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Abstract

This doctoral research investigates the problem of the dynamics and
control of extraplanetary exploration using an electric solar wind sail (E-sail).
The E-sail is a novel propellantless propulsion technology that harvests energy
by repelling the charged particles in solar wind. It consists of a spinning central
spacecraft connected by kilometer-long and thin positively charged tethers
with remote units at their tips. The mathematical formulation of the E-sail is
modeled by the nodal position finite element method to capture the coupling
effects of orbital and self-spinning motions of the E-sail, and the elastic
deformation of tethers. Further extension of this model is developed to
investigate the rigid-flexible coupling effect on the attitude dynamics and spin
control of E-sail by considering the attitude dynamics of the central spacecraft
using natural coordinate formulation. To thoroughly investigate the stability
control of the flexible E-sail in attitude maneuver by the high-fidelity tether
dynamic model, a simplified reduced-order analytical model is derived. Based
on the above models, the main contributions of this dissertation are introduced
as follow. First, the unknown mechanism behind the periodic coning motion is
revealed and the analytic solution of its frequency is derived and verified. In

particular, the equilibrium shape of the main tether of the E-sail is estimated.
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The upper and lower spin rate bounds are revisited to reveal the physics that
dictates these bounds and analytic expressions are provided to ensure the
proper operation of E-sail. It also indicates that the auxiliary tethers are
essential for a stable configuration of E-sail at non-zero sail angle. Second, it
is found that the deformation motion of flexible tethers will cause the offset of
center of mass and thrust of E-sail, which generates disturbance torques on
the central spacecraft. The analysis indicates that E-sail is more stable if the
spin plane passes the center of mass of the central spacecraft, and the control
performance of E-sail spin rate is demonstrated even in the tether deployment
process. Finally, the attitude of the E-sail can be controlled by a simple PD
controller, or stably controlled by a control law developed from the reduced-
order analytical model. It also shows that the high-fidelity E-sail model
provides virtual testbed to evaluate the control performance of the control
strategy for E-sail attitude control. Based on the reduced-order analytical
model, the trajectory tracking problems in extraplanetary exploration missions

are studied.
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Chapter 1 INTRODUCTION AND JUSTIFICATION

Summary: In this chapter, the backgrounds and applications of the E-sail are
introduced. Then, the research activities are justified, and the research
objectives and methodologies of research are defined. At the end, the layout of
this dissertation and a full list of publications out of the doctoral research are

presented.

1.1 Backgrounds

Since the launch of the first artificial Earth orbiter, Sputnik I in 1957,
thousands of spacecrafts have been launched to explore and expand human
understanding of the solar system. However, most of them stayed in Earth
orbits, and only Voyager 1 and 2 reached the edge of the solar system, which
makes us still know little about the outer solar system. In order to improve our
understanding of the outer solar system, many extraplanetary exploration
concepts have been proposed. The first and most critical step to complete the
extraplanetary exploration is to find an efficient interstellar propulsion system.
This 1s because the extraplanetary exploration usually requires enormous
energy for orbital transfer. However, it is uneconomical and unrealistic to

complete it by using the conventional chemical propulsive system, which



requires tremendous propellant mass. Therefore, the propellantless propulsion
systems have received increased attention in the recent years. Electric solar
wind sail (E-sail), one of the propellantless propulsion systems, stands out
because of its unique advantages, as shown in Figure 1-1.

Nominal
Spin plane

Central spacecraft

-
-
-
P
-
.=
-
-
-
-
-

;VV ------------ Main tethers
___________ >
__—r Auxiliary tethers
Solar wind

Figure 1-1 The Sketch of E-sail configuration.

1.1.1 E-sail Configurations

In 2004, the primitive E-sail concept was proposed by Janhunen as an
alternative to magnetic sail, which harvests energy by repelling the protons in
the solar wind [1]. The solar wind is a stream of charged particles consists of
electrons, protons, and alpha particles, which is released from the upper
atmosphere of the Sun (corona), as shown in Figure 1-2. However, this
primeval E-sail concept is technically difficult to accomplish due to the use of
a large squire wire grid. Later, it was improved in 2006 [2], which consists of a

spinning central spacecraft connected with multiple kilometer-long, thin and
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positively charged tethers (main tethers) with remote units at the tips of each
main tether as shown in Figure 1-3 [3]. The material of the main tether is a
four-wire aluminium Hoytether, which is manufactured by using ultrasonic Al-
wire bonding technology as presented in Figure 1-4(a) [4]. The main tethers
are deployed by the spinning central spacecraft with the centrifugal force [5-
6]. Up to now, there are two concepts to deploy the tethers: tangential and
radial deployments [5-6], as shown in Figure 1-5. The radial deployment pulls
out the tethers radially by the thruster at the remote units. Similar to the yo-
yo despinner, the tangential deployment accelerates the end mass and deploys
the tethers tangentially using a free deployment. The spinning main tethers
form a spin plane (nominal spin plane), where the electrostatic field around
each main tether deflects charged particles in the solar wind and results in a
propulsive force. Meanwhile, the positively charged main tethers will attract
electrons from the solar wind plasma and generate the electron currents. To
maintain the positive potential of the main tethers, an onboard electron gun is
used to remove the excess electrons to compensate for the arriving electric
current. The energy loss of the electron gun is supplied by the solar panels
mounted on the central spacecraft [3], see Figure 1-3(b). The direction of each
main tether’s propulsive force is along the component of the solar wind that is
normal to the tether. The remote units are used to enhance the centrifugal

forces acting on the main tethers to avoid the slack in the main tethers [3].



Meanwhile, the remote units can provide the thrusters that generating the
initial spin rate of the E-sail or controlling the E-sail’s spin rate to a desired

value, see Figure 1-3.

Solar Coron
g Solar Wind

Auxiliary tether

= A
<D

(a) (b)

Main tether

Figure 1-3 Two basic types of E-sail.

L https://mow.uiowa.edu/2021/07/physicists-led-university-iowa-more-fully-describe-suns-

electric-field.



This configuration is similar to the heliogyro solar sails [8-9] or the hub-
spoke tethered satellite formation [10-11]. Even if this E-sail configuration is
close to engineering achievable, it still has the drawback that cannot prevent
the collisions between main tethers [3]. This is because the transverse
propulsive force is produced in the spin plane when the solar wind is inclined
with respect to the spin plane, which will lead to the main tethers’ collision and
must be avoided to ensure the proper operation of E-sail. Consequently, the
nonconductive tethers (auxiliary tethers) are introduced to connect the remote
units as shown in Figure 1-3(b), which are used as mechanism to increase the
centrifugal forces acting on the main tethers to keep the main tethers
equidistant. Kapton with a density of 1420kg/m3 are used to manufacture the
auxiliary tether, see Figure 1-4(b). It should be noted that the parameters of

the E-sail are selected based on Ref. [12] in this dissertation.

(b)

Figure 1-4 Material of the (a) main tether and (b) auxiliary tether [4] .
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Figure 1-5 Deployment strategies of the E-sail (a) radial deployment and

(b) tangential deployment [7].

1.1.2 Pros and Cons of the E-sail
Compared with the well-known solar sail, the E-sail has several
advantages as follows. First and the foremost, the propulsive force of the E-sail

1s inversely proportional to 7/ 6 power of the distance between the E-sail and

the Sun, which makes the propulsive force of the E-sail decays slower than the
solar sail [13]. This makes the propulsive force of the E-sail extends further
into the solar system than the solar sail. Moreover, because the resultant
propulsive force of each main tether is not always perpendicular to the E-sail
spin plane [14], which makes it closely related to the E-sail orientation [15].
Thus, the attitude control of the E-sail in the space exploration can be easily

accomplished by modulating the voltage of each main tether individually to



generate the torques for attitude maneuvering of the E-sail [14, 16-20]. These
peculiarity of the E-sail makes it appealing for various mission scenarios, such
as the outer solar system exploration [21], interplanetary missions [22],
missions toward asteroids [23], non-Keplerian orbits missions [24], generation
of artificial equilibriums points [25], and asteroid tug [26].

Although the E-sail has many advantages, it still has some limitations
and challenges. First and foremost, the E-sail does not operate inside the
magnetosphere because there is no solar wind dynamic pressure inside the
magnetosphere to generate the propulsive force [3]. Furthermore, the main
tethers are maintained the high positive potential by an onboard electron gun,
which is power by the solar panels mounted on the central spacecraft, as shown
in Figure 1-3(b). However, it is a huge challenge to obtain too much power to
supply the electron gun. Finally, the deployment of the tethers are the initial
and key procedure of the E-sail operation. However, it is still a big challenge

to deploy the E-sail with the auxiliary tethers.

1.2 Justification of Research

E-sail consists of the spinning central spacecraft that accounts for most
of the mass of system connected by multiple kilometer-long lightweight tethers.
This makes the dynamic characteristics of the E-sail very complex due to the
elastic motions of the tethers, the coupling effects between the orbital and self-

spinning motions of the E-sail, and the rigid-flexible coupling motions. The
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superposition of the various coupling effects and the high-order modes of
flexible elastic tethers requires to establish a generalized model that can
simulate these effects before the real E-sail space missions. Meanwhile, the
key to successful execution of E-sail missions is to accurately achieve E-sail
attitude control. However, its attitude control is different from the traditional
spacecraft due to its huge structure. Therefore, this doctoral research focuses
on the two main aspects (i) dynamic modeling of the E-sail, (ii) attitude control

of E-sail and its application to the orbital maneuver.

1.2.1 Dynamic modeling of the E-sail

1.2.1.1 Challenges

Understanding the dynamics characteristics of the E-sail is the
foundation of the success of the E-sail missions. The main technical challenges
encountered can be summarized as follows:

(i) Mathematical modeling of the E-sail. The E-sail characterizes the
coupled rigid-body motion of the central spacecraft, elastic
deformation of the tethers, and the coupling effects of orbital and
self-spinning motion. Therefore, it 1s necessary to develop a
generalized high-fidelity E-sail model by integrating the rigid-body
spacecraft attitude dynamics with the high-fidelity tether model.

(i) TUnknown physics. The application of the propulsive force on the



main tethers will result in the coning motion of tethers [14, 27]. It
was further revealed the coning angle of the E-sail changes
periodically in the time domain. However, except showing the time
history of the periodic coning motion, no attempt has been tried to
explain in theory the mechanism behind the periodic motion.
Moreover, the upper and lower spin rate bounds to ensure the proper
operation of E-sail are still unclear.

(ii) Configuration stability. The magnitude and direction of the
propulsive force depend on the magnitude and direction of the solar
wind. The previous works assumed that magnitude of the solar wind
velocity 1s constant. However, the solar wind velocity measurement
of Voyager 2 mission 2 indicates that the magnitude of the solar wind
velocity fluctuates in the range of 200 km/s and 1000 km/s as shown
in Figure 1-6. Thus, the influence of the solar wind fluctuations on
the E-sail configuration stability is still open to investigation.

(Gv) Rigid-flexible coupling effect. The deflection of main tethers is
directly coupled with the rigid-body dynamics of the central
spacecraft. The influences of this nonlinear rigid-flexible coupling
motion on the central spacecraft and the relative E-sail stability are

less understood.

2 ftp://space.mit.edu/pub/plasma/vgr/v2/ha/key.
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Figure 1-6 Time histories of solar wind velocity obtained from Voyager 2.

1.2.1.2 Limitations of Existing Treatments

Many effects have been devoted to the E-sail dynamics modeling in the
literature, such as, the rigid tether model [28], the catenary tether model [29],
and the flexible tether model [30]. However, the central spacecraft is assumed
as a lumped mass and the nonlinear rigid-flexible coupling dynamics is ignored.
The coupled motion between the central spacecraft attitude and the deflection
of the main tethers i1s not considered. Meanwhile, the influence of the
disturbance torques caused by the offset between of the central of mass (CM)
and the center of thrust (CT) of the E-sail on the attitude dynamics of the E-
sail have not been studied.

In addition, the deflection of main tethers, called the coning motion, has

been showed numerically in the previous work [31-32]. Further, the numerical
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results of the rigid tether model [28], the catenary tether model [29, 33], and
the flexible tether model [30] also revealed that the coning motion of the E-sail
changes periodically in the time domain. However, no attempt has been tried
to explain theoretically the mechanism behind the periodic motion, and
whether the coning motion will affect the global dynamic behavior of the E-sail
is still unknown.

Moreover, the upper and lower bounds of the spin rate are estimated
with the assumption that the central spacecraft and main tethers are in the
spin plane [28-29, 12]. The upper bound is determined intuitively by keeping
the axial stress of main tether less than the tensile stress of tether material,
while the lower bound is derived by assuming the centrifugal force in the main
tether being five times of the propulsive force [3]. The latter is based on the
assumption that the E-sail spin axis is parallel to the solar wind direction so
that it is possible to obtain an analytical approximation of both the tether
shape and the root force [32]. If the solar wind is inclined with respect to the
spin plane, the explanation for the lower bound of the E-sail spin rate in Ref.
[32] is not applicable. Thus, it is necessary to clearly investigate the physical
meaning behind this lower bound if the E-sail spin axis is not parallel to the
solar wind direction.

Finally, the magnitude and direction of the propulsive force depend on

the density [13] and temperature of electrons and the direction of the solar
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wind [27, 30]. However, most previous literature assumed that the magnitude
of the solar wind velocity is constant in the analysis although the velocity
varies in the reality. While the influence of the solar wind fluctuations on the
E-sail trajectory has been investigated in Refs. [34-36], the impact on the E-

sail configuration is still open to investigation.

1.2.2 Attitude Control and Orbital Maneuver of the E-sail

1.2.2.1 Challenges
The attitude control of E-sail is essential to the E-sail orbital
maneuvering missions. It experiences the following challenges [7]:

() Attitude control of E-sail. The key to successful execution of E-sail
missions 1s to accurately achieve E-sail attitude control. However,
the length of the main tether is usually kilometer-long, which makes
the attitude dynamics of the E-sail sensitive to the disturbance
torque.

(i) E-sail spin rate control. It was noted that the spin rate of E-sail
changes in the E-sail attitude maneuvering and deployment process
because a transverse propulsive force is generated when the solar
wind 1is inclined with respect to the spin plane. Thus, the spin rate
should be maintained at a pre-defined or desired rate to maintain the

stability of the E-sail.
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(ii) Trajectory design and tracking. The flexible deformation of main
tethers should be considered during the E-sail mission trajectory
design. In addition, the shape of E-sail should be considered when

dealing with the trajectory tracking problem.

1.2.2.2 Limitations of Existing Treatments

In the existing studies, the attitude control of E-sail was achieved by
modulating the voltage of each individual main tether [17-18]. However, the
voltage modulation strategy does not apply if the main tethers are not charged
in certain periods of the E-sail orbital transfer missions [37]. Also, the exist
control strategies are all the simple feedback control laws without the stability
analysis.

Moreover, the investigation showed that the spin rate of E-sail changes
if the E-sail is inclined with respect to the Sun-spacecraft direction. The spin
rate control was achieved by controlling the auxiliary tether’s voltage
independently from the adjacent main tethers’ voltages [17]. However, the
attitude dynamics of the central spacecraft are not considered. To maintain the
stability of the E-sail in the attitude maneuvering or the deployment of the E-
sail, the spin rates of the central spacecraft and the E-sail should be
simultaneously controlled to a pre-defined rate. Thus, a simple and efficient
control strategy should be developed.

Finally, many efforts are dedicated to analyzing the trajectories of the

13



E-sail with different mission scenarios [38,39]. They focused on the trajectories
design problem with a propulsive force model, which was obtained by assuming
the tethers are in the same plane and ignoring the coning motion of tethers. In
addition, they also ignored the shape of E-sail in the trajectory tracking

problem and considered it as a lumped mass.

1.3 Objectives of Proposed Research

To address the existing challenges and limitations, this doctoral
research focuses on the dynamic response and control of the E-sail and its
application in different mission scenarios. Therefore, the objectives of this work
are shown as follows:

(i)  Develop the dynamic models of the E-sail in three different situations,
that is, the high-fidelity E-sail model, the generalized E-sail model
and the reduced order analytical model, respectively.

(i) Reveal the unknown mechanism behind the periodic coning motion
and the physics of the spin rate bounds and derive the analytic
solution of the coning motion frequency and the spin rate bounds
analytic expressions, respectively.

(1)) Investigate the configuration stability of E-sail under various
conditions and the influence of parameters on the dynamic response
of E-sail by applying the high-fidelity E-sail model.

(iv) Using the generalized E-sail model to study the rigid-flexible
14



coupling effect and various conditions on the attitude dynamics and
spin rate control problem of E-sail.
(v) Investigate the attitude control of the E-sail with different control
strategies, which can be demonstrated by the parameter analysis.
(vi)  Study the trajectory tracking problem of the E-sail with the reduced

order model during the different deep space mission scenarios.

1.4 Methodology of Approach

The outline of the methodology of approach to achieve the objectives in
this research is shown in Figure 1-7. It begins with the dynamic modeling of
the E-sail, including the high-fidelity tether dynamic model developed by the
nodal position finite element method (NPFEM), the generalized E-sail model
considering the attitude dynamics of the central spacecraft using natural
coordinate formulation (NCF) and the tether deformation using the nodal
position finite element method, and the reduced-order analytical model.
Lagrange equations of the first kind and Newton-Euler equations are utilized
to derivate the mathematical formulations of the E-sail. The E-sail is assumed
in the heliocentric ecliptic orbital plane at a distance of 1 au from the Sun. The
environmental forces acting on the E-sail including the propulsive force based

on the Coulomb’s law and the gravitational force of the Sun.
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To capture the tether dynamics with high-order modes, and the coupling

effects of orbital and self-spinning motions of the E-sail, the tethers of the E-

sail are discretized into inter-connected 2-noded tensile elements using the
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NPFEM, where the displacement is replaced by the position as state variables.
After development of the high-fidelity model, the configuration stability, spin
rate bounds and the unknown mechanism behind the periodic coning motion
are investigated and validated by theoretical and parametric analysis. Then,
to achieve the spin plane orientation control, a simple proportional-derivative
(PD) control strategy is proposed by applying control forces, where the control
forces can be generated by the thrusters installed in the remote units.

Next, the translation and attitude dynamics of the central spacecraft is
described non-singularly by the NCF, where the attitude angles are replaced
by the Cartesian coordinates. The coupling between the rigid-body central
spacecraft and the motion of the elastic tethers are described by Lagrange
multipliers. Once the generalized E-sail model is established, the influence of
the E-sail’s geometrical configuration and disturbance torque on the E-sail
dynamic characteristics are investigated. In real E-sail mission, the spin rate
of the E-sail always perturbed by unknown disturbances. Thus, simple
feedback torque control laws at the central spacecraft or at the central
spacecraft and the remote units simultaneously are designed to investigate the
control performance of the E-sail spin rate in the tether deployment or fully
deployment processes.

Because the attitude information of the E-sail is implicit and must be

calculated from the nodal positions in the NPFEM E-sail model, which makes
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1t difficult to design an applicable attitude controller. To solve the problem, a
reduced order analytical model is developed to describe the attitude dynamics
of the E-sail. A sliding mode control (SMC) is proposed, and its stability is
proved by the Lyapunov theory. Then, the control law is applied to the high-
fidelity E-sail model to examine the control influence. Finally, with the help of
attitude control, the trajectory tracking problems of E-sail in extraplanetary

exploration missions are investigated by the reduced order analytical model.

1.5 Assumption of Dissertation

In this dissertation, the E-sail is assumed initially in the heliocentric
ecliptic plane with its spin plane perpendicular to the ecliptic plane at a
distance of 1 au from the Sun. The direction of the solar wind is assumed to be
outward along the Sun-E-sail direction and the remote units are modeled as

lumped masses. Unless noted otherwise, the solar wind velocity is assumed

constant (400 km/s), the initial spin rate is @, =4x107 rad/s , the configuration

of E-sail is symmetrical, and the electrical potential of all main tethers is
assumed the same (20 kV). The following are special assumptions for the three

E-sail models
() High-fidelity E-sail model. The central spacecraft is modeled as
lumped masses, because of the extremely large ratio of the tether

length over the dimensions of the central spacecraft.
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(i) Generalized E-sail model. The central spacecraft is assumed as a
circular cylinder and its attitude and translation dynamic motions
are considered.

(ii)) Reduced-order analytical model. All tethers are assumed to be
straight and belong to the same plane without consideration of
coning motion. The spin rate of the E-sail and the orbital angular

velocity are constant.

1.6 Layout of Dissertation

There are eight chapters in this dissertation. Following the introduction
and justification in Chapter 1, Chapter 2 provides a detailed literature review
of relevant work in the dynamics and attitude control of E-sail, and its
application in deep space missions. Chapter 3 develops the three different
mathematical formulations of the E-sail used in this dissertation for studying
the dynamic characteristics, attitude control and orbit maneuvering in
different mission scenarios. Chapter 4 focuses on the model validation without
considering the influence of the propulsive force, which can be used as a
benchmark for the rest of study. Meanwhile, the unknown physics behind the
dynamic characteristics of the KE-sail are reveal. Chapter 5 includes the
parametric analysis of the E-sail dynamic characteristics by a high-fidelity
tether dynamic model, while Chapter 6 investigates the rigid-flexible coupling

effect on the attitude dynamics and spin control of E-sail with the rigid-flexible
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coupling high-fidelity model. Chapter 7 focuses on the attitude control problem

of the E-sail, and the trajectory tracking problems in extraplanetary

exploration missions. Finally, Chapter 8 concludes the work, identify the

original contributions of this doctoral research, and outline the potential future

research directions.
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Chapter 2 LITERATURE REVIEW

Summary: In this chapter, the literature review covers the dynamics and
control as well as orbital maneuver of E-sail. Based on the literature review,

the objectives and methodology of the proposed research are suggested.

2.1 Propulsive Force

When protons from the Sun impinge on the electrostatic field produced
by the positively charged main tethers, they are deflected and transfer some of
their momentum. This momentum transfer is the propulsive force which
accelerates an E-sail. The propulsive force as the only external force is
significant to the E-sail because the application of E-sail requires precise
knowledge of it. To date, many efforts have been devoted to measure the
propulsive force, and there are several models of propulsive force that acts on
the charged tethers. They are derived from either the particle-in-cell (PIC)
simplified analytical model, or the empirical model. First, based on a two-
dimensional (2D) PIC simulation of a positively charged tether, a simple model
of the propulsive force was developed [13]. The influences of the solar wind
density and velocity, physical properties of main tethers, and trapped shielding

electrons were considered. Although effective, this propulsive force model was
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found to grossly underestimate the magnitude of the propulsive force due to
consideration of the trapped shielding electrons [40]. By removing the
consideration of the trapped shielding electrons, it was found the magnitude of
the propulsive force increased roughly by five times from the 2D PIC model at
20 kV tether potential [40]. Consequently, a much-simplified form of the
propulsive force model in Ref. [40] was proposed at a distance of 1 au from the
Sun. It is worth emphasizing that the electron temperature and physical
properties of main tethers are not included explicitly in this model, while the
electron density in the undisturbed solar wind is assumed constant. However,
the analysis showed that the influence of the electron temperature and density
in the solar wind on the propulsive force is non-negligible [41]. The electron
temperature and density measured from the real space can be obtained from
Refs. [42-43]. Later, a new 2D PIC analysis with the explicit consideration of
the trapped shielding electrons resulted a propulsive force roughly 3.8 times
greater than that of the 2D PIC model at 20 kV tether potential [44]. The new
result was confirmed by the similar result obtained by the analytic analysis
[45] and the Boltzmann electron PIC model [46]. Recently, the NASA’s
experimental investigation [47] shown that the propulsive force at 20 kV tether
potential and 1 au distance from the Sun is much greater than that of the new
2D PIC model in Ref. [44], and is even greater than that of the 2D PIC model

in Ref. [13] by approximately 18 times.
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2.2 Propulsive Acceleration and Sail Angle Models

The mathematic model of the E-sail propulsive acceleration and the
relationship between propulsive acceleration and the E-sail orientation are
significant to the preliminary E-sail analysis before the real space missions. In
this section, the evolution history of these will be presented. Before starting,
the definition of two angles, sail and thrust angles, are firstly introduced as
shown in Figure 2-1, which are used to describe the relative orientation of E-
sail. The positive sail angle « 1s measured in the counter-clockwise direction
from the spin vector n to the Sun-E-sail direction r , while the negative sail

angle is in the opposite direction. The thrust angle y is the angle between the

r axis and the total propulsive acceleration «.

Sun

Figure 2-1 Sketch of E-sail sail and thrust angles.

As mentioned before, based on the propulsive force model obtained from

Ref. [13], the first propulsive acceleration model was obtained as
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a=a, (1/1/)7/6 r (2.1)

where a, is the E-sail characteristic acceleration [48], and r=|r| is the Sun-

spacecraft distance in au.

Then, a new mathematical model, which describe a more precise
relationship between propulsive acceleration, thrust angle and sail angle, was
obtained from the numerical curve-fitting [49-50], that is,

(2.2)

— 6 5 4 3 2
y=lioa +la +la +la +la +la+l,

a=ca’+c,a’ +c,at+c,a’ +ea’ +ca e, (2.3)

where the coefficients ¢, (i =1,2,---,7)and ¢; (i=1,2,---,7) are listed in Table

2-1 and Table 2-2, respectively.

Table 2-1 Coefficients of the sail and thrust angles relationship.
4, l, l, l,
3.681x107"° ~8.295x10" 6.322x10° —2.661x10™
g I l,

3.652x107° 4.853x10™" 0
Table 2-2 Coefficients of dimensionless acceleration vs sail angle.
¢ [ G c,
-5.896x 107" 1.943x107"° -1.261x107" 7.027 %107’
G Co G
-1.271x107* 6.904x107° 1.0
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Further, the refined mathematical models of propulsive force vector of a
flat E-sail were derived by [15], where the simplified propulsive force model in

Ref. [40] was used. The new models were

2
1+cos” & ] (9.4)

y = arccos| ————
V1+3cos’ &
a=kKa, \/1+3cosza/2r (2.5)

where x = {0, 1} 1s the dimensionless switching parameter that is used to turn

on/off the propulsive force.

It should be noted that the above two models are all derived from a flat
E-sail assumption that is all the tethers belong to the same spin plane. To
overcome this problem, a new propulsive force vector model based on a

catenary tether model [31, 33] was obtained as

>(1+3cos’
yz\/(l—p)sin2a+p ( 4COS a) (2.6)
prtf (2.7)
0 /1457
x| 1+(5) dx 2.8)
0

where p €[0 1] is a dimensionless coefficient related to the tether shaper s,

x, 1s the distance between the remote unit and central spacecraft, A is the

generic length of tether, respectively.

Consistent with Ref. [31], a refined best-fit polynomial equations of Ref.
26



[49] was proposed, which was numerically determined by considering the

combined influences of propulsive and centrifugal forces [51].

