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Abstract

We study 3D point cloud attribute compression using a volumetric approach: given a

target volumetric attribute function f : R3 → R, we quantize and encode parameter

vector θ that characterizes f at the encoder, for reconstruction fθ̂(x) at known 3D

points x’s at the decoder, where θ̂ is a quantized version of θ. Extending a previ-

ous work Region Adaptive Hierarchical Transform (RAHT) that employs piecewise

constant functions to span a nested sequence of function spaces, we propose a feedfor-

ward linear network that implements higher-order B-spline bases spanning function

spaces without eigen-decomposition. Feedforward network architecture means that

the system is amenable to end-to-end neural learning. The key to our network is

space-varying convolution, similar to a graph operator, whose weights are computed

from the known 3D geometry for normalization. We show that the number of layers

in the normalization at the encoder is equivalent to the number of terms in a matrix

inverse Taylor series. Experimental results on real-world 3D point clouds show up to

2-3 dB gain over RAHT in energy compaction and 20-30% in bitrate reduction.
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Chapter 1

Introduction

A Point Cloud (PC) is a set of discrete points {(xi,yi)} in 3D space, where each point

i consists of a point coordinate (xi ∈ R3) in 3D Euclidean space and an attribute (

yi ∈ Rr), such as RGB values to describe color. PC is a basic representation of a 3D

scene and/or objects so that a viewpoint image can be realistically rendered from an

arbitrary perspective via 3D rendering (e.g., [1]).

Driven by advances in image sensing technologies, PCs can now be captured

cheaply in real time for different applications, such as virtual and augmented re-

ality, immersive communication, remote sensing, and autonomous vehicles [2, 3, 4].

Due to the sheer volume of the captured data, one key technical challenge in PC

processing is compression for storage and/or transmission: how to efficiently reduce

data representation size with minimum loss in signal fidelity upon data decoding.

The PC compression problem can be divided into two: geometry compression and

attribute compression. Geometry compression is the problem of computing a compact

representation of a list of 3D point coordinates. Attribute compression is the problem

of compressing the corresponding attribute values of the 3D points, given that the

point coordinates are available at the decoder.
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Although geometry and attribute compression can be done jointly (e.g., [5]), the

approach to perform geometry compression first and then perform attribute compres-

sion conditioned on the decoded geometry is dominant in recent research [6]–[11] as

well as in the MPEG geometry-based point cloud compression (G-PCC) standard

[12]–[14]. Thus, we focus on attribute compression and make the assumption that

the decoded geometry is known at both the attribute encoder and at the attribute

decoder.

Specifically, we pursue a volumetric approach: real vector-valued function f :

Rd 7→ Rr is volumetric if d = 3 (or hyper-volumetric if d > 3). Hence, our point

clouds are clearly samples of a volumetric function where yi = f(xi). Suppose such a

volumetric function can be represented by a parametric function fθ, which belongs to

a family of parametric functions Fθ, and perfectly produces point samples {(xi,yi)}.

Then, compression of a point cloud can be done by quantizing and entropy coding

the parameter vector θ, decoding it as θ̂, and reconstructing the compressed field as

fθ̂. To recover the point cloud, we just need to evaluate ŷi = fθ̂(xi).

The volumetric approach to point cloud attribute compression is the core of MPEG

G-PCC [10], which uses the Region Adaptive Hierarchical Transform (RAHT) [8, 15].

RAHT projects any volumetric function f that interpolates attributes yi at positions

xi onto a nested sequence of function spaces F (1)
0 ⊆ · · · ⊆ F (1)

L at different levels of

detail l = 0, . . . , L. These nested sequence of function spaces are sets of parametric

functions defined by B-spline of order p = 1 with different scales corresponding to dif-

ferent levels of detail. Further, [10] showed how to improve RAHT by using the para-

metric function spaces of B-splines of order p > 1. However, projecting f onto F (p)
l

for p > 1 required large computation resources for expensive eigen-decomposition.
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Meanwhile, following the success of learned neural networks for image compres-

sion [16]–[25], a number of works have successfully improved point cloud geometry

compression in MPEG G-PCC using learned neural networks [26]–[32]. However, on

the task of point cloud attribute compression, the learned neural methods have yet

to outperform MPEG G-PCC [33]–[38].

As the focus of the thesis, we take a step towards learning networks for point

cloud attribute compression by leveraging the well-developed framework of nested

volumetric function representation. We list our contributions below:

• We showed that the multi-resolution approximation framework [10], which nor-

mally requires eigen-decomposition of large matrices, can be implemented as

a feedforward neutral network, without eigen-decompositions. We consider this

a new neural multi-resolution compression framework for 3D point cloud at-

tributes.

• We proposed a geometric attention layer, which originated from the model-

based approach so that it has a specific mathematical interpretation. This

attention layer will incorporate the irregularity and sparsity of the underlying

3D geometry into the transformation to derive the representation of the 3D

point clouds attributes.

• Experimental results showed that the high order B-spline basis functions are

special cases of our feedforward neural network. On real-world 3D point clouds,

our model shows up to 2-3 dB gain in PSNR over RAHT in reconstruction

signal quality, or 20-30% in bitrate reduction. This means that we require less

memory to store the 3D point cloud attributes at the same quality.
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Chapter 2

Related Works

The essence of point cloud attribute compression is managing the irregularity of the

underlying 3D geometry. Traditional approaches to handling the irregular patterns

of the points’ locations can be grouped into two categories.

The first category relies on the 3D Euclidean point locations to construct a repre-

sentation structure for the PC. It can be further divided into two groups of approaches:

hierarchical representations (e.g., octree) that also capture the multiscale resolution

of the PC [39, 1, 40], and graphs of connected points on which attributes are de-

fined as signals on the graph and later transformed using Graph Fourier Transforms

(GFTs) [41, 42, 43, 44]. Note that octree representation, which will be discussed in

section 3.2.2, is currently used for standard static PC compression [1].

However, building graphs and finding graph transforms for compression still re-

quire complex operations that are not easily mitigated. Interestingly, the connection

between these two groups of approaches has only been partially explored; for in-

stance, a hybrid of graph structure and hierarchical structure was explored in [44]

and achieved better compression performance than the standalone octree represen-

tation. Recently, [45] generalized RAHT [39] with their framework using volumetric
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functions defined on a B-spline wavelet basis; this framework made no assumption on

the underneath structure of the PC and proved that the octree representation is one

of its special cases.

The second category manages PC irregularity by assuming that the PC is a sam-

pling of continuous surface (2D manifold) so that the PC can be represented by

regular grids of 2D images—the attributes can be projected onto 2D grid images and

then compressed using available image/video compression tools [46, 47]. Due to its

efficiency and simplicity, this approach was standardized into MPEG codec for video-

based point cloud compression [1]. However, this approach induces distortion during

the projection step, and it also suffers in the case of sparse PC, where the projected

images have many missing patches, limiting its coding efficiency.

