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Abstract

The tea green leathopper Empoasca onukii is one kind of insect pests threatening the
tea production. To reduce economic losses, pesticides are commonly used yet it causes
the pest resistance, pest resurgence and the undesirable pesticide residues. Therefore,
biological control has received increasing attention in recent years with the predatory
mite Anystis baccarum as a potential agent. In this study, we aim to investigate the
correlation and dynamics of E. onukii and A. baccarum and the mechanism for informing
biological control.

Through the statistical modeling and analysis, we find intercropping treatments help
to enhance the densities of the predatory mite, A. baccarum, and may reduce the popula-
tions of the leathopper pest, E. onukii. Then, we analyze a predator-prey type of model
with generalist predator and aim to understand the dynamics of E. onukii and A. bac-
carum for a purpose to develop a biological control strategy. We find that the nilpotent
singularities are associated with a cubic Liénard system, and the nilpotent bifurcations

are three-parameter bifurcations of a codimension 4 nilpotent focus, and the degenerate
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nilpotent focus serves as an organizing center to connect all the codimension 3 bifurca-
tions in the system. One interesting observation is that we show numerically the existence
of three limit cycles in the system. Finally, we incorporate the stage structure into our
generalist predator prey model to better explore the complex dynamics and to find the
window of time to promote the use of A. baccarum to control E. onukii. The complex
dynamics are also observed. Moreover, the hatching rate of E. onukii eggs is associated
with the classification of the nilpotent singularity, which impacts the dynamics of the
system significantly. Our results suggest that extending the incubation time of E. onukii
eggs can be beneficial for pest control.

We present bifurcation diagrams and numerical simulations from numerical tools are
presented to illustrate and support our findings. Furthermore, we also find that the higher
codimension bifurcations involving nilpotent singularities in the system are associated
to the well-known Hilbert’s 16th problem. The existence of three limit cycles and as-
sociated bifurcations supplies an interesting angle to understand the dynamics of planar
systems when we consider them as a two-dimensional central manifold of the higher
dimensional systems.

Keywords: leathopper pest Empoasca onukii, generalist predator Anystic baccarum,
biological control of pest, bifurcation analysis, bifurcation diagrams, nilpotent singular-
ities, nilpotent focus, nilpotent elliptic point, limit cycles, saddle-node bifurcation, Hopf

bifurcation, Bogdanov-Takens bifurcation, nilpotent bifurcations.
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1 Introduction

Tea is a popular drink around the world with an estimation of 25000 cups consumed
every second, about 2.16 billion cups per day worldwide [1]. Tea consumption is seeing
an annual growth of 2.8 percent and is expected to becoming higher in the future [1].
Hence, tea has been an important commercial crop which is planted in more than 48
countries and regions, and by 2018 the global gross production value reached 16.75
billion US dollars [2]. However, the tea production has been damaged by insects and
mite pests, causing on average a 5% to 55% yield loss (approximately U.S. $500 million
and $1 billion) [3].

To mitigate the damage of tea pests, various pest control techniques have been de-
veloped and applied, including cultural (like pruning and plucking, trap crop, resistance
breeding) [4, 5], mechanical and physical (hand destruction, barriers, light traps, sticky
trap) [5], chemical (insecticides) [5] and biological (natural enemies, biopesticides, and
botanical pesticides) [3, 4]. Cultural and physical methods are simple and safe but re-

quire lots of manpower. Commonly used pesticides are effective, however it will cause



pest resistance, pest resurgence, and the undesirable pesticide residues on brewed tea [6].
The use of natural enemies to control pests is effective, safe, and economical. Therefore,
the biological control methods have received much attention in recent years [4, 7], espe-
cially by improving the influence of natural enemies on pest population via conservation
biological control method [8]. Understanding the basis of interactions of tea pests and
natural enemies is essential not only for an eco-friendly tea production system [3, 7], but

help to control the tea pests while reduce or even eliminate the use of pesticide.

1.1 The tea green leafhopper Empoasca onukii

There are different kinds of tea pests, including mirids (Helopeltis scboutedeni Reuter
(Hemiptera: Miridae) and Helopeltis tbeivora Waterhouse (Hemiptera: Miridae) in Africa
and Asia), tea tortricids (Adoxopbyes bonmai Yasuda (Lepidoptera: Tortricidae) in cen-
tral and south Japan, Homona magnanima Diakonoff (Lepidoptera: Tortricidae) in south
Japan), scolytids (Xyleborus fornicatus Eichhoff (Coleoptera: Scolytidae) in Sri Lanka)
and mites (Tetranycbus kanzawai Kishida (Acarina: Tetranychidae) in China, Japan and
the Philippines, Acapbylla theae (Watt) (Acarina: Eriophyidae) in Asia and Africa) [3].
Among those pests, the tea green leathopper (TGL) Empoasca onukii (Hemiptera: Ci-
cadellidae) is one of the most predominant threatening the tea production in China, Viet-
nam, Japan, Indonesia and other countries in Asia [9, 10, 11, 12]. It is also a severe

pest of vineyards in Europe that causes serious economic damage [13, 14, 15]. Owing to

2



the short generation cycle, serious overlapping of generations, and strong reproductive
ability, it is one of the most difficult pests to control in tea gardens.

The E. onukii grow up through several processes, including the stages of egg, nymph
and adult. The egg is crescent-shaped, about 0.8 mm in length and 0.15 mm in width,
with milky white colour initially and gradually turning light green. The nymph stage
is composed of five instars. Above the third instar nymphs are lively, good at crawling
and jumping, but afraid of wet and light. Nymphs often gather on the backs of leaves
or stems where their peeling shells easily can be found and rarely migrate if they are
not disturbed. The E. onukii adult is 3.1 - 3.8mm in length, with yellow-green or pale
yellow-green colour [16] and the adult females are larger than the males and live longer
usually [17]. The average lifespan for the adults at 26-29°C is 19.7 days, from minimum
6 days to maximum 38 days [18]. Above third instar nymphs and adults are the main
harmful state of E. onukii in tea plantations.

Eggs are usually laid beneath the phloem of tender tea shoots by female adults, which
harm the growth of tea trees by hindering the transport of nutrient substances. Both
nymphs and adults of E. onukii pierce the tea buds, leaves and shoots and suck the sap.
The symptoms of damage can range from leaf curling, bronzing, shriveling to necrosis
(hopperburn), or even severe to complete stand loss [19, 11]. Consequently, the quality of
tea products can be severely affected by leaf damage caused by the TGL [11], resulting in

a total annual economic loss of up to 15%—-50% of the Chinese tea economy [11]. In tea



plantation areas, E. onukii has many overlapping generations (up to 10—-17) in one year.
The TGL remains active throughout the year but maximum population growth occurs
from May to July and from September to November in tea plantations [20, 21, 22].

The main methods for preventing and controlling E. onukii are agricultural control,
chemical control, physical control and biological control. Field cultivation is the basis
of agricultural control, including the selection of insect-resistant varieties, timely batch
picking, appropriate pruning at the peak period of TGL, covering the soil of the tea gar-
den with weeds and closing the tea garden in winter [3, 16, 23]. Also, some physical
control methods are effective in prevention and control by interfering with the growth,
development and reproduction of E. onukii through the use of physical factors or me-
chanical effects, which mainly include the insect removing fan, yellow insect-attracting
boards, lamp trap, and insect nets. However, the control against E. onukii mainly relies
on chemical measures. The widespread use of pesticides in tea gardens has caused con-
cern about the quality and safety of tea [3, 23]. For consumers, pesticide residue is the
most concerning issue due to the risks of consumers exposed to pesticides through drink-
ing tea. Although 0.2 - 24% of pesticide residues can be removed by rinsing tea leaves
in boiled water before brewing, there is no effective way to reduce the level of pesti-
cide residues completely [24]. While the biological control method is more conducive to
maintaining ecological balance, including the utilization of botanical pesticides, micro-

bial pesticides and natural enemies, such as predatory natural enemies, parasitic natural



enemies and pathogenic natural enemies [16, 23]. Considering the tea garden ecosystem
as a whole and utilizing the principle of competition among species, the sustainable con-
trol of E. onukii may be achieved through increasing biodiversity and effectively use the
role of natural control factors. In this study, we will explore the possible control effect
of the predatory natural enemy, taking the generalist predator Anystis baccarum as an

example.

1.2 Generalist predator Anystis baccarum

The Anystis baccarum was first found by Hooke in 1665 and first named by Linnaeus in
1758. This whirligig mite is moderately large (1.0-1.5mm in length), with long-legged
and bright orange or red color. This species is parthenogenetic and has no males. The
lifecycle of A. baccarum goes through the stage of egg, prelarva, larva, nymph and adult.
Female adults lay eggs in 15-24 unit clusters under loose bark on the tree trunk and in
the soil litter surrounding the tree base [25, 26]. After eggshells split, the eggs hatch with
the emergence of the legs of the pre-larva. The pre-larva are small (0.2 mm), six-legged.
They are immobile, do not eat and scarcely leave the split eggshells. Once they progress
to the larvae stage, they become active and can feed on suitable prey. Successively,
after three nymphal instars that are eight-legged, where they become adults [26]. The A.
baccarum is cannibalistic. The larva may feed on egg and pre-larva and the active adults

may feed on all other life stages. Under the temperature of 21 £ 0.5 °C, it takes 81-114

5



days for A. baccarum to complete a generation, with an average of 99.5 days [27]. It can
be found all year around and the peak population occurs in spring or early summer (April
- June) depending on local climate condition [25, 28] and it can have 2-3 generations in
one year, which is observed in Guangzhou [27], and with a similar observation in apple
orchards in Northern Ireland [29].

The A. baccarum is a predatory mite that has been cited as feeding on a range of
invertebrate prey (Table 1.1). It causes no damage to fruit and can move rapidly over the
branches and foliage of the trees. This mite has strong activity and predation ability and
can readily feed upon any prey item it can over-power [25, 27]. Also, it has compatibility
with several chemical fungicides (e.g., dithianon). The dry residues of some insecticides
(e.g., methoxyfenozide, acetamiprid, imidacloprid and spinosad) are harmless to this
whirligig mite [26]. Hence, it may be used in combination with other methods of pest
suppression and have an additive effect on controlling. Moreover, it has been found that
A.baccarum is beneficial to various agricultural systems, such as the tea plantations [30,
31], the solanaceous crop [32], the apple orchards [25, 28] and so on (Table 1.1). For tea
ecosystem, A.baccarum can feed upon the E.onukii [30] and tea red mite Oligonychus
coffeae [31]. Hence, the A.baccarum can be the potential bio-control agent of TGL E.

onukii.



Table 1.1: Anystis baccarum is a potential biocontrol agent of various economically

significant pest arthropods in agricultural systems

Agricultural

systems

Biocontrol of pest arthropods

Taxa

References

Tea plantations

Apple orchards

Vineyards
Longan orchards
Vegetable crops
Tomato potato
patch

Mulberry fields

Pine forests

E. vitis

Empoasca pirisuga Matumura
Oligonychus coffeae (Nietner)
Aculus schlechtendali (Nalepa)
Archips podana (Scopoli)
Panonychus ulmi (Koch)
Epiphyas postvittana (Walker)
Rhopalosiphum insertum (Walker)
Collembola

E. postvittana

Cornegenapsylla sinica Yang and Li
Lipaphis erysimi (Kaltenbach)

Bactericera cockerelli (Siilc)

Pseudodendrothrips mori (Niwa)
Tetranychus cinnabarinus (Boisduval)
Pealius mori (Takahashi)

Marchalina hellenica (Gennadius)
Hemiberlesia pitysogilo Takagi

Matsucoccus matsumurae Kuwana

Hemiptera: Cicadellidae
Hemiptera: Cicadellidae
Prostigmata: Tetranychidae
Prostigmata: Eriophyidae
Lepidoptera: Tortricidae
Trombidiformes: Tetranychidae
Lepidoptera: Tortricidae
Hemiptera: Aphididae
Collembola

Lepidoptera: Tortricidae
Hemiptera: Phacopteronidae
Hemiptera: Aphididae

Hemiptera: Triozidae

Thysanoptera: Thripidae
Trombidiformes: Tetranychidae
Hemiptera: Aleyrodidae
Hemiptera: Margarodidae
Hemiptera: Diaspididae

Hemiptera: Margarodidae

Zeng et al. [33], Hong et al. [34]
Liu [35]

Liao et al. [36]

Cuthbertson and Murchie [25]
Cuthbertson and Murchie [37]
Cuthbertson et al. [26]

Baker [38]

Cuthbertson et al. [39]
Cuthbertson and Murchie [40]
Paull et al. [41]

Qiu et al. [42]

Xiong et al. [43]

Geary et al. [32]

Jiang et al. [44]

U1 gentiirk et al. [45]

Wau [46]

Ming et al. [47]




1.3 Current modeling and literature review

The use of mathematical models to study ecosystem populations has a long history [48,
49]. Although no models in the literature of population dynamics come remotely close
to simulating the insect population considering all the features affecting its growth, a
simplified mathematical model allows us to better understand the population dynamics
of single species and interaction between different species. The mathematical model to
study the dynamics of a single population can be traced back to 1838. Verhulst (1838)
proposed the logistic growth to describe the dynamics of many single-species populations
[50]. Then, Lotka first proposed the predator-prey model in 1925 and began to study the
interaction between two species [51]. Afterwards Volterra adopted chemical principles
of mass action in 1928 [52] and developed the following classical predator-prey model,

the so-called Lotka-Volterra model.

(

- aN — bNP,
dt
(1.1)
P> Np_ap
dt

\

where N, P are the biomass densities of prey and predator, respectively. a is the per-
capita growth rate of prey, and d is the death rate of predator. b, ¢ are their respective
change rates due to the interaction. In the Lotka-Volterra model, the prey grows infinitely
in the absence of predator, hence, to correct this unreasonable assumption, the logistic

growth of the prey population was added. Regarding the predators, in the absence of
8



prey they will become extinct . This is the most common assumption in many extended
predator-prey models and it is reasonable for the specialist predator whose growth relies
on the prey population. In 1948, Leslie was the first to consider the logistic growth of

predator population [53], and proposed the following equations.

