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Abstract

Functional linear regression is a prominent field within the domain of functional

data analysis, with extensive applications in various domains such as biomedical stud-

ies, brain imaging, and chemometrics. However, despite the abundance of literature

on functional linear regression, limited attention has been devoted to addressing

outliers or heavy-tailed distributions in the data. Consequently, robust statistical

analysis remains an underdeveloped practice in this area. The primary objective

of this dissertation is to enhance the utilization of robust methods for modeling

functional linear regression by primarily focusing on robust estimation techniques,

hypothesis testing procedures that are resilient to outliers or heavy-tailed distribu-

tions, and robust variable selection methods.

First, we consider the problem of robust estimation in partial functional linear

models under RKHS framework. The theoretical properties of robust estimation sim-

ulation studies are discussed in this chapter. Furthermore, two real data examples

are presented to illustrate the performance of the robust procedure.
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Then, we extend three robust tests: Wald-type, the likelihood ratio-type and F-

type in functional linear models. Meanwhile, we investigate the theoretical properties

of these robust testing procedures and assess the finite sample properties through the

numerical simulation.

Finally, we propose a robust variable selection method in multiple functional

linear regression and present a novel algorithm for identifying significant functional

predictors using a robust group variable inflation factor (VIF) selection procedure.

Our methodology is validated through rigorous simulation studies as well as its ap-

plication to real-world data.

To ensure the cohesiveness of this dissertation, Chapter 1 provides an introduction

to the research background, mathematical foundations, and primary motivations un-

derlying this study. Chapter 2 presents a comprehensive overview of basis expansion

methods for functional data analysis. Lastly, Chapter 6 concludes this dissertation

by offering potential avenues for future research.
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1 Introduction

1.1 Functional Data Analysis

In recent decades, there has been a significant increase in the continuous record-

ing of data over a time interval or intermittently at discrete time points. This growth

can be attributed to major advancements in data collection technology, which have

led to the emergence of the revolutionary concept of “Big Data”. The distinguishing

feature of these datasets is their infinite-dimensional structure, where the primary

unit of observation can be conceptualized as a curve or more generally as a function.

Such data can be referred to as functional data, giving rise to the rapid development

of a novel field in statistics known as functional data analysis (FDA). From a math-

ematical perspective, they can inherently be considered as realizations of functional

random variables or trajectories of suitable stochastic processes. Failure to consider

the functional characteristics of this type of data when employing conventional mul-

tivariate methods for analysis can lead to significant challenges, including the curse
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of dimensionality, collinearity issues, and loss of valuable information. In such sce-

narios, specific statistical techniques are indispensable for effectively handling and

extracting relevant underlying information.

The presence of functional data is pervasive across diverse scientific disciplines,

underscoring their natural occurrence. For instance, econometrics encompasses curves

representing financial assets, energy research involves curves depicting electricity de-

mand, and environmental science incorporates curves illustrating pollutant levels.

Moreover, advancements in technology have expanded the scope of this field to en-

compass other domains such as spatial and imaging domains, as well as genomic loca-

tions. A plethora of methodologies and applications including both parametric and

nonparametric approaches have been comprehensively summarized in Ramsay and

Silverman (2005), Ramsay and Silverman (2007), Ferraty and Vieu (2006), among

numerous other scholarly works.

1.1.1 What Is Functional Data?

The fundamental unit of functional data analysis is a function, where one or

multiple functions are recorded for each subject in a random sample (Wang et al.,

2016). In the context of functional data, the optimal units of the observation are

functions defined on a continuous domain, with each function being sampled on a
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discrete grid. This grid can be either dense or sparse, regular or irregular, and

may vary across the sampled functions (Morris, 2015). The basic idea in FDA is to

regard functional data as realizations of an underlying stochastic process. In practical

applications involving real data, if a random variable Xptq is observed on a discrete

grid t P T , where T typically represents a compact interval on the real line and t

usually denotes time, it can be assumed that tXptq : t P T u constitutes a functional

random variable when the time instants t are sufficiently close. It should also be

noted that the independent parameter denoted by t, often conceptualized as time,

has the flexibility to represent any other parameter. For example, in a spectrometer

data set, the response is determined by wavelengths, while in a chemometric study

on material weight decay under applied heat, the mass loss curve with temperature

would be recorded.

Definition 1.1 Given a probability space pΩ,B,Pq, a functional random variable

tXptq : t P T u is a B-measurable mapping from sample space Ω to an infinite

dimensional space or functional space F . B is typically a σ-algebra.

Definition 1.2 Given a functional random variable X, a n-length functional ran-

dom sample of X is a set of independent and identically distributed functional

random variables tXi, i “ 1, 2, ¨ ¨ ¨ , nu with the same distribution as X.

Definition 1.3 An instance of the functional random variable will be called as
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functional data. And a data set X1, X2, ¨ ¨ ¨ , Xn containing n functional random

variables is a functional data set. Here we note that the random variable X being a

function must have a defined support S “ tXptq : t P T u. The support set S can be

from uni-dimensional or multidimensional set of positive reals.

Typically, functional data is observed and recorded on a grid, which may or may

not be predefined. It is essential to consider the spacing between the grid points.

If the data is collected at regular intervals, it will be aligned on an equally spaced

grid, referred to as balanced functional data. However, in many experimental sce-

narios, the grid points are not predetermined, resulting in irregularly recorded data.

Despite being functionally natured, such datasets are termed imbalanced functional

data. Although we acknowledge that imbalanced datasets are prevalent in natural

phenomena, this work does not delve into their specifics; instead, all applications

considered in this document assume an equally spaced grid.

1.1.2 Some Real Data Examples

In terms of intricacy, functional data can be broadly classified into two categories

based on their origin’s simplicity-the first generation and the next generation. The

first generation functional data set consists of curves, which is most common when a

single dataset is considered. On the other hand, the next generation functional data
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is derived from complex data objects and involves more profound analysis problems

(Wang et al., 2016). These datasets may exhibit various structural elements such as

correlation, repeated measurements, or other inherent characteristics. Our research

primarily focuses on analyzing the first generation functional data, and all real ex-

amples provided in this section fall within this category. Several of these examples

have been extensively examined throughout our studies.

Example 1.1 Handwriting Data

The first example comes from fda package (Ramsay and Silverman, 2005). The

dataset consists of 20 samples of the word “fda” written in cursive. Each sample

includes 1401 pairs of px, yq coordinates, representing the pen’s position over time.

Figure 1.1: Records of 20 cursive samples for writing “fda”
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Example 1.2 Canadian Weather Data

The second example is derived from the Canadian Weather dataset, which encom-

passes averaged daily temperature and precipitation records at 35 distinct locations

across Canada spanning from 1960 to 1994. Functional data analysis methods ap-

plied to the Canadian weather data have been extensively explored in numerous

seminal works. By loading the R package fda, we can extract the mean temperature

curves as demonstrated below.

Figure 1.2: Canadian Weather Data: 35 mean temperature estimated curves

Example 1.3 Diffusion Tensor Data

The third example pertains to the Diffusion Tensor Imaging (DTI) study data, which

were collected at Johns Hopkins University and the Kennedy-Krieger Institute. This

data-set is available in R package refund. Diffusion tensor imaging (DTI) tractog-
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raphy is a magnetic resonance imaging technique that enables the quantification of

water’s restricted diffusion within tissue, facilitating the generation of neural tract

images. It allows the study of white-matter tracts by measuring the diffusivity of wa-

ter in the brain:within white-matter tracts, water diffuses anisotropically along their

direction, while elsewhere it diffuses isotropically. Fractional anisotropy (FA) mea-

sures water molecule diffusion at each voxel and profiles along both corpus callosum

and right corticospinal tracts.

Figure 1.3: Fractional anisotropy profiles along corpus callosum (CC) and the right

corticospinal tract(RCST). The associated Paced Auditory Serial Addition Test

scores (PASAT) of the 100 multiple sclerosis patients.

Example 1.4 Near-infrared Spectroscopy Data

Quantitative NIR (near-infrared spectroscopy) data was obtained from Osborne et al.
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(1984). This dataset comprises 72 sample sets, with variations in the standard recipe

to encompass a wide range for each of the four constituents: fat, sucrose, dry flour,

and water. The measurements for these constituents are expressed as percentages.

Spectra were collected between 1100 and 2498 nanometers (nm), with increments of

2 nm, resulting in densely observed functional predictors on a grid of 700 points.
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Figure 1.4: NIR(near-infrared reflectance) spectrum measured from 1100 to 2498

nanometers (nm) in 2 nm increments.

Example 1.5 Fat Content Spectrometric Data

The Fat Content Spectrometric (FCS) data pertains to a sample comprising 215

finely chopped meat pieces. This dataset is a component of the Tecator dataset,

which can be accessed through the R package fds and is also available on the web-

site (http://lib.stat.cmu.edu/datasets). Each sample encompasses a 100-channel ab-
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sorbance spectrum within the wavelength range of 850-1050 nm. Every spectrum in

the database corresponds to an analytical chemistry-derived content description of

the meat sample, encompassing percentages denoting fat, water, and protein (Rossi

et al., 2005).

Figure 1.5: Fat content spectrometric data: absorbance trajectories of 215 meat

samples measured over 100 equally spaced wavelengths between 850 nm and 1050

nm.

1.1.3 Functional Linear Regression

The concept of Functional linear regression (FLR) was initially introduced by

Ramsay and Dalzell (1991) and further refined in its common form by Hastie and

Mallows (1993), which is a powerful tool in functional data analysis, utilized for

modeling the relationships between functional predictors and responses. Functional
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linear regression aims to extend the applicability of linear models into the functional

domain, which can be seen as a continuous counterpart of multivariate linear regres-

sion.The FLR methodology finds applications in diverse domains, including finance

(for the prediction of stock prices based on historical data), medicine (in the analysis

of growth curves), and environmental science (for modeling pollution levels) (Ramsay

and Silverman, 2005; Müller, 2005; Morris, 2015).

The issue of functional linear regression modeling is an active area of research, and

it can be categorized into three types based on the nature of the variables: (1) scalar-

on-function models where scalar responses are modeled with functional covariates, (2)

function-on-function models where functional responses are modeled with functional

covariates, and (3) function-on-scalar models where functional responses are modeled

with a set of scalar covariates. Our research primarily focuses on scalar-on-function

linear models, which can be defined as follows:

Y “ α `

ż

T
βptqXptqdt ` ε, (1.1)

where Y is a scalar response and Xptq is a potential functional covariate with a

compact set T Ă R, βptq is a coefficient function to be estimated, α is an unknown

intercept, and ϵ is a random error being independent with Xptq. In the field of

functional predictor regression, most methodological advancements have adhered to

the overarching framework proposed by Ramsay and Silverman (2005), employing
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diverse choices of basis functions and regularization techniques. Similar to traditional

linear models, a key challenge lies in estimating the coefficient function βptq. Initially,

one could adopt a naive approach such as ordinary least squares (OLS) or impose

certain constraints. However, dimension reduction and the selection of an appropriate

basis for expansion pose significant challenges in the analysis of functional linear

regression.

1.2 Robust Statistics

1.2.1 Why Robust Statistics Is Needed?

The field of robust statistics, in a broad and informal sense, addresses the inherent

limitations associated with numerous assumptions commonly employed in statisti-

cal analysis, such as normality, linearity, and independence. One rationale behind

this approach is the presence of outliers; these outliers represent data points that

exhibit significant deviation from the majority of observations and have the poten-

tial to substantially distort traditional statistical methodologies even when only a

single outlier is present. Another reason is that idealized model assumptions often

fail to capture the empirical nature of many real-world phenomena. For instance, a

widely adopted assumption in statistical modeling is that observed data conforms to

a normal (Gaussian) distribution. This assumption has served as the fundamental
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framework for classical methodologies in regression, analysis of variance, and mul-

tivariate regression. However, this assumption can be easily violated in practical

applications where the actual distributions of data exhibit heavy tails. In such cases,

estimates based on classical methods may suffer from significantly reduced statistical

efficiency or substantial bias.

Consequently, robust statistical procedures have been developed as adaptations

of classical methods to accommodate minor deviations from the assumed conditions.

This objective remains valid not only when the data strictly adhere to a given distri-

bution but also when they approximately conform to it, as previously described. In

briefly, Huber and Ronchetti (2011) gave a relatively narrow definition for “robust-

ness”: robustness signifies insensitive to small deviations from the assumptions or

being less influenced by outliers. Naturally, there exist fundamental tools employed

for assessing the robustness of an estimator, namely sensitivity curve, influence func-

tion, and breakdown point (value). However, we will not delve into the complexity

of their definitions and theoretical backgrounds, as the scope of our work does not

cover this aspect.
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1.2.2 M-estimation

Robust regression is a crucial tool for analyzing data contaminated with outliers,

enabling the detection of outliers and providing resistant results in their presence.

Numerous methods have been developed to tackle these challenges, including M-

estimator, L-estimator, and R-estimator. These robust estimators extend the concept

of maximum likelihood estimation (MLE) proposed by Huber (1964). Let X denote

the sample space and Θ represent the parameter space. Assume an estimator Tn “

Tnpx1, x2, ¨ ¨ ¨ , xnq P Θ satisfies the optimal equation

min
n
ÿ

i“1

ρpxi;Tnq, (1.2)

where ρp¨q is a properly chosen function on X ˆΘ, then Tn is called an M-estimator.

If the loss function ρ has a derivative ψpx, θq “
Bρpx, θq

Bθ
, the estimate Tn satisfies

the implicit equation
n
ÿ

i“1

ψpxi;Tnq “ 0. (1.3)

Typically, equations (1.2) and (1.3) are not always equivalent; however, equation

(1.3) is often valuable in the pursuit of a solution for equation (1.2). The maximum

likelihood estimator is also an M-estimator, corresponding to ρpx, θq “ ´ ln fθpxq,

and fp¨q is the density function.

Remark 1.1 The well known families of robust loss function are Huber’s, Tukey’s
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and Hampel’s families. Unlike the standard least square loss function ρpxq “ x2,

these loss functions have the property that ψpxq “ ρ1pxq is bounded.

• Huber’s family of loss function is given by (Huber, 1964)

ρpxq “

$

’

’

’

&

’

’

’

%

x2

2
, if |x| ď c,

c

ˆ

|x| ´
c

2

˙

, if |x| ą c,

(1.4)

with threshold parameter c ą 0. This is a convex, but not strictly convex loss

function.

• Tukey’s bisquare family of loss function is given by (Beaton and Tukey, 1974)

ρpxq “

$

’

’

’

’

’

&

’

’

’

’

’

%

c2

6

»

–1 ´

˜

1 ´

ˆ

x

c

˙2
¸3

fi

fl , if |x| ď c,

c2

6
, if |x| ą c,

(1.5)

with parameter c ą 0. This loss function is not convex but can better deal

with extreme outliers.

• Hampel’s family of loss function is given by (Hampel, 1974)

ρpxq “

$

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

%

x2

2
, if |x| ď a,

a|x| ´
a2

2
, if a ă |x| ď b,

a

2

«

2b ´ a ` p|x| ´ bq

ˆ

1 `
c ´ |x|

c ´ b

˙

ff

, if b ă |x| ď c,

a

2
pb ` c ´ aq, if |x| ą c,

(1.6)
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with non-negative parameters 0 ă a ă b ă c. The loss function also exhibits

non-convexity, wherein the contribution to the loss remains unchanged when

the observations are far from the center (Wilcox, 2011).

In summary, robust procedures are designed to effectively handle contaminated

data by exhibiting less sensitivity towards outliers and deviations from distributional

assumptions on random errors. Firstly, robust methods employ diverse loss functions

to mitigate the impact of outliers, encompassing concerns related to outliers in co-

variate variables. For instance, according to the Huber’s loss function, it can be

observed that for values of |x| ď c, the Huber loss exhibits characteristics similar to

the squared error loss, thereby demonstrating sensitivity towards small errors. Con-

versely, when |x| ą c, the loss function becomes linear, which reduces the influence

of large residuals (outliers). In contrast to the abrupt corner at zero in the absolute

error loss, the Huber loss exhibits smoothness throughout, thereby offering potential

advantages for optimization algorithms. Secondly, robust methods typically have a

high breakdown point value, indicating their ability to withstand substantial con-

tamination without compromising accuracy. Lastly, robust methodologies often em-

ploy flexible models that are not heavily reliant on stringent assumptions regarding

the distribution of data, thereby enhancing their adaptability to real-world datasets

which frequently exhibit imperfections and complexities.
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1.3 Some Mathematical Foundations of Functional Data Anal-

ysis

In this section, we present an exposition on the mathematical underpinnings of

functional data analysis. The contents of this segment have been succinctly summa-

rized in Hsing and Eubank (2015).

1.3.1 Vector and Functional Space

Firstly, this section aims to elucidate some fundamental concepts that are indis-

pensable for introducing the definition of functional space.

Definition 1.4 A metric on a set M is a function d: M ˆ M Ñ R that satisfies:

1. dpx, yq ě 0, Non-negativity.

2. dpx, yq “ 0, if x “ y, Identity of indiscernible.

3. dpx, yq “ dpy, xq, Symmetry.

4. dpx, zq ď dpx, yq ` dpy, zq, Triangle inequality.

Definition 1.5 Let pM, dq be a metric space with E Ă M. Then, E is said to be

open if for every e P E there exists an ϵ ą 0 such that tx P M : dpx, eq ă ϵu Ă E.
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That is, if every point in E has a neighborhood contained in E, E is open. Otherwise,

E is closed.

Definition 1.6 (Countable and Dense)

1. The closure sE of E Ă M is the smallest closed set in E that contains E.

2. A set E Ă E is dense in E, if sE “ E.

3. A set E is countable if there exists an injective (one-to-one) function f from

E to the natural numbers N “ t0, 1, 2, 3, ¨ ¨ ¨ u.

4. A metric space E is separable space if it has a countable, dense subset.

Definition 1.7 A vector space V is a set of elements, referred to as vectors, for

which two operations have been defined: addition and scalar multiplication. Given

vectors v1,v2 P V and a1, a2 P R, the addition and multiplication operations are

assumed to satisfy

1. v1 ` v2 “ v2 ` v1.

2. v1 ` pv2 ` v3q “ pv1 ` v2q ` v3.

3. a1pa2qv “ pa1a2qv.

4. apv1 ` v2q “ av1 ` av2, and pa1 ` a2qv “ a1v ` a2v.
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5. 1v “ v.

In addition, there is a unique element 0 with the property that v ` 0 “ v for every

v P V and corresponding to each element v there is another element ´v such that

v ` p´vq “ 0.

1.3.2 Operators and Random Elements in a Hilbert Space

Definition 1.8 LetH1 andH2 be normed linear spaces (vector spaces) over the same

scalar field F. A mapping L defined over a linear subspace DL of H1 (DL Ď H1),

and taking values in H2 is said to be a linear operator if

Lpα1x1 ` α2x2q “ α1Lx1 ` α2Lx2, (1.7)

for x1,x2 P DL and scalar α1, α2 P F, DL is the domain of the operator L.

Definition 1.9 Let H1 and H2 be normed linear spaces (vector spaces) with norm

} ¨ }Hi
, i “ 1, 2. A linear operator L is called bounded if there exist a finite constant

C, such that

}Lx}H2 ď C}x}H1 , (1.8)

for all x P DL. Then C is called a bound of L.

Remark 1.2 From Definition 1.9, if a linear operator is bounded, it implies that

sup
xPD

}x}H1
ď1

}Lx}H2 ă 8.
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Example 1.6 (Identity operator) LetH be a Hilbert space. The identity operator

I : H Ñ H defined by Ix “ x, x P H, is linear and bounded with }I} “ 1 when

H ‰ t0u.

Example 1.7 (Integral operator) Let pΩ,A, µq is a σ´finite measurable space,

and K be some square integral function on A ˆ A. The linear mapping defined by

pLxqpsq “

ż

Ω

Kps, tqxptqdµptq, (1.9)

is a bounded linear operator. The function Kps, tq is called a kernel function.

Theorem 1.1 Suppose L : Fn Ñ Fm is a linear operator. Then there exists a unique

m ˆ n matrix Amˆn such that Lx “ Ax, @x P Fn.

Proof. Suppose ϵ1, ϵ2, ¨ ¨ ¨ , ϵn is a standard basis of Fn, ϵ1, ϵ2, ¨ ¨ ¨ , ϵm is standard basis

of Fm, then x “ ϵ1x1 ` ¨ ¨ ¨ ` ϵnxn. Lx “ Lpϵ1x1 ` ¨ ¨ ¨ ` ϵnxnq “ x1Lϵ1 ` ¨ ¨ ¨ `xjLϵj `

xnLϵn. Note that Lϵj P Rm, j “ 1, ¨ ¨ ¨ , n, then we have Lϵj “ a1jϵ1`¨ ¨ ¨`amjϵm, j “

1, 2, ¨ ¨ ¨ , n. Therefore, we can arrange these scalars in an m ˆ n matrix:

A “

»

—

—

—

—

—

—

—

—

—

—

—

–

a11 a12 ¨ ¨ ¨ a1n

a21 a22 ¨ ¨ ¨ a2n

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

am1 am2 ¨ ¨ ¨ amn

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

and Lx “

»

—

—

—

—

—

—

—

—

—

—

—

–

a11 a12 ¨ ¨ ¨ a1n

a21 a22 ¨ ¨ ¨ a2n

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

am1 am2 ¨ ¨ ¨ amn

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

—

—

—

—

—

—

—

–

x1

x2

¨ ¨ ¨

xn

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“ Ax. (1.10)
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Example 1.8 Let L : R3 Ñ R3 defined by Lx “ pax1 ` bx2 ` cx3, dx1 ` ex2 ` fx3q

for some a, b, c, d, e, f P R. Then, with respect to the canonical basis of R3 given by

p1, 0, 0q, p0, 1, 0q, p0, 0, 1q, the corresponding matrix is

A “

»

—

—

—

–

a b c

d e f

fi

ffi

ffi

ffi

fl

.

Example 1.9 Let L : R2 Ñ R3 defined by Lx “ px2, x1 `2x2, x1 `x2q
T . Then, with

respect to the standard basis, we have Lp1, 0qT “ p0, 1, 1qT ,Lp0, 1qT “ p1, 2, 1qT , and

the corresponding matrix is

A “

»

—

—

—

—

—

—

—

–

0 1

1 2

1 1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

Definition 1.10 Tensor product Let vector v “ pv1, v2, ¨ ¨ ¨ , vnq1 P Rn and u “

pu1, u2, ¨ ¨ ¨ , umq1 P Rm, then Tensor product (outer product) of v and u is given by

v b u “

»

—

—

—

—

—

—

—

—

—

—

—

–

v1

v2

...

vn

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

b

»

—

—

—

—

—

—

—

—

—

—

—

–

u1

u2

...

um

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“

»

—

—

—

—

—

—

—

—

—

—

—

–

v1u1 v1u2 ¨ ¨ ¨ v1um

v2u1 v2u2 ¨ ¨ ¨ v2um

... ... . . . ...

vnu1 v2u2 ¨ ¨ ¨ vnum

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“ vuT . (1.11)

When considering functional data, the smoothness of a function mapping from

one metric space to another becomes a crucial aspect, as it determines how the value
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of the function changes with variations in its argument. Continuity is regarded as

the fundamental form of smoothness.The mathematical theory of functional data

analysis is expounded in greater detail in (Hsing and Eubank, 2015).

1.3.3 Karhunen–Loève Decomposition

In the theory of stochastic processes, the Karhunen–Loève theorem (named af-

ter Kari Karhunen and Michel Loève), also known as the Kosambi–Karhunen–Loève

theorem, provides a representation of a stochastic process as an infinite linear combi-

nation of orthogonal functions, similar to a Fourier series representation of a function

on a bounded interval. This theorem is closely associated with the widely employed

principal component analysis (PCA) technique in multivariate scenarios. Further-

more, this principle serves as the fundamental basis for the theory of functional

principal component analysis (FPCA, hereinafter).

Theorem 1.2 (Mercer’s Theorem, Shorack and Wellner (2009))

Let Kps, tq be a symmetric, non-negative definite, continuous function on pa, bqˆ

pa, bq. There exists a countable sequence of functions ϕjptq and a sequence of positive

real numbers λj such that for any s, t P pa, bq, the kernel function can be expressed

as

Kps, tq “

8
ÿ

j“1

λjϕjpsqϕjptq
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where the value λj and the function ϕj satisfies the integral eigenvalue equation:

ż b

a

Kps, tqϕjpsqdt “ λjϕjptq.

The quantity λj is referred to as an eigenvalue of the kernel function K, while

the corresponding function fj is known as its associated eigenfunction. Furthermore,

it holds that the series
8
ř

j“1

λj converges. One of its main applications is to find

convenient ways for expressing stochastic processes through the Karhunen–Loève

expansion.

Theorem 1.3 (Karhunen–Loève Decomposition, Wang (2008))

Suppose Xptq is a stochastic process indexed by t in a finite interval T and

take some values in L2pΩ, P q for some probability space pΩ, P q. Without loss of

generality, we assume that EpXptqq “ µptq “ 0, and covariance function Kps, tq “

CovrXptq, Xpsqs “ EpXpsqXptqq. Then, the process Xptq can be written down as:

Xptq “

8
ÿ

i“1

ξiϕiptq, where ξi “

ż

T
Xptqϕiptqdt,

and Epξiq “ 0, Covpξiξjq “ λiδij, and V arpξiq “ λi.

22



Proof. (a) If we let ξi “
ş

T Xptqϕiptqdt, then we have

Epξiq “Ep

ż

T
Xptqϕiptqdtq

“

ż

T
EpXptqqϕiptqdt

“0.

Epξiξjq “Ep

ż

T

ż

T
XptqϕiptqXpsqϕjpsqdtdsq

“

ż

T

ż

T
EpXptqXpsqqϕiptqϕjpsqdtds

“

ż

T
p

ż

T
Kpt, sqϕiptqdtqϕjpsqds

“λi

ż

T
ϕipsqϕjpsqds

“λiδij.

Note that ϕp.q is orthonormal and δij is Kronecker Delta, therefore we have V arpξiq “

λi ˆ 1 “ λi. Also, we note that

EpXptqξiq “EpXptq

ż

T
Xpsqϕipsqdsq

“

ż

T
EpXptqXpsqqϕipsqds

“

ż

T
Kpt, sqϕipsqds

“λiϕiptq.
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Hence,

EpXptq ´

n
ÿ

i“1

ξiϕiq
2

“EpXptq2 ´ 2
n
ÿ

i“1

ξiϕiptqXptq `

n
ÿ

i“1

n
ÿ

j“1

ξiξjϕiptqϕjptqq

“EpXptq2q ´ 2
n
ÿ

i“1

ϕiptqEpXptqξiq `

n
ÿ

i“1

n
ÿ

j“1

ϕiptqϕjptqEpξiξjq

“EpXptq2q ´ 2
n
ÿ

i“1

ϕiptqλiϕiptq `

n
ÿ

i“1

λiϕ
2
i ptq

“EpXptq2q ´

n
ÿ

i“1

λiϕ
2
i ptq Ñ 0, n Ñ 8,

uniformly by Mercer’s theorem (there exist ϕjpsq and λj such that EpXptq2q “

8
ř

i“1

λiϕiptqϕiptqq. Then, Xptq “
8
ř

i“1

ξiϕiptq.

(b) Conversely, if Xptq “
8
ř

i“1

ξiϕiptq, then

Kps, tq “EpXpsq, Xptqq

“

8
ÿ

j“1

8
ÿ

i“1

ϕjpsqϕiptqEpξiξjq

“

8
ÿ

j“1

λjϕjpsqϕjptq.
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Hence,

ż

T
Kps, tqϕiptqdt “

ż

T

8
ÿ

j“1

λjϕjpsqϕjptqϕiptqdt

“

8
ÿ

j“1

λjϕjpsq

ż

T
ϕjptqϕiptqdt

“

8
ÿ

j“1

λjϕjpsqδij

“λiϕipsq.

Remark 1.3 In the Karhunen–Loève expansion, a stochastic process Xptq, t P T

is represented by a sequence of independent simple random variables ξi, i P N .

Here, ϕi, i “ 1, 2, ¨ ¨ ¨ represents a set of orthonormal basis functions, while ξi can be

regarded as principal component scores.

1.4 Our Objective and the Structure of the Dissertation

1.4.1 The Objective of Our Work

Motivated by practical applications, the primary objective of our study is to

present innovative contributions to robust methodology in functional data analysis,

encompassing both novel techniques and tools. These advancements are built upon
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the principles of traditional robust statistics that have recently been extended to

accommodate functional data.

1.4.2 The Structure of Our Work

The focus of our research primarily revolves around the issue of functional linear

models with scalar responses. A concise overview of their content is as follows:

• Chapter 1 provides a concise introduction to FDA. It introduces the concept

of functional data and presents several real-world examples, some of which will

be suitable for illustrating the methods proposed in subsequent chapters. Addi-

tionally, it covers relevant background information such as pre-processing tech-

niques, robust statistical estimation, dimension reduction methods for func-

tional regression, and mathematical concepts in FDA.

• Chapter 2 provides a comprehensive overview of the most widely used basis

expansion methods in functional data analysis (FDA), and conducts a compar-

ative analysis of these methods using some simulated functional linear models.

• Chapter 3 primarily focuses on the problem of robust estimation in partial

functional linear models within the framework of reproducing kernel Hilbert

spaces (RKHS, hereinafter). We investigate the theoretical properties of robust

estimation for a partially functional linear regression model that incorporates
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both functional predictors and multivariate predictors. Moreover, our simula-

tion studies compare the performance of classic and robust procedures under

three different contamination schemes. Furthermore, we present two real data

examples to illustrate the effectiveness of the robust procedure.