Meanwhile, following the success of learned neural networks for image compression

[16]–[25], a number of works have successfully improved on the point cloud geometry

compression in MPEG G-PCC using learned neural networks [26]–[32]. A few works

have tried using learned neural networks for point cloud attribute compression as well

[5][33]–[35]. Other works have used neural networks for volumetric attribute compres-

sion more generally [36]–[38]. On the task of point cloud attribute compression, the

learned neural methods have yet to outperform MPEG G-PCC standard in [1]. The

reason may be traced to the fundamental difficulty with point clouds that they are

sparse, irregular, and changing.

The main direction of these approaches is to express the 3D Euclidean point

locations in 3D grids [48, 27] (or 2D grids by projecting PC onto 2D grid images

[47, 49]) and stacked 3D convolutional layers to generate compact latent code. The

models are then trained with a loss function similar to the classical Rate-Distortion
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tradeoff. These methods are very inefficient since they require huge computation and

memory because of the 3D convolution layers.

Another major approach is point-based [50, 49], which embraces the hierarchical

representation of the point cloud geometry. At each level of resolution, the attributes

of 3D points were grouped together and went through a multi-layer perceptron to

extract features of that local region—this was called the point convolution operation.

This is more efficient than earlier 3D convolutional approaches, but at the decoder,

the upsampling layers change the geometric coordinates, resulting in incorrect recon-

struction of the attributes in its 3D location, introducing unnecessary distortions.

6



Chapter 3

Preliminary

This chapter provides an introduction to important concepts for the volumetric ap-

proach in attribute compression for 3D point clouds. In Section 3.1, we provide some

definitions and theories needed to define Hilbert space. We then provide a definition

of projection onto a subspace. In Section 3.2, we define a Hilbert space of interest,

then we provide an overview of the volumetric approach for point cloud compres-

sion. Finally, a review of finite Taylor series expansion for function approximation is

provided in Section 3.3.

3.1 Hilbert Space

3.1.1 Vector Space

Let us begin with the definition of an important object in our study.

Definition. Denote by F a field, whose elements s ∈ F are called scalars. A vector

space over F is a nonempty set V, with elements v,u,w ∈ V, and equipped with two

operations. The first operation is addition, defined as a mapping + : V × V −→ V

that maps two vectors v,u ∈ V to its sum u+v ∈ V. The second operation is scalar
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multiplication, defined as a mapping · : F×V −→ V that maps (s,v) ∈ F×V to a

new vector s · v ∈ V. Furthermore, the following properties much also be satisfied, so

that the definition of a vector space is established.

• Commutativity of addition: ∀v,u,w ∈ V s.t

u+ (v +w) = (u+ v) +w. (3.1)

• Associativity of addition: ∀v,u ∈ V s.t

v + u = u+ v. (3.2)

• Associativity of multiplication: ∀v ∈ V and ∀a, b ∈ F s.t

(a · b) · v = a · (b · v). (3.3)

• Distributivity of multiplication: ∀v,u ∈ V and ∀a, b ∈ F,

a · (v + u) = a · v + a · u (3.4)

(a+ b) · v = a · v + b · v. (3.5)

• Existence of a zero: ∀v ∈ V then ∃0 ∈ V s.t

0+ v = v + 0 = v. (3.6)

• Existence of additive inverses: ∀v ∈ V then ∃(−v) ∈ V s.t
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(−v) + v = v + (−v) = 0. (3.7)

• Existence of multiplicative inverses: ∀v ∈ V then 1 · v = v.

Definition. Let V be a vector space over F, and let U ⊂ V be a subset of V. Then

we call U a subspace of V if U is a vector space over F under the same operations

that make V into a vector space over F.

Definition. The subspace spanned by a nonempty set S of V is the set of all linear

combinations of vectors from S:

span(S) = {r1v1 + ...+ rnvn|ri ∈ F,vi ∈ V}. (3.8)

Definition. Let V be a vector space. A non-empty set S of vectors in S is linear

independent if for any distinct vectors s1, .., sn ∈ S:

a1 · s1 + ...+ an · sn = 0 ⇒ ai = 0 ∀i. (3.9)

This essentially means that any nonzero vector v ∈ span(S) is a unique linear

combination of the vectors in S.

Definition. S is called a basis for V if S is linear independent and span(S) = V.

In our work, the field F is basically the real numbers R. Hence, from this point,

we use R in our definitions that the vector space is defined on. Below, we show some

examples of the vector space that is used in our works. We will give more details in

later sections:
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• Example 1: F is the vector space of all volumetric functions f : R3 −→ R.

Then ∀f ∈ F define an attribute field over R3. It is trivial that F satisfies all

the requirements of a vector space.

• Example 2: F (1)
0 is the vector space of all constant functions c : R3 −→ R.

Then, it is quite clear that F (1)
0 is a proper subspace of F , and can be denoted

as F (1)
0 ⊂ F . Further, it is also clear that F (1)

0 is spanned by a simple function

f(x) = 1, ∀x ∈ R3.

3.1.2 Inner Product, Norm, and Distance

Following our definition of vector space V , we next equip it with an additional function

defined on V × V , called an inner product.

Definition. Denote by V a vector space over real number R. Inner product on V

is a mapping ⟨, ⟩ : V × V −→ R that satisfies the following properties:

• Positive definiteness: For all v ∈ V,

⟨v,v⟩ ≥ 0 and ⟨v,v⟩ = 0 ⇔ v = 0. (3.10)

• Symmetry: For all v,u ∈ V,

⟨v,u⟩ = ⟨u,v⟩. (3.11)

• Linearity: For all v,u,w ∈ V and a, b ∈ R,

⟨av + bu,w⟩ = a⟨v,w⟩+ b⟨u,w⟩. (3.12)
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A vector space equipped with an inner product is called an inner product space.

If V is an inner product space, the norm—often called length also—of v ∈ V is

defined as below:

∥v∥ =
√

⟨v,v⟩. (3.13)

Then, based only on the definitions introduced earlier, the following properties are

always true for an inner product space with the norm induced by the inner product,

these properties are proved in chapter 9, [51]:

Theorem. Let V be the norm-induced inner product space.

• ∥v∥ ≥ 0, and ∥v∥ = 0 if and only if v = 0.

• Cauchy-Schwarz inequality: For all v, u ∈ V,

⟨v,u⟩ ≤ ∥v∥ ∥u∥ . (3.14)

• Triangle inequality: For all v,u ∈ V,

∥v + u∥ ≤ ∥v∥+ ∥u∥ . (3.15)

It is then straightforward to define the distance between any vectors u,v ∈ V :

d(v,u) = ∥v − u∥ . (3.16)

Here are the basis properties of distance:

Theorem. Let V be a norm-induced inner product space. Then,
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• d(v,u) ≥ 0, and d(v,u) = 0 if and only if u = v.

• Symmetry: If ∀u,v ∈ V, then d(u,v) = d(v,u).

• The triangle inequality: ∀u,v,w ∈ V then d(v,u) ≤ d(v,w) + d(w,u).

Hence, we can see that with the appropriate inner product equipped, our norm-

induced inner product space is enriched with practical properties. We discuss in detail

the inner product that we use for our work in Section 3.1.4.