(

dN
- = aN(1—£&)—bNP,
(1.2)
dP
E = CP(l — 6%)

\

where e is the density of prey required to maintain a single predator and to replace it with
one offspring when it dies. % is the carrying capacity of predators when provided with
a constant supply of prey. K is the carrying capacity of prey population. The trophic
relationship depends on the ratio of the predator and prey rather than their products.
Then, the addition of a predator functional response into the predator-prey model further
promotes the studies of population dynamics between predator and prey. Holling argued
that the linear relationship between species as the number of prey that predator can only
handle in a unit of time is limited [54], and proposed the nonlinear functional response

(b(N)). Then, we obtained the general predator-prey model.

(dN N
(1.3)
dP

\

Afterwards, there are extensive works regarding the predator-prey model with different

functional responses which describe how the predator species capture the prey. In addi-
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tion, the life-cycle stages of prey and predator are also considered into the models. In
general, there are two types of functional response, prey-dependent and predator depen-
dent [55]. The prey-dependent type considers the density of prey, like Holling type-I (or
Lotka—Volterra type) [56, 57], Holling type-II (or Michaelis-Menten type) [58], Holling
type-III [59], Holling type-IV (or Monod-Haldane type) [60, 61] and Ivlev type [62].
And the predator dependent type is considering the effect of predator and prey density,
like Beddington-DeAngelis type [63, 64], Hassel-Verley type [65], Crowley-Martin type
[66], and ratio-dependence type [67]. Table 1.2 summarizes the formula of different
functional responses.

As the predator-prey models are consistent with the idea of the biological control
method using natural enemies to prevent and control pests, they are applied to inform
pest controls. It is one of the dominant themes in mathematical ecology. Whereas the
bifurcation theory can be a help to understand the overall dynamics of the system, and
it is used to classify the different critical regimes and ascertain the conditions required
for the realization of certain critical regimes [68], like the Hopf bifurcation is related
to the periodic oscillation of predator and prey population. Using the carrying capac-
ity of the environment as the bifurcation parameter, Wolkowicz (1988) found that the
predator-prey system with group defence that predation is decreased as prey population
increase undergoes homoclinic bifurcation and Hopf bifurcation. The group defence of

prey combined with sufficient enrichment of the environment leads to the extinction of
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Table 1.2: The summary of different functional response.

Functional response Formula Note

Holling type-I ) )

Prey dependent mx m > 0, the linear predation rate.
(or Lotka—Volterra type)
Holling type-II

mx

m,a > 0, m is the maximal pre-

(or Michaelis-Menten type) " dation rate, a is the half saturation
constant of the species.

Holling type-II1 % m,a,b > 0.

Holling type-1V Py e mah> 0

(or Monod-Haldane type) or =

Ivlev type b(1 — e ) a,b> 0.

Predator dependent Beddington-DeAngelis #ﬁw m,a,b,c> 0.

type

Hassel-Verley type ay"jj;z m,a,b> 0,y € (0,1). Wheny =
1, it produces the ratio-dependence
type; v = 4 ory = 3 for terres-
trial or aquatic predators that form
a fixed number of tight groups, re-
spectively [65].

Crowley-Martin type m m,a,b > 0, and describe the ef-
fects of capture rate, handling time
and the magnitude of interference
among predators, respectively[66].

Ratio-dependence type prre m,a > 0.
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the predator [69]. Bazykin (1993) discussed the bifurcation approach to the predator-
prey population models, then analyzed the population dynamics with the change of pa-
rameters [68]. Zhu et al. (2002) conducted a comprehensive bifurcation analysis of a
predator-prey system with the nonmonotonic functional response and showed the exis-
tence of Bogdanov-Takens bifurcation point of codimension 3 served as an organizing
center for the system [60]. Xiao and Zhu (2006) calculated the largest multiplicity of a
multiple focus in the model of Zhu et al. (2002) and presented the existence of the two
limit cycles bifurcated from the multiple focus [70]. There are many works related to
the bifurcation analysis of the planar system, but just a few are conducted on bifurcation
analysis of the high-dimensional model due to its complexity. Beay et al. (2020) con-
sider a Rosenzweig-MacArthur predator-prey model with stage-structure in prey that can
exhibit Hopf bifurcation [71].

In the model that we mentioned above (Zhu (2002), Xiao and Zhu (2006), Beay et
al. (2020)), the predator is a specialist predator that will go extinct in the absence of the
prey population. However, generalist predators are more common in ecosystems because
they are more conducive to the survival of species. Other studies show that the gener-
alist predator can reduce the pest number significantly [72, 73]. It is widely accepted
that the Holling type II functional response is reasonable for the specialist predator while
the Holling type I1I functional response is more appropriate for the generalist predators.

This is because the sigmoidal shaped function can better reflect the “prey switching”
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phenomenon that the generalist predator will focus on other prey if one of the certain
prey is at low density [74]. Hanski et al. (1991) considered a model including both
specialist predator and generalist predators. The density of generalist predators is as-
sumed to be constant. They assumed sigmoid (Holling type III) functional response for
the generalist predators and demonstrated that the generalist predators have a stabilizing
effect on a cycle driven by specialist predators [75]. However, if we only consider the
Holling type III functional response in the general predator-prey model, then the general-
ist predator will die in the absence of prey, which maybe unrealistic. Erbach et al. (2013)
constructed a two-dimensional predator-prey model considering the generalist predator
with the Holling type III functional response and the reproduction of predator in the ab-
sence of focal prey [76]. They assumed that the generalist predator reproduces with a
Beverton—Holt-like function that the per capita reproduction rate decreases with density.
Then they analyzed the bistability and limit cycles in this predator-prey system. Magal
et al. (2008) considered the control of invasive hosts by generalist parasitoids. In the
model, they incorporated the carrying capacity of generalist parasitoids in the absence
of leafminers and predation of leafminers by a generalist parasitoid with Holling Type II
functional response [77]. Seo and Wolkowicz (2020) focused on the non-spatial model of
leaf miner and parasitoid interaction which proposed in Magal et al. (2008) and adopted
the bifurcation theory to discuss pest control by generalist parasitoids [78]. Huang (2020)

also conducted the bifurcation analysis toward this host-generalist parasitoid model [79].
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The pest insects monitoring or surveillance programs data can help to estimate the
pest population density, dispersions and dynamics [3]. However, due to the scarcity of
field monitoring data, there is little literature on modeling with the actual data to pre-
vent and control pests. Although there are many theoretical studies on pest control using
mathematical models, there is an unbridged gap between mathematicians and experi-
mentalists [80]. Recently, there are a few studies that tried to incorporate the data into
the mathematical model for pest control. Satake et al. (2008) [81] built a mathematical
model in which individuals are categorized according to their life-cycle stages to pre-
dict the emergence timing of tea leaf roller, Caloptilia theivora and compared the model
prediction with the field data of observed captures in pheromone traps at the experimen-
tal site of Kagoshima Tea Experiment Research Station in Japan. They also applied the
logistic regression model to analyze the relationship between the timing of adult emer-
gence and the leaf damage level. Yamanaka et al. (2012) analyzed 48 years of data
of tea tortrix moths and constructed a stage-structured model including the intraspecific
competition. Comparing the observed dynamics with the prediction from models, they
found that even weak larval competition in the presence of seasonal temperature forcing
predicts two cycles [82]. Kettle et al. (2019) developed a stage-structured mathematical
model of host-parasitoid considering the biocontrol of the egg stages of hopper life cycle
and applied the model to data from field experiments on rice hoppers. They found that

the two-enemy system is more effective in controlling hopper eggs than a single enemy
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(parasitoid or predator) [83].

1.4 Modeling

According to the biological process, we assume that the life cycle of predatory mite A.
baccarum and the pest leathopper E. onukii has three stages, including eggs, nymphs and
adults. For A. baccarum, we use M (t), Ms(t) and M3(t) to denote their density of mite
in eggs, nymphs and adults at any time ¢ respectively, and use E(t), E»(t) and E5(t) to

denote the density of eggs, nymphs and adults of E. onukii at any time ¢ respectively.

1.4.1 Stage-structured model of predatory mite A. baccarum

Firstly, we consider a single species population model of the predatory mite A. baccarum.

For the growth of A. baccarum at different stages, we make the following assumptions:

(A1) The A. baccarum eggs population M, (t): the oviposition rate of A. baccarum is
proportional to the existing A. baccarum adults population, with proportionality
ro > 0. The A. baccarum eggs may not be successfully hatched due to the other
biological factors, like the temperature. Hence, the death rate of A. baccarum eggs

d 1s also positive. (31 is the hatchability of A. baccarum eggs.

(A2) The A. baccarum nymphs population Ms(t): ¢; > 0 is the intra-specific com-

petition rate of the A. baccarum nymphs population. d,,» > 0 is the death rate
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of nymphs population. 3, denotes the rate of A. baccarum nymphs becoming A.

baccarum adults.

(A3) The A. baccarum adults population M3(t): co > 0 is the intra-specific competition
rate of the A. baccarum adults population. The death rate of adults population is

proportional to the existing adults population, with proportionality d,,,3 > 0.

(A4) There is enough food for A. baccarum in the tea plantations, hence cannibalism is

not considered in the model.

Then we have the following stage-structured model of A. baccarum:

( dM
d L = roMs — dyy My — 51 My,
t
dM
dt2 = BiMy = dpaMy — c; M3 — 5 My, (1.4)
dM.
73 = 62M2 — dpz M3 — CZM;)?-
\

1.4.2 Stage-structured model of pest leathopper E. onukii

Similarly, we can obtain the stage structured model of the pest leathopper E. onukii with

the following assumptions:

(B1) The E. onukii eggs population F1(t): We denote m; > 0 as the per-capita intrinsic

oviposition rate of the E. onukii adults. Not all eggs can be hatched, and the death
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rate d.; is proportional to the existing eggs population which is also positive. a; is

the hatchability of E. onukii eggs.

(B2) The E. onukii nymphs population Fs(t): b; > 0 is the intra-specific competition
rate of the E. onukii nymphs population. d., > 0 is the death rate of nymphs
population which is proportional to the existing nymphs population. s, denotes

the conversion rate of E. onukii nymphs becoming E. onukii adults.

(B3) The E. onukii adults population F3(t): by > 0 is the intra-specific competition
rate of the E. onukii adults population; the death rate of adults population which is

proportional to the existing adults population with proportionality d.3 > 0.

(B4) The competition between the nymphs and adults of E. onukii is ignored.

Hence, we have the following stage-structured model of E. onukii:

( dE
dE
dE
d_tg = wFEy — desEs — byFE3.

1.4.3 The predator-prey model with stage structure

Since the life cycle of both predator and prey includes different stages, we consider a

more comprehensive Predatory-Prey model with stage structure both in predator and
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prey. Most of the researchers consider models with stage structures for only one species,
either prey [84, 85] or predator [86, 87]. Some have considered the stage structure for
both predator and prey [88, 89, 90, 91], but only analyze the interaction between one
stage of predator and prey. Here, we propose a more realistic model where the A. bac-
carum adults can feed on E. onukii nymphs and E. onukii adults. Also, the predatory
mite nymphs can only feed on E. onukii nymphs. For simplicity, we only take the A.
baccarum as enemy of E. onukii and neglect the influence of other factors which also
can cause the death of the E. onukii.

Also, we assume the functional response of A. baccarum adults and E. onukii nymphs
(Pi(E,)) is Holling’s type I, as the A. baccarum adults can easily capture E. onukii
nymphs. The functional response of the A. baccarum nymphs and E. onukii nymphs
(P2(Es)) and the A. baccarum adults and E. onukii adults (P(E3)), are Holling’s type II
[30].

P (Ey) = M Es,

m1E2
P2(E2) - aq + EQ’

mao Ly
Pg(Eg) - s T Eg.

Figure 1.1 describes the flow chart of the model (1.6).
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E. onukii: Adult (E3) A. baccarum: Adult (M;)  A. baccarum: nymph (Mz)

N7

A. baccarum: egg (M1)

Figure 1.1: The flow chart of the model (1.6).

The system describing the dynamic of A. baccarum and E. onukii is given by

(

aEy

dt

dE,

dt

dEs

dt

dMy

dt

dMy

dt

dMs

dt

r1E3 —de By — o By,

m1E2M2
Ey —depFy —asEy — b E2 — ——2—2 _ ~ B> M.
Qg e2172 (6 5F57%) 19 a1+E2 Y1 L2013,
moF3 Mg
Ey —deiE3 —byE? — ——22
Qo v e31%3 2193 a2—|-E37

(1.6)
roMs — dpy1 My — B1 My,

HlmlEgMg

M — dyo My — Bo My — ¢y M2
B1 My maMa — Bo My — 1 M5 + a1+ By

OomoE3 M3

My — dyz My — co M2 E5 M.
BaMo — dyzMsz — co M3 + o Ea M3 + a5 B
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However, the system (1.6) is too complicated for theoretical analysis. In this study, we

will firstly simplify the model and start to analyze the dynamics of A. baccarum and E.

onukii in the tea plantation.

