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Abstract

The modern power grid is undergoing significant changes, driven by increasing complexity,

the integration of renewable energy sources, and the urgent need to reduce greenhouse gas

emissions. These challenges necessitate more advanced methods for power grid operations.

System operators continuously solve the Optimal Power Flow (OPF) problem at regular

intervals to determine the most economical dispatch of power while balancing electricity

supply and demand. However, traditional OPF and convex relaxation methods often face

issues related to feasibility and computational speed. Recently, machine learning methods

have gained considerable attention as potential solutions to these challenges. As discussed in

the literature, these methods include supervised learning, hybrid approaches that combine

physical solvers or equations with machine learning, and unsupervised learning. Despite

these advancements, there remain research gaps that need to be addressed. In this thesis,

three mechanisms for addressing the OPF problem from different perspectives are proposed.

Firstly, a supervised learning algorithm with a subsequent feasibility calibration method is

introduced. Secondly, a generative adversarial network (GAN) with a representation learning

module is studied and employed as an optimizer for the OPF problem. Lastly, the nearly

convex nature of power flow data is investigated, motivating the development of a data-

driven convex relaxation approach to solve the OPF problem. This thesis makes significant

contributions to the literature by ensuring the feasibility of OPF solvers through post-process

algorithms with theoretical support, relaxing the assumption of having optimal solutions for

training, and demonstrating high performance of data-driven OPF methods on large systems,

such as the PGLIB 2000-bus system.
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1 Introduction

With the growing concerns of climate change, the increasing penetration of Distributed

Energy Resources (DERs), the presence of unpredictable loads, and the proliferation of

electric vehicles, the modern electric grid is undergoing a remarkable transition. This energy

transition necessitates the adoption of more advanced operation and control methods to

ensure grid efficiency and stability.

1.1 Power Grid: Transitions and Challenges

The conventional power grid comprises three core elements: power generation, the transmis-

sion network, and the distribution network as shown in Figure 1. Typically, electricity is

generated in distant power plants and transmitted at high voltages across the transmission

network before reaching end-users via distribution networks. This system has existed as

a classic physical infrastructure for a long time, with power flowing uni-directionally from

generation to end-users. In operating the power grid, Independent System Operators (ISOs)

must continuously balance power demand from users with the supply from generators [2].

Operational failures resulting in imbalances can lead to energy wastage, voltage instability,

equipment damage, and even regional blackouts.

However, the impacts of climate change are becoming increasingly evident, with storms,

droughts, fires, and flooding growing in strength and frequency [3,4]. According to the 2018

intergovernmental report on climate change, scientific evidence unequivocally demonstrates

that to mitigate the most severe effects of climate change and maintain a habitable planet,

we must cap the global temperature increase at 1.5°C above pre-industrial levels. To adhere

to the Paris Agreement’s call for limiting global warming, emissions must be slashed by

45% by 2030 and achieve net zero by 2050 [5]. Achieving net zero entails reducing carbon
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Figure 1: Simplified Structure of the Traditional Grid [1]

emissions to a minimal level of residual emissions, which can be absorbed and securely stored

by nature and other carbon dioxide removal measures, thereby leaving zero emissions in the

atmosphere [6].

Against this backdrop, the emergence of the ‘smart grid’, initially proposed in 2007 [7,8],

represents a paradigm shift. This system, as shown in Figure 2, integrates various elements

such as DERs like solar and wind power, energy storage solutions, advanced sensing and

measurement technologies, information and communication technologies, and analytical and

decision-making tools. Notably, smart grid consumers differ from traditional ones, with res-

idential properties equipped with solar photovoltaic generators and electric vehicles capable

of injecting power into the grid. Despite leveraging existing infrastructure, smart grids boast

distinct power resources, consumer profiles, and communication pathways, transforming into

bi-directional cyber-physical systems.
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Figure 2: Simplified Structure of the New Grid [1]

1.2 Power Grid Operations in North America

The North American electric power grid, one of the world’s most complex and extensive

systems, comprises over 30,000 generators (including those powered by natural gas, coal,

nuclear, hydroelectric, wind, and solar), spans more than 400,000 kilometers of high-voltage

(greater than 230 kV) transmission lines, and serves over 165 million customers [9,10]. Grid

operations are managed by a combination of Independent System Operators (ISOs) and

Regional Transmission Organizations (RTOs) in North America.

These entities are responsible for coordinating, controlling, and monitoring the operation of

the electrical power system to ensure reliability and efficiency. The nine key ISOs and RTOs

include: ISO New England (ISO-NE), Midcontinent Independent System Operator (MISO),

New York Independent System Operator (NYISO), PJM Interconnection, Electric Reliability

Council of Texas (ERCOT), California Independent System Operator (CAISO), Southwest

Power Pool (SPP), Alberta Electric System Operator (AESO) and Ontario Independent

Electricity System Operator (IESO) [11]. Their geographic distribution is shown in the map

in Fig.3.
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Figure 3: Geographic Distribution of ISOs and RTOs in Northe America [12]

In real-time market operations, ISOs continuously solve the Optimal Power Flow (OPF)

problem at regular intervals to determine the most economical dispatch of power while bal-

ancing electricity supply and demand, such as the California ISO, which runs OPF every five

minutes [13]. We use the two terms OPF and ACOPF (Alternating Current Optimal Power

Flow) interchangeably in this thesis. OPF algorithms are used to determine the most effi-

cient dispatch of generating units while considering various constraints such as transmission

limits, generator capacities, and voltage stability. However, efficiently solving OPF problem

has remained a longstanding challenge in power engineering due to its nonconvex nature,

which has been proven to be NP-hard [14] and cannot be solved within an acceptable compu-

tational time. It has been reported that in the U.S. alone, a 5% increase in market efficiency

with better OPF solvers can save approximately 6 billion dollars per year [2]. Moreover, the

recent endeavors of grid modernization and accommodating high penetration of DERs pose a

computational challenge of solving OPF problems. Specifically, increasing DERs (e.g., wind

4



farm and solar photovoltaic) introduces significant uncertainty into the load/generation, re-

quiring operators to solve OPF problems for numerous scenarios repeatedly and promptly.

Therefore, the complexity of the OPF problem and the emergence of new challenges in the

modern grid underscore the need for OPF solvers at finer time scales.

1.3 Problem Statements and Research Objectives

The challenges stemming from the paradigm shift in the modern power grid and the need

for more advanced operational tools present rich opportunities for research into reliable

optimization algorithms in power systems. As renewable energy sources, distributed gen-

eration, and smart grid technologies become more prevalent, the complexity of the power

grid increases. This complexity introduces significant challenges in maintaining grid stabil-

ity, efficiency, and reliability. The ACOPF problem, which is essential for determining the

most efficient operating conditions for the power grid, is particularly challenging due to its

nonlinear and nonconvex nature, as well as the numerous hard constraints that must be

satisfied.

Traditional solvers, such as the Interior Point Method (IPM) [15] and Semidefinite Pro-

gramming (SDP) [16], struggle to solve the problem within acceptable computational times

(e.g., 5 or 15 minutes). These methods often fail to provide timely solutions for real-time ap-

plications, which are crucial for the dynamic and fast-changing conditions of modern power

systems. As a result, there is a pressing need for innovative approaches that can deliver fast

and reliable solutions.

In this thesis, the potential of leveraging data-driven techniques is explored to overcome the

limitations of traditional solvers. By utilizing the power of data under different assumptions

in the ACOPF problem, such as using a traditional solver to generate labelled data or

only accessing historical operational data, three fast ACOPF solvers are proposed form
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different perspectives. These solvers incorporate advanced machine learning algorithms and

optimization techniques to enhance computational efficiency and accuracy.

Chapter 2 provides a comprehensive background on power systems, power flow studies, and

the formulation of the ACOPF problem. This section lays the foundation for understanding

the complexities and requirements of the ACOPF problem in modern power grids. Chapter

3 reviews the existing literature on solving the ACOPF problem through various approaches,

including relaxation methods, approximation techniques and data-driven approaches. This

review highlights the strengths and limitations of current methodologies and identifies gaps

that our research aims to address.

Chapters 4, 5, and 6 introduce three novel optimization algorithms. Chapter 4 presents

a physics-informed machine learning approach that integrates domain knowledge with data-

driven techniques to improve the output solutions. Chapter 5 discusses an unsupervised

generative learning method that leverages historical data to model the true data distribution

and solve the ACOPF problem in this distribution. Chapter 6 introduces a convex neural

network framework that provides a fast convex optimization solver. Finally, the thesis is

concluded and the potential future research directions are discussed in Chapter 7.
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2 Background

2.1 Power Grid

In power engineering, key components such as generation sectors, load points, and sub-

stations are referred to as buses. These buses are interconnected by transmission lines,

including both high-voltage and distribution lines. As a result, the power grid can be effec-

tively represented as a graph, with nodes corresponding to buses and edges corresponding

to transmission lines.

Consider the PJM 5-bus system [17] as an example in Figure 4, the system consists of 5

buses(A-E), and 6 lines. Each node connects to either generators, or loads, or both. Each

Figure 4: PJM 5-Bus System [17]

transmission line has admittance denoted as yik in which i and k are two buses the line

connected. The admittance represents how easy the current flows through a transmission

line between bus i and bus k. It is the reciprocal of the line’s impedance Zik, which can be

calculated as follows in Equation.1. In the equation, Rik, Xik, Gik and Bik are resistance,

7



reactance, conductance and susceptance, respectively.

yik =
1

Zik

=
1

Rik + jXik

= Gik + jBik

(1)

For simplicity in power flow studies, the nodal admittance matrix, also known as the

Y-bus matrix, is often used instead of individual impedance or admittance values for each

transmission line. The Y-bus matrix not only represents the network’s topology but also

includes the line admittance and the shunt admittance at each bus. This makes it a powerful

tool for analyzing the steady-state operation of the power system. By assembling the Y-bus

matrix, we can simplify the power flow analysis and other related calculations, making it

easier to study and optimize the operation of the power grid.

Definition 1. The nodal admittance matrix (Y-bus matrix) for a grid with N buses is a

N-by-N matrix [18]

Ybus =



Y11 Y12 · · · Y1N

Y21 Y22 · · · Y2N

...
...

. . .
...

YN1 YN2 · · · YNN



in which Yik =


yi +

∑N
j=1,j ̸=i yij if i = k

−yik if i ̸= k

, yij and yik are line admittance, and yi is shunt

admittance.
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2.2 Power Flow Studies

The power flow problem is a fundamental analysis task in power engineering. It involves

determining the voltage, current, and power flows within an electrical network under a given

load and generation scenario.

2.2.1 Buses and Variables

In power flow studies, there are three sets of buses: generator buses (PV buses, denoted

as set G), load buses (PQ buses, denoted as L), and slack buses (reference buses, typically

indexed as 0). Each bus has four quantities including active power, reactive power, voltage

magnitude, and voltage angle. Generator buses g ∈ G control the active power generation

PGg and voltage magnitude |VGg |, load buses i ∈ L consume both active power PDi
and

reactive power QDi
, and the slack bus with fixed voltage magnitude |V0| and phase angle

ϕ0 balances the system by providing or absorbing the difference between generated and

consumed power. These are tabulated in Table 1. The goal of the load flow study is to find

all of them at each bus in a given grid based on power flow equations. These are the basis

for calculating optimal power flow because all power flow solutions, whether optimal or not,

need to be feasible concerning power flow equations at all buses.

Table 1: Variables in Power Flow Studies

Type of Bus\Variables Known Variables Unknown Variables Scope

Slack |V0|,ϕ0 P0,Q0 Reference Bus
Load PDi

,QDi
|VDi
|,ϕDi

i ∈ L
Generator PGg

,|VGg
| QGg

, ϕGg
g ∈ G

9



2.2.2 Bus Injection Model

The complex power flowing from bus i to bus k is denoted by Sik and it can be decomposed

into its active power Pik and reactive power Qik components:

Sik = Pik + jQik (2)

It can also be described as the product of voltage Vi and the conjugate of current I∗ik:

Sik = ViI
∗
ik (3)

According to Ohm’s Law, the current is directly proportional to the potential difference and

inversely proportional to the impedance of the circuit. Because admittance is the reciprocal

of impedance, we have:

Iik = yik(Vi − Vk) (4)

Using the Ybus matrix in Definition.1, we have:

I =



I1

I2
...

IN


=



Y11 Y12 · · · Y1N

Y21 Y22 · · · Y2N

...
...

. . .
...

YN1 YN2 · · · YNN





V1

V2

...

VN


= YbusV (5)

where Ii is the current flowing into the node i, and Vi is the voltage at the node i. For a
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specific node i, the injected current can be further rewrite into the following form:

Ii = Yi1V1 + Yi2V2 + · · ·+ YN1VN

= Vi(yi +
N∑

k=1,k ̸=i

yik)−
N∑

k=1,k ̸=i

Vkyik

= Viyi +
∑

k=1,...,N ;k ̸=i

yik(Vi − Vk)

(6)

Recalling Kirchhoff’s Law, stating that for any node (junction) in an electrical circuit, the

sum of currents flowing into that node is equal to the sum of currents flowing out of that

node. This motivate the bus injection model in power flow study as follows:

Definition 2. The bus injection model states that the power flowing into any bus i must be

equal to the power going out from that bus. Specifically, this means that the sum of power

generation SGi
and the power flowing into bus i equals the sum of the power withdrawn SDi

and all power flowing out from bus i [16].

This model can be mathematically defined in Equation 7, where θik is the angle of Yik.

SGi
− SDi

= Vi

N∑
k=1

Y ∗
ikV

∗
k (7)

Because complex power is the combination of active and reactive power as denoted in Equa-

tion.2, so Equation.7 can be decomposed into active power flow equation.8 and reactive

power flow equation.9.

PGi
− PDi

= Re(Vi

N∑
k=1

Y ∗
ikVk

∗)

= |Vi|
N∑
k=1

|Vk| (Gik cos(ϕi − ϕk) +Bik sin(ϕi − ϕk))

(8)
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QGi
−QDi

= Im(Vi

N∑
k=1

Y ∗
ikVk

∗)

= |Vi|
N∑
k=1

|Vk| (Gik sin(ϕi − ϕk)−Bik cos(ϕi − ϕk))

(9)

2.2.3 Traditional Solvers for Power Flow Problem

Algorithms for solving the power flow problem have been extensively studied and developed

over the years, with several well-established methods in use, such as Gauss-Seidel (GS)

algorithm [18] and Newton-Raphson algorithm [19]. GS algorithm uses different ways to

update variables for each type of bus and runs these updates in epochs until convergence is

achieved. Here are the update rules for the different buses in each epoch:

� Load Buses: As shown in Table 1, power demand PDi
and QDi

are given on load

buses, so voltages are updated by the following rule:

V e+1
i =

1

Yii

[
−PDi

+ jQDi

V e
i
∗ −

N∑
k=1,k ̸=i

V e
k Yik

]
(10)

where i is the index of the target bus, e is the epoch of updates across the system, and

Y is the admittance matrix.

� Generator Buses: The active power generation PGi
and voltage magnitude |Vi| are

fixed on each generator bus i ∈ G. As such, the algorithm computes the reactive power

QGi
in the following way:

Qe+1
Gi

= Im

(
V e
i

N∑
k=1

Y ∗
ikV

e
k
∗

)
+QDi

(11)
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Then, the voltages can be calculated via:

V e+1
i =

1

Yii

[
PGi
− PDi

− j(Qe+1
Gi
−QDi

)

V e
i
∗ −

N∑
k=1,k ̸=i

V e+1
k Yik

]
(12)

Due to the voltage magnitude being fixed, only phase angles in V e+1
i are used.

� Slack Bus: This bus is used as a reference bus in the system and absorbs any imbalance

of active and reactive power. These can be updated via Equations 8 and 9.

The GS algorithm proceeds by sequentially updating each bus voltage using the most re-

cent estimates, progressively reducing the discrepancy between the calculated and specified

power injections. Convergence is achieved when the updates to the bus voltages fall below

a predetermined tolerance level, indicating that the power flow solution is sufficiently accu-

rate. The primary advantage of the GS algorithm lies in its simplicity and relatively low

computational requirements for small to moderately sized systems. While the GS algorithm

is relatively easy to implement and understand, it can be slow to converge for large systems.

Nevertheless, it serves as a valuable foundational method in power system analysis.

2.3 Optimal Power Flow Problem

The concept of Optimal Power Flow (OPF) was first proposed in the 1960s [20], and it has

since become one of the most essential and widely studied topics in power system operations.

The primary motivation for OPF arose from the need for system operators to determine the

most efficient way to dispatch available generators to meet the grid’s demand at minimal cost.

Also, many optimization problems in power system can be transformed into OPF problem,

such as Economic Dispatch, Voltage Control and Congestion Management. Additionally,

OPF can connect to power market and decide electricity prices [21].
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OPF is a constrained optimization problem to minimize a specific goal, e.g., the financial

cost of the power generation, power loss in the system and/or green house emissions, subject

to physical constraints, such as the power flow balance constraints in Equations 8 and 9,

and operational constraints regarding the capacities of generators, voltage, and branch flow

constraints, etc. Thus, output solutions should have two properties: the first one is feasibility

which means they satisfy all equality and inequality constraints; the second property is the

optimality, which guarantees the omitted solutions with the lowest value of the cost function.

Definition 3. The standard OPF problem with bus injection model in Definition.2 is in the

following form:

PACOPF : min
PGg

∑
g∈G

Cg(PGg)

s.t. ∀ g ∈ G : Pmin
Gg
≤ PGg ≤ Pmax

Gg
[C1]

Qmin
Gg
≤ QGg ≤ Qmax

Gg
[C2]

s.t. ∀ i ∈ N : PGi
− PDi

+ j(QGi
−QDi

) = Vi

∑
j∈N

V ∗
j Y

∗
ij [C3]

V min
i ≤ |Vi| ≤ V max

i [C4]

ϕmin
i ≤ ϕi ≤ ϕmax

i [C5]

|Vi(V
∗
i − V ∗

j )Y
∗
ij | ≤ Smax

i,j ∀ j ∈ N , j ̸= i [C6]

where N is the set of all buses, and G is the set of power generators. The objective of this

formulation is to compute the optimal setpoints for the generation systems in the network

while ensuring that all system constraints are met. In PACOPF , PGg and QGg are the real

and reactive power generated by generator g ∈ G that can be dispatched, while PDi
and

QDi
are the real and reactive power demands of bus i ∈ N . The cost of real power injected
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by generator g, denoted as Cg, is typically a quadratic function [22]. Constraints [C1]

and [C2] specify the upper and lower limits of real and reactive power generation by each

generator. Constraint [C3] enforces power balance at each bus. Constraints [C4] and [C5]

impose limits on the voltage magnitude and phase angles of buses, respectively. Constraint

[C6] reflects the branch flow limits. The inputs to PACOPF are the real and reactive power

demands of each bus (PDi
and QDi

), which vary over short time intervals (e.g., seconds)

to reflect changes in demand and renewable generation. The outputs include the real and

reactive power generated by each generator, as well as the bus voltage magnitudes and phase

angles for all buses.