3.1.3 Orthogonality

The vector space equipped with an inner product also allows us to define the concept

of orthogonality.

Definition. Given an inner product space V.

• u,v ∈ V are orthogonal, written as u ⊥ v, if ⟨v,u⟩ = 0.

• Two subsets X ,Y ⊆ V are orthogonal, written as X ⊥ Y, if x ⊥ y for all x ∈ X

and y ∈ Y.

• The orthogonal complement of a subset X ⊆ V is the set

X⊥ = {x ∈ V|v ⊥ X}. (3.17)

Then the following result is proved in chapter 9, [51]:

Theorem. Denote by V an inner product space. Then,

• The orthogonal complement X⊥ of any subset X ⊆ V is also a subspace of V.

12



• For any subspace X ⊆ V, X ∩ X⊥ = 0.

Definition. A nonempty set O = {ui | i ∈ K} of vectors in inner product space is

said to be an orthogonal set if ui ⊥ uj for all i ̸= j. Additionally, if each vector ui

is a unit vector, then O is an orthonormal set, i.e., for all i, j ∈ K,

⟨ui,uj⟩ = δi,j (3.18)

where δi,j is the Kronecker delta function.

Then, the below theorem is showed in [51]

Theorem. Any orthogonal set of nonzero vectors in V is linearly independent.

3.1.4 Hilbert Space

Before we define a Hilbert Space, we first formalize the notion of completeness.

Definition. A sequence of vectors {xi} in a norm-induced inner product space V is

a Cauchy sequence if for any ϵ > 0, there exists an N > 0 such that

n,m > N =⇒ ∥xn − xm∥ < ϵ (3.19)

Intuitively, it is clear that any convergent sequence is a Cauchy sequence. We now

provide the definition of completeness.

Definition. Denote by V a norm-induced inner product space. Then,

• V is said to be complete if every Cauchy sequence in V converges to an element

in V.
13



• A subspace S in V is complete if every Cauchy sequence in S converges to an

element in S ⊆ V.

We can now provide the definition of a Hilbert space as follows.

Definition. A Hilbert space H is an inner product space that is complete with respect

to the norm defined by the inner product.

Specifically, we consider one example of Hilbert space that is used in our work.

L2(X ), also known as the Lebesgue space with p = 2, is a norm-induced inner prod-

uct vector space of functions on a measurable space. In our work, this measurable

space is the set of points locations in R3, X = {xi}Ni=0, and the measure, µ(S) = |S|,

is basically just counting the number of elements for any subset S ⊆ X . Then, the

inner product of this particular vector space is defined as below: ∀f, g ∈ L2(X ),

⟨f, g⟩ =
∫
X
f(x) · g(x)dµ(x) =

∑
xi∈X

f(xi) · g(xi). (3.20)

Then, the norm is

∥f∥ =

[∑
xi∈X

f 2(xi)

] 1
2

. (3.21)

The above norm is known as ℓ2-norm in traditional Rd space and is extensively

used in statistics. In our work, it defines how two functions f and g are considered

equivalent, which only happens when f(xi) = g(xi) ∀ xi ∈ X . Hence, the notion of

“equal” in our functional space is subject to the input point cloud geometry X .

The proof that the above inner product space is a valid Hilbert space is outside

14



the scope of this thesis. We recommend readers to consult details in [51, 52]. Our

work relies heavily on the derived properties of a Hilbert space; we devote the entire

Section 3.2 to provide important details.

3.1.5 Projection

Theorem. Let V be an inner product space, and let S be a complete subspace of V.

Then for any x ∈ V, the best approximation to x in S, denoted as x̂ ∈ S, is defined

as

∥x− x̂∥ = inf
s∈S

∥x− s∥ (3.22)

and it will be a unique vector for which (x− x̂) ⊥ S.

We restate the projection theorem [51] below.

Theorem. (The projection theorem) If S is a complete subspace of a norm-

induced inner product space V, then

V = S ⊕ S⊥. (3.23)

In particular, if S is a closed subspace of a Hilbert space H, then

H = S ⊕ S⊥. (3.24)

We take a closer look at best approximations to any vector x from within a

subspace S of a Hilbert space H. Suppose that O = {ui}Ki=1 is an orthonormal set in
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H. Then, the Fourier expansion of any x ∈ H, with respect to O, is given by

x̂ =
K∑
i=1

⟨x,ui⟩ui (3.25)

and ⟨x,ui⟩ is called the Fourier coefficient of x with respect to ui. Then, we can

easily see that

⟨x− x̂,ui⟩ = 0, ∀ui ∈ O. (3.26)

Hence, x̂ is the best approximation to x in the subspace spanned by O. This is the

basic approximation scheme we will use in Section 3.2.

3.2 Volumetric Approach for Point Cloud Attribute Compression

This section introduces the volumetric approach for point cloud attribute compres-

sion, which was first formalized in [42, 45, 10].

3.2.1 3D Point Cloud Attribute Compression

In a point cloud (PC) representing a 3D object, each volumetric element, often called

a voxel, is associated with its geometrical location in R3 and its visual attributes.

A voxel exists only in 2 states: occupied or unoccupied. An unoccupied voxel is

considered a void without any properties and is visually transparent. Occupied voxels

are associated with geometry (their location in space) and color.

The PC compression problem is to find and compress a point cloud representation,

which consists of a list of occupied voxels {vi = (xi, ci)}Ni=1, each being described by

the locations of the points, xi = [xi, yi, zi], and the attributes attached to each point,

16



ci = [Yi, Ui, Vi]. The compression of point locations is known as geometry compression,

and the compression of point attributes given that the point locations are available

at the decoder is called attribute compression. We consider attribute compression to

be the main focus of our work and assume point locations are given at the encoder

and decoder.

PC compression problem is different from traditional image compression because

the geometry of images is always available at the decoder, whereas it is not the case

for PC compression. Therefore, we could consider image compression as a special case

of an attribute compression problem where the point locations are the coordinates of

the pixels, which are implicitly available at both the encoder and decoder.

Specifically, we pursue a volumetric approach: the real vector-valued function

f : Rd 7→ Rr is volumetric if d = 3 (or hyper-volumetric if d > 3). A point cloud

is clearly a collection of samples of a volumetric function where ci = f(xi). For

simplicity, we assume scalar attribute (r = 1), so ci is just an array of size 1.

3.2.2 Octree Representation

Figure 3.1: Example of an octree, where a 3D cube of size W is divided into 8 smaller
sub-cubes. These sub-cubes are further divided by the same manner, and after L levels of
subdivision, we reach unit cubes of size 2−LW , which we called voxels.
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An octree can be seen as a 3D extension of a 1D binary tree. A visualization of an

octree is shown in Figure 3.1, illustrating a cube of size W ×W ×W , big enough to

include all points in a point cloud—this cube can be seen as the root of the tree at

level 0. The cube is then partitioned into smaller sub-cubes of size W/2×W/2×W/2;

this is the next level of the tree. This process can be repeated for L levels, resulting

in 23L unit cubes of dimension 2−LW × 2−LW × 2−LW . Note that at each level of

the octree, not all cubes are occupied.