2.3 Dynamic Modeling of the E-sail

Since the E-sail technology is still in its infancy, it is particularly
important to develop a precise mathematical model to capture its dynamic
characteristics. In the past decades, many efforts have been devoted to the E-
sail dynamic modeling in the literature. Initially, the E-sail was assumed as a
spherical rigid pendulum and the equations of motion of single tether were
derived based on the variables sail angle, coning angle, and spin rate [14, 52].
A single straight main tether, which ignores the deformation of the tether, was
used to understand the E-sail orientation manoeuvre. Similar to the tethered
spacecraft system (TSS) [53-54], a reduced order E-sail model was developed
by using the dumbbell tether model [55]. Also, the dumbbell model was used
to model the E-sail attitude without singularity, where the tether was
simplified as rigid bar and the mass was ignored [20]. The singularity problem
can be avoided by using two vectors instead of two angular angles to develop
the model. Furthermore, based on the rigid bar model, an E-sail model with
multiple tethers was developed, where it was assumed that all the tethers
belong to the same plane [15]. Based on this model, the coupled attitude-orbit
dynamics of E-sail was modeled, and the flight control problem was

investigated [56]. An analytical hub-spoke E-sail configuration model was also
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derived using Newton’s Law based on this model [57]. The resultant natural
frequencies and mode shapes were given to investigate the dynamics and
stability of E-sail. At the same time, the other analytical hub-spoke E-sail
configuration model during the tether bar deployment process was obtained
based on Lagrange equations [58]. Both the radial and tangential deployment
strategies were studied, and the deployment velocity was controlled though the
central spacecraft speed.

However, the effect of spring influence of tether was not considered in
the rigid bar tether models. It is significant important for E-sail deep space
missions because the deformation of kilometer-long tether will have a
significant impact on the dynamics of the E-sail. To address the challenge,
many effects have been devoted to this. The tether was assumed as lumped
masses connected by spring dampers [28, 59-62]. A single tether model [59]
and a multiple-tether model [28] based on this single model were derived to
analyze the dynamics of E-sail. Meanwhile, the braking control strategies [60]
during the deployment process and flight dynamics [61] of a single tether
model, and the eigenvalue analysis of a full-sate nonlinear E-sail model [62]
were studied. Moreover, the elastic catenary theory was also used to address
this challenge. The equation of a spinning tether shape was derived, and the
shape was parameterized only by the coning angle and tether length [31].

Based on this model, a two-dimensional tether model was obtained with a
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given shape, and the equilibrium shape of the tether was derived [32].
Meanwhile, the attitude dynamics of an axially-symmetric E-sail based
spacecraft was analyzed by using the propulsive force torque model [33]. It was
found that the spacecraft motion is an undamped harmonic oscillation with a
certain period at a small sail angle [29, 33]. This motion will lead to an external
torque, which will in turn destabilizes the spacecraft.

Although effective, these methods are still limited because the slack
phenomenon of the tether will happen under the dynamic response. To address
this problem, the finite element method was used to develop the discretized
model of tethers. The static structural response of the E-sail was investigated
by using conventional finite element method (FEM) with three different beam
models [63]. It showed that the full-dimensional E-sail model was necessary.
The limitation of the conventional FEM is that it cannot describe the coupling
of large rigid body rotation and displacement with small elastic deformation
and singularity [64-65]. Thus, there are two approaches to address the
problems: the absolute nodal coordinate formulation (ANCF) [66] and nodal
position finite element method (NPFEM) [67]. The dynamic models of flexible
tether were developed by using ANCF [68] and related referenced nodal
coordinate formulation (RNCF) [69-70], the NPFEM [6, 18, 27, 30, 71]. The
dynamics response and flight control of elastic tether model of E-sail were

studied. However, all the models ignored the attitude of central spacecraft and
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coupling between rigid spacecraft and flexible tether. Thus, a generalized E-
sail model was developed to investigate the coupling effect and spin rate

control of E-sail [72].

2.4 Attitude Control of the E-sail

2.4.1 Orientation Control of the E-sail

The key to a successful application of the E-sail technology is the ability
to accurately control the E-sail attitude, which includes the orientation and
spin rate control of E-sail. The orientation control is achieved by the sail and
clock angles of an E-sail that is dependent on the propulsive force vector [27,
38]. For instance, the E-sail should be kept Sun-facing (zero sail angle) to
maximize the outward radial propulsive force [73]. However, to perform orbital
maneuvering missions, a transverse component of propulsive force is required
by tilting the spin plane of E-sail relative to the Sun-spacecraft direction at a
non-zero sail angle [38]. Many efforts have been devoted to the study of attitude
control of E-sail. The E-sail was first treated as a rigid-body spacecraft to study
its attitude dynamics, where the spin plane of mail tethers were grossly
simplified as a rigid disk with sail and clock angles expressed in the Euler
angles [19, 29, 56]. By linearizing the nonlinear attitude dynamics of the
simplified E-sail model, a feedback linearization control was proposed for the

sail angle by controlling two Euler angles [56]. Later, the main tethers of E-
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sail were modeled as rigid pendulums or dumbbell models attached to the
central hub and the E-sail attitude was controlled through the tether voltage
modulation with the attitude feedback [14, 19, 74]. To avoid the singularity of
Euler angles, the E-sail attitude was controlled by a proposed nonlinear model
predictive controller [20].

Although effective, the disturbance caused by the dynamic coupling of
axial and transverse elastic motion of main tethers was ignored in the
pendulum model. To address the defect, the main tethers of E-sail were further
modeled as flexible elastic wires by series of interconnected mass-spring
models and the E-sail attitude was controlled by a more detailed voltage
modulation scheme with six throttling control parameters [75]. It is noted
someone argued that the dumbbell model in comparison with the mass-spring
model is simpler and accurate enough to describe the tether motion of E-sail if
the spin rate is greater than the lower bound that is required to keep main
tethers taut [28]. However, it was found that the unsuppressed out-of-plane
swing of main tethers, called coning motion, and the dynamic coupling between
the local elastic tether deflection and the global orbital motion in the attitude
maneuver may induce transverse vibration of tethers and then destabilize the
E-sail spin rate [62]. A high-order multiphysics flexible E-sail model was built
to better understand its dynamic characteristics, and a simplified attitude

feedback control strategy was proposed with four throttling control parameters
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[18]. Numerical analysis shows that the attitude of the E-sail has been
controlled to the desired state. Unfortunately, the voltage modulation strategy
does not apply if the main tethers are not charged in certain periods of transfer
missions [37]. Accordingly, similar to the attitude control strategies for the
tethered satellite formation [76] and the solar sails [8, 77], a complementary
control strategy was proposed to control the E-sail attitude through injecting
control forces at the remote units [71]. Parameter analysis by NPFEM shows
this strategy is effective if all tethers are kept taut. Although effective, the
stability of the control strategy by either voltage modulation at main tethers
or thrust at remote units with mass-spring or NFFEM approach has not been
investigated due to the difficulty in handling the high-order model under the

Lyapunov framework.

2.4.2 Spin Rate Control of E-sail

To maintain the stability of the E-sail in the attitude maneuvering and
the deployment of the E-sail, the E-sail’s spin rate must be maintained at a
pre-defined or desired rate to generate sufficient centrifugal force to keep
tethers taut. First, a simple control law under the Lyapunov framework was
proposed at the E-sail deployment process based on the lumped-mass model of
E-sail [5]. It showed that the spin rate of E-sail can be controlled by controlling
the spin rate of central hub. However, a different result was showed in [6] by

using a simple PD controller, which was obtained by using NPFEM E-sail
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model. It showed that the spin rates of central hub and remote units must be
controlled at the same time to maintain the stability of E-sail for the kilometer-
long tethers at the deployment process. The results of [72] demonstrated the
two different conclusions of [5-6], that was, the spin rates of the E-sail is not
controllable by applying the control toque at the central spacecraft if the length
of main 1s sufficiently long. Finally, the analysis demonstrated the tether
vibration was suppressed, and the spin rate of the E-sail was stabilized by

charging the auxiliary tether [16] at the fully deployment process.

2.5 E-sail Missions

The advantage mentioned at Chapter 1 makes the E-sail an attractive
alternative to the solar sail for solar system missions. In this section, we will
categorize most of the E-sail missions into groups. It should be noted that the
“plasma brake” is not considered in current work, which uses the same working
principle of E-sail but charging the main tethers with negative polarity. Also,
all the interplanetary missions of E-sail should be started outside of Earth’s

magnetosphere, which the solar wind exists.

2.5.1 Non-Keplerian Orbit Missions
Non-Keplerian Orbit is the orbit whose plane does not pass through the
CM of Sun [78]. To maintain the stability such a plane needs to continuously

adjust the propulsive force direction to balance the gravitational and
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centrifugal forces components in the orbital plane, which is the advantage of
E-sail [79]. Many new space applications have been proposed for such orbit,
such as the continuous observation the Sun’s polar region, which is lifted above
the ecliptic plane as shown in Figure 2-2. The capabilities of E-sail to observe
the Sun’s polar region was firstly analyzed, and a comparison with solar sails
was made to determine which system is more convenient for the displaced non-
Keplerian orbit mission scenario [80]. The optimal (minimum time) transfer
trajectories towards the displaced orbits were designed. The performance of E-
sail in displaced non-Keplerian orbit was investigated by using a refined
propulsive force [81]. And a control law was proposed to track a non-Keplerian
orbit with a more accurate statistical model of solar wind dynamic pressure
[82]. Further, the linearized relative motion and control of E-sail formation
flight around a heliocentric displace orbit was investigated [83]. Finally, the
feasibility of maintaining an E-sail based spacecraft in heliocentric displace
orbit and orbit tracking problem were studied by using geometrical method

and distributed coordinated control, respectively [84-85].
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Figure 2-2 Sketch of non-Keplerian orbit.

2.5.2 Outer Solar System Missions

Outer solar system includes the giant planets, Kuiper belt objects, and
beyond heliosphere interstellar space. E-sail is particularly suitable for outer
solar system missions because it has the ability to provide continuous
propellantless propulsion force and slower decay rate. First, the performance
of E-sail reaching the heliosphere boundaries was studied in an optimal
framework with minimum time [21]. It showed that a medium-performance E-
sail has the potentialities to reach a distance of 100 au from the Sun in about
15 years, which is one-third the time of Voyager. Moreover, a mission scenario
of delivering an atmospheric probe to Uranus and the comparison with

traditional outer planet missions were preliminary analyzed [86].
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2.5.3 Terrestrial Planets and Asteroids Missions

Terrestrial planets and asteroids missions gives an attractive choice for
interplanetary mission transfers with E-sail. Many effects have been devoted
to these missions. For instance, the performances of reaching the total 1025
currently known potentially hazardous asteroids was investigated by using
optimal framework with minimum time [87]. The results showed the E-sail is
a promising propulsion system. Meanwhile, the performances of E-sail for
accomplishing flyby and return missions from a near-Earth asteroid was
investigated by using the optimal framework [23, 88].

Venus and Mars are ideal terrestrial planets mission candidates
because they do not have the magnetosphere. Thus, most of the attention was
focused on them by using optimal framework with minimum time and
trajectory tracking, which assumed the E-sail as an E-sail based spacecraft.
For example, a locally-optimal control law by using the general approached
was developed to study the performance of an E-sail based spacecraft [48].
Moreover, the finite Fourier series shape-based method [89], the indirect
optimal approach [90], and the Bezier curve-based shaping approach [91] were
used to design the mission trajectory. However, the E-sail based spacecraft can
hardly follow the designed optimal trajectories to the target terrestrial planets
or asteroids due to the uncertainty of solar wind. Thus, the trajectory tracking

1s necessary. A SMC law was proposed to overcome the propulsive force
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uncertainty and saturation problems [92]. Finally, a combined control was
developed to counteract the influence of solar wind uncertainties by adjusting

the voltage of main tethers [93].

2.5.4 Artificial Lagrangian Point Maintenance Missions

It 1s challenging to create and maintain artificial Lagrangian point in
the restricted three-body problem. Because it is hard to continuously adjust
thrust to balance the sum of gravitational and centrifugal force acting on the
spacecraft. E-sail has the capability to deal with this issue. First, by assuming
the constant orientation of E-sail, the existence and stability of artificial
Lagrangian point for an E-sail based spacecraft were investigated with an
elliptical restricted three-body problem [94]. Then, a proportional and a
proportional derivative (PD) control strategies by modulating the voltage of
main tethers were proposed to preliminarily analysis the dynamics of E-sail
based spacecraft near an L1-type artificial Lagrangian point [95]. Finally, to
deal with the unexpected E-sail actuator fault, a distributed fault-tolerant
control framework was developed for E-sail based spacecraft at Sun-Earth

artificial Lagrange points [95].

2.5.5 Mitigate Earth-threatening Asteroid Missions
There are around 100,000 objects near the Earth and one fifth of these

are potentially dangerous to us [96]. To mitigate their threats, the trajectory
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of Earth-threatening asteroids must be deflected, which can be achieved by the
E-sail. Currently, there are two ways to accomplish this: i) asteroid towing, ii)
kinetic energy impactor. Asteroid towing is to connect the asteroid and E-sail
with a tether. Through tilting the E-sail to continuously boosting the asteroids
escape from the orbits that threat the Earth. The performances of using the E-
Sail for deflecting the Earth-threatening asteroids was investigated, and its
effectiveness and superiority were demonstrated [97]. The kinetic energy
impactor is to use an E-sail based spacecraft to collide with the Earth-
threatening asteroids with a high relative velocity. This collision will keep the
asteroids’ orbits away from the Earth. The mission scenario of orbital
maneuvering by assuming the constant attitude E-sail was analyzed with the
modulation of tethers’ voltage [98]. It showed that the trajectory of asteroids
with 1000 000 tons can be deflected to avoid the collision with Earth by using
a 1000 kg E-sail. Finally, the effectiveness of this method was evaluated in

comparison with solar sails.
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Chapter 3 MATHEMATICAL FORMULATION OF E-SAIL

Summary: In this chapter, the mathematical formulation of the E-sail of three
situations in this dissertation is presented. The first model is developed to
investigate the influence of the elastic deformation motion of the tethers on the
E-sail dynamic behaviors. The tethers are assumed elastic and discretized into
inter-connected 2-noded tensile elements by using the NPFEM, while the
central spacecraft and the remote units are simplified as lumped masses.
Second, a rigid-flexible coupling dynamic model is obtained to study the
modelling of rigid-flexible coupling influence on the attitude dynamics of the
E-sail. This generalized model considers the attitude dynamics of the central
spacecraft, the elastic deformation of the tethers and the rigid-flexible coupling
between the spacecraft and the tethers. Finally, a reduced order analytical
model 1s derived to approximately describe the flexible E-sail’s attitude

dynamics to design a stability control strategy for the E-sail attitude maneuver.

3.1 System Description

3.1.1 Coordinate Systems

In the O X Y Z coordinate system, the orbital motion of the E-sail is

described. The origin O, is located at the CM of the central spacecraft as
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shown in Figure 3-1(a). The Z, axis is aligned with the direction pointing from
the Sun to the CM of the spacecraft with the unit vector 4,. The Y axis is
aligned with the cross-product of kxa, with the unit vector @,. The X axis
completes the right-handed coordinate system with the unit vector 4.

In the O, XY Z, coordinate system, the elastic elongation of the tether is
described at the tether element level. The origin O, is fixed at the node k of

the k, element, and the X, axis and its unit vector €, points from the node &

to the node k+1. The Y, axis is determined by the cross-product of € ,xi with

the unit vector e,

and the Z axis forms a right-handed coordinate system
with the unit vector €_, see Figure 3-1(b). If ¢ xi =0, the local tether element
coordinate system OX,Y,Z, willbe set as €,=I, ¢, =], e.=e xe,.

In the O, X Y Z coordinate system, the spin motion of the E-sail is
described. The origin O, is also located at the CM of the central spacecraft as
illustrated in Figure 3-1(c). The Z,, axis 1s along the sail spin vector direction,
the X and the Y axes are in the spin plane and complete a right-handed

coordinate system. It should be noted that the X and the Y, axes are

decoupled from the self-spinning of the E-sail.
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Xi(e,)

Figure 3-1 Schematic of E-sail coordinate systems.

In the O,X,Y,Z, coordinate system, the position information of the

41



tethers and remote units is determined. The origin O, is also at the CM of the
central spacecraft as shown in Figure 3-1(d). The Z, axis is aligned with the
Z,, axis. The X, axis is aligned with the direction from the central spacecraft
to the position of the 1st remote unit in the spin plane, and the ¥, axis forms a

right-handed coordinate system.
Finally, the attitude dynamics of the central spacecraft is descried in the

0,X,Y,7

ch™cb™ch

coordinate system. The O,X_,Y,Z , coordinate system is defined by
two basic points (p,, p,) and two non-coplanar unit vectors (u, v) of the central

spacecraft as shown in Figure 3-1(e). The u and v are perpendicular to the

axisymmetric axis and perpendicular to each other. The origin O, is at the CM
of the central spacecraft (p,),the X, axis is aligned with the vector pointing
from p, to p,, the Y, axis is selected to be perpendicular to the X, axis and
aligned with the direction of the unit vector u, the Z, axis completes the

right-handed coordinate system with the unit vector v. The vector r is the
position vector pointing from the center of Sun to the CM of the central

spacecraft. The attitude velocity of the central spacecraft relative to the

O,X Y. Z, coordinate system (Q+,) is the summation of the angular velocity

of the O,X,Y,Z, coordinate system relative to the O X Y.Z coordinate system

3 T
Q ={ 0 0 Ju / |r| } and the angular velocity of the central spacecraft in the
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O XYZ coordinate system @, , where u, 1s the standard gravitational

parameter of the Sun, the symbol ( )T denotes the transpose matrix.

3.1.2 Relative Orientation of the Coordinate Systems

The relative orientation of the above coordinate systems can be
described by the orbital and attitude angles of the E-sail and the
transformation matrices, as shown in Figure 3-2.

First, the relative orientation of the OXY.Z with respect to the
O,X,Y,Z, coordinate systems can be described by two angles ¢ €[-7/2 +7/2]
and y E[O +27z] as shown in Figure 3-2(a), which are defined to measure the

ecliptic latitude and longitude of the E-sail position as

¢ = arcsin (\/W/M)

arccos(rx/1 /(rxz +ry2>) r,20
V=
27r—arccos(rx/1 /(rxz + ryz)) r, <0

(3.1)
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Figure 3-2 E-sail orientation and the related angles.
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where arcsin and arccos represent the inverse of the sine cosine function,
. T, . .
respectively, r :[ noT, rz} 1s the position vector of the central spacecraft in
the O XY Z coordinate system.
The transformation matrices 4,, and 7,,, are given to describe the

relative orientation of the O X Y.Z with respect to the O X, Y Z coordinate

systems in the form of vectors and angles as

cos(¢) 0 —sin(@)|| cos(y) sin(y) 0
A, =| 0 1 0 —sin(y) cos(y) 0
i 0 0 0 1
sin(¢) cos(¢) (3.2)
cos(g)cos(y) cos(g)sin(y) —sin(g)
= —sin(y) cos(y) 0
sin(¢)cos(y) sin(g)sin(y)  cos(g)
or
0,.0;. 0,0 (0.)+(0,)
0; 2 0; 2 0; 2
T, = - .y O 0 (3.3)
o o
0, . 0, , 0, .
o o 0;

where the superscript s denotes the OX Y Z coordinate system,

0 = [OS o, , OSJ]T 1s the position vector of the origin O, in the O, X Y Z,

o_x o

coordinate system. It should be noted that the transformation matrices A

s20
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and T, are equivalent.
Then, the transformation matrix from the OXJYZ to the OXYZ

coordinate system can be written as

Xk, () (z-z)
Le,k Lﬁ,k
po_| XY zn-zn (KL-X)(Ha K (3.4)
. Le,k Le,k Lﬁ,k .
z.-z  v,-v (Xa-X)(Za-7)
Le,k Le,k Li,k

s
k+1 Zk+1

where (X LY Z )T, (X TS )T, and L,, are the position vectors
of the k, and (k+1)m nodes, and the instantaneous length of the &, element,

respectively. The instantaneous length of the %, element is expressed as

2 2 ) s 2
Le,k:\/(XkH_Xk) +( k+1_Yk) +(Z/<+1_Zk) (3.5)
Furthermore, the sail and clocks angles a € [—7[, +7r] and 0 e[O, +27r]
are used to define the relative orientation of O,X Y Z with respect to the

0,X,Y,Z, coordinate systems as shown in Figure 3-2(b). The positive sail

angle o is measured in the counter-clockwise direction from the spin vector

n, to the O Z axis, while the negative sail angle is in the opposite direction.
The clock angle J 1s described by the angle between the positive X axis and
the spin vector’s projection onto the O X Y plane. These two angles are given
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) ifn, , 20
) if n, ,<0

arccos(no Z/n

o

o =

—arccos (noiz/ n

o

arccos[nox/\/(nox )2 +<”0J )2J ifn, 20
2z — arccos(no_x/\/(nu_x)2 +(n0_y )2) ifn, <0

T
where n,=|n, . n,, n, .| =4

5= (3.6)

=T. n_ 1s the unit vector of the E-sail

s20Ms = 5201
spin axis direction in the O, X Y Z coordinate system, and n, is its expression
in the O, X,Y.Z coordinate system. The calculation of the unit spin vector n_ is
introduced here, which is a dynamic state of the E-sail. It could be determined
by solving a differential equation about the angular momentum of the E-sail
[16]. To simplify the process, the current work proposes an alternative
geometrical approach, where the spin vector n_ is defined by the positions of

three remote units in the O, X Y.Z coordinate system, that is,

><PS

/ (3.7)
HPS * P,

where P, =P —-P’', P,,=F,—P, P', P/ and P arethe three selected remote

i,j J
units’ position vectors, respectively.
In addition, attitude of the E-sail in the orbital coordinate system can

also be described by three Euler angles: {,  and ®, and the rotational
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sequence is R, (é’ ) -R, (77) -R, (@) . The transformation matrices 4, and T

02sp 02sp

are used to describe the relative orientation of the O X Y Z with respect to the

0,X,Y,Z, coordinate systems in both forms, respectively, that are,

cosa 0 -—-sina coso sind 0
A,,=| 0 1 0 —sind coso 0
sina 0 cosa 0 0 1
r ) . (3.8
CosSa Ccosd cosasinod —sina
= —sino Ccoso 0
i singcosd sinasind cosa
or
cos® sin® Of| cosy 0 —sing|| 1 0 0
T,,=| —sin®@ cos® 0 0 1 0 0 cosd sing
0 0 || sinp O <cosn || 0 —sing cosd
(3.9)

cosn7cos® cosgsin®+sind sinn7cos® sing sin® —cos g sinycos ®
=| —cosnsin® cos{ cos® —sin sin7ysin® sind cos® +cos ¢ sin7sin ©

sing —sin{ cosn cos¢ cosny

where ¢ e[-7 z], 7 e[ —% %J , ® e[-7 7] are the three KEuler angles.

It was worth to mention that the transformation 4, and T,  are

equivalent. Thus, comparing the Equations (3.8) with (3.9), the Euler angles

can be expressed by the sail and clock angles, which can be obtain as

17 = arcsin (sin & cos &)
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step1:
$ e, = arceos (cos o/ cos )
step 2 :
meet f SIN(G ., ) =—sinasind/cosn
éf — check check

é/check lf‘ Sin(é/check) * - Sin a Sin 5/COS 77

step 1:
© ;. = arccos(cosa cos §/cosn)
step 2: (3.10)

®= ®check UF Sin(@check) =sin 5/COS n
B _®check lf‘ Sin(®check) # sin §/COS n

It can be seen that the sail and clock angles can be controlled by

controlling the three Euler angles.

The O, X Y Z  with respect to the O,X,Y,Z, coordinate systems can be
determined by a rotation angle along the Z, axis, where the rotation angle is
ot , @, 1s the spin rate of the E-sail and 7 is the current rotation time, see
Figure 3-2(c). The transformation matrix 7,,, from the O,X Y Z  to the

O0,X,Y,Z, coordinate systems can be written as

cos(wt) sin(wr) O
T, =| —sin(ot) cos(wt) 0 (3.11)
0 0 1
Finally, the transformation matrix from the O,X_,Y,Z, to the OXYZ
coordinate systems is given by
chzs :|:pj_pi u V:H:I_’j_ﬁ[ u V} B (312)
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where p,, p;, u and v are the projections of the vectors p,, p,, uand v in the
0,X,Y,Z, coordinate system, respectively. The symbol ()" denotes the
inverse of the matrix.

To describe the attitude motion and evaluate the dynamic performance
of the E-sail, the system angles are defined and presented in this section, as
shown in Figure 3-1 and Figure 3-2. They are the thrust angle
ye(-n/2, +r/2), the coning angle g e(-x/2, +x/2), the nutation angle
pe(-n/2, +7r/2), the relative angle 9 e[-7z/2, +7z/2], and the adjacent
angle 6, .

The thrust angle y i1s the angle between the OZ axis and the total
propulsive force F,. Because the main tether is always positively charged, the
propulsive force is always in the positive side of the O Z axis. The coning angle
S is defined by the angle between the nominal spin plane and each main

tether. When the remote units are at the positive side of the spin plane, the
angle is positive and vice versa. The coning motions of main tethers can be
described by the same coning angle because the E-sail is an axisymmetric
system, and the main tethers share the same spin plane. The positive nutation

angle ¢ 1s measured counter-clockwise from the X, axis to the spin vector n

and vice versa. The relative angle 3 between the vectors T, and r in the
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0,Y.,Z., planeisthe in-plane libration of main tether with respect to the radial

direction. The positive § is measured counter-clockwise from the vector r. to

the vector T, and vice versa. The adjacent angle 6, ; is the angle between the

i" and j” main tethers.

Figure 3-3 shows three different configurations of the E-sail, which are
named as Type I, Type II and Type III, respectively. These configurations
represent three different designs of the E-sail with the sail plane aligned with

the left edge, the CM, and the right edge of the central spacecraft, respectively.

W

ch

Nominal
% Spin plane

n'

[
C

oS

~X

ch

Type 111

Figure 3-3 Three configurations of the E-sail.
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3.2 Propulsive Force Formulation

The investigation of the KE-sail requires precise knowledge of the
propulsive force, which is generated by the positively charged main tethers.
Many efforts have been devoted to the accurate analytic expression of the
propulsive force in the literature. Currently, several models of propulsive force
that acts on the charged tethers have been presented, which are derived from
either the PIC simulation simplified analytical model, or the empirical model.
Consider a long and positively charged tether in the solar wind. When the
incident protons in the solar wind are in the close range (the Debye length) of
the tether, they will be deflected due to the Coulomb effect and a propulsive
force is generated accordingly. It should be noted that the propulsive force is
calculated in the local tether element coordinate system. The propulsive force
per unit length acting on the main tether was first derived from the 2D PIC

model as described in Ref. [13]

m pn vst_| rovst_

mv2 7.
ex AT P -1
\/ p[ eV r,
2 1 4 1 6
] +1.95><103[—] +8.1x101[—] (3.14)
r r

4/3
r0=2‘/$0TL)/(nez) Tez3.8e[1+1.5{g J (3.15)

Ja=K (3.13)

| —

nz7.2x106(

~N
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where f, isthe propulsive force per unit tether lengthin N/m, K ~3.09 is the

coefficient of the propulsive force determined by numerical simulations [13],

m, =1.67262x10 kg is the solar wind proton mass, # is the undisturbed solar
wind electron density [6], v, is the solar wind velocity perpendicular to the

direction of the tether and the magnitude is denoted by

v..l, 7, 1s the two times

of electron Debye length, e =1.60218x107"°C 1is the elementary charge, V is

the tether potential, », is the tether effective radius, 7 is the Sun-spacecraft
distance in au, ¢, =8.85419x107"? F/m is the vacuum permittivity, 7, is the

temperature of the slow solar wind electron [43]. Here, the fast solar wind
component, which usually exists in the polar orbit, is neglected because the E-
sail is in the ecliptic plane.

