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Abstract 

 

     LiDAR and camera have complementary data characteristics. Their combined usage 

allows for achieving better accuracy and enhanced inference about the environment than 

through the isolated use of the data of one sensor only. Co-registration is the process of 

spatial alignment of data from different types of sensors. It enables cross-aided sensor- and 

data calibration and the combined usage of the data. Automatic co-registration of airborne 

optical imagery and LiDAR data from large-area surveys has not been addressed, unless 

the datasets come with metadata or some prior knowledge about the scenery or have been 

pre-processed and converted into data with similar density and structure.   

     In this dissertation, an innovative co-registration concept that uses image tie points, 

projected into object space, and Lidar points, is proposed and researched. Since 3D tie 

points are generated automatically with centimeter-level precision within the 

photogrammetric block adjustment, this approach has the potential of providing high 

accuracy and full automation. However, it must address that large area photogrammetric 

tie points provide extremely low point density compared to laser point clouds, and they 

describe different aspects of the scanned surface, since tie points coincide with radiometric 

corner locations on the visual surface whereas laser points locate anywhere on surface 

objects and on the ground. 

     This research provides the following contributions: Firstly, the use of 3D 

photogrammetric tie points for co-registration of large-format sensor data is proposed and 

analyzed. Secondly, new methods for coarse- and fine registration in space domain are 

presented and evaluated. Thirdly, five methods for co-registration in frequency domain are 

researched. Lastly, the novel Quasi Log-Polar Fourier Mellin Transform (QAFMT) method 

is suggested as tool for automatic coarse co-registration of large area datasets. The 

learnings and potential use for other applications are discussed in the end. The performance 

of the QAFMT and its competing methods is analyzed using one simulated and two real-

world datasets. While existing algorithms estimated 45 of 144 co-registration parameter 

pairs correctly (31% success), the QAFMT yielded a 7% improvement (50/144 accurate 

pairs, 38% success).  
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1.0  Introduction 

 

1.1 Motivation 

 

     Accurate co-registration of optical images and LiDAR data is important in many remote sensing 

applications such as (Al-Ruzouq, 2004; Huang et al., 2021; Mishra and Zhang, 2012): Building 

extraction, image classification, 3D City modelling, canopy modelling, and object reconstruction 

in street side-, indoor mapping-, and UAV applications. Registration of imagery and surface scans 

is also important in automotive vision applications.  

     Over the past decade, new sensors emerged in the geo-spatial market that made data acquisition 

more user friendly and cheaper than ever before. The market of high-end airborne and street-side 

sensors has been augmented by a segment of low-cost UAV-, backpack-, and cell phone devices. 

At the same time, the market segment of fast response applications and change detection, e.g., 

impact of flooding, hurricanes, and forest fires has become stronger than ever before (Armenakis 

and Nirupama, 2014; Dilley, 2005). There is also a growing tendency to overlay and compare data 

from different sources and epochs for map revision (Armenakis, 2000) and to monitor and interpret 

effects of climate change and natural disasters (Bszukalski, 2017; Ip et al., 2004). These are just a 

few examples as to why there is a strong need for methods that allow for fast, robust, and fully 

automated coarse co-registration, so that un-trained operators can quickly conduct overlap checks 

and overlay and evaluate large amounts of data from different sources. 

 

 

1.2 Problem Definition 

 

     Airborne imagery offers high-density and visually clear information content whilst LiDAR data 

provides irregular, accurate 3-D geometric surface information which helps the interpretation and 

classification of features on the ground. Combining LiDAR and camera data is desirable since the 

combined information allows for better quality surface information than each data source can 

provide by itself. An example is the color coding of LiDAR data which makes classification for 

the human operator easier. Another example is the high-density surface information in 



2 

 

homogenous areas and low-density surface information elsewhere provided by LiDAR whilst 

detailed information is provided along object boundaries everywhere by optical imagery. The 

prerequisite of using both data sources together is the precise alignment in a common reference 

frame.  

     The process of geometrically aligning two or more datasets from different sensors with respect 

to each other is referred to as co-registration. Often, the term “co-registration” or “cross-source 

registration” (Huang et al., 2021) is used to emphasize that datasets from different sources are 

superimposed whilst the term “registration” is used to stress that data from the same type of sensor 

is spatially aligned. In most cases, it is desirable to align the datasets with high precision. This 

process is referred to as fine co-registration. To work successfully, most fine co-registration 

algorithms require an initial estimate of relative pose, referred to as global- or coarse co-

registration.  

     According to Al-Durgham (2014) and Al-Ruzouq (2004), the process of co-registration needs 

to address four matters: 

 

(1) Selection of the registration elements 

(2) The matching strategy 

(3) The transformation parameters for relating the reference frames  

(4) The similarity measure describing the coincidence of conjugate elements after registration 

 

RE (1): Typical registration elements are points, lines, planes, higher order primitives, certain 

objects of interest within the scene, point clusters, or a mixture of these. RE (2): In terrestrial 

applications, typically a 7-parameter Helmert conformal transformation (three rotations, three 

translations, and one scale) or a rigid body transformation (three rotations and three translations) 

are used to relate the coordinate systems. When registering elevation imagery and 2.5D digital 

surface models, 4 parameters (two translations, one rotation, and one scale) are a popular choice 

for the transformation model. RE (3): The similarity measure is the mathematical constraint that 

describes the coincidence of conjugate elements after registration. Typical measures are the spatial 

discrepancy between tie elements, the differential volume between registered surfaces, the 

magnitude of a correlation peak, or the mean of the square sum of the residuals of all tie elements. 
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RE (2):  The matching strategy represents the framework (Al-Durgham, 2014) for the automatic 

co-registration process. 

     The large volume of research activities in the field of co-registration demonstrates how relevant 

this topic is. The challenges of creating a matching strategy capable of establishing correspondence 

between datasets with a high reliability and without the input of an operator, yet also without 

inferring restrictions or pre-conditions for the datasets, can be summarized in two categories:    

• The scenery is acquired at different times, from different viewpoints, and/or with different 

sensor equipment. Thus, the data sets can differ in alignment/overlap and/or scale but come 

with different geometric and/or radiometric resolution and/or with different levels of 

residuals.  

• Variances in the data may also be caused by occlusion, moving objects, or partial coverage 

– some scenery may be visible in one dataset yet not in the other because the view was 

obstructed, or because one sensor did not collect data over the exact same areas, and the 

areas of interest may have changed due to urban development or deformations over time.  

 

 

      Figure 1.1: Challenges of co-registration methods. Drawing after Huang et al. (2021) 

 

     Lastly, overcoming these limitations will increase the computation cost, however a matching 

algorithm must be efficient numerically (Kim and De Araújo, 2007; Huang et al., 2021). 

Although many methodologies have been presented that deal with the problem of automated coarse 

and fine registration, “automatic and accurate registration of airborne LiDAR and camera data 

remains an open problem. No techniques have been found that can register optical images and 

LiDAR data automatically with the required accuracy and efficiency for practical applications” 

(Mishra and Zhang, 2012; Zitova and Flusser, 2003; Wodzinski and Skalski, 2021). While the 

class of ICP algorithms can be considered a good solution for automatic fine registration in many 
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applications, there are situations – as for example cross-aided sensor calibration – where ICP is 

not the optimal tool (Akca, 2007; Gruen and Akca, 2005; Makadia et al., 2006). In case of coarse 

registration, there is still no efficient method available that can automatically coarse-align datasets 

or deliver a quick overlap check for large amounts of airborne survey data: Current algorithms 

require either input from an operator, application of metadata, non-generic assumptions, or they 

involve computationally intense processes. Furthermore, most existing registration algorithms 

consider datasets of similar point density only (Huang et al., 2021; Maiseli et al., 2017; Zhu et al., 

2019). These circumstances call for more research of co-registration of airborne survey data with 

the focus on full automation. 

     Addressing these challenges, this research will propose, systematically research, and develop a 

fully automatic and numerically efficient registration paradigm. The topic of this research lunged 

out from discussions with Dr. Peter Friess, chief of the LMS LiDAR software team at Teledyne 

Optech (Friess, 2006; Lindenthal et al., 2011; Lindenthal et al., 2015). While looking at a plot of 

3D tie points, Dr. Friess realized that they could potentially be used for co-registration, and the 

idea for the topic of this dissertation was born.  

    While it is common knowledge that photogrammetric software generates 2D tie points to stitch 

a collection of images together to one coherent image block, the 2D tie points are also projected 

from image space on the ground, as illustrated conceptually in Figure 1.2, and the respective 3D 

coordinates are calculated automatically during the block adjustment (Grafarend and Krumm, 

2001). These 3D points – often many thousands of points – are mostly sub-pixel accurate and are 

traditionally only used as temporary figure and have historically not been used for anything other 

than blunder detection and generation of a coarse surface model.  

 

 

Figure 1.2: Spatial forward intersection of 2D tie points into object space 
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      If 3D photogrammetric tie points could be used for automatic co-registration of camera and 

LiDAR data, it would imply a drastic reduction in computational efforts that are typically 

associated with existing co-registration methods. For example, existing methods either convert the 

camera data into a dense point cloud, so that they can match two point clouds with similar 

characteristics, or they convert the LiDAR data into intensity- or elevation imagery, so that they 

can conduct image matching. Contrary, 3D photogrammetric tie points are created automatically 

per default. 

      For these two point-data sets, however, we cannot define the correspondence of anchor points 

for performing the co-registration transformation. If we use each point cloud separately most likely 

we end up with two different surface representations of the same topographic surface: One surface 

representation, the one derived from lidar based on the high density and quality approximates the 

topographic surface very well. The other one, the one based on the photogrammetric tie points due 

to their sparsity is a more generalised (down sampled) representation of the same topographic 

surface. Further the photogrammetric tie points give a digital surface representation while the lidar 

points give a mix of surface and terrain (ground) surface representation. If for example, we had 

bold earth the problem would be simpler as both type of points would lie on the same surface (both 

surfaces would have the same trend). 

 

 

1.3 Thesis Objectives 

 

     The objective of this study is to analyze how photogrammetric tie points can be used for 

automated co-registration of airborne imagery and LiDAR data from traditional large-area 

mapping. The initial phase of this research proposes new matching strategies in space domain, first 

for coarse registration of optical and laser point clouds, and then for fine registration and respective 

cross-aided sensor calibration using photogrammetric tie points and LiDAR extracted planes as tie 

primitives. The second phase of this thesis analyzes what frequency domain-based algorithms can 

be used for robust automatic coregistration. While exploring these avenues, this study provides a 

detailed description of the mathematical components of the proposed photo-LiDAR registration 

methodologies, including generation and selection of the tie elements, transformation function, 

similarity measure, and matching strategy.  
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1.4 Research Contributions 

 

     The main contribution of this dissertation is the proposal of a new co-registration paradigm 

where photogrammetric tie points are used as registration features with Lidar data, and the 

systematic research how these elements can be used best for co-registration. Through analyzing 

existing methodologies and through deploying new algorithms, this research generates a better 

understanding of how the different characteristics of photogrammetric tie points and airborne 

LiDAR data come to play in the context of co-registration.  

      Summarized, this dissertation provides the following major contributions: (A) Proposal and 

systematic research of a new and powerful concept for co-registration of airborne LiDAR and 

camera data – to the best knowledge of the author this is the first time ever someone has considered 

extremely sparse tie points as tie features for co-registration, (B) Systematic research of space-

domain based concepts typically not used for coarse registration, (C) Proposal and study of four 

novel space-domain based fine registration and integration algorithms, (D) Isolation of 

fundamental criteria which limit the use of tie points for fine registration and cross-aided sensor 

calibration, providing a new and deeper understanding of tie points in the context of coregistration, 

(E) Application of the Phase Only Matched Filter (POMF) and Fourier Mellin Transform (FMT) 

to unclassified airborne point clouds, (F) Detailed description of the Analytical Fourier Mellin 

Transform (AFMT) and its application for co-registration of airborne LiDAR and camera data, 

and (G) introduction of the new Quasi Log-Polar Analytical Fourier Mellin Transform (QAFMT) 

as optimal method to coarsely co-register large area airborne photogrammetric tie point clouds and 

LiDAR data. 

 

 

1.5 Thesis Outline 

 

     This dissertation consists of six chapters, which are briefly explained below:  

Chapter Two reviews previous works relevant to co-registration of optical and laser data, primarily 

for the case of traditional large-format airborne applications but also for a few selected close-range 
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terrestrial- and UAV cases. The methodologies are grouped primarily by the components of their 

registration model.   

Chapter Three describes the datasets, how they compare against data from the OEEPE test site, 

and what mathematical models were chosen to support coarse- and fine registration. 

Chapter Four presents seven space domain-based methodologies that did not surface during 

literature review but could be used for coarse co-registration and overlap check. It also proposed 

novel methods for fine registration and cross-aided sensor calibration in space domain, using 

photogrammetric tie points as tie elements.  

Chapter Five presents seven methods of coarse registration in frequency domain and yields the 

QAMFT as a novel method for co-registration of extremely sparse tie points with large format 

airborne laser data. It also discusses why fine registration cannot occur in frequency domain. 

Chapter Six provides the conclusions and recommendations for future work. 

The following appendices include tables, graphs, and more information, supporting the claims 

made in the main body: Appendix A reviews the existing AI-related co-registration methods and 

their relation and contrast to the proposed registration primitives; Appendix B covers the use, 

generation, and characteristics of photogrammetric tie points and airborne Lidar data, including 

their respective advantages and disadvantages; Appendix C provides a detailed description of the 

test data; Appendix D presents the results of the fine registration using unclassified tie points and 

unclassified laser points using ICP; Appendix E describes the design of experiments, reduction of 

design space, and refined experiments with simulated data; Appendix F describes the interpretation 

of FMT experiments with real-world data; Appendix G describes the precise alignment of point 

clouds to establish the reference data; and Appendix H explains the change of data footprint and 

entropy when estimating data shifts using POMF. 
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2.0  Literature Review 

 

2.1 Introduction   

 

     This chapter reviews the literature on the co-registration of laser and camera data. First, the 

elements of a registration paradigm will be described. Then, different co-registration methods are 

reviewed. Finally, an analysis of a few studies that showed similarity to the proposed co-

registration approach will be provided at the end of this chapter. 

 

 

2.2 Registration Paradigm and Categorization of Registration 

Algorithms 

 

     The efficient registration of geospatial data has been an active field of research over the past 

few decades and many methodologies have been presented. These methods can be categorized 

based on what tie elements they use, what optimization strategy they implement, the domain in 

which they work – as for example computer vision and pattern recognition, medical image 

analysis, or remotely sensed data processing (Brown, 1992) –, the type of data which they register 

– imagery and/or point clouds –, the geometric transformation function which they implement, 

whether they consider statistical data or meta data or only geometric elements during the 

registration process, or whether they align datasets coarsely or with high accuracy.  

      How to categorize registration approaches also depends on the scientific domain, the type of 

applications, and the academic surroundings in which the authors dwell. Prof. Ayman Habib and 

his team for example showed a strong focus on the registration and segmentation of static and 

mobile LiDAR and camera data over the past decade (Al-Durgham et al., 2011; Al-Durgham, 

2014; Al-Ruzouq, 2004; Bang, 2010; Canaz, 2012; Habib et al., 2006; Habib et al., 2007a; Habib 

et al., 2010a; Habib, 2013; Kwak, 2013; Kwak and Habib, 2014, Renaudin et al., 2011). Their 

work postulated the following four-problem-oriented (co-)registration paradigm – or “steps” as 

referred to by Fonseca and Manjunath (1996) and Wyawahare et al. (2009), or “choices for 
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components” as referred to by Brown (1992), or “matching strategy” (Al-Ruzouq, 2004; Canaz, 

2012; Al-Durgham, 2014) – which the process of co-registration must address: 

 

(1) Selection of co-registration primitives: After data acquisition and data preprocessing, it is 

necessary to decide which types of primitives will be used for the alignment. This can be 

identified manually or automatically with high certainty. With airborne data, common tie 

features are salient points or distinctive geometric features such as photogrammetric tie 

points, lines, line intersection points, planar patches, homogenous regions, curved edges, 

contours, object boundaries, etc. which are manually or automatically detected from optical 

images and LiDAR data. 

 

(2) Feature matching (Zitova and Flusser, 2003; Mishra and Zhang, 2012), also referred as 

matching strategy (Habib et al., 2006): Establishing the correspondence between conjugate 

tie features, as for example detected in optical imagery and laser point clouds (Al-Ruzouq, 

2004). Various feature descriptors and similarity measures along with spatial relationships 

are used for matching the features (Mishra and Zhang, 2012).  

 

(3) A transformation function: Once the correspondence between the matched features has 

been established, the transformation parameters can be computed. The mathematical 

transformation model must accurately reflect the geometric relationship of reference and 

moving data. Examples of frequently used mapping functions are the 7-parameter Helmert 

transformation (3 rotations, 3 translations, 1 scale) for overlay of 3D point clouds and the 

2D rigid body transformation (1 rotation, 2 translations, 1 scale) for registration of airborne 

imagery or elevation maps. 

 

(4) A similarity measure: After a decision is made on the type of registration primitives and 

the transformation function, a mathematical constraint, which is necessary to ensure the 

correspondence of the conjugate primitives (Al-Ruzouq, 2004) must be selected. The 

formulation of the similarity merit depends on the type of registration elements and the 

mathematical representation of the respective optimization function (Canaz, 2012; 
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Renaudin et al., 2011). In some cases, this component could be expressed through a certain 

expectancy level of the magnitude of correlation peaks.  

 

There are two more components that may appear self-evident but are worthwhile defining: 

 

• Transforming and resampling: This component is mentioned as an explicit step only by 

Fonseca and Manjunath (1996) and Zitova and Flusser (2003). These authors simply 

assumed that source data were transformed onto the target data after the transformation 

parameters had been determined. For example, to co-register LiDAR and camera data, the 

imagery is projected onto the LiDAR elevation map by means of the mapping function, 

and positions in non-integer coordinates are computed by means of interpolation. 

 

• The search space: This component was highlighted by (Brown, 1992): A decision on the 

spatial extent of the comparative data analysis must be made. The assumptions of the 

underlying transformation model determine whether all data are considered (global 

registration approach) or if the search for correspondence should occur only within a local 

proximity (fine registration approach). 

 

     The next chapter will discuss how these six components have been addressed by the current co-

registration techniques.  

 

 

2.3 Registration Primitives and Matching Strategies 

 

     The matching strategy comprises the overall scheme of the solution of the matching problem 

(Al-Durgham, 2014). It comprises the selected primitives, transformation functions and similarity 

measures for automatically solving the registration problem (Al-Ruzoq, 2004; Schenk, 1999). 

Matching strategies for coarse co-registration do not require approximate values for the 

transformation parameters and fully automated approaches can derive an estimate of initial pose 

without any geometric pre-conditions. However, fine co-registration approaches require an initial 
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estimate of the transformation parameters to successfully superimpose datasets with high 

precision.   

 

2.3.1 Existing Co-Registration Methods 

     As mentioned in the previous chapter, there are many attributes that can be used to classify 

registration algorithms. The classification schemes can be grouped as follows (Al-Durgham, M., 

2014; Fonseca and Manjunath, 1996; and (Mishra and Zhang, 2012): (1) direct geo-referencing 

(DG), (2) the target-based, (3) the point-based, (4) the feature-based – which can be categorized 

further into methods that use (4a) lines, planes, and intersection points, and methods that use (4b) 

freeform primitives – , (5) the mutual information (MI) -based, (6) salient point -based, (7) the 

frequency-based, and the Artificial Intelligence (AI) -based methods. The last category of co-

registering overlapping multi-sensor data is described in detail in APPENDIX A; the following 

sections summarize their limitations: 

 

1) Direct Georeferencing: DG is a well-established method to coarsely position the raw camera 

and LiDAR data, as it infers geodetic projection to the data. However, as outlined in the thesis 

statement, coarse co-registration should be able to register datasets without knowledge about the 

map projection and units in which the data have been referenced. Furthermore, most UAV and 

low- cost airborne mobile mapping systems operate with a lower grade navigation device. These 

factors create the need for algorithms that can achieve coarse level accuracies without specific DG. 

 

2) Target-based methods: They rely on measuring targets in the survey site. Whilst ground targets 

provide a means to achieve high registration accuracy, they may not always be available in every 

data set. Since identifying and measuring ground targets typically requires a human operator, 

target-based approaches do not lend themselves for automatic co-registration. 

 

3) Point-based methods: They have been proven to be accurate in many applications. However, 

information about the initial position of the datasets must be available. Furthermore, for the fine 

registration and optional cross-aided sensor calibration to occur with high precision, point-to-point 
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and point-to-plane algorithms require point clouds with strong elevation contrast and similar point 

density, or some sort of classification and pre-processing, which goes against the thesis statement. 

 

4) Feature-based methods: In this dissertation, co-registration algorithms that use lines, planes, 

line intersection points, 3D shapes, and free forms as tie primitives are considered “feature based” 

algorithms. The feature-based methods that use lines, planes, and line intersection points rely on 

the existence of human made structures in the scenery. They also require ample depth in object 

space and similar point densities. In the proposed airborne application, these conditions are not 

met. The feature-based methods that involve that use 3D shapes, and free forms are suited to 

function with both natural scenes and built areas, however they require feature extraction and/or 

classification with visual interpretation of an operator and do therefore not fall within the category 

of fully automated, robust registration approaches.  

 

5) Mutual Information-based methods: MI methodologies are area-based and tend to perform 

better with low resolution geodetic elevation data than feature-based methods, since they consider 

not only one type of geometric element during the co-registration process, but statistical 

information of all common surface data. Unfortunately, when the images have significant rotation 

and/or scale differences, MI methods either fail or become extremely time expensive. Also, they 

are ineffective for non-urban scenery since information-theoretic methods require well-

pronounced structures, and some sort of prior knowledge about the datasets and their relation and 

cannot be applied to natural scenery. 

 

6) Salient point-based methods: Salient point algorithms that use a combination of multiscale 

image analysis can be helpful to improve overall registration accuracy, especially in suburban 

areas and natural scenery. Here, salient point matching will fail since it cannot find the feature 

footprints of human made structures implemented in its feature map data base. However, “salient 

point-based methods do not address the problem of relief displacement”; also, “its complexity and 

high computational requirements make it problematic for real-world applications” (Mishra and 

Zhang, 2012).  
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7) Frequency analysis-based methods: Frequency methods promise to be the most effective 

approach for coarse registration since they consider all information of the data input at once. 

Existing frequency analysis methods proved unable to produce accurate registration results. Thus, 

in this dissertation, co-registration algorithms will be applied to elevation maps only, and not to 

intensity images. As will be shown in Chapter 5.0, the FMT and AFMT and thereof derived 

frequency algorithms will be used to correlate the elevation maps. To date, the performance of 

FMT and AFMT with low-resolution airborne point clouds is still unknown since the numerical 

examples in existing publications used image- and laser data of same resolution.  

 

8) Artificial Intelligence (AI)-based methods: APPENDIX A provides an overview of the most 

recent AI-based methods for registration and co-registration of point clouds and shows how these 

methods relate to the use of traditional airborne laser- and photogrammetric tie points as tie 

features.  

     For the point clouds used in the optimization-based and deep-learning-based registration 

methods, it is typical to have a lot of information about the depth, and to sample the same surface 

elements than their counter part. Also, they differ in point density only by approx.1:100. So, often, 

the research community refers to these point clouds with the lower point density as “sparse point 

clouds”. Contrarily, tie point clouds from traditional large- and medium-format airborne 

applications result point densities approx. 5,000-10,000 times lower than their counterpart.  

     As deep learning is a technique to implement machine learning and machine learning is an 

approach to achieve artificial intelligence, the “sparse” point clouds used in the AI community 

allow for feature extraction and learning of local point cloud characteristics. From the experiments 

given in Chapter 5, the “extremely sparse” tie point clouds targeted in this framework pick up 

different surface characteristics and describe the surface with insufficient detail to extract features 

that would be compatible to those extracted from the respective Lidar data in resolution and 

information content. Consequently, the current AI methods cannot be used with the proposed 

intake of point clouds. Likewise, the application of AI methods to imagery, for example, the 

application of Convolutional Neural Networks (CNN) to conducting image- or patch matching, 

will not work with the elevation maps targeted in this dissertation, either.  
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     An alternative way to categorize the existing co-registration methods is to group them into 

information theoretic-based methods and probability-based methods (Zhu et al., 2019). 

 

2.3.2 Co-Registration Methods of Special Interest 

     From literature review, five publications surfaced which followed similar strategies as proposed 

in this dissertation. This section pays special attention to these five co-registration methodologies.  

 

(1) As mentioned in Chapter 1.0, the research topic of this dissertation surfaced in 2010. In 

2013, photogrammetric tie points and laser points were used as registration primitives in a 

close-range application (Zheng et al., 2013), in which data from a static terrestrial laser 

scanner and a camera at different exposure locations were used to map a stone statue 

(Figure 2.1).  

 

 

Figure 2.1: Dense tie point cloud from an image pair of a stone statue. Source: 

Zheng et al. (2013) 

 

     This multi-modal arrangement appeared similar at first sight; however, the closer 

examination revealed crucial differences:  
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• The sensors sampled the surface approximately from the same location with the 

similar field of view. This a-priori knowledge about the location, scenery, 

coordinate system, and units made the coarse registration unnecessary 

• The point densities of the laser and tie point clouds were similar, i.e., their point 

ratio was approx. 1:1-to-1:100, yet specifically approx. 1:10,000 in this dissertation 

• The scanned object had a convex surface with large changes in depth resulting in 

point clouds without occlusions  

• The statue provided homogenous surface characteristics. Thus, there were only 

single returns in the laser data 

• The tie- and laser point clouds were of equal accuracy 

• Their co-registration algorithm was based on a least squares adjustment in space 

domain subject to minimizing the sum of the squared distances between the tie 

points and the LiDAR surface. The statue filled most of the image space, which 

allowed to additionally estimate the effects of lens distortion using the laser points 

as the ground truth 

• The ratio of the surface elevation of the scanned statue and the distance between 

the sensors and the statue was much bigger than in airborne applications, allowing 

for an exceptional depth resolution. The result was a truly 3D point cloud with 

ample depth and strong changes in direction of surface normals rather than a fairly 

flat 2.5D surface point cloud with small changes in elevation 

 

(2) Another similar co-registration strategy was proposed by Choi et al. (2013) which 

suggested using 3D photogrammetric points and automatically LiDAR-extracted planar 

patches as its registration primitives. However, the roof peak points in the images were 

manually measured to, and the roof peak lines were derived from these points. The roof 

peak lines were also extracted from the laser data by intersecting the roof patches, which 

were extracted automatically. Corresponding roof peak line pairs were used for horizontal 

registration. In addition, the tie points were measured manually on planar surface areas and 

the vertical point-to-plane discrepancy was minimized to solve for the vertical registration 

ambiguity. Moreover, the horizontal and vertical discrepancies were minimized 

simultaneously in a LSA. Figurative examples of the registration steps are presented below. 
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(a) 

 

(b) 

 

(c) 

Figure 2.2: Extraction of roof peak lines. Source: Choi et al. (2013) 

 

     In Figure 2.2, (a) shows the roof peak points derived from the stereo photogrammetry 

measurements, (b) displays the overlay of the LiDAR points and the image derived points, 

and (c) displays the roof planes and peak lines before and after the adjustment in green and 

red, respectively. 

     Although this registration methodology uses similar registration primitives as the 

proposed fine registration methods – 3D photogrammetric points and LiDAR planes – it 

differs from the fine registration approach presented in section 4.4.2 in the following two 

aspects:  

• The image points used for registration were measured manually using stereo 

photogrammetry 
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• Rather than utilizing the LiDAR patches themselves, the tie lines were extracted 

from the LiDAR data 

 

(3) Another closely related work was provided by Makadia et al. (2006), which used the 

spherical harmonics and the Extended Gaussian Histograms (EGI) for the coarse 

registration of 3D point clouds of close-range laser scans as shown in Figure 2.3. This 

approach utilized spherical harmonics to fit into the data and to compute the surface 

normals to derive the surface orientations. Instead of correlating the images via the surface 

curvatures, the surface orientations were compounded in the spherical histograms to 

determine the 3D misalignment parameters. It has proved of being more robust with it than 

with the ICP for close range point clouds with little overlap and coarse initial orientation 

parameters.  

 

 

(a) (b) (c) (d) (d) 

Figure 2.3: Registration of a “Happy Buddha” statue. Source: Makadia et al. (2006) 

 

     In Figure 2.3, (a) shows the scans in their initial positions and orientations, input to 

Makadia’s algorithm, color-coded by exposure, (b) shows the crude alignment of ten point-

sets from the front, (c) shows the final alignment of all scans from the side after ICP was 

run, (d) shows a pair of re-projected EGIs from two of the scans, and (e) shows a slice of 

the correlation grid G(R) at the location of the estimated rotation. 

     The surfaces of most airborne data are remote from the sensing device and their 

elevation changes are comparatively small. Thus, the respective orientation histograms are 

broad and small in magnitude, making successful cross-correlation difficult. Nevertheless, 

combining the use of spherical harmonics and histograms of surface orientations is an 
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interesting idea that could perhaps be used to characterize datasets to establish a metric that 

allows to distinguish between the mountainous and flat datasets. 

 

(4) An outstanding work in the realm of co-registration is the dissertation of Dr. Devrim Akca 

(2007). Gruen (1996) extended the least squares 2D matching technique of images for 2.5D 

and 3D surfaces. Akca achieved a co-registration accuracy superior to those gained with 

ICP. Like ICP, his “Least Squares 3D” (LS3D) surface matching algorithm evaluated 

Euclidean distances rather than the height differences, which would be sub-optimal for 

terrain surface applications. In his dissertation, Akca applied this co-registration method to 

the close-range 3D point clouds as well as the airborne survey data.  

     As can be seen from Figure 2.4, the LS3D methodology requires only small overlap for 

successful co-registration. He also introduced the least squares matching of free-form 

curves and surface models. Recognizing that some point clouds may not contain sufficient 

surface information, he integrated the intensity and the color information of the object 

surface. Like Friess (2006) and Lindenthal et al. (2011), Akca generated a color-coded map 

of the height differences before and after LSA for quick and intuitive quality analysis of 

the co-registration results. An example of such a height difference plot is given in Figure 

2.4.  

 

 

                     

Figure 2.4: Registered surface models and respective height difference map of the 

overlap area. Source: Akca (2007) 
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     Akca (2007) also used dense photogrammetric DSMs and LiDAR point clouds for co-

registration. Photogrammetric dense point clouds tend to show high noise on flat surface 

areas compared to the LiDAR point cloud. However, LiDAR point clouds have irregular 

and often lower point density than the respective photogrammetric dense point clouds. To 

minimize the impact of these opposing characteristics, he applied a median filter for 

smoothing the LiDAR data prior to matching. 

     Despite these great contributions, Akca’s work (2007) showed the following significant 

limitations: 

• The LS3D method relies on the photogrammetric surface models, which require 

computationally expensive dense point matching (Haala, 2013) and are large in data 

volume. For many airborne photogrammetry applications, generating orthophotos 

as end-product is sufficient and dense point matching is not part of the data 

processing workflow. Thus, a co-registration requiring a photogrammetric DSM 

runs at a high cost, unless the DSM is already available on file.  

• The LS3D approach may work with orthophotos. However, depending on the 

application, the deliverable may just be a set of the color-balanced photos plus the 

refined EO parameters from aerial triangulation. The computationally intense 

orthophoto generation – which typically requires another software module in 

addition to the aerial triangulation module – is not always part of the deliverable. 

• Matching intensities, color information, and surface geometries in a combined LSA 

may work with the dense point surface models but also with orthophotos. However, 

such an estimation process wouldn’t work with the photogrammetric tie point 

clouds since the traditional photogrammetric software does not report the average 

color information of the generated tie points.    

• LS3D could be extended and used for 3D sparse points, such as ground control 

points, in combination with a 3D surface. Unfortunately, ground control points may 

not always be available. Moreover, this extension might also work with 

photogrammetric tie points. However, the concept of using LS3D for sparse points 

has only been presented as “further conceptual extension” (Akca, 2007), has not 

been implemented and tested.  
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• With the concept of integrating additional functional constraints in his LSA, such 

constraints typically require some sort of pre-knowledge that is unique to the 

dataset. Although automatic classification of laser point clouds and dense point 

clouds into ground- and air points is possible (Soininen and Burman, 2005; 

Soininen, 2010a; Haala, 2013) and might be a way to introduce such constraints 

automatically, the tie point clouds are too sparse and too random in distribution for 

these algorithms to work reliably. Refer to the next section and Chapter 4.0 for 

more details. 

• The stochastic properties of the local surface normals and uncertainty of the points 

due to the incidence angle were neglected in Akca’s work (Grant et al., 2012).  

• Akca’s method did not address the problem of relief displacement, i.e., the fact that 

LiDAR data is orthometric per default, but optical imagery – unless converted into 

an orthophoto – shows effects of perspective geometry (Mishra and Zhang, 2012). 

• Although a global matching strategy has been mentioned in (Gruen and Akca, 

2005), it was unclear from their publications how accurate the initial 

approximations need to be for the LS3D adjustment to converge to the correct 

maximum. As Akca compared his LS3D results primarily against ICP results, the 

LS3D is seemingly a method intended primarily for fine registration.  

 

     In summary, even though Akca’s work introduced a powerful new co-registration 

algorithm, it is unclear how well this method would work when used for coarse co-

registration with extremely sparse, unclassified photogrammetric tie points without color 

information.   

 

(5) Two years later after we started this research, Gneeniss et al. (2014) presented a 

methodology for fine registration and cross-aided sensor calibration of airborne LiDAR 

and camera data using the LiDAR point clouds as the ground truth. Their research 

methodology showed parallels to the fine-registration and cross-aided sensor calibration 

method (summarized in Chapter 4.4.2), which I proposed in 2012. Their approach used 3D 

photogrammetric tie points for co-registration and cross-aided sensor calibration, and also 

considered the LiDAR as reference against which camera calibration and validation can be 
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performed. They also used a 3D surface matching method utilizing the tie-point-to-laser-

plane matches. A high-level overview of Gneeniss’ co-registration methodology is 

illustrated in Figure 2.5. 

 

 

Figure 2.5: Main logical components of the co-registration and cross-aided sensor 

calibration method suggested by Gneeniss et al. (2015) 

 

The methodology of Gneeniss et al. (2015) can be broken down into 9 steps: 

(1) Automatically generate 2D tie points 

(2) Project the tie points on the ground using ISO 

(3) Filter the 3D tie points into  

• ground model points, describing the bare earth surface, 

• points describing vegetation (trees) and buildings, and 

• and apply a thematic image mask to isolate points that fall in between 

ground and vegetation and satisfy a certain vertical threshold 

(4) Automatically extract key model ground model points (DTM) from LiDAR.   
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(Component (a) in Figure 2.5 above covers steps 1-4)  

(5) Co-register ground model tie points and LiDAR key point DTM surface using 

a refined version of the LS3D surface matching method (Akca, 2007; Miller et 

al., 2008) and a 3D conformal transformation model, i.e., a Helmert 

transformation (component (b) in Figure 2.5 above) 

(6) Assess the quality of the registration results by evaluating the elevation 

difference between the photogrammetric DTM and the LiDAR terrain model 

(7) If the quality test indicates that the surface matching can be improved further: 

Identify 3D image tie points that meet the following criteria: 

• be located over planar areas that 

• show little slope 

• be defined by more than 3 image rays 

• be in areas with low surface roughness 

• pass an accuracy- and blunder test, and 

• support homogenous spatial distribution across the survey area 

and use them as “LiDAR Control Point” (LCP), (block (d) in Figure 2.5). 

(8) Estimate camera calibration parameters by minimizing the 3D distance between 

the LCPs and the local LiDAR surface (block (d) in Figure 2.5). As can be seen 

from Figure 2.6, this will lead to an improved fit of the camera and LiDAR data. 

The process of co-registration and self-calibration can also be conducted 

simultaneously in one combined LSA that estimates the camera calibration 

parameters while synchronously the 3D distance is being minimized between 

the tie points and respective local LiDAR surface. 

(9) Repeat step 6 to 9 and re-assess the vertical difference of the refined alignment 

between the photogrammetric DTM and the LiDAR terrain model. 

      

     To validate this method, the authors used two datasets similar to the test datasets used 

in this dissertation. One of their datasets was captured over the OEEPE test site in 

Vaihingen/Enz and an Optech ALTM 2050 LiDAR and a Applanix DSS camera were used 

for data collection (refer to Section 3.2 and APPENDIX C for details). Figure 2.6 below 

displays some of Gneeniss’ research outcome.  
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(a1) 

 

(a2) 

 

(b1) 

 

(b2) 

Figure 2.6: Surface matching residuals of Gneeniss’ British data set using 50 LCPs. 

Source: Gneeniss et al. (2015) 

 

     Rows (a) and (b) in Figure 2.6 present the results from the DSS camera flight before 

and after the self-calibration, respectively. Even after the self-calibration of the DSS data, 

the co-registered datasets showed a remaining vertical offset of about 20cm which the 

authors attributed to the differences in surface characteristics and weak block layout 

leading to limited ability to retrieve the camera calibration parameters reliably.   

 

     Gneeniss’ procedure showed commonalities with the co-registration and calibration 

methodology presented in Chapter 4.4.2:  
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• Both assume the LiDAR to have undergone geometric refinement and provided 

superior geometric quality.  

• Both use the photogrammetric tie points as the tie elements in the co-registration 

and minimize the sum of the squared distances from the tie points to the LiDAR 

surface in proximity.  

• Both allow for separating the co-registration and the camera calibration or for the 

simultaneous co-registration and camera calibration in a combined bundle block 

adjustment in their workflows.  

• The data from the DSS medium format camera benefited significantly from their 

calibration – as can be seen from Figure 2.6, as the co-registration alone did not 

provide the desired level of decemetric or centimetric registration accuracy. The 

DiMAC camera data used in this dissertation was affected similarly by the 

boresights and camera intrinsic offsets, which will be shown in APPENDIX C and 

G. It is suggested to minimize such effect during the cross-aided sensor calibration.  

• Even after the calibration of the DSS camera, the co-registration showed a 

remaining vertical offset of about 20cm. The authors attributed this relatively large 

remaining offset to the poor layout of the flight block, which may or may not be 

true. The magnitude of this offset could be taken to serve as an indicator of what 

accuracies to expect when co-registering optical and laser point clouds in this 

dissertation.  

     

      Despite these similarities, Gneesniss’s work showed some significant differences and 

limitations compared to our methods: 

• Gneesniss’ algorithms rely on the dense tie point clouds as their datasets possessed 

a point density 10-100 times higher than the tie point clouds used in this 

dissertation.  

• Gneesniss developed a sophisticated filter for the tie- and laser points to increase 

the reliability and accuracy of the registration results. As the classification into 

ground-, vegetation-, and roof points was executed automatically, the authors also 

deployed a 2.5m vertical mask to eliminate the chimneys, trees, and unwanted 

effects of a vineyard. The application of this mask allowed to distill a selection of 
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suitable points that yielded the robust registration results. However, this filter was 

data-specific and tuned for the Vaihingen/Enz dataset, which went against the 

principle of generality and full automation proposed in this dissertation. 

• Gneeniss’ concept did not utilize the roof plane patches as registration primitive, 

which could provide a higher level of redundancy and accuracy than the local 

surface meshes.  

• Since the authors used LS3D for co-registration, their method was affected by the 

drawbacks mentioned earlier, too.  

 

     As the above discussion showed, the co-registration methods presented in these five 

publications shared similarities with the proposed co-registration methodology. However, the 

analysis also revealed that these methods had need of either substantial data pre-processing or pre-

knowledge about the datasets. Moreover, the conducted tests were only with point clouds 

associated with similar surface characteristics, which is their most prominent shortcoming. 

 

 

2.4 Summary 

 

     This chapter reviewed the relevant state-of-the-art co-registration techniques in the fusion of 

airborne laser- and camera data. Despite the large diversity of ideas and concepts, many of the 

published co-registration techniques required the coarse EOPs and IOPs which made them not 

practical (Li et al., 2012). Some depended on selecting conjugate pairs interactively, which may 

lead to unreliable and inaccurate results and worked against the principle of full automation. Most 

methods were designed for the computer vision applications and assumed to have the high point 

density, strong variation in elevation, similar footprint, large overlap, same coordinate systems. 

Besides, they demanded some sort of classification or computationally intense pre-processing. 

Only one machine learning-based co-registration method has been presented so far could work 

directly on the raw “sparse” (1) point clouds. The most important drawback however is that none 

 
1 The research community concerned with AI-based registration uses the term “sparse point cloud” for 

point clouds that stem from a close-range scenery and are roughly 100 times less dense than its counterpart. The 

point cloud with the lower (or higher) density often stems from close-range photogrammetry (a laser scanner). 
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of the existing methods was designed for and validated with the “extremely-sparse” (2) 

photogrammetric point clouds. 

     The ensuing chapters will investigate what can be done outside these boundaries. The focus 

will be directed towards finding innovative methods that can cope with the stark difference in point 

density and establishing a novel framework in which they will deliver reliable results.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 2 Tie point clouds from traditional large- and medium-format airborne mapping applications result a point 

density of approx. 5,000-10,000 times less than the respective LiDAR data. To discern the tie points targeted in this 

framework from “sparse” close-range point clouds, they will be referred to as “extremely sparse” whenever their 

difference needs to beo emphasised. 
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3.0  Test Data and Assumptions 

 

3.1 Introduction   

 

     In this framework, two pairs of real-world datasets and two simulated datasets were used for 

testing. To address the question, to what degree these datasets represent “typical and universal” 

airborne survey applications, the characteristics of a popular test site are highlighted, for 

comparison, first.  

  

 

3.2 Reference Dataset 

 

     One of the world’s most flown test sites for evaluating large- and medium format digital 

airborne sensors is the test field in Vaihingen an der Enz, Baden-Württemberg, Germany. While 

no dataset of this area was used in this study, the terrain characteristics of this area can serve as a 

guideline for the simulated dataset and for the comparison against the real-world datasets used in 

this thesis.  

The Vaihingen test site provides the following features: 

• High density ground control - almost 200 control points have been spread across the area 

• Mostly gently sloped terrain. Few areas with steep slopes 

• A mixture of urban scenery and farmland 

• Small areas with forest  

• Small waterbodies, which typically create a challenge for LiDAR and photogrammetric tie 

point matching 

The test site is enclosed with the red line in Figure 3.1 and Figure 3.2. 
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Figure 3.1: Aerial view of the OEEPE test site in Vaihingen an der Enz, Germany. The 

dark green areas depict forest and water bodies. Source: IFP (2017) 

 

 

Figure 3.2: Digital terrain model of the Vaihingen and der Enz test site. The terrain 

variations are exaggerated by factor two. Source: IFP (2017) 

     

      The central area – enclosed with a purple line in Figure 3.1 – possesses a dense distribution of 

GCPs and has about 5050m (east-west) by 2750m (north-south) in size. The entire test area – 

enclosed with a red line in Figure 3.1 – is about 7400m (east-west) by 4700m (north-south) in size. 

The terrain elevations range between 193m and 356m above sea level. In total, 275 GCPs are 

available.  
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3.3 Real-World Datasets 

 

     This chapter introduces the real-world datasets that will be used for testing. APPENDIX C 

presents how these datasets were generated, and a detailed description of their characteristics. 

 

3.3.1 Oshawa Dataset 

     The Oshawa data was acquired at three flying heights (850m, 600m, 400m above ground level). 

Only the data collected from the flight lines at an altitude of 850m and 600m agl were selected for 

co-registration. The flight lines flown with large overlap result in higher laser and tie point 

densities than the areas with small overlap. The resulting image block comprised 105 photos, 3641 

tie points after the outlier removal, and 51 measured control points.  

     A surface grid was fit into the tie points using MATLAB software (MathWorks, 2019). Figure 

3.3 below displays the tie point cloud overlaid with a natural-fit surface grid. For the average point 

density of 35 tie points per image, MATLAB considered a cell size of 40m by 40m to be optimal. 

Figure 3.4 displays the respective grid, rendered to an image file.  

 

 

Figure 3.3: The Oshawa tie point cloud overlaid with the MATLAB-generated surface 

mesh 
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Figure 3.4: The Oshawa tie point grid with 81x115 40m cells 

      

     The full resolution point cloud had approximately 63 million points and covered an area of 

approximately 4.5-by-4.5km, yielding an average point density of 4 pts/m2. The laser points were 

down sampled to 8775 points (APPENDIX C), i.e., a point density slightly higher than twice that 

of the tie point cloud. Figure 3.5 displays the laser point cloud overlaid with a naturally-fit surface 

grid (MathWorks, 2019). Figure 3.6 displays the respective grid, rendered to an image file.  
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Figure 3.5: The Oshawa laser point cloud overlaid with the surface mesh 

 

 

Figure 3.6: The Oshawa laser point grid with 117x138 40m cells 
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     The Oshawa tie and laser points showed a ratio of 3,700/63,000,000 = 1:17,000, which 

confirmed the approximate ratio of 1/10,000 that one would typically obtain from regular survey 

data. Details on the quality of fit can be found in APPENDIX G. 

 

      Figure 3.7 below displays the co-registered point clouds on top of the surface mesh. The laser 

points covered an area of approx. 4.5km-by-4.5km whereas the tie points covered an area of 

approx. 3.2km-by-3.2km. 

 

 

Figure 3.7: Overlay of the Oshawa laser- and tie point cloud and the surface mesh 

 

3.3.2 Keyworth-Nottingham Dataset 

     The Keyworth-Nottingham (KN) was collected at two flying heights (1250m and 880m agl). 

The resulting image block comprised 64 photos, 2705 tie points before and 1871 tie points after 

blunder removal, and 38 measured control points. 38 ground control points had been measured.  
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     Figure 3.8 below displays the tie point cloud overlaid with the “natural-fit” (APPENDIX C) 

surface grid. For the average point density of 30 tie points per image, MATLAB considered a 40m-

by-40m cell size to be optimal. Figure 3.9 plots the matching grid, rendered to an image file.  

 

 
Figure 3.8: The KN tie point cloud overlaid with the MATLAB-generated surface mesh 
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Figure 3.9: The KN tie point elevation grid (m) with 36x35 40m cells 

      

     The KN laser point cloud had approximately 35 million points covering an area of 2.4km-by-

2.4km resulting in a point density of 5pts/m2; the tie point cloud covered an area of 1.5km by1.5km 

with 1871 points, resulting in a point density of roughly 0.0008 pts/m2. After down-sampling, the 

laser point cloud contained 2705 regularly distributed points. 

 

     Once the LiDAR had been down-sampled, both point clouds were gridded and rendered to 

images using the algorithm described in APPENDIX C. Figure 3.10 illustrates the down-sampled 

point clouds overlaid with the grid. Figure 3.11 displays the respective grid, rendered to an image 

file. The color coding was the same as in Figure 3.3, however the large descent of the grid in the 

north-east corner caused the center of the grid to occur more yellow. More details can be found in 

APPENDIX C. 
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Figure 3.10: The KN laser point cloud overlaid with the MATLAB-generated surface mesh 

 

 

Figure 3.11: The KN laser point elevation grid (m) with 59x71 40m cells 
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     Figure 3.12 below plots the co-registered point clouds. In this graph, the laser points covered 

and area of approx. 2.4km by 2.4km and the tie points covered roughly 1.5km by 1.5km ground.  

 

 

Figure 3.12: Overlay of the KN laser points, 10m elevated tie points, and the surface mesh 

 

 

3.4 Simulated Dataset 

 

     The simulated data set was generated by superimposing five 1D harmonics to a signal that 

mimicked the elevation magnitudes of the Vaihingen/Enz dataset (see section 3.2 above). To have 

a similar extend than the KN dataset, a signal length of 2km was chosen. The resulting 1864x1864 

“X5d4” DTM grid of 1m pixels is displayed in Figure 3.15 side view and top view below. For the 

“X5d5” DSM, displayed in the second column of Figure 3.15, A 10m white noise band was added. 

The X5d4 DTM and X5d5 DSM were used for most of the AFMT testing.  
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Figure 3.13: The simulated X5d4 DTM (m) and the X5d5 DSM (m) with further modified 

second peak 

 

 

Figure 3.14: The padded X5d4 DTM (m) image used for co-registration testing 
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3.5 Assumptions 

 

     When the airborne LiDAR and photo data of a common area have been acquired at different 

times, and/or from different platforms, and/or at different resolutions, the co-registration may face 

the following challenges: 

• Use of different geodetic datums, map projections, and units, resulting in rotational, 

translational, and scaling offsets 

• Different coverage of the landscape  

• Different times of data collection, resulting in capture of incremental changes of the 

scanned surface: Leaves on or off, de-forestation, new building areas, snow coverage, 

moving objects, etc. 

• Different information-sampling schemes of the surface: LiDAR provides multi-return data 

whereas the traditional nadir photogrammetry provides only one single Z value associated 

with the X and Y-coordinates 

• Different levels of noises 

• Different conventions of the coordinate axes, e.g., flipping of the coordinate axes or 

changes of direction  

• Similarly, different formats of the coordinate input (North values may be the first column 

in one file, while East values may be the first column in another file) 

• Different resolutions: The primary challenge for the co-registration of airborne LiDAR and 

photogrammetric tie points: In the real-world test datasets used for numerical testing, an 

area covered by 10,000 laser points was covered roughly only by one photogrammetric tie 

point.  
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                      tie points  laser points 

Figure 3.15: Laser points and photogrammetric tie points of one flight line 

acquired in the Oshawa area 

 

The data plotted in Figure 3.15 had an approximate point ratio of 10,000 laser points to 1 

tie point. The laser points captured the surface with great detail (approx. 4 points per m2) 

while the 3D tie points recovered only coarse changes in elevation.  

 

     The following section examines the impact of different datum, map projection, units, and 

ground coverage on the co-registration model, and workarounds: 

• Different datum: If the search- and target point cloud are referenced in different datum, the 

resulting offsets can be approximated locally through a translation in X, Y, Z and a change 

of signs. Rarely does a different datum result in flipped axis. But if it does, the co-

registration algorithm can be re-run if/when the first run showed poor correlation results  

• Different map projection: Some map projections preserve the size of the mapped area, 

while others preserve other properties like distance or angular relations. The definition of 

the orientation of the coordinate axis and the location of the origin can differ as well. 

However, the Z axis always points upwards, and only the X and Y values can vary in sign. 

Effects of map flattening in case of cylindrical projects (such as UTM) and shearing effects 

in case of conic projections (such as US State Plane) and azimuthal projections (which are 
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a special case of conic projections) are well within the noise level of the discrepancies 

between perfectly fine-aligned 3D tie points and LIDAR data. To be more specific, the 

scaling effects of map projections are typically in the range of <1/10,000 and can be 

neglected in the context of coarse co-registration, especially if the datasets cover only few 

square kilometers of land (Grafarend and Krumm, 2000; Grafarend and Krumm, 2002).  

Thus, the effect of different map projections can be compensated by cardinal rotation, 

flipping of axis, and by translation.  

• Different units: The difference in units acts like a difference in scale and is typically limited 

to a scale where 1 international survey foot equals 0.3048 meters. What unit is used 

depends primarily on the historic conventions of the country, when the data was collected 

(some parts of the USA for example changed from American units to metric units in the 

80s and converted back in the 90s), and requirements of the survey project. Sometimes, 

especially in border zones, datasets from the same area were generated in different units.   

• Different ground coverage: If the datasets cover the same area, vertical differences 

diminish since the X, Y, Z values are de-meaned during the coarse co-registration process. 

If the datasets overlap to a large degree (80% for example) and the terrain is flat or slightly 

hilly, the vertical differences will be small compared to the signal of the remaining data 

and a 2D translation in X,Y will be sufficient to model the spatial discrepancies. Depending 

on what co-registration method is used, a 3D translation may be necessary if the datasets 

show little overlap.  

• Different format of coordinate input files: Often, coordinate files come with a header that 

labels each column. However, to support full automation and blind input of coordinate 

files, the co-registration algorithm can be re-run if the first run showed poor correlation 

results. 

 

     Since contemporary research considers mostly only image-based registration algorithms that 

model only horizontal translation and datasets with full overlap, it seemed reasonable to initially 

model X, Y- translations only, and add Z-translation later, if necessary. As shown in the ensuing 

chapters, this strategy proofed fruitful since the co-registration algorithms that were examined in 

this dissertation already struggled retrieving larger horizontal translations – adding a Z-translation 

would have caused unnecessary complexity.  
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For the reasons listed above, a 7-parameter Helmert transform with 

• 3 translations (X, Y, Z axis) 

• 3 rotations (around the X, Y, Z axis) 

• 1 optional (uniform) scale 

was chosen as model for fine registration, and a 4-parameter similarity transform with 

• 2 translations (X, Y axis) 

• 1 rotation (around the Z axis) 

• 1 scale 

was selected as mathematical transformation function for coarse co-registration. The geometric 

relationship of the 4-parameter rigid body transformation is illustrated in Figure 3.16 below. 

 

Figure 3.16: The geometric mapping between point cloud-rendered images in terms of 

translation, rotation- and scale parameters. Illustration after (Bargoti et al., 2012) 

 

     This geometric relationship is mathematically expressed as follows 

 

 

[

𝑥𝑝

𝑦𝑝

1
] = 𝑠 ∙ [

cos 𝜑 − sin 𝜑 ∆𝑥
sin 𝜑 cos 𝜑 ∆𝑦

0 0 1
] [

𝑥𝑞

𝑦𝑞

1
] (3.1) 
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wherein 𝜑, 𝑠, ∆𝑥, and ∆𝑦 are the parameters of the rigid body transformation, specifically, 𝜑 is 

the rotation angle counter clockwise, 𝑠 is the scale factor, and (∆𝑥, ∆𝑦) are the translations. For 

the finite discrete images 𝑞 and 𝑝, equivalently it is true for every pixel to be related to each other 

 

 𝑞(𝑥, 𝑦) = 𝑝(∆𝑥 + 𝑠 ∗ (𝑥𝑐𝑜𝑠𝜑 − 𝑦𝑠𝑖𝑛𝜑), ∆𝑦 + 𝑠 ∗ (𝑥𝑠𝑖𝑛𝜑 + 𝑦𝑐𝑜𝑠𝜑)) (3.2) 

 

      Using the traditional nadir-only imagery, the tie point generation delivers only a single Z paired 

with a given (X, Y), while can be occasionally more than one Z associated with a (X, Y) location 

in oblique data (Gruber and Walcher, 2014). Without significant loss of information, it is safe to 

only use the highest Z value and render the point cloud to a single height image. Therefore, only 

2.5D data sets are considered in the context of this framework. Also, both photo- and laser 

coordinates are assumed to be provided in a projection, since standard photogrammetric software 

packages require coordinate display in a map projection. Thus, Earth Centered Earth Fixed (ECEF) 

coordinates will not be considered here since their Z axis may not point up perpendicular to the 

tangent frame. 

 

      In summary, for the reasons above, the following assumptions and limitations are made 

throughout the ensuing chapters: (1) In all data input, Z points up, i.e., away from the ground 

towards zenith; (2) the only scale difference that needs to be considered during coarse co-

registration is the difference of international feet and meter unit, i.e., 0.3048 or 3.2808.  

      For airborne survey applications, these assumptions do not limit the general validity of 

outcome of this thesis work. However, these simplifications should be revisited in case of close 

range-, street side-, and UAV applications where the point clouds are denser and provide more 

depth information. 
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4.0  Coregistration in Space Domain 

 

4.1 Introduction 

      

     The research presented in this chapter started out with the proposal that it should be possible to 

decern if two datasets overlap without prior knowledge and without deploying a computationally 

intense co-registration procedure. If during this “overlap check” it was found that two point clouds 

overlap, the point clouds would be aligned coarsely, and the coarse alignment would be refined 

thereafter. During this stage, a fine registration can be conducted resulting in a final set of refined 

co-registration parameters, or a full data integration can occur, meaning in case the sensor requires 

calibration, the data is used for both cross-aided sensor calibration and for fine registration, 

resulting in both refined sensor and co-registration parameters. The whole process of a complete 

co-registration could be broken down into the four functional steps as Figure 4.1:  

 

 

Figure 4.1: The functional steps of the proposed co-registration workflow  

. 

      Here, the overlap check (step 1) compares the datasets for their similarity. If the datasets are 

similar enough to likely overlap, the coarse alignment is conducted (step 2). Once the point clouds 

have been coarsely registered, fine registration (step 3a) and optionally cross-aided sensor 
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calibration (step 3b) with sensor-driven refinement of the point clouds can occur. Lastly, and the 

coarse- and fine registration parameters are combined and applied to the search point cloud and 

optionally, the sensor calibration parameters are refined.  

     The following sections will introduce space-domain based methodologies that can be used for 

conducting the overlap-check (Section 4.2), for the coarse co-registration (Section 4.3), and for the 

fine registration (Section 4.4). As mentioned in the dissertation statement, the goal of this research 

is to find methodologies that do not require prior knowledge about the point clouds. 

 

 

4.2 Overlap Check in Space Domain 

 

     This section introduces five methods that can be used to characterize point clouds and check 

them for similarity. Each of these methods extracts the information from the point clouds and 

generates descriptors to analyse the similarity so to draw a conclusion whether the point clouds 

may depict the same area or not.  

     In the context of a coarse overlap check, the following five methods for similarity measure are 

investigated:  

(1) Global cost functions 

(2) Differential surface characteristics 

(3) Graphical models 

(4) Information content (entropy)  

(5) Fractal structures  

After each method is introduced in its own, a review of them in context of their applications for 

the coarse overlap check of laser and tie point clouds is given at the end. 

 

4.2.1 Global Cost Functions 

     Typically, a cost function is associated with a ratio or a difference between the input and output 

of a function. Sometimes, a cost function is also associated with the difference between the targeted 

output and the actual output of a function (Albert Albiol et. al., 2015). Within the research of cost 

functions, the following combinations of global extrema were considered: (1) minimum, (2) 
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maximum, and (3) difference in elevation, (4) width, and (5) height of the survey areas, (6) amount 

of ground coverage, and (7) shape of the footprint.  

     To extract the 2D footprint (i.e., (7) above), the border lines of a dataset must be identified. One 

way to extract the point cloud’s outline is to mesh it and then query the nodes for their relationship 

with neighboring points (Vosselmann, 2000). This concept was implemented in MATLAB as a 

2.5D Delaunay triangulation, which is illustrated with a small test patch in Figure 4.2. 

 

 

Figure 4.2: Delaunay triangulation of a small set of points in MATLAB 

 

     By meshing (triangulating in this case) the point cloud, an ID can be assigned to every node 

and cell in order to query the outmost points, locate the border lines, and derive a shape file of 

these outmost lines from the point cloud.  

 

     Shapefiles can also be used to calculate the ground coverage of the point cloud (i.e., (6)). In 

case where the datasets overlap nearly 100%, the shape and ground coverage can be used as 

similarity measure. Similarly, comparing their horizontal or vertical extends (characteristics (3), 

(4), (5), and (6) above), or their extrema (characteristics (1) and (2) above), may allow to conclude 

if the datasets overlap (if a large overlap of the datasets is assumed).  

     Comparing the extrema and the shape of point clouds requires, however, that the thresholds 

have been established, against which the values can be validated. Not only will these thresholds 
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be different for different types of the topographies, but deriving these thresholds also requires data 

evaluation, conditioning, and training, which goes against the concept of overlap check without 

using prior knowledge or assumptions. Furthermore, comparing extrema and shapes work 

successfully only if every dataset can be characterised clearly and distinguished reliably from other 

datasets with these parameters. This condition is, however, nonexistent when the datasets only 

partially overlap, and/or have complex shape, and/or vary strongly in point density, which is 

exactly the case with the airborne laser- and tie point clouds. Thus, global cost functions cannot 

be used to determine if a laser- and a tie point cloud are similar or overlap.   

 

4.2.2 Surface Analysis using Differential Geometry 

4.2.2.1 Definition and Characteristics 

     The use of differential geometry for the characterization of digital terrain data is well-known. 

Since the differential surface characteristics are like a fingerprint of the data, they could perhaps 

be used as a tool for overlap check and global co-registration.  

     Surface geometry can be characterized by the first- and second order derivatives (Grafarend 

and Schwarz, 2001; Wilson and Gallant, 2000). The first order derivative is the gradient vector 

that describes the magnitude of the normal vector of a local tangent plane and slope for each data 

node. To characterise the shape of digital elevation models, Li et al. (2004) suggested combining 

the wavelength of the surface signal and the slope into one descriptor: the roughness vector. The 

surface roughness contains most of the information crucial to characterize surface models 

(Grafarend and Schwarz, 2001). Figure 4.3 summarizes the first and second order derivatives. 

 

 

Figure 4.3: Parameters used for geometric characterization of a topographic surface. 

Source: Peckham and Jordan (2007) and (*) Li et al. (2004) 
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     According to Li et al. (2004), slope, altitude, and wavelength are the most important parameters 

for terrain description. The slope describes the vertical component of the gradient vector while the 

aspect describes the horizontal component. For a topographic surface 𝑧 = 𝑓(𝑥, 𝑦) where the 

equipotent surface 𝑢 =  𝑧 − 𝑓(𝑥, 𝑦),  these parameters can be defined as (Peckham and Jordan, 

2007)  

 
𝑔𝑟𝑎𝑑 𝑢 = −

𝜕𝑓

𝜕𝑥
𝑖 −

𝜕𝑓

𝜕𝑦
𝑗 +

𝜕𝑓

𝜕𝑧
𝑘 

= −𝑓𝑥𝑖 − 𝑓𝑥𝑗 + 𝑓𝑥𝑘 

(4.3) 

 
𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡 =  |𝑔𝑟𝑎𝑑 𝑧| = √𝑓𝑥

2 + 𝑓𝑦
2 (4.4) 

 
𝑠𝑙𝑜𝑝𝑒 =  𝑎𝑟𝑐𝑡𝑎𝑛√𝑓𝑥

2 + 𝑓𝑦
2 (4.5) 

 
𝑎𝑠𝑝𝑒𝑐𝑡 =  𝑎𝑟𝑐𝑡𝑎𝑛 (

𝑓𝑦

𝑓𝑥
) (4.6) 

 

where 𝑥, 𝑦, 𝑧 are the coordinates of a point, fx, fy, fz are the first order derivatives with respect to x, 

y, z in the gradient vector in the base 𝑖, 𝑗, 𝑘. 

      Once these parameters about the surface roughness have been determined for both point 

clouds, maps of these vector fields can be generated. These maps could then be cross-correlated to 

conduct an overlap check and to establish a coarse co-registration. Also, the minimum, maximum, 

and average values of the roughness could be computed from both maps so that their values could 

be cross-compared or compared against pre-defined thresholds. 