• Chapter 4 addresses the issue of robust hypothesis testing in functional linear

regression, focusing on extending three robust tests: Wald-type, likelihood

ratio-type, and F-type to functional linear models with a scalar dependent

variable and a functional covariate. We thoroughly investigate the theoretical

properties of these robust testing procedures and evaluate their finite sample

properties through numerical simulations.

• Chapter 5 investigates the robust variable selection method in a multiple

functional linear regression. We propose a robust group variance inflation

factor (VIF) procedure. A novel selection algorithm based on α investing rule

are presented. Our methodology has been rigorously validated through some

simulation studies and its application to a real-world data.

• Chapter 6 provides a comprehensive overview of the principal findings of

this dissertation, along with posing some unresolved questions that necessitate

further investigation.
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Finally, we list some notations used throughout the rest of this dissertation. x¨, ¨y

and } ¨ } are the L2pT q inner product and norm, respectively. b denotes the tensor

product operator of two norm space. For two positive sequences an and bn, an — bn

means that an{bn is bounded away from 0 and 8 as n Ñ 8. 11p¨q is an indicator

function, and “ d
ÝÑ” represents convergence in distribution.
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2 Basis Expansion Methods in Functional Data

Analysis

2.1 Representing Functional Data

The representation of data plays a crucial role in the initial stage of functional

data analysis, where a suitable basis is chosen to represent discrete data in a func-

tional manner. Therefore, the selection of appropriate basis functions assumes

paramount importance in conducting accurate and reliable functional data analy-

sis. These basis functions should closely resemble the characteristics of the real data,

enabling an precise representation of the function with minimal reliance on numerous

basis terms. (D. B. Clarkson and Ramsay, 2005; Ramsay and Silverman, 2005, 2007)

Typically, we are provided with paired data pyij, tijq pi “ 1, 2, ¨ ¨ ¨ , n, j “ 1, 2, ¨ ¨ ¨ , Nq,

where n represents the number of observations and N denotes the number of discrete

gird points. If it is evident that these data exhibit a functional structure, our ob-

jective involves the estimation of the latent function xiptq. For example, considering
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only one record pj “ 1, 2, ¨ ¨ ¨ , nq as yj “ xptjq ` ϵj, if the data pyj, tjq have the

functional structure:

yj “ c1 ` c2tj ` c3tj
2 ` c4tj

3 ` . . . ` ϵj,

which implies the latent function xptq “ c1 ` c2t ` c3t
2 ` c4t

3 ` . . . .

For functional data analysis, our primary goal is to represent data recorded as a

continuous function via basis expansion

xptq “

K
ÿ

k“1

ckϕkptq “ Φptqc,

where c is K-vector of coefficients and Φ is K-vector of basis functions.

2.2 Representation via Basis Expansion

The utilization of dimension reduction techniques is imperative in the context of

functional data, given its infinite dimensionality. These techniques serve as indis-

pensable tools for this purpose. A commonly employed approach involves expanding

random functions into suitable basis functions to effectively reduce the dimensions of

functional coefficients and predictors. Consequently, selecting an appropriate basis

system for observed data becomes a critical initial decision that must be made. How-

ever, the current state of research lacks an automated method for determining the

optimal basis system based on the given data; thus, it becomes necessary to select a
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specific basis system depending on distinct characteristics of the data at hand. For

instance, Fourier basis can be employed for periodic data, B-splines basis for non-

periodic data, and wavelets basis for capturing discontinuous or rapidly changing

behavior in the data. In this section, we will provide a comprehensive summary of

these popular methods used for basis expansion.

2.2.1 Spline Method

The most popular functional basis expansion method is using polynomial seg-

ments jointed end to end, which is spline functions. Spline functions are the most

common choice of approximation system for non-periodic functional data or param-

eters. Assume the coefficient function can be expanded by a B-spline basis. Let

Bptq “ pB1ptq, B2ptq, ¨ ¨ ¨ , Bkn`1`lptqqT be a set of B-spline basis function of order

l ` 1 with kn knots. Then, the coefficient function βptq can be approximated by

βptq « bTBptq.

If we assume only kn basis functions affect the shape of the estimate, then βptq “

kn
ř

k“1

bkBkptq `
8
ř

k“kn`1

bkBkptq “:
kn
ř

k“1

bkBkptq ` δptq, where δptq is the truncation error
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and the parameter kn can be viewed as a tuning parameter.

ż

T
βptqXiptq “

kn
ÿ

k“1

bk

ż

T
BkptqXiptqdt `

ż

T
δptqXi ` ϵi

“

kn
ÿ

k“1

bkξik ` `δi ` ϵi,

where ξik “ xBk, Xiptqy “
ş

T BkptqXiptqdt can be viewed as components of Xi on the

basis. Note that it is necessary to assume that kn Ñ 8 as n Ñ 8, so that we can

obtain an asymptotically consistent estimation of βptq.

The parameter kn in the previous section could be viewed as a tuning parameter,

adjusting kn adjusts the smoothness of the resulting estimator of βptq. From this

perspective, it is often more desirable to smooth βptq by using a roughness penalty

term. The roughness penalty approach transfers the control of smoothness from kn

to the smoothing parameter λ and a differential operator L,

Pλpα, βq “

n
ÿ

i“1

tYi ´ α ´

ż

T
βptqXiptqdtu

2 ` λ

ż

T

“

pLβqptq
‰2
dt.

The objective is to enforce smoothness by penalizing excessively rough functions

with a penalty term λ
ş

T

“

pLβqptq
‰2
dt. A commonly employed option for L is the

second derivative, denoted as pLβqptq “ β2ptq, which is commonly referred to as a

smooth penalty. Various approaches for selecting the smoothing parameter λ in-

clude cross validation (CV), information criteria, and restricted maximum likelihood

(REML). The B-spline bases of order 4 are illustrated in Figure 2.1-2.3, showcasing
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cases with 5, 10, and 20 bases respectively.

Figure 2.1: 5 B-spline bases of order 4

Figure 2.2: 10 B-spline bases of order 4
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Figure 2.3: 20 B-spline bases of order 4

2.2.2 FPCA Method

The utilization of a data-driven basis provides enhanced flexibility, allowing us to

represent functions as principal components analysis basis functions across various

closed intervals Tj. Without loss of generality, we assume that the mean function of

Xptq is EXptq “ 0 and the covariance function is Σps, tq “ CovpXpsq, Xptqq. Then

by Mercer’s Theorem, we can obtain the spectral decomposition

Σps, tq “

8
ÿ

k“1

λkϕkpsqϕkptq,

where λk is the eigenvalues with non-increasing order λ1 ě λ2 ě ¨ ¨ ¨ ě 0,
8
ř

k“1

λk ă 8,

and ϕk’s are the corresponding orthonormal eigenfunctions. Use the Karhunen-Loève
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representation, we can obtain

Xptq “

8
ÿ

k“1

ξkϕkptq,

where tξk “
ş

T Xptqϕkptqdt, k ě 1u are principal component scores with Epξkq “

0,Varpξkq “ Epξ2kq “ λk, and Epξkξk1q “ 0, for k ‰ k1. Based on the same orthonor-

mal basis functions tϕkptq, k “ 1, 2, . . .u, the coefficient function can be expanded by

βptq “
8
ř

k“1

bkϕkptq. Then, a scalar-on-function linear model can be expressed as the

following form:

Y “ α `

8
ÿ

k“1

bk

ż

T
Xptqϕkptqdt ` ε “ α `

8
ÿ

k“1

ξkbk ` ε. (2.1)

To deal with the problem of infinite sum in the model 2.1, we approximate the

model via a truncating parameters kn. Then the model 2.1 can be approximated by

Y “ α `

kn
ÿ

k“1

ξkβk ` ε. (2.2)

Remark 2.1 The choice of truncated value kn in very important in FPCA method.

In practice, there are some empirical choice of this value, such as PVE (Percentage of

Variance Explained) method, leading PCs (Principal Components ) method (Cardot

et al., 2003; Kong et al., 2013; Swihart et al., 2014), CV (Cross-Validation) criterion

(Qingguo, 2017), and information (AIC or BIC) criterion (Kato et al., 2012).
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2.2.3 RKHS Method

Cai and Yuan (2012) highlighted potential issues among with the effectiveness of

eigenfunction basis and the selection of truncation number of eigenvalue in the FPCA

approach. Therefore, they discussed the functional linear regression problem within

the framework of RKHS, where functional data are considered as realizations of ran-

dom variables that take values in an RKHS. In this context, if we consider the slope

function βptq to be in an RKHSH, which is a subspace of the Hilbert space consisting

of square integrable functions with reproducing kernel K defined on a compact set

T Ă R. Without loss of generality, T “ r0, 1s, K : T ˆ T Ñ R is a real, symmetric,

square integrable, and non-negative defined function and the canonical example of H

is the Sobolev spaces. Yuan and Cai (2010) also defined the penalized least-squares

approach to functional linear regression with taking the second order Sobolev space

H “ W 2
2 pr0, 1sq “ tβ : r0, 1s Ñ R|β, β1are absolutely continuous and β2

P L2u and

the penalty function Jpβq “
ş

T rβ
2

ptqs2dt. Thus, the penalized least squares (PLS)

criterion is
1

n

n
ÿ

i“1

rYi ´ α ´

ż

T
Xiptqβptqdts2 ` λJpβq. (2.3)

Yuan and Cai (2010) demonstrated that the minimization of equation (2.3) is well-

defined and can be easily computed using the representer theorem (Wahba, 1990).
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More details can be found in Yuan and Cai (2010) and Cai and Yuan (2012).

2.2.4 Wavelet Method

It is well known that the majority of applications of wavelets in statistical data

analysis are in the area of nonlinear regression and function estimation. Wavelets,

referred to as “small waves”, are mathematical functions that satisfy specific criteria.

The term wavelet originates from the condition of their integral being zero, oscillating

both above and below the x-axis. Similar to sines and cosines in Fourier analysis,

wavelets serve as fundamental units for representing other functions. By fixing the

mother wavelet ψptq, a family of wavelets can be generated through translations

and dilations ψp t´b
a

q. For a comprehensive understanding of wavelet theory and its

statistical applications, we refer readers to the books by Benedetto (1993) and Nason

(2008).

Definition 2.1 A wavelet system in L2pRq is a collection of functions of the form

ϕkpxq “ ϕpx ´ kq, ψk,jpxq “ 2j{2ψp2jx ´ kq,

where j “ 0, 1, 2, ¨ ¨ ¨ , k “ 0,˘1,˘2, ¨ ¨ ¨ , and the two functions ψ, ϕ P L2pRq have

compact supports. ψpxq denotes the wavelet function ( also called the mother func-

tion or primary wavelet), ϕpxq denotes a scaling function (also called the father

wavelet).
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Various types of wavelets exist, including smooth wavelets, compactly supported

wavelets, mathematically simple wavelets, and wavelets with short associated filters.

We introduce three popular wavelets, which are Haar wavelet , Shannon wavelet and

Mexican-hat wavelet. Details can be found in Morettin et al. (2017).

F Haar Wavelet (Daubechies wavelet, order=1)

The Haar mother wavelet is a mathematical function defined by

ψpxq “

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

1, x P r0,
1

2
q,

´1, x P r
1

2
, 1q,

0, otherwise.

Figure 2.4: Haar Wavelet

F Shannon Wavelet

The Shannon mother wavelet is a mathematical function defined by

ψpxq “
sin 2πx ´ cos πx

πpx ´ 1
2
q

.
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Figure 2.5: Shannon Wavelet

F Mexican-hat wavelet (Ricker wavelet)

The Ricker wavelet, also known as the Mexican-hat wavelet, is derived from

the negative normalized second derivative of a Gaussian function and can be

defined as follows:

ψpxq “
2

?
3σπ

1
4

˜

1 ´
x2

σ2

¸

e
´
x2

2σ2 .

Figure 2.6: Mexican-hat Wavelet
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2.2.5 Comparative Analysis

The functional basis expansion methods will be compared in this section through

a series of simulated examples. Our experiments focus on the scalar-on-function

model, as described below:

Yi “ α `

ż 1

0

βptqXiptqdt ` εi,

where εi „ Np0, 1q, i “ 1, 2, ¨ ¨ ¨ , n.

The majority of the examples presented below are derived from various research

literature on functional data analysis, and we provide a concise summary of these

illustrative instances. Examples 2.1-2.3 generate samples based on Fourier basis

functions, while Examples 2.4-2.5 utilize power functions and Examples 2.6 employ

Gaussian basis functions to generate samples. Coefficient functions were estimated

using various methods including B-spline, FPCA, RKHS, and wavelet-based meth-

ods. It is worth noting that in the RKHS approach, our kernel function is defined

as Kps, tq “
50
ř

k“1

2
pkπq4

cospkπsq cospkπtq with λ “ 10´6. In wavelet method, we utilize

Daubechies 10 (db10) wavelet as shown in Figure 2.7.
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Figure 2.7: Daubechies 10 (db10) wavelet function.

Example 2.1

In the first example, the setting details of Xptq and βptq are presented as fol-

lows (Qingguo, 2017; Su et al., 2017). We illustrate several trajectories of covariate

functions Xiptq along with the estimation of the coefficient function βptq in Figure

2.8-2.10.

• ϕkptq, k “ 1, 2, ¨ ¨ ¨ , 5 are the five Fourier basis functions, which are ϕ1ptq “

1, ϕ2ptq “
?
2 sinp2πtq, ϕ3ptq “

?
2 cosp2πtq, ϕ4ptq “

?
2 sinp4πtq, and ϕ5ptq “

?
2 cosp4πtq;

• Xiptq “
5
ř

k“1

ξikϕkptq, where ξik „ Np0, λkq with λk “ k´a, a “ 1.1, k “

1, 2, ¨ ¨ ¨ , 5;

• βptq “
5
ř

k“1

bkϕkptq.
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Figure 2.8: Some trajectories of covariate functions Xiptq, i “ 1, ¨ ¨ ¨ , 100, in Example

2.1.

Figure 2.9: The estimated coefficient function β̂ptq based on the different approaches

in Example 2.1.
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Figure 2.10: Wavelet transform of the estimated coefficient β̂ptq and true coefficient

βptq in Example 2.1.

Example 2.2 In the second example, the setting details for Xptq and βptq are

presented as follows (Hall et al., 2007; Yuan and Cai, 2010). We illustrate several

trajectories of covariate functions Xiptq along with the estimation of the coefficient

function βptq in Figure 2.11-2.13.

• ϕ1ptq “ 1, ϕk “
?
2 cospkπtq, k “ 2, ¨ ¨ ¨ , 50 are the basis functions;

• Xptq “
50
ř

k“1

k´vUkϕkptq, where Uk „ Up´
?
3,

?
3q. For these coefficients, the

eigenvalues of the covariance function are k´2v. We take v “ 0.6 to regulate

the decaying rate of eigenvalues;

• βptq “
50
ř

k“1

bkϕkptq, where b1 “ 0.5, and bk “ 4p´1qk´1k´2, k ą 1.

43



Figure 2.11: Some trajectories of covariate functions Xiptq, i “ 1, ¨ ¨ ¨ , 100, in Exam-

ple 2.2.

Figure 2.12: The estimated coefficient function β̂ptq based on the different approaches

in Example 2.2.

44



Figure 2.13: Wavelet transform of the estimated coefficient β̂ptq and true coefficient

βptq in Example 2.2.

Example 2.3 In the third example, the setting details ofXptq and βptq are presented

as follows:

• ϕ1ptq “ 1, ϕk “
?
2 cospkπtq, k “ 2, ¨ ¨ ¨ , 50, are the basis functions for the

predictors;

• ψ1ptq “ 1, ψk “
?
2 sinpkπtq, k “ 2, ¨ ¨ ¨ , 50, are the basis functions for the slope

function;

• Xiptq “
50
ř

k“1

k´vUkϕkptq, v “ 0.6, where Uk „ Up´
?
3,

?
3q;

• βptq “
50
ř

k“1

bkψkptq, where b1 “ 0.5, and bk “ 4p´1qk´1k´2, k ą 1.

We illustrate several trajectories of covariate functions Xiptq along with the estima-

tion of the coefficient function βptq in Figure 2.14-2.16.
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Figure 2.14: Some trajectories of covariate functions Xiptq, i “ 1, ¨ ¨ ¨ , 100, in Exam-

ple 2.3.

Figure 2.15: The estimated coefficient function β̂ptq based on the different approaches

in Example 2.3.
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Figure 2.16: Wavelet transform of the estimated coefficient β̂ptq and true coefficient

βptq in Example 2.3.

Example 2.4 In the fourth example, the setting details of Xptq and βptq are pre-

sented as follows:

• ϕ1ptq “ 1, ϕk “ tk´1, k “ 2, ¨ ¨ ¨ , 5, are the basis functions for the predictors

and the slope function;

• Xiptq “
5
ř

k“1

k´vUkϕk, v “ 1.1, where Uk „ Up´
?
3,

?
3q;

• βptq “
5
ř

k“1

bkϕkptq, where b1 “ 0.5, and bk “ 4p´1qk`1k´2, k ą 1.

We illustrate several trajectories of covariate functions Xiptq along with the estima-

tion of the coefficient function βptq in Figure 2.17-2.19.
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Figure 2.17: Some trajectories of covariate functions Xiptq, i “ 1, ¨ ¨ ¨ , 100, in Exam-

ple 2.4.

Figure 2.18: The estimated coefficient function β̂ptq based on the different approaches

in Example 2.4.
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Figure 2.19: Wavelet transform of the estimated coefficient β̂ptq and true coefficient

βptq in Example 2.4.

Example 2.5 In the fifth example, the setting details of Xptq and βptq are presented

as follows:

• ϕ1ptq “ 1, ϕk “ tk´1, k “ 2, ¨ ¨ ¨ , 5 are the basis functions for the predictors;

• ψ1ptq “ 1, ψk “
?
2 cospkπtq, k “ 2, ¨ ¨ ¨ , 5 are the basis functions for the slope

function;

• Xiptq “
5
ř

k“1

k´vUkϕk, v “ 1.1, where Uk „ Up´
?
3,

?
3q;

• βptq “
5
ř

k“1

bkψkptq, where b1 “ 0.5, and bk “ 4p´1qk`1k´2, k ą 1.

We illustrate several trajectories of covariate functions Xiptq along with the estima-

tion of the coefficient function βptq in Figure 2.20-2.22.
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Figure 2.20: Some trajectories of covariate functions Xiptq, i “ 1, ¨ ¨ ¨ , 100, in Exam-

ple 2.5.

Figure 2.21: The estimated coefficient function β̂ptq based on the different approaches

in Example 2.5.
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Figure 2.22: Wavelet transform of the estimated coefficient β̂ptq and true coefficient

βptq in Example 2.5.

Example 2.6 In the final example, Gaussian functions are utilized as the basis

functions for the predictor, and their corresponding curves are illustrated in Figure

2.23.

• ϕk “ expt´pt ´ µkq2{2σ2u are the basis functions for the predictors, where

σ “ 0.1 and µk “ pk ´ 1qσ for k “ 1, 2, ¨ ¨ ¨ , 11;

• ψ1ptq “ 1, ψk “
?
2 cospkπtq, k “ 2, ¨ ¨ ¨ , 11 are Fourier basis functions for the

slope function;

• α “ 2, Xiptq “
11
ř

k“1

k´vUkϕk, v “ 1.1, where Uk „ Up´
?
3,

?
3q;

• βptq “
11
ř

k“1

bkψkptq, where b1 “ 0.5, and bk “ 4p´1qk`1k´2, k ą 1.
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We illustrate several trajectories of covariate functions Xiptq along with the esti-

mation of the coefficient function βptq in Figure 2.24-2.26.

Figure 2.23: Gaussian basis functions, σ “ 0.1.

Figure 2.24: Some trajectories of covariate functions Xiptq, i “ 1, ¨ ¨ ¨ , 100, in Exam-

ple 2.6.
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Figure 2.25: The estimated coefficient function β̂ptq based on the different approaches

in Example 2.6.

Figure 2.26: Wavelet transform of the estimated coefficient β̂ptq and true coefficient

βptq in Example 2.6.
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3 Robust Estimation for Partially Functional

Linear Regression under an RKHS Framework

3.1 Introduction

In recent decades, advancements in technology have facilitated the recording of

increasingly intricate high-dimensional data. Some of these data exhibit a func-

tional structure and are commonly referred to as functional data, such as Diffu-

sion Tensor data (Goldsmith et al., 2012; Kong et al., 2013; Su et al., 2017), EEG

and EMG recording data (Rügamer et al., 2018), and and the renowned Canadian

Weather dataset (Ramsay and Silverman, 2005). A comprehensive overview of var-

ious methodologies and applications, encompassing both parametric and nonpara-

metric approaches, can be found in notable works by Ramsay and Silverman (2005),

Ramsay and Silverman (2007), Ferraty and Vieu (2006). Functional linear regression

is one popular analysis tool that explores the linear impact of functional predictors

on scalar or function responses, with coefficients typically represented as functions.
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For an extensive review of regression methodologies, theoretical properties, and com-

putational techniques, refer to Morris (2015) and Wang et al. (2016).

However, in practice, it is expected to collect information that simultaneously

contains functional and nonfunctional data. Therefore, to enhance the interpretation

of the functional regression model in datasets with mixed data, one can incorporate

a finite-dimensional vector-valued random variable into the function-valued random

variable within the model. This approach is commonly known as the partially func-

tional linear model (PFLM, hereinafter) (Shin, 2009). Recently, several research

studies have been conducted to address the theoretical and practical concerns asso-

ciated with this model. For instance, Kong et al. (2016b) proposed a method that

simultaneously achieves variable selection and estimation for PFLM, establishing the

consistency and oracle properties of their approach. Cai et al. (2020) considered a

robust estimation procedure for PFLM using a modified Huber’s function based on

B-spline basis expansion. Yu et al. (2020) presented a robust estimation procedure

for PFLM by employing modal regression to fit the slope function with B-splines,

obtaining convergence rates and asymptotic normality of the estimators.

Similar to ordinary linear regression, the primary challenge in PFLM lies in esti-

mating coefficients. The predominant approach for addressing this issue is functional

principal component analysis, in which eigenfunctions of the covariance function of
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the random predictor are utilized as basis functions to represent the functional predic-

tor and the unknown coefficients. However, as highlighted by Cai and Yuan (2012),

the FPCA approach has potential concerns regarding the effectiveness of eigenfunc-

tion basis and selection of truncation number for eigenvalues. The simulation results

presented in Cai and Yuan (2012) demonstrate that the reproducing kernel Hilbert

spaces approach outperforms the FPCA method in cases where there is imperfect

alignment between the reproducing kernel function K and the covariance function C

of the predictor Xptq. Consequently, recent research endeavors have increasingly fo-

cused on functional linear regression within RKHS framework, considering functional

data as realizations of random variables that assume values in an RKHS (Yuan and

Cai, 2010; Shin and Lee, 2016; Sun et al., 2018; Cui et al., 2020).

Motivated by the works of Shin and Lee (2016) and Cui et al. (2020), our objec-

tive in this study is to investigate penalized M-estimation for the partially functional

linear model within the framework of RKHS. Specifically, we extend the application

of RKHS approach to partially functional linear regression associated with robust

M-estimation. In this process, we utilize well-established families of robust loss

functions and incorporate a preliminary estimator for residual scale. These esti-

mations are both scale equivariant and robust against high-leverage outliers. Our

primary contribution lies in achieving simultaneous robust estimation for both the
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functional coefficient βptq and the multivariate coefficient θ within the framework of

RKHS. Theoretically, we achieve a convergence rate for prediction errors as well as

the asymptotic normality in estimating θ under certain regularized conditions. In

terms of computation, we employ an iteratively re-weighted least-squares method for

parameter estimation and devise an efficient algorithm to implement our robust pro-

cedure. Simulation studies and two real data applications demonstrate the superior

performance of our robust approach.

The subsequent sections of this chapter are organized as follows. Section 3.2

presents a comprehensive description of the partially functional linear model and in-

troduces the penalized robust M-estimation procedure within the framework RKHS.

In Section 3.3, we delve into the asymptotic normality of the multivariate linear

component and discuss the convergence rate of prediction errors for the functional

part. Simulation studies and real data examples are showcased in Section 3.4-3.5.

Finally, our conclusions, along with all proofs and additional simulation results are

presented in Section 3.6 and 3.7, respectively.
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3.2 Model and Estimation

3.2.1 Robust Partially Functional Linear Regression

We consider the following partially functional linear regression

Y “ α ` zTθ `

ż

T
βptqXptqdt ` ε, (3.1)

where α is the intercept term, Xptq is functional predictor with a compact set T Ă

R, z “ pz1, z2, ¨ ¨ ¨ , zpqT is the p-dimensional vector predictor in addition to the

functional predictor Xptq, and Y is the scalar response random variable defined

on a probability space pΩ,B,Pq, θ “ pθ1, θ2, . . . , θpqT is an unknown p-dimensional

parameter vector, βptq is a square integrable coefficient function on T , and ε with

Eε “ 0 and Eε2 “ σ2
ε is a random error independent of Xptq and z. Without loss

of generality, we assume that T “ r0, 1s throughout the chapter, and ErXptqs “ 0,

EXptq2 ă 8 for all t P T .

Given independently and identically distributed data pxi, yi, ziq, i “ 1, 2, . . . , n,

we denote the underlying true parameters by α0, β0 and θ0. Our goal is to investigate

the asymptotic properties of M-estimators for the coefficient function β as well as

the coefficient θ in multivariate part under the RKHS framework. Suppose that the

coefficient function β0ptq is in a Hilbert spaceH with the reproducing kernelK, where

K : T ˆ T Ñ R is a real, symmetric, square integrable, and nonnegative definite
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function. And K is also a nonnegative definite operator on L2, which implies that

Kfp¨q “
ş

T Kps, ¨qfpsqds. Using the regularization method, we define the robust

M-estimation of pα0, β0,θ0q by solving the following optimization problem

min
α,β,θ

«

n
ÿ

i“1

ρ
`yi ´ α ´ zT

i θ ´
ş

T βptqxiptqdt

σ̂ε

˘

` nλJpβq

ff

, (3.2)

where ρ is a loss function, σ̂ε is a preliminary residual scale estimate, Jpβq is a penalty

function on β, and λ ą 0 is a regularization parameter. A typical choice of the penalty

function is Jpβq “
ş

T rβ2ptqs2dt to penalize the roughness of βptq. Furthermore,

our M-estimation of coefficients is scale equivariant since we consider a preliminary

residual scale estimate. The popular robust scale estimate is the normalized median

absolute deviation (MAD) (Yohai and Maronna, 1979) and can be computed through

the residuals from the initial fit, i.e., σ̂ε “ 1.483 ¨ pmed|ri ´ medpriq|q.

3.2.2 Computation Details

First, we define H “ W 2
2 r0, 1s “ tβptq : r0, 1s Ñ R|β, β1 are absolutely continuous

and β2 P L2u, which is the Sobolev space of order 2 (Yuan and Cai, 2010). Then,

based on the representer theorem for smooth splines (Wahba, 1990), it suffices to

consider the form βptq “ d1 ` d2t `
n
ř

i“1

ci
ş

T xipsqKps, tqds “ d1 ` d2t `
n
ř

i“1

ciξi, with

ξi “
ş

T xipsqKps, tqds and some d1, d2 P R, ci P R, i “ 1, 2, ¨ ¨ ¨ , n. Hence, we

obtain
ş

T rβ2ptqs2 “
n
ř

i“1

n
ř

j“1

cicjxξi, ξjyH with xξi, ξjyH “
ş

T

ş

T xipsqKps, tqxiptqdsdt,
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and
ş

T βptqxiptqdt “
2
ř

l“1

dlxxi, ϑly `
n
ř

i“1

cixξi, ξjyH with ϑ1ptq “ 1 and ϑ2ptq “ t. The

minimization problem in (2.2) can be equivalently reformulated as follows:

argmin
α,β,θ

n
ÿ

i“1

ρ
´

yi ´ α ´ zT
i θ ´

2
ř

l“1

dlxxi, ϑly ´
n
ř

i“1

cixξi, ξjyH

σ̂ε

¯

` nλ
n
ÿ

i“1

n
ÿ

j“1

cicjxξi, ξjyH.

(3.3)

The minimizer of the optimization problem (3.3) can be obtained through an

iteratively re-weighted least squares (IRWLS) algorithm, similar to the approach

proposed by Shin et al. (2016). Let Y “ py1, y2, . . . , ynqT and Z “ pzT
1 , z

T
2 , . . . , z

T
n qT .

The penalized M-estimation criterion of (3.3) can be reformulated in matrix form as

follows:

ρ

ˆ

Y ´ α1 ´ Zθ ´ Td ´ Σc

σ̂ε

˙

` nλcTΣc, (3.4)

where c “ pc1, c2, . . . , cnqT , d “ pd1, d2q
T , 1 “ p1, 1, . . . , 1qT is n-dimensional constant

vector, Σ “ pΣijq is a n ˆ n matrix with Σij “ xξi, ξjyH, and T “ pTilq is an n ˆ 2

matrix with Til “ xxi, ϑly “
ş

T xiptqt
l´1dt for l “ 1, 2.