Furthermore, it can be seen that the propulsive force depends on how
many electrons are trapped by the electric field of the positively charged
tethers. By removing the trapped electrons completely, it was found that the
magnitude of propulsive force per unit length is increased roughly by five times
from Equation (3.13). It can be further simplified if the E-sail is near 1 au
distance from the Sun [3] as

fdl =0 vswl (316)

c=0.18max(0,V -V, ) Je,m,n (3.17)
where V, is the solar wind electric potential (usually 1kV). Here, 0.18 is the
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coefficient of the propulsive force, which 1s determined by numerical
simulations.
Different from the PIC modeling approach, NASA derived an empirical

propulsive force model near 1 au distance from the Sun [47] as follows:

L =258mm v, |n\Vv,, (3.18)

vswl

Although the prediction of propulsive force models in Equation (3.16)
and (3.18) is closer to experimental measurements, the models do not include
the distance effect explicitly and thus can not be used in the region far away
from 1 au. On the contrary, the model in Equation (3.13) provides a physical
insight of the propulsive force by considering the influences of the solar wind,
E-sail location relative to the Sun, and properties of the main tether, even
though it grossly underestimates the magnitude of the propulsive force.
Therefore, the model in Equation (3.13) is modified by a factor K in the
current work to investigate the impact of different propulsive force model on
the dynamic response of the E-sail. The value of K is determined based on
Equations (3.16) and (3.18) for the parametric analysis to account for the
impacts of the solar wind conditions, E-sail location and properties of the main

tether. The modified model of the propulsive force unit length is expressed as

mpn vst_| rovst_
m v2 7.
s
exp| — 22 qn| 2| | -1
eV r,
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where K, (i:1,2,3) is the coefficient that represents these three propulsive

force models, where K, =3.09 [13], K, =11.74 [44], and K, =56.36 [47].

3.3 Modeling of E-sail by Nodal Position Finite Element Method

The dynamics of elastic tethers of the E-sail has been modeled by beam
[63, 69-70] and bar [67, 99-100] models. Among them, the bar model [67] by the
Nodal Position Finite Element method (NPFEM) provides a good balance in
terms of accuracy and computational efficiency and is adopted in this
dissertation. The dynamics of main and auxiliary tethers are described by the
NPFEM due to its advantage in dealing with the coupled elastic and rigid
nonlinear motion of flexible tethers. The influence of the flexible elastic
deformation of the tethers on the dynamic characteristics of E-sail is studied
by using this high-fidelity model. All tethers are assumed as elastic inter-
connected 2-noded tensile elements, which obey the Hooke’s law. The central
spacecraft and the remote units are simplified as lumped masses.

Considering the k, tether element in the Figure 3-1(b), the arbitrary
point in the OX,Y,Z coordinate system can be described by the coordinate
g=[x z]T, and the coordinates can be expressed in the O, X,Y.Z coordinate

system as

q=35.4, (3.20)
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where ¢ is the position vector of the arbitrary point in the O, X Y Z coordinate
system, ¢, = {X,f,YkS,Z,f,X,fH,YkSH,Z,fH}T 1s the position vector of the k, element,

and S, is the element shape function, which is defined as

(3.21)

n © O
S O Un
S Un O
n © O

where & =x/L,, .
Taking the first and second order derivatives of Equation (3.20) with
respect to time ¢ yields the velocity ¢ and the acceleration ¢ of the arbitrary

point in the O X Y.Z coordinate system as follows:

. dq .
q = E = Squ
e (3.22)
.. q ..
4=—72" $:9,

Then, the Green-Lagrangian strain of the k, element is defined by
&=Ly, /L, —1=6q, -1 (3.23)

where L, is the undeformed length of the &, element, & is the strain matrix,

such that,

cosd, _ cos 6, cosf cos@ cost cosb.
LO,k LO,k LO,k LO,k LO,k LO,k

(3.24)

where cos6, , cosd, and cosf. are the directional cosines, which can be written
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as

X, —X; Yy, -Y’ AR YA
ek cosf =+ £ cosf, =—F—L (3.25)

cosf =
Le,k Le,k ek

Furthermore, the strain matrix & can be decomposed into the product

of the strain matrix in OX,YZ coordinate system and the coordinate

transformation matrix as

e=¢g,T, (3.26)
where
&=| <YLy, 0 0 1YL, 0 0] (3.27)
cos@, cosf, cosd, 0 0
0 0 0 0
T 0 0 0 0 0 0 (3.98)
ke 0 0 0 cosf, cosf, cosb. '
0 0 0 0
0 0 0 0

With the definition of the strain &,, the elastic stress in the element
using the Hooke’s law can be written as

o,=Es =Dq,—E, (3.29)

where E, and D=E ¢ are the Young’s modulus and elastic matrix of the £,

element.

3.3.1 Kinetic Energy
The kinetic energy of the k, element can be written as
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1 T . 1 T . 1. .
I,= EJ‘ oLe"k pkAquqdl :EJ‘ OLM pkAkSkququSkdl :EqkTMe,qu (3.30)

where T,

.«» P and 4, are the kinetic energy, material density and the cross-

section area of the element, respectively. M,, is the mass matrix of the

element, which can be expressed as

200 100
020010
ey 00 20 0 1 (3.30)
’ 6 |1 00200
010020
(00 10 0 2]

It should be noticed that the mass matrix of the element is constant in

the O XY Z coordinate system.

The kinetic energy of the i” lumped mass can be written as

T =%mi vy, (3.32)

i=1

T., m; and v, are the kinetic energy, mass, and the velocity of the mass point,

respectively.

Thus, the mass matrix of the &, element including the mass of the

lumped mass is
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200 1 00O 000 O 0 O

020010 000 0 0 O

A4L,10 0 2 0 0 1 000 0 0 O
= P + (3.33)

6 1 00 2 00 000 m O O

010020/ |000 0m 0

|00 100 2] |00O0 0 0 m|

3.3.2 Strain Energy
The strain energy of the &, element can be obtained as

U —IIL“*EA dl =g’ K 'F 4 LE AL (3.34)
ek —5 o LrdEy _Eqk ek 4 Loy +5 Lk 3.34

where K, , is the stiffness matrix of the element and F,, is the generalized

nodal force vector resulting from the elasticity of the element, which can be

written as

K, = EkAkLe,kng = TkTKf,ka (3.35)
F,, = EkAkLe,kgT = EkAkLe,kaTgo (3.36)

1 00 -1 0O

000 O0O0O

E AL 000 O0O0O0
= (3.37)

Ly, -1 0 0 1 00

000 O0O0OO

000 00 0f

3.3.3 Potential Energy and the External Forces

The potential energy of the &, element can be obtained as
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4
v, = by (3.38)

T
where g, 1s the Sun’s gravitational parameter, V,, and 7, are the potential
energy and distance from the CM of Sun to the element, respectively.

The potential energy of the i” lumped mass can be written as

y =20 (3.39)

7

where 7 is the distance between the center of Sun and the i lumped mass.
The nodal force vectors, resulting from the gravity force F,, and the

propulsive force F,, acting on the k, tether element, are derived based on the

principle of virtual work, that is,

oW, =] Sl p,A,54 8 di=5q.,F,, (3.40)
5I'Vt,k :J- oLe'k 5qu,kSkTT,I; Sadl = §qu,kFt,k (3.41)
where g 1is the gravitational acceleration.

Equations (3.40) and (3.41) are evaluated by the Gaussian quadrature,

AL L L
F=) (ff*s,fpkAngdh%imsz{ 3 <1+:,.)J g{ 3 <1+4,.>J (3.42

L;,k iwiS,f [ L, (1+¢) /2] T" fdl[ L,(1+&) /2} (3.43)

i=1

F,; :_[ oLe’k SkTT,I; Sadl =

where GI is the point number of the Gaussian-Legendre quadrature, w, and

¢, are the Gaussian integration weight and abscissa, respectively. It should be
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noted that the variables in this section are all defined in the OXYZ

coordinate system.

3.3.4 Equations of motion of the E-sail

The equation of motion of the k, element can be derived by utilizing the

Lagrange equation of the second kind in the following form:

(3.44)

e,k

dt

d{aTe,kJ o1, (VM +U) _
oq, 0q, oq,

Thus, the discrete equation of motion of the k, tether element can be

obtained as

Me,qu + Ke,qu = Fe,k + Fg,k + E,k (345)
where M, and K,, are the mass and stiffness matrices of the k, element,

F

ek

F,, and F,; are the generalized elastic force resulting from NPFEM,
gravity force and propulsive force of the k, element, respectively. It is worth

noting that that the tethers’ material damping is not introduced in Equation
(3.45) because of the lack of material damping data in space. Moreover, it
should be emphasized that the propulsive force only acts on the main tethers,
because only the main tethers are positively charged to form the electrostatic
field and the auxiliary tethers are uncharged.

Assembling Equation (3.45) with the standard procedure in the finite

element method leads to the discrete equations of motion of the E-sail,
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M, +Kq,=F, +F, +F, (3.46)
where M, is the global mass matrix including the masses of the tethers and

the remote units that are modelled as lumped masses and attached to the ends

of the main tethers, K, is the global stiffness matrix, ¢, and ¢, are the vectors
of global position and acceleration of E-sail, F,, F, and F, are the vectors of

global elastic, gravitational and propulsive forces, respectively. It should noted
that the discrete equations of motion of auxiliary tethers are also included in
Equation (3.46) and obtained by using the same procedure. The only difference
1s that the propulsive force produced by the auxiliary tethers are zero due to

the nonconductive property.

3.4 Mathematic Formulation of the Generalized E-sail Model

The influence of the rigid-flexible coupling between the spacecraft and
the tethers on the dynamic response of E-sail is studied with a generalized
model. The attitude and translation dynamics of the central spacecraft is
described by the NCF, while the tether deformation is described by the NPFEM.
The remote units are simplified as lumped masses. The central spacecraft is
modeled as a circular cylinder with a symmetrical axis by the NCF in the global

Cartesian coordinate system O X .Y.Z . Two basic points and two non-coplanar

unit vectors are defined to describe the translational and rotational motions

with 12 generalized global coordinates of the central spacecraft as shown in
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Figure 3-1(e), such that,
p =[ p, p; u VTj| i (3.47)
where the superscript 7' denotes the transpose matrix.
The position vector of an arbitrary point p, of the central spacecraft in

the O XY Z coordinate system can be written as

D, =D +cl(pj —p,.)+c2u+c3v (3.48)
=[(1—c1)13 ol, ol 0313} p=Cp

where C=L(1—c1)13 aol, ol c3I3J 1s a constant matrix, I, is the 3x3 identity

matrix, ¢, ¢, and ¢, are the constants. These constants obey the following

equation

P.=¢ (ﬁj - ﬁj)+czﬁ+c37 (3.49)

where p,, p,, p,, U and V are the projections of the vectors p,, p,, p,, u and

v in the O, X,Y,Z, coordinate system, respectively.

Equation (3.49) can be expressed in a matrix form as

G

I e.] = %e (3.50)

|
Il
1
i
|
]
=l
<l

where )?ztﬁj—ﬁ[ u VJ ,e=[e ¢ c3]T.
Thus, these constants ¢,, ¢, and ¢, can be obtained by
c=X"p, (3.51)

63



where the symbol ( )71 denotes the inverse of the matrix.

Taking the first and second order derivatives of Equation (3.48) with

respect to time ¢ yields the velocity p, and the acceleration p, of the point p,

as follow:
R/
P
e (3.52)
a P;a - C
dt
3.4.1 Kinetic Energy of Central Spacecraft
The kinetic energy of the central spacecraft can be written as
1 T . |
T, =§f y PP P AV, =2 P M p (3.53)

where p, and V, are the density and the volume of the central spacecraft. M,

1s the mass matrix of the spacecraft, which can be obtained by

(1_01)213 (1—01)0113 (1—01)0213 (1_01)0313
o (I-c)al, 1, ol cedy |, 659
sd v, s
| (1-¢) ey, ¢ 1, o, c,G 1,
i (1—01)6‘3]3 ¢, ¢, 1 oy |
where
|, peav, =X, p.p.dV,=m X "'Be, (3.56)
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[ pectav,. =X ([, p.p.5lav,) (XY
L/H* I, /H I_.[H (3.57)
— Ixy/H I, I
XZ/H I_,VZ I_Z

: _ _ _ _ T
where m_ is the mass of central spacecraft, p ., =[ Pew « Pow s pCMJ} 18

the position of spacecraft CM in the O,X_,Y,Z, coordinate system, H is the

X M

height of central spacecraft. 7, :j y PP AV, I_},:_[V p,p. dV,

L=[,pp*av. . TI1,=|,pp B4V, . I.=|,pB, B, .4V, .

- _ _ _ _ _ _ T
yz :J- Ve pspaiypaide; ’ pa :|: paﬁx paﬁy paiz:| .

Substituting Equations (3.55)-(3.57) into Equation (3.54) yields

I 2mpe, MPoy . I, _ L, 1
{ m,+ $] I (%_ﬁ] I [mspCMy _Eg I M Py - _E I
mp L 1 I
M =

| ( ;] P (2
(3.58)

Equation (3.57) can be formed from the moments of inertia in the

0,X.,Y,Z, coordinate system, that is,
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1=, p|(p.- P)L-PB.B.|aV.=| -1, I, I, (3.59)

where 1. =[,p (5 +F )av,=T,+L , 1,=[,p, (7" +F )aV.=T.+L ,
]zzzj Vsps(ﬁjj-l-ﬁiv)dl/; :]_x+I_y’ IXy:I_” I.=1,

Comparing Equation (3.57) with Equation (3.59), the relationship

between them can be expressed as

-1

]_X O 1 1 XX
I|=|10 1 " (3.60)
I 1 10

]

zzZ

Finally, the mass matrix of the cylindrical central spacecraft with an

axisymmetric axis is obtained by

M, = ps,[ VCTCde

13 1

Els _E 3 03 03

! 1 I 1 0 0
TR onv 3 3 (3.61)
_ms 1

03 03 ZI3RS2 03

0 0 0 l1 R’

3 3 3 4 34%

where R, is the radius of the central spacecraft, 0, is the 3x3 zero matrix. It is

noted that the mass matrix is a constant matrix.
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3.4.2 Potential Energy of the Central Spacecraft
The gravitational potential energy of the central spacecraft in the

0. X.Y.Z coordinate system can be written as
v,=—| fap' =] dp’C’ ¥ (3.62)
where V, is the central spacecraft potential energy, f is the gravitational

force of the infinitesimal volume dm at the point p,,

L}(r+ra)dm (3.63)

f=-dmg, =-
r+r,

where r, is the position vector of p, from the origin O, , g 1is the

gravitational acceleration of the central spacecraft.

The partial derivative of Equation (3.62) with respect to p leads to the

equivalent gravitational force f, & as

oV
fgs_ S

ST -C'f (3.64)

and the total gravitational forces acting on the central spacecraft are
calculated by F, | =J.fg_s .
Moreover, the gravity gradient torque about the origin O, is calculated

as

T, =I raxf=—ym_|- %dm (3.65)
r+r,
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Expanding |r +F, ~ into Taylor series and neglecting the higher order terms

yield the following approximation,

par [t 21l 1-3 % (3.66)
] ]
Substituting Equation (3.66) into Equation (3.65) yields
T, =3|A%J rr, (1, x r)dm (3.67)
r

Since the rotation of the central spacecraft is described by the Cartesian
coordinates instead of the angular parameters, the external torque 7 applied
to the central spacecraft should be replaced by an equivalent pair of forces
accordingly. The generalized forces corresponding to the external torque 7 can

be expressed as [101-102]
Fr :[ ngl ngl fuT fvT:| ' (368)

where f, and f, are the forces associate with the NCF unit vectors u and v,

respectively.
In order to obtain this generalized force, the external torque 7 1is
decomposed into components in the direction aligned and perpendicular to the

unit vector u, respectively,

(3.69)
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where 7, and 7, are the torque components aligned and perpendicular to the

direction of the unit vector u, respectively.

Thus, the equivalent pair of forces f, and f, perpendicular to the

directions of unit vectors u and v, respectively, can be obtained as,

f.=7, xu
) (3.70)
f,=7,xV
Substituting Equation (3.67) into Equations (3.68)-(3.70) yields
T
F. =[ 05, 03, f., f{g} (3.71)

where F, , is the generalized force represent the gravity gradient torque.

3.4.3 Angular Velocity and Acceleration of Central Spacecraft

Because the attitude motion of the central spacecraft is described by the
NCF in the Cartesian coordinates instead of the Euler angles, the angular
velocity and angular acceleration of the central spacecraft cannot be obtained

directly. They are obtained by solving the following kinematic equations,

b= b+(p,—p,)*(Q+0,)=0

u+ux(Q+m,)=0 (3.72)
VHvx(Q+e,)=0
p=bo+ (b, - b)x(Q+ o)+ (p, - p)x(Q+a,)=0
(3.73)

+
i+ix(Q+m)+ux(Q+a,)=
)

'V+w'7><(Q+a)S)+V><(Q+a')S =
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where @, and @ are the angular velocity and acceleration of the central
spacecraft in the O, X Y.Z coordinate system, respectively.
Thus, the angular velocity and acceleration in the O, X _,Y,Z, coordinate

system are expressed as

=77
{ wcb cszws (3 74)

. T -
wcb - T'cbZSws

3.4.4 Constraint Equations of the Central spacecraft

As shown in Equation (3.47), the six degrees of freedom of the central
spacecraft are described by the 12 generalized coordinates, which means the
12 generalized coordinates of the central spacecraft are not independent.
Therefore, six constraint equations are introduced to eliminate the extra

redundant degrees of freedom, that is,

‘P/ —pl‘—H2/4=O
lu|-1=0
|V|— =0
@ = (PJ —pl.)Tu:0 (3.75)
p,~p,) v=0
u'v=0

where the first three equations represent the equidistant constraint of the

central spacecraft, and the last three equations express the vertical constraint.
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3.4.5 Equations of motion of the E-sail
The equations of motion of the generalized E-sail can be derived by

utilizing the Lagrange equation of the first kind as following:

af01) oL gr
dt\ oq) oq "’

=0

(3.76)

where L=T-(U+V) is the Lagrangian of the E-sail, ¢ =[pT qZ]T is the
position vector of the E-sail, 4 is the vector of the Lagrange multipliers, Q is
the generalized force, ® and @, =0®/dq are the constraint equation and the

corresponding Jacobian matrix, respectively. The detailed expression of the

kinetic, strain and potential energy of the E-sail T, U and V' are written as

T=T+3T,+37
= =1

U=§pw (3.77)
A Y IS Y
k=1 i=1

where N 1s the total number of the elements, M is the total number of the

V.

ek ?

remote units. 7., , 7., U

e,k ? i ek’

and V, are the kinetic, strain and potential

energy of the k, tether element and i” remote unit, which can be obtained in

the previous section, respectively.

Accordingly, the equations of motion of the E-sail can be obtained as
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{Mq’+d);/1=F (3.78)

D=0
where M , § and F are the mass matrix, acceleration vector and external

force vector of the E-sail, respectively. The detailed expressions of the matrix

and vectors are expressed by

M 0 @, F, +F.
M=| ° , ®=| |, F=| * -£ (3.79)
0 M, D FE+F}+Fg—Keqe

where M is the mass matrix of the central spacecraft in Equation (3.61), @, ,

1s the constraint equation of spherical joints on the central spacecraft, which
joins the central spacecraft with the elastic tethers. The constraint equations

of spherical joints can be written as

cDxfi = peﬁxii - qeﬁxii = 0
@ ,=1D, ,=p,,,~q,,,=0 i=12.m (3.80)

qbzii = peﬁzii _qeizii = 0
where m is the number of the joints, PeJ:[Per De s PQU}T and

q. ; =[ doi v 4o, qeiz}T are the position of the interconnected points on

the central spacecraft to connect the tethers.

It should be noted that Equation (3.78) is highly nonlinear due to
including the rigid-flexible coupling influence by the Lagrange multiplier
approach. Thus, it must be solved iteratively by the Runge-Kutta type method

for differential-algebraic equations. The control influence is transmitted from
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the central spacecraft to the main tethers via the rigid-flexible coupling
constraint and the coupling is reflected in the tension fluctuation in the main

tethers.

3.4.6 Disturbance Torques

As shown in Figure 3-4, a disturbance torque of the resultant propulsive
force will be generated by the E-sail if the CM of the E-sail is not coincided
with its CT (center of thrust). Moreover, a disturbance torque of tether tension
will be generated on the central spacecraft if the main tethers swing relative
to the radial direction as illustrated in Figure 3-2(c). It must be recognized that
the CM and CT of the E-sail and tether tension can be influenced by the
nonlinear elastic deformations of the tethers as well as the large
deflection/bending of the main tethers. In addition, the fluctuation of tensions
in the main tethers leads to fluctuation of disturbance torque, which in turn
influences the attitude dynamics of the central spacecraft via the rigid-flexible

coupling constraints.
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Z

chb
Figure 3-4 Schematic of the disturbance torque.

These torques will result in the fluctuation of spin rates of the E-sail and
the central spacecraft. The following illustrates how to include these influences
into the model.

The position vectors of CM and CT of the E-sail are defined in the

0,X.,Y,Z, coordinate system, which can be written as

(S /(5]

cT (I?ticb )_1 (2“)(, X flj

where nn is the number of the nodes, X, is the position vector from the i,

i=1,2..nn (3.81)

node to the origin O, of the O,X,Y,Z, coordinate, m , f, |,

3

T T
Fou :[ Few, Tewm, FCM:} and r,, :[ Fer, Ter, rCTZ:| are the mass components,
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propulsive force components, and position vectors of the CM and CT of the E-

sail, respectively. Then, the skew-symmetric cross-product matrix associated
the propulsive force F, , :[ F, F, F, }T in the O,X,Y,7Z, coordinate

cy

system is defined by

0 _Fcbz Fcb
szcb = Fcb_, 0 _F;hx (3.82)
_Fcb, Fcbx 0

Therefore, the disturbance torque of the resultant propulsive force F, ,

caused by the offset between the CM and CT of E-sail as presented in Figure

3-4 is obtained as

T :(rCT _rCM)X F, (3.83)

‘_

It will be transmitted to the central spacecraft via the rigid-flexible
coupling, which is the tensions in the main tethers. The disturbance torque on
the central spacecraft due to the tension of each main tether as shown in Figure
3-2(d), which can be written as

t,=rxT (3.84)
where r, is the position vector from the origin O, to the i, interconnected

point and 7, is the tension of the i, tether.

3.5 Reduced Order Model of Attitude Equations of E-sail

In the previous section, the elastic deformation of the tethers, the orbital
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and attitude motions of the E-sail are described by the NPFEM, while the
attitude equations of motion of the E-sail are implicit and must be calculated
from the states of nodal positions by Equations (3.1)-(3.10), which makes it
difficult to design a feedback law for the attitude control. Although the high-
fidelity dynamic model accurately describes the dynamic characteristics of the
E-sail, it also brings inconvenience to the attitude stability control of the E-
sail. To solve the problem, a reduced order analytical E-sail model is
established to capture the attitude dynamics of the E-sail in order to design
the attitude controller in current work. It should be noted that all the following

equations and the relative terms are obtained in the O X Y Z = coordinate

system.

To simplify the problem of dynamics and control, it is assumed that

(i) The central spacecraft is orbiting on the heliocentric ecliptic plane,
which is ¢=7/2,

(i) The spin rate of the E-sail and the orbital angular velocity are
constant, and

(iii) All tethers are straight and belong to the same plane without
consideration of coning motion.

Based on the above assumptions, the angular momentum of the E-sail

can be written as

H=1w (3.85)



where H 1is the angular momentum of the E-sail, I is the moment of inertia

tensor of the E-sail, and @ = [ o, o, a)ZJT 1s the angular velocity of the E-

sail about the principal axes. The detailed derivation of these terms are

presented in the following.

3.5.1 Moment of Inertia of Reduced Order Model of E-sail

Because the E-sail is symmetric with respect to the Z (Z,) axis, the

principal axes of inertia are the same with the axes of the O X Y Z

coordinate system. Therefore, the moment of inertia tensor of the E-sail I in

the O, X Y Z coordinate system can be expressed by

X

I 0
I=0 [
0

y

0
0 (3.86)
0 I

where I, I, and I are the moments of inertia along the principal axes of

Inertia, that is,

[=1, ,+I ,+I

X xX_at X_ru

L=1, ,,+1, . +1, (3.87)

y J
] = ]zimt + Iziat + ]zfm

z

where (1, ,, I, I ,), (L., I, ., I ,)and (I, 1, ., I ) are the

y_ru z_ru

moments of inertia of the main tethers, auxiliary tethers, and the remote units

along the three axes, respectively.
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The moments of inertia of the main tethers can be written as

L =2[ ((XE” )+ (= )2)dm (3.89)

where [” =[ij »wooz? }T 1s the position vector of the infinitesimal mass
point dm along the i” main tether, i=1,---N, N is the total number of the

main tethers(remote units), dm = pdl, p is the linear mass density, d/ is the

infinitesimal tether length.

The position vector of dm in the O,X,Y,Z, coordinate system can be
written as

' =[ Icos(22Gi~1)/N) Isin(27(G-D/N) 0] (3.89)

where / E[O L] 1s the distance from the CM of the central spacecraft to the

mass point dm, L is the length of the main tethers.

Thus, the position of the mass point dm in the O X Y Z = coordinate
system can be written as
17 =(T,,,) 1 =| Tcos(22G-1)/N+@y) Isin(2z(i-1)/N+a,) 0] (3.90)

Substituting Equation (3.90) into Equation (3.88) yields the moment of

inertia of the main tethers as
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I, =i|i pl’ sin’ (27z(i—1)/N+a)0t)dI:%NpL3
=

I, . :ir pl’ cos’ (27[(1’—1)/N+a)0t)dl=%N,0L3
- i=1 0

(3.91)
I :ﬁf pl*dl =%NpL3
- i=l1 0
where
1- 2(2x(@i-1)/N t
isin2(27r(i—l)/N+a)ot):ﬁ COS( ( ”(12 )/ N+, )):%
- ’:11 (22— 1N + ) (3.92)
+ — +
cos’ (27(i—1)/N + ayt) :ﬁ: cos 7”2 @ _%
i=1 i=1

Similarly, the moment of inertia of the auxiliary tethers and the remote
units are given by

‘[x_at +]x_ru = %N(mre +m

au

)

1
nyat +Iy7ru = EN(mre +mau )L2 (393)

‘[z_at + Iz_ru = N(mre +m )L2

au

where m, and m, are the masses of the i” remote unit and the connected

auxiliary tethers, respectively.

Substituting Equations (3.91) and (3.93) into Equation (3.87) yields

Ile lpL+mm+mm, NI’
2(3

1

|
I, :E(EpL +m, +mauJ NL (3.94)

I = G pL+m, +mauJ NI
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Obviously, there exist I, =2/ =2I . For the sake of convenience, let

[,=1,=J and I, =2J.

