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Abstract

Classification of irreducible characters of some families of groups, for example the
family of the groups of unipotent upper-triangular matrices, is a “wild” problem.
To have a tame and tractable theory for the groups of unipotent-upper trian-
gular matrices André and Yan introduced the notion of supercharacter theory.
Diaconis and Issacs axiomatized the concept of supercharacter theory for any
group.

In this thesis, for an arbitrary group G, by using sublattices of the lattice
of normal subgroups containing the trivial subgroup and G, we build a family
of integral supercharacter theories, called normal supercharacter theories
(abbreviated NSCT'). We present a recursive formula for supercharacters in a
NSCT. The finest NSCT is constructed from the whole lattice of normal sub-
groups of GG, and is a mechanism to study the behavior of conjugacy classes by
the lattice of normal subgroups. We will uncover a relation between the finest

NSCT, faithful irreducible characters, and primitive central idempotents. We
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argue that NSCT cannot be obtained by previous known supercharacter the-
ory constructions, but it is related to x-products of some certain supercharacter
theories.

We also construct a NSCT for the family of groups of unipotent upper-
triangular matrices. These groups are crucial to the supercharacter theory. The
supercharacters of the resulting NSCT are indexed by Dyck paths, which are
combinatorial objects that are central to several areas of algebraic combinatorics.
Finally, we show that this supercharacter construction is identical to Scott An-
drews’ construction after gluing the superclasses and the supercharacters by the

action of the torus group.
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Introduction

Representation theory is undeniably at the heart of many areas of mathematics
and science. For example, it is a fundamental part of Fourier analysis on groups
and a powerful method to study problems in abstract algebra. Also, there is
a connection between representation theory and particle physics in which the
different quantum states of an elementary particle give rise to an irreducible
representation of the Poincaré group.

Studying the character theory of a group individually is always possible using
known techniques and computer programming. Unfortunately, the classification
of all irreducible representations for some families of groups is intractable. These
families of groups are known as wild. For one such family of groups, André
(1995) and Yan (2001) introduced the notion of a supercharacter theory as a
new tractable tool that would allow us to still get useful information about the

representation theory of the groups.



Inspired by André’s and Yan’s work, Diaconis and Isaacs (2008) axiomatized
the concept of supercharacter theory for arbitrary groups. A given group can
have multiple supercharacter theories. The problem is then to describe, in a
useful way, how to obtain such supercharacter theories with enough information

about the representations.

Denote by 1 and 1 the trivial element and the trivial character of group G,
respectively. More precisely, a supercharacter theory is a pair (X, K), where K is
a partition of elements of a finite group G containing {1} and X is a partition of
irreducible characters of G containing {11} such that all characters > ,cx ¥(1)y
(X € X) are constant on every K € K and |K| = |X|. We call a supercharacter
theory (X, ) integral if 3°,cx ¥(1)¢(g) € Q for every X € X and g € G.

Diaconis and Isaacs (2008) also mentioned two supercharacter theory con-
structions for finite groups G, one comes from the action of a group A on G
by automorphisms and another one comes from the action of the cyclotomic
field Q[(j]- They also generalized André’s original construction to define a
supercharacter theory for algebra groups, groups of the form 1 + J where
J is a finite dimensional nilpotent associative algebra over a finite field F,.
Later, Hendrickson (2012) provided some other supercharacter theories for fi-

nite groups G. Arias-Castro et al. (2004) used Yan’s work in place of the usual



irreducible character theory to analyze a random walk on UT,(q), the group of
n X n unipotent upper-triangular matrices over a finite field F,. Also Aguiar
et al. (2012) obtained a relationship between the supercharacter theories of all
unipotent upper-triangular matrices over a finite field F, and the combinatorial

Hopf algebra of symmetric functions in non-commuting variables.

Let Norm(G) be the set of all normal subgroups of G. Then Norm(G) is
a lattice in which the least upper bound and the greatest lower bound of two
normal subgroups N and M are the product and the intersection of M and N
respectively. Let £ be an arbitrary sublattice of Norm(G) containing the trivial
subgroup and G. Let N° be the set of those elements of N that do not belong
to any subgroup H € £ with H C N.

Let Irr(G) be the set of all irreducible characters of GG. Recall that the kernel
of a character y of G is the set ker x = {g € G : x(g) = x(1)}. Define X" to be
the set of all irreducible characters ¢ such that the smallest normal subgroup in
L and ker 1) is N. We will show in Theorem 3.2.3 that for an arbitrary sublattice

L C Norm(G),
({AN #£0:N e L} {N°£0:N € L})

is an integral supercharacter theory of G.



In chapter 1, we give a quick review of the basic theorems in character theory.
Next, we present the concept of the lattice of normal subgroups and the Mo6bius

inversion formula and the dual of the Mobius inversion formula.

In chapter 2, we first review the definitions for supercharacter theories, then

we discuss the main methods for constructing supercharacter theories.

In chapter 3, we present our main supercharacter theory construction for fi-
nite groups. Next, we study the relation between normal supercharacter theories
and some other supercharacter theory constructions. We show how the normal
supercharacter theory can be built by a set of x-product supercharacter theories.
Moreover, we indicate how we can combine normal supercharacter theories using

x-products.

In the last chapter, we obtain a normal supercharacter theory for the set
of normal pattern subgroups of unipotent upper-triangular matrices. We also
construct another supercharacter theory by gluing the superclasses and super-
characters of Andrews’ construction by the action of the torus group. Then we

show that these two supercharacter theories are identical.



1 Preliminaries

We start to provide the background needed for understanding the concepts in
this thesis. In this chapter we introduce some basic terminology and notation.
At the end of this chapter, we mention the basics of lattice theory and the Mébius

inversion formula.

1.1 Character Theory

We begin by the study of group representations and then we turn to the theory

of characters. Let G be a group with identity 1.

1.1.1 Representations and G-modules

A representation can be thought of as a way to model a group with a concrete
group of matrices. After giving the precise definition, we look at some examples.
Let C denote the complex numbers. The general linear group of degree d,

GL4(C) is the set of all d x d invertible matrices over C.



Definition. A representation of a group G is a group homomorphism

X: G — GLy4(C).
Equivalently, to each g € G is assigned X (g) € GL4(C) such that
1. X (1) = I, the identity matriz in GLg, and
2. X(gh) = X(9)X(h) forall g,h € G.

The parameter d is called the degree, or dimension, of the representation.
In the remainder of this document, we only say a matrix representation with-

out mentioning the group G, if it is clear that we are using G.

Example 1.1.1. All groups have the trivial representation, which is the one
sending every g € G to the matriz (1). This is clearly a representation because
X(1)=(1) and

X(gh) = (1) = (1)(1) = X(9)X ()
for all g,h € G. We often use the notation 1 to stand for the trivial representa-

tion of G.

Example 1.1.2. Let G = C,, the cyclic group of order n. Let g be a generator
for C,, i.e.,

Cn = {179792a e 7gn—1}'



We aim to find all one-dimensional representations of C,,. To identify a group
homomorphism form C, to GL4(C), it is enough to give X(g). Assume that
X(g9) = (¢) be a one-dimensional representation. Then X (1) = X(g¢") =
X(g9)" = ()" = (") = 1. Therefore, ¢ must be a nth root of unity, and it

is clear that for every root of unity we have a one-dimensional representation.

Because matrices correspond to linear transformations, we can think of rep-

resentations in these terms. This is the idea of a G-module.

Definition. Let V' be a vector space over C and let G be a group. Then V' is a

G-module if there is an action

GxV — V

(g,v) = g

such that
1. g.(cv 4 dw) = ¢(g.v) + d(g.w),
2. (gh).v = g.(hw), and
3. lv=vw

for all g, h € G; and scalars ¢,d € C.

Equivalently, V' is a G-module if there is a group homomorphism

p:G— GL(V),
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where GL(V') is the group of all linear transforms of V. Also, in the future,

“G-module” will be shortened to “module” when it is clear we are using G.

Example 1.1.3. Let V = C-Span{e; : i = 1,2,...,n}. Let S, be the symmetric
group of [n] :={1,2,...,n}. ThenV is a S,-module with the following action
S, xV — Vv

(,c1e1 + ... Fcpen) = Cres) + .o F Crlom).-

If the dimension of V' as a vector space over C is d, it is well-known that
GL(V) = GL4(C). Therefore, from the definitions of G-modules and matrix
representations we can see whenever we have a G-module we can have a matrix
representation and vice versa. So the following theorem follows from the defini-

tions of G-modules, matrix representation and the fact that GL(V') = G'L4(C).
Theorem 1.1.4. For every group G we have the following.

1. Given a matriz representation X of degree d, then C*:=C x ... x C is a
G-module with the following action
GxCt —
(g,0) = X(g)v.
2. Let V' be a module with a basis {v1,...,vq}. Then there is a representation

X such that X (g) = (x;;) where

d
g.v; = Z Lij Uy
i=1

8



We now describe regular representation which is one of the most important

representations of any group.

Definition. Let G be a finite group. Then

ClG] ={agi+ - +cngn:ci € C forall i}

is a module with the following actions
G x C[G] — ClG]
(g, 191+ cngn) = clggr) + -+ calggn).
The corresponding representation to the module C[G], denoted by Pg, is called

the regular representation of G.

1.1.2 Irreducible Representations

Irreducible representations are the building blocks of representation theory since
every representation can be written as a direct sum of irreducible representations.

Here we give the basic concept of irreducible representations.

Definition. Let V' be a G-module. A submodule of V is a subspace W that is
G-itnvariant subspace, i.c., for every w € W and g € G, gw € W. We write

W <V if W is a submodule of V.

We say a G-module V is the direct sum of two submodules U and W,

denoted by V = U @ W, if every element v € V can be written uniquely as a
9



sum

v =u+w, uelUweW.

Also, if X is a matrix, then X is the direct sum of matrices A and B, written

as X = A® B, if X can be written as the block diagonal form

Every G-module V' contains two trivial submodules, itself and the zero sub-
module. We call a G-module irreducible if it does not contain any non-trivial
submodules. A representation of G is called érreducible if its corresponding
module is irreducible. We now state the Maschke’s Theorem which shows that
the irreducible modules are the building blocks of the G-modules. For a proof

of the Maschke’s Theorem refer to (Sagan 2001, Theorem 1.5.3).

Theorem 1.1.5. (Maschke’s Theorem) Let G be a finite group and let V' be a

non-zero G-module. Then

VIWl@W2@"‘€BWk7

where each W; is an irreducible submodule of V. Equivalently, if X is a non-zero
representation, then
X=X10Xo® DXy,

where each X; is an irreducible representation.

10



As every module can be written as a direct sum of irreducible submodules, it
is important to see when two irreducible submodules are isomorphic. This yields
Schur’s Lemma (Theorem 1.1.6) which states that a G-homomorphism between

irreducible modules is either an isomorphism or zero.

Definition. Let V and W be G-modules. Then a G-homomorphism (or simply

a homomorphism) is a linear transformation

0: V. —- W

such that
0(g.v) = g.0(v)

forall g € G and v € V. We also say that 6 preserves or respects the action of

G.

We translate the above definition to the language of representations. Let X
be a representation corresponding to V' and Y be a representation corresponding
to W. If there is a G-morphism between V' and W, that means that there is a

matrix 7" such that X (g)T = TY (g) for every g € G.

Definition. Let V' and W be modules for a group G. A G-isomorphism is a
G-homomorphism 6 : V. — W that is bijective. In this case we say that V and
W are G-isomorphic, or G-equivalent, written V = W . Otherwise we say that

V and W are G-inequivalent.
11



Also, a translation of the G-isomorphism to representations implies that
whenever we have a G-isomorphism between V' and W, with corresponding rep-
resentations X and Y respectively, then there is an invertible matrix 7" such that
X(g)T =TY (g) for every g € G, and we write X =Y.

Now we state Schur’s Lemma which characterizes G-homomorphisms of ir-
reducible modules. For a proof of Schur’s Lemma refer to (Sagan 2001, Theorem

1.6.5).

Theorem 1.1.6. (Schur’s Lemma) Let V' and W be two irreducible G-modules.

If0 .V — W is a G-homomorphism, then either
1. 8 is a G-isomorphism, or
2. 0 is the zero map.

Proposition 1.1.7. (Sagan 2001, Proposition 1.10.1) Let G be a finite group

and suppose

where the V; form a complete list of pairwise inequivalent irreducible G-modules.

Then
1. m; = dimVj,

2. ¥,(dimV;)? = |G|, and

12



3. the number of V; equals the number of conjugacy classes of G.

As the number of V; is equal to both the cardinality of pairwise inequivalent
irreducible G-modules and the number of conjugacy classes of G, it turns out

the number of inequivalent irreducible G-modules is finite.

1.1.3 Group Characters

Much of the information about representations can be obtained by the traces of
the corresponding matrices. This is the theory of characters and we spend the

rest of this chapter on character theory.

Definition. Let G be a group and X be a representation of G. Then the char-

acter of X is
x(g) = trX(g),

where tr denotes the trace of a matriz. Also, a character of a G-module V is the

character of a matrix representation corresponding to V.

Example 1.1.8. Fvery group has a trivial character which takes every element

of G to 1. We denote the trivial character by 1.