This octree presentation leads to an efficient method to encode the geometry of

the point cloud [2, 53, 54], where for level l, 8 bits are used only for an occupied cube

in level l to signal the occupation of the sub-cubes in level l+ 1 (because if a cube is

unoccupied, then all its children will also be unoccupied, hence requiring no further

bits).

Assuming that it is required to have L levels to reach the desired resolution for a

given point cloud, where each voxel only has one occupied point. Denote by Bl the

set of all available cubes at level l,

Bl = {2−l · ([0, 1)3 + n)|n ∈ Z3} (3.27)

where 2−ln is the location of the root corner for each block at level l. Denote by

B̂l ⊆ Bl the set of occupied cubes in each level; these occupied blocks (or cubes)

define the support regions where the volumetric function f(xi) = ci is approximated.
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3.2.3 Volumetric Function Space with B-Spline

A cardinal B-Spline function of order p is a function on the real line fϕ(p) : R → R

that is generated by a set of B-Spline basis functions of order p,

fϕ(p)(x) =
∑
n∈Z

F (p)
n · ϕ(p)(x− n) (3.28)

where n ∈ Z is the integer shift of the B-Spline, and F
(p)
n is the coefficient correspond-

ing to each B-Spline basis function. The B-spline basis function with order p = 1 is

defined as

ϕ(1)(x) =

1 x ∈ [0, 1)

0 otherwise
. (3.29)

Then, the B-spline basis function with order p > 1 is derived as follow,

ϕ(p)(x) =

∫
ϕ(1)(x) · ϕ(p−1)(x− t)dt. (3.30)

Another expression for p > 1 can be derived by the Cox–de Boor recursion formula

[55]:

ϕ(p)(x) =
x

p− 1
ϕ(p−1)(x) +

p− x

p− 1
ϕ(p−1)(x− 1). (3.31)

It is clear that ϕ(p)(x) is p-fold convolution of ϕ(1)(x) with itself. In addition,

ϕ(p)(x) has a bounded support region, which means that ϕ(p)(x) = 0, ∀x /∈ [0, p].

Figure 3.2 shows two examples of the B-Spline basis function for p = 1 and p = 2.

Similarly, a volumetric cardinal B-spline of order p is a volumetric function fϕ(p) :

19



Figure 3.2: Example of B-spline basis functions p=1 and p=2

R3 → R that is generated by a set of volumetric B-Spline basis functions of order p

defined on R3, where ϕ(p)(x) = ϕ(p)(x, y, z) = ϕ(p)(x) · ϕ(p)(y) · ϕ(p)(z):

fϕ(p)(x) =
∑
n∈Z3

F p
n · ϕ(p)(x− n). (3.32)

We see that the volumetric cardinal B-spline function fϕ(p)(x) consists of multiple

segments of 3D polynomial of degree p − 1 over each shifted unit cube ([0, 1]3 + n).

This is the basic building block of the volumetric approach using the B-spline basis

function. We will fit various volumetric cardinal B-spline functions at different scales

to the given input point cloud attributes {xi, ci = f(xi)}, which are considered as

samples of the volumetric function f . The process is discussed in detail in the next

section.

3.2.4 Multiresolution Approximation

The input volumetric function f can be approximated at different scales depending on

how the set of B-spline basis functions is constructed. First, we define the elementary
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basis function as a centralized volumetric B-spline function,

ϕ
(p)
0,0(x) = ϕ(p)(x− n0) (3.33)

which is the volumetric B-spline function shifted to the origin 0. To simplify notations,

we omit the degree p and use ϕ0,0 to indicate the elementary basis function. We note

that

• For p = 1, ϕ
(1)
0,0(x) = 0, ∀x /∈ [0, 1]3.

• For p = 2, ϕ
(2)
0,0(x) = 0, ∀x /∈ [−1, 1]3.

Next, we scale and shift ϕ0,0 to different scales l and centers n ∈ Z3,

ϕ
(p)
l,n(x) = ϕ

(p)
0,0(2

−l(x− n)). (3.34)

Then, given that we have X = {xi}Ni=0 as the input point locations, we define Nl

as the set of centers at a particular scale l, where ϕl,n(xi) is active for some xi,

Nl =
{
n ∈ Z3 | ∃xi ∈ X s.t ϕl,n(xi) ̸= 0

}
. (3.35)

The size of Nl is |Nl| = Nl. Note that Nl depends greatly on degree p of the

B-spline elementary basis function:

• For p = 1, set Nl exactly corresponds to the root corner n of each occupied

block ([0, 1]3 + n) ∈ B̂l, which we defined earlier in Section 3.2.2.

• For p = 2, set Nl exactly corresponds to the union of all corners for all occupied

blocks in B̂l, because ϕ
(2)
l,n(x) ̸= 0 for all x ∈ ([−1, 1]3 + n). Hence, with higher
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order of B-spline functions, the set Nl contains more elements, because the size

of the support region of each B-spline function is expanded.

Given that Nl is well defined for a given elementary basis function ϕ
(p)
0,0(x), we

next consider the relationship between Nl and Nl+1. Denote by nl ∈ Nl a location

where the B-spline function at scale l is active. Then, there must exist a finite set

K ⊂ Z3 such that 2nl +k ∈ Nl+1 and k ∈ K. This leads to the following relationship

between sets of basis functions at two consecutive scales l and l + 1 (also described

in [56]):

ϕ
(p)
l,nl

=
∑
k∈Z3

akϕ
(p)
l+1,2nl+k =

∑
(nl+1−2nl)∈Z3

anl+1−2nl
ϕ
(p)
l+1,nl+1

. (3.36)

Since both ϕl,nl
and ϕl+1,nl+1

have finite support regions, the set of coefficients {ak}

is also finite. Interestingly, {ak} is also independent of l and nl, because our basis

functions are the scaled (by a factor of 2l) and shifted versions of the same elementary

basis function at each scale. (3.36) is known as the two-scale equation for B-spline

function [57].

Given that the basis functions ϕ
(p)
l,ni

at each scale l and centered at ni ∈ Nl are

defined, the definition of the approximation subspace is the set of all possible linear

combinations of the basis functions {ϕ(p)
l,ni

}Nl
i=1,

Fl =

{
fl | fl(x) =

∑
ni∈Nl

Fl,ni
ϕ
(p)
l,ni

(x)

}
(3.37)

where Fl,ni
is the coefficient corresponding to the basis function ϕ

(p)
l,ni

.

As mentioned in Section 3.1.1, we define F as the vector space of all volumetric
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function f : R3 → R. Because each basis function ϕ
(p)
l,ni

at scale l is a linear combina-

tion of some basis functions in at scale l+1 due to (3.36), we have a nested sequence

of subspaces that represent different approximations at different scales l, i.e.,

F0 ⊆ F1 ⊆ · · · ⊆ Fl ⊆ Fl+1 ⊆ · · · ⊆ FL ⊆ F . (3.38)

For notation convenience, denote the set of basis functions at each scale l by a

row-vector of Nl basis functions and omit the degree p, Φl = [ϕl,ni
], where ni ∈ Nl.