The notation Q “ r1,Z, T s and b “ pα, θT ,dT qT are introduced for the sake of

notational convenience. Consequently, the aforementioned criterion can be simplified

as follows:

ρ

ˆ

Y ´ Qb ´ Σc

σ̂ε

˙

` nλcTΣc. (3.5)

The solution to minimizing criterion (3.5) can be obtained by taking derivatives with
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respect to b and c, setting them equal to 0. This is equivalent to determining the

minimizer of the penalized weighted least-squares criterion, expressed as:

pY ´ Qb ´ ΣcqTW pY ´ Qb ´ Σcq ` nλcTΣc, (3.6)

where W “ diagpw1, w2, . . . , wnq, and wi “ wipriq “
1

σ̂2
ε

ψpriq{ri, ψ “ ρ1 with ri “

1

σ̂ε
pYi ´α´ zT

i θ ´
2
ř

l“1

dlxxi, ϑlyL2 ´
n
ř

i“1

cixξi, ξjyHq. Then, The minimizer of (3.6) can

be determined as follows:

b̂ “pQTM´1Qq´1QTM´1Y,

ĉ “M´1pIn ´ QpQTM´1Qq´1QTM´1qY,

(3.7)

withM “ Σ`nλW´1. Note thatW is not well defined when some wis are zeros. For

instance, in the case of Tukey’s bisquare loss function, there may exist certain values

of ψpriq that can be equal to zero for some i. In such cases, we remove the entries

or rows corresponding to ti : wi “ 0u from Y,Q,Σ and W . Then, the minimizer can

be modified by

b̃ “p rQT
ĂM´1

rQq´1
rQT

ĂM´1
rY ,

c̃2 “ĂM´1pIn2 ´ rQp rQT
ĂM´1

rQq´1
rQT

ĂM´1qrY ,

c̃1 “0n1 .

(3.8)

Here, we denote n “ n1 ` n2 with n1 “ # ti : wi “ 0u and n2 “ # ti : wi ‰ 0u.

Subsequently, rY , rQ,ĂM (as well as rΣ and ĂW ) are redefined vector or matrices by

excluding the entries or rows corresponding to ti : wi “ 0u. In the given formula,
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0n1 represents a zero vector of dimension n1, and c̃1 denotes the sub-vector of c̃

with entries corresponding to ti : wi “ 0u. We now briefly describe the algorithm as

follows:

(a) Obtain an initial estimate pΘ0 “ pb̂0, ĉ0q through LS estimator (details in Yuan

and Cai (2010)).

(b) For pΘt “ pb̂t, ĉtq, compute the residuals rti for i “ 1, 2, ¨ ¨ ¨ , n and the weight

W t, then update the estimate pΘt`1 “ pb̂t`1, ĉt`1q as follows:

b̂t`1 “pQT pM tq´1Qq´1QT pM tq´1Y,

ĉt`1 “pM tq´1pIn ´ QpQT pM tq´1Qq´1QT pM tq´1qY.

(3.9)

If there exists wi “ 0 for some loss function in the t step, the update of pΘ is adjusted

as rΘt`1 “ pb̃t`1, c̃t`1q, where b̃t`1 and c̃t`1 are modified versions of estimators defined

in equation (3.8).

(c) Repeat step (b) until the estimate converges, yielding pb̂, ĉq. Subsequently,

the final estimator of β is obtained as β̂ “ T d̂ ` Σĉ.

3.2.3 Tuning Parameter Selection

The selection of the tuning parameter plays a pivotal role in enhancing the per-

formance of regularized estimators across various smoothing methods. In our study,

we employ the generalized cross-validation criterion (GCV) to ascertain the optimal
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value of the tuning parameter λ, thereby effectively mitigating computational costs

(Yuan and Cai, 2010). Given that the fitted value pY serves as a linear predictor of

the response Y , i.e., pY “ HλY , we choose λ as a minimizer of the weighted version

of GCV score

GCV pλq “
1

n

ppY ´ Y qTW ppY ´ Y q

p1 ´ trpHλq{nq2
, (3.10)

where the hat matrixHλ has the formHλ “
“

Σ ` nλW´1M´1QpQTM´1Qq´1QT
‰

M´1.

Additionally, if wi “ 0 exists with some loss function, the hat matrix is adjusted as

rHλ “

”

rΣ ` nλĂW´1
ĂM´1

rQp rQT
ĂM´1

rQq´1
rQT

ı

ĂM´1 with notations defined as in equa-

tion (3.8).

3.3 Assumptions and Theoretical Results

In this section, we aim to establish the theoretical properties of M-estimation

for βptq and θ within the RKHS framework. Before presenting the main theoret-

ical results, we introduce some technical assumptions required for our asymptotic

properties. All the proofs are given in the Appendix.

(C1) The predictors Xptq and z are independent and have finite fourth moments,

i.e., E}X}4 ă 8, E}z}4 ă 8. The noise is uncorrelated with predictors, as

indicated by the conditions EpXεq “ 0 and Epzεq “ 0.
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(C2) For j “ 1, 2, ¨ ¨ ¨ , p, Epzj|Xp¨qq is a continuous linear function, and there

exists a function gjp¨q P H, such that Epzj|Xp¨qq “ xXp¨q, gjp¨qy. We de-

note uij “ zij ´ Epzj|xip¨qq “ zij ´ xxip¨q, gjp¨qy, for i “ 1, 2, . . . , n and

j “ 1, 2, . . . , p. Furthermore, we assume both EpzzT q and Epuiu
T
i q with

ui “ pui1, ui2, . . . , uipqT are positive definite matrix .

(C3) The eigenvalues kj of reproducing kernel K of H satisfy kj — j´2α for some

α ą 1{2, and the eigenvalues µj of the covariance function C for X satisfy

µj — j´2r for some r ą 1{2.

(C4) For any square integrable function f , there exists some constant c ą 0 such

that

E

ˆ
ż

T
Xptqfptqdt

˙4

ď c

«

E

ˆ
ż

T
Xptqfptqdt

˙2
ff2

.

(C5) The function ρp¨q is convex and nonmonotone. Let ψ “ ρ1 P C2p´8,8q,

where C2p´8,8q represents the space of functions that are twice continuously

differentiable. Additionally, we have sup |ψ2p¨q| ă 8, Eψpεiq “ 0, Eψ1pεiq ‰ 0

and V arpψpjqq ă 8, j “ 0, 1.

The assumptions (C1)-(C2) are commonly employed in partially functional linear

models, which align with the assumptions made in previous studies such as Yuan

and Cai (2010) and Shin (2009). Assumption (C2) bears resemblance to equations
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(18) and (19) in Shin (2009), which is essential for addressing the linear component

associated with the vector predictor part in a partially functional linear model. As-

sumption (C3) takes into account the decay rate of eigenvalues for both the kernel

function K and the covariance function C. Assumption (C4) pertains to the fourth

moment of a linear functional of Xptq. Assumption (C5), as observed in works like

Cox (1983) and Shin and Lee (2016), is commonly considered when examining M-

type smoothing splines. Consequently, we obtain following asymptotic proprieties

about the M-estimators of coefficients βptq and θ.

Theorem 3.1 Suppose tuning parameter λ — n´p2α`2rq{p2α`2r`1q. Under the as-

sumptions (C1)-(C5), we have

}β̂ ´ β0}
2
C “ Oppn´

p2α`2rq

p2α`2rq`1 q. (3.11)

where for some function f , }f}2C “
ş

T

ş

T fpsqCps, tqfptqdsdt “ }C1{2f}2.

Note that }β̂ ´ β0}2C measures the prediction errors for any random function X˚

possessing the same distribution asX and independent of the sampleX1, X2, ¨ ¨ ¨ , Xn.

Thus, we obtain the same convergence rate as reported in previous studies by Yuan

and Cai (2010) and Cui et al. (2020).

Theorem 3.2 For parameter θ, under the conditions in Theorem 3.1, we have

?
npθ̂ ´ θ0q

d
ÝÑ Np0,∆´1

1 ∆2∆
´1
1 q, (3.12)
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where ∆1 “ Erψ1pεiquiu
T
i s,∆2 “ Erψ2pεiqpuiu

T
i qs.

Remark 3.1 Let ϕj be the eigenfunction of the covariance function C corresponding

to its eigenvalues µj, and ψj be the eigenfunction of the reproducing kernel functionK

corresponding to its eigenvalues kj. The subsequent proof assumes perfect alignment

between K and C, implying that they share a common ordered set of eigenfunctions

(Cai and Yuan, 2012). Consequently, we have τj — j´p2α`2rq and τj represents the

jth largest eigenvalue of K1{2CK1{2. In other words, K1{2CK1{2 can be expressed as

a sum over all j, where each term is given by τjejptqbejpsq. Here, it should be noted

that the sequence of eigenvalues satisfies τ1 ě τ2 ě ¨ ¨ ¨ ą 0, with limjÑ8 τj “ 0, and

the set of functions teju are orthonormalized.

3.4 Simulation Studies

In this section, we investigate the finite-sample performance of penalized M-

estimators for partially functional linear under an RKHS framework. The simula-

tion setting in our study closely resembles the experimental conditions described in

Yuan and Cai (2010) and Zhou et al. (2016), albeit with certain modifications aimed

at introducing outliers into the datasets. Without loss of generality, we generated

simulation data from the following model

yi “ α ` zT
i θ `

ż

T
βptqxiptqdt ` εi, (3.13)
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where α “ 2. We draw samples zi from the multivariate normal distribution

MN p0,Σq with Σ “
`

1 0
0 4

˘

, and θ “ pθ1, θ2qT “ p1, 2qT . The slope function βptq

is given by
50
ř

j“1

bjϕjptq, where b1 “ 0.5, ϕ1ptq “ 1, and bj “ 4p´1qj`1j´2, ϕjptq “

?
2 cospjπtq, j ą 1. The functional predictors xiptq is generated as follows:

xiptq “

50
ÿ

j“1

j´vUijϕjptq,

with the independent random variables Uij „ Up´
?
3,

?
3q. It is not hard to see

that each Uij had zero mean and unit variance. In these settings, the eigenvalues of

the covariance function C are given by j´2v. We choose values of v “ 0.6 and 1.2

to control the rate at which the eigenvalues decay. Additionally, following Cai and

Yuan (2012), we assume that the reproducing kernel function is defined as presented

below and illustrated in Figure 3.1.

Kps, tq “

50
ÿ

j“1

2

pjπq4
cospjπsq cospjπtq. (3.14)

In our simulation design, we consider a dense model where the observed points

on each curve are uniformly distributed with an equal spacing of m “ 301 points

within the interval r0, 1s. To examine the efficacy of the robust methodology, we

have devised three scenarios inspired by Boente et al. (2020). For each scenario,

we conduct 200 replicated trials with sample sizes of n “ 100, 300, and 500, re-

spectively. The first scenario considers random errors that are independently and
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Figure 3.1: Kernel function based on Yuan and Cai (2010)

identically distributed according to a standard normal distribution with zero mean

and unit variance. The second scenario includes outliers in the response variables,

which primarily affect the estimation of θ0. The third scenario involves high-leverage

outliers in the functional variables, which typically have a significant impact on the

estimation of coefficient function β0. Furthermore, within this particular scenario,

we have devised three distinct settings to deliberately introduce contamination into

the functional predictors.

F Scenario I: The errors εi, i “ 1, 2, . . . , n follow the standard normal distribution

Np0, 1q.

F Scenario II: We assume that the random errors εi, i “ 1, 2, . . . , n are draw

from a mixed normal distribution 0.9Np0, 1q `0.1Np10, 0.25q or a heavy-tailed
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distribution tp3q.

F Scenario III: We consider high-leverage outliers by contaminating the functional

covariates xiptq and the random errors εi simultaneously. The distribution

of random errors εi of the following settings are identical to that observed

in Scenario II. Specifically, we first draw random samples wi form Bernoulli

distribution Bernoullip0.1q and design three different settings with the diverse

contaminated xciptq.

F Setting 1:

xciptq “

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

xiptq, wi “ 0,

50
ř

j“1

j´vU c
ijϕjptq, where U c

i1 „ Up0, 12q,

and U c
ij „ Up´

?
3,

?
3q, j ‰ 1, wi “ 1.

F Setting 2:

xciptq “

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

xiptq, wi “ 0,

50
ř

j“1

j´vU c
ijϕjptq, where U c

i2 „ Up0, 12q,

and U c
ij „ Up´

?
3,

?
3q, j ‰ 2, wi “ 1.

F Setting 3: We randomly select an index mi from 1 to 3. If mi “ 1, the

value of Xc
i ptq remains the same as in setting 1. If mi “ 2, the value of
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Xc
i ptq remains the same as in setting 2. Otherwise,

xciptq “

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

xiptq, wi “ 0,

50
ř

j“1

j´vU c
ijϕjptq,where U c

ij „ Up0, 12q, j “ 1, 2,

and U c
ij „ Up´

?
3,

?
3q, j ‰ 1, 2, wi “ 1.

As an illustration of the aforementioned simulation design for contamination

data, we present a selection of 50 randomly sampled non-contaminated functional

covariates xiptq alongside their contaminated counterparts xciptq in Figures 3.2-3.4.

The trajectories of non-contaminated xiptq and contaminated xciptq under setting 1

of Scenario III are illustrated in Figure 3.2, while Figures 3.3-3.4 present similar tra-

jectory patterns for random samples under settings 2-3 of Scenario III, respectively.

Figure 3.2: Some trajectories of non-contaminated and contaminated functional pre-

dictors (Scenario III, Setting 1).
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Figure 3.3: Some trajectories of non-contaminated and contaminated functional pre-

dictors (Scenario III, Setting 2).

Figure 3.4: Some trajectories of non-contaminated and contaminated functional pre-

dictors (Scenario III, Setting 3).

To evaluate the performance of our robust estimation, the mean integrated squared

error (MISE) for the functional coefficient β̂ is used as an evaluation criterion in Table
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3.1, given by

MISE “
1

N

N
ÿ

i“1

ż

T
pβ̂ptq ´ βptqqdt,

where N is the number of Monet Carlo replications. Meanwhile, the mean square

error (MSE) for pθ was further examined and documented in Table 3.2. To conserve

space, we exclusively present simulation results for v “ 0.6, while additional numer-

ical findings (v “ 1.2) are provided in the Appendix. According to Table 3.1, it is

evident that the classical estimators exhibit vulnerability to contamination. In the

absence of outliers, all estimates of β̂ demonstrate comparable performance. How-

ever, when confronted with contaminated data sets, the mean integrated squared

error (MISE) of β̂ estimated using least squares (LS) is observed to be higher in

comparison to robust methodologies such as least absolute deviations (LAD), Hu-

ber, Bisquare, and Hampel. Similarly, based on the simulation results presented in

Table 3.2, it can be observed that the magnitude of the mean estimation error squared

(MES) for pθ obtained through classical least squares (LS) method is comparatively

higher than that obtained by the robust methods.
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Table 3.1: MISE of β̂ptq based on RKHS approach with different sample size and

error distributions, where λ is selected by generalized cross-validation and v “ 0.6.

Sample size Scenario Setting Distribution of Errors Method

LS LAD Huber Bisquare Hampel

n “ 100 Scenario I normal 0.0375 0.0444 0.0404 0.0405 0.0379

Scenario II mixed normal 0.2098 0.1095 0.1571 0.1420 0.1720

tp3q 0.0942 0.0835 0.0721 0.0834 0.0724

Scenario III Setting 1 mixed normal 0.2253 0.1138 0.1639 0.1517 0.1994

tp3q 0.0975 0.0896 0.0839 0.0695 0.0740

Setting 2 mixed normal 0.2250 0.2069 0.1879 0.2003 0.1787

tp3q 0.0956 0.0821 0.0752 0.0811 0.0695

Setting 3 mixed normal 0.2430 0.1357 0.1681 0.2077 0.2132

tp3q 0.0835 0.0813 0.0766 0.0818 0.0655

n “ 300 Scenario I normal 0.0145 0.0218 0.0127 0.0106 0.0153

Scenario II mixed normal 0.0909 0.0304 0.0396 0.0414 0.0480

tp3q 0.0269 0.0181 0.0182 0.0180 0.0227

Scenario III Setting 1 mixed normal 0.0945 0.0380 0.0416 0.0450 0.0410

tp3q 0.0323 0.0321 0.0196 0.0199 0.0228

Setting 2 mixed normal 0.0675 0.0337 0.0426 0.0489 0.0429

tp3q 0.0276 0.0256 0.0213 0.0243 0.0280

Setting 3 mixed normal 0.0689 0.0470 0.0411 0.0677 0.0457

tp3q 0.0328 0.0356 0.0278 0.0324 0.0277

n “ 500 Scenario I normal 0.0093 0.0125 0.0087 0.0102 0.0084

Scenario II mixed normal 0.0628 0.0172 0.0204 0.0241 0.0234

tp3q 0.0198 0.0184 0.0130 0.0148 0.0155

Scenario III Setting 1 mixed normal 0.0480 0.0304 0.0247 0.0216 0.0249

tp3q 0.0211 0.0156 0.0139 0.0128 0.0154

Setting 2 mixed normal 0.0480 0.0287 0.0234 0.0260 0.0274

tp3q 0.0192 0.0201 0.0116 0.0183 0.0192

Setting 3 mixed normal 0.0573 0.0287 0.0424 0.0537 0.0277

tp3q 0.0214 0.0271 0.0249 0.0279 0.0210
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Table 3.2: MSE of θ̂ based on RKHS approach with different sample size and error

distributions, where λ is selected by generalized cross-validation and v “ 0.6.

Sample size Scenario Setting Distribution of Errors Parameters

θ1 θ2

LS LAD Huber Bisquare Hampel LS LAD Huber Bisquare Hampel

n “ 100 Scenario I normal 0.0168 0.0240 0.0184 0.0149 0.0163 0.0067 0.0109 0.0088 0.0096 0.0074

Scenario II mixed normal 0.1553 0.0485 0.0609 0.0401 0.0456 0.0744 0.0264 0.0220 0.0197 0.0226

tp3q 0.0381 0.0298 0.0260 0.0322 0.0309 0.0226 0.0180 0.0137 0.0130 0.0158

Scenario III Setting 1 mixed normal 0.1341 0.0729 0.0472 0.0338 0.0347 0.0500 0.0399 0.0229 0.0197 0.0240

tp3q 0.0370 0.0353 0.0250 0.0314 0.0285 0.0190 0.0161 0.0138 0.0131 0.0153

Setting 2 mixed normal 0.1427 0.0948 0.0498 0.0448 0.0387 0.0684 0.0290 0.0222 0.0249 0.0160

tp3q 0.0516 0.0347 0.0246 0.0336 0.0302 0.0216 0.0167 0.0162 0.0151 0.0156

Setting 3 mixed normal 0.2480 0.0542 0.0624 0.0640 0.1052 0.1423 0.0234 0.0368 0.0407 0.0534

tp3q 0.0443 0.0335 0.0283 0.0379 0.0339 0.0206 0.0160 0.0144 0.0168 0.0159

n “ 300 Scenario I normal 0.0043 0.0055 0.0038 0.0043 0.0042 0.0017 0.0031 0.0020 0.0026 0.0018

Scenario II mixed normal 0.0404 0.0111 0.0080 0.0060 0.0061 0.0182 0.0054 0.0041 0.0036 0.0033

tp3q 0.0133 0.0087 0.0055 0.0071 0.0063 0.0066 0.0038 0.0033 0.0033 0.0031

Scenario III Setting 1 mixed normal 0.0402 0.0148 0.0079 0.0057 0.0054 0.0153 0.0090 0.0040 0.0029 0.0036

tp3q 0.0120 0.0109 0.0074 0.0075 0.0052 0.0059 0.0057 0.0032 0.0036 0.0030

Setting 2 mixed normal 0.0273 0.0123 0.0087 0.0060 0.0060 0.0195 0.0047 0.0037 0.0033 0.0035

tp3q 0.0120 0.0092 0.0066 0.0068 0.0079 0.0057 0.0035 0.0030 0.0038 0.0033

Setting 3 mixed normal 0.0360 0.0085 0.0059 0.0111 0.0068 0.0205 0.0059 0.0027 0.0063 0.0030

tp3q 0.0116 0.0108 0.0079 0.0079 0.0065 0.0060 0.0048 0.0035 0.0032 0.0037

n “ 500 Scenario I normal 0.0022 0.0033 0.0023 0.0023 0.0022 0.0011 0.0018 0.0013 0.0013 0.0010

Scenario II mixed normal 0.0197 0.0052 0.0043 0.0030 0.0033 0.0102 0.0028 0.0023 0.0019 0.0015

tp3q 0.0056 0.0053 0.0040 0.0028 0.0039 0.0022 0.0021 0.0017 0.0019 0.0018

Scenario III Setting 1 mixed normal 0.0194 0.0097 0.0047 0.0029 0.0032 0.0137 0.0048 0.0022 0.0017 0.0020

tp3q 0.0052 0.0034 0.0034 0.0036 0.0037 0.0034 0.0019 0.0018 0.0013 0.0020

Setting 2 mixed normal 0.0214 0.0054 0.0040 0.0028 0.0031 0.0112 0.0024 0.0020 0.0017 0.0017

tp3q 0.0069 0.0050 0.0034 0.0038 0.0036 0.0035 0.0026 0.0020 0.0022 0.0021

Setting 3 mixed normal 0.0191 0.0054 0.0057 0.0057 0.0031 0.0112 0.0024 0.0039 0.0025 0.0015

tp3q 0.0080 0.0052 0.0038 0.0042 0.0045 0.0033 0.0027 0.0024 0.0020 0.0021
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Table 3.3: MAPE ( Mean Absolute Percentage Error) and SE (Standard Error, in

the brackets) of prediction errors over 500 trails with different sample size and error

distributions, where λ is selected by generalized cross-validation and v “ 0.6.

Sample size Scenario Setting Distribution of Errors Method

LS LAD Huber Bisquare Hampel

n “ 100 Scenario I normal 0.0445(0.2183) 0.0525(0.2566) 0.0446(0.2186) 0.0451(0.2188) 0.0445(0.2183)

Scenario II mixed normal 0.0958(0.5908) 0.0895(0.5751) 0.0862(0.5597) 0.0859(0.5627) 0.0888(0.5798)

tp3q 0.1271(0.3369) 0.0954(0.4045) 0.1090(0.3284) 0.0784(0.3347) 0.1144(0.3311)

Scenario III Setting 1 mixed normal 0.2068(0.5224) 0.1124(0.4926) 0.1429(0.4898) 0.1972(0.4993) 0.1680(0.5016)

tp3q 0.0537(0.2804) 0.0337(0.2795) 0.0517(0.2728) 0.0524(0.2763) 0.0500(0.2730)

Setting 2 mixed normal 0.0674(0.5437) 0.0658(0.5684) 0.0604(0.5108) 0.0590(0.5206) 0.0625(0.5235)

tp3q 0.0575(0.3252) 0.0538(0.2968) 0.0503(0.2886) 0.0507(0.2956) 0.0505(0.2901)

Setting 3 mixed normal 0.0654(0.5481) 0.0588(0.5175) 0.0590(0.5162) 0.0591(0.5231) 0.0545(0.5090)

tp3q 0.0356(0.3053) 0.0334(0.3101) 0.0332(0.2964) 0.0334(0.3012) 0.0333(0.2985)

n “ 300 Scenario I normal 0.0260(0.0893) 0.0273(0.0948) 0.0259(0.0897) 0.0259(0.0899) 0.0260(0.0894)

Scenario II mixed normal 0.1006(0.2712) 0.0754(0.2609) 0.0795(0.2623) 0.0790(0.2619) 0.0782(0.2619)

tp3q 0.0548(0.1477) 0.0469(0.1477) 0.0414(0.1441) 0.0449(0.1446) 0.0452(0.1445)

Scenario III Setting 1 mixed normal 0.0720(0.2740) 0.0533(0.2659) 0.0551(0.2651) 0.0528(0.2654) 0.0555(0.2660)

tp3q 0.0425(0.1491) 0.0404(0.1518) 0.0364(0.1469) 0.0369(0.1475) 0.0358(0.1470)

Setting 2 mixed normal 0.0618(0.2771) 0.0529(0.2673) 0.0517(0.2679) 0.0513(0.2684) 0.0512(0.2687)

tp3q 0.0349(0.1495) 0.0344(0.1505) 0.0327(0.1467) 0.0326(0.1472) 0.0322(0.1468)

Setting 3 mixed normal 0.0653(0.2751) 0.0521(0.2693) 0.0560(0.2695) 0.0566(0.2711) 0.0524(0.2657)

tp3q 0.0447(0.1491) 0.0450(0.1538) 0.0443(0.1483) 0.0451(0.1490) 0.0444(0.1478)

n “ 500 Scenario I normal 0.0413(0.0672) 0.0422(0.0717) 0.0427(0.0688) 0.0431(0.0691) 0.0426(0.0682)

Scenario II mixed normal 0.0934(0.2064) 0.0794(0.2023) 0.0798(0.2024) 0.0779(0.2025) 0.0780(0.2025)

tp3q 0.0497(0.1108) 0.0486(0.1095) 0.0474(0.1091) 0.0471(0.1094) 0.0469(0.1089)

Scenario III Setting 1 mixed normal 0.0648(0.2070) 0.0579(0.2042) 0.0578(0.2022) 0.0573(0.2022) 0.0578(0.2025)

tp3q 0.0389(0.1162) 0.0373(0.1129) 0.0371(0.1124) 0.0369(0.1127) 0.0370(0.1123)

Setting 2 mixed normal 0.0671(0.2079) 0.0570(0.2037) 0.0582(0.2030) 0.0577(0.2031) 0.0577(0.2033)

tp3q 0.0671(0.2079) 0.0570(0.2037) 0.0582(0.2030) 0.0577(0.2031) 0.0577(0.2033)

Setting 3 mixed normal 0.0714(0.2077) 0.0571(0.2058) 0.0583(0.2037) 0.0549(0.2036) 0.0576(0.2044)

tp3q 0.0331(0.1148) 0.0316(0.1184) 0.0327(0.1147) 0.0328(0.1151) 0.0326(0.1147)
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Additionally, we provide the mean absolute percentage error (MAPE) and stan-

dard error (SE) of prediction for both LS and robust methods through 500 replicated

experiments in Table 3.3. The MAPE of prediction errors based on robust methods

for contaminated data is observed to be lower than that obtained using the clas-

sical least squares (LS) method, as demonstrated in Table 3.3. For instance, the

utilization of the Huber function in Scenario II, where εi follows a mixed normal

distribution, results in a reduction of the MAPE of prediction errors from 0.0958

(using LS method) to 0.0862 (using Huber method), with a sample size of n “ 100.

3.5 Real Data Examples

3.5.1 Near-infrared Spectroscopy Data

Quantitative NIR (Near-infrared reflectance) spectroscopy data is commonly em-

ployed for the analysis of diverse materials, including food, beverages, and pharma-

ceutical products. In this study, we utilize the biscuit dough dataset from Osborne

et al. (1984), which is readily available in the R package ppls. Previous analyses

have been conducted by Brown et al. (2001), Mas and Pumo (2009), and Luo and

Qi (2015), among others. In this data set, 72 sample sets are made up, with the

standard recipe varied to provide a large range for each of the four constituents:

fat, sucrose, dry flour and water. The four constituents are measured as percent-
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age. There are spectra measured from 1100 and 2498 nanometers (nm) in 2 nm

increments, providing densely observed functional predictors on a grid of 700 points.

Our goal is to predict the fat content of a cookie sample from the functional spectra

measurements as well as dry flour and water. One important feature of this data

set is that it contains outliers (Osborne et al., 1984; Brown et al., 2001); therefore,

robust approaches are expected to perform better than the least squares approach.

Our proposed framework is given by the equation

yi “ zT
i θ `

ż

T
βptqxiptqdt ` εi, (3.15)

where the response variable yi represents fat content, zi denotes the two dimensional

vector encompassing dry flour and water, and xi is the functional spectra measure-

ments in the interval T “ r1100, 2498s. NIR(near-infrared) reflectance spectrum

measured from 1100 to 2498 nanometers for all samples are represented in Figure

3.5.
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Figure 3.5: NIR(near-infrared reflectance) spectrum measured from 1100 to 2498

nanometers (nm) in 2 nm increments.

The mean absolute percentage error (MAPE) and standard error (SE) of the LS,

LAD, Huber, Bisquare, and Hampel estimations based on the RKHS approach are

presented in Table 3.4. The kernel function used in our numerical experiment in

Section 3.4 remains consistent. In Table 3.4, the value of N in the splits column

indicates the number of times we iteratively split the data into training and testing

sets, followed by calculating the mean absolute percentage error (MAPE) for pre-

dictions. As expected, estimators employing robust methods such as LAD, Huber,

Bisquare, and Hampel exhibit lower MAPE values compared to those utilizing the

least squares (LS) method.
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Table 3.4: MAPE (Mean Absolute Percentage Error) and SE (Standard Error, in

the brackets) of prediction errors with different randomly splits for analysis of NIR

spectroscopy data.