Example 1.1.9. The character pg corresponding to the reqular representation
Pg is called reqular character. Note that Pg(1) = I, the n X n identity matrix

where n is the cardinality of G. To compute pg(g) for a non-identity element

13



g € G, take the standard basis {g1, ..., gn} for C[G]. Then the trace of Pg is the
number of h € G such that hg = h, but since g is not identity this number is 0.

Thus we have

G| ifg=1,
pa(g) =

0 otherwise.

Let X be a representation of a group G of degree d with character xy. We

state some basic properties of character y.

e By the definition of a representation, we have X (1) = I, so the trace of

X (1) is d. Therefore, x(1) = d.

e Let €y be the conjugacy class of group G containing g. Let h € C;. Then

h = tgt~! for some t € G. We have
X(h) = trX (tgt™") = X (1) X (9) X (t7") = trX(9) = x(9),

where the second equality is because X is a group homomorphism and
the third equality is because for all matrices A and B, tr(AB) = tr(BA).

Therefore, every character is constant on elements of a conjugacy class.

e If YV is a representation with character ¢ and X = Y, then there is an

invertible matrix 7" such that T X (¢)T = Y (g) for all g € G. Thus,

(Y (9)) = tr(T~ X (9)T) = tx(X (g)).
14



Therefore,
X =Y =x(9) =v(9)

for all g € G.

Moreover, we have the following theorem.

Theorem 1.1.10. (Sagan 2001, Corollary 1.9.4) Let X and Y be matriz repre-

sentations of G with characters x and 1 respectively. Then

X 2V if and only if x(g) = ¥(g)

forall g € G.

This theorem shows that the number of inequivalent irreducible G-modules
and the number of inequivalent irreducible characters of G are equal and so the
number of inequivalent irreducible characters of G is finite.

Also, a character of a representation X is said to érreducible if X is irre-
ducible. Two characters are inequivalent if their representations are inequiv-
alent. We denote by Irr(G) the set of all inequivalent irreducible characters of
G.

As it follows from above, whenever we have a conjugacy class €y and an
irreducible character x, then x is constant on C,. This gives us the definition of

character table.

15



Definition. Let G be a group. The character table of G is an array with rows
indexed by inequivalent irreducible characters and columns indexed by conjugacy
classes, and the table entry of row indexed by x and column Cy is x(h) for an
arbitrary element h € C,. By convention, the first row corresponds to the the

trivial character, and the first column corresponds to the class containing the

identity, Cy = {1}.
As an example we present the character table of an abelian group.

Example 1.1.11. Let G = C3 x C3 = (a) x (b). The following is the character

table of G. Let (3 = e*™/3,

1 b b a ab ab? a? a%b a*h?
11 1 1 1 1 1 1 1 1
X2 |1 1 1 G-l —G-1 —G-1 G G3 Gs
X3 |1 1 1 G3 G G G-l —G-1 —G-1
Xa|l —G—=1 G 1 -1 G 1 —G-1 G
s |1 G G-l 1 G G-l 1 G —G-1
Xe |1 —G—=1 G —G-1 G 1 G3 1 —G—1
x|l G —G-1 G G-l 1 —G—1 1 G
xs| 1 —G-=1 G Gs 1 -1 —G-1 G 1
Xo|l G —G-1 —G-1 1 C3 G G-l 1

A character of degree 1 is called linear. When G is finite, the kernel of the

character y is the normal subgroup:

kerx :={g € G| x(9) =x(1)}
16



which by the following lemma, is precisely the kernel of the representation X

corresponding to .

Lemma 1.1.12. Let X be a representation whose character is x. Then ker y =

ker X.

Proof. Let g be an arbitrary element of G. If X(g) = X(1), then x(g) = x(1).
So we can see that ker y C ker X. Now let x(g) = x(1), we want to show that
X (g) = X(1). Note that the restriction of X to (g) is a representation of (g). As
(g) is a cyclic group, we see in Example 1.1.2 that the irreducible representations
of (g) are one dimensional representations and so they are identical with their
characters. Decompose X4 as the direct sum of one dimensional irreducible

representations, i.e., X(p(9) = diX1(9) @ ... ® dpXi(g). Note that

Xig(9) = diXa(9) © ... @ diXi(9) = di(xa(9)) @ - .. ® di((x(9)),

where x; is the corresponding irreducible character to X;. We have x(g) = x(1),
thus x(g9) = dix1(g9) + ... + dpxu(g9) = dixa(1) + ...+ dixe(1) = di + ... + di.
Since for some positive integer n, x;(g)" = 1, it follows |x;(g)| < 1, furthermore,

d; is positive for every i, we can see that y;(g) = x;(1). Since g € ker x,

X(9) = Xp(9) =di X1(9) & ... ® di Xi(9) =

di(x1(9) @ ... © dr(xx(9)) = di(x1(1)) @ ... © dp(xx(1)) =
17
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A character is said to be faithful if its kernel is trivial. A class function
of GG is a function from G to C which takes a constant value on each conjugacy

class. The set of irreducible characters of a given group G forms a basis for
cf := C-Span{f : [ is a class function of G}.

The space of class functions of a finite group G has a natural inner-product

where [3(g) is the complex conjugate of $(g). With respect to this inner prod-
uct, the irreducible characters form an orthonormal basis for the space of class-

functions, i.e, for irreducible characters y and ¢ we have

0 otherwise.

Lemma 1.1.13. (Sagan 2001, Corollary 1.9.4) Let x be a character of G. Then
e Fach character x can be written as
X = miX1+ MmaX2 + ...+ MgXk,

where each m; is an integer and the x; are pairwise inequivalent irreducible

characters.

18



o [fx =myix1+ maxa+ ...+ mpxk, then (x,xi) = m;.
e The character x is irreducible if and only if (x,x) = 1.

Definition. If we write a character

X = miX1+meXe + ...+ MkXk,

where each m; is a positive integer and the x; are pairwise inequivalent irreducible

characters, then each x; is called a constituent of x.

When N is a normal subgroup of a group G, then G/N forms a group. In
the following chapter we frequently lift the characters of the group G/N to the
group G and vice versa. We now give a description of the irreducible characters

of G/N and show how they are related to the characters of G.

Example 1.1.14. Let N be a normal subgroup of G. If 1 is an irreducible char-
acter of G such that N C ker, then define v : G/N — C by ¥(gN) = 1(g).
Note that 1 is an irreducible character of G/N and we say 1 has been lifted to
the irreducible character v of G. We have the following bijection between irre-

ducible characters x of G containing N in their kernels and irreducible characters

of G/N,
{¢Y € Irr(G) : N Ckervp} — Irr(G/N)

W =Y

19



In order to state a lemma of Brauer, we need the following definition.

Definition. Given finite groups A and G, we say that A acts via automor-
phisms on G if A acts on G as a set, and in addition a.(gh) = (a.g)(a.h) for
all g,h € G and a € A. An action via automorphisms of A on G determines
and is determined by a homomorphism ¢ : A — Aut(G). Since a.1 = (a.1)(a.1),

al=1and1l=al=a(g9"') = (ag)(ag™), ag™t = (a.g)~'. Notice that

a.C, = {a.(ghg™) : g € G} = {(a.g)(a.h)(a.g™") : g € G} = Cyp,

and we conclude that A permutes the conjugacy classes of G. Also, when A acts
via automorphisms on G, it also acts on irreducible characters as follows
Ax Irr(G) — Irr(G)
(@x) = Xo,

where x,-1(g9) = x(a™t.g) for all g € G. Note that x,-1 is irreducible since

(Xa-tXa1) = 2 Xa1(g) = D_xP(a"tg) = > xP(h) = {x.x) =1

geq g€G a.heG

Therefore the action of A on Irr(G) permutes the irreducible characters.
The following theorem is known as Brauer’s Lemmea.

Theorem 1.1.15. (Isaacs 1994, Theorem 6.32) Let A act on Irr(G) and on the
set of conjugacy classes of G. Let a.g be an element of a.Cy. If a.x(a.g) = x(9)
for all x € Irr(G), a € A, and g € G, then for each a € A, the number of fized

irreducible characters of G is equal to the number of fixed classes.

20



As a corollary of this theorem we have the following.

Corollary 1.1.16. (Isaacs 1994, Corollary 6.33) Under the hypotheses of Theo-
rem 1.1.15 the numbers of orbits in the actions of A on the irreducible characters

and conjugacy classes of G are equal.

1.2 Lattice Theory

Our supercharacter theory construction for a finite group G is actually coming
from some sublattices of lattice of normal subgroups. In this section we give the
definition of a lattice and we discuss the Mobius inversion formula and the dual
of the Mobius inversion formula. In the end we present the details of lattice of
normal subgroups.

A partial order is a binary relation < over a set P which satisfies for all

a,b, and cin P:
e a < a (reflexivity),
e if a <band b < a, then a = b (antisymmetry),
e if a <band b < ¢, then a < ¢ (transitivity).

A set with a partial order is called a partially ordered set. We abbreviate

“partially ordered set” as poset.
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If (P, <) is a poset, and S C P is an arbitrary subset, then an element u € P
is said to be an upper bound of S if s < u for each s € S; an element v € P is

said to be a lower bound of S if u < s for each s € S.

Definition. A lattice is a partial ordered set in which every two elements have a
unique least upper bound (or join) and a unique greatest lower bound (or meet).
A sublattice of a lattice L is a nonempty subset of L that is a lattice with the

same meet and join operations as L.

1.2.1 The Mobius Inversion Formula and Its Dual

We now present the Mobius inversion formula and its dual. This concept is es-

sential in finding the supercharacters of our supercharacter theory construction.

If (P, <) is a poset and C"*F is the set of all functions a: P x P — C, the

associated incidence algebra is
A(P) = {a € C™*" : a(s,u) = 0 unless s < u}.
The Mébius function p € A(P) is defined recursively by the following rules:
p(s,s) =1,

and

p(s,u) =— > p(t,u), foralls <wuin P.

s<t<u
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It is immediate from this definition that

1 if s =u,

<t< .
sstsu 0 otherwise.

Lemma 1.2.1. (Stanley 1986, Proposition 3.7.1 (Mdbius inversion formula))

Let P be a finite poset. Let f,g: P — K, where K is a field. Then

g(t)=>_f(s), forallte P,

s<t
if and only if

F@) =>"g(s)u(s,t), forallte P.

s<t
Lemma 1.2.2. (Stanley 1986, Proposition 3.7.2 (Mdbius inversion formula,

dual form)) Let P be a finite poset. Let f,g: P — K, where K is a field. Then

g(t) =>_f(s), forallte P,

s>t
if and only if

F@)=>"g(s)ult,s), forallte P

s>t

1.2.2 The Lattice of Normal Subgroups of a Group

The lattice of normal subgroups of a group G is the lattice whose elements are
the normal subgroups of G, with the partial order relation being set inclusion.

The least upper bound of two normal subgroups M and N is the product of M
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and N, that is MN = {mn : m € M,n € N} and the greatest lower bound of

two normal subgroups M and N is the intersection of M and N.

Example 1.2.3. The following is the lattice of normal subgroups of G = Cy X

Here is a sublattice of the lattice of normal subgroups of G containing identity



subgroup and G.
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2 Supercharacter Theory

2.1 Supercharacter Theory

In this section, we first review the definitions for supercharacter theories, then

we discuss the main methods for obtaining supercharacter theories.

We reproduce the definition of supercharacter theory in Diaconis and Isaacs

(2008). Throughout this manuscript for every subset X C Irr(G) let ox be the

character e x ¥(1)9.

A supercharacter theory of a finite group G is a pair (X,K) together
with a choice of a set of characters {xx : X € X'}, where the elements of X are

constituents of yx,
e X is a partition of Irr(G), and

e [C is a partition of G,
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such that:

1. The set {1} is a member of K.

2. 1X| = |K].

3. The characters yx are constant on the parts of /C.

We refer to the characters yx as supercharacters and to the members of K
as superclasses. It is well-known that every supercharacter yx is a constant
multiple of ox (See (Diaconis and Isaacs 2008, Section 2)). Denote by Sup(G)
the set of all supercharacter theories of G.

Every finite group G has two trivial supercharacter theories: the usual ir-
reducible character theory and the supercharacter theory ({{1}, Irr(G) \ {1}},
{{1},G \ {1}}), where 1 is the trivial character of G. A non-trivial example is

presented as follows.

Example 2.1.1. The following table is the character table of Sy.

€ 0(12) 0(12)(34) 0(123) C'(1234)
i1 1 1 1 1
x1|1 -1 1 1 —1
X2 |3 1 -1 0 -1
x3|3 —1 —1 0 1
X412 0 2 —1 0




Let

X ={{1}, {at e xs xal)

and

K = {{e}, C12) U C1234), Ca23) U Cl12)(34) }-

Then (X,K) is a supercharacter theory with

{1, x1,3x2 + 3x3 + 2Xa}

as the set of supercharacters.

In the following subsections we review known supercharacter theory construc-
tions for G. The supercharacter constructions in Sections 2.2, 2.3, and 2.6 are
introduced by Diaconis and Isaacs (2008), and for more details about the other

constructions see (Hendrickson 2012, Section 4) and Andrews (2015).