Then, for fl ∈ Fl, we express fl as a linear combination of the basis functions by the

column vector of coefficients Fl = [Fl,ni
] ∈ RNl ,

fl =
∑
ni∈Nl

Fl,ni
· ϕl,ni

(x) = ΦlFl. (3.39)

Then, (3.36) can be expressed as

Φl = Φl+1A
T
l (3.40)

where Al is a Nl ×Nl+1 matrix of coefficients which expresses each basis function at

scale l in term of basis functions at scale l + 1.

Denote by f ∗
l and f ∗

l+1 the best approximations of f in Fl and in Fl+1, respectively.

Then, by the approximation theorem in Section 3.1.4, we know that (f−f ∗
l+1) ⊥ Fl ⊆

Fl+1, so that for all fl ∈ Fl, by Pythagorean theorem, we have

∥f − fl∥2 = ∥f − f ∗
l+1∥2 + ∥f ∗

l+1 − fl∥2. (3.41)
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Since f ∗
l = argminfl∈Fl

∥f − fl∥2 by definition, f ∗
l = argminfl∈Fl

∥f ∗
l+1 − fl∥2.

This proves that f ∗
l is also the best approximation of f ∗

l+1 in Fl. This means that

finding the best approximation of f in the nested sequence of subspaces can be done

sequentially from the highest level L to the lowest level 0.

Finding the best approximation can be formulated as solving the least square

problem:

F∗
l = argmin

Fl

∥f −ΦlFl∥ (3.42)

where f ∗
l = ΦlF

∗
l . The solution to the above problem is the solution to the following

system of linear equations, also known as the normal equation:

(ΦT
l Φl)F

∗
l = (ΦT

l f) ⇐⇒ F∗
l = (ΦT

l Φl)
−1(ΦT

l f) (3.43)

where (ΦTΦ), often known as Gram matrix, is a Nl × Nl matrix whose entries are

the inner products (defined in section 3.1.4) between the basis functions [⟨ϕl,ni
, ϕl,nj

⟩],

and (ΦTf) is a vector of size Nl × 1 with entries [⟨ϕl,ni
, f⟩].

3.2.5 Projection residual representation

Denote by Gl the orthogonal complement subspace of Fl in Fl+1, so that Gl ⊥ Fl and

Fl+1 = Fl ⊕ Gl. Thus, we have the sequence of orthogonal complement subspaces as

FL = F0 ⊕ G1 ⊕ G2 ⊕ · · · ⊕ GL−1. (3.44)

Based on the approximation theorem, the residual of the approximation for each
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level, g∗l = f ∗
l+1 − f ∗

l , belongs to the subspace Gl. Denote by Ψl the basis functions

for the subspace Gl. Thus, any function gl ∈ Gl can be represented as a linear

combination gl = ΨlGl. Because Ψl ⊥ Φl and span(Ψl) ∈ Fl+1, Ψl can be expressed

as a linear combination of Φl+1 such that ΨT
l Φl = 0. For convenience, denote by Zl

a (Nl+1 −Nl)×Nl+1 matrix of coefficients that satisfy the following,

Ψl = Φl+1Z
T
l (3.45)

s.t. ΨT
l Φl = 0. (3.46)

Given Ψl, the coefficients G∗
l to represent the residual of the approximation can

be calculated by solving the normal equation,

G∗
l = (Ψ⊤

l Ψl)
−1Ψ⊤

l g
∗
l . (3.47)

In Chapter 4, we discuss in detail a possible operation Zl that satisfies (3.46), and

methods to approximate both F∗
l and G∗

1, so that given the finest resolution of the

point cloud at level L, we can decompose it into multi-level of resolution as

f ∗
L = f ∗

0 + g∗0 + · · ·+ g∗L−1 (3.48)

where each function is expressed by a set of coefficients F∗
0,G

∗
1, · · · ,G∗

L−1.
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3.3 Taylor Series Expansion for Matrix Inverse Approximation

We first revisit finite Taylor series expansion [58] to approximate a real function

f : R 7→ R,

f(x) ≈ f(a) +
K∑
k=1

f (k)(a)

k!
(x− a)k. (3.49)

We use the above to approximate the inverse function finv(x) = x−1 and the

inverse square root function fsqrtinv(x) = x− 1
2 ,

f̂inv(x, a) = a−1 +
K∑
k=1

a−k(a− x)k

f̂sqrtinv(x, a) = a−
1
2 +

K∑
k=1

1...(2k − 1)

2kk!
a−

1
2
−k(a− x)k.

(3.50)

By letting µ = 1
2a
, we obtain the following instead,

f̂inv(x, µ) = 2µ

[
1 +

K∑
k=1

(1− 2µx)k

]

f̂sqrtinv(x, µ) =
√

2µ

[
1 +

K∑
k=1

1...(2k − 1)

2kk!
(1− 2µx)k

]
.

(3.51)

Any invertible, positive definite and symmetric square matrix X ∈ Rd×d can be

eigen-decomposed as X = UΛU⊤, and the inverse and square root inverse of X can

be exactly calculated as

X−1 = UΛ−1U⊤

X− 1
2 = UΛ− 1

2U⊤.

(3.52)

Using this fact, we use the finite Taylor series as the approximation of f̂inv ≈ x−1
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and f̂sqrtinv ≈ x− 1
2 on Λ instead and re-derive an approximation procedure for inverse

and square root inverse, which does not require any eigen-decomposition, i.e.,

X−1 ≈ Uf̂inv(Λ, µ)UT

≈ 2µU

[
1 +

K∑
k=1

(1− 2µΛ)k

]
UT

≈ 2µ

[
I+

K∑
k=1

(I− 2µX)k

]
.

(3.53)

Then, given any vector v ∈ Rd, X−1v can be approximated as

X−1v ≈ 2µ

[
v +

K∑
k=1

(I− 2µX)kv

]
. (3.54)

We use the same method to approximate the square root inverse of X,

X− 1
2v ≈

√
2µ

[
v +

K∑
k=1

1...(2k − 1)

2kk!
(I− 2µX)kv.

]
(3.55)

(3.54) and (3.55) can be expressed simply as re-applying the same matrix multipli-

cation multiple times, where the coefficients for the terms are the coefficients of the

P th order Taylor expansion.