Splits N Method

LS LAD Huber Bisquare Hampel

N “ 50 0.0255(0.1607) 0.0147(0.1196) 0.0182(0.1336) 0.0140(0.1173) 0.0198(0.1399)

N “ 100 0.0252(0.1574) 0.0145(0.1162) 0.0177(0.1302) 0.0138(0.1144) 0.0194(0.1366)

N “ 200 0.0253(0.1599) 0.0147(0.1202) 0.0179(0.1328) 0.0142(0.1184) 0.0193(0.1385)

N “ 500 0.0253(0.1637) 0.0151(0.1254) 0.0182(0.1382) 0.0144(0.1236) 0.0199(0.1447)

3.5.2 Appliances Energy Prediction Data

The second real-life example we considered is the dataset for predicting energy

consumption of appliances, which can be accessed from the UCI Machine Learning

Repository website (https://archive.ics.uci.edu). This dataset was collected as part

of a comprehensive study aimed at investigating the intricate relationships between

appliances energy consumption and various predictors, meticulously recorded every

10 minutes over a span of approximately 4.5 months. In this data set, the house

temperature and humidity conditions were monitored using a ZigBee wireless sensor

network, while the weather data from the nearest airport weather station (Chievres

Airport, Belgium) was obtained from a public data set provided by Reliable Prognosis

(rp5.ru) (Candanedo et al., 2017). We are interested to fit a model to predict the
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energy consumption of appliances along with the outside weather data from the

nearest weather station. The modeling framework we are considered is

yi “ α ` zT
i θ `

ż

T
βptqxiptqdt ` εi, (3.16)

where yi is the daily average consumption, xiptq is the outside temperature observed

every 10 minutes from the weather station, zi “ pz1i, z2iq
T is the two dimensional

vector encompassing pressure and wind speed.

Figure 3.6: Outside temperature observed every 10 minutes during 136 days.
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Figure 3.7: Appliances energy consumption in the original data (left panel), which

in the mildly contaminated data (middle panel) and the moderately contaminated

data (right panel).

Figure 3.6 shows the original outside temperature observed every 10 minutes

(i.e., xiptq) from the nearest weather station during a period of 136 days. The

contaminate setting by introducing mild and moderate levels of contamination to

the original data, as illustrated in Figure 3.7. Specifically, we randomly select a

sample of 2% (mild) and 5% (moderate) from original yi, and adjust the remaining

values by adding the maximum value of yi. Table 3.5 reports the mean absolute

percentage error (MAPE) and standard deviation (SD) for both the original and

contaminated data sets, respectively. The results indicate that robust estimation

provides more accurate predictions compared to classical methods. For instance, in
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datasets with moderate contamination, the mean absolute percentage error (MAPE)

of classical least squares method (0.3574) is comparatively higher than that of robust

estimation methods, particularly LAD and Huber.

Table 3.5: MAPE ( Mean Absolute Percentage Error) and SE (Standard Error, in

the brackets) of prediction errors with 500 randomly splits for analysis results of

appliances energy data.

Method

LS LAD Huber Bisquare Hampel

Original Data 0.2708(3.7214) 0.2466(3.7390) 0.2496(3.7540) 0.2709(3.7536) 0.2698(3.7743)

Mildly contaminated Data 0.3053(3.8461) 0.2497(3.7156) 0.2509(3.7239) 0.3052(3.8218) 0.3047(3.8315)

Moderately contaminated Data 0.3574(4.0307) 0.2579(3.7480) 0.2580(3.7467) 0.3476(3.9366) 0.3464(3.9765)

3.6 Conclusions

In this chapter, we investigate the theoretical properties of robust estimation for

the partially functional linear regression model within the framework of RKHS. We

derive convergence rates for functional prediction errors and establish asymptotic

normality of the multivariate covariate variable. By making appropriate assump-

tions, we demonstrate that our robust estimation achieves the same convergence

rate of prediction errors as classic least squares estimation in functional linear mod-

els. Through simulation studies, we illustrate that our proposed estimators exhibit
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robustness and possess desirable statistical properties in finite-sample scenarios. Fur-

thermore, application of our method on two real datasets demonstrates that the ro-

bust M-estimators remain reliable even when atypical observations are present in the

functional explanatory variables.

3.7 Appendix

3.7.1 Proofs

This section encompasses the formal proofs of lemmas and theorems pertaining

to our asymptotic findings. Firstly, we assume that α “ 0 and σε “ 1 for the sake of

simplicity in presenting the proof. We consider a decomposition ofH asH “ H0bH1,

where H0 :“ tβ P H : Jpβq “ 0u and H1 is its orthogonal complement in H. Since

Jpβq “
ş

T rβ2ptqs2 “
n
ř

i“1

n
ř

j“1

cicjxξi, ξjyH with xξi, ξjyH “
ş

T

ş

T xipsqKps, tqxiptqdsdt,

we can denote Jpβq “ }β}2H1
“ }β}2H for β P H1. Then, we employ the profiling

technique to derive the asymptotic properties of the estimator for the functional

parameter β, which is commonly utilized in semi-parametric statistics. Specifically,

we consider β as a function of θ, denoted by βpθq. Subsequently, given any specific

value of θ, the optimization problem can be reduced to

min
βpθq

«

n
ÿ

i“1

ρ
`

yi ´ zT
i θ ´ xβpθq, xiy

˘

` nλ}βpθq}2H

ff

, (3.17)
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and the minimizer is denoted by β̂pθq. Then, the estimation of θ̂ can be derived

subsequently from:

θ̂ “ argmin
θ

n
ÿ

i“1

ρ
`

yi ´ zT
i θ ´ xβ̂pθq, xiy

˘

. (3.18)

Finally, the estimators of β and θ are updated using the expressions β̂pθ̂q and θ̂,

respectively. Our proof closely follows the methodology employed in Cui et al. (2020).

We now list some notations and properties that will be used in the following

proof. For any operator F , we denote FT as its adjoint operator. For any operator

F , }F}op stands for its usual operator norm, that is, }F}op “ supth:}h}L2
“1u }Fh}L2 .

The trace norm of an operator F is trpFq “
ř

jxpFTFq1{2ej, ejy for any orthonormal

basis teju. } ¨ }HS “ p
ř

j,kxFej, eky2q1{2 stands for the Hilbert-Schmidt norm (i.e.,

Frobenius norm). In particular, if F is a Hilbert-Schmidt norm and G is a bounded

operator, we have the property }FG}HS ď }F}HS ¨ }G}op.

Proof of Theorem 3.1

For a given θ, we rewrite the criterion of taking derivatives (3.17) with respect

to βpθq and setting it equal to zero, it is easy to show that the solution to (3.17)

is equivalently to the minimizer of the following penalized weighted least-squares

criterion:
n
ÿ

i“1

wi

`

yi ´ zT
i θ ´ xβpθq, xiy

˘2
` nλ}βpθq}2H,
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where wi “ ψpεiq{εi. We note that the reproducing Hilbert space H is the range of

K1{2 in L2pT q. We define δpθq “ K´1{2βpθq and δ0pθq “ K´1{2β0pθq. Then we have

}βpθq}H “ }δpθq} and }C1{2pβ̂pθq ´ β0pθqq}2 “ }Γ1{2pδ̂pθq ´ δ0pθqq}2 with the linear

operator Γ :“ K1{2CK1{2. Thus, the penalized criterion can be rewritten as

n
ÿ

i“1

wi

`

yi ´ zT
i θ ´ xδpθq, K1{2xiy

˘2
` nλ}δpθq}2,

Then, we have

δ̂pθq “
1

n
pΓn ` λW´1

n q´1
n
ÿ

i“1

K1{2xipyi ´ zT
i θq

“
1

n
pΓn ` λW´1

n q´1
n
ÿ

i“1

K1{2xipxδ0pθq, K1{2xiy ` εiq,

where Γn “ K1{2CnK
1{2 is a simple moment estimator of Γ, and Cn “

1

n

n
ř

i“1

xipsq b

xiptq is a simple moment estimator of covariance function C “ Epx b xq. Here,

Wn “ diagpw1, w2, . . . , wnq is the weighted matrix. In order to expression our proof

more concisely, we denote δ̂pθq as δ̂ and δ0pθq as δ0. Thus, we have

Γ1{2pδ̂ ´ δ0q “
1

n
Γ1{2pΓn ` λW´1

n q´1
n
ÿ

i“1

K1{2xixδ0, K
1{2xiyL2

`
1

n
Γ1{2pΓn ` λW´1

n q´1
n
ÿ

i“1

εiK
1{2xi ´ Γ1{2δ0

“Γ1{2pΓnpΓn ` λW´1
n q´1 ´ Iqδ0 ` Γ1{2pΓn ` λW´1

n q´1
n
ÿ

i“1

εiK
1{2xi
n
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“ ´ λΓ1{2W´1
n pΓn ` λW´1

n q´1δ0 ` Γ1{2pΓn ` λW´1
n q´1

n
ÿ

i“1

εiK
1{2xi
n

“ ´ λΓ1{2pΓnWn ` λIq´1δ0 ` Γ1{2pΓn ` λW´1
n q´1

n
ÿ

i“1

εiK
1{2Xi

n

:“M1 ` M2.

First, we can decompose the term M1 based on the fact that B´1 ´A´1 “ B´1pA´

BqA´1 for A “ ΓWn ` λI and B “ ΓnWn ` λI, thus we obtain that

M1 “ ´ λΓ1{2pΓWn ` λIq´1δ0 ´ λΓ1{2
“

pΓnWn ` λIq´1pΓWn ´ ΓnWnqpΓWn ` λIq´1
‰

δ0

“ ´ λΓ1{2pΓWn ` λIq´1δ0 ´ λΓ1{2pΓWn ` λIq´1pΓWn ´ ΓnWnqpΓWn ` λIq´1δ0

´λΓ1{2pΓnWn ` λIq´1pΓWn ´ ΓnWnqpΓWn ` λIq´1pΓWn ´ ΓnWnqpΓWn ` λIq´1δ0

:“M11 ` M12 ` M13.

Define N1pλq :“
ř

jě1

v2j
wjτj ` λ

with δ0 “
ř

jě1

vjej. Note that tτju and teju for j ě 1

are eigenvalues and the orthonormalized eigenfunctions of linear operator Γ. Then,

according to the definition of N1pλq and the fact that τj Ñ 0 as j Ñ 8, we can

deduce that }M11}2 “ } ´ λΓ1{2pΓWn ` λIq´1δ0}2 “ λ2N1pλq.

For M12, we define N2pλq :“ trppΓWn ` λIq´1Γq “
ř

jě1

τj
wjτj ` λ

. Then by Lemma

3.1, we have

}M12}2 ď}M11}2}pΓWn ´ ΓnWnqpΓWn ` λIq´1{2}2HS}pΓWn ` λIq´1{2}2

“ Oppλ2N1pλq ¨
N2pλq

n
¨
1

λ
q “ Opp

λN1pλqN2pλq

n
q.
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ForM13, by the property that for two Hilbert–Schmidt operators A andB, }AB}HS ď

}A}HS}B}op, it follows that

}M13}2 ď}λΓ1{2W´1
n pΓn ` λW´1

n q´1pΓ ´ Γnq}2HS ¨ }pΓ ` λW´1
n q´1}2op ¨ }pΓ ´ ΓnqpΓ ` λW´1

n q´ 1
2 }2HS

¨ }pΓ ` λW´1
n q´ 1

2 δ0}2op

“Opp
N2pλq

nλ
¨
N2pλq

n
¨ N1pλqq “ Opp

N1pλqN 2
2 pλq

n2λ
q.

where } ¨ }op stands for the usual operator norm, that is, }F}op “ supth:}h}“1u }Fh}

for an operator F .

Secondly, employing a similar decomposition as described above, we express M2 as

the sum of two terms: M21 “ Γ1{2pΓWn `λIq´1
n
ř

i“1

εiK
1{2xi
n

andM22 “ Γ1{2pΓnWn `

λIq´1pΓWn ´ ΓnWnqpΓWn ` λIq´1
n
ř

i“1

εiK
1{2xi
n

respectively. We proceed by consid-

ering the conditional expectation of }M21}2 with τj Ñ 0 as j Ñ 8, and we obtain

Ep}M21}2|xiq “ E
“

trpM21 b M21q|xi
‰

“
1

n
tr
`

Γ1{2pΓWn ` λIq´1E
”

ε2i pK
1{2xi b K1{2xiq

ı

Γ1{2pΓWn ` λIq´1
˘

“ Opp
1

n
trpΓ2pΓWn ` λIq´2qq

“ Opp
1

n

ÿ

jě1

τ 2j
pτjwj ` λq2

q

ď Opp
N2pλq

n
q.

For simplicity, we denote S “ pΓnWn ` λIq´1pΓWn ´ ΓnWnqpΓWn ` λIq´1. By the
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property trpFTFq “ trpFFT q “ }F}2HS for some finite operator F , we obtain that

Ep}M22}2|xiq “ E
“

trpM22 b M22q|xi
‰

“
1

n
tr
`

STE
”

ε2i pK
1{2xi b K1{2xiq

ı

S
˘

“ Op

` 1

n
}Γ1{2

n S}2HS

˘

“ Op

` 1

n
}Γ1{2

n pΓnWn ` λIq´1pΓWn ´ ΓnWnqpΓWn ` λIq´1}2HS

˘

ď Op

` 1

n
}Γ1{2

n pΓnWn ` λIq´1}2op ¨ }pΓWn ´ ΓnWnqpΓWn ` λIq´1}2HS

˘

ď Opp
1

nλ
q ¨ Opp

N2pλq

n
q.

By integrating all the aforementioned five terms, we obtain

}Γ1{2pδ̂ ´ δ0q}2 “ Oppλ2N1p1 `
N2

nλ
`

N 2
2

n2λ2
q `

N2

n
p1 `

1

nλ
qq.

Since λ — n´p2α`2rq{p2α`2r`1q, we have N2

nλ
Ñ 0 and 1

nλ
Ñ 0. Then, by Lemma 3.2,

}β̂ ´ β0}
2
C “ }C1{2pβ̂ ´ β0q}2 “ }Γ1{2pδ̂ ´ δ0q}2

“ Oppλ2N1 `
N2

n
q “ Oppn´p2α`2rq{p2α`2r`1qq.

Since we assume that θ is known, the convergence rate of β̂pθq is actually same as

that in purely linear regression. Thus, we complete the proof of Theorem 3.1.

Lemma 3.1 For a positive constant c, we have E}pΓWn`λIq´1{2pΓWn´ΓnWnq}2HS “

Op
N2pλq

n
q.
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Proof. Assume that, for a random predictor, we have K1{2x “
8
ř

j“1

ξjej and Epξ2j q “

τj,. Then, by the definition of Hilbert-Schmidt norm and the tensor product,

}pΓWn ` λIq´1{2pK1{2x b K1{2xqWn}2HS

“
ÿ

j,k

xpΓWn ` λIq´1{2pK1{2x b K1{2xqWnej, eky2

“
ÿ

j,k

ξ2j xpΓWn ` λIq´1{2WnK
1{2x, eky2

“
ÿ

j,k

ξ2j xK1{2x, pΓWn ` λIq´1{2Wneky2

“
ÿ

j,k

ξ2j xK1{2x, wjek{
a

wjτj ` λy2

“
ÿ

j,k

pwjξjξkq2

wjτj ` λ
.

Then, E}pΓWn`λIq´1ppK1{2xbK1{2xqWnq}2HS “
1

n

ř

j,k

w2
j τjτk

wjτj ` λ
ď
c

n

ř

j

τj
wjτj ` λ

“

c
N2pλq

n
, which implies E}pΓWn ` λIq´1{2pΓWn ´ ΓnWnq}2HS “ Op

N2pλq

n
q.

Lemma 3.2 For a positive constant c, we have N1pλq “ Opλ´1q, and N2pλq “

λ´1{p2α`2rq.
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Proof. We note that
ř

j“1 v
2
j ă 8,

ř

j“1w
2
j ă 8 and τj Ñ 0,

N1pλq “
ÿ

jě1

v2j
wjτj ` λ

ďcmax
j

1

wjτj ` λ

ďcλ´1.

Let J “ λ´p2α`2rq. Then, τj{pwjτj ` λq ď 1 for j ď J and τj{pwjτj ` λq ě τj{λ for

j ą J ,

N2pλq “
ÿ

j“1

τj
wjτj ` λ

ďc
J
ÿ

j“1

1 ` cλ´1
ÿ

jěJ`1

j´p2α`2rq “ Opλ´p2α`2rqq.

Proof of Theorem 3.2

To obtain the asymptotic normality of θ, we denote δ̂pθq “ K´1{2β̂pθq, then our

objective function is

Qpθq “

n
ÿ

i“1

ρpyi ´ zT
i θ ´ xδ̂pθq, K1{2xiyq. (3.19)

Note that δ̂pθq “
1

n
pΓn ` λW´1

n q´1
n
ř

i“1

K1{2xipyi ´ zT
i θq, we plug it into (3.19) and

obtain that pθ is the minimizer of

Qpθq “

n
ÿ

i“1

ρpyi ´ zT
i θ ´ x

1

n
pΓn ` λW´1

n q´1
n
ÿ

i“1

K1{2xipyi ´ zT
i θq, K1{2xiyq.
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Taking derivative of Qpθq with respect to θ and setting them equal to 0, it can be

shown that the solution to the resulting estimating equations is the minimizer of

weighted least-squares criterion:

rQpθq “

n
ÿ

i“1

wipyi ´ zT
i θ ´ x

1

n
pΓn ` λW´1

n q´1
n
ÿ

i“1

K1{2xipyi ´ zT
i θq, K1{2xiyq2

“

n
ÿ

i“1

wipεi ` xδ0, K
1{2xiy ´ zT

i pθ ´ θ0q ´ x
1

n
pΓn ` λW´1

n q´1
n
ÿ

i“1

K1{2xipεi`

xδ0, K
1{2xiy ´ zT

i pθ ´ θ0qq, K1{2xiyq2,

where wi “ ψpεiq{εi. By solving the equation B rQpθq

Bθ
“ 0, we obtained the following

results:

θ̂ ´ θ0 “
1

n

`

n
ř

i“1

wiηiη
T
i

n

˘´1
´

n
ÿ

i“1

wiηipεi ` xδ0, K
1{2xiy ´

1

n
xpΓn ` λW´1

n q´1

n
ÿ

i“1

K1{2xipεi ` xδ0, K
1{2xiyq, K1{2xiy

¯

,

where ηi “ zi ´ xpΓn ` λW´1
n q´1

n
ř

i“1

K1{2xizi

n
,K1{2xiy.

Based on the assumption (C4), there exists a function gj P H, such that Epzj|Xp¨qq “

xXp¨q, gjp¨qy for j “ 1, 2, ¨ ¨ ¨ , p. Let g0 “ pg01, g02, ¨ ¨ ¨ , g0pqT be the minimizer

obtained by the robust optimization problem ming Erρp}zj ´ xX, gy}Hs, and de-

fine γ0 “ K´1{2g0. Thus, pγ “ K´1{2
pg “ pΓn ` λW´1

n q´1

n
ř

i“1

K1{2xizi

n
is a ro-

bust estimator of γ0 based on RKHS approach. Subsequently, we can represent
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ηi “ zi ´ xK1{2xi, pγy “ zi ´ xxi, pgy, and obtained

n
ÿ

i“1

wiηiη
T
i ´

n
ÿ

i“1

wipzi ´ xxi, g0yqpzi ´ xxi, g0yqT

“

n
ÿ

i“1

wipzi ´ xxi, pgyqpzi ´ xxi, pgyqT ´

n
ÿ

i“1

wipzi ´ xxi, g0yqpzi ´ xxi, g0yqT

“

n
ÿ

i“1

wipzi ´ xxi, g0yqpzi ´ xxi, pgyqT `

n
ÿ

i“1

wixxi, g0 ´ pgypzi ´ xxi, pgqT

´

n
ÿ

i“1

wipzi ´ xxi, g0yqpzi ´ xxi, g0yqT

“

n
ÿ

i“1

wipzi ´ xxi, g0yqxxi, g0 ´ pgyT `

n
ÿ

i“1

wixxi, g0 ´ pgypzi ´ xxi, g0y ` xxi, g0 ´ pgyqT

“

n
ÿ

i“1

wipzi ´ xxi, g0yqxxi, g0 ´ pgyT `

n
ÿ

i“1

wixxi, g0 ´ pgypzi ´ xxi, g0yqT

`

n
ÿ

i“1

wixxi, g0 ´ pgyxxi, g0 ´ pgyT

“ Opp
?
n}g0 ´ pg}q ` Oppn}C1{2

n pg0 ´ pgq}2q “ oppnq. (3.20)

Since wipzi ´ xxi, g0yqxi has a zero mean within the framework of RKHS, the first

and second terms above are of order Opp
?
n}g0 ´ pg}q, while the third term is of order
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Oppn}C
1{2
n pg0 ´ pgq}2q. Therefore,

n
ÿ

i“1

wiηiεi “

n
ÿ

i“1

ψpεiqηi

“

n
ÿ

i“1

ψpεiqpzi ´ xxi, g0yq `

n
ÿ

i“1

ψpεiqpxxi, g0 ´ pgyq

“

n
ÿ

i“1

ψpεiqpzi ´ xxi, g0yq ` x

n
ÿ

i“1

ψpεiqxi, g0 ´ pgy

“

n
ÿ

i“1

ψpεiqpzi ´ xxi, g0yq ` Opp
?
n}g0 ´ pg}q

“

n
ÿ

i“1

ψpεiqpzi ´ xxi, g0yq ` oppnq. (3.21)

Moreover, we have

n
ÿ

i“1

wiηipxδ0, K
1{2xiy ´

1

n
xpΓn ` λW´1

n q´1
n
ÿ

i“1

K1{2xipεi ` xδ0, K
1{2xiy ´ zT

i pθ ´ θ0qq, K1{2xiyq

“

n
ÿ

i“1

wiηipxδ0, K
1{2xiy ´ xδ̂˚, K1{2xiyq

“

n
ÿ

i“1

wiηixδ0 ´ δ̂˚, K1{2xiy

“
ÿ

i“1

wipzi ´ xxi, g0yqxδ0 ´ δ̂˚, K1{2xiy `
ÿ

i“1

wixxi, g0 ´ pgyxδ0 ´ δ̂˚, K1{2xiy

“ Opp
?
n}δ0 ´ δ̂˚}q ` Oppn}Γ1{2

n pg0 ´ pgq} ¨ }δ0 ´ δ̂˚}q “ oppnq. (3.22)

where δ̂˚ is simply the RKHS estimator of δ in a purely functional linear model.

93



According to (3.20)-(3.22), the dominant term in θ̂ ´ θ0 is

1

n
p

n
ÿ

i“1

ψpεiq

εi
pzi ´ xxi, g0yqpzi ´ xxi, g0yqT q´1

n
ÿ

i“1

ψpεiqpzi ´ xxi, g0yq

“
1

n
p

n
ÿ

i“1

ψpεiq

ε
uiu

T
i q´1

n
ÿ

i“1

ψpεiqui.

Denote ∆1 “ Erψ1pεiquiu
T
i s,∆2 “ Erψ2pεiqpuiu

T
i qs. Then, by the central limit

theorem and condition (C5), we have the asymptotic normality of θ̂,

?
npθ̂ ´ θ0q

d
ÝÑ Np0,∆´1

1 ∆2∆
´1
1 q.
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3.7.2 Additional Simulation Results

Table 3.6: MISE of β̂ptq based on RKHS approach with different sample size and

error distributions, where λ is selected by generalized cross-validation, v “ 1.2.

Sample size Scenario Setting Distribution of Error Method

LS LAD Huber Bisquare Hampel

n “ 100 Scenario I normal 0.0375 0.0544 0.0404 0.0405 0.0379

Scenario II mixed normal 0.2436 0.1095 0.1571 0.1420 0.1720

tp3q 0.0906 0.0835 0.0721 0.0834 0.0724

Scenario III Setting 1 mixed normal 0.2253 0.1138 0.1639 0.1517 0.1994

tp3q 0.0975 0.0896 0.0839 0.0695 0.0740

Setting 2 mixed normal 0.2250 0.2069 0.1879 0.2003 0.1787

tp3q 0.0956 0.0821 0.0752 0.0811 0.0695

Setting 3 mixed normal 0.2430 0.1357 0.1681 0.2077 0.2132

tp3q 0.0835 0.0813 0.0766 0.0818 0.0655

n “ 300 Scenario I normal 0.0145 0.0218 0.0127 0.0106 0.0153

Scenario II mixed normal 0.0909 0.0304 0.0396 0.0414 0.0480

tp3q 0.0269 0.0181 0.0182 0.0180 0.0227

Scenario III Setting 1 mixed normal 0.0945 0.0380 0.0416 0.0450 0.0410

tp3q 0.0323 0.0321 0.0196 0.0199 0.0228

Setting 2 mixed normal 0.0675 0.0337 0.0426 0.0489 0.0429

tp3q 0.0276 0.0256 0.0213 0.0243 0.0280

Setting 3 mixed normal 0.0689 0.0470 0.0411 0.0677 0.0457

tp3q 0.0328 0.0356 0.0278 0.0324 0.0277

n “ 500 Scenario I normal 0.0093 0.0125 0.0087 0.0102 0.0084

Scenario II mixed normal 0.0628 0.0172 0.0204 0.0241 0.0234

tp3q 0.0198 0.0184 0.0130 0.0148 0.0155

Scenario III Setting 1 mixed normal 0.0480 0.0304 0.0247 0.0216 0.0249

tp3q 0.0211 0.0156 0.0139 0.0128 0.0154

Setting 2 mixed normal 0.0480 0.0287 0.0234 0.0260 0.0274

tp3q 0.0192 0.0201 0.0116 0.0183 0.0192

Setting 3 mixed normal 0.0573 0.0287 0.0424 0.0537 0.0277

tp3q 0.0214 0.0271 0.0249 0.0279 0.0210
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Table 3.7: MSE of θ̂ based on RKHS approach with different sample size and error

distributions, where λ is selected by generalized cross-validation, v “ 1.2.

Sample size Scenario Setting Distribution of Error Parameters

θ1 θ2

LS LAD Huber Bisquare Hampel LS LAD Huber Bisquare Hampel

n “ 100 Scenario I normal 0.0168 0.0240 0.0184 0.0149 0.0163 0.0067 0.0109 0.0088 0.0096 0.0074

Scenario II mixed normal 0.1476 0.0485 0.0609 0.0401 0.0456 0.0672 0.0264 0.0220 0.0197 0.0226

tp3q 0.0381 0.0298 0.0260 0.0322 0.0309 0.0226 0.0180 0.0137 0.0130 0.0158

Scenario III Setting 1 mixed normal 0.1341 0.0729 0.0472 0.0338 0.0347 0.0500 0.0399 0.0229 0.0197 0.0240

tp3q 0.0370 0.0353 0.0250 0.0314 0.0285 0.0190 0.0161 0.0138 0.0131 0.0153

Setting 2 mixed normal 0.1427 0.0948 0.0498 0.0448 0.0387 0.0684 0.0290 0.0222 0.0249 0.0160

tp3q 0.0516 0.0347 0.0246 0.0336 0.0302 0.0216 0.0167 0.0162 0.0151 0.0156

Setting 3 mixed normal 0.2480 0.0542 0.0624 0.0640 0.1052 0.1423 0.0234 0.0368 0.0407 0.0534

tp3q 0.0443 0.0335 0.0283 0.0379 0.0339 0.0206 0.0160 0.0144 0.0168 0.0159

n “ 300 Scenario I normal 0.0043 0.0055 0.0038 0.0043 0.0042 0.0017 0.0031 0.0020 0.0026 0.0018

Scenario II mixed normal 0.0404 0.0111 0.0080 0.0060 0.0061 0.0182 0.0054 0.0041 0.0036 0.0033

tp3q 0.0133 0.0087 0.0055 0.0071 0.0063 0.0066 0.0038 0.0033 0.0033 0.0031

Scenario III Setting 1 mixed normal 0.0402 0.0148 0.0079 0.0057 0.0054 0.0153 0.0090 0.0040 0.0029 0.0036

tp3q 0.0120 0.0109 0.0074 0.0075 0.0052 0.0059 0.0057 0.0032 0.0036 0.0030

Setting 2 mixed normal 0.0273 0.0123 0.0087 0.0060 0.0060 0.0195 0.0047 0.0037 0.0033 0.0035

tp3q 0.0120 0.0092 0.0066 0.0068 0.0079 0.0057 0.0035 0.0030 0.0038 0.0033

Setting 3 mixed normal 0.0360 0.0085 0.0059 0.0111 0.0068 0.0205 0.0059 0.0027 0.0063 0.0030

tp3q 0.0116 0.0108 0.0079 0.0079 0.0065 0.0060 0.0048 0.0035 0.0032 0.0037

n “ 500 Scenario I normal 0.0022 0.0033 0.0023 0.0023 0.0022 0.0011 0.0018 0.0013 0.0013 0.0010

Scenario II mixed normal 0.0197 0.0052 0.0043 0.0030 0.0033 0.0102 0.0028 0.0023 0.0019 0.0015

tp3q 0.0056 0.0053 0.0040 0.0028 0.0039 0.0022 0.0021 0.0017 0.0019 0.0018

Scenario III Setting 1 mixed normal 0.0194 0.0097 0.0047 0.0029 0.0032 0.0137 0.0048 0.0022 0.0017 0.0020

tp3q 0.0052 0.0034 0.0034 0.0036 0.0037 0.0034 0.0019 0.0018 0.0013 0.0020

Setting 2 mixed normal 0.0214 0.0054 0.0040 0.0028 0.0031 0.0112 0.0024 0.0020 0.0017 0.0017

tp3q 0.0069 0.0050 0.0034 0.0038 0.0036 0.0035 0.0026 0.0020 0.0022 0.0021

Setting 3 mixed normal 0.0191 0.0054 0.0057 0.0057 0.0031 0.0112 0.0024 0.0039 0.0025 0.0015

tp3q 0.0080 0.0052 0.0038 0.0042 0.0045 0.0033 0.0027 0.0024 0.0020 0.0021
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Table 3.8: MAPE ( Mean Absolute Percentage Error) and SE (Standard Error, in

the brackets) of prediction errors over 500 simulation with different sample size and

error distributions, where λ is selected by generalized cross-validation, v “ 1.2.

