (Y axis). The translational direction of P3 joint (Pz) and the rotational axis of Re

joint (Rz) are parallel (Z axis).

P Puw Py Py Pw _ Pe _ _
R, P Py R, PR - R, _ _
R, Ry P, R, Ry P, R/ Ry _ (3-292)
Py Puw Py Py . i - -
R, R - R, PR R
_RY Ry P, R, Ry _ 1R Ry -
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Figure 3-153 Schematic diagram of 6-DOF parallel structure (62)

Feature: There are one Pz joint (Pz), one P4 joint (Py), one Ps joint (Px), three Re joints (Rx,
Ry, Rz), one P, joints (Pvz), two identical Pa joints (Pxz) and three same P, joints (Pxy).
Three Pq joints (Pxz, Pyz) are relevant to Ps joint (Pz). Four Pq joints (Pxy, Pyz) are relevant
to P4 joint (Py). Five Pa joints (Pxv, Pxz) are related to Ps joint (Px). The translational
direction of Ps joint (Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The
translational direction of P4 joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y
axis). The translational direction of P3 joint (Pz) and the rotational axis of Re joint (Rz) are
parallel (Z axis).

PX I:)XY PXZ ; PX - — PX — —
I:QZ PY PYZ é I:QZ I:)Y PYZ RZ - -
RY RX PZ é RY I:QX PZ RY RX - (3_293)
PX - IDXZ i PX - - IDX - -
I:QZ PY PYZ E I:QZ - - ; RZ - -
L RY R X PZ : I:QY R X - : RY R X —_
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Figure 3-154 Schematic diagram of 6-DOF parallel structure (63)

Feature: There are one Pz joint (Py), one Ps joint (Pz), one Pg joint (Px), three Re joints (Rx,
Ry, Rz), one P joints (Pxy), two identical Pa joints (Pxz) and three same P joints (Pyz). Four
Pa joints (Pxy, Pyz) are relevant to Ps joint (Py). Five Pa joints (Pxz, Pyz) are relevant to P3
joint (Pz). Three P4 joints (Pxv, Pxz) are related to Ps joint (Px). The translational direction
of Ps joint (Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational
direction of Pz joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The
translational direction of Ps joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z
axis).

Py Py Py Po Po Pzt - -
R, R _ iR, R _ iR L
R, Ry z R Ry P iR Ry _ (3-294)
Py Py Py Py - . - - _
R, R - R, R _ R
_RY Ry P, | R Ry P iR Ry _

167



Limb Six [

Lim Four

Figure 3-155 Schematic diagram of 6-DOF parallel structure (64)
Feature: There are three P4 joints (Px, Py, Pz), three Re joints (Rx, Ry, Rz), three identical
Pa joints (Pxy) and three same Pa joints (Pxz). Six Pa joints (Pxy, Pxz) are related to P4 joint
(Px). Three same P, joints (Pxy) are relevant to P4 joint (Py). Three identical Pa joints (Pxz)
are relevant to P4 joint (Pz). The translational direction of P4 joint (Px) and the rotational
axis of Re joint (Rx) are parallel (X axis). The translational direction of P4 joint (Py) and the
rotational axis of Re joint (Ry) are parallel (Y axis). The translational direction of P4 joint

(Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).

I:>X I:)XY IDXZ ; PX - PXZ ; - - -
RZ I:>Y I:)YZ é RZ I:)Y - é RZ - -
RY RX PZ é RY RX I:)Z é RY RX - (3_295)
I:)X - PXZ é I:)X - - é - - —
RZ I:>Y I:)YZ ; RZ I:)Y - E RZ - -
L RY R X I:>Z : RY R X I:)Z : RY R X —_|
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Figure 3-156 Schematic diagram of 6-DOF parallel structure (65)
Feature: There are three P4 joints (Px, Py, Pz), three Re joints (Rx, Ry, Rz), one Pa joint (Pxy),
two identical P, joints (Pyz) and three same Pa joints (Pxz). Four Pa joints (Pxy, Pxz) are
related to P4 joint (Px). Three P joints (Pxy, Pyz) are relevant to P4 joint (Py). Five P, joints
(Pxz, Pyz) are relevant to P4 joint (Pz). The translational direction of P4 joint (Px) and the
rotational axis of Re joint (Rx) are parallel (X axis). The translational direction of P4 joint
(Pv) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational direction

of P4 joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).

Py Py Py Po _ Py . - -
R, P P, R, P - R, _ _
R Ry P, R, Ry z Ro Ry _ (3-296)
Py B Po _ Py . - -
R, R - R, P - R, _ _
_RY Ry P, R, Ry P, | R, Ry -
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Figure 3-157 Schematic diagram of 6-DOF parallel structure (66)
Feature: There are three P4 joints (Px, Py, Pz), three Rs joints (Rx, Ry, Rz), one Pa joint (Pxy),
one Pa joint (Pyz) and four same Pa joints (Pxz). Five Pa joints (Pxy, Pxz) are related to P4
joint (Px). Two different P, joints (Pxy, Pyz) are relevant to P4 joint (Py). Five Pa joints (Pxz,
Pyz) are relevant to P4 joint (Pz). The translational direction of P4 joint (Px) and the
rotational axis of Re joint (Rx) are parallel (X axis). The translational direction of P4 joint
(Pv) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational direction

of P4 joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).

I:>X PXY I:)XZ ; I:>X - - ; I:>X - -
RZ I:>Y I:>YZ é RZ I:>Y I:)YZ é RZ - -
RY RX I:>Z é RY RX A é RY RX - (3_297)
I:)X - I:)XZ i I:)X - - ; - - —
RZ I:)Y I:>YZ E RZ I:>Y - RZ - -
L RY X I:)Z : RY X - RY R X —_
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Figure 3-158 Schematic diagram of 6-DOF parallel structure (67)
Feature: There are one P3 joint (Pz), one P4 joint (Py), one Ps joint (Px), three Re joints (Rx,
Ry, Rz), one P, joint (Pxy), two identical Pa joints (Pxz) and three same Pq joints (Pyz). Five
Pa joints (Pxz, Pyz) are relevant to Ps joint (Pz). Four Pa joints (Pxy, Pyz) are relevant to P4
joint (Py). Three P4 joints (Pxv, Pxz) are related to Ps joint (Px). The translational direction
of Ps joint (Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational
direction of P4 joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The

translational direction of Ps joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z

axis).
I I:)X — PXZ ; PX — I:>XZ I:)X — — |
RZ I:)Y I:)YZ ; RZ I:)Y I:)YZ RZ — —
RY RX I:)Z ; RY X I:)Z RY RX — (3'298)
I:)X — PXZ E I:)X — — — — -
RZ I:)Y I:>YZ E RZ I:)Y - RZ — -
L RY Rx I::‘z RY X - RY Rx —
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Limb Five

Limb Two

Figure 3-159 Schematic diagram of 6-DOF parallel structure (68)
Feature: There are one P3 joint (Pz), one P4 joint (Py), one Ps joint (Px), three Re joints (Rx,
Ry, Rz), three identical Pa joints (Pxz) and three same Pa joints (Pyz). Six Pa joints (Pxz, Pyz)
are relevant to Ps joint (Pz). Three identical P, joints (Pyz) are relevant to P4 joint (Py).
Three identical Pq joints (Pxz) are related to Ps joint (Px). The translational direction of Ps
joint (Px) and the rotational axis of Rs joint (Rx) are parallel (X axis). The translational
direction of P4 joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The

translational direction of Ps joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z

axis).
I I:)X I:)XY I:)XZ ! I:>X — — ; I:)X — — ]
RZ I:)Y I:)YZ ; RZ I:)Y - ; RZ — —
RY RX I:>Z ; RY RX I:>Z ; RY RX — (3_299)
I:)X I:)XY I:)XZ E PX — - ' — - -
RZ I:)Y I:>YZ E RZ — — RZ — -
L RY RX I:)Z : RY RX PZ : RY RX —_|
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Limb Five

[ . Limb Four
Limb Three

Figure 3-160 Schematic diagram of 6-DOF parallel structure (69)
Feature: There are one Pz joint (Py), one P4 joint (Pz), one Ps joint (Px), three Re joints (Rx,
Ry, Rz), two identical Pa joints (Pxy), two identical Pa joints (Pxz) and two same P joints
(Pvz). Four P, joints (Pxv, Pyz) are relevant to Pz joint (Py). Four Pa joints (Pxz, Pyz) are
relevant to P4 joint (Pz). Four Pa joints (Pxv, Pxz) are related to Ps joint (Px). The
translational direction of Ps joint (Px) and the rotational axis of Re joint (Rx) are parallel (X
axis). The translational direction of P3 joint (Py) and the rotational axis of Re joint (Ry) are
parallel (Y axis). The translational direction of P4 joint (Pz) and the rotational axis of Re

joint (Rz) are parallel (Z axis).

PX I:)XY PXZ ; PX - I:)XZ ; PX - -
I:QZ PY PYZ é I:QZ PY - é RZ - -
RY RX PZ é RY RX F)Z é RY I:QX - (3_300)
PX - PXZ i I:)X - - ' - - —
I:QZ PY I:)YZ E I:QZ - - I:QZ - -
L RY R X PZ : RY R X I:)Z : RY R X —_
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Figure 3-161 Schematic diagram of 6-DOF parallel structure (70)

Feature: There are one Pz joint (Py), one P4 joint (Pz), one Ps joint (Px), three Re joints (Rx,
Ry, Rz), one P4 joint (Pxy), two identical P joints (Pvz) and three same P, joints (Pxz). Three
Pa joints (Pxy, Pyz) are relevant to Ps joint (Py). Five Pa joints (Pxz, Pyz) are relevant to P4
joint (Pz). Four P4 joints (Pxy, Pxz) are related to Ps joint (Px). The translational direction
of Ps joint (Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational
direction of P3 joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis). The
translational direction of P4 joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z
axis).

P« _ Py P« _ Py . - =
R, P Py R, B - R, P _
R, Ry P R, x P; R, Ry _ (3-301)
P« _ Py P« _ Py . - =
R, B P, R, B o R, _ _
_RY Ry P iRy X _ iR Ry _
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Figure 3-162 Schematic diagram of 6-DOF parallel structure (71)

Limb
Two

el
Limb Four

Feature: There are one Pz joint (Pz), one P4 joint (Px), one Ps joint (Ps), three Re joints (Rx,

Ry, Rz), two identical P, joints (Pyz) and four same P, joints (Pxz). Six Pa joints (Pxz, Pyz)

are relevant to P3 joint (Pz). Four identical Pa joints (Pxz) are related to P4 joint (Px). Two

same P, joints (Pyz) are relevant to Ps joint (Py). The translational direction of P4 joint (Px)

and the rotational axis of Re joint (Rx) are parallel (X axis). The translational direction of

Ps joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational

direction of Pz joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).

I:)X
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PXY
I:)Y
RX

I:>Y
R X
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. \ ' Four
Limb Three Base

Figure 3-163 Schematic diagram of 6-DOF parallel structure (72)
Feature: There are one Pz joint (Px), one Pz joint (Pz), one Pe joint (Py), three Rg joints (Rx,
Ry, Rz), one Pa joint (Pxy), one Pa joint (Pyz) and four same Pa joints (Pxz). Five Pa joints
(Pxv, Pxz) are related to Pz joint (Px). Five Pa joints (Pxz, Pyz) are relevant to Ps joint (Pz).
Two different Pa joints (Pxy, Pyz) are relevant to Ps joint (Py). The translational direction of
P3 joint (Px) and the rotational axis of Re joint (Rx) are parallel (X axis). The translational
direction of Pg joint (Py) and the rotational axis of Rs joint (Ry) are parallel (Y axis). The

translational direction of Ps joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z

axis).
_PX I:>XY IDXZ ; PX - PXZ ; — — __
RZ I:)Y - : RZ I:)Y - : RZ I:)Y -
RY Rx z RY Rx z RY Rx - (3_303)
I:>X IDXY I:)XZ f PX - PXZ f - - -
Rz PY - Rz PY - Rz - -
_RY Rx IDz : RY Rx — : RY Rx —
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Figure 3-164 Schematic diagram of 6-DOF parallel structure (73)

Feature: There are one Pz joint (Pz), one P4 joint (Px), one Ps joint (Py), three Re joints (Rx,
Ry, Rz), two same P4 joints (Pxy) and four same P4 joints (Pxz). Four identical P joints (Pxz)
are related to P3 joint (Pz). Six Pa joints (Pxy, Pxz) are relevant to P4 joint (Px). Two identical
Pa joints (Pxy) are relevant to Ps joint (Py). The translational direction of P4 joint (Px) and
the rotational axis of Re joint (Rx) are parallel (X axis). The translational direction of Ps
joint (Py) and the rotational axis of Re joint (Ry) are parallel (Y axis). The translational
direction of Pz joint (Pz) and the rotational axis of Re joint (Rz) are parallel (Z axis).

3.4 Summary

A special term is added to the modified G-K equation, to be suitable for a group of parallel
mechanisms with P, R and parallelogram joints. A novel methodology called the kinematic
joint matrix is proposed. It possesses the mapping relations with parallel manipulators with
three kinds of kinematic joints. A unique pattern is design to distinguish various kinematic
joint matrices. A series of 2-6 DOFs parallel architectures is denoted by the kinematic joint

matrix and the unreliable parallel structures are clarified by the screw theory.
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Chapter 4 Performance analysis of parallel mechanisms
4.1 Performance index: Level index
There are various kinds of kinematic and dynamic indices to measure the performance of
parallel manipulators. They are generally no less than O in the whole workspace of the
parallel structure. In this section, the novel level index is proposed to evaluate the
performance rank of any position/orientation in the overall performances in workspace,
and to normalize various performance indices with positive values. The level index can be
computed as

4(pose) (4-1)
H+ p(pose)
where u(pose) is the performance of any pose of the moving platform and z represents

Level Index =

the mean value of this kind of performance in workspace.

There are three main advantages of this novel index.

(i) Based on the definition, the level index ranges from 0 to 1 and it is a monotonically
increasing function with respect to x(pose) . In another word, if one performance index is
chosen, the mean level index is a constant, the pose with higher performance will own
larger level index. The level index can maintain the feature of the original index.

A proof is provided. There are two positions for point a and point b. Their corresponding

level indices of one specific indicator are LI(a) = u(a)/[z+ u(a)] (LI is short for level
index) and LI(b) = z(b) /[ + ()], respectively. The parameters u(a), u(b), z, LI(a)

and LI(b) are all positive values. Hence, the following expression can be generated

LI(b)— LI(a) = _u(b) B _,U(a)
pg+pb) g+ pu(a)
_ 1)+ p@)] - p@)a+ ub)] (4-2)
[+ (@) + p(b)]
__ Hlpb) - p(@)]
[+ @)+ p(b)]

Equation (4-2) have the identical positive or negative symbol with z(b) — «(a). Therefore,

the level index can remain the original index distributions.
(if) The usage of the level index can also assist to shrink/normalize the range of the
performance index. For example, the local condition index (LCI) of a parallel mechanism
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generally ranges from 1 to +oo. The corresponding level index will be limited between 0
to 1. This process will make it easier to be depicted in figures, as the long axis for the
performance index will be replaced.

(iii) The level index provides the performance rating in one parallel mechanism. When
comparing two poses from two parallel mechanisms, the same kind of performances of
these two poses are not sufficient. Their ratings in the corresponding manipulators are
unknown. It is assumed that there are two parallel manipulators with provided LCI
information. In the first parallel manipulator, the mean LCI is 4 and the LCI of point D1 is
5. In the second parallel mechanism, the mean LCI is 10 while the LCI of point D2 is 6. In
one hand, the point D1 has better LCI than that of point D>. In another hand, the LCI of the
point Dy is larger than the mean value of the first mechanism. The LCI of the point D is
smaller than the mean value of the second mechanism. Considering this aspect, the point
D: is worse than the point D. This conclusion can be verified by the local condition level
index, which can be deduced through Equation (4-1). The local level condition indices of
these two points are 5/9 and 3/8 respectively, which indicate their ranks in the
corresponding mechanisms.

The local condition index of the mechanism is employed to examine this concept. Based
on the definition in Equation (4-1), the local level condition index (LLCI) is formulated as
follows

LCI

LLCl = =———
LCI + LCI

(4-3)

where LCI represents the mean value of local condition index (global condition index).

Since some parallel manipulators have mixed (translation and rotation) movements, it is

better to compute this index separately to avoid the non-homogeneous unit[160]. In

accordance with the definition in Equation (4-3), the local translational condition index

(LTCI) and the local rotational condition index (LRCI) are generated respectively as
LTCI=LCI(3,)=]3,], 3.,

@-4)
LRCI=LCI(J,) = ”‘]W ||f H‘]Vﬂ‘f
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where J,, and J,, own respectively the first i column(s) (i indicates the translational

DOF(s) of the mobile platform) and the remaining column(s) of the whole Jacobian matrix
J.

Therefore, the LTCI and LRCI can be applied in Equation (4-1) to compute the
corresponding local translational level condition index (LTLCI) and local rotational level
condition index (LRLCI), respectively.

Several parallel structures should be chosen from Section 3.3 to verify the novel level index
concept. Since there are planar and spatial DOFs, translational and mixed-motion (both
translation(s) and rotation(s)), fully coupled or partial decoupled movements in this class
of parallel architectures, four different structures are selected to represent the general cases,
2T (figure 3-5), 2T1R (figure 3-22), 3T (figure 3-14) and 3T1R (figure 3-33) mechanisms.
Their characteristics are listed in Table. 4-1.

Table 4-1 The comparisons among four selected parallel structures

Planar or spatial motion Translational or mixed motion (De)coupled
2T Planar Translational Coupled
2T1R Planar Mixed Coupled
3T Spatial Translational Partial decoupled
3TIR Spatial Mixed Partial decoupled

4.2 Case one: 2T parallel mechanism

The parallel manipulator illustrated in figure 4-1 is consisted of two identical branches.
Each branch contains an active prismatic joint connected to the fixed platform and a
parallelogram module (4R links) attached to the moving platform. The global coordinate
system attached to the base is also established. The driving joints of two branches are along
X axis. The revolute joints axes of two parallelogram modules are parallel to Z axis.

The midpoints of linkages A11A13, A12A14, B11B13 and B12B14 are denoted as Ais, Ass, Bis
and Bys, respectively. The maximal range of the two sliding joints are defined as Li1. The
lengths of linkage A11A12 or (A13A14) and AnAiz or (A12A14) are respectively Lz and
2L13.The linkage lengths of B11B12 or (B13B14) and B11B13 or (B12B14) are respectively Lia

and 2L1s. The distance between point A14 (or B12) and point Pz is represented as Lis. 6,

and &, present the inclined angles for linkages A13A14 and B13B1a.
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Moving platform
A1 P1 . B16

Limb

Al5 Fixed platform B1s

Figure 4-1 Schematic diagram of the 2T parallel mechanism

(i) Kinematic models

Two actuation displacements are defined as Q, =[X,s, Ygs]' - The mobile platform

position is denoted as X, =[X.,, Y5, ]" - The positions of some points are obtained in the

given coordinate system. Pu.(Xys,0) , Pyg(Xe; =L =L Vo) Pas(Xgi5.0)

PBlG (XPl + L13 + L16’ yPl) :

To resolve the inverse kinematic model, the vector-loop equation of the first branch can be

described as
OAs +AsAg + AP = OP,
Equation (4-5) can be further explained in two orthogonal axes, as listed below

{XMS + L12 Cos ‘911 + L13 + L16 = Xpy
L,sin6,; =Yy

Then the inclined angle ,, and the position of the first actuator can be solved as

{011 =arcsin(ye, / L;,)

Xags = Xpy — Ly — Lyg — Ly, COS G,

In a similar way, the vector-loop equation of the second limb can be expressed as
OBlS + BlS BlG + BlGPl = OPl

Equation (4-8) can be split into X and Y axes, as

{Xsls + L14 Cos ‘912 - L15 - L16 = Xpy
L,sing, = yp,

The inclined angle @, and the second prismatic joint position can be obtained
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Xgis = Xpy + L15 + L16 - L14 Cos ‘912

The forward kinematic model can be computed based on Equations (4-6) and (4-9). The

{912 =arcsin(yp, / L,) (4-10)

unknown inclined angles of these two equations are moved at one side of equations, then

they can be rearranged as
1“11:(xpl—xAlS—Lls—L16)2+y,f,1—Lf2 =0 (4-11)
Ty 1 (Xpy = Xaps + Lis + Lig )2 +y5—L2, =0 (4-12)
Equation (4-11) minuses Equation (4-12) leading to
L%, — Ly = (Xpy — Xpgs — Lis — Lig )2 —(Xpp = Xggs + Lus + Lle)2 (4-13)

In accordance with Equation (4-13), the X component of the point Py in the mobile platform

can be found

2 2
(XA15 + L13 + L16) _(L15 + L16 _X515) + l-it_l-fz
2(XA15 ~Xggs L13 + L15 + 2L16)
Combining Equations (4-11) and (4-14) yields
Yp1 = i\/I-fz _(XPl —Xus — Ly — Ly )2 (4-15)

Equations (4-14) and (4-15) are the corresponding forward kinematic solutions with a

Xpy =

(4-14)

given positions of two driving prismatic joints.
(it) Singularity configurations
Differentiating both sides of the constraint equations (4-11) and (4-12) with respect to time,

the velocity relation between two actuators and the mobile platform is obtained

‘]Ql[XAlsl yBlS]T =J Xl[XPli yPl]T (4-16)
where
J :|:_(XP1_XA15_L13_L16) 0 }
@ 0 _(XPl_XBlS+L15+L16)

J.. = |:XP1 — Xpns — L13 B L16 yP1i|
X1~

Xpy — Xg15 + L15 + L16 Ye1

The Jacobian matrix of this parallel structure is then expressed as
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3=l (4-17)
There are generally three kinds of singularity configurations [26] based on Equation (4-16).