For (3.54) and (3.55) to converge, we need (I − 2µX)k → 0 as k → ∞. Hence,

µ must be set to an appropriate value so that the spectral radius of L = I− 2µX is

strictly less than 1. This can be accomplished by tuning µ as a hyper-parameter, so

that it satisfies µ < 1
2∗λmax(X)

, where λmax(X) is the spectral radius of X.
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Chapter 4

Proposed Compression Framework

This chapter provides details of our core coding framework, implemented as a feed-

forward network. Section 4.1 introduces a nested sequence of subspaces F (2)
0 ⊆ · · · ⊆

F (2)
L constructed using B-spline functions of order p = 2 as basis functions. Then,

Section 4.2 shows how to project a volumetric function f onto the nested subspace

F (2)
l and how to represent the projected function, f ∗

l , using coefficients F∗
l of the basis

functions. In Section 4.3, we discuss how to calculate coefficients G∗
l to represent the

residual of the projection, g∗l = f ∗
l+1 − f ∗

l . Section 4.4 introduces orthonormalization

operators to transform all coefficients into independent coefficients via orthonormal

basis functions. Finally, Section 4.5 combines all operations into one feedforward

network implementation.

4.1 Nested sequence of subspace Fl

We begin by re-introducing the definition of the vector space F of all volumetric

functions f : R3 → R, assuming that our input point cloud has only one attribute. A

point cloud can be viewed as a sampling of such volumetric function, {xi, ci = [f(xi)]}.
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The inner product of our functional space can be defined as done in Section 3.1.4,

⟨f, g⟩ =
∫
X
f(x) · g(x)dµ(x) =

∑
xi∈X

f(xi) · g(xi) (4.1)

where X is the input geometric locations of 3D points in R3. Then the norm operation

is defined as

∥f∥ =

[∑
xi∈X

f 2(xi)

] 1
2

(4.2)

which is also known as the ℓ2-norm. This also defines the notion of equivalent func-

tions:

f = g ⇔ f(xi) = g(xi) ∀ xi ∈ X . (4.3)

Given that the functional space is defined, we next construct our subspace Fl ⊆ F .

As done in Section 3.2, we use the centered volumetric B-spline function order p = 2

as the elementary basis function. We then shift it by n ∈ Z3 and scale it by a factor

of 2−l:

ϕ
(2)
l,n(x) = ϕ

(2)
0,0(2

−l(x− n)). (4.4)

Then, for each scale l (or level l of the octtree), we have a set of B-spline functions at

each corner of the cubes in the octree representation. Because the B-spline functions

have order p = 2, ϕ
(2)
l,n(x) > 0 only in a finite region ([−1, 1]3 + n) for each corner n.
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Hence, given that Nl is the set of corners such that

Nl =
{
n ∈ Z3 | ∃xi ∈ X s.t ϕ

(2)
l,n(xi) ̸= 0

}
, (4.5)

we are now able to construct the basis functions for our subspace Fl as a row vector

Φl = [ϕ
(2)
l,n | n ∈ Nl]. In addition, based on the two-scale equation (3.36), we can

express the basis functions at level l using basis functions at level l + 1 as follow:

Φl = Φl+1A
T
l (4.6)

where the coefficients of matrix Al = [aij] are calculated as

aij =

 2−|k| if k ∈ {−1, 0, 1}3

0 otherwise
(4.7)

with k = nl+1,j − 2nl,i and |k| is the conventional ℓ1-norm. Matrix Al can be seen

as a moving window of size 3× 3× 3 and can be implemented as a convolution layer

well-known in deep learning methods.

Based on (4.6), we have

ΦT
l Φl = AlΦ

T
l+1Φl+1A

T
l (4.8)

ΦT
l Φl+1 = AlΦ

T
l+1Φl+1 (4.9)

ΦT
l+1Φl = ΦT

l+1Φl+1A
T
l . (4.10)

As we know, ΦT
l Φl is a sparse Nl × Nl matrix because each basis function only

has a finite support region. Specifically, each row of ΦT
l Φl only has finite non-zeros
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entries—fewer than 27 non-zeros entries when p = 2. Hence, equation (4.8) can be

implemented as a space-invariant 27 × 27 × 27 sparse hyper-convolution operation

applied on a tensor of size Nl × 27, where each row characterize the inner product of

one basis functions with its local neigbors.

Assume that there is a sufficiently fine resolution L such that the ith basis function

ϕL,ni
is 1 on xi and 0 on xj for j ̸= i, namely ϕL,ni

(xj) = δij so that we haveΦ
T
LΦL = I.

Then, based on (4.8), ΦT
l Φl at each level can be calculated efficiently and represented

as a sparse matrix.

4.2 Low-pass coefficients F∗
l

Beginning at the highest level of detail L, we have ΦT
LΦL = I, and hence by the

normal equation (3.43), we have F∗
L = (ΦT

LΦL)
−1ΦT

Lf = [yi]. Moving to l < L,

(ΦT
l Φl)F

∗
l = ΦT

l f
∗
l+1 (4.11)

= ΦT
l Φl+1F

∗
l+1 (4.12)

= Al(Φ
T
l+1Φl+1)F

∗
l+1. (4.13)

By letting F̃∗
l = (ΦT

l Φl)F
∗
l , which we call un-normalized low-pass coefficients, we

can easily calculate F̃∗
l for all levels l as

F̃∗
l = AlF̃

∗
l+1 (4.14)
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which, as defined earlier, Al is an ordinary sparse convolution, then F∗
l can be com-

puted by an normalization operation (ΦT
l Φl)

−1:

F∗
l = (ΦT

l Φl)
−1F̃∗

l . (4.15)

We will see later how to compute this using a feedforward network in Section 4.5.

4.3 High-pass coefficients G∗
l

To code the residual functions g∗0, . . . , g
∗
L−1, they must be represented in a basis. Since

g∗l ∈ Gl ⊂ Fl+1, one possible basis in which to represent g∗l is the basis Φl+1 for Fl+1.

In this basis, the coefficients for g∗l = f ∗
l+1 − f ∗

l = Φl+1F
∗
l+1 −ΦlF

∗
l are given by the

normal equation (3.43) and expression (4.9):

(ΦT
l+1Φl+1)

−1ΦT
l+1g

∗
l = F∗

l+1 −AT
l F

∗
l

∆
= δF∗

l+1. (4.16)

However, the number of coefficients in this representation is Nl+1, whereas the di-

mension of Gl much less than Nl+1 −Nl. Coding g∗l using this representation is thus

called overcomplete (or non-critical) residual coding.

As mentioned in Section 3.2, g∗l can be represented in a basis Ψl for Gl. Denote by

G∗
l a column vector of coefficients corresponding to the row vector of basis functions

Ψl, both of length Nl+1 − Nl, such that g∗l = ΨlG
∗
l . The coefficients G∗

l—called

high-pass coefficients—can be calculated via the normal equation (3.47):

G∗
l = (Ψ⊤

l Ψl)
−1Ψ⊤

l g
∗
l . (4.17)
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As expressed in (3.45), there are many choices of basis Ψl for Gl. In our work, to

satisfy (3.45), we select Zl as follow.