Table 1.3: Description of parameters of system (1.6)

Parameters

Description (day 1)

1
]
a1

&%)

the oviposition rate of E. onukii adults

the oviposition rate of A. baccarum adults

hatching rate of E. onukii eggs

conversion rate of E. onukii nymphs into adults

hatching rate of A. baccarum eggs

conversion rate of A. baccarum nymphs into adults

the mortality rate of E. onukii eggs

the mortality rate of E. onukii nymphs

the mortality rate of E. onukii adults

the mortality rate of A. baccarum eggs

the mortality rate of A. baccarum nymphs

the mortality rate of A. baccarum adults

half saturation amount of A. baccarum nymphs

half saturation amount of A. baccarum adults

the intra-specific competition rate of the E. onukii nymphs

the intra-specific competition rate of the E. onukii adults

the intra-specific competition rate of the A. baccarum nymphs

the intra-specific competition rate of the A. baccarum adults
maximum amount of the E. onukii nymphs eaten by A. baccarum nymphs
maximum amount of the E. onukii adults eaten by A. baccarum adults
the rate of E. onukii nymphs eaten by A. baccarum adults

the rate of conversing E. onukii nymphs into A. baccarum adults
the rate of conversing E. onukii nymphs into A. baccarum nymphs

the rate of conversing E. onukii adults into A. baccarum adults
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1.5 Objectives of the research

The TGL E. onukii is one of the most common and predominant harmful pests in tea
plantations, and its improper control is one of the main factors causing pesticide residues
in tea. Therefore, the biological control of E. onukii should be strengthened. Increas-
ing the biodiversity and making use of the control effect of natural enemies is crucial
to achieve sustainable control of tea garden pests and then promote the sustainable de-
velopment of the tea industry. The predatory mite A. baccarum is a potential biological
control agent and it has been found that it can be beneficial to various agricultural sys-
tems. The overall goal of this dissertation is to investigate the relationship between the E.
onukii and the A. baccarum populations using statistical models and dynamical analysis
techniques, and finally to find the window of time to promote the use of A. baccarum to
control E. onukii in tea plantations.

The dissertation is structured as follows:

In Chapter 1, we describe a general description of the problem, introduction to math-
ematical models, and literature review.

In Chapter 2, using the field experiment data, we investigate how the relationship of
the abundance of the predatory mite A. baccarum and its leathopper prey E. onukii is
influenced by two different cover crops and a manually weeded inter-row treatment as

a contrast to naturally growing vegetation in a tea plantation in China. We applied gen-
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eralized linear mixed models (GLMMs) to examine the impact of cover crop treatments
on the abundance of A. baccarum and E. onukii, and to explore the relationship between
them over time. Results suggest that the abundance of A. baccarum in a tea plantation
is influenced by intercropping and it can affect its leafthopper prey E. onukii, albeit, with
varying levels of suppression.

In Chapter 3, we start our analysis from the two dimensional generalist predator prey
model. Using the qualitative theory and bifurcation theory, we analyze the complex
dynamic of the system, with the existence of saddle node bifurcation of codimension
1 and 2, Hopf bifurcation, Bogdanov-Takens bifurcation and nilpotent singularities of
codimension 3 and 4. We also present the bifurcation diagrams near the nilpotent singu-
larities of codimension 3.

In Chapter 4, to better understand the population dynamics between A. baccarum and
E. onukii, we propose a generalist predator prey model with stage structure for prey E.
onukii. We consider the E. onukii has two stages, the eggs and the nymph and adults.
Then, we analyze the local complex dynamics in the two-dimensional center manifold
of three-dimensional nonlinear system and compare our generalist predator prey model
with and without stage structure. Moreover, we examine the effect of the successful
hatching rate of E. onukii eggs.

In Chapter 5, we present our conclusions and future work.
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2 The impact of cover crops on the predatory mite
Anystis baccarum and the leafhopper pest Empoasca

onukii in a tea plantation

This work has been conducted in collaboration with Dr. Chen, L. L., Dr. Pozsgai, G.,
Dr. Chen, P, Dr. Zhu, H., and Dr. You, M. S. I have collaborated in conducting the
statistical analysis. Figure 2.3 and 2.4 were made by Dr. Chen based on the statistical

analysis which I did.

2.1 Introduction

There have been extensive studies on the methods in controlling TGL, including biolog-
ical, physical, and chemical controls. However, to date, a safe, timely, highly effective,
and yet sustainable, strategy for prevention and control of the TGL is still to be devel-
oped [5, 6]. One such strategy may be intercropping the rows with beneficial plants,

a common practice for ecological engineering. In theory, greater botanical diversity in
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an intercropped tea plantation system, along with a higher number of available niches,
can support greater diversity of invertebrate species than that with cleared rows [8, 92].
However, diverse, naturally grown, weedy vegetation between tea rows may compete
with tea for resources and its growth may be difficult to control. An alternative solution
is a planned modification of habitat structure in tea plantations, using cover crops [8, 22].
Crops are chosen so that the competition for nutrients with tea at a minimal level. The
aim is that they reduce pest damage by attracting and sustaining natural enemies of the
pest species. Furthermore, they can reduce weed growth. Whilst predation or parasitism
from natural enemies serve as ‘top-down controls’ on pests, intercropping may also op-
erate as a ‘bottom-up effect” when cover species are preferred to crops for the pests to
oviposit or feed upon [93], and this, in turn, reduces the feeding activity on the crop.
Recent studies on the effects of cover crops on leafthoppers in agricultural ecosystems
have helped to improve our understanding of how habitat management can improve pest
control [94, 95]. Intercropping treatments have been shown to have significantly lower
abundance of TGL than bare ground treatments [94, 96] or traditional clearing tillage
[20] in a tea plantation. However, Jiang et al. [97] found opposite results when compared
to conventional clearing tillage in a tea plantation (Table 2.1). Costello and Daane [95]
and Nicholls et al. [98] found that the abundance of grape leathoppers (Erythroneura
spp.) was lower in intercropping treatments than in monocultures in vineyard systems.

However, English-Loeb et al. [99] did not find significant effects in intercropped grape
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ecosystems (Table 2.1).

Apart from their effect on arthropod assemblages in crop ecosystems, intercropping
with cover crops can have additional positive effects, such as decreasing soil erosion and
preventing the leaching of nutrients [20]. The grass, Paspalum notatum Fliiggé (Poales:
Poaceae) has been used to mitigate water runoff and soil erosion, improve soil quality,
increase plant quality and productivity, to enhance water and nutrition resource utiliza-
tion by crop roots, and to control weeds [100, 101]. Chamaecrista rotundifolia (Pers.)
Greene (Fabales: Fabaceae) has also been used for similar purposes, as well as for en-
hancing biological pest management [102, 103, 104, 105]. Whether or not these cover
crops promote invertebrate biological control agents, and thus have an enhanced benefit
in tea plantations, has not yet been studied in detail.

An important taxon for invertebrate biological control agents are whirligig mites
(Acari: Anystidae), which are generalist predators, feeding on various invertebrate species
[27, 106, 107]. One of the common species that may benefit from planting cover crops
is Anystis baccarum (L.) (Acari: Anystidae) [35]. A. baccarum is a large-sized (1.0-1.5
mm), red-orange, long-legged, soft-bodied mite that moves rapidly over the foliage and
branches of the trees. Parthenogenetic females lay eggs under loose bark on the trunk
or in soil litter surrounding the tree base [29, 108]. A. baccarum abundances peak from
March to April, from October to November, and from December to January, without

any apparent overwinter dormancy period in tea plantations in Guangdong and Guangxi
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Table 2.1: Effects of cover crops on leafthoppers in agricultural ecosystems

Agricultural  Intercropping cover crop Comment References
systems
Tea planta- Lavandula  pinnata  Lundmark Significantly reduced abun- Chen,[96]
tions (Lamiales: Lamiaceae), Corymbia dances of TGL, and increased Song et
citriodora (Hook.) Hill & Johnson abundance of generalist  al.[20],
(Myrtales: Myrtaceae), Catsia tora predators. Liu[35],
L. (Fabales: Fabaceae), Hedyotis Zhang et
uncinella Hook. & Arn. (Gen- al.[94]
tianales: Rubiaceae), or Trifolium
repens L. (Fabales:  Fabaceae)
T. repens or Vigna sinensis (L.)
(Fabales: Fabaceae)
T. repens or Vigna sinensis (L.) (Fa- Increase abundance of Jiang et
bales: Fabaceae) Empoasca Vitis (Gothe) al.[97]
(Hemiptera: Cicadellidae) and
parasitoids.
Vineyards 3: 7 mixture of Fagopyrum es- Reduced adult abundance of Nicholls et

culentum Moench (Caryophyllales:
Polygonaceae) and Helianthus an-

nuus L. (Asterales: Asteraceae)

3: 1 mixture of Vicia beng-
halensis L. (Fabales:
and Hordeum vulgare L. (Poales:

Fabaceae)

Poaceae)

F. esculentum or T. repens

Erythroneura elegantula Os-
Cicadelli-

dae), and increased populations

born (Hemiptera:

and species richness of general
predators.

Significantly reduced nymphal
abundance of Erythroneura
spp. (Hemiptera: Cicadellidae)
in mid- and late-season.
Neither the abundance nor the
spatial and temporal distribu-
tion of Erythroneura spp. was
significantly influenced in 1996
and 1997.

al.[98]

Costello
and
Daane[95]

English-
Loeb et
al.[99]
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provinces in China [27, 35, 109]. These peaks occur from March to May, and from
September to October in longan orchards in Fujian province [42]. Along with other
members of the family, A. baccarum has been suggested as a potential biocontrol agent
for various economically significant arthropod pests, especially in apple orchards (Ta-
ble 1.1) [26, 29, 110]. For a more comprehensive review on the life history and the
usefulness of A. baccarum readers should consult Cuthbertson et al [26].

Despite their use in many agricultural systems, very little is known about the impact
of different cover crops on A. baccarum and how they affect the TGL in intercropped
tea plantations. This study aims to explore how intercropping with various cover crops
in a tea plantation influences the abundances of A. baccarum and E. onukii, and the re-
lationship between this pest and its predator. Hence, we conducted a two-year study to
compare the influence of a) a grass cover crop (P. notatum), b) a legume cover crop (C.
rotundifolia), c) bare ground, and d) natural ground cover on these two target organisms.
We hypothesized that the intercropping cover crops in a tea plantation influence the abun-
dance of both A. baccarum and E. onukii, and the relationship between the two species

is affected by the treatments.
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2.2 Monitoring, field studies and data

2.2.1 Study site and experimental design

The study was carried out from May 2006 to April 2008 in an Oolong tea plantation
(clone Wuyi Shuixian) in the town of Xingcun (27°38'51.4" N and 117°54'29.9" E, 736m
altitude) in the Wuyi Mountains, Fujian Province, China. The study site was a large
seven-year-old tea plantation on red soil. Fertilizers were applied as conventional man-
agement practices. Germinating fertilizer was applied in March 2006, topdressing fertil-
izer in July, and basal fertilizer in November. Spring tea was harvested from mid-March
to early-May, and autumn tea was picked from early-September to mid-October. Tea
pruning, or skiffing, was done between mid-October and early-November. Further de-
tails of the study sites are available in Chen et al [111, 112]. The experimental design
consisted of four treatments, each with three replicates: a) P. notatum cover crop (Pn), b)
C. rotundifolia cover crop (Cr), ¢) bare ground (BG), and d) natural weedy ground cover
(NGC). The experiment was set up on 12 experimental plots, each 17 m x 20 m in size,
and at least 5 m apart (Figure .2.1). In order to decrease the edge effect and to increase
the distance between samples, we avoided collecting in the near vicinity of margins of
the plots.

As a baseline for the experiment, all plants were manually removed from the rows

at the end of April 2006. Cover crop treatments of P. notatum and C. rotundifolia were
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Figure 2.1: Layout of experimental plots in study site in Wuyi Mountains, Fujian
province, China from May 2006 to April 2008. The blocks were intercropped with P.
notatum (5, 9, 12), C. rotundifolia(2, 4, 7), natural ground cover (1, 6, 10) and bare

ground (3, 8, 11) respectively [112].

manually sown in May 2006 at a seed rate of 45 kg/ha and 7.5 kg/ha, respectively. In the
bare ground treatment, all plants were manually removed each month. Existing vegeta-
tion was retained in the natural ground cover treatment. The P. notatum, C. rotundifolia,
and natural ground cover plots were mown in September of each year to a height of 5 cm,
and cover clippings were left on site. No herbicides or insecticides were applied on our
experimental plots during the study period but plots were managed according to standard

agronomic practices.
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Although Chen [96] and Zhang et al. [94] used bare ground, which is traditional in
monoculture tea plantations, as their control, in our field experiment the natural weedy
ground cover served as the control treatment. Our main reason was that nowadays natu-
ral ground covers can be found more often in tea plantations. In recent years, manually
clearing up of tea rows has been carried out less because of the increasing cost of la-
bor and, in addition, the governmental ban on the use of herbicides in tea plantations
made clearing up the rows difficult. No herbicides or insecticides were applied on our
experimental plots during the study period but plots were managed according to standard

agronomic practices.

2.2.2 Insect survey

Tea plant canopies were sampled every month from May 2006 to April 2008 in five,
randomly-placed, 1 m x 1 m quadrats. Samples were collected manually by placing six
white trays (36 cm x 45 cm) underneath the tea bushes and performing 30 sweeps with a
net (38.1 cm in diameter) on the top of the bush (about 1 m height), and then beating the
tea canopy 20 times. A. baccarum and E. onukii found in the nets and on the trays were
transferred into plastic bags and frozen. Both nymphs and adults of the two species were
collected.

Arthropods living in litter were surveyed using the dry sieve method. The litter and

surface organic matter were collected in a square area of 0.33 m x 0.33 m, adjacent to
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each quadrat used for tea canopy sampling. Sampling was done at the same time as for
the tea canopies. Both nymphs and adults of A. baccarum and E. onukii were extracted
from each sample using a set of three sieves of 12, 5, and 1 mm mesh sizes.

To sample A. baccarum and E. onukii in cover crop vegetations, five 1 m x 1 m
quadrats were randomly positioned between tea rows in each treatment plot every month
during the experiment. In each quadrat, 30 sweeps were performed using the same net as
was used for sampling tea plants. A. baccarum and E. onukii were collected, transferred
to a plastic bag and frozen. Specimens for all the surveys were preserved in 75% alcohol
and stored in the laboratory. No cover samples were collected from the bare ground

treatment. In all cases both nymphs and adults of both species were recorded.