Type-I singularity happens when Det(JQl) =0. The first case is Xo; =Xy + L5 +Lgin the

condition of L, <L, . In this situation shown in figure 4-2(a), 6, is z/2 rad and. The
second case is similar with the first case. In this case illustrated in figure 4-2(b),
Xo; = Xggs — Lis —Ligin the condition of L, 2L,,. 8, is #/2 rad. In both cases, the mobile
platform can resist external force that is parallel to Y axis without actuation force.

Type-1 singularity occurs when Det(J,,)=0. The result is Y5 =0. The first case is

sin@, =sinf, =0&L,, #0&L,, #0. The whole mechanism is trapped in the X axis and
the mobile platform loses the translation along Y axis, as shown in figure 4-2(c-e). Another
possible situation is L, =00rL,=0. The moving platform loses the translational

mobility along Y axis and only has one DOF, as presented in figure 4-2(f-h).

The combined singularity happens when both type-1 and type-Il scenarios happen. This

case does not exist in according to its definition Det(Jy;) =0 and Det(Jy,)=0. However,

this case happens when L12=0 or L14=0, in according to the analysis of type-lII

singularities.
" Platform " s Platform
s ol
Limb Limb Limb Limb
(:rr:; two one two
Base Base
() §,=7/2 (b) O, =712
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Figure 4-2 Singularity configurations of 2T parallel mechanism
(iii) Workspace analysis

The physically constraints of all kinematic joints should be considered in order to calculate

workspace of the mobile platform. The strokes for two active prismatic joints are
constrained as Ly < Xy: <L, 4L and 4L, <X <L, — L. Revolute joint generally has
a large rotational range. However, they are shrunk when considering singularity avoidance
and real assembly condition. 7/36<6, <177/36 and 197/36<6,<357/36 . To
avoid singularity configurations discussed above, the position of the mobile platform is

given as Xys <Xp; <Xg5. The spatial searching algorithm is applied to determine its
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workspace. Given any possible point, the inverse kinematic solution is employed and it can
be regarded feasible if all these above requirements can be satisfied.

These parameters are given as: L11=100mm, L12=30mm, Liz= 5mm, Lis=5mm. The
symmetric features are selected for the workspace analysis and the following calculations.
Lis=Lis, Lio=L14.The reachable workspace is illustrated as red dot in figure 4-3. The
reachable workspace is symmetric image about X=50mm. The workspace region keeps
increasing as the height (along Y axis) of the mobile platform rises. However, the reachable
workspace with irregular shape does not fit for real applications. The task workspace is

defined as a rectangle within the reachable workspace as denoted in figure 4-3.

25

20 F

10 +

20 3l0 4‘0 5l0 6l0 7‘0 80
X(mm)
Figure 4-3 Reachable and task workspaces of 2T parallel mechanism
(rw-reachable workspace, tw-task workspace)
To understand the parametric effects on both the reachable workspace and operational
workspace, a set of values for each parameter are selected to evaluate and compare their
corresponding regions. The sum of qualified discrete poses is used for the reachable
workspace since it is not a regular shape. The rectangle area is employed for the operation
workspace. These effects are illustrated in figure 4-4. From figure 4-4(a), the reachable
workspace gets larger as L1 increases. The task workspace decreases at first and then
increases when L1 changes from 75mm to 125mm. From figure 4-4(b), the reachable
workspace shrinks when Li2 increases. The task workspace gets smaller when L1z increases
from 30mm to 38mm and keeps zero when Li2 increases until 50mm. Figure 4-4(c)

illustrates that both workspaces decrease when L1z changes from 3mm to 10mm. The task
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workspace does not exist when L1z equals to 10mm. Figure 4-4(d) demonstrates that both

workspaces shrink as L1z gets larger.
1200 ; T i T T 600 ‘
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Figure 4-4 Parametric analysis of the reachable and task workspaces
(iv) Dexterity analysis and level index
For this parallel mechanism, its dexterity is studied to understand the transmission
relationship’s capability between two linear inputs and two translational outputs. The most
commonly used indices are manipulability and condition number, and the latter one is
applied here. Its local condition index (LCI) is calculated as the Frobenius norm of its

Jacobian matrix, as provided below
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2 2
LCl = Yy _+ Yp1 +2
(XPl_XA15_L13_L16) (Xpl_X515+L15+L16)

J % Y
= L4 P42 (4-18)
Liz - sz’l Liz - ygl
2L,
sz - ylgl

Equation (4-18) indicates LCI is constantly greater than /2 for this mechanism. Its

transmission performance is better when LCI is closer to </2 . It can be concluded from

Equation (4-18) that LCI is only related to Li2 and Yp, . The impacts originated from these
two parameters are depicted in figure 4-5.

In figure 4-5(a), L12 is a constant value of 30mm. It can be seen from figure 4-5(a) that LCI

gets larger as Yp; increases with the smallest and largest LCI are 1.4343 and 2.5584,

respectively. In figure 4-5(b), Yp; remain 15mm. Figure 4-5(b) indicates LCI gets smaller

when Li1> becomes longer. The velocity transmission capacity is getting better in this

process. Figure 4-5(c) is required to show the overall impacts from both variables. Figure

4-5(c) presents the best LCI is located with the largest Yp, and the shortest Li2, while the

worst performance can be obtained when Yp, is in the lowest position and L2 is selected

as the longest length.

It is noteworthy that the linkage length’s impacts on the global condition index is not
provided. The most important reason is that various dimensions of one linkage may cause
different areas/volumes of the whole reachable workspace. Therefore, the impacts on a
global index are consisted of the effects on the workspace and this index. It is difficult to
explore the linkage’s direct impact on this global index. Hence, the linkages’ impacts on

global indices are not discussed in this research.
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(¢) Ypiand Li>
Figure 4-5 Distributions of the LCI

The corresponding distribution for LLCI is calculated from Equation (4-3) and is depicted
in figure 4-6. Its trend is exactly the same as that in figure 4-5(a). The scale of LLCI is
narrowed. In the whole workspace, the LLCI ranges from 0.4379 to 0.5816 and the mean
value is 0.4834. The impact from L2 is ignored since the variance of L1z will lead to the
changes of LCI.
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Figure 4-6 Layout of the local level condition index

4.3 Case two: 2T1R parallel mechanism

This planar parallel mechanism is depicted seen in figure 4-7. The coordinate system is
located at the bottom left corner. Based on the right-hand rule, Z-axis is perpendicular to
the XQY plane and points outward. This parallel robot includes one fixed platform and a
mobile platform connected by three independent kinematic chains. Each chain is
constituted of one active prismatic joint, one parallelogram joint ((R-R). linkage) and a
revolute joint. All the sliding joints moves along X-direction. The parallelogram joints are
placed in the XOY plane. In each kinematic branch, one side of the parallelogram joint is
installed on the driving sliding joint and another side is attached to the moving platform
with a rotary joint. The axes of three rotational joints connected to the mobile platform are
all parallel to Z-axis. This planar parallel architecture can achieve two translations along
X-axis and Y-axis, one rotational movement about Z-axis.

The points Azs, B2s, Cos are the midpoints of A21A23, B21B2s and C21Cas, respectively. The
points Az, B2s, C26 are the midpoints of A2Az, B22Bas and C22Ca4, respectively. The
distance along Y direction between the active sliders A21A23 and C21Cos is defined as Loi.

|A21A22| :|A23Az4| = Lzz . |A21A23| :|A22Az4| = 2'-23 . |leBzz| :|stBz4| = L24
|821st| :|Bzsz4| = 2L25- |C21C22| = |C23C24| = I-ze . |C21cz3| = |C22C24| = 2|-z7 |A26A27| = L28'

|B,sB.s| = Lyg . [C1sCyr| = Losg. The mobile platform Az7B27C27 forms a virtual equilateral

triangle with the edge is L211 and the center is point P2. According to the feature of this
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triangle, |A,,P,| =|B,,P,|=|C;P,| = 3L,y /3. The sliding stroke along X direction for all
actuators is set as L212. The sloping angles between positive X-axis and the linkages A23A24,

B23B24 and C23Co4 are respectively represented as 6, 6, and 6. The angle between the

virtual edge A27B.7 and the positive X-axis is ¢,.

YA A 3

e

O X Az B2s

Figure 4-7 Schematic diagram of this planar 2T1R robot
(i) Kinematic models
The positions along X direction of the active sliding joint Azs, Bos and Cas are Xazs, Xg2s and

Xcos, separately. The system input of this parallel manipulator is defined as
Q, =[X,6: Xap5: Xeps] . The position of point P2 in the provided coordinate system is (xe2,

y p2). Thereafter, the pose of the mobile platform is given as X, =[Xo,, ypz,(oﬂ]T .The
inverse kinematic problem can be computed with the given X». For the first kinematic chain,
the vector-loop equation is obtained as

OAy + Ay Ay + A Ay + Ay P, = OF, (4-19)

Equation (4-19) can be expressed along two orthogonal directions
{XAzs +L,,c088,, +~/3L,,, /3¢05(p,, + 771 6) = X,

_ _ (4-20)
L,,sing,, + L, + x/§|_211 13sin(p, +716) =Y,
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From Equation (4-20), the unknown parameter 921 should be placed at one side while the
others are in other side, to eliminate 6. Hence, Equation (4-20) is rephrased as
{Lzz C0S B, = Xp, — \/§L211 13¢0S(y, + 71 6) = X5

Ly, sin 6, = Yp, — \/§L211 [3sin(@,, +716) — Ly
Adding the squares of both equations in Equation (4-21) leads to

(4-21)

2 _ 2
[y :[sz _‘/§L211 /3cos(¢y +7Z'/6)_X1:| +[yP2 _‘/§L211/33m(¢21 +716)- L28:| - Léz =0

(4-22)
The position of the active prismatic joint Azs is then solved as

. 2
Xpzs = |:XP2 _\/§L211 /3cos(g, +77/6)] i\/Liz _[ypz _\/§L211 13sin(g,, +716) - L28:|

(4-23)
The similar calculation steps for the first branch will be employed for the remaining
supporting branches. The closed-loop equations for the other supporting branches are
calculated as

OB,; + BB + BBy, +B,,P, = OF, (4-24)
OCys+CysCh +CysCyy +C, P, = OF, (4-25)
Both Equations (4-24) and (4-25) will be described in two orthogonal directions and the

passive parameters 0, and 6,; will be placed in one side, as arranged below

L,, €0S8,, = Xo, —/3L,,, / 30S(¢p,, +57/6) - Xg 25 (4-26)
Ly, SiNGy, = Yp, — \/§L211 [3sin(g,, +5716) = Ly
L,; COSO,; = Xp, —3L,,, /3c0s(¢,, +37/2) - Xcos (4-27)
L, SiN 6, = Y, —V3Lyy, /35iN(0,, +37/2) = L, + Ly

Summing the squares of both equations in Equations (4-26) and (4-27) respectively. The

following expressions can be deduced
2 . 2
Ty | %o = VBLays /3008(py; +5716) =X, || +[ Yo, =By /3sin(pyy +57/6) ~ Ly | — L, =0

(4-28)
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2 . 2
Fyo | Yo =\BLyys /308(p +3712) =X, | +] Yo, ~\/BLyyy /38iN( +3712) = Ly #+ Ly | L3 =0
(4-29)
The positions of the remaining actuation joints Bzs and Cos can be formulated separately,
as listed below
. 2
Xgzs =| Xpo = /BLyy, /3C0S(,, +57/6) |+ \/L§4 ~[ Vo2 ~\BLwy /3sin(p,, +5716) - Ly, |
(4-30)

. 2

Xops = [xpz —3L,,, /3cos(¢,, + 37/ 2)]1\/L§6 —[ypz —BL,,, /3sin(p, +37/2)—L,, + LZB}
(4-31)
The analytical solution of the inverse kinematic model is concluded in Equations (4-23),

(4-30) and (4-31).
The forward kinematic problem can be calculated with the predefined Q.. Equations (4-

22), (4-28) and (4-29) can be deduced in the following form

2 2
Xpy + Ypo T €1%p, 1€ Yp, 163 = 0 (4-32)
2 2
Xog T Ypo 1€ Xpy 1€ Yp, 63 = 0 (4-33)
2 2
Xpo T Ypo T3 Xp) T€5,Yp, 1655 = 0 (4-34)

where
ell = —2|:\/§L211 /3COS(¢21 +7/ 6) + XA25:|
€=~ [\/§L211 13sin(@y, + 72 16) + LZB}

2 2
€15 =| VBLayy /3C08(0, + 771 6) + X5 |+ BLyyy 138in(gpyy + 7/ 6) + Lyg | — L3,

€ == [\/gl-zn /3c0s(p,, +57/6) + X‘325]
€y =2 [\/§L211 /3sin(@,, +5716) + LZB}

€= VBLoyy /3€08(0, +5716) + X5 | +[ Bl /38iN(0y +5716)+ Ly | L,
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€ =— |:\/§L211 I3cos(py +3712) + XCZ5]
€ = _2[\/§|—211 [3sin(p, +37/2)+ 1L, - ng]

e =| /3Ly, /3008(p,y +37 1 2) + xczs]z +[ \BLs 13sin(p, +3712) + Ly, - ng]z — 12
Subtracting Equation (4-33) from Equation (4-32) leads to

€ Xp2 €4 Ypp €3 =0 (4-35)

where €, =€, —€, 1=123,
Subtracting Equation (4-34) from Equation (4-32) generates

€51 X, T 65, Yp, 655 =0 (4-36)

where €; =€, —€, 1=12,3,
The parameters x and y can be computed by solving Equations (4-35) and (4-36)

eez _ees
Xoy = =5, Yp, =—2 (4-37)
€1 €e1

where
€61 = €4185, —€4,65;
€60 = €42€53 —€4365,
€63 = €41655 —€4365;
Combining Equations (4-32) and (4-37) yields
2 2 2
€62 1 €3 1611661662 —€12€61€63 T€15661 = 0 (4-38)

Hence, the variable ¢, can be computed since it is the only unknown parameter in
Equation (4-38).
(i) Singularity configurations
Taking the derivatives of Equations (4-22), (4-28) and (4-29) with respect to time and
rearranging the expression, yield

oo Dazs: Kas Kes]' = Iz [¥or Voo @l (4-39)
where

Jg, =diag(M;;, M5, My5)
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My My, M11\/§L211 13sin(@,, + 7 16) - M12\/§L211/3COS(¢21 +716)
Je, =| My My, MBL,, /3sin(p, +57/6)—M,,~3L,, /3cos(p,, + 57/ 6)
My, M, My3L,, /3sin(p, +37/2)—M 3L, /3c0s(p,, +37/2)

M, = Xo, —~/3Lyy, /3C08(0y, + 77/ 6) = X
My, = Vo, —/3L,y, /3sin(gy, + 71 6) — L
M, = Xo, /3Ly, / 3C0S(¢2,, +57 1 6) — X e
My, = Yo, —/3L,,, /35in(p,, +57/6) — L,
M, = Xp, 3Ly, /3C0S(00,, +37 1 2) = X e

Mis = Ve, _\/§L211 13sin(gy +37/2) - Ly, + Ly
Equation (4-39) can be further expressed as

Qz = ‘]zxz = (Jéé‘]xz)xz (4-40)
where Jz is the Jacobian matrix of this planar parallel mechanism.
The linkages A2sA27, B2sB27 and C26Co7 are parallel to each other in figure 4-7. This already
shows a singularity that the moving platform may cause an infinitesimal sliding movement
along X direction even all the active sliding joints are fixed. Therefore, Lag= L29= L210=0 to
avoid this singularity configuration. Under this situation, the singularity configurations of

this planar parallel manipulator are listed below on the basis of Equation (4-39).

Type-l ~singularity happens when Det(Jo,)=0 . The first case is
xpz:[3xA25+J§L211cos(¢21+n/6)]/3 . It implies that L,,c086,, =0, which can be

realized when L2=0 or 6’21:7r/ 2rad (Considering the real application and assembly

condition, the range of angle is from 0 to « rad . This consideration is also applied to other

sloping angles). The latter scenario shows the sloping linkages A21A23 and A22Az4 are

perpendicular to X direction. The second case is X, =[3Xgs —\/§Lm cos(p—nm16)]/3. It

indicates that L,,C086,,=0. This result can be obtained when L,, =0 or 6, =7/2rad

(This means the inclined linkages B21B23 and B22B24 are perpendicular to X direction). The

last case is X, = (3%e, — /3Ly, SiN) /3. It means Ly 0086, =0 which can be achieved
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when L,=0 and 6,=37/2rad (The inclined linkages C21C2s and CzCos are

perpendicular to X direction). In summary, the first scenario of each case means the inclined
linkages do not exist, while the second scenario depicts that the moving platform can bear

the external force along Y axis without driving outputs.

Type-Il singularity occurs when DEt(JXZ)IO. There are two cases. The first case is

expressed as
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X, = =1 [N3(24Y2, + 2015, )Xoy + Xess + X2ps) + 1815 L2, + 2415 (Xoys + XE5) +
2413, (Y2, — X5 COS 200, — X255 COS 200, + Y5, COS 20, ) +
L2, (X5 COS Ay, + XG e COS A, — 2XE 05 COS Ay, ) — 24Y2, (Xaps Xaos + Xags Xoos + Xaos Xeos )
+12y2, COS 200, (X205 + Xans — 2XC 0 ) + Loy (1612, COS 200, + 215, COS 4y, — 48X, 5 X505 )
=212, (Xpz5 Xg5 + XpsXcos + Xaos Xoas) = 2410, Yo, (Xops + Xo0e ) +
24132, L,,, €08 30y, (—Xp5 + Xgo5) — 8Ly, Loy, SIN 200, (X5 + Xgps) +
121, Ly, SiN30,, (—Xi0s + Xh0s ) + Loy Loy (2X 05 SIN 42y, + 16X 5 SIN 200, + 2Xg 0 SiN 4oy, —
4% 5 SIN 20,1 ) + 48l Xoe X5 (Y, + Ly COS200,,) +

L2, COS 402, (—4X sy Xa e + 2X pp Xeps + 2XgpsXezs ) + B33y L211 (—X g + Xg s ) +
24L,, Yo, (X355 COS 202, + X2 0 COS 200, + Xp0e Yoy SIN 2005, + Xaps Yop SIN 200, — 2Xc0s Yo, SIN 202, ) +
242, COS 202, (=2X 50 X5 + Xpos Xeos + X Xens ) +
2431, Y, (3% 06 Yop — 2Ly Xps — 3Xe s Yoy + 2Ly X s ) + V/3L2,, SIN 4y, (X2, — X200 ) +
2412 L, €0S @y, (Xaps — Xaps) +12+/3Y2, 5iN 200, (—X2, + X256 ) +
12L,,, SiN @, (Lyy Xops — Loy X2 oe = Xos Yoo + Xeps Ypo) —
A3L,, L, (X2, COS @0y + X2, COS 0y + 6L, Yy COS 0y, ) + 24 L, Ly Xe e SIN 300 (X, ps — X ) +
A3, Yo, COS @y, (—X2 e — X2 e + 2X2 00 ) — ABLy X s e Xg e Yop COS 2005,
+23/3Ly, Ly, (AL, X, €OS 200, + 2X2 5 COS 300, — AL,y X COS 200, + 2X2, COS 300y, +
L1 Xa05 COS 4@, — Ly, Xgos COS4A,, +4L,,Yp, COS3p,, ) +
24\;’5L21yP2 COS 20,1 (—Xp0s Yoo + 2L Xaos + Xgos Yoo — 2L Xg05) —
83L,; Yy COS 30y, (X2 e + X2g + X256 ) + 24312, X s SIN 402y, (— X105 + Xgs) +
24\J3L,, Y, SIN 200, (X2, — X250 ) + 48L, Ly, Yo, COS @y (—Xpns + Xeps) +
24J§xc25 Y2, SIN 20, (Xa0s — Xgo5) + 241, Xe 5 SIN @1 (L X0 + Loy Xans + Xoaos Voo — Xaos Ve ) +
83, L1y (Xppe Xa o COS @1 — 2%z Yorp SIN @ — 2Xg 0 Yiog SIN 2y + AXc 5 Yoy SIN 05, +
8«/§L211 (2X 525 X525 Yz COS @y — Xaos X os Yoo COS Py — Xgos Xos Ypo COS @y; — Loy Xans X505 COS 3@, +
L1 Xa0s Yoo SIN3@,; + Ly X0 Ve, SN0, — 2L, Xe 05 Vi, SIN3@,, + Xpoe Xz s Yo, COS30,, +
X pp Xc 25 Yop COS 30,1 + X Xeg Yop COS30y ) + 483L Xe 5 Vo SIN 200, (—Xig + Xg e )2 +
6SiN @y, (2L, Xaps — 215, Xg0s + Xags Yo + X5 Yy — 2Xc 05 Vo) + 315 COS 200, (Xaps — Xgps) +
6Yp, COS 20, (—2L,, — \/§XA25 + \/§x825) + \/§L211 (2L, COS 20, + X5 SIN 20,1 + X, SIN 200, —
2Xc555IN 200,1) } 1 (241, 5ing,,)
(4-41)