2.2 A Group Acting Via Automorphisms on a Given

Group

Suppose that A is a group that acts via automorphisms on our given group G.
As we showed before, A permutes both the irreducible characters of G and the
conjugacy classes of G. By the lemma of Brauer, the numbers of A-orbits on
Irr(G) and on the set of classes of G are equal (see Theorem 1.1.15 and Corollary
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1.1.16). The A-orbit of x is the set

{Xa-1 :a € A}

Also, the union of A-orbits of elements in C, is
U b.Cl.
beA

We claim that > ,c4 Xa-1(1)xq-1 is constant on each element of Uye 4 0.Cy. We

have that for every a € A, x(a.1) = x(1), thus

D Xa-t(Dxa-1(g9) = D x(a™ 1) => x(1 =

acA a€A a€A

)Y x(a™

acA

Moreover, for every b € A,

1> x(a".9) 1> x((a™'071).9) = x(1) D X1 (9)

a€A a€A a€A

We showed that y, for every a € A is an irreducible character, therefore,

1) > Xea1 (g 1) > Xpay-1 (hgh™) = x(1) D xa-1 (b hgh™").

acA acA acA

Thus, the sum of the characters in an orbit X € X is constant on each member of
Upea 0.Cy. Therefore, these orbit decompositions yield a supercharacter theory
(X, ) where the members of X" are the A-orbits on the classes of G and members
of K are the unions of the A-orbits on the classes of G. We denote by AutSup(G)

the set of all such supercharacter theories of G.
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Example 2.2.1. Let G = Cy x Cy = (a) x (b). Also define the automorphism
a1 1 G — G as the identity map and o : G — G 1is the automorphism of G in

which a(a) = b and a(b) = a. So Cy = (x) acts on G as follows,

CQXG—> G

Then the set of Cy-orbits on G are

{{1},{a, b}, {ab}}.

vill 1 -1 -1
Y21 =1 1 -1

3|1 -1 -1 1

The set of Cy-orbits on Irr(G) are

HIE Xk {xe, x31)-

Now we can see that

({1}, {xa ks {xz, xs}} {13, {a, b}, {ab}})

is a supercharacter theory.
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When A acts via automorphisms on G, as this action is determined by a
group homomorphism form A to Aut(G), the orbits of this action on G are
determined by a subgroup H of Aut(G). More precisely, the orbit of an element
g € G is the set

{a(h):a € H heC,}.

2.3 Action of Automorphisms of The Cyclotomic Field
Q[¢al

Another general way to construct a supercharacter theory for G uses the action
of a group A of automorphisms of the cyclotomic field Q[(|¢(], where (|¢ is a
primitive |G|th root of unity. There is an action on the classes of G, defined
as follows. Given o € A, there is a unique positive integer r < |G| such that
o(a)) = (jg» and we let o carry the class Cy to the class Cgr. Also we have the

following action of A on Irr(G),

AxIrr(G) — Irr(G)
(@:x) = Xot,

where x,-1(g) = x(o

Let g € G. Note that for every h € G,

o.x(0.hgh™") = x(0 " 'o.hgh™") = x(hgh™") = x(9),
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Brauer’s lemma (Theorem 1.1.15) shows that the numbers of A-orbits on Irr(G)

and on the set of conjugacy classes of G are equal. We take X to be the set of

A-orbits on Irr(G), and again, K is the set of unions of the various A-orbits on

conjugacy classes. The A-orbit of x € Irr(G) is the set

{xo-1:0 € A}

Also, the union of A-orbits of elements in C, is

U 7.C}.

TEA

We claim that >,c4 xo-1(1)Xo—1 is constant on each element of U,y 7.C,.

have that for every o € A, x(0.1) = x(1), thus

Y Xot (Dxo1(9) = X x(e™ . 1)x =Y x(1 =

oc€EA g€eA geA

D> x(e™!

og€eA
Moreover, for every 7 € A,
1Y x(e7hg) =x(1) D x((e7'77).9) = x(1) X X(ro)-
occA oc€A ocA

We have for every h € G,

1) Z X(TU‘)_l = Z X (7o) hgh Z Xo“l 1'hgh71

oc€A c€A oc€A

We

).

Thus, the sum of the characters in an orbit X € X is constant on each member

of K. Therefore (X, K) is a supercharacter theory. We denote by ACSup(G) the

set containing the above supercharacter theories.
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Example 2.3.1. Let G = Cy x C3 = (a) x (b). The set of automorphisms of the

cyclotomic field Q[(ic)] = Q[Cs] is

A= {o: ke {1,5,

where a1,((s) = C¥. Then the set of A-orbits on G are

{1}, {a}. {b,6°}, {ab, ab’}}.

1 a b ab b? ab?
i1 1 1 1 1 1
wlt -1 1 -1 1 1
x2|1 -1 —G—-1 G+1 G —G3
xs |1 —1 G -G —G-1 G+1
xe|l 1 —G-1 —G-1 G G
xs |1 1 G G -G -1 —G-1

The set of A-orbits on Irr(G) are

{{]1}7 {Xl}, {X2, X3}7 {X4, X5}}-

We can see that

({{]1}7 {Xl}? {X27 XS}? {X47 XS}}v {{1}? {@}7 {ba b2}7 {&67 abZ}})

is a supercharacter theory for G.
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2.4 The *-Product

In this subsection, we show that if N is a normal subgroup of G, then some
supercharacter theories of N can be combined with supercharacter theories of
G/N to form supercharacter theories of the full group G.

Let G and H be groups and let G act on H by automorphisms. We say that
(X, K) € Sup(H) is G-invariant if the action of G fixes each part K € K setwise.

We denote by Sup(H) the set of all G-invariant supercharacter theories of H.

For each subset L C G/N let L= Unger Ng. Extend this notation to a set
L of subsets of G/N by £ :={L: L € L}, and let £° denote £\ {{N}}.

Recall that if N is a normal subgroup of G and ¢ € Irr(N), then Irr(G|))
denotes the set of irreducible characters y of G such that (xy,%) > 0, where xx
is the restriction of x to N. If Z C Irr(N) is a union of G-orbits, then define
the subset Z¢ of Irr(G) to be Uyey Irr(G|v). Extend this notation to a set Z of
subsets of Irr(N) by letting Z¢ := {Z% : Z € Z}, and let Z2°:= Z \ {{lly}}.

Define

*n : Supg(N) x Sup(G/N) — Sup(G)
(X,6),,L) = ((X)FuY,LuLe),
then by (Hendrickson 2012, Theorem 5.3) the map *y is well-defined. Denoted

by Supy (G) the image of *x and let Sup™(G) = Uyenorm(a) Supy(G).
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Example 2.4.1. The following is the character table of alternating group Ay.

I Cazeey  Chos C24)

i1 1 1 1

Py |1 1 -1 G

Wy |11 G —G-1
Y3 -1 0 0
Let
K= {1}, {(12)(34)},{(123), (124)} }
and

X = {{1L}, {1, 2}, {05} }.

Then (X, K) is a supercharacter theory in Sups,(As). We have

IV, £) = ({1}, {x}}, {{Ad}, (12)As})

is a supercharacter theory for Sy/A4, where x(As) = 1 and x((12)A4) = —1.
Then

L2 = {Cluz) U Cazsny}
and

K = {{1}, Caaz)34), C(123) }-

Also, as we can see from the character table of Sy in Example 2.1.1,

Y= {1}, {xat
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and

{1, 2} = {xa},
{1335 = {x2, x5},

and so

()% = {{x2, xa}, {xad}-

Therefore,

(X,K) %, (P,.£) = (A)FUY, KUL) =

(1} Dadh e b Dadd s {13 Cazy U Cazsny, Cazysns Cazs )

is a supercharacter theory for Sy.

2.5 The A-Product

Let GG be a group and let N and M be normal subgroups of GG such that N C M.
Similar to the x-product, we can obtain another supercharacter theory from an
operation called the A-product, from the supercharacter theory C of M and
the supercharacter theory D of G/N, provided that C and D satisfy certain
conditions.

Let mg(V) be the finest supercharacter theory in Sups(N) and m(G/N)
be the finest supercharacter theory in Sup(G/N). We need a little notation. If

Z C Irr(G) is a union of sets of the form Irr(G|y) for various ¢ € Irr(N), let f(Z2)
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denote the set of all irreducible constituents of -, c xn, so that (f(Z))% = Z.

Moreover, let ¢ : G — G/N be the canonical homomorphism.

Definition. Let G be a group, let C = (X, K) € Sup(G), and let N be a union of
superclasses of C. Suppose (Y, L) = mg(N)xym(G/N). Writing (XVY,KVL) =

(Z, M) and defining ¢ and f as above, let
Cv=({f(2):Z2€ 2, Z2& Im(G/N)}U{{In}},{M € M: M C N})
and
CON = ({Z € 2:Z2CIr(GIN)}{e(M): M € M, M Z N}U{{N}}).

Theorem 2.5.1. (Hendrickson 2012, Theorem 9.1) Let G be a group with nor-
mal subgroups N < M < G. Suppose C € Sup(M) and D € Sup(G/N) such

that

1. N is a union of the superclasses of C.
2. M/N is a union of the superclasses of D.

3. The “overlap” of the two theories on M/N is the same, i.e., CM/N = Dy /y.

Then there exists a unique supercharacter theory E € Sup(G) such that Ep = C
and ESN = D and every superclass outside M is a union of N-cosets. Using

our earlier notation, if C = (X, K) and D = (), L), then

E = (yU{XG:Xe X, X Z Ir(M/N)},KU{L:LeL, L M/N}).
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We call this supercharacter theory the A-product of C and D. Denote by

SupA(G) the set of all supercharacter theory construction by the A-product.

Example 2.5.2. Let G = Cy x Cy x Cy = (a) x (b) x (¢). Let N = (a) and

M = (a) x (b). The following are the character tables of G, M, and G/N.

1 ¢ b bc a ac ab abc

il -1 -1 1 -1 1 1 -1
Yo|1 -1 -1 1 1 -1 -1 1
3|1 -1 1 -1 -1 1 -1 1
Yall =1 1 -1 1 -1 1 -1

xs/1 1 -1 -1 -1 -1 1 1

7|l 1 1 1 -1 -1 -1 —1

o1 =1 -1 1
v |1 -1 1 -1

v |1 1 -1 —1
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1 ¢N bN beN

Note that

C= (X, K) = ({{0}, {¢n, 2}, {5} }, {{1}, {a}, {a, ab}})

and
D= (y7 ‘C) = ({{]1}7 {ﬂ: E}: {%}} ) {{1}7 {bN}> {CNv bCN}})

are supercharacter theories for M and G /N respectively. Moreover, N is a union

of the superclasses of C, M/N is a union of the superclasses of D, and
CHN = ({1} {2} } N} ABNDY) = Dy
Therefore by Theorem 2.5.1, we have
E= <yU{XG - XeX, XZIm(M/N)YKU{L:LeL,L¢g M/N}) =

({{ﬂ}, {X2; Xﬁ}u {X4}7 {X3; X5 X7}} ’ {{1}7 {CL}, {b7 ab}? {Cv ac, bC, abc}})

is a supercharacter theory.
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2.6 Supercharacter Theory for Algebra Groups

In addition to the generalization of supercharacter theory to arbitrary groups,
Diaconis and Isaacs obtained a supercharacter theory for a large class of p-groups,
i.e., algebra groups; many authors have studied this supercharacter theory, for
instance, see André (1995), André and Neto (2006), Diaconis and Isaacs (2008),
Marberg and Thiem (2009), Thiem (2010), Thiem and Venkateswaran (2009),
Yan (2001). We now describe this supercharacter theory. We first need the

definition of arc diagram of a set partition of [n] = {1,2,...,n}.

2.6.1 Set Partition

We represent every set partition of [n] by an arc diagram, i.e, if {\;: i € I} is

a set partition of [n], we give it the following arc diagram representation A,

{i~j: ifi<jandi,jé€ A\ for some A\g}.

For example the arc diagram representation of A = {{1,4},{2},{3,5,6}} is

Also, we usually omit the labels from the nodes of arc diagrams. A F,-set
partition of [n] is an arc diagram representation of a set partition in which

every arc is labeled by a non-zero element of ;. For example an [F-set partition
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of \is
a1

a
3 aa
Where a;, as, and a3 are some non-zero elements of F,. If v is a set partition

of [n], we say that v is momnnesting if there is no k < i < j < [ such that

k ~1,i ~ j € v. The following partition A\ of [8] is nonnesting,

2.6.2 A Supercharacter Theory for The Group of Unipotent Upper-

Triangular Matrices

Let J be a finite dimensional nilpotent associative algebra over a field F (without
unity), and let G = {1+ 2 : x € J}. It is easy to see that G is a group with the

following multiplication

I+2)(14+y)=14+z+y+ay.

The group G, constructed in this way is the algebra group based on J.
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By using a two-sided action of G on J, we define a supercharacter theory

(X, K) for G; the superclasses containing 1 + a, for a € J, is the set
Kie={l+zay:z,y € GacJ}
Thus,
K={K,:a€J}.

Let the dual of J denoted by J* be the space of F-linear functionals A\ : J — T,
i.e., J* = Hom(J,F). The algebra group G has a the following two-sided action

on J*,

(xAy)(a) = Mz ray™), forx,y € G,a € J,

and the number of two-sided orbits on J and J* are equal (Diaconis and Isaacs
2008, Lemma 4.1).

Now we construct the supercharacters. Fix a non-trivial homomorphism
6:F" — C*~.

In other words, this map is any of the |F| — 1 non-trivial linear characters of the
additive group F* of F. Choose an arbitrary F-linear functional A in a two-sided

orbit on J*, then define the function y,(z) : G — C by

B IAG|
Xa(z) = |G(— Z 0(A(a)).