2.3 Data analysis and statistical models

We used generalized linear mixed models (GLMMs) to test the impact of cover crop
treatments on the abundance of A. baccarum and E. onukii, and to explore the relation-
ship between these species over time. Since the abundance data of both species was
strongly overdispersed in our dataset, and had significantly more zero counts than would
be expected from a Poisson distribution, we applied zero inflated Poisson mixed models
which combine binary logistic and Poisson distributions for the response variable [113].
When we analyzed the abundance of A. baccarum in tea canopies in the second year,

we chose the negative binomial distribution since the standard error of the abundance
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of A. baccarum was excessively large. We used the glmmTMB package [114] in the R
software for our analysis [115]. Let Y;; be the abundance of A. baccarum or E. onukii of

observation j(j = 1,...,t;) for plotsi(: = 1,...,n), we denote

0, with  probability m;;
Vi 2.1)

v

Poisson(X;;), with probability (1 — m;;)
which means the zero counts values come from the strata of always-zero with probability
of m;; and not always-zero strata generated by Poisson distribution with probability of
(1 — m;;). For the positive abundance data, we consider a Poisson mixed model. Let ¢;

be random effects. Conditional on ¢;, we assume that
E(Yij = y|X1,€) =g (X161 + e7) =

with canonical log-linear link function g = log(u), where X is the design matrix of
explanatory variables including the cover crop treatment, and sampling date (sampling
date was treated as random effect in litter data due to the convergence problem of model
estimate) and [, is the fixed effect. v (plot) and € are the random effects design matrix
and random effects respectively. Hence, we have the zero inflated Poisson mixed model

with two parts:

Poisson mixed model: log(f\,-j) = X101 + ey

Zero inflation model: logit(7;;) = X[
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where 35 and X are the coefficients vector and design matrix of explanatory variables of
the zero inflation model, respectively. Here, our model only involves the intercept terms.
When we referred to the fixed effects 3; of one variable, it indicated the effect among
those that the abundance of species is not zero and held other variables constant.

We separately took the abundance of A. baccarum or E. onukii as dependent variables
in the model to explore their interactions in four treatments. Since different methods were
used to measure the abundance of A. baccarum and E. onukii among tea canopies, litter
and cover crops, we separated the datasets by sampling strata. Moreover, we analyzed
the two-year data by year to explore how the predictive variables affect the abundance of
A. baccarum and E. onukii over time. The parameters of the model were estimated by
maximum likelihood method, and a likelihood ratio test was conducted to examine if the
independent variables are important predictors of the model. Tukey-tests were used to
pairwise compare the four treatments, with an o = 0.05 as the cutoff for significance.

Furthermore, we separately used the abundance of E. onukii or A. baccarum as a
special independent predictive variables of each other to detect the relationship between
their abundance in tea canopies. We also added the interaction term of abundance of A.
baccarum or E. onukii with cover crop treatment into the model to help understand the

impact of the four treatments on the relationship between E. onukii or A. baccarum.
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2.4 Results

2.4.1 Population dynamics of the target species

A total of 2910 A. baccarum and 5414 E. onukii were recorded during the two-year
period, from May 2006 to April 2008. Tea canopies had the highest abundance of A.
baccarum (2700) and E. onukii (4490). The abundance of A. baccarum increased from
939 in the first year (from May 2006 to April 2007) to 1971 in the second year (from May
2007 to April 2008), and this increasing pattern was observed in all the four treatments
(Table 2.2). However, the overall abundance of E. onukii was stable in both the first
(2740) and second year (2674; Table 2.3).

In the first year, canopies of tea intercropped with P. notatum or C. rotundifolia had
lower abundance of E. onukii than did tea canopies (mean,2.32,2.94 respectively) on bare
ground (mean,4.49;Table 2.2). The numbers of A. baccarum present in the tea canopies
of treatments intercropped with P. notatum (mean,1.48)and C. rotundifolia (mean,1.44)

were higher in the first year than in the natural ground cover (mean, 0.46; Table 2.3).
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Table 2.2: The abundance of E. onukii in tea canopies, litter, and cover crop vegetations

in the Wuyi Mountains in the sampling years.

NGC BG Pn Cr Total

May 2006 - April 2007

Tea canopies  2.69 (4.425)° 4.49 (9.151) 2.32(3.452) 2.94(6.416) 2241

Litter 0.04 (0.207) 0.04(0.276) 0.05(0.219) 0.02(0.182) 29
Cover crop 0.84(1.551) - 0.92(2.081) 0.85(1.608) 470
vegetation

May 2007 - April 2008

Tea canopies 3.5(6.987) 2.85(4.997) 3.7(6.508) 3.58(7.054) 2249

Litter 0.02(0.134) 0.01(0.11) 0.01(0.11) 0.01(0.11) 9
Cover crop 0.79(1.282) - 0.86(1.53) 0.87(1.582) 416
vegetation

* Note: Mean (standard error) individuals of E. onukii per 1 m? in the tea canopies and cover crop
vegetations and per 0.33 x 0.33 m?2 in the ground litters in four ground cover treatments applied to
tea in the Wuyi Mountains in years one and two. Pn: intercropped with P. notatum; Cr: intercropped

with C. rotundifolia; NGC: natural ground cover; BG: bare ground.
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Table 2.3: The abundance of A. baccarum in tea canopies, litter, and cover crop vegeta-

tions in the Wuyi Mountains in the sampling years.

NGC BG Pn Cr Total

May 2006 - April 2007

Tea canopies  0.46 (1.326)" 1.52(3.32)  1.48(3.396) 1.44(2.706) 882

Litter 0.01 (0.105) 0.02(0.182) 0.11(0.554) 0.07(0.291) 37
Cover crop 0.04(0.267) - 0.04(0.255) 0.03(0.196) 20
vegetation

May 2007 - April 2008

Tea canopies 1.4 (2.714) 2.89(11.567) 3.07(4.484) 3.65(7.826) 1818

Litter 0.08 (0.447) 0.15(0.436) 02(0.675) 0.18(0.529) 101
Cover crop 0.08 (0.529) - 0.1(0.544) 0.14(0.764) 52
vegetation

* Note: Mean (standard error) individuals of A. baccarum per 1 m? in the tea canopies and cover crop
vegetations and per 0.33 x 0.33 m? in the ground litters in four ground cover treatments applied to tea
in the Wuyi Mountains in years one and two. Pn: intercropped with P. notatum; Cr: intercropped with

C. rotundifolia; NGC: natural ground cover; BG: bare ground.
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Figure 2.2: Mean (+ SE) seasonal dynamics of A. baccarum and E. onukii per 1 m? in

tea canopies in four treatments applied to tea in the Wuyi Mountains from May 2006
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until April 2008. PnT: tea canopies intercropped with P. notatum; CrT: tea canopies
intercropped with C. rotundifolia; BGT: tea canopies in bare ground; NGCT: tea canopies

in natural ground cover.



2.4.2 Treatment effects on Anystis baccarum

The treatment effect on the abundance of A. baccarum was significant in tea canopies
in both years (first year:x? = 53.45, P < 0.001; second year: y? = 42.01, P < 0.001;
Figure 2.3A). The abundance of A. baccarum in tea canopies of both intercropping treat-
ments was significantly higher in both years than that in natural ground cover and it
was significantly higher in the first year in the bare ground treatment than in natural
ground cover (Figure 2.3A). Additionally, the abundance of A. baccarum recorded in
tea canopies of intercropping treatments was significantly higher than in bare ground
in the second year (Figure 2.3A). In the litter, the treatment effect was statistically
significant in the first year only (first year: x> = 12.41, P = 0.006; second year:
x? = 4.76, P = 0.190; Figure 2.3B). In the first year, the abundance of A. baccarum
was significantly greater in the litter of the P. notatum cover crop treatment than in the
litter of the natural ground cover treatment (Figure 2.3B). In the cover crops, there was no
significant difference in the abundance of A. baccarum among the three treatments in ei-

ther of the years (first year: x> = 0.44, P = 0.802; second year: y* = 2.37, P = 0.305;

Figure 2.3C).
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Figure 2.3: Mean (+ SE) abundance of A. baccarum in tea canopies (A), litter (B), and
cover crop vegetation (C) in four treatments applied to tea in the Wuyi Mountains in the
first and second years. PnT: tea canopies intercropped with P. notatum; CrT: tea canopies
intercropped with C. rotundifolia; BGT: tea canopies in bare ground; NGCT: tea canopies
in natural ground cover; PnL.: litter intercropped with P. notatum; CrL: litter intercropped
with C. rotundifolia; BGL: litter in bare ground; NGCL: litter in natural ground cover;
Pn: P. notatum; Cr: C. rotundifolia; NGC: natural ground cover. Within each cluster of
bars, different letters indicate significant difference (Tukey-test, P < 0.05); and means
denoted ‘ns’ are not significantly different (Tukey-test, P > 0.05).
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2.4.3 Treatment effects on Empoasca onukii

The treatment effect was significant in tea canopies in both years (first year: x? =
138.87, P < 0.001; second year: y? = 22.67, P < 0.001; Figure 2.4A). When the
abundances of E. onukii were modeled separately for years and strata, we observed a
significantly greater abundance of E. onukii in the first year in tea canopies of the bare
ground treatment than in any other treatments (Figure 2.4A). Moreover, E. onukii in the
canopies of tea intercropped with P. notatum was significantly less abundant than in the
treatment with C. rotundifolia (Figure 2.4A). In the second year, the abundance of E.
onukii was significantly lower in tea canopies over the bare ground treatment than in any
other treatments (Figure 2.4A). However, there was no significant difference between
treatments in the abundance of E. onukii in litter samples and in samples from the cover
crop vegetation in either of the years (first year: litter: x? = 2.02, P = 0.568, cover crop
vegetation: y? = 1.41, P = 0.495; second year: litter: x> = 0.31, P = 0.958, cover

crop vegetation: x? = 0.96, P = 0.619; Figure 2.4B and 2.4C).
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Figure 2.4: Mean (x SE) abundance of E. onukii in tea canopies (A), litter (B), and
cover crop vegetation (C) in four treatments applied to tea in the Wuyi Mountains in the
first and second years. PnT: tea canopies intercropped with P. notatum; CrT: tea canopies
intercropped with C. rotundifolia; BGT: tea canopies in bare ground; NGCT: tea canopies
in natural ground cover; PnL.: litter intercropped with P. notatum; CrL: litter intercropped
with C. rotundifolia; BGL: litter in bare ground; NGCL: litter in natural ground cover;
Pn: P. notatum; Cr: C. rotundifolia; NGC: natural ground cover. Within each cluster of
bars, different letters indicate significant difference (Tukey-test, P < 0.05); and means

denoted ‘ns’ are not significantly different (Tukey-test, P > 0.05).
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2.4.4 Relationship between A. baccarum and E. onukii

A. baccarum was found throughout the year in the tea plantation, but with lower abun-
dance in winter. In tea canopies, A. baccarum showed three population peaks in the first
year, on May 24th, 2006, August 20th, 2006, and November 18th, 2006. It also showed
two population peaks in the second year on June 17th, 2007 and April 27th, 2008 (Fig-
ure 2.2). E. onukii showed two population peaks in the first year on June 24th, 2006
and September 22nd, 2006. Similarly, two population peaks were recorded in the second
year on June 17th, 2007 and November 10th, 2007 (Figure 2.2). In other words, the first
population peak of E. onukii attacked primarily the summer tea crop, the second popula-
tion peak of E. onukii attacked primarily the autumn tea crop. The population dynamics
of the two species showed that there is a negative correlation between the abundance
of E. onukii and A. baccarum in tea canopies (Figure 2.2). In the first year, when the
abundance of A. baccarum decreased, E. onukii abundances increased but this pattern re-
versed in intercropping treatments in the second year (Figure 2.2). On the other hand, in
the second year, A. baccarum and E. onukii populations showed parallel growth trends in
both bare ground and natural ground cover treatments (Figure 2.2). Since the correlations
may be resulted from the seasonal dynamics, to further understanding their correlations,
we constructed the zero inflation Poisson model.

Since no A. baccarum were recorded in over 90% of the cover crop vegetation and
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litter samples, only samples taken from the tea canopies were considered for our model
investigating the relationship between A. baccarum and E. onukii. In both years, the
intercept term in zero inflation models were significant (Tables 2.4 and 2.5), which in-
dicated the necessity of using these models. In the first year, there was no significant
correlation between the abundance of A. baccarum and E. onukii in tea canopies (Table
2.4). However, in the second year, there was some indication of a positive correlation
between the abundance of A. baccarum and E. onukii. The abundance of A. baccarum
significantly increased with the growing abundance of E. onukii (Table 2.4). In all four
treatments, the estimated abundance of A. baccarum in tea canopies increased by 3.6%
(€%-932; Table 2.4) per unit of E. onukii increase.

There was no significant correlation between the abundance of E. onukii and A. bac-
carum in tea canopies in the first year (Table 2.5). However, in the second year, there
is an indication that the abundance of E. onukii increased with the increasing number
of A. baccarum (Table 2.5). Also, the strength of correlation between abundances of
the two species was different for different treatments. Compared to the natural ground
cover, other treatments showed that there is a pattern that this positive relationship be-
tween the two species turns into zero, which may be the result of the control effect of A.
baccarum on the E. onukii. The estimated abundance of E. onukii in tea canopies of the

treatment intercropped with P. notatum decreased by 5.4% (e~%°%) per unit of A. bac-

carum increased than that in natural ground cover (Table 2.5). In all four treatments, the
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strongest reciprocal correlation of A. baccarum on E. onukii was shown in tea canopies
intercropped with P. notatum, followed by the bare ground treatment (4.8%; e~°%4%) and
the treatment of intercropping with C. rotundifolia (4.4%; e~°%%%), compared to the ref-

erence of tea canopies growing over natural ground cover (Table 2.5).

2.5 Discussion

In this chapter, our main interest is to investigate how the abundances of the TGL and a
predatory mite were affected by experimental cover crop alterations. Conducting the sta-
tistical analysis based on the experimental data, we show that intercropping cover crops
harbor a large number of the predatory mite, A. baccarum, and that the intercropping
treatments caused a significant increase in the mite’s abundance in tea canopies when
compared with the natural ground cover treatment. These results are consistent with the
observations reported by Liu [116] who found that cover crops increased the abundance
of A. baccarum in a tea plantation.