We first define a selection operation called Ibl , which selects a subset of basis in

level l + 1:

Φb
l+1 = Φl+1I

bT
l . (4.18)

Then, ZT
l is defined as

ZT
l = IbTl −AT (ΦT

l Φl)
−1A(ΦT

l+1Φl+1)I
bT
l (4.19)

so that

ΦT
l Ψl = ΦT

l Φl+1Z
T
l (4.20)

= (ΦT
l Φ

b
l+1)− (ΦT

l Φl)(Φ
T
l Φl)

−1(ΦT
l Φ

b
l+1) (4.21)

= 0. (4.22)

Hence, we can calculate high-pass coefficients as

G∗
l = (ΨT

l Ψl)
−1ΨT

l g
∗
l

= (ZlΦ
T
l+1Φl+1Z

T
l )

−1ZlΦ
T
l+1g

∗
l

= (ZlΦ
T
l+1Φl+1Z

T
l )

−1Zl(Φ
T
l+1Φl+1)δF

∗
l+1.

(4.23)

We call G̃∗
l = Zl(Φ

T
l+1Φl+1)δF

∗
l+1 the un-normalized high-pass coefficients. Then,
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normalized coefficients, G∗
l , can be calculated as

G∗
l = (ZlΦ

T
l+1Φl+1Z

T
l )

−1G̃∗
l . (4.24)

4.4 Orthonormalization Operations

All sets of basis functions we described to this point are not mutually orthogonal,

meaning that Φ⊤
l Φl ̸= I, and Ψ⊤

l Ψl ̸= I. Hence, we next create an orthogonalization

operation for each set of basis and apply them to derive Φ̄l and Ψ̄l as

Φ̄l = ΦlRl = Φl(Φ
⊤
l Φl)

− 1
2

Ψ̄l = ΨlSl = Ψl(Ψ
⊤
l Ψl)

− 1
2 .

(4.25)

In this way, Φ̄⊤
l Φ̄l = I and Ψ̄⊤

l Ψ̄l = I. The coefficients corresponding to the

orthonormal basis functions Φ̄l and Ψ̄l can now be calculated as,

F̄∗
l = Φ̄⊤

l f = (Φ⊤
l Φl)

− 1
2Φ⊤

l f = (Φ⊤
l Φl)

1
2F∗

l = (Φ⊤
l Φl)

− 1
2 F̃∗

l

Ḡ∗
l = Ψ̄⊤

l g = (Ψ⊤
l Ψl)

− 1
2Ψ⊤

l g = (Ψ⊤
l Ψl)

1
2G∗

l . = (Ψ⊤
l Ψl)

− 1
2 G̃∗

l .

(4.26)

4.5 Feedforward Network Implementation

We implement the coding framework in the feedforward network shown in Fig. 4.1a.

The encoding network consists of both blue and green components, while the decoding

network consists of only green components. The encoding network takes as input,

at the top left, the point cloud attributes F̃∗
L = [yi] represented as a N × r tensor,

where N is the number of points in the point cloud, and r is the number of attribute

channels. (We assume r = 1 for simplicity in earlier sections, but this is easily
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(a) Implemetation of Encoder (blue and
green) and decoder (green).

(b) Multilayer feedforward networks imple-
menting the residual coder subnetwork in
Fig.4.1a.

(c) Multilayer feedforward network imple-
menting the subnetworks h(X) in Figs.4.1a
and 4.1b, where h(x) = x−1, x−1/2, or
x1/2 and X = (Φ⊤

ℓ Φℓ), (Φ⊤
ℓ Φ

a
ℓ+1), or

(Ψ⊤
ℓ Ψℓ). Here, b0, . . . , bP , c are coefficients

of the P th order Taylor expansion of h(x)
around 1/(2µ).

Figure 4.1: Multilayer feedforward network architecture for volumetric approach

generalized as coding each attribute channel independently.)

The attributes [yi] may be considered features located at positions [xi] in a sparse

voxel grid, or they may be considered features located at vertices [xi] in a sparse

graph. The network takes [xi] as input, at the top right, the matrix of inner products

Φ⊤
LΦL represented as a N × 27 tensor, whose ijth entry is the inner product between

the basis function ϕL,ni
located at voxel or vertex ni = xi and the basis function ϕL,nj

located at voxel or vertex nj, the jth neighbor in the 27-neighborhood of ni. Recall

that by construction, this entry is δij at level L. In addition, [xi] are voxelized, which

means that they are the decoded geometric locations of points, and they are already

quantized to be at the root corners of the finest cubes (at level L).

Then, from level ℓ = L − 1 to level ℓ = 0, since we pick p = 2, the operation Al

can be considered a sparse convolution defined in (4.6). This operation can also be
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considered a graph convolution layer in any well-known deep learning framework, in

which the graph is a bipartite graph that connects nodes in Nl with Nl+1 and edge

weights are calculated in (4.7).

Similarly, the network computes the Nl × 27 tensor form of ΦT
l Φl via a sparse

convolution (Γl) with a space-invariant 27×27×27 kernel, which can be derived from

(4.8). Following this, the network computes the Nl×r tensor F∗
l = (Φ⊤

l Φl)
−1F̃∗

l as in

(4.15), by a subnetwork shown in Fig. 4.1c. The subnetwork implements the operator

X−1v for the matrix X = Φ⊤
l Φl using a truncated Taylor series approximation of

h(x) = x−1 around x0 = 1/(2µ).

As introduced in Section 4.3, there are two methods to encode the residual function

g∗l : overcomplete and critical:

• The overcomplete method will first calculate the residual coefficients δF∗
l+1 =

F∗
l+1 −AT

l F
∗
l and then apply normalization operator X− 1

2v for the matrix X =

Φ⊤
l Φl using a truncated Taylor series approximation of h(x) = x− 1

2 around

x0 = 1/(2µ).

• The critical method will apply operation ZlδF
∗
l+1 (defined in (3.46)) to the

calculated residual coefficients δF∗
l+1 and then apply normalization operator

(Ψ⊤
l Ψl)

− 1
2v. In our implementation, we represent Ψ⊤

l Ψl as a sequence of oper-

ations Z⊤
l , Φ

⊤
l+1Φl+1 and Zl that stack sequentially. Then, a truncated Taylor

series approximation of h(x) = x− 1
2 is used to approximate (Ψ⊤

l Ψl)
− 1

2 .

Then, given our coefficients F̄∗
0, Ḡ

∗
1, · · · , Ḡ∗

L−1, we next quantize the coefficients
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by a stepsize ∆,

Q(x) = round(x/∆) ∗∆ (4.27)

ˆ̄F
∗
0 = Q(F̄∗

0) (4.28)

ˆ̄G
∗
l = Q(Ḡ∗

l ) (4.29)

which later on, we can use an entropy coder to code the index of the quantization

bins — bin(x) = round(x/∆).

Then we use the quantized coefficients to synthesize back the input attributes of

the point cloud. We rely on two operations to do that, which are showed as the green

components in Figure 4.1a:

• The transpose graph convolution layer A⊤
l : this operation uses the same bipar-

tite graph that connects nodes in Nl with Nl+1, and edge weights are calculated

as in (4.7). However, the direction is from nodes in Nl to Nl+1, which is opposite

to operation Al in the analysis.

