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Abstract

We begin with the construction of the nonisotropic Heisenberg group with multi-
dimensional center. The sub-Laplacian on it is introduced. By taking the inverse
Fourier transform of the sub-Laplacian with respect to the center, we get a family of
twisted Laplacians. They are proved to be globally hypoelliptic in the Schwartz space
and in the Gelfand-Shilov spaces using the Green functions of the twisted Laplacians.
Global regularity in a scale of Sobolev spaces of these twisted Laplacians is given.

Equally important are the heat semigroups generated by the twisted Laplacians
in terms of Weyl transforms and the I” — L7 estimates of these heat semigroups are
presented. Finally, the eigenvalues and eigenfunctions of the twisted bi-Laplacians
on these Heisenberg groups are studied in the context of analytic number theory.
Global hypoellipticty, essential self-adjointness, Sobolev spaces as well as the Sobolev

estimates of the twisted bi-Laplacians are also introduced.
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Notations

R™: Euclidean Space

R™ x R™ x R™: Underlying Manifold of a Nonisotropic Heisenberg Group
H"™: Heisenberg Group with One-Dimensional Center

G: Nonisotropic Heisenberg Group with Multi-Dimensional Center
[z, w];: Symplectic Form

B,,: n x n Orthogonal Matrix

I,: n x n Identity Matrix

g: Lie Algebra

e;, ex: Standard Unit Vector

X, Y;, Ty Left-invariant Vector Fields

C*>(G): Smooth Function on G

[X;,Y]: Commutator

L: Sub-Laplacian

R™*: Real Coordinate Space of Dimension m, without the Origin

1X



A: Vector

L*: \-Twisted Laplacians

ex(z): Hermite Function of Order k

H(z): Hermite Polynomial of Degree k

a, B, v: Multi-Index

ex 3 Special Hermite Function

BY: Transpose of B)

VA(f,g9): A-Fourier-Wigner Transform

WX(f,g): \-Wigner Transform

W2: A-Weyl Transform

o: Symbol

my: Schrodinger Representation

F x, G: M\-Twisted Convolution of Functions F' and G
k2. Heat Kernel of the \-Twisted Laplacian

G*: Green Function of the \-Twisted Laplacian
Kn—1y2(x): Modified Bessel Function of Order (n —1)/2
K, (z): Modified Bessel Function of Order v

['(x): Gamma Function

S’: Space of Tempered Distributions



S§: Schwartz Space

sup | * |: Supremum

SE: Gelfand-Shilov Space

L}: Closure of LA

{@i}2y, { )2, Sequence

D(x): Domain

Y (*): Spectrum

I: Identity Operator

R(x): Range

p(*): Resolvent Set

inf | % |: Infimum

H*?**: L2-Sobolev Space of Order s

H~*2*: Dual Space of H*?*

(', )s2a: Inner Product on L2-Sobolev Space
| lls.2.2: Norm on L2-Sobolev Space

e ™" 7 > 0: Heat Semigroup

C* — algebra: Banach Algebra(Closed and Adjoint)
H: Hermite Operator

N: Angular Momentum
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M: Twisted Bi-Laplacian

d(k): Dirichlet Divisor of Eigenvalue k
O(k®): Order of k*

K: Operator of Conjugation

N(p): Counting Function

> my(k): Sum of the Multiplicity of k
Js+: Bessel Potential

H#%?: [*-Sobolev Space of Order (s, t)

i H2t22 — H#ut2 Inclusion/Embedding
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1 Introduction

The Euclidean space R™ has been one of the most important spaces on which
mathematics is studied. It is a Riemannian manifold, and it is a group with respect
to the usual addition of points in R". The Heisenberg group, named after Werner
Karl Heisenberg, German theoretical physicist in 20th century, is the simplest non-
commutative nilpotent Lie group. Analysis on the Heisenberg group is a subject of
continuing interest in various areas of mathematics from partial differential equa-
tions to geometry to number theory. More general Heisenberg groups are defined for
higher dimensions in Euclidean space.

Previous research has been focused on the Heisenberg group H" with one-dimensional
center with emphases on the heat kernels and Green functions of the Laplacians. The
main techniques used are the Wigner transforms and Weyl Transforms. Features
like global hypoellipticity of the twisted Laplacians in the Schwartz space and the
Gelfand—Shilov spaces, essential self-adjointness and estimates in Sobolev spaces are

considered as well. These are well covered in the book [15] by Wong.
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With the above background materials provided, extensions to Heisenberg groups
with higher-dimensional center are introduced in [9] by Molahajloo and Wong. While
twisted Laplacians related to Heisenberg groups with one-dimensional center are the
Hamiltonian of a system of electrons moving in a 2n-dimensional Fuclidean space
under the influence of a magnetic field, twisted Laplacians on Heisenberg groups
with multi-dimensional center are analogs of the same system of electrons mov-
ing in the same space under the influence of a multi-dimensional analog of a mag-
netic field. Meanwhile, the twisted Laplacians on Heisenberg groups with multi-
dimensional center are proved to be globally hypoelliptic in the Schwartz space and
in the Gelfand—Shilov spaces using the Green functions of the twisted Laplacians.

The introduction of the nonisotropic Heisenberg groups with multi-dimensional
center in [8] and the construction on these groups of the heat kernels and Green
functions of twisted Laplacians in [9] are the foundations on which this dissertation
is built. The contributions in this dissertation are the applications of the heat kernels
and Green functions in the analysis of partial differential equations in general, and
in the heat equations and the potential equations driven by the twisted Laplacians
on these Heisenberg groups with higher complexities.

Furthermore, a formula for the heat semigroups generated by the twisted Lapla-

cians in terms of Weyl transforms is shown in this thesis, and the L — L? estimates for



the heat semigroups are also given. Global regularity in a scale of Sobolev spaces for
these twisted Laplacians are presented in this thesis as well. Heat kernels and Green
functions of twisted Laplacians related to Heisenberg groups with multi-dimensional
center can be found in [9] by Molahajloo and Wong.

In addition to the aforementioned, the eigenvalues and eigenfunctions of the
twisted bi-Laplacian on the Heisenberg group with multi-dimensional center are
studied in the context of analytic number theory. These results are the analogs
of the results obtained in Heisenberg groups with one-dimensional center in [25] by
Gramchev, Pilipovic, Rodino and Wong. Properties such as global hypoellipticity,
essential self-adjointness, Sobolev spaces, as well as Sobelov estimates of the twisted
bi-Laplacian are also introduced in the last chapter.

The motivation for passing from the twisted Laplacians to the twisted bi-Laplacian
is to change the infinite multiplicities of the eigenvalues of the twisted Laplacians
to the finite multiplicities of the eigenvalues of the twisted bi-Laplacian, and after
renormalizations, the eigenvalues are positive integers and we can count the number
of eigenvalues, including multiplicities, up to any positive number. This entails the
use of analytic number theory.

The following four sections in this chapter provide a recall of the nonisotropic

Heisenberg group G with multi-dimensional center, a family of twisted Laplacians L



on it parametrized by A € R™ in the center, the heat kernels and the Green functions
of these twisted Laplacians. To look at some aspects of analysis and partial differ-
ential equations on a class of nonisotropic Heisenberg groups with multi-dimensional

center, we begin with a description of the Laplacians.

1.1 Nonisotropic Heisenberg Group with Multi-Dimensional

Center
Let By, Bs, ..., B, be n x n orthogonal matrices with real entries such that
-1 ~1
B; "By = —B, B,

for all j,k = 1,2,...,m with j # k. Then we define the nonisotropic Heisenberg
group G with multi-dimensional center to be the set R” x R™ x R™ equipped with

the binary operation given by

(2,8) - (w, 5) = <z+w,t+s+%[z,w])

for all (z,t) and (w, s) in R® x R x R™, where z = (z,y) € R" x R", w = (u,v) €

R™ x R™ ¢,s € R™ and [z, w] € R™ is given by

[z,w]; =u-Bjy—x-Bjv, j=12,...,m.



The center Z of the nonisotropic Heisenberg group G with multi-dimensional center

is m-dimensional and is given by

Z ={(0,0,t) : t € R™}.

The following proposition on the dimension of a nonisotropic Heisenberg group and

the dimension of its center can be found in [8].

Proposition 1.1.1 Let R” x R" x R™ be the underlying manifold of a nonisotropic
Heisenberg group. Then

m2§n.

Nonisotropic Heisenberg groups with multi-dimensional center are special cases of
H-type groups in [5, 6, 7]. If m = 1 and B; = —1I,,, where I, is the n x n identity
matrix, then we get back to the ordinary n-dimensional Heisenberg group H". In
the book [15], for the sake of simplifying the notation and making the presentation
transparent, we have chosen to study the one-dimensional Heisenberg group H' in
detail.