The second case is calculated as
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X, = { [N3(28Y2, + 212, )(Xos + Xas + Xop5) +18L21 L2, + 2412 (Xos + X25) +
2413, (Y2, — X5 COS 200, — X255 COS 200, + Y5, COS 20, ) +
L2, (X5 COS Ay, + XGpe COS A, — 2XE 55 COS Ay, ) — 242, (Xaps Xaos + Xags Xoos + Xaos Xcos)
+12y2, COS 200, (X205 + Xans — 2XC 0 ) + Loy (1612, COS 200, + 215, COS 4y, — 48X, 5 X505 )
=212, (Xpz5 Xg5 + XpsXcos + Xaos Xoas) = 2410, Yo, (Xops + Xo0e ) +
24132, L,,, COS 30y, (—X 05 + Xgp5) — 8Ly, Loy, SIN 200, (X5 + Xgps) +
121, Ly, SiN30,, (—Xi0s + Xh0s ) + Loy Loy (2X 05 SIN 42y, + 16X 5 SIN 200, + 2Xg 0 SiN 4oy, —
4% 5 SIN 20,1 ) + 48l Xoe X5 (Y, + Ly COS200,,) +

L2, COS 402, (—4X sy Xa e + 2X pp Xeps + 2XgpsXeps ) + B33Lo L211 (—X e + Xg s ) +

24L,, Yo, (X355 COS 202, + X2 0 COS 200, + Xp0e Yoy SIN 2005, + Xaps Yop SIN 200, — 2Xc0s Yo, SIN 202, ) +
24Y2, COS 202, (—2X 50 X5 + Xpos Xeos + Xgos Xeos ) +

2431, Y, (3% 06 Yop — 2Ly Xps — 3Xe s Yoy + 2Ly X s ) + V/3L2,, SIN 4y, (X2, — X200 ) +

2412 L, €0S @y, (Xaps — Xaps) +12+/3Y2, 5iN 200, (—X2, + X256 ) +

12L,,, SiN @, (Lyy Xops = Loy X2 oe = Xos Yoo + Xeps Ypo) —

A3L,, L, (X2, COS @0y + X2, COS 0y + 6L, Yy COS 0y, ) + 24 L, Ly Xe e SIN 300 (X, ps — X ) +
4B, Y, COS @y (=X 05 — X2ps + 2X2 00 ) — A8Ly, X 06 X6 Y COS 200,

+23/3Ly, Ly, (AL, X, €OS 200, + 2X2 5 COS 30, — AL,y X COS 200, + 2X2, COS 30y, +

L1 Xa05 COS 4@, — Ly, Xgos COS4A,, +4L,,Yp, COS3p,, ) +

24J§L21yP2 COS 20,1 (—Xp0s Yoo + 2L Xaos + Xgos Yoo — 2L Xg05) —

8L, Yy COS 30y, (X2 e + X25 + X256 ) + 24312, X s SIN 402, (— X105 + Xg s ) +

24\J3L,, Y, SIN 200, (X2, — X250 ) + 48L, Ly, Yo, COS @y (—Xpns + Xeps) +

24J§xc25 Y2, SIN 200, (Xa0s — Xg5) + 24L,,, Xe 5 SIN @1 (L X0 + Loy Xans + Xaos Voo — Xaos Ve ) +
83, L1y (Xppe Xa o COS @1 — 2%z Yorp SIN @ — 2Xg 0 Yiog SIN 2y + AXc 5 Yoy SIN 05, +

8“/§L211 (2Xp25 Xg 25 Yp2 COS @1 = XppsXc 25 Ypo COS Py — XgosXc g5 Ypo COS Py — Lyt X5 Xg o5 COS 30y, +
Ly Xn2s Ve SIN30y; + Ly Xao5 Ve, SIN3Py — 2Ly Xe 55 Yo, SINBy; + XppsXg 05 Y, COS 300y +

Xn2sXc25 Yp2 COS 30,1 + XgosXcos Ve, COS30,) + 48\/§L21 Xca5Yp2 SIN 2001 (—Xazs + Xgos )]1/2 +

6iN 0y, (2L, Xazs + 2Lp1Xg05 = Xazs Yo — Xa2sYeo + 2Xc o5 Ypa) +3Loys COS 200 (—Xaps + Xgps) +

6Yp, COS2¢,, (+2L,, + \/§XA25 - \/§XBZ5) - \/§L211 (2L,; €OS 209, + X5 SIN 200, + X5 SIN 200, —
2Xc555IN 200,1) } 1 (241, 5ing,,)

(4-42)
(ii1) Workspace analysis
The reachable workspace is one of the most essential indices for a parallel manipulator.
The corresponding linkages of three chains have the same dimensions respectively, to

realize the symmetric feature. For introductive purpose, the linkages dimensions of this
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parallel manipulator are selected as L2i1= 150mm, L= L= L26=120mm, L2z= Los=
L27=20mm, L2g= L2o= L210=0, L212=50mm and L212=400mm.

The first factor that affects the workspace volume is the strokes of the driving joints. In this
mechanism, the strokes of three actuation joints are provided as

Los < Xapss Xaos Xeos < Loy =Ly, The £ symbols in Equations (4-23), (4-30) and (4-31)
are chosenas -, + and + , respectively. According to the geometric relations, the passive

slopping angels 6, are computed as

6, =sin” {[ypz _*/§L211 I3sin(g, +716) = Lyl/ Lzz}
t922 =sin™ {[yPZ —\/§L211 lssin(%l +57Z'/6) - I—zs]/ Lzz} (4'43)
Oy, =sin”’ {[sz _\/§L211/33in((ﬂ21 +3712) =Ly + Ly]/ I—zz}
The driven revolute joints are also constrained as
[in12-177136]<6, <[iz/2-x136] =123
(4-44)
TSP ST

To solve the reachable workspace, the position range of the mobile platform A27B27Co7 is

predefined as 2L, <X, <L,,—2L, and 2L,;<Y,, <L, —L,; .The spatial search

methodology is employed to obtain the reachable workspace. The flow diagram of this

approach is demonstrated in figure 4-8. According to the above conditions, the parameters

in this flowchart are listed as Xy, = 2Ly, X = Loy, = 2L, X =4mMm Y =20,

ymax = L21 o L211 J ystep =1mm | q)min =7 rad | (Dmax =7 rad and ¢step = /18 rad . In the

provided X> range, each possible position is employed to compute the corresponding Q2
based on the inverse kinematic model. This position will be feasible once it meets all the
aforementioned constraints.

The reachable workspace of this planar parallel mechanism is computed and shown in
figure 4-9. The figures 4-9 (a-c) are the standard views while the figure 4-9 (d) presents
the 3D view. Three layers those are parallel to the front/side/top views are provided

respectively in figure 4-9 (a-c) to better understand the distributions of the workspace. In

accordance with figure 4-9, when @,, = 0, the workspace is the smallest and the workspace
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increases when the orientation ¢, is larger or smaller. The reachable workspace is irregular

and asymmetric, which is difficult to be utilized in applications.
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Figure 4-8 Flow diagram for reachable workspace
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Figure 4-9 Reachable workspace and specific layers
A series of linkage dimensions is selected to study their impacts on the volume of the

reachable workspace. These influences are depicted in figure 4-10. From figure 4-10(a),
the workspace volume continues to grow as L21 changes from 130mm to 150mm. The
workspace volume decreases when L»: changes from 150mm to 152mm. As L1 changes
from 152mm to 154mm, the workspace volume increases a bit and then reduces as Log
extends to 170mm. From figure 4-10(b), the reachable workspace volume improves as L2
increases from 110mm to 124mm. Then the workspace volume shows a download trend.
From figure 4-10(c-d), the reachable workspace volume and L2z or L24 are both negative
relationships. The workspace volume keeps shrinking as L2z or L24 gets longer. From figure
4-10(e), the reachable workspace volume and Loi» are positive relationship. In the

predefined range of L212, the workspace volume has a rising trend when L2i2 increases

gradually.
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Figure 4-10 Parametric analysis on the reachable workspace
(iv) Dexterity analysis

The Local Condition Index of this planar parallel robot is calculated as

Lot —fo,1, 021, (425

Since this planar parallel manipulator has translational and rotational movements, Equation

(4-40) is divided into the sum of two terms,
Q,=Jdy [XPZ’ YPZ]T +Jow [¢21]T (4-46)
where sz (3-by-2 matrix) and sz (3-by-1 matrix) own respectively the first two

columns and the last column of the Jacobian matrix J,.
In accordance with the definition in Equation (4-4), the local translational condition index

(LTCI) and the local rotational condition index (LRCI) are generated respectively as
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LTCI=LCI(J,) =] 3o |, [3], (4-47)
LRCI=LCI(J) :||J2W ”f H‘]Z_Vbuf

The LTCI can be computed and is not associated with the position along X direction. The

LTCI- Yp, and LTCI-@, are plotted in figures 4-11 (a-b). The constant parameters are
defined as Xp, =200mm and ¢, =0 to explore the relationships between LTCI (or LRCI)

and Yp,. The conditions that X,, =200mm and Yp,=70mm are pre-set to study the ¢,

impacts on the LTCI (or LRCI). Both figures show a downward trend at first and then

grows as Yp, or ¢ increases. The lowest points of these plots happen at Yy, =60mm and

@, =0, respectively. The LRCI is also not related to Xy, and is illustrated in figures 4-11
(c-d). From figure 4-11(c), the LRCI reduces gradually and then grows, while the turning

point is Yp, =75mm. From figure 4-11(d), the LRCI’s distribution seem like cyclic with

respect to @,. From figure 4-11, both LTCI and LRCI are larger than 1. The values of

LRCI are much larger than those of LTCI. The LTCI ranges from 1.92 to 10.435 in the
whole workspace and the mean value is 2.9783. In the overall workspace, the smallest and
largest LRCIs are 9.8333 and 273.21, respectively. The mean LRCI is 54.17.
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Figure 4-11 Distributions of LTCI and LRCI

The distributions of the LTLCI and LRLCI are plotted in figure 4-12. The corresponding
figures within figure 4-12 have the identical trends as those in figure 4-11, except for the
scales are narrowed in figure 4-12. The LTLCI ranges from 0.39201 to 0.43127 in figure
4-12(a). The smallest and largest LTLCIs are 0.39458 and 0.51005 respectively in figure
4-12(b). The LRLCI ranges from 0.34765 to 0.37705 in figure 4-12(c). The smallest and

largest LRLCIs are 0.26269 and 0.5308 separately in figure 4-12(d).
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Figure 4-12 Layouts of LTLCI and LRLCI
4.4 Case three: 3T parallel mechanism

The schematic diagram of this 3T parallel mechanism is demonstrated in figure 4-13. This
parallel manipulator with three translational movements is consisted of one fixed platform
and moving platform connected by three kinematic chains (A-limb, B-limb, C-limb). In
each kinematic branch, there are from the fixed platform to the end-effector, one active
prismatic joint, a parallelogram module(four-revolute-joint) and a passive prismatic joint.
The global coordinate system is also established as shown in figure 4-13. The driving
sliders of first two branches (A-limb and B-limb), and the passive prismatic pair of the
branch three (C-limb) move along the same direction(parallel to X axis). The parallelogram
modules of branch one and branch two are both parallel to XOZ plane, while that of branch
three is parallel to YOZ plane. The passive prismatic joints of branch one and branch two,
and the active driving slider of branch three move in the same direction (parallel to Y axis).
In branch one and branch two, it is noteworthy that both the passive prismatic joints, the
connection linkages between the parallelogram modules and the passive prismatic joints,
have identical movements respectively in the workspace. For simplification, their
connection linkages are merged as linkage As2A34B34B32 and two passive sliding joints are
combined as one kinematic pair. Overall, the moving platform possesses three translations
in space and three actuators are required to be mounted on three prismatic joints connected
to the fixed platform to fully drive the whole parallel manipulator.

In figure 4-13, Ass, B3s and Css denote the virtual center positions of active sliders Az1Ass,
B31Bas and C31Cass, respectively. Ass, Bss and Css stand for the virtual center points of Az2Aaa,
B32B3s and C32Cas, respectively. The fixed platform is a square with the length of Ls;. The
inclined linkages of parallelogram modules in each branch own the same length and are

defined as Lsz, Las and Lss, respectively. Lss, Lss and L7 represent respectively the

distances between points As1 and As, B and Bss, Ca1and Cas. Thus |AA,,|=2L,(i=12),

IBB,,|=2Ly(i=12) and |CC,,|=2L;,(i=12). The side length of the square moving
platform is denoted as Lss. The angles between Az1Ass and positive X axis, Bz:1Bszs and

positive X axis, C31Css and positive Y axis, are defined as 6, 6, and 0, respectively.
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Figure 4-13 Schematic diagram of the 3T parallel robot
(i) Kinematic models

Since the mobile platform can move but not rotate in spatial space, the posture of this

moving platform is simplified as X; =[Xos, Yps, ZP3]T. The displacements of three sliding

joints are the inputs of this system, which is represented as Q; =[Xuus: Xazs Yoss]' -

Considering the special joint configurations of this parallel architecture, the geometric
feature is employed to calculate the mathematical model of the kinematic problem.
Ignoring the distance along Y-axis between limb one and limb two, the coordinates of three
active sliders can be written as (Xass,0,0), (xes5,0,0), and (0, ycss,0), respectively. The
positions of the points Ass (or Bss) and Css are (Xr2,0,zr2),and (0, y p2, Z p2), respectively.
The linkages lengths of inclined rods AsziAs2(or AzsAss), BaiBa2(or BasBas) and Cs1Cao(or

C33Ca4) remain the same in workspace. Therefore

||OA36 - OAss ” = I-32
[OBy; OB | = L, (4-48)
”Ocse _OC35|| = Ly

where || represents the Euclidean norm.

Equation (4-48) can be further expressed as
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Lyt (Xps — Ass)2 + Zés - Léz =0
o (Xggs = Xpg)* + 23— L5, =0 (4-49)
Tas (Yous = Yps) + 255 = Lig =

If the position of the mobile platform is given, the inverse kinematic solution can be

computed as

Xpas
Qs =| Xgss |=| Xps T L§4 - Zga (4-50)
2 2
Yess Yps £ 4/Lss — Zps

Equation (4-50) indicates each slider has two kinds of working modes. Thus, there are
totally eight sets of theoretical results. For the configuration of the parallel architecture

shown in figure 4-13, three = signs are respectively —,+ and +. If the linkages relations are
predefined, e.g., Xo3 < Xuas < Xass & Yoz < Yeas as depicted in figure 4-13, the corresponding

mathematical solution of inverse kinematic problem is unique and simple to be obtained.
The corresponding solution of the forward kinematic problem can also be derived from
Equation (4-49)

Xoq = —(Lé—L;l A35 + XBas)
20
. ALl 2L 0201+ LiL i -20" +4L 30" +0]F 20 ey sy
2|o]
+\/ [(L, + L)+ oll(Ly, + L) — o]l(Ly, - Ly,) + oll(Ly, — L) — o]
e 2/o]

where 0 =Xy = Xg35.
The forward problem is difficult and multiple solutions in both problems should be avoided.
The direct kinematic problem can be simplified once a rule (e.g., Xp3 <Xu35 <Xg45 and

Yp3 <VYcs5 ) is predefined. In this case, the direct kinematic solution is unique and

computation time are reduced. If all inclined linkages lengths are designed with special

relations, the forward problem solution can be further simplified, i.e., these lengths are the

same, La=Las=Lss. Combined with the working mode ( Xps <Xuss < Xass, Yps < Yess )
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selected from the inverse kinematics, the corresponding forward kinematic problem is

written as

Xpg = O-S(XAss + Xsss)
Y3 = Yess +0.90 (4-52)

Zp, = /L 2-0.2507

Under this condition, three inclined angles can be obtained as

Oy =tan 2o, 1 (Xp3 — X,35)]
{932 = 6, = tan (2, / (Xugs — Xp3)] (459
(i) Singularity configurations
Differential both sides of the constraint equations in Equation (4-49) with respect to time,

the velocity relation between three actuators and the mobile platform is obtained

‘]QS [XA35’ Xg351 Yes ]T = ‘]xs [Xps’ Ypa Zpa]T (4'54)

where

‘JQ3 = diag [(Xps - XA35)! (Xps - Xsas)l (yps - ycss)]

Xp3 — Xazs 0 Zps
‘]xa =1 Xp3g ~ Xg3s 0 Zps
0 yPS - yc35 ZPS

Thereby the Jacobian matrix is computed as
Jy=J03dxs (4-55)

Based on the velocity Equations (4-54) and (4-55), there are two kinds of singularity

configurations.

Type-1 singularity happens when Det(Jy;) =0. There are three scenarios. (A) Xp3 = X35
in the condition of Ly, < L,,, Ly, asseen in figure 4-14(a). (B) Xp3 = Xgzs if Ly, <Ly, Ly,

as shown in figure 4-14(b). (C) Yps3 =Yess under the condition of Ly <L, L, . as
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illustrated in figure 4-14(c). In any of these cases, the corresponding branch’s inclined
linkages are vertical (parallel to Z axis) and this limb can bear external force that is parallel
to Z axis without actuation force. For the current assembly configurations shown in figure
4-13, each situation indicates the upper boundary of the reachable workspace. Moreover,
L32=0 or L34=0 or L3s=0 can also lead to the above situations, respectively. In this scenario,

the whole mechanism loses vertical translation and it is reduced to a planar mechanism.

Type-11 singularity occurs when Det(Jdy,)=0. (A) X, = Xg3 when Ly, =L, . Branch one
and branch two coincide completely. It can be further divided into two scenarios,
(Xags = Xgas = Xpg &Ly, = Lgy SLig) and (X5 = Xgas # Xy &Ly =L3,) . I the first case
shown in figure 4-14(d), all inclined links of branch one and branch two are vertical. They

can both stand external force that is parallel to Z axis without driving force. For the latter

one listed in figure 4-14(e), the end-effector can still move even all active joints are locked.
(B) Yps = Yois if Ly <Ly, Ly Itis the same with the third type-I singularity. (C) zps=0. It
demonstrates all moving linkages are trapped in XOY plane and the mobile platform loses

one DOF. It is composed of two cases, Xy # Xgzs (Xpzs < Xpg < Xggs O Xpzs > Xpz > Xgas,

these two cases are similar, only the former case is illustrated) and X35 = Xgs5 # Xp3, as

depicted in figure 4-14(f) and figure 4-14(g). All links are constrained in the XQOY plane
and the moving platform gains an uncontrollable movement along Z axis under both

situations.

The combined singularity occurs when both Det(Jo;) =0 and Det(J,,) =0 take place.

From the above analysis, there are two situations (A) (Xags = Xges = Xps & Ly, =Ly, <L),
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as depicted in figure 4-14(d). (B) Yps = Yess if Lyg <Ly, Ly, as presented in figure 4-
14(c).

By the way, it is worthy noticing that there are two kinds of singularities for each
parallelogram module. The first kind of singularity configuration happens when the
adjacent links are perpendicular to each other, as happened in figures 4-14 (a-d). The
second singularity occurs when opposite rods coincide (in the same straight line), as can
be seen in figures 4-14 (f-g). Such singularity configurations discussed above should be
avoided in the operational workspace for any industrial application by limiting motion

ranges of kinematic pairs and selecting proper links dimensions.

(©) (d)
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Platform

Base

(8)
Figure 4-14 Singularity configurations of the 3T parallel robot

(iii) Workspace analysis

To calculate workspace, physically constraints of these joints should be considered. The

strokes for three active prismatic joints are constrained as Lgy <Xy <Ly —4L,,

ALy, < Xggs <Ly — Ly and 4Ly <Yegs <Ly — Ly . Revolute joint generally has a large
rotational range. However, they are shrunk when considering singularity avoidance and

real assembly condition. 6y, =[7/36,177/36] , 6, =[197/36,357/36] (i=2,3). The

displacement of any passive prismatic joint is between [Lss, L31—L3g]. To avoid singularity
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configurations, the position of the mobile platform is given as Xp3 < Xys5 <Xgas, Yps < Yezs

and Ly, <7, <min(Ly,, Ly, L) —Ls; . The spatial searching algorithm is applied to

determine its workspace. Given any possible point, the inverse kinematic solution is
employed and it can be regarded feasible if above requirements can be satisfied.