7= 1Gl secz1)a
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This function is actually a character of G and is constant on superclasses; also
if A and p be in the same two-sided orbit on J*, then x, = x,. Moreover, if X
is the set of irreducible constituent of xy, then {X) : A € J*} is a partition of

Irr(G) (Diaconis and Isaacs 2008, Theorem 5.5 and Theorem 5.8). Therefore,

X:{X)\)\GJ*}

When we consider J as the set of strictly upper-triangular n X n matrices
n,, G turns to be UT,(q), the group of unipotent upper-triangular matrices over
the finite field F,.

We can parametrize the superclasses of UT),(q) as follows,

Superclasses

of UT,(q)

0

The unipotent upper-triangular matrices

with at most one nonzero entry in each

row and column strictly above the diagonal

0

{ F,-Set Partitions of n } .

Therefore, we index supercharacters and superclasses by F,-set partitions. The

following table lists the correspondences for n = 3.
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Superclasses 0 1 0 0 1 0 0 1 o0 0 1 a 0 1 b

a

* e e ¢ o ¢ e e 9 e W

We usually use the notation K, and yx, for the superclasses and supercharacters

of this supercharacter theory respectively.

2.7 Nonnesting Supercharacter Theory for Unipotent

Upper-Triangular Matrices

Andrews (2015) constructed a supercharacter theory for UT,, (F,). This super-
character theory is coarser than the one defined by Diaconis and Isaacs (2008).
We now describe this supercharacter theory in this section. For proofs of the

results in this section refer to Andrews (2015).

Let 7 be an F,-set partition, and define

sml(n) = {i ~ j €n| thereareno k ~ 1€ nwithi<k <1< j}and

big(n) ={i ~jen| therearenok:/b\lEnWithk<i<j<l}.
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For example when

ax as as
Q4 a5 >< Qg a7
n= o o0 o
then we have
a4 a5 Gg ar

sml(n) =e e o ® 6@ 0 0 600 @

and

a as as

big(n) =¢ e e ° oo o
Note that both sml(n) and big(n) are nonnesting F -set partitions. These meth-
ods of producing a nonnesting F-set partition from an arbitrary [F,-set partition
both define equivalence relations on the set of IF-set partitions, and in both cases
the equivalence classes are indexed by the nonnesting F-set partitions. For a

nonnesting [ -set partition 7, let

K[m = U Kl, and

sml(v)=n

Xl = D Xes

big(v)=n
where K, and Yy, are the superclass and supercharacter corresponding to the
[F,-set partition v, respectively.

There is an alternative description of the characters x;. We first need to
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define a subgroup

gij = 0 if there exists k -~ [ € n such that
U, = {gG UT,(F,) }

(1,7) # (k, 1) and k <4 < j <1

For example if

(05} as ay
e . N TN S
1 2 3 4 5 6 7 8

then we have

000O0O0T1O0 %

00 0O0O0O0OTO®O

000O0O0O0O01

where the star entries correspond to the arcs of 7.

As a corollary, we can calculate the dimensions of the characters xp.

Corollary 2.7.1. (Andrews 2015, Corollary 5.2) Let n be a nonnesting IF,-set
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partition. Then x1(1) = |U : Uy|, and we have that if

i < j and there exists k *~ 1 € n with
a= (Z>J) ’
(i,7) # (k1) and k <i<j<lI

then
\U :U,| =q".
We now calculate the values of the characters x, on the elements of the sets

K[I/]

Proposition 2.7.2. (Andrews 2015, Proposition 5.3) Let n and v be nonnesting

IF,-set partitions and let g € K},;. Then

iftherearenoi/q\jenandk;/lz\leu
xp(1) T 6(ab)
X (9) = ijen with (i,5) # (k,Dand i < k <1< j,

. b .
1) EV

0 otherwise.

We can now show that we have constructed a supercharacter theory of

UT,(F,).
Theorem 2.7.3. (Andrews 2015, Theorem 5.4) The sets
{X[n] | 1 is a nonnesting IF,-set partition}

and

{Kp | v is a nonnesting Fy-set partition}

are the supercharacters and superclasses for a supercharacter theory of UT,(F,).
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3 Normal Supercharacter Theories

3.1 Introduction

As we mentioned earlier, in order to find a tractable theory to substitute for the
wild character theory of the group of n x n unipotent upper-triangular matrices
over a finite field F;, André and Yan introduced the notion of supercharacter
theory. In this thesis, we construct a supercharacter theory for a finite group
from an arbitrary set S of normal subgroups of G. We call such a supercharacter

theory the normal supercharacter theory generated by S.

Let Norm(G) be the set of all normal subgroups of G. The product of
two normal subgroups is a normal subgroup. Therefore, Norm(G) is a semi-
group. Let S C Norm(G). We define A(S) to be the smallest subsemigroup of

Norm(G) such that

1. {1},G € A(S).
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2. S CA(S).
3. A(S) is closed under intersection.

Note that A(S) always exists since Norm(G) satisfies 1, 2, and 3, and also
every element N € A(S) is a normal subgroup of G. We define for an element
N € A(S),

NZ(S) = N\ U }[7
HEeA(S),HCN

In other words, Nj g is the set of elements g for which the smallest normal
subgroup in A(S) containing ¢ is N. For simplicity of notation, we write N°
instead of Nj ) when it is clear that N is in A(S).

A subgroup of G is normal if and only if it is the union of a set of conjugacy
classes of G. We have an equivalent characterization of normality in terms of
the kernels of irreducible characters. Recall that the kernel of a character y of
G is the set kerxy = {g € G : x(g9) = x(1)}.

A subgroup of G is normal if and only if it is the intersection of the kernels
of some finite set of irreducible characters (James and Liebeck 1993, Proposition
17.5); thus the normal subgroups of G are subgroups that we can construct from
the character table of G.

For each N € A(S), let

XN = {¢y € Irr(G) : N C kervp}
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and

XVi= Y w1y

Pex N

Indeed, XV is the set of irreducible characters of G lifting from irreducible

characters of G/N. Therefore,

X" (9) = pan(gN),

where pg/y is the regular character of G/N. Define for every N € A(S),

Xﬁ;) =xV\ (J &K

KeA(S):
NCK
then
N = ﬂ ker 1,
pexN
and
Xy = > ().
¢GXQ’<’S)
By convention XX(.S) = 0, whenever X ﬂ:g) = (). For simplicity of notation, we

write XV and yV" instead of X ﬁ:q) and X%(. s) respectively when it is clear that
N is in A(S).

In Theorem 3.2.3, we will show that for an arbitrary subset S C Norm(G),

({AN" £0: N e AS)}L{N° #0: N € A(S)})
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is a supercharacter theory of G. We call this supercharacter theory the normal

supercharacter theory generated by S.

Note that when we have a larger set of normal subgroups, the normal su-
percharacter theory we obtain will be finer. In particular the finest normal
supercharacter theory is obtained when we consider the set of all normal sub-
groups of (G, and is related to a partition of G given by certain values on the

primitive central idempotents.

The lattice of normal subgroups has been well studied (for example see Baer
(1938b), Birkhoff (2012), Jornisson (1954)); we show that every sublattice of the
lattice of normal subgroups of G containing the trivial subgroup and G yields a

normal supercharacter theory and vice versa.

A character x of a group G is said to be integral if y(g) € Q for every ele-
ment g € GG; a supercharacter theory is said to be integral if its supercharacters

are integral.

In Section 3.2, we show that the normal supercharacter theory generated

by an arbitrary subset S C Norm(G) is integral. Furthermore, we provide a
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recursive formula for the supercharacters of any normal supercharacter theory.
In Section 3.3, we study the finest normal supercharacter theory and we show
that the finest normal supercharacter theory is obtained by considering certain
values of the primitive central idempotents. Also, It is shown that X" is equal
to the set of all faithful irreducible characters of G/N. In the end of this section,
we provide an algorithm to construct the finest normal supercharacter theory
from the character table. In section 3.4, we argue that, in general, the nor-
mal supercharacter theory cannot be obtained by the constructions described in
Sections 2.2, 2.3, and 2.4. In the end, we study the relation between normal

supercharacter theory and Andrews’ construction.

3.2 Normal Supercharacter Theories

In this section we show that our constructions are indeed supercharacter theories

of G. Furthermore, we show that these supercharacter theories are integral.
Proposition 3.2.1. Let G be a group.

1. For any arbitrary subset S of Norm(G), A(S) is a sublattice of the lattice

of normal subgroups containing identity subgroup and G.

2. Fvery sublattice of the lattice of normal subgroups that contains the identity

subgroup and G is of the form A(S).
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Proof. (1) Note that A(S) is a poset with inclusion as the binary relation. Let
N,H € A(S). Then the least upper bound of N and H exists and that is
NH € A(S); also the the greater lower bound of N and H exists and that is
NNH € A(S). Therefore, A(S) is a sublattice of the lattice of normal subgroups
of G containing the trivial subgroup and G.

(2) Let L be a a sublattice of the lattice of normal subgroups of G containing
the trivial subgroup and G. Suppose S is the set of all elements of L. Then

A(S) = L. O

Lemma 3.2.2. Let G be a group. Then the following holds for an arbitrary

subset S C Norm(G).
1. {XN° #0:N¢€ A(S)} is a partition of Irr(G).
2. {N°#£0: N € A(S)} is a partition of G.
Proof. Recall that for every N € A(S),

N° =N\ U H.
HEA(S),HCN
Therefore, g € N° if and only if N is the smallest normal subgroup in A(S)
containing g. This implies that N° N K° = () for every pair of non-equal normal
subgroups N, K € A(S). Also, since G € A(S), for every g € G there exists a

normal subgroup N € A(S) such that g € N°. This completes the proof of (2).
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Recall that for every N € A(S), XY := {¢ € Irr(G) : N C ker )} and

XN =N\ Y Ak
KeA(S):
NCK
Therefore, XV is the set of irreducible characters ¢ of G such that if for a
normal subgroup H € A(S), H C kert, then H C N. This implies that
XN N XE" = () for every pair of non-equal normal subgroups N, K € A(S).
Also, since X = Irr(@), for every o € Irr(G) there exists a normal subgroup

N € A(S) such that ¢ € XN°. This completes the proof of (1).

O
Theorem 3.2.3. Let G be a group. Then for an arbitrary subset S C Norm(G),
({AN" #0: N e AS)}{N° #0: N € A(S)})

is an integral supercharacter theory of G. Moreover,

. G
o= Y uvaniE
MeA(S):
geM,NCM

Proof. Let X = {XN* #£0: N € A(S)} and K = {N° #0: N € A(S)}. By

Lemma 3.2.2, X' is a partition of Irr(G) and K is a partition of G. Recall that

XV= Y (e

(]
¢GXQ’<S>

We aim to show that (X, K) is an integral supercharacter theory of G with the
set of supercharacters {x"V" # 0: N € A(S)}. Therefore, we only need to show

the following holds.
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1. The set {1} is a member of K.
2. |xX| =|K|.
3. The characters yV* are integral and constant on the parts of K.

Since {1} = {1}°, {1} is a member of K. Therefore, (1) holds.

Define for every N € A(S),

1 ifge N°,
N (g) =
0 Otherwise.

Thus for K € A(S) we have,

1 if g € K,
o Mg =
foé(f(q): 0 Otherwise.
Recall that
% if g e K,
x5 (9) = pa/x(gK) =
0 Otherwise.
Therefore,
G| o
XK(Q) = @ Z fN (9)-
NeA(S):
NCK

It follows from Mébius inversion formula (Lemma 1.2.1) that

o= > l‘g,’u(N, K)x"(g).

NeA(S):
NCK
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Since

MeA(S):
NCM
we conclude that
K° m M
= Z G| Z p(N, K)x
NeA(S): MeA(S):
NCK NCM
Therefore,
C-Span{x™" : N € A(S)} = C-Span{f"" : N € A(9)}.
Note that

%] = dim (C-Span{x"" : N € A(S)}) = dim (C-Span{f"" : N € A(S)}) = |K]|.

We can see that (2) holds.

Since

=3 XM,
MEA(S):
NCM

by the dual of Mdbius inversion formula (Lemma bbcl.2.2) we have

XV= >0 (N, MM

MeA(S):
NCM

Note that

% itge M,
X" (9) = paym(gM) =

0 Otherwise.
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It follows that

. G
= Y u(w, M>|‘M’|.
MEA(S):
geM,NCM

Let h,hy € H° € K. Then for every normal subgroup M of G, h € M if and
only if H° C M if and only if by € M. So X' (h) = x¥"(h1). Thus, ¥V is

integral and constant on each part of K. Therefore, (3) holds. ]

In the following theorem we give a recursive formula for supercharacter y¥°

of the normal supercharacter theory generated by S C Norm(G).

Theorem 3.2.4. Let G be a group and let S be an arbitrary subset of Norm(G).

Then for any normal subgroup N € A(S)

> y(1)? g€ N,
pexN°®
XN (g) =
— x*'(9) g¢&N.
KeA(S):
NCK

Proof. Let N € A(S). Consider the following two cases.

Case 1. g € N. We have

XV = > w()v(g).