       Figure 4.4, Figure 4.5, and Figure 4.6 plot the elevation profiles of all the two real datasets 

and one simulated dataset, described in Chapter 3.3 and Chapter 3.4, respectively, using their 

gradient magnitudes (slope), gradient directions (aspect), and curvature: 
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(A1) 

 
(A2)  

 
(B1) 

 
(B2) 

 
(C1) 

 
(C2) 

 
(D1) 

 
(D2) 

Figure 4.4: Oshawa elevation maps in 40m grid: height (m), slope, aspect, and curvature 

profiles 
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     In Figure 4.4, Figure 4.5, and Figure 4.6, the slope, aspect and curvature values were obtained 

from the values of a 3-by-3 Sobel kernel in the original profile, around the respective pixel in the 

output profile. The plots (B1), (B2), and (D1), (D2), allow for an intuitive interpretation – the 

larger the magnitude of the gradients, the bigger the slope and curvatures. The plots (C1) and (C2) 

may be less obvious to read: Figuratively speaking, its values can be interpreted as the direction in 

which the terrain slopes or water would flow (whereas the magnitude of the gradient describes the 

speed with which water would flow). The gradient direction profiles (C1) and (C2) contain the 

angles in degrees within the range of [-180, 180] counter-clockwise from the positive x-axis which 

points to the East. Overall, the derivatives of the laser- (left) and tie points (right) look quite alike. 

 

 
(A1) 

 
(A2)  

 
(B1) 

 
(B2) 
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(C1) 

 
(C2) 

 
(D1) 

 
(D2) 

Figure 4.5: KN elevation maps in 40m grid: height (m), slope, aspect, and curvature 

profiles 

     

     As with the Oshawa data, the differential profiles of the KN laser- and tie points (- left and right 

plots in Figure 4.5), resemble each other in appearance. From the plots (C1) and (C2), the same 

interpretations apply as before.       

     Figure 4.6 below shows the respective output for the X5d4 and X5d5 height maps. 
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(A1) 

 
(A2)  

 
(B1) 

 
(B2) 

 
(C1) 

 
(C2) 

 
(D1) 

 
(D2) 

Figure 4.6: X5d5 and X5d4 simulated elevation maps (pix): height, slope, aspect, and 

curvature profiles 
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     Figure 4.6 presents the slope, aspect, and curvature of the simulated datasets that mimic data 

collection with a small image footprint, i.e., a long focal length or low flying height, or imagery 

that has been tied with a key point-based tie point engine and thus resulted in high point density 

(see Chapter 3.4). As in Figure 4.4 and Figure 4.5, the slope, aspect and curvature profiles of the 

X5d4 data (plots on the right in Figure 4.6) are coherent with the elevation plot. However, the 

differential surface profiles of the X5d5 data (plots on the left in Figure 4.6) showed certain abrupt 

changes and noise-like characteristics. This is because the elevation noise changes quickly from 

one cell to the next and the Sobel kernel for gradient and curvature calculation covers only a 3-by-

3 neighborhood.   

     This phenomenon shows how important the size of the filter mask is for characterising the 

elevation profile. Had a larger-sized kernel been used, the left and right plots would have shown 

similar appearance. However, the purpose was to find out if the differential surface descriptors 

could provide a means to conduct an overlap check, without prior knowledge or data training. That 

also implies that the kernel size of the differential surface operators can be left at one common 

size. Consequently, the fact that the left and right plots show very different characteristics indicates 

that the differential surface descriptors are not robust enough to recover this change in resolution.  

     Like the slope, aspect and curvature, the standard deviation, and the range of the values (max, 

min) of the surroundings of each pixel could also be used to characterize the roughness of the 

terrain. By default, MATLAB provides a 9-by-9 kernel for the entropy, standard deviation, and 

range operator (MathWorks, 2019). Figure 4.7 shows an example of the standard deviation and 

the range profile gained from a 5x5 kernel.  

 

 

 

 

 

 

 

 

 

 

 

 



54 

 

 
(A1) 

 
(A2)  

 
(B1) 

 
(B2) 

Figure 4.7: Standard deviation (A1, A2) and range filter (B1, B2) profiles of Oshawa 

elevation maps (m) 

 

     As can be seen from Figure 4.7, the standard deviation and range plots appear very similar to 

the gradient and curvature plots in Figure 4.4 and do not provide any essential new information. 

Likewise, the standard deviation and range plots from the KN data and the simulated data looked 

similar in comparison to their respective gradient magnitude and curvature plots. Since they did 

not add value to further this discussion, they were left out.  

 

4.2.2.2 Discussion 

     Differential surface plots derive their information sequentially from small, local environments 

with a predefined mask, i.e., at one scale. The height variation within such local neighborhood is 

also referred to as the surface roughness. As will be shown in the ensuing chapters, the surface 

roughness can also be derived from methods that consider surface information at the different 

scales.  

[m] [m] 

[m] [m] 



55 

 

      Furthermore, the determination how similar two height profiles are by comparing the 

differential surface characteristics, requires that the respective point clouds have similar point 

density, shape, orientation, and a high degree of overlap. Unfortunately, with the airborne tie- and 

laser point clouds, these are rarely satisfied. Also, one must establish the thresholds against which 

the validation for similarity can be introduced. Not only will these thresholds be different for the 

different types of topography, but the derivation of these thresholds requires the data evaluation, 

conditioning, and training, which goes against the concept of overlap check without using prior 

knowledge or assumptions. Thus, comparison of differential surface characteristics cannot be used 

as a reliable means to determine if a laser point cloud and a tie point cloud are similar, or they 

overlap.   

 

4.2.3 Fractal Analysis 

     During this research, the idea to use fractal analysis to conduct the overlap check and global 

co-registration surfaced in discussions. According to Boeing (2016), a fractal is a geometric figure, 

also referred to as mathematical set, that exhibits a repeating pattern displayed at every scale. The 

objects that can be modelled by fractal structures show the geometric self-similarity at the 

progressively smaller scales. Two popular examples of such structures are snowflakes (Nittmann 

and Stanley, 1987) and the more complex mathematical set of Mandelbrot (Mandelbrot and 

Pignoni, 1983). The complexity order of a fractal structure, also referred to as the fractal 

dimension, describes how often the smallest structure is repeated to assemble the largest 

representation of the geometric pattern, i.e., how much of the fractal is inherited. The schematic 

diagram in Figure 4.8 illustrates the idea of the repetitive geometric patterns at different scales 

within the same object of interest for a complexity order of three: 
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Figure 4.8: Schematic of a fractal snow crystal. Source: Sakuraba (2013) 

     Figure 4.8 indicates an appliable rule of the recursive drawing for the structure of a snow 

crystal. The fractal is repeated on three levels, i.e., the complexity order in this schematic plan is 

three. The red points mark the center of the fractal pattern while the green points are around the 

previous green points. 

     By taking these characteristics into consideration, a coarse co-registration approach using 

fractal geometry would involve the following computational steps: 

 

(1) Identify and extract a fractal, i.e., a geometric pattern that repeats itself at different scales, 

in the reference point cloud.  

(2) Locate this pattern in the search point cloud and compare it for similarity. Since the point 

clouds can be offset by different scales, and since the fractal pattern itself shows at the 

different resolutions, the fractal pattern search must be conducted at different scales. 

 

     Thus, using fractals in co-registrations would require that the point density of both point clouds 

is high enough to capture, with sufficient detail, the fractal, which is supposedly common to both 

point clouds. In the example of the snowflake, both datasets must provide a point density high 

enough to sample the fractal on the “same or similar” order of complexity. The following 

paragraph will illustrate what is meant by same or similar order of complexity and its relationship 

to point density:  

     The point clouds (in this case the points describing a snowflake) may overlap only partially 

(one point cloud may for example sample only 60% of the snowflake) and may be set apart by a 
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scale difference due to the use of the different units. A difference in unit (meter and feet) would 

invoke an artificial difference in point density of approximately 3. While the intent is to extract 

from each terrain a scale-invariant fractal signature and then compare them for similarity, the intent 

is also recover differences in scale between the terrain models. In case of the snowflake, the 

upscaled fractal of the third degree in the search point cloud would have approx. the same size as 

the fractal of the first degree in the template point cloud. The upscaled fractal in the search point 

cloud has however less details than the same-size fractal in the target point cloud. This difference 

in detail is the only information that allows for retrieving the scale factor: To isolate the snow 

fractal of the same (third) order in both point clouds requires that the point densities of the search- 

and target point cloud differ less than the factor 2 (so that both the fractals of the first and second 

order can be distinguished from the fractal of third order) and that both point clouds have similar 

SNR. Since airborne tie- and laser point clouds vary strongly in point density and SNR, this 

condition is false and the fractal analysis cannot, therefore, be used to conduct a coarse overlap 

check.  

 

4.2.4 Surface Analysis Using Entropy 

4.2.4.1 Definition and Characteristics 

     The concept of entropy - or theory of information content - was introduced by Shannon and 

Weaver (1949). Since then, it has found many applications (Studholme et al., 1999). Information 

entropy measures the uncertainty or surprise associated with a random event or the information 

content of a message. According to Sabuncu (2006), (Shannon’s) entropy of a discrete random 

variable 𝑋 with a specific probability density function 𝑝𝑋 = (𝑝1, … , 𝑝𝑛) is defined as: 

 

 
𝐻(𝑋) = ∑ 𝑝𝑖

𝑛

𝑖=1

log(1 𝑝𝑖⁄ ) = − ∑ 𝑝𝑖

𝑛

𝑖=1

log(𝑝𝑖) (4.7) 

 

where 0 log ∞ = 0 and log (1 𝑝𝑖⁄ ) indicates the amount of the uncertainty associated with the 

corresponding outcome. Thus, Shannon’s entropy can be considered as a statistical average of the 

uncertainty, or information (Sabuncu, 2006).  
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      Such a discrete random variable 𝑋 can be considered the information source of an image, too.     

Entropy values can be calculated locally for small areas or for the entire dataset (and serve in a 

global cost function for global similarity check, see Chapter 4.2.1). The comparison and matching 

of the entropy content of local cells are what the MI-based fine registration approaches accomplish.  

      One drawback of Shannon’s definition of entropy is that it only considers the distribution of 

the histogram values but ignores the neighborhood relations of the pixels. Its implications are 

exemplified in Figure 4.9, where the pixel locations of a “house” image were shuffled around, 

yielding the same histogram, and the same global entropy value.  

 

 

(A1) – natural image 
 

(A2) – histogram 

 

(B1) – shuffled image 

 

(B2) – histogram 

Figure 4.9: Memory-free characteristic of Shannon’s entropy. Source: Sabuncu (2006) 

      

    Obviously, the “house” image contains more structure (i.e., less “uncertainty”). However, 

treating each pixel intensity as an independent sample is an oversimplification (Sabuncu, 2006). 

This characteristic coincidence is especially problematic when a co-registration is conducted with 

optical and LiDAR imagery of natural scenes, where the value of a pixel is likely to be close to the 

value of its neighbors.  
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      Similarly, as Sabuncu (2006) demonstrated, the pixel locations of the “house” image can be 

changed systematically, and even though the shape of the histogram changes, the total entropy – 

according to Shannon – remains the same, up to round-off errors. This phenomenon is highlighted 

in Figure 4.10. 

 

 

(C1) – intensity-mapped image 

 

(C2) – histogram 

Figure 4.10: Characteristics of Shannon’s entropy – effects of mapped image intensity. 

Source: Sabuncu (2006) 

        While the image in Figure 4.10(C1) has more natural appearance than in Figure 4.9(A1), it 

still reveals the same geometric information to the human eyes.  If the “house” image represented 

a DEM, then the bright pixel values would indicate the high peaks and the dark pixels would 

indicate the low elevations. In Figure 4.10(C1), the intensities are almost inverted, like a photo 

negative of Figure 4.9(A1). Figuratively speaking, the height map was inverted. Clearly, if two 

height maps have similar footprint, and one shows a mountain, while the other one describes a 

valley with similar (yet inverse) magnitude and curvature, the entropy of these substantially 

different maps would be identical. 

      As mentioned in Chapter 4.2.2, the entropy can also be used to describe the surface roughness 

of the DEMs. Similar to Equation (4.8), the entropy 𝐸(𝑥, 𝑦) of a node in an elevation model is 

defined as (Sharma et al., 2011) 

 

 𝐸(𝑥, 𝑦) = − ∑(𝑝𝑥,𝑦 ∗ log 𝑝𝑥,𝑦)

𝑥,𝑦

 (4.8) 
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where 𝑝𝑥,𝑦 is the probability of the surface height at location (x,y). Obviously, the entropy 

calculates the average of the local statistical average of uncertainty. Consequently, the rougher the 

surface, the higher the uncertainty about the elevation value of the node, and the more information 

and energy this node contains. 

      A reduction of roughness can be interpreted as the information loss about the surface. Thus, 

the entropy can be regarded as (Hu et al., 2015): (1) a measure of the information loss caused by 

the aggregation of a DEM and (2) a means of comparing DEMs with the DEM products of varying 

quality (Wise, 2012).  

     The entropy increases with increase of the information content. To ensure Shannon’s entropy 

as defined in Equation (4.8), the rarer an event, the higher its surprise, the more importance is 

associated with its occurrence. According to Hu et al. (2015), the entropy is the lowest when there 

is no spatial variability, such as in a flat area. In contrast, the maximum entropy is obtained in areas 

where the elevation of the surroundings is not easy to predict, e.g., a surface with strong variation 

in slope. Consequently, when a DEM is under-sampled, the spatial variation in elevation value is 

low due to the redundant elevation value and the loss of micro-structures (Vieux, 1999). 

 

     Figure 4.11, Figure 4.12, and Figure 4.13 illustrate the entropies of the Oshawa, KN, and 

simulated point clouds. In each entropy map, the output pixel contains the entropy value of the 9-

by-9 neighborhood around the corresponding pixel in the input image. 

 

 
(A1) – Histogram of LiDAR map 

 
(A2) – Histogram of tie point map 
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(B1) – Entropy of LiDAR map 

 
(B2) – Entropy of tie point map 

Figure 4.11: Entropies of the Oshawa elevation maps 

      

      In Figure 4.11, the plots (A1) and (A2) are the histogram of the Oshawa laser- and tie point 

maps, and the plots (B1) and (B2) are the respective entropy maps. The histogram of the laser 

points shows a much narrower distribution, since – as mentioned in APPENDIX C – the South-

East corner showed a strong slope as a by-product of the surface extrapolation by MATLAB’s 

‘natural-fit’ function. This local anomaly skewed the distribution of elevation values, giving the 

laser points a larger range in elevation values and a narrower histogram shape. The slope also 

skewed the entropy plot in plot (B1) whereas in plot (B2) the entropy scattered quite evenly and 

showed only a few small peaks in the center. The global entropy of the plots (B1) and B2 resulted 

in 6.4149 and 7.6184, respectively. 

 

 
(A1) – Histogram of LiDAR map 

 
(A2) – Histogram of tie point map  
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(B1) – Entropy of LiDAR map 

 
(B2) – Entropy of tie point map 

Figure 4.12: Entropies of the KN laser- and tie point elevation maps 

   

     In Figure 4.12, the plots (A1) and (A2) display the histogram of the Keyworth-Nottingham 

elevation profiles, and the plots (B1) and (B2) show their respective entropy maps. The histogram 

of the laser points shows a wider range of the height values since it covered a larger footprint and 

- similarly to the Oshawa laser point cloud - since it showed the exaggerated slopes at the borders 

as a by-product of the surface extrapolation by MATLAB’s ‘natural-fit’ function. Compared to the 

laser points, the tie point cloud had a smaller footprint and relatively more height variation, which 

led to the increased entropy values in most areas. Nevertheless, since the laser point cloud covered 

a considerably larger footprint, it amassed a higher global entropy of 7.7323, in comparison with 

7.3802 for the tie points. 

 

 
(A1) – Histogram of X5d5 DSM 

 
(A2) – Histogram of X5d4 DTM 
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(B1) Entropy of X5d5 DSM 

 
(B2) Entropy of X5d4 DTM 

Figure 4.13: Entropies of the X5d5 and X5d4 simulated elevation maps 

      

     In Figure 4.13, the plots (A1) and (A2) display the histogram of the X5d5 and X5d4 elevation 

maps. The 10m noise band (see Chapter 3.4) that distinguishes between X5d5 from X5d4 caused 

the histogram in the plot (A1) to have a smoother surface since the noise values filled in the dents 

in the histogram shown in the plot (A2). The entropy of the X5d4 profile (B2) showed clear spatial 

structures. The entropy profile of the X5d5 data however showed the noise-like characteristics, 

since the entropy mask – which, per MATLAB default, was a 9-by-9 kernel – picked up on the 

10m noise band in the X5d5 map. Even though the entropy values in the plot (B1) showed stronger 

variations locally compared to the plot (B2), X5d5 and X5d4 resulted practically the almost 

identical global entropy values - 7.3720 for X5d5 and 7.3326 for X5d4. This confirmed that adding 

the noise band to the X5d4 height map only altered the entropy values locally, but did not alter the 

global entropy, since the noise band did not alter the complexity of the underlying X5d4 DTM 

surface, which remained the dominant source of elevation change, globally. 

 

4.2.4.2 Discussion 

     In Section 4.2.4, it was examined if entropy could be used to assess the similarity of height 

maps and discern if they overlap, assuming – unlike the MI-based methods (which examine the 

relative entropy of the overlap area) – there is no prior information available about the height maps. 

It turned out that the meaning of entropy could be interpreted with multiple ways, yet for airborne 
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geodetic data, especially intuitive seemed the interpretation that entropy is (1) an indicator of 

surface roughness, and (2) an indicator of mapped complexity.  

     Due to the circumstance that Shannon’s definition of the entropy does not consider the 

information of neighborhood relations, it has a drawback, since the location of geographic surface 

elements with respect to each other is important. As indicated by Mishra and Zang (2012) (who 

considered image luminance, LiDAR elevations, and LiDAR intensity values in the co-

registration), the “information-theoretic methods cannot be applied to natural scenes”. Sabuncu 

(2006) therefore introduced the co-registration methods that integrated the advanced formulations 

of entropy under the consideration of neighborhood relations, such as Reny’s entropy. However, 

these co-registration methods, similarly to those of Pluim et al. (2003) and Fan et al., (2012), were 

optimized for the medical and close-range data where, knowingly, all data depicts overlapping 

scenery, and the depicted objects of interest are clearly offset from the background.  

     From the analysis of entropy plots in this section, the following observations and learnings have 

been made: 

1) If the footprint of a point cloud is small compared to its changes in elevation, the artifacts 

caused by the surface gridding can strongly degrade the accuracy and quality of the final 

elevation map. To achieve reliable entropy-based overlap checks of real-world data, 

relative larger footprints and/or high point densities are desirable. 

2) If the kernel size of the entropy- and differential surface operators is too small compared 

to the locally mapped information content, then the derived surface plots show artifact-like 

characteristics (the plots on the left in Figure 4.12 and Figure 4.6). Using the entropy as a 

surface descriptor proofed not robust enough to recover the magnitudes of the changes in 

scale and resolution, which are typical with the geodetic point clouds. It also implied that 

the entropy is not a good means to conduct fully-automated overlap check and/or co-

registration without prior knowledge or some form of data training. 

3) If the noises in the (simulated) data change too quickly from one cell to the next, it causes 

specific abrupt changes of the gradient and entropy values and an artificial increase in the 

mapped complexity at small scale. One can conclude that the underlying surface could 

have been sampled at lower frequency, to imitate the real-world geospatial data even better. 
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     In summary, as it was already the case for the methods introduced in Chapter 4.2.2, to determine 

how similar two height profiles are by comparing the entropies requires that the respective point 

clouds have similar point density, shape, orientation, a high degree of overlap. With the airborne 

tie- and laser point clouds, these conditions are however rarely met. Furthermore, thresholds must 

be established, against which the validation can occur. Not only will these thresholds be different 

for different types of the topographies, but their derivation also requires data evaluation, 

conditioning, and training, which goes against the principle that the overlap check runs without 

any prior knowledge or assumptions. Thus, the comparison of entropy cannot be used as a reliable 

means to determine if a laser- and tie point cloud are similar or if they overlap.   

 

4.2.5 Probalistic Analysis Using Graphical Models 

     There are many tools within the category of graphical models that can be used for co-

registration. One of these tools is called Incremental Learning (IL) using graph structures. The 

concept of it seems more intuitive than the ones of some other approaches of graphical modelling 

yet is somewhat representative of most approaches within this category.  

     IL relies on the graphical modelling of the image or point cloud content. According to Förstner 

(2011), a graphical model is a stochastic model represented by a graph 𝐺(𝑉, 𝐸) where the vertices 

𝑖 𝜖 𝑉 represent the random variable 𝑥𝑖, and edges 𝐸 represent the mutual relationships. The direct 

edges (𝑖, 𝑗) model the conditional dependencies 𝑃(𝑥𝑗|𝑥𝑖). The undirected edges {𝑖, 𝑗} model the 

joint probabilities 𝑃(𝑥𝑖, 𝑥𝑗). An example for how images can be used as graphs is illustrated in 

Figure 4.14. 

 

 

    Image     Borders Regions 

Figure 4.14: Image used as a graph. Source: Förstner (2011) referring to Roscher (2010) 
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     As can be seen from Figure 4.14, the surface patches and respective border lines are extracted 

from each image in this type of the image analysis. As illustrated in Figure 4.15, the nodes (pixels, 

triangles, or surface patches), and the edges (defining neighborhoods) can then be mapped to the 

graph structures of the different complexity. 

 

 

 

    Grid                     Neighborhood graph Pyramidal structure 

Figure 4.15: Graph structures. Source: Förstner (2011) referring to Perez (1998) 

  

     Various generative or discriminative stochastic models are available to estimate a signature of 

each image – refer to Förstner (2011) and Perez (1998) for more details -, which could be used for 

the coarse overlap check. Sparse graphical models for example allow for an easy interpretation. 

However, sparse graphical models do not necessarily correspond to the sparsity of the point cloud, 

but rather to the sparsity of the information content of the surface. Using sparse graphical models 

as a strategy for overlap check would require that both data sources present conjugate surface 

elements with similar information content (entropy), and thus compatible resolution, so that the 

stochastic models can evaluate graphs of comparable content. The airborne laser- and 

photogrammetric tie point clouds, however, do not meet this condition and make graphical models 

an inadequate method in conducting a coarse overlap check. 

 

 

4.3 Coarse Registration in Space Domain 

 

     Over the course of this research, many ideas and suggestions for coarse overlap check and 

coarse co-registration in space domain came forth. While the methods for overlap check introduced 
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in the previous sections could also be used for coarse co-registration, the methods that will be 

introduced in the next section are suited for coarse co-registration only. 

4.3.1 Kalman Filtering 

     While the KF is a well-known recursive algorithm for predicting, filtering, and smoothing states 

over time (Kuhlmann, 2002; Farrell, 2008; Grewal et al., 2007; Schwieger, 2003; Wang, 2008), it 

has not been used yet for coarse registration, to the author’s knowledge. To use KF in the coarse 

co-registration would require large data overlap, the use of identical units, and reference frames. 

Alternatively, it would invoke processing the topographic data in the same direction and assume 

that the point clouds show a similar information content at its ends. Obviously, these conditions 

do not align with the thesis statement, where the tie- and laser point clouds are allowed to be 

referenced in different units and reference frames, and it is assumed that no prior knowledge about 

the origin of these point clouds is available. Thus, Kalman filtering is not a well-suited tool to 

conduct the coarse co-registration of airborne tie- and laser point clouds without any prior 

assumptions and/or prior knowledge. 

 

4.3.2 Accelerated Key Point Matching 

      The cross-correlation is a popular methodology to geometrically align data sets. In its 

traditional form, cross-correlation of 2D elevation raster data invokes a correlation matrix at least 

in the size of the anticipated data overlap. Since, in case of a global co-registration, the offsets in 

overlap, orientation, and scale are unknown, brute force cross-correlation would invoke time-

intensive processing of many possible alignments.   

      During this research, the idea of deploying RANSAC and/or tree structures plus key point 

matching at different resolution to speed up the process of traditional cross-correlation began to 

surface. One approach seems particularly interesting, which arrange the key point/salient feature 

extraction from the elevation images through the fast indexing with SIFT or SURF, the accelerated 

feature matching, and the removal of outliers through techniques like k-d-tree alongside with 

RANSAC.  
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Figure 4.16: Co-registration workflow suggested by Persad and Armenakis (2017) 

       

     Figure 4.16 displays the co-registration workflow proposed by Persad et al. (2017). The authors 

use log-polar sampling and correlation in frequency domain, by applying a FFT - locally - to key-

point areas, to achieve the invariance to scale, rotation, and translation. This concept will be re-

visited in Chapter 5.0. The authors also deployed SURF to localize key points in image pyramids 

and utilized RANSAC and nearest neighbor distance ratio (Lowe, 2004) to iteratively isolate 

suitable point matches.  

      If the accelerated key point matching was applied in space domain in this algorithm, then the 

search point cloud must either be sampled in all directions at different scales, which can be 

computationally intense, or, alternatively, the information about an approximate relative pose must 

be made available. This would violate the requirement of having no prior knowledge about the 

datasets. Furthermore, the algorithms that build on accelerated key point matching, like the one 

presented above, require the point clouds to have similar and compatible point densities, which is 

not existent with the coarse airborne tie- and laser point clouds.  
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4.3.3 Discussion 

     As highlighted in APPENDIX B, typical image-based tie points are extremely sparse and 

describe different surface characteristics. Therefore, the constraint of the similar point density and 

information content on the laser- and tie point cloud does not hold. As the analysis in the previous 

sections revealed, this detriment made the use of graphical models, differential geometry, entropy, 

and fractal analysis as a means of coarse overlap check impossible and it eliminated the use of 

accelerated key-point matching for co-registration. 

     The use of a KF for co-registration of topographic point clouds or height maps on the other 

hand requires pre-knowledge about the orientation and sampling distance. At the same time, the 

use of global cost functions for overlap check requires not only pre-knowledge about the point 

clouds, but also a training phase to derive thresholds for similarity (when are two point clouds 

similar enough to possibly overlap?), which may be laborious. Some of these threshold values may 

be representative for one type of topography, but not for another. Hence, none of the examined 

methods in this section met the requirements of being automatic, generic (applicable to many 

different datasets), and reliable; yet these requirements were part of the thesis proposal (Chapter 

1.3).  

     If the tie point densities were high, some of the above methods may anticipate great success. 

And then, some of the already published methods for global matching – for example, displacement 

correction based on self-similarity (Huang and You, 2012) or matching of classified points (Li et 

al., 2012, Wu et al., 2010) – might probably perform well, too.  

 

 

4.4 Fine Registration in Space Domain 

4.4.1 Introduction 

 

     As highlighted in Chapter 2.3, the problem of the fully automated fine registration can be 

considered solved for most applications:  

• For the fine registration of point clouds with similar point density, ICP (Besl and McKay, 

1992) and refined methods thereof such as ICPatch (Al-Durgham, 2014) have become the 

standard over the past two decades (Wyawahare et al., 2005).  
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• For the fine registration of images, many FT-based approaches have been presented that 

can provide the sub-pixel registration accuracy (Stone et al., 2001; Zhang et al., 2009). 

While most researchers considered optical images and LiDAR intensity images only 

(Mishra and Zhang, 2012), some (e.g., Zhang et al., 2009) also considered LiDAR 

elevation maps (which contain more information about the topography than LiDAR 

intensity images).  

      In some cases, these methods may not deliver the optimal solution. Hence, the ICP for example 

registered the point clouds with a 20cm vertical error (see APPENDIX G for details). The fine 

registration approaches that are customized to the application may be preferred (Akca, 2005; 

Gelfand et al., 2005; Weik, 1997). One category of these customized methods is based on 

minimizing the discrepancies between point cloud surfaces and outperforms ICP for DSM 

applications (Gruen 1996; Gneeniss et al., 2015). Another category focuses on minimizing the 

discrepancies between the special non-point tie features such as line intersections and planes 

(Mitishita and Habib, (2008), Theiler and Schindler, (2012). Also, refer to section 2.3 for more 

details. Unfortunately, none of these algorithms were designed with using extremely sparse tie 

points.   

     These circumstances raise the question how extremely sparse photogrammetric tie points could 

be used for fine registration, especially in the context of cross-aided sensor calibration, since 

LiDAR and medium format cameras are typically flown synchronously. As highlighted in Figure 

4.17, there are several options where co-registration of airborne LiDAR and camera data can occur, 

however data alignment during cross-aided sensor calibration leads to the best possible geometric 

fit (Al-Durgham, 2014; Habib 2006; Moussa, 2014; Niemeier, 2008; Schneider, 2009). 
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Figure 4.17: Integration of laser points and optical data (3) 

 

     As highlighted with the dotted lines in Figure 6.102, there are four areas where the co-

registration of LiDAR and camera data can occur: (A) During cross-aided sensor-calibration and 

data refinement, (B) during DSM orthophoto production, (C) during DTM orthophoto production, 

and (D) when colorizing the laser points. The 3D tie planes from the Lidar, marked with a black 

(*) in Figure 4.17, have been used only for LiDAR calibration (Lindenthal et al., 2011; Lindenthal 

et al., 2015), however use with image data will be presented in the following sections. 

     In Chapter 4.4.2, the methods within category (A) will be investigated. The insights and 

findings that were made during this research lead to the proposal of four additional methods, which 

will be presented in Chapter 4.4.3, 4.4.4, 6.5, and 6.6. 

 
3 The (*) in Figure 4.18 indicates that the quality of the sparse photogrammetric DTM may be low 

(*) 
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4.4.2 Fine Registration and cross-aided Sensor Calibration using unclassified Tie Points 

and LiDAR Roof Planes 

4.4.2.1 Methodology and Implementation 

 

A) Theoretical Concept 

     During the rectification of the LiDAR data the laser point cloud planar patches are extracted 

automatically to serve as the tie features in the block adjustment of. The reader may refer to 

APPENDIX D for details about the extraction of planar roof patches. Similarly, photogrammetric 

tie points for the block adjustment of the optical data are extracted automatically from the imagery. 

Since the extracted planes from the LiDAR data are determined from numerous points, they offer 

more redundant and more precise registration elements than the single points used in ICP (Al-

Durgham, 2014).  

     Under these considerations, the proposed co-registration algorithm uses unclassified tie points 

and roof patches as the registration elements. This concept is illustrated in Figure 4.18.  

 

 

Figure 4.18: Orthogonal minimization of the tie-point-to-roof-plane distance 

     As illustrated in Figure 4.18, the spatial discrepancy between a tie point and a roof plane is 

minimized in the normal direction of the plane’s normal. The minimization is realized in an LSA 

in which the incremental improvements to the sensor calibration parameters can be added as the 

conditional unknowns (Moussa, 2014; Niemeier, 2008; Schneider, 2009). 

     As Gneeniss et al. (2015) suggested intersecting the LiDAR roof polygons to roof peak lines 

and roof peak points (and use these points to geo-reference the camera data), the use of the roof 



73 

 

polygons themselves (to geo-reference the camera data) is in focus here. In analogy to the co-

registration method used by to project LiDAR features from object space into image space (Habib 

et al., 2005), the roof planes could be projected into the image space by minimizing the 

discrepancies between the tie features in image space using the LSA. However, as the constraint 

for co-planarity of the LiDAR planes is formulated in object space during LiDAR adjustment, it 

makes more sense to conduct the matching of tie points and laser planes in object space, too. The 

suggested methodology for co-registration and cross-aided sensor calibration in object space can 

be split in five functional components, which are outlined in Figure 4.19 below: 

 

 

Figure 4.19: Main components of the proposed co-registration and cross-aided sensor 

calibration method 

 

     As illustrated in Figure 4.19, input into the 5-step process of the co-registration and cross-aided 

sensor calibration and data refinement are: (a) the 3D photogrammetric tie points and (b) the planar 

patches from the laser point cloud. In the routine outlined above, the laser point cloud has already 

undergone calibration and thus the laser patches can serve as the ground truth for the camera. If 

the camera had been calibrated first, the tie points could serve as the ground truth for the LiDAR. 

The matching of the tie points with the laser patches, highlighted as step (c) in Figure 4.19, and 

the LSA, step (d) and (e), were discussed and developed conceptually with Dr. Peter Friess in 
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2012. The process of the fine registration was covered through steps (c), (d), and (e) where the fine 

registration can occur simultaneously with the camera self-calibration, indicated by the two arrows 

at step (d). The process of matching the tie points with the roof planes was implemented in 

MATLAB (MathWorks, 2018) and will be discussed more in detail in the ensuing paragraphs.  

      A conditional LSA for a simultaneous estimation of camera- and/or LiDAR calibration and co-

registration parameters, subject to minimizing the point-to-plane distances, was formulated in the 

collaboration with Dr. Peter Friess in 2013. However, since Teledyne Optech planned on extending 

its LMS software (Friess, 2006; Lindenthal, 2011; Lindenthal et al., 2015) for a new cross-aided 

camera calibration module at that time, the mathematical formulations of the LSA have been left 

out here. The reader may refer to Al-Durgham (2014), Moussa (2014) and Schneider (2009), Habib 

(2006), and Niemeier (2008) for the LSA formula in similar applications. The proposed research 

method is however outlined in the form of a conceptual extension of the LMS software in Figure 

4.20 below. 

 

 

Figure 4.20: Sensor driven calibration and co-registration of LiDAR and camera using tie 

points and roof patches as registration elements 

         Existing data/function                    Suggested data/ function 
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     In Figure 4.19, the five essential components of this registration method were marked with the 

letters from a to e. In Figure 4.20 these components are tinted in grey. Whilst Figure 4.19 outlined 

the generic co-registration concept, Figure 4.20 emphasizes the in- and output of data.  

 

B) Numerical Implementation 

      Four software suites were used to implement and test the co-registration method outlined in 

Figure 4.19. As shown in Figure 4.21, 3D tie points were generated using ISAT software (Hexagon 

Intergraph, 2018). The laser point cloud was geometrically rectified, and planar patches were 

extracted automatically using Optech LMS software (Friess, 2006; Lindenthal et al., 2015). The 

tie points and the laser planes were exported in form of shape files.  

     LMS software extracts both tilted and flat-leveled planes from the laser point cloud. Per default, 

LMS exported only shape files of sloped planes. Matches of tie points and sloped planes allow for 

solving all parameters of the rigid body transformation. TerraPhoto software (Soinien and Burman, 

2005) was used to visually inspect selected tie-point-plane matches. The relationship between the 

software components and the data flow is illustrated in Figure 4.21 below:  
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Figure 4.21: Software components and data flow of the implemented co-registration 

method 

     As shown in Figure 4.21, the MATLAB module used to match the tie points and laser planes 

covered the following steps: 

1. Read tie points from text file (ID, X, Y, Z, nr rays, stdX, stdY, stdZ) 

2. Read shape files (requires MATLAB Mapping toolbox) 

3. Save information from shape files and tie points into the customized structure shown in  

Figure 4.22 below. 
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Figure 4.22: Information of a tie point and proximate planar patch in MATLAB 

 

4. Pair tie points with the laser shape file by checking if the tie point falls within the shape 

files’ boundaries.  

• Initially a horizontal bounding box was used 

• After some testing, this step was refined, and the horizontal bounding box was 

replaced with a cube that is slightly bigger than the 3D enclosure of the roof 

polygon. 

5. Compute the centroid of the bounding box and the normal vector as described in Lindenthal 

(2003) 

6. Calculate the dropped perpendicular foot location, i.e., the plane intersection point (Figure 

4.18), and the 3D tie-point-to-plane distance 

7. Minimize the point-to-plane distance of all isolated point-plane pairs while estimating 

parameters of the rigid body transformation. Alternatively, minimize all point-to-plane 

distances while estimating camera calibration parameters. As shown in APPENDIX B, 
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estimating all camera intrinsic parameters and the rigid body parameters simultaneously 

requires special flight patterns and/or additional constraints. 

 

     The implementation of steps 1-6 was completed in MATLAB software. Several unpredicted 

findings were made when executing step 6 that lead to skipping the implementation of step 7. 

These findings will be discussed in the next chapter.  

 

4.4.2.2 Results 

      The above discussed method was tested with both real-world datasets. Image 9, which is in the 

centre of the Oshawa data set, was studied in great detail. APPENDIX C and G illustrate the tight 

fit of the tie points and the laser surface. Due to the high overlap between the flight lines, the 

automated plane extraction produced a much denser flat patches than originally anticipated: 

277,447 laser roof planes were identified in the Oshawa area and 126,438 in the KN area. Figure 

4.23 below shows an example of another Oshawa dataset that had roughly the same point density 

of 4/m2 as the Oshawa dataset used in this analysis.  
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Figure 4.23: Automatically extracted tie planes in LMS software (Friess, 2006). Planes in 

red were included in the LSA 

 

     Within the area of roughly 4-by-8km in Oshawa displayed in Figure 4.23, the LMS software 

identified about 500,000 planar patches. Automatically extracted planes are depicted in turquoise 

and planes selected for refinement of the laser point cloud are depicted in red.   

     The analysis of the customized storage structure (Figure 4.22) of the Oshawa and KN data 

showed that roughly every tenth roof polygon, that was classified as potential match with a tie 

point, showed extremely irregular boundaries. Figure 4.24 below shows a few examples. Here, the 

stars indicate the 2D positions of the tie points that were matched with the roof polygons on 

display.  
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Figure 4.24: Examples of very irregularly shaped LiDAR roof polygons (m) 

      

     Visual inspection of these oddly shaped roof outlines revealed that following factors 

contributed to the non-rectangularity of the shapes: (A) complex roof geometry, (B) effects of 

relatively low point density compared to the size and complexity of the roof top, (C) some of the 

material on the roof may have absorbed laser pulses while other materials may have provided 

better reflection.  

 

     In image 9 of the Oshawa data, 97 tie points fell within the 3D bounding box of the roof 

polygons. The closer inspection revealed that the tie points located almost never flat on the roof 

planes, but rather on roof peak points or corner locations of other objects nearby. This observation 

was confirmed when analyzing the other tie point locations in the Oshawa and KN dataset. Figure 

4.27 shows some examples: 
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(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 4.25: Tie points located in corners of surface patches 

     

     In Figure 4.25 above, screenshots (a) and (b) were excerpt from image 9 of the Oshawa dataset 

and screenshots (c) and (d) were taken from image 58 of the KN dataset (see APPENDIX C for 

more information). Figure 4.26 below shows more examples from the Oshawa dataset where some 

of the tie points fell at elevated corner locations while others fell flat on the ground. 
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(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 4.26: Examples of image-based tie points located at elevated corner locations and 

flat on the ground 
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     As can be seen from Figure 4.26 above, ISAT-generated (“image-based”) tie points seem to 

situate mostly at three types of locations: (1) Corner locations of elevated objects, (2) flat on the 

ground at locations with well-defined color contrast, and (3) on geometrically complex objects 

near, yet slightly away, from the boundaries of nearby objects.     

     A closer look at UltraMap generated (“key point-based”) tie points, as illustrated in Figure 4.27 

below, revealed similar point characteristics. This confirmed that tie points in general – both 

image-based and key point-based – tend to locate within these three types of locations. Tie points 

within category (1) and (3), i.e., tie points that locate at or near border lines or at corner locations 

of buildings or elsewhere not flat on the ground, make the assignment of point-to-plane 

correspondence challenging.  

 

 

(a) 
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(b) 

Figure 4.27: Key-point generated tie points situated at elevated corner locations and flat on 

the ground 

 

     Figure 4.27 illustrâtes UltraMap-generated tie point locations. Unfortunately, UltraMap 

(Wiechert et al., 2012) allowed for collective tie point display only with low resolution imagery in 

the background. In the scenery above, points that located on the eaves of buildings (category 1) 

were highlighted in red. They made up roughly 40% of all tie points. 

     Since the proposed fine registration methodology was intended to function in conjunction with 

the cross-aided sensor calibration, the data either from the camera or from the LiDAR are still 

uncalibrated at the time when the co-registration occurs. As a result, either the camera or LiDAR 

point cloud will be distorted by sensor-intrinsic-, installation-, and other errors. Thus, when testing 

this co-registration methodology with the Oshawa dataset, the laser- and tie point cloud were 

shifted with respect to each other, and the camera data was geometrically distorted within itself.   

     As can be seen from Figure 4.28 below, the laser point cloud was offset by approx. 2m before 

self-calibration and, as illustrated in Figure 4.29, the camera data was shifted by approx. 3m with 

respect to the self-calibrated LiDAR.  
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(a) 

 

(b) 

 

(c) 

Figure 4.28: Roof planes and roof peak lines before and after rectification of the laser point 

cloud 

 

     Figure 4.29 above shows the geometric fit of the laser point cloud before and after the LiDAR 

LSA. Before self-calibration, plot (a), the horizontal roof line separation was approx. 1.5m in North 

and 2m in East-West direction. After LiDAR sensor calibration and rectification of the point cloud 

in Optech LMS, plot (b), the separation was within the noise level of few centimeters. As displayed 
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in plot (c), the vertical separation reduced from roughly 40cm before adjustment to approx. 15cm 

after adjustment. Figure 4.29 below displays the horizontal discrepancies of the LiDAR data and 

imagery before co-registration and camera calibration with respect to the laser point cloud. 

 

 

Figure 4.29: Visual overlay of LMS roof polygons and imagery of the Oshawa dataset 

 

     The scenery depicted in Figure 4.29 shows a typical North-American suburban scenery – here, 

gable roofs (marked with orange numbers) are often the prominent roof type while saddle roof 

tops (marked with red numbers) tend to be more prominent in European flight data. The roof tops 

highlighted with an asterisk show that the LMS calibration engine did not take in all roof tops from 

the scenery. Also, some of the polygons, for example roof top 7 and 9, exceeded the actual physical 

boundaries of the roof plane slightly.  

 

     Figure 6.114 also shows that the self-calibrated LiDAR data and the un-calibrated camera data 

were shifted by a few meters in East-West direction with respect to each other. This error pattern 

is typically associated with different use of reference ellipsoid or reference epoch. The earlier 

mentioned offsets of the uncalibrated sensor-intrinsic parameters could contribute to the spatial 



87 

 

offset as well. As a reference, APPENDIX G shows the quality of fit of the geometrically rectified 

LiDAR data and tie points after co-registration.  

     Figure 4.30  below shows examples of some challenging point-plane combinations where tie 

points fell within the XY boundaries of roof polygons. Yet they were only about 1.5m distant from 

the roofs in Z. When looking at the point-patch pairs in 3D and considering that the LiDAR and 

imagery were offset 2-3m in XY, it seemed likely that the tie points located on surface elements 

other than the displayed roof tops.   

 

 

(a1) 

 

(a2) 

 

(b1) 

 

(b2) 

 

(c1) 

 

(c2) 

Figure 4.30: Tie points that fell into the 2D boundaries and close to roof polygons due to 

spatial misalignment of the point clouds (m) 
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     The tie point plotted in (a1, a2) in Figure 4.30above situated within the horizontal roof boundary 

and approximately 1.5m below the roof polygon. While it is obvious to a human operator that this 

tie point located at an object somewhere near a wall, accurate knowledge about the vertical offset 

between the camera and LiDAR data would be required prior to co-registration to automatically 

exclude this point from the LSA. Similarly, the tie points plotted in (b1, b2) and (c1, c2) fell within 

the 2D roof peripheries and showed approximately 1.5m vertical offset yet seemed to locate away 

from the roof tops. 

 

     Figure 4.31 below shows examples where tie points fell just slightly outside the XY 

circumstance of their associated roof polygon. Yet, when looking at the point-patch pairs in 3D, it 

seemed that the tie points had been matched correctly with the respective roof tops and that the 

spatial offsets stemmed from inaccurate pre-alignment of the data. 

 

 

(a1) 

 

(a2) 

 

(b1) 

 

(b2) 
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(c1) 

 

(c2) 

Figure 4.31: Tie points that fall outside the roof polygon due to spatial misalignment of the 

point clouds (m) 

      

    In Figure 4.31 above, graphs (a1, a2) show a tie point that situated close to the corner of a very 

large roof top. As in Figure 4.30, the tie points plotted in (b1, b2) and (c1, c2) located roughly 

1.5m elevated from their matched roof polygon, however unlike in Figure 4.30, these tie points 

situated more favorably with respect to the roof peripheries and matched correctly.  

    Many more tie elements were examined separately in the imagery and in the laser point cloud – 

see APPENDIX G for some examples. The respective findings are summarized in the next section. 

 

4.4.2.3 Discussion 

     During this research, hundreds of point-plane matches (roughly 100 per flight strip) in the laser 

point cloud, and in the imagery were examined using MATKAB (MathWorks, 2019). It turned out 

that less than 20% of the tie points fell flat onto a sloped roof top – mostly when a change in 

roofing material or the shadow of a nearby tree created a strong difference in brightness on the 

roof. In most instances however, the tie points located at corners, at peak points, on chimneys, on 

trees, and other objects close by that were not part of the roof plane.  

     Through this research it became clear that matching tie points and roof planes based on distance 

only leaves a lot of uncertainty associated with every match, because the characteristics of the tie 

points and the roof planes oppose rather than complement each other. Large spatial discrepancies, 

in the range of a few meters in magnitude, as displayed in Figure 4.29, are typical for data from 

the sensors that have not undergone in-situ calibration yet. The close examination of many tie-
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point-plane matches revealed that these discrepancies could induce great challenges in the co-

registration process:  

• Because of the opposing characteristics of tie points and roof polygons, reliable matching 

is challenging even when the data is pre-aligned within few decimeters 

• To compensate for misalignment in the range of few meters (Figure 4.29), the search for 

potential point-plane matches must be extended considerably beyond the boundaries of the 

roof patch 

• Since tie points tend to locate at object-peak locations, there could be more than one roof 

plane in proximity and multiple planes could be associated with one peak point. Extending 

the search space by a few meters can lead to many more potential point-to-plane 

associations 

• The magnitude of misalignment of the datasets is typically unknown at the time of co-

registration. In case of co-registration for cross-aided sensor calibration, it can range 

anywhere from few decimeters up to a few meters in XYZ.  

These factors make it difficult to establish a clear, reliable correspondence of tie points and roof 

planes.  

 

One could oppose these challenges with the following considerations: 

• The matching process could be refined, for example by replacing the cubical search space 

with a 3D search space that extends parallel to the roof periphery and/or by integrating 

aspects of slope, roof size, and relationships with neighboring planes in the decision 

making.  

• Additionally, one may deploy RANSAC (see APPENDIX A) to establish a reliable set of 

registration elements quickly and improve the reliability of the matching results. 

Such refinement strategies would however complicate the matching process. Also, the assumptions 

about the level of spatial discrepancy would have to be made. Naturally, these assumptions could 

be erroneous and may degrade the co-registration results. 

 

     During the visual inspection of the tie points in the Oshawa and KN data, it became obvious 

that many of the tie points were situated flat on the bare earth surface. This raised the idea to not 
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only consider the sloped planes, but all the planes in the matching process and perhaps to 

additionally classify the tie points into ground and air points.  

 

4.4.3 Fine Registration using unclassified Tie Points and classified LiDAR Planes 

4.4.3.1 Methodology 

     The fine-registration method in Chapter 4.4.2 considered only the sloped roof polygons as 

LiDAR-tie features. Subsequent experiments revealed however that many of the tie points situate 

flat on the ground (Figure 4.32). Thus, horizontally the flat LiDAR polygons could also be included 

in the data integration. 

 

 
(a) 

 
(b) 
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(c) 

Figure 4.32: Examples of tie points that situate on bare earth surface 

 

     By including the complanate polygons in the parameter estimation, more observations can enter 

the LSA than in the method introduced in Chapter 4.4.2. However, the slope of the LiDAR patches 

must be queried since the non-sloped patches can only be used for minimizing vertical 

discrepancies between point clouds – for example by estimating the elevation component of the 

rigid body transform, or through estimating the focal length of the camera, or the scale component 

of the laser scanner. The co-registration process is outlined in Figure 4.33. 

 

 

Figure 4.33: Data integration using both sloped and complanate polygons as registration 

elements 



93 

 

     Figure 4.33 above illustrates an extended version of the algorithm outlined in Chapter 4.4.2. 

The (*) indicates that the spatial discrepancies can be minimized by optimizing camera- or LiDAR 

sensor calibration parameters, also, instead of only fitting a rigid body transform.    

 

4.4.3.2 Results and Discussion 

     The co-registration introduced in 4.4.3 adds the complanate polygons in addition to the roof 

polygons to the matching process - to increase the number of observations of the LSA toward 

improving the reliability of the parameter estimation. However, a closer look at the LMS-extracted 

planate polygons revealed the opposing characteristics of the tie points. At the same time, the laser 

patches observed in 4.4.2 affect the sloped and complanate tie-point-polygon pairs alike. This can 

be seen in Figure 4.32, where tie points situated at corner locations between surfaces of different 

material: Optech LMS (Friess, 2006) tends to extract planes on roads, driveways, and roof tops 

where the surface material is smooth and homogenous. As with the roof planes, these planate 

polygons tend to have very irregular shape. Due to effects of unknown boresight and unknown 

sensor-intrinsic calibration parameters, the effect of opposing tie-feature characteristics is 

enhanced by the displacement of the datasets. Thus, while the complanate features increase 

redundancy, they contribute mostly only problematic observations to the LSA.  

 

4.4.4 Fine Registration using unclassified Tie Points and locally fitted Surface Patches 

4.4.4.1 Methodology 

     The experiments and considerations described in Chapter 4.4.2 and Chapter 4.4.3 led to the 

conclusion that the LiDAR tie elements should accommodate the characteristics of 

photogrammetric tie points more closely so that co-registration can occur more effectively. 

Specifically, the LiDAR features should either wrap around the tie points more closely, or the 

LiDAR tie features should follow the boundaries of the object, which they describe, more closely, 

since tie points tend to locate at corners and extrema of objects.  

     Consequently, during discussion in supervisor meetings, it was proposed to use locally-fitted 

polynomial patches into the LiDAR and use these as LiDAR tie elements. At first sight, the 

suggested concept seemed similar to the ICPatch method by Al-Durgham (2014), however, rather 
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than establishing a point-to-patch correspondence between a point in the search data and the closest 

TIN in the template data, this approach uses all laser points within a certain range to fit a 

polynomial patch that is used to minimize the point-to-patch distance. The proposed method is 

outlined graphically in Figure 4.34 below. 

 

 

Figure 4.34: Data integration using locally-optimized surface patches as LiDAR 

registration elements 

 

     Figure 4.34 above illustrates an extended version of the algorithm outlined in Chapter 4.4.3. 

The (*) indicates that the spatial discrepancies can be minimized by optimizing camera- or LiDAR 

sensor calibration parameters, or by fitting parameters of the rigid body transform.   

 

     This method provides the following advantages over ICPatch: LiDAR patches are extracted 

from numerous points which decreases the impact of noise and allows to model the local 

environment more accurately, if knowledge about the object on the surface and/or the accuracy of 

the coarse alignment is given. For example, if it is known that a tie point locates on bare ground in 

open space, and the point clouds are coarsely aligned within few decimetres, a polynomial surface 

will allow for a more accurate fit with the tie point than a local TIN cell. Polynomials also provide 

insight to surface characteristics, such as gradient/slope, curvature, and surface roughness which 

could be used to classify the surroundings of tie points indirectly from the locally optimized laser 

patches. These geometric attributes could be used to individually weigh the contribution of each 

misclosure vector in the LSA of the co-registration parameters. 
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4.4.4.2 Results 

     Figure 4.35 and Figure 4.36 below show examples where polynomial surface patches of first 

and third order were fit into a set of points that covered roughly 10mx10m ground. In these two 

examples, without restricting the general validity of this experiment, control point locations were 

used instead of tie point locations since control points are easy to locate in the imagery and 

typically situate in flat, open areas. Since LiDAR and camera datasets were known to be 2-3m 

offset in XY (see Figure 4.29), laser points within a search radius of 5m were included in the local 

point cloud.  

 

 

(a) 

 
(b) 

Figure 4.35: Locally-fit surface patch of (a) first and (b) third order wrap around ground 

control point 27 of the Oshawa data (m) 
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     GCP 27, indicated with a green triangle in Figure 4.35, located at the corner of a stop line of a 

sloped street in Oshawa. This control point looked practically identical to GCP 25 and 261, 

illustrated in APPENDIX G, and control point 26, illustrated in Figure 4.32 and was surrounded 

by 69 laser points within a 5m search radius. Knowing that GCP 27 situated in the middle of a 

slightly sloped road, the surface patch of first order (a) seemed the best representative of the 

environmental conditions, even though the surface patch of third order (b) showed the smaller 

residuals. 

 

 

(a) 

 

(b) 

Figure 4.36: Locally-fit surface patch of (a) first- and (b) third order around ground 

control point 58 of the Oshawa test site (m) 
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     GCP 58, indicated with a green triangle in Figure 4.36, situated at the corner of a quadratic 

sewer cover at the side of a road. It looked identical to GCP 64 and 88 in Figure 4.26 and GCP 92 

in Figure 4.32 and was surrounded by 34 laser points within the 5m search radius. Knowing that 

the point situated close to the curb of a street, a surface patch of third order (b) seemed a good 

representation of the environmental surrounding. As with GCP 27, the surface patch of third order 

(b) showed smaller residuals than the respective planar patch (a). It also showed smaller residuals 

than the polynomial of first order (a).  

      As can be seen from Figure 4.35 and Figure 4.36, both surface fitting methods were able to 

confirm the vertical offset of 20cm between the laser and optical data that existed prior to co-

registration. As shown in APPENDIX G (reference solution generated with TerraPhoto), the point 

clouds showed a much tighter fit after co-registration. 

 

4.4.4.3 Results and Discussion 

     As the experiments in Chapter 4.4.2 and 4.4.3 highlighted, the tie points tend to situate at the 

outskirts and corner locations of the objects whilst the polygons of the automatically-extracted 

LiDAR planes don’t follow the boundaries of the respective surface elements close enough to 

describe them accurately. This phenomenon turned out to be the most prominent drawback of the 

aforementioned fine registration methods. Also, before the cross-aided sensor and data calibration, 

the LiDAR and camera data are typically offset by a few decimeters up to several meters, which 

worsen this shortcoming.  

     The method introduced in this section addressed these limitations by replacing the 

automatically extracted polygons with the locally fitted surface patches. Since the local patches no 

longer describe planar objects that are adjacent to the tie point locations, but rather sample the laser 

point cloud around the tie point location, the magnitude of misalignment prior to calibration has 

less impact on the feature matching (as long as it does not exceed the radius of the locally fitted 

surface patch).  

     Choosing the order of the polynomial so that it represents the environmental conditions 

correctly requires however knowledge about the geometric surface characteristics in proximity of 

each tie point. Simply choosing a higher order polynomial will lead to smaller residuals in most 
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cases, however it may also lead to a misrepresentation of the environmental surroundings and 

degrade the co-registration results.  

     Classifying both point clouds into, for example, ground, non-ground, vegetation, and hard 

surface, may help isolate tie points that do not contribute positively to the co-registration and 

should be excluded it from the LSA. These considerations created the intent to automatically 

classify both point clouds before integration, which will be discussed in 4.4.5.  

 

4.4.5 Fine Registration using classified Tie Points and classified LiDAR Patches 

4.4.5.1 Methodology 

     The fine-registration method suggested in section 6.4 integrated the LiDAR data with the tie 

points in the form of the locally-fitted surface patches. Lower order polynomials could be used to 

model ground surface patches while high order polynomials (that nest tie point locations better 

than planes) could be used to model surface areas above the ground and in transitional zones, 

where the laser points sample the objects partially on the ground and partially above ground.  

     Figure 4.37 below illustrates how the classification of the point clouds and point cloud patches 

could aid the co-registration process. Essentially, the co-registration workflow presented in 

Chapter 4.4.3 is extended for the DTM- and DSM classification of the tie points: 

 

Figure 4.37: Integration of the classified tie points and the classified LiDAR planes for fine 

registration and cross-aided sensor calibration excluding the tie points in transitional zones 
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     The co-registration method illustrated in Figure 4.37 matches the complanate polygons with 

the tie points that fall on the bare ground and excludes the tie points that situate in transitional 

areas, i.e., the areas with steep gradient between the ground and horizontal surface areas above the 

ground. Also, since the magnitude of the data misalignment is typically unknown before data 

integration, the tie points that are surrounded only by DTM laser points or only by DSM laser 

points are more likely to make good tie elements. The (*) indicates that the spatial discrepancies 

can be minimized by optimizing the camera- or LiDAR sensor calibration parameters, also, instead 

of only fitting the transformation parameters of the rigid body.    

     Similarly, the co-registration method presented in Chapter 4.4.4 could be extended for an 

additional classification of the point clouds. Specifically, if the laser points within the proximity 

of each tie point were classified into ground, non-ground, and optionally other classes, the type of 

polynomial could be selected for each LiDAR patch according to the local environment. Figure 

4.38 summarizes this fine registration concept.  

 

 

Figure 4.38: Integration of tie points and classified LiDAR patches for fine registration 

 

     Figure 4.38 illustrates a refined version of the data integration approach presented in section 

4.4.4. The solid lines indicate the classification into ground- and non-ground points while the 
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dotted lines indicate the optional classification into building- and non-building points (Wu et al., 

2010), or vegetation- and hard surface points (Soinien, 2010b) that could aid the co-registration 

process, too. Where the tie points are situated in transitional zones, the laser points of more than 

one class can make up the patch which may increase the surface roughness. In practice, this could 

be accommodated by decreasing the weight of the patch in the LSA. 

     Rather than classifying the laser points only, as suggested above, both of the laser and tie point 

clouds could be filtered. Figure 4.39 illustrates an extended version of the co-registration method 

presented in Chapter 4.4.4 where both point clouds undergo classification routines and terrain 

points are matched with terrain patches, and the tie points that situate in transitional areas and on 

surfaces above the ground are matched with the DSM-classified laser patches: 

 

 

Figure 4.39: Fine registration using the classified tie points and the classified laser point 

patches 

 

     In the above co-registration process (Figure 4.39), both of the point clouds undergo 

classification into ground- and non-ground points, which allows to weigh the point-patch pairs not 

only based on their differential surface characteristics (such as gradient and surface roughness), 

but also on their semantic characteristics. Having the option to group the tie elements based on 

their sematic properties may lead to a more robust and more accurate convergence in the co-

registration. As an example, the tie points that are surround only by the DTM points could be 
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assigned to a higher weight in the initial LSA than the other tie points. As before, the (*) indicates 

that the spatial discrepancies can be minimized by optimizing camera- or LiDAR sensor calibration 

parameters, also, instead of only fitting parameters of the rigid body transform.     

 

     All three approaches presented in 4.4.5.1 are well supported by specific practical 

considerations, since an automated classification of point clouds into ground points (DTM) and 

non-ground points (DSM) is demanded almost always during data post-processing and spatial 

analysis. The popular LiDAR data processing software products, such as TerraSolid (Burman and 

Soinien, 2005) and LAStools (Rapidlasso, 2018) allow for the automated extraction of a full-

resolution DTM and a “key model” DTM with using a minimal set of points.  

 

4.4.5.2 Results and Discussion 

     This section introduced three extensions to the integration and co-registration methods 

presented in 4.4.2, 4.4.3, and 4.4.4. These methods promise to improve the co-registration 

performance, because they rely on the classification of the point clouds to filter out the tie points 

that situate in-between ground and surface-top, in order to reduce their negative impact on the co-

registration results. Their drawback however is that the classification adds another computational 

step to the co-registration process. One must ask: How much gain does the additional classification 

bring to the co-registration in terms of accuracy and reliability? To answer this question, it is 

crucial to find out how reliable and accurate DTM classification - the most basic and popular fully-

automated classification method for airborne geodetic data - of photogrammetric tie points is:  

     Many methods exist for extracting a bare earth model from DSM data. However, these 

mechanisms were developed for the dense laser point clouds. When applied to the extremely sparse 

tie point clouds, these classification methods suffer three aliasing effects (- ordered by their 

magnitudes below): 

(1) Differences in data acquisition and processing techniques (Maune, 2001). Compared to 

effects (2) and (3), this effect is negligible. 

(2) The laser point cloud may not be dense enough to sample the surface right next to each tie 

point and thus won’t capture the same parts of the objects on which the tie points are 

located. On roofs, for example, the tie points tend to locate at the roof corners, on the roof 
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ridge, or on the top of chimneys, whereas the laser points tend to fall flat on the roof surface 

away from the corner and peak locations. Compared to effect (3), this effect is however 

negligible. 

(3) Low point densities and large grid sizes with the tie point clouds lead to the vertical artifacts 

(Vosselmann, 2000): With increasing of height differences, the important terrain 

characteristics get lost and the classification errors increase (Carpenter and Hogarty, 2007; 

Vosselmann, 2000): The more the classification-filter results deteriorate, the more 

challenging the co-registration becomes. An example is shown in Figure 4.40 (b): 

 

 

(a) 

 

(b) 

Figure 4.40: Horizontal (a) and vertical (b) differences between 30m resolution 

SRTM data and 1m resolution reference DEM. Source: Carpenter and Hogarty 

(2007) 
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      Figure 4.40 (a) shows the horizontal differences between 30m and 1m grid DSM data. 

As the authors did not provide a legend for the color coding, the plot just serves as an 

overall qualitative indicator of the information loss of the 30m grid compared to the 1m 

height map. The graphs in Figure 4.40 (a) show similar resolution to the real-world data 

sets used in this dissertation where the LiDAR data were collected through multiple flight 

lines and reached the point densities of 1 to 20pts/m2 and where MATLAB suggested a 

40m resolution DSM grid for the tie points.  

     Figure 4.40 (b) describes the vertical errors of a study area that was divided into 16 

blocks and the graph in Figure 4.40 (a) shows the height map of one of the 16 blocks. In 

Figure 4.40 (b), each column shows the average vertical discrepancy of each block. It 

shows that the height error increases from left to right. The different dots per sub-block 

represent the values from the different methods used in the evaluation. As can be seen from 

column 16, a difference in point density of factor 30 (Figure 4.40 (a)) caused an elevation 

error of 8-12m in magnitude for the DEM data that Carpenter and Hogarty (2007) had on 

hand. 

 

     In view of these findings, it is now examined how the DTM classification methods filter the 

point clouds and if there exist perhaps specific improved methods that can extract the DTMs from 

the sparse tie point clouds with higher precision: According to Vosselman (2000) and Ismail and 

Jaafar (2013) the most common DTM classification methods use either the erosion operators, 

which rely on uniform point distribution and locally flat, open terrain to extract ground points, or 

the slope-based filtering that relies on a certain height difference between ground and non-ground 

points to determine an optimal filter function. Figure 4.41 shows how far apart a potential terrain 

point can be from its next closest neighboring point, so that the slope-based DTM classification 

can still deliver a correct result.   
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Figure 4.41: Thresholds of two slope based DTM filters for the maximum point difference 

between a terrain point and its nearest neighboring point. Source: Vosselman (2000)  

 

     The curves in Figure 4.41 report that the error of the DTM classification and the point distance 

are related with an approximate ratio of 1/3, which is confirmed in Figure 4.40 (b) as it showed 

the vertical classification errors of approx. 10m magnitude for 30m grid elevation data.  