3.5.2 Derivation of Kinematic Differential Equations of E-sail

The angular velocity of the E-saill @ in the O X Y Z = coordinate

spsp
system can be written as

o=0". +0", +ao’ (3.95)

02i sp2o0 b2sp

where @,,, is the angular velocity of the O, X,Y Z with respect to the O, X.Y.Z,

1

coordinate systems, a);zo 1s the angular velocity of the O X Y Z = with respect

to the O,X,Y Z, coordinate systems, and @, , is the angular velocity of the

O0,X,Y,Z, with respect to the O X Y Z = coordinate systems, respectively.

sp~sp

The detailed expressions of the terms in Equation (3.95) are given by

—Qcosncos®
a);gi = T;Zspa)o% = QCOS?] Sin® (396)
—Qsiny
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0 cos® sin® 0

0
025520= 0|+ —sin® cos® O|| 7|+
Q) 0 0 1]l0
cos® sin® 0| cosyp 0 —sing|| ¢
—sin® cos® 0 0 1 0 0 (3.97)
0 0 1|| sinp O cosp || O

cosncos® sin® 0| ¢
=| —cosnsin® cos® Of| 7

siny 0 1| ®
0
s T
a)bgsp = (I;pr) a)hZSp = 0 (398)
@,

Substituting Equations (3.96)-(3.98) into Equation (3.95) yields

o, —Qcos7cos®+cosncosOL +sin O
0=\ o, | = Qcosnsin@—cosnsi'n®‘g”+cos®ﬁ (3.99)
0} -Qsinn +sinnd + 0O+,

3.5.3 Attitude Dynamical Equations of E-sail
Taking the first derivative of Equation (3.85) with respect to time ¢

yields the Euler’s attitude dynamical equations of the E-sail as

o, +0,0 =1,/
o, ~0.0, =1,/J (3.100)
w, = rz/(2J)

where 7, 7, and 7_ are the three-axis external torques.

Moreover, substituting Equations (3.94) and (3.99) into Equation (3.85)
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yields the kinematic differential equations of the E-sail as

=0+

(a)x cos®@—aw, sin ®)
cos7
1=0w,sinO+w, cosO (3.101)

O = @, — w, + tan n(®, sin ®— o, _cosO)

It should be noted that the singularity condition of the Euler angle n will

never happen because the maximum sail angle is assumed to be approximately

70° in order to ensure the mechanical stability of the E-sail [3].
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Chapter 4 RESEARCH ON MODEL VALIDATION AND

DYNAMIC CHARACTERISTICS OF THE E-SAIL

Summary: In this chapter, the model validation and dynamic characteristics
of the E-sail are investigated. Frist, a proper trade-off between the accuracy
and the computational efficiency is conducted before the numerical
investigation, and the appropriate tether element is given. The aim of the
second section is to verify the two E-sail models without considering the
influence of the propulsive force. Third, the unknown mechanism behind the
periodic coning motion of the E-sail is revealed and the analytic solution of its
frequency is derived under the assumption of small coning angle and verified
by the numerical simulation. Finally, an analytic expression of the upper and
lower spin rate bounds is derived to guarantee the normal operation of the E-
sail, which can be utilized to select the initial spin rate of the E-sail and

evaluate whether the spin rate requires to be controlled.

4.1 Convergence of Tether Element Mesh

In this dissertation, the main objective is to find the dynamic behaviors
of the E-sail. As shown in Chapter 3, the E-sail model is developed by

considering high-order modes of the flexible elastic tethers. The tethers of E-
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sail are assumed elastic and discretized into inter-connected 2-noded tensile
elements using the nodal position finite element method. Because the accuracy
of the finite element E-sail model depends on the total number of tether
elements used in the model. The more elements, the higher the accuracy of
solution, and the higher the computational loads. Therefore, in order to
minimize the modeling error in the analysis with reasonable computational
loads, an appropriate trade-off between the accuracy and the computational
efficiency is conducted before the numerical investigation. Let the main and

auxiliary tethers be discretized into 1 to 6 and 1 to 4 elements, respectively.

The convergence of the numerical solution is measured by an index 77,, that is,
7 =—= (4.1)

where ¢, is the strain of the &, tether in the i, element where the tether is
discretized into I elements, and ¢, is in the 1, element where the tether is

modeled with only one element, respectively. Accordingly, the 77, describes the

longitudinal deformation of the tethers. If the ratio maintains the constant, the
accuracy of the tether’ elastic deformation motion will be guaranteed.

Figure 4-1 shows the convergence results. It can be seen that the
solution starts to converge after the main and auxiliary tethers are discretized
into two elements. As the number of the elements per tether increases beyond

two elements, the solutions are converged in both cases of the main and
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auxiliary tethers. The ratio becomes almost constant after each main tether is
discretized into five elements and each auxiliary tether is discretized into three
elements. For the coning motion that represents out-of-plane deflection of the
main tether, five elements in main tether and three elements in the auxiliary
tether can describe up to the second mode and the first mode, respectively.
These modes are sufficient to describe the coning motion because they are the
main deflection modes of the E-sail’s tethers. Furthermore, one element per
tether 1s sufficient to describe the tension mode. Therefore, the main and
auxiliary tethers are discretized into five and three elements, respectively, in

the following analyses.

2 ' ' ~-Main tethers= Auxiliary tethers
1.5F |
SIBE 1
N\
N\
N
Y
N\
\
0.5 N |
Y
N
D ST -, - - - —
0 ' ' ' '
1 6

3 4
Number of tether elements

Figure 4-1 Convergence of the E-sail with different numbers of the tether

elements.
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4.2 Dynamic Performance of the E-sail without Propulsive Force

The aim of this section is to verify the validity of the two high-fidelity
dynamic E-sail models by considering the influence of only gravitational force
and the accuracy of the integration method. Because the E-sail models in the
current work are new type of models, which are not able to compare with the
results in the literature. Thus, the stability of E-sail under the orbital motion
1s used to evaluate the validity of the models. Here, the propulsive force is not

introduced, which means the main tethers are not charged and F, =0 in

Equation (3.46). The E-sail is assumed initially in the heliocentric ecliptic
plane with its spin plane perpendicular to the ecliptic plane at a distance of 1
au from the Sun. It is further assumed that the E-sail consists of 12 main
tethers with 12 connected auxiliary tethers, as shown in Figure 4-2. The
configuration of the E-sail is initially maintained by spinning the central

spacecraft and the remote units with a spin rate @,. The initial orbital angular

T
velocity ©, of the E-sail is assumed to be [o 0 Ju /r3] and initial sail

angle is set as zero.

Furthermore, the stability of E-sail, analyzed by the numerical
simulation of the dynamic models derived in Chapter 3 is assessed by
evaluating the evolution of the geometrical features of E-sail configuration.

Two evaluation criteria are defined in particular:
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a)

b)

Adjacent angle ¢, ;, which 1s a parameter to measure if the main

tethers collide with each other. If the adjacent angle keeps the
constant, the E-sail configuration is stable and vice versa.

The coplanarity of the remote units, which is a necessary condition
to evaluate the stability of E-sail configuration. If the remote units
remain on the same plane, the E-sail configuration stability is
preserved. The coplanarity is evaluated by randomly selecting

remote units to form a plane and calculating the distances d, from

the i” remote unit to this plane. As a reference, four remote units

(1st, 4th, 7th, and 10th) are selected to form the plane.

Y,

b

Figure 4-2 E-Sail initial configuration on O,X,Y, plane.
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4.2.1 NPFEM E-sail Model

The aim of this section i1s to verify the high-fidelity E-sail model
developed in section 3.3 by analyzing the numerical simulation results. The
central spacecraft and the remote units are modeled as lumped masses,
because of the extremely large ratio of the tether length over the dimensions

of the central spacecraft and the remote units. The initial position vector of the

i" remote unit p° inthe O,X,Y,Z, coordinate system can be written as

P =[ Leos(27(i-1)/12) Lsin(27(i-1)/12) O}T i=1,...12 (4.2)

The parameters of the E-sail are presented in Table 4-1, where the

material properties of the tethers are from the Refs. [12, 103]. The equations

of motion of the E-sail are solved by the Runge-Kutta type method, and the

total simulation period is 24 hours with a time step size of 0.01s, where the

simulation time is not the physical time. The resulting dynamic responses of
the E-sail are shown in Figure 4-3 to Figure 4-6.

Table 4-1 Parameters of the E-sail system.

Parameters Values
Mass of the central spacecraft (kg) 1,000
Mass of the remote unit (kg) 1.5
Initial spin rate @, (rad/s) 0.004
Young’s modulus of the main tether (GPa) 70
Young’s modulus of the auxiliary tether (GPa) 2.5
Linear density of the main tether (kgm™) 1.155%10%
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Linear density of the auxiliary tether (kgm™) 2.705x10+

Radius of the main tether (im) 3.690%x10%
Radius of the auxiliary tether (n) 2.462 x105
Length of the main tether (km) 10
Length of the auxiliary tether (km) 5.176
Initial orbital radius (au) 1.0

Figure 4-3(a) shows the Sun-E-sail distance is constant in the duration
of simulation as expected due to the zero propulsive force. Thus, the accuracy
of the integration method and the E-sail model are validated. However, Figure
4-3(b) illustrates that the sail angle increases by one degree in the negative
direction, which is consistent with results of the tethered satellite formations
in Refs. [10-11]. This can be explained by the coupling between the in-plane
and out-of-orbital-plane dynamics of the E-sail, which makes the orientation
between the spin plane and the Sun-spacecraft direction not constant. Thus,
the orientation control strategy should be considered to maintain the constant
sail angle. The E-sail in the current dissertation consists of 12 main tethers.
Accordingly, there are 12 adjacent angles, and each adjacent angle is 30°. If all
the adjacent angles are kept at 30°, the E-sail configuration is stable. As shown
in Figure 4-4 and Figure 4-5, it indicates that all the twelve remote units
remain on the same spin plane with the same constant 30° adjacent angle. It

1llustrates that the E-sail is in a steady state as expected. Moreover, the
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lengths, tensions of the main and auxiliary tethers, and the spin rate of E-sail
are constant during the simulation duration, as presented in Figure 4-6.
Therefore, it also verifies the steady state of E-sail. In summary, the validity
of the E-sail model by considering the central spacecraft as a lumped mass and
the accuracy of the integration method are validated. The results in this section
are used as a benchmark for the rest of study of the NPFEM E-sail model,

where the main tethers are positively charged, and the propulsive force is

considered.
1.00001 = A 0
=5 x10
£) g
E1.000005 s Ol—-—-’ﬁ 1 -0.25¢
] 4
Q kS
= -5
g <70 / 05 1|
S 1 5 -0.5
E
m
= 0.999995 ¢ 1 -0.75¢
7
0.99999 : -1 :
0 0.5 1 0 0.5 1
(a) Time (day) (b) Time (day)

Figure 4-3 Time histories of (a) the Sun/E-sail distance and (b) the sail

angle with zero propulsive force.
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Figure 4-4 Time histories of the adjacent angles with zero propulsive force.
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Figure 4-5 Time histories of distances of remote unit to the reference plane

with zero propulsive force.
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Figure 4-6 Time histories of (a) the length of 15t main and auxiliary tethers
(b) tensions in the main and auxiliary tethers and (c) spin rate of the E-sail

with zero propulsive force.

4.2.2 Generalized E-sail Model

The aim of this section is to verify the validity of the generalized E-sail
model developed in Section 3.4 by examining the dynamic response of the E-
sail with zero propulsive force (no positively charge applied to the main tethers),
zero 1initial sail angle and Type II configuration. Therefore, it is expected that
the E-sail will be in a steady condition and its spin plane will be perpendicular
to its spin axis with zero coning angle. Also, the CM and CT of the E-sail are
expected to be the same and coincide with the CM of the central spacecraft.
Thus, the resulting disturbance torques on the E-sail is zero as indicated in

Equation (3.83).
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In the simulation, the E-sail is assumed initially in the heliocentric
ecliptic plane with its spin plane perpendicular to the ecliptic plane at a
distance of 1 au from the Sun. The E-sail also consists of 12 main tethers and

12 connected auxiliary tethers. The initial nutation angle ¢, is assumed zero.

The position vector of the i” interconnected point between the i” main tether

and central spacecraft in the O, X,Y,Z, coordinate system is given by
P :[RS cos(2z(i—-1)/12) R sin(2x(i-1)/12) O}T i=1,..12  (4.3)
The position vector of the i” remote unit in the O,X,Y,Z, coordinate

system can be written as

P = (L+R)eos(2a(i-1)/12) (L+R)sin(27(i-1)/12) 0] i=l..12
(4.4)

Table 4-2 shows the parameters of the E-sail used in simulation, where

the material properties of tethers are also kept the same with Table 4-1. The
equations of motion of the E-sail are solved by the 5th order Runge-Kutta type
method for differential-algebraic equations. The maximum iteration number
and the absolute error tolerance at each time step are defined as 10 and 10°19,

respectively. The total simulation period is 15 hours with a time step of 0.01s.

Table 4-2  Properties of the generalized E-sail model.

Parameters Values

Mass of the central spacecraft (kg) 1,000
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Mass of the Remote Unit (kg) 1.5

Radius of the central spacecraft (m) 1.0
Height of the central spacecraft (mm) 1.0
Initial spin rate of the central spacecraft (rad/s) [0.004 0 o]T

The simulation results are shown in Figure 4-7 to Figure 4-9. Figure
4-7(a) shows that the Sun-E-sail distance is constant in the duration of
simulation as expected due to the zero propulsive force. Moreover, the accuracy
of the integration method is also validated due to the trivial error. Figure 4-7(b)
shows the in-plane libration angle of the main tether is oscillating around the

radial direction of the central spacecraft. Although very small, it results in a
disturbance torque in the X, -axis as indicated by Equation (3.84).
Accordingly, the spin angular velocity and accelerations of the central
spacecraft in the O, X,Y,Z, coordinate system are illustrated in the X, axis,

as presented in Figure 4-8. These small oscillations are caused by the transient
influence at the beginning of the numerical simulation, where we started the
simulation with nominal tether length and zero tension. The elasticity of the
main tethers allows the tether being elongated and then oscillated back and

forth about the radial direction due to the Coriolis force effect. The components

of the angular velocities Wy 5 D, and the angular accelerations a')cby, 0')0,,2 in

the Y, and Z, axes are basically zero because the coning angle is zero as
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shown in Figure 4-9(c), and there is no component of the disturbance torque in
these two axes.

Furthermore, the tensions in the main and auxiliary tethers, spin rate,
nutation angle, coning angle, and CM and CT of the E-sail are illustrated in
Figure 4-9. It indicates that the E-sail is in a steady state as expected. Its spin
rate 1s equal to the mean spin rate of the central spacecraft. Also, the CM and
CT of the E-sail are the same and coincide with the CM of the central spacecraft.
This also confirms the stability of the E-sail. Thus, the results in this section
are used as a benchmark for the rest of study of the generalized E-sail model,
where the main tethers are positively charged, and the propulsive force is

considered. The attitude dynamic of the central spacecraft is also considered.
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Figure 4-7 Time histories of (a) the Sun-E-sail distance (b) in-plane

libration angle with zero propulsive force.
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4.3 Coning Motion of the E-sail

The aim of the current section is to reveal the unknown mechanism
behind the periodic coning motion of the tethers and derive an analytic
expression of the coning motion frequency under the assumption of small
coning angle. Moreover, it is interesting to know if the coning motion of the
tethers will affect the global dynamic behavior of the E-sail. In particular, the
equilibrium shape of the main tethers of the E-sail is estimated. The numerical

simulation results verify the correctness of the coning motion analysis.

4.3.1 Mechanism of Periodic Coning Motion

The previous works [27-28, 31-33] showed numerically the coning
motion of the E-sail vs the magnitude of propulsive force. Furthermore, it was
revealed that the coning motion of the E-sail changes periodically under the
propulsive force, which can be seen from the works by the rigid tether model
[14, 28], the catenary tether model, and flexible tether model [30]. However,
the mechanism behind the phenomenon is less understood.

Consider the i” main tether as a sample as shown in Figure 4-10(a) in

the OXYZ coordinate system, it is assumed stretched and straight and the

gravitational force is neglected. The E-sail is spinning in a plane perpendicular

to the heliocentric ecliptic plane and the sail angle is set as zero degree. Thus,

the propulsive force will generate a torque 7, that pushes the tether rotating
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out of the nominal spin plane with respect to the central spacecraft. The

analytical expression of the torque with the arbitrary sail angle was given in

Ref. [32]. With the above assumption, a simplified expression of the i” main
tether torque 7, can be obtained as
L
o, =[] Lax s (4.5)

where L is the length of the i” main tether and / is the position vector of the
infinitesimal tether length d/ of the i” main tether measured from the
central spacecraft.

At the same time, the centrifugal forces due to the inertia of the i main

th

tether and remote unit will generate a restoring torque to push the i main

tether rotating back to the nominal spin plane, as shown in Figure 4-10(a).

" remote unit, the

Meanwhile, if there are auxiliary tethers connected to the i
tension 7, acting on the auxiliary tethers has a resultant force in the i main

tether that partially cancels the centrifugal forces as illustrated in Figure

4-10(b). The tension T is given by
T, =(T, +T,, )cos((7-27/M)/2) (4.6)
T;l — 7;2 — Eau/;juALau (47)

au

where I, and T, are the tensions generated by the connected auxiliary

tethers of the i” main tether, £, L

au

and AL are the Young’s modulus,
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undeformed length, elongation of the auxiliary tether, respectively.

Thus, the total restoring torque caused by the resultant of centrifugal

th

force and tensions of auxiliary tethers acting on the i main tether can be

expressed as

c r

T,=7, 47, ,-T, (4.8)

where 7, , and 7, . are the torques of the centrifugal forces F, , and F, ,

t
resulting from the masses of the main tether and remote unit including the
auxiliary tethers respectively, 7, , is the resultant force of the tension T

acting on the auxiliary tethers, respectively. The detailed expressions of these

terms are written as

t,,=F [Isinf ='r pl’ sin B cos fo’dl = (m,L2 cos Bsin fo’ )/3 (4.9)
B B 0

t, ,=F,_ Lsin f=(m, +m, )L cos fBsin fe’ (4.10)

r, ,=T,Lsinp (4.11)

where o is the E-sail spin rate, m,, m, and m, are the masses of the i"

re? au

th

remote unit, the connected auxiliary tethers, and the ™ main tether,

respectively.

Obviously, the velocity of coning motion and the relative coning angle
will increase if 7, >7, and vice versa.

From the free-body diagram in Figure 4-10(c), the equation of the coning
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motion is derived from the moment balance about the central spacecraft, that
18,

(mre +mau +mt/3)L2B = _Tc (412)
where ,3 1s the angular acceleration of the coning motion.

For a small B, cos f~1, sin B~ f and Equation (4.12) is simplified as
B+{a)2—Ta/[ (m,e+mau+mr/3)L]},B:O (4.13)
Accordingly, it can be seen that the velocity of the coning motion reaches
its maximum at 7, =7, when the acceleration is zero. Also, it should be noted

that Equation (4.13) indicates the coning motion is harmonic. The similar
phenomenon can be found from the pendulum motion.

Thus, the angular frequency of the coning motion is obtained as

&=\’ -T,)| (m,+m,, +m,/3)L] (4.14)

where @ is the angular frequency of the coning motion.
Accordingly, the period of the coning motion can be written as

r 27 27 (4.15)

© oo [(me e )]

It should be noted that the period of the coning motion depends on the
length of the i” main tether, the masses of the i remote unit, main and
auxiliary tethers, the spin rate of the E-sail, and the resultant tension

th

component of adjacent auxiliary tethers in the i main tether direction. As the
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spin rate increases, the length of the main tether increases due to the tether
elongation under the higher centrifugal force. Accordingly, the tension acting

on the auxiliary tethers increases, leading to a higher 7, as shown in Equation

(4.7). Furthermore, the period of the coning motion will be reduced based on

Equation (4.15). Finally, if there are no auxiliary tethers (7, =0), the angular

frequency of the coning motion @ will be the same as the spin rate of the E-
sail, as illustrated in Equation (4.14).
Recalling Equations (4.5) and (4.8), the dynamic equilibrium of the

coning motion will be reached at 7, =7,, and the corresponding coning angle

can be obtained with the assumption of a small coning angle, which can be
written as

- 2 (
= 4.16)
g (m, +m,, +m,/3) &’ -T,L

Equation (4.16) illustrates that the magnitude of the equilibrium coning
angle is proportional to the torque due to the propulsive force and inversely
proportional to the masses of the main and auxiliary tethers, and the remote
unit, the length of the main tether, the resultant tension of the adjacent
auxiliary tethers, and the spin rate of the E-sail, respectively. However, the
equilibrium state of the E-sail is influenced by a small disturbance from the

coupling between the orbital and the spin motions, that is,

Fo==2(m, +m, +m/[3)Qx(@xL) (4.17)

101



where o is the spin rate vector of the E-sail, L is the position vector of the "

main tether, and Q is the angular velocity of the E-sail orbiting around the

Sun.
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Figure 4-10 Free-body diagram of E-sail.

4.3.2 Influence of the E-sail Parameters on Coning Motion

The aim of this section is to verify the correctness of the coning motion
analysis in the previous section and investigate the influence of the E-sail
parameters on the coning motion. The NPFEM E-sail model is used, and the
E-sail consist of 12 main tethers with 12 connected auxiliary tethers. The
physical properties of the E-sail are the same as these in Table 4-1, while the
propulsive force is introduced. It is assumed that the potential bias of all main
tethers is the same (20 kV) and the solar wind velocity is constant (400km/s),
which can be obtained from Ref. [13]. The propulsive force coefficient

K, =11.74 in Equation (3.19) is utilized with the zero initial sail angle. The

total simulation period is 6 hours with a time step size of 0.01s.
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Equation (4.15) shows that the period of the coning motion depends on
the spin rate of the E-sail, and the masses of the remote units and tethers. For
the given lengths of the main and auxiliary tethers, the masses of main and
auxiliary tether are constant. Thus, the only parameters that can affect the

coning motion are the spin rate and the mass of remote unit. In this section,

the influences of the variations of mass of the remote unit 7. and the initial

spin rate @) are investigated, as presented in Table 4-3. Here, Case A to F are

used to verify the correctness of Equation (4.15), while Case G and H are
utilized to confirm the analysis of the E-sail’s initial equilibrium configuration.
The rest of the E-sail parameters are the same as before. The simulation
results are shown in Table 4-4 and Figure 4-11 to Figure 4-14.

Table 4-3  Parameters of the parametric investigation.

Initial coning angle
Label m,(kg) @,(rad/s)  E-sail configuration

(degree)
Case A 0.5 0.004 No auxiliary tether 0
Case B 1.5 0.004 No auxiliary tether 0
Case C 0.5 0.004 Auxiliary tether 0
Case D 1.5 0.004 Auxiliary tether 0
Case E 1.5 0.003 No auxiliary tether 0
Case F 1.5 0.003 Auxiliary tether 0
Case G 1.5 0.004 No auxiliary tether 0.36
Case H 1.5 0.004 Auxiliary tether 0.36

Table 4-4  Periods of the coning motion.
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Label Case A CaseB CaseC CaseD CaseE CaseF

Periods by
Equation (4.15), (s)

2079 1571 1571 2672 2036 2096

Periods from
‘ ‘ 2076 1565 1565 2624 2027 2077
simulation, (s)

First, Table 4-4 shows that the period of the coning motion predicted by
Equation (4.15) is approximately identical to the simulation results. This
proves that the coning motion is caused by the combination of the propulsive
force, the tensions acting on the auxiliary tethers, and the centrifugal force
acting on the main tether as revealed in Section 4.3.1. It should be pointed out
that the error between the calculated and simulation values has nothing to do
with the variation of the E-sail’s spin rate. In addition, Figure 4-11(a) shows
that the period of the coning motion is the same as the spin period of the E-sail
configuration without the auxiliary tethers, while is different with that of the
E-sail configuration with the auxiliary tethers due to the tensions acting on
the auxiliary tethers. This verifies the finding in Equation (4.15).

Second, Figure 4-11 also illustrates that the magnitude of the coning
angle is inversely proportional to the mass of the remote unit without (Figure
4-11(a)) and with (Figure 4-11(b)) the auxiliary tethers. This is because the
greater the mass of the remote unit, the greater the centrifugal force that leads
to a higher restoring torque, as shown in Equation (4.10). Figure 4-11 also

shows that the E-sail with auxiliary tethers has a smaller magnitude of the
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coning angle than the E-sail without auxiliary tethers. This also verifies the
finding in Equation (4.15). Next, Figure 4-12 shows that the period and
magnitude of the coning motion are influenced by the different initial spin
rates both without (Figure 4-12(a)) and with (Figure 4-12(b)) the auxiliary
tethers. It can be seen that the higher the initial spin rate, the smaller
magnitude of the coning motion. This is because a higher initial spin rate leads
to the greater centrifugal force and, therefore, to the greater restoring torques.
Figure 4-11(b) and Figure 4-12(b) also indicate that the period of the coning
motion reduces if the tension acting on the auxiliary tethers is higher due to
the higher initial spin rate and greater mass of remote unit. This is consistent
with the prediction of Equation (4.15). As presented in Figure 4-13, the
variation trends of tensions acting on the main and auxiliary tethers are also
consistent with the coning motion, which also verifies the analysis in Section
4.3.1. It should be noticed that the tension acting on the auxiliary tether is out
of phase of the tension acting on the main tether. As the propulsive force
increases, the tension in the auxiliary tether decreases and vice versa.

Third, Figure 4-14(a) shows that the propulsive force torque is
approximately constant, as expected, because of the small coning motion.
However, the variation trend of the restoring torque due to the centrifugal force
1s approximately in phase with the coning motion, and the maximum value is

approximately twice of the propulsive force torque. This indicates that there is
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a dynamic equilibrium state in the coning motion. This is consistent with the
prediction of Equation (4.16) and will be analyzed in the following.

Finally, the equilibrium state of the E-sail configuration without the
auxiliary tether is approximated by assuming the propulsive force torque equal
to the restoring torque as shown in Equation (4.16). The corresponding coning
angle is obtained from Equation (4.16) and is 0.36 degree for the case without
the auxiliary tether. Using this coning angle as an initial condition for the E-
sail configurations with and without the auxiliary tethers, Figure 4-14(b)
shows that the coning angle of the E-sail without the auxiliary tethers is
approximately constant, as expected. The small periodic oscillation is due to
the orbital-spin disturbance as presented in Equation (4.17) and the
approximation in getting the equilibrium state of the coning angle. For an E-
sail with the auxiliary tethers, the coning angle oscillates periodically as
predicted by Equation (4.15). In summary, the correctness of the analytical

coning motion angular frequency expression is validated.
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4.4 Spin Rate of the E-sail

To guarantee the proper operation of the E-sail, the spin rate should be
selected with a certain range. The previous work [3] has presented a rough
criterion for selecting the spin rate of E-sail. Accordingly, the upper and lower
bounds of the spin rate have been estimated based on the guideline with the
assumption that the central spacecraft and tethers are in the same plane [28,
12]. In addition, it was revealed that the coning motion of the E-sail will impact
the magnitude of the centrifugal and propulsive forces [27], and further affect
the upper and lower bounds of the spin rate. The influence of the coning motion
on the spin rate bounds is less understood. Additionally, the upper bound of
the spin rate is well understood from the perspective of material properties,
which is determined intuitively by keeping the axis stress of the main tether
less than the tensile stress of the tether material. However, there is no clear
physical meaning behind the lower spin rate bound.

In this section, the upper and lower spin rate bounds of the
axisymmetric E-sail with auxiliary tethers are revisited to reveal the physics
that dictates these bounds and analytical expression are provided to ensure
the proper operation of the E-sail. In the analysis, it is assumed that the
central spacecraft is orbiting in the heliocentric ecliptic plane, and the E-sail
1s spinning in a plane perpendicular to the heliocentric ecliptic plane. This

assumption is based on the fact that most of the terrestrial planets are orbiting
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the sun approximately in the same ecliptic plane, which means the in-plane
angle 0 :E' It is further assumed that the main and auxiliary tethers are

stretched and straight without any slack, and the coupling between the orbital

and spin motions is neglected.