YexN®

For every ¢ € XN we see that N C ker ¢». Thus, ¥(g) = 1(1). Therefore,

XTlo) = >0 v

PeXxN®
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Case 2. g ¢ N. Note that

I (G/N)={¢:vexNy= (J {{:ypexi}
S

Therefore,
PG/N = Z Z @(N)@
KEA(S):wexK'
NCK
Thus,

0=pen(gN) = > > ¢(N)Y(gN) =

KeA(S): pexK®
NCK

Y. vMY(N)+ Y v(L)Y(gN) =
weXK.: pexN*
NCKeA(S)

Yo w(Dw(g)+ Y v()Y(g) =
pexk*: pexnN®
NCKEA(S)

> w(elg) + XM (9).
NS Ads)

It follows that

Also,
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Thus,

Vo)== Y x*.

NCKEeA(S)

We can conclude from Cases 1 and 2 that

> x(1)? gEN,

pexN®

- > X¥9) gé&N.

NCKeA(S)

]

Example 3.2.5. Let G = Cy x Cy = {a) x (b). The following is the character

table of G.
1 b b2 b3 a ab ab? ab® a? a?b a?b? a?b3 a® a®b a3b? a3
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
x1 |1 -1 1 -1 -1 1 -1 1 1 -1 1 -1 -1 1 -1 1
x2 |1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1
X3 1 1 1 1 -1 -1 -1 -1 1 1 1 1 -1 -1 -1 -1
xa |1 -1 1 -1 =4 Ca —Ca ¢4 -1 1 -1 1 Ca —Ca Ca —Ca
xs |1 -1 1 -1 Ca —Ca Ca —C¢ -1 1 -1 1 —Ca Ca —Ca Ca
X6 1 1 1 1 —C4 —C4 -G -G -1 -1 -1 -1 Ca Ca Ca Ca
x7 |1 1 1 1 Ca Ca Ca Ca -1 -1 -1 -1 —C4 —C  —C4  —Ca
X8 1 —¢ -1 Ca -1 ¢4 1 —Ca 1 —C4 -1 ¢4 -1 Ca 1 —C4
X9 1 Ca -1 =G4 -1 —Ca 1 Ca 1 Ca -1 —Ca -1 —C4 1 Ca
xio | 1 -G -1 Ca 1 —Ca -1 Ca 1 —C4 -1 Cad 1 —Ca -1 Ca
x11 | 1 Ca -1 =G 1 Ca -1 =G 1 Ca -1 —Ca 1 Ca -1 —Ca
xi2 | 1 —C -1 Ca ¢ -1 C4 1 -1 Ca 1 —C4 Ca 1 —Ca -1
x13 | 1 Ca -1 -G Ca -1 =4 1 -1 =G 1 Ca —Ca 1 Ca -1
x14 |1 —Ca -1 Ca Ca 1 —Ca -1 -1 Ca 1 —C4  —Ca -1 Ca 1
x15 | 1 Ca -1 -0 -G 1 ¢4 -1 -1 —¢ 1 C4 ¢4 -1 —C4 1



The following is the supercharacter table of the normal supercharacter theory
generated by

S = {{a®) x (1), (a®) x 1,1 x (b*)}.

For the lattice of A(S) see Example 1.2.3. Let i, i = Xiy + - - - + Xi.-

{1} | {a®} [ {0*} [ {a®0?} | G\ (a®) x (b?)
I 1 1 1 1 1
X1,2,3 3 3 3 3 —1
X4,5,6,7 4 —4 4 —4 0
Xs9,1011 | 4 4 —4 —4 0
X12,13,4,15 | 4 | —4 | —4 4 0

3.3 Primitive Central Idempotents, Faithful Irreducible
Characters, and The Finest Normal Supercharacter

Theory

In this section we investigate the connection between primitive central idem-
potents, faithful irreducible characters, and the finest normal supercharacter

theory.
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3.3.1 Primitive Central Idempotents and The Finest Normal Super-

character Theory

Let C, be the conjugacy class of group G containing g. For every subset K C G,
let K = Y pex k. By (Lam 1991, Proposition 8.15 (1)) every character x € Irr(G)

has a corresponding primitive central idempotent in the group algebra CG

o x(1) —1
x = mg%x(y )g-

These idempotents are orthogonal, i.e. eye, = 0 when x, ¢ € Irr(G) and x # .

Also by (Lam 1991, Proposition 8.15 (2))

>|<i0(91|> Xi(9)ex;-

Co=%

Therefore,

Cl1-G =161 - 5 %o, =10 (1- T {pue) -

% ) 4

1

Gl (Zew - X e ) =16 (2 (1 iu®) o).

3 (2

2

Thus,




Using the last equation i.e., 1 — ‘C—lg‘é\’g => (1 — igg) €y, we will produce some

subsets of primitive irreducible characters of GG. Define for an element g € G,

Xi(9) }
E,:=1e, 11— #07 and K, := Ch.
! { ! xi(1) ! EQUEh '

In other words, K, is corresponding to all elements |C,|1 — 6\’5, with the same
annihilator in CG.

Since each irreducible character has a corresponding primitive central idem-
potent, we will see that some subsets of the primitive central idempotents gives a
supercharacter theory. But every partition of primitive central idempotents does
not corresponded to a supercharacter theory and it is not clear when a partition
of primitive central idempotents is related to a supercharacter theory. We show
that the set {E, : ¢ € G} corresponds to the finest normal supercharacter theory

which is the one generated by S = Norm(G).

Example 3.3.1. Let Dg = (a,z|a* = 22 = 1,zax = a®). The following is the
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character table of Dsg.

{1} {ax,d®z} {x,ax} {a,a®} {a®}
L1 1 1 1 1
X1| 1 -1 -1 1 1
X2 | 1 -1 1 —1 1
sl 1 1 S
X4 | 2 0 0 0 —2

We have El = {}7 Eaa: = Lg3p = {X17X27X4}7 E:r = Eax = {X17X37X4}7 Ea =
Ea3 = {X27X37X4}; and Lca2 = {X4} AZSO; Kl — {1}7 Kaaz = Ngd3px = {CL{L‘,G?’ZL‘},

K, = Ky = {x,ar}, K, = K = {a,a®}, and K,» = {a*}.

Lemma 3.3.2. Let G be a group and let S be the set of all normal subgroups of

G andletge G. If

N = ﬂ ker y,

XEIrr(G)\{xi:ex; €Eg}
Proof. Let k € K,. Then Ej, = E,, and so k € ker x for every x € Irr(G) \ {x; :
ey; € Ey}. Therefore, k € N. Let H be a normal subgroup of G such that
H C N. Then at least there is an irreducible character ¢» € Irr(G) such that

H Ckervy, but N € kery. If k € H, then

ke ﬂ ker xy N ker v,

x€lrr(G)\{xi:ex; €Eg}
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and so Ej # E,. Thus, k ¢ K,, yielding a contradiction. Therefore, k is in IV,
but & is not in any normal subgroup of G such that H C N, i.e., kK € N°. So
K, C N°.

Let h € N°. Then E;, C E,. If E; # Ej, there is an irreducible character
€ {xi: e, € E;} such that h € kery. Let H = N Nkerty. Then h ¢
N\ (N Nnkert). Therefore, h ¢ N°, yielding a contradiction. We can conclude

that £, = Ej,, and so h € K,. Thus, N° C K. n

Theorem 3.3.3. Let G be a group and let S be the set of all normal subgroups

of G.
1. For every g € G, there is a normal subgroup N of G such that K, = N°.

2. Let N be a normal subgroup of G. If Nj g # (), then for every g € Nis):

Proof. (1) Let

N = ﬂ ker y.

XEIT(G)\{xizex; €}

Then by Lemma 3.3.2, K, = N°.
(2) Let N be a normal subgroup of G such that N° # ). Let g € N°. We show
that K, = N°. Assume that N = ;¢ ker x;. If there is an irreducible character

X € Irt(G) \ {x; : i € I} such that g € ker x, then g € H = ;¢ ker x; N ker x.
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Thus, g € H C N, and so g € N°, yielding a contradiction. Therefore, £, =

{ex :x € Irr(G) \ {x; : i € I}}. By Lemma 3.3.2, K, = N°. O
As a result of Theorem 3.3.3 we have the following corollary.

Corollary 3.3.4. Let G be a group. Then the finest normal supercharacter
theory of G has

{K,:9€G}
as the set of superclasses.

Let G be a group. Then for every subset X of G we define the normal

closure or conjugate closure of X by

Ng(X):=(grg ' 2 € X,g€G) = N N.
NeNorm(G):
XCN

When X = {g} for some g € G, we denote by ¢ the normal closure of X. For

every element g € G, let [g] = {h € G : g¢ = h“}.

Lemma 3.3.5. Let GG be a group and S be the set of all normal subgroups of

G. Let N be a normal subgroup of G. If Njg) # (), then for every g € Nis):
9] = NE(S)-

Proof. Let g € N° # (). Then ¢¢ C N. Assume that h € [g] but h & N°. Then
there exists a normal subgroup H of G such that h € H, and so h¢ C H. Thus

g“ =h% C H,ie, g ¢ N°, a contradiction. Therefore, [g] C N°.
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We now show that N° C [g]. Let h € N°. If h® # ¢, then h® is a normal
subgroup of G such that A € N. Thus h € N°, a contradiction. Therefore,

N° C [g] for every g € N°. ]

Theorem 3.3.6. Let G be a group. Then the finest normal supercharacter theory

of G has

{lg] : g€ G}

as the set of superclasses.

Proof. Note that {N° # 0 : N € Norm(G)} is a partition of G and also by

Lemma 3.3.5 every N° # () is equal to [g] for some g € G. We can conclude that

{lg] : g€ G} ={N°#0: N € Norm(G)},

which is the set of superclasses of the finest normal supercharacter theory of

G. ]

3.3.2 Faithful Irreducible Characters and The Finest Normal Super-

character Theory

A character 1 of a group G is called faithful if ker ) is trivial. In this subsection,
we investigate the connection between faithful irreducible characters and the

finest normal supercharacter theory.
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For a normal subgroup N of GG, define

Xy :={¢ € Irr(G) : ¢ is a faithful irreducible character of G/N}

and

XN = Z ¢(1)¢-

YeEXN

Proposition 3.3.7. Let G be a group. Then the set of supercharacters for the

finest normal supercharacter theory is
{xn #0: N € Norm(G)}.
Proof. 1t is enough to show that
{Xy #0: N € Norm(G)} = {x"" £0: N € Norm(G)}.

For an arbitrary normal subgroup of N, let v € X", By the definition of
XN® we have N C kerv but K ¢ kert) for any normal subgroup K of G with
N C K. Since ker is a normal subgroup, we can conclude that keriy = N.
Therefore, we have ¢ is a faithful irreducible character of G/N, and so ¢ € Xy.
Now, let ¢p € Xy. Then N = ker, and so ¢ € XN". We can conclude that

Xy = XN, [l
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3.3.3 Constructing the Supercharacter Table of the Finest Normal

Supercharacter Theory From the Character Table

For a n x n matrix T = (;;) define
Ty ={(k,j) : tpy =1} and T" = {(i,k) : ty, = 1}.

The following steps constructs the finest normal supercharacter theory of a given

group G from its character table.

1. Divide each row i of the character table T" of G' by x;(1). Denote the new

table by A.

2. Rearrange the columns of A such that two columns ¢ and j are consecutive

if A; = A;. Denote the new table by B.

3. Draw some vertical lines in B to distinguish the classification of conjugacy
classes with the same A;. This lines make a partition of GG, and this par-
tition is the set of superclasses of the finest normal supercharacter theory

of G.

4. Rearrange the rows of B such that two rows ¢ and j are consecutive if

B' = B’. Denote the new table by C.

5. Draw some horizontal lines in C' to distinguish the classification of ir-

reducible characters with the same B;. These lines make a partition of
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Irr(G). This partition is the partition of irreducible characters of the finest

normal supercharacter theory of G.

Note that this algorithm works since the first three steps give us the parti-
tion {K, : g € G} and the last three steps give us the partition {Xy : N €

Norm(G)}.

Example 3.3.8. (1) Let G = C3 x C3 = (a) x (b). We construct the superchar-

acter table for the finest normal supercharacter theory of G.

1 b b? a ab ab? a? a®b a*h?
1|1 1 1 1 1 1 1 1 1
X2 |1 1 1 —G-1 -1 —G-1 Gs Gs
X3 |1 1 1 G3 G3 G —G-1 —G-1 —G-1
Xa|l —G=1 G 1 “G-1 G 1 —G-1 G
xs| 1 G =G 1 G —G-l 1 G —G-l
Xe |1 —G-1 G —G-1 G 1 C3 1 —G—1
x| b G —G-1 G G-l 1 —G—1 1 G
Xs|1 —G—=1 G G3 1 -1 —G—-1 G 1
Xo|l G —G-1 —G-1 1 (3 G G-l 1
Y
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b b? a a? ab? a?b ab a’v?
1 1 1 1 1 1 1 1 1
X2 1 1 —G-1 G | —G-1 G G G-l
X3 1 1 G —G-1 G —G-1l|-G-1 G
Xa |1 =G-=1 G 1 1 G G-l -G-1 G
X5 G G-l 1 1 —G—-1 -1 G G-l
Xe | 1] —CG—=1 ¢ |—G-1 G 1 1 G —G-l
X7 G G-l G G-l 1 1 —G-1 G
Xs| 1] =Gs—=1 G G —G-1l-G-1 G 1 1
Xo G —G-1|=G-1 @ G —G-1 1 1
Y
b b? a a’ ab? a®b ab a’v?
1 1 1 1 1 1 1 1 1
X2 1 1 —G-1 G | —G-1 G G G-l
X3 1 1 G —G-1 G —G-1|-G-1 G
Xa | 1] =G—=1 G 1 1 G G-l -G-1 G
X5 G —G-1 1 1 -1 -1 G —G-l
Xe | 1] —=G—=1 G |-G-1 G 1 1 G G-l
X7 G —G-1 G —G@-1 1 1 -1 G
Xs| 1] =Gs—=1 G G —G-1-G-1 G 1 1
X9 G —G-1|-G-1 @ G —G-1 1 1
Y

The set of supercharacters of the finest normal supercharacter theory is

{1}, {xas xats {xas x5 1 {xe. X7}, {xs, xo} }
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The set of superclasses of the finest normal supercharacter theory is

{1}, {a, a*}, {b,b*}, {ab?, a®b}, {ab, a*V*}}.