Let g be the Lie algebra of all left-invariant vector fields on G. For j =1,2,... n,

let v1;: R = G and 72 : R = G be curves in G given by

717j<5) = (Sej’ 0, O)



and

Y2,5(s) = (0, se;,0)

for all s € R, where e; is the standard unit vector in R" with 1 in the 4" position.

For k=1,2,...

,m, let v3 : R — G be the curve in G given by

Y3..(s) = (0,0, seg)

for all s € R, where ey, is the standard unit vector in R™ with 1 in the &' position.

For j=1,2,...

and

,n, we define the left-invariant vector fields X; and Y; by

(X]f)(l‘, Y, t)

(1) ()

s=0

d 1 1
%f (x + sej, vy, (t1 + §(Bly, $€i )yt + §(Bmy, sej)))

s=0

of 1 ¢ of
8_95]-(x’y’t) + 5 ;(Bkya ej)a_tlc($7y7t)
Yif)(z,y.1)
d
Ef((xv y’t) : 721j<8)) »
—f (x y + sej, ( — 1 (,5B1€j), ...ty — l(:70,3)33mej))>

2 2 s=0

af 1 —
_ - B
o (z,y,1) 5 5 z, kej (z,y,1)



for all (x,y,t) € G and all f € C®(G). For k = 1,2,...,m, we define the vector field
T} by
= I 1) ()
- ds x,Y, V3,k\S

s=0

d
= Ef(xvyvt_}_sek)

_ 9f
- ((9_tk(x7y7t)

s=0

for all (z,y,t) € G and all f € C*(G). We can easily check that
XY ==Y (B)uTk, 1=12...,n,
k=1
and the other commutators are zero.
Theorem 1.1.2 The Lie algebra g of G is generated by
{X;,V,[X;,Y] :j,l=1,2,... ) n}.

The sub-Laplacian £ on G is defined by

n

L==) (X7+Y)).

Jj=1
Explicitly,
L, o 2
L= —A =2y (2P +lyP)A
" & 0 o] 0
SN (B Brej)—— | —
+] 1 k=1 [ ky,e] Ox; T ke])ayj oty,’

7



where

Let R™ = R™ \ {0}. Then by taking the inverse Fourier transform of the sub-
Laplacian with respect to ¢, we get parametrized twisted Laplacians L*, A € R™*,
given by

n

N A A e —i S L NI N
DY = = 8= 8y (PPN =i 304 =B e3) g+ (0 Bae) - (111)

j=1

where

j=1

1.2 Spectral Analysis of \-Twisted Laplacians

For £k =0,1,2,..., the Hermite function e of order k£ on R is defined by

1 2
en(t) = = PH (), wER,

(2kK\/m)1/2
where Hj, is the Hermite polynomial of degree k given by

Hi(z) = (—1)Fe” (%)k ("), zeR.

For every multi-index o = (a1, a, . .., @), we define the function e, on R" by

Ea = €ny P €y, X+ X €y,



For all A € R™* and all multi-indices o and § in (N U {0})", we define the special

Hermite function eg‘(’ 5 on R" x R" by

er 5(q,p) = A"V (e, e5) (

T \/lklp> ¢,p €R"
VIAl

where

V£, 9)(q,p) = (2m) /2 /n e Bra)y f (y + g) g (y — g)dy, ¢,p e R (1.2.1)

for all f and ¢ in S. The matrix BY is the transpose of B,. In fact, e;\éﬁ is given by

exs(a,p) =V>Nex e3)(a, VIAp), ¢.peR,

where
erx) = I\ eo (VI Az), = eR™
Theorem 1.2.1 {e} ;: o, € (NU{0})"} is an orthonormal basis for L*(R*"). For

l=1,2,...,n, we define the linear partial differential operators Z}* and Zf\ by
o 1 N
Z P Z ~igy Ty (B i

o 1 A
§ — _ (Rt —
Z ])\| ]l 8x Hay, 2 ( Ax)l ! 2 o

where —Z} is a formal adjomt of Z}), i.e., (Z})* = =7}

Then,
1 5
L= l;‘ (202 + 20 7}) .
In the following lemma, ¢; is the standard unit vector in R".
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Lemma 1.2.2 Forl = 1,2,...,n, and for all multi-indices o and 3, we have both

creation and annihilation operators respectively,
FA N N LA
Ziey 5= ilA\2 (26, + 2)2 Corfter

and

Zde) s =ilN2 (28)2 € 5o B #0.

The following theorem gives the spectral analysis of the A-twisted Laplacian for

all A € R™.
Theorem 1.2.3 Let A € R™. Then for all multi-indices o and [ in (NU{0})",
Lrey 5 = |A"(2]8] +n)e) 5.

All definitions and results in this section can be found in [9)].

1.3 A-Weyl Transforms

We have defined the A-Fourier-Wigner transform V*(f,g) of f and g in S by

(1.2.1). In fact,

ci(Bra)w ¢ <x + ]—7> g (m - E) dr, q,p€R".

VNS g)a.p) = Cm) " [ Do (o-2

n

10



It is easy to see that the A-Fourier-Wigner transform is related to the ordinary

Fourier-Wigner transform by

VA(f.9)(a.p) =V ([, 9)(Bie,p), a,p € R™

Note that

VA(f.9)(=¢,—p) = Vg, f)la,p), a.p€R™

Now, we define the A-Wigner transform W?*(f,g) of f and g in L?(R") to be the

Fourier transform of VA(f, g). In fact, the »-Wigner transform has the form

, B! B
W)\ (f, g) (x,{) _ |)\|_”(27r)_n/2 /n G—ZE-Pf (% + g) q ( P\)\’f — g) dp (1.3.1)

for all x and £ in R”, and and it is related to the ordinary Wigner transform by

WA 9)(@,€) = A" (f.9) (ﬁ—‘xs)

for all z,£ in R™. Moreover,
WA(f,9) = WXg, f), f.g€L*R").

Let 0 € S(R" x R") and f € S(R"). Then we define the \-Weyl transform W2 f

of f corresponding to the symbol o by
(W2 f29) gy = (27r)"/2/ / o(z, OW(f, 9)(,€) du d, (1.3.2)

11



for all g € S(R™). Therefore using Parseval’s identity, we have

(Wo . 9) poggny = (2m)7 / /n 5(¢. )V ([, 9)(a,p) da dp.

Hence, formally, we can write

W21 @ = @0 [ [ o) (a0 @) dadp, R

where 7y (g, p) is the Schrodinger representation of G on L*(R"™), i.e.,
(malg,p)f) (2) = €PN f(z 4 p), z € R

Proposition 1.3.1 Let 0 € S(R™ x R"). Then the \-Weyl transform W2 is given
by

W =W,,,

where Wy, is the ordinary Weyl transform corresponding to the symbol oy given by
oA(z,§) = o(Byz,§), z,{€R™

Let F and G be functions in L?*(R?"). Then the A-twisted convolution F *) G of

F and @ is the function on R?" defined by

(F*),G)(z) = / F(z - w)G(w)e%’\'[Z’w] dw, z¢&R*™, (1.3.3)

R2n
provided that the integral exists.

12



Theorem 1.3.2 Let 0 and 7 be in L*(R*"). Then
W)\W}\ — W)\
where w € L*(R*™) and & = (27)7"(6 *, 7).

We have the following Moyal identity for the A\-Wigner transform and the -

Fourier-Wigner transform.

Proposition 1.3.3 For all f1, f2, g1, 92 in L*(R"),

(Wk(fbgl)»wk(f%gﬁ) =|AT"(f1, f2) (g1, 92)

and

(Vk(fhgl)vv/\(f%gﬂ) = [AI7" (f1, f2) (91, 92).

1.4 Heat Kernels and Green Functions of

A-Twisted Laplacians

We recall in this section the heat kernel and the Green function of the A-twisted
Laplacian L*, A € R™*, given in [9]. We first give the heat kernel of the M-twisted
Laplacian L*, which is the kernel of the integral operator e=™" for 7 > 0. The twisted

convolution defined in (1.3.3) is the key ingredient in the following theorem.

13



Theorem 1.4.1 Let A\ € R™. Then for all f € L*(R" x R") and all T > 0,
—7L  p 1A
€ .f - kT *—>\ f?
where

A|TL 1 2 n
A (2) — (27)" | 1A [#[2eoth (A7)
-(2) = (2m) O

for all z € R*",

As a corollary, the heat kernel } of the M\-twisted Laplacian L* for A\ € R™ is

given by

KMz, w) = kf_‘(z—w)e_%)"[z’w}

_ A" L w2 ny iy
_ 2 n 7 M [z—w[?coth (7| A[™) A[z,w] 1.4.1
@) s (A < (141)

for all z and w in R*".
The Green function G* of L* is the kernel of the inverse (L*)~!. The Green

function G* is related to the heat kernel 2 of L* by

Gz, w) :/ Mz, w)dr,  z,w € R™.
0

T

Let
a(2) :/ kXz)dr, zeR*™
0

Then the Green function G* of L is given by

Gz, w) = e_%)"[z’w}g)‘(z —w)

14



for all z and w in R?". An explicit formula for ¢* is given in the following theorem.