A. baccarum is a habitat generalist, it lays eggs in a wide variety of habitats, includ-
ing tea canopies, litter, as well as in cover crop vegetation [26, 29, 108] and therefore,
it is unlikely to be directly influenced by available extra habitat. On the other hand, in-
tercropping cover crops may provide increased amount of food sources and, likely, also
a greater protection from predators [8, 92, 116]. This theory is supported by the fact

that the treatment effect was more pronounced in tea canopies than it was in cover crop
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Table 2.4: Model estimation of the relationship between abundance of A. baccarum and

E. onukii in tea canopies

In the first year Estimate* SE In the second year Estimate  SE
(Intercept) 1.182#**xb (228 (Intercept) -2.337%** (.533
E. onukii 0.004 0.029 E. onukii 0.032#**  0.012
PnT 0.841*%**%  0.166 PnT 0.968***  (0.185
CrT 0.934**% 0.162 CiT 0.982***  0.178
BGT 0.808***  0.163 BGT 0.528***  0.234
E. onukii: PnT -0.014 0.04  E. onukii: PnT 0.021 0.02
E. onukii: CrT 0.023 0.029 E. onukii: CrT -0.025 0.016
E. onukii: BGT -0.007 0.03  E. onukii: BGT -0.035* 0.022
Sampling date® Sampling date

Zero inflation model

(Intercept) -0.517*** 0.141 (Intercept) 2.069*%**  (0.428

4 Estimate: the coefficients of the model. Dependent variable: the abundance of A. baccarum. Set 24
May 2006 and 14 May 2007 as the baseline of the month in the first and second years, respectively.
NGCT as the baseline of treatment, tea canopies in natural ground cover abbreviated NGCT.

® Significance: ***p <0.001; *p <0.05.

¢ The sampling date was included in the model due to the strong seasonal effect, which can be seen

clearly in Figure 3.
PnT, tea canopies intercropped with P. notatum; CrT, tea canopies intercropped with C. rotundi-
folia; BGT, tea canopies in bare ground; E. onukii: PnT, the interaction of E. onukii with PnT; E.
onukii: CrT, the interaction of E. onukii with CrT; E. onukii: BGT, the interaction of E. onukii with
BGT.
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Table 2.5: Model estimation of the relationship between abundance of E. onukii and A.

baccarum in tea canopies

In the first year Estimate* SE In the second year  Estimate =~ SE

(Intercept) -2.738%%%> (527  (Intercept) 0.345%* 0.162
A. baccarum 0.035 0.055 A. baccarum 0.059***  0.012
PnT -0.118* 0.079 PnT 0.196* 0.079
CrT 0.069 0.072 CrT 0.153 0.087
BGT 0.56%** 0.065 BGT -0.078 0.075

A. baccarum: PnT -0.014 0.04  A. baccarum: PnT  -0.056*** (.014
A. baccarum: CrT 0.023 0.029 A. baccarum: CrT ~ -0.045**  0.016
A. baccarum: BGT  -0.007 0.03  A. baccarum: BGT -0.049*** (.013
Sampling date® Sampling date

Zero inflation model

(Intercept) -1.922%%** (0.202 (Intercept) -1.812*%** (0.203

4 Estimate: the coefficients of the model. Dependent variable: the abundance of E. onukii. Set 24
May 2006 and 14 May 2007 as the baseline of the month in the first and second years, respectively.
NGCT as the baseline of treatment, tea canopies in natural ground cover abbreviated NGCT.

® Significance: ***p <0.001;**p <0.01; *p <0.05.

¢ The sampling date was included in the model due to the strong seasonal effect, which can be seen

clearly in Figure 3.
PnT, tea canopies intercropped with P. notatum; CrT, tea canopies intercropped with C. rotundifolia;
BGT, tea canopies in bare ground; A. baccarum: PnT, the interaction of A. baccarum with PnT; A.
baccarum: CrT, the interaction of A. baccarum with CrT; A. baccarum: BGT, the interaction of A.
baccarum with BGT.
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vegetation. The observed correlation between the two species in tea canopies suggests
that A. baccarum has an impact on the seasonal dynamics of E. onukii (Figure 2.2). Fur-
thermore, it also seems to be plausible that cover crops play an important role in driving
predatory mite abundances only at certain periods. When the TGL, as the primary prey of
the predatory mite, is scarce or cannot be found, cover crop vegetation may be an impor-
tant source for providing alternative prey species. During these periods of prey shortage
A. baccarum can move from tea canopies closer to the ground. In these times the mite is
more likely to lay its eggs in the litter. Indeed, Sorensen et al. [107] showed that Anystis
agilis (Banks) (Acari: Anystidae) populations decreased from June to July in Califor-
nian vineyards, possibly because adult mites migrated down the tree trunk to the soil to
oviposit. Lange et al. [117] reported similar findings in A. baccarum in blackcurrant
plants in Russia.

Earlier studies reported lower abundances of TGLs in the intercropped tea plantations
than in bare ground [94], or in rows with traditional clearing tillage [20, 22]. Compared
to the bare ground treatment, we also find an indication that cover crops influence TGL
abundance in tea canopies. Since the results between the two sampled years were differ-
ent, neither the nature of this effect nor the main drivers are clear. Moreover, compared
to our natural ground cover control, the effect of cover crops on TGL abundances was
not observed. This is in line with Ye et al. [21], who found that there was no significant

difference of TGL abundances between intercropping Wuniuzao-waxberry treatment and
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traditional clearing tillage control. Further still, Jiang et al. [97] found that intercropping
tea treatments resulted in a significantly greater abundance of TGL than was found in
conventional clearing tillage. This latter phenomenon is likely to be due to the increased
structural complexity of the vegetation that may also positively affect herbivore popu-
lations. How this complexity influences predator—pest dynamics, and how this can be
translated to effective pest control remains a question to be investigated. Whereas the
treatment effect on E. onukii was unclear, the negative correlation between this leathop-
per and A. baccarum suggests a suppression effect in three of our treatments (Table 2.5).
Compared to natural ground cover, the estimated abundance decrease of E. onukii in
tea canopies intercropped with P. notatum and C. rotundifolia was 5.4% and 4.4%, re-
spectively, with the increase of A. baccarum per unit abundance. Indeed, in a previous
study, Liu [116] suggested that reductions in TGL abundance were attributed to the en-
hanced density of A. baccarum, which was consistently found at higher densities in tea
intercropped with A. conyzoides and C. tora than in monoculture tea. Festuca arundi-
nacea Schreb. (Poales: Poaceae) intercropping treatment has the potential to improve
the controlling effect of Tetranychus urticae Koch (Acari: Tetranychidae) in clementine
mandarins when compared to natural ground cover or bare ground [118, 119]. Never-
theless, without targeted exclusion experiments, it is not possible to establish that the
increasing mite abundances are directly responsible for declining TGL populations. The

fact that, despite the greater abundance of the predatory mite, a significant decrease in
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E. onukii was not detectable in the first year (Table 2.5) which further highlights the
potential importance of the periodical impact of cover crops. One of the reasons why
increased predator numbers did not directly translate to declining pest numbers can be
that the predatory mite may need some time to increase its population to a level that can
efficiently suppress pest populations. Moreover, the generalist nature of the predatory
behavior of A. baccarum may be a further explanation. Although this mite is a valu-
able natural enemy of insect pests in tea plantations, it disperses throughout the habitat
and also consumes a variety of invertebrates, including phytophagous tea mites, other
leafthoppers, aphids, whiteflies, and thrips. Therefore, its control effect on E. onukii may
be masked. Furthermore, the phenology of parasitoids or specialist predators typically
mirrors that of their prey, with some lag behind [120]. However, the polyphagous nature
of A. baccarum, as many other species are likely to have been simultaneously available
to prey upon, may mean that this predator is not especially reliant on availability of E.
onukii [27, 33, 36]. Thus, this asynchronous phenology may be another factor why the
controlling effect of the predatory mite was not clear. Similarly to previous studies con-
ducted in tea plantations [27, 109] or longan orchards [42], in our study, A. baccarum
occurred from January to February, from April to June, from August to September, and
in November, without obvious overwintering periods. However, E. onukii peaked from
May to July and from September to November, aligning with the activity period of A.

baccarum only to some extent.
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Our findings support the hypothesis that intercropping system can enhance the abun-
dance of predatory mite. The effects of this increased abundance of the predatory mite
on leafthopper pest populations are, however, yet unclear and need to be investigated
further. Whilst both clearing tea rows up completely and leaving natural weedy cover
are conventional ways of tea production, in this study we did not find any strong evi-
dence to support their functions against E. onukii, and both of them have considerable
drawbacks. As well as increasing costs of manual labor in China making this practice
uneconomic, clearing-up tea rows also minimizes the chance for any kind of biological
control. Similarly, natural weedy vegetation may compete with the tea crop, and, al-
though it enables beneficial insect populations to grow, its regular removal it can only
provide a temporarily suitable environment. On the other hand, since we did not find
any effect of cover crop treatments decreasing tea production, the additional benefits,
such as enhancing biological pest management [20] and weed control [102], are likely
to supersede the others. Additional potential benefits of cover crops that we did not in-
vestigate in this study include providing nectar, pollen, or honeydew for natural enemies,
alternative hosts for herbivores, or mitigating water runoff and soil erosion [8, 100, 102,
104]. Hence, we believe that tea production is still likely to benefit from well-chosen
cover crop vegetation. Species choice (including combinations), sowing times, and other
management practices, along with the other potential benefits need further investigation,

though, before final cost-benefit assessments, or practical applications. In forthcoming
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research an emphasis should be put on the temporal aspect these practices.

2.6 Conclusion

Tea plantations are long-lasting agro ecosystems but still have high levels of human dis-
turbance, mainly through insecticide uses. As tea is a perennial, evergreen crop, the
habitats it provides for a variety of phytophagous and beneficial arthropods are relatively
stable. This stability favors the build-up and maintenance of effective natural enemy
communities, which, in turn, can effectively control tea pests and, therefore, they can
lead to a reduced need for pesticide use.

In this chapter, we have shown that intercropping treatments help to enhance the
densities of the predatory mite, A. baccarum, and may reduce the populations of the
leathopper pest, E. onukii. The direct interaction between predator and E. onukii is not
clear though, neither is it clear how alternative intercropping treatments with other cover
plants can influence the abundance of A. baccarum and E. onukii . Therefore, further
research on the effects of intercropping system in tea production is necessary. Further
studies are also required to enhance understanding of the trophic relationship among A.
baccarum and E. onukii, and other natural enemies or preys, and the mechanisms by
which cover crop vegetation facilitates the suppression of pest in tea plantations. Future
research should also consider all development stages and instars of both A. baccarum

and E. onukii. Additional alternative cover crop species, or species combinations, have
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the potential to be more effective in supporting management of the critical tea pest, E.
onukii, and other pest species and even providing additional ecosystem services. Further-
more, with no negative effect from the tea management point of view, other, previously
described, benefits are likely to make cover crops a useful management practice that in

many cases outperform conventional systems.
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3 Dynamics complexity of generalist predatory mite

and the leafhopper pest in tea plantations

This work has been conducted in collaboration with Dr. Zhu, H., Dr. Chen, L. L., and
Dr. You, M. S. I have collaborated in constructing the models, theoretical analyses and

numerical simulations.

3.1 Introduction

In chapter 2, we have applied the statistical model to discuss the correlation between E.
onukii and A. baccarum abundance in the tea plantation with different crop cover treat-
ment. The abundance of A. baccarum in a tea plantation is influenced by intercropping
treatment significantly. But compared to natural ground cover crops, the effect of cover
crops on E. onukii was not observed. The effects of this increased abundance of the A.
baccarum on E. onukii populations are not unclear and need to be investigated further.

In this chapter, we aim to use the dynamical system to analyze the relationship between
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these two species.

Mathematical models have been made to understand the population dynamics in ecol-
ogy for many years since the pioneering work of Lotka and Volterra [48]. However, there
are less modeling studies on the dynamics of tea garden ecosystems which can be more
complicated with thousands of different species, providing a relatively steady microcli-
mate and food supply of insect and mite communities [3]. The role of generalist predators
in controlling pests has also been explored in some cropping systems through field exper-
iments [72, 121]. Therefore, we will explore the interaction between generalist predator
and its preys to find ways to optimize the beneficial synergies of pest control [72]. In
particularly, we will study the dynamics of E. onukii and A. baccarum for seeking a
sustainable way for pest suppression in tea plantations.

To understand the interaction of E. onukii and A. baccarum, Chen et al. [112, 122]
carried out field studies in the Wuyi mountain area, the north of Fujian province of China.
The abundance data for the two species were collected over a two-year period and pre-
sented in Figure 3.1. One can see from the figure that in the first year, there is a negative
correlation between the two species. However, it did not show the same trend in the sec-
ond year. A significant decrease in the population of E. onukii was not detectable despite
the greater abundance of A. baccarum in the second year [122]. One can also observe
that when E. onukii is abundant, ideally the A. baccarum mainly feed on E. onukii or

may feed on other preys as well, so that the number of E. onukii is reduced to only a
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Figure 3.1: Average abundance (+ standard error) of E. onukii and A. baccarum per 1 m?

in tea canopies in the tea plantations in the Wuyi Mountains from May 2006 until April

2008.

certain extent. Therefore, the control of the target pest E. onukii using A. baccarum is
much more complicated as A. baccarum is a generalist predator.

It is not difficult to directly make up a predator-prey type of model for the pest and
predator mite. However, to understand the population dynamics between these two
species and to promote the use of A. baccarum to control E. onukii, we will use the
results of field studies [112, 122] and build a simpler dynamical model to study the in-

teraction of the adults population, which will allow us to explore the factors and reason
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leading to complex dynamics using bifurcation theory, and to find threshold conditions
for controlling E. onukii using its generalist natural enemy.