4

Here is the supercharacter table for the finest normal supercharacter theory of

G.
{1} | {b,8%} | {a, a®} | {ab?, a?b} | {ab, a®b?}
I 1 1 1 1 1
otya| 2| 2 1 1 ~1
Yatys| 2| -1 2 1 -1
X6 + X7 | 2 -1 -1 2 -1
xstyvo| 2| -1 | -1 1 2

(2) We construct the supercharacter table for the finest normal supercharacter

theory of Ss.

xi|l -1 1

Y22 0 -1
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e | (12) | (123)
1|1] 1 1
xi|1] =1] 1
X2 2] 0 | -1

\

e| (12) | (123)
1)1 1 1
xi|1] —=1] 1
x2|2] 0 | -1

This shows that the finest normal supercharacter theory is the same as the char-

acter theory of Ss.

(3) We construct the supercharacter table for the finest normal supercharacter

theory of Sy.

e (12) (12)(34) (123) (1234)
m(1 1 1 1 1
x1/1 -1 1 1 -1
X2 |3 1 -1 0 -1
x3|3 —1 -1 0 1
xa|2 0 2 -1 0




e | (12)(34) | (123) | (12) (1234)

X1

X2

X3

X4

1 1 1 1 1
1 1 1 -1 -1
3 —1 0 1 -1
3 -1 0 -1 1
2 2 -1 0 0

e | (12)(34) | (123) | (12) (1234)

1|1 1 1 1 1
w1l 1 1| -1 -1
Xz |3 -1 0 1 -1
X3 |3 -1 0 -1 1
X4 | 2 2 —1 0 0

The set of supercharacters of the finest normal supercharacter theory is

U et Axe xsh {xat}

The set of superclasses of the finest normal supercharacter theory is

{{e}, Cazyz4), Crazsy, Clazy U Crazzay }-
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4

Here is the supercharacter table for the finest normal supercharacter theory of

Sy.
{e} | Clizyaay | Crazsy | Chazy U Cliagg
1 1 1 1 1
X1 1 1 1 -1
3x2 +3xs | 18 —6 0 0
2X4 4 4 -2 0

3.4 NSup(G) is not a subset of the union of AutSup(G),
ACSup(G), and Sup*(G)

In the following example we show that there is a normal supercharacter theory

which is not in the union of AutSup(G), ACSup(G), and Sup*(G). Since two

different supercharacter theories have different sets of superclasses, we only work

with the set of superclasses. A superclass theory for a group G is the set of

superclasses of a supercharacter theory of G.
Example 3.4.1. Let G = C3 x Cy = (a) x (b). Define
K1 = {{1}, {a}, {a®}, {b}, {b*}, {ab}, {ab’}, {a’b}, {0’} {V°}, {ab}, {a®"} } ,

K = {{1},{a,a®}, {0}, {V°}, {ab, a®b}, {ab®, a®*}, {0*}, {ab®, a’b*} } ,
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Ks = {{1}, {a}, {a®}, {b,t°}, {ab, ab’}, {a’b, a’V*}, {0}, {ab?}, {a®b} } ,
Ki = {{1}, {a,a’}, {b,5°}, {ab, a®s*}, {a’, ab’}, {b*}, {ab®, a’b*} } .
K5 = {{1}, {a,a’}, {0,6°}, {ab, ab®, ab, a®"}, {b°}, {ab?, a®b*} } ,
Ko := {{1}.{a},{a},{b, ba, ba®}, {1?, b*a,b%a*}, {b* b*a, b*a?} }
K= {{1}.{a},{a®}, {b, ba, ba?,0? b?a, ba®, 1", b0, ba?} |,

Ks := {{1},{a},{a},{b, ba, ba?, 0" ba, ba?}, {V?, b%a, b%a®} },
Ko := {{1},{a,a®}, {b, ba, ba’}, {1?,0%a, b}, {1, b*a, b*a’} }
Ko == {{1}, {a,a’}, {b,ba, ba  b* , b*a, b?a?, b* bPa, b*a?} } |
Ku = {{1}, {a,a’}, {b,ba, ba?, b, b*a, b0}, 1%, b%a, 20} }
Kz == {{1}, {0}, {b,5°}, {a, ab? ab, ab’}, {0, a®?, a®b, a’}*} |,
Kis == {{1}, {0}, {a,ab?,a>, a®*}, {b, ", ab, ab® a’b, a®b"} } ,
K= {{1}, {0}, {b,6°}, {a, ab? 0?0, a®*,ab, ab’, ab, ab*} }
Kis == {{1}, {0}, {b,6°}, {a, ab?, a®,a’b}, {ab, ab®, a*b, 0’V } |,
Ko == {{1}, {b}, {b°},{V*}, {a, ab, ab?, ab®}, {a®, a’, a®?, a*b*} }
Kz == {1}, {b}, {b°}, {¥°}, {a, ab, ab?, ab® @, ab, a®V*, 0’V } |,
Kis == {{1}, {0,0%,6°}, {a, ab,ab?, ab’}, {a®, a*b, 0’V a®b"} } ,

Kig := {{1}, {b,0%, 6%}, {a, ab, ab®, ab®, a*, a®b, a*b?, a2b3}} ,
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Ko == {{1}. {b*}. {a, a®}, {ab?  a®?}, {b,ba, ba?, b* b, bPa?} } |

IC21 = {{1}a {b7 an bg}a {CL, CL2}7 {ab27 a2b2a bav ba2a bgaa b3a2}} ’

Koz = {{1}, {0}, {b,5°}, {a, 4}, {ab? a®V*}, {ba, ba?, b*a, b} }

Kog := {{1}, {b*},{b, 1%, a, a?, ab?, a®b?, ba, ba®, b*a, b3a2}}.

Koy = {{1}, {b%, a,a? ab®, a®b*}, {b, b%, ba, ba?, b*a, b3a2}}.

The group of automorphisms of G is the set of the following four automor-

phisms.

] =

ay =

a — a® a — a
, i3 = )
b — b b — b
a — a®
b — b

Therefore, Aut(G) has five subgroups

{al}a {ah O{Q}, {ah 053}, {ah 054}, and {041, a9, O3, 044}.

Let A act by automorphisms on G, and o : A — Aut(G) be the corresponding

group homomorphism.
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If the image of « is {1}, {an, a0}, {a1, a3}, {a1, a4}, or {a, s, as, a4}
then the set of superclasses theories coming from these actions are Ky, Ko, K3,
K4, or s, respectively. Therefore, the set of superclass theories in AutSup(G)
18

{K1, Ko, K3, Ky, K5}

To have the list of all superclass theories coming from x-product, we need to
choose a subgroup.

If we choose (a) x 1. Then we have the following set of superclass theories,

{Kﬁa IC77 ’C87 IC97 ’C107 ’Cll} .

If we choose 1 x (b*). Then we have the following set of superclass theories,

{IC127 ]C137 ’C147 ]C157 ’C23} .

If we choose 1 x (by. Then we have the following set of superclass theories,

{’C127 ,C147 IClGa IC177 ’C187 IC19} .

If we choose {a) x (b*). Then we have the following set of superclass theories,

{’C87 ’C117 ,Cl?n ICZO) ’C24} .

Therefore, the set of superclass theories in Sup*(G) is

{Ki:6<i<20,23<i<24}.
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We now want to classify all supercharacter theories coming from the action
of a group of automorphism of Q[(12], where (1o is a 12th primitive root of unity.
We have

Aut(Q[Cr2]) = {P1, P2, B3, B3}

where

Bi(Gr2) = iz, Bi(Gr2) = (D, Bi(Gr2) = o, and Bi(Gr2) = (i

If we have Ay = {51}, Ay = {B1, B2}, As = {B1, B3}, Ay = {B1, Ba} and As =
{1, Pa, B3, B}, then the set of superclass theories coming from these actions are
K1, Ko, K, Iy and K5, respectively. Therefore, the set of superclass theories in
ACSup(G) is

{’Cla IC27 ’C37 ,C47 ’C5} .

Now we show that Koy is a superclass theory in NSup(G), and so NSup(G)
is not a subset of the union of AutSup(G), ACSup(G), and Sup*(G).

Here is the lattice of normal subgroups of (a) x (b).
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If we choose the whole lattice, then the set of superclasses of the superchar-
acter theory coming from this sublattice is Kas.

If we choose the following sublattice
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then the set of superclasses of the supercharacter theory coming from this sublat-
tice is Koy.

If we choose the following sublattice

then the set of superclasses of the supercharacter theory coming from this sublat-
tice is Kqs.

If we choose the following sublattice
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then the set of superclasses of the supercharacter theory coming from this sublat-
tice 1s ICop.

If we choose the following sublattice

©
@
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then the set of superclasses of the supercharacter theory coming from this sublat-
tice is Kq1.

If we choose the following sublattice

then the set of superclasses of the supercharacter theory coming from this sublat-
tice is Kqs.

If we choose the following sublattice
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then the set of superclasses of the supercharacter theory coming from this sublat-
tice is Kqs.

If we choose the following sublattice

then the set of superclasses of the supercharacter theory coming from this sublat-
tice is KCos.

If we choose the following sublattice
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then the set of superclasses of the supercharacter theory coming from this sublat-
tice is Kqg.

If we choose the following sublattice

@

then the set of superclasses of the supercharacter theory coming from this sublat-
tice is Kg.

If we choose the following sublattice
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then the set of superclasses of the supercharacter theory coming from this sublat-
tice is Koy.

Therefore, the set of superclass theories in N Sup(G) is
Ko, K1, Kiz, Kis, Kig, Koo, Ko, Kag, Koz, Kaa} -

We can see that Koy and Koy is not in the union of ACSup(G), AutSup(G), and

Sup*(Q).

We now classify the supercharacter theories for S, to show that when we do

not have many normal subgroups, we do not have many supercharacter theories.
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Example 3.4.2. Let G = S5. Here is the character table of Ss.

1 (12) (12)(34) (123) (123)(45) (1234) (12345)
1)1 1 1 1 1 1 1
il -1 1 1 ~1 ~1 1
Yo |4 —2 0 1 1 0 ~1
xs|5 -1 1 ~1 ~1 1 0
4|6 0 —2 0 0 0 1
s |5 1 1 ~1 1 ~1 0
Yo |4 2 0 1 ~1 0 ~1

Define

K= {1}, {(12)},{(123)(45)}, {(1234)}, {(12)(34)}, {(123)}, { (12345)} } ,

Ko = {1}, {(12), (123)(45), (1234)}, {(12)(34) }, {(123)}, {(12345) } } ,
Ks = {{1},{(12), (123)(45), (1234) }, {(12)(34), (123), (12345)} } ,
Ky:={{1},{(12), (123)(45), (1234), (12)(34), (123), (12345) } } .

Every automorphism of S, maps every conjugacy class to itself so the only su-
percharacter theory that comes from actions of automorphisms is KCy.

Given « in a group A of automorphisms of the cyclotomic field Q[(s], «
carries out the class of the permutation o to itself since the cycle type of o

and o”, where r and the order of o are coprime, are the same. Therefore, the
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only supercharacter theory that comes from the action of automorphisms of the
cyclotomic field Q[Cs] is Ky .
We know list the superclass theories in Sup*(Ss). The character table of the

unique non-trivial normal subgroup of Ss, i.e., As, is as follows.

1 (12)(34) (123)  (12345) (12354)
|1 1 1 1 1
xi|3 -1 0 G+G+1 -G-¢
x2|3 -1 0 —¢G-¢ G+E+1
X3 | 4 0 1 —1 —1
X4 | D 1 -1 0 0

Let C’;‘f’ denote the conjugacy class of As containing g. The normal subgroup

As, has three superclass theories as follows,
A A
{{1} 0(12 31y: Cl133) Cl13345) 0(12354)}

A A
Ly = {{1}= 0(13)(34)’ 0(133)7 0(12345 Slen: (12354 }
and

L3 = {{1} C )(34) Y 0123) U C (12345) Y C 12354)}

Only superclasses in Lo and L3 are union of conjugacy classes of Ss. Therefore,

they can be used to build supercharacter theories for Ss.
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If we choose Ly for As, then we can build KCo by *-product, and if we choose

L3, then we can build K3 by x-product. It follows that the superclass theories

coming from x-product are

{,C27 IC37 IC4}

Now, we will classify all supercharacter theories in NSup(G). Here is the

lattice of normal subgroups of Ss.