     According to this rule, the DTM-filtering of DSM data with one point per 10m2 cell would 

result in a vertical error of 3-4m, i.e., too large to reliably distinguish between ground and non-

ground surface. With the Oshawa and KN data that came with the 40m tie point grids (1m LiDAR 

grid in native resolution and 40m laser point grid in final resolution), it implies a height error of 

8m to 15m caused by the DTM classification. 

 

     Figure 4.42 shows two samples of residential scenery of the KN data with relatively high point 

density. The samples are good representatives for ISAT tie point data and help illustrate how DTM 

classification can create errors of 10 meters magnitude and more. More examples can be found in 

APPENDIX G. 
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(a) 

 
(b) 

Figure 4.42: Close-up view of tie- (turquoise) and control points (red) in KN imagery 

 

     In Figure 4.42 (a) some tie points fall flat on street land and others locate on vegetation and 

corners of small objects in residential yards. The tie point locations in Figure 4.42 (b) are similar, 

however one tie point locates clearly elevated from the others on a roof top. 
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     Erosion-based estimation of ground surface would start out by locating an opening in the point 

cloud, using Delaunay triangulation for example, and then fit a horizontal plane. To find such an 

opening requires however that a small set of points is clearly offset by surrounding elevated points. 

Similarly, in slope based DTM filtering the height of a point would be compared with the heights 

of all other points within a certain surrounding using Delaunay triangulation. 

     In both image scenes of Figure 4.42, regardless which classification method was used, most 

triangles would cut through buildings and vegetation. The differences in elevation between the tie 

points (perhaps with exception of the roof tie point in (b)) would be too small – compared to the 

size of each triangle – to clearly distinguish between elevated points and points that fall flat on 

ground.  

 

     In the data displayed in Figure 4.42 above, the laser point clouds reached point densities of up 

to 20points per m2 while the camera data showed less than 0.1points per m2. As mentioned in 

APPENDIX B, most tie point engines provide the option to automatically densify tie points. As 

well, “image-based” tie point engines like UltraMap (Wiechert et al., 2012; Gruber et al., 2012) 

natively generate points with higher density, depending on the scenery and processing settings 

perhaps up to 10 times more than ISAT with default setting. However, a ten time increase in point 

density may still not suffice for successful DTM classification. 

     In sight of these shortcomings, it will be examined next, how ICP – probably most prominent 

and one of the most robust point-based co-registration algorithms – benchmarks with laser point 

clouds and extremely sparse photogrammetric tie points.  

 

 

4.5 Conclusions 

 

     In this framework, seven methods for assessing the similarity of elevation maps in space 

domain were researched. Five methods for conducting overlap check were suggested, however the 

analysis showed they require either similar information content (entropy), or similar degree of 

mapped complexity (graphical models), or similar point density (differential geometry, fractal 

dimension), or assumptions about data coverage (extrema), or meta-data or some other form of 

pre-knowledge about common data characteristics (cost functions). Then, two space domain 
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methods were for conducting coarse co-registration were analyzed. It became clear, that they 

required prior knowledge about the reference systems of the data (KF), too, or compatible point 

densities and surface description (accelerated key-point matching). Another drawback of these 

methods was that they rely on deriving information sequentially from small, local environments, 

and that they require similar point densities.   

     Afterwards, two methods for fine registration and simultaneous cross-aided sensor- and data 

calibration and three methods for fine registration of laser- and photogrammetric point clouds were 

proposed and examined. Contrary to the mainstream co-registration algorithms, these concepts 

were developed to accommodate the characteristics of the extremely sparse tie points and to 

recycle the by-products of LiDAR calibration and photogrammetric AT. Many of these methods 

required either the classification of the entire point clouds or the characterization of the laser 

patches in proximity of the tie points, in the hope that they would add semantic information and 

increase the accuracy and robustness of the co-registration process. 

     Each proposed method was evaluated either experimentally or through theoretical analysis and 

debate. A major finding was that the image-based tie points are too sparse and too irregular for 

classification methods to work successfully. In particular, it was found out that the DTM 

classification – the most basic and most popular of point cloud classification methods – requires 

at least ten times higher point density to be able to reliably distinguish between the ground and air 

points. In fact, one should expect the height errors of approximately 8-15m in deriving a DTM 

from the 40m tie point grid of the real-world datasets. Also, the DTM information from the laser 

data could only aid the fine registration process if the point clouds are already aligned tightly and 

where the areas with the bare earth exposure dominate the surface data.   

     In summary, no method analyzed in this chapter may be preferred in practice and one may 

have to move to the frequency analysis. However, the research in this chapter provided insight into 

what should be investigated next: One drawback common to many of these methods was that they 

derive information sequentially from small, local environments, and that they require similar point 

densities. Since frequency analysis considers all the surface information at once, the differences in 

point density and shape of small environments may be less of a concern. Thus, the possibility to 

use frequency analysis to achieve automated co-registration will be explored next.  
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5.0  Coregistration in Frequency Domain: 

Performance Analysis of Existing Methods  

 

     This section examines how methods in the frequency domain can be used to analyze the 

geometric similarity of the airborne surface point clouds, that have been converted to height raster 

images. The analysis of these height maps based on their inherent waveforms promises the 

following advantages over methods in space domain:  

• On the contrary to isolating the congruent surface information in space domain, the 

waveform transforms do not require local sampling and/or feature matching but consider 

all data of the point clouds in each computational step  

• Frequency methods ingest 2.5D raster elevation data instead of 3D vector data 

• The frequency analysis using FFT is computationally fast 

 

      As shown in APPENDIX B, C and D, both laser- and tie points provided cm-level accuracy, 

but they have very different characteristics otherwise. As a result, a tie point that situates only few 

cm apart horizontally from a laser point can differ many meters vertically. This phenomenon, in 

conjunction with the extremely sparse distribution (a 40m grid size was optimal), limits the level 

of accuracy at which fine registration can occur (as shown in APPENDIX D, fine registration with 

ICP resulted in 20cm vertical offset, i.e., an offset of several pixels magnitude, rather than the 

desired sub-pixel accuracy).   

    Thus, merely changing from space- to frequency domain will neither change the type of data 

input nor increase the level of accuracy at which co-registration can occur; rather (as already 

outlined in section 4.5) would it require another type of photogrammetric point element (such as 

photogrammetric dense points which assimilate better with laser points). Thus, the research for 

fine registration methods in frequency domain is not pursued any further, and, as outlined in Figure 

4.1 in Chapter 4.0, we first, and only,  investigate how coarse co-registration can occur. 

 

     While cross-correlation in the space domain is useful in scenarios where the reference signal or 

desired signal's characteristics are not well-defined or known in advance, and while cross-
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correlation can be an optimal tool to provide information about the similarity between the received 

signal and the reference signal at different spatial positions for spatial analysis applications, the 

following sections focus on correlation methods in frequency domain. Since the reference signal 

is know, the frequency methods maximize SNR, providing optimal detection, signal shaping, and 

efficient implementation make it a powerful tool for signal processing and detection applications. 

     The frequency-based co-registration methods reviewed in Section 5.1 consider the phase- and 

amplitude signal of all tie- and laser points at once, which allowed for optimal global co-

registration of coarse point clouds. We start with the most basic method, the Phase Only Matched 

Filter (POMF) (Horner and Gianino, 1984) which recovers translation, followed by the Fourier 

Mellin Transform (FMT) (Casasent and Psaltis, 1976) which recovers rotation, scale, and 

translation, and the Analytical Fourier Mellin Transform (AFMT) (Derrode and Ghorbel, 2001). 

     As the POMF and FMT are well-established, the focus is here on particularly achieving optimal 

co-registration results with airborne laser- and tie point clouds, which can differ strongly in point 

density, size of area, shape, and noise level. The following sections will highlight the 

characteristics of each transform that imply restrictions on their performance with airborne survey 

data and compare their performance. 

     All methods ingested 2.5D elevation maps that were gridded from the laser and tie point clouds 

as described in Chapter 3.0 and APPENDIX C.  

 

 

5.1 Coarse Registration in Frequency Domain 

5.1.1 The Phase Only Matched Filter 

5.1.1.1 Definition 

     Fourier spectra are complex in nature and the geometric information of its image input can be 

analyzed in terms of its Fourier amplitude and phase. While both elements can be considered when 

comparing images for similarity, according to both Horner and Gianino (1984) and Oppenheim 

and Lim (1981), the phase spectrum contained more information being critical for rebuilding the 

image from the frequency input than the amplitude information of the Fourier spectrum. The filter 

used by Horner and Gianino (1984), often referred to as POMF (Phase Only Matched Filtering), 
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or simply the Matched Filter (MF) (Le Moigne et al., 2011), has found its usage in hundreds of 

image processing applications since then. 

     By isolating the phase difference and building on the translation invariance of the Discrete 

Fourier Transform (DFT), the POMF starts out by transforming the two input images 𝑓 and 𝑔 

which differ only by the displacements ∆𝑥, ∆𝑦 

 

 𝑓[𝑥, 𝑦] =  𝑔[𝑥 + ∆𝑥, 𝑦 + ∆𝑦] (5.1) 

 

into the Fourier domain. In (5.1),  (𝑥, 𝑦) are the location of a pixel, and (∆𝑥, ∆𝑦) are the translation. 

The respective DFTs, denoted by 𝐹[𝑢, 𝑣] and 𝐺[𝑢, 𝑣], find  

 

 

 
ℱ{𝑓[𝑥, 𝑦]} = 𝐹[𝑢, 𝑣] = 𝐺[𝑢, 𝑣]𝑒𝑖(𝑢△𝑥+𝑣△𝑦) (5.2) 

 ℱ{𝑓[𝑥 + ∆𝑥, 𝑦 + ∆𝑦]} = 𝐹[𝑢, 𝑣]𝑒𝑖(𝑢△𝑥+𝑣△𝑦) (5.3) 

      

     Since the shift between two images is equivalent to a linear phase shift in the Fourier domain 

(also called Fourier shift property), the translations can be retrieved by applying an adjoint FT to 

(5.3), which is isolating the term containing the difference in phase: 

 

 

 
𝐹[𝑢, 𝑣]𝐺∗[𝑢, 𝑣] = 𝑒𝑖(𝑢△𝑥+𝑣△𝑦) (5.4) 

 

where * is the complex conjugate. Since the frequency spectra 𝐹 and G are complex functions, 

their magnitudes, |𝐹[𝑢, 𝑣]| and  |𝐺[𝑢, 𝑣]|, are independent of ∆𝑥 and ∆𝑦. In absence of noise, the 

phase correlation matrix is divided by its magnitude to normalize the phase difference 𝑒𝑖(𝑢△𝑥+𝑣△𝑦) 

from 𝐹 and G 

 

 

 
𝐶𝑃𝑆[𝑢, 𝑣] =

𝐹[𝑢, 𝑣]𝐺∗[𝑢, 𝑣]

|𝐹[𝑢, 𝑣]𝐺[𝑢, 𝑣]|
= 𝑒𝑖(𝑢△𝑥+𝑣△𝑦) (5.5) 
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     The multiplication of the amplitude of two DFT spectra is typically mentioned as the power 

spectrum. Since the power of a variable 𝑦 is defined as the average squared amplitude, 𝐶[𝑢, 𝑣] is 

often referred to as the cross-power spectrum (CPS), which may mislead, since it describes the 

normalized phase difference of two DFT signals. Indeed, it is the spectral implementation of the 

cross-correlation and needs to be more accurately referred to as the cross spectral density matrix 

(Wilmer, 2012). 

     The multiplication of the DFT spectra with each other is equivalent to a convolution in object 

space. Obviously, the convolution of the phase signals will be at a maximum single peak when the 

signals are identical, i.e., the phase difference is 0. The translative movement between 𝐹 and G 

can therefore be determined from the location of the maximum of the phase correlation, by 

inversing the cross-power spectrum. The inverse of the location where the phase difference is at a 

minimum is equivalent to the displacements of the two images: 

 

 

 
[∆𝑥, ∆𝑦] = 𝐼𝐹𝐹𝑇{𝐶𝑃𝑆[𝑢, 𝑣]} (5.6) 

 

As will be shown in Chapter 5.1.2, the translation offsets can also be used to recover angular and 

scale offsets of two images. 

 

5.1.1.2 Properties 

     The purpose of the POMF is to free its data input from translational offsets and align it by cross-

correlating the frequency spectra. While this is similar to cross-correlation in space domain, the 

traditional cross-correlation depends primarily on the energy (square amplitude) of the image 

rather than its spatial structures, and it leads to a sharp correlation peak only in the absence of 

noise. Thus, in case where the input DTMs characteristics are not well-defined or known in 

advance, cross-correlation can provide information about the similarity between the elevation 

models at different spatial positions, which can be valuable for spatial analysis applications. 

However, within this given framework, reference signal (laser point cloud) is known in advance. 

Knowing the reference signal allows to weigh the two signals such that the SNR is maximized, 

yielding a higher level of noise suppression and sharper correlation peak than what can be achieved 

traditional correlation techniques (Chen et al., 1994). This can be seen from Equation (5.5), where 
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the denominator is normalized (division by the amplitude), which makes it robust to noise that is 

correlated with the images, such as the uniform variations of illumination or offsets in average 

intensity (which for example can represent the offsets in terrain height) (Chen et al., 1994). The 

POMF also provides sharper correlation peaks compared to traditional cross-correlation in space 

domain and the traditional matched filter (Wolberg and Zokai, 2000). Because of this 

advantageous correlation characteristic and its computational efficiency, the POMF has been 

widely accepted as the standard algorithm for recovering the translational misalignment.  

 

5.1.1.3 Co-Registration using POMF 

     In case that the noise level is not strong, and the height profiles are similar, there should be only 

one single correlation peak (Brown, 1992). However, as highlighted in Chapter 3.0, the LiDAR 

and photogrammetric data from the same scene are likely to vary in overlap, size, details of the 

sampled surface (resulting in differences of phase and amplitude), height (small differences in 

intensity), and level of noise. These differences cause an increase of the noise level of the spectral 

phase which can result correlation spikes with similar magnitudes rather than one pre-dominant 

spike. By sorting the IFFT’s matrix by magnitude, considering more than one spike, applying the 

respective translational offsets - one at a time, and feeding the POMF with the respective 

translation-corrected image anew, it becomes clear which of the correlation candidates reflects the 

true maximum. 
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Figure 5.1: The POMF algorithm. Drawing after Bargoti et al. (2012) 

     

     The generic open-loop POMF workflow is illustrated in Figure 5.1. In step (A), the POMF takes 

in two image-rendered point clouds and transforms them into the complex domain. The word 

“Shift” indicates that the quadrants are flipped so that the low frequencies of the spectrum are in 

the centre of the 2D Fourier transformed elevatnion image. Step (B) calculates the phase of the 

Fourier spectrum. Step (C) cross-correlates the phase spectra (CPS) of the first phase quadrant. 

Step (D) transfers the phase correlation peak(s) from the complex domain back into real realm. 

Step (E) computes the translational offset(s) from the location of the maximum correlation peak(s). 

In case the point cloud images show strong changes in magnitude, the CPS will result in one 

dominant peak that represents the translation offset. Optionally, to optimize results, a sub-pixel 

refinement of the exact location of the CPS peak of interest (Wisetphanichkij and Dejhan, 2005) 

can be conducted. 

 

     Figure 5.2 below illustrates how steps (A) to (E), outlined in Figure 5.1, look like when the 

POMF is applied to the simulated X5d4 DTM: 
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Overlay of original data and partially overlapping data and respective image center points (pix) 

 
Input 1: Zero-padded dataset (pix) 

 
Input 2: Zero-padded dataset translated by 400 pixels 

 
(a1) – Fourier spectrum (cycles/pix), non-logarithmic 

display 

 
(a2) - Fourier spectrum (cycles/pix), non-logarithmic 

display  
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(b1a) - Fourier magnitude spectrum, logarithmic 

display 

 
(b1b) - Fourier magnitude spectrum, logarithmic, top 

view 

 
(b2a) – Fourier magnitude spectrum, logarithmic 

display 

 
(b2b) – Fourier magnitude spectrum, logarithmic, top 

view 

 
(c1) - Phase spectrum, logarithmic 

 

(c2) - Phase spectrum, logarithmic 
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(d) – CPS (cycles/pix) 

Figure 5.2: Graphical illustration of the POMF using translated X5d4 DTM 

       

     Figure 5.2 exemplifies each step of the POMF co-registration process. In non-logarithmic 

display the phase spectra showed a very steep peak (a1, a2). In logarithmic display effects of the 

angular offset became visible (b1, b2). In the phase spectra the difference in signature seems lost 

to the human eye (c1, c2). Since the amplitude spectra showed a clearly different signature, the 

cross-correlation resulted in one dominant CPS peak (d). This peak clearly defined the translational 

offset (∆𝑖, ∆𝑗). 

     As will be shown in Chapter 5.1.2, the POMF can also be used to recover the rotation and scale 

offsets of two images.   

 

5.1.1.4 Recovery of the Cartesian Translation using POMF 

 

     Since its postulation by Horner and Gianino (1984), many variations of the POMF have been 

developed that focus on increasing its accuracy and/or robustness. A POMF for recovery of 

rotation and scale, for example, requires an additional quadrant check and a sophisticated filter 

strategy (see Chapter 5.1.2.2 and 6.1.4 for details). As shown by Guizar-Sicairos et al. (2008), a 

lot of research has been done on how to recover the Cartesian translations with the POMF 

accurately, and this problem can be regarded as solved. 
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     In this research, the first goal was to examine how well a generic state-of-the-art POMF 

performs in recovering the Cartesian shifts between the coarse height maps. MATLAB’s Image 

Processing toolbox (MathWorks, 2020) implemented the POMF in their “imregcorr” phase filter. 

MathWorks refered their implementation to the work by Reddy and Chatterji (1996) which will 

be discussed in detail in Section 5.1.2. When the ‘window’ was set to true, “imregcorr” used a 

Blackman window (see APPENDIX E) to improve the phase correlation results. 

     The second goal of this study was to learn what parameter settings are important for successful 

recovery of the Cartesian translations. This insight may help improve the co-registration results of 

the FMT (5.1.2) and AFMT (6.1), which execute the POMF many times internally.  

Before the POMF was put to the test, the following propositions were made: 

(1) Since the real-world and simulated data show similar height differences, the POMF may 

show a similar performance. As a result, the datasets may share a certain degree of the 

overlap at which a successful autocorrelation can occur. If this threshold is similar for all 

test data, it could be used to characterize the success rate of the POMF and forecast its 

performance for other data.  

(2) Since the datasets show similar surface characteristics, they should show similar global 

entropy. The POMF results may reveal a certain threshold for the global entropy at which 

successful co-registration with the extremely sparse point clouds can occur. 

How these expectations match up with the co-registration results, will be explored next.  

 

5.1.1.4.1 Oshawa Data 

     The real-world and simulated data were processed using POMF in the auto- and cross-

correlation mode with the varying translation offsets in East and South. The goal of the auto-

correlation tests was to learn how important the similarity of the overlapping portion of the 

elevation profiles is to the success rate of the co-registration. At each time, the target point cloud 

was shifted and the entropy of the remaining data was calculated, too, to see if there is a correlation 

between the overlap, entropy, and success of the POMF. 

     Figure 5.3 shows results from the Oshawa laser- and tie point clouds through the autocorrelation 

with their respective translated counterparts. 
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(a0) Oshawa laser points (pix). The footprint of tie 

points is indicated in red 

 
(b0) Oshawa tie points (pix) 

 

 
(a1) Oshawa laser points (40m grid), shifted South 

 

 
(b1) Oshawa tie points, shifted South 

 
(a2) – Expected vs recovered translations  

 
(b2) – Expected vs recovered translations 
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(a3) – Changes in entropy and data size 

 
(b3) – Changes in entropy and data size 

Figure 5.3: Autocorrelation of Oshawa elevation maps (pix), translated South 

 

     Figure 5.3(a0) and (b0) plots the native datasets, and the dotted red lines in (a0) indicate how 

the tie points situated relative to the laser points, which have a larger footprint than the tie points. 

In this experiment, the height maps were shifted to the South, successively, by 10 pixels each time. 

The plots (a1) and (b1) show the footprints of the Oshawa laser points and tie points, respectively, 

for the first shift. As described in Chapter 3.0, one pixel in the laser- and tie point map here covered 

40x40m ground surface.  

     In Figure 5.3(a2) and (b2), the blue stars indicate the imposed shifts, and the green triangles 

present the offset that the POMF estimated. Ideally, the green and blue icons should coincide. 

However, with the increase of the shift, the area of overlap is getting reduced so that 

autocorrelation became more and more challenging. Eventually, the decrease in common area 

would reach a point beyond which the POMF was unable to recover the shift correctly. This 

threshold is indicated in Figure 5.3(a2) and Figure 5.3(b2) where the where the green and blue 

curves go divergent. The disconnect occurred with around 55pixel shift for the laser points, and 

40pixel shift for the tie points, i.e., in both cases the translation reached around 50% of the 

respective footprint in North-South direction. In case of the tie points, the incorrectly estimated 

shift formed a tangent aside the induced shifts.  

     The plots (a3) and (b3) in Figure 5.3 present the relative decrease in size of the shifted data in 

green, which (since the data has almost quadratic footprint) was almost identical with the decrease 

in overlap. The red curves in Figure 5.3 (a3) and (b3) show the decrease in the entropy of the non-
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padded translated data. The gradual decrease of the entropy was caused by the gradual loss of the 

South-East area of the laser dataset with the increase of the shift. This area shows the strong height 

difference and thus a lot of information content. On the contrary, the entropy of the translated 

padded data, plotted in blue, decreased significantly each time as the dataset were shifted, as the 

areas where the data lost footprint were re-filled with 0-valued pixels – obviously, these 0-valued 

areas produced an entropy of zero. Since the Oshawa height maps have nearly quadratic shape, the 

decrease in the footprint of the remaining data followed a similar trend.  

     The autocorrelation started to fail once the image size (green curve) reduced to almost 50% and 

the entropy of the padded data (blue curve) reduced to roughly 60%. Neither the entropy curve nor 

the footprint curve showed irregularities or other signs that could serve as an indicator that the co-

registration failed.  

     This experiment was repeated whilst the data was shifted in West-East direction. Figure 5.4 

presents the results. 

 

 
(a0) Oshawa laser points (40m grid), shifted East, with 

native footprint 

 
(b0) Oshawa tie points, shifted East, with native 

footprint 

 
(a1) – Expected vs recovered translations 

 
(b1) – Expected vs recovered translations 
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(a2) – Changes in entropy and data size 

 
(b2) – Changes in entropy and data size 

Figure 5.4: Autocorrelation of Oshawa elevation maps (pix), translated East (left) 

 

          In Figure 5.4, the left and right plots in each pair, respectively, shows the autocorrelation 

results where the Oshawa tie points and laser points were shifted to the East for 10 pixels, and 

correlated with their native, non-shifted counterpart. Figure 5.4 (a0) and (b0) illustrate the effect 

of a 10pixel column shift for each point cloud. As in Figure 5.3, the blue stars in Figure 5.4 (a1) 

and (b1) indicate the imposed column shifts and the green triangles show the offset that the phase 

filter estimated. For both elevation maps, the disconnect of imposed and estimated offset happened 

as around a shift of 45 pixels was reached, which was roughly 40% of the width of the elevation 

maps. Thus, compared to the recovery of translations in North-South direction (Figure 5.3), the 

phase filter here failed roughly 10% earlier.  

     A close look at the Oshawa height maps reveals that the profiles pronounce more in North-

South direction than in West-East direction, and the small area in the south-east corner of the 

LiDAR map shows the strongest decrease in elevation (see Chapter 3.0 for details). Unlike the 

gradual steady decline in entropy that occurred as the LiDAR data was translated to the South 

(Figure 5.3), the entropy dipped down 5% within the first 10pixel shift in East direction (red curve) 

in Figure 5.4 (a3) and (b3). 

     Surprisingly, the success of the POMF, which started to fail after roughly 35 pixels later, was 

not negatively impacted by this rapid loss in entropy. Rather, as shown in Figure 5.4 (a3) and (b3), 

did the POMF fail at a point where the area of overlap had reduced to almost 60% (green curve), 

which, - since the height maps have nearly quadratic shape -, aligned with roughly 40% width of 

the maps. However, the phase filter failed when the relative entropy of the padded maps reached 
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75% (blue curve), i.e., about 10% earlier than when the data was shifted South (Figure 5.3). As 

before, the incorrectly shift estimates formed a tangent alongside the induced shifts (displayed in 

Figure 5.4 (a2) and (b2).  

     As can be observed from the plot in Figure 5.4 (b2), the entropy of the tie points increased 

slightly as the data was shifted 5 to 15 pixels to the East. Since the global entropy considers both 

the number of abnormalities in the elevation profile and the size of the elevation profile, and since 

the change of the information content in the East end of the Oshawa tie point cloud shows only 

small gradual change, the remaining non-padded profile contained relatively more information 

content once the first few data columns in the East end were cut off. 

     A similar experiment was repeated by shifting the data to the South and East. The results are 

given in Figure 5.5. 

 

 
(a0) Oshawa laser points (40m grid), shifted 

South-East, with native footprint 

 
(b0) Oshawa tie points (40m grid), shifted South-

East, with native footprint 

 
(a1) – Expected vs recovered translations 

 
(b1) – Expected vs recovered translations 
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(a2) – Changes in entropy and data size 

 
(b2) – Changes in entropy and data size 

Figure 5.5: Autocorrelation of Oshawa elevation maps (pix), translated South and East 

          

     In Figure 5.5, the plots on the left and right show the autocorrelation results where the Oshawa 

tie- and laser points, respectively, were shifted South-East for 10 pixels each time, and correlated 

with their native, non-shifted counterpart. The first two plots (a0) and (b0) in Figure 5.5 illustrate 

the effect of a 10pixel (column) shift for each point cloud. As before, the blue stars in Figure 5.5 

(a1) and (b1) indicate the imposed shifts, while the green triangles in Figure 5.5 (a1) and (b1) show 

the respective shifts estimated by the POMF.  

     The first deviation between the imposed and estimated shift occurred after the 30pixel shift had 

been reached. Thus, for the laser- and tie points, this disconnect happened when the translation 

reached about 25% and 30% of their footprints. The decrease in size of the shifted data, plotted in 

green in Figure 5.5 (a2) and (b2), and the decrease in entropy of the padded data, plotted in blue 

in Figure 5.5 (a2) and (b2), followed a similar trend. Here, the autocorrelations failed at the 

footprints of 60% with the laser points and 50% with the tie points, respectively, so did at an 

entropy of the padded image (blue curve) of about 70% with the laser points and 60% with the tie 

points.  

     The entropy of the non-padded data, plotted in red, changed marginally when the data was 

translated, and the dip due to the loss of the South-East corner showed up with the smaller 

magnitude than in the previous experiment. This confirmed again that the relative information 

content in the data with the smaller footprint did not differ significantly from the information 

content in the data with the larger footprint. 
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     Next, the three experiments above were repeated whilst the height maps were cross-correlated. 

The results are given in Figure 5.6, Figure 5.7, and Figure 5.8. 

 

 
Reference – Laser PCL 

 
Floating – Tie PCL 

 

 
Reference – Tie PCL 

 
Floating – Las PCL 

 

 
(a1) 

 
(b1) 

 
(a2) 

 
(b2) 

Figure 5.6: Cross-correlation of Oshawa elevation maps (pix), translated South (down) 

 

     In Figure 5.6, the plots on the right and the plots on the left show the results where the Oshawa 

tie points and laser points, respectively, were shifted to the South incrementally by 10 pixels each 

time, and cross-correlated with their respective non-shifted laser points and tie points, respectively. 

The thumbnails of the datasets illustrate which data remained stationary and which data was shifted 
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during the cross-correlation. As before, the blue stars in the plots (a1) and (b1) (Figure 5.6) indicate 

the imposed shifts, and the green triangles in the same plots show the respective shifts estimated 

by the phase filter. Clearly, the cross-correlation failed completely in both cases, and the estimated 

offsets from the phase shift settled on parallels to the induced shifts. 

 

     Since the laser point cloud from the site in Oshawa is slightly wider and covers roughly 1/3 

more ground in the North-South direction than the tie point cloud from the same site, the decrease 

in size of the shifted data, plotted in green in (a2) and (b2) (Figure 5.6), started at an entropy offset 

of approximately 1.6. Since the laser points covered the areas with the stronger elevation contrast, 

their entropy turned out approximately 20% bigger than that of the tie points. This caused the 

entropy of the padded data, plotted in blue, and the entropy of the non-padded data, plotted in red, 

to start at an offset. Both curves decreased only marginally with the increase of the shift, which 

confirmed that the relative information content remained almost unaffected by the translations. 

     This cross-correlation experiment was repeated whilst shifting the moving images to the east 

instead of the south. The results are plotted in Figure 5.7. 

 

 
Reference - Las 

 
Floating - Tie 

 

 
Reference - Tie 

 
Floating - Las 

 

 
(a1) 

 
(b1) 
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(a2) 

 
(b2) 

Figure 5.7: Cross-correlation of Oshawa elevation maps (pix), translated East 

 

     In Figure 5.7, the plots on the right and the plots on the left show the results where the Oshawa 

tie points and laser points, respectively, were shifted to the South incrementally for 10 pixels each 

time, and cross-correlated with the respective non-shifted laser points, and tie points, respectively. 

Obviously, the cross-correlation failed completely in both cases, and the estimated offset from the 

phase shift settled on parallels to the sequence of induced offsets.  

     As before, the decrease in size of the shifted data, plotted in green in (a2) and (b2), started with 

an offset due to the different size of the datasets. The decrease in entropy of the padded data, 

plotted in blue, also showed the same behavior as before. As in Figure 5.6, the entropy of the non-

padded data, plotted in red in (b2), dipped again in the beginning due to the loss of the South-East 

corner through the shifts. Even though the entropy of the non-padded data increased marginally at 

a shift of 5-15pixels (red curve in a2), before it started to decrease, the relative information content 

remained essentially unaffected by the translations. 

     Figure 5.8, below, illustrates results where this experiment was repeated while additionally 

shifting the moving elevation maps South. 
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Reference - Las 

 
Floating – Tie 

 

 
Reference - Tie 

 
Floating - Las 

 

 
(a1) 

 
(b1) 

 
(a2) 

 
(b2) 

Figure 5.8: Cross-correlation of Oshawa elevation maps (pix), translated South-East 

 

     As in the preceding figures, the thumbnails in Figure 5.8 illustrate which data remained 

stationary and which data shifted during cross-correlation. Again, the blue stars in cells (a1) and 

(b1) indicate the imposed shifts, and the green triangles show the respective shifts estimated by 

the POMF. As before, the cross-correlation failed completely, and the estimated offset from the 

phase shift settled on parallels to the induced offsets. The graphs in (a2) and (b2) followed the 

same trends as in Figure 5.7. 
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     In summary, the POMF showed promising results when the data was auto-correlated and shifted 

only in one direction, yet the POMF failed entirely when the data was cross-correlated. The change 

in entropy turned out not to be an indicator for when a successful correlation may occur, which 

disproved the second proposition introduced in introduction section 5.1.1.4. Thus, the entropy plots 

were left out from the ensuing sections and added to APPENDIX H. 

 

5.1.1.4.2 Keyworth-Nottingham Data 

     The experiments described in 5.1.1.4.1 were repeated with the KN data. Since the Oshawa and 

KN data have a similar height range and footprint (the Oshawa laser point cloud covers 117-by-

138 pixels, the Oshawa tie point cloud covers 81-by-115 pixels, the KN laser point cloud covers 

59-by-71, the KN tie point cloud covers 36-by-35 pixels), similar co-registration results were 

expected. As concluded in 5.1.1.4.1, the plotted translation estimates are most important for the 

interpretation of the co-registration results. They are presented in Figure 5.9.  
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(a1) 

   

 

(b1) 

   

 
 

 

(a2) 

   

 

(b2) 

   

  
 

(a3) 

   

 

(b3) 

   

  

Figure 5.9: Autocorrelation of KN elevation maps (pix) - expected vs recovered translations 
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     In Figure 5.9, the plots on the right and the plots on the left show the results where the KN tie 

points and laser points, respectively were shifted incrementally for 10 pixels each time, and 

autocorrelated with the respective non-shifted laser points, and tie points, respectively. The 

thumbnails show which data remained unshifted and which data shifted during the correlation. The 

datasets in (a1) and (b1) (Figure 5.9) illustrate an example where the tie- and laser points were 

shifted South, by 10 pixels, and plotted against their respective original footprint. The blue stars 

in the plots (a1) and (b1) indicate the imposed shifts, and the green triangles in the same plots show 

the respective shifts estimated by the phase filter.  

    For the laser data, the phase filter was able to recover the translations almost twice as far out 

than for the tie points (27pix vs 15pix). However, compared to the laser points, the tie points cover 

only about 2/3 of the ground in North-South direction and they extended only half as far in West-

East direction. As could already be observed from the translation experiments with the Oshawa 

data, once the POMF failed, its translation estimates settled on parallels to the induced shifts.  

 

     As displayed in the plots (a2) and (b2) (Figure 5.9), in both cases the phase filter started to fail 

when the size of the shifted data had reached roughly 40% (30pix/71pix and 13pix/35pix). When 

the data was shifted South-East, plots (a3) and (b3), the disconnect happened when the translation 

reached around 30% of their footprint. As shown in APPENDIX H, the decrease in entropy and 

decrease in size of the shifted data followed a similar trend and the entropy values had reduced 

approx. 10% less than the respective footprint values when the co-registration failed. 

These three translation experiments were repeated whilst the laser- and tie point maps were cross-

correlated. The results are plotted in Figure 5.10. 
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(a1) 

   

 

(b1) 

   

  

 

(a2) 

   

 

(b2) 

   

  

 

(a3) 

   

 

(b3) 

   

  

Figure 5.10: Cross-correlation of KN elevation maps – expected vs recovered translations 
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    In Figure 5.10, the plots on the right and the plots on the left show the results where the KN tie 

points and laser points, respectively, were shifted incrementally for 10 pixels each time, and cross-

correlated with their respective non-shifted laser points, and tie points, respectively. The 

thumbnails of the datasets illustrate which data remained unshifted and which data was shifted 

during the cross-correlation. As before with the Oshawa data, the cross-correlation failed 

completely, and the phase shift estimated offsets settled on parallels to the induced shifts. 

 

    In summary, the KN data followed the same trend as the Oshawa data and the POMF showed 

promising co-registration results when the data was auto-correlated and shifted only in one 

direction, yet the POMF failed again entirely when the data was cross-correlated. Overall, the KN 

data showed less correlation success than the Oshawa data, most likely because the KN topography 

is slightly flatter. As before, the respective entropy plots can be found in APPENDIX H. 

 

5.1.1.4.3 Simulated Data 

     The experiments described in 5.1.1.4.1 and 5.1.1.4.2 were repeated with the simulated data. 

Since the simulated elevation profiles have stronger undulation, a larger footprint (1864-by-1864 

pixels), and identical yet much higher point density, better co-registration results were expected. 

The results of the translation estimates are plotted in Figure 5.9.  
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(a1) 

   

 

(b1) 

   

  

 

(a2) 

    

  

(b2) 

   

  
 

(a3) 

   

 

(b3) 

   

  

Figure 5.11: Autocorrelation of X5d5 and X5d4 (pix) – expected vs recovered translations 
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     In Figure 5.11, the plots on the right, and the plots on the left shows the results where the X5d4 

DEM and X5d5 DEM, respectively, were shifted incrementally for 100 pixels each time, and 

autocorrelated with the respective non-shifted X5d4 DEM, and X5d5 DEM, respectively. The 

thumbnails show how the data was shifted during the correlation. The datasets in plot (a1) and plot 

(b1) (Figure 5.11) illustrate an example where the DEMs were shifted to the South, by a few 100 

pixels, and plotted against their respective original footprint. The blue stars in the plots indicate 

the imposed shifts, and the green triangles in the same plots show the respective estimated shifts 

from the phase filter. 

     For the X5d5 DSM, the phase filter was able to recover the translations further out than for the 

X5d4 DTM (1600pix vs 1300pix when the data was translated to the South and 1600pix vs 1200pix 

when the height maps were translated to the East). In both cases, the phase filter started to fail 

when the size of the shifted data had reached roughly 85% (65%). When the data was shifted to 

the South-East, plot (A3) and plot (B3) (Figure 5.11), respectively, the disconnect happened when 

the translation reached around 50% of their respective footprint (700pixels vs 1000pixels). 

     These translation experiments were repeated whilst the DSM and DTM were cross-correlated. 

The results are plotted in Figure 5.10. 
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(a1) 

   

 

(b1) 

   

  

 

(a2) 

   

 

(b2) 

   

  
 

(a3) 

   

 

(b3) 

   

  

Figure 5.12: Cross-correlation of X5d4 and X5d5 (pix) – expected vs recovered translations 
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     In Figure 5.12, the plots on the right and the plots on the left show the results where the X5d4 

DTM and X5D5 DSM, respectively, were shifted incrementally for 100 pixels each time, and 

cross-correlated with their respective non-shifted counterpart. The thumbnails of the datasets 

illustrate which data remained non-shifted and which data was shifted during the cross-correlation. 

As before with the Oshawa and KN data, the cross-correlation failed completely, and the estimated 

offsets from the phase shift settled on parallels to the induced shifts. 

 

    In summary, the co-registration with the POMF of the simulated DEMs followed the same trend 

as the co-registration with the POMF of the Oshawa and KN data. It showed promising results 

when the data was auto-correlated and shifted only in one direction, yet the POMF failed again 

entirely when the data was cross-correlated/. Overall, the POMF showed more correlation success 

with the simulated data than with the real-world data because the simulated data has a more 

pronounced height profile and a higher point density than the Oshawa and KN topographies. This 

finding disproves the first proposition formulated in section 5.1.1.4, which anticipated that there 

may be a common threshold for the data overlap at which co-registration can occur successfully. 

 

5.1.1.5 Summary 

     In section 5.1.1 and its subsections, the co-registration performance of the POMF, as provided 

by MATLAB, was investigated using the Oshawa, KN, and simulated height maps in 

autocorrelation and cross-correlation mode. Understanding the performance of the POMF is 

important because the POMF is part of the FMT, AFMT, and QAFMT. While the recovery of the 

cartesian shifts with the POMF is a well-known process, our focus was on how well it could 

perform with the low-resolution airborne point clouds with highly irregular point distribution. In 

these experiments, the “imregcorr” phase filter in MATLAB’ image processing toolbox 

(MathWorks, 2019) was used for the POMF. This POMF version was able to recover the 

translation offsets up to 85% when the height maps were self-registered, however it failed 

completely to cross-correlate the DEMs successfully.  

     The results revealed that there is neither a common threshold for overlap at which successful 

auto-correlation can occur (first proposition, section 5.1.1.4), nor do they share a common entropy 

at which a successful co-registration can occur (second proposition, section 5.1.1.4). 
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     In the above experiments, all three datasets showed similar POMF output, and their graphs 

followed similar trends. Whenever the data were put in the cross-correlation mode, the estimated 

offsets by MATLAB settled primarily on parallels to the induced shifts. This observation leads to 

the (third) proposition, that the MATLAB POMF settled on the optima of the second or higher 

order. Hence, it may not always be the tallest CPS peak that represents the best solution, but rather 

a CPS peak that has the smaller magnitude. Consequently, as pointed out by Wilmer (2012), more 

than one peak should be considered in the search for the optimal translation offset. Figure 5.13 

illustrates how the POMF can be expanded to evaluate more than one CPS peak. 

 

 

Figure 5.13: POMF that considers N CPS peaks in the search for the correct translation 

offset 

 

     As illustrated in Figure 5.13, in correspondence to Wilmer (2012), more than one CPS peak 

can be evaluated in the search for the translation offset. Here, the translation offsets associated 

with N peaks are assessed in Step (D) and Step (E). Thus, the translation offset for each of the N 

peaks is applied to the floating image, which is then re-ingested into the POMF. Then, the 

translation offset that leads to the highest CPS peak, highlighted in Step (F), is considered as the 

final translation estimate. 
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     This expanded POMF model requires to decide how many CPS peaks should be considered, 

whether a window filter needs to be applied in space domain (and if so, which one) or a high pass 

filter (HF) in frequency domain (and if so, what form should it have).  This expanded POMF will 

be used in Chapter 5.1.2.2 and 6.1.4 where one needs to evaluate multiple peaks for the recovery 

of the translation offsets that represent angular and scalar unknowns. 

 

5.1.2 The Fourier Mellin Transform 

      

     In section 5.1.1, the POMF was introduced as a DFT-based method to efficiently retrieve the 

translation offsets between images. This section presents the mathematical extension of the POMF 

for the recovery of angular and scale offsets – the Fourier Mellin Transform (FMT) (Horner and 

Gianino, 1984). The FMT will be introduced along with their characteristics and limitations that 

affect the success rate of the co-registration of laser- and photogrammetric point clouds.  

 

5.1.2.1 Definition 

     Normally, the FT output of a two-dimensional signal is not invariant to rotation and scale. A 

function’s rotation in two dimensions by an angle 𝜑 will have its FT rotated by the same angle 

(Lyons, 1997; Le Maistre Pratt, 2000). In the ensuing paragraphs, it will be shown how log- polar 

sampling can be used to achieve both the rotational and scaling invariance, which, when applied 

inside the POMF, eventually, extends to the FMT. 

 

     The one-dimensional continuous FT is defined as 

 

 ℱ{𝑓(𝑥)} = 𝐹(𝜔) = ∫ 𝑓(𝑥)𝑒−𝑖𝜔𝑥𝑑𝑥

∞

−∞

 (5.7) 

 

where 𝜔 = 2𝜋𝑢. According to (Bracewell, 1986), the 1D Mellin Transform (MT) formulates as 
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 𝑀(𝑠) = ∫ 𝑓(𝑥)𝑥𝑠−1𝑑𝑥

∞

0

 (5.8) 

 

By replacing the variable 𝑥 with 𝑒𝜉  and 𝑠 with −𝑗𝜔 , the MT of 𝑓(𝑥) on the imaginary axis is the 

Fourier Transform 𝑓(𝑒𝜉) 

 

 𝑀(𝑗𝜔) = ∫ 𝑓(𝑒𝜉)𝑒(−𝑗𝜔𝜉)𝑑𝜉

∞

−∞

 (5.9) 

 

Hence, the MT can be realized by logarithmically scaling the coordinates (𝑒𝜉) of the input function 

and Fourier transforming the resulting scale function. 

 

     The two-dimensional MT of a function 𝑓(𝑥, 𝑦) is defined along the imaginary axis by (Casasent 

and Psaltis, 1976) 

 

 𝑀(𝑗𝑢, 𝑗𝑣) = ∫ ∫ 𝑓(𝑥, 𝑦)𝑥−𝑗𝑢−1𝑦−𝑗𝑣−1𝑑𝑥

∞

0

𝑑𝑦

∞

0

 (5.10) 

     In analogy to the substitution of the variables in (5.9), replacing 𝑥 with 𝑒𝜉 , where 𝜉 = 𝑙𝑜𝑔(𝑟), 

and 𝑦 with 𝜑, and dividing by 𝑗, the 2D MT in polar coordinates finds (Casasent and Psaltis, 

1976): 

 

 

 
𝑀𝑓(𝑢, 𝑣) =

1

2𝜋
∫ ∫ 𝑓(𝑟, 𝜑)𝑟−𝑖𝑢𝑒−𝑖𝑣𝜑𝑑𝜑

𝑑𝑟

𝑟

2𝜋

0

∞

0

 (5.11) 

 

for ∀(𝑢, 𝑣) ∈  ℤ ×  ℝ.  

In (5.11), 𝑢 and 𝑣 are the MT parameters affecting 𝑟 and 𝜑, respectively.  As with the 1D example 

in (5.9) and (5.10), by comparing this expression with the formulation of the continuous FFT, the 

FMT reveals as a FT with the logarithmically scaled input 𝑓(𝑒𝜉 , 𝜑) with 𝜉 = 𝑙𝑜𝑔(𝑟): 
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𝑀𝑓(𝑢, 𝑣) =

1

2𝜋
∫ ∫ 𝑓(𝑒𝜉 , 𝜑)𝑟−𝑖𝑢𝜉𝑒−𝑖𝑣𝜑𝑑𝜑𝑑𝜉

2𝜋

0

∞

0

 (5.12) 

      

    As can be seen from (5.12), the FMT is defined as FT applied to the observations in the log-

polar base. This means that the FMT can be accomplished by performing a 2D FFT after a polar 

conversion and logarithmic scaling.  

 

     Under the consideration of two images 𝐹 and 𝐺 mentioned earlier, 𝐹(𝑟, 𝜑) and 𝐺(𝑠 ∗ 𝑟, 𝜃 + 𝜑), 

varying only in the scale 𝑠 and rotation 𝜑, the FMTs are related to them as follows: 

 

 

 
𝑀𝑓(𝑢, 𝑣) = 𝑠−𝑖𝑢𝑒𝑖𝑣𝜑𝑀𝑔(𝑢, 𝑣) (5.13) 

     

    Thus, the angle 𝜑 appears as a phase change (Euler’ cofactor 𝑒𝑖𝑣𝜑) and the scaling as a 

magnitude change (appearing as cofactor 𝑠−𝑖𝑢). To make it a pure phase change, a derivative is 

built and 𝑟 is re-mapped to 𝑟 = 𝑒𝑝. Thus, by remapping the original Fourier Transform into the 

log-polar coordinates, the images 𝐹 and 𝐺 differ only in translation. The horizontal and vertical 

axes of the log-polar images now represent the rotation and scaling, respectively. 

 

5.1.2.2 Co-registration using FMT 

5.1.2.2.1 The FMT Algorithm 

     There is more than one way in which a FMT can be carried out. The most popular method is to 

apply the log-polar transform (the Mellin part of the FMT) to the Fourier magnitudes. In the 

following sections, this method will be referred to as the standard FMT, or just FMT, which is 

outlined in Figure 5.14. 
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Figure 5.14: Computational steps of the standard FMT of image spectra. Illustration after 

Bargoti et al. (2012) 

 

As illustrated in Figure 5.14, the standard FMT algorithm comprises six steps: 

 

1. Input are two image-rendered point clouds 

 

2. Step (A) conducts an FFT on the two images, transforms them into the complex domain. 

The quadrants are flipped so that the low frequencies of the spectrum are in the centre.  

 

Optionally, a blur filter (Kazik and Göktoğan, 2011) such as a Hamming window, Bartlett, 

Blackman, Boxcar, Hann, MATLAB’s “Chebwin” Chebyshev, or similar window filter 

(Wilmer, 2012; MathWorks, 2019) can be applied to the input images to reduce the high-

frequency effects of tiling (Bargoti et al., 2012).  

 

3. Step (B): The amplitude of the Fourier spectra is generated for the following reasons: 

o The POMF can only ingest signals in real domain 
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o By operating on the amplitude spectrum, the translational differences are 

circumvented (since the magnitude spectrum of an image and its translated 

counterpart are identical) and only their phase spectra are different. 

By doing so however, the phase information of the Fourier spectra gets lost where only the 

magnitude information of the Fourier spectra ‖𝐹1‖ and ‖𝐹2‖ (and not the amplitude 

information) are considered further.  

 

4. Step (C): The spectral magnitude is mapped into a log-polar base. This log-polar spectral 

(magnitude) image is also referred to as FMT spectrum (Wolberg and Zokai, 2000). In log-

polar base, rotation and scale parameters are de-coupled and associated with the x- and y- 

axis.  

By converting the Cartesian Fourier magnitudes into log-polar base, the FMT exploits the 

Fourier shift theorem a second time and allows the POMF to recover XY displacements, 

which in this case are the rotational and the scalar offset of the FMT spectra. Indeed, the 

only reason for mapping the image spectra rather than the images themselves into log-polar 

base is that it allows for estimating linear displacements (since the Fourier spectra are freed 

from translational offsets) in a second POMF thereafter (step E), in addition to rotational 

and scaling offsets in the first POMF. 

 

Optionally, a High-pass Filter (HF) is applied to the amplitude spectra prior to sampling it 

into log-polar base to remove low frequency components before the second POMF. As 

suggested by Kazik and Göktoğan (2011), who refer to Reddy and Chatterji (1996), the HF 

has the transfer function 

 

 𝐻(𝜉, 𝜂) = (1.0 − 𝑋(𝜉, 𝜂)) ∗ (2.0 − 𝑋(𝜉, 𝜂)) (5.14) 

where 

 𝑋(𝜉, 𝜂) = [cos(𝜋𝜉) cos(𝜋𝜂)] (5.15) 

with 𝜉 ≤ 0.5 and 𝜂 ≤ 0.5. 
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The plots C1,1 and C2,1 in Figure 5.15 illustrate the shape of this HF as it was used during 

FMT testing. Here 𝜉 = 𝜂 = [−0.5 ∶ 𝑖𝑛𝑐𝑟 ∶  0.5] with 𝑖𝑛𝑐𝑟 = 1 (𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑖𝑥𝑒𝑙𝑠)⁄ . 

 

• Step (D): The log-polar representations of the Fourier magnitudes are free of the 

translational offsets by taking the FFT a second time inside the POMF.  

     Here, the only remaining offsets to determine are rotation and scaling, which themselves 

appear now as translations. One can argue, that since the standard FMT applies the FT 

twice to the input data, – the POMF inside the standard FMT observes 𝐹𝑇(‖𝐹𝑇(𝑖𝑚𝑎𝑔𝑒)‖)  

– , the product of (step D) can be considered the derivative of second order in frequency 

domain (Gruber, 2017). Sellami and Ghorbel (2012) found that for this indirect phase 

correlation (the phase of the Fourier magnitude is correlated and not the phase of the 

images), the relationship results 

 

 

 
‖𝐹2𝐷(𝑓 ∘  (𝜌, 𝜑))‖ = ‖(𝐹2𝐷(𝑓))(𝜌−2, 𝜑)‖ (5.16) 

 

Thus, if the image 𝑓 has been rotated with 𝜑 and scaled with a factor 𝜌, then the classical 

FT (𝐹2𝐷) of this image is rotated with the same angle 𝜑 and scaled with 𝜌−2. 

Since the spectral density plot and the magnitude plot are symmetric and repetitive with a 

phase of 180 degrees, the location of the maximum correlation peak refers to two potential 

rotation candidates: 𝜑 and 𝜑 + 180°. To recover from this ambiguity, the original search 

image is scaled and back-rotated one time by 𝜑 and one time by 𝜑 + 180° (Chen et al., 

1994). Since the POMF outputs two estimates for the angular offset, the retrieval of the 

translation offset occurs twice – one time for the image pair where the moving image was 

rotated by 𝜑 and one time where the moving image was rotated by ∆𝜑+180.  

 

• Step (E): The rotation angles and scale are applied to the search image and the POMF is 

re-applied to both image pairs, in native non-frequency format, (steps (E1) and (E2) – 

reference image plus the search image rotated by 𝜑 and the reference image plus the search 

image rotated by 𝜑 + 180, respectively). In this process, in step (E) the rotation angle ∆𝜑 
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and scale ∆𝑠 can be extracted from the location of the peak of the inverse FT of the CPS.       

According to Kazik and Göktoğan (2011) the conversion formula finds  

 

  

 
∆𝜑 =

360𝑦

𝑠
 (5.17) 

 ∆𝑠 = 𝜌2𝑥 (5.18) 

where  

∆𝜑   the angular offset in degrees 

∆𝑠   the scale 

𝑥, 𝑦   the log-polar location of the peak 

𝑠   the length of the image on the angular axis 

𝜌   the base according to the length of the image on the polar axis 

 

The translation parameters ∆𝑥, ∆𝑦 are returned directly by the POMF, without using the 

conversion formula.  

 

• Step (F): The image pair that results in the highest correlation peak inside the second 

POMF, i.e., after correction of scale and rotation, is then chosen as final candidate. Since 

the translation parameters ∆𝑥, ∆𝑦 are returned directly by the POMF from the very same 

correlation peak, all four parameters ∆𝑥, ∆𝑦, ∆𝜑, ∆𝑠 are determined by this correlation 

peak. Thus, in case of a single, clear, isolated peak, the search is over.  

 

     In applications, where subtle changes in respective image phase are expected, many of the 

correlation peaks found in step (D) may be considered in the search for the best solution. In that 

case, the calculations that tail the (*) in Figure 5.14 have to be executed for each correlation peak: 

For each of the 𝑁 correlation peaks in step (D), where 𝑁 ∈ ℕ is a user specified number as for 

example 𝑁 = 20, the search image is first back-rotated by the respective two angles, then the 

POMF is re-applied to each image pair (step E), and the image pair which results in the highest 

CPS peak, overall, is then considered to represent the final set of ∆𝑥, ∆𝑦, ∆𝜑, ∆𝑠.  
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     Figure 5.15 illustrates the results from Steps (A) to (D). In this instance the FMT was used to 

auto-register the X5d4 DTM (introduced in section 3.4) with its 30deg rotated counterpart. By 

complying with Wilmer’s version of the FMT (Wilmer, 2012), the window filter was applied to 

the log-polar Fourier magnitudes (step B) instead to the input imagery: 

 

 
Input 1: Zero-padded template PCL (pix) 

 
Input 2: Zero-padded and rotated search PCL (pix) 

 
(a1,1): Real part of amplitude spectrum, native PCL, 

non-logarithmic display (cycles/pix) 

 
(a2,1): Real part of amplitude spectrum, 30deg rotated 

PCL, non-logarithmic display (cycles/pix) 
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(a1,2): Real part of amplitude spectrum, native PCL, 

logarithmic display (cycles/pix) 

 
(a2,2): Real part of amplitude spectrum, 30deg rotated 

PCL, logarithmic display (cycles/pix) 

 
(b1,1): Magnitude spectrum, native PCL, non-

logarithmic display (cycles/pix) 

 
(b2,1): Magnitude spectrum, 30deg rotated PCL, non-

logarithmic display (cycles/pix) 

 
(b1,2): Magnitude spectrum, native PCL, logarithmic 

display, side view 

 
(b2,2): Magnitude spectrum, 30deg rotated PCL, 

logarithmic display, side view 
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(b1,3): Magnitude spectrum, native PCL, logarithmic 

display, top view (cycles/pix) 

 
(b2,3): Magnitude spectrum, 30deg rotated PCL, 

logarithmic display, top view (cycles/pix) 

 
(b1,4): Magnitude spectrum, native PCL, log-polar 

sampled, side view (compare to C1,5) 

 
(b2,4): Magnitude spectrum, 30deg rotated PCL, log-

polar sampled, side view (compare to C2,5) 

 
(b1,5): Magnitude spectrum, native PCL, log-polar 

sampled, top view (compare to C1,6) 

 
(b2,5): Magnitude spectrum, 30deg rotated PCL, log-

polar sampled, top view (compare to C2,5) 
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(c1,1): High-pass filter, side view 

 
(c2,1): High-pass filter, top view 

 
(c1,2): HF’ed magnitude spectrum, native PCL, side 

view 

 
(c2,2): HF’ed magnitude spectrum, 30deg rotated PCL, 

side view 

 
(c1,3): HF’ed magnitude spectrum, native PCL, 

quadrants flipped, side view 

 
(c2,3): HF’ed magnitude spectrum, 30deg rotated PCL, 

quadrants flipped, side view 
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(c1,4): HF’ed magnitude spectrum, native PCL, top 

view 

 
(c2,4): HF’ed magnitude spectrum, 30deg rotated PCL, 

top view 

 
(c1,5): HF’ed magnitude spectrum, native PCL, log-

polar sampled, side view 

 
(c2,5): HF’ed magnitude spectrum, 30deg rotated PCL, 

log-polar sampled, side view 

 
(c1,6): HF’ed magnitude spectrum, native PCL, log-

polar sampled, top view 

 
(c2,6): HF’ed magnitude spectrum, 30deg rotated PCL, 

log-polar sampled, top view 
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(c1,7): FFT’ed log-polar magnitude spectrum, native 

PCL, side view 

 
(c2,7): FFT’ed magnitude spectrum, 30deg rotated 

PCL, side view 

 
(c1,8): FFT’ed log-polar magnitude spectrum, native 

PCL, top view 

 
(c2,8): FFT’ed magnitude spectrum, 30deg rotated 

PCL, top view 

 
(d): CPS of the FFT’ed Fourier magnitude spectra of native and 30deg rotated dataset (cycles/pix) 

Figure 5.15: Graphical illustration of the standard FMT workflow using rotated X5d4 

DTM (pix) 
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     Figure 5.15 illustrates each step of the standard FMT with the X5d4 DTM. In non-logarithmic 

display (the plots (a1,1) and (a2,1)) the phase spectra showed a very steep peak. In logarithmic 

display (the plots (a2,1) and (a2,2)), the effects of the angular offset became visible.  

     The non-logarithmic magnitude spectrum (the plots (b1,1) and (b2,2)) showed a singular steep 

peak, also. As before, in logarithmic base, the effects of rotation became visible in the phase spectra 

of the Fourier magnitudes (b1,2 and b2,2) and, like the rotation angle, the "+" artifact appears at a 

30deg angle. This signature became even more obvious in (b1,3 and b2,3). In log-polar base, the 

lobes of the "+" showed the 30deg rotation in form of a shift (b1,4 and b1,5; b2,4 and b2,5). 

     The HF (c1,1 and c2,1) suppressed the lower magnitudes at the centre of symmetry. The HF is 

applied to the magnitude spectrum before its quadrants are flipped and the quadrants are flipped 

back after HF: (c1,2 and c2,2) show the magnitude plot where the high frequencies are located at 

the outskirts and (c1,3 and c1,4; c2,3 and c2,4) show the HF’ed version where the high frequencies 

are in the centre. As with (b1,4 and b1,5; b2,4 and b4,5), in log-polar base, the lobes of the "+" 

showed the 30deg rotation in form of a shift (c1,5 and c1,6; c2,5 and c2,6). After the FT had been 

applied a second time, the triple "+" artifact became obvious in the Mellin spectra (c1,7 and c1,8; 

c2,7 and c2,8).  

     Cell (d) displays the CPS graph of the cross-correlated Mellin spectra with four dominant peaks. 

In this example, it was the second highest peak that corresponded to the correct 30deg angular 

offset.  

 

5.1.2.2.2 Properties 

     The benefit of the standard FMT over the AFTM (which will be introduced in Chapter 6.1) is 

that it can recover directional offsets in addition to rotation and scale offsets. While this FMT has 

become a standard for image registration in the computer vision domain, it does have downsides, 

too. Some drawbacks are caused by the concatenation of DFT which invokes loss of information 

through taking the (first and) second derivative, whilst other drawbacks are inherited from the FT 

and from log-polar mapping. These drawbacks and their respective workarounds are: 

 

(1) Resampling error: Also referred to as aliasing. Logarithmic and polar sampling are an 

essential element of the FMT. The log-polar resampling causes a redistribution of elevation 
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information in such a way that a lot of the original signal content is re-located near the 

centre point of the log-polar axis. In a mathematically continuous case, the point density 

becomes infinity towards the centre (Derrode and Ghorbel, 2001). In digital applications, 

the logarithmic base is typically chosen such that the number of samples along the axis is 

the same as the number of pixels of the image (Kazik and Göktoğan, 2011). A strict one-

to-one assignment of the Cartesian image pixels to the log-polar image pixels can however 

cause under-sampling in the outskirts of the log-polar image which can cause severe 

interference with the resulting FMT transformation parameters (Mittal and Sharma, 2008).  

     Le Maistre Pratt (2000), referring to Thornton and Sangwine (1998), discussed a 

spatially variant filter to remove possible aliasing due to the under-sampling inherent in 

log-polar transformation (Nyquist theorem). Whilst in regular log-polar transformation the 

outermost area is the most under-sampled, the method of Thornton's and Sangwine (1998) 

increases the sampling interval such that the image is oversampled approximately three-

fold and later interpolated (in the oversampled areas) and down-sampled to re-create an 

image with original resolution. The result is an image in log-polar form without the under-

sampling artifacts and loss of information. Similar numerical approximation strategies 

have been suggested by Kunis (2006).  

     Keller et al. (2005) proposed the Pseudo-Polar FMT (PPFMT) that avoids aliasing by 

applying a special, quasi-log-polar sampling structure. Keller claimed numerical 

superiority of the PPFMT over the Non-equispaced Fast Fourier Transform (NFFT) 

implementation presented by Keiner (Keiner et al., 2009) who built on the work of (Kunis, 

2006). Similarly, Guo (Guo et al., 2005), referring to Gho's work (Gho, 1985), proposed 

applying the DFT on the input images (this idea will be revisited in Chapter 6.1) and 

approximating the log-polar conversion by quasi-polar summation of the Fourier 

magnitudes in a Cartesian grid. Aside from increased numerical efficiency, this method 

seemed to decrease sensitivity to white noise in the images. 

 

(2) Interpolation error: [Here, interpolation is defined as resampling whilst maintaining the 

number of samples]. The loss of information introduced by interpolation may reduce the 

accuracy of the co-registration. In the FMT workflow, interpolation occurs when (a) 
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gridding the laser and tie point data, (b) rendering the search image, and (c) log-polar 

sampling close to the origin of the coordinate axis.  

Loss of information through interpolation needs to be evaluated against other 

characteristics of the interpolation methods: The experiments described in APPENDIX E 

showed that MATLAB’s “natural” gridding function, though lower in order, yielded more 

realistic-looking surface curvature than bicubic and spline interpolation when coarse 

elevation data was interpolated.  

 

(3) Tiling Error: The DFT perceives the finite input image as sample of a continuous infinite 

signal of images. Thus, the input image appears tiled infinitely in the plane, where the top 

(left) end of an image is bordered directly by the bottom (right) end of the image. This 

tiling effect is illustrated in Figure 5.16 below. 
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Below: The X5d4 elevation image (pix) 

 

 

Below: How the DFT perceives the elevation image  

 

Figure 5.16: Periodicity of 2D DFT transformation and illustration of discontinuities 

where the repeated image meets. After Le Maistre Pratt (2000) 

 

     The resulting jumps in elevation at the image borders introduce a “+”-shaped artifact in 

the Fourier domain. There are the following workarounds for reducing this unwanted 

effect:   

original image 

slight 

discontinuities 

at image 

borders 

wrap around 

images 
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• Reduce all pixel values by the minimum value of the image. As illustrated on the 

left side of Figure 5.17 (a) below, this method tends to produce only small reduction 

of discrepancies at the image borders. 

• Reduce the pixel values by a best fitting plane. This concept is illustrated for one 

image line in Figure 5.17 (b) below.  