4.4.1 Upper Bound of Spin Rate
As shown in Figure 4-15, the criterion to derive the upper bound of the
spin rate is the same with the previous works [28-29, 33], that is, the upper

bound of the spin rate should be limited to ensure the centrifugal force F, ; in

the main tether produced by the spinning motion of the E-sail cannot exceed

the maximum tensile strength 7" of the main tethers as
F,_ <T™cosf (4.18)
™ =0,4, (4.19)
where o, and 4, are the ultimate tensile strength and the cross-sectional

area of the main tether.
Considering the i” main tether as a sample as shown in Figure 4-15(a)

in the O,X,Y,Z, coordinate system, F, , can be written as

l

F. =(m,+m,)Lcos f’ +'C pl cos f’dl = m @ Leos B (4.20)

where @ is the spin rate, m,, =(mre +m, +Lp/ 2) is the effective mass, / is the
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distance measured from the infinitesimal tether length d/ to the central
spacecraft, m_, and m_, arethe masses ofthe i” remote unit and the connected
auxiliary tethers, L and p are the length and linear density of the main

tether, respectively.
Substituting Equations (4.19) and (4.20) into Equation (4.18) yields the

upper bound of the spin rate as

w<o = 4, _ |9ut (4.21)
(m,+m,, +25r ™Mk
2

Equation (4.21) indicates that the upper bound of the E-sail spin rate
depends only on the physical properties of the main/auxiliary tethers and
remote units. Once the configuration of an E-sail is determined, the upper

bound is a design constant.

(a) (b) (c)

Figure 4-15 Free-body diagram of the tether.
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4.4.2 Lower Bound of Spin Rate

Next, the current work tries to explain analytically the criterion of lower
spin rate bound from the perspective of E-sail stability. Unlike the derivation
of the upper bound spin rate, the lower bound of spin rate was given in the
literature by assuming the centrifugal force in the main tether being five times
greater than the propulsion force [3, 28-29, 12] without explanation. Although
the explanation of the lower bound of E-sail spin rate criterion was given in
Ref. [32], it assumed that there are not the auxiliary tethers and sail angle is
zero degree. Moreover, the inclination of the solar wind velocity with respect
to the E-sail spin axis (non-zero sail angle) may result in the collisions of main
tethers and make the E-sail instability [3]. Therefore, the E-sail with auxiliary
tethers under any sail angle is investigated in current dissertation. The
following reveals the physics behind this lower bound of spin rate criterion.

Recall the role of auxiliary tethers is to prevent the collision of adjacent
main tethers [3, 14, 27, 31], which is caused by the coning motion of the E-sail.
This can be done by the tension forces acting on the stretched auxiliary tethers,
which tends to maintain the stability of the E-sail. Thus, all auxiliary tethers
must be kept taut. However, as shown in Figure 4-15, the torques of propulsion
force and tensions in the connected auxiliary tethers with respect to the central
spacecraft will push the main tethers away from the spin plane [27].

Consequently, the distance between two remote units connected by the
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auxiliary tether is reduced, leading to the relaxation of tension in the auxiliary
tether. At the same time, the torque of centrifugal forces of the main tether,
remote unit and auxiliary tethers will pull the main tether back to the spin
plane. Thus, the spin rate must be sufficiently large to prevent the auxiliary
tether from slacking. Accordingly, the spin rate of the E-sail corresponding to
zero tension in the auxiliary tether will be the lower bound.

Let L, and L, be the unstretched lengths of the auxiliary and main
tethers. From Figure 4-15, the geometric relationship between the elongations
of auxiliary and main tethers is

AL, =2L (L, +AL0)cos,B—LOJ sin(z/M) (4.22)
where AL, and AL, are the elongations of the auxiliary and main tethers, and

M s the total number of auxiliary tethers.

The tension in the auxiliary tether becomes zero when AL, =0. Then,

the corresponding coning angle is

L, 1
cos ff = (Lo +ALO) = (1+8) (4.23)

(1+¢)

where € =AL /L, is the strain of the main tether.

sin 3= (4.24)

The lower bound of spin rate can be obtained from the torque balance of

the i” main tether with respect to the central spacecraft. The torque balance
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can be written as,

T, =T, (4.25)

where 7, ; and 7, ; are the centrifugal force torque and the propulsion force

th

torque acting on the i main tether with respect to the central spacecraft,

respectively.

According to Figure 4-15(a), the torque 7, ; produced by the centrifugal

force acting on the i” main tether can be written as

t,  =(m,+m, )L sin fcos B’ +_r pl* sin Bcos far’dl
- 0 (4.26)

=(m,, +m, +pL/3)[’w*sin Bcos f
The derivation of the torque produced by the propulsion force is similar
to Refs. [31-32]. Therefore, as shown in Figure 4-15(b), the infinitesimal

propulsion torque dz, , of the i" main tether in the O,X,Y,Z, coordinate
system is given by

dr, , =1'lx fdl (4.27)
where I’ is the unit vector of the i” main tether, d/ is the infinitesimal tether
length at the distance of / from the central spacecraft, f, is the propulsive
force per unit tether length in the O, X,Y,Z, coordinate system, respectively.

The unit vector I’ in the O,X,Y,Z, coordinate system can be written as

lf=[cosﬂcos(27z(i—l)/M) cos fBsin (27 (i—1)/M) sinﬁ}T (4.28)
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and the propulsion force of the infinitesimal tether length dl is

f1=T,,T, T, T f,dl=cv’ d (4.29)

sp2b~02spT 5207 5,

where vf’wi 1s the component of the solar wind velocity perpendicular to the

direction of the i” main tether in Equation (3.16), which is defined in the

O,X,Y,Z, coordinate system as

vo=v(lxrt)xI! (4.30)

swl

where v = | is the solar wind velocity modulus, r° is the sun-spacecraft unit

vSV/'
vector in the O,X,Y,Z, coordinate system, that is,

¥=T_ T, r° (4.31)

sp2b~o2sp
where r°=[0 0 1] is the sun-spacecraft unit vector in the O,X,YZ,

coordinate system.

Thus,
r’ :[ —sinacos(wt) sinasin(wr) cosa]T (4.32)

Accordingly, the vf’wL 1s obtained as
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2n(i—1)

—J —sinacos (o)

sinacos (@t ) cos’ Beos’ [ o

. n(i-1
—COoSaSIpCoOSPCOS| —m—
peosp [ G ]

asin(or)eos:gon] 207D o[ 2571
-sinasin (ot ) cos ﬂsm[ J [ M j

27:1 1
smasm(a)t)sm p +smasm a)t cos ? Bcos’

2r(i—-1
= V| —cosasinfcossin ( %}

-1 2n(i—1
+sinacos (@t ) cos® fsin it )J cos n(i-1)
M M
2n(i—1
cosacos’ B +sinacos (@t )sinfcosBeos ng\l/l )

-sinasin (a)t) sinfcosfsin ( %_I)J

(4.33)

Substituting Equations (4.32) and (4.33) into Equation (4.27) yields the

detailed expression of the infinitesimal propulsion torque dz, , as

dr,

, =ovldl| —sinasin B cos(wt)—cosacos fcos

| 220
cos a cos fsin — —sinasin Bsin(at)

27[(1’—1)

sinacos fsin| | ——= | + wt
M

Thus, integrating Equation (4.34) over the length of the i
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results the propulsion force torque z, . as

i

7 :,[ OLthf_i .
) 272'(1'—1) ) ) )
cosa cos Bsin v —sinasin fsin ()
27 (i1 (4.35)
=%GVL2 —sina sin f cos(wt)—cos a cos B cos M
sin@cos fsin| | —— | + wt
M

The modulus of the 7, , is defined as 7, , =|r, ,| and can be written as

l

(i

) 2r(i—1
cos’ acos’ B+sin’ acos’ fcos’ [# + a)t]

r,  =—ovl
-2

(4.36)
C o 1. . | 27(i-1)
+sin” asin ﬂ+§sm2asm2ﬁsm T+a)t

Without the loss of generality, simplifying Equation (4.36) by t=0 and

i=1leads to

T, Z%O'VLZ\/COSZ acos’ f+sin’ a =§E1 (4.37)

t7

F, | =ovLyJcos® acos’ f+sin’ & (4.38)

t
where F, | is the total propulsive force acting on the I main tether.

Substituting Equations (4.26) and (4.37) into (4.25) yields the lower

bound of the spin rate as

£
a)min = ~ . (439)
(m,+m, +pL/3)Lsin2p
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Equation (4.39) shows that the lower bound of spin rate depends not
only on the physical properties of the main/auxiliary tethers and the remote
units, but also on the coning angle and the propulsive force.

Combining Equations (4.21) and (4.39), the upper and lower bounds of

the spin rate are presented as

%oy (4.40)

J F
= - <w<
(m,+m, +pL/3)Lsin2f M, L

Substituting Equation (4.23) into Equation (4.39) yields

F;71 = (mre +mau +pL/3)La)§un Sinzﬂ

<(m, +m, +pL/2) Ly, 2N2¢ +52/((1 + 8)2) (4.41)
~ 2\2sF,

or

T

,12 1

F, 22

(4.42)

The relationship in Equation (4.42) at the lower bound of spin rate is

shown in Figure 4-16. The fivefold of the rate F, , /F, ,, suggested in Ref. [3],

RVIIRE
corresponds to a strain of £ =0.005. For the Kevlar yarns, the strain at break
1s between 0.024 and 0.036. Thus, the design value of £=0.005 represents a
safety factor of strain around 6. For high strength metals such as Titanium
Alloys - Ti6Al4V Grade 5, the strain at break is about 0.01, which represents

a safety factor of 2.
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Figure 4-16 Ratio of centrifugal force over propulsive force vs the strain in
main tether.
Thus, the minimum spin rate is determined by two factors: (i) no slack
in the auxiliary tethers and (ii) a proper strain safety factor of the main tether

for a given tether material.

4.4.3 Influence of the E-sail Parameters on Spin Rate

Consider an E-sail is in the heliocentric ecliptic orbital plane at a
distance of 1 au from the Sun with the material properties shown in Table 4-1,
where the properties of the tether material are from Ref. [12]. The voltage of
all main tethers is assumed the same (20kV) and the solar wind velocity is

constant (400km/s). The coefficient of Equation (3.19) K, =11.74 is used.

Assume the allowable strain for the main tether at the lower bound of spin rate

as £=0.005. When the sail angle a =0, the upper and lower bounds of the spin
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rate can be obtained from Ref. [12] and the current work in Equation (4.40) can

be written as
8.720x 10~ rad/s < 0 < 6.696x10 " rad /s (4.43)
9.371x10™ rad/s < @< 6.709x 107 rad/s (4.44)

where Equations (4.43) and (4.44) represent the previous and current upper
and lower bounds of the E-sail spin rate, respectively.

Table 4-5  Parameters of the spin rate bounds investigation.

Label m,, (kg) o (degree) B (degree)
Case A 1.5 NA [0 5]
Case B [0 3] NA 5
Case C 1.5 0 (0 5]
Case D [0 3] 0 5
Case E 1.5 [0 75] 5

It should be noted that the E-sail spin rate bounds are approximately
the same in both cases, and the slight difference is caused by the coning motion
of tethers. Thus, it can be concluded that the theoretical analysis in current
work can explain the criterion of the lower spin rate bound and can be utilized
for the selection of the initial spin rate and the evaluation criteria for whether

to control the spin rate.
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Figure 4-18 Lower bound of the spin rate as the functions of (a) the coning
angle (b) the mass of remote unit and (c) the sail angle.
Furthermore, Equation (4.40) indicates the dependence of spin rate on
the coning and sail angles, the material properties of tethers, and the mass of
remote unit. For the given length of main tether, the only parameters that can
influence the upper and lower bounds of the E-sail spin rate are the coning and
sail angles, and the mass of remote unit, see Table 4-5. Therefore, the impacts

of the variations of the coning angle g, the sail angle &, and the mass of

remote unit 7, are studied. The simulation results are presented in Figure
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4-17 and Figure 4-18.
Figure 4-17(a) shows that the upper bound of the spin rate increases
over coning angle with a small coning angle assumption, and the minimum

value 6.696x 107 rad/s is obtained at #=0". However, the magnitude of the

variation is negligible. In addition, the variation of the remote unit has a
significant effect on the upper bound of the spin rate, as shown in Figure
4-17(b). Moreover, it can be concluded that the influence of sail angle on the
lower bound of spin rate is negligible with the given five-degree coning angle,
while the coning angle and mass of remote unit have significant effect on the
lower bound of spin rate, as illustrated in Figure 4-18.

Thus, an initial spin rate w, =4x107rad/s is adopted in the rest of the

study. It is worth noting that the obtained theoretical spin rate bounds are
applicable to any sail angle value. Through the parametric analysis by the
numerical simulation, the results show the new lower bound of the E-sail with
auxiliary tethers depends on the strain of the main tethers. At the zero-sail
angle, the new theoretical lower bound of spin rate gives the similar result of
the existing estimation that is constrained for the zero-sail angle condition but

applicable for the E-sail without auxiliary tethers.
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Chapter 5 PARAMETRIC ANALYSES OF THE NPFEM E-

SAIL MODEL

Summary: In this chapter, the dynamic characteristics of the E-sail is
investigated by a high-fidelity tether dynamic model developed in Section 3.3.
First, the influences of the solar wind fluctuations on the configuration
stability of the E-sail are investigated by parametric analysis with different E-
sail configurations, sail angles, and spin rates. Then, the influences of the
propulsive force models and the initial E-sail orientation on the dynamic
characteristics of the sail plane coning and attitude motion of E-sail are
analyzed. Through parametric analyses, some significant conclusions are

presented in current chapter.

5.1 Stability of the E-sail Configuration Subject to Solar Wind

Speed Fluctuations

The aim of this section is to investigate the influence of the solar wind
fluctuations on the stability of the axisymmetric E-sail. Consider an E-sail with
12 main tethers and 12 connected auxiliary tethers. The electric potential of
all main tethers is assumed the same (20 kV) and constant over the time [12]
and the rest of parameters of the E-sail are given in Table 4-1. The main and
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auxiliary tethers are modelled by NPFEM and are discretized into five and two
2-noted tensile elements in accordance with the Section 4.1, respectively.
Initially, the E-sail spin plane is perpendicular to the heliocentric ecliptic plane
at a distance of 1 au from the Sun, and the initial position vectors of the remote
units and nodes of elements are determined by Equation (4.2). The solar wind
velocity 1s assumed to be 400 km/sin the first day, 800 km/sin the second day,
and 400 km/s again in the third day. The total simulation period is three days
with a time step of 0.01s. The stability of E-sail configuration subject to the
solar wind speed fluctuations is evaluated by examining two geometrical

features: (i) the adjacent angle g,; and (ii) the coplanarity of remote units as

shown in Section 4.2.

5.1.1 Stability of the E-sail Configuration with and without Auxiliary Tethers

Although the E-sail with auxiliary tethers has been widely adopted, it is
still interesting to know the necessity and effectiveness of auxiliary tethers.
Thus, the stability of the E-sail configuration with and without the auxiliary
tethers is investigated from the perspective of torque balance of main tethers
in this section. As discussed in Section 4.4.2, the propulsive torque pushes the
main tethers out of the spin plane, while the centrifugal torque
counterbalances the propulsive torque by pulling the main tethers back to the
spin plane. For a pair of symmetrical main tethers, such as the 1st and 7th main

tethers, the centrifugal and propulsive torques are
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7, =7, ,=(m,+m, +pL[3)[*& sin Bcos B (5.1)

cos’ a cos’ B+sin’ asin® B+sin® a cos’ Bcos’ (wr)

+%sin 2asin2Bsin ()
(5.2)

. cos” a cos’ B+sin’ arsin® B +sin’ arcos’ fcos’ (wr)

_ 2
7, ,=—ovL

—%sin 2asin2fsin(wr)

It shows the centrifugal torque is independent of the sail angle, while
the propulsive torque is dependent on the sail angle. Thus, the torque balance
changes as the sail angle varies, which will lead to different coning angles for
each main tether based on Equation (5.2). Consequently, the remote units will
not be on the same plane. It will result in a difference in the spin rate of each
main tether, causing potential collisions of main tethers if no auxiliary tethers
are introduced. This will be verified by the following numerical simulations.

The parameters for numerical simulation are listed in Table 5-1, where
three cases are considered. In cases A and B, no auxiliary tethers are employed.
The dynamic responses of E-sail are studied for two sail angles (0 and 30
degrees) to demonstrate the influence of sail angle and auxiliary tethers on the
stability of E-sail’s configuration. In case C, auxiliary tethers are introduced
for a non-zero (30°) sail angle to demonstrate the effectiveness of auxiliary
tethers in maintaining the stable configuration of E-sail. As a reference, four

remote units (1st, 4th, 7th and 10th) are selected to form a plane. The resulting
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dynamic responses of the E-sail are shown in Figure 5-1 and Figure 5-2.

Table 5-1 Parameters of the E-sail configuration.

Label m,(kg) a(radls)  Auxiliary tether Sail angle (degree)

Case A 1.5 0.004 No 0
Case B 1.5 0.004 No 30
Case C 1.5 0.004 Yes 30

Because the E-sail in the current work consists of 12 main tethers and
12 connected auxiliary tethers as shown in Figure 4-2. Accordingly, there are
12 adjacent angles, and each adjacent angle 1s 30°. If all the adjacent angles
maintain the constant 30°, the E-sail configuration will be stable. Figure 5-1
shows the time histories of all adjacent angles over a 3-day period. The
adjacent angles in the case A maintain constant with very slight variation as
shown in the insert as expected in Equation (5.2), no matter how the solar wind
velocity varies. Although the daily fluctuation of solar wind velocity causes the
daily fluctuation of propulsion torques, the torques acting on all main tethers
are the same and axisymmetric. Thus, the temporal fluctuation of propulsion
torques does not affect the circumferential distribution of main tethers. In the
case B, the adjacent angles vary significantly over the 3-day period due the
fluctuation of the solar wind velocity, eventually resulting in the collision of
main tethers and remote units. The fluctuation in solar wind velocity causes

variation of the propulsion torques not only in the temporal scale but also in
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the circumferential direction. This causes the main tethers coning out of plane
at different rates as the E-sail spins and then as moving radially. Accordingly,
it can be concluded that the E-sail without auxiliary tethers under a non-zero
sail angle is unstable even if the spin rate of E-sail meets the requirements.
On the contrary, Figure 5-1 also shows that the adjacent angles are kept
constant even when the sail angle in not zero in the case C. This demonstrates
that the auxiliary tethers are effective in maintaining the E-sail configuration
to avoid the collision among main tethers, even if the propulsive force torques
of the symmetrical main tethers are inequivalent.

The condition of constant adjacent angles is only one of two conditions
of the stable E-sail configuration. The other is the co-plane condition of remote
units, which will be examined by measuring the distances of remote units to
the reference plane formed by randomly selected four remote units. If the
distances between the other eight remote units and the reference plane
maintain zero, the E-sail configuration will be stable. The measured distances
are shown in Figure 5-2. Similarly, all remote units of the E-sail without
auxiliary tethers in case A are coplanar as expected when the sail angle is zero.
This is because the propulsion torques acting on all main tethers are the same
and axisymmetric, see Equation (5.2). However, when the sail angle is not zero
in case B, these remote units without auxiliary tethers are not coplanar, where

the propulsion torques of each main tether are no longer the same and
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axisymmetric. This also verifies that the E-sail will be unstable under a non-
zero sail angle if the auxiliary tethers are not considered. Finally, in case C, all
remote units of the E-sail with auxiliary tethers are coplanar even if the sail
angle is not zero. This demonstrates again that the auxiliary tethers are
effective in keeping the E-sail configuration stable.

In summary, the parametric analysis shows that the configuration of E-
sail without auxiliary tethers is stable only at the zero-sail angle condition.
The auxiliary tethers are essential for a stable configuration of E-sail at non-

zero sail angle, which provides a capacity of orbit maneuvering.

0 ﬂE_ —Case A-—-Case B Case C
29.9n > 60 150

VS:;O hY 3 V:‘SO EYLVAVAN \ \_/: 90
S BN <
0 1 2 3 0 1 2 3 0 1 2 3
60 Time (day) 60 Time (day) 60 Time (day)
30 T30 =30
5 5 5
0 1 2 3 0 1 2 3 0 1 2 3
_ 60 Time (day) _ 60 Time (day) ~ 180 Time (day)
T30 230 —~NAN = 90
B &
0 1 2 3 0 1 2 3 0 1 2 3
~ 60 Time (day) ~ 60 Time (day) ~ 60 Time (day)
=30 ; 30 =30
< < >
0 1 2 3 0 1 2 3 0 1 2 3
Time (day) Time (day) Time (day)

Figure 5-1 Time histories of the adjacent angles with the solar wind

fluctuations.
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Figure 5-2 Time histories of the distances of remote units to the reference

plane with the solar wind fluctuations.

5.1.2 Dynamic Responses of the E-sail with Auxiliary Tethers

In this section, the dynamic responses of an E-sail with auxiliary tethers
under the solar wind speed fluctuations are investigated by varying the mass
of remote units and the spin rates. Equation (5.2) shows the dependence of the
propulsive torque on the spin rate, the masses of remote unit and tethers, and
the material properties of tethers. For the given length and material properties
of tethers, the only parameters that can affect the E-sail dynamics are the mass
of the remote unit and the spin rate. Thus, the influences of the variations of
the spin rate and the mass of the remote unit on the E-sail configuration with
the auxiliary tethers are investigated, as shown in Table 5-2. It is worth noting

that all spin rates are greater than the minimum spin rate defined in Section
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4.4.2. The sail angle a =30° is used in the analysis and the E-sail parameters
are the same as before. The simulation results are presented in Figure 5-3 and
Figure 5-4.

In all cases, the fluctuations of the solar wind velocity cause significant
variation of coning angles as indicated by Equation (5.2). Accordingly, the
tensions in the main tethers fluctuate accordingly. However, the adjacent
angles between two main tethers are almost constant and the coplanarity of
all remote units in maintained, which means the E-sail is stable as mentioned
in Section 5.1.1. These results demonstrate that the auxiliary tethers are
necessary to keep the E-sail configuration stable.

In summary, the study also verifies that the stability of E-sail with
auxiliary tethers is maintained even if the parameters change, if the spin rate
meets the newly proposed spin rate bound.

Table 5-2  Parameters of the parametric investigation of E-sail.

Label m,, (kg) w(rads)
Case D 0.0 0.004
Case E 1.5 0.004
Case F 3.0 0.004
Case G 1.5 0.003
Case H 1.5 0.005

131



3

2.5

'. ‘ _'\..",'_!. ) x"i ." ‘2,
2 0 !

i

Time (day)

3

(a) Coning angle

29.95
1

M
e AR A i A Ahh ‘
| M,HHHHHHH‘HHH\‘H’ H‘VH‘ \‘]‘Hj»“ T

Time (day)

2 3

(b) Adjacent angle

1

Il | I

Time (day)

ik L. Ll oy

2 3

(c) Coplanarity measure for the remote unit

132



0.8

o
N

YV Y VR VY

ANARNMARMARRRARAARARANARANARAAAAR
RN

Tension (N)
o
~

0.2

H””““”“IH“HWHIMIHM (HMATTA ||I||.|Hi||[||i .l lll

0 ! Time (day) 2

(d) Auxiliary tether tension

Figure 5-3 Time histories of E-sail responses with different masses 7,

subject to solar wind velocity fluctuations.

—Case G
----- Case E

<<<<<<<<<< Case H

2 p ‘ I R
ST
1 : : 3

Time (day)
(a) Coning angle

133



30.02 T T

30.01

0,

30

29.99 -

29.9 80 . :
Time (day)

0.04

Time (day)
(c) Coplanarity measure for the remote unit
0.8 T T

5

(@)}
B
1

!!i!ﬁiﬁﬂ%&ﬂﬁiﬁ#ﬂ#&&%ﬂ*ﬂ!#iﬁ

A ATV
R

Tension (N)
o
i

e
to

Time (day)
(d) Auxiliary tether tension

Figure 5-4 Time histories of E-sail responses with different spin rate @

subject to solar wind velocity fluctuations.

134



5.2 Influence of Propulsive Force Magnitude on E-sail Response

As shown in Equation (3.19), three models of propulsive force derived
from the PIC simplified analytical model or the empirical model are presented.
The application of E-sail requires precise knowledge of external loading and
corresponding response. Thus, in this section, the influences of the propulsive
force magnitude on the dynamic characteristics of the sail plane coning and
attitude motion of E-sail are investigated by varying the coefficient K in
Equation (3.19) that is, K, =3.09 [13], K, =11.74 [44], and K, =56.36 [47] with
the zero initial sail angle. The parameters of the E-sail are kept the same as
Table 4-1, and the solar wind velocity (400 km/s) and the main tether voltages
(20 kV) are constant. The initial spin rate @, =4x107 rad/s is adopted, which
1s obtained from Section 4.4.2. The total simulation period is 24 h with a time
step of 0.01s. The resulting dynamic responses of the E-sail are shown in
Figure 5-5 to Figure 5-8.

First of all, Figure 5-5 shows that the magnitude of the propulsive force
is directly proportional to the coefficient K, while the resulting propulsive
force 1s approximately constant in the short duration of simulation as shown
in Figure 5-5(b). This is because the orbital change of the E-sail's CM is
negligible compared with the absolute orbital radius. However, the change rate

of the E-sail’s CM orbital radius is directly proportional to the coefficient K.,
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and increases over time as illustrated in Figure 5-5(a). Next, Figure 5-6 shows
the influence of the propulsive force magnitude on the sail and thrust angles,
which is not noticeable unlike the incremental rate of the orbital radius.
Overall, the predicted sail angle increases only by one degree in the negative
direction with the three different magnitudes of the propulsive force. This
phenomenon is consistent with the result in Figure 4-3(b), which indicates that
the variation trend of the sail angle and the propulsive force is independent.
At the same time, the variation of the thrust angle is approximately the half of
the sail angle under the three different magnitudes of the propulsive force,
which is consistent with the results in [14-15, 37] even if their magnitudes of
the propulsive force are different. Moreover, the variation trends of the coning

angles are qualitatively identical for the three different coefficients K as

shown in Figure 5-7, although the absolute values of the coning angle are
different. Therefore, it can be concluded that the different force magnitudes
have a noticeable effect on the radial deformation of the E-sail, but their effects
on its attitude are approximately the same.

As mentioned before, the collisions between the main tethers are
prevented by the tensions generated by the auxiliary tethers. This means the
capability of the auxiliary tethers to maintain the E-sail stability is limited.
When the tensions of the auxiliary tethers are zero, the capability will

disappear, and the E-sail may be unstable. Meanwhile, Figure 5-7 shows that
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the coning angle is dependent on the magnitude of the propulsive force. Thus,
1t 1s interesting to obtain the maximum allowable coning angle. Recalling
Equation (4.23), when the initial spin rate is given, the elongations of the main
tether AL, can be derived from the force balance of between the centrifugal
force and the tensions generated by the main and adjacent auxiliary tethers

after the E-sail fully deployed, that is,

Ly
L, +AL,

T=1 ,+(T,, +7:w_j)sin[[%}} (5.4)

(5.5)

w*dl (5.3)

au

F.,=(m,+m,)(L,+AL, a)2+_|.OL°*AL°pl

T,,=T, =E,A4,—* (5.6)

au

where 7, ,, T, , and T, . are the tensions generated by the main and adjacent

auxiliary tethers, respectively.