We have two sublattices containing the trivial subgroup and Ss. The first sublat-
tice is the whole lattice of normal subgroups of Ss, so the set of superclasses of

the supercharacter theory coming from this sublattice is KC3. The other sublattice

is the following,

@
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The set of superclasses of the supercharacter theory coming from this sublattice
18 IC4.

Therefore, the set of superclass theories in N Sup(Ss) is

{Ks, K4}

3.5 Star Product and Normal Supercharacter Theories

We now investigate the relation between normal supercharacter theories and star
product. Moreover we show that normal supercharacter theories are a join of

some star products.

3.5.1 Star-Normal Supercharacter Theories

Let S be a set of normal subgroups of a group G. Assume that in the lattice of
A(S) we have vertices N and M such that the only vertex right below M is N
and the only vertex right above N is M.

For example in the following lattice we can have N = (a,b) and M = (a, b, c)
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(laf = 4,[b] = 4, [c] = 4).

Now let (), L) be a supercharacter theory for M /N such that

?:UyN

yNeY

is a union of conjugacy classes of G' (we usually say that (), £) is G-invariant).
For every subset X of (G, denote by X , the sum of all elements in X.
Let
K={H°Y:HeAS)\{M},Y € Y\{N}}
and
V = C-span{K : K € K}.

It is easy to see that /C is a partition of G, and {1} € K. So if we show that V

is a subalgebra of Z(C[G]), then K is the set of superclasses of a supercharacter
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theory (See Proposition 2.4 of Hendrickson (2012)).
Lemma 3.5.1. The subspace V is a subalgebra of Z(C[G]).

Proof. We only need to show that for arbitrary H, K € A(S) \ {M}, and

Y, W e Y\ {N}, we have

Note that HK € C-span{N° : N € A(S)}. Since M° = LY EN(N} ?, we
have C-span{N° : N € A(S)} C V. Therefore, HK € V. This completes the

proof of (1).

It is clear that

~<)

~ Y W
yNeYy
Thus,
HY =H Y yN=Y yNH.
yNeYy yNeY

Since the only vertex above N is M in the lattice of A(S), we have two cases:
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Case 1. M C NH. Thenif yN € Y, y € M C NH. Therefore, yNH =

ny]/\f\ H for some positive integer n,,. Thus,

Ay = > ny]/\ﬂil\ € C-span{N°: N € A(S)} C V.

yNeY

Case 2. NH C M. Note that the only vertex above N is M in the lattice
of A(S), so we must have H C N. Therefore, yNH = nHyZ/V\ for some positive

integer ny. Thus

HY =ny > yN € C-span{?} cV.

yNeY

So (2) holds.

We have

We Cspan—{? Y € YV}

=D

Also, when Y = {N}, then

=
Il

Le.
LeA(S):L

N
=2

We can conclude that

=
=)
m
<

Thus, (3) holds.

O
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The following theorem follows from the lemma above.

Theorem 3.5.2. Let L be a sublattice of the lattice of normal subgroups of G
containing the trivial subgroup and G. Assume that L has two vertices M and
N such that the only vertex right below M is N and the only vertex right above

N is M. Now let (Y, L) be a supercharacter theory for M/N such that

?:UyN

yNeYy

is a union of conjugacy classes of G. Then
K={H°)Y : :HeL\{M},Y € Y\ {N}}

is a superclass theory for G.

3.5.2 Connection Between Normal Supercharacter Theories and Star

Products

If we have a set S, then there is a natural way to make Part(S), the set
of all partitions of S, a lattice in which p < ¢ whenever blocks of ¢ be a
union of blocks of p. Let Sup(G) be the set of all supercharacter theories of
G. We define the following ordering on Sup(G). Let (X,K) and (V,L) €
Sup(G). Then (X, K) < (V,L) if £ C L, or equivalently X C ). How-

ever, Sup(G) is not a lattice by defining (X,K)V (W, L) == (¥ VY, KV L)
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and (X, K) A (W, L) == (X ANV, KAL), because although (X V Y, KV L) is
a supercharacter theory, (X A Y, A L) is not (see (Hendrickson 2012, Sec-
tion 3)). However, the meet of arbitrary supercharacter theories of the form
(Xn, Kn) = {Irr(N)\N L 13 {{1}, N\ 1)« ({rr(G/N)\ 11}, ({1}, G/N\1}),
where N is a normal subgroups of G, is a supercharacter theory. More espe-
cially we have the following theorem. Also, this theorem has independently been
proved by Shawn Burkett, a Ph.D student under the supervision of Professor
Nat Thiem from University of Colorado at Boulder. His result builds upon some

of the earlier work of the thesis.

Theorem 3.5.3. Let A be a set of arbitrary normal subgroups. Then

A (Xn, Kn)

NeA
is a supercharacter theory. Moreover, if (X,K) is the normal supercharacter

theory generated by S, then

(X, )= A (Xn.Kn).

Proof. 1t is enough to show that
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has the same superclasses as (X, K) the normal supercharacter theory generated

by S. Precisely, the set of Ayea(s)(Xn, Ky) is

A {1 NA{1}L G\ N}

NEA(S)
Let p € Aneasyi{i1}; N\{1}, G\N}. Then there is a normal subgroup N € A(S)

such that p N N° # (). It is easy to see that N° = p. Thus,

AN (X, Kn) C{N°#0: N € A(S)} =K.

NeA(S)
Now let N° € K. Assume that p € Ayea){{1}, N \ {1},G \ N} such that

pN N° # (). Then it is easy to see that p = N°. Therefore,

A (X Kx) = {N°£0: N € A(S)} = K.

NeA(S)
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4 Normal Supercharacter Theories and

Non-Nesting Partitions

It’s a hard task to classify all the irreducible characters of an algebra group,
as we mentioned before the classification of irreducible characters of the fam-
ily of unipotent upper-triangular matrices is wild. In this chapter we construct
a supercharacter theory for unipotent-upper triangular matrices by using the
normal pattern subgroups. The supercharacters we obtain for unipotent upper-
triangular matrices are indexed by Dyck paths. Andrews (2015) constructed a
supercharacter theory for upper-triangular matrices in which superclasses and
supercharacters are indexed by F,-set partitions (for details see section 2.7). The
torus group acts on the superclasses and supercharacters of Andrews’ construc-
tion. We show that the orbits of this action gives a supercharacter theory that
is identical with the normal supercharacter theory generated by normal pattern

subgroups.
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4.1 Background and Definitions

In this section we present some examples of algebra groups.

4.1.1 Some Examples of Algebra Groups

Algebra group is a group of the form 1+ J where J is a finite dimensional nilpo-
tent associative algebra over a finite field F,. Let I(J) be the set of all two-sided

ideals of J.

Example 1. Let

1 an a3 - A1(n—2) QA1(n—1) Ain
0 1 as -+ azm-2) G2mn-1) Q2n
0 0 1 -+ agm-2 a3m-1) a3n
UT,(q) = taij € Fy
0 0 0 0 1 Q(n—1)n
0 0 0 0 0 1
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Then UT,(q) =1+ J where

0 a2 a3 -+ Aip-2) Ain-1) din
0 0 axg - A2(n—2) A2(n—1) Q2n,
I 0 0 0 -+ azm-2 a3m-1 asy, € F,
0 0 0 0 0 Q(n—1)n
o o0 0 -- 0 0 0

4.1.2 Pattern Groups

Pattern groups are some algebra groups which can be defined in terms of par-
tial ordering. Fix a positive integer n and let P be a partial order on [n] =
{1,2,...,n}, ie.,

PCn]={3Gj):1<i<j<n}

We can depict Hasse diagram of P, which is the diagram whose vertices are
1,2,...,nand if (i,7) € P, then a line is drawn upward from i to j. For example

let

/

4

|

P = 3
|

1 2

where n = 4. Then P = {(1,3),(1,4),(2,3),(2,4),(3,4)}.
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The pattern group Up is the subgroup of UT,(q) given by

Note that UT, is the pattern group correspond to the poset P = [n].

Another example is coming from the local rings. Let (R, m) be a Artinian
local ring such that |R/m| < oo. Then m is a finite dimensional nilpotent
associative algebra over a finite field, and so 1+ m is an algebra group. Diaconis
and Thiem (2009) used the poset structure to describe a variety of group theoretic

structures such as the center, the Frattini subgroups, etc.

4.2 A Normal Supercharacter Theory Corresponding to

Dyck Paths

In this section we construct a supercharacter theory in which every superclass

and supercharacter is correspond to a Dyck path.
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4.2.1 Normal Pattern Subgroups of UT,(q)

Fix a positive integer n and let [n] = {1,2,...,n}. Given a labeled poset P on

[n], we say that P is normal in [n] and write P < [n] if
(i,0) ¢ P imlies (j, k) € P, forall 1<i<j<k<I<n. (4.2.1)

or equivalently, P < [n] if and only if (j,k) € P implies (i,]) € P for all
1 <i<j<k<Il<n. Also, we define normal pattern subgroup Up of

UT,(q) by
Up={X e€UT,(q): X;; =0if i < jand (i,7) € P}.

This lemma shows when normal pattern subgroups are correspond to normal

posets.

Lemma 4.2.1. (Marberg 2011, Lemma 4.1) If P is a poset on [n], then Up <

UT,(q) if and only if P < [n].

Let Up C Ug be pattern groups with corresponding posets P and R. Let %

be the set of pairs given by

R
(17]) € 57 if (Zm]) € R and (17]) gp

Note that % is not necessarily a poset.
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Lemma 4.2.2. (Marberg and Thiem 2009, Lemma 2.1) Let Up C Ug be pattern

groups. Then

R
Ur/Up = {u € Ug : us; # 0 implies (i, j) 5}

is a set of left coset representatives for Ug /Up and a set of right coset represen-

tatives for Up\Uxg.

Now by using the above lemma we show that the product and intersection of

normal pattern subgroups of UT),(q) are normal pattern subgroups of UT,(q).

Lemma 4.2.3. The product and intersection of any two normal pattern sub-

groups of UT,(q) are normal pattern subgroups of UT,(q).

Proof. Let Up and U be normal pattern subgroups with corresponding normal
posets P and R. We show that RUP is a normal poset and also UrUp = Upyur.
Assume that (4, ), (j, k) € PUR, then we have either (without loss of generality)
(i,7) € P and (j,k) € R or (4,7) and (j, k) are in the same poset. In the former
case (i,k) € PUR since 1 < i < j < k and P is a normal poset. In the
latter case it is clear that (i,k) € P UR because both P and R are posets.
Therefore, P UR is a poset. To show that P U R is normal, given an arbitrary
pair (i,j) € PUTR, we have (i,7) is in one of the normal posets, thus for every
1<li<i<j<k<n,wehave ([,k) € PUR. Therefore, P UR is a normal

poset.
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Since Up, Ur C Upyur, we have UpUr C Upyr. By Lemma 4.2.2,

|Urup| = |Urup/Up| |Up|

and also

|Ur||Up|
UrUp| = 77—
UUP Uz N Up|

Note that (RUP)/P is {(i,j) € RUP : (i,j) € P} which is same as {(i,j) €

R :(i,5) ¢ P}. Therefore

|Uz|
|Ur N Up|

’URUP / U P| =
This implies that |Ugrup| = |UrUp| and so Urup = UrUp. Since P and R are
two arbitrary normal posets, the product of any two normal pattern subgroups
of UT,(q) is a normal pattern subgroup of UT,(q).

Also, it is clear from the definitions that UpNUgr = Upng is a normal pattern

subgroup since P NR is a normal poset on [n]. O

Example 4.2.4. Here is the lattice of A({Up : P < [3]}).
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As a result of (Marberg 2011, Corollary 4.1) and (Shapiro 1975, Proposition

2) we have the following corollary.

Corollary 4.2.5. The number of normal subposets P < [n] is the nth Catalan

number C,, = n+r1 (2:)

Corollary 4.2.6. The normal supercharacter theory generated by
{Up : P <[nl}
has C,, superclasses and supercharacter which are
{Up : P <[nl} and {x"% : P < [n]}

respectively.
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Proof. Construct the normal supercharacter theory generated by

{Up : P <[n]}.

Since by Lemma 4.2.3 the product and intersection of two normal pattern sub-

groups are normal pattern subgroups, we have

A(UP P [[n]]) = {U'p P < [[n]]}

We show that the normal supercharacter theory generated by

{Up : P < [n]}

has C,, supercharacters and superclasses. We know that

{Up: P <[n]}

is the set of superclasses of the normal supercharacter theory generated by

{Up : P <n]}.

This is true that Up # () since the matrix X € UT,(q) with X;; # 0if (i,5) € P,
is in Up, but not in any Ug where Q is a normal poset with Ug C Up. By
Corollary 4.2.5,

{Up P <t [n]}] = ..
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By the diagonal of a n x n gird we mean the line from upper left corner
to lower right corner of the gird. Every normal pattern subgroup of UT,(q) is
correspond to a path above the diagonal of a n x n gird, for more details see

(Marberg 2011, Section 4). For example,

1 % * % o —eo
o—eo—e
1 0 = \
Up = corresponds to °
1 = |
*— O
I .

As a result of Theorems 3.2.3 and 3.2.4, we have the following Proposition.