This OPF problem has been proven to be NP-Hard in the worst case [14], due to the

non-convex and non-linear nature of constraints [C3], [C4] and [C6]. Furthermore, with

the recent modernization of the grid, the network may have a high penetration of DERs such

as wind farms and solar photovoltaic. The uncertainties and complexities of the OPF prob-

lem are thus escalated, posing a significant computational challenge for real-time solutions.

Traditionally, OPF is solved at fixed intervals, such as hourly 15 minutes, or 5 minutes [2],

assuming that power demand within these intervals change only slightly. However, this as-

sumption is increasingly impractical in the modern power grid with its growing population

of DERs and unpredictable power usage. Therefore, effectively and efficiently solving OPF

in this more complex and dynamic environment in real-time is a crucial research topic in

power engineering.
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3 Literature Review

There is a large body of research on ACOPF problems. This section reviews some important

works in the literature and discusses their advantages and drawbacks. In Section 3.1, convex

relaxation of the original problem is illustrated. Subsequently, the interior point methods

are discussed in Section 3.2. Then, three types of machine learning based optimization

techniques are reviewed including supervised learning for ACOPF in Section 3.3, hybrid

learning in Section 3.4, and unsupervised learning in Section 3.5. Finally, a summary and

research gap are proposed in Section 3.6.

3.1 Convex Relaxations

In practice, we often encounter highly complex constrained optimization problems that may

take an unacceptably long time to find global optimal solutions. Convex relaxation is a

technique used to transform the original non-convex problem into a convex one by relaxing

some of the constraints. This transformation makes the relaxed problem much easier to

tackle. This section introduces three re

3.1.1 Direct Current Optimal Power Flow

One of the most successful convex relaxation techniques for ACOPF is Direct Current Opti-

mal Power Flow (DCOPF) [23–28]. It is widely used in current power system operations due

to its convexity and computational benefits, which allow it to be solved on fast timescales.

DCOPF simplifies the original problem by making the following three assumptions:

� Line resistances are negligible compared to line reactances (RL << XL, for all lines).

This assumption implies that grid losses are neglected and line parameters are simpli-
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fied.

� The difference between adjacent bus voltage angles is small.

� Magnitudes of bus voltages are set to 1.0 per unit (flat voltage profile).

The ACOPF problem in Definition.3 can be simplified as the DCOPF form:

min
P gen
g

∑
g∈G

Cg(P
gen
g )

s.t. PGi
− PDi

=
N∑
k=1

Bij(ϕi − ϕk)∀i ∈ N

Pmin
Gg
≤ PGg ≤ Pmax

Gg
, ∀g ∈ G

ϕmin
i ≤ ϕi ≤ ϕmax

i , ∀i ∈ N

DCOPF is a quadratic programming approximation of the original problem with linear

constraints and a quadratic cost function. It is convex due to the objective function’s positive

second-order derivatives and linear constraints. However, assuming fixed voltage magnitudes

and ignoring reactive powers are not applicable for real practice. It is shown that the set

of points within the feasible region of the DCOPF problem and the set of points within the

feasible region of the ACOPF problem have an empty intersection. It means solutions of

the DCOPF is never AC feasible [29]. In practice, many grid operators calculate DCOPF

setpoints and calibrate these until they are AC feasible in a “DCOPF with AC Feasibility”

iterative procedure [30], but research study on carbon emissions [31] shows the DCOPF with

AC feasibility may have as much as 28% emissions than ACOPF solutions.
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3.1.2 Semi-definite Programming

ACOPF can be converted into a quadratically constrained quadratic programming (QCQP)

problem in which both the objective function and the constraints are quadratic functions [32].

Then, it can be relaxed to a semidefinite programming (SDP) problem, and becomes an easier

problem solved by convex optimization tools [16, 33, 34]. The OPF in Definition.3 can be

expressed in the form of a nonconvex QCQP problem. Thereafter, a standard semidefinite

relaxation on the rank transform problem to be a convex relaxation problem [14]. SDP

relaxation is designed to obtain a convex supersets of the original problem and minimize the

same cost function over these supersets. Due to the tightness of this relaxation, it provides

a lower bound to OPF. As shown in the comparative study in Section 6, the output of

SDP relaxation commonly violates inequality constraints on voltage magnitude and reactive

power generation, as well as the equality constraints on power flow equations. Furthermore,

instead of solving for N voltages as defined in Definition 3, SDP solves for N2 variables.

Consequently, the computational complexity increases exponentially with the size of the

grid, and SDP may not converge in an acceptable time for large grids.

3.1.3 Second Order Cone Programming

Compare to SDP relaxation, Second Order Cone Programming(SOCP) relaxation of ACOPF

have less computational complexity, and the convergence performance is more stable [35–38].

Based on the Branch Flow Model [16], square of voltages and current are defined as variables

in the new problem, so phase angles are not in the formulations. Furthermore, SOCP relaxes

the one set of equality constraints as inequality constraints to transform the problem as

convex optimization problem. However, SOCP relaxation modifies equality constraints to

inequality constraints, and drop phase angles in the formulation, which makes the relaxation

inexact in transmission networks and some cases in distribution networks [39].
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3.1.4 Comparison of Convex Relaxation Techniques

The complexity of the three algorithms discussed in this section can be ranked in descending

order as: SDP relaxation, SOCP relaxation, and DCOPF. Additionally, SDP is the tightest

relaxation, SOCP is second, and DCOPF is often categorized as an approximation algorithm

rather than relaxation.

3.2 Interior Point Methods

Interior Point Methods (IPM) [40–43] solve the OPF problem by traversing the interior of

the feasible region, avoiding the boundaries defined by the constraints until convergence

is achieved. This approach iteratively solves a sequence of approximations to the original

nonlinear problem. At each iteration, the algorithm solves a system of linear equations

derived from the Karush-Kuhn-Tucker (KKT) conditions of the problem, and refine the cur-

rent solution until it converge to an optimum. IPM serves as the algorithm to generate

labelled data for supervised learning-based OPF methods such as [45, 52] and acts as the

benchamark result regarding the optimality [67,68]. However, IPM can be computationally

intensive, especially for very large-scale power systems [44]. Each iteration involves solv-

ing large systems of linear equations, which can be time-consuming and require significant

computational resources. Additionally, IPM may have difficulties in scenarios with poorly

conditioned problems or when the initial feasible point is far from the optimal solution.

3.3 Supervised Learning for OPF

Supervised learning methods [45–49] treat ACOPF solver as a black-box, which can be

learned from training dataset with input and optimal solution pairs.
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Reference [45] proposes a supervised learning model which takes the power demand at

each bus as input and uses four neural networks to predict voltage magnitude, phase angle,

active power generations, and reactive power generations, respectively. It states that the

results of purely supervised learning models violate both equality and inequality engineering

constraints without any additional regularization. Therefore, their work combines deep

learning and Lagrangian optimization to not only optimize the regular machine learning

cost but also minimize the penalty of physical constraints. This approach can be seen as a

minimax game between the neural network and the dual variables of the Lagrangian. The

equilibrium point is approximated by alternatively doing stochastic gradient descent and

ascent on the network’s parameters and dual variables.

In reference [46], classification models including Naive Bayes, Logistic Regression, and De-

cision Trees, as well as regression models including Linear Regression and Gaussian Process

Regression, are trained to predict the optimal cost and solvability of ACOPF respectively.

Nevertheless, ISOs desire the complete solutions of the best dispatch, rather than just the

best cost and its existence. This can still be used as a solvability check and benchmark cost

for other ACOPF solvers.

Considering the small errors in the input of the ACOPF problem, a robust ACOPF solver

is proposed in [47]. This method is a multi-layer perceptron variant, which consists of a

Denoising Autoencoder (DAE) in each layer. In this setting, the input of the DAE will

first be perturbed as X̃ and then encoded to a representation a = eθ(X̃) in the bottleneck

layer, and subsequently reconstructed back to the input space as Z = dθ(a). The goal of

the DAE is to use Z to recover X, i.e., the cost function LH(X,Z) is the mean square error

function. By doing this, the representation a will be robust to small errors or changes of the

input. SDAE discards the decoder part dθ, and only use the representations in each layer of

the proposed neural network. The output of the model is made up of operation cost, node
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voltage of all nodes, generator outputs, flow in all branches. However, there is no guarantee

in this method regarding the adherence to neither the equality constraints nor inequality

constraints defined in Definition.3.

Reference [48] divides the learning task of ACOPF into three stages to reduce the learning

difficulty of each subproblem. In the first stage, the model takes the active and reactive

power demand, PD and QD, as input and predicts the optimal branch flow. Subsequently,

the second stage calculates the voltage magnitudes |V | and phase angles ϕ based on the

output from stage one. The final stage produces the optimal power generations PG and QG.

In this work, clustering algorithms are used to categorize training examples into multiple

different regions, and then multiple sets of these models with three stages are built to solve

the ACOPF problem in each sub-region.

By leveraging the power of both supervised learning and Graph Theory, a Graph Neural

Network(GNN) based ACOPF solver is proposed in [49]. It defines a graph signal at each

node as:

X =

[
|V | ϕ P Q

]
=


x⊤
1

...

x⊤
N

 ∈ RN×4.

in which |V | are voltage magnitudes, ϕ are phase angles, P and Q active and reactive net

power injections respectively. A GNN is a nonlinear map Φ(X;H,W) that is applied to the

input X and takes into account the underlying graph W and its coefficients H. It consists

of a cascade of L layers, each of them applying a graph convolution followed by a nonlinear

activation function. Research [21] shows that when the nodal features exhibit a graph-

based locality property or topology dependence, the GNN architecture is known to efficiently

incorporate the underlying graph embedding. Nonetheless, this assumption commonly does
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not hold in power systems due to differences in load, generation, and network topology.

In contrast to the end-to-end learning approaches discussed above, a machine learning

model is proposed in [50] to emulate iterative optimization solvers, such as the Matpower

Interior Point Solver (MIPS). Instead of using Lagrangian functions or forming Hessian

matrices, this work employs a deep learning model FR(·) : Rn → Rn that takes xk as input

and provides xk+1 as output, i.e., xk+1 = FR(x
k), until the iterative process converges.

3.4 Hybrid Learning

3.4.1 Hybrid Model of Supervised Learning and Traditional Solvers

To guarantee the feasibility of the output solutions from proposed solvers, recent research

works [51–54] separate the variables in ACOPF solutions into independent and dependent

variables. Independent variables are predicted by trained machine learning models, while

dependent variables are calculated by traditional power flow solvers such as NR or GS [55]

solvers. The typical way of this separation [51,52,54] is based on the different types of buses,

as shown in Table 1. ConvOPF [53] defines independent variables are the active power

generation PG and reactive power generation QG, and then treat generator buses as P/Q

buses to solve via traditional power flow solvers. The system model of these algorithms can

be shown in Figure 5, where the input of the neural network is active and reactive power

load on each load bus, and its outputs are all independent variables.

These algorithms only need to learn a partial mapping instead of the entire mapping

from the inputs to complete OPF solutions. Furthermore, integrating traditional power flow

solvers guarantees the feasibility of the solutions when they exist. Because the solution of

the ACOPF is often on the feasible boundary of the optimization problem, reference [54]

adds a tuning parameter to this framework to ensure the output of machine learning models
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Figure 5: The System Diagram of DeepOPF [52]

is strictly within the interior of the voltage magnitude feasibility set.

In contrast to the hybrid methods in [51–54], the machine learning models in [56, 57]

outputs complete solutions with all variables in the ACOPF problem. Subsequently, it

uses these solutions as warm-start points for traditional ACOPF solvers. Compared to the

default heuristics used in conventional optimization methods, an accurate initial point could

theoretically reduce the number of iterations required to reach the optimal point [58].

3.4.2 Hybrid Model of Supervised Learning and Power Flow Equations

The second type of hybrid model [59–62] for ACOPF defines voltage magnitudes |V | and

phase angles ϕ as independent variables learned by machine learning models, and then runs

power flow equations defined in Equations 8 and 9 for the dependent variables, including

active power generation PG and reactive power generation QG. Unlike the first type of hybrid

models, the RHS of the power flow equations are all known, making the calculation of the

LHS straightforward.

A learning framework is proposed in [59] based on multi-input and multi-output ran-

dom forest. A random forest model consists of many decision trees that make predictions

separately, which are then averaged to minimize error. The trees are base learners and

near-independent, reducing the risk of biased decisions or overfitting.
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ConvOPF-DOP [60] analyzes the training dataset with clustering algorithms to find oper-

ational patterns; for example, the IEEE 30-bus system has 4 patterns. The input layer of the

proposed Convolutional Neural Network comprises active power demand PD, reactive power

QD, and the label of the pattern in which the power demand lies. The model outputs the

optimal voltage magnitude |V | and phase angle ϕ. Subsequently, the algorithm runs power

flow equations to obtain optimal active power dispatch PG and reactive power dispatch QG.

DeepOPF-V [61] uses two separate neural networks to predict optimal voltage magnitude

|V | and phase angle ϕ. It also suggests that for large power systems, all buses can be split

into groups, each predicted by separate Machine Learning models. This reduces the size of

the models and significantly limits the increase in training time.

A Sensitivity-informed Deep Neural Networks (SI-DNNs) method is proposed in [62],

where the machine learning model is trained to emulate both optimal voltages, including

magnitude and phase angle, and the Jacobian matrix of the solution. SI-DNNs achieve

the same prediction performance with fewer training data, roughly only 1/10 to 1/4 of the

training data. This improvement in sample efficiency reduces the time needed for generating

training datasets, which is beneficial for delay-critical power systems applications.

3.5 Unsupervised Learning for OPF

Unsupervised learning commonly means using machine learning algorithms to discover hid-

den patterns in data without the cumbersome effort of labelling them. In ACOPF problem,

collecting a huge optimal solution dataset is computationally expensive and not always re-

alistic. In contrast, historical operational data are easily accessed in the utilities’ dataset.

Unsupervised learning can be a promising direction to explore historical data and use ma-

chine learning for optimization tasks.
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DeepOPF-NGT(No Ground Truth) [63] aims to learn the mapping between load config-

urations (active power demand PD and reactive power demand QD) and the optimal bus

voltages (magnitude |V | and ϕ). Then the rest of the solutions are calculated based on

power flow Equations 8 and 9. The training data are not needed in this method. Instead,

PD and QD are randomly sampled within a 10% variation range of the default load of the

bus grid, and the optimization is conducted by directly adding the penalization term for the

fuel cost onto the loss function. The Kron reduction method is used in this work to overcome

the unobservable nodes in the grid. The diagram of this algorithm is depicted in Figure 6.

Figure 6: The System Diagram of DeepOPF-NGT [63]

This method is easy to implement and understand. Nevertheless, the objective curve is

probably very complex with many local optima, so optimizing the OPF problem by stochastic

gradient descent is very likely to be stuck in local optima. In fact, the optimization of the

machine learning process accepts local optimal solutions, but OPF does not.

Similar to this idea, [64] adopts GNN as the machine learning model. It defines the input

signal to GNN as:

Z :=
[
Rect(sd) Rect(sgmin) Rect(sgmax) vmin vmax

]
(13)

where Rect(z) =

[
Re(z) Im(z)

]
represents complex vectors from CN as a real matrix in
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RN×2 containing the real and imaginary components. Similarly, let X ∈ RN×4 be a graph

signal describing the outputs of the OPF problem:

X := [Rect(sg) Rect(v)] (14)

Then, a penalty composed of the cost of ACOPF and weighted violation of equality and

inequality constraints is applied as the training loss of the GNN. However, experiments show

that at least one constraint is violated in 75% of the testing cases for small grids, e.g., the

IEEE bus 30 grid.

DC3 [65, 66] uses a trick called implicit layers to transform power flow solvers to be dif-

ferentiable. Assuming the equality constraint of the original problem can be written in the

form of hx(y) = 0, where x is the input of the neural network and y is the solution. The

algorithm produces a part of the solution z, and then uses Newton’s method or the Gauss-

Seidel method to derive the rest part ϕ(z) that satisfies hx([z
T , ϕ(z)T ]T ) = 0. Taking the

derivative of this function with respect to z, we get:

0 =
d

dz
hx(

 z

ϕ(z)

) = ∂hx

∂z
+

∂hx

∂ϕ(z)

∂ϕ(z)

∂z
= Jhx

0:m + Jhx
m:n

⇒ ∂ϕ(z)

∂z
= −(Jhx

m:n)
−1Jhx

0:m

(15)

Nevertheless, its optimality gap varies greatly for different test environments, with the

worst case showing as much as a 10% error. Also, the speed of DC3 in testing time is

very close to traditional algorithms in nonparallel cases (OPF is always solved sequentially)

because of the computation of the physical equations. Its computational time may drastically

increase for large grids, raising motivational issues for using neural networks.
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3.6 Summary and Research Gap

Table 2 summarizes the literature on solving the OPF problem. Relaxation methods typically

do not require ground truth for any learning process, but their outputs are often infeasible,

violating important constraints. Supervised learning methods are trained to predict optimal

solutions; however, feasibility is not guaranteed. Hybrid learning methods using traditional

solvers can ensure feasibility, but they suffer from slow convergence speeds. Conversely,

hybrid methods incorporating power flow equations have errors in reconstructing power

demand.

Our Proposal 1 aims to predict feasible and optimal solutions without relying on tradi-

tional solvers. Existing unsupervised learning methods in the literature depend on traditional

power flow solvers and do not always converge to optimal solutions. In Proposal 2 and

Proposal 3, we introduce two novel unsupervised learning mechanisms designed to achieve

both feasibility and optimality.