Thus, the elongations of the main tether AL, can be obtained as

m,; L, o’
ALO
E.A, /L, +4sin*(z/M)E, A, L, —m

(5.7)
ef/

Substituting Equation (5.7) into Equation (4.23) yields the maximum

coning angle as
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Figure 5-5 Time histories of (a) the increment of orbit radius of the central

spacecraft and (b) the E-sail thrust with different coefficients K.
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different coefficients K.
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Finally, the influence of the propulsive force magnitude on the
geometrical configuration and the E-sail spin rate are investigated. Figure 5-8

shows that the variations of the coning angle and the E-sail spin rate with the

three different coefficients K. The variation trend of the coning angle in Figure

5-8(a) is similar to the work in Ref. [28], and the difference of the coning motion
periods can be explained by Equation (5.8) due to the different magnitudes of
the tension acting on the auxiliary tethers. Thus, the assumption of the small
coning motion is acceptable because the coning angles shown in Figure 5-8 are
very small. It was worth noting that these three coning angles are all less than

the maximum coning angle, which means the E-sail configuration is stable.
Moreover, the time history of the spin rate ratio (®/®,) under the three

different coefficients is depicted in Figure 5-8(b). It shows that the spin ratio is
almost the same for all three different coefficients with a variation less than
0.2%, which 1s caused by the variation of the E-sail coning angle. Therefore, it
can be concluded that the influence of the propulsive force magnitude on the
E-sail spin rate is negligible. Accordingly, the assumptions of the constant
electron density and constant solar wind velocity are acceptable because they
only affect the magnitude of the propulsive force.

In summary, the parametric investigation shows that the magnitude of
the propulsive force only influences the increment of the orbital radius of the

central spacecraft. Its influence on the sail and thrust angles, the coning
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motion and the E-sail spin rate is negligible. Accordingly, it can be concluded
that the variation of the propulsive force model has a negligible effect on the

E-sail attitude motion. This offers the convenience for the future E-sail mission

analysis. Therefore, the moderate propulsive force coefficient K, has been

adopted in the rest of study instead of using two extreme values.
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Figure 5-8 Time histories of (a) coning angle and (b) spin rate ratio with

different coefficients K.

5.3 Influence of the Sail Angle on E-sail Response

The aim of this section is to explore the influence of the change of the E-
sail orientation on its dynamics by considering the coning motion. This is done
by varying the sail angle at the beginning of the simulation. The sail angle at
the beginning of the simulation is referred as the initial sail angle in the

following. Three initial sail angles are used to represent these E-sail
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orientations, that is, ¢, =30, ¢=-30, and o,=—150 degrees, as illustrated in

Figure 5-9. Based on the definition of the sail angle in Section 3.1.2, the sail
angles of 30 and -150 degrees represent the same spin plane but in the opposite
direction, while the sail angles of 30 and -30 degrees are symmetric with

respect to the QZ direction. The solar wind velocity is assumed constant (400

km/s), and the electrical potential of all main tethers is assumed the same (20

kV) and constant over time. The initial spin rate is @, =4x107 rad/s and the

rest of the E-sail parameters is the same as Table 4-1. The total simulation
period 1s 24 h with a time step of 0.01s. The responses of the E-sail are
presented in Figure 5-10 and Figure 5-11.

Figure 5-10(a) shows that the orbital radius of the central spacecraft
Increases over time at an increased rate. However, the increments of the orbital
radius are different between -30 degree and the other two initial sail angles.

The difference increases over time. This can be explained by the

circumferential thrust component F siny, which will decrease or increase the

tangential velocity of the orbital motion. Moreover, the difference of the thrust
in Figure 5-10(b) can also explain the difference of the increments of the orbital
radius. Then, the effect of the initial sail angle on the sail and thrust angles is
shown in Figure 5-11. The sail angle increases by one degree in the negative
direction with the -30 and -150 degrees initial sail angles, while decreases by

one degree in the positive direction with the 30 degree initial sail angle. The
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variation of the thrust angle is approximately the half of the sail angle, while

the variation trends are the same with the sail angle.
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Figure 5-9 E-sail orientation in the orbital plane OYZ .
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Figure 5-10 Time histories of (a) the increment of orbital radius of the
central spacecraft and (b) the E-sail thrust with the different initial sail
angles.
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Figure 5-11 Time histories of (a) the sail angle and (b) the thrust angle with
the different initial E-sail sail angles.

Furthermore, the impact of the initial sail angle on the thrust vector is
evaluated with respect to the selected initial sail angles ranging from 0 to 75
degrees at an increment of 5 degrees. The resulting dynamic responses of the
E-sail are shown in Figure 5-12 and Figure 5-13.

Figure 5-12 shows that, as the initial sail angle increases, the orbital
radius of the central spacecraft increases over time at a decreased rate. This is
because the radial component of the thrust decreases as the initial sail angle
increases. The trend of the increment rate is more obvious as the initial sail
angle increases. The influences of the initial sail angle on the sail and thrust
angles are shown in Figure 5-13. The sail angle decreases over time at a
decreased rate by approximately one degree, and the variation trend is

approximately the same for different initial sail angles. Unlike the influence of
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the propulsive force magnitude seen in the previous section, the influence of
the initial sail angle on the thrust angle is significant. The trend of the thrust
angle decreases first and then increases after the initial sail angle is greater

than 55 degrees as the initial sail angle increases.
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Figure 5-12 Time histories of (a) the increment of orbital radius of the
central spacecraft and (b) the E-sail thrust with the different initial sail

angles.
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Figure 5-13 Time history of (a) the sail angle and (b) the thrust angle with
the different initial sail angles.
In addition, the relationship over time between the sail and thrust

angles is derived by a curve-fitting, similar to Ref. [49], that is,

y(t) =0, (t)+ 0,0 (t)+ Lt (t)+ 0,07 (t)+ L5 (t)+ Lea (1) + 4, (5.9)
where the coefficients £; (i =1,2,---,7) are listed in Table 5-3.

Table 5-3  Coefficients of the sail and thrust angles relationship.

l, 0, ‘, ‘,
8.561x107" -2.367x107* 1.432x10°° —7.204x107°
‘ ‘ ‘)
6.573x107* 4.968x107" 1.433x10°*

Similarly, the relationship over time between the dimensionless

acceleration of the E-sail and the sail angle is derived by a curve-fitting as,
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a’(t)=¢a’ (t)+c,a (t)+ca’ (t)+ e, (t)+ o5’ (1) + e (t) +c, (5.10)
where the coefficients ¢, (i =1,2,---,7) are listed in Table 5-4. Here, a° is the

dimensionless acceleration of the E-sail, that is,

_E/m,

Eh

(5.11)

a’(t)

where m, is the total mass of the E-sail. Thus, the dimensionless acceleration

1s independent on the propulsive force model.

Table 5-4  Coefficients of dimensionless acceleration vs sail angle.

G G G Gy
~1.631x107" 3.693x107" ~-1.908x10°* 4.956x107
CS C6 C7

-1.189x107* 2.573x107° 1.0

Finally, Figure 5-14 shows the comparisons between the Equations (5.9)
-(5.10) and the results in the Refs. [15, 49], which are derived from the different
E-sail models. Figure 5-14(a) shows that the thrust angles predicted by the
different models are almost the same, and approximately equal to one-half of
the sail angle when the sail angle is less than 30 degrees. As the sail angle
increases, the magnitudes of thrust angle predicted by the different models
start to deviate but with the same trends, such as increases and then decrease
after the sail angle 1s greater than 55 degrees. The current model gives the

different magnitude among the three models. This is because the directions of
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the normal incident solar wind acting on the tether vary along the tether
length due to the coning motion and deformation of the tether in current model,

while the directions are the same for an ideally flat E-sail model.

25 —Eq. (5.9)| ' ' I ' ' " |—Eq. (5.10)
—Ref. [48] | —Ref. [48]
20| Ref. [12] : ~Ref. [12]
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<) < 0.8f
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0.7}
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0 : : : : 0.5 : : : :
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(a) o (deg) (b) o (deg)

Figure 5-14 (a) Thrust angle vs sail angle, (b) dimensionless acceleration vs
the sail angle.

The other reason is that these three models use different propulsive
force models, where the current work uses the generalized model (3.19) while
the other two use the simplified model as shown in Equation (3.16). Therefore,
the resultant thrust vectors are different among the three models. The
difference in magnitudes among the three models is exceedingly small, due to
the small coning angle, deformation of the tether, and propulsive force around
1 au. The comparison of the dimensionless acceleration has the similar trends
as presented in Figure 5-14(b) without the consideration of coning motion,

which indicates the coning motion has insignificant impact on the macro
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dynamic behaviors.
In summary, the parametric analysis shows that the change of sail angle
has significant influences on both the thrust vector and the sail angle variation,

while has negligible effect on the macro dynamic behaviors of E-sail.
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Chapter 6 PARAMETRIC ANALYSES OF THE

GENERALIZED E-SAIL MODEL

Summary: In this chapter, the rigid-flexible coupling effect on the attitude
dynamics and spin control of E-sail is investigated by using the rigid-flexible
coupling high-fidelity model developed in Section 3.4. Based on the generalized
E-sail model, the influence of the E-sail orientation, solar wind fluctuations,
and geometrical configuration on the dynamic characteristics of the E-sail is
investigated by a parametric analysis. Furthermore, the spin rate of the E-sail
can be controlled to the desired value with finite time by a simple control law,
even in the tether deployment process, with finite control input mainly at the

remote units. Finally, some conclusions are given in this chapter.

6.1 Dynamic Response of E-sail with Different Attitudes

In this section, the influence of the E-sail attitude with respect to the
solar wind direction on its dynamics is investigated by varying the sail angle.
As shown in Figure 6-1, two sail angles, o =0deg and « =30deg are adopted
in the analysis. The E-sail parameters are consistent with Table 4-2, and the
E-sail configuration is Type II. The electric potential of all main tethers and

the solar wind velocity are also the same as in Ref. [13], and the coefficient of
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K, =11.74 is used. The simulation results are presented in Figure 6-2 to Figure

6-7.

=30
@ =30ges

R(n)

Figure 6-1 E-sail attitude with different sail angles.

First, Figure 6-2(a) indicates that the Sun-E-sail distance increases over
time in both cases but at different rates. The higher increase rate leads to the
larger deformation of main tethers. This i1s because the zero sail angle
generates the greater propulsive force than the 30-degree sail angle, and this
is the same as the phenomenon in Ref. [27]. Figure 6-2(b) shows the in-plane
periodic libration of main tethers, where the libration in zero sail angle is
greater than the 30-degree sail angle. The smaller in-plane libration angle, the
better stability of the E-sail system. At the same time, the angular velocities
of the central spacecraft are affected by the fluctuation of tensions caused by
the deformation of tethers as indicated by Equation (3.84). Because the central

spacecraft rotates coaxially with the E-sail system, the E-sail will be stable if

the central spacecraft only rotates on the X, axis and the angular velocities
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of the other two axes are zero. Accordingly, Figure 6-3 shows the component of
spinrate in X, -axis w,, of the central spacecraft fluctuates periodically in the
same phase, where the magnitude of zero sail angle is greater than that of 30

degree sail angle. Comparing with Ref. [28], it should be noted that the

variation trend of the @, 1s different, where the tether of the E-sail was

modeled as a dumbbell model and did not catch the high mode of tether
libration relative to the radial direction. However, unlike the variation trend
of the @, , the variation trends of the @, and the @, 1n the two cases are

different because the non-zero sail angle generates a small offset between the

CM and CT of the E-sail.
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Figure 6-2 Time histories of (a) the Sun/E-sail distance increment (b) in-

plane libration angle with different sail angles.
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Figure 6-3 Time histories of angular velocities of the central spacecraft in

the O, X ,Y,7Z  coordinate system with different sail angles.

Next, the variation of the angular velocities of the central spacecraft is
further explained by examining the resultant propulsive force generated by the

positively charged main tethers. Figure 6-4 shows that the resultant
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propulsive force components F, in two cases maintain the periodic oscillation

due to the influence of the coning motion of tethers. The analytical expression
of the periodic coning motion oscillation has been derived in the previous work
[27]. The different magnitudes are mainly caused by the non-zero sail angle,

where the resultant propulsive force components F,, decreases as the sail

angle increases. Meanwhile, the resultant propulsive force components Fcby

and F;,,Z in the case of zero sail angle are zero as expected, while periodically
oscillates in the case of 30 degrees sail angle.
Furthermore, Figure 6-5 illustrates the variation trends of the CM and

the CT of the E-sail. It indicates that the CM oscillates in the X, axis due to

the coning motion of the E-sail. The CT of the E-sail varies within the O, XY,

plane with the 30 degrees sail angle, while maintains zero with the zero sail
angle, respectively. Compared with Refs. [8-9], the variation magnitudes of the
E-sail’'s CM and CT are much greater than that of solar sail due to the much
larger structure, which leads to the precession and nutation motions of the E-

sail much greater.

154



%1072 %107 —a=0 deg —a=30 deg

5.688 4.96
Z
LL"\)
5.684 : :
10><10'10 5 Time ) 1 !
z
5 0
L,
1 ' '
10><10'10 3 Time () 15 .
Z
< 0 < 0 MWW
<3 [
1 : : 5 : :
(a) 0 5 Time (h) 10 15 (b) 0 Time (h) 10 15

Figure 6-4 Time histories of (a) and (b) the E-sail resultant propulsive force

components in the O, X,Y,Z, coordinate system with different sail angles.
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Figure 6-5 Time histories of the CM (a) and (b) and the CT (c) and (d) of the

E-sail in the O, X,Y,Z . coordinate system with different sail angles.

Finally, Figure 6-6(a) and (d) show the variation trends of tensions in

the main and auxiliary tethers and the periodic oscillation of coning angle,
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respectively. This is because the propulsive force generates a torque that
pushes the main tether rotating out of the nominal spin plane with respect to
the central spacecraft, and the centrifugal forces due to the inertia of the main
tether and the remote unit generates a restoring torque to pull the main tether
back to the spin plane, see Section 4.3.1. Moreover, Figure 6-7 shows the
variation trends of the E-sail geometrical configuration related to the coning
motion. Through the simulation results of Figure 6-2 and Figure 6-7, it can be
concluded that the nonlinear rigid-flexible coupling motions of E-sail have a
prominent impact on the attitude of the central spacecraft. Figure 6-6(b)
1llustrates that the variation trends of the E-sail spin rates in the two cases

are within a small scale. The variation of the spin rate can be explained by the
changing of the E-sail CM along the X, axis. The magnitudes of the spin rate

in the two cases are approximately the same because the dominant moment of
inertia of the E-sail is along the principal spin axis, which aligns with the unit
spin vector direction. Thus, we can conclude that the E-sail spin rate is robust
against the disturbance torques if it is sufficient large. Moreover, Figure 6-6(c)
shows the variation trend of the nutation angle, which can also be explained
by Equation (3.83) due to the effect of the disturbance torque. If the nutation
angle maintain zero, the E-sail configuration will be stable. Thus, it means
that the E-sail configuration that considers the attitude motion of the central

spacecraft may unstable at a non-zero sail angle.
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In summary, it is found that the deformation motion of flexible tethers

will cause the offset of CM and thrust of E-sail, which generates disturbance

torques on the central spacecraft. Through the nonlinear rigid-flexible coupling,

the disturbance causes the tension fluctuations and the undesired fluctuations

of the E-sail’s attitude and spin rate.
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Figure 6-6 Time histories of (a) tension in the main and auxiliary tethers

(b) E-sail spin rate (c) nutation angle and (d) coning angle with different sail

angles.
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Figure 6-7 Variation trends of the E-sail configuration.

6.2 Dynamic Response of E-sail with Different Configurations

The aim of this section is to further investigate the influence of the offset
between the CM and CT of the E-sail by varying the position of the spin plane
with respective to the CM of the central spacecraft. As shown in Figure 3-3,
three different E-sail configurations are considered here, that is, Type I, Type
IT and Type III with the sail angle being « =30°. The E-sail parameters are
kept the same as shown in Table 4-2, The electric potential of all main tethers
and the solar wind velocity are also the same as in Ref. [12], and the coefficient

of K, =11.74 is used. In such configurations, it is important to understand the
effect of the nonlinear coupling between the central spacecraft attitude

dynamics and coning motion oscillation of tethers on the stability of the E-sail.

Then, the useful standards for designing a spinning E-sail are introduced. The
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resulting dynamic responses of the E-sail are shown in Figure 6-8 to Figure
6-12.

Figure 6-8 shows that the influences of the different E-sail
configurations on the increment of the Sun-E-sail distance and the in-plane

periodic libration of main tethers are negligible. The same phenomenon is also

presented in the spin rate component @, of central spacecraft as shown in

Figure 6-9, and the resultant propulsive force components Fc,, and F;,,Z as

illustrated in Figure 6-10, respectively. However, the magnitudes of the spin

rate components @, , @, and the resultant propulsive force component F,
¥y z z

of Type I and Type III configurations are much greater than that of Type II
configuration. This difference can be explained by the different magnitude of

the E-sail’s CM along the Y, and Z, axes, while the variation of the CT is

approximately the same for all three configurations as shown in Figure 6-11.
It should be noted that the angular velocities of the central spacecraft in the

Y, and Z, may make the E-sail unstable, as presented in Section 6.1.

Accordingly, it can be concluded that the Type II configuration of the E-sail is
more stable than the other two configurations. Furthermore, Figure 6-12
shows that the influence of the different configurations on the tensions of the
main and auxiliary tethers, the E-sail spin rate, and the coning motion of

tethers is negligible. The only difference is the magnitude of the nutation angle,
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which is caused by the difference of the CM of the E-sail configuration. The
smallest nutation angle occurs at the Type II compared with the other two
configurations, which indicates the Type II is more stable among three
configurations. Because if the nutation angle is non-zero, the main tether may
wrap around the central spacecraft and destabilize the E-sail configuration.
In summary, it is suggested that the spin plane of the E-sail should pass
through the CM of central spacecraft for better stability to avoid the potential
tether wrapping around the central spacecraft. The best E-sail configuration

among the three configurations is the Type II configuration.
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Figure 6-8 Time histories of (a) the Sun/E-sail distance increment (b) in-

plane libration angle with different configurations.
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6.3 Dynamic Response of E-sail with Solar Wind Fluctuations

The aim of this section is to investigate the influence of the solar wind
fluctuations on the stability of the E-sail. This can be done by varying the solar
wind velocity during the simulation period based on the solar wind velocity
measurement of Voyager 2, as presented in Figure 1-6. The E-sail parameters
are consistent with the Section 6.2. Type II configuration of the E-sail is
considered. The only difference is that the magnitude of the solar wind velocity
1s no longer a constant value, see Table 6-1. Here, the influence of the
symmetric/asymmetric configuration of the E-sail on the E-sail’s stability is
studied. The solar wind velocity is assumed to be 400 km/s on the first 5 hours,
800 km/s on the second 5 hours, and 400 km/s again on the third 5 hours. The
total simulation period is three days with a time step of 0.01s.

Table 6-1 Parameters of the parametric investigation.

Label  Solar wind velocity (km/s) Number of main(auxiliary) tethers

Case A 400 12(12)
Case B 400-800-400 12(12)
Case C 400 11(11)

6.3.1 Influence of Solar Wind Fluctuations on E-sail Dynamic Performance
The aim of this section is to investigate the influence of the solar wind
fluctuations on the dynamic responses of E-sail. The simulation results are

shown in Figure 6-13 to Figure 6-17. Figure 6-13(a) shows that the Sun-E-sail
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distance increases over time in both cases but at different rates. This can be
explained by the fact that the case B generates the greater propulsive force
than the case A in the second 5 hours, as shown in Figure 6-14, which leads to
higher increase rate and larger coning motion of main tethers. The increment
of the resultant propulsive force can be explained by Equation (3.19) due to the

increase of the solar wind velocity. Meanwhile, the periodic oscillation of the

resultant propulsive force components F'cb‘, and F;bz in the second 5 hours can

be explained by the influence of the coning motion. The fluctuation of the
propulsive force caused by the solar wind fluctuations in case B will affect the
angular velocity of the central spacecraft as presented in Equation (3.83). At
the same time, the greater tensions due to the larger deformation of main
tethers will result in the greater in-plane libration of main tethers based on
Equation (3.84), as shown in Figure 6-13(b). As mentioned before, the E-sail
may unstable if the in-plane libration angle is non-zero. Accordingly, the
angular velocity of the central spacecraft in the three axes have greater

amplitude of the oscillation as shown in Figure 6-15. Greater angular velocities

of the ¥, and Zcbz axes mean that the E-sail is more unstable. This can also

be explained by the offset between the CM and CT of the E-sail as presented
in Figure 6-16, where the variation magnitudes of the E-sail’s CM and CT in
case B are much greater than that of case A due to the solar wind fluctuations.

It will also lead to the greater precession and nutation motions of the E-sail.

164



100 - - 0.4

—Case A
---Case B
80
T 0.2t
\.*_/_/ L
=
2 »®
8 4071
§
z 02
2 oot
0 ' | 04 5 10 15
@ © > Time (h)1° 15 () Time (h)

Figure 6-13 Time histories of (a) the Sun/E-sail distance increment (b) in-

plane libration angle with the solar wind fluctuations.
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Figure 6-15 Time histories of angular velocity of the central spacecraft in the
0,X,Y,Z, frame with the solar wind fluctuations.

Furthermore, Figure 6-17(a) and (d) show the variation trends of
tensions in the main and auxiliary tethers and the periodic oscillation of coning
angle, respectively. This is because the greater resultant propulsive force of
case B shown in Figure 6-14 generates a greater torque to push the main
tethers rotating out the spin plane with respect to the central spacecraft, which
leads to the greater elongation and coning motion of tethers. As shown in

Figure 6-17(b), the small variation of the E-sail spin rate can also be explained
by the changing of the E-sail CM along the X, axis. The magnitude of the spin

rate in case B is slightly larger than that of case A, which can also demonstrate
that the E-sail with axisymmetric configuration is robust against the solar

wind fluctuations. Moreover, Figure 6-17(c) shows the variation trends of the
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nutation angles as indicated in Equation (3.84) due to the influence of the
disturbance torque. Through the simulation results, it can be concluded that
the influence of the solar wind fluctuations on the attitude of the central
spacecraft is noticeable, while the influence on the E-sail spin rate is negligible.
Thus, the spin rate of the central spacecraft should be controlled to be

consistent with the E-sail spin rate to maintain stability of the E-sail.
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Figure 6-16 Time histories of (a) CM and (b) CT of the E-sail in the O, X,Y,Z,

frame with the solar wind fluctuations.
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nutation angle and (d) coning angle of the E-sail with the solar wind fluctuations.

6.3.2 Influence of Geometrical Configuration on E-sail Dynamic Performance

The aim of this section is to further study the effect of the offset between
the CM and CT of the E-sail by setting the E-sail to an asymmetric
configuration. This can be achieved by removing one main tether. Two cases
are considered here to investigate the dynamic responses of E-sail, that is,
Cases A and C. In such configurations, the E-sail is a symmetric configuration
that consists of 12 main tethers with 12 connected auxiliary tethers, while the
E-sail is an asymmetric configuration that consists of 11 main tethers with 11
connected auxiliary tethers. The solar wind velocity is assumed constant, and
the rest of the E-sail parameters are kept the same as presented in Table 4-2.

The resulting dynamic responses are shown in Figure 6-18 to Figure 6-22.
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Figure 6-19 Time histories of the E-sail resultant propulsive force
components in the O, X,Y,Z, frame with different configurations.

Compared with Case A, the propulsive force generated by Case C 1is

slightly smaller due to the lack of one main tether, which in turn makes the

169



Sun-E-sail distance increment slightly smaller, as shown in Figure 6-18(a) and
Figure 6-19. Therefore, the influence of the resultant propulsive force on the
coning motions and in-plane libration of main tethers, and the angular velocity
of the central in both cases should be very small. However, Figure 6-18(b)
shows the variation of the libration of main tethers is particularly significant
in Case C about two degrees compared with that of in Case A about 0.2 degrees.
It indicates that the E-sail in Case C is more unstable because the smaller in-
plane libration angle and the better stability of the E-sail system. The similar
condition can be seen in Figure 6-20, where the three-axis angular velocity of
the central spacecraft oscillates in a relatively large scale. It also suggested

that the E-sail in Case C is more unstable due to the greater angular velocities

of the chy and Zcbz axes. The significant difference between the angular

velocity of central spacecraft and the E-sail spin rate leads to a greater in-plane
libration of main tether with respect to the radial direction of central spacecraft,
as presented in Figure 6-18(b). Moreover, this angular velocity oscillation may
cause the instability of the central spacecraft, which in turn will result in the
instability of E-sail. The difference of the central spacecraft angular velocity
can be explained by the offset between the CM and CT of the E-sail as shown
in Figure 6-21, where the variation magnitudes of the E-sail’s CM and CT in
case C are much greater than that of case A due to the lack of one main tether.

This also verifies the influence of the disturbance torques in Equations (3.83)
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and (3.84) on the attitude dynamics of E-sail.
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Figure 6-20 Time histories of angular velocity of the central spacecraft in the

0,X,Y,Z, frame with different configurations.
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Figure 6-21 Time histories of CM (a) and (b) and CT (c) and (d) of the E-sail in the
O, XY, Z, frame with different configurations.

Finally, the variation trends of tensions in the main and auxiliary
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tethers, the periodic oscillation of coning angle, and the variation of the E-sail
spin rate in both cases are not noticeable, as shown in Figure 6-22. This is
because the dominate moment of inertia of the E-sail is along the principal spin
axis (the unit spin vector direction #). Moreover, the violent oscillation of the
central spacecraft angular velocity leads to the deviation between the principal
spin axes of central spacecraft and E-sail, which is measured by the nutation
angle, as illustrated in Figure 6-22(c). The greater nutation angle also verifies

that the E-sail in Case C is more unstable.
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Figure 6-22 Time histories of (a) tension in main and auxiliary tethers (b) spin rate (c)
nutation angle and (d) coning angle of the E-sail with different configurations.

In summary, the parametric analysis indicates that the E-sail’s stability
has a strong dependence on the geometrical configuration, and the E-sail with
asymmetric configuration should be avoided. The nutation angle and the

angular velocity of the central spacecraft should be actively controlled if the E-
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sail becomes asymmetrical.

6.4 Spin Rate Control of E-sail

The previous section results indicate that the spin rate of the central
spacecraft can be influenced by the nonlinear rigid-flexible coupling dynamics.
To maintain stability of the E-sail, the spin rates of the central spacecraft and
E-sail should be controlled to a desired value. In this section, the spin rate of
the E-sail i1s controlled by a simple feedback law to maintain the stability of
the E-sail in the tether deployment process and the E-sail operation period,

respectively.