Theorem 1.4.2 For all z € R*,

vy (V20 Ty L
NN E e (i)

where K,_1y/2 is the modified Bessel function of order (n — 1)/2 given by

Ky ala) = / e~ 0hicogh((n — 1)5/2) 5, x> 0.
0

15



2 Global Hypoellipticity of \-Twisted Laplacians

2.1 Global Hypoellipticity in the Schwartz Space

The Green function is now used to prove that the A-twisted Laplacian L* with
A € R™ is globally hypoelliptic. We start with an estimate of the modified Bessel

function K, of order v, where v > 0.

Lemma 2.1.1 Let v > 0. Then for every positive number n with n > v, there exists

a positive constant C,, such that
|K,(z)| < Cpz™, x>0.

Proof Let 1 be a positive number such that n > v. Using the asymptotic behavior

of K,(z) for large x in [10], we know that

[
K, (z) ~ 4 /%e

as ¥ — 00. So, there exists a positive constant C; such that for sufficiently large z,

16



say, r > R/,
K,(r) < 1/%6736 < Cpa= (W) < g,

Using the asymptotic behavior of K, (z) for small z in [10], we have
K,(x) ~2" T (v)x™
as © — 0+ . Then there exists a positive constant C} such that

K, (v) < Cya™"

K, (x)

~~ 1s continuous
xT

for sufficiently small and positive values of x, say, x < R”. Since

on (0,00), it follows that there exists a positive constant C’;?” for which
oo /1 /
K,(z) <C, 2z zelR' R

and the lemma is proved with C, = max(C’{?, 07’7’, C’;]“), 0

We also need the following estimate.
Lemma 2.1.2 Let A € R™. Then for all multi-indices v on R*",

o) (e‘i’\'[z’w]ﬂ < (§m|/\|) jw|", 2w e R™

Proof Writing z = x + iy and w = u + v, where z, y, v and v are in R", we have

[z,w]; =u-Bjy—x-Bjw, j=12,....m.

17



Then for j =1,2,...,m,

and hence

e_%)"[zyw} — 6_% Z;n:1 Aj Zlnzl(B;U)lyleé Zy;l Aj Zln:1(Bj”)lml .

We also write
0] = 999

fA TR

where 0 and ¢ are multi-indices on R™ with |6 + ¢| = |y|. For k =1,2,... n,

ayk (6_%)"[’2’@)

— 67% Z;n:1 )‘j Z?:1(B§U)lyl€% Zjil )‘j Zln:1(Bj'U)l~Tl (_1 Z )\J(BtU)k)

9 J
j=1
and hence
) —IX[zw
op (em3¥in)
) , . m bk
= e BTN L (Bl o S N S (Byvhia <_%Z)\j(3§u)k) :
j=1
So,

a;& <6—%)\-[z,w}>

_ 6*%2}":1 Aj Zézl(Bﬁu)zyje% S A i (Biv)ix H <_£ Z /\j(B;-u)k> ‘

18



Differentiating the preceding equation with respect to = to the order 6, we obtain

o7 ()
= 0555 (e_%’\‘[z’“’]>

_ e*% PR 2121(3%)1?/16% YA e (Bjvhm

n . Pk n .m Ok
i 1
[T (-5Semn) | 1 (35 vm)
k=1 j=1 k=1 j=1
Therefore
(o)
) i
k=1 j=1 k=1 j=1
If we let || Bj|| denote the operator norm of B; for j = 1,2,...,m, then
i
I (~53onmn) | < T1(53 i)
k=1 j=1 k=1 j=1
II(?M(E]WN)WO
k=1 j=1
RN AL 19 Y
= (5) (Zimn) e
j=1
< (W) () e
j=1
Since B; is an orthogonal matrix for j = 1,2,...,m, it follows that

1Bjll =1, j=12....m,
19



and hence

k=1 j=1
Similarly,
n i m O 1 10

ﬁH(gZ)%&mQ <<Gmw)|m“

k=1 j=1
Thus,

; 1
o7 (e < (i)l

and the proof is complete. O

We can now give the global hypoellipticity of the A-twisted Laplacian L* with

A € R™ in the Schwartz space.

Theorem 2.1.3 Let A € R™. Then the \-twisted Laplacian L is globally hypoel-

liptic in the sense that
u € S'(R*™), L*u € S(R*™) = u € S(R™),
where S'(R?™) is the space of all tempered distributions on R*".

Proof Let f = L*u. Then for all z € R?",

uz) = (L))
= [ = we P,

20



where

Aoy~ V2m) T(n/2) L.
9 =5 7= (\/WM)MK(MW (4\/\H | )

Let 8 be any multi-index. Then for all z € R?*",

(0%u)(2) = / P! (7=~ w)e ) du

To justify the interchange of differentiation and integration, we write for all z € R?*?,

[ 19w

ol (f(z — w)e’%’\'[z’“’]ﬂ dw = 1I(z) + I1(z),

where

o (f(z — w)e’%)"[z’w}ﬂ dw

z

I(z) = /| 9w

and

I(z) = / )

07 (f(z — w)e*%“'[z’“’]ﬂ dw.

Using the hypothesis that f € S(R™), the definition of [z, w], the formula of Leibniz

to the effect that

97 (f(Z — w)e*%/\-[z,w}> _ Z (5) (0% f)(z — w)o" (e—gx[z,w]>

v<B v

and Lemma 2.1.2, we get

sup |[1(2)] < o0
zeR2n

and

sup |I(z)| < oc.
z€R2n
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Now, let o and 3 be arbitrary multi-indices with o # 0. Then for all z € R?",
2%(0%u)(2)] < 2°1( 1 (2) + Ta(2)),

where

0 (f(z = wye =) | duw

z

) = [ 1ol )

and

07 <f(z - w)e_%*[z’w]ﬂ dw.

R = [ 1e=ulllgw]o:

As in the case when a = 0,

sup |J1(z)] < oo.
z€R2n

By breaking R?" into |w| < 1 and |w| > 1, and using the same argument as in the

case when o = 0, we see that

sup |J2(2)[ < oo,
z€R27™

and the proof is complete. O

2.2 Global Hypoellipticity in Gelfand—Shilov Spaces

Let © and v be positive real numbers such that p + v > 1. Then the Gelfand-
Shilov space S¥(IR™) is defined to be the set of all functions ¢ in C*°(R™) for which

there exists a positive constant C' such that for all multi-indices o and 3,

[2°(9%¢) ()] < CHPIFL (al) ()", 2 € R™
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It can be shown that a function ¢ is in S#(R") if and only if there exist positive

constants C' and e such that for all muti-indices «,
(0 (z)] < CloI+ (alyreslel™ 4 e R™,

This characterization tells us that a function in a Gelfand—Shilov space has exponen-
tial decay at infinity. Moreover, a function ¢ is in the Gelfand—Shilov space S*(R")

if and only if there exist positive constants C' and ¢ such that
p(a) < Ce™, z e R,

and

2(6)] < Ce™kI"" ¢ e R™,

It is worth pointing out that the Gelfand—Shilov space S7(R") is the same as the test
space F for Fourier hyperfunctions. In fact, F' is the set of all functions ¢ in C*°(R")

for which there exist positive constants C, ¢ and 0 such that for all multi-indices «,
1(0%)(z)] < Colate el 2 e R™

We have the following theorem on the global hypoellipticity of the A-twisted

Laplacian L* in Gelfand-Shilov spaces.