The three papers proposed in this thesis address the research gap and contribute to the

field of physics-informed machine learning for optimization problems, providing guarantees

on both feasibility and optimality.

Table 2: Comparison of Existing Machine Learning Based-Approaches for Solving OPF Problems

Category Approach Existing study
Metrics in consideration

Ground truth Traditional PF Solvers
Feasibility Optimality

Convex Relaxation
DCOPF [23–28] × × × ×

SDP Relaxation [16,33,34] × ✓ × ×
SOCP Relaxation [35–38] × × × ×

IPM MIPS [40] ✓ ✓ × ✓

Supervised learning
Learn load-optimal solution mapping [45–49] × ✓ ✓ ×
Emulate traditional solver by steps [50] × ✓ ✓ ×

Hybrid learning
Learn optimal dispatch and voltage magnitude [51–54] ✓ ✓ ✓ ✓

Output as warm start point for traditional solver [56,57] ✓ ✓ ✓ ✓
Learn optimal voltage magnitude and phase angle [59–62] × ✓ ✓ ×

Proposal 1 [67] ✓ ✓ ✓ ×

Unsupervised learning
Penalize the model to learn optimal point [63–66] ✓ × × ✓

Proposal 2 [68] ✓ ✓ × ×
Proposal 3 [69] ✓ ✓ × ×
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4 Physics-informed Supervised Learning for OPF

4.1 Introduction

Due to the increasing uncertainties brought about by the penetration of renewable energy

and the highly stochastic nature of power demands, the OPF problem needs to be solved

with finer granularity to ensure system stability and economical operation [70]. However,

this problem is proven to be NP-hard [14], making it challenging to solve efficiently. Recently,

significant attention has been focused on leveraging state-of-the-art machine learning models

to shift the computational burden from online optimization to an offline training process,

thus enabling fast real-time OPF decisions. In this chapter, a physics-informed supervised

learning framework is proposed, aimed at generating the optimal solution for the ACOPF

problem while enhancing its feasibility. This approach entails predicting the optimal voltage

magnitudes and phase angles at all buses within the target power system, with the learning

goal of minimizing both prediction error and physics-informed power injection reconstruction

loss. Subsequently, any feasibility-related errors are systematically eliminated using a novel

iterative calibration algorithm. This method utilizes Gauss-Seidel updates with warm-start

points on load buses while directly adjusting power injection on generator buses. It converges

for all test scenarios on the 14-bus grid and achieves a 92.2% convergence rate on the IEEE

118-bus system. These results surpass all state-of-the-art supervised learning-based ACOPF

algorithms.

4.2 Background on Supervised Learning

Supervised learning is a fundamental approach in the field of machine learning, where the

goal is to learn a mapping from inputs to outputs based on a collection of data points. There

are four components in a supervised learning framework: datasets, machine learning models,
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loss function, and optimization algorithms.

� Dataset: The dataset is the foundation of supervised learning. The problem needs to

be framed into an input-output paradigm, where inputs are the attributes and outputs

are the target values of interest. A labeled dataset needs to be collected beforehand,

and it is commonly split into training, validation, and testing sets. In supervised

learning, the dataset is crucial because it provides the necessary information for the

model to learn. The training set is used to train the model, the validation set is used to

tune hyperparameters and prevent overfitting, and the testing set is used to evaluate

the model’s performance on unseen data.

� Models: Models are mathematical representations that map inputs to outputs. Vari-

ous types of models can be used in supervised learning. For example, linear regression,

decision trees, support vector regression, and neural networks can be used for regres-

sion problems. These models can be seen as functions in which the parameters are

optimized to output the expected result given the input.

� Loss function: The loss function is a crucial part of supervised learning. In this

framework, the learning (optimization) of the model is driven by errors between pre-

dictions and actual target values. The loss function quantifies this difference and guides

the optimization process during the training of machine learning models. As such, the

model aims at decreasing the value of the loss function, thereby improving its predic-

tions. The commonly used loss function for regression problems is Mean Square Error

(MSE) [71], defined as follows:

Lmse =
1

N

N∑
i=1

(yi − ŷi)
2 (16)

where N is the total number of training points, yi is the target output, and ŷi is the
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predicted output produced by the machine learning model.

� Optimization algorithms: Optimization algorithms are methods used to adjust the

model’s parameters to minimize the loss function. The basic first-order algorithm is

gradient descent, including batch gradient descent, which calculates the loss function

and its gradient for the whole dataset in each iteration; stochastic gradient descent,

which calculates them for a single point each time; and mini-batch gradient descent,

which updates via a group of training points. To overcome local optima, saddle points,

and slow convergence, more advanced algorithms with momentum and adaptive actions

have been proposed, such as the Nesterov accelerated gradient algorithm, RMSprop,

and Adam algorithm [72].

4.3 The Proposed Algorithm

As discussed in Section 3.3 and 3.4, data-driven models in the literature commonly treat

ACOPF as a black-box function, taking input as the power demand and generating opti-

mal solutions as output. However, it is vital that these solutions adhere to all the physical

engineering constraints [C1]-[C6] in Definition 3. Previous approaches, such as those pro-

posed in [51–54], separate the ACOPF variables into independent variables predicted by deep

neural networks (DNNs) and dependent variables calculated through conventional iterative

power flow solvers, such as the GS algorithm [18]. Nevertheless, these solvers experience slow

convergence, e.g., only accelerating the ACOPF by less than one order of magnitude [61],

especially when applied to large power grids. Hence, generating complete ACOPF solutions

without traditional solvers is preferred. Another categorizing method [59–62] aims to pro-

duce optimal voltages from DNN models, but the side effect is the unavoidable errors on

power demand at load buses. These factors motivate the proposal of a hybrid supervised

learning model in this chapter. The proposed method consists of two stages. In the first
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stage, the proposed supervised learning model not only considers the prediction accuracy

of optimal voltages but also ensures that the input to the system is recovered based on the

output. To further guarantee adherence to all constraints, a feasibility calibration method

is proposed in the second stage to eliminate any imbalance in the output solutions. This

algorithm leverages the physical parameters of the target power system, iteratively updating

local variables at each bus until final convergence is achieved.

4.3.1 Physics-informed Supervised Learning Model

In the first stage of the proposed method, the OPF problem is reformulated into a supervised

learning framework. In this dataset, the inputs to the problem—active power demand and

reactive power demand—and the outputs—optimal voltage magnitudes and phase angles at

each bus, as well as optimal power generation at each generator—are generated by tradi-

tional ACOPF solvers and collected as input-output pairs. Next, the output variables are

divided into independent and dependent variables. The independent variables include the

optimal voltage magnitudes |V opt
i | and phase angles ϕopt

i at each bus, while the dependent

variables consist of the active power generation PGg and reactive power generation QGg at

each generator.

The proposed DNN model depicted in Figure 7. The input x : {PDi
, QDi

, i ∈ N}, en-

compassing active and reactive power demand for all buses, undergoes processing by a

DNN. The output is the prediction of optimal voltage magnitudes and phase angles, i.e.,

{|V̂i
opt
|, ϕ̂opt

i , i ∈ N}, which is concatenated with the prediction of optimal active and re-

active power dispatch on each generator bus calculated by power flow equations defined in

Equations 17 and 18, to form the full solution ŷ : {|V̂ opt
i |, ϕ̂

opt
i , P̂ opt

Gg
, Q̂opt

Gg
, i ∈ N , g ∈ G} of

ACOPF.
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Figure 7: Diagram of End-to-end Learning for ACOPF.

P̂ opt
Gg

= PDg +Re(V̂ opt
g

∑
j∈N

V̂ opt∗

j Y ∗
gj) (17)

Q̂opt
Gg

= QDg + Im(V̂ opt
g

∑
j∈N

V̂ opt∗

j Y ∗
gj) (18)

Meanwhile, the inputs of the ACOPF problem, i.e., active and reactive power demand on all

buses, are reconstructed as x̂ : {P̂Di
, Q̂Di

, i ∈ N} by Equations 19 and 20. It is notable that

there are no reconstruction error on generator buses, because imbalances on these buses are

absorbed by the calculation of power generations.

P̂Di
= P̂ opt

Gi
−Re(V̂ opt

i

∑
j∈N

V̂ opt∗

j Y ∗
ij) (19)

Q̂Di
= Q̂opt

Gi
− Im(V̂ opt

i

∑
j∈N

V̂ opt∗

j Y ∗
ij) (20)
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The proposed mechanism is trained to ensure that the prediction outputs ŷ : {|V̂ opt
i |, ϕ̂

opt
i ,

P̂ opt
Gg

, Q̂opt
Gg
, i ∈ N , g ∈ G} closely approximate the outputs from commercial ACOPF solvers

y : {|V opt
i |, ϕ

opt
i , P opt

Gg
, Qopt

Gg
, i ∈ N , g ∈ G}. Additionally, it minimizes the error between

the input variables x : {PDi
, QDi

, i ∈ N} and the reconstructed inputs x̂ : {P̂Di
, Q̂Di

, i ∈

N}, thus establishing a consistent mapping. This consistent mapping enhances an accurate

transformation from the input to the output and back to the input, maintaining coherence

throughout the process.

The error between {x, y} and {x̂, ŷ} is calculated via mean square error loss, defined in

Equation 21, where α and β are two weights for prediction cost on the voltages and power

generations. In this work, these two hyperparameters are set to 1.

Lmse =Ei∈N{[(P̂Di
− PDi

)2 + (Q̂Di
−QDi

)2]

+ α[(|V̂ opt
i | − |V

opt
i |)2 + (ϕ̂opt

i − ϕopt
i )2]}

+ βEg∈G[(P̂
opt
Gg
− P opt

Gg
)2 + (Q̂opt

Gg
−Qopt

Gg
)2]

(21)

Then, the learnable weights in the DNN will be updated using the back-propagation algo-

rithm, as described by [73]. Back-propagation is a supervised learning technique that involves

calculating the gradient of the loss function Lmse with respect to each weight in the model.

This gradient represents how much the loss function would change with a small change in the

weight. By computing these gradients, the algorithm can determine the direction in which

each weight should be adjusted to reduce the loss.

4.3.2 Feasibility Restoration

While physics-informed deep learning has shown superior performance compared to purely

data-driven approaches [45, 52, 53], the output of DNNs inevitably contains errors. Conse-
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quently, in the context of the ACOPF problem, these errors cause the input parameters x

and decision variables ŷ to deviate from strict adherence to the equality constraint [C3] in

Definition 3. For example, it claims that a 1% imbalance on load buses is acceptable and can

only be eliminated by controllable distributed energy sources in [61]. However, all errors from

the OPF must be eliminated to ensure accuracy and feasibility. In this section, a feasibility

calibration algorithm designed to adjust the output from the DNN model is proposed. This

algorithm aims to enhance adherence to the power flow equations while avoiding violations

of other constraints.

For each load bus i ∈ L, the complex voltage from the DNN can be updated based on the

rule defined in Equation 22. This is the rule used in GS algorithm [18], derived from [C3],

leveraging the slack of voltage value on each load bus for a local adjustment based on the

current state of the load bus itself and its neighbours.

V̂ opt
i,new =

1

Yii

(−PDi
+ jQDi

V̂ opt
i,old

−
∑

j∈N ,i ̸=j

V̂ opt
j Yij

)
(22)

The power injection at each generator bus g ∈ G is updated to eliminate all imbalances, as

defined in Equations 17 and 18.

The proposed algorithm operates in epochs. Within each epoch, voltages on all load buses

are updated at first, followed by adjustments to power injections at generator buses. The

algorithm exits either when a predefined stop criterion ρ for average power flow imbalance

at each bus is met or when the maximum epoch E is reached. The algorithmic framework is

summarized in Algorithm 1. The Clip function is defined in Equation 23, where the target

variable is z, whose upper and lower bounds are z and z respectively. The Check function

returns residuals regarding the constraint [C3].

Clip(z) = max(min(z, z), z) (23)
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This algorithm has three major advantages compared to the GS algorithm. Firstly, the

initial values of the calibration process based on the results from the supervised learning

model, incorporating complete variables in an ACOPF solution that are already very close to

both feasibility and optimality. In contrast, GS algorithm only utilizes two variables at each

bus, with the others starting from random guesses. Secondly, the proposed method updates

load buses first and the subsequent update on generator buses, allowing the imbalances from

the updates of voltages on load buses to be absorbed by the generator buses. Finally, instead

of fixing the active power injection at generator buses, we adjust both active and reactive

power injections to utilize the slack on generators, leading to faster convergence.

Algorithm 1 Calibration of solution for ACOPF.

1: function correction(x, ŷ, E, ρ)
2: e← 0
3: r = Check [C3]
4: while |r| > ρ and e < E do
5: e← e+ 1
6: for each i ∈ L do
7: V̂ opt

i,new = 1
Yii

(−PDi
+jQDi

V̂ opt
i,old

−
∑

j∈N ,i̸=j V̂
opt
j Yij

)
8: Clip(V̂ opt

i,new)
9: end for
10: for each g ∈ G do

11: P̂ opt
Gg

= PDg +Re(V̂ opt
g

∑
j∈N V̂ opt∗

j Y ∗
gj)

12:
13: Q̂opt

Gg
= QDg

+ Im(V̂ opt
g

∑
j∈N V̂ opt∗

j Y ∗
gj)

14: Clip(P̂ opt
Gg

), Clip(Q̂opt
Gg

)
15: end for
16: r = Check [C3]
17: end while
18: end function

4.4 Experiments

This section will first detail the environment used in this research, including the software,

libraries, computation platform, and other relevant tools. Following this, the datasets used

for training, validation, and testing are introduced. Subsequently, model selection, hyper-
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parameter tuning, and comparative studies are presented. Finally, the performance of the

feasibility correction algorithm is illustrated.

4.4.1 Environment and Datasets

In this work, the training datasets were generated using a Matlab script with Matpower

7.0 [40] on a local laptop equipped with an Intel Core i7-10750H CPU and 32.0 GB RAM.

The learning algorithm was implemented in Python 3.7 with TensorFlow 2.14.0 and Keras

2.7.0. The training process was conducted on Google Colaboratory, a cloud-based platform

offering access to Google’s formidable computing resources, including GPUs and TPUs.

Specifically, an NVIDIA Tesla V100-SXM2-16GB was used. Chapters 5 and 6 use the same

environment settings as this work.

To assess the performance of the proposed algorithm, all experiments were conducted on

two standard benchmark systems: IEEE 14-bus and IEEE 118-bus systems. The dataset

utilized in this study was generated using MATPOWER’s primal-dual interior point solver

(MIPS) [40]. Variations in the systems were introduced by randomly varying the nodal active

and reactive power demands, ranging from 80% to 120% of their respective nominal values,

thereby simulating real-world fluctuations in power demand. This practice is common in

the literature, e.g., [45, 52, 61]. For each of these benchmark systems, a dataset comprising

100K pairs of input and optimal output data was generated. This extensive dataset was

then divided into three subsets: 80% for training, 10% for validation, and 10% for testing,

which is based on the common practice in machine learning.

4.4.2 Performance of the Proposed DNN

The proposed DNN model is selected to be a Convolutional Neural Network (CNN), which

uses convolutional filters to extract meaningful patterns and features from input data. Com-
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pared to fully-connected neural networks, CNNs are more weight-efficient due to their design

of weight sharing and sparse connectivity [73]. To remove the inequality constraints on in-

dividual decision variables defined in [C4] and [C5], sigmoid activation functions are used

in the output layer of the DNN. The sigmoid function’s S-shaped curve, bounded between

0 and 1, allows the model to map the DNN’s output into the permissible range specified

by the lower and upper bounds of the variables. This mapping is captured by Equation 28,

where FL
k denotes the k-th output from the final layer through a sigmoid function, and xmin

k

and xmax
k are lower and upper bounds for each variable.

Fk(x) = FL
k · (xmax

k − xmin
k ) + xmin

k (24)

Candidate model settings with different hyperparameters including number of layers, number

of filters, activation function, and batch size are listed in Table 3. The model selection is

based on their performance on the validation set. The model with the best performance for

each testing grid is labeled with †, and selected to be the final model F (·).

Table 3: Different Settings of DNN’s Hyperparameters

Power Grid Settings Layers Activation Batch

IEEE 14-bus

model-1 † 512|256|128|64 LeakyReLU 512
model-2 256|128|64|32 ReLU 512
model-3 768|512|128 LeakyReLU 256
model-4 64|32 ReLU 128

IEEE 118-bus

model-1 512|256|128|64 LeakyReLU 256
model-2 † 512|256|128|64 LeakyReLU 512
model-3 768|512|128 LeakyReLU 256
model-4 64|32 ReLU 128

The model is composed of 189,148 parameters for the IEEE 14-bus system and 309,164 for

the IEEE 118-bus system. This architectural choice provides enough parameters that can

be fine-tuned to capture the relationship of the underlying data effectively. In the training
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of these models, Adam optimizer is adopted, which is the most common choice in training

of DNNs [71].

To provide a comparative study of the proposed approach, the same DNN architecture

and training process are adopted for DeepOPF-V [61] and Supervised Learning OPF [51] as

two benchmark algorithms. Our proposal introduces an additional penalty on power demand

reconstruction compared to DeepOPF-V, and the experiment will demonstrate the efficacy

of adding this cost term. The second counterpart uses only supervised learning without

incorporating physical knowledge, comparative study will highlight the importance of these

additional penalties. DeepOPF [52] is not selected for comparison, as it relies on traditional

iterative solvers, which are not preferred in this study.

Unlike original approaches that calculate each variable from a separate DNN, a unified ap-

proach is adopted, utilizing a single DNN to predict all variables. This streamlined method-

ology facilitates a direct comparison of methods with similar computational complexity,

thereby enabling a fair assessment of performance.

The detailed results of the comparative evaluation conducted on the IEEE 14-bus and

IEEE 118-bus systems are presented in Table 4. For the bus-14 system, all algorithms

achieved prediction errors of approximately 1e−4 for each variable, but the proposed calibra-

tion algorithm greatly improves the feasibility regarding the power flow equation defined in

[C3]. When considering the optimality gap, the proposed method outperforms the others.