 

 

 
(a) 

 
(b) 

Figure 5.17: Decrease of discontinuities at image borders through reduction 

of minimum value and best fitting plane 

 

     Figure 5.17a illustrates how differences in elevation at the image borders cause 

artificial step signals. Though more efficient than the first method (reduction by the 

minimum), the second method, displayed in Figure 5.17b, can only reduce but not 

entirely annul the step effect, since the edges of point cloud images may fluctuate 

in elevation along the border. Thus, without application of a window filter, the FT 

will frequently observe image edges, especially if an image is offset by a rotation 

angle to its partner image. 
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• Blur the image borders in the pixel domain against the opposite border. 

• Similarly, apply a window or weigh function in space domain (Le Maistre Pratt, 

2000), or by applying a high pass filter (HF) in frequency domain (Douillard et al., 

2013; Wang and Liao, 2013). While the HF reduces the corresponding dominant 

side lobes in frequency domain, the window filters soften the step effect of the 

image borders and make them gradually reach a common value (Mather and Koch, 

2011). Le Maistre Pratt (2000) for example suggested applying a Bartlett or a 

Hamming window. As will be shown further below in this section, MathWorks 

(2019) and Wilmer (2012) offer additional window masks. 

 

(4) Padding error (“+”-effect): Since the FFT and FMT require image input of same size, the 

elevation profiles can either be cropped or padded to generate input data of the same size. 

Image padding can create similar artifacts as tiling - padding with zeros is likely to cause 

abrupt, step-like changes in pixel values at the image-edges, which leads to a “+”-shaped 

overlay of energy on top of the point cloud’s own phase signal in Fourier domain. 

     To reduce padding artifacts, the image can be padded in such a way that the last pixels 

are repeated. Gradually transcending from the last value to the first value (on the adjacent 

image border) is another padding option that reduces artifacts. However, regardless of what 

padding function is chosen, some residual step effects will likely remain at the border. If 

padded with zeros, the magnitude of the “+” artifact becomes stronger with increasing 

width of the padded border lines. This phenomenon is illustrated in Figure 5.18 below. 
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 Figure 5.18: Zero-padded image border (pix) creating a “+” artifact in the Fourier 

spectrum 

 

     As can be seen from Figure 5.18, expanding the zero-padded areas causes the “+” effect 

to increase magnitude. The “+” effect distributes along the axis of the phase signal and 

takes away from the portion of the phase signal that is of interest. In case of 900 (1800, 

2700) degree rotation, i.e., multiples of 
𝜋

2
, only one “+” is created as the border lines 

coincide with the image boundaries in native orientation. Empirical tests showed however 

that increasing the width of the padding zone does not degrade the registration performance 

in case there is only one “+” visible. 

 

     As indicated in equation (5.16), in case of a 45deg (and 135deg, 225deg, 315deg) point 

cloud rotation, i.e., multiples of 
𝜋

4
, the padding areas have borders of equal length and the 

“+” shows up at 45deg angles, too. In case of rotation angles that are not a multiple of 
𝜋

4
, 

as for example 30deg or 80deg, the image rotation yields padding areas with unequal sides. 

As can be seen from Figure 5.19 below, the unequal length of the border lines materializes 

as multi- “+” effect.  
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Figure 5.19: Multi- “+” artifact in FMT phase spectra and corresponding CPS of a 

30deg and 80deg rotated X5d4 DTM (cycles/pix) 

 

      As Figure 5.19 illustrates, the wide-spread dispersion of energy across multiple “+” 

lobes distract from the actual phase information of the point clouds, which – as will be 

discussed in more detail in the ensuing sections – is the reason why the FMT has more 

difficulty resolving angular offsets that are not a multiple of  
𝜋

4
.  For the 80deg rotated 

image in Figure 5.19 for example, it was not the first but the second highest peak in the 

CPS plot that corresponded to an 80deg rotation. 

     As before with the tiling error, the unwanted “+” effect can be reduced by applying a 

window or weigh function in space domain and/or by applying a HF in frequency domain 

 

(5) Leakage error: Leakage is caused by discontinuities in Z in the DFT input (McGuire, 1998; 

Le Maistre Pratt, 2000), which are often an effect of tiling and padding (see above). They 
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can however also be caused by abrupt elevation changes in the surface scan, for example 

when an object clearly stands out from its background. Such jumps in magnitude act like a 

step function. As a result, the spectrum signature of smaller signals can get lost (McGuire, 

1998).  

     To reduce the leakage from step-like objects in high resolution data, Le Maistre Pratt 

(2000) and Lyons (2010) suggested softening the scene, for example with a window filter, 

so that object gradually faces a common value with its background. Since in low-resolution 

airborne geodetic data the discontinuities in elevation are small and gradual, leakage is 

mostly only a by-product of tiling and padding. 

 

(6) Loss of (the input image’s) phase information: As discussed earlier in this section and 

displayed in  Figure 5.14, it is not the amplitude of the Fourier spectra, but the magnitude 

of the Fourier spectra that gets mapped into log-polar base inside the FMT. This is because 

only real numbers can be carried over into log-polar base. 

When taking the magnitude, the phase information of the Fourier spectra gets lost. The 

POMF can therefore only take the phase information of the Fourier magnitude into account. 

It is however the phase information of the Fourier (amplitude) spectrum that contains 

crucial information about the location of objects and fine structures of the image scenery. 

In fact, the phase information carries more information about the image content than the 

magnitude information (Oppenheim and Lim, 1981).  

      

     In summary, the standard FMT inheres six challenging characteristics. The first two, - loss of 

information through resampling and interpolation -, can be minimized by deploying specially 

adapted algorithms. Similarly, artifacts from tiling, padding, and leakage can be reduced by 

applying a window or weigh function in space domain and/or by applying an HF in frequency 

domain. However, unless one modifies the standard FMT algorithm itself, there is no mitigation 

strategy for the loss of phase information that occurs inside the standard FMT. In theory, the loss 

of phase information should have a strongly degrading effect on the co-registration results. The 

impact of this detriment and the other above-mentioned drawbacks will be examined next. 

. 
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5.1.2.2.3 Considerations about the Design Space and Angular- and Scale Offsets 

     As indicated in Chapter 5.1.2.1 and Figure 5.14, the FMT contains many parameters that can 

be adjusted. It is important to understand the function of each parameter and be aware of potential 

cross-correlation, so that the FMT and its co-registration performance can be clearly characterized. 

An overview of all FMT parameters, arranged in form of a Pugh diagram (Kacker et al., 1991), is 

shown in Figure 5.20 below. 

 

 

Figure 5.20: Pugh diagram of the standard FMT 

 

Figure 5.20 gives an overview of the variables that can be adjusted in the standard FMT:  

- Primary input to the FMT are height maps in image format, displayed in green on the left. 

Since FMT co-registration keeps one of the two input images static, as reference, while the 

other “floating” image is transformed onto the reference image, there are only two possible 

data combinations per survey site: In case of the real-world data, these are (1) static laser points 

with floating tie points, or (2) static tie points with floating laser points. During performance 

evaluation however, two additional data combinations can occur: (3) static laser points with 

moving laser points, or (4) static tie points with moving tie points.  
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- The output of the FMT, displayed in purple on the right, are the co-registration parameters. 

Most of the tests described in the ensuing paragraphs focused on the recovery of rotation and 

scale only. Therefore, the observation of translation offsets was greyed out. 

- Encircled in orange are all FMT-internal parameters that can be adjusted. Displayed in grey 

are control parameters that were set to a constant value or reduced to a reduced sub-selection 

in the tests described in the ensuing discussions. 

- The group of variables in the blue box describe environmental factors, or noise factors (Kacker 

et al., 1991), that are typically out of the user’s control. In the context of co-registration, these 

are the unknown co-registration parameters we are trying to recover. As before, the parameter 

values that were tested less frequently than others in the subsequent experiments were marked 

in grey. 

- The “Symptoms” describe output attributes that can only be observed but cannot be controlled. 

Examples are robustness, SNR, performance characteristics like convergency behaviour 

(predicted vs actual, stability, artifacts related to the outcome like how many correct solution 

candidates stem from a certain amount of CPS peaks), and the cost of computational time. 

 

     Related to the symptoms is the recording, evaluation, and feedback of FMT results:  From 

conducting experiments with different data input- and processing settings, the range of correctly 

solved scale-, translation-, and rotational offsets can be identified and looped back. Wilmer (2012) 

for example found that his FMT implementation could resolve a maximum scale factor of 5.0 when 

applied to images that show close-range scenery with people in them. 

 

     As Figure 5.20 shows, there are many noise factors and control factors that need to be 

considered when analyzing the FMT’s co-registration performance. This raises the question how 

these factors should be conditioned to explore the test space, or “design” space, efficiently and 

effectively. APPENDIX E shows how the design space was reduced from 1156 tests for “full 

factorial” testing (all test combinations), to less than 50 experiments.  

     Another consideration for the test design was that in co-registration of airborne geodetic data, 

there are only two ways how a difference in scale can occur: 1) when the target point cloud is 

referenced in feet and the search point cloud in meters, the search point cloud appears to be scaled 

by 0.3048, 2) when the target point cloud is referenced in meters and the search point cloud in feet, 
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the search point cloud appears to be scaled by 3.2808. Since the point clouds are very coarse in 

resolution, small scale differences due to map projection can be ignored. 

 

5.1.2.2.4 Numerical Results 

     The experiments presented in APPENDIX E helped identify the variables that have a major 

influence on the co-registration results and isolate settings which allow for successful co-

registration. Most importantly, it was found that it is sufficient to limit the search for the correct 

set of co-registration parameters to the 20 tallest CPS peaks. In addition, nine filter masks were 

introduced, and two test configurations were shown where the application of the Chebyshev mask 

degraded the co-registration results. 

     In this chapter, it is examined how well scale and rotation offsets can be recovered from real-

world data with the FMT. In addition, the impact of interpolation methods and filter masks is 

studied in more detail. To keep the test configuration simple, only cardinal angles were chosen as 

angular offsets and all tests were conducted with real-world data.  

     The results were summarized in Table 5.2 to Table 5.7 below. To allow for accurate 

comparison, all scale estimates were rounded to four decimals. The rotation estimates were 

rounded to one decimal since the real-world datasets provided only few pixels ground coverage. 

In all tests, the search image was rotated in 90deg increments with respect to the template image 

and the images were padded to have the same size. The FMT results were evaluated using 20% 

and 50% thresholds for the deviation of estimated and actual parameters. Scale offsets of 0.3048, 

1.0, and 3.2808 were applied. Table 5.1 below illustrates the respective thresholds for each co-

registration parameter. 
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Table 5.1: Thresholds used to evaluate FMT-estimated co-registration parameters of real-

world height maps 

  Acceptable Error Margin 

  20% deviation 50% deviation 

Acceptable deviation from expected 

scale estimate 3.2808 

ds = +/- 0.7:  2.6 < s < 4.0 ds = +/- 1.7:  1.6 < s < 5.0 

Acceptable deviation from expected 

scale estimate 1.0 

ds = +/- 0.2:  0.8 < s < 1.2 ds = +/- 0.5:  0.5 < s < 1.5 

Acceptable deviation from expected 

scale estimate 0.3048 

ds = +/- 0.06:  0.24 < s < 0.37 ds = +/- 0.15:  0.15 < s < 0.46 

Acceptable deviation from expected 

rotation estimate 

dr = +/- 18deg, e.g., for 90deg 

i.e., 72deg < r < 108deg 

dr = +/- 45deg, e.g., for 90deg 

i.e., 45deg < r < 135deg 

Acceptable deviation from expected 

translation estimates in x and y for 

Oshawa data (81-by-115 pixels) 

dx=+/-16pix 

dy=+/-23pix 

dx=+/-40pix 

dy=+/-57pix 

Acceptable deviation from expected 

translation estimates in x and y for 

KN data (51-by-71 pixels) 

dx=+/-10pix 

dy=+/-14pix  

dx=+/-25pix 

dy=+/-35pix 

 

     

      In the subsequent tables, the FMT results were evaluated against the 20% and 50% thresholds. 

Parameter estimates marked in green indicate that the FMT terminated correctly, and the estimates 

deviated less than 20% from their respective nominal value. Parameter estimates that deviated 

more than 20% but less than 50% were considered incorrect yet acceptable and were highlighted 

in blue, since they led in the right direction (and could therefore serve as a starting point for fine 

registration). Estimates with more than 50% deviation from the actual values were considered 

wrong and colour coded in red.   

     Thus, for example, all translation estimates that deviated less than 16pix in x and 21 in y from 

the expected value of 0pix were considered correct estimates and were marked in green. 

Translation estimates that deviated more than 20%, but less than 50%, i.e., 16pix < estimated dx 

< 40pix and 21pix < estimated dy < 57pix were highlighted in blue. Scale estimates outside that 

boundary were marked in red. Cases where the image footprint increases slightly through padding 

for certain rotation angles was accounted for in a conservative manner by maintaining the 

thresholds that were derived for regularly sized image footprints.  
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     Out of all window filters shown in APPENDIX E, the Chebyshev window showed the strongest 

damping effect; the Bartlett window displayed low damping power. Since the Bartlett mask 

seemed to represent a good compromise between applying no filter and the Chebyshev filter, it 

was chosen in most of the following experiments that examined the effect of window filtering. To 

get an impression of how good a representative the Bartlett filter is for window masks in general, 

and how much impact differences in damping power have, one of the test cases was repeated with 

the Chebyshev filter. 

     Table 5.2, Table 5.3, and Table 5.4 below illustrate co-registration results for the Oshawa height 

maps using Wilmer’s implementation of the standard FMT (Wilmer, 2012). Table 5.5, Table 5.6, 

and Table 5.7 illustrate the respective results for the Keyworth-Nottingham data. 

 

Table 5.2: FMT self-registration results of Oshawa laser point cloud at scale 0.3048 

  Oshawa laser point cloud, Scale = 0.3048 

00 900 1800 2700 

rot scale dx dy rot scale dx dy rot scale dx dy rot scale dx dy 

N
ea

r

n
ei

g
-

b
o
u

r No filter 180.0 1 0 46 180.0 1 0 43 0 1 0 46 0 1 0 42 

Bartlett 0 0.3054 0 1 275.6 1 0 24 160.3 0.9696 41 5 264.4 1 38 34 

B
il

in
ea

r No filter 182.8 1.0330 1 45 180.0 1 0 43 0 1 46 1 0 1 0 42 

Bartlett 0 0.3005 0 0 175.8 1 0 41 355.8 1 0 45 357.2 1 0 41 

Chebwin 7.0 0.9272 39 0 251.5 1 21 25 180.0 1.1678 0 22 74.5 1 21 25 

C
u

b

ic
 No filter 182.8 1.0330 1 45 180.0 1 43 1 90.0 1.0156 30 4 0 1 0 42 

Bartlett 0 0.3005 3 0 243.3 1 0 35 355.8 1 0 45 354.4 0.9546 0 42 

 

 

     Many co-registration parameters in Table 5.2 are highlighted in red (false parameter estimate) 

and blue (inaccurate estimate); it shows that the standard FMT performed poorly at a scale offset 

of 0.3048. A closer look revealed that it was mostly the translation estimates that solved correctly. 

In total the standard FMT was able to recover all co-registration parameters in only three out of 28 

tests. These three tests had 0deg rotation offset. 

     In comparison to using no window filter, the application of the Bartlett mask improved the 

results: with nearest neighbour interpolation the FMT delivered seven correct parameter estimates 

whereas only four corrections were obtained without filter. Seven co-registration parameters were 
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also obtained with bilinear and cubic interpolation and, again, only four were obtained without 

filter mask.  

     The Bartlett window gave slightly better results than the Chebyshev window, and the worst 

results were obtained when no window filter was applied. Overall, for a scale offset of 0.3408 (i.e., 

template image referenced in meters and floating image in feet), the FMT estimated 38 parameters 

(34%) correctly, 25 parameters (22%) acceptable, and failed on 49 parameters (44%). 

    

Table 5.3: Recovery of scale, rotation, and translation using Oshawa laser point cloud at 

scale 1.0 

  Oshawa laser point cloud, Scale = 1.0 

00 900 1800 2700 

rot scale dx dy rot scale dx dy rot scale dx dy rot scale dx dy 

N
ea

r 

n
ei

g
-

b
o
u

r No filter 0 1 9 0 90.0 1.0800 9 10 180.0 1 0 0 180.0 1.0800 9 9 

Bartlett 0 1 0 0 90.0 0.9100 13 12 180.0 1 0 0 270.0 0.9100 13 12 

B
il

in
ea

r No filter 0 1 0 0 88.5 1 12 0 180.0 1 0 0 88.5 1 12 0 

Bartlett 0 1 0 0 90.0 1 0 0 180.0 1 0 0 270.0 1 0 0 

Chebwin 0 1 0 0 271.4 1 15 26 180.0 1 0 0 91.4 1 17 26 

C
u

b

ic
 No filter 0 1 0 0 271.4 1 1 0 180.0 1 0 0 91.4 1 3 0 

Bartlett 0 1 0 0 90.0 1 0 0 180.0 1 0 0 265.8 0.9400 9 16 

 

 

     As Table 5.3 shows, compared to scale offset 0.3048 (Table 5.2), the standard FMT delivered 

much better results when no scale offset was applied. The co-registration failed only in five out of 

112 instances: Here, it settled in the opposite quadrant – 270deg and 90deg rotation estimate, 

instead of the actual 90deg and 270deg, respectively in four cases, and in one case it settled 

incorrectly in the neighboring quadrant. In total, the FMT was able to recover the full set of co-

registration parameters in 22 out of 28 tests.  

     The use of the Bartlett window resulted in twelve correct parameter sets whereas only eight 

correct sets were obtained without window filter. As before when scale offset 0.3048 was applied 

(Table 5.2), the Bartlett window gave slightly better results than the use of the Chebyshev window, 

and the worst results were obtained when no window filter was applied. Overall, without scale 

offset (reference image and floating image are both either in feet or meters), the FMT estimated 

104 parameters (93%) correctly, two parameters (2%) acceptable, and failed only 6 estimates (5%).    



166 

 

Table 5.4: Recovery of scale, rotation, and translation using Oshawa data at scale 3.2808 

  Oshawa laser point cloud, Scale = 3.2808 

00 900 1800 2700 

rot scale dx dy rot scale dx dy rot scale dx dy rot Scale dx dy 

N
ea

r

n
ei

g
- 

b
o
u

r No filter 180.0 1.0212 107 42 180.0 1 0 31 270.0 1 0 35 0 1 0 36 

Bartlett 0 3.2973 0 0 180.0 1.0625 0 43 180.0 3.2925 0 0 180.0 1.0625 0 35 

B
il

in
ea

r No filter 0 1 127 0 180.0 1 0 32 270.0 1 0 35 0 1 0 35 

Bartlett 0 3.2973 0 0 270.0 0.9412 127 37 180.0 3.2925 0 0 90.0 0.9412 127 37 

Chebwin 0 3.2973 0 0 192.7 1.0204  70 40 180.0 3.2925 0 0 14.1 0.8859 66 0 

C
u

b

ic
 No filter 0 1 127 0 180.0 1 0 34 270.0 1 0 35 0 1 0 36 

Bartlett 0 3.2973 0 0 180.0 1.0625 0 32 180.0 3.2925 0 0 180.0 1.0625 0 35 

 

 

     At first sight, Table 5.4 shows a lot of commonalities with Table 5.2 (FMT results for scale 

offset 0.3048) as both tables contain many false rotation and translation estimates. However, a 

closer look reveals that the co-registration worked better at scale 3.2808 and resulted more correct 

rotation and scale estimates. In total, the standard FMT was able to recover the full set of four co-

registration parameters in only eight out of 28 tests. These eight tests had either 0deg or 180deg 

angular offset.  

     The application of the Bartlett window improved the results: with nearest neighbour 

interpolation the FMT delivered nine correct parameter estimates whereas only three corrections 

were obtained without filter. Similarly, with bilinear interpolation, eight sets of correct co-

registration parameters were obtained with Bartlett filter and only five without filter mask. And 

with cubic interpolation, ten correct parameter sets were obtained with mask and only five without.  

     The Chebyshev window gave slightly better results than the use of the Bartlett window, and the 

worst results were obtained when no window filter was applied. Overall, for a scale offset of 

3.2808 (target image referenced in feet and floating image in meter), the FMT estimated 51 

parameters (46%) correctly, 17 parameters (15%) acceptable, and failed in 44 instances (39%).    
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Table 5.5: Recovery of scale, rotation, and translation using KN data at scale 0.3048 

  KN laser point cloud, Scale = 0.3048 

00 900 1800 2700 

rot scale dx dy rot Scale dx dy rot scale dx dy rot scale dx dy 

N
ea

r

n
ei

g
-

b
o

u
r No filter 82.1 1 11 2 0 1.1850 17 9 180.0 1 25 0 180.0 1 30 35 

Bartlett 82.1 1 11 2 181.3 0.9527 7 9 165.9 1 0 23 171.6 1 28 23 

B
il

in
ea

r No filter 91.4 1 8 2 180.8 1 1 1 180.0 1 0 0 180.0 1 0 1 

Bartlett 347.3 1 16 13 188.4 1 1 1 165.9 1 23 0 68.9 1 11 11 

Chebwin 347.3 1 16 13 251.5 1 21 25 180.0 1.1678 0 22 74.5 1 21 25 

C
u

b

ic
 No filter 21.1 1 15 10 180.8 1 1 1 180.0 1 25 0 180.0 1 25 36 

Bartlett 22.5 1 15 10 109.7 1 32 11 165.9 1 0 23 171.6 1 28 23 

 

 

     Similar to Table 5.2, the majority of estimated co-registration parameters for scale offset 0.3048 

in Table 5.5 turned out either false (red) or inaccurate (blue). As before, it was mostly the 

translation estimates that solved correctly. Even though the standard FMT was able to recover all 

180deg rotational offsets, it could not recover even a single set of co-registration parameters. 

     The application of the Bartlett and MATLAB’s Chebyshev “Chebwin” mask (MathWorks, 

2019) delivered better results than standard FMT without window filter, but none of the test 

combinations yielded correct scale estimates. Overall, for a scale offset of 0.3408 (template image 

referenced in meters and floating image in feet), the FMT estimated 38 parameters (34%) correctly, 

20 parameters (18%) acceptable, and failed on 54 parameters (48%).    

 

Table 5.6: Recovery of scale, rotation, and translation using KN data at scale 1.0 

  KN laser point cloud, Scale = 1.0 

00 900 1800 2700 

rot scale dx dy rot scale dx dy rot scale dx dy rot scale dx dy 

N
ea

r

n
ei

g
-

b
o

u
r No filter 0 1 0 0 23.9 1 9 40 180.0 1 0 0 203.9 1 0 40 

Bartlett 0 1 0 0 23.9 1 9 40 180.0 1 0 0 203.9 1 0 40 

B
il

in
ea

r No filter 0 1 0 0 90.0 1 0 0 180.0 1 0 0 270.0 1 0 0 

Bartlett 0 1 0 0 271.4 0.9332 0 11 180.0 1 0 0 115.3 1 18 3 

Chebwin 0 1 0 0 118.1 1 0 1 180.0 1 0 0 208.1 1 5 0 

C
u

b

ic
 

No filter 0 1 0 0 90.0 1 0 0 180.0 1 0 0 270.0 1 0 0 

Bartlett 0 1 0 0 77.3 1 13 0 180.0 1 0 0 257.3 1 13 0 
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     Table 5.6, similarly to Table 5.2, shows the standard FMT delivered mostly good results when 

no scale offset was applied. As before with the Oshawa data, the standard FMT performed also 

better with the KN data and delivered much better results without scale offset compared to scale 

0.3048 (Table 5.5). It worked best for 0 degree and 180 degree rotation, which gives much better 

SNR. In total, the standard FMT was able to recover the full set of co-registration parameters in 

five out of 28 tests.  

    The use of the Bartlett window resulted in eight correct parameter sets whereas twelve correct 

sets were obtained without window filter. Unlike before when scale offset 0.3048 was applied 

(Table 5.5), the Chebyshev window gave slightly better results than the use of the Bartlett window. 

Overall, without scale offset (reference image and floating image are both either in feet or meters), 

the FMT estimated 97 parameters (87%) correctly, 3 parameters (2%) acceptable, and failed only 

12 estimates (11%).    

 

Table 5.7: Recovery of scale, rotation, and translation using KN data at 3.2808 

  KN laser point cloud, Scale = 3.2808 

00 900 1800 2700 

rot scale dx dy rot scale dx dy rot scale dx dy rot scale dx dy 

N
ea

r 

n
ei

g

b
o

u
r No filter 0 3.2755 0 0 180.0 1 33 60 180.0 1 0 81 270.0 1 1 100 

Bartlett 0 3.2755 0 0 277.0 1 14 68 196.9 1 35 81 105.5 1 0 60 

B
il

in
ea

r No filter 0 3.2755 0 0 0 1 50 1 180.0 1 81 1 0 1 21 1 

Bartlett 0 3.2755 0 0 90.0 1 23 1 15.5 1 33 81 15.5 1 33 81 

Chebwin 0 3.2755 0 0 208.1 0.9418 50 81 180.0 3.2851 0 0 358.6 0.9315 0 110 

C
u

b

ic
 No filter 0 3.2755 0 0 180.0 1 0 10 180.0 1 0 81 180.0 1 45 40 

Bartlett 0 3.2755 0 0 21.1 1.6731 26 78 180.0 3.2851 0 0 28.1 1.5043 37 81 

 

 

     Table 5.7 shows that the FMT performed especially well when no rotation was applied. In total, 

the standard FMT was able to recover the full set of four co-registration parameters in only nine 

out of 28 tests. The FMT showed similar performance with application of the Bartlett window and 

without window mask: with nearest neighbour interpolation the FMT delivered six correct 

parameter estimates whereas eight were obtained without filter. With bilinear interpolation, six 

sets of correct co-registration parameters were obtained both with Bartlett filter and without filter 
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mask. And with cubic interpolation, eight correct parameter sets were obtained with mask and only 

seven without mask. 

     As before, the Chebyshev mask gave slightly better results than the use of the Bartlett window, 

and the worst results were obtained when no window filter was applied. Overall, for the scale offset 

of 3.2808 (target image referenced in feet and floating image in meter), the FMT estimated 63 

parameters (56%) correctly, 3 parameters (3%) acceptable, and failed in 46 instances (41%).    

     A detailed discussion of the real-world tests is given in APPENDIX C.  

 

5.1.2.3 Summary 

 

     In section 5.1.2.2 and its subsections, the standard FMT was reviewed as another tool to co-

register tie- and laser point clouds. Unlike the methods examined earlier, the FMT was developed 

specifically for co-registration. However, it was developed for computer vision and medical 

applications.  

     After introducing the standard FMT workflow, properties that could limit its performance with 

geodetic data, such as effects of padding and loss of phase information, were highlighted. To better 

study the FMT performance with geodetic data, the standard FMT was analyzed from the 

viewpoint of DOE. This allowed to get a thorough overview of the design space, led to efficient 

ways to reduce the design space, allowed to study the sensitivity of the FMT to certain parameters, 

and it allowed to identify optimal parameter settings quickly. Using theoretical reasoning and 

experiments with real-world and simulated DEM data, the following factors were analyzed: 

(1) Number of correlation peaks  

(2) Cropping  

(3) Window filters  

(4) High pass filter 

(5) Interpolation method 

(6) Magnitudes of the elevation map 

(7) Sensitivity to noise in the elevation map (SNR) 

(8) Image rendering  

(9) Convergence behavior and reliability of the FMT results 
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     The experiments showed that it is sufficient to consider the twenty tallest correlation peaks in 

the search for the correct solution candidate (1 above), that image padding should be used instead 

of cropping (2 above), that application of an image mask with medium damping power can 

improve the co-registration results in cases where the input data shows strong elevation changes 

and it can degrade the results for data with low SNR (where reduction in information content 

outweighs the benefits of damping the image borders and reduction of the “+” effect) (3 above), 

and that application of a standardized HF mask advances the results (4 above). Changing the 

interpolation method (5 above) showed little effect on the outcome. Changes in magnitude in the 

elevation map (6 above) in conjunction with the SNR (7 above) turned out to be the most crucial 

success-driving factors – the FMT solved correctly mostly for input data with strong elevation 

changes and low levels of noise.  

     This research also uncovered two unexpected symptoms, in that effects of image rendering can 

create artifacts and distort the parameter estimates (8 above), and in that there is no relationship 

between the shape of the parameter curves associated with the 20 tallest CPS peaks and how 

accurate and reliable the final solution is (9 above). For the examination of the convergency 

behaviour, it turned out especially beneficial to replace the CPS graphs by the more meaningful 

curve of the twenty tallest CPS peaks (see for example APPENDIX D). 

     The experiments also showed that FMT can recover all cardinal rotations +/-10deg, where only 

one “+” effect occurs, when simulated elevation data was used. Degraded results were observed 

in case of a 45 (135,225,315) degree rotation where two “+” overshadow the elevation signal. In 

case of other rotational offsets, the FMT failed often, because the changes in elevation were too 

small to compensate for information overlay of the multi- “+” effect. 

 

     The results provided important insights about the relation of data input, noise parameters, and 

the success rate of the standard FMT, and led to development of new concepts: 

 

1. Large scale offsets turned out to be the most difficult parameter to solve. When paired with 

an angular offset, the FMT was unable to co-register the real-world data in many cases. 

Closer investigation showed that one root cause was the loss of information from down 

sampling the search image.   
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This finding led to the idea of circumventing the reduction of the search image and starting 

a polar FMT with an enlarged template image instead whenever the log-polar FMT 

estimates a scale offset significantly smaller than 1.0. So, when the target point cloud is 

referenced in meters and the search point cloud is referenced in feet, and the log-polar FMT 

estimates a scale offset near 0.3, the scale could be fixed at 0.3048, and a polar FMT could 

be run using an upscaled target image instead of a downscaled search image. That way, the 

polar FMT could estimate the remaining rotation and translation offsets separately, and 

with more accuracy since the difference in scale between search and target point cloud has 

been removed.  

However, this workaround may not always improve the co-registration results since the 

rotation and scale offsets could correlate too much and cause the scale estimate to settle far 

away from the true offset. 

 

2. In theory, since rotation and scale are orthogonal in log-polar base, the FMT should result 

the same rotation and scale estimates when the data is set apart by a certain angle only, or 

by a certain scale only, or by both offsets at the same time. The research showed however 

that the FMT performed better when the point clouds were set apart by either rotation or 

scale, and it performed worse, when the point clouds were offset by both rotation and scale 

at the same time.  

Had the phase spectra of the elevation maps been rendered into log-polar base, then this 

correlation would be a clear indicator that the point clouds themselves did not provide 

enough elevation difference for full discernment of rotation- and scale offsets in frequency 

domain. However, as discussed in APPENDIX E, it is magnitude of the height maps’ phase 

spectra that gets rendered into log-polar base inside the FMT. Therefore, this correlation 

could be caused by either by (A) insufficient elevation changes in the height map (low 

SNR), or (B) too much loss of the height map’s phase information by mapping the 

magnitude (instead of the amplitude) of the phase spectra into log-polar base, or both.  

 

     From the above experiments it is clear the FMT struggled with large scale offsets due to loss 

of surface information and respective phase information through image scaling. It became also 

clear that the FMT results showed correlation between scale and rotation offset. However, it 
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remained unknown how much of this correlation is introduced by the lack of undulation or by the 

loss of phase information of the FMT algorithm.  

     In the 2000s, this detriment was noticed by a few European scientists, who proposed the AFMT, 

a modified FMT that maintains the phase information. Thus, repeating some of the experiments 

above using the same data and same noise parameters with the AFMT should lead to a better 

understanding of the impact of loss of phase information versus the impact of elevation profile on 

the registration results. This concept and the earlier introduced idea of applying polar rendering 

instead of log-polar mapping will be examined further in the next chapter.  

 

 

5.2 Conclusions 

 

     The exploration of time domain-based co-registration algorithms started with the POMF, the 

most basic frequency-based co-registration method presented in this framework. The POMF can 

only recover translation offsets. MATLAB’s “imregcorr” POMF function (MathWorks, 2019) was 

able to recover translation offsets up to 85% when the height maps were self-registered, however 

it failed completely to cross-correlate the DEMs successfully. This insight led to an expanded 

POMF model where the POMF with multi-peak evaluation was used for recovery of translation 

offsets that represent angular and scalar unknowns. This improved POMF was then used inside 

the subsequent frequency-based co-registration methods. The POMF tests also revealed that there 

is neither a common threshold for overlap at which successful auto-correlation can occur (first 

proposition, Section 5.1.1.4), nor is there a threshold for entropy at which successful co-

registration can occur (second proposition, Section 5.1.1.4). 

     Then, the standard FMT, developed specifically for co-registration applications, was reviewed 

as another tool to co-register sparse tie- and laser point clouds. First, the standard FMT was 

analyzed from the viewpoint of DOE, to reduce the design space effectively and identify optimal 

parameter settings quickly. Using theoretical reasoning and experiments with real-world and 

simulated DEM data, the impact of 12 FMT parameters were analyzed. These experiments 

provided important insights about the relation of data input, noise parameters, and success rate and 
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ultimately, the best parameter settings. These proved to be applicable to the AFMT algorithms, 

too, as they recycle some of the FMT functionality.  

     Amongst the most important setting-related findings was that it is sufficient to consider the 

twenty tallest correlation peaks in the search for the correct solution candidate, and that application 

of an image mask with medium damping power should be applied, and that changes in magnitude 

in the elevation map in conjunction with the SNR are the most crucial success-driving factors – 

the FMT solved correctly mostly only for input data with strong elevation changes and low levels 

of noise. The latter finding led to the idea of circumventing the reduction of the search image by 

using an enlarged template image instead whenever the algorithm would estimate a scale offset 

significantly smaller 1.0. This workaround was applied in the consecutive AFMT experiments, 

too.   

     The experiments also showed that the FMT performed better when the point clouds were set 

apart by either rotation or scale, and it performed worse, when the point clouds were offset by both 

rotation and scale at the same time. It became also clear that the FMT results showed correlation 

between scale and rotation offset. However, it remained unknow how much of this correlation was 

caused by insufficient elevation changes in the height map (low SNR), or too much loss of the 

height map’s phase information by mapping the magnitude (instead of the amplitude) of the phase 

spectra into log-polar base, or both.  
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6.0  Coregistration in Frequency Domain: 

Expanded Existing and Novel Methods 

 

     This section examines the performance of more advanced, rarely used frequency-based co-

registration methods and a newly proposed method, in the end. This Chapter starts with the review 

of the Analytical Fourier Mellin Transform (AFMT) (Derrode and Ghorbel, 2001) with its three 

versions – the Polar Analytical Fourier Mellin Transform (PAFMT), the Log-Polar Analytical 

Fourier Mellin Transform (LAFMT), and the Extended Log-polar Analytical Fourier Mellin 

Transform (EAFMT), which recover rotation, rotation and scale, and rotation and scale and 

translation, respectively. Afterwards, it ends with the review of the novel Quasi Log-Polar 

Analytical Fourier Mellin Transform (QAFMT) which recovers rotation, scale, and translation. 

While the use of the Log-polar Analytical Fourier Mellin is well known, it is the unique 

combination of the LAFMT and PAFMT in the QAFMT that is novel and that allows for improved 

coarse registration performance. Also, the use of these algorithms with extremely sparse point 

clouds is novel 

     As in Chapter 5.0, the focus is here on particularly achieving optimal co-registration results 

with airborne laser- and tie point clouds, which can differ strongly in point density, size of area, 

shape, and noise level. The following sections will highlight the characteristics of each transform 

that imply restrictions on their performance with airborne survey data and compare their 

performance. 

 

6.1 The Analytical Fourier Mellin Transform 

6.1.1 Introduction 

 

     The traditional FMT co-registration algorithm, which applies the POMF to log-polar Fourier 

magnitudes, is widely used in computer vision since it allows for full recovery of all four 

registration parameters (rotation, scale, translation in x,y). In computer vision applications, the 

object of interest is typically clearly offset by a homogenous background and the Fourier 

magnitude contains enough information about the object to make up for the loss of phase 



175 

 

information that occurs inside the traditional FMT. However, as concluded in Chapter 5.1.2.3, the 

change in terrain elevation in airborne surface scans does not always build up enough signal 

strength to allow for recovery of all registration parameters from the Fourier magnitude only.  

 

     Approximately ten years after the introduction of the traditional FMT by Horner and Gianino 

(1984) and De Castro and Morandi (1987), a group of French scientists (Derrode and Ghorbel, 

2001) tried to co-register close range geospatial imagery and faced the same problem, such that 

the image content provided low contrast, yet the entire scenery acted as object of interest. In 2001, 

they proposed a modified version of the FMT that maintains both the image’s phase and amplitude 

information - the Analytical Fourier Mellin Transform (AFMT).  

 

6.1.2 Definition 

 

     As illustrated in Chapter 5.1.2.2, the traditional FMT encompasses cascaded application of the 

DFT and log-polar sampling of frequency spectra. Derrode and Ghorbel (2001) were concerned 

that the FM integral does not fully converge at the image centre, which is also the centre of the 

log-polar coordinate system. This shortcoming could evoke critical loss of image information in 

both the DFT of log-polar images and the DEFT of log-polar image spectra.    

     As a workaround, Derrode and Ghorbel (2001) suggested cutting out a small disc around the 

image centre. They published the respective modified algorithm under the name “Analytical 

Fourier Mellin Transform” (AFMT). Strictly speaking, it is only this treatment of the image centre 

and respective modification of the FM integral what distinguishes the AFMT from the FMT. 

However, since this analytical refinement of the Fourier Mellin integral was suggested along with 

log-polar sampling of the input images themselves (instead of phase spectra), the term AFMT has 

been associated primarily with this altered sequence in the FMT workflow.  

 

The AFMT of an image is defined as 

 

 

 𝑀𝑓𝜎
(𝑘, 𝑣) =

1

2𝜋
∫ ∫ 𝑓(𝑟, 𝜑)𝑒−𝑖𝑘𝜑 ∙ 𝑟𝜎−𝑖𝑣 ∙

𝑑𝑟

𝑟

2𝜋

0

∞

0

𝑑𝜑 (6.1) 
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where 

𝑘 ∈ ℤ typically, with 𝑘 ∈  [0, … , 𝑁] where 𝑁 is the number of log-polar increments which 

equal the width and length of the input image in pixels 

 𝑣 ∈ ℝ, ranging [0 … 2𝜋] 

 𝑓(𝑟, 𝜑) the log-polar sampled image 

 𝜎 > 0 is a constant number with 𝜎 ∈ ℝ+ 

 

     The cut of a small disc is obvious in equations (6.1) and (6.2) where the image input 𝑓 into the 

AFMT is not only a function of 𝑟 and 𝜑 but also of 𝜎. The parameter 𝜎 allows to spare a small 

disc around the origin of the coordinate axis, thus avoiding the singularity that would arise if 

regular log-polar sampling would occur near 0,0.   

     The inverse AFMT finds  

 

 

 𝐼𝐴𝐹𝑀𝑇{𝑀𝑓𝜎
(𝑘, 𝑣)} = 𝑓𝜎(𝑟, 𝜑) = ∫ ∑ 𝑀𝑓𝜎

(𝑘, 𝑣) ∙ 𝑟−𝜎+𝑖𝑣 ∙ 𝑒−𝑖𝑘𝜑𝑑𝑣

𝑍

∞

0

 (6.2) 

 

where 𝑀𝑓𝜎
(𝑘, 𝑣) is the image in AFMT representation, i.e., the “analytic prolongation” (Chen, 

1993; Chen et al., 1994) or the FT’ed log-polar sampled image.  

 

In analogy to equation (5.5), the CPS finds  

 

 

 𝐶𝑃𝑆(𝑟, 𝜑) = ∫ ∑ 𝑀𝑓1𝜎
𝑀𝑓2𝜎

∙ 𝑟−𝜎+𝑖𝑣

𝑍
𝑒𝑖𝑘𝜑𝑑𝑣

∞

0

 (6.3) 

 

      

     Since the rotational and scalar offsets appear as translative movement between 𝑀𝑓1𝜎
 and 𝑀𝑓2𝜎

, 

they can be determined from the inverse of the CPS. In analogy to equation (5.6), the inverse CPS 

finds 

 

 
[∆𝑥, ∆𝑦] = 𝐼𝐹𝐹𝑇{𝐶𝑃𝑆[𝑘, 𝑣]} (6.4) 
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where [∆𝑥, ∆𝑦] are the peak locations that relate to the looked-for offsets in rotation and scale, that 

can be computed from equation (5.17). 

 

     Since its postulation in 2001, three forms of the AFMT evolved: The “standard” log-polar 

AFMT which was introduced first and is most commonly used, the polar AFMT which is the 

simplest AFMT variant but rarely used, and the extended AFMT. These AFTM variants and their 

respective properties and co-registration results will be presented in the ensuing chapters. The 

results will be cross-compared to find out which AFMT version is the most promising for co-

registration of airborne geodetic data. A summary of the findings will be given at the end. 

 

6.1.3 Co-Registration using Log-Polar AFMT 

 

     The following sections introduce the Log-polar AFMT (LAFMT), which is the most used form 

of the AFMT, along with its properties and respective co-registration results.  

 

6.1.3.1 The LAFMT Algorithm 

 

     As shown in Chapter 6.1.2, AFMT algorithms are a modified version of the traditional FMT 

algorithm. In the LAFMT, which is the “standard”, most often used form of the AFTM, the POMF 

is applied on log-polar imagery rather than on the log-polar image of FMT amplitude spectra. 

Figure 6.1 and Figure 6.2 below illustrate how the LAFMT can be derived from the traditional 

FMT algorithm.  
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Figure 6.1: Modification of the FMT into the LAFMT algorithm 

 

     Figure 6.1 outlines how the components of the LAFMT compare to the standard FMT. As can 

be seen, steps B and C (which cover the first FT and computation of magnitude in the standard 

FMT) are left out in the LAFMT. Thus, the property of translation invariance is lost, which is 

highlighted with red crosses at steps E and F.  

     The disembowelled version of Figure 6.1 is illustrated below. 
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Figure 6.2: The LAFMT algorithm 

 

As outlined in Figure 6.2, the log-polar, “standard” AFMT algorithm comprises three steps: 

1. Input of two image-rendered point clouds 

2. Step A: The images are rendered into log-polar base where rotation and scale are de-

coupled and associated the x- and y- axis, respectively. Optionally, if the data has quadratic 

shape, a window filter can be applied before log-polar mapping to soften the image borders. 

The same window masks as used in the FMT (APPENDIX E) can be deployed.  

3. Step B: The log-polar images are ingested into a POMF to isolate the rotational and scalar 

offsets. The FFT inside the POMF perceives the incoming images as infinite periodic signal 

and thus must consider the ambiguous location of the correlation peak as referenced to the 

first and third quadrant. Thus, the POMF outputs two estimates for the angular offset, 

where one estimate offsets the other by 180 degrees.  

4. Step C: The original “moving” input image is scaled and rotated one time by 𝜑 and one 

time by 𝜑+180 to locate the best estimate for the set of ∆𝜑, ∆𝑠.  
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     If only subtle changes in image amplitude are expected, i.e., if the SNR of the phase spectrum 

is high, many of the CPS correlation peaks found inside the POMF (step B) may be considered. In 

that case, steps B and C are repeated for each candidate and the ∆𝜑, ∆𝑠 combination that results 

the highest correlation peak in Step C is chosen as final candidate. 

 

     Figure 6.3 exemplifies each step of the LAFMT algorithm as the X5d4 DTM is self-registered 

with its 30deg rotated counterpart. 

 

 
(a1,0) Zero-padded elevation map, native orientation 

 
(a2,0) Zero-padded elevation map, rotated 

 
(a1,1) Log-polar plot of native dataset, top view 

 
(a2,1) Log-polar plot of rotated dataset, top view 
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(a1,2) Log-polar plot of native dataset, side view 

 
(a2,2) Log-polar plot of rotated dataset, side view 

 

`  

(a1,3) Log-polar plot of native dataset, top view 

 

 

 

(a2,3) Log-polar plot of rotated dataset, top view 

 
(a1,1) Magnitude spectra of native dataset (cycles/pix) 

 
(a2,1) Magnitude spectra of rotated dataset (cycles/pix) 

d
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rotation rotation 

d
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∆ 𝒓𝒐𝒕 
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(c) CPS of phase spectra of native and rotated dataset 

Figure 6.3: Self-registration of a 30deg-offset X5d4 DTM (pix) using LAFMT 

 

     Figure 6.3 illustrates results of each step of the LAFMT as suggested by Derrode and Ghorbel 

(2001). In this example, the X5d4 DTM was self-registered with an angular offset of 30degrees. 

Cells a1,1-3 and a2,1-3 show the height maps in log-polar rendering. In log-polar view, the angular 

offset appears as translation along the x-axis. “Peak B”, highlighted with a red dot, shows an 

approximate x-coordinate of 2150 before rotation (a1,1 and a1,3) and 180 after rotation (a2,1 and 

a2,3). Accordingly, the CPS peak highlighted with a red arrow, showed a shift of roughly 

200pixels. As per equation (5.17), the angular offset of 30deg in Cartesian base relates to a full 

rotation of 360deg the same way as the translation of 200pixels in log-polar base relates to the full 

length of 2500pixels. Indeed, 30𝑑𝑒𝑔 360 deg ≈ 200𝑝𝑖𝑥 2500𝑝𝑖𝑥⁄⁄  confirms the 30deg rotation. 

Since the similarity of the log-polar images was very pronounced, the CPS resulted a dominant 

first peak.   

 

     While as aforementioned, polar rending would have been sufficient to recover the angular 

offset, log-polar rendering is required to recover scale. Figure 6.4 below exemplifies the effect of 

a scalar offset of 2.0 for the X5d4 DTM in Cartesian and log-polar rendering. 
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(a) 

 
(b)  

 

(c)  

 

(d)  

Figure 6.4: Effects of rotation and scale for the X5d4 DTM (pix) in Cartesian (a,b) and log-

polar (c,d) base 

 

     In Figure 6.4, cell (a) shows the X5d4 DTM in its original orientation and resolution. Cell (b) 

shows the same image after it was enlarged by factor 3.2808 and rotated counter-clockwise by 90 

degrees. In both cells, the location of “peak B” of the X5d4 DTM was highlighted with a red dot.  

Cells (c) and (d) present the respective log-polar rendering. Comparing the locations of “peak B” 

shows that the offset in rotation and scale translated into an offset in the x- and y- axis in the log-

polar plots, where the x- (column) and y- (row) axis represent rotation and scale, respectively.  
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     Based on visual inspection the centre of “peak B” located approx. 1200 pixels further left and 

approx. 500 pixels further down in cell (d) than in cell (c). The calculated values confirmed that 

the centre of “peak B” in cells (c) and (d) were apart by 𝑑𝑐𝑜𝑙 = 1530 pixels and 𝑑𝑟𝑜𝑤 = 452 

pixels, respectively. Based on equations (5.17) and (5.18), the change in rotation and scale 

calculated as 

 

𝑠𝑖𝑧𝑒 =  𝑙𝑜𝑔𝑏𝑎𝑠𝑒

𝑟𝑜𝑤𝑠

2
 (6.5) 

𝑏𝑎𝑠𝑒 = 𝑒
𝑙𝑜𝑔

𝑟𝑜𝑤𝑠
2

𝑠𝑖𝑧𝑒 = 𝑒
𝑙𝑜𝑔

6116
2

6116 = 1.0013 
(6.6) 

∆𝜑 =
𝑑𝑐𝑜𝑙𝑠

𝑐𝑜𝑙𝑠
∗ 360𝑑𝑒𝑔 =

1530

6116
∗ 360𝑑𝑒𝑔 = 90.0589𝑑𝑒𝑔 (6.7) 

∆𝑠 = 𝑏𝑎𝑠𝑒2∗𝑑𝑟𝑜𝑤 = 1.00132∗452 = 3.2363 (6.8) 

 

This confirmed the actual offsets of ∆𝜑 = 90𝑑𝑒𝑔 and ∆𝑠 = 3.2808 with high precision. 

 

     Lastly, it should be noted that the recovery of flipped data (the X- and Y- axis are swapped) has 

not been covered in the body of LAFMT-related publications available to the author. Recovery of 

axis swap could occur through an additional loop in the AFMT algorithm or perhaps through query 

of the CPS graph against predefined thresholds. Figure 6.5 below shows an example of what the 

CPS of a flipped height map looks like. While this topic is interesting, it adds only limited value, 

so the primary focus will remain on the recovery of the standard AFMT in this framework.  
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(a) 

 
(b) 

Figure 6.5: CPS of self-registered KN tie point cloud (pix) in (a) original orientation 

and (b) with flipped axis 

 

6.1.3.2 Properties 

 

     While the LAFMT algorithm is less complex than the standard FMT, it does have downsides, 

too. Some of its drawbacks are a consequence of only considering the first derivative in frequency 

domain and other drawbacks are inherited from log-polar mapping. Its positive and negative 

properties and respective workarounds summarize as: 

 

• Since the LAFMT considers both the amplitude and phase information of the input images, 

it should, in theory, be less susceptible to noise and yield more robust registration results 

than the FMT – especially when low-resolution DEMs with low elevation contrast are co-

registered. 

 

• "Since the spectral phase preserves the location of objects but is insensitive to the image 

energy, the application of the POMF to a pair of identical images under the constraint of 

translation yields a much sharper peak than the classical FMT” (Chen et al., 1994). In 

context of the LAFMT, the POMF retrieves translational offsets from log-polar imagery, 

which resembles scale and rotation factors. In comparison to the FMT, the LAFMT should 
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therefore, in theory, be able to retrieve scale and rotation offsets within a larger range 

and/or with higher precision and/or with increased robustness. 

 

• Since, unlike the FMT, the AFMT encompasses only one DFT, it is free of “+”-effects.  

 

• As with the FMT, a window filter can be used to reduce the effects of image-tiling (see 

Chapter 5.1.2.2.2), if the data has a quadratic footprint. Since the window-filtered images 

undergo only one DFT, all of the window effect enters the amplitude-based CPS (in 

comparison to the FMT where parts of the window effect has been lost at the stage of the 

magnitude-based CPS). 

 

• Since the FT is applied only once, the log-polar images themselves are not invariant to 

translation. Therefore, the LAFMT, in its native form, can only recover scale and rotation 

but not translational offsets. Figure 6.6 illustrates this drawback and shows an example 

where the X5d4 DTM was rendered in log-polar space after it had been offset by 

translation: 

 

(a) 
 

(b) 

   column 

ro
w

 

   column 

ro
w
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(c)  
 

(d)  

Figure 6.6: Effects of horizontal translation of the X5d4 DTM (pix) in cartesian (a,b) 

and log-polar (c,d) base 

 

     In Figure 6.6, cell (a) displays the X5d4 DTM in its original configuration. Cell (b) 

shows the DTM after it was shifted by 400 pixels to the right. The location of “peak B” 

was highlighted with a red dot and the location of the main “peak A” was marked with a 

blue cross. The removal of 400 pixels caused “peak A” and “peak B” to locate closer to the 

right border of the height map. It also added a zero-padded band of 200 pixels on both the 

left and right side. Cell (c) and (d) display the log-polar rendering of cell (a) and (b), 

respectively. In cell (d), the additional padding became obvious in form of two bulges. And 

while in cartesian space the translation caused “peak A” and “peak B” to move in the same 

direction, in log-polar space the translation caused “peak A” to locate further down further 

and further to the right, yet “peak B” to locate further down and further to the left. Since 

the peaks moved in opposite direction, they no longer aligned accurately in the CPS.  

 

• Log-polar rendering infers a singularity at 0,0. When the FMT is used for co-registration 

of elevation profiles, re-sampling around 0,0 may invoke loss of high frequencies (that 

situate around 0,0 in the phase plot) which could stem from strongly pronounced changes 

in the elevation profiles. In case of the standard AFMT however, log-polar sampling occurs 

directly on the height imagery. Thus, the information loss from neglecting few pixels 

rotation 

scale
 

rotation 

scale
 

∆ 𝒓𝒐𝒕 

∆ 𝒔𝒄𝒂𝒍𝒆 
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around 0,0 is minimal, especially since the elevation values in proximity of the origin (or 

any other location within the height map) have usually similar values than their surrounding 

pixels. Even if the number of pixels in log-polar and cartesian space were different, the 

authors of the log-polar AFMT (Derrode and Ghorbel, 2000) foresaw cutting out a small 

disc around 0,0 to minimize the information loss.   

 

• The accuracy at which the rotation angle and scaling factors can be estimated depends on 

the log-polar sampling (Chen, 1993). If the number of pixels in log-polar space is chosen 

to be equal the number of pixels of the cartesian image, then the information content is 

maintained, the angular coordinate is sampled uniformly, and the precision of the angle is 

uniform. However, the logarithmic distortion along the radial coordinate leads to a non-

uniform precision of the scale estimation (Chen, 1993). 

 

• As with the FMT, in cases where the height maps are noisy and provide only small change 

in elevation, cross-correlation between the rotation and scale estimates may occur in the 

LAFMT, too. In this circumstance, an inaccurate scale (rotation) estimate may invoke an 

inaccurate rotation (scale) estimate. On the other hand, there may be instances where the 

CPS search settles on a peak that is driven by a strong, correct scale (rotation) estimate, 

and this scale (rotation) estimate may “pull” the rotation (scale) estimate favorably to a 

more accurate rotation (scale) estimate. 

• Log-polar sampling yields high point density around the origin of the coordinate system, 

and lower densities away from the centre. This makes sampling of the input image close to 

the origin of the coordinate system challenging. For image pairs that are only set apart by 

rotation, polar sampling can be used instead (Sellami and Ghorbel, 2012). By using polar 

mapping of the images, the aliasing error typically associated with the non-linear 

distribution of image samples along the scale axis can be reduced. This workaround will 

be explored in Chapter 6.1.4.1 

 

     Implications of these properties in conjunction with the review of numerical results will be 

discussed in the next chapter. 
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6.1.3.3 Numerical Results 

 

     In analogy to the empirical evaluation of the FMT, the performance of the LAFTM was first 

analyzed in autocorrelation (the most promising data combination) and subsequently in cross-

correlation. Both the real-world and the simulated data were used. As it turned out, since the 

simulated elevation maps have large grid size, executing a LAFMT with the simulated data and 

scale factor 3.2808 required many hours. Therefore, as before for the FMT in Chapter 5.1.2, the 

LAFMT results were created for cardinal rotations only (90deg rotation increments), rather than, 

for example, in 10deg increments.  

     As with the FMT, only scale values 1.0 and 3.2808 were tested when correlating the height 

maps, since - as elaborated in Chapter 5.1.2.3 - this allowed for circumventing the reduction of the 

search image and conducting the co-registration with an enlarged template image instead, 

whenever the log-polar AFMT estimated a scale offset significantly smaller than 1.0. Thus, in 

cases where the target point cloud is referenced in meters and the search point cloud is referenced 

in feet, and the LAFMT estimates a scale offset near 0.3, the scale can be fixed internally at 0.3048, 

and the LAFMT can be run using a target image upscaled by 3.2808 instead of a downscaled search 

image. 

     The results of the LAFMT experiments are summarized in Table 6.1 below.  In these and 

subsequent tables, the LAFMT-estimated scale and rotation values were evaluated against the 

same thresholds of 20% and 50% deviation defined in Table 5.1 that were used to evaluate the 

FMT results. Thus, parameter estimates marked in green indicate that the LAFMT terminated 

correctly and that the estimates deviated less than 20% from their respective nominal value. 

Parameter estimates that deviated more than 20% but less than 50% were considered acceptable 

and were highlighted in blue, since they led in the right direction (and could therefore serve as a 

starting point for fine registration). Estimates with more than 50% deviation from the actual value 

were considered incorrect and colour coded in red.   
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Table 6.1: Registration of Oshawa height maps using LAFMT 

 
    

  Oshawa laser and tie PCL (117-by-136, 82-by-117), Scale = 1.0 

00 900 1800 2700 
L

as
er

 –
 

L
as

er
 No filter 2.6 1.40 90.0 1.00 180.0 1.00 90.0 1.00 

Bartlett -177.4 1.00 90.0 1.00 2.6 1.00 90.0 1.00 

Chebwin 2.6 1.00 90.0 1.00 180.0 1.00 272.6 1.00 

T
ie

 -
T

ie
 No filter 3.0 1.03 95.2 1.00 150.2 1.00 -87.8 1.03 

Bartlett 3.0 1.00 92.2 1.00 -177.0 1.00 -87.8 1.00 

Chebwin 3.0 1.00 92.2 1.07 -177.0 1.00 267.7 1.03 

L
as

er
 -

T
ie

 No filter 280.3 1.03 -66.9 1.10 267.4 1.03 2.6 1.00 

Bartlett 0.0 1.40 2.6 2.89 2.6 2.89 185.1 2.34 

Chebwin 15.4 1.44 -2.6 1.83 105.4 1.58 20.6 1.35 

T
ie

 -
L

as
er

 

No filter 169.5 1.45 267.4 1.40 349.5 1.45 84.9 1.27 

Bartlett 357.4 1.40 36.0 2.50 2.6 1.40 -144.0 2.50 

Chebwin -140.6 1.03 321.4 1.13 2.6 1.03 -164.6 1.28 
  

(a)   
 
 

  Oshawa DEMs, Scale = 3.2808 

00 900 1800 2700 

L
as

er
 –

 

L
as

er
 No filter 360.0 3.27 179.6 2.78 267.6 2.73 -89.8 3.29 

Bartlett 0.0 3.31 90.2 3.29 -179.2 3.27 -89.8 3.29 

Chebwin 1.6 3.27 -178.4 1.14 1.6 3.27 0.8 1.35 

T
ie

 -
T

ie
 No filter 358.1 3.27 90.0 3.27 179.1 3.31 270.0 3.27 

Bartlett 359.1 3.31 90.0 3.27 179.1 3.31 270.0 3.27 

Chebwin 1.9 3.22 90.0 2.06 -177.2 3.27 270.9 3.18 

L
as

er
 -

T
ie

 No filter 270.0 2.00 180.9 2.00 270.0 2.00 360.0 1.97 

Bartlett 90.0 1.97 180.9 2.00 270.0 2.00 360.0 1.97 

Chebwin 90.9 1.97 180.9 2.00 90.9 2.92 0.9 1.63 

T
ie

 -
L

as
er

 

No filter -179.2 4.60 -89.8 4.54 0.8 4.60 -89.8 4.54 

Bartlett 360.0 4.71 -89.8 4.54 180.0 4.71 -89.8 4.54 

Chebwin -179.2 1.60 0.8 13.54 270.6 1.23 -179.2 13.54 

 
(b) 
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     Table 6.1a shows the LAFMT co-registration results of the Oshawa tie- and laser point clouds 

without scale offset. The upper half shows the self-registration results. During autocorrelation, the 

LAFMT failed only in 4 out of 24 instances, i.e., it converged correctly in 83% of the test cases. 

The lower part shows the respective cross-correlation results, which reflect practical geodetic 

application. Here, the LAFMT converged correctly in only 3 out of 24 cases, i.e., it showed a 

success rate of only 13%. Table 6.1b shows the LAFMT co-registration results with scale offset 

3.2808. The upper half shows the results where the point clouds were self-registered. Here, the 

LAFMT failed only in 3 out of 24 instances, i.e., it converged correctly in 87% of the test cases. 

When the Oshawa tie- and laser point clouds were co-registered (lower half of Table 6.1b), the 

LAFMT converged correctly in only 4 out of 24 cases, i.e., it showed a success rate of only 17%.   

     Overall, the co-registration of Oshawa data with LAFMT succeeded in only 15% of the test 

cases.  

 

    Table 6.2a, below, shows the LAFMT co-registration results of the Keyworth-Nottingham tie- 

and laser point cloud without scale offset. The upper half shows the self-registration results. Here, 

the LAFMT showed 100% success. The lower half shows the respective cross-correlation results. 

Here, the LAFMT converged correctly in 10 out of 24 cases, i.e., it showed a success rate of 42%.  

Table 6.2b, below shows the co-registration results for the KN tie- and laser point cloud with scale 

offset 3.2808. When the KN data was self-registered, the LAFMT failed only in 1 instance, i.e., it 

converged correctly in 96% of the test cases. When the KN data was co-registered, the LAFMT 

converged correctly in 16 cases, i.e., it showed a success rate of 67%.  

     The overall success rate (with and without scale offset, self- and co-registration) of the 

registration of KN data with LAFMT was 55%.  
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Table 6.2: Registration of KN height maps using LAFMT 

 
    

  KN DEMs (61x73, 40x37), Scale = 1.0 

00 900 1800 2700 
L

as
er

 –
 

L
as

er
 No filter 9.9 1.00 88.8 1.00 -150.4 1.00 286.0 1.00 

Bartlett 4.9 1.05 93.7 1.00 180.0 1.05 276.2 1.00 

Chebwin 4.9 1.05 93.7 1.00 180.0 1.05 276.2 1.00 

T
ie

 -
T

ie
 No filter 24.5 1.00 114.1 1.00 -163.6 1.33 281.0 1.00 

Bartlett 8.2 1.00 96.6 1.00 -171.8 1.00 272.2 1.08 

Chebwin 8.2 1.00 101.0 1.00 -171.8 1.00 272.2 1.08 

L
as

er
 -

T
ie

 No filter 360.0 1.53 37.4 1.05 -133.2 1.53 243.1 1.40 

Bartlett 9.4 1.00 72.5 1.70 -175.3 1.00 275.8 1.33 

Chebwin 4.7 1.00 95.8 1.00 -175.3 1.00 275.8 1.00 

T
ie

 -
L

as
er

 

No filter -175.3 1.60 360.0 1.15 360.0 1.94 180.0 1.85 

Bartlett 4.7 1.00 93.5 3.94 166.0 1.53 271.2 4.33 

Chebwin 346.0 1.39 84.2 1.60 166.0 1.53 -105.2 1.53 
  

(a)   
 
 

  KN DEMs, Scale = 3.2808 

00 900 1800 2700 

L
as

er
 –

 

L
as

er
 No filter 360.0 3.30 89.6 3.30 182.2 3.30 -6.7 2.93 

Bartlett 360.0 3.30 92.6 3.30 182.2 3.30 271.9 3.30 

Chebwin 3.0 2.30 91.1 3.11 -178.5 2.93 271.9 3.30 

T
ie

 -
T

ie
 No filter 2.6 3.18 90.0 3.18 -177.4 3.18 272.6 3.28 

Bartlett 10.6 3.28 92.6 3.18 -177.4 3.18 -87.4 3.08 

Chebwin 5.3 3.49 92.6 3.08 -177.4 2.99 270.0 3.08 

L
as

er
 -

T
ie

 No filter 344.1 1.59 62.3 1.66 232.9 1.50 -44.7 1.51 

Bartlett 2.6 1.92 90.7 3.42 272.6 3.15 -79.8 3.32 

Chebwin 2.6 2.31 105.6 2.07 -177.4 1.92 -90.7 1.88 

T
ie

 -
L

as
er

 

No filter 360.0 4.91 1.5 22.73 180.0 4.91 -178.5 22.73 

Bartlett 2.2 4.91 90.0 2.53 182.2 4.91 270.0 3.09 

Chebwin -85.9 2.45 90.0 2.53 -148.6 1.64 -178.5 2.39 

 
(b) 
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     Table 6.3a, below, illustrates the LAFMT co-registration results of the simulated tie- and laser 

point cloud without scale offset. When the data was self-registered, the LAFMT failed only in 2 

instances and showed a 92% success rate. The lower half shows the respective cross-correlation 

results. Here, the LAFMT converged correctly in 8 out of 24 cases, i.e., it showed a success rate 

of 34%.  