Sample size Scenario Setting Distribution of Error Method

LS LAD Huber Bisquare Hampel

n “ 100 Scenario I normal 0.0445(0.2183) 0.0525(0.2566) 0.0446(0.2186) 0.0451(0.2188) 0.0445(0.2183)

Scenario II mixed normal 0.0958(0.5908) 0.0895(0.5751) 0.0862(0.5597) 0.0859(0.5627) 0.0888(0.5798)

tp3q 0.1271(0.3369) 0.0954(0.4045) 0.1090(0.3284) 0.0784(0.3347) 0.1144(0.3311)

Scenario III Setting 1 mixed normal 0.2068(0.5224) 0.1124(0.4926) 0.1429(0.4898) 0.1972(0.4993) 0.1680(0.5016)

tp3q 0.0537(0.2804) 0.0337(0.2795) 0.0517(0.2728) 0.0524(0.2763) 0.0500(0.2730)

Setting 2 mixed normal 0.0674(0.5437) 0.0658(0.5684) 0.0604(0.5108) 0.0590(0.5206) 0.0625(0.5235)

tp3q 0.0575(0.3252) 0.0538(0.2968) 0.0503(0.2886) 0.0507(0.2956) 0.0505(0.2901)

Setting 3 mixed normal 0.0654(0.5481) 0.0588(0.5175) 0.0590(0.5162) 0.0591(0.5231) 0.0545(0.5090)

tp3q 0.0356(0.3053) 0.0334(0.3101) 0.0332(0.2964) 0.0334(0.3012) 0.0333(0.2985)

n “ 300 Scenario I normal 0.0260(0.0893) 0.0273(0.0948) 0.0259(0.0897) 0.0259(0.0899) 0.0260(0.0894)

Scenario II mixed normal 0.1006(0.2712) 0.0754(0.2609) 0.0795(0.2623) 0.0790(0.2619) 0.0782(0.2619)

tp3q 0.0548(0.1477) 0.0469(0.1477) 0.0414(0.1441) 0.0449(0.1446) 0.0452(0.1445)

Scenario III Setting 1 mixed normal 0.0720(0.2740) 0.0533(0.2659) 0.0551(0.2651) 0.0528(0.2654) 0.0555(0.2660)

tp3q 0.0425(0.1491) 0.0404(0.1518) 0.0364(0.1469) 0.0369(0.1475) 0.0358(0.1470)

Setting 2 mixed normal 0.0618(0.2771) 0.0529(0.2673) 0.0517(0.2679) 0.0513(0.2684) 0.0512(0.2687)

tp3q 0.0349(0.1495) 0.0344(0.1505) 0.0327(0.1467) 0.0326(0.1472) 0.0322(0.1468)

Setting 3 mixed normal 0.0653(0.2751) 0.0521(0.2693) 0.0560(0.2695) 0.0566(0.2711) 0.0524(0.2657)

tp3q 0.0447(0.1491) 0.0450(0.1538) 0.0443(0.1483) 0.0451(0.1490) 0.0444(0.1478)

n “ 500 Scenario I normal 0.0413(0.0672) 0.0422(0.0717) 0.0427(0.0688) 0.0431(0.0691) 0.0426(0.0682)

Scenario II mixed normal 0.0934(0.2064) 0.0794(0.2023) 0.0798(0.2024) 0.0779(0.2025) 0.0780(0.2025)

tp3q 0.0497(0.1108) 0.0486(0.1095) 0.0474(0.1091) 0.0471(0.1094) 0.0469(0.1089)

Scenario III Setting 1 mixed normal 0.0648(0.2070) 0.0579(0.2042) 0.0578(0.2022) 0.0573(0.2022) 0.0578(0.2025)

tp3q 0.0389(0.1162) 0.0373(0.1129) 0.0371(0.1124) 0.0369(0.1127) 0.0370(0.1123)

Setting 2 mixed normal 0.0671(0.2079) 0.0570(0.2037) 0.0582(0.2030) 0.0577(0.2031) 0.0577(0.2033)

tp3q 0.0671(0.2079) 0.0570(0.2037) 0.0582(0.2030) 0.0577(0.2031) 0.0577(0.2033)

Setting 3 mixed normal 0.0714(0.2077) 0.0571(0.2058) 0.0583(0.2037) 0.0549(0.2036) 0.0576(0.2044)

tp3q 0.0331(0.1148) 0.0316(0.1184) 0.0327(0.1147) 0.0328(0.1151) 0.0326(0.1147)
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4 Robust Hypothesis Testing in Functional

Linear Regression

4.1 Introduction

In the studies of functional data, a common problem is to explore the relationship

between functional covariates and functional or scalar response, which is an active

area of research in FDA. A popular method to address this problem is the functional

linear model (FLM, hereinafter) analysis, which was first introduced by (Ramsay

and Dalzell, 1991). The basic idea of FLM is to extend the classical linear model to

functional data, and one may reference the book of Ramsay and Silverman (2005)

for the details.

Due to the infinite dimensionality of the functional covariates, the testing prob-

lem about the association of the covariates and the response is of great interest in the

research area of FLM. The popular strategy to reduce the dimension is to represent

the functional covariates and coefficient function by linear combinations of a set of
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pre-determined basis functions, such as B-splines, Fourier and wavelet bases or eigen-

basis from the functional principal analysis. After such pre-treatment, the testing

problem of functional data has transformed into a testing problem under the classical

linear model. Numerous works in literature have used this strategy. For example,

Cardot et al. (2003) studied the hypothesis testing in the functional linear model

with the scalar response. They introduced two test statistics based on the norm

of the empirical cross-covariance operators and used penalized B-spline estimator of

the coefficient function in the simulation studies. Kong et al. (2016a) re-expressed

the functional linear model as a standard linear model through functional principal

component analysis method and considered the classical tests such as Wald, score,

likelihood ratio and F test. Su et al. (2017) proposed a new method of selecting

principal components (PCs) for constructing the Wald-type test statistics to avoid

the sensitive performance of the power in the classical test statistics with varying

thresholds.

In this chapter, we studies robust hypothesis testing procedures in the functional

linear model. Our motivation of this study is to use M-estimators in the testing

procedure, which has been studied in the classical linear regression (Maronna et al.,

2019) but has not been studied in functional data analysis. Our objective is to

show that the robust versions of Wald-type, the likelihood ratio-type, and F-type
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tests can be used in functional data analysis. The proposed testing procedures are

scale equivariant since we consider a residual scale estimator such that they have the

protection against high-leverage outliers. Moreover, our simulation results and real

data studies show that the robust test procedures are more stable in contaminated

datasets and have the higher estimated power values than those based on the classical

testing procedure.

This chapter is organized as follows. Section 4.2 describes the FLM and intro-

duces the robust testing procedures for testing whether the coefficient function is

zero. The asymptotic properties of the proposed procedures are also established in

Section 4.2. Simulation studies are performed in Section 4.3. Real data examples and

conclusions are given in Sections 4.4-4.5, respectively. All proofs and some additional

numerical simulation results are shown in Appendix.
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4.2 Methodology

4.2.1 Model Specification

We consider the FLM in which the response of interest is scalar while the covariate

is a function. Let y be a real-valued random variable defined on a probability space

pΩ,B, P q, Xptq P L2pT q is functional covariate defined on a compact support T .

Suppose that the mean and covariance function of Xptq are µptq “ EpXptqq and

Σps, tq “ CovpXpsq ´ µpsq, Xptq ´ µptqq, respectively. Then our FLM with scalar

response is expressed as follows:

y “ α0 ` xX, βy ` ε0 “ α0 `

ż

T
βptqXptqdt ` ε0, (4.1)

where βptq is a smooth square integrable coefficient function on T , α0 is an unknown

intercept and ε0 is a random error with zero mean and variance σ2
ε0
. Denote cen-

tered functional covariate rXptq “ Xptq ´ µptq and α “ α0 `

ż

T
βptqµptqdt, then the

equivalent model is

y “ α `

ż

T
βptq rXptqdt ` ε0. (4.2)

One of the popular techniques for dimension reduction in FDA is the functional

principal component analysis (FPCA, hereinafter). Suppose that the spectral decom-
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position of the covariance function is Σps, tq “
8
ř

k“1

λkϕkpsqϕkptq, where tλk, k ě 1u

is a set of eigenvalues with non-increasing order λ1 ě λ2 ě ¨ ¨ ¨ ě 0,
8
ř

k“1

λk ă 8, and

tϕkp¨q, k ě 1u are the corresponding orthonormal eigenfunctions. Use the Karhunen-

Loève representation, we have

rXptq “

8
ÿ

k“1

ξkϕkptq,

where tξk “

ż

T

rXptqϕkptqdt, k ě 1u are principal component scores with Epξkq “

0,Varpξkq “ Epξ2kq “ λk, and Epξkξk1q “ 0, for k ‰ k1.

Use the same basis functions, the coefficient function can be expanded by βptq “

8
ř

k“1

βkϕkptq, where βk “

ż

T
βptqϕkptqdt is the unknown basis coefficient. Then model

(4.2) can be equivalently written as

y “ α `

8
ÿ

k“1

βk

ż

T

rXptqϕkptqdt ` ε0 “ α `

8
ÿ

k“1

ξkβk ` ε0. (4.3)

This model is still impractical because of its infinite sum. In many existing methods,

the main technique is to approximate the model by truncating
8
ř

k“1

ξkβk to
kn
ř

k“1

ξkβk,

where kn is a finite number and increases with the sample size n. The truncation value

kn can be seen as a “cut-off” level. In practice, there are some empirical choices of the

“cut-off” level, such as PVE (Percentage of Variance Explained, hereinafter) method,

equivalently leading PCs (Principal Components, hereinafter) method (Cardot et al.,

2003; Kong et al., 2013; Swihart et al., 2014), CV (Cross-Validation, hereinafter )
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criterion (Qingguo, 2017), and information (AIC or BIC) criterion (Kato et al., 2012).

The truncated model, which employs a finite number of terms kn, can be expressed

as follows:

y “ α `

kn
ÿ

k“1

ξkβk ` ε, (4.4)

where ε “
8
ř

k“kn`1

βkξk ` ε0 have zero mean and large variance σ2
ε “

8
ř

k“kn`1

λkβ
2
k `

σ2
ε0
(Su et al., 2017). Our robust testing procedures in the next section are based on

the above truncated model. In the later simulation studies, we report the results

based on the different PVE threshold levels.

4.2.2 Testing Procedure Based on M-estimation

The statistical problem of our interest is to test whether there has relationship

between the covariate function Xptq and the scalar response y. Therefore, the null

hypothesis is to test if the coefficient function βptq is equal to zero:

H0 : βptq “ 0 for any t P T vs. Ha : βptq ‰ 0 for t in some open subset in T .

(4.5)

For alternative hypothesis Ha : βptq ‰ 0, we can consider a certain known func-

tion βptq “ βaptq ‰ 0 for t in some open subset in T . Then, under our truncated

FLM model (4.4), the hypothesis testing problem (4.5) is converted to the following
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testing problem:

H0 : β1 “ β2 “ ¨ ¨ ¨ “ βkn “ 0 vs.

Ha : β
a
k ‰ 0, βa

k “

ż

T
βaptqϕkptqdt, for at least one k, 1 ď k ď kn.

(4.6)

Let G “ tpxiptq, yiq : i “ 1, 2, ¨ ¨ ¨ , nu be independent realizations of pXptq, yq

generated by the model (4.1) and the errors εi are independent and identically dis-

tributed with finite variance and zero mean. The empirical version of Σps, tq is

pΣps, tq “
1

n

n
ÿ

i“1

rxipsq ´ sxpsqsrxiptq ´ sxptqs “

8
ÿ

k

λ̂kϕ̂kpsqϕ̂kptq, s, t P T

where sxp¨q “
1

n

n
ř

i“1

xip¨q, and tpλ̂k, ϕ̂kq, λ̂1 ě λ̂2 ě ¨ ¨ ¨ ě 0, k ě 1u are eigenvalue and

eigenfunction pairs of pΣps, tq.

Denote rxiptq “ xiptq´sxptq, ξ̂ik “

ż

T
rxiptqϕ̂kptqdt, and λ̂k “ Eξ̂2ik. Based on FPCA

method, the approximate solution of estimator β̂ptq is
kn
ř

k“1

β̂kϕ̂kptq, where α̂ and β̂k

are obtained by solving the following minimization problem

min
n
ÿ

i“1

ρppyi ´ α ´

kn
ÿ

k“1

ξ̂ikβkq{σ̂εq (4.7)

with ρp¨q being the loss function.

Remark 4.1 In equation (4.7), σ̂ε is a preliminary scale estimation of errors. A

popular approach for estimating σε is to use the normalized MAD ( median absolute

deviation about the median ) of residuals, say, σ̂ε “
1

0.675
MADpriq with MADpriq “

median
␣

|ri ´ medianpriq|
(

(Holland and Welsch, 1977; Yohai, 1974).
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Remark 4.2 The loss function ρp¨q is a suitable function which typically is convex,

symmetric about 0, and bounded. In our simulation studies, we choose Turkey’s

bisquare function pρpxq “
c2

6
t1´

„

1 ´ p
x

c
q2
ȷ3

u11t|x|ďcu `
c2

6
11t|x|ącu, c ą 0q, where the

tuning parameter c “ 4.685. Even though this loss function is not convex, it works

well in dealing with extreme outliers. The additional simulation results based on

Huber’s loss function are given in the supplementary material.

Let ψ be the derivative of ρ. Then, (4.7) is equivalent to the following local

M-estimation equation

n
ÿ

i“1

ψppyi ´ α ´

kn
ÿ

k“1

ξ̂ikβkq{σ̂εqξ̂ik “ 0. (4.8)

Denote θ “ pα,βJqJ with β “ pβ1, β2, ¨ ¨ ¨ , βknqJ being unknown parameter

vector, and θ̂R “ pα̂, β̂J
R qJ with β̂R “ pβ̂1, β̂2, ¨ ¨ ¨ , β̂knqJ being the solution of the

estimating equation (4.8). Note that only the slope function but not intercept α is

of our interest, then β̂R is M-estimator in model (4.4). Thus, our robust Wald-type

test statistic is defined as

TRW “ β̂J
R pV arpβ̂Rqq´1β̂R, (4.9)

where V arpβ̂Rq is kn ˆ kn matrix τ̂ 2ppΞJ
pΞq´1 in which pΞ “ rξ̂1, . . . , ξ̂i, . . . , ξ̂nsJ, ξ̂i “

pξ̂i1, ξ̂i2, ¨ ¨ ¨ , ξ̂iknqJ, i “ 1, 2, . . . , n, and τ̂ is a consistent estimator of the asymptotic

covariance matrix standardizing constant τ “ σ2
ε

Eψ2pε{σεq

pEψ1pε{σεqq2
. Denote ri “ yi ´ pyi.
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Then, τ̂ can be estimated by

τ̂ “ σ̂2
ε

n´1
řn

i“1 ψ
2pri{σ̂εq

pn´1
řn

i“1 ψ
1pri{σ̂εqq2

n

n ´ pkn ` 1q
, (4.10)

where σ̂ε is previously given scale parameter estimator (see Remark 1).

Next, we consider the likelihood ratio type test statistic. Let θ̃R “ pα̃, 0J
kn

qJ be

the M-estimator satisfying equation (4.7) but computed under the null model, where

0J
kn

“ p0, 0, . . . , 0qJ is kn-dimensional zero vector. Then based on a pseudolikelihood

ratio, a robust likelihood ratio type test statistic is given as

TRL “

n
ÿ

i“1

ρ

˜

ripθ̃Rq

σ̂ε

¸

´

n
ÿ

i“1

ρ

˜

ripθ̂Rq

σ̂ε

¸

. (4.11)

Finally, we define the F test in terms of the residual sum of squares under the

full and null models. According to Schrader and Hettmansperger (1980), a robust F

type test statistic can be constructed as

TRF “ tknλu´1
!

n
ÿ

i“1

ρ

˜

ripθ̃Rq

σ̂ε

¸

´

n
ÿ

i“1

ρ

˜

ripθ̂Rq

σ̂ε

¸

)

, (4.12)

where λ “
Eψ2pε{σεq

2Eψ1
pε{σεq

, and λ̂ “
1

pn ´ pkn ` 1qq

řn
i“1 ψ

2pri{σ̂εq

2n´1
řn

i“1 ψ
1pri{σ̂εq

. Similar to the

robust likelihood ratio type test, the computation of F test statistic also requires the

fitting of both the full and null models, while Wald test only requires the fitting of

the full model.
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Kong et al. (2016a) pointed out that the testing problems considered in the

truncated functional linear model were analogue to the multivariate covariates sit-

uation but with a few differences: (1) The number of principal components se-

lected (i.e. the truncation number) kn that diverges with the sample size n is not

known and needs to be pre-estimated based on some criterions; (2) the covariates

tξik, i “ 1, 2, . . . , n, k “ 1, 2, . . . , knu (i.e. the principal components) are estimated

through the empirical covariance function and can not be observed directly; (3) the

previously scale parameter estimation σ̂ε is dependent on the truncation number kn.

4.2.3 Asymptotic Distributions under the Null and Alternatives

As discussed in the last section, our robust testing procedures are based on the

truncated model (4.4), and the selected truncation level kn may diverge as n Ñ 8.

In the following, we first make some assumptions required for our theoretical devel-

opments and then present the results of asymptotic distributions of the test statistics

under both null and alternative hypotheses. Note that we use a generic constant C

whose value may be changed from line to line throughout these assumptions.

(A1) Xptq have finite fourth moment, i.e.,
ż

T
ErXptqs4dt ă 8, and for each k,

Epξ4kq ă Cλ2k for some constant C.
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(A2) The eigenvalues λk, k “ 1, 2, ¨ ¨ ¨, satisfy that

C´1k´a ď λk ď Ck´a and λk ´ λk`1 ě C´1k´a´1 for some a ą 1.

For the Fourier coefficients βk , there exist constant C and b ą a{2 ` 1 such

that |βk| ď Ck´b for all k ě 1.

(A3) The number of principal components selected, kn, satisfies that kn Ñ 8 as

n Ñ 8, and kn — n1{pa`2bq , which means that the ratio kn
n1{p2a`bq

is bounded

away from both zero and infinity.

(A4) The function ρp¨q is convex and nonmonotone, and Eψpεi|Xiq “ 0, Epψ2pεiq|Xiq ă

8 for i “ 1, 2, ¨ ¨ ¨ , n.

(A5) There exists constant 0 ă C ă 8, such that sup
iPn

Eprψpεi ` uq ´ ψpεiqs2|Xiq ă

C|u|, as u Ñ 0.

(A6) There exist a positive function gpXiq with 0 ă gpXiq ă 8 and some constant

0 ă C, S ă 8 such that|Epψpεi ` v|Xiq ´ gpXiqv| ď Cv2 for |v| ď S.

(A7) hn “ opk
´ 2

3
n q, where hn “ maxiďn hii with hii being the ith diagonal element of

the projection matrix H “ ΞpΞJΞq´1Ξ.

Assumption (A1) is a common moment condition imposed for the estimation

of functional predictor (Kato et al., 2012), which ensures that Xptq has light tails
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so that the empirical covariance has
?
n consistency. Assumptions (A2)-(A3) are

adapted from Hall et al. (2007), which implies that all λk’s are positive and guarantees

the identification of the coefficient function. The second part of Assumption (A2)

requires that the spacing between adjacent eigenvalues not be small, which ensures

identifiability of the eigenfunctions. Assumption (A3) allows kn to diverge, and

gives the order of the truncation number kn. Combined with Assumption (A2),

(A3) implies that the divergence of the number of functional principal components

with n depends on the spacing between adjacent eigenvalues (Kong et al., 2016a).

Assumptions (A4)-(A7) are some regularity conditions about the score function ψp¨q

and robust estimates, which are adapted from Yohai and Maronna (1979) and Huber

et al. (1973).

Theorem 4.1 Assume that Xiptq P L2pT q for i “ 1, 2, ¨ ¨ ¨ , n, λ “
Eψ2pε{σεq

2Eψ1
pε{σεq

, and

assumptions (A1) -(A7) hold. Then, under the null hypothesis H0: βptq “ 0 for any

t P T , we have that:

(1) pTRW ´ knq{
?
2kn

d
ÝÑ Np0, 1q,

(2) pλ´1TRL ´ knq{
?
2kn

d
ÝÑ Np0, 1q,

(3) pknTRF ´ knq{
?
2kn

d
ÝÑ Np0, 1q,

as kn Ñ 8.

Theorem 4.2 Assume that Xiptq P L2pT q for i “ 1, 2, ¨ ¨ ¨ , n, λ “
Eψ2pε{σεq

2Eψ1
pε{σεq

,
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and the assumptions (A1)-(A7)hold. Then, under alternative hypothesis Ha: βptq “

βaptq ‰ 0 for some unknown real valued function βaptq defined in T , we have that:

(1)TRW ´ pkn ` ηnq
a

2pkn ` 2ηnq

d
ÝÑ Np0, 1q,

(2)
λ´1TRL ´ pkn ` 1

2
ηnq

a

2pkn ` ηnq

d
ÝÑ Np0, 1q,

(3)
knTRF ´ pkn ` 1

2
ηnq

a

2pkn ` ηnq

d
ÝÑ Np0, 1q,

as kn Ñ 8, where ηn “
n

τ̂ 2

kn
ř

k“1

λkpβa
kq2 and βa

k “
ş

T βaptqϕkptqdt.

Under the null hypothesis and truncated functional linear model, the distributions

of these test statistics are similar to their counterparts in multiple regression. In

particular, if the truncated number kn is fixed, the null distribution of Wald type

and likelihood type test will behave like χ2
kn

and the null distribution of F test will

behave like F distribution Fkn,n´pkn`1q. The proofs of both theories are given in the

Appendix.

4.3 Simulation Studies

In this section, we study the performance of the robust version of Wald-type,

the likelihood type and F-type tests in terms of Type I errors and powers in the

functional linear model. According to (4.1), we simulate data with three different

settings based on three different models. Meanwhile, we add a baseline covariate
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Zi „ U r0, 5s in the model as a potential con-founder. For simplicity of presentation,

we consider a scenario in which the functional covariates xip¨q, i “ 1, 2, ¨ ¨ ¨ , n, are

generated by five Fourier basis functions, i.e.,

xiptq “

5
ÿ

k“1

ξikϕkptq,

where ξik „ Np0, λkq with λk “ k´1.1, k “ 1, 2, ¨ ¨ ¨ , 5. The five orthonormal Fourier

basis functions are ϕ1ptq “ 1, ϕ2ptq “
?
2 sinp2πtq, ϕ3ptq “

?
2 cosp2πtq, ϕ4ptq “

?
2 sinp4πtq, and ϕ5ptq “

?
2 cosp4πtq. The scalar response variable yi is generated

by the following model:

yi “ ´2 ` 0.5Zi `

ż 1

0

βptqxiptqdt ` εi (4.13)

where Zi „ U r0, 5s, and the coefficient function βptq is formed by the same basis func-

tions for xiptq. Here, βptq “ a
5
ř

k“1

βkϕkptq with a “ 0, 0.03, 0.06, 0.12 for controlling

the magnitude of βp¨q across the support. In our simulation studies, we consider the

true coefficient parameter vector β “ pβ1, β2, β3, β4, β5q
J in three different settings.

The details of these settings are as follows:

u Setting 1: β “ p1, 1, 1, 1, 1qJ, which means that the functional effects are the

same across the five directions.

u Setting 2: β “ p1, 0.7, 0.5, 0.3, 0qJ, which means that the direction with the

smallest variation has a null effect on the response.
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u Setting 3: β “ p0, 0.7, 0.5, 0.3, 1qJ, which means that the direction with the

smallest variation has a strong effect on the response.

A total of 2000 datasets, each with n “ 1000 observations, are generated under

these three settings. We study the performance of the powers under both classical

and robust testing procedures for each setting. The robust testing procedures are

mainly implemented in “RobStatTM” R packages (Maronna et al., 2019). For the

above three settings, we consider two types of sampling designs for the functional

covariates: dense model and sparse model. Based on our numerous simulations, we

find out that the weight of random errors have effect on the dense model. Therefore,

we increase the weight of the errors term in the dense model and design the following

three models:

u Model I (Dense model 1): The weight on the random errors εis is 1, and the

501 grid points on each curve are equally spaced points in the interval r0, 1s.

u Model II (Dense model 2): The weight on the random errors εis is 3
?
m, where

m “ 501 is the number of grid points on each curve that are the same as in

the model I.

u Model III (Sparse model): The numbers of points per curve ti are small and

varies across subjects, which is chosen randomly from a discrete uniform dis-
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tribution on t3, 4, 5u. Each curve is assumed to be observed at ti point which

are randomly sampling form the set of 501 equally spaced points in r0, 1s.

To study the proposed robust hypothesis testing procedure, the error εi can be

distributed from a heavy-tailed distribution or a contaminated normal distribution.

For a simple presentation, we only report the simulation results of the three models

with errors being Cauchy p0, 1q distributed. The simulation results are displayed in

the following Tables 4.1-4.3 and Figures 4.1-4.3. For concise presentation, the results

corresponding to five selected threshold levels, i.e., 0.65, 0.75, 0.85, 0.95, and 0.99,

are given in the tables, while the estimated Type I error rates and power curves

based on robust Wald type testing are shown in Figures 4.1-4.3.
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Table 4.1: Simulation results based on the classical (T c) and robust (T r) methods

for Model I (Dense model 1) with random errors εi „ Cauchy p0, 1q. The rows with

a “ 0 stand for Type I error rates of both methods under different settings, while

the rows with a ą 0 are the power values under alternative hypotheses.

Setting 1 Setting 2 Setting 3

Wald F Likelihood Wald F Likelihood Wald F Likelihood

a γ T c T r T c T r T c T r T c T r T c T r T c T r T c T r T c T r T c T r

0 0.65 0.049 0.053 0.049 0.053 0.049 0.053 0.050 0.048 0.050 0.044 0.050 0.045 0.041 0.057 0.040 0.055 0.041 0.055

0 0.75 0.042 0.048 0.042 0.049 0.042 0.049 0.043 0.046 0.042 0.050 0.043 0.051 0.049 0.046 0.049 0.047 0.049 0.048

0 0.85 0.045 0.052 0.045 0.050 0.046 0.050 0.053 0.047 0.051 0.046 0.053 0.047 0.054 0.043 0.053 0.042 0.054 0.044

0 0.95 0.050 0.056 0.050 0.056 0.050 0.057 0.057 0.046 0.056 0.044 0.057 0.046 0.053 0.040 0.053 0.045 0.053 0.047

0 0.99 0.054 0.054 0.052 0.051 0.054 0.054 0.058 0.050 0.057 0.049 0.058 0.050 0.051 0.054 0.050 0.056 0.051 0.057

0.03 0.65 0.932 1.000 0.932 1.000 0.932 1.000 0.912 1.000 0.912 1.000 0.912 1.000 0.794 1.000 0.794 1.000 0.794 1.000

0.03 0.75 0.922 1.000 0.922 1.000 0.922 1.000 0.908 1.000 0.908 1.000 0.908 1.000 0.808 1.000 0.808 1.000 0.808 1.000

0.03 0.85 0.926 1.000 0.926 1.000 0.926 1.000 0.912 1.000 0.912 1.000 0.912 1.000 0.826 1.000 0.823 1.000 0.826 1.000

0.03 0.95 0.928 1.000 0.927 1.000 0.928 1.000 0.911 1.000 0.911 1.000 0.911 1.000 0.856 1.000 0.855 1.000 0.856 1.000

0.03 0.99 0.928 1.000 0.928 1.000 0.928 1.000 0.893 1.000 0.893 1.000 0.893 1.000 0.826 1.000 0.826 1.000 0.826 1.000

0.06 0.65 0.960 1.000 0.960 1.000 0.960 1.000 0.954 1.000 0.954 1.000 0.954 1.000 0.907 1.000 0.906 1.000 0.907 1.000

0.06 0.75 0.965 1.000 0.965 1.000 0.965 1.000 0.957 1.000 0.957 1.000 0.957 1.000 0.911 1.000 0.911 1.000 0.911 1.000

0.06 0.85 0.967 1.000 0.967 1.000 0.967 1.000 0.956 1.000 0.956 1.000 0.956 1.000 0.903 1.000 0.903 1.000 0.903 1.000

0.06 0.95 0.966 1.000 0.966 1.000 0.966 1.000 0.951 1.000 0.951 1.000 0.951 1.000 0.916 1.000 0.911 1.000 0.916 1.000

0.06 0.99 0.966 1.000 0.966 1.000 0.966 1.000 0.956 1.000 0.956 1.000 0.956 1.000 0.920 1.000 0.920 1.000 0.920 1.000

0.12 0.65 0.985 1.000 0.985 1.000 0.985 1.000 0.979 1.000 0.979 1.000 0.979 1.000 0.949 1.000 0.949 1.000 0.949 1.000

0.12 0.75 0.983 1.000 0.983 1.000 0.983 1.000 0.978 1.000 0.978 1.000 0.978 1.000 0.959 1.000 0.959 1.000 0.959 1.000

0.12 0.85 0.975 1.000 0.975 1.000 0.975 1.000 0.979 1.000 0.978 1.000 0.979 1.000 0.943 1.000 0.943 1.000 0.943 1.000

0.12 0.95 0.980 1.000 0.980 1.000 0.980 1.000 0.975 1.000 0.975 1.000 0.975 1.000 0.963 1.000 0.963 1.000 0.963 1.000

0.12 0.99 0.982 1.000 0.982 1.000 0.980 1.000 0.979 1.000 0.979 1.000 0.979 1.000 0.961 1.000 0.961 1.000 0.961 1.000
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Figure 4.1: The estimated Type I error rates (depicted as the height of the bars) and

power curves are shown from the left to the right panels for Model I (Dense model 1).