Let us consider a tea plantation with fixed area where tea trees grow. We are inter-
ested in the fresh tender leaves which can be measured by the weight or equivalently
transformed single-side surface area of leaves. Let K be the total tea leaves surface area
(m?) and E(t) denote the adult population of E. onukii, the number of E. onukii per unit
tea leaves surface area (m?) at time t. We assume that the average number of E. onukii
that per unit tea leaves surface area can carry is n.. Hence, it is plausible to assume
that E. onukii satisfy a logistic growth with an intrinsic reproduction rate 1 > 0 and the
carrying capacity K; = Kn, > 0 in the absence of A. baccarum.

Let M (t) denote the adult population of A. baccarum, the number of A. baccarum
per unit tea leaves surface area (m?) at time ¢ and the average number of A. baccarum
per unit tea leaves surface area is n,,,. As a generalist predator, A. baccarum can prey on
other pests and maintain its population without E. onukii. Hence, we assume that the A.
baccarum reproduces also following a logistic growth with a constant intrinsic growth
rate 7o > 0 and a carrying capacity K = Kn,, > 0 in the absence of E. onukii. In fact,
the generalist predators are more common in ecosystems than the specialist predator.
We observe that the euryphagous nature of A. baccarum is conducive to maintaining its
population to suppress the E. onukii when the outbreak occurs even when the density

of E. onukii is relatively low. If the A. baccarum are monophagous, there may not be
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enough to control the E. onukii due to the decreasing of E. onukii population. Hence, we
will develop a predator prey model considering A. baccarum as a generalist predator.

In order to describe the predator-prey relationship between the E. onukii and the A.
baccarum, we look at it from a micro perspective. Since each species of insect will be
active for certain amount of time per day, we assume that E. onukii and A. baccarum
spend 1, and 7T;, hours foraging per day (0 < T,,,7. < 24h) [30, 123]. During the
period of 7},,, each A. baccarum can attack Ny number of E. onukii. The factors affecting
Npg are: the area and time needed to search E. onukii, the successful search rate of
A. baccarum, attack rate of A. baccarum and the number of E. onukii. If searching is
successful, A. baccarum needs T}, time on average to handle the prey (pursue, capture,
kill and eat) [30]. Hence, the number of E. onukii attacked by one A. baccarum equals
Ng = spT; K E, where s is the successfully searching rate of A. baccarum per unit area
per unit of time. p is the capture probability of A. baccarum after search. Ty is the time
per day that A. baccarum spend for searching, K is the total tea leaves surface area, and
E is the number of E. onukii per unit tea leaves surface area (m?). Note that we have
T, =T, — T, Ng. Then, we have

spT,KE 7E mE

1+ spLKE  F2+E a+E

Ng = P(E)

where m = %’:, which is the maximum number of E. onukii that A. baccarum can handle

1

TN describes

in the time period 7;,, for foraging. Another important parameter a =

the number of E. onukii handled by A. baccarum in the average time period that A.
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baccarum successfully search and capture one E. onukii. Each A. baccarum on average
preys Ng number of E. onukii. And P(F) is the widely used functional response, Holling
type II, in the predator prey model. We derive the process to determine the meaning of
the parameters in our model, which will help the model analysis incorporating our field

experimental data in future work. Hence we have the following model

dE E . mEM
= - E(l-—)—
dt B Kl) ot E’

(3.1)
dM M cmBEM
M- =
dt r2M( KQ)Jr a+E’

where all the parameters 71, 75, K1, Ko, a, m are positive constants as defined above, and
c is the conversion rate.

For the model (3.1), we can rewrite as

dFE 1 m

— = F(ri— —F — M

dt (rl Kl a —I— E )’ (32)
dM T cm
— = M(ry— —=M E).

dt (ro = g2 M+ -5 F)

It turns out that system (3.2) is a model on the bookshelf. One can see that system
(3.2) can be regarded as a generalized Lotka—Volterra model with a fractional response
function. Recall that for a quadratic Lotka—Volterra system, it is well-known that it has
relative simple dynamics, and in particular the system does not even have a limit cycle
[124]. As far as we can tell that Alexeev (1973) [125] and Bazykin (1974) [126] are

among the first researchers considered the predator competition for resources other than
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prey and studied the following model,

o _ x — by _ 7
a - T 1r A
(3.3)
dy dxy 9
& _ _h
dt Y1 Az

where «a is the reproduction rate of prey population in the absence of the predator. b is
the per capita rate of the consumption of prey by the predators. The parameter ¢ > is
the natural mortality rate of the predator, %l reflects the fraction of prey biomass that is
converted into predator biomass. % is the prey population density at which the predator’s
consumption is half the maximum value or half saturation level. e is the coefficient of
competition among prey. h is the coefficient of competition for resources other than
prey [49]. The system (3.3) depends on four parameters after rescaling and the related
dynamics are well discussed in Bazykin (1998) [49]. But the predator in this model is a
specialist predator that only relies on the prey population. When ¢ < 0, that the predator
also has the reproduction rate, the system (3.3) is consistent with the model (3.1). It
is worth mentioning that Magal et al. [77] also used the model to explore the spatial
dynamics of host and generalist parasitoids with logistic growth, and investigated the
biological control of the leaf miner population. Their non-spatial model is the same as
(3.1). Recently, Seo and Wolkowicz [78] identified some cases missed in the non-spatial
model analysis of Magal et al. [77], and they gave a more detailed bifurcation analysis
and presented a bifurcation diagram using K and K, as bifurcation parameters, they

analyzed the impact of different Ky and K, on pest control and proposed possible pest
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reduction strategies. More recently, Xiang et al. [79] also studied the nilpotent singularity
of the model and presented the bifurcations associated with the nilpotent singularity of
elliptic and focus type. Here we suggest and use the terms and classification given by
Dumortier et al. [127] and in Zhu and Rousseau [128] in classifying the non-cusp type
of nilpotent singularities.

The dynamics of generalist predator-prey model (3.2) are much more complicated
then most of the specialist predator-prey models. The model can undergo Hopf bifurca-
tion, degenerate Hopf bifurcation, and Bogdanov-Takens (BT) bifurcations of codimen-
sion 2 and 3, bifurcations of nilpotent focus and elliptic point. The three types of codi-
mension 3 bifurcations of nilpotent singularities were presented in the study of Xiang et
al. [79], but how these codimension 3 bifurcations are organized in the system are not
discussed. From the available studies, the system can have two limit cycles [78, 79, 76],
just like the specialist predator-prey model with other Holling types of response function
studied in [60]. Currently, the available bifurcation studies are only partial unfolding of
the complex dynamics from the degenerate nilpotent singularity, the understanding of the
local dynamics still remains incomplete, not to say the global dynamics of the system.

The model exhibits three boundary equilibria and up to three coexistence equilibria,
and the complicated dynamics involves Bogdanov-Takens bifurcation of codimension 2
and 3, and bifurcations of nilpotent singularity of focus and elliptic type of codimension

3 or 4. As described by Xiao and Zhu [70], the predator-prey system of the form (3.2)
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can be locally transformed into a generalized Liénard-type system. There have been
extensive global analysis of Liénard system involving the nilpotent singularities. For
the related bifurcation studies, we only refer to Dangelmayr and Guckenheimer [129],
Khibnik et al. [130] and a recent work of Chen and Zhu [131] and references therein.
In this chapter, we will present a full bifurcation analysis of the system (3.2). Using
normal form theory we will show that it is the nilpotent focus of codimension 4 that
serves as an organizing center of the codimension 3 nilpotent bifurcations. We will also
present the bifurcation diagrams near the nilpotent singularities of focus and elliptic type
of codimension 3 using 71, 79, K7 and K5 as bifurcation parameters. For system (3.2),
one interesting observation is that we numerically show the existence of three limit cycles
in the generalist predator-prey systems.

The chapter is organized as the following. We present the existence and number of
equilibria and local stability in Section 2. In Section 3, we study the bifurcation and
complex dynamics of the system. We prove the existence of saddle-node bifurcation
of codimension 1 and 2, Hopf bifurcation, BT bifurcation and nilpotent singularity of
codimension 3 and 4. We also provide the one and two-parameter bifurcation diagrams
and the bifurcation diagram near the nilpotent singularity of codimension 3. Section 4
contains the phase portraits of system (3.1) with different parameters. We present an
example numerically to show the existence of three limit cycles. Our numerical simula-

tion illustrates the different types of coexistence of A. baccarum and E. onukii and the
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large amplitude oscillation of this two species population is possible. Finally, in Section
5, we summarize our results and discuss the implications for pest control based on our
dynamical findings. Some of the calculations were assisted by the use of Maple [132].
The phase portraits and one and two-parameter bifurcation diagrams were produced by

the Matlab [133].

3.2 Equilibrium states and local stability

3.2.1 Existence and number of equilibria

Our model (3.1) always has three boundary equilibria, Sy(0,0), S19(K7,0) and Spy
(0, K3), which represent three trivial equilibrium states respectively. For co-existence
equilibrium state, one can verify that any positive equilibrium S(E, M), if it exists, is

the intersection of the two curves

. rl(Kl—E)(a—i—E) mkE E

U (E) = = 1-
3.4
Us(E) = [mCE + 1} K[ S P(E) + 1]
and its F coordinate satisfies
K Koem? K\ K
U(E) =E® — (K, — 2a)E? + [QQ — 20Ky + 2 PRI B g2k
172 T
3.5
T maK1K2 —0.
r1

The cubic equation (3.5) has at most 3 positive solutions. We are only interested in the

non-negative solutions of equation (3.5).
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We first use K; and K, as parameters to discuss the number of positive equilibria.

r1a

The equation (3.5) has at least one positive solution when K, < “%. For the case of

Ky > ™2 some calculations and results can be found in [78, 79]. Using the formula of

m 9

Fan in [134], we can compute the discriminant of (3.5) to get

A=DB>— 4AC, (3.6)
where
K| K.
A= (K, +a)? — SR
172
B =2a(K, + a)Q _ 3mK1K2[K1i ;ij a(Try — Cm)]’
172

C = |a®> - 2aK, +

K Kyem? mK Ky]? mak, K.
179 71 T

),

and 6 = r5 + c¢m. Collecting in terms of 1, A becomes

A=A+ B4 O (3.7)
where C' = 4md® and
J dac(Ky + a)’r3
K{KG
B _ (K1 + a)?r3 + 2Ksem (K + a) (K + 10a)r: + *m?(K? + 20K,a — 8a%)ry
B K K, '

The sign of A decides the number of real roots of (3.5). The equation A = 0 may have

two real roots if A, > 0 which are denoted as r; = r1;(K1, Ky)(i = 1,2):

—B + VA, —B — VA,

K, Ky) =
Tll( 1 2) 24 24

) 7"12(K1;K2) =
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:Kl

Figure 3.2: Existence of positive equilibria (number and position) of system (3.1) with

K, and K as parameters. The light blue curve is U; (E); the orange curve is Us(E).

r% [K16+ara][K16+a(ra—8cm)]3

where A, = R

For ry < 8cm, Ky < "% and K > ¢(8cm — 1), r1; = 113( K1, Ko) (i = 1,2) defines

two curves C and Cs in (K7, K5) plane

¢ = {(Ki k)

r = Tll(Kl,Kg), K1 > %(SCm — TQ),KQ < @},
m

G = {(Ki k)

r = 7’12(K1,K2),K1 > g(Scm — 7’2)7}(2 < @},
m

and they subdivide the nonnegative cone of (K7, K5 plane into three open regions (see
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Figure (3.2)):

Vi ={(K1, K3),A >0},
Vo ={(K1, K,),Cy Uy},

VE; :{(Kl,KQ),A < 0}

In V1, V5 and V3, system (3.1) has one, two and three positive equilibria respectively.

3.2.2 Local stability of equilibria

The equilibrium Sy, has two positive eigenvalues 7 and ro > 0, it is a unstable node.
S10(K71,0) is always a saddle which means that as a generalist predator, the A. baccarum
will never go extinction.

For the pest free equilibrium point Sy (0, K5), it has two eigenvalues, one is —15 < 0,
the other is r; — mTK2 Hence it is locally asymptotically stable if Ky > 1%, is a saddle if
% > K>, and it will be a saddle-node when K, = % In later section, we will see that
So1 can be a saddle-node of codimension 2.

Now, we discuss the local stability of the coexistence or positive equilibria. Using

the expressions of Uy (E) and Uy (E), we can rewrite the system (3.1) as

dE
— = P(B)Ui(B) - M), (3.8)

dM T2
— = EM[UQ(E)—M].
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The Jacobian matrix of system (3.8) is

P(E)UI(E) + P'(E)[Ui(E) — M] —P(E)
J(E) =
7 MUY (E) — 12 M + Z2[Uy(E) — M]

(3.9)
For any positive equilibrium, if exists, the characteristic equation at the equilibrium

S(E, M) is of the form

N~ |P(E)UL(E) = (20| A+ P(B) 2 M[U3(B) - U{(B)] =0, (3.10)

If A; and )\, are the two eigenvalues, then we have the trace and determinant of J(E) are

T(J(S)) = M +X=P(E)U{(E) - M,
3.11)

D(J(S)) = M= P(E)M[Us(E) - U{(E)],
where

ri(—a—2E + K))
Klm ’

— — Kyacem
U/(F) = U(F) = ————.
(®) B = R

For any S, sign of the D(FE) is determined by the slope difference of the two curves
M = U,(E) and M = Uy(FE) at the intersection. As shown in Figure 3.3, if we denote
ki = U/(E) (i = 1,2) then when k; > ky, D(J(S)) < 0, the equilibrium point is a
saddle. If k; < ky, then D(J(S)) > 0, and the real part of the eigenvalues will be both

positive or negative depending on the sign of T'(.J(S)).
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MA

Figure 3.3: The existence and stability of the three positive equilibria S;, S, and S5 for

(K1, K3) € Vs.