The other active sliders and sloping linkages respectively have the same dimensions to
realize a symmetrical architecture and modular design for the parallel manipulator. These
parameters are given as: L31=100mm, Ls>= Las== L3g==30mm, Lss= Ls3s= L3;=5mm and
Lsg=bmm. All the following calculations are based on this set of dimensions. Their
reachable workspaces are illustrated in figure 4-15(a). The reachable workspace section
along Z axis is a rectangle and increases gradually as the height of the mobile platform
rises. All sections along Y axis are symmetrical. All sections that are parallel to YOZ plane
are in the shape of right-angled trapezoid due to less constraint along Y axis. To further
understand the irregular shape of its workspace, five different sections are selected. Figure
4-15(b) presents the plane X=50mm and figure 4-15(c) denotes the workspace in plane
Y=40mm. Three planes along Z axis with different heights, Z=10mm, Z=15mm and Z=20
mm are represented in figure 4-15 (d). From figures 4-15(a) and (c), the plane X=50mm is
the symmetric plane of the workspace. However, the reachable workspace with irregular
shape does not fit for real applications. The task workspace is defined as a cuboid within

the reachable workspace as denoted in figure 4-15(a).
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(c) Workspace in plane Y=40mm (d) Workspace in planes Z=10, 15, 20mm
Figure 4-15 Reachable workspaces (rw) and task workspaces (tw)

To understand the parametric effects on workspace, a set of values for each parameter are
selected to evaluate and compare the corresponding volumes of task workspace. The
reachable workspace utilizes the sum discrete poses as its volume. The operational
workspace can be represented by the volume (unit: mm?®) of the cuboid. Lss is ignored since
end-effector can be fabricated above/below the current platform and it doesn’t affect

workspace. These ranges of three main parameters are defined as (unit: mm)
15<1,,<125,20<L,;, <40 and 3< L, <10. The volumes under various dimensions can

be seen in figure 4-16. From figure 4-16(a), the both the reachable and task workspace

volumes rise as Lsz1 increases. From figure 4-16 (b), the volumes for both workspaces
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increase at first and then reduces when Lz, changes from 20mm to 40mm. The turning
points for both cases are different, L3>=29mm for the reachable workspace and Lz,=25mm
for the task workspace. Figure 4-16(c) illustrates the volumes changes under various Las.

Both workspaces are shrunk when a longer Lzs is employed.
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Figure 4-16 Parametric effects on reachable and task workspace
(iv) Dexterity analysis
The Local Condition Index of this spatial parallel robot is calculated as the Frobenius norm

of its Jacobian matrix, as provided below
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2 2 2
z z z
LCI = (¢j +(¢J +£¢] +3
Xp3 — Xass Xp3 — Xp3s Yps = Xcs3s

z2 z2 z2
= PS4 PS4 P +3 (4-56)
\/ng_zz Léz_zz ng_zz

P3 P3 P3
2
3"32

2 2
|-32 —Zpg

In accordance with Equation (4-56), this index is only related to two variables, Z,; and

L32. The LCI layout with respect to Zp4 is plotted in figure 4-17(a). The LCI indicator

increases as the height of the mobile platform keeps rising. The LCI index has a negative
relationship with Ls», as displayed in figure 4-17(b). A 3D layout of LCI indicator with
respect to both values are shown in figure 4-17(c). The largest LCI index can be found with
the highest mobile platform and smallest Ls> value, while the smallest LCI index is obtained

while the mobile platform is lowest and the longest Lz value is chosen.
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1.85 1

5 10 15 20 25
Z(mm)

(@) Zpg (b) L3z
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LCI

(c) Zp3 and L3,
Figure 4-17 The distribution of the LCI of 3T mechanism
Based on the definition in Equation (4-3), the local level condition index of this spatial
parallel robot is computed and its layout is displayed in figure 4-18. The range of this index
is from 0.43954 to 0.58314 and it rises as the mobile platform has a higher position along
Z direction. The impact from La2 is neglected since different Lz, will lead to the changes of

workspace and LCI .
0.6

0.55

LLCI

0.5

0.45 1

5 10 15 20 25
Z(mm)

Figure 4-18 The distribution of the LLCI of 3T mechanism

215



4.5 Case four: 3T1R parallel mechanism

The schematic diagram of this parallel structure is provided in figure 4-19. This parallel
robot is composed of four same kinematic limbs with one driving prismatic joint installed
on the fixed platform, a parallelogram joint, a passive sliding joint and a rotary joint
attached to the mobile platform. The midpoints of links As1A43, As2A44, B41Baz, BaoBaa,
C41C43, C42C44, D41Daz and D42Das are denoted as Ass, Ase, Bas, Bas, Cas, Cas, Das and Daes,
respectively.

The length and width of the of fixed platform is L4 and Lai1, respectively. The lengths of
the rods As1As2 or (AszAas) and Ag1Ags or (As2A44) are respectively Lsz and 2L4s. The lengths
of the rods B41Ba42 or (Bs3Bas) and Bai1Baz or (Ba2Bas) are respectively Las and 2Lss. The
dimensions of the linkages C41Caz or (C43Ca4) and Ca1Cas or (C42Cas) are respectively Las
and 2L47. The dimensions of the linkages D1Daz or (DasDas) and DaiDaz or (D42Das) are
respectively Lsg and 2L49. These four kinematic chains are connected to the mobile platform
through A47 (or C47), B47 and D47. The side length of the mobile platform is denoted as Lao.

The center point of the mobile platform is P4. The angles between the positive X axis and

linkages As1As2 , Ba1Baz are 941 and 942, respectively. The angles between the negative Z
axis and linkages C41Cs2 , Da1Ds2 are 0y, and 0),, respectively. The angle between the

moving platform and positive Y axis is @y,
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—D46

Figure 4-19 Schematic diagram of the 3T1R mechanism

(i) Kinematic models

The coordinate system is also generated as a reference as seen in figure 4-19. The position

and orientation of this mobile platform is X, =[Xo,, Yosr Zoss @,]" . The inputs of this

parallel robot are four driving prismatic joints, Q, =[Xus: Xaus» Zeas: Zoss] . The constant

linkage length serves as the main source to calculate the kinematic model. For the first

kinematic chain, the following expressions can be obtained
OA45 + A45A46 + A46A46 + A47 F)4 = OP4
OB45 + B45 B46 + B46 B46 + B47 I:)4 = OP4

Equations (4-57) and (4-58) are both projected on the X and Z axes

Xags +Lyp COSE,, +0.5L,,, =X,
L,,sing,, +0.5L,,,sing, =z2,,

Xgas + L42 cos ‘942 _0-5L410 = Xpy
L,sing,, +0.5L,,sing, =z,,

The sloping angles (6,,and 8,,) are moved in one side of the equations.

L42 Cos ‘941 = Xpg _O-5L410 — Xass
L,,sing,, =z,,—-0.5L,,,sing,,
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(4-60)
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L44 Cos 942 =Xps t+ O'5|—410 — Xgus
L,sin@,, =z,,—0.5L,,sing,,

(4-62)

Combining two expressions in Equations (4-61) and (4-62) yields constraint condition, as

follows
[y (X, —0.5L,0— XA45)2 +(2p, —0.5L 4 iN (/’41)2 - Liz =0
[yt (Xpg +0.5L,0 —Xgys)* +(2Zpy —0.5L SN )* ~ Ly, =0

Then the positions of the actuation linkages can be computed

Xaas = Xps —0.5L 44 i\/I-iz —(Zp; —0.5L4,siN (041)2

Xgas = Xps +0.5L 40 i\/l—fm —(2p; —0.5L,sin §”41)2

(4-63)

(4-64)

(4-65)

(4-66)

In a similar approach, the vector-loop equations for the remaining kinematic branches are

provided as
OC45 + C45C46 + C46C46 + C47 P4 = OF)4
OD45 + D45 D46 + D46 D46 + D47 I:)4 = OP4
Both Equations (4-67) and (4-68) can be split into two orthogonal directions, as

L,siné,;, +0.5L,,,Ccos¢,; =VY,,
Zc 45+ Lyg €06y, +0.5L, 0 sin g,y = 7,

{L411 —Lysin0,, —0.5L,,,C0S @ = Y,
Zp4s + L C0s6,, —0.5L,,,sing, =17,,

(4-67)

(4-68)

(4-69)

(4-70)

The unknow angles (0; and 6,) are set in one side of equations. Equations (4-69) and (4-

70) can be rearranged as

{the Sin6,; = Yp, —0.5L,,, COS @y
Ly COSOy5 = Zp, —0.5L,0SiN @y — Zc 46

{_L48 SiNG,, = Yp, +0.5L,y, COS @y — Ly,
Lg COS Oy = Zp, +0.5L3,SIN @y — Zp

The constraint equations for the remaining two kinematic legs are formulated as
. 2 H 2 2
s 1(Yps —0.5L,6 €05 9)" +(Zp, =0.5L43 SIN @ — 7¢)” — Ly =0

T4y 2 (Vs +0.5L,30 008 @y = Lyyy)” +(Zpy +0.5L,5 SN @y —Zp5)* — Ly =0
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Based on Equations (4-73) and (4-74), the positions of the driving linkages Cs1Csz and

D41D43 are derived as

Zeys = Zpy —0.5L 0 SiN g, + \/Lie ~(Yps —0.5L,55 COS 00,)? (4-75)

Zpus =2Zp, +0.5L,,Sing,, £ \/Lf‘8 —(Yp, +0.5L,,,cos @, — L,,)° (4-76)

Equations (4-65), (4-66), (4-75) and (4-76) provide the solutions for the inverse kinematic
mathematical model of this parallel structure.

To obtain the forward kinematic solution, combining Equations (4-63) and (4-64) leads to

— LiA — (0-5L410 — X845)2 — Liz + (0-5L41o + XA45)2

4-77)
2(L410 *+ Xass — XB45)

P4

Employing Equation (4-77) in Equation (4-61), the sloping angle of the first kinematic
chain can be described as

0'5L410 — Xass

X —
6,, =arccos—* (4-78)

42

Hence, Z,, can be computed based on the second expression of Equation (4-59). Then

solving Equation (4-73) leads to

Yps =0.5L,, COS@,; + \/Lie — (L, SiN6, —7¢,5)° (4-79)

Z,, and Yp, are substituted in Equation (4-74). The following expression can be

resolved

I—ilo + (L42 sin 941 - ZD45)2 + 2I-410 sin (p41(|-42 sin 941 - ZD45) +[i\/|—is - (L42 sin '941 - Zc45)2 - |-411]2

+2L 45 €08 @[/ L2 — (Lyp SIN Gy — 2 45)? — Lyy]— L =0
(4-80)
Equation (4-80) can be rewritten as the following form
E sing, +E,cosg, +E, =0 (4-81)
where

E1 = 2L410(L42 sin ‘941 - ZD45)

Ez = 2L410[i\/|—i6 - (L42 sin 941 - Zc45)2 - L411]

Es = LilO + (L42 sin ‘941 B ZD45)2 "‘[i\/l-ie - (L42 sin 041 - Zc45)2 - |-411]2 - Lis
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Another angle is defined as T, =tan(¢,, / 2) . Equation (4-81) can be established utilizing
Ta
(E,—E,)T?+2ET, +(E,+E,)=0 (4-82)

The orientation of the mobile platform @, is then solved from Equation (4-82)

Dy = 2arctan[(—E1 + JEZ+E2_E?)/(E, - Ez)} (4-83)

Equation (4-83) is substituted in Equations (4-61) to resolve Z,, and Equation (4-79) to

generate Yp,.
(i) Singularity configurations
Differentiating both sides of the constraint equations (4-63), (4-64), (4-73) and (4-74) with

respect to time, the velocity relation between two actuators and the mobile platform can be

arranged
. . . . T . . . .oqT
JQ4[XA45’ X451 Lcas ZD45] = ‘]X4[XP11 Yp11 Zpas §941] (4-84)
where
_|\/|41 0 0 0
0 M, 0 0
JQ4 =
0 0 M 6 0
i 0 0 0 M e
_M41 0 M, -0.5L,,, cosp, M,
J. = M, 0 M, -0.5L,, cosp, M,
. 0 My My 0.5L,0(sing, M, —Ccosp, M)
0 M, M, 05L,,(ing,M, +cose,M,)

M, =Xo, —0.5L,) = Xuss
M,, =2,,—05L,,Sing,
M5 =X, +0.5L,) — X5
M,, =2,,—05L,,Sing,
M, =Y, —0.5L,,,Cos ¢,
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My =25, =0.5L,y SN — 7
M,; = Yp, +0.5L,COS @, — Ly,
Mg = Zp, +0.5L,4SIN @y —~ Zp5
The Jacobian matrix of this parallel structure is formulated as
J, = Jgdxa (4-85)
There are generally three kinds of singularity configurations based on Equation (4-84).

(A) Type-I singularity happens when DEI(JQ4)=0 . There are four different cases,
Xor =Xas T08Lyy  Xoy=Xgs =05l 7, =05L, 8NP, +7¢,  and
Zps = Zpys —0.5L,4, SN, . These four cases correspond to Ly;C0s6,; =0 (=1, 2, 3, 4. i=2j).

This expression can be further derived as L, =0 or 6, =7/2 (8, ranges from 0to 7).

When the inclined angle is set as this value, the mobile platform can bear the external force

along Z direction without any driving force.

(B) Type-I1 singularity occurs when Det(Jy,)=0. The first case is Ly, =0. The moving
platform is degenerated as a point in 3D space under this situation. The second case is
Xass =Xgss — Lo , which means Ly, siné, =L, &L,,sind,, =L, . Itincludes L,, =L, =0
or 0, =0, =712 The third case shows Yp, =0.5L,,,C08¢,, . It denotes L,;Sind,, =0
and Ly, —Lgsind, =L,,. The fourth case indicates Zp, = Zp, +0.5L,, SN, , which
means L, SiNG,, =L, . 1t will happen when Lz =0 or 6, =7/2. The fifth case is

Zpy =0.5L,35SIN@y; . Its means Zgys + L5 COSO =08& Zpy5 +L,5 00Oy = Ly SIN,,. The

last case is 0S¢, =0. It indicates @, =%7/2.
(C) The combined singularity happens when both type-1 and type-Il scenarios happen.

There are in total sixteen cases when Det(J,,) =0& Det(J,,) =0. The first case happens
when Zp,s =2, +0.5L,,,SIN @, , which is already stated in the above analysis. The second

case is Xo; =Xy5 &Ly =0, which indicates L, =0 or 8,=7/2. The third case is

221



Xog = Xass + O'5L410 &Xgss =Xps+tLyo . This case means L,=L,= 0 or
0, =06, =712 The fourth case is Xo, = X,,s +0.5L,,, &Y, =0.5L,,,C0S¢,, . It implies
L,sind, =L, and L,sind,=0 . The fifth case occurs when

Xpg = Xugs +0.5L, &Z,, =051, sing,, . 1t further means L,sing,=L, &
Zeys+LgC086,,=0 & 7,0 + L0086, =L, Sing, . The sixth case takes place while
Xpq = Xags +0.5L,,, &C0s@,, =0 . It indicates L,,sing,=L,, and ¢, =+7/2 . The
seventh case happens when X, = Xg,- &L,,, =0. This expression L,,cosé,, =0 can be
further generated based on this case. The eighth case will occur as
Xpy = Xgss —0.5L,39 & X, 45 = Xg45 — Lo - This case means L,,siné,, =L, &L, sing, =L,,.
The ninth case displays X, = Xg,s —0.5L,,, & Y, =0.5L,,,C0s¢,, . This case indicates
L,cos6,=0 & L,sing,=0 & L,,—L,sing,=L,,. The tenth case presents
Xpq = Xgus —0.5L,,, & 2,, =0.5L,,,Sing,, . This case can be further explained as
L, cosb,=0 & z.,,+L,c0s0,,=0& 7, +L,C056,, =L,,Sing,. The eleventh case
displays that X,, = X3,; —0.5L,,, &cos¢,, =0. It can also be understood as L,, cosd,, =0
and @, =+ /2. The twelfth case happens when z.,=0&z,,=0.5L,,sing, . It has
another meaning that z.,,=0 & L,c0s6,,=0 & z,,.,+L,C086,; =L,,Sing, . The
thirteenth case will occur while z., =7,,&L,,,=0. It can be further expressed as
L,cosd,=0 and L,,=0 . The fourteenth case takes place as
Zeas = Zp, —0.5L,,,SIN @, & X, 45 = Xg45 — Ly - The other information can also be deduced,
L, cosb,, =0 and L,sing, =L,, and L, siné,, =L,,. The fifteenth scenario will arise
when 7., =12,,—-0.5L,,8inp, &Y,, =0.5L,,c0s¢, . This case implies that
L, c0s6,,=0 and L,sing,=0and L,,—L,sing, =L,,. The last case shows that
Zeys =25, —0.5L,,Sin@,, &cosg,, =0 . It also demonstrates L, cosé,=0 and
o, =trl2.

(iii) Workspace analysis
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The corresponding same rods in all four branches own the identical dimensions. These
symmetric linkage parameters are provided in the following analysis. L41=400mm, La4>=
Las= Las= Lag=120mm, La4s= Las= La7= Lag= 20mm, L410=40mm. L41:=200mm.
L412=250mm. The positions constraints of all kinematic pairs should be taken into account
in order to calculate workspace of the moving platform. Considering the current

configuration and the singularities listed above, the strokes for two driving prismatic joints

of the first two branches are limited as L, <X,,s <L, —L,, Ly<Xg,s<L,—-L, and
Xgus > Xo4 > Xuus - The strokes for the remaining active prismatic joints are listed as
Ly <ZegsiZpss <Ly, — Ly and 2z, 75, > 25, . The rang of motion for 6, and 6,
(i=2,3,4) are defined as 7 /36 <6, <177 /36 and 1977/36 < 6,, <357 /36, respectively.

The orientation ¢,, of the mobile platform is also limited as —7/2< ¢, <7 /2. Given any

possible point, the inverse kinematic model is employed. The symbol + in Equations (4-
65), (4-66), (4-75) and (4-76) are separately selected as —, +, + and +. Any pose in
workspace that can meet all the above criteria will be collected within reachable workspace.
The reachable workspace of this 4-DOF parallel robot is illustrated as in figure 4-20. Since
its three translations and one rotation, there are four subplots in figure 4-20 where each one

is composed of three components. These four plots in figure 4-20 are complicated. The

symmetrical plane for figures 4-20 (a-c) is plane X,,=200mm.
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Figure 4-20 Reachable workspace of the 4-DOF parallel robot

A set of values for each linkage length is chosen to evaluate and compare the corresponding
workspace volume. The reachable workspace impacts originated from linkages dimensions
are provided in figure 4-21.

The workspace volume and L4 are in positive relationship as seen in figure 4-21(a). The
workspace volume and L4z are in positive relationship. From figure 4-21 (b), the workspace
volume shows an upward trend until Ls1 is 124mm, the performance becomes oscillates
(improve or reduce) as L4z continue to extend. Based on figure 4-21(c), the relation between
workspace volume and Laz is negative relationship. The performance is reduced as La3
increases from 10mm to 30mm. As seen from figure 4-21 (d), the workspace index coming
from Laio is complicated. The index oscillates as L4z changes from 30mm to 50mm.
However, the overall workspace trend is downward when a longer Lse is chosen in the pre-
set range. The workspace influence from Lau1 is similar to that of Las, the workspace volume
is shrunk as Ls11 extends from 180mm to 220mm, as displayed in figure 4-21 (e). The
workspace impact from length Las12 is different, the workspace is improved as the length
changes from 230mm to 270mm but the increasement rate is reducing in the overall process.
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Figure 4-21 Linkages’ impacts on the reachable workspace of the 4-DOF robot

(iv) Dexterity analysis

The local condition Index of this spatial parallel robot is calculated as

LCl =[] [[9.,

225

230 270
Lyqo(mm)
() Larz
(4-86)



Considering the has translational and rotational movements of this parallel structure,

Equation (4-85) is divided into the sum of two terms
Q4 = J4v [XP4’ S’P4’ ZP4]T + ‘]4W [(b41]T (4-87)
where J,, and J,, own respectively the first three columns and the last column of the

Jacobian matrix Ja.
Based on the definitions shown in Equation (4-4), the local translational condition index
and the local rotational condition index for this 3T1R parallel robot are generated

respectively as
LTCI=LCI(J,) :||‘J4V ”f HJ;\}Hf

(4-88)
LRCI=LCI(3y) = I [ [Jaw |,

According to Equation (4-88), the LTCI index is obtained and this indicator is not related

to Xp, of the mobile platform. The LTCI index with respect to Yp,, Zp, and @ is
illustrated in figures 4-22 (a-c). The expressions ¢,, =0, Z,, =80mm and Y,, =100mm
are employed separately in these three figures. The constant parameter Xp, =200mm is

utilized for them since different values of this variable will not affect this performance.