The results in the settings 1-3 are aligned from the top to the bottom. In addition,

the red line is based on the classical Wald testing procedure, while the blue line is

corresponding to the robust Wald type testing procedure.
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Table 4.2: Simulation results based on the classical (T c) and robust (T r) methods for

Model II (Dense model 2) with random errors 3
?
mεi, where εi „ Cauchy p0, 1q. The

rows with a “ 0 stand for Type I error rates of both methods under different settings,

while the rows with a ą 0 are the power values under alternative hypotheses.

Setting 1 Setting 2 Setting 3

Wald F Likelihood Wald F Likelihood Wald F Likelihood

a γ T c T r T c T r T c T r T c T r T c T r T c T r T c T r T c T r T c T r

0 0.65 0.050 0.053 0.049 0.053 0.050 0.054 0.054 0.055 0.054 0.055 0.054 0.056 0.044 0.042 0.044 0.040 0.044 0.045

0 0.75 0.045 0.057 0.044 0.057 0.045 0.058 0.057 0.051 0.055 0.050 0.057 0.050 0.059 0.046 0.059 0.047 0.059 0.047

0 0.85 0.058 0.055 0.057 0.054 0.058 0.054 0.0565 0.046 0.056 0.045 0.056 0.045 0.046 0.046 0.045 0.047 0.046 0.047

0 0.95 0.048 0.054 0.047 0.050 0.048 0.051 0.046 0.052 0.046 0.052 0.047 0.053 0.047 0.051 0.046 0.050 0.047 0.051

0 0.99 0.049 0.049 0.046 0.053 0.049 0.054 0.049 0.058 0.048 0.058 0.049 0.059 0.051 0.054 0.051 0.051 0.051 0.052

0.03 0.65 0.463 1.000 0.462 1.000 0.462 1.000 0.437 1.000 0.436 1.000 0.437 1.000 0.163 1.000 0.162 1.000 0.163 1.000

0.03 0.75 0.477 1.000 0.475 1.000 0.477 1.000 0.423 1.000 0.423 1.000 0.424 1.000 0.189 1.000 0.189 1.000 0.189 1.000

0.03 0.85 0.472 1.000 0.470 1.000 0.472 1.000 0.393 1.000 0.392 1.000 0.393 1.000 0.171 1.000 0.169 1.000 0.171 1.000

0.03 0.95 0.486 1.000 0.486 1.000 0.486 1.000 0.393 1.000 0.390 1.000 0.393 1.000 0.213 1.000 0.212 1.000 0.213 1.000

0.03 0.99 0.499 1.000 0.497 1.000 0.500 1.000 0.410 1.000 0.409 1.000 0.410 1.000 0.184 1.000 0.183 1.000 0.184 1.000

0.06 0.65 0.700 1.000 0.699 1.000 0.700 1.000 0.677 1.000 0.677 1.000 0.677 1.000 0.385 1.000 0.357 1.000 0.358 1.000

0.06 0.75 0.712 1.000 0.711 1.000 0.712 1.000 0.671 1.000 0.670 1.000 0.671 1.000 0.401 1.000 0.400 1.000 0.401 1.000

0.06 0.85 0.704 1.000 0.703 1.000 0.704 1.000 0.642 1.000 0.641 1.000 0.642 1.000 0.403 1.000 0.399 1.000 0.403 1.000

0.06 0.95 0.709 1.000 0.709 1.000 0.709 1.000 0.644 1.000 0.644 1.000 0.644 1.000 0.470 1.000 0.468 1.000 0.470 1.000

0.06 0.99 0.722 1.000 0.721 1.000 0.722 1.000 0.652 1.000 0.650 1.000 0.652 1.000 0.482 1.000 0.481 1.000 0.483 1.000

0.12 0.65 0.855 1.000 0.855 1.000 0.855 1.000 0.835 1.000 0.835 1.000 0.835 1.000 0.627 1.000 0.627 1.000 0.627 1.000

0.12 0.75 0.849 1.000 0.849 1.000 0.849 1.000 0.829 1.000 0.829 1.000 0.829 1.000 0.675 1.000 0.673 1.000 0.675 1.000

0.12 0.85 0.860 1.000 0.859 1.000 0.860 1.000 0.813 1.000 0.811 1.000 0.813 1.000 0.654 1.000 0.653 1.000 0.654 1.000

0.12 0.95 0.853 1.000 0.852 1.000 0.852 1.000 0.816 1.000 0.815 1.000 0.816 1.000 0.712 1.000 0.711 1.000 0.712 1.000

0.12 0.99 0.844 1.000 0.843 1.000 0.844 1.000 0.809 1.000 0.807 1.000 0.809 1.000 0.705 1.000 0.703 1.000 0.705 1.000
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Figure 4.2: The estimated Type I error rates (depicted as the height of the bars)

and power curves are shown from the left to the right panels for Model II (Dense

model 2). The results in the settings 1-3 are aligned from the top to the bottom.

In addition, the red line is based on the classical Wald testing procedure, while the

blue line is corresponding to the robust Wald type testing procedure.
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Table 4.3: Simulation results based on the classical (T c) and robust (T r) methods

for Model III (Sparse model) with random errors εi „ Cauchy p0, 1q. The rows with

a “ 0 stand for Type I error rates of both methods under different settings, while

the rows with a ą 0 are the power values under alternative hypotheses.

Setting 1 Setting 2 Setting 3

Wald F Likelihood Wald F Likelihood Wald F Likelihood

a γ T c T r T c T r T c T r T c T r T c T r T c T r T c T r T c T r T c T r

0 0.65 0.045 0.051 0.045 0.052 0.045 0.053 0.044 0.050 0.043 0.047 0.044 0.048 0.055 0.054 0.050 0.050 0.050 0.050

0 0.75 0.052 0.042 0.052 0.041 0.052 0.041 0.058 0.049 0.058 0.048 0.058 0.048 0.058 0.048 0.058 0.047 0.058 0.048

0 0.85 0.053 0.055 0.053 0.053 0.053 0.054 0.060 0.049 0.059 0.047 0.060 0.047 0.065 0.051 0.065 0.052 0.065 0.052

0 0.95 0.058 0.058 0.055 0.058 0.058 0.060 0.075 0.049 0.074 0.049 0.075 0.049 0.067 0.053 0.066 0.055 0.067 0.057

0 0.99 0.090 0.047 0.082 0.046 0.090 0.046 0.083 0.054 0.082 0.053 0.083 0.054 0.091 0.056 0.090 0.055 0.092 0.056

0.03 0.65 0.063 0.612 0.062 0.602 0.063 0.603 0.057 0.522 0.056 0.516 0.057 0.517 0.050 0.158 0.049 0.158 0.050 0.158

0.03 0.75 0.054 0.624 0.053 0.619 0.054 0.620 0.055 0.519 0.054 0.512 0.055 0.515 0.051 0.154 0.051 0.149 0.051 0.150

0.03 0.85 0.063 0.651 0.062 0.638 0.063 0.640 0.058 0.491 0.057 0.482 0.058 0.485 0.060 0.168 0.059 0.166 0.060 0.168

0.03 0.95 0.072 0.667 0.071 0.656 0.072 0.659 0.073 0.433 0.071 0.425 0.073 0.428 0.075 0.171 0.074 0.168 0.076 0.169

0.03 0.99 0.080 0.612 0.080 0.608 0.080 0.615 0.086 0.373 0.084 0.371 0.086 0.376 0.074 0.164 0.072 0.162 0.074 0.165

0.06 0.65 0.062 0.992 0.061 0.992 0.062 0.992 0.063 0.988 0.063 0.988 0.063 0.988 0.059 0.437 0.058 0.429 0.059 0.430

0.06 0.75 0.073 0.996 0.073 0.995 0.073 0.995 0.064 0.989 0.063 0.986 0.064 0.987 0.063 0.515 0.063 0.506 0.063 0.506

0.06 0.85 0.073 0.998 0.072 0.997 0.073 0.997 0.062 0.983 0.062 0.980 0.062 0.980 0.060 0.557 0.059 0.558 0.060 0.560

0.06 0.95 0.073 0.999 0.072 0.999 0.073 0.999 0.072 0.978 0.072 0.974 0.072 0.974 0.077 0.644 0.075 0.636 0.077 0.638

0.06 0.99 0.102 0.997 0.099 0.995 0.102 0.995 0.081 0.955 0.080 0.952 0.082 0.953 0.089 0.587 0.089 0.587 0.090 0.590

0.12 0.65 0.101 1.000 0.100 1.000 0.101 1.000 0.089 1.000 0.089 1.000 0.089 1.000 0.051 0.906 0.051 0.902 0.051 0.902

0.12 0.75 0.110 1.000 0.108 1.000 0.110 1.000 0.096 1.000 0.095 1.000 0.096 1.000 0.070 0.949 0.069 0.944 0.070 0.944

0.12 0.85 0.114 1.000 0.111 1.000 0.114 1.000 0.090 1.000 0.090 1.000 0.090 1.000 0.073 0.986 0.072 0.982 0.073 0.982

0.12 0.95 0.111 1.000 0.111 1.000 0.111 1.000 0.109 1.000 0.108 1.000 0.109 1.000 0.077 0.998 0.077 0.998 0.077 0.998

0.12 0.99 0.126 1.000 0.124 1.000 0.126 1.000 0.118 1.000 0.117 1.000 0.118 1.000 0.101 0.997 0.099 0.996 0.101 0.997
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Figure 4.3: The estimated Type I error rates (depicted as the height of the bars)

and power curves are shown from the left to the right panels for Model III (Sparse

model ). The results for the settings 1-3 are aligned from the top to the bottom. In

addition, the red line is based on the classical Wald testing procedure, while the blue

line is corresponding to the robust Wald type testing procedure.

119



The simulation results shown in Table 4.1 associated with Figure 4.1 are for the

model I. The results show that the estimated Type I error rates in most settings are

close to the nominal significance level of 0.05. The power performance based on the

classical method is worse than that of the robust method; this is particularly obvious

in the third setting. The simulation results shown in Table 4.2 (or Figure 4.2) and

Table 4.3 (or Figure 4.3) are for Models II and III, respectively. As with Model I, the

type I error rates are close to 0.05, except we observe inflated Type I error rates for the

sparse model (Model III). Obviously, the power values based on the classical method

are less than those based on the robust testing procedures. All these results indicate

that the robust procedures are more stable and consistent than the classical ones in

the hypothesis testing problem. The results also show that the high threshold of PVE

does not guarantee a better power both in the robust and classical testing procedures.

For example, in Table 4.2, under the setting 1 with a=0.12, the power decreases from

0.855 to 0.844 (based on the classical Wald test) with γ “ 0.65 increasing to γ “ 0.99.

In Table 4.3, under the first setting with a=0.03, the power drops from 0.667 to 0.612

(based on the robust Wald type test) with threshold γ increasing from 0.95 to 0.99.

This is a trade-off between the degrees of freedom and the information included in

the selected PCs. Based on our extensive experiments, γ “ 0.95 is the most suitable

threshold when implementing both the classical and robust testing procedures. To
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further demonstrate the performance of the robust hypothesis testing procedure, we

also report the extensive simulation results in Parts 1-3 of Appendix. Part 1 centers

on the dense model with errors 1

3
mˆ εi, where εi is Cauchy p0, 1q distributed or the

contaminated normal 0.9Np0, 1q ` 0.1Np1, 92q distributed. Part 2 contributes to a

small sample size (n “ 200). Part 3 focuses on Huber’s loss function. The results

there yield the conclusions similar to those for large sample size, different type of

contaminated error distributions, and loss function.

4.4 Real Data Examples

4.4.1 Diffusion Tensor Imaging Data

The first real example we consider is the Diffusion Tensor Imaging (DTI) study

data. This dataset has been considered in literature including (Goldsmith et al., 2012;

Kong et al., 2013; Su et al., 2017) and is available in the R package refund. Diffusion

tensor imaging (DTI) tractography is a magnetic resonance imaging technique that

measures the restricted diffusion of water in tissue to produce neural tract images.

It allows the study of white-matter tracts by measuring the diffusivity of water in

the brain. In white-matter tracts, water diffuses anisotropically in the direction

of the tract, while elsewhere water diffuses isotropically. The diffusion of water

molecules at each voxel is measured by fractional anisotropy (FA) and profiles along
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corpus callosum and right corticospinal tracts. Using measurements of diffusivity

along several gradients, DTI can provide relatively detailed images of white-matter

anatomy in the brain (Goldsmith et al., 2011).

In this study, 100 multiple scleroses (MS) patients and 42 healthy controls were

observed at multiple visits. For each subject and each visit, FA along with the

corpus callosum (CC) and the right corticospinal tract (RCST) were recorded. There

were 93 locations along the corpus callosum (CC) and 55 tracts profiles from RCST

(Goldsmith et al., 2011, 2012). Since the Auditory Serial Addition Test was only

recorded to multiple sclerosis patients and the missingness along RCST is very large,

the interest of our study here is to test the association between the Paced Auditory

Serial Addition Test scores (PASAT) and corpus callosum (CC) in multiple sclerosis

group. Although some multiple sclerosis patients visited several times, we use the

data obtained at the baseline visit in our study. The modeling framework we assumed

is yi “ α `
ş

TCCA
βCCAptqXiptqdt ` εi, and we want to test the hypothesis H0 :

βCCAptq “ 0 for all t P TCCA “ r0, 93s.

We first explore the relationship between FA profiles and PASAT scores. The

randomly selected five samples (left panel) and estimated mean FA profiles (middle

panel) along CC tracts and PASAT scores (right panel) for all subjects are presented

in Figure 4.4. It is difficult to conclude that the FA profiles along CC tracts have a
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significant impact on PASAT scores intuitively; a scalar-on-function linear model is

applied to study the relationship between PASAT scores and the FA profiles along CC

tracts. We use both classical and robust testing procedures with different threshold

levels of PVE: 65%, 75%, 85%, and 95%. All the results are presented in Table 4.4.

We also report the estimated coefficient function β̂ptq based on both classical and

robust methods in Figure 4.5, respectively.

Figure 4.4: Fractional anisotropy profiles along corpus callosum (CC) and the as-

sociated Paced Auditory Serial Addition Test scores (PASAT) of the 100 multiple

sclerosis patients.

From Table 4.4, we can see that there are inconsistent conclusions for classical

hypothesis testing procedures with different choices of the threshold. If we choose

significant level α “ 0.05, we can conclude that there is a significant association
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Figure 4.5: Left Panel: Estimated coefficient function β̂CCAptq in CCA area based

on both robust estimation and OLS estimation methods. The threshold for selecting

PCs is 0.95. The black solid line is estimated β̂CCAptq based on the robust estimation,

the red dashed line is estimated β̂CCAptq based on the OLS estimation. Right panel:

Power curve, the red line is based on the classical Wald testing, while the blue line

is corresponding to the robust Wald type testing.

between FA profiles along CC tracts and the PASAT scores if the threshold γ “

0.65, 0.75, 0.85. But if γ “ 0.95, we cannot draw such a conclusion because the

p-value is larger than 0.05, which means that different thresholds lead to opposite

conclusions based on the classical testing methods. On the other hand, the robust

testing procedures provide a consistent conclusion for different threshold levels, i.e.,
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Table 4.4: Testing results based on both classical (T c) and robust (T r) methods for

the DTI data with FA profiles in corpus callosum (CC). The number of PCs are

selected based on various threshold choices.

p-value (T c) p-value (T r)

γ Number of PCs Wald F Likelihood Wald F Likelihood

0.65 2 0.0014 0.0021 0.0017 0.0003 0.0002 0.0001

0.75 3 0.0037 0.0053 0.0043 0.0009 0.0006 0.0003

0.85 5 0.0198 0.0260 0.0204 0.0044 0.0024 0.0012

0.95 9 0.0708 0.0876 0.0630 0.0316 0.0162 0.0094

the FA profiles along CC tracts is significantly associated with PASAT scores.

Furthermore, we mimic the DTI data by a simulation study to explain the incon-

sistency of the classical testing procedures. First, we estimated coefficient function

based on the classical and robust methods as well as the functional regression along

CC tracts. Then, we conducted a simulation study by setting the true parameters

to be those estimated from the DTI data. To better explain the advantage of the

robust testing procedure, we contaminate the mimic data by adding an error term

ϵi „ Cauchy(0,1) to producing “vertical outliers”. For a simple presentation, we

only display the estimated power curve based on the classical and robust Wald tests

with different thresholds in Figure 4.5 (right panel). For the robust testing method,

the power performance is better than that with the classical testing procedure. The
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good performance of power based on the robust method is demonstrated by relatively

stableness for the different threshold levels.

4.4.2 Fat Content Spectrometric Data

The Fat Content Spectrometric (FCS) data consists of 215 near-infrared ab-

sorbance spectra of meat samples, recorded on a Tecator Infratec Food and Feed

Analyzer. This data set is a part of the Tecator data set, which is available in the R

package “fds” and can also be found at the website (http://lib.stat.cmu.edu/datasets).

Each sample consists of a 100-channel absorbance spectrum of the 850–1050 nm wave-

length range. Each spectrum in the database is associated with a content description

of the meat sample, obtained by analytic chemistry, which is the percentage of fat,

water and protein (Rossi et al., 2005). Our interest is to study the association be-

tween the fat percentage value and the recorded 100-channel absorbance spectrum.

To investigate the robustness of the proposed testing procedure, we contaminate

the fat percentage by the collective outliers. We notice that some values of the

fat percentage in a segment are small contextually. In fact, there are 20 samples

(sample 50 to sample 70) in this segment. We reset the values there to be two, five,

ten and twenty multiples of the original ones so that the data are contaminated. We

compare the classical and robust hypothesis testing procedures in the following table
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Figure 4.6: FCS data: absorbance trajectories of 215 meat samples measured over

100 equally spaced wavelengths between 850 and 1050 nm (left panel). Percentage

values of fat in the original data (middle panel) as well as in the contaminated data

(right panel).

and use 0.95 as the threshold for selecting PC numbers. The 100-channel absorbance

spectrum in the 850-1050 nm wavelength range and fat content percentage are shown

in Figure 4.6.

From Table 4.5, it is obviously that the robust testing procedure is more effective

than the classical method, especially for contaminated data. If we choose 0.05 as

our significant level, the p-values based on the two testing procedures ! 0.05, which

means that there is a significant association between the fat percentage value and

100-channel absorbance spectrum. On the other hand, when we reset some values

to be ten or twenty multiples of the original ones, the p-value is larger than 0.05
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Table 4.5: Testing results based on the classical (T c) and robust (T r) methods for

the Fat Content Spectrometric (FCS) data. The threshold for selecting PC numbers

is 0.95.

p-value (Tc) p-value (Tr)

Wald F Likelihood Wald F Likelihood

Original data 5.0223e ´ 13 8.8070e ´ 12 6.6661e ´ 12 5.6623e ´ 12 3.5630e ´ 12 1.6198e ´ 13

Contaminated data (2 multilples) 7.1982e ´ 12 7.6327e ´ 11 5.9218e ´ 118 5.8154e ´ 11 4.5510e ´ 11 3.8232e ´ 11

Contaminated data (5 multilples) 1.4890e ´ 6 2.8187e ´ 6 2.4648e ´ 6 5.1957e ´ 6 5.0819e ´ 6 28578e ´ 6

Contaminated data (10 multilples) 0.1225 0.1240 0.1218 1.5136e ´ 4 3.4521e ´ 5 2.3234e ´ 5

Contaminated data (20 multilples) 0.3130 0.3140 0.3113 2.3493e ´ 9 1.4487e ´ 9 2.4934e ´ 10

for using the classical procedure, which shows that there is no significant association

between the fat percentage value and the 100-channel absorbance spectrum. This

conclusion is unappealing in practice as contradictory conclusions could be drawn

when a dataset is contaminated.

4.5 Conclusions and Discussion

Functional linear model (FLM) has been a prevalent tool to describe the dynamic

data of infinite-dimensional covariates on scalar/ functional responses. There is a

rich literature on the performance of a classical test based on the FPCA method

under FLM. However, these testing procedures are not robust to outliers. In this

paper, we propose three robust testing procedures (Wald, F and Likelihood-type)
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and investigate their asymptotic properties. The number of PCs is determined by

the PVE threshold. Three simulation models, along with three different settings, are

designed for studying the performance of testing power. Under FLM, our numerical

studies show that the power of the classical testing procedure is lower than that of the

robust procedures if a dataset contains outliers. In addition, the sparse functional

linear model is more sensitive to outliers than the dense model. Furthermore, the

robust testing approach guarantees a higher power and is more stable for a contam-

inated dataset. The two real data examples also demonstrate the good performance

of the robust testing procedures.

There are several directions for future research. In this work, we only discuss the

scalar-on-function functional linear model. Extending the method to the function-on-

function linear or the generalized functional linear models will be interesting. On the

other hand, the establishment of theoretical properties for robust global hypothesis

testing in the functional linear model is still challenging. That will be most of the

interest in our future work.

129



4.6 Appendix

4.6.1 Proofs

Proof of Theorem 4.1

Assumptions (A1)-(A3) guarantee the consistency of the estimated ege Under

the truncated functional linear model 4.4, if assumptions (A4)-(A7) hold, the M-

estimator β̂R of β has asymptotic normality with Nknpβ, τ 2pΞJΞq´1q, where Ξ “

rξ1, . . . , ξnsJ and even if kn Ñ 8 (Yohai and Maronna, 1979). Under the null

hypothesis and kn “ opnq, the robust Wald type statistic TRW follows a centered chi-

square distribution with degree of freedom kn . Recalling that a quadratic form of

normal distribution has a chi-square distribution, then we can write TRW “
kn
ř

k“1

A2
1k,

where A1k’s are i.i.d standard normal random variables. By the central limit theorem,

we have p
kn
ř

k“1

A2
1k ´ knq{

?
2kn

D
ÝÑ Np0, 1q when kn Ñ 8. Thus, pTRW ´ knq{

?
2kn

D
ÝÑ

Np0, 1q as n Ñ 8.

Denote DpRq “
n
ř

i“1

ρ

˜

ripθ̃Rq

σ̃ε

¸

and DpF q “
n
ř

i“1

ρ

˜

ripθ̂Rq

σ̂ε

¸

. Then DpRq is the

minimum values of equation (4.7) under the restrictionH0, andDpF q is the minimum

values of equation (4.7) without constraints. Based on the theorem 1 in Schrader

and Hettmansperger (1980), if the null hypothesis is true, λ´1pDpRq´DpF qq
D
ÝÑ χ2

kn
.

Then, similar with proof of (1), we can denote λ´1pDpRq ´ DpF qq “
kn
ř

k“1

A2
2k, where
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A2k’s are i.i.d standard normal random variables. By the central limit theorem, we

have p
kn
ř

k“1

A2
2k ´ knq{

?
2kn

D
ÝÑ Np0, 1q as n Ñ 8. Thus, pλ´1TRL ´ knq{

?
2kn

D
ÝÑ

Np0, 1q as n Ñ 8. For TRF , note that knTRF “ λ´1TRL, then under null hypothesis,

pknTRF ´ knq{
?
2kn

D
ÝÑ Np0, 1q can be obtained easily.

Proof of Theorem 4.2

We know that under the truncated model (4.4), the alternative hypothesis Ha:

βptq “ βaptq ‰ 0 is equivalent to Ha : βa
k ‰ 0, βa

k “
ş

T βaptqϕkptqdt, 1 ď k ď kn.

According to Yohai and Maronna (1979) and under the assumptions(A1)-(A7), it

can be shown that,

β̂k ´ βa
k

τ̂{
a

ξTk ξk

D
ÝÑ Np0, 1q, for 1 ď k ď kn

independently. Note that Epξikq “ 0 and Epξ2ikq “ λk, i “ 1, 2, . . . , n, then ξTk ξk “

}ξk}2 “ nλk, where ξk “ pξ1k, ξ2k, . . . , ξnkqT . Therefore, according to (Muirhead,

2005, p.20-22), the robust Wald test statistic TRW follows a noncentral χ2 distribution

with degree of freedom kn and the noncentral parameter ηn “
n

τ̂ 2

kn
ř

k“1

λkpβa
kq2 (Su

et al., 2017). Based on a simple calculation, we have the asymptotic distribution

under Ha,
TRW ´ pkn ` ηnq
a

2pkn ` 2ηnq

D
ÝÑ Np0, 1q

as kn Ñ 8 .

For robust likelihood test statistic TRL, according to the theorem 2 in Schrader and
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Hettmansperger (1980), under the alternative hypothesis Ha, λ´1pDpRq´DpF qq has

a asymptotic noncentral χ2 distribution with degree of freedom kn and the noncentral

parameter 1

2
ηn. Then continue with a simple calculation, we have the asymptotic

distribution under Ha,
TRL ´ pkn `

1

2
ηnq

a

2pkn ` ηnq

D
ÝÑ Np0, 1q

as kn Ñ 8 . Similarly, for robust F test statistic TRF “ tknλu´1pDpRq ´ DpF qq,

then knTRF has a asymptotic noncentral χ2 distribution with degree of freedom kn

and the noncentral parameter 1

2
ηn. That implies,

knTRF ´ pkn `
1

2
ηnq

a

2pkn ` ηnq

D
ÝÑ Np0, 1q

as kn Ñ 8 .
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4.6.2 Additional Simulation Results

Part I: Simulation results for dense model with errors 1
3
m ˆ ϵi.

Table 4.6: Simulation results based on the classical (T c) and robust (T r) methods for

Model II˚, the dense model, with random errors 1
3
m ˆ εi, where εi „ Cauchyp0, 1q.

The rows with a “ 0 stand for the Type I error rates of both methods under different

settings, while the rows with a ą 0 are the power values under alternative hypotheses.

Setting 1 Setting 2 Setting 3

Wald F Likelihood Wald F Likelihood Wald F Likelihood

a γ Tc Tr Tc Tr Tc Tr Tc Tr Tc Tr Tc Tr Tc Tr Tc Tr Tc Tr

0 0.65 0.044 0.056 0.043 0.053 0.044 0.053 0.051 0.057 0.050 0.056 0.051 0.057 0.052 0.045 0.052 0.046 0.052 0.047

0 0.75 0.044 0.053 0.043 0.051 0.044 0.051 0.049 0.047 0.049 0.047 0.049 0.048 0.052 0.046 0.051 0.046 0.052 0.047

0 0.85 0.047 0.049 0.046 0.047 0.047 0.048 0.045 0.055 0.044 0.055 0.045 0.056 0.053 0.053 0.051 0.049 0.053 0.051

0 0.95 0.053 0.044 0.052 0.048 0.053 0.048 0.051 0.055 0.050 0.056 0.051 0.056 0.044 0.050 0.044 0.051 0.044 0.051

0 0.99 0.059 0.052 0.058 0.048 0.059 0.048 0.049 0.054 0.049 0.054 0.049 0.054 0.047 0.049 0.047 0.050 0.047 0.050

0.03 0.65 0.044 0.436 0.044 0.423 0.044 0.423 0.051 0.402 0.051 0.388 0.051 0.290 0.046 0.108 0.043 0.101 0.046 0.102

0.03 0.75 0.053 0.433 0.053 0.423 0.053 0.425 0.041 0.341 0.041 0.326 0.041 0.329 0.048 0.112 0.048 0.112 0.048 0.112

0.03 0.85 0.052 0.444 0.050 0.434 0.052 0.436 0.044 0.292 0.044 0.291 0.044 0.273 0.053 0.104 0.051 0.103 0.053 0.105

0.03 0.95 0.051 0.449 0.050 0.435 0.051 0.441 0.050 0.276 0.050 0.270 0.050 0.273 0.054 0.116 0.054 0.114 0.054 0.115

0.03 0.99 0.056 0.451 0.055 0.444 0.056 0.447 0.048 0.269 0.047 0.067 0.048 0.270 0.052 0.120 0.051 0.121 0.052 0.122

0.06 0.65 0.058 0.960 0.058 0.955 0.058 0.956 0.052 0.920 0.051 0.910 0.052 0.911 0.053 0.296 0.053 0.282 0.053 0.285

0.06 0.75 0.059 0.975 0.059 0.972 0.059 0.972 0.047 0.909 0.045 0.900 0.047 0.900 0.051 0.311 0.051 0.309 0.051 0.312

0.06 0.85 0.060 0.977 0.059 0.973 0.060 0.973 0.050 0.879 0.050 0.865 0.050 0.868 0.046 0.307 0.046 0.298 0.046 0.302

0.06 0.95 0.051 0.977 0.054 0.972 0.055 0.973 0.053 0.868 0.052 0.852 0.053 0.855 0.051 0.417 0.050 0.407 0.051 0.411

0.06 0.99 0.050 0.984 0.048 0.982 0.050 0.982 0.066 0.874 0.065 0.864 0.066 0.865 0.044 0.0418 0.044 0.408 0.044 0.411

0.12 0.65 0.074 1.000 0.073 1.000 0.074 1.000 0.071 1.000 0.070 1.000 0.071 1.000 0.050 0.811 0.050 0.802 0.050 0.803

0.12 0.75 0.072 1.000 0.072 1.000 0.072 1.000 0.062 1.000 0.062 1.000 0.062 1.000 0.056 0.884 0.055 0.876 0.056 0.878

0.12 0.85 0.077 1.000 0.077 1.000 0.077 1.000 0.071 1.000 0.071 1.000 0.071 1.000 0.047 0.876 0.046 0.857 0.047 0.858

0.12 0.95 0.076 1.000 0.075 1.000 0.076 1.000 0.063 1.000 0.063 1.000 0.063 1.000 0.056 0.971 0.056 0.967 0.056 0.967

0.12 0.99 0.074 1.000 0.073 1.000 0.074 1.000 0.072 1.000 0.070 1.000 0.072 1.000 0.047 0.974 0.045 0.967 0.047 0.968
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Table 4.7: Simulation results based on the classical (T c) and robust (T r) methods

for Model IV, the dense model, with random errors 1
3
mˆ εi, where ϵi „ 0.9Np0, 1q `

0.1Np1, 92q. The rows with a “ 0 stand for the Type I error rates of both methods

under different settings, while the rows with a ą 0 are the power values under

alternative hypotheses.