It follows from (3.11) that a Hopf bifurcation may occur at S if 7'(J(S)) = 0. Also,
if k1 = ko, D(J(S)) = 0, a saddle-node bifurcation may occur. Furthermore, the equi-
librium will be nilpotent if T'(J(S)) = D(J(S)) = 0.

To summarize, as shown in Figure 3.2 and 3.3, we have the following proposition on

the number and local stability of positive equilibria.

Proposition 3.2.1. Consider the system (3.1) with parameters K, and K, < N For
m

any ri, ra, a, ¢, m > 0, we have

(1) If (K1, K3) € Vi (A > 0), system has a unique positive equilibrium S, it is a

non-saddle.
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(2) If (K1, K3) € Vo, (A =0),

(2.1) If ro < 8cm, Ky > 2a, A, = 0and (K, Ks) = (K7, K3) = C; N Cy with

a(8cm — 1ry) 27r1rac*ma
_ 2 K= 3.12
) T2 82(8em — 1) (3-12)

K] =
then, system has a unique degenerate positive equilibrium which we denote it

as Svo3 = (Eh2s, Mia3) with

K} —2a 2r1 (KT + a)?

Fios = (3.13)

(2.2) If A, > 0 or when (K1, Ks) € Cy U Cy/ (K5, K3), system has two positive

equilibria.

(i) When (K1, K>) € Cy/(K7, K3), system has the two positive equilibria
are S1(E1, My) and Sa3(Ea3, Mas), and Sag is of multiplicity 2 and a
saddle-node if T'(Sa3) # 0.

(ii) When (K1, Ky) € Cy/(K;K}), the system has two positive equilibria
S19(E12, Mys) and S3(Es3, M3), and S5 is of multiplicity 2 and a saddle-

node if T'(S12) # 0.

(3) If (K1, K3) € V3 (A < 0), system has three distinct positive equilibria. We denote
these three equilibria as S;(E;, M;) with i = 1,2,3 and F1 < Ey < E3. The

middle one Sy (Es, Ms) is always a saddle.
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3.3 Bifurcation and complex dynamics

For system (3.1), when K3 and K5 change, it can have up to three positive equilibria
which will undergo various type of bifurcations. Among the rest of 5 model parameters
r1, ra, a,c,m, we will select to add the parameters r; and r, to study the bifurcations,
hence we will use Ky, K5 and 71, 75 to present the bifurcations in the parameter space

(Kl,KQ,Tlﬂb)-

3.3.1 Saddle-node bifurcations

System may undergo saddle-node bifurcations at a positive equilibrium and boundary
equilibrium 501 (O, KQ)
It follows from the Prop. (3.2.1) that S; and S coalesce at So if (K7, Ks) € Ch.

Note that U(E) = r;‘(cﬁlg)Q > (, hence when exists, Sio is always located to the left

of the hump of the parabola. From (3.11), we have D(J(S12)) = 0, and the associated

eigenvalues, one is zero, and the other

.
Xy = Ta = P(Ey)Ul(Ey) — — My,

K,
o _27"1E122—|— [(5—7’1)K1 +T1G]E12+K1(IT’Q _ h(Elg)
Kl(a—i—E12) KI(G+E12)’
here we define that
WE) =2rE" + [6K, +ri(a — K1)|E + Kyraa, (3.14)

with £ = Ep, 0 < Eyp < K122,
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Note that %ﬁm = F12(2F15 — K1 + a) < 0, therefore A\, will change sign at most
once, and h(ry;) < h(ri2). Hence, we only need to find the nilpotent equilibria that
T'xr = 0, which separate the stable and unstable saddle-node bifurcation.

For the equilibrium Sy, if Tao = T(J(S12)) # 0, we can linearize the system at Sio

and diagonalize the linear part to obtain

&= Agpr®+z0(y) + Oy, |2, yP),

(3.15)
gy = Tay+O(|z,y*),
where
Az = 72?;25-5?12;&2;1)2) {rira(Kq + a)(a+ Er)* + Ky Koymla(em — 2ry)
— 20FE15]},
o mOK:Ky + am(Try — 2em) K1 Ky — 2ariro (K + a)2.

2T1T2(K1 + CL)Q — 6m5K1KQ

Obviously, Ay determines the codimension of the saddle-node bifurcation if Tx # 0. If
Agg # 0, then it follows from (3.15) that S5 is a saddle-node (for Ss3, the calculation is
similar).

If Ayg = 0, we have

rr902 K} Ko — Am&> KEK3 + 2arir96(10cm + 1) K3 Ky
(3.16)

+a®riry(r3 + 20emry — 8¢*m?) K Ky — 4acrir3(K, + a)® = 0.

One can verify that for any positive model parameters, if Ky = K7, Ky = K, then

Agg = 0, which corresponds to the case S1o = So3 = S1o3.
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Substituting the expressions (3.12) for K; = K, K = K into T = 0, we can

solve to get a unique solution

B _20(8cm — 1)
PN 3 2em —ry)

Therefore, T changes sign at (K7, K5, r}). When (K, Ky, 1) = (K7, K5, r7), Si23

becomes a nilpotent equilibrium which will be discussed further in Section 3.3.4.

Proposition 3.3.1. For the system (3.1) with (K, K3) € C1UCy/(K;, K3) (A =0and

Ta # 0), we have

(1) When exist, Sio and Sa3 are saddle-nodes of codimension 1 for (K1, Ky) on Csy

and C respectively.

(2) If K1 = K5, Ky = K3 but ry # ri, the unique positive equilibrium Sio = So3 =

S1o3 Will be a saddle-node of codimension 2.

Now we study the bifurcation of the boundary equilibrium Sp; (0, K3). When K, =

%, one can calculate to verify that Sy, has two eigenvalues 0 and —r5, hence it is a

saddle-node. Translate the S15(0, K> ) into the origin by letting v = £,y = M — %, we
obtain
) r(Ki—a) , m m o " 3
— _— - — DY ) O !
g Ka L aW Ty gv Olel),
. cr cr
i = oriw—ray = a4 Zay - 22— 2ty + et 4Oyl

(3.17)

71



cry

If we make a change of variables as u = z, v = <o + y, then system (3.17) becomes

U = d20u2 + &Huv -+ &3011,3 + 6~L21U21) + O(|u, ’U|4),
(3.18)
O = —rov + boou? + bryuv + bgav? + O(|u,v]?),
where
_ ri((ry —em)Ky —rpa) mo ri(em —ry) m
Q20 = y Qi = ——, A3 = — 5— , a1 = —,
arqe K4 a a’ry a
~ ((ri(em —13) — r2)K| + mirea)ric - em(ry — 1) rom
by = — 2 , by =—"—""—"=" bpp=-—".
aKyrs ars ria
Therefore, Sp; is a saddle-node of codimension 1 when as # 0.
When S5 = Sp1, we have K1 = —2%— (ry > cm), and we can verify that ayy =

ro—cm

0, dg() 7£ 0. AlSO, when 8123 = S()l, we have Kl = 2@, o = 20m, and C~L20 = 0, C~L30 7é 0.
Unlike in [79], this is a more degenerate case which may involve canard cycles and
deserves further investigation [135].

Summarizing the above discussion, we have the following proposition.
Proposition 3.3.2. For the pest free equilibrium Sy (0, K3), if Ky = 4,

(1) it is a saddle-node of codimension 1.

(2) when K, = ﬁ, and (ry > c¢m), Soy is a saddle-node of codimension 2.

3.3.2 Hopf bifurcations

Though the Hopf bifurcations were analyzed in Seo and Wolkowicz in details [78], but

their analysis did not capture all the possible cases, we will present the Hopf bifurcation
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analysis and add the other two types of (K7, K5) plane bifurcation diagrams which were
missing in their analysis. From the Prop. 3.2.1, when exists, the equilibria .S, and S3 may

undergo Hopf bifurcation(s) if
T(J(S) =kPE)- —-M=——""" =0, (3.19)

where h(FE) is defined in (3.14).
Denote the discriminant of equation h(E) = 0 as A1, and collect in terms of param-

eter K,
Ay = (0 — 1)’ K2+ 2ria(em — ry — 3r9) Ky + a2,

with its discriminant denoted as Ay = —32a2r?ry(cm —r; —1r3). The equation h(E) = 0

may have two roots if A; > 0 which we denote them respectively as

H _ Tl(Kl —CL) —K15— \/Al
47’1 2 4T1 '

H, — 7“1(K1 —CL) —K15+\/A1
1 — )

For H, 5 to be real numbers, it also requires

ra

K > (0 <7y <9).

T —
When A, < 0, then 1y < e¢m — 1o, Ay is always greater than 0. When Ay > 0, then

r1 > cm — 19, Ay > 0 when Ky > K or K; < K, with

_ 2ria(ry 4 3rg —em) + Ay

o _ 2ria(ry 4 3rg —em) — Ay
1 2 )
2(T1 — 5)

Kl a 2(7’1 — 6)2
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To ensure K;© are positive, it requires
r1 > cm — re = max{cm — ro,cm — 3ra}.

Also, one can easily find that K" > ~+%. Hence, we have the following condition to

ensure A; > 0,
Ta

K, > ——
1 7’1—5’

0<r <cm—rsy,

(3.20)
K> K}, om—ry<r; <.

Substituting H, and H, into U (E) yields the set of Hopf bifurcation which is defined

by a curve H(K;, Ky, 7r1) = 0 given by

Ky = p3 = pav A (3.21)
4(p1 + (5\/ Al)mrlKl

where

p1=0(0 — 1)Ky +1ra(0 — 4rg),

p2 = —1o[(r] — 6K + 2ar (0 + 21y + 1)Ky — a’ri],

p3 = —1o[(§ +7)(8 —11)° K} — ar [—3r] + 2(6 +1r2)ry +6(8 + 6r0) | K7
—a®r?(§ — 117y — 10r9) K + a®rd).

On the other hand, for Hopf bifurcation to occur, we need D(J(S)) > 0 (k; < k2), which

is equivalent to

27“17“2E3 —rra( Ky — 5a)E2 —2ar175(Ky — 2a)E + a(K,Kyem? — Kyariry
(3.22)

+ a’riry) >0
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Substituting H » into the (3.22) and we obtain

r2(P1 — P2V A1)

8Kiacm?r?

ro(P1 + PavAq)

8Kiacm?r?

Ky > (for Hy), Ky > (for Hs), (3.23)

where
p1=06(6 —r1)° K} — 2ria](—em — 2ro)ry — 6(cm + 41y)| K3 + ria®(em + 4r
+ 1575) K, — 4a®r?,
P2 =6(6 — 1) K2 — ria(3cm + 5ry) Ky + 4a’r?.

Therefore, under condition of (3.20) and (3.23), a Hopf bifurcation may occur at £ = H;,

E = Hyorat E = H, = Hy, when A; = 0, except when E = FEisor E = Eq; or

]
|

= Fy9 = Es3 = FEj93 where the degenerate equilibrium point occurs and the Hopf
bifurcation curve is given by (3.21).

Next, we verify the transversality condition. Let v be the real part of the eigenvalue
of S} or S, then

_2 J—
Y= lT(E) _ 2nE 4+ 0K, + 7 (a —_Kl)]E+ Klrga‘
2 2K1(0J+E)

A straightforward calculation gives

oy 0y OE —27’1E2 —4riaE — ria* + Ki(r, — em)a OF

0K, OFEO0K, 2K, (a + E)? 0Ky’

where

OFE —Kym|[(em + o) E + 14
aKQ T17’2[3E2 - 2(K1 - ZG)E + a? — QKlCL] + K1K20m2 + KlKQmTQ'
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Since F, K, 7o, c, m,a are all positive, 88—52 # 0. Also, we find g—% = 0 only when

E — E‘ _ _27”1““‘\/27“1““(1(ﬁ—cm)_t,_rla]

and the coordinate £ does not satisfy U(E) = 0.

2r1

For the positive equilibrium S(E, M), g—% # 0. Hence, 86—122 # 0, the transversality
condition is satisfied.

Moreover, we can find the point that D(.J(.S)) = 0, which is the intersection of Hopf
and saddle-node bifurcation curves. It separates the Hopf bifurcation and neutral saddle
curves. We now plot the curves A = 0 and H(K, K»,71) = 0 in (K7, K3) plane when
r1 = r] for different 5. A numerical generated partial bifurcation diagram contains both
Hopf and saddle-node bifurcations is presented in (K7, K5) plane in Figure 3.4. This
is the slices of the bifurcation diagram near the degenerate equilibrium point when 7,
is fixed. Also, the bifurcation diagram with r; varying are presented in Figure 3.8 and
Figure 3.9. In this paper, we discussed the bifurcation diagram involving four parameters
through the slices.

Different cases can happen with the two curves are tangent at different positions (Fig-
ure 3.4(a), 3.4(b), 3.4(c)) which corresponds to different type of nilpotent singularities.
The curve in blue is for saddle-node bifurcation, A = 0, which has two parts of stable
and unstable saddle-node bifurcation separated by a point associated with nilpotent equi-
librium point (Figure 3.4(a), 3.4(b)) or Bogdanov-Takens point (Figure 3.4(c)); while the
curve inred, [/ = 0 1is composed of curves segment of Hopf bifurcation curve and neutral

saddle curve which are separated by the point corresponding to the nilpotent equilibrium
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(Figure 3.4(a), 3.4(b)) or Bogdanov-Takens point (Figure 3.4(c)).
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A
KZ

@rs=05,a=1c=1m=1 b)ro=16,a=1,c=1,m=1

K2 A

(C)rgzg,azl,c:l,mzl

Figure 3.4: The diagram of Hopf and saddle-node bifurcations in (K, K3) plane when
ry = rj with different ro. SN *+ is the unstable (blue dot line) and stable (blue solid
line) saddle node bifurcation curve respectively; NS is the neutral saddle curve (red dot
line); H is the Hopf bifurcation curve (red solid line); NFP is the nilpotent focus point
of codimension 3; NEP is the nilpotent elliptic point of codimension 3; CP is the cusp

point; BT is the Bogdanov-Takens point.
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3.3.3 Bogdanov-Takens bifurcation

The analysis of Bogdanov-Takens bifurcation of codimension 2 was not included in the
studies of Seo and Wolkowicz [78] and Xiang et al. [79], we will briefly present the

bifurcation for the purpose of completeness.