     Table 6.3b shows the co-registration results of the simulated tie- and laser point cloud with 

scale offset 3.2808. When the data was self-registered, the LAFMT showed 100% success. When 

the simulated data was co-registered, the LAFMT converged correctly in only 4 cases, i.e., it 

showed a success rate of 17%.  

     The overall success rate of the co-registration of simulated data with LAFMT was 26%.  
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Table 6.3: Registration of simulated height maps using LAFMT 

 
    

  Simulated DEMs, Scale = 1.0 

00 900 1800 2700 
D

T
M

 –
 

D
T

M
 No filter 10.2 1.00 90.0 1.00 179.8 1.00 270.0 1.00 

Bartlett 10.2 1.00 91.2 1.00 180.0 1.01 270.4 1.02 

Chebwin 10.2 1.00 0.2 1.00 180.0 1.01 89.4 1.01 

D
S

M
 -

D
S

M
 

No filter 0.2 1.30 90.0 1.00 183.3 1.00 270.0 1.00 

Bartlett 10.2 1.00 90.0 1.00 180.2 1.00 270.0 1.00 

Chebwin 10.2 1.00 90.0 1.00 180.2 1.00 270.0 1.00 

D
T

M
 -

D
S

M
 

No filter 11.4 1.00 100.6 1.00 187.9 1.00 280.2 1.00 

Bartlett 87.5 2.49 79.0 2.21 -88.3 4.29 7.3 2.92 

Chebwin 261.7 2.71 173.4 3.70 179.2 2.67 -78.6 2.91 

D
T

M
 -

D
S

M
 No filter 6.4 1.00 97.9 1.00 187.9 1.00 281.8 1.00 

Bartlett 103.3 1.40 -179.2 2.34 -62.6 2.47 -56.6 2.53 

Chebwin 69.3 1.02 270.6 1.65 158.9 2.49 33.0 2.43 
  

(a)   
 
 

 Simulated DEMs, Scale = 3.2808 

00 900 1800 2700 

D
T

M
 –

 

D
T

M
 

No filter 0.1 3.28 89.9 3.28 180.1 3.28 269.9 3.28 

Bartlett 360.0 3.27 89.9 3.27 180.0 3.27 269.9 3.27 

Chebwin 360.0 3.27 89.9 3.27 180.1 3.27 269.9 3.27 

D
S

M
 -

D
S

M
 No filter 0.1 3.28 90.0 3.28 180.1 3.28 270.0 3.28 

Bartlett 360.0 3.28 90.0 3.28 180.1 3.28 270.0 3.28 

Chebwin 360.0 3.28 90.1 3.27 180.1 3.28 269.9 3.27 

D
T

M
 -

D
S

M
 No filter 0.1 266.00 180.1 35.12 -89.9 74.49 180.0 36.53 

Bartlett -179.9 266.00 0.1 372.68 0.1 266.00 180.1 266.00 

Chebwin 0.1 266.00 -90.0 266.00 180.0 266.00 90.0 266.00 

D
T

M
 -

D
S

M
 No filter -90.0 2.95 -89.9 1.55 270.0 2.95 270.1 2.95 

Bartlett 154.2 2.87 89.5 2.72 92.6 605.61 90.1 266.00 

Chebwin -6.2 1.68 -89.9 266.00 182.7 2.15 90.1 266.00 

 
(b) 
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6.1.3.4 Discussion 

 

     The test results presented in Chapter 6.1.3.3 provided the following insight into the performance 

of the LAFMT and how it compares to the standard FMT: 

 

• The LAFMT delivered best results when the datasets were self-registered – all height maps 

auto-registered successfully in almost all test cases. The lowest success rate, 83%, was 

obtained when the Oshawa height maps were auto-registered without application of a scale 

offset.  

 

• While the FMT failed to co-register the Oshawa and the simulated data entirely, the 

LAFMT succeeded in 15% and 26% of the test cases, respectively. However, the KN data 

co-registered correctly in 55% of the test cases. 

 

• The LAFTM converged correctly slightly more often when the data input had the same 

scale in case of the Oshawa and simulated data. On the contrary, it succeeded more often 

when the data was scaled in case of the KN data. This confirms that the KN data provides 

the strongest phase signal which supports strong decorrelation of scale and angle in the 

CPS. 

• Overall, the LAFMT performed best with the KN data while the FMT performed worst 

with the KN data. This confirms how important it is that the phase of the input signal be 

maintained inside the co-registration algorithm – the KN height maps provide a slightly 

smaller range of elevation (magnitudes) than the other two datasets, however the change 

in elevation occurs over shorter distances and thus creates a stronger phase signal than in 

the other datasets. Since the FMT considers only elevation magnitudes, it performed poorly 

with the KN signal, and slightly better with the Oshawa and simulated data, which provide 

a bigger range in elevation magnitude.  

 

• While the application of a window filter improved the majority of FMT results, it improved 

the LAFMT results only in some cases and degraded it in other cases. On average, the 

LAFMT performed roughly the same with or without application of a window filter. This 
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finding confirms the primary purpose of the window filter, which is to minimize the “+” 

effect in the Fourier magnitude spectrum, which is only relevant for the FMT. The 

secondary purpose of the window filter is to reduce effects of tiling, which are small in 

case of the real-world point clouds.    

 

• While the FMT succeeded to auto-register the Oshawa data in only in 50% of the cases 

when the data was scaled (Table 5.4), yet the LAFMT succeeded 100% (when the Bartlett 

filter was applied). Similarly, the FMT failed to register the KN data when a 90deg and 

270deg and scale offset were applied (Table 5.7), yet the LAFMT succeed in all self-

registration test cases. 

      

    In summary, the LAFMT performed much better than the FMT. This was expected since the 

height maps used in this dissertation (introduced in Chapter 3.0) are relatively flat and noisy and 

since the FMT considers only the magnitude of their phase spectra.  

 

6.1.4 Co-Registration using Polar AFMT 

 

     While the LAFMT is the most frequently used “standard” version of the AFMT, it has its 

downsides, too. The main drawback is that log-polar sampling yields high point density around 

the origin of the coordinate system, and lower densities away from the centre. As Sellami and 

Ghorbel (2012) suggested, for image pairs that are only set apart by rotation, polar sampling can 

be used instead. By using polar mapping of the images, the Polar AFMT (PAFMT) reduces the 

aliasing error typically associated with the non-linear distribution of image samples along the scale 

axis. 

 

6.1.4.1 The PAFMT Algorithm 

 

     The PAFMT is a simplified form of the LAFTM. Figure 6.7 below illustrates how the PAFMT 

can be derived from the LAFMT (illustrated in Figure 6.2).  
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Figure 6.7: Modification of the LAFMT into the PAFMT algorithm 

The disembowelled version of Figure 6.7 is illustrated below. 

 

Figure 6.8: The PAFMT algorithm 
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As outlined in Figure 6.8, the PAFMT algorithm comprises four steps: 

1. Input of two image-rendered point clouds 

2. Step A: The images are rendered into polar base where rotation is associated the x-axis. 

Optionally, if the surface profiles have quadratic footprint, a window filter can be applied 

before polar mapping to soften the image borders and reduce tiling effects. The same 

window masks as used in the FMT can be deployed.  

3. Step B: The polar images are ingested into a POMF to isolate the rotational offset. The 

FFT inside the POMF perceives the incoming images as infinite periodic signal and thus 

must consider the ambiguous location of the correlation peak as referenced to the first and 

third quadrant. Thus, the POMF outputs two estimates for the angular offset, where one 

estimate offsets the other by 180 degrees.  

4. Step C: The original “moving” input image is scaled and rotated one time by 𝜑 and one 

time by 𝜑+180 to determine the best estimate for the set of ∆𝜑.  

Obviously, the property of scale invariance is lost in the PAFMT. Thus, in steps B and C, only the 

x-value of the CPS peaks (indicating the rotational offset) is considered.  

     If only subtle changes in image magnitude are expected, i.e., if the SNR of the phase spectrum 

is high, more than one of the CPS correlation peaks found inside the POMF (step B) may be 

considered. In that case, steps B and C are repeated for each candidate and the ∆𝜑 that results the 

highest correlation peak in Step C is chosen as final candidate. 

     Figure 6.9 below exemplifies the three steps of the PAFMT algorithm: 

 

 
(a1,0) Zero-padded elevation map, native orientation 

 
(a2,0) Zero-padded elevation map, rotated 
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(a1,1) Polar plot of native dataset, top view 

 
(a2,1) Polar plot of rotated dataset, top view 

 
(a1,2) Polar plot of native dataset, side view 

 
(a2,2) Polar plot of rotated dataset, side view 

 
(b1,1) Magnitude spectra of native dataset 

 
(b2,1) Magnitude spectra of rotated dataset 
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(c) CPS of phase spectra of native and rotated dataset 

Figure 6.9: Self-registration of a 30deg offset X5d4 DTM (pix) using PAFMT 

 

     Figure 6.9 exemplifies each step of the PAFMT algorithm for the self-registration of the X5d4 

DTM with an angular offset of 30degrees. Cells a1,1 and 2 and a2,1 and 2 show the height maps 

in polar rendering. Here, the angular offset appears as translation along the x-axis. “Peak B” 

showed an approximate x-coordinate of 2150 before rotation (a1,1 and a1,2) and 1850 after 

rotation (a2,1 and a2,2). The CPS peaks highlighted with green arrows confirmed a shift of roughly 

200pixels. As per equation (5.17), the angular offset of 30deg in Cartesian base relates to a full 

rotation of 360deg the same way as the translation of 200pixels in polar base relates to the full 

length of 2500pixels. Indeed,  30𝑑𝑒𝑔 360 deg ≈ 200𝑝𝑖𝑥 2500𝑝𝑖𝑥⁄⁄  confirmed the 30deg rotation.  

 

6.1.4.2 Properties 

 

The PAFMT is the simplest form of the AFMT. It has the following properties  

• Like the LAFMT, the PAFMT considers the phase information of the height maps. 

Therefore, it is less susceptible to noise and yield more robust registration results than the 

FMT, especially when low-resolution DEMs with low elevation contrast are co-registered. 
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• Like the LAFMT, the PAFMT yields a much sharper peak than the classical FMT "since 

the spectral phase preserves the location of objects but is insensitive to the image energy” 

(Chen et al., 1994). Therefore, it should be able to retrieve rotation offsets within a larger 

range and/or with higher precision and/or with increased robustness. 

 

• Since the PAFMT encompasses only one DFT, it is free of “+”-effects.  

 

• As with the FMT, window filters can be used to reduce the effects of image-tiling (see 

5.1.2.2.2), if the height maps have a square footprint. However, effects of image tiling 

should be small for height maps with small changes in elevation. 

 

• Unlike log-polar sampling, polar sampling provides homogenous sampling all across the 

image which results in less information loss around the origin of the coordinate system.  

 

• If the number of pixels in polar space is chosen to be equal the number of pixels of the 

cartesian image, then the angular coordinate is sampled uniformly and the precision on the 

angle is therefore uniform (Chen, 1993).  

 

• Since the PAFMT provides relatively dense resampling of the ingested elevation data, it 

should perform better in recovery of angular offsets than the LAFMT. 

 

• Since the CPS is no longer invariant to scale, multiple peaks that share an x-value (that 

presents the angular offset) can lead to the same solution.  

 

• Since the CPS energy tends to spread across multiple valid peaks (illustrated in left column 

of Figure 6.10 below), the CPS plot of polar images tends to look noisier than the CPS plot 

of respective log-polar images (illustrated in the right column of Figure 6.10). 
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(a1) 

 
(a2) 

    

 
(b1) 

 
(b2)  

 Figure 6.10: Co-registration of Oshawa and KN point clouds (pix), native scale and 

orientation, using PAFMT (left) and LAFMT (right) 

 

     As can be seen from Figure 6.10, the correlation energy distributes across more valid 

peaks in the CPS of polar-sampled images (left column) compared to the CPS graph of log-

polar sampled imagery (right column): Since in this example both height maps have the 

same unit and orientation, multiple peaks along the first and last row of y-values in the CPS 

of polar images can represent the correct candidate (indicated by yellow ellipses), while 
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only one peak along the last row of y-values qualifies as potential candidate in the CPS of 

log-polar images.  

 

     The implications of these properties in conjunction with the review of numerical results will be 

discussed in the next chapter. 

 

6.1.4.3 Numerical Results 

 

     Since log-polar rendering causes more agglomeration of map surface around the origin of the 

coordinate axis, and since multiple CPS peaks in polar rendering can represent the correct solution, 

it is expected that the PAFMT achieves the same or a better success rate in retrieving angular 

offsets than the LAFMT. To test this proposition, the real-world and simulated height maps were 

co-registered using the PAFMT. Table 6.4 summarizes the results below.  

     In Table 6.4, the same color coding was applied as before for the LAFMT results (6.1.3.3 

above). 

 

Table 6.4: Registration of real-world and simulated elevation profiles using PAFMT 

 
  Oshawa Height Maps KN Height Maps Simulated Height Maps 

00 900 1800 2700 00 900 1800 2700 00 900 1800 2700 

L
as

er
 –

 

L
as

er
 

No filter 0.0 90.0 -180.0 90.0 0.0 91.2 -180.0 271.2 0.0 0.0 90.0 180.0 

Bartlett 0.0 90.0 180.0 0.0 0.0 88.8 -165.2 271.2 0.0 90.0 180.0 270.0 

Chebwin 0.0 0.0 -180.0 0.0 0.0 88.8 -165.2 271.2 0.0 90.0 180.2 270.0 

T
ie

 -
T

ie
 No filter 0.0 89.3 -180.0 270.7 0.0 92.2 -180.0 92.2 0.0 0.0 180.0 -180.0 

Bartlett 0.0 89.3 -180.0 273.7 0.0 87.8 -180.0 272.2 0.0 89.8 180.2 271.2 

Chebwin 0.0 92.2 -180.0 273.7 0.0 87.8 -180.0 272.2 0.0 -90.2 -0.2 271.2 

L
as

er
 -

T
ie

 

No filter 352.3 -180.0 100.3 0.0 9.3 -16.4 166.0 14.0 0.0 0.0 -180.0 -180.0 

Bartlett 0.0 -180.0 0.0 0.0 0.0 177.7 -180.0 0.0 0.0 90 180.0 -49.2 

Chebwin 0.0 -180.0 0.0 0.0 0.0 -177.7 -180.0 0.0 0.0 90 180.0 270.0 

T
ie

 -
L

as
er

 

No filter 90.7 -180.0 90.7 0.0 350.6 79.5 9.4 261.8 0.0 0.0 -180.0 -180.0 

Bartlett 175.7 0.0 0.0 -180.0 0.0 341.3 -147.3 -175.3 0.0 90 180.0 270.0 

Chebwin 180.0 0.0 0.0 -180.0 0.0 -180.0 -180.0 -180.0 0.0 90 180.0 270.0 
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     The upper half of Table 6.4 shows the results where the PAFMT was used to self-register tie- 

and laser point clouds. The PAFMT failed in twelve instances (20+23+18 correct angles), i.e., in 

autocorrelation mode it converged correctly in 85% of the test cases. In comparison, the LAFMT 

converged correctly in 89% of the test cases (20+24+20 acceptable results) in auto-correlation 

mode when no scale was applied. 

     The lower half of Table 6.4 shows the cross-correlation results, which resemble practical 

geodetic applications, and are therefore more important in this assessment than the outcome of 

auto-correlation. Here, the PAFMT converged correctly in only 31 cases (3+13+20 acceptable 

angles), i.e., it showed a success rate of 50%. In comparison, the LAFMT converged correctly in 

35% of the test cases without scale offset (3+10+12 acceptable pairs of scale and angle) and, 

considering its angle estimates only, the LAFMT showed a success rate of 36% (3+18+5 

acceptable angles). 

 

Table 6.5: Registration of real-world and simulated elevation profiles using PAFMT to 

scale 3.2808 

  Oshawa Height Maps KN Height Maps Simulated Height Maps 

00 900 1800 2700 00 900 1800 2700 00 900 1800 2700 

L
as

er
 –

 

L
as

er
 

No filter 0.0 -89.8 -180.0 -89.8 0.0 90.0 -180.0 90.0 0.0 -180.0 -180.0 -180.0 

Bartlett 0.0 0.0 -180.0 0.0 0.0 88.6 180.0 90.0 0.0 90.0 180.0 270.0 

Chebwin 0.0 0.0 -180.0 -180.0 0.0 88.5 180.0 90.0 0.0 90.0 180.0 270.0 

T
ie

 -
T

ie
 No filter 0.0 -89.8 -180.0 -89.8 0.0 90.0 -180.0 270.0 0.0 -180.0 180.0 -180.0 

Bartlett 0.0 0.0 -180.0 0.0 0.0 90.0 180.0 270.0 0.0 90.0 0.0 270.0 

Chebwin 0.0 0.0 -180.0 -180.0 0.0 90.0 0.0 270.0 0.0 90.0 0.0 270.0 

L
as

er
 -

T
ie

 

No filter -90.0 0.0 90.0 -180.0 -166.7 11.8 168.2 -168.2 0.0 0.0 -180.0 -180.0 

Bartlett 90.0 -180.0 -90.0 0.0 0.0 -180.0 -180.0 175.6 0.0 0.0 180.0 -180.0 

Chebwin 0.0 90.0 -180.0 -90.0 0.0 0.0 180.0 180.0 0.0 -180.0 0.0 0.0 

T
ie

 -
L

as
er

 

No filter 90.0 -180.0 270.0 0.0 -166.7 101.8 11.8 -10.3 0.0 -180.0 -180.0 -180.0 

Bartlett 270.0 0.0 90.0 -180.0 0.0 -97.4 180.0 0.0 0.0 -180 180.0 0.0 

Chebwin 0.0 270.0 0.0 -90.0 0.0 180.0 180.0 0.0 0.0 0 180.0 0.0 

 

     

     Table 6.5 shows the PAFMT results where both the template- and search point cloud were 

scaled by 3.2808. This case occurs when the search point cloud is referenced in feet and the 
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template point cloud is referenced in meters, and the template point cloud is upscaled so that the 

PAFMT can be run on two datasets of the same size. Ideally, the results should be identical to 

those obtained when both are referenced in the same unit. However, the interpolation induces loss 

of information, the padded areas can change size and the application of the window filter can 

therefore have slightly different effects. Thus, the results in Table 6.5 and Table 6.4 deviate from 

each other. 

     When the scaled point clouds were self-registered, the PAFMT failed in 15 instances 

(19+20+18 correct angles), i.e., in autocorrelation mode it converged correctly in 80% of the test 

cases. When the point clouds were co-registered, the PAFMT converged correctly in only 24 cases 

(4+10+11 acceptable angles), i.e., it showed a success rate of 33%. Thus, the PAFMT performed 

slightly worse when the point clouds were referenced in different units. 

 

6.1.4.4 Comparison of LAFMT and PAFMT Angle Estimates 

 

     To better understand the difference of LAFTM and PAFMT results, the LAFMT results were 

replotted below and colour coded to highlight the differences. LAFMT rotation estimates that 

paired with a correct scale estimate and were superior to the respective angular estimate of the 

PAFMT were underlined blue with “  ”. Likewise, instances where the PAFMT estimated an 

angular offset with more accuracy than the LAFMT, and the PAFMT paired with a correct LAFMT 

scale estimate, were highlighted with black “_”. Since for successful co-registration both the 

rotation and scale estimate must be correct, only rotation estimates that paired with a correct scale 

estimate were considered in the comparison.  
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Table 6.6: Comparison of LAFMT and PAFMT results for Oshawa height maps 

 
    

  Oshawa DEMs, Scale = 1.0 

00 900 1800 2700 
L

as
er

 –
 

L
as

er
 No filter 2.6 1.40 90.0 1.00 180.0 1.00 90.0 1.00 

Bartlett -177.4 1.00 90.0 1.00 2.6 1.00 90.0 1.00 

Chebwin 2.6 1.00 90.0 1.00 180.0 1.00 272.6 1.00 

T
ie

 -
T

ie
 No filter 3.0 1.03 95.2 1.00 150.2 1.00 -87.8 1.03 

Bartlett 3.0 1.00 92.2 1.00 -177.0 1.00 -87.8 1.00 

Chebwin 3.0 1.00 92.2 1.07 -177.0 1.00 267.7 1.03 

L
as

er
 -

T
ie

 No filter 280.3 1.03 -66.9 1.10 267.4 1.03 2.6 1.00 

Bartlett 0.0 1.40 2.6 2.89 2.6 2.89 185.1 2.34 

Chebwin 15.4 1.44 -2.6 1.83 105.4 1.58 20.6 1.35 

T
ie

 -
L

as
er

 

No filter 169.5 1.45 267.4 1.40 349.5 1.45 84.9 1.27 

Bartlett 357.4 1.40 36.0 2.50 2.6 1.40 -144.0 2.50 

Chebwin -140.6 1.03 321.4 1.13 2.6 1.03 -164.6 1.28 
  

(a)   
 
 

  Oshawa DEMs, Scale = 3.2808 

00 900 1800 2700 

L
as

er
 –

 

L
as

er
 No filter 360.0 3.27 179.6 2.78 267.6 2.73 -89.8 3.29 

Bartlett 0.0 3.31 90.2 3.29 -179.2 3.27 -89.8 3.29 

Chebwin 1.6 3.27 -178.4 1.14 1.6 3.27 0.8 1.35 

T
ie

 -
T

ie
/ No filter 358.1 3.27 90.0 3.27 179.1 3.31 270.0 3.27 

Bartlett 359.1 3.31 90.0 3.27 179.1 3.31 270.0 3.27 

Chebwin 1.9 3.22 90.0 2.06 -177.2 3.27 270.9 3.18 

L
as

er
 -

T
ie

 No filter 270.0 2.00 180.9 2.00 270.0 2.00 360.0 1.97 

Bartlett 90.0 1.97 180.9 2.00 270.0 2.00 360.0 1.97 

Chebwin 90.9 1.97 180.9 2.00 90.9 2.92 0.9 1.63 

T
ie

 -
L

as
er

 

No filter -179.2 4.60 -89.8 4.54 0.8 4.60 -89.8 4.54 

Bartlett 360.0 4.71 -89.8 4.54 180.0 4.71 -89.8 4.54 

Chebwin -179.2 1.60 0.8 13.54 270.6 1.23 -179.2 13.54 

 
(b) 
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     Without scale offset, Table 6.6a, the LAFMT found 3 (1+2) angles that the PAFMT missed ( 

Table 6.4), yet the PAFMT produced 8 (4+4) angles that were missed by the LAFMT for the 

Oshawa point clouds. Thus, the PAFMT outperformed the LAFMT by estimating an additional 5 

angles (28 angles versus 23 angles) correctly.  

     With application of scale offset, Table 6.6b, the LAFMT found 4 (0+4) angles that the PAFMT 

missed (Table 6.5), yet the PAFMT located 6 (2+4) angles correctly that were estimated incorrectly 

by the LAFMT.  

     Overall, the PAFMT outperformed the LAFMT slightly by estimating 2 (5) more angles 

correctly when (no) scale offset was applied, respectively. 

 

     Without scale offset, Table 6.7(a), below, the LAFMT estimated 8 (1+7) angles correctly, 

where the PAFMT failed for the KN data. The PAFMT performed better in only 1 instance. So, 

without scale offset the LAFMT outperformed the PAFMT by estimating an additional 7 angles 

(38 angles versus 31 angles) correctly. With scale offset, Table 6.7b, below, the LAFMT resulted 

12 (1+11) angles correctly that the PAFMT missed, and the PAFMT found 3 (1+2) angles that 

were missed by the LAFMT. Thus, with scale offset, the LAFMT outperformed the PAFMT by 

estimating an additional 9 angles (39 angles versus 30 angles) correctly. 

     In total, the LAFMT outperformed the PAFMT and estimated an additional 9 (8) angles, that 

also paired with a correct scale estimate, when (no) scale offset was applied, respectively. 
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Table 6.7: Comparison of LAFMT and PAFMT results for KN height maps 

 
    

  KN DEMs, Scale = 1.0 

00 900 1800 2700 
L

as
er

 –
 

L
as

er
 No filter 9.9 1.00 88.8 1.00 -150.4 1.00 286.0 1.00 

Bartlett 4.9 1.05 93.7 1.00 180.0 1.05 276.2 1.00 

Chebwin 4.9 1.05 93.7 1.00 180.0 1.05 276.2 1.00 

T
ie

 -
T

ie
 No filter 24.5 1.00 114.1 1.00 -163.6 1.33 281.0 1.00 

Bartlett 8.2 1.00 96.6 1.00 -171.8 1.00 272.2 1.08 

Chebwin 8.2 1.00 101.0 1.00 -171.8 1.00 272.2 1.08 

L
as

er
 -

T
ie

 No filter 360.0 1.53 37.4 1.05 -133.2 1.53 243.1 1.40 

Bartlett 9.4 1.00 72.5 1.70 -175.3 1.00 275.8 1.33 

Chebwin 4.7 1.00 95.8 1.00 -175.3 1.00 275.8 1.00 

T
ie

 -
L

as
er

 

No filter -175.3 1.60 360.0 1.15 360.0 1.94 180.0 1.85 

Bartlett 4.7 1.00 93.5 3.94 166.0 1.53 271.2 4.33 

Chebwin 346.0 1.39 84.2 1.60 166.0 1.53 -105.2 1.53 
  

(a)   
 
 

  KN DEMs, Scale = 3.2808 

00 900 1800 2700 

L
as

er
 –

 

L
as

er
 No filter 360.0 3.30 89.6 3.30 182.2 3.30 -6.7 2.93 

Bartlett 360.0 3.30 92.6 3.30 182.2 3.30 271.9 3.30 

Chebwin 3.0 2.30 91.1 3.11 -178.5 2.93 271.9 3.30 

T
ie

 -
T

ie
 No filter 2.6 3.18 90.0 3.18 -177.4 3.18 272.6 3.28 

Bartlett 10.6 3.28 92.6 3.18 -177.4 3.18 -87.4 3.08 

Chebwin 5.3 3.49 92.6 3.08 -177.4 2.99 270.0 3.08 

L
as

er
 -

T
ie

 No filter 344.1 1.59 62.3 1.66 232.9 1.50 -44.7 1.51 

Bartlett 2.6 1.92 90.7 3.42 272.6 3.15 -79.8 3.32 

Chebwin 2.6 2.31 105.6 2.07 -177.4 1.92 -90.7 1.88 

T
ie

 -
L

as
er

 

No filter 360.0 4.91 1.5 22.73 180.0 4.91 -178.5 22.73 

Bartlett 2.2 4.91 90.0 2.53 182.2 4.91 270.0 3.09 

Chebwin -85.9 2.45 90.0 2.53 -148.6 1.64 -178.5 2.39 

 
(b) 
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Table 6.8: LAFMT results, in comparison to the PAFMT results for simulated height maps 

 
    

  Simulated DEMs, Scale = 1.0 

00 900 1800 2700 
D

T
M

 –
 

D
T

M
 No filter 10.2 1.00 90.0 1.00 179.8 1.00 270.0 1.00 

Bartlett 10.2 1.00 91.2 1.00 180.0 1.01 270.4 1.02 

Chebwin 10.2 1.00 0.2 1.00 180.0 1.01 89.4 1.01 

D
S

M
 -

D
S

M
 

No filter 0.2 1.30 90.0 1.00 183.3 1.00 270.0 1.00 

Bartlett 10.2 1.00 90.0 1.00 180.2 1.00 270.0 1.00 

Chebwin 10.2 1.00 90.0 1.00 180.2 1.00 270.0 1.00 

D
T

M
 -

D
S

M
 

No filter 11.4 1.00 100.6 1.00 187.9 1.00 280.2 1.00 

Bartlett 87.5 2.49 79.0 2.21 -88.3 4.29 7.3 2.92 

Chebwin 261.7 2.71 173.4 3.70 179.2 2.67 -78.6 2.91 

D
T

M
 -

D
S

M
 No filter 6.4 1.00 97.9 1.00 187.9 1.00 281.8 1.00 

Bartlett 103.3 1.40 -179.2 2.34 -62.6 2.47 -56.6 2.53 

Chebwin 69.3 1.02 270.6 1.65 158.9 2.49 33.0 2.43 
  

(a)   
 
 

 Simulated DEMs, Scale = 3.2808 

00 900 1800 2700 

D
T

M
 –

 

D
T

M
 

No filter 0.1 3.28 89.9 3.28 180.1 3.28 269.9 3.28 

Bartlett 360.0 3.27 89.9 3.27 180.0 3.27 269.9 3.27 

Chebwin 360.0 3.27 89.9 3.27 180.1 3.27 269.9 3.27 

D
S

M
 -

D
S

M
 No filter 0.1 3.28 90.0 3.28 180.1 3.28 270.0 3.28 

Bartlett 360.0 3.28 90.0 3.28 180.1 3.28 270.0 3.28 

Chebwin 360.0 3.28 90.1 3.27 180.1 3.28 269.9 3.27 

D
T

M
 -

D
S

M
 No filter 0.1 266.00 180.1 35.12 -89.9 74.49 180.0 36.53 

Bartlett -179.9 266.00 0.1 372.68 0.1 266.00 180.1 266.00 

Chebwin 0.1 266.00 -90.0 266.00 180.0 266.00 90.0 266.00 

D
T

M
 -

D
S

M
 No filter -90.0 2.95 -89.9 1.55 270.0 2.95 270.1 2.95 

Bartlett 154.2 2.87 89.5 2.72 92.6 605.61 90.1 266.00 

Chebwin -6.2 1.68 -89.9 266.00 182.7 2.15 90.1 266.00 

 
(b) 
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     Without scale offset, Table 6.8a, above, the LAFMT failed only in 2 instances where the 

PAFMT converged correctly. When the data was co-registered, the PAFMT resulted 3 (2+1) 

angles correctly that the LAFMT estimated incorrectly. Thus, the PAFMT outperformed the 

LAFMT and estimated an additional 13 angles (43 angles versus 30 angles) correctly. 

     When the simulated data was self-registered with scale offset, Table 6.8b, above, both LAFMT 

and PAFMT showed 100% success. When it was co-registered, the LAFMT resulted 2 angles 

correctly that the PAFMT missed, and the PAFMT produced 3 angles correctly that were estimated 

incorrectly by the LAFMT.  

    In total, the PAFMT outperformed the LAFMT angle estimates slightly as it estimated an 

additional 3 (3) angles, that also paired with a correct LAFMT scale estimate, when (no) scale 

offset was applied, respectively. 

 

6.1.4.5 Discussion 

 

     At first sight, considering the success rate of all three datasets combined, the PAFMT angle 

estimates seemed to outperform the LAFMT slightly (47% versus 44% correct co-registration 

angles). However, as the detailed comparison above showed, the PAFMT did not deliver better 

rotation estimates in all scenarios:  

 

• For the co-registration of the Oshawa data, the PAFMT delivered only 5 correct angles, 

and the LAFMT succeeded in 3 instances, i.e., the PAFMT performed only slightly better 

than the LAFMT. 

 

• In the co-registration tests with simulated data, the PAFMT delivered 18 correct angles, 

whereas the LAFMT succeeded in only 13 instances. Here, the PAFMT recovered only 1 

angle that the LAFMT had missed, and the remaining 17 and 12 angles that the PAFMT 

and LAFMT had estimated correctly, respectively, resulted from different test 

combinations.  

 



211 

 

• In case of the KN data, surprisingly, the LAFMT clearly showed better co-registration 

performance: the LAFMT delivered a total of 18 correct angles, whereas the PAFMT 

delivered only 8 correct rotation estimates. Also, the LAFMT estimated 7 angles correctly 

that the PAFMT had missed, yet the PAFMT recovered only 1 angle that the LAFMT 

missed. Thus, contrary to the co-registration results gained with simulated data, the polar 

and log-polar angle estimates did not complement each other, but rather did the LAFMT 

clearly outperform its polar counterpart with the KN data.   

 

     Thus, one can conclude that the LAFMT performed best with the KN point clouds, whereas the 

PAFMT performed better in case of the Oshawa and simulated data. From these observations, one 

can conclude further that the equal sampling distance of polar rendering (versus non-even distance 

of log-polar sampling) is not the primary success-driving factor for PAFMT co-registration, but 

rather 

1) the characteristics of the height profile (low SNR) and  

2) the characteristics of the CPS (polar vs log-polar CPS).   

 

RE 1: While the KN height maps have the smallest range in elevation, the change in elevation 

occurs over shorter distances than in the other test sites. This circumstance yields a stronger phase 

signal, which allows for stronger cross-correlation. Similarly, the simulated data provides higher 

point density than the real-world data, which results in more distinct pronunciation of the surface 

signal. 

 

RE 2: Since in polar rendering the y-component does not provide a direct physical interpretation, 

multiple peaks that share the x-value can yield the correct solution, and thus, may increase the 

chance for success when datasets don’t produce strong correlation (“hypothesis 1”). Contrary, 

there may be instances where the PAFMT fails to deliver an accurate rotation estimate, yet the 

LAFMT may succeed since it considers the combination of scale and rotation in the CPS, and if 

the data has low SNR (as many large-scale airborne geodetic high maps have), cross-correlation 

may occur in the CPS, and a strong scale signature may “pull” the rotation estimate favorably to a 

more accurate rotation offset (“hypothesis 2”).  
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     Many datasets would have to be evaluated to create strong proof both hypotheses. Especially 

“hypothesis 1” is difficult to prove, since, as shown in Chapter 5.1.2 and APPENDIX F, stronger 

correlation of the data may not always lead to a CPS with fewer, more assertive CPS peaks, nor 

does the pronunciation of the 20 tallest CPS peaks allow to make conclusions about successful 

convergency. However, for the given datasets, in self-registration mode, the PAFMT solved only 

78% of all angles (Oshawa 73%, KN 90%, Simulated 73%) while the LAFMT delivered 92% 

correct angle estimates and all of them paired with a correct scale estimate (Oshawa 81%, KN 

98%, Simulated 96%). While these results may not allow for strong proof of the potential “pull”-

effect of y- and x-components (scale and rotation), they support “hypothesis 2” and allow for good 

explanation and characterization of the test results. 

 

     In summary, the most important discovery of this analysis was that the PAFMT co-registration 

outperformed the LAFMT rotation estimates slightly for the Oshawa and simulated data (very low 

SNR), yet the LAFMT delivered slightly better rotation estimates for the KN data which had 

stronger phase signal, while it could also recover scale. 

 

 

6.1.5 Co-Registration using Extended AFMT 

 

     The following sections introduce the Extended version of the AFMT (EAFMT), which can 

recover translation offsets in addition to rotation-, and scale- offsets.  

 

6.1.5.1 The EAFMT Algorithm 

 

     In its native formulation, the standard AFMT can only recover scale and rotation. In 2005, 

Zokai and Wolberg presented an Extended version of the log-polar AFMT (EAFMT) that applies 

a LAFMT and POMF recursively to multiscale image pyramids to recover the complete set of 

similarity parameters. This iterative concept can be applied to both LAFMT and PAFMT, 

however, for simplification, only the Extension of the LAFMT will be discussed further; Also, the 
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expression EAFMT will be used synchronously with the extended version of the LAFMT. The 

EAFMT is outlined Figure 6.11 below:  

 

Figure 6.11: The EAFMT algorithm 

 

     As outlined in Figure 6.11, the EAFMT algorithm for full recovery of all four similarity 

parameters (scale, rotation, and x-, y- translation) comprises five steps: 

1. Input of two low-resolution image-rendered point clouds 

2. Step A: The low-resolution images are transferred into log-polar space where rotation and 

scale de-couple and associate with the x- and y- axis, respectively. Optionally, if the data 

has a square footprint, a window filter can be applied before the log-polar mapping to 

reduce effects of tiling. The same window masks as used in the FMT (introduced in Chapter 

5.1.2 and described in detail in APPENDIX E) can be deployed. 

3. Step B: The log-polar images are ingested into a POMF to retrieve rotation and scale, which 

appear as a set of translation parameters. The FFT inside the POMF perceives the incoming 



214 

 

images as infinite periodic signal and thus must consider the ambiguous location of the 

correlation peak as referenced to the first and third quadrant. Thus, the POMF outputs two 

estimates for the angular offset, where one estimate offsets the other by 180 degrees.  

4. Step C: The “moving” input image is scaled and rotated one time by 𝜑 and one time by 

𝜑+180. 

5. Step D: The images are ingested into a POMF in cartesian presentation to retrieve the 

translation offsets. 

6. Step E: The parameter set that results the highest CPS peak in step D is applied to the 

imagery at next higher resolution and the co-registration process (steps 1-5) is repeated. 

The co-registration parameters are refined incrementally until the imagery has been co-

registered in its original resolution.      

 

In short, the EAFMT, as proposed by Zokai and Wolberg (2005), is a recursive application of the 

AFMT and POMF on multiscale image pyramids.  

 

6.1.5.2 Discussion 

 

     As shown in 6.1.3.3, and 6.1.4.3, the AFMT delivered better co-registration results than the 

standard FMT (5.1.2.2.4). However, unlike the FMT, the AFMT cannot recover translation by 

default. Therefore, the EAFMT was introduced to show that this restriction can be overcome, if 

necessary.  

     However, unlike the AFMT, the FMT was purposely designed to recover all four similarity 

parameters. So even though the EAFMT aims at the same, it requires that the datasets overlap to a 

large degree, and the range of translations that can be recovered is therefore smaller. Also, for it 

to work successfully, the EAFMT requires strongly pronounced elevation profiles so that height 

differences are clearly present at every layer of the image pyramid. There are doubts as to whether 

the EAFMT is appropriate for co-registering low-resolution airborne tie point- and laser point 

cloud data, particularly when the height maps exhibit minimal elevation contrast. The same 

reservations would extend to using an extended POMF (see Chapter 5.1.1.4). While the recovery 

of translation offsets using the existing EAFMT, or the extended POMF, is comparably of minor 

importance, it adds unnecessary complexity when combined with the study of scale and rotation 
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recovery. Moreover, the relatively high failure rate of the PAFMT and LAFMT carry over into the 

EAFMT and limit its overall performance. It is therefore important to understand how the LAFMT 

performance could be improved, before investigating the numerical capabilities of the EAFMT. 

Thus, new ways to improve the performance of the LAFMT will be explored next in Chapter 6.1.3. 

 

6.1.6 Conclusions 

 

     In this section, the AFMT was introduced and tested as a potential alternative to the FMT. Since 

the AFMT preserves the phase information of the height maps, and the Fourier phase carries more 

information than the Fourier magnitude, it was expected that the AFMT delivers superior results. 

     Two forms of the AFMT were examined: The PAFMT and the LAFMT. As with the FMT, 

only scale values 1.0 and 3.2808 were tested when correlating the height maps, (since - as 

elaborated in Chapter 5.1.2.3 - this allowed for circumventing the reduction of the search image 

and conducting the co-registration with an enlarged template image instead, whenever the log-

polar AFMT estimated a scale offset significantly smaller than 1.0.)  

     As expected, both the PAFMT and LAFMT showed a higher success rate than the FMT, since 

the height maps introduced in Chapter 3.0 are relatively flat and noisy and since the FMT considers 

only the magnitude of their phase spectra: 

     The LAFMT delivered better rotation estimates than the PAMFT for the KN data, which could 

be attributed to the stronger phase signal of the KN data, and the PAFMT surpassed the LAFMT 

with the Oshawa and simulated data. Overall, the LAFMT proofed to be the preferred method for 

co-registration since it delivers both rotation and scale and since its rotation estimates lagged the 

PAFMT angle estimates mostly only slightly. 

     Lastly, the EAFMT was introduced as an extended AFMT that can – like the FMT – recover 

not only rotation and scale, but also translation. But since the translations are recovered with 

Cartesian height images in an internal POMF, the range of translations that can be recovered with 

the EAFMT is smaller than that of the FMT. The most important drawback of the EAFMT, and 

also LAFMT and PAFMT, is however that they were not optimized for the presence of two scale 

offsets (3.2808 or its inverse), i.e., the presence of two metric units (feet and meter). Knowing that 

the laser and tie point clouds can only be either referenced in the same unit or offset by a scale of 
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3.2808 (or its inverse), better optimized algorithms could be designed that account for this 

condition. Thus, new ways to improve the performance of the AFMT will be explored next. 

 

6.2 The Quasi Log-Polar Analytical Fourier Mellin Transform 

 

     In the late 1970s, the FMT was introduced for pattern recognition and image processing, 

however the numerical estimation of the Mellin integral implied numerical difficulties and the 

FMT did not hold the phase information. In 1994, Ghorbel proposed the AFMT to solve both of 

the problems, but it became no longer invariant to the translation. Soon, the EAFMT was further 

introduced to gain back the translation invariance (Zokai and Wolberg, 2005). 

     With focusing on the recovery of the rotation and scale – as mentioned in Chapter 6.1.5.2, only 

if the recovery of rotation and scale offset look promising, further investigation with EAFMT could 

occur – , the co-registration experiments in Sections 6.1.3 and 6.1.4 examined two forms of the 

AFMT: the LAFMT and PAFMT. Based on the design of the PAFMT, it should deliver better 

rotation estimates than the LAFMT. The tests confirmed that the PAFMT resulted overall slightly 

more correct rotation estimates in the co-registration than the LAFMT from the height maps with 

very low SNR (PAFMT: 14.6% (Oshawa), 60.4% (KN), 64.5% (Simulated); LAFMT: 14.6% 

(Oshawa), 75.0% (KN), 41.7% (Simulated)), but the LAFMT additionally recovered the scale 

offsets (correct LAFMT scale estimates: 79.2% (Oshawa), 66.6% (KN), 35.4% (Simulated)), 

which is required in the geospatial co-registration applications, targeted in this dissertation. 

     Moreover, the LAFMT assumes that the point clouds can be offset by any possible scale 

difference. Yet, within this framework, only the scale difference 3.2808 (and its inverse 0.3048) 

needs to be considered. This circumstance led to the idea of combining the PAFMT and LAFMT, 

pairing the high scoring rate of the LAFMT scale estimates with the PAFMT angle estimates, and 

adapting the LAFMT’s scale output for geospatial applications. Thus, there are two ways in which 

a LAFMT with the reduced search space for scale is combined with a PAFMT:  

1. The LAFMT is used to obtain both the scale and rotation in case the point clouds are offset by 

scale, and the PAFMT is performed only if both of the point clouds are referenced in the same 

units.  
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2. The LAFMT is used to obtain the scale offset only and the PAFMT is used to obtain the angular 

offset.  

     In the ensuing sections, the respective combinations will be referred to as “Quasi-Log-Polar 

AMFT” (QAFMT) algorithms. As will be shown in Section 6.2.1, the first variant, above, of the 

QAFMT intertwines the rotation estimate of the internal LAFMT and PAFMT more closely than 

the second variant, above. Therefore, it is referred to as “Tightly-Coupled QAFMT” 

(QAFMT_TC). In the second version of the QAFMT, the LAFMT and PAFMT are more capable 

of functioning independently. Thus, it is referred to as “Loosely-Coupled QAFMT” 

(QAFMT_LC).   

 

 

6.2.1 Co-Registration using Tightly-Coupled QAFMT 

6.2.1.1 The QAFMT_TC Algorithm 

 

     In the framework of this dissertation, only two scale offsets of 3.2808, and its inverse 0.3048, 

can occur, since the datasets can only be set apart by a difference in unit, i.e., reference in meter 

or feet. Thus, the QAFMT_TC started out by conducting a LAFMT where only the CPS peaks 

within a small buffer zone along the y-axis were considered in the search for the scale and angular 

offsets. After the LAFMT with the reduced search space settled on a CPS peak, the LAFMT output 

is combined with a PAFMT to obtain a refined angular offset. Building on “hypothesis 2” 

presented in Chapter 6.1.4.5, this angular offset should have the same or better accuracy than that 

provided by the PAFMT, in case the height maps possess a low SNR and are offset by scale. The 

PAFMT should, by design, estimate the angle offsets better than the LAFMT with the height maps 

at the same scale. Figure 6.12 outlines the QAFMT_TC algorithm.  
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Figure 6.12: The QAFMT_TC algorithm 

      

     In the tightly-coupled QAFMT, a LAFMT (steps A, B, C, D depicted in black in Figure 6.12) 

is undertaken first to decide whether the height maps are referenced in the same unit or not. If the 

LAFMT settles a scale offset “near” to 3.2808, then the scale offset is fixed to the nominal value 

of 3.2808, and the respective angular estimate from the same LAFMT is considered as the final 

estimate of the angular offset (since the previous LAFMT and PAFMT results showed that in 

presence of a scale offset the LAFMT angles tend to be more accurate than the respective PAFMT 

angles from the low SNR data, see Chapter 6.1.4.5 “hypothesis 2”). If the LAFMT results in a 

scale “near” to 1.0, it is assumed that the height maps were referenced in the same unit, and then 

the scale offset is fixed to the nominal value of 1.0, and the angular offset is derived from the 

PAFMT (steps F, G, H depicted in blue in Figure 6.12).  

     If a scale estimate by the LAFMT deviates strongly from the nominal value of 3.2808 or 1.0, 

the respective CPS peak is ignored and the next biggest CPS peak out of the 20 tallest CPS peaks 

will be analyzed (the same way it is done with the LAFMT and PAFMT). Furthermore, if the 

QAFMT_TC reaches the 20th peak in the scale search and locates an unplausible value far larger 

than 3.28, the scale is fixed to the nominal value of 3.2808 (this is unique to the QAFMT), as it is 

assumed that the QAFMT_TC did not converge even though a scale offset is present (otherwise it 

would have settled near to 1.0). 
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     The QAFMT_TC requires to define a threshold for what values are considered “near” to the 

nominal scale offset of 3.2808 (and 0.3048) and 1.0. Thus, in the subsequent numerical evaluation 

of the QAFMT_TC, the output of the internal LAFMT was evaluated against the thresholds 

outlined in Table 5.1 (which were used earlier to evaluate the FMT, LAFMT, and PAFMT results) 

to decide if the datasets were offset by scale and/or rotation. Since Table 5.1 outlines thresholds 

for a 20% and 50% confidence interval, two sets of co-registration results were generated – one 

for each threshold. One set of results describes the QFMT_TC output where the scale estimates 

deviated less than 20% from the nominal values of 3.2808 and 1.0, while the second set of results 

describes the QAFMT_TC output gained with the respective 50% internal threshold for the scale 

estimates. 

 

     Figure 6.12 presents only results for the application of the scale offset 3.2808 and 1.00. As with 

the evaluation of the FMT, LAFMT, and PAFMT, the application of the scale offset of 0.3048 was 

circumvented and only the scale offsets of 3.2808 and 1.0 are applied in the QAFMT_TC. So, 

when the target point cloud is referenced in meters and the search point cloud is referenced in feet, 

and the LAFMT estimates a scale offset near 0.3, the scale can be fixed to 0.3048 and this scale 

number can be traced internally, and the PAFMT is executed with a native search point cloud and 

a 3.2808-up-scaled target point cloud instead of a 0.3048-downscaled search point cloud and native 

target point cloud. This tightly-coupled strategy has three advantages:  

• Firstly, the loss of information from down sampling the search point cloud is avoided and 

the PAFMT can estimate the remaining rotation offset with a higher accuracy from a 

search- point cloud and a target point cloud that are sampled at a higher resolution.  

• Secondly, it is challenging to retrieve the exact center location of CPS peaks that represent 

the scales <1.0, since their peak is found in a sub-pixel location only within the first row 

of pixels in the CPS. While there are methods to accurately retrieve CPS peak locations at 

the sub-pixel accuracy (Wisetphanichkij and Dejhan, 2005), the suggested method of peak 

search in the CPS of inversely upscaled images is more robust since CPS locations across 

multiple rows of the CPS matrix represent scales of approximately 3.2808. Also, on the 

contrary to the sub-pixel CPS peak search, this strategy does not require additional 

computation. 
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• Thirdly, the QAFMT_TC does not require to rescale the imagery, only fixation of the scale 

estimate to 1.0 or 3.2808, unless the scale estimate was near to 0.3 (and then the reference 

image needs to be up-scaled). 

 

     Figure 6.13 illustrates the search in the QAFMT_TC for the peaks that represent a scale offset 

of 3.2808. In this example, the Oshawa laser point cloud served as the reference for the co-

registration of the Oshawa tie point cloud that was offset by a scale of 3.2808. 

 

    

 

 (A1)  
 

 (A2)  

Figure 6.13: Search of CPS peaks for co-registration of Oshawa laser- and tie point clouds 

(pix) in QAFMT_TC 

 

     Figure 6.13 illustrates the search of CPS peaks in the QAFMT_TC. The thumbnails in the first 

row indicate what the native padded laser point cloud and the 3.2808-upscaled tie point image 

looked like. The second row of thumbnails shows the same height maps in the log-polar (plot A1) 

and polar (plot A2) rendering – the form in which they entered the CPS of the QAFMT-internal 

LAFMT and PAFMT, respectively. The CPS plot in the plots (A1) and (A2) were obtained from 
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the LAFMT and PAFMT, respectively, in the QAFMT_TC with the application of the Chebyshev 

mask. As shown in Table 6.1, the LAFMT estimated an incorrect rotation offset of 90.9deg and a 

scale offset of 1.97 – the red arrow points to the respective CPS peak. Since this scale estimate 

deviated less than 50% from the nominal value of 3.2808, it was considered correct and replaced 

with the nominal value in the QAFMT_TC.  

     Evaluating the scale estimates against a confidence interval is equivalent to searching CPS 

diagram for the peaks that fall within a band (of 50% or 20% deviation) around the row of y-values 

that represents the scale offset of 3.2808. According to (6.8), this band situates at the rear of the 

CPS plot. In Figure 6.13 (A1) and the subsequent plots, the approximate location of this search 

space is indicated by an orange ellipse. Since the height maps in this example had the same 

orientation, the correct peak must situate along the first or last column (the frequency spectrum is 

infinitively repetitive) of x-values – in Figure 6.13 (A1), the CPS peak that represents the correct 

scale and rotation offset is marked with a green arrow. 

 

     With the LAFMT, only one peak within the band of acceptable y-values qualifies as the 

potential candidate in the CPS of log-polar images, while the PAFMT considers multiple peaks 

along the first and last column of x-values in the CPS of polar images as correct candidate. The 

respective areas are highlighted with yellow ellipses in Figure 6.13 (A2). As shown in Table 6.4, 

the PAFMT estimated a correct rotation offset of -10.3deg. The CPS peak that corresponds to this 

solution is located within the ellipses marked in orange on the right of the CPS graph in Figure 

6.13 (A2). 

 

6.2.1.2 Properties 

 

     Since the QAFMT_TC combines the LAFMT and PAFMT, it has their excellent 

characteristics:  

• It is less susceptible to noise and delivers more robust registration results than the standard 

FMT, since it syndicates analytical AFMTs, – especially when the low-resolution DEMs 

with low elevation contrast (low SNR) are co-registered – because it utilizes the phase 

information of the height maps. 
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• The CPS of the LAFMT and PAFMT in the QAFMT_TC yield sharper peaks than the CPS 

in the classical FMT "since the spectral phase preserves the location of objects but is 

insensitive to the image energy” (Chen et al., 1994). Therefore, the QAFMT_TC is able to 

retrieve the rotation and scale offsets within a larger range and/or at a higher precision 

and/or with an increased robustness than the FMT. 

• It is free of “+”-artifacts because the QAFMT_TC encompasses only one DFT.  

• Although window filters can be used to reduce the effects of image-tiling (see 5.1.2.2.2),  

- unlike in the FMT - the effects of image tiling are here small for height maps with small 

changes in elevation. 

 

     In Section 6.1.4.5, the “hypothesis 2” was made that a scale offset (CPS y- component) may 

have a favorable “pull” effect on the location of the corresponding x-component (rotation) in the 

log-polar CPS for data with low SNR. Thus, the presence of a scale offset may have a positive 

impact on the QAFMT_TC co-registration results when the log-polar rendering is used. In support 

of this theory, Figure 6.14 and Figure 6.15 illustrate that the log-polar CPS is slightly less noisy 

and has more distinct and pronounced peaks than the corresponding polar CPS, especially when a 

scale offset is prominent.  

 

    

    

 
(A1) 

 
(A2) 
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(B1) 

 
(B2) 

    

    

 
(C1) 

 
(C2) 

 
(D1) 

 
(D2) 

Figure 6.14: CPS of log-polar (left side) and polar (right side) sampled KN point clouds 

(pix), rotated by 90deg and scaled by 3.2808 
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     Figure 6.14 illustrates the of CPS of the KN height profiles with different offsets. The 

thumbnails in the first row of Figure 6.14 (A1) and Figure 6.14 (A2) indicate what the native 

padded laser- and tie point cloud looked like. The second row of thumbnails show the height maps 

in the log-polar (plot A1) and polar (plot A2) rendering - the form in which they entered the CPS. 

The large CPS plot in the plots (A1) and (A2) were obtained from the LAFMT and PAFMT, 

respectively, in the QAFMT_TC with the application of the Chebyshev mask. As shown in Table 

6.1, the LAFMT estimated a correct rotation offset of 4.7o and a correct scale offset of 1.00. 

However, as shown in Table 6.4, the PAFMT incorrectly estimated the rotation offset as 51.4o.  

     Figure 6.14 (B1) and Figure 6.14 (B2) illustrate the CPS after a 90deg rotation had been applied 

to the tie point cloud. Here, the LAFMT correctly estimated the rotation angle of 95.8deg and the 

scale offset of 1.00, however the PAFMT incorrectly estimated the rotation offset as 177.7deg. 

     The thumbnails in the first row of Figure 6.14 (C1) and Figure 6.14 (C2) indicate what the 

native padded laser point cloud and the 3.2808-scaled tie point cloud looked like, respectively. The 

second row of thumbnails show the height maps in the log-polar (Figure 6.14 (A1)) and polar 

(Figure 6.14 (A2)) rendering. The large CPS plot in Figure 6.14 (C1) and (C2) were obtained from 

the LAFMT (PAFMT) in the QAFMT_TC with the application of the Chebyshev mask, 

respectively. As shown in Table 6.1, the LAFMT estimated a correct rotation offset of 2.6o and a 

correct scale offset of 2.31. As shown in Table 6.4, the PAFMT estimated an incorrect rotation 

offset of 51.4deg.  

Cells D1 and D2 illustrate the CPS after a 90o rotation had been applied to the tie point cloud. The 

log-polar CPS showed again more pronounced peaks and less noise than its polar counterpart. 

While the log-polar CPS yielded a correct rotation offset of 105.6o and a correct scale offset of 

2.07, the polar CPS led to an incorrect angular offset of 177.7o. 

     To further support “hypothesis 2”, the respective CPSs with 90deg rotation and 3.2808 scale 

offset are shown in Figure 6.15 below. 
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(A1) 

 
(A2) 

 
(B1) 

 
(B2) 

Figure 6.15: CPS of log-polar (left side) and polar (right side) sampled Oshawa and 

simulated point clouds (pix), rotated by 90deg and scaled by 3.2808 

 

     Figure 6.15 A1 (A2) show the log-polar (polar) CPS for the Oshawa data, where the tie points 

were offset by a 90o rotation and 3.2808 scale. As before, the plots were obtained from the LAFMT 

(PAFMT) inside the QAFMT_TC with application of MATLAB’s “Chebwin” Chebyshev mask 

(MathWorks, 2019), respectively. As shown in Table 6.1, the LAFMT estimated an incorrect 

rotation offset of 180.9o and a correct scale offset of 2.00. As shown in Table 6.4, the PAFMT 

estimated a correct rotation offset of 74.6o.  

     Figure 6.15(D1) and (D2) are the respective CPS plots from the simulated X5d4 and X5d5 data. 

Again, the log-polar CPS showed more pronounced peaks and lower noise than the polar version. 

the log-polar CPS resulted an incorrect angular offset of -89.9o and an incorrect scale of 1.55. The 

polar CPS resulted an incorrect angular offset of 141.2o, too. 
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6.2.1.3 Numerical Results 

 

     The QAFMT_TC requires to define a threshold for what to be considered as “near” to the 

nominal scale offsets of 3.2808 (and its inverse, 0.3048) and 1.0. Since Table 5.1 outlines 

thresholds for a 20% and 50% confidence interval, there are two sets of the co-registration results: 

One describes the QFMT_TC output where the scale estimates deviated less than 20% from the 

nominal values of 3.2808 and 1.0, while the second describes the QAFMT_TC output gained with 

the respective 50% internal threshold for the scale estimates.  

     Since the 20% threshold is tighter, the QAFMT_TC results obtained with the margin of 20% 

for the scale estimate contain more rotation estimates from the PAFMT (and fewer pairs of scale- 

and rotation estimates from the LAFMT) than those obtained with the internal threshold of 50%. 

Furthermore, since QAFMT_TC starts out with an internal LAFMT to identify the scale offset, it 

is expected that the scale and rotation estimates from the QAFMT_TC and from the standalone 

LAFMT should be identical in many cases. Unless the scale estimate deviates more than 20% or 

50% from 1.0, the rotation estimate is determined by the PAFMT, and the rotation estimates by 

the QAFMT_TC are identical to those of the regular PAFMT. Supporting the earlier mentioned 

“hypothesis 2”, in presence of a scale offset that falls within the predefined margins, there may be 

instances where the LAFMT in the QAFMT_TC delivers better rotation estimates than what the 

PAMFT would deliver, especially when the data has low SNR. 

 

     In the preceding sections, the output of the QAFMT_LC was evaluated against the thresholds 

outlined in Table 5.1 to decide if the point clouds were offset by scale and/or rotation. The same 

color coding as in 6.1.3.3 above were applied. Instances where the LAFMT (results listed in 

Chapter 6.1.3) delivered an accurate rotation- or scale estimate and the QAFMT_TC failed were 

underlined with a black wave (“    ”). Similarly, numbers underlined with a blue wave (“   ”) 

indicate that QAFMT_TC delivered a better rotation- or scale estimate than the LAFMT. Likewise, 

a black underline (“__”) indicates that the PAFMT delivered an accurate rotation estimate where 

the QAFMT_TC failed, and a blue underline (“__”) indicates that QAFMT delivered an accurate 

rotation estimate where the PAFMT failed. Lastly, a dotted black line (“__”) indicates that both 

the standalone PAFMT and LAFMT resulted better rotation estimates than the QAFMT_TC, and 

a blue dotted line (“__”) indicates that the angle estimates of the QAFMT_TC superseded those of 
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the PAMFT and LAFMT. Whenever the internal LAFMT yielded a scale estimate larger than the 

50% margin, the scale value was fixed at the nominal 3.28 and highlighted in purple. All other 

rotation and scale estimates were left in original format since here both the QAFMT_LC, LAFMT, 

and PAFMT delivered either identical or equivalent results. Lastly, since earlier tests showed that 

the interpolation method has little effect on the outcome, bilinear interpolation was used in all 

QAFMT_TC tests. 
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Table 6.9: Registration of Oshawa height maps using QAFMT_TC with the confidence 

interval of 20% 

    
  Oshawa DEMs, Scale = 1.0, 20% confidence 

00 900 1800 2700 
L

as
er

 –
 

L
as

er
 No filter 0.0 1.40 -90.0 1.00 -180.0 1.00 270.0 1.00 

Bartlett 0.0 1.00 90.0 1.00 -182.6 0.97 0.0 1.00 

Chebwin 0.0 1.00 0.0 1.00 -180.0 1.00 0.0 1.00 

T
ie

 -
T

ie
 No filter 0.0 1.03 89.3 1.00 -180.0 1.00 270.7 1.00 

Bartlett 0.0 1.00 89.3 1.00 -177.0 0.97 273.7 1.00 

Chebwin 0.0 1.00 92.2 1.07 -177.0 0.97 273.7 1.03 

L
as

er
 -

T
ie

 No filter 352.3 0.97 -180.0 1.10 100.3 1.03 0.0 1.00 

Bartlett 0.0 1.40 2.6 2.80 2.6 2.80 0.0 2.34 

Chebwin 0.0 1.40 -180.0 1.83 0.0 1.57 0.0 1.89 

T
ie

 -
L

as
er

 

No filter 90.7 0.96 -180.0 1.28 90.7 1.28 0.0 1.28 

Bartlett 354.7 1.64 0.0 2.35 0.0 1.40 -180.0 1.96 

Chebwin -180.0 1.06 0.0 1.03 2.63 0.97 -180.0 1.28 
  

(a)   
 
 

  Oshawa DEMs, Scale = 3.2808, 20% confidence 

00 900 1800 2700 

L
as

er
 –

 

L
as

er
 No filter 92.4 2.83 179.6 2.72 -91.6 2.66 -89.8 3.25 

Bartlett 0.0 3.27 90.2 3.25 360.0 3.27 -89.8 3.25 

Chebwin 0.8 3.18 0.0 1.14 181.61 3.15 -180.0 1.26 

T
ie

 -
T

ie
 No filter 358.1 3.22 90.0 3.27 179.1 3.27 270.0 3.27 

Bartlett 359.1 3.27 90.0 3.27 179.1 3.31 270.0 3.27 

Chebwin 2.8 3.22 0.0 1.00 -177.2 3.27 270.9 3.18 

L
as

er
 -

T
ie

 No filter 101.1 1.97 169.8 1.97 78.9 2.28 349.8 1.94 

Bartlett 78.9 1.97 169.8 1.97 167.0 1.97 349.8 1.97 

Chebwin -180.0 2.20 180.0 1.98 90.9 2.92 0.0 1.62 

T
ie

 -
L

as
er

 

No filter 78.2 2.91 0.80 3.28 90.9 2.91 180.0 3.09 

Bartlett 332.1 1.00 -118.5 1.00 152.1 1.00 -179.2 3.28 

Chebwin -180.0 1.60 -180.0 1.33 0.0 1.21 -180.0 1.33 

 
(b)    
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     Table 6.9, above, shows the registration results of the QAFMT_TC from the Oshawa height 

maps with applying the 20% confidence interval. As with the tables in Section 6.1, the upper half 

of Table 6.9 (a) and (b) show the self-registration results, and the lower halves show the co-

registration results.  