Setting 1 Setting 2 Setting 3

Wald F Likelihood Wald F Likelihood Wald F Likelihood

a γ Tc Tr Tc Tr Tc Tr Tc Tr Tc Tr Tc Tr Tc Tr Tc Tr Tc Tr

0 0.65 0.046 0.058 0.045 0.059 0.046 0.059 0.049 0.056 0.049 0.058 0.049 0.058 0.047 0.048 0.046 0.048 0.047 0.048

0 0.75 0.050 0.055 0.049 0.056 0.050 0.057 0.049 0.056 0.049 0.055 0.049 0.056 0.046 0.052 0.046 0.055 0.046 0.055

0 0.85 0.051 0.051 0.050 0.055 0.051 0.054 0.047 0.051 0.044 0.050 0.047 0.051 0.051 0.044 0.050 0.044 0.052 0.044

0 0.95 0.054 0.058 0.053 0.059 0.054 0.059 0.049 0.047 0.048 0.049 0.049 0.050 0.044 0.048 0.044 0.049 0.044 0.049

0 0.99 0.044 0.052 0.042 0.051 0.044 0.052 0.040 0.050 0.040 0.051 0.040 0.051 0.051 0.056 0.050 0.056 0.051 0.057

0.03 0.65 0.172 0.789 0.171 0.791 0.172 0.793 0.139 0.709 0.139 0.728 0.129 0.728 0.063 0.180 0.063 0.180 0.063 0.181

0.03 0.75 0.152 0.837 0.151 0.840 0.152 0.840 0.130 0.674 0.128 0.676 0.130 0.678 0.067 0.191 0.066 0.193 0.067 0.194

0.03 0.85 0.167 0.832 0.165 0.832 0.168 0.834 0.118 0.655 0.117 0.656 0.118 0.658 0.070 0.182 0.070 0.183 0.070 0.185

0.03 0.95 0.145 0.849 0.145 0.853 0.145 0.854 0.120 0.621 0.118 0.623 0.120 0.626 0.077 0.241 0.077 0.246 0.070 0.246

0.03 0.99 0.154 0.851 0.150 0.853 0.155 0.855 0.112 0.596 0.111 0.601 0.112 0.605 0.074 0.238 0.075 0.243 0.074 0.246

0.06 0.65 0.529 1.000 0.528 1.000 0.529 1.000 0.466 0.999 0.464 0.999 0.466 0.999 0.128 0.563 0.127 0.566 0.128 0.566

0.06 0.75 0.539 1.000 0.538 1.000 0.539 1.000 0.414 1.000 0.413 1.000 0.414 1.000 0.115 0.634 0.114 0.636 0.115 0.638

0.06 0.85 0.571 1.000 0.569 1.000 0.571 1.000 0.382 1.000 0.380 1.000 0.382 1.000 0.122 0.646 0.115 0.652 0.122 0.655

0.06 0.95 0.575 1.000 0.572 1.000 0.575 1.000 0.343 0.999 0.342 0.999 0.342 0.999 0.142 0.813 0.140 0.819 0.142 0.820

0.06 0.99 0.565 1.000 0.563 1.000 0.566 1.000 0.347 1.000 0.343 1.000 0.347 1.000 0.152 0.817 0.150 0.819 0.152 0.821

0.12 0.65 0.984 1.000 0.984 1.000 0.984 1.000 0.966 1.000 0.966 1.000 0.966 1.000 0.334 0.990 0.333 0.990 0.334 0.990

0.12 0.75 0.988 1.000 0.988 1.000 0.988 1.000 0.955 1.000 0.955 1.000 0.955 1.000 0.395 0.998 0.392 0.998 0.395 0.998

0.12 0.85 0.994 1.000 0.994 1.000 0.994 1.000 0.949 1.000 0.949 1.000 0.949 1.000 0.392 0.999 0.389 0.999 0.392 0.999

0.12 0.95 0.995 1.000 0.995 1.000 0.995 1.000 0.929 1.000 0.927 1.000 0.930 1.000 0.504 1.000 0.500 1.000 0.505 1.000

0.12 0.99 0.994 1.000 0.993 1.000 0.994 1.000 0.938 1.000 0.937 1.000 0.939 1.000 0.510 1.000 0.507 1.000 0.510 1.000

134



Figure 4.7: The estimated Type I errors (depicted as the height of the bars) and

power curves are shown from the left to the right panels for Model II*. The results

in the settings 1-3 are aligned from the top to the bottom. In addition, the red line

is based on the classical Wald testing procedure, while the blue line is corresponding

to the robust Wald type testing procedure.
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Figure 4.8: The estimated Type I errors (depicted as the height of the bars) and

power curves are shown from the left to the right panels for Model IV. The results

in the settings 1-3 are aligned from the top to the bottom. In addition, red line is

based on classic Wald testing procedure, , while the blue line is corresponding to the

robust Wald type testing procedure.
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Part II: Simulation results for small sample size (n “ 200).

Table 4.8: Simulation results based on the classical (T c) and robust (T r) methods

for Model I (Dense model 1) with random errors εi „ Cauchy p0, 1q. The rows with

a “ 0 stand for the Type I error rates of both methods under different settings, while

the rows with a ą 0 are the power values under alternative hypotheses.

Setting 1 Setting 2 Setting 3

Wald F Likelihood Wald F Likelihood Wald F Likelihood

a γ Tc Tr Tc Tr Tc Tr Tc Tr Tc Tr Tc Tr Tc Tr Tc Tr Tc Tr

0 0.65 0.054 0.055 0.053 0.058 0.054 0.061 0.048 0.053 0.045 0.059 0.048 0.061 0.049 0.055 0.048 0.054 0.049 0.056

0 0.75 0.054 0.054 0.052 0.055 0.054 0.059 0.055 0.054 0.050 0.053 0.055 0.056 0.059 0.047 0.056 0.048 0.059 0.053

0 0.85 0.052 0.046 0.048 0.051 0.052 0.055 0.050 0.054 0.047 0.052 0.050 0.058 0.048 0.058 0.046 0.060 0.048 0.062

0 0.95 0.050 0.050 0.044 0.056 0.051 0.061 0.059 0.054 0.053 0.059 0.060 0.062 0.056 0.059 0.050 0.066 0.056 0.065

0 0.99 0.050 0.050 0.044 0.056 0.051 0.061 0.050 0.044 0.045 0.051 0.049 0.053 0.056 0.049 0.052 0.055 0.056 0.059

0.03 0.65 0.929 1.000 0.928 1.000 0.929 1.000 0.914 1.000 0.914 1.000 0.914 1.000 0.789 1.000 0.789 1.000 0.789 1.000

0.03 0.75 0.926 1.000 0.924 1.000 0.926 1.000 0.920 1.000 0.919 1.000 0.920 1.000 0.824 1.000 0.823 1.000 0.824 1.000

0.03 0.85 0.920 1.000 0.919 1.000 0.920 1.000 0.912 1.000 0.911 1.000 0.912 1.000 0.812 1.000 0.810 1.000 0.812 1.000

0.03 0.95 0.921 1.000 0.919 1.000 0.921 1.000 0.899 1.000 0.898 1.000 0.899 1.000 0.846 1.000 0.841 1.000 0.846 1.000

0.03 0.99 0.922 1.000 0.922 1.000 0.922 1.000 0.901 1.000 0.897 1.000 0.901 1.000 0.842 1.000 0.838 1.000 0.842 1.000

0.06 0.65 0.956 1.000 0.956 1.000 0.956 1.000 0.961 1.000 0.961 1.000 0.961 1.000 0.897 1.000 0.895 1.000 0.897 1.000

0.06 0.75 0.965 1.000 0.965 1.000 0.965 1.000 0.950 1.000 0.950 1.000 0.950 1.000 0.901 1.000 0.899 1.000 0.901 1.000

0.06 0.85 0.960 1.000 0.960 1.000 0.960 1.000 0.958 1.000 0.957 1.000 0.958 1.000 0.915 1.000 0.912 1.000 0.915 1.000

0.06 0.95 0.957 1.000 0.957 1.000 0.957 1.000 0.950 1.000 0.949 1.000 0.950 1.0000 0.911 1.000 0.909 1.000 0.912 1.000

0.06 0.99 0.965 1.000 0.964 1.000 0.965 1.000 0.948 1.000 0.947 1.000 0.948 1.000 0.917 1.000 0.914 1.000 0.917 1.000

0.12 0.65 0.982 1.000 0.982 1.000 0.982 1.000 0.975 1.000 0.975 1.000 0.975 1.000 0.946 1.000 0.946 1.000 0.946 1.000

0.12 0.75 0.988 1.000 0.988 1.000 0.988 1.000 0.973 1.000 0.973 1.000 0.973 1.000 0.950 1.000 0.949 1.000 0.950 1.000

0.12 0.85 0.982 1.000 0.982 1.000 0.982 1.000 0.981 1.000 0.981 1.000 0.981 1.000 0.960 1.000 0.959 1.000 0.960 1.000

0.12 0.95 0.982 1.000 0.986 1.000 0.987 1.000 0.976 1.000 0.976 1.000 0.976 1.000 0.955 1.000 0.953 1.000 0.955 1.000

0.12 0.99 0.982 1.000 0.981 1.000 0.982 1.000 0.977 1.000 0.977 1.000 0.977 1.000 0.959 1.000 0.959 1.000 0.959 1.000
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Table 4.9: Simulation results based on the classical (T c) and robust (T r) methods

for Model II (Dense model 2) with random errors 3
?
mεi, where εi „ Cauchy p0, 1q.

The rows with a “ 0 stand for the Type I error rates of both methods under different

settings, while the rows with a ą 0 are the power values under alternative hypotheses.

Setting 1 Setting 2 Setting 3

Wald F Likelihood Wald F Likelihood Wald F Likelihood

a γ Tc Tr Tc Tr Tc Tr Tc Tr Tc Tr Tc Tr Tc Tr Tc Tr Tc Tr

0 0.65 0.056 0.050 0.054 0.052 0.057 0.054 0.048 0.049 0.046 0.050 0.048 0.052 0.055 0.052 0.054 0.054 0.055 0.057

0 0.75 0.052 0.052 0.049 0.053 0.052 0.055 0.054 0.047 0.050 0.047 0.054 0.050 0.056 0.050 0.050 0.054 0.056 0.059

0 0.85 0.052 0.049 0.048 0.057 0.052 0.061 0.060 0.055 0.057 0.057 0.061 0.059 0.056 0.050 0.049 0.054 0.056 0.059

0 0.95 0.054 0.054 0.051 0.058 0.054 0.061 0.058 0.047 0.056 0.054 0.058 0.058 0.060 0.046 0.055 0.051 0.060 0.055

0 0.99 0.057 0.052 0.052 0.060 0.058 0.060 0.052 0.061 0.047 0.062 0.052 0.067 0.054 0.052 0.053 0.056 0.055 0.053

0.03 0.65 0.472 1.000 0.468 1.000 0.475 1.000 0.436 1.000 0.432 1.000 0.436 1.000 0.157 0.990 0.155 0.991 0.157 0.991

0.03 0.75 0.480 1.000 0.477 1.000 0.472 1.000 0.428 1.000 0.424 1.000 0.429 1.000 0.178 1.000 0.171 1.000 0.178 1.000

0.03 0.85 0.488 1.000 0.486 1.000 0.488 1.000 0.412 1.000 0.405 1.000 0.413 1.000 0.177 1.000 0.167 1.000 0.178 1.000

0.03 0.95 0.477 1.000 0.489 1.000 0.477 1.000 0.396 1.000 0.395 1.000 0.398 1.000 0.207 1.000 0.198 1.000 0.208 1.000

0.03 0.99 0.496 1.000 0.488 1.000 0.497 1.000 0.392 1.000 0.383 1.000 0.393 1.000 0.201 1.000 0.193 1.000 0.203 1.000

0.06 0.65 0.696 1.000 0.695 1.000 0.696 1.000 0.686 1.000 0.684 1.000 0.687 1.000 0.361 1.000 0.354 1.000 0.361 1.000

0.06 0.75 0.715 1.000 0.711 1.000 0.715 1.000 0.662 1.000 0.655 1.000 0.662 1.000 0.403 1.000 0.398 1.000 0.404 1.000

0.06 0.85 0.715 1.000 0.710 1.000 0.715 1.000 0.642 1.000 0.637 1.000 0.643 1.000 0.404 1.000 0.397 1.000 0.405 1.000

0.06 0.95 0.697 1.000 0.695 1.000 0.697 1.000 0.645 1.000 0.639 1.000 0.645 1.000 0.480 1.000 0.472 1.000 0.480 1.000

0.06 0.99 0.720 1.000 0.715 1.000 0.720 1.000 0.638 1.000 0.633 1.000 0.640 1.000 0.462 1.000 0.454 1.000 0.462 1.000

0.12 0.65 0.841 1.000 0.840 1.000 0.840 1.000 0.846 1.000 0.845 1.000 0.846 1.000 0.619 1.000 0.615 1.000 0.619 1.000

0.12 0.75 0.845 1.000 0.842 1.000 0.845 1.000 0.842 1.000 0.840 1.000 0.843 1.000 0.672 1.000 0.671 1.000 0.675 1.000

0.12 0.85 0.857 1.000 0.856 1.000 0.858 1.000 0.827 1.000 0.825 1.000 0.827 1.000 0.648 1.000 0.643 1.000 0.648 1.000

0.12 0.95 0.863 1.000 0.860 1.000 0.864 1.000 0.799 1.000 0.798 1.000 0.799 1.000 0.706 1.000 0.703 1.000 0.707 1.000

0.12 0.99 0.836 1.000 0.834 1.000 0.836 1.000 0.812 1.000 0.808 1.000 0.812 1.000 0.699 1.000 0.693 1.000 0.699 1.000
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Table 4.10: Simulation results based on the classical (T c) and robust (T r) methods

for Model III (Sparse model) with random errors εi „ Cauchy p0, 1q. The rows with

a “ 0 stand for the Type I error rates of both methods under different settings, while

the rows with a ą 0 stand for the power values under alternative hypotheses.

Setting 1 Setting 2 Setting 3

Wald F Likelihood Wald F Likelihood Wald F Likelihood

a γ Tc Tr Tc Tr Tc Tr Tc Tr Tc Tr Tc Tr Tc Tr Tc Tr Tc Tr

0 0.65 0.046 0.053 0.044 0.053 0.046 0.055 0.053 0.050 0.048 0.052 0.053 0.055 0.057 0.053 0.054 0.051 0.057 0.054

0 0.75 0.051 0.055 0.050 0.055 0.051 0.057 0.059 0.051 0.057 0.054 0.059 0.056 0.045 0.065 0.044 0.068 0.046 0.065

0 0.85 0.049 0.054 0.046 0.054 0.049 0.057 0.055 0.047 0.052 0.048 0.055 0.050 0.058 0.054 0.052 0.057 0.058 0.060

0 0.95 0.065 0.055 0.059 0.057 0.065 0.060 0.073 0.053 0.069 0.057 0.073 0.060 0.068 0.062 0.066 0.064 0.069 0.060

0 0.99 0.084 0.052 0.079 0.056 0.086 0.062 0.075 0.062 0.071 0.070 0.077 0.070 0.088 0.052 0.083 0.054 0.091 0.059

0.03 0.65 0.051 0.170 0.050 0.166 0.051 0.617 0.057 0.122 0.053 0.122 0.057 0.125 0.068 0.066 0.064 0.067 0.068 0.070

0.03 0.75 0.056 0.158 0.053 0.166 0.056 0.174 0.057 0.123 0.054 0.129 0.057 0.132 0.051 0.058 0.048 0.062 0.051 0.064

0.03 0.85 0.060 0.143 0.056 0.148 0.060 0.157 0.057 0.127 0.051 0.130 0.057 0.136 0.059 0.077 0.056 0.083 0.059 0.086

0.03 0.95 0.071 0.143 0.066 0.150 0.072 0.158 0.065 0.115 0.061 0.118 0.067 0.128 0.069 0.069 0.065 0.069 0.069 0.075

0.03 0.99 0.087 0.145 0.084 0.156 0.090 0.168 0.092 0.094 0.086 0.099 0.092 0.109 0.090 0.077 0.083 0.090 0.091 0.090

0.06 0.65 0.063 0.477 0.062 0.470 0.063 0.478 0.058 0.315 0.056 0.410 0.058 0.415 0.052 0.105 0.051 0.105 0.052 0.110

0.06 0.75 0.064 0.490 0.060 0.485 0.064 0.492 0.064 0.400 0.058 0.399 0.064 0.406 0.054 0.117 0.051 0.121 0.054 0.124

0.06 0.85 0.071 0.476 0.069 0.481 0.071 0.495 0.061 0.384 0.058 0.390 0.061 0.403 0.056 0.133 0.053 0.136 0.057 0.145

0.06 0.95 0.080 0.500 0.074 0.509 0.081 0.524 0.079 0.375 0.077 0.330 0.079 0.341 0.077 0.131 0.073 0.139 0.077 0.149

0.06 0.99 0.103 0.459 0.096 0.480 0.105 0.501 0.097 0.271 0.088 0.287 0.098 0.301 0.091 0.131 0.084 0.142 0.091 0.157

0.12 0.65 0.109 0.901 0.103 0.899 0.109 0.901 0.092 0.925 0.089 0.919 0.092 0.924 0.063 0.308 0.058 0.309 0.063 0.317

0.12 0.75 0.112 0.936 0.107 0.935 0.112 0.936 0.098 0.921 0.094 0.921 0.099 0.924 0.070 0.360 0.067 0.358 0.070 0.365

0.12 0.85 0.115 0.955 0.108 0.948 0.115 0.951 0.092 0.921 0.087 0.916 0.092 0.918 0.061 0.397 0.056 0.405 0.061 0.415

0.12 0.95 0.118 0.959 0.112 0.963 0.118 0.965 0.099 0.875 0.096 0.876 0.099 0.881 0.077 0.445 0.069 0.458 0.078 0.472

0.12 0.99 0.135 0.947 0.129 0.952 0.136 0.956 0.089 0.853 0.084 0.864 0.091 0.873 0.094 0.426 0.090 0.444 0.095 0.464
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Figure 4.9: The estimated Type I errors (depicted as the height of the bars) and

power curves are shown from the left to the right panels for Model I with a small

sample size (n “ 200). The results in the settings 1-3 are aligned from the top to the

bottom. In addition, the red line is based on the classical Wald testing procedure,

while the blue line is based on the robust Wald type testing procedure.
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Figure 4.10: The estimated Type I errors (depicted as the height of the bars) and

power curves are shown from the left to the right panels for Model II with a small

sample size (n “ 200). The results in the settings 1-3 are aligned from the top to the

bottom. In addition, the red line is based on the classical Wald testing procedure,

while the blue line is corresponding to the robust Wald type testing procedure.
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Figure 4.11: The estimated Type I errors (depicted as the height of the bars) and

power curves are shown from the left to right panel according to Model III for small

sample size (n “ 200). The results in setting 1-3 are aligned from the top to bottom.

In addition, red line is based on classic Wald testing procedure, blue line is based on

robust Wald type testing procedure.
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Part III: Simulation results based on Huber’s loss function.

Table 4.11: Simulation results based on the Huber’s loss function for Model I (Dense

model 1) with random errors εi „ Cauchy p0, 1q. The rows with a “ 0 stand for

the Type I error rates of both methods under different settings, while the rows with

a ą 0 are the power values under alternative hypotheses.

Setting 1 Setting 2 Setting 3

a γ Wald F Likelihood Wald F Likelihood Wald F Likelihood

0 0.65 0.052 0.056 0.056 0.054 0.052 0.052 0.047 0.045 0.045

0 0.75 0.052 0.053 0.055 0.050 0.045 0.045 0.059 0.063 0.065

0 0.85 0.046 0.054 0.055 0.052 0.053 0.053 0.055 0.053 0.054

0 0.95 0.052 0.047 0.049 0.049 0.054 0.056 0.042 0.051 0.052

0 0.99 0.049 0.053 0.055 0.053 0.059 0.061 0.055 0.049 0.051

0.03 0.65 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.03 0.75 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.03 0.85 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.03 0.95 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.03 0.99 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.06 0.65 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.06 0.75 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.06 0.85 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.06 0.95 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.06 0.99 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.12 0.65 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.12 0.75 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.12 0.85 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.12 0.95 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.12 0.99 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
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Table 4.12: Simulation results based on the Huber’s loss function for Model II (Dense

model 2) with random errors 3
?
mεi, where εi „ Cauchy p0, 1q. The rows with a “ 0

stand for the Type I error rates of both methods under different settings, while the

rows with a ą 0 are the power values under alternative hypotheses.

Setting 1 Setting 2 Setting 3

a γ Wald F Likelihood Wald F Likelihood Wald F Likelihood

0 0.65 0.051 0.049 0.050 0.057 0.047 0.048 0.047 0.055 0.055

0 0.75 0.046 0.045 0.048 0.051 0.056 0.056 0.050 0.059 0.060

0 0.85 0.048 0.053 0.054 0.055 0.056 0.056 0.054 0.058 0.059

0 0.95 0.054 0.051 0.052 0.051 0.050 0.051 0.044 0.053 0.053

0 0.99 0.052 0.058 0.058 0.051 0.050 0.052 0.057 0.051 0.051

0.03 0.65 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.03 0.75 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.03 0.85 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.03 0.95 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.03 0.99 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.06 0.65 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.06 0.75 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.06 0.85 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.06 0.95 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.06 0.99 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.12 0.65 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.12 0.75 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.12 0.85 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.12 0.95 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.12 0.99 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
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Table 4.13: Simulation results based on the Huber’s loss fucntion for Model III

(Sparse model) with random errors εi „ Cauchy p0, 1q. The rows with a “ 0 stand

for the Type I error rates of both methods under different settings, while the rows

with a ą 0 stand for the power values under alternative hypotheses.

Setting 1 Setting 2 Setting 3

a γ Wald F Likelihood Wald F Likelihood Wald F Likelihood

0 0.65 0.047 0.048 0.048 0.063 0.049 0.049 0.051 0.051 0.053

0 0.75 0.052 0.051 0.052 0.053 0.047 0.048 0.053 0.058 0.058

0 0.85 0.046 0.049 0.049 0.051 0.051 0.052 0.057 0.048 0.048

0 0.95 0.053 0.053 0.054 0.051 0.053 0.054 0.053 0.049 0.049

0 0.99 0.049 0.046 0.046 0.056 0.050 0.051 0.056 0.057 0.058

0.03 0.65 0.529 0.570 0.573 0.441 0.464 0.465 0.126 0.126 0.127

0.03 0.75 0.544 0.561 0.562 0.430 0.465 0.466 0.138 0.154 0.155

0.03 0.85 0.570 0.604 0.606 0.433 0.464 0.466 0.142 0.151 0.152

0.03 0.95 0.570 0.570 0.601 0.375 0.394 0.397 0.157 0.162 0.165

0.03 0.99 0.575 0.582 0.592 0.283 0.328 0.330 0.132 0.142 0.145

0.06 0.65 0.978 0.987 0.987 0.959 0.973 0.973 0.376 0.401 0.403

0.06 0.75 0.991 0.995 0.9995 0.966 0.976 0.976 0.416 0.465 0.466

0.06 0.85 0.986 0.994 0.994 0.965 0.973 0.973 0.432 0.469 0.471

0.06 0.95 0.998 0.998 0.998 0.945 0.949 0.950 0.569 0.600 0.601

0.06 0.99 0.994 0.998 0998 0.914 0.935 0.935 0.522 0.538 0.539

0.12 0.65 1.000 1.000 1.000 1.000 1.000 1.000 0.860 0.882 0.882

0.12 0.75 1.000 1.000 1.000 1.000 1.000 1.000 0.926 0.935 0.935

0.12 0.85 1.000 1.000 1.000 1.000 1.000 1.000 0.969 0.975 0.975

0.12 0.95 1.000 1.000 1.000 1.000 1.000 1.000 0.993 0.996 0.996

0.12 0.99 1.000 1.000 1.000 1.000 1.000 1.000 0.988 0.994 0.994
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5 Robust Variable Selection via Group VIF

Regression in Functional Multiple Linear Models

5.1 Introduction

Functional data are commonly sampled discretely over a continuous domain,

particularly in the context of time. It is typically assumed that there exists an un-

derlying curve describing the data. The high dimensionality and multicollinearity

among functional predictors pose challenges in model selection for functional data,

potentially leading to erroneous scientific conclusions. Similar to linear and gener-

alized linear regression analysis, variable selection plays a crucial role in functional

data analysis, thus emphasizing the necessity of conducting variable selection on

functional covariates. The prevailing approach to tackle this issue involves a two-

stage procedure. The initial step entails formulating the functional regression model

within a conventional multiple model framework, thereby addressing the challenge

of infinite dimensionality inherent in functional data. Subsequently, a group se-
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lection method is employed in high-dimensional models to identify the influential

functional predictors. Several studies have been published on these issues. Lian

(2013) proposed functional group-SCAD method. Zhao et al. (2012) investigated

the wavelet-based LASSO approach for regressing scalars on functions, examining

its asymptotic convergence and finite-sample performance through simulations and

real-data applications

However, the efficacy of these methods is compromised in the presence of outliers;

therefore, it is imperative to employ a robust variable selection method that exhibits

resistance to outliers in functional regression. Huang et al. (2016) proposed a robust

variable selection procedure with data-driven basis functional principal components

and LAD loss function for functional linear regression when there are multiple func-

tional predictors. Pannu and Billor (2017) proposed a robust functional predictor

selection method, the LAD-group LASSO, for a functional linear regression model,

since group LASSO selects grouped variables rather than individual variables. Sub-

sequently, an adaptive version of the LAD-group LASSO, known as LAD-agLASSO,

was proposed to enhance model accuracy in the presence of outliers in response

variables (Pannu and Billor, 2022).

Although the aforementioned research works have primarily focused on penalized

methods, their efficacy may be limited when dealing with large data sets due to the
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exponential increase in potential models and computationally expensive implemen-

tations optimized for cross-validation criteria. Motivated by the proposed algorithm

for handling group structure data using the group variance inflation factor (VIF,

hereinafter) regression (Ding et al., 2023), we propose a robust group VIF procedure

to address the issue of selecting functional covariates in the functional multiple linear

regression model.

The primary objective of this chapter is to develop a robust variable selection

procedure that exhibits resistance to outliers in the context of functional multiple

linear regression. In Section 5.2, we present the methodology and algorithm for

functional multiple linear regression along with its reformulation. Section 5.3 includes

numerical studies and corresponding results. An real data example, further studies,

and conclusions are provided in Sections 5.4-5.5, respectively.

5.2 Methodology

5.2.1 Reformulation of Functional Multiple Linear Regression

Let y be a real-valued random variable defined on a probability space pΩ,B, P q,

Xjptq P L2pTjq be a functional covariate defined on a compact support Tj, j “

1, 2, . . . , J . Without loss of generality, we assume that both the response variable and

predictors are centered. Subsequently, we consider the following functional multiple
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linear regression model

y “

J
ÿ

j“1

ż

Tj
βjptqXjptqdt ` ε0, (5.1)

where βjptq is the functional coefficient, and ε0 are independently and identically

distributed random error with zero mean and variance σ2
ε0
.

It is well known that the inherent problem of functional data analysis is how

to overcome the infinite dimensionality of functional predictors and the regression

coefficient functions. Since the functional regressors and coefficient functions belong

to L2p¨q spaces, they can be approximated by a sufficient large number of basis

functions tϕjku8
k“1 of these spaces (Ramsay and Silverman, 2005). Given its enhanced

flexibility, we opt to represent the functional predictors Xjptq and coefficients βjptq

in equation (5.1) using FPCA basis functions.

Denote the covariance function CovpXjpsq, Xjptqq “ Σjps, tq, j “ 1, 2, . . . , J , we

can employ Mercer’s Theorem to derive the spectral decomposition of the covariance

function by

Σjps, tq “

8
ÿ

k“1

λjkϕjkpsqϕjkptq,

where λjk is the eigenvalues with non-increasing order λj1 ě λj2 ě ¨ ¨ ¨ ě 0,
8
ř

k“1

λjk ă

8 and tϕjk, k ě 1u are the corresponding orthonormal eigenfunctions. According to
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the Karhunen-Loève representation, we have

Xjptq “

8
ÿ

k“1

ξjkϕjkptq,

where tξjk “
ş

Tj Xjptqϕjkptqdt, k ě 1 and j “ 1, 2, ¨ ¨ ¨ , Ju are functional principal

component scores with Epξjkq “ 0,Varpξjkq “ λjk, and Epξjkξjk1q “ 0, for k ‰ k1.