Theorem 2.2.1 Let p and v be positive real numbers with p+ v > 1. Then

u € S'(R*™), L*u € S*(R™) = u € SH(R™).
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Proof Let f € S#(R?"). Then there exists a positive constant C' such that for all

multi-indices a and S,
1220 f)(2)| < CleHBHL (@ (B, 2 e C™. (2.2.1)

As in the proof of Theorem 2.1.3, we need to estimate I1(z). To do this, we use the
inequality (2.2.1), the definition of [z, w]| and the Leibniz formula to obtain a positive

constant C] such that

I(z) < c By / g™ ()] dw.

lw|<1

By Lemma 2.1.2, we see that there exists a positive constant C'y such that
|8]+1 1\ 1 n
]1(2) SCQ (6) ) ZGC .
Similarly, there exists positive constants C3 and Cj such that

L(z) < OV gy / 19" (w)] duw

|w|>1
and

Lz) < P pnyr 2 e

Then as in the proof of Theorem 2.1.3 again, we need to estimate J;(z) and Ja(z).
Using the same argument as in the case when o = 0, we obtain a positive constants
C5 for which

Ji(z) < CEMPH (e, z e Cm
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Using the Leibniz formula and Lemma 2.1.2, we get a positive constant Cs such that
To(2) < ClHBET v 31ym / (]!#|g* (w)| dw, = € C.
(Cn

By breaking C™ into |w| < 1 and |w| > 1 and using Lemma 2.1.2, the proof is

complete. O

2.3 Essential Self-Adjointness

Let A € R™. Then using the explicit formula for the A-twisted Laplacian L given
in (1.1.1), it can be checked easily that L* is a symmetric operator from L*(R*") into

L*(R?*") with dense domain 8. So, L* is closable and we denote the closure by L;.
Proposition 2.3.1 Let A\ € R™. Then L} is closed and symmetric.

Proof We only need to prove that L) is symmetric. Let u and v be functions in the

domain D(Ly) of Lj. Then we can find sequences {y;}°, and {¢;}2°, in S such that
pr— u,
L op — Lju,
Y — v

and

LMy — L
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in L?(R?*") as | — o0o. So, using the symmetry of L* as a linear operator from L?(IR*")

into L?(R?") with domain S,
(Lou,v) = llim (Lo, ) = llim(gol, L) = (u, Lv).
—00 —00

Therefore L} is symmetric. O

For all A € R™, let X(Lj) be the spectrum of Lj. Then we have the following

theorem.
Theorem 2.3.2 Let A € R™. Then

S(Ly) = {IAI"(2l8] +n) : g € (NU{0})"}.

Moreover, for every 5 € (NU{0})", the number |\|["(2|5]| + n) is an eigenvalue of

LY with infinite multiplicity.

Proof It follows from Theorem 1.2.3 that every number |A\|"(2|8] + n) with 5 €
(NU{0})" is an eigenvalue of Ly with infinite multiplicity and hence is an element

of ¥(Ly). Now, let u € C. Suppose that

p# A" 2Bl +n)

for all 3 € (NU{0})". If we can prove that the range R(Ly — ul) of Ly — pul is dense

in L*(R?"), where [ is the identity operator on L?(R*"), and there exists a positive
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constant C such that
1(L3 = plYull 2gaony > Cllullpaeny,  u € S(LY),

then p lies in the resolvent set p(L3) and the proof is then complete. Let M be
the subspace of L?(R?") consisting of all finite linear combinations of elements in
{eas a8 € (NU{0})"}. Then by Theorem 1.2.1, M is dense in L*(R*"). Let
f € M. Then we can write

f= Z Z aa,ﬂeg,ﬁa

la|<N1 [B|<N2

where N; and N, are positive integers and
anp €C, |af <Ny, |B| < No.

Let

Ao, B A

u= 2 NP1 +n) — p

‘Q|SN1’|B‘§N2

Let C), = infgemugop» [|A["(2|8] +n) — p| . Since

7 A" (2]8] +n)
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for all g € (NU{0})™

Therefore f € R(L) —

(Ly — pl)u = (L — pl)u

Qa8 AN
2 2 @ e =g e

|| <N71 |B|<N2

Z Z Qo 3€0,s

la| <Ny |BI<N2

f

, it follows that C), > 0. Therefore © € S. Furthermore,

(2.3.1)

pl). So, M C R(Ly — puI). This proves that R(Ly — pl) is

dense in L*(R?"). Let u € D(Ly). Then using the symmetry of L*, Theorem 1.2.1

and Parseval’s identity,

I(Z3

— ) o

= |12 D ((Ly — uD)u.ed g)en
a B

= Z Z(% ((Ly)" — Hj)eg,ﬁ)eé,ﬁ
« B

= ZZ L* —Til)ey 5)ea s

_ ZZ (A™218] +n) — med e 5

- ZZW (218] +n) = 1)(u, 3 5)eq s
_ ZZHM”(QIBI +n) = pl* [(u, €} 5) .
a B

28
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Thus,

(Lo — pl)ull2geny > Cpllull2@eny, u € D(Lp).
O

By Theorem X.1 on page 136 of [11] and the preceding theorem, we see that for
all A € R™* Ly is self-adjoint and hence the A-twisted Laplacian L* given by (1.1.1)

from L?(R*") into L?(R*") with dense domain S is essentially self-adjoint.

2.4 Sobolev Spaces

Let s € R. Then for all A € R™*, we define the L?-Sobolev space H*?* of order

s by

H*** = {u eSR™) Y Y NPl + 1) (u,eq 0 < OO} :
a

It is easy to see that H*?? is an inner product space with inner product (, )s2. and

norm || |52, given by

(1, 0)szr = S0 ST INZE218] + 1) (u, € 5) (€4 5 0)
a B
and
[ull2on =) IAP(218] 4+ n)*|(u, €) 4)|”
a B

for all v and v in H%?*,
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Theorem 2.4.1 H*** is a Hilbert space with respect to the inner product (, )sa.x.

Proof If s > 0, then the domain S((L})*) of the self-adjoint operator (Lj)* from

L?*(R?") into L*(R?") is a Banach space with respect to the norm | |, given by
[ul} = (Lg) ullZaen) + lulfa@eny,  u € D((LG)%).
Obviously,

LS ullZaeny = Y D NP I8+ n)*|(u, ) 5)I* = [[ull3 50

a B
So, || |ls.2.x is a norm in H*?* and hence H*** is complete with respect to || [|s2.x-
Let s < 0. Then H*%" is the dual space of H~>* and is hence complete. O

From the proof of the preceding theorem, we can have a characterization of the

domain D(L}) of the closure of the A-twisted Laplacian.
Theorem 2.4.2 Let A € R™. Then D(Ly) = HY*.

The following estimates can be considered to be the analogs for the A-twisted
Laplacian of the Agmon—Douglis—Nirenberg inequalities for elliptic boundary-value

problems in [1] and globally elliptic pseudo-differential operators on R™ in [16].
Theorem 2.4.3 Let A € R™*. Then for all s € R,

|s727/\’ = HS—H’Q’)\.
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Proof Let u € H512* Then

ILgulZan = > D AP QI8+ n)*|(Lu, e 5)I°

o« B

= D> B )PP RIS+ ) (u e )
o« B

= D> PPETIEIB 4 n)* Y (u, e )
a B

= JullZ12a

O

We give a corollary as a result on the global regularity of the A-twisted Laplacian

on Sobolev spaces.
Theorem 2.4.4 Let A € R™. Then for all s € R,
weS LM e HY* =y e HH2A,

Remark 2.4.5 There is a loss of one derivative globally on R?" because the operator
L} with A € R™ is not globally elliptic on R?" as defined in [16], notwithstanding

its ellipticity at every point in R?".
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3 Heat Semigroups and Inverses of \-Twisted

Laplacians

The aim of this chapter is to look at some aspects of analysis and partial differ-
ential equations on a class of nonisotropic Heisenberg groups with multi-dimensional

A . .
L7 7 >0, on G is given

center. We begin with a formula for the heat semigroup e~
in the following theorem. It is an analog of the formula for the heat semigroup gen-

erated by the twisted Laplacian in the Heisenberg group with one-dimensional center

given in [14].

3.1 Heat Semigroups Generated by \-Twisted Laplacians on

Heisenberg Groups with Multi-Dimensional Center
Theorem 3.1.1 Let f € L*(R?). Then for all X\ € R™ with |A\| =1 and 7 > 0,
e_TLAf = (27?)”/2 Z e‘TQlﬂHn)V’\(W;‘eﬁ, es).