From figure 4-22 (a), the performance has a symmetrical layout about plane Yy, =100mm .
This performance will gradually grow as Yp, is away from this plane. This performance
and Zp, shows positive trend with a constant predefined Yp, value. As seen in figure 4-
22 (b), this layout is not asymmetric. The smallest performance happens when
Yo, =100MM & ¢, =0. The performance improves as these two values is far from this

pose. The LTCI impact from Zp, and ¢, is denoted in figure 4-22 (c). The workspace

starts to reduce as the mobile platform reaches 100mm. With a constant orientation angle,
this performance has an upward trend as the mobile platform is higher. With a predefined

moving platform height, the highest LTCI is higher when the orientation angle stays away

from 0 and the smallest performance is realized when ¢,, =0.
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The same parameters are utilized in figures 4-22 (d-f). From figure 4-22 (d), the LRCI
index is not associated with Yp, . This index gradually increases as the moving platform is
higher. The LRCI index distribution is complicated in figure 4-22 (e), the smallest value
takes place but not in the pose Y, =100mm & ¢, =0. The values on four corners are
higher than other places. According to figure 4-22 (f), the LRCI layout is complex. The
minimal value with a constant Z,, does not always happen when @, =0. This plot also

indicates the workspace is reducing as the mobile platform is higher than 2100mm.

The maximal and minimal LTCI values are separately 17.78 and 2.5943. The highest and
lowest LRCI indicators are 297.07 and 10.643, respectively. The average values for them
are 4.3077 and 56.24, respectively.
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Figure 4-22 LTCI and LRCI Distributions of the 4-DOF robot
On the basis of the level index concept, the figures 4-23 (a-f) correspond to figures 4-22
(a-f). The LTLCI or LRLCI layout is identical to that of the related plot in figure 4-22. The

only difference is the scales in figure 4-23 are smaller and range from zero to one.
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Figure 4-23 LTLCI and LRLCI Distributions of the 4-DOF robot
4.6 Summary

The detailed kinematic models and analysis for 2T, 2T1R, 3T and 3T1R parallel
mechanisms are studied in this chapter. Both the inverse and direct kinematic mathematical
models are calculated. Three types of singularity configurations are explored for further
avoidance. The workspaces of these manipulators are obtained and the parametric analysis

is conducted. The novel level index is proposed. The dexterity performance is evaluated
and the corresponding level indices are illustrated.
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Chapter 5 Dynamic modelling of parallel structures
5.1 Inertia-related indices
The inverse dynamic model for any parallel manipulator can be arranged in the following

form

F=M(@QQ+C(QQQ+G(Q)+E(Q) (5-1)
where F indicates the driving force/torque. Q is the linear/rotary displacements of all

active prismatic joints. M (Q) means the inertia matrix of the overall mechanism.

C(Q,Q) represents the Coriolis force. G(Q) denotes the gravity and E(Q) indicates the

external forces/torques applied on the parallel structure.

It is stated that the M(Q)Q in Equation (5-1) plays an important role in the inverse

dynamic model without consideration of the external forces/torques [161]. In some
applications with low speed and no external loads/forces/torques requirement, Equation (5-
1) can be simplified as

F~M(@Q)Q (5-2)
Hereafter, it is essential to formulate the inertia matrix of this proposed translational
parallel structure for further performance evaluation.
(i) The joint-reflected Inertia (JRI) index denotes the mean value of all the items in the i-
th row and i-th column of the inertia matrix, when the moving platform is in any
position/orientation in workspace [130]. The JRI index can be computed by

Ri=1 M, (5-3)
n =

where Mii means the i-th row and i-th column element of the n-by-n inertia matrix M.

Mii depicts the inertia feature of the i-th branch. The JRI index indicates the average level
of all supporting chains and is a local performance index.

A supplementary assumption should be provided to employ this concept. It is essential to
design a single variable to explore its impact on the dynamic performance. The mass
property of any linkage will not be increased/decreased with the variations of its length.
(if) The coefficient of variation of joint-space inertia (CVI) index [131] is also important

for performance assessment, which is defined as
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=i \/ > (M, —JRIY (5-4)

In accordance with the definition in Equation (5-4), the CVI index is also a local index. A
larger CVI value implies the inertia feature of all kinematic chains are more different.

(iii) A novel index named the branch-coupling absolute inertia (BCAI) index is proposed
to study the average inertia-coupling characteristic among various kinematic limbs. The

BCAI index is formulated as

BCAI = DIMy| G 5=123...,ni=j) (5-5)

n(n— 1)
where M indicates the i-th row and j-th column element (off-diagonal element) of the n-
by-n inertia matrix M.
Equation (5-5) shows the BCAI index is a non-negative value for any position and
orientation within the reachable workspace. The closer the BACI index approaches to zero,
the smaller the influence caused by the inertia-coupling among different kinematic limbs.
(iv) Another new index called the variation of branch-coupling inertia (VBCI) index is
designed to evaluate the dispersion property of the inertia-coupling values among all

kinematic chains. It can be computed as

1 oM™ S o ]
VBCI—n(n_l)Z{M” n(n—l)} (i,j=123,...,ni#j) (5-6)

Equation (5-6) indicates the VBCI index is not less than zero for each pose (position and
orientation) in workspace. The smaller the VBCI index is, the more similar the inertia-
coupling elements are. It is noteworthy that the absolute operator is utilized in Equation (5-
5) but not in Equation (5-6). It implies that the BCALI index of Equation (5-5) might not be
the smallest even the VBCI index of Equation (5-6) is zero.

5.2 Case one: 2T parallel mechanism

(i) Dynamic models

With the kinematic mathematical models in Section 4.2, the inverse dynamic model can be
derived based on the Lagrange method. The masses for the active sliders (linkages A11A13
or B11B13) and inclined linkages (A11A12, A13A14, B11B12, B13B14) are separately represented

as my1, mp2. The total mass of the moving platform is denoted as maas. It is assumed that the
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center of geometry of each linkage coincides with its center of mass. The friction forces
are neglected in the dynamic model.

The linear velocities of the linkages A11Ais, A12A14, B11B1s and Bi12B14 are denoted as
PuslXus: 01"+ Pas[¥ors Vorl™ + Pags[Xass: O s Pags[Xers Veil™ » respectively. The Kinetic
energy of the first linear actuator is calculated as

1 .
KA11A13 = E mllXiZLS (5'7)

The inclined linkages with mixed movements (both translations and rotations) can be
regarded as uniform rigid linkages for simplification. A uniform bar NJ with the length of

Lio is demonstrated in figure 5-1. The overall mass of this bar is denoted as m. The
velocities of both endpoints are V, =[V, V..V ]' and V, =V, .V, V] ,

respectively. A small section is chosen along this bar. The distance between this section

and point N is rLio (r €[0,1]). The corresponding length and mass of this tiny section are

dr and dm, respectively. The three orthogonal velocities of this section in space can be
computed as
VRX = (1_ r)VNx + rVJX
VRY = (1_ r)VNY + rVJY (5'8)
VRZ = (1_ r)VNZ + rVJZ

\YA
J
dm
dr
rL10 m
N

z VN
0 Y
X

Figure 5-1 Diagram of a rigid linkage in 3-dimensional space
Hereafter, the kinetic energy of this uniform linkage can be calculated as [162]

1
Tour = % [ [ (Vi +Vay +Ve, Jdmdr = % m(Vy +V, +V,V, ) (5-9)

bar
0

232



According to the proof of Equation (5-9), the kinetic energy of the inclined linkages in the

first branch can be solved as
K =K - (P2 + P2 + PP )—lm (K2 + X2, + Y2, + XuyeXey)  (5-10)
Al1A12 — AL3A14 — 6 12 Al15 A16 Al5' A6/ — 6 12 Al15 P1 yPl A15'P1
In the second branch, the kinetic energy of its linear actuator is derived as
1 2
KBllBlS = E M1 Xg15 (5-11)
The kinetic energy of the inclined linkages in the second chain are computed as
1 . . . 1 . . . S
KBllBlZ = KBl3Bl4 = 6 m12 (PB215 + P8216 + I:)815 PBlG) = E m12 (Xé15 + Xlil + ygl + XBlSXPl) (5_12)
The Kkinetic energy of the mobile platform is obtained as
1 , .
Ker = E m13(X|§1 + ygl) (5-13)

The X axis is taken as the reference line for potential energy. Therefore, the potential

energies of the active sliders are

U nims =Ysiipis = 0 (5-14)
The potential energies of all the inclined linkages can be expressed as
+0
U sz =U maais =Ysiigrr =Ugizein = m,g, yPlT (5-15)

where gy denotes the Y -axis-component of the gravitational acceleration g, =[O0, gy]T .
The potential energy of the mobile platform is generated as
Up, = M0, Yoy (5-16)

The corresponding Lagrangian function [26] is defined as

L =K, —U, =K i3+ 2K a0 + Kaiigis + 2Kg + Koy = i U, (6-17)
where K1 and Uy stand for the total kinetic energy and total potential energy of all moving
linkages.
0, = (Xp1s Yprr Xasss Yais) represents the generalized coordinates to be employed in the
Lagrangian equation of the first type. Henceforth, three equations containing Lagrangian

multiplier A can be listed as

or, d oL, oL :
S A i=— ()1, j=12 5-18
|=l,2ﬂ‘1l aqu dt (aqu ) aqu 1j J ( )
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where f11 and fi» mean the external force exerted on the moving platform along X and Y
axes, respectively.

Expanding Equation (5-18) yields
2/111(XP1 - XA15 - L13 - Llﬁ) + 2/112 (XPl 515 + L15 + L16) m, (4XP1 + XA15 + XB15) + leXPl f11

2(ﬂll + ﬂlz)yPl 12 yPl + m13yP1 + 2(m12 + mlS)gy

(5-19)

The driving forces on two active prismatic joints can be resolved as

2Ly ok .
=) -—==-> A =34 (5-20)
1] dt aqu aqu Z =1,2 qu

The inverse dynamic solution is then derived by further expanding Equation (5-20)

. 1 . .
Fll = mllXA15 + § m12 (2XA15 + XPl) + 22‘11()(P1 A15 L13 L16)
1 (5-21)
I:12 = mllx815 + g m12 (25(815 + xPl) + 2}‘12 (XPl - XBlS + L13 + L16)
(i1) Inertia matrix
Both Ql and X, can be expressed according to Equation (4-16)
= (I dx) X, = I, X
" X1 ‘1 1_11 (5_22)
1 = (‘]XlJQl)Ql = ‘]l Ql
The velocity of first active sliding joint can be obtained as
. X 1 0]. .
Pus = |:0A15j| = {0 0} Q= ‘JA15Q1 (5-23)
The velocity of linkage A12A14 can be arranged as
Pass =|: .Plj| =X, = ‘Jl_lQl (5-24)
P1
Considering Equation (5-23), Equation (5-7) can be expressed as below
I B T
Kaims = E My, Pas = E My, Q' J pisd misQy (5-25)
Combining Equations (5-23) and (5-24), Equation (5-10) can be computed as
1 . o L
Kata = KA13A14 = E mlelT (J ,115‘J a5 T J; T‘]l "+ IlS‘Jl l)Ql (5'26)

The velocity of the second sliding joint can be stated as
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. Xg1s B 0 1. 3 . )
PBlSZ{O }—|:0 Oj|Q1_‘J|315Q1 (5 27)

The velocity of the linkage B12B14 can be expressed as below

Pais = { .Pl} =X, = Jlel (5-28)
P1
According to Equation (5-27) and (5-28), Equation (5-11) can be rearranged as
1 . 1 . .
KBllBlS = E m, P|3215 = E mllQlT‘J |-3r15‘J BlSQl (5'29)
Combining Equations (27)-(28), Equation (5-12) can be expressed as below
1 . o L

Keie = KBlBBlA = g leQlT (J |-3r15‘--J B1s T J; T‘Jl N ;15‘]1 1)Q1 (5'30)

Integrating the second expression of Equation (5-22), Equation (5-13) can be further
obtained as

1 e
K1 :EmlSQlTJl TJ1 1Ql’ (5-31)
The total kinetic energy of this parallel manipulator will be formulated as

K, =%Q§ 10, (5-32)

2 T4 - T4
where |, = z {mn‘] jTlstls +§mlz (J jTlstls +J; T‘]l ' +‘]jTls‘]l l)J‘F myJ, TJll

j=AB
Then the inertia matrix [135] of this 2T mechanism can be computed as
M, =J]1,J, (5-33)
(iii) Inertia-related performances

According to the definition in Equation (5-3), the JRI index of this parallel mechanism can
be fully derived and it is only related to moving platform Y-axis position and inclined
linkage length L1o. In any horizonal line that is parallel to X axis, the JRI index remain the
same with a constant Lio. This is because the JRI index is calculated on the basis of the

Jacobian matrix Ji shown in Equation (4-13). m11=0.402g. m12=0.125g. m13=1.3569. The

distribution of JRI index is plotted with respect to y,, and Li2, as depicted in figure 5-2.

The unit of JRI index is g-mm?. From figure 5-2, with a constant L1z of 30mm, the JRI

index keeps increasing a while the moving platform moves higher. Given a prescribed
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moving platform height of 15mm, the JRI index shows a downward trend as L12 gets longer.

The smallest JRI index can be found when the lowest moving platform height and the

longest Li2 are chosen.
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Figure 5-2 JRI index of the parallel mechanism

The CVI index of this parallel mechanism is derived in accordance with the definition in

Equation (5-4) and is demonstrated in Figure 5-3. With a pre-set L1z, the CVI shows a

downward when the moving platform moves up along Y axis. When the mobile platform

has a constant Y value, the CVI index keep improving when Li» gets longer gradually. A

more detailed CVI distribution with respect to y,, and L1z is illustrated in figure 5-3(c).

The minimal CVI index happens when the shortest L1z and highest y,, are selected.
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Figure 5-3 CVI index of this parallel mechanism
The branch-coupling absolute inertia (BCAI) index is generated by Equation (5-5). The

distribution of the BCAI index of the parallel manipulator can be seen in figure 5-4. The

unit of BCAI index is g-mm?’. Different from the layouts of the JRI and CVI indices, the
BCAI index is not only related to parameters Y,, and Liz, but also influenced by Li3 and
Lis. The variable y,, has a complicated influence on the BCAI index. This index is zero
with many values, the exceptions are when Y, is selected as 12mm, 13mm, 14mm, 17mm

and 17.5mm. The BCAI layout with respect to L1 is also irregular. The impact from Li3 is
straightforward. The BCAI index is a constant value when L1z is 2mm to 4mm. The BCAI

index is zero when Li3 changes from 4.5mm to 8mm. The influence coming from Lie is

237



similar to that of L13. The BCAI index is a constant that is larger than zero when L1s changes
from zero to Imm. When L6 is 1.5mm and larger, this index remains zero. The BCAlI trend
is more complicated than those of JRI and CVI, since it is difficult to find out the maximal

or minimal BACI values directly from figure 5-4.
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Figure 5-4 BCAI index of this 2T parallel mechanism
The variation of branch-coupling inertia (VBCI) index is derived from Equation (5-6). The
layout of the VBCI index for this linkage mechanism is demonstrated in figure 5-5. It is

noteworthy that the VBCI layouts are similar to the BCAI distributions. Except when Yy,

equals to 14mm, 17mm and 17.5mm, the VBCI index is zero. The VBCI indices when Y,

equals to 14mm and 17.5mm are the same. The relationship between VBCI index and Li>
is also sophisticated. The VBCI index is larger than zero when Li2 is set as 31mm, 38mm,
40mm, 41mm, 43mm, 44mm, 47mm, 49mm and 50mm. The VBCI index distribution

originated from Li3 is simple. When L1z extends from 2mm to 4mm, the corresponding
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VBCI index remains a constant value that is larger than zero. The VBCI indicator is equal
to zero when Li3 changes from 4.5mm to 8mm. There are two regions when the VBCI

indicator is constant values, Lie ranges from 0 to Imm, from 1.5mm to 10mm.
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Figure 5-5 VBCI index of this 2T parallel structure

5.3 Case two: 2T1R parallel mechanism

(i) Dynamic models

In accordance with the kinematic models in Section 4.3, the inverse dynamic model can be
derived employing the Lagrange method. The masses for the active sliding linkages A21A23
or B21B23 or C21Cos are all defined as m21. The masses of the inclined linkages A21A22, A2zAos,
B21B22, B23B24, C21C22 0r C23Co4 are represented as myz. The masses of the linkages A22A24,
B22B24 or C22Co4 are denoted as m23. The lumped mass of the mobile platform A27B27Cz7 is
set as mys. The assumption is predefined that the center of geometry of every linkage

coincides with its center of mass. The frictions are not considered in this dynamic model.
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In the first kinematic chain, the positions of linkages A21A23 and Ax2A24 are calculated as

Pas (Xaz5,0) and Pyg (Xe, — \/§L211 COS(y, +716)/3,Yp, — Ly, Sin(e,, + 71 6)), respectively.
Considering this planar parallel robot is consisted of three components (two translations and one
rotation), the linear and rotary velocities of any linkage are expressed in one expression. The

lumped velocities of rods A21A23 and A22A24 are respectively calculated as

Xp2s
Pas = 0 (5-34)
0
Xpp + \/§L211¢21 sin(p, +7/6)/3
I:')Azs = Yp2 _\/§L211¢21 cos(¢,, +7/6)/3 (5-35)
0
The kinetic energy of the first sliding linkage A21A23 is expressed as
1 ;
Kaziazs = E m21Xi25 (5-36)

The kinetic energy of the sloping linkages A21A22 and A23Az4 are derived as
1 : . - 1 ) , .
Kazaz = Kazaz = g m,, (PA225 + PAzzs + Py PAZG) = g mzz[xizs + XSz + yéz

1, . o .
+§Lgngo;l+2J§L211xpz¢213|n(¢21+7z/6)/3—2J§L2Mypz¢ﬂcos(¢ﬂ+7z/6)/3 (5-37)

FXpp5Xpy + \/§L211XA25¢21 sin(gy, +7/6)/3]
The kinetic energy of the bar A22A24 is formulated as
1 . 1 ) . 1 ) L.
Kaz2nz = E My, PA226 = E mzs[xéz + ygz + 5 Léu(pzzl + 2\/§L211XP2¢21 sin(py, +716)/3 (5-38)
_2\/§L21lYP2¢21 cos(¢,, +716)/3]

In the second kinematic limb, the positions of linkages B21B23 and B22B24 are generated as
P (Xes5,0)  and Py, (Xo, =Ly, €OS(,, +57/6) /3, Y, — Ly, Sin(,, +57/6))

separately.
The velocities of rods B21B23 and B22B24 are respectively described as

X

B25

o

(5-39)

F)1325 =

o
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Xpp + \/§L211¢21 sin(¢p,, +57/6)/3

Ijsze =| Ypo— ‘/§L211¢21 cos(¢,, +57/6)/3 (5-40)
0

The kinetic energy of the second active linkage B21B23 is written as
K ypian = % M, 2, (5-41)
The kinetic energy of the sloping linkages B21B2> and B23B24 are obtained as
Kepez = Keaos = % M,, (P2 + Py + PopcPays) = % M, [X2s + X3, + V2,

1 i S .
+§ L5015 + 2\/§L211XP2¢21 sin(g,, +57/6)/3— 2\/§L211yP2(021 cos(¢p,, +5716)/3 (5-42)

+Xg25Xp, + \/§L211X325(b21 sin(py, +57/6)/3
The kinetic energy of the link B22B24 is computed as

1 . 1 . . 1 ) L.
Kess = E My, Pszzs = E mzs[xsz + YF2>2 + 5 L;11§0221 + 2\/§L211XP2(021 sin(gy, +57/6)/3

_2‘/§L211ypz¢21 COS(¢,, +5716) /3]

(5-43)

In the last kinematic branch, the positions of links C21C23 and C22Co4 are derived as

Pczs(xc25' 0) and PRy(X, _\/§L211 cos(gy, +3712)13, Y5, — Ly, sin(p, +37/2))
separately. The velocities of links C21C23 and C22C24 are respectively solved as

XCZS
Py =| 0 (5-44)
0
Xpp + \/§L211¢21 sin(g,, +37/2)/3
Ijcze =1 Y, _\/§L211¢21 cos(¢p,, +37/2)/3 (5-45)
0
The kinetic energy of the last driving linkage C21C>3 is resolved as
1 !
Keaicos = E mzlxézs (5-46)

The kinetic energy of the sloping linkages C21C2> and C23C24 are defined as
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1 . . . 1 ) ) )
KCZlCZZ = Kc23024 = Emzz(PcZzs + P(:226 + PC25PCZG) = Emzz[xézs + Xéz + YEz
Lz 52 v 2B % ¢, si 3712)13-2\3L,,,V,,¢ 3712)13 (5-47
+3 211P + 211 Xp 2@ SIN(@,, + 37/ 2) 211Yp 2P COS(9y, +37 1 2) ( )
+XcosXpy + \/§L211X525¢21 sin(gy, +37/2)/3]

The kinetic energy of the link C22C24 is arranged as

1 : 1 ) . 1 . L
Kczzcz4 = E My, Pc226 = E mzs[xéz + yéz + g L§11§0221 + 2\/§L211XP2(/)21 Sm((/’zl +37/ 2) /3

(5-48)
_2\/§L211YP2¢21 cos(p,, +3712) /3]
The kinetic energy of the moving platform A27B27C27 is arranged as
. 1 .2 .2 1 .2
Ke, _Emu(xpz + yP2)+E o201 (5-49)

where Ip2 means the moment of inertia of the mobile platform about the axis that is parallel
to Z direction and passes through point P>.

The XOY plane is set as the reference for potential energy. The total potential energy of the
whole mechanism U, =0 since every linkage is trapped in this plane in movement.