6.4.1 Spin Rate Control Strategy

To maintain the stability of the E-sail in the attitude maneuvering and
the deployment of the E-sail, it requires constant management of the spin rate
of the E-sail. The E-sail spin rate must be maintained at a desired rate to

generate sufficient centrifugal force to keep tethers taut and E-sail stiffness.
Furthermore, it is assumed that the angular velocities around the ¥, and Z,
axes are negligible. Thus, the attitude dynamic of the spinning E-sail around

the X, axis can be simplified as

C

I

ch x

d)c = chix (6 1)

where [, _ is the E-sail moment of inertia around the X, axis, @ is the
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current spin rate and @) is the first order derivative of @ with respect to time

t, which can be obtained from Equation (3.73). 7, , is the required control

torque applied to E-sail.
The control can be applied at the remote units and/or the central
spacecraft. A simple feedback controller is implemented to stabilize the spin

rate as shown in Figure 6-23, that is,

7, =K, (0, —®,) (6.2)

(6.3)

where 7, is the control torque applied to the central spacecraft, K. and X, are
the feedback control gains, @, and @ are the desired and current spin rates
of the central spacecraft and E-sail around the X, -axis, respectively. F is the
total control force applied to the remote units, and F;J- 1s the control force
applied tothe ; remote unit, as shown in Figure 6-24, b. is the position vector

from the origin O, to the i remote unit. The simple feedback controller is

adopted because the E-sail is stable, and the spin rate of E-sail is very small.

Figure 6-23 shows the principles of how the feedback controller are

generated and applied. The block diagram indicates only the torque 7, is

applied to control the central spacecraft if the @. and @ can reach the
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desired value @), . According to the description in Section 3.4.2, the control
torque 7, should be replaced by an equivalent pair of forces in order to utilize

by the NCF. Therefore, the 7, is firstly decomposed into components in the

direction aligned and perpendicular to the unit vector U as

(p,-p) 6.4)

Substituting Equation (6.4) into Equation (3.70) yields the equivalent

pair of the control forces as

F=[ 00 of v o] (6.5)

Figure 6-23 also indicates if the @, and @ can not reach the desired

value @, by only controlling the central spacecraft, the control forces F

;
should be applied simultaneously to the remote units. The aim of controlling
both the central spacecraft and remote units simultaneously is to avoid the
generation of disturbance torque as presented in Equation (3.84).

Remote units
Controller 2

Generalized | ¢ q NG
E-sail Model

A 4

a,.. Control
8 Remote units

Spacecraft

Figure 6-23 Block diagram of the E-sail control system.
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Figure 6-24 Control forces acting on the E-sail.

6.4.2 Spin Rate Control of the Fully Deployment E-sail

The aim of this section is to investigate the control performance of the
E-sail’s spin rate. The Type II configuration of the E-sail is considered with 12
main and connected auxiliary tethers. The tethers are assumed fully deployed
and spin steadily in the same spin plane. The main tethers are positively
charged with the constant solar wind velocity. The rest of the E-sail
parameters are consistent with Table 4-2, except the tether length. Four
different lengths of the main tethers are considered, i.e., 10m, 100m, 1km and
10km to evaluate the control performance of the E-sail’s spin rate by

controlling the central spacecraft or/and the remote units, respectively. The

desired spin rate @), is set as 0.0045 rad/s. The maximum control torque/force
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and the duration of control are assumed to be 0.01N 'm/0.01N and 10 hours,
respectively. The time step size is 0.01s. The simulation results are presented
in Figure 6-25 and Figure 6-26.

First, only the spin rate of the central spacecraft is controlled to
investigate the control performance of the E-sail spin rate. The maximum
feedback control gain is assumed as 20 due to the limitation on the maximum
available control torque [12]. Figure 6-25 shows that the control performance
of the E-sail spin rate is directly inversely proportional to the lengths of the
main tether. Figure 6-25(a) shows the spin rate of E-sail can be controlled to
the desired value in less than 2 hours with the control gain of 2 when the length
of the main tether is 10m. As a comparison, it takes approximately 10 hours
with the maximum gain of 20 to reach the same desire spin rate for 100m long
tether, see Figure 6-25(b). Unlike these two lengths of the main tether, Figure
6-25(a) and (d) indicate the spin rate of E-sail is very hard to reach the desired
value in the cases of long main tethers (1km and 10km) even with the
maximum gain 20. In summary, it can be concluded that the spin rate of E-sail
is not controllable by only applying the control torque at the central spacecraft
if the length of main is sufficiently long.

Furthermore, to control the spin rate of long tether E-sail to reach the
desired value, the control torque and forces need to be simultaneously applied

at the central spacecraft and the remote units, as presented in Figure 6-23.

177



Only one main tether length, 10km, is considered. The feedback control gains
for the central spacecraft K and the remote units X, are set to 10. Figure 6-26

shows that the spin rate of the E-sail can reach the desired value in less than
5 hours with small control torque and forces applied to the central spacecraft
and the remote units simultaneously. Meanwhile, the E-sail maintains stable
because there is no tether slacking occurs in the control process, which can be

demonstrated by the increased tensions of the main and auxiliary tethers to

keep the tethers taut.
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Figure 6-25 Time histories of E-sail’s spin rate by controlling the spin rate of

the central spacecraft with different lengths of main tethers.
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Figure 6-26 Time histories of (a) the E-sail’s spin rate (b) tensions in the
main and auxiliary tethers (c) the control torque at the central spacecraft (d)

the control force at the remote units with 10km long main tethers.

6.4.3 Spin Rate Control of E-sail in Tether Deployment Process

The primary challenge of the E-sail is to generate sufficient momentum
to maintain the spin-stabilize of the E-sail deployment. Thus, the control
performance of the spin rate of E-sail in the tether deployment is explored in
this section. Type II configuration of the E-sail is considered. The parameters
of the E-sail in Table 4-2 are used, except the main tether length. The
propulsive force is introduced.

First, the main tethers are assumed deployed from O to 1km in radial
direction without spin rate control. Then, the main tethers are deployed from

1 km to 10 km at a constant velocity 0.5m/s while a spin rate control is applied
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to keep the E-sail spinning at a desired rate. The desired spin rate @, is still

0.0045 rad/s. The maximum control torque/force and the duration of control

are also assumed to be 0.01N m/0.01N and 10 hours, respectively. The
feedback control gains for the central spacecraft K. and the remote units K,

are set to 10. The results are shown in Figure 6-27.
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Figure 6-27 Time histories of (a) spin rates of the E-sail and central
spacecraft (b) lengths of main and auxiliary tethers (c) control torque and (d)
control forces at the central spacecraft and remote units in the tether
deployment process.

Figure 6-27 shows that the main tethers are successfully deployed to the
target length (10km), like the Ref. [104]. However, Figure 6-27(a) shows the
spin rate of E-sail reduces as the main tether length increases due to the

conservation of momentum. Because of the finite control input torque and
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forces at the central spacecraft and the remote units, the spin rate of the E-sail
are not able to reach the desired value. However, the finite control input torque
and forces can still keep the spin rate of the E-sail equal to that of the central
spacecraft to prevent the main tethers wrapping around the central spacecraft
in the tether deployment process. Accordingly, the stability of the E-sail is
guaranteed. Once the tether deployment completed, the spin rates of the E-sail
and the central spacecraft can be quickly reached to the desired value
simultaneously by the control torque and forces. As the spin rates approach to
the desired value, Figure 6-27(c)-(d) show the control input quickly diminishes
to zero, which also demonstrates the effective of the controller.

In conclusion, the spin rate of E-sail can be controlled by a simple control
law mainly by the finite control input at the remote units even in the tether

deployment process.
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Chapter 7 ATTITUDE CONTROL AND TRAJECTORY

TRACKING OF E-SAIL

Summary: In this chapter, the attitude control and stability analysis of E-sail,
and trajectory design and tracking problem of E-sail are studied. First, a
simple feedback control law was proposed and verified by using the high-
fidelity E-sail model developed in Section 3.3. Then, a SMC controller is
designed for the reduced order analytical E-sail model in Section 3.5 and its
stability is proved. Later, the control torque is mapped to the control thrust at
remote units or the voltage modulation of main tethers in the flexible E-sail
model, respectively. Further, the potential E-sail mission trajectory is designed
and tracked by using the reduced-order model. Finally, some conclusions are

presented.

7.1 E-sail Sail Angle Control with a Simple PD Control Strategy

In this section, the thrust vectoring of an E-sail can be controlled by
tilting its sail angle to the desired value with respect to the solar wind velocity.
Different from some literature that proposed to regulate the voltages of each
main tether individually to generate a control torque, which is sensitive to the

environment fluctuations such as the velocity and electron density of solar
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wind, the current work proposes to apply control forces at remote units to
generate the control torque as shown in Figure 7-1. The main tethers are not
charged to separate the influence of the propulsive force in the sail angle
control. The parameters of the E-sail are the same as Table 4-1. The total

simulation period is two days with a time step of 0.01s.

(;) = [o2) Control force direction ® T ®

@® Coincides with the k, direction

@ Opposite to the k, direction

(a) (b)
Figure 7-1 Control forces applied to the remote units.
As shown Figure 7-1, let F,li,. be the control force applied by the i”

remote unit and normal to the spin plane in the body-fixed coordinate system

0,X,Y,Z,. Thus, a simple proportional-derivative (PD) feedback force control
law 1s proposed as

F' ==& (ke+xe)k, (7.1)
where x, and x, are the control gains, e=a—¢, 1s the control error, «, is the
desired sail angle, ¢ is the derivative of e with respective to time, k, is the

unit vector aligned with the Z, axis, and & is the directional index of the
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control forces

-1 ' n,>0
&=10 I n,=0 (7.2)
1 I’ n <0

Here, I’ is the unit position vector of the /" main tether or remote unit relative
to the central spacecraft, defined in Equation (4.28), and n, is the desired unit
spin vector. Both are defined in the O, X,Y,Z, coordinate system.

Then, the total control torque 7 can be written as

e=3% =3 U'<F
i=1 -

i=1

= —(/cpe+ Kdé) ZLé cos fsin # —

:—(er+Kdé)f(L,ﬁ)
Thus, the sail angle error e=a—a, obeys the following error dynamics
LM(mre +m, +pL/3)L2J e :M = —(er+Kdé)‘f(L,,3)‘ (7.4)
Obviously, the PD controller is exponentially stable if the control gains
k,>0 and x,>0.If x, =0 and x, >0, the controller is asymptotically stable.

Furthermore, the effectiveness of the control law 1s examined by
numerical simulation. The initial and desired sail angles are set to (0° — 30°)

and (0° — 10°), while the control gains are selected as (K'p =0.01, x,=0.015) and
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(K'p =0.015, x,=0.015), respectively. The simulation results are shown in
Figure 7-2 and Figure 7-3.

40 T T T

0 0.5 1 1.5 2
Time (day)

(a) Sail angle

800 T T .
627

200

0 0.5

1 1.5 2
Time (day)
(b) Total control torque
Figure 7-2 Time histories of the sail angle control with the desired 30° sail
angle.
Intuitively, Figure 7-2(a) and Figure 7-3(a) show that the sail angle is
quickly approaching to the desired value in about one day, compared to eight

days by regulating the voltages of each main tether individually in Ref. [18].

Accordingly, Figure 7-2(b) and Figure 7-3(b) show the control torque, which
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diminishes quickly as the sail angle approaches to the desired value. Similar
to the solar wind sails, the control forces can be applied by the control vanes at

the tips of the main tethers [8-9].

12 T T T

10

1
Time (day)
(a) Sail angle

400 T | T

0 0.5 1 1.5 2
Time (day)

(b) Total control torque
Figure 7-3 Time histories of the sail angle control with the desired 10° sail
angle.
In summary, the proposed control strategy can be combined with the
voltage modulation strategy in Ref. [16] to quickly control and maintain the

desired sail angle for the attitude maneuvering of the E-sail mission. The
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current work can be applied for the orbital transfer or asteroid flyby missions.

7.2 Attitude Control and Stability Analysis of E-sail

Although many effects have been devoted to the attitude control of E-
sail, which can be achieved by voltage modulation at main tethers or thrust at
remote units with mass-spring or NFFEM approach. The stability of the
control strategy has not been investigated due to the difficulty in handling the
high-order model under the Lyapunov framework. Therefore, the aim of this
section is to thoroughly investigate the stability control of the E-sail in attitude
maneuver with the high-order flexible tether model based on NPFEM. The
control strategy is derived by using a simplified reduced order, but equivalent,
analytical model under the Lyapunov framework. Then, it is applied to the
high-fidelity model like a virtual experiment to demonstrate its effectiveness.
Noting that the attitudes of the E-sail, such as the sail and clock angles
expressed in Euler angles, are not the state in the high-fidelity E-sail, a
mapping scheme has been developed to map the control torques derived from
the reduced-order analytical model to the control forces acting on the remote
units in the high-fidelity E-sail model. The effect of the control gains on the
control performance is investigated in both the analytical and high-fidelity
models. Finally, the versatility of the proposed control strategy is investigated
by modulating the voltage of each individual main tether in E-sail attitude

maneuver.
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7.2.1 Attitude Control Law

Inspired by previous work [105-106] in space tether system, reduce
order modeling approaches are applied in current work, where the control
strategy was developed based on a grossly simplified analytical model and then
applied to the finite element model. As shown in Figure 7-4, the sail and clock
angles must be controlled to reach the desired values to accomplish the E-sail’s
attitude maneuver. First, the desired KEuler angles are calculated by Equation
(3.10) with the input of desired sail and clock angles. Then, the attitude
controller is developed with the reduced order analytical E-sail model. Finally,
the designed control torques will be mapped to the control forces at nodes of

remote units in the high-fidelity model of the E-sail.

a, ) | Computing the Desired C a Ma ®d e Analytical E-sail Attitude | T Converting to the f E-sail Model by _( 7 0
Euler Angles Model Controller equivalent forces NPFEM

Figure 7-4 Block diagram of the E-sail attitude control strategy.

7.2.1.1 Derivation of Control Strategy
The acceleration of the KEuler angles can be obtained by deriving

Equation (3.101) with respect to time ¢ as
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(cosn(cos@(d)x —wy®)—sm®(wx®+ d)y)) +7'7$in77(a)x cosO—aw, sin@))

2
cos” 77

ij:sin®(a')x—wy®)+cos®(a)x®+a')y) (7.5)

7'7(a)x cosO-aw, sin@)

@):d}z +tan77(sin®(a')y+wx®)+cos®(a)y®—ci)x))— 2
cos 77

Substituting the attitude dynamics equations in Equation (3.100) and
kinematic equations in Equation (3.99) into (7.5) yields

(rx cos®—7, sin@)) - 77(2@+ a)o)
Jcosn cosn

(z‘x sin®+7, cos @)

+(2®+a)0)(g'”—£2)cos77 (7.6)

. 2
i (g"—Q) sinncosn +

7, tan7cos®—7, tannsin@—rZ/Z)
J

@:7'7(2®+a>0)tan77—77(4;—9)00577—(

or in the vector form

w=D(w)(U-C(o,5)) (7.7
where @ =[{ 7 @]T represents the vector of Euler angles, w:[g’ n @}T

and w:[g“ 7 @}T are the angular velocity and acceleration, U=B7r, B,

D(w) and C(w,w) are given by
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| .
10 o cos® _sin® 0
J cosn cos7

1
B=| 0 ~ 0 D(w)= sin® cos® 0
0 O 1 i
] 27 | —cos®tanzy sin®tanpy 1

7'7(2@—1—a)o)cos@—(é"—Q)sin@cosn((2®+a)0)+sin77(§'—Q))
Clo.o)= —7'7(2@+a)o)sin@—(é;—Q)cosncosG)((2®+a)0)+sin77(é"—£2)) (7.9)

cosnf](é"—Q)

It should be emphasized that the attitude control of the E-sail is a
nonlinear control problem due to the nonlinearity of Equation (7.7). The E-sail
1s generally subjected to many uncertainties like model uncertainty, solar wind
fluctuation and gravity disturbances. Therefore, the Sliding Mode Control
(SMC) is adopted due to its strong robustness and simplicity in dealing with
parametric uncertainties and disturbances of a nonlinear system [107].
Further, the SMC can suppress the excitation generated by the high frequency
on-off control of the main tether voltage. It should be noted that the aim of this
section is to investigate the feasibility of applying a control strategy developed
from the reduced order analytical E-sail model to the high-fidelity E-sail model.
Once the feasibility is validated, any nonlinear attitude control strategy can be
evaluated by using the high-fidelity E-sail model. The simple sliding mode

control is used to demonstrate the feasibility of this concept, rather than
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comparing control performance with the existing E-sail attitude controller.

First, define a sliding surface vector as

S=o+iw, (7.9)
S, Ca 4 0 0
S=|S,| @,= n, A= 0 4 0 (7.10)
A 0, 0 0 A4

where @, =@ —@, is the error vector of the Euler angles, @, is the vector of the

desired Euler angles, and A i1s a positive definite constant matrix of control
parameters, which determine the convergence rate of the sliding surface.
Taking the derivative of Equation (7.9) with respect to time ¢ yields the

error dynamics of the Euler angles as
S=d+iw,=D(o)U-C(w,0))+is, (7.11)
Define an exponential control law as,
S = —k, sgn(S)—k,S (7.12)
where sgn is the sign function, —k,S is the exponential reaching term,
—k, sgn(S) 1s the constant velocity reaching term, and the k& and k, are the

control gain matrices,

k, 0 0
k=0 k, 0| k,/ky/ks>0
0 0 k,
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ky=| 0 ky, O kylkylky>0 (7.13)
0 0 &k,

Combining Equations (7.11) and (7.12) yields the vector of the attitude

control torque as

=B (@)D" (a)(k sen(S) +k,S+ 45, | (7.14)

where the superscript ( )_1 denotes the inverse of a matrix.

To prove the stability of the proposed control law, consider the Lyapunov

candidate function as

V:%STS (7.15)

Taking the derivative of Equation (7.15) with respect to time ¢ yields

V=8"S=8"(—k sgn(S)-k,S)

(7.16)
:_(ku ‘SI‘_'_kIZ‘S2‘+k13‘S3‘)_(k21S12 +k22522 +k23S32) <0

Thus, the control law makes the E-sail system stable and asymptotically
converges to the sliding surface.

It 1s important to point out that the attitude angles of the E-sail in this
section are not state variables in the nodal position coordinates in the NPFEM-
based high-fidelity model. Therefore, the control torque 7 in Equation (7.14)
derived from the reduced order analytical E-sail model is not applicable

directly to the NPFEM-based high-fidelity model and must be mapped to either
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the control forces at remote units or the control voltages at the main tethers,

depending on how the control is applied.

7.2.1.2 Mapping of Control Torque to Control Force
The relationship between the total control toques and the control forces

at remote units can be written as,

T :i‘rl_ =iILf” X Fl.s”) (7.17)

i=1 i=1
(-1} G

17 =1 cos| o+ UV gin| @+ 20D g (7.18)
N N

where L? and F” are the position and control force vectors of the i” remote
unit in the O X Y Z frame, and the 7, is the corresponding control torque,

respectively.

Obviously, one cannot solve for the control force F,” from Equation

(7.17) directly if the number of the remote units N is greater than 3. Usually,
the number of the remote units is between 10 and 100. Alternatively, it is
assumed here that the distribution of the control forces along the remote units

follows a sinusoidal function, that is,

7,=L" xF” =7sin Hi/isinﬁi (7.19)
i=1

where the angle 6 is measured between the i” main tether and the X , AXIS.

Therefore, the control force F” can be solved from Equation (7.19).
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7.2.1.3 Mapping of Control Torque to Control Voltage

The control law is implemented by modulating the voltages on the main
tethers in this section, which in turn controls the magnitude of propulsive force
produced by the main tethers. The propulsive force is assumed to be uniformly
distributed along the main tether, because the variation of solar wind electron
and velocity along the tether length is negligible. Accordingly, the relationship
between the total control toque and the voltages at main tethers can be

obtained as,

i=1 ] =

T=y71 = % L? x F] = ﬁ %Lfﬁ x j ST(A,,) fdlle (7.20)
i=1 i=1
where the propulsive force F,, is given in Equation (3.16), which depends on

the voltage of the i” main tether.
Assume the same torque distribution among the main tethers as
Equation (7.19), such that,
: . 1
7= rSan/ismﬁi =L xF, :El’jp X.[ oLi s’ (ASZt )T Sadl (7.21)
i=1
Substituting Equation (3.16) into Equation (7.21) leads to

1.
7 = EI k001887 (A, ) max (0,7, ~V, ) Jegm v, di (7.22)

Therefore, the voltage V, of the i” main tether can be solved accordingly.

In the current work, the tether voltage is bounded because the power generated

by the E-sail solar panels is limited. It is assumed the baseline voltage is 20kV
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and the minimum and maximum voltages are 0 and 40kV, which are the same

as Refs. [16, 18], respectively.

7.2.2 Parameter Analysis

The proposed attitude control law for the E-sail is demonstrated through
parametric analysis with different E-sail models in the simulation. It is
assumed that the E-sail initially rotates in the heliocentric ecliptic plane at
lau from the Sun, and the spin plane is normal to the heliocentric ecliptic plane.
It is also assumed that the initially spin rate of E-sail is @, =0.004rad/s [71]
and the magnitude of the solar wind velocity is constant. Further, the
maximum sail angle is set as ¢, =70°. The parameters of the E-sail are kept
the same as Table 4-1, and the solar wind velocity is 400 km/s. The total
number of main/auxiliary tethers is 12/12. The control parameters of the
attitude control law and the initial sail and clock angles and the corresponding
initial Euler angles are given in Table 7-1, where the sail and clock angles are
mapped to the Euler angles by Equation (3.10). Two mission scenarios are
considered to demonstrate the effectiveness of the proposed attitude control

law. The first scenario is to verify the capability of the attitude maneuver of

electric sail in a coplanar heliocentric transfer mission, where «, =55" is the

optimal angle for maximizing the transverse component of the propulsive force

[38]. The second scenario is to verify the E-sail’s capability to escape from the
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heliocentric ecliptic plane [21]. The simulation time step is 0.01s, and the total

simulation time is three days.

The desired angles and angular velocities at the end of control are

defined as:

Scenario 1! a,=55, &,=90° (¢,=-55, £,=0°/s, n,=0", 1,=0"/s,
©,=90", ©®,=0/s)

Scenario 2! a, =45, 8§, =45 (£, =-3526", £,=0/s, n,=30", 5, =0/s,
©,=5474, 0,=0/s)

Table 7-1 Parameters in attitude control.

Parameters Values

Control gains [4 4, 4] [ 3x10% 3x10% 3x10*|

Control gains [k, &, k] [ 1x10" 1x10" 1x107" |

Control gains [k, Ky, ky] [ 3x10% 3x10% 3x10*|

Initial sail and clock angles [ 6] 307 90|

Initial Euler angles [g“ n ®] L—30° 0" 90°J

Initial Euler angular rates L C n @J L /s 0/s 0/s J
7.2.2.1 Attitude Control of Reduced Order E-sail Model

The moment of inertia tensor of the reduced order analytical E-sail

model is calculated by the physics parameters of system components in Table
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4-1 as per Section 3.5.1. The corresponding control parameters and initial

attitude conditions are presented in Table 7-1. The simulation results of control

are presented in Figure 7-5 to Figure 7-8.
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Figure 7-5 Time histories of (a) Euler angles (b) Euler angular rates and (c)

sail and clock angles with the desired 55° sail angle.

In the first scenario, the KEuler angle ¢ quickly and smoothly
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approaches to the desired value (-55°) from the initial value (-30°) without any

overshoot in about 0.3 days, while the other two Euler angles 7 and ® are

kept unchanged as required as shown in Figure 7-5(a). The same phenomena
are observed in the Euler angular rates as shown in Figure 7-5(b), where they
are zero if the Euler angles reach the desired values. Also, Figure 7-5(c) shows
that the sail and clock angles reach the desired values as expected in the same
manner. At the same time, Figure 7-6(a)-(b) show that the components of
control torque and the sliding surface in the three axes decrease rapidly toward
and maintain zero as the FEuler angles reach the desired values. It
demonstrates that the proposed control strategy is effective in controlling the
large angle maneuvering of the E-sail in a coplanar heliocentric transfer

mission in the ideal situation — reduced order analytical model.
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Figure 7-6  Time histories of (a) control torques in the O, X Y Z  frame and

(b) sliding surfaces with the desired 55° sail angle.
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Figure 7-7 Time histories of (a) the Euler angles (b) the Euler angular rates
and (c) the sail and clock angles with the desired 45° sail angle.
In the second scenario, similar performance is observed. The time
histories of the Euler angles, Euler angular rates, corresponding sail and clock
angles, control torques, and sliding surfaces all demonstrate that the proposed

control law performs well for the mission of escaping from the heliocentric
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ecliptic plane in the ideal situation as illustrated in Figure 7-7 and Figure 7-8.
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Figure 7-8  Time histories of (a) control torques in the O, X Y Z  frame and

(b) sliding surfaces with the desired 45° sail angle.

As mentioned above, the model uncertainty caused by the simplified
reduced-order model may affect the control performance of the proposed
controller. To verify the influence of the model uncertainty on the control
performance, the moments of Inertia of the E-sail are assumed to be

1 =1.11_, 1 =1.1/, . Here, only the second scenario

X _new

=0.9/,, and /

v_new z_new
1s considered, and the other parameters are kept the same. The simulation
results are shown in Figure 7-9. It shows that the Euler angles, and the sail
and clock angles are quickly controlled to the desired value in both cases.

However, unlike the dynamic responses of the E-sail without the model

uncertainty, it takes a longer time for the E-sail’s attitude angles with the
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model uncertainty reach the desired values with overshoots due to the

inaccurate model. It demonstrates that the control strategy law derived from

the reduced order analytical model is applicable to the E-sail model with the

model uncertainty.
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Figure 7-9 Time histories of (a) the Euler angles and (b) the sail and clock

angles with and without model uncertainty.

201



Table 7-2 Parameters in feedback linearization controller.

Parameters Values

Control gains [4 4, 4] LS x107° 5x107° 5x IO‘SJ
Control gains [k, &, k;] [ 1x107™° 1x107° 1x107° |
Control gains [k, Ky, ky] [ 5x10° 5x10° 5x10°|
Initial Euler angles [{ n ®] LO" 0 0°J

Initial Euler angular rates L C n @J L /s 0/s 0/s J
Moment of inertia /I, 7.333x10%g - m’
Moment of inertia I, 7.333x10%kg - m’
Moment of inertia 7, 14.666x10%kg - m’

Furthermore, the proposed control law is compared with the existing E-
sail attitude feedback linearization controller [56] as a benchmark method. The

parameters are kept the same with Ref. [56], where the desired angles at the

end of control are defined as: ¢, =30, and 77, =-20". The other parameters are

presented in Table 7-2 and the model uncertainty is not considered. The
simulation time step 1s 0.01s, and the total simulation time is five days. The
dynamic responses of the E-sail are presented in Figure 7-10. The results show
that the Euler angles are controlled to the desired value in both cases. For the
E-sail model with the proposed controller, the Euler angles quickly and

smoothly approaches to the desired value without any overshoot in about 1.5
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days. However, it takes a longer time for the E-sail with the feedback controller
reach the desired values with overshoots. For instance, the E-sail model with
the feedback controller approaches to the desired values in about three days
instead of 1.5 days in the case of E-sail model with the proposed controller. It

indicates that the proposed control approach can be utilized as the benchmark

method.
35 - . . - 0
30t
5t
25¢
_20¢ 1 A—lO I
ISt (i 1T sl
10t |/
201
S —Proposed controller
0 | | --Feedback controller 95
0 1 2 3 4 5 0 1 2 3 5
t(day) t(day)

Figure 7-10 Time histories of (a) the Euler angles and (b) the sail and clock
angles with both controllers.
Thus, in the rest of current paper, the results of the reduced order
analytical E-sail model will be used as a benchmark, where the proposed

control law 1s acting on the NPFEM-based high-fidelity E-sail model.