B
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Proof Let f € S. Then for 7 > 0, we have

e f = Z Z e A" @Bl (£, egﬁ)egﬁ, (3.1.1)
B a

where the series is convergent in L?*(R?"). Now, using the »-Wigner transform and

the Plancherel theorem,

(heds) = [ FeV oG d:

= (2m)"2(Wieg, ea). (3.1.2)

Similarly, for all g € S(R*"), we have

(ea,5:9) = (9, €3 ) = (2m)"2(Weg, ea) = (2m)"?(ea, Wy'ep). (3.1.3)

So, by (3.1.1), (3.1.2) and (3.1.3), together with Fubini’s theorem and Parseval’s
identity, we get
—T A n —T n
(™ fg) = @Oy e TEII (W ey, eq)(ea, Wiep)
B a

= (2r)" Ze—r(2|6|+n) Z(W?eﬂ’ eo)(€a, W!}Aeﬂ)

B «
= (2m)" Z 6_7(2|Bl+")(WJ2\65, Wgeg) (3.1.4)
B
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for all 7 > 0. Using the property of the A-Weyl transform and Plancherel’s theorem,

(W;‘eﬁ, Wieg) = (2m) /2 W}‘eg(z)WgAeg(z)dz

R2n

— (27)"/2/R% g(z)W’\(eg,W;‘eg)(z) dz

= (2n)7"2 [ WAWieg,es)(2)d(2) dz

R2n

= @0 [ WA e )" ()TN

= (27r)_”/2 /R?" VA(W}\eﬁ,eﬁ)(z)g(z) dz (3.1.5)

for all multi-indices 5. By (3.1.4) and (3.1.5),

(effLAth) _ 27T n/2 Zeiﬂr 2|8]4+n) (V)\(W 65,65) g)
B

B
for all f and ¢g in S(R") and all 7 > 0. Thus,
—T >\ n n
oL w2 $ T YAy (Wep, c5)
B

for all f € S(R™) and all 7 > 0. O

3.2 An LP-L? Estimate

We begin with the following improvement of Theorem 11.1 in [13].
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Theorem 3.2.1 Let 0 € LP(R*"), 1 < p < 2. Then for X € R™ the \-Weyl

transform W2, is originally defined on S(R™). Moreover,

2 :
W2l < @m) 7 2(5)" @D o pogeny,

RY
where || ||+ is the norm in the Banach space of all bounded linear operators from

LP(R™) into L*(R™).

Proof Let 0 € L*(R*"). Then for all f and ¢g in L*(R™), we get by (1.3.2), the

Schwarz inequality and the Plancherel theorem,

(W2 f.9)re@m| < (2m) 7216 | L2qean) WA, 9)l] 22 ron)

= 207"l La@en [WA(f, 9l o)
By Moyal’s identity in Proposition 1.3.3,
IWAF, 9)llzggeny = | Fll 2@ llgll 2 gen)-
Therefore
‘(Wé\fa g)LQ(R")‘ < (27T)_n/2||UHL2(R2”)||f||L2(R")||g||L2(R")a f,9€ LQ(RN)-

So,

W2 fll 2@y < (27)72|0]| L2 gy
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Now, let 0 € L'(R?"). Then for all f and ¢ in L?*(R"), we get by (1.3.2) and Holder’s

inequality,
(W3 . 9)raqgem| < (270) 7216 1 zom) W (£, 9) [ 1w grzm) -
By (1.3.1) and the Minkowski’s inequality,

WS, 9l o zzmy

< @m) N [/ f (ﬁ| * g)r‘”’r l/

= 2m) 2 A2 £l 2 ey 9 L2

1

Bixz p 2 :
Py
g(w 2)‘ g

Let o € LP(R*"). Then by the Riesz-Thorin theorem, we get for all f in L*(R"),

W3 fll 22y

< [(27T>—n/2]2/p'[(27_‘_)—77,/2271|>\|—n]1—(2/p’) ||U||LP(R2") ||f||L2(R")

-n 2 n(l— /
= (2m) /Q(W) (1 (2/p))||0||Lp(R2n)

Sl z2ny.- (3.2.1)

By (3.2.1), the proof is complete. O

Theorem 3.2.2 For 7 > 0, the heat semigroup e~ with A = 1, initially defined
on S(R*™), can be extended to a unique bounded linear operator from LP(R?*") into

L2(R2"), which we again denote by e, and

1

—7LA n(1—(2/p"))
ny < 2 —
e Fllzeqeen [2sinh 7]"

£ Il e (r2ny

forall f € LP(R?"), 1 <p<2.
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Proof By Theorem 3.1.1, Minkowski’s inequality and the Moyal identity for the

A-Fourier-Wigner transform, we get for all f € S(R*"),

—rLA n —T n
1€77 Flloameny < 2m)"2 Y e TEHINVAW Reg, €6)) | 2quony
B
= @m)" AT e T W Res | 2 sl 2ny
B
= (2n)" A" Z e—T\A|n(2lﬁ\+n)HW}%HLQ(W) (3.2.2)
B

for 7 > 0. So, by (3.2.2) and Theorem 3.2.1, we get for 7 > 0,

2 2 n(l— / _r n
l|e=7E Fllz2eeny (W) (1 (2/19))2:e (2l81+ )”f”Lp(R%)
8
n(1—(2 /2 1
—= (2) (1 (2/p ))meHLp(RQn)

3.3 L[P—L*> Estimates,1 < p < o0
We begin with the following theorem.

Theorem 3.3.1 Let A € R™, Then for all 7 > 0 and 1 < p < oo,with |A| = 1,

e LN LP(R*™) — L°°(R?") is a bounded linear operator. More precisely,

1 1
[sinh 7]*/P [cosh 7]™/P

—7L> -n
le™™ fll oo (gany < (2m) 77 A N o geny

for all f € LP(R*™).
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Proof Using the formula (1.4.1) for the heat kernel x of L,
|52(2,w)| < ar

for all z and w in C™ and 7 > 0, where

A"
[2sinh(|A\|?7)]"

a- = (2m)""
So, for all f € L}*(R*),
(e )(2)] < /«:n [62(2, w)| | f(w)| dw = az || fllp geny
for all z € C". Therefore
™™ Fllzeqgeny < arllfllzacee.
Now, for all f € L>®(R*"),

(e 1))

IN

15l / K2z, )] duw

aT/ e 1wl cothtmIN) gy || £]] oo amy
n

IN

for all z € C™. Thus,

(4m)”
a, |)\‘n[coth(‘)\’n7>]n ||f||LOO(R2n)
1
WHJCHLOO(R%),

_ A
le™™ f || e (g2

Using the Riesz-Thorin Theorem, we have

1 1
[sinh 7]7/P [cosh 7]™/P
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3.4 [P-L? Estimates, 1 <p<2,2<¢g<x
Using Theorem 3.2.2 and Theorem 3.3.1, we have the following theorem.

Theorem 3.4.1 For 7 > 0, the heat semigroup e"™" with |\ = 1, initially defined

on S(R™), can be extended to a bounded linear operator from LP(R*") into LI(R*"),

—7LA

which we again denote by e and

. on(1-2/4")2/a)
le™™ Hlasen < Tt fegsh s I e

for all f € LP(R*™).

Proof By Riesz-Thorin Theorem, let a, ag, 51, and (35 be real numbers in [0, 1]. To

interpolate, let a be such that 0 < a <1,0< <1 and

a=0a;+(1-0)a

B =001+ (1—0)p,

where 6 € [0,1]. Then, A : LY*(R?>") — LY# (R?") is a bounded linear operator.

A"

Moreover, when oy = 1, 5, =0, and M; = a, = (ZW)_”W,

HAle/ﬂ1 < MleHl/aw
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ie, A: L'V (R™) — LY% (R?") | is a bounded linear operator.

_ _ _ 4 _ —-n [A]™ 47
When a; =0, f; = 0, and My = a7 gpmqamn = (2m) Zsinh (A 7)]" N coth(A[r) ?

[Af s < Mill 1/,

ie, A: LY (R?™) — LY% (R?") | is a bounded linear operator.

Whena=6-14+(1-0)-0=1/2,6=0-0+(1—-6)-0=0, then § =1/2,
1A s < MYML I f 11/

ie., A: LY (R*™) — LY5(R?") is a bounded linear operator.
Now, let 1/8 = ¢, 1/a = p, and 6§ = 1/p, then the heat semigroup e ™1 with
|A| = 1, initially defined on S(R™), is proved to be a bounded linear operator from

LP(R?") into LI(R2").
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4 Heat Kernels and Green Functions of

Sub-Laplacians

In this chapter, we use the heat kernel k) of the A-twisted Laplacian to find
the heat kernel of the sub-Laplacian by taking the Fourier transform with respect
to the parameter A. Similarly, the same technique is also applied in obtaining the
Green function G of the sub-Laplacian using the Green function G* of the A-twisted

Laplacian.

4.1 Heat Kernels of Sub-Laplacians

To obtain the heat kernel of the sub-Laplacian, we need some preparation first.

The group convolution of two measurable functions f and g on G is defined by

(f*c g) (2,t) = /@f ((z,t) -6 (w, 3)’1) g(w, s)dwds, z€ R* tecR™,
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if the integral exists. Moreover, we denote by f\ the ordinary Fourier transform of

f with respect to the t variable evaluated at the point A € R™. More precisely,

hHiz) = (27r)m/2/ e A (2, t)dt, 2 € R

m

We need the following theorem.