Moving to the IEEE 118-bus system, DeepOPF-V [61] tends to overfit voltages, but performs

inaccurately when using these voltages to recover power injections. Supervised OPF [51] en-

counters challenges in accurately predicting all variables while ensuring feasibility. However,

the proposed algorithm demonstrates smaller prediction errors, lower feasibility violations,

and a smaller optimality gap. Therefore, the proposed framework is proved to be a more

effective solution, surpassing both counterparts across various metrics.
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Table 4: Comparison of DNN’s Performance in Different Algorithms

Power Grid
Architecture Performance

Model Type #Parameters |V |mse ϕmse PGmse QGmse Feasibility Optimality Gap Time (s)

14

Supervised Learning [51] 190,168 5.2e−4 3.2e−4 3.5e−4 7.2e−5 8.5e−3 2.25% 0.009
DeepOPF-V [61] 189,148 6.8e−6 6.2e−6 8.3e−5 1.9e−5 3.5e−3 0.72% 0.023

Proposed 189,148 1.0e−4 1.2e−4 7.1e−5 3.8e−5 3.8e−3 0.58% 0.022
Proposed† 189,148 1.2e−4 1.4e−4 7.3e−5 3.7e−5 < 1e−6 0.67% 0.117

118

Supervised Learning [51] 324,504 3.5e−4 1.4e−3 5.3e−4 5.5e−4 0.032 0.17% 0.018
DeepOPF-V [61] 309,164 1.3e−4 2.3e−4 0.042 3.7e−3 0.039 1.03% 0.026

Proposed 309,164 3.6e−4 4.8e−4 3.3e−3 4.7e−4 0.012 0.25% 0.028
Proposed† 309,164 3.8e−4 5.8e−4 2.82e−3 3.1e−4 < 1e−6 0.15% 0.173

4.4.3 Performance of the Calibration Algorithm

In Algorithm 3, the early stopping criterion ρ is defined as 1e−6, ensuring that the calibration

process terminates when the change in the objective function becomes negligible. Addition-

ally, the maximum number of epochs for calibration E is set to be 100, providing a balance

between computational efficiency and convergence.

The calibration algorithm is evaluated using 10,000 testing points for both the IEEE bus-

14 and IEEE bus-118 systems. It achieves a convergence rate of 100% for the IEEE 14-bus

system and 92.2% for the IEEE 118-bus system, demonstrating the effectiveness of this

approach across diverse scenarios. To visualize the convergence behavior, the average per-

formance curve for the convergence cases is depicted with a solid line in Figures 8 and 9. The

plot illustrates how imbalance in the grid is eliminated across epochs. Additionally, the plot

includes a shaded interval between the best and worst cases for each epoch, demonstrating

the statistical patterns of the convergence algorithm across different scenarios. Convergence

with average imbalance below ρ is typically achieved around the 33rd epoch for the IEEE

14-bus system and the 40th epoch for the IEEE 118-bus system.

Furthermore, the optimality of the calibrated ACOPF solutions is assessed to evaluate the

degree of changes introduced by the calibration process. The proposed algorithm exhibits

minimal calibrations, with the average optimality gap experiencing only slight changes. For
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Figure 8: Average Curve of Calibrations on IEEE Bus-14.

Figure 9: Average Curve of Calibrations on IEEE Bus-118.
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instance, the average optimality gap increases from 0.58% to 0.67% for the IEEE 14-bus

system and decreases from 0.25% to 0.15% for the IEEE 118-bus system. These negligible

changes demonstrate the ability of the proposed algorithm to refine ACOPF solutions while

preserving their optimality.

4.5 Summary

In summary, this chapter proposes a physics-informed DNN framework for addressing the

ACOPF problem in power grid operations. By leveraging DNNs and incorporating physics-

informed penalties, the complex relationships between power demand, optimal voltage mag-

nitudes, and optimal phase angles are captured, while critical constraints and operational

requirements are adhered to. Moreover, the proposed calibration algorithm has showcased

100% convergence rates on the IEEE 14-bus system and 92.2% on the IEEE 118-bus system

with negligible perturbations to ACOPF solutions from the DNN, thus demonstrating its

practical utility in real-world scenarios.
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5 Unsupervised Generative Model for OPF

This chapter introduces a novel unsupervised learning model for the OPF problem. The

proposed method removes the need for labeled data from traditional OPF solvers, relying

instead on the abundant historical operational data available in ISO or utility company

datasets. The experimental results demonstrate the efficacy and efficiency of this approach,

underscoring its potential for solving OPF using unsupervised learning techniques.

5.1 Introduction

Supervised learning method and hybrid learning algorithms requires the procedure of gen-

erating labelled datasets. in the context of OPF, it often runs traditional OPF solvers to

obtain input power demand and corresponding optimal solutions. While these methods can

achieve high accuracy, they are limited by the availability and quality of labeled data. In

response to these limitations, we leverage the abundant historical operational data stored

in ISO or utility’s data centres and propose an unsupervised learning method to learn the

underlying data distribution and search for the optimum. The unsupervised learning model

is a novel extension of generative machine learning that effectively addresses the OPF prob-

lem in the power grid in real-time. Due to the lack of controllability of the latent space and

the more blurred data quality in Variational Autoencoders (VAEs) [74], as well as the slow

prediction speed of Diffusion Models [75], a Generative Adversarial Network (GAN) [76] is

selected as the machine learning model for this study.

The proposed model is an information-theoretically guided continuous conditional GAN

that learns the feasible data distribution and simultaneously extracts a disentangled latent

variable for controlling the power generation cost in a completely unsupervised manner. This

approach allows the model to generate feasible power flow solutions directly from the input
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data, without collecting optimal solutions for training. To ensure the generated solutions are

both feasible and optimal, the Karush-Kuhn-Tucker (KKT) conditions are established. The

KKT conditions are necessary for optimality in non-linear programming problems and help

guide the GAN to produce solutions that meet both the physical constraints of the power

system and the optimality criteria.

5.2 Background on Generative Adversarial Networks

Generative Adversarial Networks (GANs) [76] is a framework using a minimax two-player

game to train a generative model G and a discriminative model D. Model G captures the data

distribution of the training dataset, while model D estimates the probability that an input

data point came from the training data rather than synthetic data generated by model G.

In the literature, model G and model D are also called the generator and the discriminator,

respectively. However, they are consistently refered as models G and D in this chapter to

avoid potential confusion because there are also power generators in power grids. The input

of model G is a set of random noise called latent variables denoted by z, and the goal of model

G is to learn the mappings from the latent space to the data space where the target dataset

lies. Model D has a probability of 50% to receive fake data from the output of model G and

real data from the dataset. It is trained to maximize the probability of correctly classifying

both real and fake data. Mathematically, the minimax game is given by the following loss

function in Equation 25.

min
G

max
D

V (D,G) = E
y∼Pdata

[logD(y)]

+ E
z∼Pnoise

[log(1−D(G(z)))]

(25)
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Essentially, the loss function of GAN quantifies the similarity between the generative data

distribution and the real sample distribution by JS-divergence [77] when model D is optimal.

In the typical setting, model D is only used during the training of GAN, but not involved in

the prediction stage. Notably, the latent variable z has no meaning other than its meaning

via the generative model.

Conditional GANs (cGANs) [78] and its continuous version [79, 80] are extensions of the

standard GANs where both model G and model D are conditioned. This condition can

be either discrete or continuous, e.g., class labels, text descriptions, or any other auxiliary

information. The objective function for cGANs is shown in Equation 26:

min
G

max
D

V (D,G) = E
x,y∼Pdata

[logD(y|x)]

+ E
z∼Pnoise,x∼Pdata

[log(1−D(G(z|x)))]
(26)

where x represents conditions, which gives the model more control over the generated data

based on the context.

Clearly, G(z|x) will be different while manipulating the value of the condition x. Similarly,

continuous cGAN [80] extends cGAN by adding a weighted regularization term to the cost

function that is the norm of the Jacobian matrix of model G with respect to the condition

x, formulated in Equation 27.

min
G

max
D

V (D,G) = E
x,y∼Pdata

[logD(y|x)]

+ E
z∼Pnoise,x∼Pdata

[log(1−D(G(z|x)))]

+λ E
x,z

▽x||G(z|x)||

(27)

Because there exist infinite number of possible conditions, using finite samples to train the

model still leaves gaps in the conditional space. Minimizing the norm of the Jacobian matrix
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encourages model G not to perform sensitively to the small changes in the vicinity of the

known training conditions to fill these gaps.

5.3 The Proposed Model

The architecture of the proposed model is illustrated in Figure 10, comprising three neural

networks: model G, model D, and model Q. This model can be analyzed in two parts: the

conditional GAN (cGAN), which includes model D and model G, and the representation

learning component, which is achieved through the integration of model Q. Additionally, a

search stage based on KKT conditions is introduced. Notably, model D outputs a feasibility

score, which is used to select candidate points during the search stage.

5.3.1 Conditional GAN in the Proposal

Model G takes in as input the latent variables c and z (both are random variables), active

power demand PDi
, and reactive power demand QDi

. The active and reactive power demand

together are depicted as x and x̂ for fake and real conditions, respectively. The input x to

model G can be either real conditions drawn from the dataset, or fake conditions sampled

in the same distribution of x̂.

OPF solutions G((c, z)|x) from Model G and ŷ from the real dataset contain active power

supply PGg , reactive power supply QGg , voltage magnitude |Vi|, and phase angle ϕi at each

bus i ∈ N . This setting trains the proposed cGAN to generate random feasible solutions

regarding the input condition x.

To accelerate the learning process of generating solutions and enhance the feasibility of

the output, we add two types of inductive biases onto model G to shrink the searching

space. Firstly, the output layer of model G is modified according to Equation 28, in which
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Figure 10: Architecture of the Proposed GAN Model
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the original output layer fL uses the Sigmoid activation function ranging from 0 to 1. This

mechanism maps the original output into the range of [ymin
i , ymax

i ]

fout(fL(yi)) = fL(yi) · (ymax
i − ymin

i ) + ymin
i (28)

to satisfy the inequality constraints. Secondly, Equations 8 and 9 are transformed into a

physical loss term in Equation 29 to guide model G in satisfying the active and reactive

balance constraints.

LPh =
∑
i∈N

Li
Ph =

∑
i∈N

{[(PGi
− PDi

)−
∑
j∈N

Re(Vi(V
∗
i − V ∗

j )yij)]
2

+ [(QGi
−QDi

)−
∑
j∈N

Im(Vi(V
∗
i − V ∗

j )yij)]
2}

(29)

The ACOPF problem can be seen as searching for an optimal solution in a conditional dis-

tribution P (y|x), and the condition x is continuous. Thus, the problem naturally motivates

the use of continuous cGANs [79, 80]. Model G and D in Figure 10 form the cGAN part,

using Equation 27 plus the physical loss in Equation 29 as the cost function. It is designed

to understand the feasibility of generated points, including equality and inequality physical

constraints. It not only learns under conditions sampled from the condition space during

the training process, but also generalizes for unseen conditions. On the other hand, cGAN

only generates random feasible solutions conditioned on power demands, but it is still not

sufficient for finding the optimum.

There is an additional module in model D within this cGAN model, which modifies the

last layer of model D to include a prediction output for the physical imbalance regarding

constraint [C3], i.e., the value of Equation 29. As shown in DC3 [65], evaluating the fea-

sibility of solutions by calculating physical violations LPh is time-consuming in real-time

algorithms. Therefore, by leveraging the fast computation capabilities of DNNs, this term
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can be accurately predicted via model D, avoiding the computational burden of evaluating

physical constraints in large-scale grids during real-time control. The goal of using DNNs

is to shift the computational burden from the online (testing phase) to the offline (training

phase), enabling fast feasibility measurement during the testing stage. This regression task

in model D is defined as DR(·), and the regression loss is defined in Equation 30:

LR = E
x,y
||LPh −DR(x, y)||2 (30)

where LPh is zero when x and y are from the real dataset, and the prediction for physical

loss is made when x and y are from model G. This modification changes the role of model

D to not only participate in associated training of model G, but also optimum searching in

the second stage.

5.3.2 Information Theoretically Guided Representation Learning

The latent variable z in traditional GANs and cGANs represents the real data distribution in

a lower-dimensional space [76]. Commonly, z is neither explainable nor controllable because

it is not restricted in how model D may use it. This section explores the controllability

of latent variables and introduces an information-theoretically guided component into the

cGAN, inspiring the model to learn a single dimension of the latent variable that captures

the most salient representation in the power flow dataset. By manipulating the value of this

dimension, the outputs of model G will change drastically within the valid distribution. The

experiment shows that this dimension is highly correlated to the cost of power dispatch and

acts as a control knob.

In the proposed model, a single dimension of the latent variable is isolated and assigned

a separate name, ‘the latent code,’ and notation c for convenience in illustrations. Let’s
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consider the mutual information between two random variables c and y = G((c, z)|x) in

Equation 31,

I(c; y) = H(c)−H(c|y) (31)

where H(·) is the entropy measuring the information obtained about c by observing y. If

H(c|y) = H(c), the two variables are independent, and I(c; y) is zero. The maximum I(c; y) is

H(c) when H(c|y) = 0, in which case having y reveals everything about c, vice versa (mutual

information is symmetric). Therefore, an additional task for the cGAN is to maximize the

mutual information between the latent code c and the fake data y = G((c, z)|x). This task

will enforce the latent code to carry as much information about the synthetic data as possible

in a single dimension. In other words, c learns the most salient feature about y. Notably, the

second term in Equation 31 is not computable, as the distribution of fake data is unknown.

A variational lower bound for the mutual information is derived in [81] as shown in Equation

32,

I(c; y)= H(c)−H(c|G((c, z)|x))

≥ H(c) + Ey∼G((c,z)|x)Ec∼P (c|y) logQ(c|y)

= LI(c;G((c, z)|x))

(32)

The intuition of the lower bound above is the non-negativity of KL Divergence. By
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changing the order of integrals, the lower bound can be in the following form:

LI(c;G((c, z)|x))

= H(c) +

∫
y∼G((c,z)|x)

P (y)

∫
c∼C

P (c|y) logQ(c|y) dcdy

= H(c) +

∫
y∼G((c,z)|x)

∫
c∼C

P (y, c) logQ(c|y) dcdy

= H(c) +

∫
c∼C

∫
y∼G((c,z)|x)

P (y, c) logQ(c|y) dcdy

= H(c) +

∫
c∼C

P (c)

∫
y∼G((c,z)|x)

P (y|c) logQ(c|y) dcdy

= H(c) + E
c∼C

E
y∼G((c,z)|x)

logQ(c|y)

(33)

In this context, Q(·) can be seen as an inference neural network recovering the latent code

c from the synthetic data y. Because latent code c is a known random variable sampled

from a uniform distribution, H(c) is a fixed term. Therefore, maximizing Equation 33 is

equivalent to recovering latent code c from the synthetic data as accurately as possible. This

process can be reframed into an Autoencoder model [82]: taking c as input, encoding it to

y, and decoding back to c′ with an MSE loss function to be optimized. In Figure 10, the

architecture of an Autoencoder can be clearly observed on the right-hand side, with model

G and Q as encoder and decoder, respectively. Intuitively, the mutual information loss can

be rewritten into an MSE loss in the form of Equation 34:

LMI = E
c∼P (c),z∼Pnoise

||Q(G((c, z)|x))− c||2 (34)

Wrapping everything together into the cost function of the GAN model in Equation 35,
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in which the third term LGP denotes the gradient penalty in Equation 27.

min
G

max
D

V (D,G) = E
x̂,ŷ∼Pdata

[logD(ŷ|x̂)]

+ E
c∼P (c),z∼Pnoise

[log(1−D(G((c, z)|x)))]

+λLGP + νLMI + µLPh

(35)

Moreover, the implementation of InfoGAN proposed in [81] suggests that model Q shares

most of the hidden layers with model D to accelerate the training. However, we expect a

separate inference network Q to recover information only from the active power generation

because the power generation cost in Definition 3 relates solely to the active power supply

PGg . Other dimensions of the output from model G can be safely discarded in model Q due

to their irrelevance to the cost function.

5.3.3 Searching for the Optimal Solution

The proposed ML model is trained using a dataset composed of feasible points that are not

necessarily optimal. The model G synthesizes various values of y for fixed inputs x when

latent variables are altered. The latent variables are composed of two parts - a noise vector

z selected from a Gaussian distribution, as typical for GAN systems [76], and the single-

dimensional code c. The noise component z allows for variations in the outputs synthesized

by G, while the latent code c enables the generation of solutions associated with wide range

of costs, which can be leveraged for optimizations.

The degree of feasibility of generated y given x can be determined by the two-dimensional

feasibility score f from model D, which quantifies the imbalance in the power flow equations

and the violation of branch flow limits. The code c is a single-dimensional independent

variable directly correlated to the cost of output y. This can be used to force G to output y
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associated with low costs. The score f is utilized to ascertain the feasibility of the solutions

generated. Among the finite set of solutions synthesized by G for various values of c and

z, the one with the least cost while being feasible is selected. This solution is then further

refined via iterative updates to improve costs while maintaining feasibility. This process is

outlined next.

The proposed search algorithm is divided into two parts. In the first part, the search space

of the outputs generated by G is narrowed down to a specific region pertaining to low-cost

solutions as prescribed by c. A finite number of outputs M are sampled from G that fall

within this region. The feasibility of these outputs is ranked from lowest to highest based

on the feasibility score f . The output y associated with f indicating the greatest feasibility

is selected (i.e., low values of f), and this is denoted as y∗.

In the second part of the search, y∗ is iteratively perturbed to move in the direction that

minimizes an approximation of the Lagrangian of the OPF problem. This approximation,

referred to as La, does not require the use of traditional solvers.

La is composed of three components:

� 1. Generation costs C(y), which is the economic cost in the OPF problem.

� 2. Estimation of violations regarding the power flow equations.

� 3. Violations of inequality constraints (i.e., [C3] to [C7] in Definition 3).