The corresponding Lagrangian function is defined as

L2 = K2 _UZ = I<A21A23 + 2}<A21A22 + KA22A24 + KBZlBZ3 + ZKBZIBZZ + K822824 (5 50)
+KC21023 + 2KC21C22 + KC22C24 + KPZ

where K3 stands for the total kinetic energy of all moving linkages.
0, = (X601 Yor @ors Xanss Xgas: Xops) FEpresents the generalized coordinates to be utilized in
the Lagrangian equation of the first type. Therefore, three equations containing Lagrangian

multiplier 4, can be listed as

or, d oL, oL, .
24— — -——=—f. j=123 5-51
2_12312I aqzj dt (aqzj) aqzj 2j J ( )

where f21 and f22 indicate the external force applied on the moving platform along X and Y
axes, respectively. f3 is the external torque applied on the moving platform about Z
direction.

The actuation forces on three active prismatic joints can be calculated as

d oL or,
= L j=4,5,6 5-52
2] dt (aqzj) aqzj 2—123//{2' qZJ J ( )
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(ii) Inertia matrix
Both Q2 and XZ can be expressed according to Equation (4-37)
{QZ =o)X, =3, X,
X, =(332302)Q = 3,'Q,

In the first kinematic chain, the velocity of first active sliding link A21A23 can be obtained
as

(5-53)

X 05 1 00
IjA25 =10 =10 0 0 Qz = JAZSQZ (5-54)
0 0 0O

The velocity of the link A22A24 can be computed as
1 0 +f3L,,sin(p, +7/6)/3
I:-)Aze =01 _\/§L211 cos(p, +7/6)/3 Xz =(J AZGng)Q'Z (5-55)
00 0

Considering Equation (5-54), Equation (5-36) can be derived as

1 . 1 . .
KA21A23 = E m,, I:)Azzs = E mlezT‘] /125‘] A25Q2 (5'56)

Combining Equations (5-54) and (5-55), Equation (5-37) can be computed as

1 . ~ ~ ~ .
Kaztaze = Kazsnzs = E mzzQzT [J 125‘] nos T (Jazed l)T (I 62 l) +J 125 (J azed> l)]Qz (5-57)

Considering Equation (5-54), Equation (5-38) can be rearranged as

1 . ~ e
KA22A24 = E m23Q2T (‘] Azerl)T (‘J A26‘J21)Q2 (5'58)
In the second kinematic chain, the velocity of active link B21B23 can be generated as
Xgos 010
F.)825 =|0 =0 0 0 Qz = J325Q2 (5-59)
0 0 0O

The velocity of the link B22B24 can be formulated as
1 0 <fBL,,sin(p, +57/6)/3
psze =10 1 _\/§L211 cos(¢p,, +57/6)/3 Xz = (Jsszgl)Qz (5-60)
00 0

In accordance with Equation (5-59), Equation (5-41) can be further expressed as

1 . 1 . .
K321323 = E m21P|3225 = E m21Q2TJ ;25‘] stQz (5'61)
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On the basis of Equations (5-59) and (5-60), Equation (5-42) can be written as

1 . ~ ~ ~ .
Ke2g22 = Kaossa = E mzzQzT [J ET;25‘] g5 T (Jpo6d zl)T (Jg2692 1) +J ;25 (N 21)]Q2 (5-62)

Considering Equation (5-60), Equation (5-43) is described as

1 : B L
K522324 = E mszzT (J326J21)T (J stle)Qz (5'63)
In the last kinematic limb, the velocity of driving linkage C21C>3 can be generated as
Xc 25 0 01
I:‘>c25 =0 =0 0 0 Qz :‘]cszz (5-64)
0 0 0O

The velocity of the rod C22C24 can be deduced as
1 0 BLy,sin(p, +37/2)/3
I:.)cze =0 1 _‘/§L211 cos(¢py, +371/2)/3 Xz = (chngl)Qz (5-65)
00 0

According to Equation (5-64), Equation (5-46) is solved as

1 . 1 . .
Kc 21C23 — E m,, P(:225 = E m21Q2T‘]gzs‘]csz2 (5'66)

Take Equations (5-64) and (5-65) into account, Equation (5-47) is resolved as

1 . ~ ~ B .
Kc21c22 = Kc23c24 = g mzzQzT [ngs‘]czs + (che‘]zl)T (che‘]zl) + ‘ngs (cherl)]Qz (5'67)

Based on Equation (5-65), Equation (5-48) is written as

1 . B L
KC22C24 = E mZSQ;— (JC26J21)T (JC26J21)Q2 (5-68)

The variables in Equation (5-49) can be expressed with respect to Q2

%,1 [1 0 0
0 (=10 00 Xzz(Jpzngl)Qz (5-69)
0 0 0O
0 ] o 0]
Yoo |=|0 1 0 Xzz(Jpzngl)Qz (5-70)
0 | |O 0]
0 ] [0 0 O]
0 [=|0 0 0|X,=(J3,,J,)0, (5-71)
®n| [0 0 1]
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Combining Equations (5-69) to (5-71), Equation (5-49) can be rearranged as

1 . ~ B ~ ~ . 1 . ~ i
KP2 = E m24Q; [(J P21‘J2 1)T (‘] P21‘J21) + (‘J P22‘J zl)T (J P22‘J 21)]Q2 + E I PzQzT (J P23‘J2 1)T (J P23‘J2 1)Q2

(5-72)
The total kinetic energy K> can be then derived as
1. .
K, = EQlezQz (5'73)
where
2 - _ _
I2 = Z {leJ szsJ j25 + g mzz[J jT25J j25 + (J j26‘]21)T (J j26‘]21) +J szs(J j26‘]21)]
j=A.B.C
+m23 (‘J j26J;1)T (‘] j26J£l)T}+ m24[(‘J P21‘J 2*1)T (J PZl‘-J ;1) + (‘] PZZng)T (J P22J£l)]
1o, (Jp22d2) (Jpzads )
The inertia matrix of this 2T1R mechanism can be computed as
M, =J]1,J, (5-74)

(iii) Inertia-related performances
The workspace that X.,, Y, and ¢, respectively range from 180mm to 220mm, 60mm

to 80mm and —/4rad to 7 /4radis selected to evaluate the inertia-related performance

indices. The linkage mass information is provided, m21=0.402g. m22=0.108g. m23=0.282g.
m24=0.226g. The inertia 1,,=14.476 g-mm?.

According to the JRI definition in Equation (5-30), the JRI index of this 2T1R parallel
manipulator is calculated and is not pertinent to the variable X,,. The JRI index
distribution with respect to y,, and ¢, is plotted in figure 5-6(a). The JRI indices have
huge differences with various parameter ¢,, when Y., has a predefined value. If the
parameter ¢,, is fixed, the JRI indices are similar even with different y,,.

A fixed pose (X,,=200mm, Y,,=70mm and ¢, =0) within the predefined workspace is

chosen to further explore the parametric analysis originated from various linkage lengths.
The JRI indicator at this specific pose is not related to L3 and L212. The impact from the
length L1 is seen in figure 5-6(b). The JRI indicator keeps growing as a longer Lo; is
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employed, and the increasement rate also improves when L2z is chosen from 130mm to

170mm.
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Figure 5-6 JRI index of this 2T1R parallel mechanism
This index with respect to L. is illustrated in figure 5-6(c). The JRI index rises as L2
changes from 110mm to 130mm. The L211 influence on this JRI indicator is demonstrated
in figure 5-6(d). This index has significantly increasements as a longer L1 is chosen.
Based on figure 5-6 (a-c), it is noteworthy that the JRI index impact from L211 is the largest
since the JRI indices have the largest range. The influence coming from L»11 is the weakest.

On the basis of the CVI definition shown in Equation (5-31), the CVI indicator of this
parallel mechanism is obtained. This CVI index is not related to the variable X, . Its layout
is shown in figure 5-7(a). Similar to the JRI index distribution, the CVI indices vary

significantly with a constant y,,value. The CVI indices are close to each other when ¢,
is pre-set as a constant. The CVI1 indices are small when ¢,, is about 0. The index increases
when ¢,, is far from 0.
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The CVI indicator is not related to L2z and L212. The CVI impact coming from parameter
Loy is provided in figure 5-7(b). This index displays a downward trend as L1 extends from
130mm to 170mm. The reduction rate is also higher when L1 is extended. The impact from
the parameter L2 is seen in figure 5-7(c). The CVI indicator is rising as L2z changes from
110mm to 130mm. The CVI trend illustrated in figure 5-7(d) is similar to that in figure 5-

7(c), while the latter curve has a slower increasement rate.
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Figure 5-7 CVI index of this 2T1R parallel mechanism
Its corresponding BCAI index can be generated by directly utilizing Equation (5-32). The

BCAI index is a constant when the parameter X,, has various values. The BCAI
distribution with respect to y,,and ¢, is plotted in figure 5-8(a). The BCAI index has
irregular changes when extending Y,,and ¢,,. The largest and smallest BCALI indices are

13.53 g-mm?® and 5.5993 g -mm?, respectively.
In the given position and orientation, the BCAI index is not associated with L2z and La1o.

The BCAI demonstrates an increasing trend as L»; changes from 130mm to 170mm, as
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seen in figure 5-8(b). Different from that, this index keeps reducing as L2, extends from
110mm to 130mm. The BCAI index originated from L1 is displayed in figure 5-8(d). This

index increases gradually as the parameter L»11 changes from 40mm to 60mm.
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Figure 5-8 BCAI index of this 2T1R parallel mechanism
Its corresponding VBCI index can be solved by using Equation (5-33). Based on the

calculations, this index is not related to the variable Xg,. The distribution of this VBCI

index about two parameters Y, and ¢, is indicated in figure 5-9(a). Its layout is a smooth

surface with the minimal value of 22.57 and the maximal value of 268.91.

When the mobile platform is fixed at the predefined pose, its VBCI index is not related to
two parameters Loz and Loio. From figure 5-9(b), this index presents a downward curve
and then an upward curve and the turning point is L21=146mm. The maximal and minimal
indices are separately 35.99 g-mm?® and 30.931 g-mm®. In accordance with figure 5-9(c),
this index keeps reducing as L2 grows from 110mm to 130mm. However, the positive

relationship is found between this index and L2131, as seen in figure 5-9(d).
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Figure 5-9 VBCI index of this 2T1R parallel mechanism
5.4 Case three: 3T parallel mechanism
(i) Dynamic models
With the kinematic analysis, the inverse dynamic model can be derived based on the
Lagrange method. The masses for active slider (Az1Ass, B31Bss, C31C33), inclined linkage
(A31A32, A33Azas, B31Baz, BasBas, C31Cz2, C33Cas), rod Az2Asz4BziBsz and rod Cs2Css are
separately represented as ms1, maz, ms3 and masa. The total mass of the moving platform and
two passive linkages installed on it is denoted as mas.

According to the unique configuration of this parallel manipulator, the positions of the

slider(AsiAss) and Rod As»A3B3iBs, can be represented as P, (X,s:,0,0) and
Paas (%63, 0, Z5,) , respectively. The velocities of the slider(Bs1Bss) and Rod As2A34B34B32 are
denoted as Py (Xgs,0,0) and Py (Xo5,0,25;) , respectively. The velocities of the

slider(Cs1Css) and Rod Csz2Css are defined as P (0,Yqs,0) and Py (0, Yps, Z55)
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respectively. The corresponding velocity vectors for these aforementioned linkages are
denoted as IjA35 = [XASS’O' O]T’ IjA36 =[)'(P3,0, ZPS]T ' psss :[XB35’O’ O]T ' IjBe :[Xpsio’ ZP3]T 1
Pess = [0, Yess, 0" and P.. =[0, Vo, 251", respectively.

The kinetic energies of three linear actuators are calculated as

1 .2
KA31A33 = E M;; X35
Ky = My i (5-75)
B31B33 o aes
1 2
K031c33 = E M3 Yess

According to the proof in Equation (5-9), the total kinetic energy of the linkage As1As» and

linkage Az3As4 can be solved as
1 . . .
KA31A32 = KA33A34 = E ms, (PA235 + PA236 + PA35 PA36) (5'76)

In a similar manner, the total kinetic energies of inclined linkages of branch two and branch

three are derived as
1 o, e
K531332 = K533534 = E msz(Psss + Psse + PB35 Pssa)
1 . . . (5-77)
Kc31c32 = Kc33<334 = E m32(P<3235 + PC236 + Pcss Pcae)

For the Rod A32A34B34B32 and Rod C32Cas, the Kinetic energies of them are determined as

_ .2 )
K as2nzapaasar = E m33(Xp3 + ZP3)

1 (5-78)
Kesacas = E m34(5’§3 + Zés)
The kinetic energy of the remaining linkages is
1 , . ,
Kps = E mss(xés + yés + 253) (5-79)

The total kinetic energy of all the moving links is

K3 = KA31A33 + 2KA31A32 + KA32A34BS4B32 + KBSlB33 + 2K831832 + KC31C33 + 2KCZ’,1C32 + KC32C34 + KP3
(5-80)

According to the coordinate system shown in figure 4-13, the XOY plane is taken as a

reference. The total potential energy of all moving linkages is
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U, =(@Bm,, +my, +m,, + M) 0,2, (5-81)
where g; denotes the Z-axis-component of the gravitational acceleration g =[0,0,9,]" .
The Lagrangian function is defined as
L, =K,-U, (5-82)
0 = (Xp3s Ypar Zpg Xazss Xgas Yezs) epresents the generalized coordinates to be employed in
the Lagrangian equation of the first type. Henceforth, three equations containing

Lagrangian multiplier A, can be listed as

ory, d oL, oL . .
> = - =1,2,3 5-83
_123//{3| aqu dt (aqu) 6q3] 3J J ( )

where 3; means the j-th variable of the external force f, =[f f,, 1" exerted on the

3x? fSy'
mobile platform.

Expanding Equation (5-83) yields
4 ., 1 ., .,
2(XP3 - XA35)ﬂ’31 + 2(XP3 - Xsss)ﬂsz = (5 m;, + My, + mss)xps + 5 m;, (XA35 + Xsss) - fs

1
2(yP3 yCSS)AB3 (m34 + m35)yP3 +3 3 m32 (2yP3 + yCSS) (5_

zzps(ﬂm +232 +233) = (2m32 + My + My, + mss)zps + (3m32 + My + My, + mss)gz — f

3z

84)
The driving forces on three active prismatic joints can be formulated as
3 = ;’t sng)—squ -2 mﬂg. — j=456 (5-85)
The inverse dynamic solution is then derived by further expanding Equation (5-85)
Fy =My Xas + % My, (2K pz5 + Xo3) = 2(Xpss — Xpa) Ay
F, =m, Xgp + % My, (2545 + Xo3) — 2(Xgs — Xps) A (5-86)
Fro = MFess + 5 M (2o + ) ~2(Ves — Vo)

(i) Inertia matrix

Both Q3 and X3 can be expressed according to Equation (4-53)
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Qs = (‘];%st)xs = J3X3
. P (5-87)
Xs = (stJqs)Qa = ‘]3 Q3
The velocity of first active sliding joint can be obtained as
X p3s 1 00
IjASS = 0 |=|0 0 O Qs = JASSQS (5-88)
0 0 00O
The velocity of rod As2A34B34B32 can be arranged as
Xos 100 100
IjAae = psae =/ 0 (=0 00 Xs =0 0 0 J3_1Q3 = JA3GQ3 = ‘Jsaer
Zps 0 01 0 01
(5-89)
The velocity of the second sliding joint can be stated as
Xg s 010
Pas=| 0 |=[0 0 0]Q,=J..0Q, (5-90)
0 0 00O
The velocity of the last sliding joint can be expressed as below
0 0 00O
Ijcss =|Yess |=(0 0 1 Qs = Jcsst (5-91)
0 0 00O
The velocity of the rod C3.Cz4 can be written as
0 0 0O 0 0O
Pcaa =[Vp3|=|0 1 O X3 =0 10 J;le = Jcaer (5-92)
2o, 0 01 0 01

According to Equations (5-88), (5-90) and (5-91), Equation (5-75) can be rearranged as

1 . 1 . .
KA31A33 = E My, PAzss = E mlessT J /Iss‘J A35Q3
K N L Q;J..J...0 5-93
331333—2 31 335—2 313 Y B35Y B35 3 (5-93)
1 . 1 . .
K031c33 = E ms, P0235 = E maleTJgss‘JC%Qs

Combining Equations (5-88) and (5-89), Equation (5-76) can be expressed as below
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1
KA31A32 = KA33A34 6 32Q3 (‘J A35‘] A35 +J A36‘J A36 +J A3‘5‘J A36)Q3 (5_94)

On the basis of Equations (5-89)-(5-92), Equation (5-77) can be rewritten as

KB3lB32 = KBS3B34 32Q3 (‘J B35'J BSS ‘J A36J A36 + ‘J B35'J A36)Q3

(5-95)
Kesicse = Kegscan = 2Q3 (Jc35‘]c35 Jcschae + JCSS‘]C36)QS

Take into consideration the Equations (5-89) and (5-92), Equation (5-78) can be derived as

1 ., - .
KA32 A34B34B32 — E m33 PA36 = E m3Q3 ‘] A36‘-J A36Q3

1

1 (5-96)
Kc32c34 = E m,, Pczsa = E m34Q3TJcT36‘]c36Q3

Integrating the second equation of Equation (5-87), Equation (5-79) can be further obtained
as

lhoxzin (J3;,°Q,)° Lo Q7J3.7J3.'Q (5-97)
2353_23533_2353333

The total kinetic energy of this parallel manipulator will be formulated as

Kps =

Ky =2 Q110 (5-98)

where

I, = Z,-_A,B,{m J1sd 35 T = m32 (3769 135+ 9 136 26 +JJ35JJ36)}
My d e d pas + My I LI cae + My d5 50

Then the inertia matrix of this this parallel robot can be computed as

M, =J;1,J, (5-99)
(iii) Inertia-related performances
The parameters of this parallel mechanism are defined at first. The edge length L31 of the
fixed platform is 320mm. The inclined linkages of three branches are in the same
dimension. L3»=L3s= L3s=120mm. L33, L3s and L3z are 20mm. L3zg=20mm.The linear slider
mass maz is 3.668g. The mass for each inclined linkage maz is 0.696g. The masses for the

Rod As32A34B34B32 and Rod C32C3s are respectively 4.891g and 3.732g. mss is 4.992g. The

gravitational acceleration along Z direction g; is set as -9.8 m/s?.
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According to the definition in Equation (5-30), the JRI index of the spatial parallel robot
can be fully derived and it is only related to moving platform height z,, and inclined
linkage length Ls». In any horizonal plane (parallel to XOY plane), the JRI index remain the
same. This is because the JRI index is calculated on the basis of the Jacobian matrix Js
shown in Equation (4-54), which only relates to z,, and Ls; due to its unique configuration
and special set of linkage dimensions. Therefore, the distribution of JRI index is plotted
with respect to z,, and Lsz, as depicted in figure 5-10.

From figure 5-10, with a constant Ls», the JRI index keeps increasing and the increment
gets larger while the moving platform moves higher. Given a pre-described moving
platform height z.,, the JRI index shows a downward trend as Lz, gets longer. The

smallest JRI index can be found when the lowest moving platform height and the longest

L3 are selected.
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(c) The impact of z and L,
Figure 5-10 JRI index of the 3T parallel robot
The CVI index of this mechanism is demonstrated in figure 5-11, as calculated from

Equation (5-32). With a pre-set Ls2, the CVI shows a downward trend and then starts to
increase when the moving platform moves up. The situation of a constant zp3 is complex,
as shown in figures 5-11 (b-c). The red line of figure 5-11(b) has an upward trend while
enlarging the Ls2 value. However, both the black and blue lines of figure 5-11(b) display
downward trends while the Ls> value grows gradually. It can be seen from figure 5-11(c)

that the connection between CVI index and variable Ls; is not a positive or negative

relationship.
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(c) The impact of z and L,
Figure 5-11 CVI index of the 3T parallel robot
In according to Equation (5-32), the distribution of the BCAI index of this parallel structure

is generated and can be seen in figure 5-12. The BCAI rises when the parameter z increases
gradually with a constant Ls>. The BACI index gradually decreases when the variable Lz>
grows gradually with a predefined zps. Hence, the smallest BCAI value can be achieved
with the lowest moving platform height and the largest L. value, as revealed by figure 5-

12(c).
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(c) The influence of z and L,
Figure 5-12 BCAI index of the 3T parallel robot

On the basis of Equation (5-33), The VBCI index of this parallel architecture is calculated
and its layout is demonstrated in figure 5-13. The relationship between the VBCI and the
variable zps is positive. The connection between the VBCI index and parameter Ls> is

negative correlation. The largest VBCI value can be fulfilled while employing the highest

moving platform height and the shortest L3> value, as indicated by figure 5-13 (c).
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(c) The influence of z and L,
Figure 5-13 VBCI index of the 3T parallel robot

5.5 Case four: 3T1R parallel mechanism

(i) Dynamic models

The masses of four driving sliders (As1As3, B41Bas, C41Cs3 and D41D43) are all indicated as
Ma1. The sloping rods (As1As2, AszAss, Ba1Baz, BazBas, Ca1Caz, Ca3Cas, D41D42, DasDas) are
denoted as maz. The links (A42A4s, B42Bas, Ca2Cas, Ds2Das) all have the mass of mas. The
passive sliding linkage between points As and A47, Bas and Ba7, Css and Caz, Dss and Daz,
have the same sum mass of mas. The total mass of the remaining linkages is mas.