     When the data were self-registered without a scale offset (Table 6.9a), the QAFMT_TC solved 

3 angles that the LAMFT had missed, yet the PAMFT delivered 3 angles and the LAMFT delivered 

3 angles that the QAMFT_TC had missed. In the co-registration, the PAFMT recovered 4 angles 

that the QAFMT_TC had missed, yet the QAFMT_TC provided 5 scale estimates where the 

LAMFT had failed.  

     With the application of scale offset (Table 6.9b), the PAMFT recovered 5 angles, and the 

LAFMT recovered 1 angle and 1 scale. So, the QAMFT_TC had failed. When the data was co-

registered, the QAMFT_TC found 5 angles that the LAFMT had missed and 3 angles that the 

PAFMT had missed, yet the LAFMT delivered 2 angles and the PAFMT delivered 4 angles that 

the QAFMT_TC had missed. However, due to the tight threshold, the rotation estimates were 

almost always wrong, and the QAFMT_TC also failed to recover the scale offset in 17 instances 

where the LAFMT had converged successfully.  

 

     Table 6.10a, below, presents the QAFMT_TC registration results of the Oshawa tie- and laser 

point cloud without the scale offset yet with application of the 50% confidence interval inside the 

QAFMT. When the data was self-registered, the QAFMT showed identical results as before in 

Table 6.10a. When the point clouds were co-registered, the QAFMT_TC provided 1 scale estimate 

where the LAMFT had failed, but the PAFMT recovered 4 angles and the LAFTM provided 1 

angle that the QAFMT_LC missed, respectively.  

     Table 6.10b, below, shows the respective results with the scale offset of 3.2808. When the data 

was auto-registered, the PAFMT delivered 4 angles which the QAFMT_TC had missed. In the co-

registration, the QAFMT_TC solved 4 angles which the PAFMT had missed, but the PAFMT 

recovered 5 angles which the QAFMT had missed.  
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Table 6.10: Registration of Oshawa height maps, with scale 3.2808, using QAFMT with the 

confidence interval of 50% 

 
 
 

  Oshawa DEMs, Scale = 1.0, 50% confidence 

00 900 1800 2700 
L

as
er

 –
 

L
as

er
 No filter 0.0 1.40 -90.0 1.00 -180.0 1.00 270.0 1.00 

Bartlett 0.0 1.00 90.0 1.00 -182.6 0.97 0.0 1.00 

Chebwin 0.0 1.00 0.0 1.00 -180.0 1.00 0.0 1.00 

T
ie

 -
T

ie
 No filter 0.0 1.03 89.3 1.00 -180.0 1.00 270.7 1.00 

Bartlett 0.0 1.00 89.3 1.00 -177.0 0.97 273.7 1.00 

Chebwin 0.0 1.00 92.2 1.07 -177.0 0.97 273.7 1.03 

L
as

er
 -

T
ie

 No filter 352.3 0.97 -180.0 1.10 100.3 1.03 0.0 1.00 

Bartlett 0.0 1.40 2.6 2.80 2.6 2.80 185.1 2.34 

Chebwin 0.0 1.40 -2.6 1.83 0.0 1.57 7.7 1.89 

T
ie

 -
L

as
er

 

No filter 90.7 0.97 -180.0 1.28 90.7 1.28 0.0 1.28 

Bartlett -93.3 1.64 2.6 2.35 0.0 1.40 12.9 1.96 

Chebwin -180.0 1.06 0.0 1.03 0.0 0.97 -180.0 1.28 
 

(a) 
 
 
 
 

  Oshawa DEMs, Scale = 3.2808, 50% confidence 

00 900 1800 2700 

L
as

er
 –

 

L
as

er
 No filter 92.4 2.82 179.6 2.71 -91.6 2.66 -89.8 3.25 

Bartlett 0.0 3.26 90.2 3.25 360.0 3.27 -89.8 3.25 

Chebwin 0.8 3.19 0.0 1.14 181.6 3.15 -180.0 1.25 

T
ie

 -
T

ie
 No filter 358.1 3.22 90.0 3.27 179.1 3.27 270.0 3.27 

Bartlett 359.1 3.26 90.0 3.27 179.1 3.31 270.0 3.27 

Chebwin 2.8 3.31 90.0 2.06 -177.2 3.27 270.0 3.26 

L
as

er
 -

T
ie

 No filter 90.0 1.98 180.0 1.97 180.9 2.29 360.0 1.94 

Bartlett 90.0 1.97 180.0 1.97 270.0 1.97 360.0 1.97 

Chebwin 180.9 2.19 -178.1 1.97 90.9 2.92 0.9 1.63 

T
ie

 -
L

as
er

 

No filter -179.2 4.49 269.8 4.54 0.8 4.48 -89.8 4.54 

Bartlett 1.6 4.65 269.8 4.54 -178.4 4.65 269.8 4.54 

Chebwin -180.0 1.60 -180.0 1.33 0.0 1.21 -180.0 1.33 
 

(b) 
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     In summary, when the Oshawa data was self-registered using the QAFMT_TC without 

considering the scale offset, the same results were obtained with the 20% and 50% margins (20 

correct parameter sets, 83% success). These results were identical to the respective LAFMT results 

(83% success) and similar to the respective PAMFT results (96% success). When the Oshawa data 

was co-registered without scale offset, the QAFMT_TC delivered again identical results with 20% 

and 50% threshold and was again on par with the LAFMT results. However, it delivered only 3 

pairs of the angle and scale estimate correctly (12.5% success), hence far less correct angles than 

the PAMFT (96% success).  

     With the application of scale offset, the QAFMT_TC delivered similar self-registration results 

as the results without scale offset and yielded 18 pairs of rotation and scale estimates correctly 

(75% success) with 20% threshold and 19 correct parameter sets (79% success) with 50% 

threshold. Likewise, the LAFMT delivered 19 correct parameter sets. When the height maps were 

co-registered with scale offset, the QAFMT_TC and LAFMT showed again identical performance 

and delivered 4 correct parameters sets (16.7%) when the 50% threshold was applied inside the 

QAFMT. In this configuration, the co-registration with QAFMT_TC failed however completely 

when the 20% threshold was applied.  

     From these observations, one can conclude that the QAFMT_TC performed best with Oshawa 

data as the 50% threshold was used, and that the QAFMT_TC showed marginally better co-

registration performance (Oshawa 16.7%) than the LAFMT (Oshawa 14.6%). 
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Table 6.11: Registration of KN height maps using QAFMT_TC with the confidence 

interval of 20% 

    
  KN DEMs, Scale = 1.0, 20% confidence 

00 900 1800 2700 
L

as
er

 –
 

L
as

er
 No filter 0.0 1.00 88.8 0.95 -180.0 1.00 271.2 1.00 

Bartlett 0.0 1.05 88.8 1.00 -165.2 1.05 271.2 1.00 

Chebwin 0.0 1.05 88.8 1.00 14.8 1.05 271.2 1.00 

T
ie

 -
T

ie
 No filter 0.0 1.00 92.2 1.00 -171.8 0.93 92.2 1.00 

Bartlett 0.0 1.00 87.8 1.00 -180.0 1.00 272.2 1.08 

Chebwin 0.0 1.00 87.8 1.00 -171.8 0.93 272.2 1.08 

L
as

er
 -

T
ie

 No filter 9.4 1.52 -16.4 1.46 166.0 0.95 14.0 1.40 

Bartlett 0.0 1.21 177.7 1.21 -180.0 1.00 0.0 1.27 

Chebwin 0.0 1.00 177.7 1.21 -180.0 1.00 0.0 1.00 

T
ie

 -
L

as
er

 

No filter 350.6 1.85 79.5 1.15 9.4 1.85 261.8 1.76 

Bartlett 341.3 3.94 341.3 1.00 -147.3 1.46 -175.3 1.39 

Chebwin 0.0 1.39 -180.0 1.60 -180.0 1.60 -180.0 1.53 
  

(a)   

 
 

  KN DEMs, Scale = 3.2808, 20% confidence 

00 900 1800 2700 

L
as

er
 –

 

L
as

er
 No filter 360.0 3.23 89.6 3.23 182.2 3.30 209.1 2.54 

Bartlett 360.0 3.23 92.6 3.30 182.7 3.04 271.9 3.30 

Chebwin 0.0 2.26 91.1 3.11 -178.5 2.87 271.9 3.30 

T
ie

 -
T

ie
 No filter 357.4 3.18 2.6 3.04 -177.4 3.18 270.0 3.28 

Bartlett 10.6 3.18 92.6 3.08 -177.4 3.08 -87.4 3.08 

Chebwin 5.3 3.38 92.6 3.08 -177.4 2.99 270.0 3.08 

L
as

er
 -

T
ie

 No filter 82.1 1.59 105.6 1.46 97.9 1.80 357.3 1.51 

Bartlett 203.8 1.86 90.7 3.42 272.6 3.15 -79.8 3.21 

Chebwin 180.0 2.31 -180.0 2.00 0.0 1.54 0.0 1.55 

T
ie

 -
L

as
er

 

No filter -117.3 1.00 101.8 3.28 -29.1 1.34 303.9 3.99 

Bartlett 0.0 2.40 106.2 2.53 -175.5 0.98 270.0 3.09 

Chebwin 0.0 2.40 106.2 1.61 -169.5 1.61 172.6 2.39 

 
(b)   
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     Table 6.11, above, shows the registration results from the KN height maps with application of 

the 20% confidence interval by using the QAFMT_TC. When the data was self-registered without 

scale offset (Table 6.11a, the LAFMT recovered 1 angle that the QAMFT_TC had missed, and the 

QAFMT_TC missed 1 angle that both the LAFMT and PAFMT had solved correctly. When the 

data was co-registered, the QAFMT_TC located 8 angles that PAFMT had missed and 3 angles 

and 16 scales that the LAFMT had missed. The PAFMT recovered 2 angles and the LAMFT solved 

6 angles that the QAFMT_TC had missed. 

     With application of scale offset (Table 6.11b, above), the QAFMT_TC delivered 1 angle that 

the PAFMT had missed; similarly, the PAFMT recovered again 1 angle and the LAFMT recovered 

1 scale that the QAMFT_TC had missed, respectively. When the data was co-registered, the 

QAFMT_TC located 2 angles and 4 angles that the PAFMT and LAFMT, respectively, had 

missed. However, the LAFMT delivered 10 angles and 16 scales the QAFMT_TC had missed, and 

the PAFMT located 6 angles the QAFMT had missed. Obviously, most of the rotation estimates 

and almost all the scale estimates were wrong when the scale offset was applied.  

 

     Table 6.12a, below, summarizes the QAFMT_TC registration results of the KN tie- and laser 

point cloud without scale offset and with the application of the 50% confidence interval in the 

QAFMT_TC. When the data were self-registered, the QAFMT_TC showed the same results than 

before with 20% confidence threshold, and the LAFMT recovered 1 angle that the QAMFT_TC 

had missed, and the QAFMT_TC missed 1 angle that both the LAFMT and PAFMT had solved 

correctly. When the point clouds were co-registered, the QAFMT_TC provided 7 angles that the 

PAFMT had missed and 2 rotation and 5 scale estimates where the LAMFT had failed, but the 

LAFMT recovered 5 angles that the QAFMT_TC missed.  

     Table 6.12b, below, summarizes the registration results with the scale offset of 3.2808. When 

the data were auto-registered, the QAFMT_TC recovered 1 angle that the LAFMT had missed and 

the PAFMT recovered again 1 angle that the QAFMT_TC missed. During co-registration, the 

QAFMT_TC located 10 angles that the PAFMT had missed, but the PAFMT located 3 angles the 

QAFMT_TC had missed, and the LAFMT delivered 2 angles and 1 scale the QAFMT_TC had 

missed. Clearly, the QAFMT_TC performed better with the application of the 50% threshold in 

the presence of the scale offset.  
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Table 6.12: Registration of KN height maps using QAFMT with the confidence interval of 

50% 

 
    

  KN DEMs, Scale = 1.0, 50% confidence 

00 900 1800 2700 
L

as
er

 –
 

L
as

er
 No filter 0.0 1.00 88.8 0.95 -180.0 1.00 271.2 1.00 

Bartlett 0.0 1.05 88.8 1.00 -165.2 1.05 271.2 1.00 

Chebwin 0.0 1.05 88.8 1.00 14.8 1.05 271.2 1.00 

T
ie

 -
T

ie
 No filter 0.0 1.00 92.2 1.00 -171.8 0.93 92.2 1.00 

Bartlett 0.0 1.00 87.8 1.00 -180.0 1.00 272.2 1.07 

Chebwin 0.0 1.00 87.8 1.00 -171.8 0.93 272.2 1.07 

L
as

er
 -

T
ie

 No filter 9.4 1.53 -16.4 1.10 166.0 0.95 14.0 1.40 

Bartlett 0.0 1.21 177.7 1.21 -180.0 1.00 0.0 1.27 

Chebwin 0.0 1.00 177.7 1.21 -180.0 1.00 0.0 1.00 

T
ie

 -
L

as
er

 

No filter 180.0 1.85 79.5 1.15 360.0 1.85 360.0 1.76 

Bartlett 341.3 3.94 341.3 1.00 -147.3 1.46 271.2 4.33 

Chebwin 0.0 1.39 84.2 1.60 161.3 1.60 -180.0 1.53 
   

(a)  
 
 
 

  KN DEMs, Scale = 3.2808, 50% confidence 

00 900 1800 2700 

L
as

er
 –

 

L
as

er
 No filter 360.0 3.23 89.6 3.23 182.2 3.30 1.5 2.54 

Bartlett 360.0 3.23 89.6 3.30 180.7 3.04 271.9 3.30 

Chebwin 3.0 2.30 91.1 3.11 -178.5 2.87 271.9 3.30 

T
ie

 -
T

ie
 No filter 357.4 3.18 2.64 3.18 -177.4 3.38 270.0 3.28 

Bartlett 10.6 3.18 92.6 3.08 -177.4 3.08 -87.4 3.08 

Chebwin 5.3 3.49 92.6 3.08 -177.4 2.99 270.0 3.08 

L
as

er
 -

T
ie

 No filter 82.1 1.59 105.6 1.46 -90.0 1.80 357.3 1.51 

Bartlett 2.6 1.86 90.7 3.42 272.6 3.15 -79.8 3.32 

Chebwin 2.6 2.31 105.6 2.00 0.0 1.52 0.0 1.56 

T
ie

 -
L

as
er

 

No filter -0.74 4.81 94.5 4.96 182.2 4.91 271.5 4.96 

Bartlett 2.2 4.81 90.0 2.53 182.2 4.81 270.0 3.09 

Chebwin -85.9 2.39 351.1 1.61 -148.6 1.61 -178.5 2.39 
 

(b) 
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     In summary, when the KN data were self-registered with the QAFMT_TC and without applying 

the scale, the same 22 correct parameter pairs were obtained with 20% and 50% internal threshold 

(92% success), which were similar to the respective LAFMT results (24 correct parameter sets, 

100% success) and also to the respective PAMFT results (96% success). When the KN data were 

co-registered without scale offset, the QAFMT_TC delivered slightly better results with 20% than 

with 50% threshold (12 versus 10 correct parameters pairs, respectively); and it was on par with 

the LAFMT results (10 correct parameters pairs), and better than the PAMFT (8 correct angles, 

25% success).  

     With the application of the scale offset, the QAFMT_TC delivered almost the identical self-

registration results as without the scale offset and yielded 22 pairs of correct rotation and scale 

estimates (92% success) with 20% threshold and 23 correct pairs (96% success) with 50% 

threshold. Likewise, the LAFMT delivered 24 correct parameter pairs, and the PAFMT delivered 

23 correct angles. When the height maps were co-registered with scale offset and 20% threshold, 

the QAFMT_TC and LAFMT showed again similar performance and delivered 4 and 6 correct 

parameters sets, respectively; When the 50% threshold was used, the co-registration with 

QAFMT_TC resulted 16 correct parameter pairs (67%), while the LAFMT also solved 16 correct 

pairs and the PAFMT resulted only 8 correct pairs.  

     From these observations, one can conclude that the QAFMT_TC performed best with KN data 

when the threshold of 50% was used, and that the LAFMT showed slightly better co-registration 

performance (KN 54.2%) than the QAFTM_TC (KN 50.0%). 
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Table 6.13: Registration of simulated height maps using QAFMT_TC with the confidence 

interval of 20% 

    

  
(a)   

  Simulated DEMs, Scale = 1.0, 20% confidence 

00 900 1800 2700 
D

T
M

 –
 

D
T

M
 No filter 0.0 1.00 0.0 1.00 90.0 1.00 -180.0 1.00 

Bartlett 0.0 1.00 90.2 0.97 180.0 1.01 270.0 1.00 

Chebwin 0.0 1.00 90.0 1.00 180.2 1.00 270.0 1.00 

D
S

M
 -

D
S

M
 

No filter 0.0 1.00 0.0 1.00 0.0 1.00 -180.0 1.00 

Bartlett 0.0 1.00 89.8 1.00 180.2 1.00 270.2 1.22 

Chebwin 0.0 1.00 89.8 1.00 179.8 1.00 270.2 1.00 

D
T

M
 -

D
S

M
 

No filter 0.0 1.00 0.0 1.00 -180.0 1.00 -180.0 1.00 

Bartlett 0.0 2.49 90.0 2.21 180.0 1.99 7.3 2.92 

Chebwin 261.7 2.71 173.4 3.70 179.2 2.67 -78.6 2.91 

D
S

M
 -

D
T

M
 No filter 0.0 1.00 0.0 1.00 -180.0 1.00 -180.0 1.00 

Bartlett 0.0 1.39 90.0 2.39 180.0 1.28 270.0 1.50 

Chebwin -81.3 2.69 90.0 1.65 180.0 1.78 270.0 1.96 

 
 

  Simulated DEMs, Scale = 3.2808, 20% confidence 

00 900 1800 2700 

D
T

M
 –

 

D
T

M
 

No filter 360.0 2.95 89.9 2.95 180.0 2.95 270.1 2.95 

Bartlett 187.9 3.30 96.8 2.49 164.8 2.92 231.5 2.09 

Chebwin 27.5 1.68 337.0 1.72 180.0 2.14 98.7 2.34 

D
S

M
 -

D
S

M
 No filter 0.1 3.28 90.0 3.28 180.1 3.28 270.0 3.28 

Bartlett 360.0 3.28 90.0 3.28 180.1 3.28 270.0 3.28 

Chebwin 360.0 3.28 90.1 3.27 180.1 3.28 269.9 3.27 

D
T

M
 -

D
S

M
 No filter 160.2 2.24 19.8 2.18 -157.8 2.30 -118.5 2.87 

Bartlett 0.0 3.28 0.0 3.28 180.0 3.28 -180.0 3.28 

Chebwin 0.0 1.00 -180.0 3.28 0.0 3.28 0.0 3.28 

D
S

M
 -

D
T

M
 No filter 360.0 2.95 89.9 2.95 180.0 2.95 270.1 2.95 

Bartlett 187.9 3.30 276.9 2.49 164.8 2.93 231.5 2.09 

Chebwin 27.5 1.68 157.0 1.72 180.0 2.15 -81.3 2.34 

 
(b)   
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     Table 6.13, above, shows the registration results of the QAFMT_TC for the simulated height 

maps with application of the 20% confidence interval. As with the previous tables, the upper half 

of the tables shows the self-registration results, and the lower half shows the co-registration results.  

     When the data was self-registered without scale offset (Table 6.13a, above), the QAFMT_TC 

solved 1 angle the LAMFT had missed, yet both the PAMFT and LAFMT delivered 6 angles that 

the QAMFT_TC had missed. In co-registration, the QAFMT_TC recovered 8 angles and 9 scale 

offsets that the LAFMT had missed, and 3 angles that the PAFMT had missed. However, the 

PAFMT located 6 angles and the LAFMT located 3 angles that the QAFMT_TC had missed.   

     With the application of the scale offset and the internal threshold of 20% (Table 6.13b, above), 

the QAFMT_TC recovered all parameters when the height maps were self-registered. During co-

registration, the QAMFT_TC found 3 angles that the LAFMT had missed and 4 angles that the 

PAFMT had missed. Yet the LAFMT delivered 1 angle and 4 scales and the PAFMT delivered 8 

angles that the QAFMT_TC had missed. Most of the angular offsets and almost all of the scale 

offsets that the QAFMT_TC estimated were wrong.  
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Table 6.14: Registration of simulated height maps using QAFMT_TC with the confidence 

interval of 50% 

   
   

  
(a) 

 

  Simulated DEMs, Scale = 1.0, 50% confidence 

00 900 1800 2700 
D

T
M

 –
 

D
T

M
 No filter 0.0 1.00 0.0 1.00 90.0 1.00 -180.0 1.00 

Bartlett 0.0 1.00 90.2 1.00 180.0 1.00 270.0 1.00 

Chebwin 0.0 1.00 90.0 1.00 180.2 1.00 270.0 1.00 

D
S

M
 -

D
S

M
 

No filter 0.0 1.00 0.0 1.00 0.0 1.00 -180.0 1.00 

Bartlett 0.0 1.00 89.8 1.00 180.2 1.00 270.2 1.22 

Chebwin 0.0 1.00 89.8 1.00 179.8 1.00 270.2 1.00 

D
T

M
 -

D
S

M
 

No filter 0.0 1.00 0.0 1.00 -180.0 1.00 -180.0 1.00 

Bartlett 87.5 2.49 79.0 2.21 -88.3 4.29 7.33 2.91 

Chebwin 261.7 2.71 173.4 1.64 179.2 2.67 -78.6 2.91 

D
S

M
 -

D
T

M
 No filter 0.0 1.00 0.0 1.00 -180.0 1.00 -180.0 1.00 

Bartlett 0.0 1.40 0.6 2.40 180.0 1.28 270.0 1.50 

Chebwin -81.3 2.70 270.6 1.64 165.3 1.78 22.0 1.96 

 
 
 

 Simulated DEMs, Scale = 3.2808, 50% confidence 

00 900 1800 2700 

D
T

M
 –

 

D
T

M
 

No filter 0.1 3.28 89.9 3.28 180.1 3.28 269.9 3.28 

Bartlett 360.0 3.27 89.9 3.27 180.0 3.27 269.9 3.27 

Chebwin 360.0 3.27 89.9 3.27 180.1 3.27 269.9 3.27 

D
S

M
 -

D
S

M
 No filter 0.1 3.28 90.0 3.28 180.1 3.28 270.0 3.28 

Bartlett 360.0 3.28 90.0 3.28 180.1 3.28 270.0 3.28 

Chebwin 360.0 3.28 90.1 3.27 180.1 3.28 269.9 3.27 

D
T

M
 -

D
S

M
 No filter 204.0 2.24 81.9 2.18 -38.6 2.30 -118.5 2.88 

Bartlett 0.0 3.28 0.0 328 180.0 3.28 -180.0 3.28 

Chebwin 0.0 1.00 -180.0 3.28 299.4 3.28 224.7 3.28 

D
S

M
 -

D
T

M
 No filter 360.0 2.95 89.9 2.95 180.0 2.95 270.1 2.95 

Bartlett 187.9 3.31 275.7 2.48 164.8 2.92 211.8 2.10 

Chebwin -6.2 1.68 -80.5 1.72 182.7 2.15 277.7 2.34 
 

(b) 
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     Table 6.14a, above, summarizes the QAFMT_TC registration results from the simulated tie- 

and laser point cloud without the scale offset and with the application of the 50% confidence 

interval inside the QAFMT_TC. When the data was self-registered, the QAFMT_TC produced 

almost identical results as before in Table 6.13a (and the QAFMT_TC solved 2 angles instead of 

1 that the LAMFT had missed). When the point clouds were co-registered, the PAFMT recovered 

10 angles and the LAFMT recovered 1 angle that the QAFMT_TC missed, respectively. The 

QAMFT_TC however provided 3 angle estimates where the LAFMT and PAMFT had failed.  

     Table 6.14b, above, shows the registration results with a scale offset of 3.2808 and the 

application of an internal threshold of 50%. When the data was auto-registered, the QAFMT_TC 

found all parameters, as it did before with the threshold of 20%. In co-registration, the 

QAFMT_TC solved 4 angles that the PAFMT had missed, and 6 angles that the LAFMT had 

missed. However, the PAFMT recovered 12 additional angles and the LAFMT recovered 2 angles 

that the QAFMT_TC had missed, respectively.  

 

     In summary, when the simulated height profiles were self-registered with the QAFMT_TC 

without scale offset, 18 correct parameters sets were obtained with the internal thresholds of 20% 

and 50% (75% success), while the respective LAFMT delivered 22 correct parameters sets (86% 

success) and the PAFMT output achieved 100% correct angles. However, when the height maps 

were co-registered (which is most important for geodetic applications), and no scale offset was 

applied, the QAFMT_TC outperformed the LAFMT and delivered 12 versus 8 correct parameter 

sets when the 20% threshold was used (50% success), and 7 versus 8 parameter sets when the 50% 

threshold was used. With application of scale offset, the QAFMT_TC with 50% band delivered 12 

correct co-registration parameters (50% success) while the LAFMT and the QAFMT_TC with 

20% band delivered only 4 and 3 correct estimates, respectively. 

     From these observations, one can conclude that the QAFMT_TC performed best with simulated 

data when the 50% threshold was used, and that the QAFTM_TC clearly surpassed the LAFTM 

in co-registration performance (39.6% vs 25.0% success). 
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6.2.1.4 Discussion 

 

     In section 6.2.1 and its sub-sections, the QAFMT_TC was introduced as a method that 

combines the LAFMT and PAFMT with the intend to syndicate the strength of both and improve 

the overall co-registration results. An important consideration for the QAFMT_TC was that 

predominantly only scale differences of 3.2808 and 0.3048 occur (to convert between feet and 

meter) in the geodetic applications targeted in this framework. Furthermore, in support of the data 

analysis in Chapter 6.1.4.5 and consequent “hypothesis 2”, the motivation of creating the 

QAFMT_TC was to obtain the rotation estimate from the LAFMT whenever the point clouds seem 

offset by scale, since a strong scale signature may have a favorable “pull” effect on the rotation 

estimate when low SNR height maps are co-registered. At the same time, the QAFMT_TC would 

settle on the PAFMT’s angle whenever the source- and target point cloud seem referenced in the 

same coordinate system (LAFMT scale estimate near 1.0), as the PAFMT should, by design, 

provide better rotation estimates than the LAFMT in that case.  

 

     The QAFMT_TC also included a rule that if the scale estimate of the internal LAFMT exceeds 

the 20% or 50% deviation from the nominal 3.2808 or 1.0, the respective CPS peak is ignored and 

the next bigger CPS peak out of the 20 tallest CPS peaks will be analyzed. Since the 50% margin 

provides more room for accepting scale and rotation estimates, it was expected that the wider 

tolerance band would lead to better co-registration output. Indeed, the results confirmed that the 

QAFMT_TC with 50% threshold recovered almost twice as many co-registration parameter-pairs 

than the QAFTM_TC with 20% tolerance band (35% vs 19% co-registration success).  

 

     The QAFMT_TC also included a rule where the scale estimate is replaced with a nominal scale 

of 3.2808, if the internal LAFMT reaches the 20th peak and settles at a scale estimate far larger 

3.2808, as it is assumed that the LAFMT did not converge even though a scale offset was present. 

As a result, the QAFMT and LAFMT showed occasionally different scale estimates for the same 

data, and the scale estimate of the QAFMT_TC was either the same or better than the respective 

LAFMT estimate. In case of the QAFTM_TC with 50% threshold, this circumstance occurred only 

when the simulated data was co-registered with scale offset. In the respective seven instances, it 



241 

 

led to only two additional correct parameter pairs (and five times the corrected nominal scale 

paired with an incorrect rotation estimate), i.e., it showed little impact.  

     Since the simulated height maps and the Oshawa data provide very low SNR, it was expected 

the QAFMT_TC would deliver more correct co-registration estimates than the LAFMT for these 

datasets. Indeed, the experiments showed that the QAFMT_TC delivered more correct scale 

estimates than the LAFMT (QAFMT_TC: Oshawa 77.1%, KN 77.1%, Simulated 70.8%; vs 

LAFMT: Oshawa 79.2%, KN 66.6%, Simulated 35.4%), and the QAFMT_TC created also more 

evenly distributed rotation estimates than the PAFMT (QAFMT_TC: Oshawa 16.7%, KN 60.4%, 

Simulated 52.1%; vs PAFMT Oshawa 12.5%, KN 54.2%, Simulated 83.3%). In the end, while 

some of the QAFMT_LC’s correct scale estimates paired with incorrect rotation estimates, the 

QAFMT_LC delivered more and more evenly distributed pairs of correct scale and correct angle 

estimates than the LAFMT (QAFMT_TC: Oshawa 16.7%, KN 50.0%, Simulated 37.5%; vs 

LAFMT: Oshawa 14.6%, KN 54.1%, Simulated 25.0%). Thus, in case of these three datasets, the 

QAFMT_TC outperformed the LAFMT in co-registration by approx. 10%. This finding speaks in 

favor of “hypothesis 2” (proposed in Chapter 6.1.4.5). Also, from the findings above, one can 

further conclude that it was mainly the tightly-coupled combination of PAFMT and LAFMT that 

lead to the improved co-registration results, and not the rules for handling scale estimates that don’t 

fall within the predefined bandwidth. 

 

     As in the earlier experiments, applying a window mask with medium damping power improved 

the co-registration results slightly compared to when no mask was applied, and the Bartlett filter 

proofed again to create overall the best results. 

 

6.2.2 Co-Registration using Loosely-Coupled QAFMT 

6.2.2.1 The QAFMT_LC Algorithm 

 

     Like the QAFMT_TC, the loosely-coupled version of the QAFMT concatenates the LAFMT 

and PAFMT. While both the QAFMT_TC and the QAFMT_LC aim to recover the scale, the latter 

utilizes the LAFMT exclusively for this purpose. After the search image has been resized with the 

nominal scale offset determined by the LAFMT, the PAFMT is used to recover the angular offset. 
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Since the PAFMT inside the QAFMT_LC is always executed, the tie between LAFMT and 

PAFMT is looser than in the tightly-coupled version, which executes the PAFMT only if the 

LAFMT determined that there is no scale offset. Figure 6.16 below outlines how the QAFMT_LC 

algorithm combines the LAFMT and PAFMT.  

 

 

Figure 6.16: The QAFMT_LC algorithm 

 

     In the loosely-coupled version of the QAFMT, a LAFMT (steps A, B, C, D, E depicted in black) 

is deployed first to decide whether the height maps were referenced in the same unit. If the LAFMT 

settles “near” (within the margins of a 20% or 50% threshold) a scale offset of 3.2808, then the 

search image is scaled by the nominal scale value of 3.2808, otherwise it remains unscaled. 

(Similarly, as before with the other AFMT versions, when the LAFMT determines a scale offset 

near 0.3048, then the LAFMT can be re-run with inverted point clouds). Afterwards, the PAFMT 

(steps F, G, H highlighted in blue), is deployed to fix the angle.  

     Thus, unlike the QAFMT_TC, the QAFMT_LC obtains 100% of its rotation estimates from the 

PAFMT. Consequently, there is only one set of QAFMT_LC results. To indicate where the 
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QAFMT_LC-estimated scale deviated less than 20% or 50% from the nominal values of 3.2808 

and 1.0, the same colour coding was applied as before in Chapter 6.2.1.3. Scale values that deviated 

more than 50% from 3.2808 indicated that the point clouds were referenced in the same unit, and 

the PAFMT was applied to the non-scaled template and search point cloud. Therefore, the results 

of the QAFMT_LC can be cross-compared to those of the QAFMT_TC with 50% margin. 

 

6.2.2.2 Properties 

 

     Like the QAFMT_TC, the QAFMT_LC inherits properties from the LAFMT and PAFMT:  

• Since it considers both the magnitude and phase information of the input images, it is less 

susceptible to noise and yield more robust registration results than the FMT – especially 

when low-resolution DEMs with low elevation contrast are co-registered. 

• It yields a much sharper peak than the classical FMT 

• It is free of “+”-effects.  

• In cases where the height maps are noisy and provide only small change in elevation, cross-

correlation between the rotation and scale estimates may occur in the LAFMT, provided 

“hypothesis 2” (Chapter 6.1.4.5) is true. There may be instances where the QAFMT_LC-

inherent LAFMT CPS search settles on a peak that is driven by a strong rotation estimate, 

and this rotation estimate may pull the scale estimate favorably or non-favorably to a more 

or less accurate scale estimate. 

• Since the QAFMT_LC obtains its rotation estimate always from the PAFMT, and since, in 

theory, the PAFMT should deliver more correct rotation estimates than the LAFMT, 

especially if the data provides strong height contrast, it is expected that the QAFMT_LC 

performs better than the QAFMT_TC with high SNR data, and vice versa.  

  

     The following illustration demonstrate how multiple CPS peaks can lead to the correct solution 

in the PAFMT. They also show that polar rendering provides better resolution of the input data 

than its logarithmic counterpart. 
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(a1) 

 
(a2) 

 
(b1) 

 
(b2) 

 
(c1) 

 
(c2) 

Figure 6.17: Self-registration of 90deg rotated X5d4 point cloud (pix) using log-polar (left) 

and polar (right) AFMT 

 

     As can be seen in Figure 6.17 (c1), the log-polar CPS yielded one peak representing both the 

scale and rotation offset correctly. The polar CPS, Figure 6.17 (c2), yielded two peaks that 

resemble the correct angle. As shown in Table 6.3 and Table 6.5, both the LAFMT and PAFMT 

delivered the correct angular offset.   
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(a1) 
 

(a2) 

 

(b1) 
 

(b2) 

 
(c1) 

 
(c2) 

Figure 6.18: Self-registration of scaled X5d4 point cloud (pix) in native orientation using 

log-polar (left) and polar (right) AFMT  

 

     As can be seen in Figure 6.18(c1), the log-polar CPS yielded one dominant peak (mirrored in 

the beginning and end of the CPS) representing both the scale and rotation offset correctly. The 

polar CPS, plot (c2), yielded many large peaks that resembled the 0deg (or 360deg) offset 



246 

 

correctly. As shown in Table 6.3 and Table 6.5, both the LAFMT and PAFMT delivered correct 

results.   

 

 
(a1) 

 
(a2) 

 
(b1) 

 
(b2) 

 
(c1) 

 
(c2) 

Figure 6.19: Self-registration of 90deg rotated and scaled X5d4 point clouds (pix) using log-

polar (left) and polar (right) AFMT 
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     As can be seen in Figure 6.19 (c1), the log-polar CPS yielded one dominant peak representing 

both the scale and rotation offset correctly. The polar CPS, Figure 6.19 (c2), yielded multiple small 

peaks that resembled the 90deg offset correctly. As shown in Table 6.3 and Table 6.5, in this 

instance, both the LAFMT and PAFMT delivered correct results.   

 

6.2.2.3 Numerical Results 

 

     The QAFMT_LC, like the QAFMT_TC, starts out with an internal LAFMT to identify the scale 

offset. Thus, the scale estimates of the QAFMT_LC are identical to those of the standalone 

LAFMT; the same color coding as before was used to indicate if they deviate 20% or 50% from 

the nominal offset of 3.2808 or 1.0. Furthermore, since the QAFMT_LC deploys a PAMFT 

internally afterwards, its rotation estimates are identical to those of the regular PAFMT (regardless 

of angular estimate of the LAFMT), if the LAFMT estimated the scale correctly. However, if the 

LAFMT estimated the scale offset incorrectly, i.e., it determined that the point clouds were 

referenced in different units (or the same unit) even though they were not, the search image was 

scaled with the incorrect nominal scale, the angular estimate from the PAFMT can be disregarded 

regardless of whether it was correct or not, since only correct pairs of angle and scale offset really 

matter for successful co-registration.  

     At the same time, there can be instances where the LAFMT inside the QAFMT_TC delivers 

better rotation estimates than the consequent PAMFT, and the PAFMT inside the QAFMT_TC 

degrades the results.  

 

     In the preceding sections, the output of the QAFMT_LC was evaluated against the thresholds 

outlined in Table 5.1 to decide if the point clouds were offset by scale and/or rotation. In the 

following tables, the same formatting was applied as before, to highlight where the QAFMT_V2 

outperformed or underperformed the PAFMT. 
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Table 6.15: Registration of Oshawa height maps using QAFMT_LC 

 
    

  Oshawa laser and tie point cloud, Scale = 1.0 

00 900 1800 2700 
L

as
er

 –
 

L
as

er
 No filter 0.0 1.40 90.0 1.00 -180.0 1.00 90.0 1.00 

Bartlett 0.0 1.00 90.0 1.00 180.0 1.00 0.0 1.00 

Chebwin 0.0 1.00 0.0 1.00 -180.0 1.00 0.0 1.00 

T
ie

 -
T

ie
 No filter 0.0 1.03 89.3 1.00 -180.0 1.00 270.7 1.03 

Bartlett 0.0 1.00 89.3 1.00 -180.0 1.00 273.7 1.00 

Chebwin 0.0 1.00 92.2 1.07 -180.0 1.00 273.7 1.03 

L
as

er
 -

T
ie

 No filter 352.3 1.03 -180.0 1.10 100.3 1.03 0.0 1.00 

Bartlett 0.0 1.40 -180.0 2.89 0.0 2.89 0.0 2.34 

Chebwin 0.0 1.44 90.0 1.83 -180.0 1.58 0.0 1.35 

T
ie

 -
L

as
er

 

No filter 90.7 1.45 -180.0 1.40 90.7 1.45 0.0 1.27 

Bartlett 175.7 1.40 0.0 2.50 0.0 1.40 -180.0 2.50 

Chebwin -180.0 1.03 0.0 1.13 0.0 1.03 -180.0 1.28 
  

(a)   
 
 

  Oshawa DEMs, Scale = 3.2808 

00 900 1800 2700 

L
as

er
 –

 

L
as

er
 No filter 0.0 3.27 -89.8 2.78 -180.0 2.73 -89.8 3.29 

Bartlett 0.0 3.31 0.0 3.29 -180.0 3.27 0.0 3.29 

Chebwin 0.0 3.27 0.0 1.14 -180.0 3.27 0.0 1.35 

T
ie

 -
T

ie
 No filter 0.0 3.27 -89.8 3.27 -180.0 3.31 -89.8 3.27 

Bartlett 0.0 3.31 0.0 3.27 -180.0 3.31 0.0 3.27 

Chebwin 0.0 3.22 0.0 2.06 -180.0 3.27 -180.0 3.18 

L
as

er
 -

T
ie

 No filter -90.0 2.00 0.0 2.00 90.0 2.00 -180.0 1.97 

Bartlett 90.0 1.97 -180.0 2.00 -90.0 2.00 0.0 1.97 

Chebwin 0.0 1.97 90.0 2.00 -180.0 2.92 -90.0 1.63 

T
ie

 -
L

as
er

 

No filter 90.0 4.60 -180.0 4.54 270.0 4.60 0.0 4.54 

Bartlett 270.0 4.71 0.0 4.54 90.0 4.71 -180.0 4.54 

Chebwin -180.0 1.60 270.0 3.28 0.0 1.23 -90.0 3.28 

 
(b) 
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     Table 6.15a, above, shows the QAFMT_LC co-registration results of the Oshawa tie- and laser 

point clouds without scale offset. As with the tables in Chapter 6.2.1.3, the upper half of both tables 

show the self-registration results, and the lower halves show the co-registration results.  

     When the data was self-registered without scale offset (Table 6.15a), the QAFMT_LC solved 

4 angles the LAMFT had missed, yet the LAMFT delivered 1 angle that the QAMFT_TC had 

missed. In co-registration, the PAFMT recovered 4 angles that the QAFMT_TC had missed, yet 

the QAFMT provided 4 scale estimates where the LAMFT had failed. 

      With application of the scale offset (Table 6.15b, above), the PAMFT recovered 5 angles, and 

the LAFMT recovered 1 angle and 1 scale, where the QAMFT_TC had failed, respectively. When 

the data was co-registered, the QAMFT_TC found 5 angles that the LAFMT had missed and 3 

angles that the PAFMT had missed, and the LAFMT delivered 2 angles and the PAFMT delivered 

4 angles that the QAFMT_TC had missed. The rotation estimates were however almost always 

wrong and the QAFMT_TC also failed to recover scales in 17 instances where the LAFMT had 

converged successfully.  

     In total, considering only angles that paired with a correct scale estimate, the LAFMT resulted 

3 (1+2) angles correctly that the PAFMT estimated incorrectly, yet the PAFMT produced 8 (4+4) 

angles that were estimated incorrectly by the LAFMT. Thus, without scale offset, the PAFMT 

outperformed the LAFMT by estimating an additional 5 angles (28 angles versus 23 angles) 

correctly.  
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Table 6.16: Registration of KN height maps using QAFMT_LC 

 
    

  KN DEMs (61x73, 40x37), Scale = 1.0 

00 900 1800 2700 
L

as
er

 –
 

L
as

er
 No filter 0.0 1.00 91.2 1.00 -180.0 1.00 271.2 1.00 

Bartlett 0.0 1.05 88.8 1.00 -165.2 1.05 271.2 1.00 

Chebwin 0.0 1.05 88.8 1.00 -165.2 1.05 271.2 1.00 

T
ie

 -
T

ie
 No filter 0.0 1.00 87.8 1.00 -180.0 1.33 92.2 1.00 

Bartlett 0.0 1.00 87.8 1.00 -180.0 1.00 272.2 1.08 

Chebwin 0.0 1.00 87.8 1.00 -180.0 1.00 272.2 1.08 

L
as

er
 -

T
ie

 No filter -166.7 1.53 -16.4 1.05 168.2 1.53 14.0 1.40 

Bartlett 0.0 1.00 -180.0 1.70 -180.0 1.00 0.0 1.33 

Chebwin 0.0 1.00 -177.7 1.00 -180.0 1.00 0.0 1.00 

T
ie

 -
L

as
er

 

No filter -166.7 1.60 79.5 1.15 11.8 1.94 -10.3 1.85 

Bartlett 0.0 1.00 -97.4 3.94 180.0 1.53 0.0 4.33 

Chebwin 0.0 1.39 180.0 1.60 180.0 1.53 0.0 1.53 
  

(a)    
 
 

  KN DEMs, Scale = 3.2808 

00 900 1800 2700 

L
as

er
 –

 

L
as

er
 No filter 0.0 3.30 90.0 3.30 -180.0 3.30 90.0 2.93 

Bartlett 0.0 3.30 88.6 3.30 180.0 3.30 90.0 3.30 

Chebwin 0.0 2.30 88.5 3.11 180.0 2.93 90.0 3.30 

T
ie

 -
T

ie
 No filter 0.0 3.18 90.0 3.18 -180.0 3.18 270.0 3.28 

Bartlett 0.0 3.28 90.0 3.18 180.0 3.18 270.0 3.08 

Chebwin 0.0 3.49 90.0 3.08 0.0 2.99 270.0 3.08 

L
as

er
 -

T
ie

 No filter 9.3 1.59 11.8 1.66 166.0 1.50 14.0 1.51 

Bartlett 0.0 1.92 -180.0 3.42 -180.0 3.15 175.6 3.32 

Chebwin 0.0 2.31 0.0 2.07 180.0 1.92 180.0 1.88 

T
ie

 -
L

as
er

 

No filter -166.7 4.91 101.8 3.28 11.8 4.91 -10.3 3.28 

Bartlett 0.0 4.91 -97.4 2.53 180.0 4.91 0.0 3.09 

Chebwin 0.0 2.45 180.0 2.53 180.0 1.64 0.0 2.39 

 
(b) 

 
 

 

     



251 

 

      Table 6.16a, above, shows the LAFMT co-registration results of the Keyworth-Nottingham 

tie- and laser point cloud without scale offset. The upper half shows the self-registration results. 

Here, the LAFMT showed 100% success. The lower half shows the respective cross-correlation 

results. Here, the LAFMT converged correctly in 10 out of 24 cases, i.e., it showed a success rate 

of 42%. Considering only angles that paired with a correct scale estimate, the LAFMT estimated 

8 (1+7) angles correctly, where the PAFMT failed. The polar AFMT performed better in only 1 

instance. Thus, without scale offset, the LAFMT outperformed the PAFMT by estimating an 

additional 7 angles (38 angles versus 31 angles) correctly, that paired with a correct scale estimate, 

too. 

     Table 6.16b, above, shows the co-registration results for the KN tie- and laser point cloud with 

scale offset 3.2808. When the KN data was self-registered, the LAFMT failed only in 1 instance, 

i.e., it converged correctly in 96% of the test cases. When the KN data was co-registered, the 

LAFMT converged correctly in 16 cases, i.e., it showed a success rate of 67%. In total, the LAFMT 

resulted 12 (1+11) angles correctly (that paired with a correct scale estimate, too) that the PAFMT 

estimated incorrectly, and the PAFMT produced 3 (1+2) angles correctly that were estimated 

incorrectly by the LAFMT. Thus, with scale offset, the LAFMT outperformed the PAFMT by 

estimating an additional 9 angles (39 angles versus 30 angles) correctly. 

     The overall success rate of the co-registration of KN data with LAFMT was 55%. In total, the 

LAFMT outperformed the PAFMT and estimated an additional 9 (8) angles, that also paired with 

a correct scale estimate, when (no) scale offset was applied, respectively. 
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Table 6.17: Registration of simulated height maps using QAFMT_LC 

 
    

  Simulated DEMs, Scale = 1.0 

00 900 1800 2700 
D

T
M

 –
 

D
T

M
 No filter 0.0 1.00 0.0 1.00 90.0 1.00 180.0 1.00 

Bartlett 0.0 1.00 90.0 1.00 180.0 1.01 270.0 1.02 

Chebwin 0.0 1.00 90.0 1.00 180.2 1.01 270.0 1.01 

D
S

M
 -

D
S

M
 

No filter 0.0 1.30 0.0 1.00 180.0 1.00 -180.0 1.00 

Bartlett 0.0 1.00 89.8 1.00 180.2 1.00 271.2 1.00 

Chebwin 0.0 1.00 -90.2 1.00 -0.2 1.00 271.2 1.00 

D
T

M
 -

D
S

M
 

No filter 0.0 1.00 0.0 1.00 -180.0 1.00 -180.0 1.00 

Bartlett 0.0 2.49 0.0 2.21 180.0 4.29 -180.0 2.92 

Chebwin 0.0 2.71 -180.0 3.70 0.0 2.67 270.0 2.91 

D
S

M
 -

D
T

M
 No filter 0.0 1.00 0.0 1.00 -180.0 1.00 -180.0 1.00 

Bartlett 0.0 1.40 -180.0 2.34 180.0 2.47 0.0 2.53 

Chebwin 0.0 1.02 0.0 1.65 180.0 2.49 0.0 2.43 
  

(a)   
 
 

 Simulated DEMs, Scale = 3.2808 

00 900 1800 2700 

D
T

M
 –

 

D
T

M
 

No filter 0.0 3.28 90.0 3.28 -180.0 3.28 270.0 3.28 

Bartlett 0.0 3.27 90.0 3.27 180.0 3.27 270.0 3.27 

Chebwin 0.0 3.27 90.0 3.27 -180.0 3.27 270.0 3.27 

D
S

M
 -

D
S

M
 

No filter 0.0 3.28 90.0 3.28 -180.0 3.28 -90.0 3.28 

Bartlett 0.0 3.28 88.8 3.28 180.2 3.28 271.2 3.28 

Chebwin 0.0 3.28 91.5 3.27 180.2 3.28 271.2 3.27 

D
T

M
 -

D
S

M
 

No filter 0.0 3.28 0.0 3.28 -180.0 3.28 -180.0 3.28 

Bartlett 0.0 3.28 0.0 3.28 180.0 3.28 -180.0 3.28 

Chebwin 0.0 3.28 -180.0 3.28 0.0 3.28 0.0 3.28 

D
S

M
 -

D
T

M
 

No filter 0.0 2.95 0.0 1.55 -180.0 2.95 -180.0 2.95 

Bartlett 0.0 2.87 -180 2.72 180.0 3.28 0.0 3.28 

Chebwin 0.0 1.68 0 3.28 180.0 2.15 0.0 3.28 

 
(b) 
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     Table 6.17a, above, shows the LAFMT co-registration results of the simulated tie- and laser 

point cloud without scale offset. When the data was self-registered, the LAFMT failed only in 2 

instances and showed a 92% success rate. The lower half shows the respective cross-correlation 

results. Here, the LAFMT converged correctly in 8 out of 24 cases, i.e., it showed a success rate 

of 34%. Considering only angles that paired with a correct scale estimate, in total the PAFMT 

resulted 3 (2+1) angles correctly that the LAFMT estimated incorrectly. In total, the PAFMT 

outperformed the LAFMT and estimated an additional 13 angles (43 angles versus 30 angles) 

correctly. 

     Table 6.17b, above, shows the co-registration results of the simulated tie- and laser point cloud 

with scale offset 3.2808. When the data was self-registered, the LAFMT showed 100% success. 

When the simulated data was co-registered, the LAFMT converged correctly in only 4 cases, i.e., 

it showed a success rate of 17%. In total, the LAFMT resulted 2 angles correctly that the PAFMT 

estimated incorrectly, and the PAFMT produced 3 angles correctly that were estimated incorrectly 

by the LAFMT. Thus, with scale offset, the PAFMT outperformed the LAFMT angle estimates 

slightly. 

     The overall success rate of the co-registration of simulated data with the LAFMT was 26%. In 

total, the PAFMT outperformed the LAFMT’ angles slightly and estimated an additional 3 (3) 

angles that paired with a correct scale estimate, when a (no) scale offset was applied, respectively. 

 

6.2.2.4 Discussion 

 

     In section 6.2.2 and its sub-sections, the QAFMT_LC was introduced as a method that 

combines the LAFMT and PAFMT with the intend to syndicate the strength of both and improve 

the overall co-registration results. Like the QAFMT_TC, the QAFMT_LC was designed to fix the 

estimated scale offset at either 1.0 or 3.2808 (or its inverse, 0.3048), since this scale difference is 

common in geodetic coarse co-registration applications. Thus, the QAFMT_LC deploys the 

LAFMT first to fix the scale at a nominal value, too, but then, unlike the QAFMT_TC, it gets its 

rotation estimate always from the PAFMT.  

     As in the preceding experiments, bilinear interpolation was used in the QAFMT_TC tests, and 

the Bartlett filter proofed to create overall the best results.  
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     While the LAFMT created many correct scale estimates (Oshawa 79.2%, KN 66.7%, Simulated 

35.4%), a lot of them coupled with an incorrect rotation estimate (correct scale but wrong angle 

estimate: Oshawa 64.6%, KN 12.5%, Simulated 10.4%). Thus, the motivation of creating the 

QAFMT_LC was to combine the PAFMT’s many correct estimates of the angular offset with the 

many correct scale estimates of the LAFMT, and perhaps result more instances where a correct 

LAMFT scale pairs with a correct PAFMT angle compared to the instances where a correct 

LAFMT scale pairs with a correct LAFMT angle estimate (disproving “hypothesis 2”). 

     The experiments revealed that the QAFMT_LC created slightly fewer but more evenly 

distributed correct rotation estimates than the PAFMT (QAFMT_LC: 18.8% (Oshawa), 43.8% 

(KN), 47.9% (Simulated); vs PAFMT 12.5% (Oshawa), 54.2% (KN), 83.3% (Simulated)). The 

QAFMT_LC delivered also more correct scale estimates than the LAFMT (QAFMT_LC: 77.1% 

(Oshawa), 68.8% (KN), 64.6% (Simulated); vs LAFMT: 79.2% (Oshawa), 66.7% (KN), 35.4% 

(Simulated)), but many correct scale estimates paired with an incorrect rotation estimate.  

 

     In the end, the QAFMT_LC delivered more evenly distributed yet slightly fewer pairs of correct 

scale and correct angle estimates than the LAFMT (QAFMT_LC: 14.6% (Oshawa), 31.3% (KN), 

35.4% (Simulated); vs LAFMT: 14.6% (Oshawa), 54.1% (KN), 25.0% (Simulated)). Thus, the 

QAFMT_LC did not turn out as clear, strong winner over the LAFMT; rather did the LAFMT win 

by a small margin since it delivered very similar co-registration output yet required less 

computational steps. This finding confirms the earlier findings of Section 6.2.1.4, supports 

“hypothesis 2” (Section 6.1.4.5), and rules in favor of the QAFMT_TC for these three datasets.   

 

 

6.3 Summary 

 

     In the 2000s, the AFMT, - a modified FMT that maintains the phase information -, was 

proposed. Thus, repeating some of the earlier FMT experiments with the AFMT should provide 

more insight into the impact of the loss of phase information versus the impact of elevation profile 

on the co-registration results. Also, since the Fourier phase (that is preserved in the AFMT) carries 
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more information than the Fourier magnitude, it was expected that the AFMT delivers better results 

than the FMT.  

     Two forms of the AFMT have been examined: The PAFMT and the LAFMT. As expected, 

both the PAFMT and LAFMT showed a higher success rate than the FMT. The LAFMT delivered 

better rotation estimates than the PAMFT for the KN data, which could be attributed to the stronger 

phase signal of the KN data, and the PAFMT surpassed the LAFMT with the Oshawa and 

simulated data. Overall, the LAFMT proofed to be the preferred method for co-registration since 

it delivers both rotation and scale and since its rotation estimates lagged the PAFMT angle 

estimates mostly only slightly.  

     Lastly, the EAFMT was introduced as an extended AFMT that can – like the FMT – recover 

not only rotation and scale, but also translation. But since the translations are recovered with 

Cartesian height images in an internal POMF, the range of translations that can be recovered with 

the EAFMT is smaller than that of the FMT. The most important drawback of the EAFMT, and 

also LAFMT and PAFMT, is however that they were not optimized for the presence of two units. 

Knowing that the laser and tie point clouds can only be either referenced in the same unit or offset 

by a scale of 3.2808, better optimized algorithms could be designed that account for this condition. 

Thus, Chapter 6.2 introduced the loosely- and tightly coupled QAFMT as novel co-registration 

algorithms along with the reasons why they should outperform the existing methods in global co-

registration of airborne laser- and sparse tie- point clouds. Chapters 6.2.1.3, 6.2.1.4 and 6.2.2.3, 

6.2.2.4 presented and discussed the respective co-registration results. In the ensuing paragraphs, 

these results have been compared against all co-registration results from the methods introduced 

earlier. Also, the results have been evaluated against the criteria outlined in Chapter 1.1 what 

optimal characteristics a good co-registration algorithm should have. 

      As with preceding analysis, this performance assessment was focused on the co-registration 

results (and not the self-registration results) since they necessarily imply practical geodetic 

application. While the count of individual correctly estimated co-registration parameters could be 

used to evaluate the co-registration success, the number of correctly estimated parameter pairs is 

a better performance metric, since only correct parameter pairs allow for successful co-registration. 

After this metric, Table 6.18 compares the QAFMT output against the earlier introduced 

frequency-based registration methods. 

 



256 

 

Table 6.18: Number of correct co-registration parameter pairs (angle- and respective scale 

estimate; min=0, max=4) 

 

LAFMT  PAFMT  
QAFMT_TC 
20% nth CPS 

QAFMT_TC 
50% nth CPS 

QAFMT_LC 
Total 

Laser-

Tie 

Tie-

Laser 

Laser-

Tie 

Tie-

Laser 

Laser-

Tie 

Tie-

Laser 

Laser-

Tie 

Tie-

Laser 

Laser-

Tie 

Tie-

Laser 

 

O
sh

a
w

a
 

 

S
ca

le
=

1
.0

 
 

None 0 0 1 0 0 0 0 0 1 0 
 

Bartlett 1 1 1 0 1 1 1 1 1 0 18 

Chebwin 1 0 1 0 1 3 1 0 1 0 
 

S
ca

le
=

3
.3

 
 

None 0 1 0 0 0 0 1 1 0 0 
 

Bartlett 0 3 0 0 0 0 0 3 0 0 17 

Chebwin 0 0 4 0 0 0 0 0 4 0 
 

K
N

 
 

S
ca

le
=

1
.0

 
 

None 1 0 2 3 0 0 2 1 0 1 
 

Bartlett 3 1 2 2 1 1 1 2 2 1 43 

Chebwin 4 1 2 2 1 0 2 2 2 1 
 

S
ca

le
=

3
.3

 
 

None 1 2 1 1 0 1 0 4 0 1 
 

Bartlett 3 4 2 2 0 2 3 4 2 2 52 

Chebwin 4 2 2 2 0 0 2 1 2 2 
 

S
im

u
la

te
d

 
 

S
ca

le
=

1
.0

 
 

None 4 4 2 2 2 2 2 2 3 3 
 

Bartlett 0 0 4 4 0 3 0 3 1 1 52 

Chebwin 0 0 4 4 0 0 0 0 1 1 
 

S
ca

le
=

3
.3

 
 

None 0 1 2 2 1 1 2 4 2 2 
 

Bartlett 0 1 2 2 2 3 1 1 2 2 47 

Chebwin 0 2 1 2 1 2 0 3 1 2 
 

    Sums 22 23 33 28 10 16 18 32 25 19 
 

    Total 45 30.5 (=61/2 (4)) 26 50 44 
 

 

      

     As shown in Table 6.18, the QAFMT_TC with the threshold of 50% (column highlighted in 

green) scored the highest and resulted 50 out of 144 possible correct co-registration parameter 

pairs. More, the QAFMT_TC with 50% threshold outperformed the LAFMT and the QAFMT_LC 

by 5 and 6 parameter pairs, respectively. Thus, it delivered a 7% better co-registration result than 

the rivaling algorithms.  

     Table 6.18 also shows that the QAFMT_TC with 20% threshold recovered only half as many 

parameter pairs than the QAFMT_TC with 50% threshold. While it was anticipated that the 

 
4 Only angle estimates can be considered in the comparison to PAFMT output 
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QAFMT_TC would perform better with broader bandwidth, it was a surprise to see such a big 

difference in performance.  

      

     The table also reveals that the KN and simulated data allowed for twice as much co-registration 

success as the Oshawa data. This can be explained by the increased surface dynamic in the KN 

and simulated data compared to the Oshawa height maps. While the KN data performed better in 

presence of a scale offset (52 vs 43 correct pairs), the simulated height map worked better without 

scale offset (47 vs 52 correct pairs). More, the PAFMT performed slightly better in the absence of 

scale (33 vs 28 correct angles). These phenomena cannot be explained easily from this table alone 

and require more detailed information. Similarly, from this table it is difficult to clearly distinguish 

which filter worked best. Table 6.19 to Table 6.22 below break the above results up into more 

detail, which helped answer these questions. 
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Table 6.19: Number of correct parameter pairs (min=0, max=4), self-registration of laser 

point clouds 

Self-registration of 

laser point clouds 

Oshawa KN X5d4 
Total 

Scale 1.0 Scale 3.3 Scale 1.0 Scale 3.3 Scale 1.0 Scale 3.3 

FMT  
(angle and scale 

only) 

None 2 0 3 1 n/a n/a (6) 

Bartlett 4 2 2 1 n/a n/a (9) 

Chebwin 2 2 2 1 n/a n/a (7) 

LAFMT  
(angle and scale) 

None 3 2 4 3 4 4 20 

Bartlett 1 4 4 4 4 4 21 

Chebwin 4 1 4 4 2 4 19 

QAFMT_TC 
with 20% threshold 

(angle and scale) 

None 3 2 4 3 1 4 17 

Bartlett 3 4 4 4 4 3 22 

Chebwin 2 2 3 3 4 2 16 

QAFMT_TC 
with 50% threshold 

(angle and scale) 

None 3 2 4 4 1 4 18 

Bartlett 3 4 4 4 4 4 23 

Chebwin 2 1 3 4 4 4 18 

QAFMT_LC 
(angle and scale) 

None 3 2 4 4 4 4 21 

Bartlett 1 4 4 4 4 4 21 

Chebwin 4 1 4 4 2 4 19 

PAFMT 
(angle only) 

None 3 n/a 4 n/a 1 n/a (16) 

Bartlett 3 n/a 4 n/a 4 n/a (11) 

Chebwin 2 n/a 4 n/a 4 n/a (10) 

Total  30 29 46 45 38 45  

 

     As can be seen from Table 6.19, the QAFMT_TC with the threshold of 50% delivered an almost 

perfect score for laser point clouds (the column highlighted in green shows 23 out of 24 possible 

correct self-registration parameter pairs). Similarly, the QAFMT_TC with the threshold of 20% 

resulted 22 and the QAFMT_LC and LAFMT resulted 21 correct pairs, respectively. All 

algorithms performed best when the Bartlett filter was applied. 

     The last row of  Table 6.19 confirms what could already be observed from Table 6.18: The 

datasets with stronger undulation yield better results. However, unlike in co-registration (Table 

6.18), self-registration of the simulated data performed better in presence of scale. 

     Table 6.19 presents also results from the instances where self-registration of the laser point 

clouds was performed with FMT. As described in Section 5.1.2 onwards, the FMT performed quite 

poorly in self-registration mode, and the respective co-registration experiments were therefore 
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skipped; since processing the simulated data with FMT proved to be time-intensive, only self-

registration results from real-world data are listed above. Considering these FMT test cases, the 

FMT succeeded only in 22 out of 72 instances (30.56%), while the laser point clouds self-

registered successfully in 235 out of 288 test cases (81.25%) when AFMTs (LAFMT, QAFMT_TC 

20%, QAFMT_LC) were deployed, and in 59 out of 72 instances (81.95%) when the QAFMT_TC 

with the threshold of 50% was used.  

     For comparison, the respective self-registration results for the tie point clouds are displayed in 

Table 6.20 below. 

 

Table 6.20: Number of correct parameters pairs (min=0, max=4), self-registration of tie 

point clouds 

Self-registration of tie 

point clouds 

Oshawa KN X5d4 
Total 

Scale 1.0 Scale 3.3 Scale 1.0 Scale 3.3 Scale 1.0 Scale 3.3 

FMT  
(angle and scale 

only) 

None 2 0 3 1 n/a n/a (7) 

Bartlett 4 2 2 1 n/a n/a (9) 

Chebwin 2 2 2 1 n/a n/a (7) 

LAFMT  
(angle and scale) 

None 4 4 4 4 4 4 24 

Bartlett 4 4 4 4 4 4 24 

Chebwin 4 4 4 4 4 4 24 

QAFMT_TC 
with 20% threshold 

(angle and scale) 

None 4 4 3 3 1 4 19 

Bartlett 4 4 4 4 4 4 24 

Chebwin 4 3 4 4 4 4 23 

QAFMT_TC 
with 50% threshold 

(angle and scale) 

None 4 4 3 3 4 4 22 

Bartlett 4 4 4 4 3 4 23 

Chebwin 4 4 4 4 2 4 22 

QAFMT_LC 
(angle and scale) 

None 4 4 4 4 4 4 24 

Bartlett 4 4 4 4 4 4 24 

Chebwin 4 4 4 4 4 4 24 

PAFMT 
(angle only, *) 

None 4 n/a 3 n/a 2 n/a (9) 

Bartlett 4 n/a 4 n/a 4 n/a (12) 

Chebwin 4 n/a 4 n/a 2 n/a (10) 

Total  48 47 46 46 42 48  
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     As can be seen from Table 6.20, almost all algorithms self-registered the laser point cloud 

perfectly when the Bartlett filter was applied: The QAFMT_TC with the threshold of 20%, the 

QAFMT_LC, the LAFMT, and the PAFMT delivered a perfect score. The QAFMT_TC with the 

threshold of 50% missed in one instance only, which is why it was highlighted with a light green 

color. The QAFMT_LC was highlighted in solid green to indicate that it delivered the overall best 

results here, considering also that it performed best in co-registration of the laser- and tie point 

clouds, as shown in Table 6.21 further below. 