• The element-wise residual addition, F∗
l+1 = AT

l F
∗
l + δF∗

l+1, where δF∗
l+1 are

calculated as shown in Figure 4.1b.
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Chapter 5

Experimental Results

In this chapter, the results of conducted experiments to test the proposed coding

framework are presented. Section 5.1 describes how we conduct our experiments.

Section 5.3 shows the energy compaction of our proposed low-pass subspace. Sec-

tion 5.4 presents the coding performance of our framework using a given entropy

coder.

5.1 Experiments Setups

To demonstrate the effectiveness of our normalization approximation, we set the

weights of our feedforward network directly without training, such that it corresponds

to volumetric B-splines of order p = 2 (as described in Chapter 4). We then compare

our pre-defined neutral network, called RAHT(p = 2), with RAHT [8, 15], which is

the current core coding framework of MPEG G-PCC. Evaluations are performed on

Longdress and Redandblack datasets that have 10-bit resolution [59]. Information

related to these two datasets is presented in Table 5.1.

We also compare the performance of two different methods for residual coding:

critical and overcomplete. With critical residual coding, we pick the set b for the
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Dataset name Resolution Number of points
Longdress 1024× 1024× 1024 857966

Redandblack 1024× 1024× 1024 757691

Table 5.1: Dataset information

selection operation Ibl as the set of “odd” locations in Nl+1, which is Nl+1\2∗Nl. Since

we approximate the square root inverse X− 1
2 and the inverse X−1 using a truncated

Taylor series expansion of degreeD, we also compare our models with different degrees

D ∈ {20, 50, 200}. This will show how computation demanding our neutral net is.

In Section 5.2, we present the point cloud visually after compression / decom-

pression. This will show the benefits of using higher-order B-spline to represent the

volumetric functions. In Section 5.3, we plot the number of required coefficients along

with the Peak signal-to-noise ratio (PSNR) to show that our method can express the

volumetric functions more efficiently with a given number of coefficients. In the last

Section 5.4, we apply Run-Length Golomb-Rice (RLGR) coder to code the coefficients

in all level (each channel Y-U-V is coded separately), then we plot the required bit

per point with PSNR to show the improvement of our model in term of traditional

coding gain.
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Original

l∗ = 8 l∗ = 6 l∗ = 4 l∗ = 2 l∗ = 0

l∗ = 8 l∗ = 6 l∗ = 4 l∗ = 2 l∗ = 0

Figure 5.1: Longdress dataset: the first row is RAHT and the second row is RAHT(p=2)

Original

l∗ = 8 l∗ = 6 l∗ = 4 l∗ = 2 l∗ = 0

l∗ = 8 l∗ = 6 l∗ = 4 l∗ = 2 l∗ = 0

Figure 5.2: Redandblack dataset: the first row is RAHT and the second row is
RAHT(p=2)
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5.2 Visual Performance Results

In Fig. 5.2 and Fig. 5.1, we reconstruct the point cloud at different levels of resolution

to demonstrate the effectiveness of higher-order B-splines. This can be done by setting

all the highpass coefficients G∗
l = 0 for all l > l∗.

From the observable visual difference, it is clear that piecewise trilinear basis

functions can visually fit the point cloud much better. As illustrated in [10], RAHT

can be understood as a special case when p = 1, corresponding to the subspace F (1)
l

of piecewise constant.

Hence, we can observe that the blocking artifacts appear in all levels of RAHT

and vary in size depending on the scale l of the functional subspace. With RAHT(2),

blocking artifacts are much less visible, since the higher-order basis functions guar-

antee a continuous transition of colors between blocks.

5.3 Energy compaction Results

In Fig. 5.3, we show distortion as a function of the number of coefficients correspond-

ing to different resolutions l∗ from 0 to 9. The gap between lines is the improvement in

energy compaction. We also compare different degrees of the Taylor expansion in our

approximation; the plots show that the truncated Taylor expansion can approximate

quite well with D ∼ 20. It is clear that RAHT(2) has better energy compaction,

achieving up to 2-3 dB over RAHT(1). We also show that overcomplete residual

coding has competitive energy compaction compared to RAHT(1), even though it re-

quires more coefficients to express the residual at each level, especially at high levels

of detail.
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(a) Longdress (b) RedAndBlack

Figure 5.3: Energy compaction performance

(a) Longdress (b) RedAndBlack

Figure 5.4: Coding gain performance

5.4 Coding Gain Results

In Fig. 5.4, we show YUV PSNR as a function of bits per input voxel. Here, we use

uniform scalar quantization followed by adaptive Run-Length Golomb-Rice (RLGR)
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entropy coding [60] to code the coefficients of each color component (Y, U, V) sepa-

rately. The plot shows that the improvement of RAHT(2) in distortion for a certain

bit rate range can reach 1 dB, or alternatively 20-30% reduction in bit rate, for both

overcomplete and orthonormal residual coding.

At higher bitrates, the performance of orthonormal (critical) residual coding falls

off. We think the reason may have to do with the orthonormalization matrices,

which can be poorly conditioned when the point cloud geometry has certain local

configurations. Further investigation is left for future work.

Surprisingly, overcomplete (non-critical) residual coding performs better at these

bitrates. However, at even higher bitrates (not shown), its performance also falls off,

tracking its energy compaction performance. We think the reason is that most of the

overcomplete highpass coefficients at high levels of detail, which tend to be zero at a

low rate, now become non-zero; this puts a heavy penalty on coding performance.
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Chapter 6

Conclusion

We investigated 3D point cloud attribute coding via a volumetric approach: successive

projections to a nested sequence of parametric function spaces towards compact signal

representations. These function spaces are spanned by higher-order B-spline basis

functions; the attribute function f is then approximated by orthogonal projections

into these parametric function spaces. The best approximation of f is parametrized by

parameters θ, which are quantized and encoded. θ̂ are reconstructed at the decoder,

and the point cloud attributes are evaluated as fθ̂(x) at locations x ∈ R3.

The important implication of our work is that the process of encoding and decod-

ing can be fully represented and implemented as a feedforward neural network. This is

clearly demonstrated in our experiments, where no training process was executed. Un-

like generic deep learning networks like conventional convolutional neural nets (CNN),

the model-based network architecture developed here is compact, application-specific

and interpretable and amenable to future optimizations.

For future work, we plan to further generalize our developed neural network by

parameterizing B-spline basis functions and Taylor series expansion and learning

these parameters end-to-end using a large dataset of point clouds. Unlike existing
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generic neural networks, by initiating our network with parameters derived analyt-

ically from models, we know our stochastic optimization starts from a known good

operation point, from which the rate-distortion performance can be further improved

via stochastic gradient descent. This is currently under investigation.

In addition, since our coding framework is developed based on a mathematical

model to manage the irregularity and sparsity of the underlying 3D geometry, we

conjecture that our framework can also be adopted in others problems involving non-

uniform samples of functions (fields) defined on 3D, f : R3 7→ R. For example, graph

signal denoising is one possible challenging problem, and in some applications, the

graph’s nodes are assumed to be samples of 2D manifold (or surfaces in 3D). Then,

our framework can be applied here to project the noisy signal onto piecewise planar

signal for denoising.
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