The point y∗ serves as the initial point in the search for the point that minimizes POPF ,

which is then iteratively modified in the direction of the negative gradient of La. Computing

the gradients of C(y) and box inequality constraints with respect to y is straightforward

as these are quadratic and linear relations. However, computing the gradient of the power

imbalance component is difficult and necessitates knowledge of the underlying topology and

52



parameters of the system. To simplify this, the model D is trained to compute the degree

of imbalances in the power flow equations, which can be used in La as the estimation of

the violations. Df is a mapping that approximates the degree of mismatches in the power

balance equations. Assembling all these components together culminates in La as follows:

La(x, y, α, β, γ) = C(y) + αDf (x, y) + β(yi − ȳi) + γ(y
i
− yi))

where α, β, γ are analogous to dual variables and x is the primal variable of the optimization

problem POPF . α takes a value in the real space and β, γ are non-negative as these are

associated with inequality constraints. To improve point y∗, an iterative update process is

defined as follows:

y∗k+1 = y∗k − t
∂La(y

∗
k)

∂y

where k is the iteration number, and t is a fixed step size. These updates aim to iteratively

adjust y∗ until an equilibrium point of POPF is reached (i.e., the gradient is zero). As this

is a non-convex problem, this equilibrium point may be the global optimum. With stage 1

of the proposed search algorithm, the search space is narrowed to be close to the optimal

solution with the aid of c. These iterative searches defined in stage 2 will further narrow this

gap, as demonstrated in the next section.

For each update step, the gradient of La is computed. This computation is straightforward

for all terms except for Df (x, y). The Jacobian of Df (x, y) is computationally expensive, es-

pecially since this has to be executed for every iteration. The following zeroth-order gradient

estimation [83] is used instead:

∂Df (x, y)

∂yi
≈ Df (x, y + h ∗ ei)−Df (x, y − h ∗ ei)

2h
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where h is the perturbation applied at point y and ei is the direction in which the perturbation

is applied. h is set to 10−7 and ei is the standard basis vector where the ith component is

set to 1 and all remaining components are 0.

The above iterative search algorithm is summarized in Algorithm 2. To simplify the

expressions, boldface variables are utilized to represent a set of points. For example, c

represents M values sampled uniformly in the listed range. The range selected for sampling

c is set to be [−1,−ϵ] where ϵ can take values in the range (0, 1]. This interval is selected as

c is set to take values in the range [−1, 1] and since c is directly correlated with the costs,

lower costs will lie in the left-most interval. The algorithm uses the threshold ζ for the

feasibility score to filter out infeasible solution instances. The stopping criterion selected for

this algorithm is the change in sign of all dimensions of the approximated gradient of the

Lagrangian. Intuitively, this criterion indicates that a local extrema has been encountered

during the iterative refinement process. As approximations of the Lagrangian are used in

this algorithm, searching for the precise location of the extrema will not be a useful endeavor.

A second stopping criterion is introduced to prevent the iterative refinement process from

continuing indefinitely and this is a limit on the maximum number of refinements. Too

many refinements can steer the solution to be too far from the cost-effective/feasible region

originally identified by the proposed model. The convergence criterion is set to the gradient

of all dimensions reaching zero at the equilibrium point or having changed their signs (slightly

overshooting), which is checked at the beginning of each iteration.

Next, the theoretical properties of the equilibrium point y∗ are presented. In convex op-

timization problems, the Karush Kuhn Tucker (KKT) conditions are both necessary and

sufficient for optimality. In non-convex optimization problems, these are necessary condi-

tions. In the following, it is shown that the iterative algorithm outlined in Algorithm 2 does

approximately satisfy the KKT conditions of POPF . Then in the next section, empirical
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Algorithm 2 Iterative Search for Equilibrium OPF Solution

Input: x,M, t, ϵ,G(·), Df (·), ζ, kmax

1: c← SamplingM times in (−1,−ϵ)
2: z← SamplingM times inN (0, 1)
3: x = G((c, z)|x)
4: f = Df (x,y)
5: f∗ = min(f)
6: if f∗ > ζ then
7: return
8: end if
9: y∗ = y[argmin(f)]
10: α, β, γ : [0, ..., 0]T

11: k = 0
12: s = sign(∂La

∂y )

13: while ∂La

∂yi
= si,∀i and k≤ kmax do

14: α : α+ La/
∂La

∂α , β : β + La/
∂La

∂β and γ : γ + La/
∂La

∂γ

15: β = max(0, β)
16: γ = max(0, γ)
17: y∗ = max(min(y∗ − t∂La

∂y∗ , ȳ), y)
18: k++
19: end while
20: return y∗

experiments conducted on realistic systems demonstrate that these equilibrium points are

indeed very close to the optimal solution (i.e. the optimality gap is small).

Theorem 5.1. y∗, α, β, γ computed using Algorithm 2 satisfy the Karush-Kuhn-Tucker (KKT)

conditions listed as follows:

1) Stationarity:
∂La

∂y
= 0

2) Primal Feasibility: [C1] to [C7] satisfied for y∗

3) Dual Feasibility: β ≥ 0, γ ≥ 0

4) Complementary Slackness: β(y∗i − ȳi) = 0, γ(y
i
− y∗i ) = 0

Proof. KKT conditions are composed of four components: 1) Stationarity; 2) Primal Feasi-

bility; 3) Dual Feasibility; and 4) Complementary Slackness. Stationarity is approximately

achieved as the gradient of the Lagrangian is close to zero based on the termination condition
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defined in Algorithm 2. Primal feasibility occurs when constraints [C1] to [C7] are met.

This is achieved with Algorithm 2 as the initial starting point of the search is selected to the

one with the highest feasibility score, the inequality constraints are embedded within the last

layer of G and the search direction maintains feasibility as this is inherent in the gradient

calculations. Dual feasibility ensures that the dual variables associated with the inequality

constraints are non-negative. This is enforced by lines 15 and 16 of Algorithm 2. Finally,

complementary slackness ensures that when the inequality constraints are inactive, the cor-

responding dual variable is 0 and when these are active, the dual variable is non-negative.

Lines 14-16 of Algorithm 2 along with the last layer of G allow for complementary slackness

to be satisfied.

5.4 Experiments

In this section, the performance of the proposed mechanism is evaluated via practical ex-

perimental studies. The experiment setup and data generation process will be discussed

in Section 5.4.1. The training and performance of the GAN model will be demonstrated

in Section 5.4.2. Finally, a case study is conducted to compare the proposed method and

traditional methods in real-time OPF in Section 5.4.3.

5.4.1 Datasets

The experiment in this work is conducted on IEEE 118-bus, IEEE 300-bus, and PEGASE

1354-bus systems. In the 118-bus system, there are 54 traditional generation systems con-

nected. The 300-bus and 1354-bus systems are composed of 69 and 260 generator buses,

respectively. The datasets used for training, validation, and testing are generated on Mat-

Power 7.1 [40]. The power demands were sampled within the [80%,120%] range of the default

load value on each bus uniformly as the common practice in the literature [45, 52, 63]. The
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power factor, human interaction and correlation of weather and time factors are not con-

sidered in this data generation process. There are 55,966, 48,836, and 67,000 feasible data

points for the three benchmark systems, respectively. In each dataset, 85% is used for train-

ing the model, 10% for model selection and hyper-parameter tuning, and the remaining 5%

for testing. In the training stage, each generator bus’s power supply and voltage magnitude

are uniformly sampled within their working range, and MatPower completes feasible solu-

tions by solving power flow equations. For testing, MatPower calculates the optimal solution

using SDP relaxation [33] and IPM algorithm [40].

Considering the uncertainties from DERs, we assume that each non-generator bus has

either wind turbines or solar panels, and these are aggregations of DERs on the target

bus. In the U.S. in 2020, wind and solar power generations account for 8.4% and 2.3%,

respectively, so the deployment and parameters of DERs in the experiment are designed to

match these percentages. The IEEE 118-bus grid contains 64 load buses, where 24 of the

load buses are deployed with wind farms, and 40 are with solar stations. Each wind farm

is assumed to have one turbine with an 1800 m2 swept area. Each solar farm has 10,000

panels (1.67 m2 for each). This experiment only considers the active power generation for

both wind and solar power generations, and they will act as negative power demand. The

detail for modelling wind turbines and solar PV are demonstrated in Appendix A.

5.4.2 Performance of the Proposed Model

Hyper-parameters of the Model Table 5 tabulates the detailed parameters and settings

of the three neural networks in the proposed model for the IEEE 118-bus system. The three

networks G, D, and Q are trained with different time scales. The inputs of model G are

the power demand x, latent code c being a one-dimensional variable sampled uniformly in

the range [-1,1], and latent variable z, a 200-dimensional random variable from the normal
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distribution. Model G and Q train once in the outer loop, while D trains ten times in the

inner loop. The regression task shares most of the layers of model D, except the last two

layers: a hidden layer with four neurons and an output layer. The reason for a much smaller

architecture of Q is that it only recovers one single dimension. Our research study shows

that simple structures of model Q induce a more linear relationship between latent code c

and cost value. All the hidden layers use convolutional layers and the Leaky ReLU activation

functions. The weights λ, µ, and ν in Equation 35 are set to be 10, 10, and 1000.

Table 5: Architecture of the Proposal (118-bus system)

Component Description Dimensions / Layers

Model G

Input Layer y:236, c:1, z:200
Hidden Layers 256, 128, 64, 32
Output Layer x: 344
Activations LeakyReLU*4, Sigmoid

Model D

Input Layer y:236, x:344
Hidden Layers for Dr 512, 256, 128, 64, 32, 16, 8

Output of Dr r:1
Activations for Dr LeakyReLU*7, None

Hidden Layers for Df 32, 16, 8
Output of Df f :2

Activations for Df LeakyReLU*3, None

Model Q
Input Layer x:54

Hidden Layers 4
Activations LeakyReLU

Output ĉ:1

Training of the Proposed Model Model G’s loss curve is depicted in Figure 11. It

suffered a low-quality generation period before the 4,000th iteration. After that, it learns

to generate close-to-real synthetic solutions and converged at a low loss value. Figure 12

demonstrates the change of the norm of model G’s Jacobian Matrix during the training.

The norm value keeps falling down to zero, which means the fine-tuned model G is not

sensitive to small perturbations to the input power demand.
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Figure 11: Loss Curves of Model G on IEEE 118-Bus

Figure 12: The Curve of the Norm of mModel G’s Jacobian Matrix on IEEE 118-Bus
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As the learning proceeds, model G learns to generate solutions satisfying power flow equa-

tions. The physics equations (Equations 8 and 9) are evaluated every 100 iterations, and the

learning procedure is illustrated in Figure 13.

Figure 13: The P/Q Physical Violations of Generated Solutions on IEEE 118-Bus

Model D’s loss in learning is shown in Figure 14. The blue curve is the output of model D

for real data input, while the orange curve for synthetic data from model G. Model D in the

Wasserstein setting should use the sign of its output to determine real (+)/fake (-) data and

the absolute value for the confidence. The curve outputs positive for real data and a very

negative value for fake data at the early stage of the training. After 40,000 iterations, both

curves converge to the same level, close to zero. This means the quality of synthetic data is

greatly improved during model G’s learning process, and model D cannot even distinguish

their differences. Thus, an equilibrium between the two players in this game is somehow

reached.

The regression part of model D is simply a minimization task of MSE loss, and it can be

either designed inside model D or be a separate network itself. The loss curve falls to zero

quickly, as shown in Figure 15.
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Figure 14: Loss Curves of Model D on IEEE 118-Bus

Figure 15: Loss Curves of the Regression Task on IEEE 118-Bus
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As discussed in Section 5.2, the sub-system containing model G and Q can be seen as an

Autoencoder, which minimizes the reconstruction loss between input c and output of model

Q. Figure 16 plots the loss curve of this sub-system. It shows that the Q model successfully

recovers the latent code c.

Figure 16: The Loss Curve of Model Q on IEEE 118-Bus

Testing on Latent Code For a given demand x, by fixing the noise z to be a random

value and slowly increasing the value of c, the value of the cost function in Definition 3 shows

an interesting phenomenon in Figure 17. Its value changes along with different latent code

c, and the curves are quite smooth and linear.

The reason for the salient changes corresponding to controlling the value of c is that the

existence of model Q forces model G to encode the most crucial aspect of data into c. From

the perspective of information theory, many choices of c may exist, but model G picks up the

one carrying the most information in the data domain to maximize the mutual information.

Indeed, the most significant feature of power generation data is the magnitude of generated

active power in the target grid, which directly influences the cost function. It means that

62



Figure 17: The Relationship Between the Latent Code and the Cost Value on IEEE 118-Bus

by varying the value of c, we can generate feasible solutions with different cost values. Even

setting c to be small will minimize the cost function. Besides, it is shown in Table 5 that

model Q only contains a single hidden layer, so the effect of its activation functions will be

more linear than deeper structures. This is why the simple structure of Q induces close-to-

linear behaviors of latent code c. Because the coefficients from MatPower have high values

for the first-order term and low values for the second-order term, the cost function also

performs linearly with respect to the active power generation.

Optimality Evaluation Next, the optimality gap and time for computation of solutions

based on Algorithm 2 is compared with other techniques. For the fairness of the comparison

under the same assumptions, traditional solvers SDP [33] and IPM [40] are used as baseline

algorithms. The search parameter ϵ in Algorithm 2 is selected to be 0.6. N is varied from

50 to 5000. Table 6 summarizes these results for 1000 different scenarios. The first column

lists the three benchmark systems considered in this paper, the second column presents the

number of points sampled (i.e. N), the third column lists the average percentage gap and

the 95% confidence interval of the solutions computed using our proposed model from the
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Table 6: Performance Comparison to SDP and IPM.

Grid N

Average Gap
to SDP(%)
+0.95
Confidence
Interval

Average Gap
to IPM(%)
+0.95
Confidence
Interval

Time(s) Feasible

118

50 3.97±0.49 3.79±0.47 0.12 ✓
100 3.87±0.48 3.27±0.39 0.21 ✓
200 3.63±0.45 3.44±0.42 0.27 ✓
500 3.52±0.44 2.97±0.38 0.29 ✓
1000 3.18±0.38 3.00±0.37 0.34 ✓
3000 2.90±0.35 2.70±0.33 0.56 ✓
5000 2.92±0.35 2.71±0.35 0.65 ✓

300

50 - 2.01±0.37 0.18 ✓
100 - 1.96±0.26 0.20 ✓
200 - 1.98±0.36 0.24 ✓
500 - 1.98±0.34 0.27 ✓
1000 - 1.92±0.33 0.49 ✓
3000 - 1.94±0.32 0.65 ✓
5000 - 1.96±0.31 1.02 ✓

1354

50 - 2.69±0.64 0.32 ✓
100 - 2.67±0.64 0.37 ✓
200 - 2.66±0.68 0.39 ✓
500 - 2.63±0.67 0.47 ✓
1000 - 2.53±0.64 0.61 ✓
3000 - 2.60±0.64 1.03 ✓
5000 - 2.61±0.62 1.58 ✓

solutions computed using the SDP solver, the fourth column is the average percentage gap

and 95% confidence interval of our proposed model from the solutions computed by the IPM

solver, the fifth column presents the average time entailed in computing the solutions using

our proposed model and the last column reflects whether or not solutions from the proposed

model are feasible based on the outcome of traditional load flow solvers in MatPower.

For all combinations of parameters, it is clear that the optimality gap of the proposed ML

model is within 3-4% of the traditional solvers. The 95% confidence intervals indicate small

deviations from these average values. Although the gap decreases for increasing values of N ,
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this is not extensive. Thus, smaller samples can be used as these are associated with lower

computational times (i.e. ≤ that are lower than 0.5 s). The average computational times

entailed by the SDP solver for solving the 1000 scenarios are 98.1 s for 118-bus, 165 s for 300-

bus and 241.7 s for 1354-bus systems respectively. For the IPM solver, the computational

times are 8.29 s, 8.50 s and 8.76 s for these three systems respectively. Moreover, it is

important to note that the converge rates with the SDP solver are between 1.2% and 18.0%

for the 300-bus system, and 2.5% and 69.6% for 1354-bus system with the SDP solver. For

this reason, the comparisons with our solution to the SDP solver are not included in Table

6. Our solver requires less than 0.5 seconds on average for the two experimental grids.

Hence, the improvement in computational speed is at least 16 and 180 times for the 118 and

1354-bus systems respectively in comparison to these traditional solvers. Thus, real-time

computations are possible with our proposal. Furthermore, upon evaluating the feasibility

of the solutions using external traditional solvers (e.g. load flow solver from MatPower),

these verified that every solution obtained from the proposed ML model are indeed feasible

for IEEE 118, IEEE 300 bus and Europe 1354 grids. The proposed model produced these

solutions without resorting to external solvers and this is not the case with the state-of-the-

art data driven solutions like [52,65].

5.4.3 Case Study on Real-time OPF vs Droop Control

As shown in the experiment, traditional methods such as SDP and IPM take a much longer

time for OPF computations, so it is impractical to respond to real-time demand and DERs

change. Traditional OPF is conducted in fixed intervals (e.g., every 5 minutes), and its

results are used as setpoints for droop control process inside generators. Hence, the actual

expense of the power generation at a specific moment is the summation of the cost of the

setpoint and additional generation from droop control and AGC. This overall cost can be
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formulated in the form of Equation 36:

∑
g∈G

Cg(PGg +∆PGg) (36)

where ∆PGg is the extra power generation from generator g ∈ G based on droop control and

AGC. This real-time cost cannot be controlled by traditional OPF, and according to [87],

additional power generation by droop control and AGC responses at the i-th generator is

based on Equation 37.

∆PGi
=

∆P/Ri∑
g∈G 1/Rg

(37)

where ∆P is the overall demand increase in the grid, Rg, g ∈ G are droop speed regulation

related to frequency variation range and megawatt base of the target generator. This case

study assumes all generators have the same frequency variation ranges and megawatt bases.

Intuitively in Figure 18, when imbalance happens, the power system takes the extra

amount of electricity needed from inertia inside the generators, and then the generators’

turbines slow down. AGC will control all connected generators to adjust their fuel levels to

restore their nominal frequency.

Figure 18: Structure of a Power Generator [86]

The traditional OPF assumes the power demand in the grid remains static or varies in

a very small range in the intervals so that the most economical solutions can still be the
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optimal or close-to-optimal after droop control. Unfortunately, this may not hold. The OPF

computations depend on either the start point of the interval or the prediction at the moment

of delivery. Still, any of them may introduce errors. With high uncertainty of load demand

and penetration of DERs, the condition may change drastically in the interval, and the

literature on load forecasting also reveals unavoidable errors. e.g., Kalman Filter estimator

[88] results in about 18% mean absolute percentage error (MAPE), and two deep learning

methods [89,90] report 3.9% and 7.4% MAPE with very complex structure (potentially long

execution time).