Theorem 4.1.1 Let f and g be functions in L*(G). Then for all nonzero A € R™,

(f *c 9)y = (2m)™2 fr %5 gx.
Proof For all z € R*",

(f %6 9)y = (2m) ™2 / e (f 5 g) (= t)dt

m

= (2m)™™/? /Rm e i (/R /m f (z —w,t—5— %[z,w]) g(w,s)dwds) dt.

Let t =t — 1[z, w]. Then

(f*c9), = (27T)_m/2/ / /2 e A (z—w, t' — 5) g(w, s)e_%’\’[z’w]dwdsdt’.
m m R n

On the other hand, for all z € R?", we get

i

(fax-agn) (2) = - iz — w)gA(w)e’i)"[Z’w]dw
= (27r)—m/2/ { flz—w, — s)g(w, s)ds} (A)e_%”[z’w]dw
R2n Rm™
= (2m) " (2w, — ~5 el qpdsdt.
( 7T) /m /m /R%e f(Z w, 1 S)Q(M,S)e wdsdt
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and the proof is complete. O

Now, we consider the initial-value problem given by

B)
u(z,t,0) = f(z,1), z € R*™ t ¢ R™.

{ 8—2(2,@7) = —(Lu)(z,t,7), z€R™ teR™ 7 >0,
By taking the inverse Fourier transform with respect to t and evaluated at \, we get

an initial-value problem for the heat equation governed by the A-twisted Laplacian

I ie.,

(= e
ux(2,0) = fa(2),

for all z € R?*", 7 > 0 and A € R™. By Theorem 4.1.1,
U,>\(Z,T) = (ki\ *\ f)\) (2)7 ZGRQnaT>07

for all A € R™*. Therefore by taking the Fourier transform with respect to A and
evaluated at ¢, and using Theorem 4.1.1, we get the solution of the initial-value

problem governed by the sub-Laplacian given by

u(z,t,7) = 21) 2 (f % K;) (2,t), ze€R™ teR™ >0,

where K, is the Fourier transform of the heat kernel of £ with respect to A and

evaluated at t. So, the heat kernel of L is given in the following theorem.
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Theorem 4.1.2 For all f in L*(G),e "% f = f *g K, where

. )\‘n 1 2 n
Ko (2.1) = (21)-(0+m) / iea____| — 3 Jlf? coth(AI"T) g
(=,8) = (2m) WO 2simh (AN

for all (z,t) € G.
Hence the heat kernel k. of L is given by

ol (0,5) = K (= w0 =+ 3

for all (z,t) and (w, s) in G.

4.2 Green Functions of Sub-Laplacians

The Green function G of the sub-Laplacian £ on the Heisenberg group G with
multi-dimensional center is the kernel of £~1. More precisely, the Green function G
is given by

L7 f=f*G

for all suitable functions f on G.
As in the case of the heat kernel of the sub-Laplacian £, the Green function G is
obtained by taking the Fourier transform of G* with respect to A and evaluated at

t. Therefore by Theorem 1.4.2, we have the following theorem.
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Theorem 4.2.1 The Green function G of L is given by

. Cn it 1 1 2
G(z,t) = ot /m e —|)\’(n71)/2K(”*1)/2 (4|>\||Z| ) dA,

where

e = 2y V2D p gy

22T
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5 Spectral Properties of the Twisted

Bi-Laplacian

The eigenvalues and eigenfunctions of the twisted bi-Laplacian on the Heisenberg
group with multi-dimensional center are studied in the context of analytic number
theory. Properties such as global hypoellipticity, essential self-adjointness, Sobolev
spaces, as well as Sobelov estimates of the twisted bi-Laplacian are also introduced

in this chapter.

5.1 Twisted Bi-Laplacian

The Mtwisted Laplacian L* on the Heisenberg group with multi-dimensional

center on R?" is the second-order partial differential operator given by

1 R 0 0
I — _A“_Ay+Z<‘x|2+‘y’2)‘)"2_2Z {—(BAy, ej)% + (z, BAej)T} , (5.1.1)
J

=1 Yi
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where

and

Za 27A _Za

le]

Thus, the A-twisted Laplacian L* on the Heisenberg group with multi-dimensional

center is the Hermite operator
=—A, Ay + - (le2 + [y IAP

perturbed by the partial differential operator —i /N, where

N = 2. {—(B,\y,ej)% + (x,B,\ej)aiyj} )
The twisted Laplacian on the Heisenberg group with multi-dimensional center ap-
pears in harmonic analysis naturally in the context of heat kernels and green functions
of sub-Laplacians on Heisenberg groups with multi-dimensional center [18, 24, 12],
and the essential self-adjointness and global hypoellipticity of the twisted Laplacian
on Heisenberg groups with multi-dimensional center can be found in [17, 25, 26].

In the paper [4], it is shown that L* is globally hypoelliptic in the Schwartz space

S(R?*) in the sense that

u € S'(R™), L*u € S(R*™) = u € S(R*™),
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where S'(R?") is the space of all tempered distributions on R**. Moreover, L* is
essentially self-adjoint, and the spectrum Y(L}) of the closure Ly is given by a
sequence of eigenvalues, where |\| = 1, i.e. the unit vector on the surface of a unit
ball. In fact,
2(Lg) = {(218] +n) : B € (NU{0})"}.
By Theorem 2.2.1, each eigenvalue has infinite multiplicity.
Renormalizing the M-twisted Laplacian L* to the partial differential operator P

given by
Loy
PZE(L —n+2). (5.1.2)

Now that ) is a unit vector, we see that the eigenvalues of L* are the natural numbers

1,2,..., and each eigenvalue, as in the case of L*, has infinite multiplicity. Now, the

transpose (L*)! of the twisted Laplacian L* is given by

n

1 . 0 0
(L)' ==y = Ay + ~ (2 + [yP)AP +i > =(Bay, )5 — + (z, Baej) 5 5.1.3)
4 1 81‘]‘ 0yj

and after renormalization, we get the transpose @) of P given by
Lo
in((L ) —n+2). (5.1.4)

The aim of this chapter is to analyze the twisted bi-Laplacian M on the Heisenberg

group with multi-dimensional center defined by

M:QP:PQ:i(Lk—n+2)((LA)t—n+2), (5.1.5)
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where P and () commute because it can be shown by easy computations that H and
N commute.

The impetus for our study of the twisted bi-Laplacian M on the Heisenberg
group with multi-dimensional center comes from its non-standard spectral properties
connected with analytic number theory. We observe that the twisted bi-Laplacian

M is globally hypoelliptic in the Schwartz space S(R*"), i.e.,

u € S'(R*™), Mu € S(R*) = u € S(R*™).

Moreover, we prove that M is essentially self-adjoint on L*(R*"). If we denote the
unique closed extension of M on L?(R*") again by M, then the resolvent R(\) of M
given by

RO = (M~ AI)™",

where [ is the identity operator on L?*(R?"), is a compact operator for all X in the
resolvent set of M. The novelty of the twisted bi-Laplacian M with respect to P
and () considered separately is the compactness of the resolvent. This is due to
the favorable combination of the properties of the two factors. The spectrum of M
is then given by a sequence of isolated eigenvalues and each eigenvalue has finite
multiplicity. In order to describe the spectral properties of M precisely, let us first

recall that the A-Fourier-Wigner transform V*(f, g) of two functions f and g in S(R"™)
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is the function in S(R*") given by

dBf(y+ B g (y-E)ay, gper’. (516)

VA 9)(awp) = 20) 2 [ o (-1

n

It is easy to see that the A-Fourier-Wigner transform is related to the ordinary

Fourier-Wigner transform by

VA f.9)(a,p) =V (f.9)(B\a.p), a¢.p€R,

VAF,9)(=¢,—p) = VMg, N)(g,p), ¢,p €R™
For k =1,2,..., the Hermite function e, of order £ on R is defined by

1 —T
(o) = e " Hile), v eR, .17

where Hj, is the Hermite polynomial of degree k given by

o (d\",
Hy(z) = (—1)ke” (%) (e™™), zeR. (5.1.8)
For any multi-index a = (aq, ag, . .., ay,), we define the function e, on R" by

€a = €q Ven, @ RV eq,.

We fix a nonzero vector A € R™. Let o and 8 be multi-indices in (NU{0})™. Then

we define the special Hermite function e ; on R™ x R™ by

e (g, p) = |2V (eq, € L, A ., q,p €R"™ 5.1.9
a5(a:p) = [A| (€as€p) \/W\/I p q,p (5.1.9)
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In fact, egﬁ is given by

eas(@:p) = N2V (ex, ed)(a/|Alp),  a.p €R",
where
eMz) = INYieo /| Nz), z€R™
It can be shown that {e 5 : o, f € (NU{0})"} is an orthonormal basis for L*(R*").

See, for example, Proposition 4.1 in [19].