     At first sight, the success rate of self-registration of the Oshawa tie point cloud (shown in the 

last row of Table 6.20) is surprisingly high, about twice as high than before for the Oshawa laser 

point cloud (Table 6.21). This is because a lot of elevation changes occur within the footprint of 

the tie point cloud, whereas the laser data stretches substantially beyond this area and covers a lot 

of ground with low elevation dynamics. The laser data also covers a very small area in the south-

east corner with a strong slope (see APPENDIX C for details), however this slope acts like a rotary 

needle point, which makes the recovery of angular offsets difficult. Thus, the last row of Table 

6.20 confirms what could already be observed from Table 6.18 and Table 6.19: Datasets with 

stronger elevation dynamic are more likely to register successfully. This is also indicated by the 

fact that in presence of strong undulation, a scale offset hardly alters the co-registration results. 

     As before with the self-registration of the laser point clouds, the FMT performed relative poorly 

with the real-world tie points, too, for the reasons mentioned in APPENDIX C. Considering the 

test cases where FMT was performed, the FMT succeeded only in 23 out of 72 instances (31.94%), 

while the tie point clouds self-registered successfully in 276 out of 288 test cases (95.83%) when 

AFMTs (excluding PAFMT) were deployed, and in 67 out of 72 instances (93.05%) when only 

the QAFMT_TC with the threshold of 50% was used.  
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Table 6.21: Number of correctly estimated co-registration parameter pairs of laser- and tie 

point cloud 

Co-registration of Laser 

and tie point cloud 

Oshawa KN X5d4 

Total Scale 

1.0 

Scale 

3.3 

Scale 

1.0 

Scale 

3.3 

Scale 

1.0 

Scale 

3.3 

FMT  
(angle and scale 

only) 

None n/a n/a n/a n/a n/a n/a n/a 

Bartlett n/a n/a n/a n/a n/a n/a n/a 

Chebwin n/a n/a n/a n/a n/a n/a n/a 

LAFMT  
(angle and scale) 

None 0 0 1 1 4 0 6 

Bartlett 1 0 3 3 0 0 7 

Chebwin 1 0 4 4 0 0 9 

QAFMT_TC 
with 20% threshold 

(angle and scale) 

None 1 0 2 0 2 2 7 

Bartlett 1 0 2 2 0 1 8 

Chebwin 1 0 2 0 0 0 3 

QAFMT_TC 
with 50% threshold 

(angle and scale) 

None 1 1 2 0 2 4 10 

Bartlett 1 0 2 3 3 1 10 

Chebwin 1 0 2 2 0 3 8 

QAFMT_LC 
(angle and scale) 

None 0 1 1 1 4 0 7 

Bartlett 1 1 3 3 0 0 8 

Chebwin 1 1 4 4 0 2 12 

PAFMT 
(angle only) 

None 1 n/a 2 n/a 2 n/a (5) 

Bartlett 1 n/a 2 n/a 4 n/a (7) 

Chebwin 1 n/a 2 n/a 4 n/a (7) 

Total  10 4 28 23 15 13(12)  

 

 

     As can be seen from Table 6.21, the cross-correlation delivered less than half as many matches 

as the self-registration tests. Since the laser- and respective tie point clouds differ in size and 

surface characteristics, it was expected they yield a lower success rate in cross-correlation, 

however it was a surprise to see that complete co-registration occurred in only two instances (KN 

data with QAFMT_LC and LAFTM with application of the Chebyshev filter).   

     While the QAFMT_LC showed the best turnout (highlighted in solid green), the QAFMT_TC 

with 50% threshold was highlighted in light green to indicate that - even though its performance 

falls in second place for this test configuration - it performed well overall with all tests. As shown 

in the last row, the KN data performed much better than the Oshawa and simulated data. Unlike 

the Oshawa test site, the KN surface is relatively small and shows a lot of height difference over 
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short distance. Also, compared to the KN height maps, the simulated X5d5 DSM has a very noisy 

surface. Obviously, two smooth surfaces co-register better than a very noisy and a smooth surface 

(X5d4 DTM), which is why the co-registration of the KN point clouds performed much better than 

the co-registration of the simulated height models.  

     As described in 5.1.2, the FMT performed quite poorly in self-registration mode, and the 

respective co-registration experiments were therefore skipped (they also required considerably 

more processing time). Thus, there are no FMT co-registration results listed in Table 6.21. The 

laser- and tie point clouds co-registered successfully in 86 out of 288 test cases (29.86%) when 

AFMTs (excluding PAFMT) were deployed, and in 28 out of 72 instances (38.89%) when only 

the QAFMT_TC with the threshold of 50% was used.  

 

Table 6.22: Number of correctly estimated co-registration parameter pairs (tie- and laser 

point cloud) 

Co-registration of tie-

laser point cloud 

Oshawa KN X5d4 

Total Scale 

1.0 

Scale 

3.3 

Scale 

1.0 

Scale 

3.3 

Scale 

1.0 

Scale 

3.3 

FMT  
(angle and scale 

only) 

None n/a n/a n/a n/a n/a n/a n/a 

Bartlett n/a n/a n/a n/a n/a n/a n/a 

Chebwin n/a n/a n/a n/a n/a n/a n/a 

LAFMT  
(angle and scale) 

None 0 1 1 2 4 1 9 

Bartlett 1 3 1 4 0 1 10 

Chebwin 0 0 1 2 0 2 5 

QAFMT_TC 
with 20% threshold 

(angle and scale) 

None 0 0 3 1 2 4 10 

Bartlett 1 0 1 1 3 1 7 

Chebwin 0 0 2 0 0 0 2 

QAFMT_TC 
with 50% threshold 

(angle and scale) 

None 0 1 1 4 2 4 12 

Bartlett 0 2 2 4 3 1 12 

Chebwin 0 0 1 1 0 3 5 

QAFMT_LC 
(angle and scale) 

None 0 1 0 2 4 1 8 

Bartlett 1 3 1 4 0 0 9 

Chebwin 0 0 1 2 0 1 4 

PAFMT 
(angle only) 

None 0 n/a 3 n/a 2 n/a 5 

Bartlett 0 n/a 2 n/a 4 n/a 6 

Chebwin 0 n/a 2 n/a 4 n/a 6 

Total  3 11 15 27(26) 18 19  
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     As presented by the green band in Table 6.22, the QAFMT_TC with the threshold of 50% and 

Bartlett filter outperformed the other co-registration algorithms again. As before in Table 6.21, the 

KN data delivered the highest score, as shown in the last column of Table 6.22. The tie- and laser 

point clouds co-registered successfully in 90 out of 288 test cases (31.25%) when AFMTs 

(excluding PAFMT) were deployed, and in 29 out of 72 instances (40.28%) when only the 

QAFMT_TC with the threshold of 50% was used. 

     As mentioned before, at first sight one might expect identical co-registration results, regardless 

of whether the laser- or the tie point cloud was used as reference point cloud. However, the extend 

of the zero-padded areas can vary slightly from case to case (depending on the dimensions of the 

original footprint and the applied scale- and angular offset), which can lead to slightly different 

effects of interpolation and application of window mask. If the data allows for strong correlation, 

the AFMT’s CPS tends to have only few distinct spikes. However, if the data input is noisy or flat, 

the CPS surface tends to yield spikes of similar magnitude. In this case, the aforementioned minute 

differences in data input can invoke a slight change of the CPS and respective change of the spatial 

distribution of the 20 tallest CPS peaks.  

Having this background in mind, one can conclude that the co-registration results in Table 6.21 

and Table 6.22 are equivalent (40.28% and 38.89% co-registration success for the QAFMT_TC 

with wide bandwidth).  

     Further, the QAFMT_TC with 50% bandwidth succeeded approximately half as often in co-

registration than in self-registration mode (overall 39.59% success rate in co-registration vs 

87.50% in self-registration). The experiments also show that all algorithms performed best when 

the Bartlett filter was applied, and that datasets with stronger undulation yield better results. 

Furthermore, the presence of a scale offset did, on average, not alter the outcome, which confirmed 

that QAFMT is robust wrt scale even at low SNR. 

 

     Comparing these findings to the initial requirements for co-registration outlined in Chapter 1.1 

(“a matching algorithm should be robust to low SNR, accurate even when the same scenery has 

different intensities or different orientations and sizes, and efficient numerically” (Kim and De 

Araújo, 2007), we can conclude that out of all algorithms that were researched in this thesis, the 

QAFMT_TC with 50% internal threshold and Bartlett filter meets these requirements best. It is 

superior to the other algorithms because it 
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• considers all data at once in search of a global maximum 

• maintains the phase information 

• is numerically efficient 

• is optimized for geodetic scale offsets 

and consequently, it showed the best performance, as it 

• self-registered with 87.50% success 

• co-registered with 39.95% success 

• outperformed the standard FMT in self-registration by over 50% 

• outperformed the LAFMT by approx. 7%. 

Even though the QAFMT_TC with 50% bandwidth showed better results than all other methods, 

it still did not provide the level of co-registration success hoped for, i.e., something near 100%. 

However, this lack of success can be attributed primarily to limitations of input data, such as 

• tie- and laser points describing different surface elements  

• lack in elevation differences in the height maps 

• extreme levels of noise in the simulated data (in hindsight, the noise in X5d5 was too 

exaggerated compared to its point density and footprint) 

• extremely sparse point density of the tie points compared to the laser points (approx. 

1:10,000) and compared to the data footprint. (While the laser point clouds had different 

point densities, originated from different sensors, and were processed with different 

settings, the tie point clouds were generated with the same standard setting by the same tie 

point engine. So, while it would have been possible to alter the processing settings and 

create tie point clouds with higher density, this extra step was not considered during data 

preparation.) 

rather than to shortcomings in the algorithm.  
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7.0  Conclusions and Recommendations 

 

7.1 Conclusions 

 

     Co-registration is required for accurate data fusion and for cross-aided sensor calibration. As 

the vast volume of the published research over the past decades shows, the fully automatic co-

registration of airborne laser scans and imagery is challenging. The increasing number of datasets 

from different sensor architectures should be supported with robust global co-registration methods 

no longer subject to any assumptions about the initial position and projection.  

 

     Many methods have been evolved, but none of them allows for a reliable fully automatic coarse 

co-registration without any metadata, and moreover, the existing fine registration schemes do not 

work for all large-format airborne applications (APPENDIX D). The existing registration methods 

are computationally intense, lack robustness, and/or need specific additional processing steps, 

which are not part of the standard camera and LiDAR data processing workflow (Chapter 2.3.1 

and Chapter 2.3.2). Surprisingly, the use of the standard photogrammetric tie points as tie features 

for co-registration has been overlooked by academia and industry. 

 

     This dissertation offered a framework to innovate both the automatic coarse- and fine co-

registration of large-area airborne LiDAR and camera data using the photogrammetric tie points 

as its tie features. Multiple space domain-based and time domain-based methods were proposed 

and examined. This dissertation delivered nine achievements:  

 

1) The photogrammetric tie points, in their native form and in form of the height map they describe, 

have been utilized as the registration elements in the integration (coarse and fine co-registration 

with- and without simultaneous cross-aided sensor-driven calibration) of the airborne LiDAR and 

camera data. Since the respective research proposal was submitted in 2013 at York University, 

only two publications (Zheng et al., 2013; Gneeniss et al., 2014) have gotten involved in a similar 

idea, yet they relied on metadata and deployed dense tie points under less challenging conditions 
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(Chapter 2.3.2), which have been reviewed and compared to the proposed use of tie points in 

Chapter 2.0.  

 

2) A systematic and thorough research was conducted as to how the airborne tie points from 

traditional large area surveys can be used for a fully automated co-registration (Chapter 4.0 and 

Chapter 5.0). At the time of writing this dissertation, this has been the first work that thoroughly 

researched the use of the extremely sparse photogrammetric tie points in the context of the co-

registration and cross-aided sensor calibration. This has also generated a new knowledge about the 

use of non-geodetic tools for solving this problem. 

 

3) The utilization of seven space domain-based algorithms, that are typically applied outside the 

geodetic domain, as the tools in the coarse co-registration was investigated (Chapter 4.2 and 

Chapter 4.3). The concepts of the differential surface analysis, fractal analysis, probalistic analysis 

using graphical models, use of entropy, and other procedures were introduced and analyzed in 

terms of their suitability to transform the laser- and optical point clouds into a common coordinate 

system. This analysis showed that the laser points and photogrammetric tie points, - especially the 

image-based (non-key-point derived) tie points, - suffer from the extreme discrepancy in their 

point densities and the differences in their point locations. The discrepancy between their point 

densities can be in an order of thousands within the same surveying area, which proved to be the 

downfall for these space-domain based methods. 

 

4) Two new methods for the fine-registration and cross-aided calibration of the LiDAR- and 

camera sensors and their data in space domain were proposed and systematically analyzed 

(Chapter 4.4.2 and Chapter 4.4.3). The concepts relied on using laser planes and photogrammetric 

tie points as tie elements. The analysis showed that more similarity in their point density and more 

compatible characteristics of their tie elements is required so that the impact of the missing 

parameters for the co-registration, and for the sensor- and system calibration can be overcome.  

 

5) Three new methods for the fine registration (without the cross-aided sensor calibration) of 

LiDAR and camera data in the space domain were proposed and systematically analyzed (Chapter 
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4.4.4 and Chapter 4.4.5), and it was found that higher point densities and more similar point 

characteristics are required so that automatic fine-registration can succeed. 

 

6) A systematic analysis was conducted as to what conditions the point clouds must meet so that 

the fine registration algorithms can converge successfully (Chapter 4.4.5.2). This research led to a 

quantitative description as to why the accurate fine registration with extremely sparse tie point 

clouds from traditional large area airborne surveys is impossible, and what conditions must be met, 

so that the registration can succeed using these tie elements (100 times higher point density and an 

approx.10 times larger depth is required). 

 

7) The use of frequency domain-based algorithms in the coarse co-registration was researched and, 

accordingly, the FMT algorithm was proposed as an efficient means to retrieve rotation, scale, and 

translational offsets (Chapter 5.1). Traditionally, this algorithm has been applied in medical- and 

computer vision. A detailed analysis of the FMT studied the reasons for its low self-registration 

performance with the airborne sparse point clouds and revealed the loss of phase information (and 

consecutive strong correlation of FMT-internal parameters) as its main root cause.  

 

8) The AFMT with recursive POMF was studied as an improved version of the FMT (that 

maintains the phase information of the input signals) and a more efficient algorithm for the global 

co-registration in frequency domain (Chapter 6.1). The application of an expanded, recursive 

version of the AFMT (in form of the LAFMT and PAFMT) was applied to the laser- and tie point 

clouds and resulted in an improved co-registration performance and provenly a better suited 

algorithm to implement reliable, fully automated co-registration for this type of data. 

 

9) Lastly, the QAFMT was introduced as a novel effective frequency domain algorithm for the 

coarse co-registration (Chapter 6.2). Three variants of the QAFMT were proposed: The 

QAFMT_TC with a small (20%) and large (50%) internal threshold setting, and the QAFMT_LC. 

All of them combine the LAFMT and PAFMT with the intend to improve the co-registration of 

airborne point clouds. As the tests with three datasets showed, the QAFMT_TC with 50% internal 

margin outperformed the LAFMT co-registration output by approx. 10%. Thus, amongst the 

algorithms researched in this dissertation, the QAFMT_LC is proven to be the most promising 
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algorithm for the coarse co-registration of the traditional large area airborne laser- and 

photogrammetric tie points. 

     To conclude along the remarks of Zitova and Flusser (2003): “In the future, the idea of an 

ultimate registration method, able to recognize the type of given task and to decide by itself about 

the most appropriate solution, can motivate the development of expert systems. They will be based 

on the combination of various approaches, looking for consensus of particular results.” As this 

thesis has demonstrated, the QAFMT_TC with use of photogrammetric tie points could be a useful 

addition to this database of co-registration algorithms. 

 

 

7.2 Recommendations for future Work 

 

     Automatic co-registration remains an active topic in research and development. There is 

abundant room for continuous improvement of the co-registration methods. Whilst the problem of 

the fine registration has been solved for many applications, there is still room and need for 

improvement in special cases, such as the simultaneous co-registration and cross-aided airborne 

sensor calibration. Since photogrammetric tie points come with high precision and in large 

quantity, they possess potential to make good tie elements for the automatic integration of camera 

and LiDAR data, if the scenery provides strong height variations. Thus, the idea of using the tie 

points as co-registration elements could be revisited for the UAV and close-range mapping 

applications. 

     Similarly, the modern photogrammetric dense point engines can generate a dense grid of 3D 

points in the object space with the same accuracy as the tie points (Haala, 2013). While dense point 

matching is computationally intense and not part of the standard photogrammetric post-processing 

chain, the dense points assimilate better with the surface of the laser scan and they have great 

potential to be part of a highly efficient fine registration method: As outlined by Lindenthal et al. 

(2015), a single control point on a LiDAR roof polygon is sufficient to fully co-register the self-

calibrated camera- and lidar data. Thus, the dense point matching could occur in a few small areas 

where tilted roof planes locate in the LiDAR data. Matching a few roof polygons from the laser 

point cloud and from the locally generated photogrammetric dense point cloud would allow for 
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the simultaneous cross-aided sensor calibration and co-registration with very little computational 

effort. This approach seems highly effective and efficient and should be explored in the future.  

     Lastly, the QAFMT algorithms are new and need to pursue more exploration. Within the scope of 

this dissertation, due to the time limit and other constraints, only datasets from three different sites 

were taken for evaluation, yet the algorithms could be optimized further when more data can be put to 

the test. Having more data could also help in the search of a specification parameter that can indicate 

the quality and reliability of the co-registration results. Further, as mentioned in Chapter 6.1.3.1, the 

QAFMT and the other AFMT versions could also be expanded to compensate for the effect of the 

swapped coordinate axes (X- and Y-axes are flipped in the moving and target point cloud). To 

conclude, future work could also be focused on customizing the AFMT derivatives for specific co-

registration applications such as mapping of harbours, airports, large buildings, construction sites, and 

greenspaces. 
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APPENDIX A: Related AI Based Co-Registration Methods 

 

     Historically, machine learning started out with the registration of imagery from the same sensor 

about 15 years ago and was eventually expanded to register point clouds from the same sensor, 

i.e., point clouds with similar point density depicting similar scenery. During the last 5 years, new 

methods evolved that can co-register point clouds from different sensors, i.e., point clouds with 

different point densities, using their raw and irregular data structure. 

     This section overviews the most recent AI-based methods for registration and co-registration 

of point clouds and shows how these methods relate to the use of the traditional airborne laser- and 

photogrammetric tie points as tie features. There are multiple ways to classify registration methods. 

Most recent overviews of the optimization-based and deep-learning-based registration methods 

are from (Bello et al., 2020; Huang et al., 2021; Liu et al., 2021; Zhang et al., 2020). The following 

sections adapt the high-level classification scheme (Huang et al., 2021) which grouped the 

registration methods into four classes: 

 

 

(A) Optimization-based framework 

 

(B) Feature learning-based 

framework 

 

(C) End-to-end learning-based 

framework 

 

(D) Framework for cross-source 

point cloud registration 

Groups of same- and cross-source point cloud registration methods. Source: Huang et al. 

(2021) 
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(A) Optimization-based methods: They rely on establishing the point-to-point correspondence, and 

estimating and refining the transformation parameters, iteratively. These methods do not 

require any training data, however according to Huang, “require sophisticated strategies to 

overcome variations of noise, outliers, density variations, [scale variations,] and partial 

overlap”. Refer to Abdellazeem et al. (2021) for a recent example. 

 

(B)  Feature learning-based methods: They use “Neural Networks to learn the robust point features 

and respective correspondence search” (Huang et al., 2021). Since deep learning is deployed 

as their feature extraction tool, such methods promise robust and accurate correspondences and 

respective registration results.  

 

(C)  End-to-end learning-based methods: Here, the estimation of the transformation parameters is 

embedded in the neural network optimization, which optimizes for the entire registration task. 

Lu et al. (2019), for example, proposed to detect key points, and estimate the relative pose, 

simultaneously.  

 

(D)  Cross-source learning-based methods: Like (C), this category covers the end-to-end learning, 

however Huang assigned this its own category since in comparison with registration (of same 

sensor data), the co-registration must overcome the relatively higher levels of noise, outliers, 

and differences in point density, and thus requires more complex optimization strategies. 

 

RE (A): This category could be split up into (A.1) ICP-/Keypoint-based methods, (A.2) Feature-

based methods (see for example in (Persad, 2017), (A.3) graph-based methods (Förstner, 2011), 

and (A.4) Gaussian Mixture Model (GMM)-based methods (Reynolds, 2009), or similar 

categories. One of the early AI-based works in (A.1) was published by Peng et al. (2014), which 

applied deep learning embedded ICP in the deep learning to achieve coarse- and fine registration 

of point clouds from different sensors. For more information on other works in this area; refer to 

(Aoki et al., 2019; Bello et al., 2020; Huang et al., 2021; Lee et al., 2021; Liu et al., 2021; Zhang 

et al., 2020). 
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RE (B): This group could be divided further into (B.1) point-based methods and (B.2) tree-based 

methods. While the point-based methods extract the point agglomerates or voxels from the point 

clouds that describe the respective center points, the tree-based methods convert the point clouds 

into trees and ingest the tree structures into deep learning. The work in (Lee et al., 2021) is an 

example of B.1. 

     A major drawback of these methods is that the training process for the feature extraction 

requires a lot of data input; also, this process is separate from the estimation of correspondences 

and transformation parameters – a step that is typically non-iterative and involves RANSAC 

(Mellado et al., 2015). Furthermore, these methods do not consider the information of the local 

structures (but rather how the clusters compare). Many of these methods require that the irregular 

point clouds be resampled in a structured 2D or 3D grid (Bello et al., 2020), or mapped into a tree 

or graph structure, so that the traditional AI methods can be recycled and applied to either 2D 

renderings from multiple views, or on voxels. 

    PointNet (Charles et al., 2017) was the first deep learning method/library that could be deployed 

on raw point clouds. Many others, such as PointNet++ and Point CNN, followed thereafter. A 

thorough review of the latest models for feature learning with raw point clouds can be found in 

(Bello et al., 2021; Liu et al., 2019; Zhang et al., 2020).  

    In PointNet, the point clouds are resampled to reduce resolution, and group points are extracted 

based on neighborhood relation, and the nearest points are mapped into a feature vector that 

represents the local structure around the representative centroid point. The point clusters 

themselves are then either correlated locally in small regions, or multiple centroids are grouped, 

and their shape is compared against other patches or clusters.  

     The earlier mentioned graph-based methods can also be used for deep learning. It is common 

practice to build the graph structures with kd-trees. Then, the respective kd-network is used for 

deep learning (Liu et al., 2021). Generally, in PointNet and all its successors, finding accurate 

correspondences between such elements is where deep learning occurs, as this allows for 

classification, segmentation, and registration.  

 

RE (C): To distinguish between type (B) and (C), Huang et al. (2021) followed the same train of 

thought used in classifying Lidar- and camera calibration: Some methods separate sensor 
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calibration from the data calibration, while others calibrate the point cloud/imagery through the 

improved sensor- and mission parameters (Friess, 2006; Lindenthal et. al., 2014). Moreover, 

unlike the AI methods in type (B), the deep learning methods within the category (C) achieve the 

registration through combined feature learning and data transformation. Similar advantages apply: 

The method is optimized for the entire registration task at hand, not only for the feature extraction. 

In other words, the mathematical constraints used to minimize the point cloud offsets can be 

formulated such that the structure of the neural network-extracted features is maintained, and both 

the feature extraction and the mathematical optimization function are optimized in conjunction.   

 

RE (D): The methods in this category are essentially the same as in category (C), which are just 

applied to the data from different sensors (co-registration, multi-modal data). Thus, the same core 

techniques are used, such as extraction and matching of key-points and respective clusters (using 

RANSAC for example), GMMs, trees, or graphs, in combination with outlier rejection and the 

optimization of the motion function based on the characteristics of the extracted features. Recent 

research work has been focusing on the raw point cloud registration. But the co-registration of the 

raw point clouds from different sensors in close range applications has been picked up only during 

the past few years. Huang et al. (2021) even claimed that “based on [our] knowledge, [we 

published] the first learning-based method to solve the cross-source point cloud registration [in 

2020]”. 

 

     To this day, the AI methods have been optimized either for the registration of different types of 

imagery or for point clouds from close-range sensors only, such as scans or point clouds from 

stereo vision of indoor scenes. Refer to the examples: ModelNet40 (Wu et al. 2015), 3DMatch 

(Zeng et al., 2017), or NYUDv2, SUN3D, S3DIS, SceneNN, ScanNet data listed in (Bello et al, 

2020), or 3D outdoor scenery such as the famous KITTI datasets (Geiger et al., 2012), or data from 

robotics such as Robot 3D Scanning Repository (Grilli et al., 2017), or autonomous driving 

applications. Liu (2020) and Bello (2020) provided a comprehensive overview of the most 

prominent point cloud datasets that were used for deep learning. 

      Typically, the point clouds with the high point density are obtained from a close-range LiDAR 

or from photogrammetric dense point matching (Haala, 2013), while the respective point clouds 
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with the lower density are obtained from a stereo-photogrammetric sensor such as Microsoft 

Kinect, or the Asus Xtion (Swoboda, 2014). In 3D body scanning applications (D'Apuzzo, N., 

2006), they often stem from structure from motion software on tablets or cell phones; in automotive 

applications, they could be obtained from depth sensors like an ultra-high-resolution radar (Peng 

et al., 2019), ultrasonic sensors, or the gated vision (Spooren et al., 2017).   

     These point clouds have a lot of information about the depth and sample the same surface 

elements than their counter part. Also, they differ in point density only by approx.1:100. Also, 

often, the research community refers to the point clouds with the lower point density as “sparse 

point clouds”. Contrarily, the tie point clouds from traditional large- and medium-format airborne 

applications result point densities approx. 5,000-10,000 times lower than their counterpart.  

     As deep learning is a technique to implement machine learning and machine learning is an 

approach to achieve artificial intelligence, the “sparse” point clouds used in the AI community 

allow for feature extraction and learning of local point cloud characteristics. From the experiments 

given in Chapter 6, the “extremely sparse” tie point clouds targeted in this framework pick up 

different surface characteristics and do not describe the surface with sufficient detail to extract 

features that would be compatible to that extracted from the respective Lidar data in content of 

resolution and information. Consequently, the current AI methods cannot be used with the 

proposed point cloud intake. Likewise, the application of AI methods to imagery, for example, the 

application of Convolutional Neural Networks (CNN) to conducting image- or patch matching 

(Lee et al., 2021), will not work with the respective elevation maps, either.  
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APPENDIX B: Characteristics of Image-based and Keypoint-based 

3D Tie Points and Laser Points 

 

     This Appendix gives a reference to the knowledge related to tie point generation and their 

comparison to laser points, because the different characteristics of tie and laser points are critical 

and essential in the context of co-registration.   

 

Photogrammetric Tie Points 

 

Requirements  

 

Automatic tie point generation must address the following difficulties: 

• Low contrast scenery 

• Changes of surface characteristics, such as loss of leaves and construction sites  

• Moving objects, e.g., cars and trucks 

• Change in sun angle, causing moving shadow points and image collection with different 

exposure settings 

• Strong sun reflection, causing bright spots and image artifacts 

• Strong variations in terrain height or flying height, causing differences in image 

resolution due to different heights and scales 

 



299 

 

 

(a) 

 

(b) 

Effects of elevation change on tie point search when (a) flying at different heights 

and (b) flying over mountainous terrain 

  

In mountainous terrain, as in (b), or when images are acquired at multiple heights ((a) 

above), the image scale changes within a single image significantly. Therefore, tie point 

engines need to be capable of stitching mountainous and/or multi-altitude data. 

 

      For bundling large format imagery, a point coverage of approx. 400 points per frame is ideal 

(Muick, 2018). Whilst lower point densities may result in frail relative orientation, higher point 

densities tend to overpower the effects of the ground- and air control and do not add further 

improvements to the estimation of IOP. 

 

 

2D Tie Point Extraction 

 

     As outlined in the previous section, the tie point engines must meet many challenges posed by 

image registration. The methodologies that evolved over the past decades can be classified in two 

categories: 

(1) The traditional feature-based or “image-based” (Shragai et al., 2011) methods deploy a 

local corner search by correlating corner detection masks such as the Canny-, Kirsch-, 

(Haala, 2002; Deng et al., 2008) or Edison (Meer and Georgescu, 2001) operator. The 
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search for matching points has been conducted on multi-scale image pyramids: The 

matching starts on images of low resolution, and then the algorithms refine the position of 

each potential tie point layer by layer, until its position has been located in the full-

resolution imagery.  

     The “image-based” algorithms define the search area in a neighboring image by 

projecting the pixel location from one image onto the ground and from there back into the 

neighboring image (Bombardier, 2013). Thus, the input of an approximate terrain height 

and the approximate EO parameters is required. However, the image pyramids can be re-

cycled and used to accelerate the image rendering during the stage of ground control 

pointing, as done in Intergraph’s ISAT software (Hexagon Intergraph, 2018), Trimble 

Applanix CalQC software (Mostafa, 2001), and the early versions of Vexcel’s UltraMap 

software (Wiechert et al., 2012).  

(2) “Key-point based” registration algorithms are more robust, require less memory 

consumption and less computer power than the image-based algorithms (Lingua et al., 

2009). To extract the points of interest, their implementations typically rely on the SIFT, 

SURF (Bay et al., 2008), or ORB descriptors (Rublee et al., 2011). A widely used public 

library for generation of key-point based sparse tie points and dense points is VisualSFM 

(Wu, 2018). It integrates other software tools and libraries, such as SURE (Rothermel et 

al., 2012) for photogrammetric SUrface REconstruction and Microsoft’s PMVS/CMVS 

tool chain for multi-scale stereo and dense reconstruction (Furukawa et al., 2010) and 

supported the aforementioned descriptors.  

     As will be shown in the next section, 7 or more evenly distributed tie points per image 

pair are sufficient for the standard photogrammetric post-processing process (where no 

camera self-calibration is required) because the denser coverage does not necessarily lead 

to more accurate registration results. 

     Whilst the conventional photogrammetric tie point engines may produce more tie point 

matches in urban areas, the key-point based algorithms generate tie points that are 

distributed more evenly across the imagery (figure below). 
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(a) 

 

(b) 

Tie points matched using (a) the Harris corner detector and (b) the SIFT operator. 

Source: Li et al. (2012) 

 

     The key point-based tie point engines found their implementation in the newer tie point engines, 

such as Cardinal’s VR software (Cardinal Systems, 2018), the camera module of Optech’s LMS 

software (Teledyne Optech, 2018), and Vexcel’s UltraMap software (Wiechert et al., 2012). The 

table below summarizes the pros and cons of the image-based and key point-based image 

registration algorithms. 

 

 

Tie Point Density 

 

     As outlined in the previous section, the tie point clouds of traditional large area mapping 

applications (acquired by large- or medium format cameras) are spaced irregularly and describe 

the uppermost layer of the surface. In aerial applications, Z always points upwards away from the 

ground. Since rural scenery provides less contrast than urban scenery, the tie point distribution in 

rural scenery is lower and also more irregular than that in urban scenery, especially if the image-

based matching algorithms are used. What determines the shape of the tie point clouds is however 
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the software design, i.e., the intend of what the tie points are used for in the photogrammetric 

processing chain. The two figures below give an example where tie points of the same two images 

were generated by two software packages and used differently:  

• The tie points in the first figure below were generated using the well-established ISAT 

software (Hexagon Intergraph, 2018), which uses tie points primarily for image orientation.  

• The tie points in the second figure below were generated by UltraMap software (Wiechert 

et al., 2012), which uses the tie points for image orientation, camera calibration, and 

generation of a course surface model.  

In the figures below, a cardinal rotation of 90 degrees causes the images with different heading 

orientation. The images were collected with 60% overlap in flight direction and 30% overlap 

across flight direction, which is typical for regular survey missions. The image sensor’s physical 

size is 104 mm x 68.4mm. And the units of the axis in the plots below are millimeter. 
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Image-based, image-based (ISAT-generated) tie points of two UltraCam Xp images 
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Key-point based (UltraMap-generated) tie points of two UltraCam Xp images 

 

     By comparing the figures above, the ISAT-generated tie points are obviously far less dense 

than those generated by the key-point-based UltraMap engine. However, the small number of 

ISAT-generated tie points is sufficient for stitching the images together to one coherent block with 

high accuracy, which is ISAT’s primary purpose. 

 

     For camera calibration however, – particularly for the reliable estimation of lens distortion 

parameters, a more homogenous and denser point coverage is required. As can be seen from the 

figure below, the optical lens distortion shows small irregular geometric variations across the entire 

image space, which tells why the tie point observations are required all-across the image space. 
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Estimated image distortion residuals across image space 

 

     As illustrated in the figures above, for survey flights that are flown with little overlap, such as 

60% overlap in line and 30% to 40% overlap across flight direction, the difference in point density 

can create a banding-artifact across the image block, i.e., there are more points in the areas where 

the images overlap with the neighboring flight lines. The figure below illustrates how the ISAT-

generated tie points accumulate in 3 areas when combined graphically in one plot. 
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Distribution of ISAT-generated tie points accumulated across image space 

 

     The figures below shows another example, where imagery was collected with 60% 

(longitudinally) and 40% (laterally) overlap, resulting in a visible banding effect of the tie points. 

 

  

Banding effect of tie points in a flight block with 20% and 45% image overlap 
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      The above figures is an example of the tie point banding, where two flight lines with four 

images each were collected with 20% overlap in flight direction and approx. 40% overlap across 

flight direction with an UltraCam Xp camera. Yellow dots represent the 2-ray tie points, and the 

tie points in orange resemble the 3- and 4-ray tie points. In this example, the tie points were 

generated with key-point matching routines, resulting in 1852 2-ray points, 127 3-ray points, and 

577 4-ray points, respectively, and a staggering 2536 tie points in total. 

      Whilst most of the large format digital cameras are typically flown with more overlap in flight 

direction (often 60% to 80%), banding can still occur when the side overlap is chosen to be smaller 

than 50%. Line-scanners like the ADS100 (Hexagon Leica, 2018) and the UltraCam Condor 

(Vexcel Imaging GmbH, 2018) are often flown with less than 40% side overlap, causing the band 

effects to be more prominent.  

     Whilst the sparse, banded tie point distribution shown in the last figure above is sufficient for 

accurate relative orientation of flight imagery, it is too irregular for a reliable estimation of the lens 

distortion parameters (GIP Aalen, 2018). To achieve a more homogenous point distribution and 

increase the number of the image rays per point with the older traditional photogrammetric 

software (such as ISAT), the flights for camera calibration are conducted with increased image 

overlap, typically 80-90% overlap in flight direction and 50-60% overlap across flight direction. 

The increased overlap results in a homogenous, band-free point distribution - see section 2.3.23.2 

for illustrative examples. Without loss of generality of the foregoing, only the ISAT-generated tie 

points that are free of the banding effect will be used in this research for the co-registration with 

LiDAR data.  

 

 

 

Laser Points 

 

Laser Point Density 

 

      The ground sampling of an airborne laser scanner is irregular. Thus, unlike in aerial 

photogrammetry where the density of measurements is described as Ground Sampling Distance 
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(GSD) in meter or feet, the measurement density in LiDAR applications is described as point 

density in points/m2 or points/ft2. The point density varies also with the degree of overlap of 

neighboring scan lines: The areas of overlap show a higher density than the areas where no overlap 

of laser swaths occurs. 

      The point density varies also with the angle of impact on the ground with respect to the 

detector, and the reflectivity of the scanned surface: Sloped roof tops have more surface compared 

to planar surface patches with the same aerial footprint and thus count more laser hits. Areas with 

vegetation tend to absorb some of the laser pulses, which can lead to a decrease in counts of 

returned signals. These effects can be seen in the figure below.   

 

 

Point density of a LiDAR survey (Lindenthal et al., 2015) 

 

      The figure above illustrates the point density of a LiDAR block acquired in Oshawa, a suburban 

area of Toronto. Eight lines were flown in North-South and two lines in East-West direction. Areas 

highlighted in green are the result of overlap from neighboring swaths, often covered with 

vegetation, whilst blue areas indicate areas with a high density of roof tops.   



309 

 

Comparison of LiDAR and Photogrammetric Tie Points 

 

     As illustrated in the previous section, an airborne LiDAR sensor actively scan the surface. 

Linear or planar surface elements are required to the connect neighboring scan lines. 

Photogrammetric applications require that the ground is depicted at least from two different 

locations, whilst a single spot is sufficient for LiDAR to derive 3D information. The figure below 

highlights the sensor paradigms. 

 

 

(a) 

 

(b) 

 

Archetype of laser scanning and stereo photogrammetry. Source: Kraus (2007) 

 

     The different nature of the sensors invokes certain contrasts in data characteristics and 

accuracies. Some of the synergic effects on LiDAR and photogrammetric data are (Hu et al., 2011; 

Habib et al., 2007): 

• The horizontal (across line of sight) errors from photogrammetry are usually smaller than 

that from LiDAR whereas LiDAR can usually obtain higher vertical (in line of sight) 

accuracy (Baltsavias, 1999). 

• The accuracy of a photogrammetrically obtained DSM is critically dependent on the flying 

height and the camera type while the accuracy of a LiDAR DSM depends on the point 

density and is almost independent of the flying height (see section 0). 
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• Due to the irregular nature of laser point clouds, it is harder to extract object boundaries, 

such as terrain breaks and contours of buildings, from LiDAR than from imagery. The 

extraction of building contours and treetops from LiDAR data is potentially affected by 

systematic errors in extraction (Matikainen et al., 2009; Yu et al., 2004).  

• Laser scanning has the penetration capability with multiple signal echoes that can enable 

recovery of vertical structures like trees, while it is almost impossible to do so from 

imagery. Thus, DTMs are mostly derived from LiDAR data and not from imagery. 

• Photogrammetry requires only color contrast so that tie points can be matched reliably. 

Laser pulses on the other hand get absorbed in water. Some metallic material, for instance 

copper, also do not return laser echoes. 

• The location of a laser footprint is not directly visible. Most airborne laser scanners are 

therefore flown in tandem with a medium format camera, so that the laser points can be 

colorized, or the pixels be provided with their depth and can form texels (Budge et al., 

2015).   

 

     As will be shown in the upcoming sections, the most challenging discrepancies in point 

characteristics in co-registration are: a) the extremely sparse distribution of (ISAT-generated) tie 

points, b) the tie- and laser point clouds describe different details of the surface, and c) the tie 

points tend to locate in areas where there are insufficient laser points to accurately describe the 

geometry of the local surrounding. Typically, the disagreements between these two types of data 

are interpreted as errors in the land cover map derived from the remotely sensed data (Congalton 

and Green, 2008). However, for the reasons above, this interpretation is not valid when the 

conjugate laser- and tie point maps are compared. 
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APPENDIX C: Test Data 

 

     In this framework, three datasets were used for testing - one dataset of the simulated height 

maps was created and two were the real-world datasets. To address the question, to what degree 

these three datasets represent “typical and universal” airborne survey applications, the 

characteristics of a popular test site are highlighted, for comparison, first. As mentioned earlier, 

close range applications, such as terrestrial and UAV data collection, are not considered here. The 

ratio of the tie point spacing, and the captured elevation is vastly different for traditional large area 

mapping and UAV mapping applications (UAV data typically samples the surface with a tie point 

roughly all 2-3m while traditional airborne applications sample the ground with a tie point approx. 

all 100m), and thus, tie point clouds from UAV and terrestrial applications have very different 

characteristics. 

 

 

Reference Dataset 

 

     One of the world’s most flown test sites for evaluating large- and medium format digital 

airborne sensors is the test field in Vaihingen and der Enz, Baden-Württemberg, Germany. While 

data from this area was not used, the terrain characteristics of this area can serve as a guideline for 

the simulated dataset and for comparison against the real-world datasets used in this thesis.  

The Vaihingen and der Enz test site was established in 1995 by the University of Stuttgart for 

testing the geometrical performance acceptance of one of the first operational digital airborne line 

scanning systems (IFP, 2017). From 1996 onwards, the test site has been used by the OEEPE-

ISPRS group to evaluate the performance of DGPS (Cramer, 2001), PPP (Heipke et al., 2002; 

Bisnath and Gao, 2009, Yuan et al., 2009) and aerial triangulation with digital images (Heipke, 

1999) etc. Numerous agencies and companies such as the DLR, Leica, Riegl, Vexcel Imaging, and 

Zeiss had their sensors flown over the test site for research and evaluation purposes.  

 

     The Vaihingen/Enz test site provides the following features: 
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• High density ground control - almost 200 control points have been spread across the area 

• Mostly gently sloped terrain. Few areas with steep slopes 

• A mixture of urban scenery and farmland 

• Small areas with forest  

• Small waterbodies, which typically create a challenge for LiDAR and photogrammetric tie 

point matching 

The test site is enclosed with the red line in the figures below. 

 

 

Aerial view of the OEEPE test site in Vaihingen/Enz, Germany. The dark green areas 

depict forest and water bodies. Source: IFP (2017) 

 

 

Digital terrain model of the Vaihingen/Enz test site. The terrain variations are exaggerated 

by factor two. Source: IFP (2017) 
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     The central area – enclosed with a purple line in the figure above – possesses dense distribution 

of GCPs and is intended for conducting high-resolution data acquisition and large-scale tests. This 

area is about 5050m (east-west) by 2750m (north-south) in size. The entire test area – enclosed 

with a red line in the figure above – is about 7400m (east-west) by 4700m (north-south) in size. 

The terrain elevations range between 193m and 356m above sea level. In Figure 3.2 above. The 

changes in elevation are exaggerated by factor two. 

      GCPs are painted targets mostly, which are intended to be used for block adjustment and to 

serve for accuracy verification of registration results. In total, 275 GCPs are available, of which 

172 were painted 0.6m by 0.6m white squares and 103 were painted 0.3m by 0.3m white squares 

with black centre, and spread evenly across the test area (IFP, 2017). All points were surveyed 

with 2cm absolute accuracy (RMSE) in each of the three coordinates components. 

 

   

Ground control points of the Vaihingen/Enz test site. Source: IFP (2017) 

 

      The Vaihingen/Enz test site served as a guideline for what the simulated test dataset should 

look like. It also confirmed that the real-world datasets prepared for testing the proposed co-

registration algorithms well represent “typical” airborne survey data.  

 

 

Real-World Datasets 

 

      This section introduces the two real-world datasets that have been used for testing some of the 

co-registration algorithms presented in this dissertation. First, it is shown how these datasets were 
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generated. The layout of the flight lines will be shown, followed by the footprints of LiDAR and 

camera data. Some screenshots of the fine-registered reference data will be presented to show the 

overlap, accuracy, and the noise level of the tie- and laser points.  

 

 

Data Preparation 

 

The process of data preparation is quite complex as six software packages were chained and 

intermitted data had to be input and output before the final product – the geometrically rectified 

and co-registered laser and tie point clouds – became available. The diagram below shall suffice 

for a high-level overview of the process.  

 

 

Data preparation workflow of the real-world datasets 

 

      As in the figure above, the data preparation started with the flight planning of the data collects 

using FMS planner software (Teledyne Optech, 2013). During the data collection, DiOPS 

firmware (Teledyne Optech, 2013) was used to store the values of real-time parameters and data. 

After the data collection, the post-processing started by refining the GPS/IMU trajectory using 
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POSPac (Scherzinger, 2000; Hutton and Mostafa, 2010; Trimble Applanix, 2018), followed by 

developing the images in CaptureOne (PhaseONE, 2018), and conducting the camera calibration 

whilst generating the 3D tie points using ISAT (Hexagon Intergraph, 2018) and Bingo software 

(GIP Aalen, 2018). The LiDAR data was developed and calibrated through Optech’s ALTM 

(Teledyne Optech, 2018) and LMS software (Friess, 2006; Lindenthal et al., 2015). To generate 

the calibrated and fine aligned reference solutions, the 3D tie points, and laser points were cleaned 

from outliers and co-registered using TerraSolid software. In the figure above, the software 

modules from Optech were highlighted in red whilst the software components from third parties 

were highlighted in blue. 

 

 

Oshawa Dataset 

 

Flight Layout 

 

     Both the Oshawa data and Keyworth-Nottingham data showed flight lines instigating large 

degrees of data overlap (60% side lap), resulting in a practically band-free tie point cloud. This is 

untypical for regular survey missions, which would form much of the data input for coarse co-

registration. However, these types of flights are common when data is collected for cross-aided 

sensor calibration. Here, accurate fine registration is mandatory. Also, co-registration approaches 

should be robust and be able to handle data with various geometric conditions. Thus, these datasets 

make great test material for the proposed co-registration methodologies. 

      The Oshawa data consisted of one “boresight block”, flown for deriving camera boresight 

parameters, and some additional flight lines acquired for LiDAR testing purposes. The boresight 

flight block was used for self-calibration of the LiDAR without ground control (Lindenthal et al., 

2015) and for cross-aided sensor calibration. The Oshawa flight divided into three sections: 

(1) Camera boresight collect: One altitude block for data processing in TerraPhoto software 

(Soininen and Burman, 2005) with 7 lines flown at 900m asl at 60% end lap: 

• 3 lines south-east to north-west, 60% side lap 

• 1 cross line south-west to north-east 

• 2 cross lines south-west to north-east acquired in test mode, excluded from processing 
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• 1 diagonal line 

(2) Additional lines used for LiDAR calibration purposes collected with 60% end lap:  

• 2 perpendicular lines, 600m asl, included in processing 

• 2 perpendicular lines, 400m asl, excluded from processing 

 

       Only the data collected from the flight lines at an altitude of 850m and 600m asl were selected 

for co-registration. The flight lines flown with large overlap result in the higher laser and tie point 

densities than the areas with small overlap. The figures below show the layout of the selected flight 

from the Oshawa data. The resulting image block comprised 105 photos, 3641 tie points after the 

outlier removal, and 51 measured control points.  

 

 

Oshawa flight vertical profile. Only data within the blue encircled times was used 
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A perspective view of the data selection (Oshawa flight) 

 

 

Camera Data 

 

       As in the figure below, the Oshawa calibration site provided a very dense distribution of 

control points. All 51 ground control points within view were measured.  
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The Oshawa block layout plotted in ISAT footprint viewer (- the measured control points 

are in red) 

 

       In the figure above, the tie points within the flight lines, also referred as the pass points, were 

depicted with the purple IDs. Their distribution is typically limited to the outskirts of the survey 

block. The tie points in-between flight lines were depicted with the point ID in turquoise. Since 

these points required the image overlap across the flight lines, a dense tie point distribution was 

expected to occur mostly in the block center. The homogenous and dense distribution in the 

combined display of the pass- and tie points (collectively called tie points) indicated good tie point 

matching results.  
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The combined display of the tie- and pass points (Oshawa test site) 

 

       As illustrated below, the area where multiple flight lines were flown close to each other in the 

North-South direction showed a particularly high tie point density. As can be seen from the figures 

below, the tie and control points clearly captured the changes in elevation of the terrain. 
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Oshawa tie and ground control distribution 

 

 

The Oshawa tie and ground control points, colored by elevation 
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      The tie points were generated using the Intergraph ISAT module (Hexagon Intergraph, 2018). 

After the blunder removal, 3641 tie points remained, equivalently about 35 tie points per image. 

The tie points covered an area of approximately 3.2km by 3.2km as the image footprint at the 

lower altitude was approximately 0.6km2 (roughly 0.9km by 0.7km) leading to an approximate tie 

point density of 0.0006pts/m2. A maximal GPS shift of 18cm and a minimal shift value of 3cm per 

line confirm good quality with the geo-referencing.  

 

 

Conversion of the Tie Point Cloud to an Image 

 

      There are many ways to covert the point cloud into the regularly spaced data – see for example 

Fernandez et al. (2007) for more details. A surface grid was fit into the tie points using MATLAB 

software (MathWorks, 2019). MathWorks (2019) provided 7 interpolations methods for the 2.5D 

surface data: (1) Linear, (2) nearest neighbor, (3) cubic spline, (4) shape preserving, (5) 

biharmonic, (6) thin-plate spline, and (7) natural. Testing and visually comparisons of all these 

methods showed that the “natural” interpolation method delivered the best-fitting and most natural 

looking results for elevation data. Unfortunately, MathWorks (2019) still did not provide detailed 

information about this interpolation method, however, based on the works in (Yanalak, 2003; 

Yilmaz, 2007), it could be the Sipson natural neighbor interpolation. The methods for the 

traditional Kriging (Arun, 2013; Wen, 2016; Schwanghart, 2020) and the gradient-enhanced and 

Kriging with incorporation of error information (De Baar, 2020) could also be found in the 

MATLAB user community (MathWorks, 2019). These methods may perhaps yield even flatter 

contours at the outskirts. But they surfaced years after the processing of these datasets was 

completed. Also, based on the user’s feedback in the MATLAB forum, their performance seemed 

questionable. 

      The figure below presents the tie point cloud overlaid with a natural-fit surface grid. The areas 

with the higher tie point density were captured with multiple flight lines and more image overlap 

than those areas with the lower point density. For the average point density of 35 tie points per 

image, MATLAB considered a cell size of 40m by 40m to be optimal. The second figure below 
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gives the respective grid, rendered to an image file. This image was used for testing the co-

registration algorithms in this thesis. 

  

 

The Oshawa tie point cloud overlaid with the MATLAB-generated surface mesh 
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The Oshawa tie point grid with 81x115 40m cells 

 

 

LiDAR Data 

 

      Since the LiDAR and camera were flown at the same time, their data showed a similar layout. 

An elevation-coded plot of the laser points is given below. A closer look revealed that the raw 

LiDAR data was polluted by the atmospheric and other false returns. As can be seen, a large 

portion of the atmospheric outliers was situated in proximity of the sensor – also referred to as the 

cone of death Teledyne Optech, 2012). Other outliers occurred more sporadic and the respective 

point locations were often so isolated that they could be seen from its appropriate enlargements: 

The outlier with the largest negative distance from the surface for example is 533m below the 

surface and invisible in the figure thereafter.  
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Top view on the full-resolution Oshawa laser point cloud (63Mio points) before outlier 

removal (outliers are marked in black) 

 

 

Vertical cross section of full-resolution Oshawa laser point cloud before the outlier removal 

 

      The false returns were removed since they could have negative impact on the co-registration. 

As shown below, after cleaning the laser point cloud there was only one red line remain, which 

was caused by the reflection of a power line. Similarly, the small red quadratic spot in the south-

east end of the block was not a remaining anomaly but stemmed from a high rise. 
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Oshawa, every 4th laser point (16Mio points), after the outlier removal, top view 

 

 

Oshawa, every 4th laser point, after the outlier removal, vertical section 

 

      The full resolution point cloud had approximately 63Mio points. Covering an area of 

approximately 4.5 by 4.5km, the resulted average point density was 2.4 pts/m2. Since the survey 

area did not cover the entire square-shaped grid that MALAB had fit, but rather a cross-shaped 

area roughly 2/3s the size of the full grid area, the actual average point density was roughly 4 

pts/m2. 
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Down-sampling Laser Points 

 

     During initial discussions, it seemed desirable to use the LiDAR at full resolution to ensure all 

information content is considered in the process of co-registration. However, handling millions of 

points (63M in case of the Oshawa dataset, 35M in case of the Keyworth-Oshawa dataset) in 

MATLAB would have been dreadful. A closer look revealed that handling the full-resolution data 

was not necessary:  

• In case of the fine registration method presented in Chapter 4.4.2, roof polygons had already 

been extracted automatically from the full resolution point cloud and used as registration 

primitives; there was no need to repute the point cloud any further.  

• In case of coarse co-registration, the registration algorithm can only make use of information 

content that is common to both datasets. All the extra information captured in the high-

resolution laser point cloud had no counterpart in the tie point cloud. Thus, as long as the 

information content of the laser point cloud remained equivalent or slightly higher than that of 

the tie point cloud, cross-correlation could occur without restriction or loss of information and 

the co-registration results would be the same as those obtained using the full-resolution laser 

point cloud. 

 

     According to the Nyquist theorem (Fritsch, 1999), the laser point cloud should be sampled with 

the same or higher point density than that of the tie point cloud. Considering that the tie points 

were distributed very irregularly whilst the laser points, even when down-sampled, were 

distributed regularly in comparison, the laser points were down-sampled to 8775 points, i.e., a 

point density slightly higher than twice that of the tie point cloud.  

The figure below displays the laser point cloud overlaid with a naturally-fit surface grid. Areas 

with higher laser point density were captured with multiple flight lines and more scan overlap than 

those areas with lower point density. 
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Conversion of the Laser Point Cloud to an Image 

 

     Once the LiDAR had been down sampled, both point clouds were gridded and rendered to 

images. The figure below illustrates the down-sampled point cloud overlaid with the grid. Figure 

3.6 displays the respective grid, rendered to an image file. The color coding is the same as in Figure 

3.3, however the large descent of the grid in the north-east corner causes the center of the grid to 

occur more yellow. The image file shown in Figure 3.6 was used for testing the co-registration 

algorithms described in Chapter 4.0, Chapter 4.0, and Chapter 5.0. 

 

 

The Oshawa laser point cloud overlaid with the surface mesh 
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The Oshawa laser point grid with 117x138 40m cells 

 

 

Co-Registered Data 

 

     The Oshawa tie and laser points showed a ratio of 3,700/63,000,000 = 1:17,000, which 

confirmed the ratio of about 1/10,000 that one would typically obtain from regular survey data. 

The co-registered point clouds are given below. The full-resolution laser data was so dense that it 

covered up the tie and ground control points. To demonstrate that the tie points show good fit and 

fall above and below the laser surface, the laser point cloud was thinned out by factor 10 so that 

the ground control and tie points became visible. 
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Overlay of every 10th Oshawa laser point (grey), GCPs (red), and the tie points (blue) 

 

     Originally, this research started out with the intend to only cover aspects of the fine registration 

methodology discussed in Chapter 4.4.2. Therefore, the point clouds were aligned as tightly as 

possible during data preparation; - the quality of fit is illustrated in more detail in APPENDIX G. 

Later, this highly accurate solution served as a reference not only for evaluating the fine-

registration algorithms but for the coarse co-registration algorithms, too. 

  

     Figure 3.7 below displays the co-registered point clouds. In this graph, the tie points had been 

elevated by 10m to highlight the boundaries of the tie point area with respect to the laser points. 

As can be seen below, the negative curvature of the laser point cloud in the north-east end caused 

the mesh to extrapolate into negative height values. The laser points covered an area of approx. 

4.5km by 4.5km whereas the tie points covered an area of approx. 3.2km by 3.2km. 
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Overlay of the Oshawa laser point cloud, 10m elevated tie point cloud, and surface mesh 

 

Rotated rendering of Oshawa point clouds highlighting an extrapolated steep slope in the 

north-east corner 
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     The high density of the laser points allowed for deriving an accurate DTM. If the photo and 

laser data have been aligned correctly, the difference of the DTM and the photogrammetric ground 

control points should average zero; Also, small vertical deviations should indicate good quality of 

the tie- and ground control points. The figure below shows the results of that experiment. 

 

 

Vertical difference between Oshawa GCPs and LiDAR derived DTM in meters 

 

     As can be seen from the figure above, the surveyed ground points aligned with the laser DTM 

nearly perfectly, however the sporadic large deviations from zero indicated poor quality of the 

surveyed ground control.  

 

     As shown afore, the tie points rarely fall into the centre of the flat surfaces, but rather locate at 

corners of objects, usually away from the laser points. For example, the tie points tend to locate 

on top of trees or at corners of the rooftops whereas laser points tend to fall either onto bare ground 

near the respective tree or roof, or flat onto the roof surface. Thus, the tie points show occasionally 

a vertical difference of 10-15m from the surrounding laser points, which is roughly the height of 

trees and most buildings in sub-urban areas. The figure below confirms this observation and shows 
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that the distances of the tie points to the LiDAR key model points vary in the range of approx. 

±10m.  

 

 

Vertical difference between the Oshawa tie points and the LiDAR derived DTM 

 

     Since the tie points were not classified and were too random and loosely distributed to allow 

for reliable retrieval of information about the objects on which they located, the Z deviation from 

the ground model could be regarded as a vertical noise band. Thus, a 10m noise band was chosen 

in the DSM simulation (Chapter 5.6). The figure below shows this context at higher resolution for 

image 9, located at the center of the flight block. More details of image 9 are given in APPENDIX 

G. 
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Vertical difference between the Oshawa tie points and the key model ground points of 

image 9, in meters 

 

 

 

 

 

 

 

 



334 

 

Keyworth-Nottingham Dataset 

 

Flight Layout 

 

     The Keyworth-Nottingham (KN) dataset consisted of a reduced “boresight block”, typically 

flown for calibrating camera boresight parameters, and additional flight lines for LiDAR testing 

purposes. The boresight flight block was also used for self-calibration of the LiDAR without 

ground control. The flight is divided into two sections: 

(1) Camera boresight data collect: One altitude block layout for data processing in TerraPhoto 

software (Soininen and Burman, 2005) with 9 lines flown at 880m asl at 60% end lap: 

• 4 lines south-east to north-west, 60% side lap 

• 4 cross lines south-west to north-east 

• 1 diagonal line 

(2) Additional lines used for LiDAR calibration and camera validation purposes were collected 

at 1250m asl with 60% end lap:  

• 1 line south-west to north-east, included in processing 

• 1 perpendicular line, included in processing 

 

      The resulting image block comprised 64 photos, 2705 tie points before and 1871 tie points 

after blunder removal, and 38 measured control points. Flight lines flown with high overlap 

resulted in higher laser and tie point densities than areas with small overlap. The two figures below 

illustrate the flight pattern. The camera footprint view of the survey block is displayed below as 

well. 
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KN vertical profile. Only the data within blue circles was used 

 

 

A perspective view of the data selection (KN flight) 
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Camera Data 

 

     As illustrated below, the Keyworth-Nottingham calibration site provided a dense distribution 

of the control points. 38 ground control points had been surveyed.  

 

 

KN block layout plotted in the ISAT footprint viewer (- the measured control points are in 

red) 

 

      In the ensuing figure, the tie points within flight lines, also referred as pass points, were 

depicted with their point IDs in purple. The distribution of the pass points was typically limited to 

the outskirts of the survey block. The tie points in-between flight lines were depicted with the 

turquoise point IDs. Since these points require specific image overlap across the flight lines, the 

tie point distribution was expected to occur mostly in the block center. The homogenous and dense 

distribution in the overlaying presentation of the pass- and tie points (collectively called tie points) 

in the figure below confirmed the good matching results of the tie points. 
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The combined display of the tie- and pass points of the (KN test site) 

 

 

Conversion of the Tie Point Cloud to an Image 

 

     A surface grid was fit into the tie points using MATLAB’s “natural” interpolation method 

(MathWorks, 2019). The ensuing figure displays the tie point cloud overlaid with the natural-fit 

surface grid. The areas with the higher tie point density were captured with multiple flight lines 

and the more image overlap than those areas with the lower point density. For the average point 

density of 30 tie points per image, MATLAB considered a 40m-by-40m cell size to be optimal. 

The second figure below plots the matching grid, rendered to an image file. This image was used 

for testing the co-registration algorithms throughout this thesis. 
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The KN tie point cloud overlaid with the MATLAB-generated surface mesh 

 

 

The KN tie point grid with 36x35 40m cells 
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LiDAR Data 

 

     Since the LiDAR and camera were flown at the same time, their data showed similar layout. 

An elevation-coded plot of the laser points is shown below. Obviously, the LiDAR data was 

corrupted by the atmospheric and other false returns. A large portion of the outliers was situated 

along a vertical ray, visible in the figure below, caused by interference of the receptor and the 

pilot’s radio signal. Other outliers occurred more sporadic and often the respective point locations 

were so isolated and could be brought out in the figure by significant enlargement. The following 

figures show the laser point cloud after the cleaning process. 

 

 

The KN laser point cloud before the outlier removal 
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The KN laser point cloud after cleaning, side view 

 

 

The KN laser point cloud after outlier removal (approx. 35M points), top view 
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Down-sampling the Laser Point Cloud 

 

      As conversed earlier, it was desirable that the laser point cloud, which serves as reference point 

cloud during co-registration, contains slightly more geometric information about the surface than 

the tie point cloud. This was achieved by down-sampling the laser point cloud to a point density 

slightly higher than that of the tie point cloud. The KN laser point cloud had approximately 35M 

points covering an area of 2.4km by 2.4km resulting in a point density of 5 pts/m2 in its original 

configuration; the tie point cloud, on the other hand, covered an area of 1.5km by1.5km with 1871 

points, resulting in a point density of roughly 0.0008 pts/m2. After down-sampling, the laser point 

cloud contained 2705 regularly distributed points. 

 

Conversion of the Laser Point Cloud to an Image 

 

      Once the LiDAR had been down-sampled, both point clouds were gridded and rendered to 

images using the “natural” interpolation algorithm (MathWorks, 2019). The figures below 

illustrate the down-sampled point clouds overlaid with the grid, and the respective grid, rendered 

to an image file. The color coding was the same before, however the large descent of the grid in 

the north-east corner caused the center of the grid to occur more yellow.  
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The KN laser point cloud overlaid with the MATLAB-generated surface mesh 

 

 

The KN laser point grid with 59x71 40m cells 
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Co-Registered Data 

 

     The co-registered point clouds are displayed below. The full-resolution laser data was so dense 

that it covered up the tie and control points. To demonstrate that the tie points showed a well-

balanced fit and fell above and below the laser surface, the laser point cloud was thinned out by 

factor 10 so that the ground control and tie points became visible. 

 

 

Overlay of every 10th KN laser point (grey) with GCPs (red), tie points (blue), and image 

footprints of photo 50 (purple) and 58 (green) 

 

     Originally, this research started out with the intend to only cover the fine registration 

methodology introduced in Chapter 4.4.2. Therefore, the point clouds were aligned as tightly as 

possible during data preparation. Later, this highly accurate solution served as a reference not only 

for evaluating the fine-registration algorithm but also the coarse co-registration algorithms. 
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In the figure below, images 50 and 58 show an example of the tight fit of the laser data and ground 

control – the control points fell mostly underneath the laser surface.  