Proposition 4.2.7. Let z € U

> wmUo,Ur ‘U@" |q)| Ug C Up,

R<[n]:

Ug<Ur

XU (x)

- > > wlUr, Un) S| Ug € Up,
R<[n]: T<[n]:
Ug<Ur \ Ug<Ur,Ur<Ur

and

. UT,
X)) = > u(Up, Un)ﬂ (4.2.2)
R<[n]: ’UR‘
UPvUQgUR
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Example 4.2.8. The Hasse diagram of A(S), where S is the set of all normal

pattern subgroups of UTy(q).

A
\ X/

1

i
i
1

/
=
VRN

NS
1
N

|
=

Example 4.2.9. The supercharacter table of the normal supercharacter theory

generated by all normal pattern subgroups of UTy(q). Lett = q — 1.
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2| 2] £ t? —t | =t | 2 =t | =t 1| —t]—t] 1
22| 2 t2 L R e e 0 N I I R R I
U I I 2| -t | 22—t | =t =t —t|1 |1
B I I LA R i B e I I R e 0 N 2 I 2 I A A |

Gt @t Pt =] 0 | @t |- |- 0] 000 0]0

¢t Pt | —¢® | ¢*t | ¢ 0 - 0 |=¢*| 0 0 0 0 0

PP | =Pt 2 | —¢*| 0 | —=¢*t| 0 | ¢ | 0| 0| 0] O0]|O
PP PP | =t 0 | —¢*t| —¢*t| ¢ 0 0 0 0 0 0
ct Pt | =t | —¢®*t| 0 0 7 0 0O ]0]O0]O0O}|O0]O

) e adda e ddad

@t —¢| 0 0 0 0 0 0 0 0 0 0 0 0
Another parametrization for superclasses and supercharacters is by non-
nesting partitions. Let A\ be a non-nesting set partition define two normal pattern

subgroups M), and N, of UT,(q) as below

i = 0 unless there exists
My=49€UT,(q) :

i~jENwithk<i<j<lI
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and

gi; = 0 if there exists & —~ [ € A such that
N,\:{QGUTn<Fq) }

(i,§) # (k) and k < i< j <1

Also for a non-nesting F,-set partition 1 we define

gij = 0 if there exists k -~ [ € n such that
U, = {g € UT,(F,) }

(1,7) # (k,)) and k <i< j<lI
Lemma 4.2.10. Let A be a non-nesting set partition. Then M), and Ny are

normal pattern subgroups.

Proof. Let

P = {(z,j) 14 < j,3g € M)y such that g;; # O}-

We show that P is normal in [n] and Up = M,. Let (k,l) and (I, m) be elements
of P. Then there exists i ~ 7 € A such that £ <7 < j <[. And since [ < m,
there is an element g € M) such that gx,, # 0, and so (k,m) € P and P is a
poset. Also, it is clear from the definition of M) that P is normal, and M, = Up.

Similarly, we can show that there is a normal poset
Q= {(i,j) 11 < j,3g € N, such that g;; # O}

in [n] such that Ny = Ug.
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4.3 Identification with Andrews’ construction

The Torus group 7,(q) is the group of invertible matrices with only nonzero

entries on the diagonal, i.e.,
Tu(q) = {t € GLo(F,)  ty = 0if i # j}.
Define an action of UT,(q) x UT,(q) x T,(q) on the set

{Kp; : n is a non-nesting Fg-set partition}

(a,b,8) Ky = {ta(u = L6 )" u € Ky}

for a,b € UT,(q) and t € T,,(q). For every F,-set partition A, let §(\) be the set
partition obtained from omitting the labels on arcs in A. For instance if \ is
a1

a
3 ay

then 0(\) is

o S v

Note that Uxeo(x,,) & is the union of all K such that d(A\) = n. For every set

partition A let



We aim to construct a supercharacter theory with the set of superclasses
{IC, : A\ is a non-nesting set partition}. The supercharacters are also indexed by
non-nesting set partitions, and are easiest to describe via their character formula.

For every g € K, define

Proposition 4.3.1. The pair
{rx:ANENNS,}{¥r: A€ NNS,})
is a supercharacter theory for UT,(q). Moreover, for every g € K,

if there are noiv —~ j € X and

A Yaper, [limjer0(ab) . | ¢ v with (i,7) # (k,1)

1~jEY

1<k<l<y

0 otherwise,

where ¢y = |UT,(q) : U,| for every n € NNS,(q) with 6(n) = X.

Proof. 1t is clear that {ICy : A € NNS,} is a partition of G and {W¥, : X\ €
NNS,} is a set of characters which their constituents are all irreducible char-
acters of UT,(q) and each pair of these characters have no common irreducible
characters in their constituents. So it is enough to show that every W, is constant

on every K, for \,y € NNGS,,.
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Since all F-set partitions n with d(n) = A have the same shape, By Propo-

sition 2.7.2, for every g € K, = UKeo(K[n]): K, we have
5(m)=v

if there are no¢ —~ j € X and

Yonwenns,(: Xl (DIl e, 0(ab) 1 e ~ with (4, §) # (k, 1)
_ a(m)=A b
\Ij)\(g) - §(w)=v v Ew

1<k<l<yg

0 otherwise.

Remember that

Xin] (1) _ |UTn(Q) . U77| _ q|{(i,j):i<j and there exists k-~l€n with (i,§)#(k,l) and k§i<j§l}’

is independent from labeling. Therefore, for every n; and 7y in NN S, (q) with

d(m) = d(n2) = A, it follows x[;,1(1) = X1 (1) = ca. Therefore,

if there are no 7 —~ j € A and

3 nwednsar iz ey 9(00) k~ 1 € v with (i,5) # (h,1)
Ua(g) = Sy—y W

1<k<l<y

0 otherwise.

111



We conclude that

if there are no i ~ j € A and
A Ya,ber, Hi:;éi 0(ab) & ~ 1€~ with (4,5) # (k,1)

1<k<l<y

0 otherwise.

The last expression shows that ¥,(g) is independent from labeling, and so we

can see that W,(g) is constant for every g € K,. O

Example 4.3.2. The supercharacter table of supercharacter theory

({IC)\ : )\GNNS4},{\I;)\ : )\GNNS4})

112



ecoe m e edon (XX 2] (2 XY §d%% | ¥ es | do¥s [e6be | 6oen | 6Wve |0 dWs | WD

eeee| 1 1 1 1 1 1 1 1 1 1 1 1 1 1

esve| © t t t t t t t t -1 ¢t |-1]-1|-1

| 2| 2 12 12 —t | —t 2o =t =t ] 1| —t]|—-t]1
anve| 12| 12 t2 t2 t? —t t? —t | 2| =t | —t] 1| —-t]|1
eivn| 2| 2 12 12 —t 12 12 22—t | —t| —t|—t] 1 1

D I I T A B A R M B A I Il I e O N I N B A S

| Pt Pt Pt | —¢*| 0 ¢t | =@ |- 0] 0] 00|00

el Pt | ¢t | —¢* | ¢*t | ¢t 0 —¢*| 0 |=¢*| 0 0 0 0 0

oo | PP =Pt Pt | ¢t 0 | —=¢*| 0 | ¢Z | 0| 0] 0] 0|0

oo | PP Pt =Pt 0 | =t —¢*| ¢# | 0] 0] 00|00

ao | PP PR =Bt —¢t] 0 0 7 0 0 0|0 | 0] 01O

| Pt | =@ | 0 0 0 0 0 0 0 0 0 0 0 0

Note that the above table is same as the table in Example 4.2.9 after reorder-

ing the rows. This leads us to the following theorem.

Theorem 4.3.3. The supercharacter theory

{Krx:ANe NNS,},{¥\: A€ NNS,})

is the same as the nmormal supercharacter theory generated by mormal pattern
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subgroups. More specially
Ky = My and X' = Xa-

Proof. We claim that
gi; # 0 for all i ~ j € A\, and g = 0 unless
My =19 UT,(q):
there exists 1 ~ j € A with £k <i < j <l

Let g € M. Assume that for some i —~ j € A, g;; = 0. Let

Alz{k/\leA:k:AlyéiAj}UA

where
{i—1~j} if j=n,i#1
A —
{i ~j—1} if j A0 =1
1] if j=n,1=1.

We can see that g € M, and M,, C M,, so g ¢ My. This proves the claim.

Note that

gij = a for all 2 /a\j en and Jrl = 0 unless
K[Tﬂ = {9 € UTn(Fq) }

there exists i ~ j € nwith k <i<j <l
So it is easy to see that

gi; # 0 foralli ~ j € A\, and g = 0 unless
U K[ﬁ] =449 c UTn(q) :

"E{s\f(%i"/\(qy there exists i ~ j € A with £k <i < j <l
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Therefore, the supercharacters of normal supercharacter theory generated by
normal pattern subgroups are a multiple constant of supercharacters of Andrews’
construction glued by two-sided torus action, i.e., {¥, : A € NNS,(q)}. We will

show that precisely they are same and

First we show that

Note that
X (1) = |UTu(q) : Uy,
and so
)= > xwl)=(g— )FIMNUTL(g) : Uyl.
nENNS,(q):
3(m)=X

By Theorem 3.2.3
R = X p(Na, M)UT(a) : M| = (g — ) VEHUTL (g) s Ny (4.3.1)
NyCM

Since U, and N has the same cardinality, therefore,
XM(1) = waA(1).

This shows that actually the set of two supercharacters {x™* : A € NNS,} and
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{U,: A€ NNS,} are the same. Let g € N,. Then

Mg =XM== Y xmM= X > x).

nENN S (q): nENNS,(q) big(v)=n
S(m)=A s(m)=A

As a result of (Marberg 2011, Lemma 4.5), we have

oo M= 3 Y xl) =)

nENN Sn(q) big(v)=n nENN Sy (q) big(v)=n
§(m)=x §(m)=x

Therefore,
XN;(Q) = XN;(l) = U, (1) = ¥a(9)

for every g € Ny. So Ny C ker V,.

From 4.3.1 we have that the supercharacters in {x™x : A\ € NNS,} and
{U,: A € NNS,} with same degree are identical, i.e., for a fix positive integer
d,

OB M (1) =d, A€ NNS,} = {0, : U, (1) =d, A\ € NNS,}.

Moreover the only characters in the both sets that has /N, in their kernels are

x™* and Uy. Therefore,

for all g € UT,(q).
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4.3.1 Inflation of Normal Supercharacter Theory Generated by Pat-

tern Subgroups of UT,(q)

Let CSC(UT,(q)) be the vector space generated by the set of supercharacters

of normal supercharacter theory generated by normal pattern subgroups, i.e.,
CSC(UT,(q)) = C-Span{x™3 : A € NNS,}.

Let

CSC = (P CSC(UT,(q)),

n>0

where by convention we let
CSC(UTy(q)) = C-{x""0},

where ()y is the empty set partition of the set with 0 elements.
Throughout this section we identify Y by x*. Furthermore, we write A < w

when M, C M,,. Define a product on CSC by
UTm n
XY= InfUTm(t])(quTn(q)(X x )= (xx¢)om,

where xy € CSC(UT,,(q)), v € CSC(UT,(q)), and Inf is the inflation functor

coming from the quotient map

UT,.(q) 0
7 Ul pin(q) —

= UTn(q) x UT,(q)-
0 UT,(q)
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Let \€ NNS,, and u € NNS,,, denote by A\ —~ u the arc diagram of seating
A and p side by side and adding m to the nodes of x and then connect m and

m + 1 by an arc.

Example 4.3.4. Let

2 3 4
and
S T S
Then
A~pu=e ° ° °
1 2 3 4 5 6 7 8 9

Theorem 4.3.5. Let \ € NNS,, and iy € NNS,,. Then

UTin —~
InfUTm;UTn<X>\ x x") = X/\ "

Proof. Let g € My and w(M;) = Mg ® Mg,. Then 7(g9) = g1 ® g» where

g1 € Mz?m and g9 € Mz?n Note that v, = I/’[m] and v, = V|[m+n]\[m}. By 4.2.2,

Ur,,
Mo = M(A,m)|M|
MENNS,: | 771|

vn <n1,A<n1

and

Ur,
X(g2) = D u(u,ng)‘M §
n2€NNSy,: | 712’

Um <n2,u<n2
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Therefore,

(O % X (91 ® g2) = xMg1)- X" (g2) =

UT,| UT, |
> uAm) > wlp,ne) =
MENNSH,: ’Mn1| 2 ENNSy: |M772|
Um <n1,A<m vn <m2,u<nz

|UT,||UT,|
p(A, 771)#(#7 772) .
o 30, ||
T]QENNSn:
Um <n1,A<n1
v <n2,u<n2

Note that

|UTm||UTn| _ |UTm+n|
| Moy, || M| [ Mgy~ |”

A~ pu<n —~nifand only if A < n; and pu < s,

M()\,Th)ﬂ(l% 772) = M(/\ T 772)

, and

Vm <11 and v, <1 if and only if v < n; —~ 7.

Also, A —~ v < 7 if and only if 1 can be written as 17, — 1, where n; € NN.S,,

and 1, € NNS,,. Therefore,

O X X*) (g1 ® o) =

UTm n —~
> u(kﬁu,n)i’ M+ | =M
nENNSm+nZ ‘ 77‘
v<m,A~u<n

As our choose of M7, A\, and p are arbitrary, we conclude that for all A € NNS,,

and p € NNS,,

UTmin —~
InfUTm;UTn(XA x x") = X)\ k.

119



Example 4.3.6.

Infy mim (X% X X@) =

UTpxUTy, X
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