Thus, assuming the load/DERs derivation is +5% in the interval for any reason, this ex-

periment tests the real-time power generation loss of the proposed mechanism and traditional

methods with droop control. Droop control will distribute the extra demand to all generators

because frequency droop is a global variable when traditional OPF underestimates the load

demand. In contrast, the proposed model provides real-time optimal solutions. The result

on 1,000 test scenarios shows that traditional OPF + droop control is 8.44% more expensive

than our method in +5% load increase cases.

5.5 Summary

In this chapter, a novel information-theoretically guided continuous conditional GAN is

proposed that learns the feasible power flow data distribution and draws a controllable

latent code to manipulate the economical cost of the generated solutions. By leveraging the

latent code along with the establishment of the KKT conditions, the proposed algorithm

can successfully generate solutions that are close to globally optimal. This work relaxes

the common assumption in the literature that model owners must collect an optimal power

flow dataset; instead, it only requires feasible power flow data to train the model. To the

best of the author’s knowledge, this is the first time a generative model has been used in
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a constrained optimization task. This work sheds light on the construction and innovation

of generative models and representation learning models in smart grids and constrained

optimizations.
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6 Data-driven Convex Optimization for OPF

6.1 Introduction

Convex relaxation techniques have been extensively studied to address the ACOPF prob-

lem. Methods such as linear relaxation [23–28], SDP relaxation [16,33,34] and SOCP relax-

ation [35–38] have been proposed to relax the original problem into a convex problem that

can be solved more efficiently. However, these convex relaxation methods often result in so-

lutions that may violate the original problem constraints, particularly in the case of meshed

networks, and can be computationally expensive for large systems due to their formulations.

This chapter proposes a data-driven approach that leverages the input convex neural net-

work (ICNN) model [91] to reformulate the ACOPF problem into a convex problem, thus

facilitating its solution in a tractable manner. The ICNN model is designed to learn a convex

boundary for the feasible points of the ACOPF problem, transforming the non-convex con-

straints into convex ones while preserving the problem’s original complexity. The proposed

method utilizes adversarial training, relying solely on feasible data points, which allows for

the use of existing grid datasets for training purposes. Given that the objective function of

the original ACOPF problem is typically a convex quadratic function [22], the reformulated

problem remains convex, enabling the computation of globally optimal solutions. There-

after, a two-stage iterative computationally efficient algorithm is introduced to compute the

solution to the reformulated problem that is guaranteed to be electrically feasible. These

guarantees are established via theoretical constructs from fixed point iteration and a global

convergence condition. A comprehensive studies in five practical benchmark systems along

with comparative studies with existing work are presented to demonstrate the effectiveness

of this proposal.
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6.2 Background on ICNN

ICNN is a specially designed DNN model to handle convex mappings between input and

output pairs of data. ICNNs are distinct from traditional DNN models such as feedforward

neural networks [73], due to their architectural constraints that ensure the convexity of

the output with respect to the input. This property makes ICNN particularly useful in

optimization tasks, where convexity is a desirable attribute for ensuring global optimality

and convergence. The general architecture of an ICNN is depicted in Figure 19. There are

two paths in the ICNN where the first is a feedforward path denoted by W z
k and shortcut

paths W I
k .

Figure 19: Architecture of ICNN [91].

The output of the kth layer of the ICNN is listed in Equation.38, where the weights W z
k

are weights for the feedforward path in each layer k, W I
k are the weights for the residual link

of input variable (x, y), and bk are the bias at each layer.

Zk+1 = δk(W
z
kZk +W I

k (x, y) + bk) (38)
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This model’s design ensures that the output ZK is convex with respect to the input x. This

is achieved through two key principles:

� Non-Negative Weights: The weights in the feedforward path (W z
k ) are constrained

to be non-negative.

� Non-decreasing Activation Functions: The activation functions used in ICNNs

are convex and non-decreasing. Common choices include ReLU (Rectified Linear Unit)

and linear activation functions.

The convexity of ZK with respect to x and y is guaranteed by design as the non-negative

sum of convex functions remains convex and the composition of a convex function into a

convex non-decreasing function is also convex [91].

6.3 Proposed Method

This section will first explain the rationale and mechanisms for relaxing the OPF problem into

a convex optimization problem. It will then introduce the training process of the proposed

model. Following that, a searching algorithm and a feasibility correction algorithm will be

presented.

6.3.1 Elimination of Non-convexity in ACOPF

Rationale for Convex Approximation of the Feasible Set In Definition 3, [C3] and

[C6] are two groups of constraints that make the ACOPF problem nonlinear and non-convex.

The gradient of power injection at bus i with respect to bus voltages, dSi

dV
, is defined as follows
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in Equation 39.

gi =
dSi

dV
=

ViY
∗
ii +

∑N
j=1 V

∗
j Y

∗
ij , if i = j

ViY
∗
ij , if i ̸= j

(39)

By numerically evaluating this for randomly chosen pairs of points in datasets of bench-

mark systems, it was interesting to note that gi of these points are very close to each other.

Specifically, cosine similarity ciA,B for gradients of randomly selected data point pairs (i.e.,

giA gradient of Si with respect to V for point A and giB gradient for point B) can be measured

by:

ciA,B = cos(θiA,B) =
Re(giA · giB

∗
)

||giA||||giB||

The average similarity of randomly selected data pairs in the whole dataset D can be

evaluated by:

cD = EA,B∈DEi∈N ciA,B (40)

When cD is nearly 1, it represents a nearly linear relationship between Si and V [94]. This

analytically leads to the linearity between Si and |Vi|, as well as ϕi when phase angles are

small, which is the common case in transmission networks [95]. This relationship extends to

the near convexity of [C6] as well. We show this empirically for the 5 benchmark systems in

different grid scales, including the IEEE 14-bus, IEEE 118-bus, PGLIB 118-bus, PEGASE

1354-bus, and PGLIB 2000-bus systems. The average similarity cD computed for [C3] and

[C6] for these systems is higher than 0.96. Additionally, the histogram of this similarity of

1.18 million points on the IEEE 118-bus system is plotted in Figure 20, showing a high score

of this measurement close to 1.0.

Thus, the nearly linear and convex nature of the relationships between the inputs and

outputs that correspond to constraints [C3] and [C6] as evident in common datasets [96],
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Figure 20: Histogram of cA,B in IEEE 118-bus system for [C3] and [C6].

has motivated the convexification of PACOPF defined in Definition 3 and the use of ICNN.

ICNN is more general than linear models and thus will be able to account for the non-

linearities that are still present, and its convex properties allow for guarantees in solutions

computed for the transformed problem. It is shown that ICNN is able to generalize well and

approximate the feasible boundary defined by [C3] and [C6] with high accuracy in Section

6.4.

Defining a Convex Optimization Problem In order to eliminate the non-convexities

presented in the constraints of the original OPF problem, a new function H(x, y; θ) is trained

to classify if the input pairs of variables (x, y) are feasible or not. θ represents the parameters

of the trained model. x encapsulates all variables in PACOPF (i.e., PGg , QGg , |Vi|, and ϕi

for all g ∈ G and i ∈ N ), and y is the composite of power demand, i.e., PDi
and QDi

for

all i ∈ N . The output of H(x, y; θ) is a non-positive value if {x, y} is feasible (i.e., satisfies

constraints [C1] to [C6]) and a positive value otherwise. H(x, y; θ) will replace [C1] to [C6]

in PACOPF . The new problem will be referred to as PConv and is formulated as follows:
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PConv : min
PGg

∑
g∈G

Cg(PGg)

s.t. H(x, y; θ) ≤ 0

∀g ∈ G : Pmin
Gg
≤ PGg ≤ Pmax

Gg

Qmin
Gg
≤ QGg ≤ Qmax

Gg

s.t.∀i ∈ N : V min
i ≤ |Vi| ≤ V max

i

ϕmin
i ≤ ϕi ≤ ϕmax

i

With the convexity of PConv [94], many desirable attributes can be guaranteed in the

computation of the solution of the ACOPF problem, including the convergence of iterative

searches and global optima. Furthermore, this decouples the constraints from the objec-

tive and allows for the use of datasets that contain only operational points that are not

necessarily optimal. Unlike convex relaxations, which are typically the supersets of the fea-

sible set of the original problem and result in violations of grid limits, ICNN is trained to

closely fit the feasible boundary via adversarial training. This approach is also different from

approximation-based techniques that neglect important system attributes.

6.3.2 Data Augmentation and Training of ICNN

The model H(x; θ) is utilized to classify specific instances of grid variables x as being feasible

or not. For this, it is necessary to utilize datasets composed of both feasible and infeasible

data points to train the ICNN. However, in datasets that are available in practice, infeasible

points are rare occurrences as these can lead to grid violations and cascading failures. System

operators maintain a high degree of reliability in the operation of the grid [97]. To overcome
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the lack of infeasible points, the dataset is augmented with infeasible points computed via

adversarial perturbations of feasible points. Unlike image applications, small perturbations of

data points in the power domain can render these infeasible. As such, after the augmentation

process, labels are assigned whereby the original data points are assigned the value 0 and

the augmented data points are each assigned the value 1.

The data augmentation technique proposed for the power grid application is different

from those commonly utilized in image processing applications. With this approach, feasible

points in the original dataset are randomly selected and perturbations are applied until they

cross the decision boundaries formed by [C1]-[C6] in Definition 3. Four specific types of

perturbations are utilized to generate the augmented data points. The first is based on

additive noise, where for a feasible point x :{PGg , QGg , |Vi|, and ϕi, ∀g ∈ G, ∀i ∈ N} from

the dataset, additive Gaussian noise with mean 0 and standard deviation of σ is applied to

qi. From empirical studies, σ is selected to be 0.02. The second technique is based on the

swapping of variable set x between randomly selected power demand y. The third method

utilizes uniform sampling of the input component of the feasible data point inside its valid

range. The fourth method aims to generate data points violating [C6]. The gradient ascent

algorithm is utilized to iteratively perturb x until [C6] is not satisfied.

With the augmented dataset, the ICNN is trained to be a classifier and identify whether the

inputs are feasible (i.e., original data points) or not (i.e., augmented data points). During the

training, the activation function at the output layer is selected to be the sigmoid function,

which is non-convex. The sigmoid function allows for the use of the cross-entropy loss

function specified in Equation 41 during the training process:

J(θ) =− 1

M

M∑
m=1

Umlog[σ(H(xm, ym; θ))]

+ (1− Um)log[1− σ(H(xm, ym; θ))]

(41)
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where M denotes the total number of training points, in which half are randomly selected

from the dataset and another half are from the data augmentation. σ is the sigmoid activation

function and Um returns the label assigned to point {xm, ym} (i.e. 0 if {xm, ym} is from the

original dataset and 1 if {xm, ym} is augmented). Once the training is complete, the sigmoid

function is removed. When the output of H(xm, ym; θ) is non-positive, {xm, ym} is feasible

and otherwise it is inferred to be infeasible.

6.3.3 Iterative Search Algorithm

Once the ICNN is trained, PConv can be solved instead of PACOPF . Since PConv is a convex

formulation, the convergence to global optimum is guaranteed. First, a log-barrier-based ob-

jective function L is defined in Equation 42 to convert PConv into an unconstrained problem.

LConv(x) =
∑
g∈G

Cg(PGg)− τ [log(−H(x, γ; θ))

+
K∑
i=1

(log(xmax
i − xi) + log(xi − xmin

i ))]

(42)

The first term in LConv(x) is the original objective function in PACOPF , the second term is

a log-barrier function that returns infinity when {x, y} is infeasible. The log-barrier func-

tion acts as an indicator function and allows for a differentiable boundary. τ is a positive

parameter that represents the weight of the log-barrier term. The log-barrier term takes

higher precedence for lower values of τ and then diminishes over time. This allows for an

iterative search to assign greater penalty for infeasibilities and then account for optimality

over time. A log-barrier-based objective function is used instead of a Lagrangian dual as

the linear penalty terms do not prevent the solution from being infeasible. The solution to

PConv is computed in an iterative manner by minimizing LConv(x). The iterative updates
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are defined as follows:

xt+1 =xt − α(β
∂LConv(xt)

∂xt

(43)

+(1− β)
∂LConv(xt−1)

∂xt−1

)

where t denotes the t-th iteration, α is a parameter representing the step-size in the update

process, β is the momentum factor for accelerating the convergence process and ∂LConv(x)
∂x

is the gradient of LConv(x) which is computed by taking the gradient of the quadratic cost

function and the ICNN model.

For this iterative algorithm, the initial point selected is critical, as otherwise the search will

lead to out-of-distribution solutions. A warm-start approach is utilized where another neural

network is trained to predict the feasible x given the input parameters y to the problem.

This warm start point is further refined so that there is a margin of at least ν within the

feasible boundary using the following iterative refinement:

x0 = x0 −
dH(x0, y; θ)

dx0

(44)

This refinement is repeated until H(x0, y; θ) < ν. Starting from this initial point, x is

iteratively refined until the stopping criteria of H(x, y; θ) return a positive value (i.e., x is

infeasible) or ∂LConv

∂x
< ϵ, which indicates that the solution is near optimality and ϵ is a

pre-defined threshold. Since Equation 43 represents updates to a convex loss function LConv,

the stopping criteria are guaranteed to be reached.
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6.3.4 Feasibility Correction

The output xopt of the searching process will be globally optimal for Pconv. However, asH(.) is

a data-driven decision boundary, it is associated with a small margin of error. As a result, the

solution xopt from the iterative search, while globally optimal for the convex problem Pconv,

may slightly violate constraints [C3] and/or [C6] in the original formulation PACOPF in

Definition 3. In experiments, the average aggregate imbalance in [C3] is approximately 0.01

p.u. for the benchmark systems, indicating that xopt is very close to the feasible boundary. To

address this, two stages of iterative refinements—local and global updates—are introduced

to ensure the final solution meets [C3] and [C6] simultaneously under typical power grid

conditions. These refinements will be detailed in the following sections.

Local Updates In this section, the proposed local updates are introduced. The residue

corresponding to the power balance equation for bus i is defined as:

Ri = PGi
− PDi

+ j(QGi
−QDi

)− Vi

∑
j∈N

V ∗
j Y

∗
ij (45)

Here, Ri is zero when there are no violations in the power balance equations, and non-zero

otherwise. The local updates aim to reduce the residue to zero. For a generator bus i, the

local power generation is updated once to absorb the local imbalance as follows:

P e+1
Gi

+ jQe+1
Gi
← PDi

+ jQDi
+ V e

i

∑
j∈N

V e
j
∗Y ∗

ij (46)

where e and e + 1 denote the epoch (iteration) count for the global update. V e
i and V e

j

are computed in the previous epoch e. At e = 0, these variables are initialized to xopt. If
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there is no slack in the generation constraints, bus i is treated as a load bus. For a load bus

i, the updates are as follows:

V e+1
i,k+1 =

1

Yii

[
−PDi

+ jQDi

V e+1
i,k

∗ −
N∑

j=1,j ̸=i

V e
j Yij

]
(47)

The subscripts k and k + 1 refer to the local iteration count. Voltages from neighboring

buses are computed in the previous epoch e (i.e., global update). These local updates k at

the current epoch e + 1 are derived by setting Equation 45 to zero, corresponding to the

original constraint [C3]. The updates in Equation 47 applied to Vi follow from fixed-point

iteration. These iterations are repeated until the residual calculated at iteration k falls below

a predefined threshold ρ (i.e., |Re+1
i,k | < ρ) where ρ is chosen to be a very small value (e.g.,

10−6). Since the voltage values of the neighboring buses are from the previous epoch, the

local updates can be performed in parallel by each bus. The convergence properties of these

local updates are discussed in Theorem 6.1.

Theorem 6.1. The local updates to bus voltages defined in Equation 47 are guaranteed to

converge when the following holds:

∣∣∣−PDi
+ jQDi

Yii

∣∣∣ < |V min
i |2 (48)

Proof. This proof follows from Banach’s fixed-point theorem, which indicates that the iter-

ative refinements must represent a contraction mapping for the sequence to converge to an

equilibrium point that satisfies Ri = 0.

When Ri = 0, we have:

−PDi
− jQDi

= Vi

∑
j∈N

V ∗
j Y

∗
ij
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To derive the fixed point iterations, the above relation is rearranged in terms of Vi as follows:

−PDi
− jQDi

= ViV
∗
i Y

∗
ii + Vi

∑
j∈N ,j ̸=i

V ∗
j Y

∗
ij

V ∗
i =

1

Y ∗
ii

(−PDi
− jQDi

Vi

−
∑

j∈N ,i ̸=j

V ∗
j Y

∗
ij

)
Vi =

1

Yii

(−PDi
+ jQDi

V ∗
i

−
∑

j∈N ,i ̸=j

VjYij

)
The voltage variable on the left hand side of the above relation is treated as the updated

variable and the voltage variables on the right hand side are obtained from computations in

the previous iteration to obtain Equation 47.

In the proof of Theorem 1, first, the updates in Equation 47 are expressed as f(V k
i ) = V k+1

i

as the update at iteration k+1 is a function of the voltage values computed in the previous

iteration. This mapping is contractive if:

|f(Vi,k)− f(Vi,k−1)

Vi,k − Vi,k−1

| < 1

This is indeed the case for the fixed point iterations defined in Equation 47. Substituting

the definition of f(Vi,k) into the left-hand side of the above inequality and rearranging the

terms:

f(Vi,k)− f(Vi,k−1)

Vi,k − Vi,k−1

= (
−PDi

+ jQDi

Yii

)(

1
Vi,k
− 1

Vi,k−1

Vi,k − Vi,k−1

)

=
(−PDi

+ jQDi

Yii

)( Vi,k−1 − Vi,k

Vi,kVi,k−1(Vi,k − Vi,k−1)

)

Applying the magnitude operator to the above relation, the following derivations are ob-

tained:
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|f(Vi,k)− f(Vi,k−1)

Vi,k − Vi,k−1

| ≤
∣∣∣−PDi

+ jQDi

Yii

∣∣∣∣∣∣ Vi,k−1 − Vi,k

Vi,kVi,k−1(Vi,k − Vi,k−1)

∣∣∣
=
∣∣∣−PDi

+ jQDi

Yii

∣∣∣∣∣∣ 1

Vi,kVi,k−1

∣∣∣ ≤ ∣∣∣−PDi
+ jQDi

Yii

∣∣∣ 1

|V min
i |2

The last inequality in the above stems the observation that all voltage values computed will

heed constraints [C4] and [C5]. In typical power systems, the lowest possible magnitude

of variables Vi,kVi,k−1 can take will be 0.952 given that the upper and lower bounds are

V min
i = 0.95 and V max

i = 1.05 [98] . For the fixed point iterations to converge, the above

must be bounded by 1 resulting in:

∣∣∣−PDi
+ jQDi

Yii

∣∣∣ < |V min
i |2 = 0.9025

Global Convergence Once local updates are complete, the values computed in the cur-

rent epoch are exchanged with all neighbouring nodes and the updates defined in Equations

46 and 47 are repeated for the next epoch. This process is repeated until the magnitude of

the overall residuals computed at each epoch is lower than a threshold (i.e.
∑

i∈N |Re
i | ≤ ρ)

or the number of epochs have reached a maximum of E. Global convergence across the

epochs is also guaranteed and this is formalized in Theorem 6.2.