7.2.2.2 Attitude Control of NPFEM E-sail Model

The aim of this section is to validate the effectiveness of the attitude
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controller by applying it to the NPFEM-based high-fidelity electric sail model.
The main tethers are not charged in this section and the control thrusts are
applied at the remote units. Since the attitude dynamics of electric sail is
defined by the nodal information of the NPFEM model instead of the angular
parameters, the control torques derived from the proposed control law in
Section 7.2.1 are replaced by the equivalent control forces acting on the remote
units based on Equation (7.19). It should be noted that the Euler angles and
angular rates are obtained numerically in the high-fidelity E-sail model at each
time step by Equations (3.7)-(3.10) and Equation (3.101) using the nodal
position and velocity information. The numerical simulation is performed for
the same two mission scenarios as the ones in the previous section with the
same parameters in Table 4-1 and Table 7-1. Each main tether is discretized
into four tether elements while each auxiliary tether is discretized into one
tether elements. The simulation results of the attitude dynamics under the
proposed controller are illustrated in Figure 7-11 to Figure 7-16.

First, the Euler angles, Euler angular rates, and sail and clock angles
are successfully controlled to the desired values in the first scenario as shown
in Figure 7-11. It demonstrates that the control strategy law derived from the
reduced order analytical model is applicable to the high-fidelity model, where
the sail and clock angles are indirectly controlled by injecting appropriate

control thrusts at the remote units. However, unlike the dynamic responses of
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the reduced order analytical model, it takes a longer time for the Euler angles
or the sail and clock angles to reach the desired values and with overshoots.
For instance, the high-fidelity model approaches to the desired values in about
1.5 days instead of 0.3 days in the case of reduced order model. The different
response is attributed to the characteristics of rigid-body and flexible modes of
the flexible tethers. The control torques applied to the reduced order analytical
model results in an instantaneous response of attitude motion due to the rigid
model assumption. The control forces acting on the remote units of the flexible
electric sail model need to be transmitted to the entire system through the
elastic deflection and elongation of tethers, which takes time. In addition, the
control law includes the velocity feedback, which is analog to the viscous
damping effect on a dynamic system. The response of the high-fidelity model
resembles an underdamped dynamic system. The oscillation of an
underdamped system can be reduced by increasing the damping effect, which
1s analog to increase the velocity feedback in a feedback control law. Thus, the
difference between the two models can be reduced by increasing control gains
in the high-fidelity model, which will be discussed in the following section. The
high-fidelity model of E-sail provides a virtual experiment testbed to validate
and tune the control law developed from the reduced order analytical model of

E-sail before a real space mission.
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Figure 7-11 Time histories of (a) the Euler angles (b) the Euler angular rates
and (c) the sail and clock angles with the desired 55° sail angle.
Furthermore, Figure 7-12 and Figure 7-13 show that the control torques,

sliding surfaces, and control force acting on the 1st remote unit decreases as

the attitude of the E-sail approached the desired state and eventually are

maintained at zero as required. It demonstrates the effectiveness of the control
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law. The oscillation in control forces reflect the elastic deformation

characteristics of tethers.
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Figure 7-12 Time histories of (a) the control torques in the O, X Y Z  frame

and (b) sliding surfaces with the desired 55° sail angle.
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Figure 7-13 Time histories of control forces acting on the 1st remote unit in

the O XY Z frame with the desired 55° sail angle.
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Figure 7-14 Time histories of (a) the Euler angles (b) the Euler angular rates
and (c) the sail and clock angles with the desired 45° sail angle.
Finally, the simulation results of the high-fidelity NPFEM E-sail model

in the second scenario is shown in Figure 7-14 to Figure 7-16. The results verify

that the proposed control strategy is also effective in a heliocentric ecliptic

plane escape mission. Similarly, the response of the high-fidelity model takes
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a longer time to reach the desired states with overshoots. Thus, it can be

concluded that the developed control law is effective and accurate.
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Figure 7-15 Time histories of (a) the control torques in the O, X Y Z  frame

and (b) sliding surfaces with the desired 45° sail angle.
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Figure 7-16 Time histories of control forces acting on the 1st remote unit in

the O XY Z frame with the desired 45° sail angle.
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7.2.2.3 Influence of Control Gains on Attitude Control of NPFEM E-sail
Model

This section further investigates the influence of the control gains on the

electric sail attitude control in the dynamic responses of the high-fidelity E-

sail model by varying the control gains. Three cases are tested here, that is,

Case A, Case B and Case C. The gains of three cases are listed in Table 7-3.

For the sake of simplicity, only the second scenario is considered here, such

that, the desired sail and clock angles are a, =45 and 6, =45°. The other

parameters are kept the same as shown in Table 4-1 and Table 7-1. To
eliminate the effect of the propulsive force, the main tethers are still uncharged.
The finite element mesh of the tethers in the E-sail system is unchanged. The
results of the numerical simulations are presented in Figure 7-17 and Figure
7-18. As comparisons, the control gains are also applied to the reduced order
analytical E-sail model.

Table 7-3  Parameters of the control gains.

Label

Control gain

Control gains

Control gains

[ﬂl 4 /13] [kn ki, kla] [kzl kr kzs]
CaseA  3x107[1 1 1] 1x107"[1 1 1] 3x107*[1 1 1]
CaseB  5x107°[1 1 1]  1x107"[1 1 1] 5x107°[1 1 1]
CaseC  1x107[1 1 1]  1x107"[1 1 1] 1x107°[1 1 1]
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Figure 7-17 Comparison of time histories of attitude results of two models

with different control gains.

Figure 7-17 shows that the difference between the Euler angles, Euler
angular rates, and corresponding sail and clock angles of two models in three
cases. The higher the control gains, the greater the control forces, and the
faster the high-fidelity E-sail model approaches to the desired attitude. At the
same time, the difference between the responses of the reduced order
analytical model and the high-fidelity model is also diminished. For instance,
when the control gains are large enough as shown in the Case C, the
trajectories of the angles and angular rates under the two models are
approximately the same and the overshoot diminishes. This verifies the
explanation of the phenomena in the previous section, that is, the shorter force

transmission caused by the larger control forces will lead to the same attitude
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trajectories of the two models approximately.
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Figure 7-18 Comparison of time histories of control outputs of two models
with different control gains.
The time histories of the control torque and sliding surfaces demonstrate

the similar findings, as illustrated in Figure 7-18. Therefore, it can be
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concluded that the actual influence of the control strategy can be verified

through the flexible E-sail model.

7.2.2.4 Attitude Control of NPFEM Model by Modulating the Voltage of
Main Tethers

In this section, the attitude control derived from the reduced order
analytical model is used to individually adjust the main tethers’ voltage to
generate the required control torque. The voltage is assumed to be bounded by
the minimum and maximum voltages between 0 and 40kV as mentioned before.
The baseline voltage is assumed as 20kV. It is calculated by the solution of
Equation (7.22). The first mission scenario is selected to conduct the numerical
simulation, and the control gains are the same as Case A, which are given in
Table 7-3. The other parameters are consistent with Table 4-1 and Table 7-1.

Figure 7-19 shows that the Euler angles, Euler angular rates, and sail
and clock angles are successfully controlled to the desired states with small
oscillations. This demonstrates that the attitude of the high-fidelity electric
sail model can be controlled through individually adjusting the main tethers’
voltage based on the proposed control strategy. Compared with the results in
Figure 7-11, it takes 2 days to reach the desired states in Figure 7-19 instead
of 1.5 days in Figure 7-11. This is due to the insufficient control torque in the
case of voltage modulation due to the voltage limitation. For instance, the

voltage time history of the 1st main tether shows that the tether voltage
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reaches the maximum threshold, see Figure 7-20. Meanwhile, it is known that
the coning motion of the main tethers [27, 72] will slightly reduce the control
torque, leading to a longer time to reach the desired states.
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Figure 7-19 Time histories of (a) Euler angles (b) Euler angular rates and (c)

sail and clock angles with the voltage control.
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Figure 7-20 Time histories of the 15t main tether’s voltage.

In summary, the proposed control strategy is applicable to both control
schemes, in which the control forces are generated by thrust at remote units

and voltage modulation of main tethers, respectively.

7.3 Trajectory Design and Tracking for Mars Exploration Using
E-sail
The performance of E-sail in the Mars exploration is investigated in this
section. First, the minimum-time trajectory of E-sail is designed by using the
propulsive force model that is composed of each tether’s voltage and attitude
angles. Then, the designed trajectory is tracked by using the torques generated
by each tether’s voltage. Moreover, the attitude dynamics of the central

spacecraft and remote units are ignored, and all tethers are straight, rigid and
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in the spin plane without consideration of coning motion.
7.3.1 Minimum-time Earth-Mars Trajectory of E-sail

7.3.1.1 Mathematical Model of E-sail Propulsive Force

Letting 7

new

=V -V, >0, Equations (3.16) and (3.17) can be rewritten as

fu =018V, Jegm,n v, (7.23)

new

Recall Equation (4.30), the component of the solar wind velocity (v )

swl

th

perpendicular to the i" main tether in the O X Y Z frame can be written as

v =v(I X)X (7.24)
where i=1,---N, N 1s the total number of the main tethers/remote units,
r’=[0 0 I]T 1s the Sun-spacecraft unit vector, and I’ i1s the unit vector

aligned with the /" main tether, that is,

E=(Ta,) (T) 8 _
{cosncos@cos(27z(i—1)/N+ a)ot)—cosnsin@sin(27z(i—l)/N+a)0t)}
(siné’sinrycos®+cos§sin ®)cos(27r(i—1)/N+co0t)+ (7.25)

(cos¢ cos® —sin ¢ sinzsin ©)sin (277(i —1)/N + at)
(sin¢ sin®—cos ¢ sin7 cos O )cos (27(i—1)/ N + ot ) +
(cosé’sinnsin@+sin§cos®)sin(27r(i—l)/N+a)0t)

where I is given in Equation (3.89).

Substituting Equation (7.25) into Equation (7.24) yields
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cos7 (sin@sin (2m(i—1)/N +w,t ) - cos@cos (2m(i—1)/N + coot))
{sin{cos®sin (2n(i—1)/N +w,t)+sin{sin@cos (2n(i—1)/N + o t) -
cos¢sinncosOcos (2n(i—1)/ N +w,t) +cosgsinrpcos@cos (2m(i—1)/N + (oot)}
(coszé’sinnsinG)cos@ -~ sing“cosg’sinzﬁ))cos2 (2n(i—1)/N +wt)—-
singcos{cos’@sin’ (2n(i—1)/N + o) +
cos’¢'sinncos’@sin (2n(i —1)/N + oyt )cos (2m(i—1)/N + ot ) -
sin’¢sin7zsin@cos@cos” (2n(i—1)/N + o, ) -
cos’¢sinzsin@cos@sin’ (27(i—1)/N + oyt ) —
(coszé’sin2® + sin2§c0s2®)sinnsin(2n(i —1)/N +ayt)cos(2n(i—1)/N +oyt)+
[T:zz;:u(f(;c:(,i)l/ )];]]\J; _(fz;)t)] sin’¢sinzsin®sin (2n(i—1)/ N + ot ) +
sing’cos¢sin’y (cosz(@cos2 (2n(i—1)/N +w,t)+sin’Osin® (2m(i—1)/N + coot)) -
2sindcos ¢ sin@cosOsin (27(i—1)/N +wt)cos(2n(i—1)/N + (oot)(l + sinzn)
oo :
T WA
cos’¢ (sin2®cos2 (2n(i—1)/N +w,t)+cos’Osin® (2m(i—1)/N + coot)) +
2 (coszé’ - coszn) sin@cos®sin (27(i —1)/N +wyt)cos(2m(i—1)/N + ot ) +
2(cosz® —~ sin2®) singcos¢sinzsin (2n(i—1)/N + oyt )cos (2n(i—1)/N + oyt ) +
2sin§’cos§sin¢7sin®cos®(cos2 (2n(i—1)/N +w,t)—sin’ (2n(i—1)/N + coot)) —~
2sin’¢sin’7sin@cosOsin (27(i —1)/ N + oyt ) cos (2m(i—1)/N + 1)
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(7.26)

Thus, the propulsive force of the i” main tether in the O, X Y,Z frame
18
F'S = (ASZU )T Fo = Gnew I/newii (AA‘ZU )T vzu_ (7'27)

where 7, ; is the voltage of the i" main tether, o, =0.18,/e;mn .

Then, the total propulsive force of E-sail in the O, XY, Z frame can be

obtained as

F(Vnew_l’Vnew_zf"’Vnew_N) :iFis (7.28)

i=1
When the voltage of each main tether are the same, that 1is

LV

new N

V

new ?

=V

new 1~ "new 2 T

the total propulsive force in Equation (7.28) can
be simplified as

cosycos@cos sinrcosn +
sinysindcos¢cos’n +
singcos (c0s2§ + 1)
cosgsinycossinzmcosn —
1 .
F(I/newil’ new72’. . .’I/newiN) = _NLGnewI/newV COos !//SIHG/COS{COSZU + (729)
singsin i (coszé’ + 1)

—singcos{’sinncosn +

cos¢(cos2§+1)

It should be noted that the propulsive force is independent with the
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Euler angle ® in this situation.

7.3.1.2

Orbital Dynamic Equations and Trajectory Optimization of E-

The orbital dynamic equations of the E-sail in the O.X .Y Z frame can be

written as

X X
v = MD r +KF;C(I/new_l’l/new_Z’“"Vnew_N)
x 3 'y
my
Vy =V1
(7.30)
_ “‘D 7’ +KFy(I/newfl’Vnewfz’.“’Vnewa)
y 3y
r mE
VZ =VZ
v = “D » +KF12(I/new71’ new72"“’Vnew7N)
z 3 'z mE

where K E[O 1] 1s the coefficient to control the propulsive force on-off, pu . is

the Standard gravitational parameter of the Sun, m, is the total mass of E-

sail, r =[ r.

rZ}T and F =[ F,. F, F }T are the position and propulsive

force vectors of E-sail in the O X Y.Z frame, respectively.

Because the

E-sail 1s a propellantless propulsion system, the

performance index of the Earth-Mars trajectory optimization of E-sail is time-
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optimal, which can be written as

J=At=t, -t (7.31)
where 7, and 7, are the initial and final times of the Earth-Mars orbital

transfer, respectively.

Then, the boundary conditions of the E-sail can be given by

T
ry :|:l/;cO "o ’”zo:|

"o=[\/ug o \/HD T \/M[ rzo}T

T
rf:[rxf Yy FZf}

Vs :[\/“D [ry B fne /’”zf}T

where r, and v, are the 1nitial position and velocity vectors, r, and v, are the

(7.32)

final position and velocity vectors, respectively.
As mentioned before, the maximum sail angle is set as 70° [3]. Thus, the
inequality path constraints can be obtained as

€084 COS7 < €osa,,, (7.33)

7.3.1.3 Numerical Results

The minimum-time Earth-Mars trajectory is obtained by using the
optimization software GPOPS-II [108] with the 1x10™° tolerance of the
residual error. As the voltages of all the tethers are kept the same, the

propulsive force equation (7.29) is used in the orbital dynamic equations of
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Equation (7.30). The simulation parameters of the Earth-Mars trajectory
optimization problem are presented in Table 7-4. The physics parameters of
tethers are the same with Table 4-1, which is consistent with Ref. [12]. The
simulation results are illustrated in Figure 7-21 to Figure 7-24.

Table 7-4  Parameters of the Earth-Mars trajectory optimization.

Parameters Values
Initial position vector r, (au) (10 of
Final position r, (au) 1.524
Initial spin rate @, (rad/s 0.004
Mass of central spacecraft (kg 100
Mass of remote unit (kg) 1.5
Solar wind velocity (km/s) 400
Tether voltage V,,, (kV) 21
Number of tethers (V) 40
Length of Main tether (km) 10

Figure 7-21 shows that the transfer trajectory of E-sail can arrive on
Mars from Earth at about 518 days. It demonstrates the effectiveness of the
designed trajectory. Meanwhile, the maximum attitude angles are less than 60
degrees, which satisfies the path constraint as shown in Figure 7-22. It can be
seen that the change curves of the angles are continuous and smooth, which
makes it very convenient for attitude tracking control of the E-sail during the

orbital transfer. Further, Figure 7-23 illustrates that the propulsive force is

222



shut down during the orbital transfer for about 150 days, which can be
achieved by turning off the voltage of the main tethers. It indicates the
minimum-time trajectory includes a coasting arc. Finally, the time histories of

the mesh refinement is presented in Figure 7-24.

90 2 :
120 60 —Transfer trajectory
1.5 Earth orbit
150 30 —Mars orbit
180 0
210 330

1 | | | |
0 100 200 300 400 520

t (day)

Figure 7-21 Transfer trajectory of E-sail from Earth to Mars.
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30 Il |
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t (day)

Figure 7-22 Time histories of attitude angles.
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Figure 7-23 Time histories of propulsive force coefficient.
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Figure 7-24 Time histories of mesh refinement iteration.
7.3.2 Earth-Mars Trajectory Tracking of E-sail with Voltage Modulation

7.3.2.1 Mathematical Model of E-sail Propulsive Force Torque

The infinitesimal propulsion torque dz, , of the i” main tether in the
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0,X,Y, Z, frame is given by

sp~sp

dr, , =171 frdl (7.34)
a = ];ZspI;ZoT:/; Jala (7.35)

where dl is the infinitesimal tether length at the distance of / from the central

spacecraft, I is given in Equation (3.90), f.” is the propulsive force of the i”
main tether in the O X Y 7 = frame, respectively.

The component of the solar wind velocity (v? ) can be obtained as

v? = (T

swl 02sp

) v (7.36)

swl

Substituting Equations (7.35) and (7.36) into Equation (7.34) yields

cos¢ cosnsin(27(i—1)/ N+ et )
—cos ¢ cosncos(27z(i—1)/ N +ayt) dl
sing cos O@cos(277(i —1)/ N + ayt) —sin ¢ sinOsin (27(i—1)/ N + et ) +
cos¢ sinzcos Osin (27(i—1)/ N +ayt) +cos £ sinpsin®cos(272(i—1)/ N + ot )

dt .=oc VIV

t i new new_i

(7.37)

th

Integrating Equation (7.37) over the length of the i” main tether results

the torque of propulsion force
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cos¢ coszsin(277(i—1)/ N+ ayt)

T, =5(7WVL2VWJ —cos{ cosncos(27(i—1)/N + o)
sing’cos@cos(27z(i—1)/N+a)ot)—singsin®sin(27r(i—1)/N+a)0t)+
cos { sinzcos Osin (277(i —1)/ N + et ) +cos { sinppsin @ cos (27(i —1)/ N+ at )
= % o-newVL2QR‘ I/m’wj
(7.38)
where
cos g cosn 0 0
0=|0 —cos{ cosny 0
cos¢ sinncos®—sindsin® cos¢ sinznsin®sing cos® 0
R :[ sin (27(i—1)/N +a,t) cos(2z(i—1)/N + o,t) O} ! (7.39)

Thus, the total propulsive force torques of E-sail can be obtained as

1
7= 3 OV LORY (7.40)
where R=R +R,+R,, V, . =V 1 tVyen 2+ 4V, 18 the total voltage
of main tethers.
7.3.2.2 Attitude Tracking Control of the E-sail using Charged Main

Tethers
Recalling Equation (7.7), the second-order attitude dynamical equations
of motion of the E-sail with the new torque can be written as

& =D(a)(U,, -C(@.5)) (7.41)
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where @, @, & are the vector of Euler angles, C(@,@) is given in Equation

(7'8)’ Unew = B}ze\¢'QRV:zew'7total ’ Bnew iS given by
| 200
=—oc, v[’'|0 2 0
new 4J new (7-42)
0 01

The SMC is also used to tracking the attitude angles of the E-sail during
the orbital transfer from Earth to Mars, which is kept the same with Section
7.2.1.1. Also, the exponential control law is also adopted in this section. Thus
combining Equations (7.11) and (7.12) yields

S =k sgn(S)~k,S = D(a@)(U,,, —C(@.7))+ id, (7.43)

new

Thus, the voltage modulation of the main tethers for generating the

attitude control torque vector is

RV, .u=(B.0)" [ C(w,@)- D" (@)(k sgn(S)+k,S + Aa, )J (7.44)

n

Similar, the distribution of the main tethers’ voltages also follows the

sinusoidal function, that is,
I/new P I/baseline []‘+ Sin at/isn’l etj (7-45)
- i=T

where 7, 1s the baseline voltage of the main tether.

baseline

Therefore, the voltage V of the i” main tether can be solved

accordingly. Moreover, it should be mentioned that the attitude angle ® is 90°

during the orbital transfer. As presented in Equations (7.30) and (7.41), the
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equations of motion of the coupled orbital-attitude dynamics of the E-sail are
given. The attitude angles of the E-sail can be tracked by using the designed

voltage modulation controller.

7.3.2.3 Numerical Results

In this section, the attitude tracking control of the E-sail is investigated
by parametric analysis. The parameters of the E-sail are consistent with Table
7-4. Further, the control parameter of the attitude controller is the same with
Table 7-3, and the initial Euler angles are given by Figure 7-22. The baseline
voltage of the main tether is 20 kV, and the minimum/maximum voltage of the

main tether is 0/40 kV. The simulation results are shown in Figure 7-25 to

Figure 7-27.
1.8 I ' ' " |—Desired value
-—-Real value
1.6} |
3
5 5 x 10
< 14t _ |
o -]
<1 ]
Ll 5 / il
0 , .
0 200 400 520
| ' ' ' '
0 100 200 300 400 520
t (day)

Figure 7-25 Time histories of the desired, real and error distances from the

Sun to E-sail.
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0 520

0 200 400 520 0 200 40
t (day) t (day)

Figure 7-26 Time histories of the desired, real and error attitude angles.
Figure 7-25 shows the desired Sun/E-sail distance is tracked in the
duration of simulation with the small distance error. This can be explained by
the time histories of the attitude angles, where the real attitude angles track
the desired attitude angles obtained by the last section with very small error,

as shown in Figure 7-26. This attitude control is achieved by modulating the
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voltage of main tethers, which will generate the control torque to tilt the E-sail
orientation, as presented in Figure 7-27. In summary, it can be concluded that
the developed controller is effective and high-accuracy to track the desired

Earth-Mars trajectory.
40 1 T T T T
1

20

w

100 200 t (day) 300 400 520

Vv, (kV)

Figure 7-27 Time histories of the 1st main tether’s voltage.
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Chapter 8 CONCLUSION AND FUTURE WORK

Summary: In this chapter, the conclusions and contributions of the thesis are

outlined. Furthermore, a brief description of further work is provided.

8.1 General Conclusion

This dissertation conducts in-depth research on the dynamics, attitude
control, and trajectory tracking control of E-sail, which is adopted as a
promising propellant propulsion for deep space exploration. To thoroughly
investigate the KE-sail, three different mathematical models are developed.
First, the NPFEM E-sail model is applied to reveal the unknown mechanism
behind the periodic coning motion and the physics that dictates the upper and
lower spin bounds. The influences of propulsive force models, initial sail angle,
and configuration stability on the dynamic characteristics of E-sail are
investigated by the parameter analysis. Also, a simple PD controller acting on
the remote units is proposed and demonstrated to control the orientation of E-
sail. Meanwhile, a sliding mode control law is proposed to investigate the
attitude control and stability analysis of E-sail. Then, the generalized E-sail
model is adopted to study the modeling of rigid-flexible coupling influence on

the attitude dynamics and spin control of the E-sail. In addition, the effect of
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E-sail system parameters on the attitude dynamics of E-sail is studied. Finally,
the reduced order analytical E-sail model is used to approximate the full-
dimensional E-sail’s attitude dynamics, develop a nonlinear control law that
can be applied to the NPFEM E-sail model to stable the E-sail system, and deal

with a trajectory tracking problem.

8.2 Thesis Contributions

This dissertation focuses on the dynamics and control of extraplanetary
exploration through an E-sail. The main contributions of the current work are

summarized as follows.

8.2.1 Mathematic Formulations of the E-sail

The mathematical formulations of the E-sail are developed to meet the
requirements of E-sail in different scenarios. To capture the coupling effects of
orbital and self-spinning motions of the E-sail, and the elastic deformation of
tethers, the high-fidelity E-sail model is obtained by using the nodal position
finite element method. To study the influence of rigid-flexible coupling on the
attitude dynamics and spin control of E-sail, a generalized E-sail model with
the attitude of central spacecraft is developed. Finally, a reduced order
analytical E-sail model is derived to thoroughly study the stability control of

the flexible E-sail in attitude maneuver.

233



8.2.2 Dynamic Characteristics of the E-sail

Some significant findings are presented in this section based on these
three models. First, the periodic coning motion is theoretically explained, and
the analytic solution of its frequency is derived and verified by numerical
simulation. The equilibrium shape of the main tether of the E-sail without
auxiliary tethers is obtained. Through the parametric analysis, it is discovered
that the coning motion has little influence on the macro dynamic behaviors of
E-sail. Next, the new theoretical lower bounds of spin rate for E-sail with
auxiliary tether is derived for any sail angle. The result shows the lower bound
of the E-sail with auxiliary tethers depends on the strain of the main tethers
and the stable configuration of the E- sail. It also indicates that auxiliary
tethers are essential for a stable configuration of E-sail at non-zero sail angle
even if the parameters change.

Furthermore, the analysis shows the offset of CM and thrust of E-sail
varies dynamically due to the tether deformation. Also, it is revealed that the
disturbance torques has significant influences on the dynamic characteristics
of the E-sail. Moreover, the influence of the solar wind fluctuations and E-sail
geometrical configuration on the dynamic responses of E-sail is noticeable.
Finally, it is suggested that the spin plane of the E-sail should pass through
the CM of central spacecraft for better stability to avoid the potential tether

wrapping around the central spacecraft.
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8.2.3 Control Strategy of the E-sail

Through parameter analysis, the control performance of E-sail spin rate
1s demonstrated. It indicates the spin rate can be controlled to the desired
value within finite time by a simple control law, even in the tether deployment
process, with finite control input mainly at the remote units. Then, it is verified
that the alternative sail angle control strategy is effective in maneuvering and
controlling the desired sail angle. Further, the investigation finds that the
control law has the similar performances in both the high-fidelity and reduced
order analytical E-sail models if the proper control gains are selected. It shows
the attitude of the E-sail can be stably controlled by a control law developed
from a reduced order analytical E-sail model. The current work also shows the
high-fidelity E-sail model provides virtual testbed to evaluate the control
performance of the control strategy for E-sail attitude control. Finally,
numerical results indicates that the proposed trajectory tracking law works

properly by considering the deformation of tethers.

8.3 Further Work

The following research is summarized as follows to continue and expand

the current work.
(i) Investigate the long-term influences of the space environment
perturbations on the E-sail dynamics by using the measured data of

solar wind velocity by Voyage 1 and 2.
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(i1)

(ii1)

Gv)

)

Actively control the nutation angle to stability the attitude of E-sail,
which is caused by the violent oscillation of the central spacecraft
angular velocity. To suppress the angular velocity of nutation, the
control torques perpendicular to the main spin axis should be applied.
Investigate the dynamics and stability of an E-sail in the displaced
non-Keplerian orbit by using the high-fidelity E-sail model, where
the elastic deformations of the tethers, the coupling effects of orbital
and self-spinning motions are considered.

Consider the effect of the thermal contraction and expansion of
tethers on the long-term dynamics of E-sail with NPFEM model.
Track the designed trajectory of E-sail mission scenario with the
NPFEM E-sail model in order to perform an approximate analysis

before the real space E-sail mission.
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