Then, based on the same FPCA basis functions tϕj1ptq, ϕj2ptq, . . . , j “ 1, 2, . . . , Ju,

we have

βjptq “

8
ÿ

k“1

βjkϕjkptq,

where βjk “
ş

Tj βjptqϕjkptqdt, k ě 1 and j “ 1, 2, ¨ ¨ ¨ , J are the unknown basis coeffi-

cients. Therefore, the model (5.1) can be expressed in the following form:

y “

J
ÿ

j“1

8
ÿ

k“1

βjk

ż

Tj
Xjptqϕjkptqdt ` ε0 “

J
ÿ

j“1

8
ÿ

k“1

ξjkβjk ` ε0. (5.2)

In practical applications, the regression model is usually approximated by a set of

finite basis functions tϕjku
kj
k“1, for j “ 1, 2, . . . , J . The choice of the “cut-off value”

kj, i.e., the truncation parameter, is related to the characteristics of the different

bases. Thus, the functional regression model (5.2) can be approximated by

y «

J
ÿ

j“1

kj
ÿ

k“1

ξjkβjk ` ε “

J
ÿ

j“1

zTj βj ` ε, (5.3)

where βj “ pβj1, βj2, . . . , βjkjq
T , zj “ pξj1, ξj2, . . . , ξjkjq

T for j “ 1, 2, ¨ ¨ ¨ , J , and ε “

J
ř

j“1

8
ř

k“kj`1

ξjkβjk`ε0 have zero mean and large variance σ2
ε “

J
ř

j“1

8
ř

k“kj`1

λjkβ
2
jk`σ2

ε0
(Su

et al., 2017).
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Remark 5.1 The choice of truncation parameters kj, j “ 1, 2, . . . , J is very impor-

tant in functional data analysis. In practice, there are some empirical choice of this

value, such as PVE (Percentage of Variance Explained) method, leading PCs (Prin-

cipal Components ) method (Cardot et al., 2003; Kong et al., 2013; Swihart et al.,

2014), CV (Cross-Validation) criterion (Qingguo, 2017), and information (AIC or

BIC) criterion (Kato et al., 2012). In our simulation study, we adopt the PVE

method to select kj because of its computational efficiency and convenience. The

percentage level used in our numerical studies is set at 95%.

Suppose that we have n observations tpxijptq, yiq, i “ 1, 2, . . . , n, j “ 1, 2, . . . , Ju,

the spectral decomposition of the empirical version of Σps, tq is

pΣjps, tq “
1

n

n
ÿ

i“1

xijpsqxijptq “

8
ÿ

k

λ̂jkϕ̂jkpsqϕ̂jkptq, s, t P Tj,

where tpλ̂jk, ϕ̂jkq, λ̂j1 ě λ̂j2 ě ¨ ¨ ¨ ě 0, k ě 1u are eigenvalue and eigenfunction pairs

of pΣjps, tq. Then, the regression model (5.3) can be reformulated as follows:

yi «

J
ÿ

j“1

kjn
ÿ

k“1

ξ̂ijkβjk ` εi “

J
ÿ

j“1

pzJ
ijβj ` εi, (5.4)

where pzij “ pξ̂ij1, ξ̂ij2, . . . , ξ̂ijkjq
J and ξ̂ijk “

ş

Tj xijptqϕ̂jkptqdt. Furthermore, we define

Zj “ ppzJ
1j,pz

J
2j, . . . ,pz

J
njq

J, and obtain the following linear regression model with J

groups:

y “

J
ÿ

j“1

Zjβj ` ε, (5.5)
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where y is an n ˆ 1 response vector, Zj is n ˆ kj design matrix, βj is an unknown

kj-dimensional coefficient vector associated with the jth group Zj, and ε is n ˆ 1

error vector with mean 0 and variance matrix Σε.

5.2.2 Robust Group VIF

In this section, we propose a robust group variable inflation factor (VIF) se-

lection procedure to identify significant functional predictors based on the inno-

vative approach proposed by Ding et al. (2023) and Dupuis and Victoria-Feser

(2013). First, we denote the index set of nonzero regression coefficient vectors as

G “ tj : βj ‰ 0, j “ 1, . . . , Ju Ď t1, . . . , Ju and
ř

jPG kj ď n. Let ZG be an

nˆ p
ř

jPG kjq matrix spanned by the predictors Zj, j P G and we assume that ZJ
GZG

is invertible. Our goal is to select all the group predictors Zj corresponding to the set

G in the model. To introduce our robust group VIF procedure, we initially consider

a weighted least squares estimator

pβw “ pXwJXwq´1XwJyw,

where Xw “ diagp
?
w1, . . . ,

?
wnqX and yw “ diagp

?
w1, . . . ,

?
wnqy. Note that

the weights wi, which are dependent on the data, incorporate information from

observations to mitigate the impact of outliers.
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Remark 5.2 The weighted slope estimator pβw is a robust estimator computed using

the estimating equation
n
ÿ

i“1

wipri, kqrixi “ 0,

where ri “ pyi ´xJ
i βq{σ. When wipri, kq “ mint1, k{|ri|u with k “ 1.345, it becomes

Huber estimators, see Huber and Ronchetti (2011).

Denote Zw
M “ pZw

j1
, . . . ,Zw

jM
q with Zw

jm “ diagp
?
wijmqZjm , then the assumption

on ZJ
GZG implies that pZw

MqJZw
M is invertible. We consider the following stepwise

regression model:

yw “

M
ÿ

m“1

Zw
jmβ

w
jm ` Zw

newβ
w
new ` ε, ε

i.i.d
„ Np0, σ2

MIq, (5.6)

where Zw
jm , jm P G, m “ 1, . . . ,M , are n ˆ jm group predictors that have been

added to the model and M “ tj1, j2, ¨ ¨ ¨ , jmu Ď G. Zw
new “ diagp

?
wipjnewqqZjnew is

a new n ˆ jnew group predictor, βw
jm is jm-dimensional unknown parameter vectors

associated with the mth group Zw
jm . We need to decide whether the new group

predictor Zw
new should be added to the model or not, that is, we need to test if

βw
new “ 0. The incorporation of Zw

new into G implies that the incorporation of Znew

into G is also feasible.

Let rw “ pI ´ Hw
Mqyw be the residual vector of projecting yw on Zw

M with

Hw
M “ Zw

MpZwJ
M Zw

Mq´1ZwJ
M . In light of the stagewise algorithm (Tibshirani, 2015),
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we only need to regress the new group predictor Zw
new on the residual rw. Motivated

by Lin et al. (2011) and Ding et al. (2023) , we consider the following stagewise

regression:

rw “ Zw
newγ

w
new ` ε̃, ε̃ „ Np0, σ̃2Iq. (5.7)

Let pβw
new be the least squares estimate of βw

new in the model (5.6), and pγw
new be

the least squares estimate of γw
new in the model (5.7) with pZw

newqJZw
new invertible. In

light of Ding et al. (2023), we have the following theorem.

Theorem 5.1 Under models (5.6) and (5.7),

pγw
new “ pZwJ

newZ
w
newq´1Λ2

w
pβw
new, (5.8)

where Λ2
w “ ZwJ

newpI ´ Hw
MqZw

new.

Proof. Denote ĂZw “ rZw
M,Zw

news, where Zw
M “ pZw

j1
, . . . ,Zw

jM
q, then

ĂZw
J
ĂZw “

¨

˚

˚

˚

˝

ZwJ
M Zw

M ZwJ
M Zw

new

ZwJ
newZ

w
M ZwJ

newZ
w
new

˛

‹

‹

‹

‚

,

and

pĂZw
J
ĂZwq´1 “

¨

˚

˚

˚

˝

A11 A12

´Λ´2
w ZwJ

newZ
w
MpZwJ

M Zw
Mq´1 Λ´2

w

˛

‹

‹

‹

‚

,

where A11 “ pZwJ
M Zw

Mq´1 ` pZwJ
M Zw

Mq´1ZwJ
M Zw

newΛ
´2
w ZwJ

newZ
w
MpZwJ

M Zw
Mq´1, A12 “

´pZwJ
M Zw

Mq´1ZwJ
M Zw

newΛ
´2
w , Λ2

w “ pZw
newqJpI ´ Hw

MqZw
new.
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Note that pβw
new is a vector consists of the last pnew elements of pĂZw

J
ĂZwq´1

ĂZw
J
yw.

Then we have

pβw
new “ ´Λ´2

w ZwJ
newH

w
Myw ` Λ´2

w ZwJ
newy

w

“ Λ´2
w ZwJ

newpI ´ Hw
Mqyw

“ Λ´2
w pZwJ

newZ
w
newqpZwJ

newZ
w
newq´1ZwJ

newr
w

“ Λ´2
w pZwJ

newZ
w
newqpγw

new,

which completes the proof.

By Theorem 5.1, estimate pγw
new is simply a linear transformation of pβw

new. Thus,

both of hypothesis tests βw
new “ 0 and γw

new “ 0 can be used to find out whether or

not the new predictor Zw
new contributes to the linear model. Based on Theorem 5.1,

we have following conclusion about pβw
new.

Theorem 5.2 Under models (5.6) and (5.7),

pβw
new “ Λ´2

w pZwJ
newZ

w
newqpγw

new
d
„ Npβw

new, σ
2
MΛ´2

w q. (5.9)
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Proof. By the proof of Theorem 5.1, we have

pβw
new “Λ´2

w pZwJ
newZ

w
newqpγw

new

“Λ´2
w ZwJ

newpI ´ Hw
Mqyw

“Λ´2
w ZwJ

newpI ´ Hw
Mqp

M
ÿ

m“1

Zw
jmβ

w
jm ` Zw

newβ
w
new ` εq

“Λ´2
w ZwJ

newpI ´ Hw
MqpZw

newβ
w
new ` εq

“βw
new ` Λ´2

w ZwJ
newpI ´ Hw

Mqε.

Note that ε „ Nnp0, σ2
MIq and I ´ Hw

M is an idempotent symmetric matrix. We

have pβw
new „ Npnewpβw

new, σ
2
MΛ´2

w q, which completes the proof.

To test the null hypothesis

H0 : β
w
new “ 0,

under H0 and (5.9), a test statistic is given by

Tw “ pγwJ
newpZwJ

newZ
w
newqΛ´2

w pZwJ
newZ

w
newqpγw

new{σ2
M

d
„ χ2

pnew
.

Similar to Lin et al. (2011), σ2
M can be estimated by the mean square error (MSE)

under the null hypothesis H0, which can prevent over-fitting or generating selection

bias (Foster and Stine, 2004). Note that χ2
pnew

represents the χ-squared distribution

with pnew degrees of freedom. By Theorem 5.1, we have

pZwJ
newZ

w
newq´1Λ2

w “ Ipnew ´ pZwJ
newZ

w
newq´1ZwJ

newH
w
MZw

new.
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Our robust group VIF algorithm is given below

(1) Obtain the residuals rw
M “ pI ´ Hw

Mqyw.

(2) Compute pγw
new “ pZwJ

newZ
w
newq´1ZwJ

newr
w
M, and pσM “ MADprw

Mq.

(3) Compute the test statistic

pTw “pγwJ
newpZwJ

newZ
w
newqΛ´2

w pZwJ
newZ

w
newqpγw

new{pσ2
M

“pZwJ
newr

w
MqJΛ´2

w ZwJ
newr

w
M{pσ2

M. (5.10)

(4) If pTw ą χ2
pnewpαq, then the new predictor Zw

new is added to the model, where

χ2
pnewpαq represents the upper α quantile of a χ-squared distribution with pnew degrees

of freedom. It implies that we can choose Znew from the set G.

In light of Lin et al. (2011), we incorporate the above procedure with a stagewise

regression algorithm using an α-investing rule (Foster and Stine, 2008). A more

detailed algorithm can be found in the Appendix.

Remark 5.3 The α-investing rule is an adaptive procedure which controls the false

discovery rate (FDR) bound by comparing a threshold αi with p-value of a test

statistic and adjusting dynamically such that it can control over-fitting when search-

ing for new features (Foster and Stine, 2008). Denote so-called α wealth by u. We

typically set the initial value of u to be 0.05, which is an allowance for the type I

error. Then in the ith testing, at level αi, if a rejection occurs, the current wealth ui

earns a pay-out △u; otherwise, it will be reduced by αi{p1 ´ αiq.
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5.3 Numerical Experiments

5.3.1 Simulation Studies

In this section, simulation studies are performed to evaluate the finite sample

performance of our proposed method. Without loss of generality, we assume Tj “

r0, 1s, j “ 1, 2, . . . , J and have n observations tpXijptq, yi, εiq, i “ 1, 2, . . . , nu for our

simulation experiments. In the following simulation studies, we consider the dense

models where the functional covariates are observed at a set of 301 equidistant points

in the interval r0, 1s.

Example 5.1 The model setting in our first example is similar to that in Lian

(2013) except for the error term. For 1 ď j ď J “ 5, the predictor function

Xijptq “
50
ř

k“1

ξijkϕkptq with ξijk „ Np0, k´2q are independent predictors. The basis

functions are Fourier basis functions consisting of ϕ1 ” 1, and ϕkptq “
?
2 cospkπtq

for k ą 1. Thus, the true model is given by

yi “ ´2 `

ż 1

0

β1ptqXi1ptqdt `

ż 1

0

β3ptqXi3ptqdt ` εi, i “ 1, 2, . . . , n. (5.11)

For the coefficient functions β1ptq and β3ptq, we set β1 “ p´2, 1, 2,´1, 1, 0, . . . , 0qT ,

β3 “ p1,´1, 0.5,´0.5, 1, 0, . . . , 0qT , and βjptq “
50
ř

k“1

βjkϕkptq, j “ 1, 3. We take

β2ptq “ β4ptq “ β5ptq “ 0 to set up the model where the response variable is only
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depend on the X1ptq and X3ptq. The following distributions of εi are considered: (1)

the standard normal distribution Np0, 1q; (2) t-distribution with degree freedom 3;

(3) the standard Cauchy distribution.

Figure 5.1: Some trajectories of covariates function Xptq in Example 1.

Example 5.2 The model setting in our second example is similar to that in Matsui

and Konishi (2011), but we contaminate data in order to examine the robustness

of our proposed method. We set J “ 5 and generated functional predictors Xij as
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follows:

Xi1 “ cosp2πpt ´ a1qq ` a2t, a1 „ Np0, 1q, a2 „ Np1, 22q, T “ r0, 1s.

Xi2 “ sinp2πpt ` a1qq ` a2t, a1 „ Np0, 1q, a2 „ Np1, 22q, T “ r0, 1s.

Xi3 “b1 cosp2tq ` b2t, b1 „ Np1, 22q, b2 „ Np0, 1q, T “ r0, 1s.

Xi4 “b1 sinp2tq ` b2t, b1 „ Np1, 22q, b2 „ Np0, 1q, T “ r0, 1s.

Xi5 “c1t
3 ` c2t

2 ` c3t ` c4, c1 „ Np1, 22q, c2 „ Np´1, 22q, c3 „ Np2, 22q,

c4 „ Np2, 1q, T “ r0, 1s.

Our true model is

yi “

ż 1

0

β1ptqXi1ptqdt `

ż 1

0

β3ptqXi3ptqdt `

ż 1

0

β5ptqXi5ptqdt ` εi, i “ 1, 2, . . . , n,

where the functional coefficient βjptq are given by

β1ptq “ sin 2πt, β3ptq “ sin πt, β5ptq “ 2t, β2ptq “ β4ptq “ 0.

To demonstrate the efficacy of our proposed methodology, we intentionally in-

troduce contamination into the dataset in the following manner.

F Scenario I: Clean functional data. The error εi are distributed from the stan-

dard normal distribution Np0, 1q.

F Scenario II: Contaminated scalar response y. In order to create outliers in

response y, the following distributions of εi are considered: (1) mixed normal
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distribution 0.7Np0, 1q`0.3Np1, 32q; (2) tp3q distribution; (3) standard Cauchy

distribution Cauchyp0, 1q.

F Scenario III: Contaminated functional predictors Xptq. This process is car-

ried out as described by Fraiman and Muniz (2001). In this scenario, εi are

distributed from Np0, 1q.

‚ Setting 1: Asymmetric contamination in which X˚
j ptq “ Xjptq ` νM ,

where ν is a random variables sampled from Bernoulli pqq with different

contamination fractions q “ 0.05, 0.1, 0.2. M is the size of the contami-

nation (a constant, say, M “ 15).

‚ Setting 2: Symmetric contamination in which X˚
j ptq “ Xjptq ` ντM ,

where ν and M are same defined as in Setting 1. τ is a random variables

independent of ν and taken values 1 and ´1 with probability 0.5.

To demonstrate the robustness of our proposal, we compare the model selected

by using our proposed robust method with those obtained by applying alternative

group variable selection methods. Note that the term “Correct %” means that the

percentage of times the correct model is selected, “mFDR %” denotes the percentage

of the empirical marginal false discovery rate (mFDR), and the estimate of mFDR
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is defined as the empirical mFDR is defined as

mFDR “
FP

FP ` TP ` η

where FP is average number of false discoveries, TP is the average number of true

discoveries, and η “ 10 is chosen following Lin et al. (2011) and Dupuis and Victoria-

Feser (2013). Given the focus of our project on robust methodology, we exclusively

compare the advantages of robust group procedures over non-robust group proce-

dures. Consequently, the robust group VIF (rgVIF) method is compared with the

group VIF (gVIF), group SCAD (gSCAD), and group MCP (gMCP) methods For

gSCAD and gMCP, ten-fold cross-validation is employed to select their penalty pa-

rameters. For each setting, the simulation results are summarized in Table 5.1-5.2

based on the analysis of 1000 replicates with sample size n “ 500, 700, 1000, respec-

tively.
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Table 5.1: Simulation results based on the robust group VIF (rgVIF), group

VIF(gVIF), group SCAD (gSCAD), and group MCP(gMCP) with different distri-

butions in Example 5.1.

rgVIF gVIF gSCAD gMCP

Normal(0,1)

n Correct % mFDR % time(s) Correct % mFDR % time(s) Correct % mFDR % time(s) Correct % mFDR % time(s)

500 93.5 0.4862 0.4228 92.0 0.4232 0.5547 71.0 6.6947 2.2197 68.5 4.4205 2.2955

700 94.5 0.9651 0.6558 84.5 0.8920 0.9048 69.0 5.4597 2.3315 78.0 3.1946 1.9834

1000 96.0 0.4881 1.1992 86.0 0.7444 1.5995 67.0 6.6947 2.2574 75.5 2.9126 2.2469

tp3q

n Correct % mFDR % time(s) Correct % mFDR % time(s) Correct % mFDR % time(s) Correct % mFDR % time(s)

500 93.3 0.8281 0.3974 89.5 0.8674 0.4655 76.5 5.3030 3.2058 80.5 2.0568 3.3455

700 95.5 0.7250 0.7582 90.0 0.5223 0.8759 70.0 6.2793 2.3017 82.0 2.3438 2.3519

1000 94.6 0.5685 1.2365 88.0 0.6458 1.6327 68.5 6.4109 2.5579 71.0 3.7304 2.4828

Cauchy(0,1)

n Correct % mFDR % time(s) Correct % mFDR % time(s) Correct % mFDR % time(s) Correct % mFDR % time(s)

500 80.1 0.7543 0.1043 31.0 0.3850 0.4540 12.0 18.1294 3.3582 25.5 4.9703 0.3547

700 87.4 0.5149 0.2205 30.0 0.4876 0.7192 12.0 17.6872 3.9788 27.0 4.9424 4.2259

1000 86.5 0.5838 0.4430 31.0 0.4888 1.2205 10.5 16.2401 3.4241 21.0 4.6466 3.2857
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Table 5.2: Simulation results based on the robust group VIF (rgVIF), group

VIF(gVIF), group SCAD (gSCAD), and group MCP(gMCP) with different distri-

butions in Example 5.2.

rgVIF gVIF gSCAD gMCP

Scenario I

n Correct % mFDR % time(s) Correct % mFDR % time(s) Correct % mFDR % time(s) Correct % mFDR % time(s)

500 95.0 0.3356 0.4652 96.0 0.3964 0.3934 76.0 2.7102 0.4506 81.2 1.9471 0.2625

700 98.3 0.3021 0.4485 95.0 0.4943 0.5196 79.0 2.6087 0.4523 81.0 1.9127 0.3326

1000 98.5 0.4023 0.9721 93.5 0.6417 0.7352 83.0 2.1321 0.3408 83.3 1.8095 0.4474

Scenario II

n=1000 Correct % mFDR % time(s) Correct % mFDR % time(s) Correct % mFDR % time(s) Correct % mFDR % time(s)

mixed normal 98.6 0.1968 0.3521 96.1 0.2778 0.5625 72.3 3.0491 0.6360 72.8 3.2568 0.8965

tp3q 98.7 0.1071 0.3516 93.3 0.3438 0.4703 74.3 2.8041 0.6453 81.0 1.5166 0.6182

Cauchy (0,1) 92.0 0.5436 0.3582 55.9 0.1528 0.9067 19.7 9.6296 0.7149 37.8 3.3210 0.7094

Scenario III

n=1000 Correct % mFDR % time(s) Correct % mFDR % time(s) Correct % mFDR % time(s) Correct % mFDR % time(s)

Setting 1: q “ 0.05 85.6 0.7563 0.3258 45.6 0.4561 0..9282 23.5 0.5632 2.1365 35.6 2.9563 1.2231

Setting 1: q “ 0.10 82.3 0.8202 0.5681 51.3 0.5162 1.0362 25.6 0.6545 1.9856 38.7 3.3221 0.9856

Setting 1: q “ 0.20 80.5 0.8823 0.3452 55.6 0.5563 0.8821 30.3 0.7526 2.1546 36.8 3.3321 1.0982

Setting 2: q “ 0.05 82.3 0.7856 0.5623 46.5 0.4567 0.7823 35.6 2.1203 3.2154 30.5 3.5687 1.3256

Setting 2: q “ 0.10 79.5 0.8325 0.3589 42.3 0.5456 0.8235 32.6 2.3516 2.985 32.5 3.2216 1.5623

Setting 2: q “ 0.20 80.5 0.9546 0.3689 39.6 0.5236 0.4526 30.2 2.0545 2.7786 33.2 3.1456 1.2156

The simulation results presented in Table 5.1-5.2 clearly demonstrate the superior

performance of the “rgVIF” method in terms of both “Correct%” and “mFDR%”.

These findings strongly suggest that robust group VIF exhibits enhanced efficiency
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and stability when handling contaminated data or datasets containing outliers. For

example, in Table 5.1, the values of the term “Correct%” obtained using our robust

group selection method (“rgVIF”) are higher compared to other non-robust methods

when applied to models with heavy-tailed distributed errors (such as tp3q distribu-

tion or the standard Cauchy distribution). Similarly, results presented in Table 5.2

demonstrate the superiority of the robust procedure.

5.3.2 A Real Data Example

In this section, we present the proposed robust VIF variable selection method

for multiple functional linear regression by analyzing weather data collected from

79 stations in Japan, which is available in Chronological Scientific Table 2005. The

dataset comprises monthly and annual total observations averaged from 1971 to

2000, including: (1) monthly average temperatures (TEMP); (2) monthly maximum

temperature (MAX.TEMP); (3) monthly minimum temperature (MIN.TEMP); (4)

atmospheric pressure (PRESSURE); (5) daylight duration (DAYLIGHT); (6) humid-

ity levels (HUMIDITY); (7) annual total precipitation (PRECIPITATION). Given

that the data has been collected over a span of 12 months, it can be regarded as

functional data. The box plot in Figure 5.2 illustrates the distribution of the re-

sponse variable “PRECIPITATION” and indicates the presence of outliers. Figures
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5.3-5.5 depict the trajectories of the predictor functions, with each graph displaying

79 curves representing measurements from different predictor variables at 79 sta-

tions. The group of curves exhibits the presence of a few functional outliers, which

are trajectories that deviate from the rest in all six predictor variables.

Figure 5.2: Annual total precipitation, outliers in response variable.

Figure 5.3: Some trajectories of covariates “Temp” and “MAX.TEMP”.
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Figure 5.4: Some trajectories of covariates “MIN.TEMP” and “ PRESSURE”.

Figure 5.5: Some trajectories of covariates “DAYLIGHT” and “HUMIDITY”.

Our objective is to identify the variables that demonstrate a significant corre-

lation with annual total precipitation (PRECIPITATION). To accomplish this, we

employ a group variable selection procedure for this functional dataset. Based on the
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outcomes presented in Table 5.3, the robust VIF selection method identifies more

appropriate covariates. Consequently, the predictors such as MAX.TEMP PRES-

SURE, DAYLIGHT, and HUMIDITY are selected while those variables like TEMP

and MIN.TEMP are excluded from the model. The result indicates no statistically

significant association between TEMP/MIN.TEMP and PRECIPITATION.

Table 5.3: Functional variable selection results for the weather data. For each entry,

the vector displays the selected groups via different methods.

Methods rgVIF gVIF gLASSO gSCAD gMCP

group selected (2,4,5,6) (1,2,4) (1,2,3,4,5,6) (2,4,5,6) (2,4,5)

5.4 Conclusions

We propose a robust method for variable selection in multiple functional linear

regression models, particularly when outliers are present. Our approach is primarily

based on the group VIF (Variance Inflation Factor) technique, which was previously

introduced in Ding et al. (2023). This method utilizes a forward stagewise procedure

and offers computational efficiency due to its simple iterations. We extend this pro-

cedure to handle robust estimation within the context of functional data analysis. An

effective robust algorithm is proposed for functional variable selection, which ensures
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predictive accuracy and stability. Through simulation studies and real data applica-

tions, we demonstrate the superior performance of our robust procedure compared to

other group variable selection methods in handling contaminated data. However, we

acknowledge that our current research does not consider situations where the num-

ber of functional predictors J diverges, which should be an attractive area for future

investigation. We believe that this issue can be addressed through the utilization of

shrinkage estimation and variable selection methods, which will be pursued as part

of our future research agenda.
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5.5 Appendix

Input data y (centered), Z1, Z2, . . .;

Set u0 “ 0.05, △u “ 0.05, f “ 0, C “ H, j “ 1

Initialization ZC “ 1, Zw
C “ diagp

a

w0
iCqZC,y

w “ diagp
a

w0
iCqy, Where w0

iC is computed

using Huber’s weight function in Remark 5.2, in which pσ0 “ 1.483med|r̃0 ´ med pr̃0q |,

r̃0 “ y ´ ȳ.

Repeat{ Set αj “ uj{p1 ` j ´ fq

Obtain test statistic pTw by (5.10)

If pTw ą χ2
pj

pαjq

Then C Ð C
Ť

tju,uj`1 Ð uj ` △u, f “ j,

Update ZC “
“

ZC, Zj

‰

,Zw
C “ diagp

?
wiCqZC,y

w “ diagp
?
wiCqy

and wiC is computed with r “ pyw ´ Zw
C
pβwq{pσ

using pβw “ r
`

Zw
C
˘J
Zw

C s´1
`

Zw
C
˘J

yw, pσ “ 1.483med|r̃ ´ med pr̃q |, r̃ “ yw ´ Zw
C
pβw

Else uj`1 Ð uj ´ αj{p1 ´ αjq.

End if

j “ j ` 1. }

Until all candidate group predictors have been considered, Output C.

Algorithm 1: Robust Group VIF algorithm
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6 Conclusions and Future Work

6.1 Conclusions and Remarks

The primary objective of this study is to address robust methodologies for func-

tional linear models, which holds significant importance for several reasons. First,

functional data is gaining popularity because it accurately captures the intrinsic

functional properties of the various phenomena being studied. Second, traditional

methods applicable to multivariate data do not always extend directly to the context

of functional data analysis; therefore, it is necessary to consider specific solutions to

address this issue. Finally, given that functional observations may be affected by

unnatural variation, and given that inference is often performed on relatively small

datasets, it becomes critical to couple inference procedures with robust methods.

Within this context, we have developed some robust methods for functional linear

regression, with a particular focus on scalar-on-function models.

In Chapter 2, we explore the popular basis expansion methods in functional
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data analysis and demonstrate their effectiveness through simulation examples for

estimating coefficient functions.

In Chapter 3, we investigate the robust estimation problem in partial functional

linear models under the framework of Reproducing Kernel Hilbert Spaces (RKHS).

We derive the theoretical properties of robust estimation and conduct simulation

studies using real data examples.

In Chapter 4, we address the issue of robust hypothesis testing in functional

linear regression by extending three robust tests: Wald-type, likelihood ratio-type,

and F-type tests within the framework of functional linear models.

In Chapter 5, we develop the robust functional variable selection procedure for

multiple functional linear regression by proposing a robust version of the group VIF

method and applying it to functional data analysis.

The above research demonstrate the significance and potential applications of

robust methods in functional data analysis through simulations and examples. These

findings will lay a solid foundation for our future work.

6.2 Future Work

Functional data analysis is a fascinating and constantly evolving area in statistics.

In this dissertation, we introduce a series of robust functional linear regression meth-
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ods. It is important to note that these methods are not limited to the applications

discussed in the previous chapters; however, our main focus is on scalar-on-function

linear models. The techniques outlined in Chapters 3 to 5 may also be extended

to function-on-function or function-on-scalar linear models. Furthermore, these re-

silient methods may also be applied to generalized functional regression, whose the-

oretical properties pose potential challenges for future research. Last but not least,

we acknowledge that in practical scenarios, complete functional data are usually

unattainable. This may involve partially observed covariates or missing responses.

While our method and algorithm may not be applicable in this situation, we be-

lieve it necessitates further investigation and the development of relevant asymptotic

theory.
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