Theorem 6.2. The local feasibility corrections defined in Equations 46 and 47 are guaranteed

to globally converge across the epochs when the following condition is satisfied for all e ∈ E:
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∑
i∈N

(
∑

j∈N ,j ̸=i

|
ceiV

e
j Y

∗
ij

Y ∗
iiV

e
i

|+
∑

j∈L,j ̸=i

|
cei c

e
jRe

jY
∗
ij

YiiY ∗
jjV

e
i
∗V e

j

|)|Re
i | <

∑
i∈N

|Re
i | (49)

where cei is the contraction factor of local updates at bus i in epoch e (defined in the proof)

and E represents the set of all epochs. Re
i is the residual at bus i calculated using voltage

values updated at epoch e.

Proof. The condition listed in Theorem 2 is derived here. First, the total residual Re+1

across the grid at epoch e+ 1 is defined:

|Re+1| =
∑
i∈N

|Re+1
i |

=
∑
i∈G

|P e+1
Gi
− PDi

+ j(Qe+1
Gi
−QDi

)− V e
i

∑
j∈N

(V e
j +∆e+1

V j )
∗Y ∗

ij |

+
∑
i∈L

| − PDi
− jQDi

− (V e
i +∆e+1

V i )
∑
j∈N

(V e
j +∆e+1

V j )
∗Y ∗

ij |

=
∑
i∈G

|V e
i

∑
j∈N ,j ̸=i

∆e+1
V j

∗
Y ∗
ij |+

∑
i∈L

|(V e
i +∆e+1

V i )
∑

j∈N ,j ̸=i

∆e+1
V j

∗
Yij

∗|

where ∆e+1
V i is the change in the bus voltage at bus i after applying local updates. The

second and third lines in the above follow from splitting the residuals into generator buses

and load buses and applying Equation 45 to these terms. When bus i is the generator bus,

the power generation will be revised to meet power balance according to Equation 46 and

if it is a load bus, the voltage is updated according to Equation 47. The fourth line results

from updates in Equation 46 that lead to:
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P e+1
Gi
− PDi

+ j(Qe+1
Gi
−QDi

)− V e
i

∑
j∈N

V e
j
∗Y ∗

ij = 0

and applying Equation 47 to the load bus:

−PDi
− jQDi

− (V e
i +∆e+1

V i )
∑
j∈N

V e
j
∗Y ∗

ij = 0

Next, the change in voltage magnitude ∆e+1
Vi

at each load bus due to local updates from

fixed point iteration is estimated. Firstly, it starts with the difference resulting from the

voltage computed in epoch e and the first local update iteration based on Equation 47:

V e+1
i,1 − V e

i =
1

Yii

[
−PDi

+ jQDi

V e
i
∗ −

N∑
j=1,j ̸=i

V e
j Yij]− V e

i

=
1

YiiV e
i
∗ [−PDi

+ jQDi
− V e

i
∗

N∑
j=1

V e
j Yij]

=
1

YiiV e
i
∗ [−PDi

− jQDi
− V e

i

N∑
j=1

V e
j
∗Y ∗

ij ]
∗ =

Re
i
∗

YiiV e
i
∗

The right-hand side of the first line above follows from applying one update based on Equa-

tion 47 and replacing that update with V e+1
i,1 . In the second line, V e

i is absorbed into the

fixed point update. In the third line, the relation is re-arranged so that it can be expressed in

terms of the residual from voltages computed at epoch e. The subsequent local updates based

on fixed point iterations will result in the total change of voltage in that epoch amounting

to be a factor cei of the change resulting from the first iteration:

∆e+1
Vi

=
ceiRe

i
∗

YiiV e
i
∗

83



This factor cei takes a value of approximately 1 on average (i.e. number of local updates

are close to one). Then, this expression for the change is substituted into the expression of

|Re+1| as follows:

|Re+1| =
∑
i∈G

| − V e
i

∑
j∈N ,j ̸=i

cejRe
jY

∗
ij

Y ∗
jjV

e
j

|+
∑
i∈L

| − (V e
i +

ceiRe
i
∗

YiiV e
i
∗ )

∑
j∈N ,j ̸=i

cejRe
jY

∗
ij

Y ∗
jjV

e
j

|

≤
∑
i∈G

|V e
i

∑
j∈N ,j ̸=i

cejRe
jY

∗
ij

Y ∗
jjV

e
j

|+
∑
i∈L

|V e
i

∑
j∈N ,j ̸=i

cejRe
jY

∗
ij

Y ∗
jjV

e
j

|

+ |
∑
i∈L

ceiRe
i
∗

YiiV e
i
∗

∑
j∈N ,j ̸=i

cejRe
jY

∗
ij

Y ∗
jjV

e
j

|

=
∑
i∈N

|V e
i

∑
j∈L,j ̸=i

cejRe
jY

∗
ij

Y ∗
jjV

e
j

|+ |
∑
i∈L

ceiRe
i
∗

YiiV e
i
∗

∑
j∈L,j ̸=i

cejRe
jY

∗
ij

Y ∗
jjV

e
j

|

≤
∑
i∈N

∑
j∈L,j ̸=i

|
cejV

e
i Re

jY
∗
ij

Y ∗
jjV

e
j

|+
∑
i∈L

∑
j∈L,j ̸=i

|
cei c

e
jRe

i
∗Re

jY
∗
ij

YiiY ∗
jjV

e
i
∗V e

j

|

=
∑
i∈L

∑
j∈N ,j ̸=i

|
ceiV

e
j Re

iY
∗
ij

Y ∗
iiV

e
i

|+
∑
i∈L

∑
j∈L,j ̸=i

|
cei c

e
jRe

i
∗Re

jY
∗
ij

YiiY ∗
jjV

e
i
∗V e

j

|

=
∑
i∈L

(
∑

j∈N ,j ̸=i

|
ceiV

e
j Y

∗
ij

Y ∗
iiV

e
i

|+
∑

j∈L,j ̸=i

|
cei c

e
jRe

jY
∗
ij

YiiY ∗
jjV

e
i
∗V e

j

|)|Re
i
∗|

The original relation is rearranged so that the final expression in the above is a weighted

summation of the magnitude of residual at every load bus. The condition in Theorem 6.2

requires the residuals in epoch e + 1 to be lesser than the residuals in epoch e. When this

holds for every epoch, this contractive behaviour will lead to converge to an equilibrium

where all residuals are 0.

Inequality Correction As mentioned earlier, the log-barrier terms allow for an implicit

slack in the inequality constraints for the solutions computed using Equation 43. For in-
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stance, in the IEEE 118-bus system, the slack is 0.72 p.u. for [C6] and 6.3% in the voltage

limits. Thus, when feasibility correction is performed to rectify a very small imbalance,

the resulting solutions do not violate any of the inequality constraints as observed in the

experimental studies.

However, when inequality constraints are violated, for example, using the corrective method

on the solution from SDP relaxations, the effects of the feasibility correction algorithm on the

inequality constraints are analyzed. The violation of inequality constraints can be defined

as a loss function in the form of:

LIneq =
K∑
i=1

max(xi − xmax
i , 0) + max(xmin

i − xi, 0)

+
∑

i,j∈N ,j ̸=i

max(|Vi(V
∗
i − V ∗

j )Y
∗
ij | − Smax

i,j , 0)

(50)

where xi represents all K decision variables, and the first summation term calculates the

violation of box constraints defined in [C1], [C2], [C4] and [C5]. The second summation

term quantifies the non-adherence of the electrical line limits in [C6]. Then, a gradient-

based update will conduct iteratively on each variable xi via the following rule, where ζ is

the step size:

xi ← xi − ζ
∂LIneq

∂x
(51)

Then, the algorithm needs to recheck the adherence of equality constraints and update

control variables via Equations 46 and 47. These two methods alternate and will eventu-

ally achieve both equality and inequality constraints, as the search is conducted within the

boundaries learned from the training data distribution, which obey all constraints.
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As such, the proposed algorithm to compute a solution for PACOPF is summarized in

Algorithm 3. The algorithm will exit and reject the query when it fails to find a valid

starting point x0 in line 6, and when no convergence is achieved in line 17.

Algorithm 3 Computation of solution for ACOPF.

1: function main(F (·), H(·; θ), PD, QD, ν, ϵ, ρ, M , T , E, K, Z)
2: Define γ : {PD, QD}
3: Define x : {PG, QG, |VG|, |VN\G |, ϕN }
4: x0 ← F (γ)
5: m← 0
6: while H(x0, γ; θ) > ν and m < M do
7: m← m+ 1
8: Update x0 via gradient descent
9: end while
10: t← 0
11: while t < T , H(x0, γ; θ) < 0 and ∂LConv

∂x > ϵ do
12: t← t+ 1
13: Update xt with Equation 43
14: end while
15: xopt ← xt

16: z ← 0
17: while Not Converged and z < Z do
18: CORRECTION(xopt)
19: Update xopt with Equation 51
20: end while return xopt

21: end function

22: function correction(x)
23: e← 0
24: while

∑
i∈N |Re

i | > ρ and e ≤ E do
25: e← e+ 1
26: for each i ∈ N do
27: if i is a load bus then
28: while

∣∣∣Re
i,k

∣∣∣ > ρ and k < K do

29: k ← k + 1
30: Update V e

i,k with Equation 47
31: end while
32: k ← 0
33: else
34: Update P e

G,i and Qe
G,i with Equation 46

35: end if
36: end for
37: end while
38: end function
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Compare to GS algorithm, the proposed calibration algorithm updates in parallel, and

the local convergence is guaranteed by Theorem 6.1. Moreover, GS algorithm fixes the

active power generation and voltage magnitude, and only updates reactive power and phase

angle on each generator bus. The proposed method, however, fully absorbs the imbalance

by changing both active and reactive power generations. The global convergence of the

algorithm is supported by Theorem 6.2.

6.4 Experiments

In this section, the efficacy of the proposed algorithm is evaluated via practical and com-

parative studies. First, the manner in which the datasets used to train the ICNN model

are generated is outlined in Section 6.4.1. Thereafter, the parameter selection, including the

architecture of the ICNN model and all parameters used in this algorithm, are detailed in

Section 6.4.2. Section 6.4.3 illustrates the convergence properties of the iterative algorithms

proposed for solving PConv and feasibility correction. Subsequently, a comparative study of

existing work is presented in Section 6.4.4.

6.4.1 Datasets

In the experiments, five benchmark systems are associated, including IEEE 14-bus, IEEE

118-bus, PEGASE 1354-bus, PGLIB 118-bus, and PGLIB 2000-bus systems. The IEEE

14-bus system is composed of 14 buses, 5 generators, and 11 loads. The IEEE 118-bus and

PGLIB 118-bus systems consist of 19 generators, 35 synchronous condensers, 177 lines, 9

transformers, and 91 loads [40, 99]. The power flow constraints on electrical lines for IEEE

bus-118 have been adopted from reference [100]. The PEGASE 1354-bus system is composed

of 1,354 buses, 260 generators, and 1,991 branches. The PGLIB bus-2000 systems contain

2,000 buses, 384 generators, and 3,639 lines.
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All datasets used in the training and evaluation of the proposed algorithm have been

generated using MatPower. Power demands are sampled within [80%,120%] of nominal

values for four benchmark systems: IEEE 14-bus, IEEE 118-bus, PEGASE 1354-bus, and

PGLIB 2000-bus systems. To simulate the drastic variation of power demand, the sample

range for PGLIB bus-118 is as large as [50%,150%]. To achieve the best performance, the

dataset should have sufficient variety and quantity in the sampling range, and the demand of

testing cases should fall within the same range. This influences the model’s performance by

enabling not only a close approximation of the feasible boundary but also accurate prediction

of the starting point in the convex optimization process. The total number of data points

generated are 244,489, 226,986, 200,322, 188,332, and 156,012 for the IEEE 14-bus, IEEE

118-bus, PGLIB 118-bus, PEGASE 1354-bus, and PGLIB 2000-bus benchmark systems,

respectively. Each dataset is divided into three parts where 10,000 points are randomly

selected for testing, and the remaining 75%, 15% and 10% are used for training, validation

and testing.

6.4.2 Selection of Parameters

Architecture Selection The selection of the number of layers, nodes per layer, optimizer,

and learning parameters for a data-driven model is an empirical process that requires sys-

tematic search. These parameters dictate the performance of the underlying model that is

trained and thus are a critical process. As the underlying grid structures are fundamentally

different among the five benchmark systems, a separate model H(x, γ; θ) is trained for each

case. Table 7 details various combinations of architectures and model parameters explored

for the IEEE bus-14, IEEE bus-118, and PEGASE bus-1354 systems. Figures 21-23 illus-

trate the evolution of prediction accuracy of each H model on the validation dataset as the

training progresses for the various settings listed in Table 7. The settings with † in Table 7
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are selected for the final H models as these exhibit low losses, rapid convergence, and greater

stability during training (i.e., less oscillations). The model selection process for the other

two power grids is similar.

Table 7: Architecture of the Proposed ICNN Model

System Setting #Layers & Neurons #Parameters Batch Optimizer LR Decay

IEEE14

1 66|128|64|32|4|1 50.8k 512 Adam 1e−3 -
2 66|128|64|32|4|1 50.8k 512 Adam 1e−2 0.95/100
3† 66|256|128|64|16|8|1 156.9k 512 Adam 1e−3 0.95/1, 000
4 66|512|128|64|16|1 420.2k 512 Adam 1e−2 0.95/1, 000
5 66|256|128|64|16|1 156.2k 512 SGD 1e−3 0.95/1, 000

IEEE118

1 580|256|128|64|32|4|1 536.6k 512 Adam 1e−3 -
2 580|256|128|64|32|4|1 536.6k 512 Adam 1e−3 0.95/1, 000
3 580|256|128|64|32|4|1 536.6k 512 SGD 1e−3 0.6/1, 000
4 580|256|128|64|32|4|1 536.6k 128 Adam 1e−3 0.8/1, 000
5 580|256|128|64|32|16|1 546.5k 512 Adam 1e−2 0.9/1, 000
6† 580|512|256|128|64|16|1 1.30m 512 Adam 1e−3 0.95/1, 000

PEGASE1354

1 5936|256|128|64|16|8|1 4.43m 32 Adam 1e−3 0.9/1, 000
2 5936|1024|512|128|64|32|16|1 18.27m 8 Adam 1e−3 0.95/1, 000
3† 5936|512|128|64|16|1 7.65m 16 SGD 1e−3 0.9/1, 000
4 5936|128|64|32|16|8|1 3.26m 16 SGD 1e−3 0.95/1, 000

Parameters in Algorithm 3 Parameters and pre-defined thresholds selected for Algo-

rithm 3 are presented in Table 8. Figure 24 presents the effect of various values of the

parameter τ encountered in Equation 42 on the outputs of a log barrier term. It is clear that

larger values of τ impose a penalty in a damped manner (i.e., less steep) when the inputs are

closer to 0. In the iterative updates listed in Equation 43, the values of τ are adjusted in a

scheduled manner across three stages as listed in Table 8. The threshold ϵ for checking the

convergence of convex optimization is set to 1e−6 for all five systems. The parameter K for

local convergence, ρ and E for global convergence in the feasibility correction methods are

set to 10, 1e−6, and 100, respectively. The remaining parameters are empirically selected to

facilitate rapid convergence to equilibrium for each of the benchmark systems considered.
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Figure 21: Performance of ICNN Models on Validation Set for IEEE 14-bus system.

Figure 22: Performance of ICNN Models on Validation Set for IEEE 118-bus system.
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Figure 23: Performance of ICNN Models on Validation Set for PEGASE 1354-bus system.

Table 8: Parameters in Alg. 3.

Parameter τ ν α β

IEEE14 [1e−2, 1e−3,1e−4] -0.35 1e−6 0.6
IEEE118 [1e−3, 5e−4,1e−4] -0.5 1e−5 0.5
PGlib118 [1e−2, 1e−3,1e−4] -0.5 1e−5 0.6
PEGASE1354 [1e−2, 1e−3,1e−4] -0.5 1e−6 0.6
PGLIB2000 [1e−2, 1e−3,1e−4] -0.35 1e−5 0.6
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Figure 24: Logarithm Barrier Functions with Different Values of τ

6.4.3 Convergence Studies

Here, we study the convergence properties of the three iterative computations introduced in

Algorithm 3: 1) Iterative computation of the solution to PConv; 2) Local feasibility updates

guaranteed to converge based on the condition in Theorem 1; and 3) Global convergence

supported by the condition listed in Theorem 2.

Convergence to the Convex Optimization Problem As PConv is a convex optimiza-

tion problem, the iterative updates defined in Equation 43 are guaranteed to converge to

global optima as long as the interior of the feasible space is non-empty. The iterative up-

dates entail the computation of the gradient of H(.) which is a convex function but can be

complex depending on the number of layers and nodes used to construct the model. We use

the built-in auto-differentiation module available in TensorFlow and the Keras deep learning

library to compute the gradient of H(.) [102]. This function is optimized to rapidly compute

gradients of complex machine learning models. For instance, the time taken to compute the

gradient of H(.) in the 1354-bus system is 0.016s on average. In Figure 25, an example of
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Figure 25: Evolution of Search on PConv.

how Lconv evolves over the iterative updates for a randomly selected instance γ is presented.