Theorem 5.1.1 Let A be a unit vector. The eigenvalues and eigenfunctions of the
tunsted bi-Laplacian on the Heisenberg group with multi-dimensional center are, re-
spectively, the natural numbers 1,2,3, ..., and the functions eg‘[ﬁ, where o and B are
multi-indices in (N U {0})™. More precisely, for k = 1,2,3, ..., the eigenfunctions

corresponding to the eigenvalue k are all the eigenfunctions eg\éﬁ, such that
(laf +1)- (18] +1) = k.

By means of Theorem 5.1.1 and some classical results in analytic number theory
[21, 22], we can now give an estimate on the counting function N(u) defined as the
number of eigenvalues of M less than or equal to p. In other words, we can figure

out how many ways the eigenvalue £ can be multiplied.

Corollary 5.1.2 Let A be a unit vector. For all p in [0,00),

N(p) = S ma(k) = m )

kE<p k<p

o1



For each eigenvalue k of M, m, (k) stands for the multiplicity of the eigenvalue k.

For all £ > 0, the number d(k) of Dirichlet divisors of the eigenvalue k is given by
d(k) = O(k®).

In Section 5.2, we prove Theorem 5.1.1 and Corollary 5.1.2 on the spectral properties
and the related number-theoretical properties of the twisted bi-Laplacian M on the

Heisenberg group with multi-dimensional center.

5.2 The Spectrum and Analytic Number Theory

Let us first prove Theorem 5.1.1. Using the fact that M is self-adjoint with
compact resolvent, which will be proved in subsequent sections, we see that M has
isolated eigenvalues with finite multiplicity, and we can have an orthonormal basis
for L?(R?") consisting of eigenfunctions of M. Then Theorem 5.1.1 follows from the

following proposition.

Proposition 5.2.1 Let the operator M be as in (5.1.5) and the functions 62\!76, a,f e

(NU{0})™, be as in (5.1.8). Then
Mep 5 = (la] + 1)(|8] + 1)e)) 4. (5.2.1)
Proof Let us start with the operators L* and (L*)!. Then we have

(L’\)tegﬁ = (2]a| + n)egﬂ (5.2.2)
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and
L’\eg\éﬁ = (2|8 + n)e;\w. (5.2.3)

(5.2.2) is in fact Theorem 22.2 in [12]. The proof is similar to that of the spectral
analysis of the simple harmonic oscillator in quantum mechanics by looking at the
corresponding creation operator and annihilation operator. For a proof of (5.2.3),

observe that
(L)' = KL'K, (5.2.4)
where K is the operator of conjugation given by
(K)(x.y) = f(z,y), v,y € R*

for all measurable functions f on R*". On the other hand, we see from (5.1.6) and
(5.1.7) that

ea(—2) = (=1)ey(z), z € R®
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for @ and 8 be multi-indices in (N U {0})",

eé\g,ﬁ (,I’, y)

= VXeq,e L, A
( 5)(\/m\/ﬂy>

= Veg, eq —L, A
(es )(mmy)

— (=) A e, e,) (mmy>

_ (—1)'6"*'5'@2,&@, y) (5.2.5)

for all x and y in R™. Hence, by (5.2.2), (5.2.4) and (5.2.5)

A\t A
(L )ea,,@

= L),

= (_Mcﬂﬂﬁlﬁéﬂ

- (T

= (~DP2la] +n)ej,

= (_1)|a\+\/3|(2‘&‘ + n)(—1)\al+lﬁ‘egﬁ

= (2lal +n)e 4. (5.2.6)
Therefore (5.2.3) is proved. For the renormalized operators P in (5.1.2) and @ in

(5.1.4), we deduce from (5.2.2) and (5.2.3)



and

1
Qeds = 5((LY —n+2)ed,

for a and § in (NU{0})". Since M = PQ), it follows that (5.2.1) is proved. O

Proof of Corollary 5.1.2. For £ = 1,2,..., the multiplicity of the eigenvalue k
is given by the number d(k) of the Dirichlet divisors of the eigenvalue k. Then the
counting function N(u) coincides with the sum of the multiplicities of k& with k < p,
ie.,

N =3 ma(k),

k<p

where m,, (k) = Py Pyd(k), and n is the dimension. P; and P, are the numbers of
partitions of |a| and || into n nonnegative integers respectively. In other words,
Py is the number of solutions of |a| = a1 + ...+ apn, &y > ... > a,, > 1, then the

n! permutation of &« = (aq,...,q,) yield solutions of positive integer solutions of

o n—1

Py can also be the number of solutions of || —n =a3+...+ oy, a1 > ... > a, > 1,

la] = aq + ...+ ap. Thus,

and a; = a; + (n —j), 1 < i,j < n, then o;’s are distinct and a; + ... + o, =

|a| + n(n — 1)/2. Therefore,

n(n—1) N
n'P1 S |04| + 2 ! .
n—1
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Now we have

a:'“%10+ﬁ%jﬁ+oww%)

(n+1)!
Similarly,
=l n(n—1) s
P= s M2 s,
So,
P1P2
_ (lafls)™! n(n—1) s n(n—1) .
= Gty (1 Gy o) (1+ 255 +ousr)
(R n(n —1) 5 nn—1) n?*(n—1)>
= o (G o) + S+
+ O(la?[8]7) + O(1817%) + O(lal 7'B]*) + O(k™%))
(! —2
= m(l—i—O(l)—i—O(l{ ) as k — oc. (5.2.7)
Subsequently,

ma(k) = Py Pyd(k) = “ff (1+0(1) + O(k~2))d(k).
For all € > 0, d(k) = O(k?), thus,

B (k.)nfl (k>n71
= oW G o
(k!

— o)+ O ) + O ). (523

(O(k%) + O(k=%))

o6



Then the counting function N(u) becomes

Nl = 2 ma(k) = { F SR (k) + O+ Ok,

!
=y n+ 1)!) =

We complete the proof of Corollary 6.1.2.

5.3 Global Hypoellipticity and Essential Self-Adjointness

Since L* and (L*)!, as well as P and @Q, are globally hypoelliptic in the Schwartz
space S(R?"), it follows that the same is true for M = PQ. Since M is a symmetric
operator from L?*(R?") into L?(R?*") with dense domain S(R*"), it is closable and we

denote the closure again by M, which can easily be shown to be symmetric.
Theorem 5.3.1 M is self-adjoint.

Proof Since M is closed and symmetric, it follows that M is self-adjoint if we can
prove that the resolvent set p(M) of M contains a real number. (See, for instance,
page 137 of [11].) It is sufficient to prove that the range R(M) of M is dense in

and there exists a positive constant ' such that
L2 (R?" d th i iti C h th
[Mullz = Cllull2, u € D(M)

The density follows from the global hypoellipticity of M in S(R?"), and the fact that

0 € p(M) then follows from (3.3.1). To prove the inequality (5.3.1), let p € S(R?*").
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Then, by Parseval’s identity and Proposition 6.2.1,

M]3

_ ‘ 573" (ol + )81+ 1), e alel

a B

- ZZWM o + 1)*(18] + 1)*|(¢. ea5) I

A I ed )P = Al l3. (53.1)
a f

2

v

Remark 5.3.2 More generally, we may consider for all real numbers s and t, the

self-adjoint operator P*Q* for which
P*Q'e 5= "8+ 1) (Ja] + 1)fe;,
and

1P*Q"¢ll2 > [lpll2, o € SR™),

where o and 5 are multi-indices in (N U {0})".

5.4 Sobolev Spaces

For all real numbers s and ¢, and for all tempered distributions u on R?"*, we

define the Bessel potential J;, formally by the Fourier series

Stu_ZZ|/\|_n s+t) |Oé|2—|—1) S/2<|6|2 ) t/2 ( ,8) Ao

o8



where u(e), 5) is the action of the tempered distribution u on the Schwartz function

%. Then we define the L2-Sobolev space of order (s,t) by
H*"? = {ue S'(R*) : Jou e LX(R*™)} .
By the Plancherel formula,

12 = {u e SR 30 ST AP (af? + 1252 + 1) Jul(e] ) < oo}
a B

It is easy to see that H*"? is an inner product space with inner product ()2 and

norm || ||s+2 given by

(u,0)saz =Y D AP (al + 118 + 1) (u, €3 5) (€2 5, 0)
o B

and
Jull?,, = ZZ AP (o + 1)°(1817 + 1) (u, e 5)[%,

for all v and vin H*%2
Theorem 5.4.1 H%“? is a Hilbert space with respect to the inner product (,)s2.