According to the geometric relationship of this 3T1R parallel robot configuration, the

positions of several spots can be obtained. P,,(X,,,0,0). The position of point Pass is
presented as P,,;(X-, —0.5L,,,,0,2,, —0.5L,,,Sin@,,) . The location of the point Pas7 is

denoted as P,,,(X,, —0.5L,,, Yo, —0.5L,,, COS @,,, Z,, —0.5L,,,Sing@,,) .

The lumped velocities of rods As1As43, As2As4 and AseAs7 are respectively calculated as

Xpas Xpy Xp4
: 0 : 0 Vos +0.5L,,00,,SIn
I:)A45 = 0 ' PA46 = . 0 5L . 1 PA47 = ¥P4 410?41 ¢41 (5-100)
Zpg = U0l 1004 COS @y Zp, —0.5L,1000,, COS @,
0 0 0

In the first branch, the kinetic energy of the rod A41A43 can be expressed in the following

equation
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L X- (5-101)

KA41A43 = E My, p§45 = E My Xps5
The kinetic energy for linkage A41A42 or A43As4 can be deduced as

1 . . L 1
Kasar = Kasgags = = My (Plis + Plig + PaasPass) = = My (Koo + X5, + 22
A41A42 A43A44 6 42( A45 A46 A45 A46) 6 42( A45 P4 P4 (5_102)

+0.25L5,, C0S” 010041 — Lysg COS 04125401 + X pas¥ps)
The kinetic energy of the link As2A44 can be computed as
1 . 1 . . . ..
K aszaas = E My, PA246 = E m43(X§4 + Z|§4 + 0-25Li10 cos’ (P41¢751 — L4y COS @1 25,,,)  (5-103)
The kinetic energy of the rod AssA47 is expressed as
KA46A47 = l My, F.)A247 = l m44(XF2’4 + )7§4 + 254 + 0-25Li10¢51
2 2 (5-104)
+L430 SIN @104 Ypu Py — Luzo COS 041 20,00,,)

In the second kinematic chain, Pj,;(X3,5,0,0). Pyue(Xs, +0.5L,,,0,2,, —0.5L,,,sing,,) .
Py, (X, +0.5L,,, Y5, —0.5L,,,COS @, 2., —0.5L,,Sing,) . Therefore, the overall

velocities of linkages B41B4s, B42Ba4 and B4sBa7 can be solved as

Xg1s Xy Xps
. 0 . 0 . Yo, +0.5L,,,0,,Sing
P = P =| ' P = .P4 410 . 41 “ | (5-105)
0 Zp, = 0.5L 430041 COS @y 25, —0.5L,1000,, COS @y
0 0 0
From Equation (5-105), the kinetic energy of link B41Ba3 can be resolved as
1 32 1 .2
Keapas = E My, Pess = E M1 Xgas (5-106)
The kinetic energy of linkage B41B42 or BasBas can be generated as
1 52 52 5 B 1 ) 2 52
Keassz = Keuzpas = g Mgy (Paas + Poss + PaasPass) = Em42 (Xga5 + Xpy + Zpy (5-107)
+0.25 LilO cos’ (p4l¢jl — Ly10 COS 011254041 + X545%p4)
The kinetic energy of the rod B42Bas is formulated as
1 : 1 . , . .
KB4ZB44 = E My, PI3246 = E m43(X§4 + 254 + 0'25Li10 cos’ (041(051 - I-410 cos (0412p4(041) (5-108)

The kinetic energy of the last linkage in the second kinematic limb is written as
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1 . 1 . ) . .
KB46B47 = E my, P|3247 = E m44(XF2’4 + y§4 + 254 + 025'—210@%1 (5-109)
+L30 SIN @104 Ypu Py — Luzo COS 941 20,04,)

In the third kinematic branch, P.,(0,0,z.,.) . The position of point Pcss is
0,y,,—0.5L,,,cos¢,,,z,, —0.5L,,,Sin¢g,) . The position of point Pc7e is denoted as

Pc47 (XP4 - 0-5I—410’ Yea _0-5L410 COS @y, Zp, _0-5L410 sin @41) :

Hence, the overall velocities of linkages C41Ca3, C42Cas4 and Cs6Ca7 can be computed as

0 0 Xpq
b 0 P Vs +0.5L,10021 SIN @y B _ Yps + 050,500 SiN @, (5-110)
cas = | 'Tew T\ 5L 4 e T, oL g
Zcas Zpg = V0L y100s1 COS 0y Zpy =YU-0Ly1004 COS @y

0 0 0

The kinetic energy of the linkage Ca1C 43 is described as

1 : 1 .
Kc41c43 = E my, P(:245 = E m41z(2:45 (5-111)

The kinetic energy of the linkage C41Ca2 or C43Ca4 can be formulated as
1 : : s 1 , : , :
KC41C42 = KC43C44 = E m42(PCZ45 + PC2246 + I:)C45 PC46) = E m42 (2(2345 + y|§4 + ZI§4 +0'25Li10¢fl

+L10 SIN @4 Vo441 — Lyso COS @y 24Py + 2 452ps — 051, COS @y 20 45Ps1)
(5-112)
The kinetic energy of the rod C42Caa is calculated

1 . 1 ) . ) . L. ..
Keazcas = E My, Pcz46 = E m43()’§4 + 254 + 0-25Li10§051 + Lyyo SIN @4y Y a4y — Ligo COS 91 70,0,1)

(5-113)
The kinetic energy of the remaining linkage in this branch is derived as
1 ) 1 .2 .2 ) 2 -2

Keascar = E My, Py = E My (Xp4 + Voo + 25, +0.25L,0; (5-114)

+L30 SIN @154 Vpu Py — Lyzo COS 041 20,004)

In the last branch, P,,5(0,0,25,) . Psy,s(0, s, +0.5L,,,cosg,,z,, +0.5L,,,Sing,,) .
Pos (XP4 —0.5L

100 Ypa +0.5L,,,C0S 9,25, +0.5L,,,Sing,;) . The overall velocities of

linkages D41Da3, D42D4s and D4gDa7 can be defined as
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0 0 Xp4

F')D45 _ O ’ pD46 _ 3:/P4 —O.5L410g'b41 sin gy, ’ pD47 _ 3:/P4 _0-5L41o(/:’415in P (5-115)
Znss Zp, +0.5L400,, COS @ 2o, +0.5L30 COS @y
0 0 0

The kinetic energy of the active sliding linkage is
1 : 1 .
Koaipas = E My, I:>|3245 = E m412|2345 (5-116)
The kinetic energy of the sloping linkage D41Da4> or Ds3Das4 is computed as

1 . . A 1 . . . )
KD41D42 = KD43D44 = gm42(PDZ45 + PI§46 + PD45 PD46) = 6 my, (Zé45 + Y§4 + 2154 + 0'25Li10§051

_L410 Sln ¢41yP4¢41 + L41O cos ¢412P4¢41 + Z.D4SZP4 + O'5L410 cos ¢412D45¢41)

(5-117)
The kinetic energy of the rod D42D4s4 is arranged as
K = LB, = (72 + 22, + 02512062 — Ly SiN 0 Yputhus + L 04§
D42D44 = My Fpse = 2 m43(yp4 +Zp,+U. 410P41 — La10 SIN @1 Yp 4 Puy + Ly COS PurZp4Pa)
(5-118)
The kinetic energy of linkage DssD47 is established as
KD46D47 = l my, I:3547 = l my, (X§4 + y§4 + Z§4 + 0-25Li10¢51
2 2 (5-119)
—Ly10SIN @104 Yp 4@y + Lyyo COS 941 20,0041)
The kinetic energy of the moving platform is generated as
1 .2 .2 .2 1 -2
KP4 = E m45(XP2 +Yp, t+ ZP4) +E |P4(041 (5-120)

where lps indicates the moment of inertia of the mobile platform about the axis that is parallel to X
direction and passes through point Pa.

The plane XOY is taken as the reference for gravity. The potential energy of the first
kinematic chain is listed as

A41A43 = 0

U
u A41A42 = U A43A44 = O'5m429z (ZP4 - 0'5|—410 sin (041)
U pioass = My30, (ZP4 —0.5L,y, sin (/’41)
U pssasr = My, (2p, —0.5L,,,8in @, )

The potential energy of the second chain is

(5-121)
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B41B43 — 0

U
UB4lB42 = UB43B44 = O'5m4zgz (ZP4 _O'5L41o sin (041)
U

Bazsas = My, (Zp, —0.5L,,Sin@,,)
Ugsepsr = M9, (25, —0.5L,,8in@,,)

The potential energy of the third kinematic limb is

(5-122)

Uc41c43 =My 0,Zc4s
Uc41c42 = Uc43c44 = O-5m4zgz (Zc45 +Zp, _O-5L410 Sin (041)

Ucszcas = Mi9, (Zps —0.5L,05IN @)
Ucascar =My, (Zp, —0.5L,,SiN @)

The potential energy of the last chain is

(5-123)

UD41D43 =My 0,Zp4s
U D41D42 — u D43D44 — O-5m4zgz (ZD45 +Zp, + 0-5L410 sin (041)

Ubuopas = Mys8, (2p, +0.5L,,Sin9,,)
Upuspsr = My, (2o, +0.5L08iNn gy, )

The potential energy of the moving platform is

(5-124)

Up, =Mys0,2;, (5-125)
The corresponding Lagrangian function is introduced as
L,=K,-U, (5-126)

where the total kinetic energy K, =Y (Kiajas + 2K 1500 + Kigjas + Kissjar) + Koy s

j=AB.C,D

the total potential energy U, :Z (U ajas +2Y ja3ja2 TV jazjas Y s jar) T Uy -

j=A,B,C,D
Oy = (Xoas Ypar Zpas Pars Xaass Xauss Zoas» Zpss) indicates the generalized coordinates to be

utilized in the Lagrangian equation of the first type. Therefore, four equations containing

Lagrangian multiplier A, can be listed as

Zi_1234/14i 6F4i :i(al—4 )_ 8L4 _ f4j j:l,2,3,4 (5_127)
234 oq,;, dtod,;n 04y

where fa1, f42 and fa indicate the external force applied on the moving platform along X , Y
and Y directions, respectively. f4s denotes the external torque applied on the moving
platform about X axis.

The driving forces on these four active prismatic joints can be calculated as
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Fo = ()23 A St 55678 (5-128)
' odt'eq,” oq, <=3 T aoq,

]

(ii) Inertia matrix

Both Q4 and X, can be obtained according to Equation (4-82)
Q4 = (JéiJM)XA = J4X4
X4 =(J ;<14‘JQ4)Q4 = J21Q4

Based on Equations (5-100) and (5-129), the total velocities of rods As1Ass, As2A44 and

AusAs7 are respectively calculated as

(5-129)

1 000
. 0 0 0 0. )
PA45 = 0000 Q4 = ‘]A45Q4
0 00O
1 00 0
) 0 0O 0 ) )
P = X, = (I usd)Q, (5-130)
0 0 1 -05L,,cosep,
0 0O 0
1 00 0
. 0 1 0 O0.5L,,sing . .
P — 410 41 X — J J -1
A47 0 0 1 -05L,,c05¢, +=Fards)Q,
0 0O 0

According to Equations (5-101) and (5-130), the Kkinetic energy of the rod As1A43 can be
expressed

1 . 1 . .
Kas1asz = E My, P:45 = E m41QIJ /1-45‘J rasQs (5-131)

According to Equations (5-102) and (5-130), the kinetic energy for linkage As1A42 or AszAsa
can be rearranged as

1 . _ ~ _ .
Kasase = Kaszaas = g m42Q4T [J 145*] ass +(J A46‘]41)T (J A46‘J4l) +J /145 (J A46‘]41)]Q4 (5-132)

The kinetic energy of the link As2A44 can be rewritten as
1 . B e
KA42A44 = E m43QI (‘J A46‘J41)T(‘J A46‘]41)Q4 (5_133)
The kinetic energy of the rod AssA47 is resolved as
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1 : ~ s
KA46A47 = E m47QI (‘J A47‘]4l)T (J A47‘]41)Q4 (5-134)

Equation (5-105) can be rewritten by considering Equation (5-129)
01 0

5 |0
B45_O
0

PB46 {

I:)347 =

0. )
0 Q4:‘]B45Q4

0

o O O
o O O o

0

0

X, =3 d G 5-135
—0.5L410 COS(D“ 4 ( B46Y 4 )Q4 ( )

0
0
1
0 0
0
0
1

o O O -

0

0.5L,,sin g, X, =(3,.d:90
4= Weardy )N

O - o ©O o o o

—0.5L,,, cos ¢,
0 0 0

o O O -

From Equations (5-106) and (5-135), the kinetic energy of link B41B4s can be expressed
as

1 . 1 . .
Keagas = E my, P|3245 = E m41Q4T‘J g45‘] 845Q4 (5-136)
Equation (5-107) can be rearranged as

1 . ~ ~ ~ .
Keusae = Keagpas = 6 m42Q4T[J 545‘] pas + (J B46J41)T (J B46‘]41) +J ;45 (J B46‘]41)]Q4 (5-137)

Equation (5-108) is further expressed as
1 . B g
KB4ZB44 = E m43QI (‘] B46‘]41)T (J B46‘]41)Q4 (5_138)

The kinetic energy of the last linkage in the second kinematic limb shown in Equation (5-
109) is

1 . _ s
Keagpar = E m47Q4T (J B47~]41)T (J 347341)Q4 (5-139)

The overall velocities of linkages C41Cas, C42Ca4 and Cs6Cs7 Shown in Equation (5-110)
can be rearranged as
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[0 0 0 O
. 0 0 0 0]. .
I:>c45: 0010 Q4:Jc45Q4
_0 0 0O
[0 0 O 0
. 0 1 0 0.5L,sing . :
P = 410 AIX =(J..J1 5-140
c40 0 0 1 —0.5L410 COs ¢, 4 ( caoma )Q4 ( )
_0 00 0
1 0O 0
. 0 1 0 O0.5L,sing . .
P = 410 “a oy (3.3t
©1=10 0 1 —05Lycosg, |t Jerde)Q
0 0O 0

The kinetic energy of the linkage C41C 43 presented in Equation (5-111) is rewritten as

1 . 1 . .
Keacas = E My, Pcz45 = E m41QIJg45~Jc45Q4 (5-141)

The kinetic energy of the rod Cs1Ca2 or Cs3Cas indicated in Equation (5-112) can be
generated as
1

Keaicar = Keazcas = g m42Q4T[Jg45JC45 + (Jc4e‘];l)T (JC46‘J44) + Jg45 (JC46J;1)]Q4 (5-142)
The kinetic energy of the rod C42Ca4s displayed in Equation (5-113) is formulated as
1 : B .
KC42C44 = E m43QI (‘]C46J41)T (‘]C46‘]41)Q4 (5_143)

The kinetic energy of the remaining linkage in this branch is further calculated

1 . ~ s
Kc4ec47 = E m47Q4T (‘1047‘]41)T (Jc47J4l)Q4 (5'144)

The lumped velocities of linkages Ds1Da3, D42Das and DsgD47 in Equation (5-115) can be

redefined as

Q4 =J D45Q4

PD45 =

o O O O
o O O O
o O O o
o — O O
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0
—0.5L,,,8ing,;
0.5L,,,cosg,,
0

X, =(Jp:d:)Q, (5-145)

PD46 =

o O o o
o O +—» O
O B O O

0 0

0 -05L,,sing,

1 0.5L,,cosp,
0

PD47 =

1
0 . L
0 X4 =(‘JD47‘]41)Q4

o O —» O

0

()

The kinetic energy of the active sliding linkage D41D43 in Equation (5-116) is then written
as

1 . 1 . .
Koaipas = 2 my, P[)245 = 5 m41Q4TJ [;45J 045Qs (5-146)

The kinetic energy of the linkage D41Da2 or D4sDa4 shown in Equation (5-117) is derived
as

1 . ~ ~ ~ .
KD41D42 = KD43D44 = g m42Qz-1r [‘J 545‘] pas T (‘J D46‘]41)T (‘J D46J41) +J ;45 (‘J D46J41)]Q4 (5-147)

The kinetic energy of the link D42Da4 displayed in Equation (5-118) is rearranged as
Kouzpu = % MQ (Jo63:") " (Jisdi Qs (5-148)
The kinetic energy of linkage DssD47 listed in Equation (5-119) is then solved as
Kousoar = % M Qi (Joir i) (s ds)Q; (5-149)

The four components in Equation (5-120) can be expressed with respect to Q4

%.] [L 0 0 0 0 ]Jfoo0o0o0

i R e | ea| |01 0 0f. N

0 [To 0 0 of}e 0I5 =g o g X TFred I

0o | 0000 o | lo oo o

070000 0717000 0

o | (000 0|, 1o lloo o ol N

2o | |0 0 1 0 %eT e g 151G o g | Xe T (ruadi)Qu (B150)
P4

0o | (0000 ool 10001
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Henceforth, the kinetic energy of the mobile platform shown in Equation (5-120) is

computed as
1 . B ~ ~ ~ ~ ~ .
Kps = E m45Q4T [(J P41‘]41)T (J P41J41) +(J P42‘]41)T @) P42J41) +(J P43J41)T (J P43'J4l)]Q4

1 . ~ e
+E |P4Q4T (J P44‘]41)T (J P44J41)Q4

(5-151)
The total kinetic energy of this parallel robot is generated as

1. .
K, =5QI 1,Q, (5-152)

where

= Tl +§m42[3 T 3ot (3,033 (3 + 9T (3469 7)]
My (346927 (Fjaeda ) +Myy (354357 (3 7927}
FMye[(Jpida?) Fpards) + (pida ) (i di?) + (Fpasds ) (Fpiads )]
o, (I di) (Jpsd i)
At last, the inertia matrix of this this parallel robot can be formulated as

M,=J,1,J, (5-153)
(iii) Inertia-related performances

The workspace that X,,, Yp,, Zp, and ¢, respectively range from 180mm to 220mm,

80mm to 120mm, 50mm to 90mm, and —x/4rad to x/4rad is selected to evaluate the

inertia-related performance indices. The linkage mass information is provided, m41=0.402g.
m42=0.108g. M43=0.39g. M4s=0.112g. The inertia |,, = 39636.942 g -mm?.
According to the JRI definition in Equation (5-30), the JRI index of this 3T1R parallel

manipulator is computed and this performance is not pertinent to the variable X.,. The JRI
index layout with respect to y,, and z,, is plotted in figure 5-14 (a) when X, is 200mm
and ¢,, is 0. This indicator is not pertinent to y,, from this figure. This performance has a
larger value when the mobile platform is higher. The JRI index related to y,, and ¢, is
displayed in figure 5-14 (b) when X,,is 200mm and z,, is 70mm. This index shows an

upward trend as the orientation angle ¢, is larger. The impact originated from y,, is
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complicated. The JRI index impact from parameters z,, and ¢,, is displayed in figure 5-
14 (c) when X, is 200mm and Y,, is 100mm. The index keeps an upward trend as the
moving platform is lifted or the orientation angle ¢,, is larger.

A fixed position and orientation ( X,, =200mm, Yy, =100mm, z,,=70mm and ¢, =0)

within the predefined workspace is selected to conduct the parametric analysis from
various linkages. The JRI indicator at this specific pose is not related to Lai, L4z and Lazo.
The impact from the length L4z is shown in figure 5-14 (c). The JRI indicator represents a
downward trend as L42 changes from 110mm to 130mm. The JRI index keeps grows
gradually as Laio is extended, as seen in figure 5-14 (e). The JRI index increases and the

changing rate grows when Las11 changes from 180mm to 220mm.
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Figure 5-14 JRI index of the 3T1R parallel robot
The CVI index is not related to the variable X,,. The distributions of CVI index are

illustrated in figures 5-15 (a-c). From the first plot, the CVI index and the mobile platform

height have negative relationship with a pre-set y,,. This indicator increases at first and
then reduce as the Yy,, value is larger. The CVI influence from Yy, and ¢, is displayed in
figure 5-15 (b). As the variable y,, changes from 80mm to 120mm, this index improves

firstly and then decreases with a constant orientation angle ¢, . While the y,, value is

fixed, the CVI value also shows an upward trend and then reduces. From figure 5-15 (c),

this indicator has a larger value when the mobile platform keeps lower position. This index
and the orientation angel ¢,, have positive relationship.