It is clear that starting from the selected initial point, the cost evolves to drop until the

optimum is found. The objective function in PConv is monotonic regarding the active power

generation PGg , g ∈ G. Consequently, the optimization process drives the variables to their

boundaries in search of the feasible solution with the lowest cost. Thus, the update will

eventually become infeasible at which point the value of Lconv shoots to infinity, and the

step before this infeasible point is the optimum. xopt is selected to be the point computed

right before the infeasible update. The convergence is fast as depicted in Figure 25. The

average numbers of iterations required for convergence are: 6.4, 8.7, 7.7, 10.2, and 11.4 for

the 5 systems respectively.

Convergence of Theorem 1 The condition (i.e., Equation 48) listed in Theorem 1 must

be satisfied for the local fixed-point updates listed in Equation 47 to converge. For the IEEE

bus14 and IEEE bus118, the largest values taken by the left-hand side of the condition are
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0.093 and 0.077, respectively. These fall well below the threshold listed on the right-hand

side of Equation 48, which is 0.952. As such, this is verified for every point in the datasets

where local iterations converge 100% of the time. The average number of iterations required

for convergence is 1.49.

Convergence of Theorem 2 In order to ensure global convergence, the condition (i.e.,

Equation 49) listed in Theorem 2 must be satisfied. We show that this is the case for all

power grids considered in this paper by first observing the characteristics of the coefficient

of Re
i in Equation 49, which will be denoted as ai:

ai =


∑

j∈N ,j ̸=i |
ceiV

e
j Y ∗

ij

Y ∗
iiV

e
i
|+
∑

j∈L,j ̸=i |
cei c

e
jR

e
jY

∗
ij

YiiY ∗
jjV

e
i

∗V e
j
| i ∈ L

0 i ∈ G

In IEEE 14-bus, IEEE 118-bus, PEGASE 1354-bus and PGLIB 2000-bus systems; 35%, 46%,

19% and 19% of buses are generator buses respectively. PGLIB 118-bus has 19% of buses

that can generate both active and reactive power, 46% of buses can only generate reactive

power. These result in the corresponding proportion of ai terms taking 0 values. When

evaluating ai in experimental studies, the minimum and maximum nonzero values taken by

ai is tabulated in Table 9 for the five systems along with the percentage of instances where

ai takes values lesser than 1. It is clear that for all testing systems, the majority of ai

computed are less than 1 and when this occurs, the corresponding residuals will be lower

in the next epoch. However, when this is not the case, since most coefficients are lesser

than 1, close to 1, or are 0, the overall residual across the grid reduces across each epoch.

This is verified experimentally using all five datasets and convergence was observed for every

point evaluated (i.e., approximately 200,000 points in each dataset). Figure 26 illustrates the

evolution of the residual for a randomly selected instance in the 118-bus system. It is clear

that convergence occurs very rapidly and that the overall residual across the grid approaches
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0 within 15 epochs and exhibits no oscillatory behaviour.

Table 9: Convergence Analysis of Theorem 2

Grid Gen(%) |ai| range |ai| < 1 Con.(✓/×)

IEEE 14 35% [0.335,1.009] 92% ✓
IEEE 118 46% [0.541,1.012] 85% ✓
PGLIB 118 16%,46% [0.0007,1.004] 99% ✓
PEGASE 1354 19% [0.003,1.008] 99% ✓
PGLIB 2000 19% [0.0007,1.004] 99% ✓

Figure 26: Global Convergence Curve of Theorem 2

After the convergence of the proposed corrective steps, the cost gap between the corrected

solution of PConv and PACOPF is lower than 0.5% across all tested systems. To further reduce

this gap, it is possible to restrict or eliminate the capacity of high-cost generators to absorb

imbalance by changing their update type to load buses or only adjusting reactive power. We

leave the further experimental and theoretical convergence study with limited capacity of

generators as a direction for future work.
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6.4.4 Comparative Studies

In this section, a comparative study is conducted to compare this proposal with recent

proposals in the literature that aim to solve the ACOPF problem via data-driven approaches

and other common convex relaxation techniques. Solutions obtained from the Matlab Interior

Point Solver (MIPS) serve as the benchmark.

First, the performance of the following data-driven approaches, along with our proposal,

are compared: reinforcement learning (RL) [103], generative adversarial networks (GANs)

[68], graph neural networks (GNN) [21, 64], and the DC3 algorithm [65, 66]. Next, we

compare the performance of our algorithm with other convex relaxation-based techniques.

Common approaches in the literature include second-order cone programming (SOCP) [35,

36] and semi-definite programming (SDP) relaxations [16]. According to reference [34], SDP

relaxations are tighter than SOCP relaxations for electric grids with a mesh topology (as is

the case for general power systems). The results tabulated in Table 10 include: percentage

deviation of the computed solutions from that of the MIPS solver (i.e., column %MIPS) along

with the 95% confidence interval, whether the equality constraint and inequality constraints

are met by the solutions (i.e., columns Eq. and InEq.), and finally, the average time taken

to compute the solution. Test datasets curated for each benchmark system are utilized for

the results listed in Table 10.

The MIPS solver requires less than 0.5 seconds for the IEEE 14-bus, IEEE 118-bus, and

PGLIB 118-bus systems, where all solutions are verified to be feasible. For the Pegase 1354-

bus and PGLIB 2000-bus systems, however, the computational times are higher, and the

convergence rate drops to 59.2% and 87.3%. The RL-based technique claims optimality but

does not provide guarantees on feasibility. The GAN-based solver [68] converges rapidly;

however, with no guarantees on optimality and feasibility. The DC3 [65] performs feasibility

corrections by utilizing the Newton-Raphson solver. The computational time for their al-
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Table 10: Comparative Study with Existing Work.

Alg % MIPS Eq. InEq. Time (s)

IEEE14
MIPS [40] - ✓ ✓ 0.25
Proposed 1.53± 0.27 ✓ ✓ 0.08
SDP [16] 1.7e−3 × × 0.36
RL [103] 0.6 × × -

IEEE118
MIPS - ✓ ✓ 0.30
Proposed 1.97± 0.18 ✓ ✓ 0.12
GAN [68] 3.5 × ✓ 0.5
SDP 2.6e−2 × × 7.68
DC3 [66] 0.3 ✓ × -
GNN [64] 8 × × -
GNN2 [21] 5 × - -

PGLIB118
MIPS - ✓ ✓ 0.36
Proposed 1.58± 0.25 ✓ ✓ 0.16
SDP 1.51e−3 × × 14.82
SOCP [104] 4.69 × × 19.93

PEGASE1354
MIPS - ✓ ✓ 2.58
Proposed 1.66± 0.20 ✓ ✓ 0.32
GAN 2.6 × ✓ 1.03
SDP × × × 152.7

PGLIB2000
MIPS - ✓ ✓ 3.42
Proposed 2.37± 0.34 ✓ ✓ 0.55
SDP × × × 367.9
SOCP × × × 120.3
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gorithm is comparable to ours. However, this method provides no guarantees on inequality

constraints. The unsupervised GNN [64] method is associated with significantly higher opti-

mality gaps. Another GNN-based proposal in [21] has slightly lower optimality gaps, which

are still significantly higher than other methods. The solutions computed by SDP are very

close to those computed by the MIPS solver, with no guarantees on feasibility due to the

relaxations (as no guarantees exist for mesh topology in transmission systems). SOCP [104]

generates solutions for PGLIB 118-bus with a 4.69% optimality gap and no guarantees on

feasibility as well and failed to converge for large systems such as PGLIB 2000-bus. Further-

more, the computational costs for both SDP and SOCP are high (i.e., up to 2 minutes for

the 1354-bus system and 2000-bus systems). Our proposal, on the other hand, is verified to

always be feasible and rapidly (i.e., within 0.35 seconds for the 1354-bus system) produces

optimal solutions that are close to the benchmark solver (within 1 to 2%). It is important

to note that we did not require datasets with optimal solutions to achieve these results.

6.5 Summary

In this chapter, a data-driven approach is proposed to solve the ACOPF problem in a

tractable manner, and a physics-based feasibility correction algorithm is also included that

is proven to converge under non-restrictive conditions. This proposal allows for the use of

existing operational data points available in abundance to grid operators, which are feasible

but not necessarily optimal. The efficacy of the proposed framework is demonstrated for

practical IEEE 14-bus, IEEE 118-bus, PGLIB 118-bus, PEGASE 1354-bus, and PGLIB 2000-

bus systems. The proposed algorithm can generate solutions that maintain pre-set feasibility

criteria while producing near-optimal solutions. Comparative studies also demonstrate the

performance of our algorithm in comparison to the state-of-the-art.

98



7 Conclusion and Future Work

The modern electrical grid is facing a transition from traditional physical system to a smarter

grid with advanced technologies and new resources. At the core of power grid operations,

OPF problem is essential for determining the most cost-effective dispatches in the power grid

while adhering all system constraints. This thesis proposes novel machine learning-based ap-

proaches that aim to overcome the limitations of traditional OPF solvers, particularly with

respect to computational efficiency, feasibility, the handling of non-convexity, and decou-

pling of traditional iterative solvers. This section summarizes the key advancements made

in this thesis and outlines potential future research directions for further extending these

innovations.

7.1 Summary of the Thesis

In this thesis, an overview of the power grid and its operational challenges is illustrated

first, followed by an introduction to the basics of power grids and power flow studies. This

includes two models for representing power balance, the formulation, and the roles of the

optimal power flow (OPF) problem. Due to the non-convex nature of the OPF problem,

traditional solvers and relaxation methods cannot solve it effectively within an acceptable

time frame. A large body of data-driven methods have been proposed in the literature to

shift the computational burden from online to offline. In this thesis, three novel machine

learning-based algorithms are proposed, and their contributions are listed below:

Leveraging domain knowledge The proposed algorithms incorporate topology infor-

mation and physics equations from power flow studies as additional knowledge, beyond just

data. These are integrated into physics-informed loss functions and calibration techniques.
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This novel integration not only enables machine learning models to converge faster and more

accurately but also improves the feasibility of the solutions generated by the proposed OPF

solvers.

Relaxing the need for optimal dataset In proposed GAN-based and ICNN-based OPF

solvers in Chapter 5 and 6, the reliance on generating optimal OPF solutions through tradi-

tional solvers is reduced. Instead, historical operational datasets from ISO data centers are

utilized to learn feasible data distributions and search for the optimum within the learned

boundaries.

Novel Machine Learning Methods for optimization Representation learning and

convex neural networks are specifically tailored and applied to the domain of power systems

in this thesis. These methods provide insights into using machine learning to explore power

flow data and perform optimizations based on the knowledge acquired through the learning

process.

Feasibility corrections In all three proposals, algorithms are derived to post-process the

output of the OPF solvers to ensure feasibility. These corrections are necessary due to

the highly nonlinear constraints in the OPF formulation. Theoretical proof supports the

convergence properties of the proposed methods.

7.2 Future Work

While the machine learning-based solutions proposed in this thesis address several limitations

of traditional Optimal Power Flow (OPF) solvers, there are still various areas that warrant

further exploration. The following sections outline key future research directions, focusing
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on enhancing the adaptability, scalability, and practicality of OPF solutions in real-world

power systems. These include addressing topology changes, improving the scalability of

data-driven methods, and incorporating discrete variables into the optimization process.

7.2.1 OPF on Topology Change

Current data-driven solvers primarily operate on fixed topologies, where connectivity and

line parameters remain unchanged across scenarios. However, these can vary in practice, and

data-driven methods need to adapt to such conditions while still guaranteeing optimality and

feasibility. Topology changes can result from unit commitment decisions, scheduled changes,

and contingencies or emergencies.

Topology Change due to Unit Commitments Unit commitment is a key process in the

day-ahead market, determining the dispatchability of each generator for the following days.

When a generator is dispatchable, the bus it connects to is considered a generator bus in the

OPF formulation; otherwise, it is treated as a load bus. Consequently, these decisions can

significantly alter the network topology and, therefore, the OPF results. However, similar

unit commitment schedules may occur due to factors such as time of day, day of the week,

season, or weather conditions. As a result, there could be a finite set of common topologies

corresponding to different unit commitment patterns. Separate data-driven models can be

trained for these patterns to solve the OPF problem effectively.

Scheduled Topology Changes Topologies in transmission networks do not change very

often as they are designed to remain stable over long periods of time. Nevertheless, there are

scheduled alternations such as upgrade of transmission lines, installation of new lines, etc.

In these cases, small batch of optimal power flow data are possible to be generated to assist

the knowledge transfering in the context of transfer learning or model adaption. It will be
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promising to discover the impact of OPF solutions from different type of changes.

Topology Change in Emergency Emergent topology changes such as transmission line

failure, generator outages can be caused by extreme weathers, mechanical/fuel issues, ma-

licious behaviour, etc. To handle these random event for OPF, the research needs to be

extended to Security-Constrained Optimal Power Flow (SCOPF). SCOPF evaluates the

system’s response to k potential contingencies out of N components in the grid (e.g., “N-1

SCOPF” or “N-k SCOPF” , meaning loss of one or more system components in the decision

process of SCOPF). It is interesting to explore the equilibrium between the robustness and

optimality of SCOPF, because the output of SCOPF is commonly more conservative than

OPF due to the consideration of contingencies.

7.2.2 Scalability of Data-driven OPF

Data-driven OPF accelerates traditional OPF solvers by shifting the computational burden

from online optimization to offline learning. However, as the power grid grows, applying

machine learning models becomes increasingly challenging. This is primarily due to the nu-

merous variables (e.g., voltage, power generation, load) and constraints (e.g., power balance,

generation limits, transmission limits). Additionally, the amount of data required to ade-

quately cover the solution space grows exponentially in high-dimensional spaces, leading to

computation and generalization challenges. Two potential directions to address scalability

issues include:

Distributed Optimization Decomposing complex optimization problems into sub-problems

that can be solved locally is a promising extension of OPF research. It would be a funda-

mental contribution to investigate different region-splitting mechanisms and their impact

on distributed optimization results. More importantly, due to the non-convex nature of
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ACOPF, seeking theoretical convergence would be significant.

Dimensionality Reduction Due to the large number of constraints and their complexity,

variables in OPF are highly interdependent. This supports the manifold hypothesis, which

states that high-dimensional real-world data often lie on much lower-dimensional manifolds.

Exploring low-dimensional representations of power flow data, whose dimensionality does

not increase exponentially with grid size, is a promising avenue for research.

7.2.3 OPF with Discrete Variables

This thesis assumes all variables are continuous, changing smoothly within their value range.

However, in practice, some variables are discrete. For example, tap ratios can be controllable

variables, with the best tap setting chosen to minimize the objective function. Another

extension involving discrete variables is Optimal Transmission Switching, where transmission

lines can be either connected or disconnected based on the optimization problem. The

existence of discrete variables transforms the OPF problem into a Mixed Integer Nonlinear

Programming (MINLP) problem with higher non-convexity and discrete feasible regions.

Data-driven methods offer promising potential to reduce the search space by classifying

the states of discrete variables, predicting warm-start points in the potential search region,

or reducing dimensionality to avoid convergence issues associated with traditional MINLP

solvers.

7.3 Conclusion

This chapter has provided a comprehensive overview of the key contributions made in this

thesis. These advancements have demonstrated improved computational efficiency, better

handling of non-convexity, and enhanced feasibility of solutions. However, the evolving
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nature of the power grid continues to present new challenges. As discussed in the future

work section, there are several promising research directions that could further improve the

practicality and scalability of data-driven OPF solutions. In conclusion, while this thesis

contributes significant progress in the field of OPF, future research is essential to further

address the challenges in modern power systems. The proposed future directions offer a

path toward more robust and scalable solutions, enabling the grid to operate more efficiently

in the face of increasing uncertainty and variability.
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Appendices

A Modeling of Distributed Energy Resources

The dataset used in this thesis incorporates power generation from DERs, specifically wind

power and photovoltaic power. In this section, the modeling of both types of DERs is

elaborated.

A.1 Modeling of Wind Power

The amount of electricity generated from wind farm at any given moment depends on several

factors: the wind speed v, average air density ρ, and the swept area of wind turbines A in

the wind farm. The active power generated by wind can be calculated using the following

equation [105]:

Pw =
Aρv3

2

The air density ρ varies in the range of 1.15 to 1.4 kg/m3 under different temperatures [106],

but in this thesis, it is considered constant at 1.225 kg/m3 (the density at 15◦C).

The swept area of a wind turbine can be calculated as follows:

A = πR2

where R is the radius of the wind turbine, ranging from 40 to 70 meters [107].

The wind speed changes over time, but it typically follows a Weibull distribution (or
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Rayleigh distribution, a special case when k = 2), defined as:

fw(v) =

(
k

c

)(v
c

)k−1

exp

[
−
(v
c

)k]

where c is the annual mean wind speed at the location of the wind farm in meters per second

(e.g., 4.16m/s in Toronto [108]). The shape parameter k is selected to be 2 in this thesis

because the resulting distribution covers a wide range of values, such as the case when wind

speed reaches 16m/s in extreme weather conditions. The distribution of the modeled wind

speed is depicted as follows:

Figure 27: Distribution of the Modeled Wind Speed

In the simulation, due to the grid size and penetration rate of wind power, it is assumed

that each wind farm has only one turbine with a swept area of 1800m2.
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A.2 Modeling of Solar Power

The electricity generated by photovoltaic energy depends on the solar irradiance E, which is

the amount of solar power per unit area received by the panel, measured in watts per square

meter (W/m2), and the area of the solar panel in the solar farm. The active power generated

in a solar farm can be calculated by:

Ps = A× E × η

where η is the energy conversion efficiency, ranging from 17% to 20% in practice [109],

and is set to be 20% consistently in this thesis.

In the literature, solar irradiance is commonly modeled using a Weibull distribution [110–

112] with parameters average irradiance c and shape factor k.

fs(E) =

(
k

c

)(
E

c

)k−1

exp

[
−
(
E

c

)k
]

The average irradiance in Toronto is 166.67 W/m2 [113]. The dimensions of the most

common commercial solar panels are 6.5 feet by 3 feet [114], which is 1.81 m2, and a solar

farm may possess thousands of panels. These parameters are scaled in the experiment to

match the percentage of solar generation.
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