Proof We note that the domain D(P*Q") of the self-adjoint operator P*Q' from
L*(R?*") into L*(R?") is a Banach space with respect to the graph norm | |, given
by

[ul;, = 1P*Q"ull3 + [|ull3, u € D(P*Q").
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But for all  in D(P*Q"),

1P*Qullz =Y > IAP 0 (lal + D)* (18] + 1)*|(w, € 5)I* ~ Ifull2, »-
o« B

Since
| P*Q"ul)3
= D ) P (al 4 D28+ 1) (e )
a B
> O CIAP(al + DU APMBI + 1) | (us e 5]
a B
= Jlull?,, (5.4.1)
and
1 P°Q ull3

= D PP al + D IAPIB] + 1) (u, € )
a B
< O D Pl + VAP (81 + 1) (u, € 6)]
a B
= COllull3,2 (5.4.2)
where C' is a positive constant. Thus, the equivalent norm makes sense, and this
completes the proof. O

From the proof of Theorem 5.4.1, we get the following result.

Corollary 5.4.2 D(M) = H"!2,
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We have the following Sobolev embedding theorem for these new Sobolev spaces.
Theorem 5.4.3 For all real numbers sq, t1, so and ty such that s1 < sy andt; < to,

52,t2,2 51,t1,2
H C Ho 12,

and the inclusion i : H*>22 s Hs11:2 s g bounded linear operator. Moreover, if

51 < 89 and t; < ty then the inclusion i : H>'? — H5v1:2 js o compact operator.

That the inclusion is a bounded linear operator is easy to see. To prove the part on

compact embedding, we need some preparation.

Proposition 5.4.4 For real numbers s, t, u and v, the linear operator J, , : H*"* <

Hstuwttv2 4s g surjective isometry.

Proposition 5.4.5 Let 0; and 65 be positive numbers. Then the embedding i :

HO02 sy g=017922 js o compact operator.
Proof Let {u;}°, be a bounded sequence in H*%? i.e.,
uilloo2 < C,

where C' is a positive constant. So, there existed a subsequence {u;,, }7°_; of {u;}7°,

such that u;, — u weakly for some u in H%%? as m — oco. Thus, for m =1,2,...,

g, = ullZs, —s,, 2 = Z Z A2 (o + 1) (187 4+ 1) 7% (uy,, — u, e 5)[*.
o B
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Now, for every positive number ¢, we can find a positive integer N such that
A2 (af? 4 1) < e

and
A28+ 1) <,

whenever |a|, || > N. So, form =1,2,...,
ST PO (a4 1) (B2 4 1) (g, — u, e 5)
la|=N+1|8|=N+1

o0 o0
<& Y Y lu, —ullfos < Sllu, —ul® < (O + Julloos)® (5.4.3)
la|=N+1|8|=N+1

and

Z Z |)\|f2n(51+52)(|ﬁ|2 + 1)751('04’2 + 1)752|(ulm o u7eg,ﬁ)’2

|a|=N+1 |8|=0
[o¢] o0
+ Z Z |)\|f2n(51+52)(|ﬁ|2 + 1)751(|a’2 + 1)762|(Ulm —%@Z\y,g)’Z
la|=0 |B|=N+1
< 2e(C + [luflooe)*. (5.4.4)

Since u;,, — u weakly in H*%2 as m — oo, we can pick a positive integer mg such

that
N N

Do M, —u ) <e

laf=0 |8]=0

whenever my < m. Thus,

lur,, = wll-51, 5,2 < (6 +26)(C + [lulloo2)* + <.
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This proves that the embedding i : H%*? «— H~9:7%:2 i5 compact. O

Proof of the Compact Embedding in Theorem 5.4.3
The embedding i : H*>22? < H:1:2 can be decomposed into the composition

Jsgt, 010 J_g, 4, of the linear operators

. s2,t2,2 0,0,2
J_527_t2 c %222 s H s

i H0’0’2 SN H81—82,t1—t272

and

J . .HS1—S2,t1—t2,2 SN H$17t1,2
s2 ,t2 - :

Since s; < s, and t; < to, it follows that i : H%0? «— Hs1—s20-2.2 ig compact.
Therefore the compactness of i : H*2%2? « H1:41:2 is proved.

As an application of the compact embedding, we give the following result.

Corollary 5.4.6 The resolvent R(u) of the twisted bi-Laplacian M on the Heisenberg

Group with multi-dimensional center given by

R(p) = (M — pul)™

is a compact operator from L*(R*") into L*(R*") for all u in the resolvent set p(M)

of M.
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Proof Since D(M) = H""2_ it follows that for all u in p(M), R(u) : HY? — H02
is a bounded linear operator. Using the compact embedding in Theorem 5.4.3,
R(p) : L*(R*™) — L*(R?*") is compact, and the embedding i : H""? — L*(R*")

is compact. This completes the proof. O

5.5 Sobelov Estimates

The following theorem gives another measure of the global hypoellipticity of the
twisted bi-Laplacian M on the Heisenberg group with multi-dimensional center using

the Sobolev spaces introduced in the previous section.

Theorem 5.5.1 For all real numbers s and t, we get

u € S'(R*™), Mu € H"? = y ¢ H*HiHh2)

Moreover,

lulls+1,041,2 < [[Mu

52 < 2|ullsir410, u € )z Aananie
Proof Let u € H5*4'* 12 Then from Proposition 5.2.1 and the fact that
(Jof +1)2 > |af* + 1,

(181 +1)* = 8] + 1
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as well as

(laf+ D81+ 1)* < 4(laf* + (8] + 1),

we get

[Mull3

_ ZZ|)\|2n(s+l)(|a|+1>2(s+1)|)\’2n(t+1)(|ﬁ|+1)2(t+1)|<u 6)‘ )|2

= 1 €0
a B

> ZZ|)‘|2H(S+1)(|O‘|2+1)(s+1)|)‘|2n(t+1)(|5|2+1)(t+1)|<u762\z,5)|2
a B

= HUH§+1,2&+1,2 (5.5.1)

and

M2, 2

= DD P (jal + DXV AP (5] 4 1P (u, € )]
a B

4 Y AP (al® + D)XV (1812 4 1P (u, € )]
a p

= 4||“H§+1,t+1,2- (5.5.2)

IN

Thus, the inequalities are proved. O
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Appendix

Plancherel Theorem /Formula

-~

Let f € L?(R"), f is the Fourier transform of f in the sense of

f(6) = / f(x)e 2oty

for all z and £ in R™. Then,

| 1@pas = [ \Fopa

o0 —00

and

|t = [ feaee

Such theorem is also applicable to norm, as in

Ll = 1Al

Parseval’s Identity
Let B be an orthonormal basis of the Hilbert space H, i.e., an orthonormal set

which is total in the sense that the linear span of B is dense in H.
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Then for every x € H,

Dl el = (2,2) = ||z

where e,, are unit vectors in B.

Schwarz Inequality

For all vectors u and v in Hilbert space, an inner product of u and v exists if and
only if

|(U,U)|2 < (u,u) : (U,’U),
or written in the following form
| (w, ) < [ul[flo]]-

Moreover, the two sides are equal if and only if v and v are linearly dependent.
Minkowski’s Inequality

Let f be a Lebesgue measurable in LP(R"), and 1 < p < co. Then,

(/'/ﬂx’y)dypdx)l/pg/(/|f(ﬂf7y)\”df€)l/pdy, z,y € R™.

Riesz-Thorin Theorem

Let aq, ag, f1, and [y be real numbers in [0, 1]. Suppose that
A LYo (RY) — LA (R
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and

A LYe2 (RY) — LYP2 (R

are bounded linear operators such that there exist positive constants M; and M, for

which

1A lys < Millfllyar,  f € LY (RT)
and
1Af N6, < Mollflhjazs  f € LM (R").
If, for 0 < 6 <1, we let
a=0a;+(1—-0)a
and
B =001+ (1—0)p,

then A : L'/*1 (R") — L' (R") is a bounded linear operator and
1Afllys < MYMy™?l|f s, f € LY (R").

Leibniz Formula
Let f and g be n-times differentiable functions, then the product fg is also n-

times differentiable and its nth derivative is given by

(o) =3 ( . ) feh g

k=0
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where

n n!
( k ) " K- k)

is the binomial coefficient and f) denotes the jth derivative of f.
Fubini Theorem
Let X and Y be two finite measure spaces, and X x Y is given the product

measure. If X x Y is integrable, meaning that f is a measurable function and

/X )l < o

then

J () as= [ ([ swiaa)an= [ stamate

A special case of Fubini’s theorem is in the interchange of the summations, as in

2D =)
where a,, are non-negative for all z and y.

Holder’s Inequality

Let f € LP(R™), 1 <p < o0, g € LP(R"), and %4— 1% =1, then

. |f(@)g(x)|dz < ([ fllpllglly-
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