The CVI index at this special pose is not pertinent to La1, Laz and Lai2. As seen in figures
5-15 (d-f), this index keeps growing and the increasement rate reduces as L4> changes from
110mm to 130mm. The CVI value is enhanced as Laio extends. The larger Laiz is, the

smaller the index becomes.
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Figure 5-15 CVI index of the 3T1R parallel robot
The BCAI indicator is not associated with the parameter X, . The layouts of BCAI index

are illustrated in figures 5-16 (a-c). As seen from figure 5-16 (a), this indicator and the

mobile platform height have negative relationship with a pre-set y,,. This indicator
reduces and then improves as a larger Yy,, value is selected. As demonstrated in figure 5-
17 (b), the BCAI index has a complex trend with respect to y,, and ¢, . Figure 5-16 ()
provides the impacts from z,, and ¢, . The BCAI index shows an upward trend as the
height of the mobile platform is higher. The BCAI value originated from ¢, is complicated

since their relationship is not positive or negative.
In this pose, the BCAI index is not related to La1, L4z and La12. As displayed in figures 5-
16 (d-f), this index reduces gradually while L4z is extended from 110mm to 130mm. The
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BCAI value rises when Laio changes from 20mm to 60mm. The larger Lai1 is, the higher

the index and the increasement rate become.
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Figure 5-16 BCAI index of the 3T1R parallel robot
The VBCI indicator remains the same value when the parameter X, is defined by different

values. The layouts of VBCI index are demonstrated in figures 5-17 (a-c). From the first

figure, with a constant y,, value, this indicator grows gradually as the height of this
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moving platform is lifted. This VBCI index reduces and then improves as Y,, changes

from 80mm to 120mm. The VBCI index relating to y,, and ¢,, is seen in figure 5-17 (b).
The layout of this index is complicated. However, the minimal index can be realized when

the largest y,, and the smallest ¢, are chosen. The maximal value can be reached when
the lowest y,, and the largest ¢, are both selected. Figure 5-17 (c) provides the
relationship among this index and z,, and ¢, . The lowest index value happens when the

smallest z,, and ¢, are chosen simultaneously.

With the predefined pose, the VBCI indicator can be computed and it is not related to Lai,
L4z and La12. This index decreases as L2 changes from 110mm to 130mm, as depicted in
figure 5-17 (d). From figures 5-17 (e-f), the VBCI index grows gradually when Laio oOr La11

increases within the pre-set ranges.
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Figure 5-17 VVBCI index of the 3T1R parallel robot
5.6 Summary

The inverse dynamic models of 2T, 2T1R, 3T and 3T1R parallel manipulators are derived
in detail by the Lagrange formulation. The inertia matrix of each parallel structure is
generated since the kinetic energy of linkages are rearranged by the relationship with the
active linear and rotary velocities. Two novel inertia-related indices, the branch-coupling
absolute inertia index and the variation of branch-coupling inertia index, are formulated.
The distributions of these two indices and the joint-reflected Inertia index and the
coefficient of variation of joint-space inertia index are obtained and compared. The impacts

originated from various linkage dimensions on one selected pose are presented.
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Chapter 6 Design optimization and experiments

6.1 Dimension optimization

For a parallel structure with various sets of linkages lengths, the overall performance of the
iIs mechanism can be significantly different. As can be seen from Sections 4 and 5, the
dimension of any one rod might have impacts on the parallel mechanism. The
corresponding linkages (e.g., the sloping linkages in all parallel architectures) may cause
distinct influences on the same index. It is essential to determine the best set of linkage
dimensions for prototypes. The 2T mechanism in the Section 4.2 is chosen for the optimal
design.

This mechanism illustrated in figure 4-1 is a general concept. A modified mechanism is
constructed by the coincidence of points Az and Biz, points A4 and Bis, respectively.
Under this situation, Lis+ Lis equals zero. This will retain a more compact structure and
increase the reachable workspace under limited strokes of the prismatic joints and small
rotary angles of slopping linkages. It is noteworthy that there will be offset in the Z
direction between both kinematic chains to avoid limb collision.

The volume of the reachable workspace is one of the most important indicators. The local
condition index is necessary to measure the motion transmission of the overall parallel
mechanism. The local index only evaluates the performance of one specific pose. The
global condition index provides the average performance within the whole reachable
workspace. Therefore, the workspace volume and the global condition index are selected
to realize the optimal design for this parallel mechanism. In accordance with the special
configuration of this mechanism, the lengths L1, L1 and L1z are the design parameters.

The ranges of the linkage lengths are provided below (unit: mm)
150<L,<200,100<L,<200,22.5<L,<445 (6-1)

To avoid the singularity configurations, the constraints listed in Section 4.2 are required in
this scenario.

The commonly employed non-dominated genetic algorithm 1l is chosen in this multi-
objective optimization process. Compared with the conventional genetic algorithm, this
method applies the fast non-dominated sorting algorithm. The crowded comparison and
the elitism enable a quick convergence characteristic and the good individuals will retain
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in the following generation [163,164]. The steps of this algorithm are briefly introduced
below.

In the first step, the population is predefined. The ranges of these variables and constraints
are provided. There are 50 individuals in each generation. The maximal generation is set
as 100 to guarantee an efficient and global searching process.

In the second step, the fitness functions of the primary population are calculated and these
individuals are sorted by their performance. These individuals are arranged into a set of
non-dominate fronts.

In each generated front, the crowing distance of each individual is solved, based on which,
these individuals are sorted out again. The corresponding selection, mutation and crossover
procedures are then implemented and a new generation of individuals are produced.

In the fourth step, all the individuals in these two generations are mixed together.
According to the effective elitism approach, only 50 individuals are selected according to
the performance rankings.

In the fifth step, the terminal conditions are reviewed. The optimal procedure will be ended
if all these requirements are realized. The Pareto optimal or non-dominated solutions are
finally found. Otherwise, another generation is introduced and the algorithm will continue
to go to the second step for further searching.

The flow diagram of this algorithm is illustrated in figure 6-1. This algorithm searches for
the minimal values for both optimization objectives. Therefore, the inverse of the
workspace and global condition index are described as

1

Obijective 1:
Workspace Volume

(6-2)
Objective 2: ——
GCl

where the volume denotes the amount of discrete feasible configurations.

The dual-objective optimization process is seen in figure 6-2. It can be seen from figure 6-
2, the workspace volume continues to increase and keep steady when the generation
approaches to the maximal generation. The global condition index increases quickly at the
first several generations and then increases slowly. This indicator remains steady since the
20" generation. The variable and performance information of the last generation is listed

in table 6-1. It is noteworthy that the 21% to 50" individuals are the same. The Pareto set is
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Table 6-1 Performances of the last generations

Ly(mm) Lip(mm) Ljz(mm) Workspace Dexterity

1 195.4 100 25 36 0.49894
2 195.5 101.1 22.5 134 0.49549
3 195.4 100 25 36 0.49894
4 197.5 101.1 25 42 0.49881
5 195.3 100.1 245 49 0.49867
6 197.5 101.1 24.1 72 0.49811
7 195.1 100 22.5 121 0.49654
8 197.4 100.8 24.6 64 0.49834
9 195.3 101.5 22.5 122 0.49585
10 195.1 101.3 22.7 100 0.49674
11 197.5 101.1 245 56 0.49850
12 197.7 101.1 24 92 0.49720
13 197.4 101 244 73 0.49761
14 195.4 100.8 235 81 0.49748
15 197.4 100.9 245 57 0.49842
16 195.3 101.2 23.1 90 0.49724
17 195.5 101.1 225 112 0.49667
18 195.3 100.9 235 74 0.49750
19 195.3 101.3 22.5 124 0.49555
20 195.4 101.4 22.5 123 0.49570
21-50 195.4 100 25 36 0.49894

demonstrated in figure 6-3. Since there are 21 data in this figure since there are identical
members in this generation. From figure 6-3, some members have supreme global
condition index but limited workspace while some individuals own large workspace but
unfavourable dexterity. Both performances of the remaining members are not outstanding.
The seventh member (denoted by a black pentagram in figure 6-3) of this generation is
selected for demonstration. The linkage lengths should be rounded to be easier
manufactured. Therefore, L11 is 195mm and L1z is 100mm. Li3 remain 22.5mm since 2 Li3

(e.g., A11A13) is often employed in this parallel mechanism.
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6.2 Experiments
On the basis of the optimal design in Section 6.1, the parallel robot in built and the whole
system is completed, as demonstrated in figure 6-4. The sliding blocks, sloping linkages
and the mobile platform are printed by 3-dimensional (3D) printer. The screw nut units
(pitch is 2mm) attached to the sliding blocks are employed for the sliding movement. The
DYNAMIXEL MX-64 servo motors are selected to drive the whole robotic system. This
power supply could provide direct current with 12-voltage. The motors and the computer
are connected by the U2D2 (a communication converter).
In this section, the required movement of the moving platform is designed as (unit: mm)
X, =[127.5+sint,152.95+ (cost —1)]" (6-3)

where t denotes time (unit: second).

Considering the real prototype with offsets, the ideal path that can match with Equations
(4-7) and (4-8) is [110+sint,90+ (cost —1)]" mm. The ideal displacements of two motors
both add 17.5mm along X direction and 50.95mm along Y direction, to realize the real
positions of these actuators. The following calculations are calculated taking the offsets
into account.

The whole running time is 27 seconds. One round of operation for the motor can be
divided into 4096 pulses. In accordance with the path of the moving platform, the initial
position is (127.5, 152.95) mm. Then the original X-positions for two sliding blocks can
be calculated by Equations (4-3) and (4-6), as 83.911 mm and 171.09 mm. The original
assembly configuration of the parallel robot is constructed accordingly. The motors can

detect its own rotation angles, which will be employed to compute the position of the
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U2D2 communication converter

Figure 6-4 The 2T parallel robot prototype
mobile platform by means of the forward kinematic solutions, Equations (4-10) and (4-11).
These two motors operate without control strategy and the results are indicated in figure 6-
5. From figures 6-5 (a-b), the desired and experimental paths match with each other. The
largest errors happen when moving platform moves at the left and right sides of the circular
path. The pulse data of these two actuators are seen in figure 6-5 (c). The experimental
pulse data of both motors can retain the trends of the desired pulse values, respectively.
Since the linear positions of the sliding joints are employed in this design, the

displacements of two linear blocks are calculated as indicated in figure 6-5 (d).
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Figure 6-5 The experiment results without controller
(D-Desire solution. R-Real result. M1-Motor 1. M2-Motor 2)

The proportional-integral-derivative (P1D) control scheme is utilized to compare with the
above results. The PID controller will foster the minimum error between the predefined
and experimental results. It has simple algorithm, good robustness and high reliability. It
is one of the commonly used controllers both in academic research and industrial products
[165,166]. In this section, two independent joint-space PID control strategies are developed
for all kinematic branches. Since these controllers are monitoring the displacements of two
driving sliding joints, the tracking errors are defined as

e (t) = desired x,,; —actual X, (6-4)
e,(t) =desired xg,; —actual Xy,
The output of the i-th (i=1,2) PID control algorithm is expressed as
u, (t) = K,g (t) + K,iJ'ei (t)dt+ K, de, (1) (6-5)

where K, , K, and K denote the i-th proportional, integral and derivative gains,

respectively.
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The control scheme is important to instruct the parallel manipulator to run a desired
trajectory. The PID control policies illustrated in figure 6-6 are utilized to obtain the
required positions of the mobile platform since this parallel manipulator owns a constant

orientation in workspace.

Desired movement +
of slider one

Output movement -
of slider one @
Actual movement

Trajectory of | | Inverse || of slider one
the end-effector kinematic model

A

Desired movement
of slider two

Output movement -
of slider two Slider two

Actual movement |,
of slider two

Figure 6-6 Control strategy of the parallel robot
The positions of three active sliders are the control parameters, which are used to promote

the proposed parallel mechanism to achieve the desired trajectory smoothly and accurately.
These control gains are selected as

Ko, =9 K., =9.01

K,=0 K,, =18.34 (6-6)

Ky, =45 |K,,=545
Both the desired and experimental movements of the moving platform are completed, as
illustrated in figure 6-7 (a). The trajectory errors in X-direction and Y-direction are further
computed and presented in figure 6-7 (b). Compare with figures 6-5 (a-b), this moving
platform path with controller is closer to the expected trajectory. The differences along
both orthogonal directions are shrunk and this result is more stable due to less sawtooth
waves. The pulse information of both actuators is illustrated in figure 6-7 (c) and the real
results of two motors respectively have better closeness with the desired pulses, compared
with the situation without controller as seen in figure 6-5 (c). The displacements for two
active sliding joints are also generated as demonstrated in figure 6-7 (d). The errors for
both joints are reduced comparing the results in figure 6-5 (d). These errors are small
compared with the predefined paths. Overall, the proposed PID control algorithm can

achieve the target trajectory smoothly and accurately.
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Figure 6-7 The experiment results with controller

(D-Desire solution. R-Real result. M1-Motor 1. M2-Motor 2)
There are several factors that affect the performance of the experimental results.
The first error source comes from the imprecise linkages. These low-cost rods are
manufactured by a 3D printer. The lengths of linkages, the distances of rotary shafts are
not accurate.
Another factor is the assembly issue. The values in the predefined trajectory and the initial
assembly configuration contains decimals, which makes this task more difficult. To
achieve the linear motion of the active sliders, the rotary motor, coupler and screw nut
system are purchased separately and assembled manually. A higher precision can be
realized if the transmission method is simpler. For example, the integrated linear motors
can be utilized to avoid accumulated errors.
The target positions with decimal make it harder to send orders to motors. Although there
are 4096 pulses for one round of this motor. There are some expected pulses with decimal,

which have to be rounded to be sent to motors.
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In the experiments, there are some unknown parameters, e.g., friction and joint clearance.
The errors for both motors can be reduced if a complete dynamic model including these
factors is adopted.

The PID control gains are chosen by trial-and-error approach, which is time consuming.
The PID parameter changes of one motor will also cause various performance of another
motor. The performance will be improved if better sets of PID variables are applied in this
coupled system.

In conclusion, the experiments verify the moving platform can achieve a 2-dimension
circular trajectory. The 2-DOF mobility of this parallel robot is confirmed. The mobile
platform can realize the expected motions without any control strategy, which denote both
the inverse and direct kinematic solutions are correct. The effectiveness of this proposed
PID controller is testified with high performance by comparing with the experiment results
under no control algorithm.

6.3 Summary

The dimension synthesis of the selected 2T parallel architecture is completed through the
non-dominated sorting Genetic Algorithm Il. The optimized linkage lengths are generated
and chosen after the multi-objective optimization. A position-based control strategy is
constructed for the physical prototype. The experiments verify the effectiveness of the

movement capability of the robot and the proposed controller.
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Chapter 7 Conclusion and future work

7.1 Conclusions

The modified Gribler—Kutzbach equation is further revised to be appropriate to a class of
parallel structures containing parallelogram links. A novel kinematic joint matrix is
proposed in this research to indicate parallel architectures under predefined conditions. The
mapping relationships between the kinematic joint matrix and parallel manipulators can be
one-to-one mapping and one-to-many mapping based on the predefined assembly
conditions. The special block pattern is essential to distinguish various kinematic joint
matrices, especially for matrices with plenty of elements. Therefore, a family of two to six
degrees of freedom parallel structures are completely enumerated by the kinematic joint
matrices. The unqualified parallel mechanisms are detailed explained with the assistance
of the screw theory.

Two planar and spatial parallel manipulators are selected. Their kinematic solutions and
singularity configurations are explored. The linkage impacts on the reachable workspaces
for four parallel structures and the operational workspaces for 2T and 3T parallel
architectures are explored. The novel indicator-level index is proposed to measure the
performance rating within reachable workspace. It can be utilized for any performance
index larger than zero for every position and orientation. The local condition index is
employed to test this concept on these four linkage mechanisms. The inverse dynamic
models and inertia matrices for these four parallel robots are calculated in detail, based on
which, the distributions of two novel mass-related performance indicators are presented
and compared. The optimal sets of linkage dimensions with a large workspace region and
good dexterity index for a planar translational parallel structure are obtained through multi-
objective optimization algorithm. The experiments demonstrated the correctness of the
analytical inverse and forward kinematic solutions, since the experimental results match
with the target movements.

7.2 Contributions of the dissertation

(i) Revise the modified Gribler—Kutzbach formula

Although the modified Gribler—Kutzbach equation could solve the mobility problems for
most parallel structures, the DOFs of some parallel mechanisms with special configurations

can not be revealed correctly. In accordance with one such exception, a family of parallel
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architectures with planar joints and parallelogram units is summarized. A special term
containing of the order of the parallel mechanism is proposed and supplemented in this
equation, in order to disclose the DOFs for this group of parallel manipulators.

(i) Design kinematic joint matrix to represent mechanisms

The novel kinematic joint matrix is proposed in this research. This square matrix with
compact size can indicate parallel manipulators containing of three categories of kinematic
pairs. The joints directions can be demonstrated through this kind of matrix. This 3-by-3
square matrix can be treated as a module and additional modules will be provided if the
kinematic joints exceed the current unit.

(iii) Create unique block pattern for matrices distinction

Since the kinematic joint matrix is inadequate to represent a concrete parallel mechanism
due to various coordinate systems and the one-to-many mapping relations with the parallel
structures, a special block pattern is proposed to distinguish different kinds of kinematic
joint matrices. Given a kinematic joint matrix, the amounts of various kinematic pairs are
collected and located in this block pattern. Different patterns denote distinct matrices. This
kind of block pattern is also beneficial to identify the same kind of matrices, eliminate
repeated kinematic joint matrices and has the potential to automatically generate all reliable
kinematic joint matrices via software under given conditions.

(iv) Establish a systematic approach for structural synthesis

A detailed structural synthesis of a family of parallel robots is proposed. On the basis of
the revised mobility equation, the possible parallel manipulators with all kinds of
movement types are completed enumerated. In each scenario, the feasible limbs are
obtained under predefined conditions and indicated by kinematic joint matrices. The
combinations among all matrices are conducted and the same categories of matrices are
eliminated. Therefore, two kinds of 2T matrices, ten kinds of 3T matrices, two kinds of
2T1R matrices, twenty-four kinds of 3T1R matrices, forty kinds of 3T2R matrices and
seventy-three 3T3R parallel matrices are constructed. The mobility analysis of the
structures or kinematic limbs for the remaining 1T1R, 1T2R, 3R, 2T2R, 1T2R, 2T2R,
1T3R, 2T3R parallel structure types are investigated by the theory of screw. Based on the
calculations and discussions, they are defined as infeasible structures.

(v) Propose level index for parallel structures
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The novel level index is presented to unify the performance indicator and measure the
performance rank in the whole reachable workspace. The local condition index is employed
to testify its effectiveness. The local level condition indices of the selected 2T and 3T
parallel manipulators are computed. The local translational level condition index and the
local rotational level condition index of the 2T1R and 3T1R parallel structures are
generated. Their distributions with respect to each pose component are established.

(vi) Develop inertia-related performance indices of parallel mechanisms

Two dynamic performance indices about the inertia matrix, the branch-coupling absolute
inertia index and the variation of branch-coupling inertia index, are proposed in this
research to study the coupling-inertia features among various kinematic limbs within the
parallel architecture. These two indicators are mutually complementary and should be
employed together to measure the detailed performances of a given parallel structure. The
detailed inverse dynamic models and inertia matrices of four different parallel robots are
derived, in order to testify the proposed concepts. Furthermore, the parametric impacts on
these indicators are investigated.

7.3 Future work

(i) Broaden type synthesis approach

In the future research, this novel structural synthesis will be expanded and completed, to
be suitable for some parallel mechanisms with more complicated joint types and
configurations. The first aspect is that the current methodology can deal with fully parallel
robots. There are still a lot of other kind parallel structures, e.g., parallel manipulators with
kinematic redundancy, actuation redundancy, asymmetric kinematic chains, over-
constraints. The second concern is that the current approach is applicable for three kinds
of kinematic joints (prismatic, rotary and P joints). It is expected to be suitable for parallel
architectures with more different joints (i.e., helical, cylindrical, universal joints). What's
more, it is better to include the other modular generalized kinematic joints (i.e. (S-S)2, (S-
S)., five-bar linkage). The kinematic joint matrix already includes the joint direction
information. Besides the joint directions are parallel and orthogonal, the joint axes may
intersect at one fixed special position (especial for sphere parallel robots). The
considerations with all these joints relationships will further widen the functions of this

approach.
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(ii) Proper limb/joint positions

Their detailed kinematic and dynamic analyses of two planar and spatial parallel
mechanisms are conducted in Chapters 4 and 5. However, the kinematic limbs are
assembled without consideration of static force/torque balance. Without a proper limb
position, the unbalanced static configuration may cause larger joints frictions in the
movements. The kinematic pairs will bear larger forces/torques in different directions. This
situation is beneficial to lead to link deformation and it is difficult to remain the precise
motions. These issues should be avoided before making a physical prototype.

Another target is for the performance of parallel robot. For example, the whole parallel
robot configuration remains the same but different positions or offsets for kinematic limbs
or joints will lead to various reachable translational or rotary workspace volumes/regions.
The consideration should be included to maximum the potential of a given parallel structure.
(iii) Completed mathematical models

The joint clearance that is neglected in the kinematic models will reduce the motion
(position and orientation) accuracy of the moving platform. This issue will be worse when
there are more passive joints in kinematic chains due to the cumulative impacts. Both the
kinematic and dynamic performances based on the kinematic solutions will be influenced.
Therefore, a completed kinematic model considering joint clearance is essential to achieve
the target accuracy of the parallel robot.

In the dynamic model, each linkage should be modelled in accordance with its real shape
and mass distribution instead of a uniform bar. The joint frictions should be taken into

account for realizing the real physical scenario.
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