 

 

Overlay of every 10th KN laser point (grey) with ground control (red) and image footprints 

of photo 50 (purple) and 58 (green) 

 

     Displayed above are the co-registered point clouds. In this graph, the tie points had been 

elevated by 10m to highlight the boundaries of the tie point area with respect to the laser points. 

The laser points covered and area of approx. 2.4km by 2.4km and the tie points covered roughly 

1.5km by 1.5km ground. 
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Overlay of the KN laser points, the 10m elevated tie points, and the surface mesh 

 

     The high laser point density allowed for deriving an accurate DTM. If the photo and laser data 

had been aligned correctly, the difference of the DTM and the photogrammetric ground control 

points should have averaged to zero; Then, small vertical deviations would indicate good quality 

of the photogrammetric ground control points. The figure below shows the results of that 

experiment. 

 

 

Vertical difference between KN GCPs and LiDAR-derived DTM, in meters 
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     As can be seen, the surveyed GCPs showed an offset of about -20cm from the laser DTM and 

the sporadic large deviations from zero confirmed poor quality of the surveyed ground control 

and/or laser DTM.  

 

     As illustrated in more detail in APPENDIX B, in suburban areas tie points tend to locate rather 

on top of trees or at corners of rooftops whereas laser points tend to fall either onto bare ground in 

proximity of the respective tree or roof, or flat onto the roof surfaces. Thus, tie points showed 

every so often a vertical difference of 10-15m from the surrounding laser points, which is roughly 

the height of trees and most buildings. Like the figure above, the figure below demonstrates the 

scattering of the tie points with respect to the laser derived DTM.  

 

 

The vertical difference between the KN tie points and the LiDAR-derived DTM, in meters 

 

      Since the tie points were not classified and since they were too randomly and loosely 

distributed for reliable retrieval of information about the objects on which they located, the Z 
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deviation from the ground model could be regarded vertical noise. This finding lead to choosing a 

10m noise band when simulating a DSM, as described in the next sections.  

 

 

Simulated Dataset 

 

      One dataset was simulated by superimposing five 1D harmonics to a signal that mimicked the 

elevation magnitudes of the Vaihingen/Enz dataset (see section 3.2 above). To have a similar 

extend than the KN dataset, a signal length of 2km was chosen. The software code shows an 

excerpt of how the signal was composed in MATLAB: 

 

% Magnitude in meters 

a0 = 30;  

a1 = 70; 

a2 = 35; 

a3 = 25;  

a4 = 7;     

at = 5;   

  

% signal offset in meters 

d0 = 300; 

% ramp in meter 

ramp = 90; 

 

T = 1;                                          % Sampling period, 1-meter intervals 

L = 2000;                                    % Length of signal in meter increments 

t = (0:L-1)*T;                             % Sample vector 

x_0 = a0*sin(2*pi*(t-p0)/(1*L))'+d0;       % phase = 0,    Amp= -/+0.5, F=25Hz  

x_1 = a1*sin(2*pi*(t-p1)/(2*L))'+d0;       % phase = pi/4, Amp= -/+1, F=25Hz  

x_2 = a2*sin(2*pi*(t-p2)/(1/2*L))'+d0;     % phase = pi/2, Amp=-/+2, F=50Hz 

x_3 = a3*sin(2*pi*(t-p3)/(1/2*L))'+d0;     % phase = 3*pi, Amp=-/+4, F=150Hz 

x_4 = a4*sin(2*pi*(t-p4)/(1/3*L))'+d0;     % phase = pi/8, Amp=-/+0.25, F=300Hz 

 

      The signal of the fifth harmonic component was chosen to have a magnitude of 5m, simulating 

finely resolved details on the ground. The resulting synthetic 1D elevation signal and its 

components are displayed below. 
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The 1D simulation of an elevation signal  

 

     To convert the assembled 1D signal into a 2D signal, its square root values were multiplied by 

themselves over a grid of 2000x2000 points. As can be seen above, the 1D signal had an absolute 

height offset of 250m. This height offset was chosen to mimic an average terrain height of 250m 

above sea level (asl), similar to the average elevations of Oshawa and KN.  

 

     A second version was generated were the minimum value of each 1D signal component was 

subtracted from the combined 1D signal, so that the border “edge” values of the assembled 2D 

dataset were close to zero. Subtracting the minimum value minimized elevation discrepancies at 

the borders such that the FFT (Cooley and Tukey, 1965) could observe little friction and create a 

small “+” effects (see Chapter 5.1.2.2.2 for more information). The signal was then shortened from 

2000 pixels to a length of 1864 pixels since a few pixels were cut from both sides so that the border 

values approached zero values more closely. The resulting 1864x1864 DTM grid of 1m pixels is 

displayed in perspective- and top view below. 
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“Version 1” of the simulated DTM with the low-elevation border lines 

 

     The tilted version of this DTM, depicted below, was created to mimic slope – large portions of 

the Oshawa data for example and many alpine areas are imposed by a steadily increasing ramp-

like change in elevation.  

 

  

“Version 1” of the simulated DTM with tilt, mimicking sloped terrain 

 

    In the original non-tilted version, the DTM showed two peaks with the identical shape and 

height. By tilting the dataset (shown above) one of the peaks became higher than the other, since 

its absolute height increased.  

 

circular 
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     The DTM was also modified to have the circular boundaries. The round boundaries imitate the 

effects of a window mask which – as described in Chapter 5.1 – could be advantageous in the 

process of the frequency-based co-registration. As shown in below, a small groove was cut out, 

too. This groove had two purposes: Firstly, it served as visual indicator of the rotation angle and 

allowed for fast visual inspection of the co-registration results. Secondly, it introduced asymmetry 

to the elevation profile, so that co-registration algorithms can retrieve rotational offsets without 

ambiguity.   

 

. 

“Version 1” of the simulated DTM with circular cut-off and trench 

 

     Both the sloped DTM and the rounded DTM were deployed during the early stage of FMT 

testing. Through experimenting with these data sets it became clear that the approximation of real-

world slope effects through tilt as plotted above were ineffective for FMT and AFMT based co-

registration (see Chapter 5.0, FMT and AFMT) since frequency analysis considers relative changes 

of the elevation profiles, which remained unchanged by the tilt. Further, while the tilt introduced 

the desired asymmetry of the absolute height values (as it increased the absolute height of one of 

the two mirror-symmetric peaks) the relative elevation changes still showed mirror-symmetry.   

The circular DTM dataset on the other hand proofed to invoked critical loss of information and 

resulted in degraded co-registration results when compared to the co-registration results of its 

rectangular counterpart.  
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     Based on these learnings, rectangular borderlines were chosen instead of round boundaries and 

the elevation of one of the two symmetric hills was increased. Also, instead of keeping the pixel 

values close to zero at the border lines, it seemed more realistic to let the border pixels change 

magnitude. At the same time, it seemed desirable to keep the “+” effect small. To fulfill these 

requirements, the data was shifted horizontally. The result is displayed in  the figure below. Here, 

the border values still transitioned seamlessly from one side to the opposite, keeping the magnitude 

of the “+” effect small. 

 

  

“Version 2” of the simulated DTM with varying yet symmetric elevation borders 

 

 

“Version 2” of the simulated DTM with symmetric borders, rear view 
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     As can be seen from the figures above, the shifted “Version 2” DTM showed more realistic 

border values than the original “Version 1” yet allowed for seamless transition between opposite 

borders (that appear neighboring inside the FFT). After tilting the surface model back to the 

ground, the two second-highest peaks showed the same height and shape again, so one of the peaks 

had to change elevation to eliminate mirror symmetry. The change in elevation had to be strong 

enough to be clearly visible in the respective DSM dataset, too. Also, rather than turning the 

symmetric peaks into one pointy outstanding hilltop, the intend was to maintain the resemblance 

of real-world conditions as much as possible and keep elevation changes relatively small.  

These requirements were met with “Version 2” of the simulated DTM, internally referred as 

“X5d2”, which is depicted in the left column of the figure below. Here, a Gaussian bell was fit 

into the elevation peak “B” to increase its height relative to peak “C” and to make the surface 

model non-symmetric. The second highest peak, highlighted with “B”, differed by roughly 20m 

from the highest peak, marked with “A”. Peak “B” was also shifted horizontally by approx. 120m, 

i.e., 3 pixels.  

     To convert a DTM into a realistic DSM can be challenging since in real-world conditions the 

height variations with respect to the bare earth model are not purely random, but depend on the 

scenery, sensor technology (active or passive data capture), and point density. For sparse 

unclassified tie point clouds, adding white noise to convert the DTM into a DSM was a practical 

solution. Without inhibiting major limitations on the general validity of the results, a 10m white 

noise band – mimicking the height of a three-story house – was added to the DTM. The second 

column of the figure below displays the respective DSM, internally referred as “X5d3”.  
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The simulated X5d2 DTM and the X5d3 DSM with increased elevation of the second peak 

 

      The “Version 3” DEMs were used for much of the initial FMT testing and for some of the 

initial AFTM experiments. A further fine-tuned “Version 4” DTM and “Version 5” DSM, 

illustrated as DTM X5d4 and DSM X5d5 in Figure 3.13 below, were also created. Here, the 

elevation of “peak B” was increased by approximately 10m and the Gaussian bell was shifted 

horizontally by a small extend to further decrease mirror-symmetry. A large percentage of the 

FMT and AFMT experiments were conducted using these simulated datasets. 
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The simulated X5d4 DTM and the X5d5 DSM with further modified second peak 

 

     The figure above illustrates side and top views of the X5d4 DTM and X5d5 DSM that were 

used for most of the AFMT testing. Out of all simulated data sets, the X5d4 has the most 

pronounced version of peak “B”. 

 

     The figure below summarizes the elevation differences of the “Version 3” and “Version 4” 

DTMs. 
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Peak values 

Peak Elevation 

[m] 

Elev. Difference 

[m] 

A 200.61 A-B:   21.41 

B 179.20 B-C:   30.89 

C 148.31 C-D:   45.81 

D 102.05 D-A: -98.56 

min 0.00  

   

 

Peak values 

Peak Elevation 

[m] 

Elev. Difference 

[m] 

A 200.61 A-B:    -0.92 

B 201.53 B-C:   53.22 

C 148.31 C-D:   45.81 

D 102.05 D-A: -98.56 

min 0.00  
 

Comparison of the X5d2 and the X5d4 DTM 

 

     As can be seen from the figure above, DTM X5d4’s peak “C” is almost twice as high than the 

peak of DTM X5d2. It was also shifted by a few pixels horizontally, while all other portions of the 

surface model remained untouched. 

 

     The figure below shows an example of how the final image-rendered point cloud looked like. 

As will be discussed in Chapter 5.1.2.2.2, there were multiple ways to pad the point cloud-rendered 

image – in the example below, the image was padded with zeros. 

B 

A 

C B 

A 

C 

D D 
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/ 

The X5d4 DTM image used for co-registration testing 
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APPENDIX D: Fine Registration using unclassified Tie Points and 

unclassified Laser Points using ICP 

 

Methodology 

 

     From Section 4.4.2 to Section 4.4.5, the suitability of the point-to-patch based fine registration 

concepts were examined. Rather than involving the extraction of the roof planes, or the curved 

surface patches, or relying on the point cloud classification, this section explores the performance 

of the point-to-point based fine registration using ICP.  

As discussed in Chapter 2.0, ICP triangulates the point clouds, establishes a point-to-point 

relationship, and then minimizes the point-to-point distance while estimating the (rigid body) 

transformation parameters. The graph below gives a high-level outline of the method. 

 

 

Point-to-point based co-registration of unclassified tie- and laser points using ICP 

 

     As can be seen from the schematic above, ICP does not require any pre-processing or point 

cloud filtering. However, ICP does require that the point clouds have already been coarsely aligned 

so that the algorithm can converge to the correct solution. As with the previous figures, the (*) 

indicates that the spatial discrepancies could be minimized by optimizing camera- or LiDAR 

sensor calibration parameters or by fitting parameters of the rigid body transform.    
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     At first sight it seems desirable to couple the tie point cloud with the full-resolution laser point 

cloud (instead of a down-sampled LiDAR) as this should provide the best possible co-registration 

results. However, the co-registration of two point clouds can only be as accurate as the level of 

geometric accuracy and information content of the lesser-accurate, lesser-dense of the two point 

clouds allows. In other words, whether the laser points are used in full resolution or down-sampled 

slightly higher than the tie points, the level of accuracy of the co-registration results should be 

practically-identical. Also, since ICP involves point cloud triangulation and rendering and since 

geodetic laser point clouds typically comprise millions of points, the speed of ICP degrades quickly 

when loading larger point clouds.   

    While ICPatch (Al-Durgham,2014) and LS3D (Akca, 2007; Gruen and Akca, 2005) may 

surpass ICP in co-registration performance for some airborne geodetic applications (see Chapter 

2.3.2 for more details), ICP is accessible through commercial and publicly available software, such 

as CloudCompare (CloudCompare, 2019). The following sections examine the performance of 

ICP, using CloudCompare software, for co-registration of LiDAR and extremely sparse 

photogrammetric point clouds. 

 

Results 

 

     Over the course of this thesis work, many co-registration tests with ICP were conducted using 

various point clouds and different versions of CloudCompare (CloudCompare, 2019). These tests 

showed that the precision of co-registration results varies with the data set, processing settings, 

and level of the coarse alignment. The following screenshots illustrate this finding:  

     The figure below shows the overlay of the Oshawa laser point cloud before and after co-

registration. The point cloud was down-sampled to cover the ground evenly with one point per 

40m x 40m cell, resulting in a total of 2739 points. CloudCompare was deployed with default 

settings and the random sampling limit was left at 50,000 points. The point clouds were set apart 

by a 90 rotation and the transformation function was set to allow for rotation in XYZ, translation 

in Tx, Ty, Tz, and no change in scale; in a second run the transformation function was set to allow 

for only for rotation in Z and translation in Tx, Ty and no scale. 
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(a) 

 

(b) 

Rotated KN laser points before (a) and after (b) ICP self-registration 
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    The figure above shows a down-sampled LiDAR point cloud of the Oshawa area, where (a) 

displays the point cloud overlaid with its 90degree rotated counterpart. The plot in (b) shows the 

point clouds after registration. Obviously, the point clouds didn’t fully coincide. 

The table below highlights the estimated co-registration parameters which converged with a final 

RMS of 18.734m: / 

 

Self-registration results, KN laser point cloud 

𝑅𝑋𝑌𝑍 𝑇𝑋𝑌𝑍 

0.941 -0.339   0.000 -110.735 

0.339   0.941   0.000 -357.960 

0.000   0.000   1.000    -2.904 

 

     The experiment was repeated, first again with the KN laser point cloud and then with the 

Oshawa laser point cloud, however instead of rotating the search point cloud 90 degree around its 

centre of gravity, this time the search point cloud was rotated around the point with the smallest 

coordinates, i.e., its south-east corner. In addition to the 90degree angle, this caused a large shift 

in West direction. The following figure and tables illustrate the results of these experiments: 
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(a) 

 

(b) 

Rotated (a) KN and (b) Oshawa laser point cloud after ICP self-registration 
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    As the cell (a) above shows, the registration results degraded further (in comparison to the results 

obtain earlier), yet ICP was still able to converge with a final RMS of 67.150m. In case of the 

Oshawa data, cell (b) above, the ICP failed to move the point cloud and converged from the 8775 

points with a final RMS 208.057m. The two tables below summarize the results: 

 

Self-registration results, KN laser point cloud 

𝑅𝑋𝑌𝑍 𝑇𝑋𝑌𝑍 

0.990 -0.143  0.000 1314.314 

-0.097   0.990   0.000 1206.999 

0.000   0.000   1.000    54.556 

 

 

Self-registration results, Oshawa laser point cloud 

𝑅𝑋𝑌𝑍 𝑇𝑋𝑌𝑍 

0.995 0.097   0.000 -219.243 

-0.097   0.995   0.000 277.468 

0.000   0.000   1.000    1.165 

 

 

    Lastly, the down-sampled KN laser point cloud was scaled by factor 3. In this self-registration 

test, ICP failed completely, and no parameter estimation occurred.  However, - without going into 

details - ICP was able to recover translations of several hundred meters, i.e., several pixels for both 

the KN and Oshawa point clouds.  

    Since ICP has been designed primarily for fine registration, it was expected that ICP would fail 

in most of these experiments. To analyze the ICP’s performance for fine registration of sparse 

point clouds, it was deployed on two tie point clouds that described an approximate area of 0.5km 

by 0.7km in the centre of the Oshawa flight area. These areas were located right next to each other 
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and showed relatively high point density – like what one would obtain from an image-based tie 

point engine –, which made them ideal candidates for comparison. The following figure shows the 

geometric fit after co-registration.  

 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

 

Co-registration results of two neighboring tie point clouds using ICP 

 

    In the figure above, cell (a) and (c) show colour-coded distances between tie points and the 

LiDAR ground model (see APPENDIX C) of the neighboring blocks. Cell (b) and (d) display the 
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respective distance graphs. The graphs were obtained with CloudCompare version 2 

(CloudCompare, 2019) and default settings: Octree level of 9 and multi-threaded processing 

enabled. 

     In view of the high vertical accuracy of tie- and laser points (see APPENDIX B), vertical 

deviations of 20-60cm seemed quite large. Even more surprising was the change in distribution of 

the distance values in the histograms. Considering (1) the 20cm-level accuracy that was achieved 

when establishing the reference solution with TerraPhoto (see Chapter 3.3 and APPENDIX C for 

details) and considering (2) that the survey blocks located right next to each other and (3) that the 

blocks depicted similar scenery, one would expect these histograms to be more alike. This anomaly 

was also observed with other data tiles of similar resolution and led to the conclusion that – as 

already noted by Akra (2007) and Al-Durgham (2014) – ICP is not the optimal fine registration 

algorithm for this sparsely-sampled data.  

 

Discussion 

 

    The ICP technique is one of the most widely-spread methods for fine registration. The 

experiments above isolated and benchmarked some of the conditions at which the ICP co-

registration using the extremely-sparse point clouds is possible. Contrary to the aforementioned 

fine registration methodologies, it does not require a training phase nor does it rely on the 

classification or other forms of the data pre-processing. CloudCompare software (CloudCompare, 

2019) was used to co-register a down-sampled version of the Oshawa laser point cloud. 

     The tests showed that point clouds must be freed from major scalar and rotational offsets and 

that translations should be in the range of few pixels so that successful fine registration can occur. 

The tests also showed that - while ICP was able to successfully complete the fine registration in 

most test cases - the geometric fit was worse than the expected 20cm (see APPENDIX D) and 

several decimeters away from photogrammetric ground control. This confirmed earlier 

conclusions that the point cloud was spaced too sparsely for accurate fine-registration and that the 

point clouds captured different parts of the same objects on the surface than the GCPs. Other 

methods, like LS3D (Akra, 2007) which were explicitly tested for co-registration of dense point 

clouds against coarse ground control, perform better and are less stringent on coarse pre-alignment. 
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APPENDIX E: Design of Experiments, Reduction of Design Space, 

and Refined Experiments with Simulated Data 

  

     The focus of the ensuing sections will be on reducing the design space, narrowing down choices 

for the number of correlation peaks, image cropping, window- and HF filtering, and the importance 

of undulation in the elevation profile from comparing the FMT performance of simulated DTM 

and DSM data. 

 

Design of Experiments 

 

     As indicated in Chapter 5.1.2.1 and Figure 5.14, the standard FMT contains many parameters 

that can be adjusted. It is important to understand the function of each parameter and be aware of 

potential correlations, so that the FMT and its co-registration performance can be clearly 

characterized. An overview of all FMT parameters, arranged in form of a Pugh diagram (Kacker 

et al., 1991), is shown in the figure below. 
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Pugh diagram of the standard FMT 

 

The Pugh diagram gives an overview of the variables that can be adjusted in the standard FMT:  

- Primary input to the FMT are height maps in image format, displayed in green on the left. 

Since FMT co-registration keeps one of the two input images static, as reference, while the 

other “floating” image is transformed onto the reference image, there are only two possible 

data combinations per survey site: In case of the real-world data, these are (1) static laser points 

with floating tie points, or (2) static tie points with floating laser points. During performance 

evaluation however, two additional data combinations can occur: (3) static laser points with 

moving laser points, or (4) static tie points with moving tie points.  

- The output of the FMT, displayed in purple on the right, are the co-registration parameters. 

Most of the tests described in the ensuing paragraphs focused on the recovery of rotation and 

scale only. Therefore, the observation of translation offsets was greyed out. 

- Encircled in orange are all FMT-internal parameters that can be adjusted. Displayed in grey 

are control parameters that were set to a constant value or reduced to a reduced sub-selection 

in the tests described in the ensuing discussions. 

- The group of variables in the blue box describe environmental factors, or noise factors (Kacker 

et al., 1991), that are typically out of the user’s control. In the context of co-registration, these 
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are the unknown co-registration parameters we are trying to recover. As before, the parameter 

values that were tested less frequently than others in the subsequent experiments were marked 

in grey. 

- The “Symptoms” describe output attributes that can only be observed but cannot be controlled. 

Examples are robustness, SNR, performance characteristics like convergency behaviour 

(predicted vs actual, stability, artifacts related to the outcome like how many correct solution 

candidates stem from a certain amount of CPS peaks), and the cost of computational time. 

 

     Related to the symptoms is the recording, evaluation, and feedback of FMT results:  From 

conducting experiments with different data input- and processing settings, the range of correctly 

solved scale-, translation-, and rotational offsets can be identified and looped back. Wilmer (2012) 

for example found that his FMT implementation could resolve a maximum scale factor of 5.0 when 

applied to images that show close-range scenery with people in them. 

     As the Pugh diagram shows, there are many noise factors and control factors that need to be 

considered when analyzing the FMT’s co-registration performance. This raises the question how 

these factors should be conditioned to explore the test space, or “design” space, efficiently and 

effectively. The fishbone diagram below relates the noise and control parameters and helps answer 

this question. 
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Fishbone diagram illustrating parameter combinations of the standard FMT 

 

    As the fishbone diagram above shows, the standard FMT covers a deep design space. Without 

assumptions and parameter restrictions (values in grey color), the design space would be even 

larger: Rotation angles could for example be selected in increments of 10degress (rather than 90), 

and the HF and image cropping (see next section), and multiple methods of image padding could 

additionally be accounted for, too.  

The following strategies for interrogating the design space are available:  

1. Test all options (full factorial testing)  

2. Run select options within the design space to create a “math model” for how the factors 

affect the response (response surface modeling, kriging)  

3. Use optimization techniques (e.g., method of steepest ascent, genetic algorithm, ….)  

4. Fractional factorial experimentation (Orthogonal Arrays (OA)) 

Full factorial testing (method 1) is required when it is expected that some of the parameters are 

correlated. In case of FMT testing, method 2 and 3 would infer unnecessary complexity. Since the 
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use of OA (method 4) promises a reduction in test cases (while isolating processing settings which 

achieve the best outcome), OAs will be explored further in the ensuing sections.   

     According to Kacker et al. (1991), the columns in an OA correspond to the noise factors (see 

Figure 5.20) and the entries in the columns correspond to the test levels of the factors, and the rows 

correspond to the test runs, i.e., the rows of an OA by 𝑁(𝑠𝑚) are a subset of the possible 𝑠𝑚 test 

runs of a complete factorial plan in 𝑚 factors each having 𝑠 test levels. The figure shows an 

example of an 18-by-8 OA for the FMT.  

 

 

N18-8 OA and respective fishbone diagram, with one variable (window filter) at two levels 

and two variables at three levels 

 

     The upper half in the above figure shows an 18-by-8 OA. Here, each column represents one set 

of noise conditions and each of the 18 rows represents a combination of control parameters that 

pairs with the 8 noise conditions. The table in the lower left lists the three control factors and their 

levels that go into the OA. The fishbone diagram on the right shows a visual presentation of the 

respective control and noise factors. This OA can be used to systematically test all combinations 

that are covered by this fishbone diagram. 

    The above OA greatly helps reduce the test combinations. As indicated in N18-OA, for each 

dataset there are 4 ways to combine the data itself (tie and laser point cloud), 3 different noise 
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factors (rotation, scale, translation) at 4, 3, and 2*5 levels, respectively, and each noise factor 

could be tested with 3 control factors at many levels (3, 6, and 8 levels), resulting in a total of 4 * 

(4+3+2*5) * (3+6+8) = 4*3*17*17 = 1156 possible test combinations. In comparison, to only 

test the factors highlighted above in red colour, full factorial testing entails only 4*6*8 = 96 tests.  

 

     OAs can also be used to design test cases for sensitivity analysis (SA). The OA illustrated below 

confirmed the systematic study the impact of the number for correlation peaks on the co-

registration results. 

 

 

L18-8* OA and respective fishbone diagram, with one variable (correlation peaks) at six 

levels and two variables at three levels 

 

While OAs are a powerful tool to analyze FMT performance, they could not solve all challenges 

of the FMT test setup:  

(1) The real-world datasets contain a small set of datapoints; executing one FMT run with 

real-world data takes few minutes. The simulated datasets however contain many data 

points and running one test takes many hours. So even executing a reduced set of 96 tests 

would be very time consuming. If some of the test combinations could be eliminated with 

even less testing than implied by the OA above, it would be better. 
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(2) OA assumes that all parameters in the design space are orthogonal, i.e., that there is no 

cross-correlation of control parameters. That however may not be applicable with the low 

SNR geodetic data on hand. 

However, the design space can be reduced further by assessing the characteristics of control 

parameters in the context of co-registration and critically evaluating their impact on the test result. 

The following sections focus on isolating some of the control parameters that have very strong 

impact on the co-registration results and finding their optimal setting first, before evaluating and 

fine-tuning other parameters through an OA-like scheme. 

 

 

Reduction of Design Space 

 

     As aforementioned, for co-registration of geospatial height maps, the full FMT parameter space 

would entail the large space indicated by the fishbone diagram above, and, additionally, it would 

accommodate different settings for the HF, image cropping, and characteristics of the simulated 

elevation profiles. Obviously, testing all combinations would be very painstaking.  

     Using the Toronto tie and laser points, initial tests were conducted where the number of 

evaluated correlation peaks, interpolation method, image filter, rotation angle, and scale were 

arbitrarily changed, which seemed particularly important factors. The goal of these experiments 

was to get a coarse understanding of the impact of each factor and/or perhaps isolate some 

parameter configurations that are critical for successful co-registration. The point clouds were 

auto-correlated and cross-correlated using Wilmer’s FMT implementation (Wilmer, 2012).  

     While these tests gave a first impression what impact the FMT-internal parameters have on the 

co-registration results, less than 1/3 of the input noise parameters were recovered correctly during 

this initial test phase. Indeed, the results did not allow to make a clear distinction between the 

impact of data characteristics and the impact of FMT-internal parameter settings. These findings 

led to  

 

1. Generating the simulated datasets introduced in Chapter 3.4, which allowed for systematic 

modification of size, resolution, elevation, and noise level of the input data. Having 
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simulated datasets allowed for testing more data combinations, evaluating the impact of 

the elevation profile, and cross-comparing co-registration results of higher resolution 

surface data. 

 

2. Creating a test configuration where the simulated search point cloud were rotated 

systematically in 10deg increments with respect to each other (starting with 0deg, then 

10deg, then 20deg, etc. up to 350deg) and the input angles were compared to the FMT-

recovered angles. By additionally modifying one other parameter at a time, this setup was 

used to study the impact of (a) number of correlation peaks, (b) window mask, (c) HF, (d) 

interpolation method, (e) elevation signature of the point clouds. 

 

3. Monitoring the co-registration results using real-world data whilst applying cardinal 

rotations and systematically altering one other FMT parameter at a time. 

 

    This second test phase revealed that it is especially important to decide upon the number of 

correlation peaks considered in one FMT run and image cropping, since these parameters showed 

strong impact on co-registration results. For studying the impact of image cropping, and the 

number of included correlation peaks, as well as the effect of window masks and interpolation 

methods, Wilmer's MATLAB implementation (Wilmer, 2012) was used. The respective findings 

will be presented in the following sections. 

 

 

 Number of Correlation Peaks evaluated in one FMT Run 

 

    As highlighted in Chapter 5.1.2.2.2, the CPS results one dominant peak (that corresponds to the 

correct set of co-registration parameters) if the point clouds allow for strong cross-correlation. This 

is typically the case when the height maps show strong change in magnitude, as for example 

surface scans of mountainous terrain. More, how the datasets are set apart determines the shape of 

the CPS graph, too. A cardinal offset of 180degress for example yielded a more pronounced first 

CPS peak than other cardinal angles and non-cardinal offsets. The figure below illustrates an 

example: 
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Self-registration results of KN laser point cloud with a 180deg offset (left) and 90deg offset 

(right) 
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     The left column of the figure above shows an example where the KN laser point cloud (which 

covers 69x81 pixels) was offset by 180deg. Here the CPS showed one dominant peak which 

corresponded to the correct set of co-registration parameters (a 180deg rotation offset and no 

offsets in scale and translation). Table 8.7 below lists the final set of co-registration parameters, 

too, for further analysis. 

    The right column shows co-registration parameters where the same point cloud was offset by 

90deg. A couple of larger CPS peaks occurred and instead of peak 8 or 14, which represented the 

correct solution, the FMT settled for peak 20 which corresponded to a rotation of 271.4deg, a scale 

of 0.9332, and a translation of 1 and 11 in x and y, respectively. (This result was also recorded in 

row A6,2 of Table 8.7). 

 

    As this example showed, coarse geodetic elevation profiles may not always have enough signal 

strength to result in one isolated CPS peak, but rather can the CPS graph contain peaks of similar 

magnitude where each of these peaks reflects a potentially correct solution. Including more 

correlation peaks in the search for the correct set of co-registration parameters increases however 

computation efforts. Consequently, the following question had to be raised: How many CPS peaks 

must be evaluated in one FMT run to ensure the correct solution can be detected? 

     To answer this question, tests with real-world and simulated data were repeated whilst 

incorporating more correlation peaks with each run. Each time the number of considered CPS 

peaks was increased (first 10, then 20, then 30, and finally 40), the final co-registration estimates 

were compared. By doing so, a few rotation angles crystalized that always solved correctly (this 

observations will be investigated further in Chapter 5.1.2.2.4), and other rotation angles isolated 

that the FMT could not solve properly, even when 40 correlation peaks were considered.  

     In cases where the datasets where offset by multiples of 45 degrees (𝜋 4⁄ ), causing two “+”, it 

proofed sufficient to include only the 20 largest CPS peaks in the search of the correction set of 

co-registration parameters. Even when the point clouds were set apart by more challenging angles 

(that create three “+”), increasing the number of peaks from 20 to 30 helped recover the correct 

rotation angle only in two out of roughly 40 test cases, i.e., less than 5% of the tests.  

     When 20 CPS peaks were included in the search for the correct solution, one FMT run required 

a few seconds computation time when real-world data was used and 6-8hrs when simulated data 

was used. Consequently, generating a set of 10deg-incremented FMT solutions with simulated 
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data, required multiple days computation time. This was a practical indicator that 20 correlation 

peaks should be the maximum setting when evaluating DSM data. 

The summary of these observations led to the conclusion that the number of CPS peaks considered 

in one FMT run should be fixed at 20. Thus, in all consecutive FMT and AFTM tests, only the 20 

tallest CPS peaks were evaluated. 

 

 

Effects of Image Cropping 

 

    The FMT co-registration algorithm can be injected with point clouds from different areas, with 

different resolution, different size, and perhaps expanded with a different padding method (see 

Chapter 5.1.2.2.2 for details). When the search image is larger in size than the template image, 

image cropping could be applied to cut off image excess. An example is the co-registration of an 

image and its 30deg rotated, non-scaled counterpart. Here, the rotated search image shows an 

increased footprint (compared to the reference frame) and cropping takes away scenery of the 

outstanding corners, so that both images end up having the same size.  

    The effect of image cropping was examined with both real-world data and simulated DSM data 

with Wilmer’s FMT implementation (Wilmer, 2012). When the scale was set to 1.0, cropping 

showed no significant effects on the co-registration results, most likely because for the given 

datasets the areas with the largest change in elevation were located in the image center, and thus 

they remained unaffected by the trimming of the image corners. However, degraded co-registration 

results were observed in some instances with simulated data, and more frequently with real-world 

data, when scaling was applied. The following figure shows an example: 
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 .  

FMT auto-registered X5d4 DTM, scaled by factor 3, without (left) and with (right) image 

cropping 
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     The figure above illustrates two sets of FMT parameter curves where the X5d4 DTM was 

autocorrelated and the scale factor was altered to 3.0 whilst the other registration parameters were 

left unchanged. When cropping was applied (right column), two of the CPS peaks resulted in two 

scale estimates of approx. 2.8 and 2.9, respectively. However, a closer look reveals that the two 

CPS peaks that retrieved the scale correctly paired with an incorrect rotation of 180deg and small 

translations of 7 and 15 pixels in X and Y, respectively. Without cropping (left column), only one 

of the 20 CPS peaks corresponded in a scale estimate near 3.0 (2.972). Here, the single CPS peak 

that re-produced the correct scale also corresponded to a correct rotation estimate of 0deg and 

translations of 0,0 in X and Y. The CPS peaks gained without cropping showed stronger 

magnitudes, too, which confirmed stronger correlation of the template and search point cloud. 

  

     While the above illustration showed an example where image cropping clearly degraded the 

FMT results, other tests showed only minor impact, especially when simulated DEM data was 

used. Generally, however, one can conclude: Since image cropping reduces data content, it should 

be avoided when co-registering geodetic data. Instead of cropping the bigger image, padding, and 

resizing both input images to a common, larger footprint should be the preferred method. 

 

 

Impact of Window Filter 

 

     As mentioned in section 5.1.2.2.2, window filters can be used to blur the corners of the input 

imagery in space domain in order to minimize the “+” effect in the Fourier domain. To better 

understand the impact of different windows (and which window may lead to the best co-

registration results), The figure below illustrates the visual effect of nine window filters: 
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Without window filter 

 

Bartlett window 

 

Triangular window 

 

Hamming window 

 

Hann window 

 

Blackman window 

 

Kaiser window 

 

Chebyshev window 

 

Boxcar window 

X5d4 DTM after application of window masks 

 

     In the illustration above, the window filtered DTM images were sorted by the damping power 

of the window mask. Here, the filter strength increases from left to right and from top to bottom. 

Whilst the damping effect of most masks is clearly visible above, the differences between 
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Hamming and Hann window were very subtle and require a closer look; Also, in Wilmer’s 

implementation (Wilmer, 2012) the visual effects of the Boxcar and MATLAB’s Chebwin 

Chebyshev window filter (MathWorks, 2019), seemed to be identical. Out of these nine masks, 

the Hamming window showed the least amount of signal absorption and the MathWorks’s 

“Chebwin” Chebyshev filter, showed the strongest damping effect. Thus, the Hamming and 

Chebyshev filter were used frequently in subsequent tests that examine the effect of window filters 

on co-registration results. 

 

     The effects of the Chebyshev window can be seen in the figure below. Here, the left side shows 

co-registration results where the search and template point clouds, both X5d5 DSM, were set apart 

only by rotation and the rotation angle was altered in 10deg increments. The right side shows 

results where the experiment was repeated whilst applying the Chebyshev mask. Both tests were 

executed with bicubic interpolation. 
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FMT derived registration parameters of the X5d5 DSM without (left) and with (right) 

application of a Chebyshev mask 

 



381 

 

     As illustrated above, the registration parameters were estimated correctly in fourteen (thirteen) 

instances at 90deg, 180deg, 270deg +/- 10deg without (with) application of the Chebyshev filter. 

The scale and translation estimates showed a slightly more stability and symmetry amongst each 

other when the window mask was not applied. 

 

     The effect of MATLAB’s “Chebwin” mask was analyzed further for the X5d4 DTM with a 

20deg, 30deg, 60deg, and 80deg angular offset, i.e., angles that are difficult to recover since they 

yield a triple “+” that shadows the signature of the actual image content in the phase spectrum. 

The figure below illustrates co-registration results from a test where the X5d4 DTM was offset by 

a 60deg rotation, without application (left column) and with application (right column) of a 

Chebyshev filter. When this experiment was conducted for other non-cardinal angles, similar 

results were obtained. In the following, only the results gained with the 60deg and 20deg offset 

will be displayed as universal representation of non-cardinal angle cases. As before, the results 

shown in the graph below were obtained with bicubic interpolation, considering 20 CPS-peaks, 

and without image-cropping: 
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FMT self-registration results of 60deg rotated X5d4 DTM without (left) and with (right) 

application of a Chebyshev filter 

 

     In the graphs above, the left column displays results where no window mask was applied. The 

FMT identified the seventh-largest CPS peak correctly as solution and peak 13 proofed to be 

another correct solution candidate. An angular offset of 60.5degree, a scale of 1, and 25 pixels 
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offset in X and 43 pixels offset in Y were estimated. Considering the simulated DTM extends over 

a thousand pixels in each direction, 25- and 43-pixels translation can be considered a negligible, 

noise-like deviation from (0,0). The right column in the figure above shows registration results 

where the experiment was repeated whilst applying the Chebyshev filter. Peak ten was identified 

correctly as the only correct solution candidate, yielding a 60.0degree rotational offset, a scale of 

1.0, and translational offsets of 2 pixels in X and Y.  

     As the figure above also shows, without window filter the scale was estimated at 1.0 twelve 

times yet only six times when the mask applied, so the window filter did degrade the FMT results 

slightly. However, since the variation of the scale estimates was small in magnitude (-20% to 

+5%), one can argue the scale was solved correctly for all 20 peaks in both cases. 

 

    The following figure displays self-registration results of a 20deg offset X5d4 DTM, i.e., another 

angle that is difficult to recover since it yields a triple “+” in the phase spectrum. As before, bicubic 

interpolation was deployed. 
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Co-registration results of 20deg rotated X5D4 DTM without (left) and with (right) 

application of Chebyshev mask 

 

     As before with the 60deg offset (previous figure), the resulting variation in scale was arguably 

small (+/- 20%). Yet in this instance, the Chebyshev filter seemed to stabilize the scale estimates 
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slightly. The rotation estimates showed a lot of variation from peak to peak, with and without 

window mask, and overall, the solution appeared highly unstable. 

 

    In summary, out of the nine window masks that were introduced, the Chebyshev filter had the 

strongest dampening effect. The impact of the Chebyshev filter varied in the experiments and, 

overall, it seemed to degrade the registration results slightly. This preliminary observation was 

affirmed in Chapter 6.1where the impact of window filters on the co-registration performance is 

analyzed with real-world data.   

 

Impact of High-Pass Filter 

 

     As mentioned earlier in Chapter 5.1.2.2, in the FMT, the magnitude spectra is passed through 

an HF prior to sampling it into log-polar base to remove low frequency components before the 

second POMF inside the FMT. Obviously, the shape of the HF inside the first POMF is another 

degree of freedom that needs to be considered. During the early stage of performance testing, many 

of the earlier described experiments were repeated whilst gradually changing the shape of the HF, 

by increasing and decreasing factors 1.0 and 2.0 in equations (5.14) and (5.15). For analyzing the 

effects of the HF shape, an extended version of Laundon’s MATLAB FMT implementation 

(Laundon, 2008) was deployed. Without going into details, the shape gained with default factors 

1.0 and 2.0, as shown in cells C1,1 and C2,1 of Figure 5.15, and as suggest by Kazik and Göktoğan 

(2011) and Reddy and Chatterji (1996), gave the best co-registration results. Thus, this setting was 

used in all consecutive FMT tests. 

 

 

Discussion 

 

     Through experimenting in a trial-and-error approach using real-world data and Wilmer’s FMT 

implementation (Wilmer, 2012), first insights were gained into which control parameters have a 

strong impact on the co-registration results. It turned out that the number of correlation peaks 

considered in the search for the best co-registration solution is a very important factor for FMT 
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success. The experiments showed that evaluating 20 CPS peaks in one FMT run is an optimal 

setting. The experiments also showed that image cropping should be avoided.  

     Nine window masks and their effects were introduced. It was found that the Chebyshev window 

has the strongest damping power and that neither applying this window, nor applying no window 

at all, could consistently improve the co-registration results. Perhaps using a filter with low 

damping power, like the Bartlett window, would be a good compromise and benefit the co-

registration results the most. Lastly, the impact of the HF was studied. Using the shape proposed 

by Reddy and Chatterji (1996) turned out the best setting for the HF. 

 

Refined Experiments with Simulated Data 

 

     Based on the learnings from the initial test phase that focused on the impact of window masks, 

HF, and number of correlation peaks, another series of experiments was conducted to study the 

impact of magnitude and noise of the elevation profiles. For these experiments, simulated DEM 

data was used since it came with a known noise level. The point cloud images were left unpadded 

and co-registered in auto-correlation mode, and the point clouds were set apart only by rotation 

(whilst keeping the scale and translation unchanged). The rotation angle was altered in 10deg 

increments. To study the impact of the parameters of interest, the test series was repeated whilst 

changing only that respective parameter.  

 

 

Impact of Elevation Dynamics 

 

     To analyze the importance of changes in the elevation magnitude, the X5d4 DTM and X5d1 

DTM (which, as described in Chapter 3.4, has a slightly less pronounced peak “C” than X5d4) 

were self-registered. The figure below illustrates the autocorrelation results of the X5d4 DTM 

(left) and the X5d1 DTM (right): 
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FMT-derived co-registration parameters of self-registered X5d4 (left) and X5d1 DTM 

(right) 

 

     As can be seen from the figure above, the X5d4 DTM showed slightly better co-registration 

results than X5d1: All angular increments and scale offsets were retrieved correctly. The errors in 

translation were small and repeated with 𝜋 2⁄  for the X5d4 DTM. The translational offsets in X 
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and Y were identical for all angular increments - the lines plotted in green and purple above were 

right on top of each other. The translation estimates showed occasionally abrupt changes, within 

small range, from one 10deg increment to the next, which – as discussed further in Chapter 6.1 – 

can be caused by effects of image rendering and is therefore unavoidable and acceptable. 

Like X5d4, the self-registration of X5d1 showed accurate rotation and scale estimates. The 

translational estimates were small and repeated with 𝜋 2⁄ , too, however they were not quite as 

symmetrical, and contained a few outliers, which can be attributed to X5d1’s smaller differences 

in elevation.  

    To study the impact of differences in the elevation profile, both the X5d4 and the X5d1 DTM 

were self-registered with a scale difference of 3.0 without rotation and without cropping. The plot 

below presents a graphical comparison of the outcome:  
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Self-registration results of X5d4 DTM (left) and X5d1 DTM (right), scaled by factor 3 
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     The figure above shows two sets of FMT parameter curves where the X5d4 DTM and X5d1 

DTM were auto-correlated and the scale factor was altered to 3.0 whilst the other registration 

parameters were left unchanged. Both tests produced only one CPS peak which yielded a correct 

scale of 3 (2.972) and a rotation offset of 0deg. The translations were estimated at 7,15 pixels and 

15,7 pixels in X and Y, respectively. While X5d4 resulted 13 correct rotation estimates, there were 

only 11 instances with correct rotation estimates for X5d1. 

     As this experiment showed, an increased elevation contrast is critical for the stability of the co-

registration results. This observation is affirmed in Chapter 5.1.2.2.4, where test results from real-

world data are discussed and more insights into the importance of the elevation profile will be 

shared. 

 

 

Impact of Noise in the Elevation Map 

 

     To study the FTM’s sensitivity to noise, the experiments above were repeated using the X5d5 

DSM, which (as described in Chapter 3.4) is the X5d4 DTM plus a 10m noise band. Final FMT 

parameters for the X5d5 map were already shown above, and the following experiment shows the 

FMT-internal results for one rotational offset. Here, a 30deg rotational offset, which is particularly 

difficult to solve as it yields a triple “+” in Fourier domain, was selected. The results are displayed 

below. 
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FMT parameters of 30deg rotated X5d4 DTM (left) and X5d5 DSM (right) 
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    The figure above displays self-registration results where the simulated DTM and DSM were 

offset by a 30 deg angle. In both tests a Chebyshev window was applied. In case of the X5d5 DSM, 

the CPS peak with the ninth highest magnitude, corresponding to a 100deg offset, was identified 

incorrectly as solution (right column above) even though the first CPS peak would have provided 

the correct set of parameters. The graphs shown in the left column were obtained using the X5d4 

data. Here, the FMT identified the fifth largest CPS peak correctly as solution. When the 

experiment was repeated with other window masks, the results remained identical. 

     As can also be observed, the registration parameters were represented correctly in four instances 

for the X5d4 data and but only by one peak for the X5d5 data. Obviously, the scale and translation 

estimates of the 20 CPS largest CPS peaks showed more consistency and stability when the 

elevation signal was free of noise. This finding – that the FMT is very sensitive to noise in the 

elevation signal – will be re-affirmed in Chapter 6.1, where similar tests with DSM data will be 

preformed. 

 

 

Effects of Image Rendering 

 

     As described in Chapter 5.1.2.2, rotation offsets that are uneven multiples of 𝜋 4⁄  create two 

“+”, and rotation offsets that are even multiples of 𝜋 4⁄  create one “+” effect in the phase spectrum. 

The experiments described thus far showed that the FMT could recover such angular offsets when 

simulated data was used. The experiments with simulated data also revealed that for angular offsets 

that are 10deg away from even multiples of 𝜋 4⁄ , i.e., the triplets {350deg, 0deg, 10deg} and 

{80deg, 90deg, 100deg}, the FMT solved the rotation and scale offsets correctly and showed small 

translation estimates, too.  

     This observation led to a closer investigation of these areas with a resolution of 5deg 

increments. Here, the experiment described above (which compared co-registration values of the 

X5d5 and X5d1 DEMs) was repeated for the first quadrant using 5deg angular increments, instead 

of 10deg increments. The results are plotted below: 
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FMT-derived rotations of the simulated X5d5 DSM dataset using 10deg (left) and 5deg 

(right) rotational increments 

   

   The left side in the figure above is identical to what was shown few figures earlier, where the 

X5d5 DSM was auto-correlated using a Chebyshev mask. The right side shows the results of the 

first quadrant at a higher resolution. As can be seen, registration parameters related to any CPS 
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peak and its neighboring (next biggest) CPS peak did not form a linear trend: Whilst the scale 

values fluctuated little, the rotation and translation estimates showed drastic changes from one CPS 

peak to the next, for both 5degree and 10degree rotation increments. At 5deg increment resolution, 

the FMT self-registration resulted in two additional correct parameter sets in the first quadrant - at 

45deg and 55deg rotation. At 40deg, 50deg, and 60deg rotation, the FMT failed however (both 

with and without application of a window filter). The graphs above also showed cross-correlation 

between the co-registration parameters: Wherever the translation estimates met their expected 

value, the respective rotation and scale estimates converged correctly, too. 

 

     Similar observations were made when the above experiment was repeated, whilst again 

applying MATLAB’s Chebwin mask (MathWorks, 2019) and replacing the X5d1 dataset with 

X5d2. Since the X5d2 DTM had a slightly smoother elevation signature (see Chapter 3.4) it was 

expected that is caused slightly less leakage and less “+” effect. Since the results of the previous 

experiment showed periodicity with 𝜋 2⁄ , this test was also conducted for the first quadrant only, 

using 5deg rotation increments. The rotation estimates turned out identical and the scale estimates 

showed similar variations as before. Of special interest were the translation estimates – they 

showed small variations that followed symmetric patterns, as shown below.  
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 FMT-derived translations of self-registered DTMs X5d4 (left) and X5d2 (right) without 

and with application of Chebyshev mask 

 

     As can be seen from the figure above, the translation estimates for the X5d4 DTM (left column) 

were identical for all 10deg increments to the values of the previous experiment (left column in 

previous figure) within the first quadrant. Since the x- and y- component of the estimates were 

always identical, the plots appeared in a single color. Obviously, the translation estimates that 

always solved correctly were for rotations of 0 and 90 degrees, and 45deg. Here, only one and two 

“+” occur, respectively. More importantly, for the angles the border lines between padded areas 

and the elevation map in the search and template image have the same length everywhere and form 

triangles with two equal sides. However, for rotation angles that cause three “+”, these border lines 

vary in length and the padded areas form non-symmetric triangles.    

    A closer look at the MATLAB-rotated, zero-padded plots revealed that MATLAB’s “imrotate” 

function caused indeed small shifts of the height maps that varied with the applied rotation angle, 

i.e., the exact location of the image centre and the number of zero-padded pixels on the left and 

right side of the DTM plot altered by a few pixel from one rotation increment to the next. These 

small shifts happened whenever rotations with more than two respective “+” occurred. It seemed 

that the tooth-saw (zigzag) effect of the pixel rendering at the image borders appeared more 

pronounced for some rotation angles than for others and contributed to these small translational 

artifacts. Thus, depending on the rotation angle, MATLAB’s image rendering itself added 

uncertainty and inaccuracy to the co-registration results and the translation (and respective rotation 
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and scale) estimates were truly supposed to change by a small quantity when the DEM images 

were rotated from one 5degree increment to the next.  

 

 

Convergency Behavior 

 

     Since the simulated and real-world airborne laser and tie point clouds show relatively small 

changes in magnitude, the mangitudes of their Fourier phase spectra are small, too. Thus, when 

put in auto-correlation, the energy of the CPS tends to spread across multiple peaks of similar 

magnitude. Moreover, for angular offsets that are not a multiple of 𝜋 4⁄  this phenomen is enhanced 

by the “+” effect.  

During FMT analysis, many CPS graphs were generated. The analysis of these plots revealed that 

the CPS graphs can be categorized in three types:  

(1) The CPS displays a dominant first peak followed by significantly smaller peaks  

(2)  The CPS shows multiple dominant peaks of similar magnitude (typically located along 

the axis representing rotation), i.e., with only subtle decrease in magnitude from one peak 

to the next 

(3)  The CPS graph is filled with many smaller peaks and looks very noisy  

These observations lead to the presumption that a clear dominant first peak followed by a clear 

falloff could perhaps serve as indicator that the first peak corresponds to the correct solution, or 

that a certain magnitude or ratio of a peak and its neighboring peak could serve as an indicator that 

this peak represents the correct set of registration parameters. More generally, the it was expected 

that some sort of reliability indicator could be derived from the CPS graph and/or the graphs of 

the co-registration parameters that correspond to the 20 tallest CPS peaks.  

    To study the significance of the magnitude and ratio of the CPS peaks (as potential indicator of 

a correct solution), it turned out helpful to illustrate the magnitude of the first 𝑛 largest peaks 

(where 𝑛 is a user selected number) in the type of 2D graph. Here, the peak curve represents a non-

logarithmic equivalent of the twenty largest CPS peaks. This graph proofed to simplify the analysis 

especially in cases where the CPS graph tends to be noisy and difficult to interpret, as for example 

for a 30deg, 60deg, 80deg rotation (and multiples thereof). The graph below shows some 

examples.  
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Below: CPS of self-registered X5d2 with 30deg offset 

 

(a1) 

 

(a2) 

Below: CPS of self-registered X5d2 with 45deg offset 

 

(b1) 

 

(b2) 

Below: CPS of self-registered X5d4 with 60deg offset 

 

(c1) 

 

(c2) 

FMT-CPS peaks of X5D2 dataset for different rotation angles 
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     As can be see from cell (a) above, in case of 30deg rotation where the padding areas caused a 

triple “+” effect, the CPS energy scattered across many peaks, and the fall-off in magnitude from 

one CPS peak to the next was small and gradual. In case of the 45deg rotation, cell (b), the CPS 

graph was dominated by the impact of only two “+” lobes and the peak plot produced four peaks 

with strong magnitude. The graph in cell (c) looked similar to that in cell (a) yet resulted in slightly 

more noise and slightly steeper decline in magnitude of the peaks.  

     Further examination of CPS curves showed that – against expectations – a strong fall-off in 

CPS magnitude from one peak to the next peak does not imply that the dominant peak corresponds 

the correct solution. In fact, neither the shape of the CPS graph nor the magnitude of the peaks 

allowed to make conclusions about what peak corresponds to the correct solution. In the previous 

figure for example, it was peak eleven in (a2), peak one in (b2), and peak eight in (c2) that 

corresponded to the correct results.  

     Likewise, the experiments showed no clear correlation between the shape of the parameter 

curves (that correspond to the CPS graph) and which parameter value resembles the correct one. 

The two last figures above, for example, showed strong variation from one parameter estimate to 

the next, yet settled on the only estimate that reflected the correct solution. In the same way, a 

stable series of rotation and scale estimates that solved correctly for the majority of the 20 CPS 

peaks turned out to not be an indicator that the FMT converged successfully. This phenomenon 

can also be observed from the figure above where all scale estimates, except for one varied around 

1.0, yet only one out of the 20 estimates reflected the correct, final solution.   
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APPENDIX F: Interpretation of FMT Experiments with Real-

World Data 

 

     The experiments described in APPENDIX E showed that the FMT retrieved rotational offsets 

correctly for multiples of 𝜋 2⁄  for the simulated DSM and DTM. Applying the Chebyshev mask 

caused no significant difference in the results. Compared to the self-registration of the simulated 

DSMs, the self-registration of the DTMs showed better results. In both cases, the parameter curves 

showed slightly more symmetric patterns when no window mask was applied, probably because 

more of the original signal came through to outweigh the degrading effect of the “+” lobes.  

     The tests in APPENDIX E also exposed that the FMT is sensitive to noise in the elevation map 

and that the auto-registration of the simulated DSM is difficult especially for angles that are not a 

multiple of 𝜋 4⁄ . Here, the padding areas have sides of different length which cause the CPS energy 

to spread across multiple “+” lobes, which – as explained in Chapter 5.1.2.2 – can overpower the 

frequency signature of the actual elevation signal of the DSM.   

     While in APPENDIX E the focus was on reducing the design space and narrowing down 

choices for the number of correlation peaks, image cropping, window- and HF filtering, in the next 

section, the effects of interpolation and presence of scale offset will be explored further using real-

world data.  

     The results presented in Chapter 5.1.2.2.4 provided insight how some of the FMT-internal 

factors influence the FMT output: 

 

1) Out of the three interpolation methods – (1) nearest neighbour, (2) bilinear, and (3) cubic 

– the cubic interpolation should, in theory, deliver the best results, since it maintains most 

of the signal information. However, changing the interpolation method showed very little 

impact on the co-registration results. 

 

2) The FMT, while robust to the interpolation methods, proved quite susceptible to noise 

parameters: It performed correctly more often when no angular offset was applied 

compared to when 90deg, 180deg, and 270deg offsets were applied.  
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3) The best co-registration results were achieved in absence of scale: 

• The FMT almost always failed when the search point cloud was scaled by 0.3048. 

This configuration mimicked the case where the search point cloud is referenced in 

feet whilst the target point cloud is referenced in meters. Here the search point cloud 

covered the same area on the ground with 3x3 times as many pixels than the target 

point cloud. To recreate this, the search point cloud was down sampled by factor 

0.3048. As can be seen from       below, this led to a significant loss of surface details 

and the CPS ended up correlating a search image the same size than the target image 

but with reduced information content. This loss of information is magnified inside the 

FMT where according to equation (5.18) the scale appears in log-polar representation. 

       

 

(a) 

 

(b) 

     KN laser data in (a) original resolution and (b) scaled by 0.3048 

 

As the figure above shows, the pixel size increased when the point cloud image was 

scaled by 0.3408. In Wilmer’s FMT implementation (Wilmer, 2012), the pixel size 

was increased by 1 0.3408⁄  and the number of pixels was reduced by factor 0.3408 

so that the footprint remained the same as that of the original.  

 

• When the search point cloud was scaled by factor 3.2808, the FMT solved correctly 

less frequently than without scale, but clearly more often than with scale 0.3048. As 

can be seen from      below, more information content was maintained at scale 3.2808, 



401 

 

and the search image appeared as an interpolated, smoothed version of the target image 

with approx. 3x3 times as many pixels. 

  

 

(a) 

 

(b) 

    KN laser data in (a) original resolution and (b) scaled by 3.2808 

 

As the figure above shows, most information of the original point cloud image was 

maintained when it was scaled by 3.2808. The pixel size was reduced by 1 3.2808⁄  

and the number of pixels was increased by factor 3.2808 to maintain the footprint of 

the original point cloud image. To create this rendering, Wilmer’s FMT 

implementation (Wilmer, 2012) was used, and cubic interpolation was chosen as 

sampling method. 

 

4) The FMT performed better when the point clouds were set apart by either rotation or scale, 

and it performed worse, when the point clouds were offset by both rotation and scale at the 

same time. This suggests that there may be some cross-correlation of scale and to rotation 

inside the FMT. As discussed in 5.1.2.2.3, this correlation could be an indicator that the 

point clouds did not provide enough elevation difference for the FMT to fully discern 

between rotation- and scale offsets.  

 

5) Table 5.2 to Table 5.7 also showed that use of Bartlett and Chebyshev filter created better 

results than FTM runs without filter. While the Chebyshev mask was only tested for 
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comparison with the Bartlett filter in one test configuration, the data from these tests 

showed that there was only a small difference in outcome, and that the Bartlett filter seemed 

to slightly outperform the use of the Chebyshev mask.   

 

     In summary, from all these findings gained with real-world data, one can conclude that the 

FMT performed best without rotation and without scale offset whilst the Bartlett filter was applied. 

As well, the co-registration failed in all test combinations when the scalar offset was 0.3048 and 

almost always when the offset in scale was 3.2808. The test combinations also showed that the 

interpolation method has little effect on the co-registration outcome. Overall, the Oshawa data 

resulted in better self-registration outcome than the KN data, most likely because the Oshawa laser 

point cloud shows stronger differences in elevation magnitude and more asymmetric distribution 

of elevation changes than the Keyworth-Nottingham point clouds. 
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APPENDIX G: Precise Alignment of Point Clouds to build a 

Reference Data 

 

     This section illustrates, by the example of two images, how the alignment of the datasets was 

checked and what levels of accuracies were achieved. 

 

Example: Oshawa data, Image 9 

The table below illustrates effects of laser point thinning, tie point locations in the image and in 

the laser data. It also demonstrates the tight fit of the point clouds for a few selected scenes of 

image 9 of the Oshawa collect. 

 

  

Ground control distribution Ground control and tie point distribution 
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LiDAR footprint of image 9 colored by line 

and intensity. A total of 6,853,812 points 

LiDAR footprint of image 9 colored by 

intensity. Full resolution of LiDAR points 

resulting in a point density between 2/m2 to 

21/m2 

  

LiDAR points reduced to every 4th point 

resulting in a total of 1,713,453 points and a 

point density between 0.5/m2 to 5/m2 

LiDAR points reduced to every 16th point 

resulting in a total of 428,363 points and a 

point density between 0.2/m2 to 1.5/m2 
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Control point 261 and tie points 30083407, 

30083412, 30083416, 30084210, 30084205, 

30084253, 30084199 

Area around control point 261 in a las-

viewer, colored by line and intensity. 

Average point density using the full 

resolution data is approx. 10/m2 to 26/m2 

  

Area around control point 261. The average 

point density using every 4th point is approx. 

2.9/m2 to 7/m2 

Area around control point 261. Average point 

density using every 16th point is approx. 

0.3/m2 to 1.6/m2 
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Control point 261 and tie points line up 

horizontally with the laser point cloud within 

<10cm (<1GSD) 

Vertical sections line up vertically with the 

laser point cloud within <10cm (<1GSD) 

  

Control point 37 and tie points 30299987, 

30300191, 30260786 

Area around control point 37 colored by line 

and intensity. Average point density full of 

the resolution data is approx. 12/m2 
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Control point 26 and tie points 30083818, 

30082941, 30082880, 30081966, 30062898, 

30081940, 30302947 on flat surface 

Control point 26 and tie points 30082880, 

30081966, 30081940 orange-encircled; and 

tie points 30082880, 30082898 encircled in 

green 
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Vertical profiles line up both horizontally and vertically with the laser point cloud within 

<10cm (<1GSD), where tie points 30082880, 30081966, 30081940 are encircled in orange and 

tie points 30082880, 30082898 are encircled in green 

 

  

Control point 25 and tie points 30079842, 

30080473, 30081060 

Area around control point 25 in .las viewer, 

colored by line and intensity. Average point 

density using full resolution data on the right 

side and south of the intersection is approx. 

6/m2, and approx. 14/m2 north of the 

intersection respectively 
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Control point 25 and tie points line up 

horizontally with the laser point cloud within 

<10cm (<1GSD) 

Vertical sections line up vertically with the 

laser point cloud within <10cm (<1GSD) 

 

 

 

 

Example: Oshawa data, Image 45 

     The figures below illustrate effects of laser point thinning, tie point locations in the image and 

in the laser data. It also demonstrates the tight fit of the point clouds for a few selected scenes of 

image 9 of the Oshawa collect. 
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Control ID Easting Northing 

Known 

Z Laser Z DZ 

25 667799 4862519 82.217 82.22 0.003 

26 667522.9 4862885 87.059 87.14 0.081 

37 667177.7 4862772 81.893 81.96 0.067 

84 667769.2 4862874 81.691 81.56 -0.131 

88 667354.1 4862542 93.673 93.75 0.077 

92 667317.9 4863024 90.322 90.38 0.058 

261 668011.2 4862863 83.383 83.45 0.067 

      
Average dz     0.032 

RMS     0.077 
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Vertical difference between tie points and LiDAR-derived key model ground points 

 

 

Tie point statistics, 390 tie points, difference to full resolution laser point cloud in meters 

 

Average dz -0.091 

Minimum dz -10.44 

Maximum dz 13.09 

Avg magnitude 0.533 

RMS 1.454 

Std 1.453 
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APPENDIX H: Change of Data Footprint and Entropy when 

Estimating Data Shifts using POMF 
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(A1) 

   

 

(B1) 

   

  
 

(A2) 

   

 

(B2) 

   

  
 

(A3) 

   

 

(A3) 

   

  

Autocorrelation of KN elevation maps - expected vs recovered translations 
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(A1) 

   

 

(B1) 

   

  

 

(A2) 

   

 

(B2) 

   

  

 

(A3) 

   

 

(B3) 

   

  

Cross correlation of KN elevation maps – change of size and entropies 
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(A1) 

   

 

(B1) 

   

  

 

(A2) 

    

  

(B2) 

   

  
 

(A3) 

   

 

(B3) 

   

  

Autocorrelation of X5d4 and X5d5 – change of size and entropies 
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(A1) 

   

 

(B1) 

   

  

 

(A2) 

   

 

(B2) 

   

  
 

(A3) 

   

 

(B3) 

   

  

Cross correlation of X5d4 and X5d5 – change of size and entropies 