Theorem 3.3.3. Suppose

7“2(a+E)2(7“2a+E5) I Kl(r2a+6E)
) 1 — 71 — =

Ky = Ko = — ,
2o E(—a—2E + Kj)

m2acE
Ki > a+ 2F and 1ty # 0, iy # 0, system (3.1) localized at S is topologically

equivalent to

T =y,
(3.24)
y = sgn(mag)z? + sgn(ii)zy + O(|z, y|?).

Proof. Firstly, we bring the co-existence equilibrium point S to the origin by the trans-

lation [136, 1371 X = E — E,Y = M — M and we obtain

X | x loo X2 + 11 XY + 10 X2V + 130X
=J@) | |+
Y Y m20X2 + mnXY + m02Y2 + mngQY + m30X3
+O(|X, YY),

(3.25)
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where

Lo lor ~ T Il Il
— E(Ky—a—2F E
J(S) = ;o= ghacie a_ )> lor = -
Ki(a+ F) a+ FE
Lo lor
IN(gacm(rga +0E) roa+ 0F mE
my = = sy Mol = ———= 1= 7 —=>
ro(a + F)3 a+ E (a+ E)?
; __771(E2+3aﬁ+a2—K1a) ~_am B ra(E — K;)
20 — Kl(a+E)2 3 21 — (a+E)37 30 —
acm I?zacm(rza +0F) Ty
mu ==, M2 = — a y Moz = ——=—
(a+ E) ro(a + F) K,
acm Ksacm(rsa + 0E)
Moy = ————=-, M3y = =
(a+B) ra(a+ By
Then under following transformation
X |z - ~ ~
=P ) P = (‘/17 ‘/2)7
Y y
where
~ 1 ~ .
V= = P(BE)k: 7
ky 0

and |P| # 0, then we have
T = Yy + ZQOCL'2 + Zuxy + Zong + O(|ZL’, y|3),

y = mgol‘z + mnxy + m02y2 + O(’(L’, y|3)7
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- rea +0FE - acm — 2rsa — 20E - 1
20:_(a+E)27 hn = (roa + 0E)(a+ E)’ 02:_7“2(1—1-5@’
—— (K1—2_a—3ﬁ)(r2a+(5_ﬁ)2’ _ _(Kl—a—3E_) |
(a+ E)3 (K, —a—2F) E(K; —a—2FE)
iy = —60E" + [2K16 — 4a(3r + cm)]E2 + 19a(3K, — Ta)E + rya®(K, — a)

E(—a—2E+ K))(a+ E)?

Then we use the following near-identity transformation
u=x, v=y+ b’ +hizy+ Iy’ + O(z,y*),

and if we change u, v into z, y, we obtain

T =y,

(3.27)
gy = mgr? + muzy + O(|z, yl?),

where
(K| — 2a — 3E)(rya + 0E)?
(a +E)3(Kl —a— ZF)

_2%E — 4ryal — roa(Ky — a)
Ela+E)(K,—a—2E)

Moy = Mgy =

)

My = My + 2y =

If Mgy # 0 (K7 # @) and my; # 0, and we make a rescaling of coordinates and

time by

A 2 A
m
20 _
y? T == ta
1 20

Mo
T, Y=

X = —
miy mi

and rewrite X, Y, 7 into x,y,t, the system (3.27) is topologically equivalent to system
(3.24). Also, we can verify that 1My, = 0 when S = Si93. We will discuss it in details in

the section 3.3.4. ]
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And if T'(J(S)) = 0, we have

_2 p—
K- 20E" + ra(4E + a)' (3.28)

raa
When K, K, r; satisfy the condition in theorem 3.3.3 and 3.28, we can verify that

— _2 J—
O0F)(20F E— 2
Fu = 0. Tg = (roa + )(_ —|—_'r’2a roa?) 40,
9E(a+ E)?

Hence, S is a cusp point at least codimension 3. To determine its codimension, we need
to calculate the coefficient of %y term in the normal form 3.24. We will not do the
computation here as Xiang et al. [79] showed that the existence of cusp type Bogdanov-

Takens bifurcation of codimension 3.

3.3.4 Bifurcations for the nilpotent singularity

Though the relative bifurcations called focus and elliptic type of BT bifurcation of codi-
mension 3 were carried out in Xiang et al. [79], we present the analysis of bifurcations
for the nilpotent singularity followed the terms and classification given by Dumortier et
al. [127] and in Zhu and Rousseau [128], to find the organizing center for the system
(3.1). Also, we present the bifurcation diagram near the focus and elliptic type of nilpo-
tent singularity of codimension 3 based on the analysis of Dumortier et al. [127], which
is not included in Seo and Wolkowicz [78] and Xiang et al. [79].

It follows from the Prop. 3.2.1 and 3.3.1 and the discussion about Hopf bifurcations,

a straightforward calculation can conclude that the system (3.1) has a unique positive
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equilibrium S;53 which can now be written and denoted as S* = (E*, M*) with

o a(2em — 7’2)7 M — 12mc2a |
0 2cm — 1y
if
a(8c¢m — 1) 18ryac*m 26(8em — ra)
! ! ) ’ 2 2 (2em —1y)0” e 3(2em — 1)
(3.29)

Theorem 3.3.4. For system (3.1) with all positive parameters and (K1, K, 1) satisfying
(3.29), the equilibrium S*(E*, M*) is a nilpotent singularity of codimension at least 3,

and the system (3.1) localized at S* is topologically equivalent to

T =y,

(3.30)
y = —2®+bry — 2*y + y*Qua(x,y),

Tro—8cm

where b = S(3em—ra)"

Furthermore, if we fix the parameters a, c, m, and depending on the value of 5, we have

(1) When 24*{3_80771 < 19 < 2cm, S* is a codimension 3 nilpotent sigularity of elliptic

type.

(2) When 0 < ry < %cm, %cm <1rg < 24‘{3_80771, S* is a nilpotent singularity of the

focus type of codimension 3.

24v/2—8
17

(3) whenry = %cm or

cm, the equilibrium S* is nilpotent point of codimension
> 4.
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Proof. Firstly, we translate the degenerate equilibrium S* to the originby X = F — E*,

Y = M — M* and expand system (3.1) in the neighborhood of the new origin, we will

have
X X Q/QOXQ + CL11XY + CL21X2Y + (130X3
= J(S%) +
Y Y b X2 + b1t XY + boaY? + by X2Y + byoX? | (33D
"‘Ql (X7 Y)7
where Q;(X,Y) = O(|X,Y]?) and
aip Qo1 2
26 (—2cm + 1) 4co
(57) ;410 3 Qo1 3¢ ) 10 3(2cm — ry)’
bio o1
; 20 52 —2(cm — 2r9) 62 53
o 37 M 9ame2” T 9mea(em — 1)’ 0T 2Ta?m?cd
46* . (62 . 463
a — — g = —
%0 27a2c2m?(2cm —15)" - 9acm’ 0 9am(2em — ry)’
b — (2em — 19)d b — 53 b 464
02 18amc® 2 27a2m? T 27a2em?(2em —ry)’

Next we transform the linear part of the system (3.31) to the Jordan canonical form

and find that J(S*) is nilpotent. Note that the generalized eigenvectors associated with

the zero eigenvalues are V; = (222 §)', V, = (0,—3)" which satisfy J(S*)V} =

0,J(S*)Va = V4. Let P = (V4, V,), then under the non-singular linear transformation
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with |P| = —W < 0, system (3.31) becomes

T o= y+anr®+azr® + y(apz + anz?) + @11(93, Y),

(3.32)
§ = byox® + y(bnz + by a®) + booy® + Qualz,y),

where Q;(x,y) = O(|z,y[*), (i = 1,2), and

~ —23m3 — 3c*mPry + 13 §(2em —ry) 52

a0 = 30 = ———— 22 Gy =

20 9ac*m r 0 54a2c*m2 T T 6actm’
~ 8 (2em —ry)  ~ 64 (4em + 1) (2em — 7o)
= —pea o Do = 2eim? )
36a<c*m 162a%c*m
~ r90? ~ §3(dem +1r9)(2em — 1)~ d(2em — rg)
b1y = 5 b= -— 2 4,2 b= — 5
6ac*m 108a*c*m 12ac*m
Thirdly, we use the following near-identity transformation
u=x, v=y+ans’ + a3z’ + y(ans + anz’) + @11(% Y)
and if we change u, v into z, y, we obtain
To=y,
(3.33)
Yy = —bx® +y(bnx — byna®) + y*Qua(x, y),
where
o M*2em—r9)* o 0*Bem —Try) . 8% (2em —ro)(dem + Try)
0T 81a2cAm2 T T T 18acm = ' 108a2c*m? ‘

If we make a rescaling of coordinates and time by

b % b
2 .y = 21y, T:Agot



and rewrite X, Y, 7 into x, y, t, system (4.35) becomes

T =y,

(3.34)
y = —2®+bry — 2%y + y*Qua(x,y),

Tro—8cm

where b = m

It follows from the classification criteria for the nilpotent singularity in [127, 128],
we have that if 24‘[ M-8y < 1y < 2em, then b > 24/2, S* is a nilpotent elliptic point of
codimension 3. It is a nilpotent point of focus type of codimension 3 when 0 < b < 21/2

or (2em < 1y < 24{ 8em). Ifrgzgcm(b:O)orrgz%[ 8em (b = 2V/2), itis a

7

nilpotent singularity of codimension > 4. 0

In Figure 3.5, we simulate and present the 3 types of nilpotent singularity classified
in Theorem 3.3.4 with parameters selected for each of the cases. Figure 3.5(a) and 3.5(b)
represent the two cases of nilpotent focus, nilpotent elliptic point of codimension 3 is pre-
sented in Figure 3.5(c), and the most degenerate case of nilpotent focus of codimension

4 is presented in Figure 3.5(d)).
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0 05 1 15 2 25 3 35 4 0 02 04 06 08 1 12 14 16 18 2

(a) Nilpotent focus(b < 0) (b) Nilpotent focus(0 < b < 2v/2)

(c) Nilpotent elliptic point (b > 2V/2) (d) Nilpotent point of codimension at least 4

Figure 3.5: The phase portrait of different type of nilpotent singularity when fixed a =
1,¢ = 1,m = 1. (a) Nilpotent focus of codimension 3 (b < 0): r, = 0.5, K; =
5, Ky = 4,71 = 5; (b) Nilpotent focus of codimension 3 (0 < b < 2V/2): 1y = 1.2,
K; = 3.0909, Ky = 12.2727,r; = 12.4667; (c) Nilpotent elliptic point of codimension
3(b>2v2):ry = 1.6, Ky = 2.3333, Ky = 27.6923, 7, = 27.7334; (d) Nilpotent focus

of codimension 4 (b = 0), r; = %,Kl =32, Ky, =11.2,r = %.

It is worth pointing out that the most degenerate case occurs when r, = %cm, and
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then the system (3.1) localized at S™ is topologically equivalent to

T =y,
(3.35)

y = —x3— 2%y

System (3.35) is the 3-jet of nilpotent focus of codimension 4. This is also the cubic
Liénard equations. In the work of Khibnik et al. [130], they called it doubly degenerate
Bogdanov-Takens point with no quadratic terms in the normal form. There are different
type of unfolding of this nilpotent singularity of codimension 4, which is analyzed by the
Dangelmayr and Guckenheimer (1987) [129] and Khibnik et al. (1998) [130]. From their
analysis, we can obtain that three different types of codimension 3 bifurcation, Cusp type
Bogdanov-Takens bifurcations of codimension 3, focus type and elliptic type of nilpotent
singularity of codimension 3 can bifurcate from this nilpotent singularity of codimension
4. This nilpotent focus of codimension 4 serves as an organizing center for the complex
dynamics of the system (3.1).

We summary the above bifurcation analysis in the table 3.1.

As in the available bifurcation studies [78, 79, 76] where K and K, were commonly
used as bifurcation parameters, here we will add 7; as the third parameter, namely we
will study system (3.1) for parameters (K, K5, ) in a neighborhood of (K7, K;,77) to
explore the complex dynamics which can be bifurcated from the codimension 3 nilpotent

singularity S*.
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Table 3.1: The summary of different type of bifurcations in system (3.1)

Conditions Types of bifurcation codimension
Pest free equilibrium Sp; (0, K1),

Ky = %, Saddle-node 1
Ky =% K, = %(7‘2 > cm); Saddle-node 2
Coexistence equilibrium S(E, M),

U(E) =0,k =ky, T(J(S))) #0; Saddle-node 1
U(E) =0,k = ky, U'(E) =0, T(J(S)) #0; Saddle-node 2
U(E) =0,T(J(S)) =0, D(J(S)) > 0; Hopf >1
U(E) =0,k = ky, T(J(S)) = 0; Bogdanov-Takens 2
U(E) =0,k = ky, T(J(S)) =0, T'(J(S)) = 0; Cusp type Bogdanov-Takens 3
UE) =0,k =ky, U'(E)=0,T(J(S)) =0, Nilpotent singularity >3
To € (%cm, 2cm); Elliptic type 3
ry € (0, 2em) U (Bem, 24‘{3_80771), Focus type 3
ro = Sem; Focus type 4
Ty = 24‘{2’80711, Elliptic type >4
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Let

Ky =Ki+e, Ko=Kj+e, =1+,

where € = (€1, €2, €3) and |e| is sufficiently small. Then we will study the bifurcation of

the following unfolding system

dE E mEM
— = (] Ell- -
dt (ri + e3) ( Kf+61) a+E’
(3.36)
dM M cmEM
— = roM|1-— .
dt " ( K§+62)+a+E

Theorem 3.3.5. For parameters |¢| sufficiently small and any other positive parameters

a,c,m, system (3.36) is a generic unfolding of the codimension 3 nilpotent singularity

24[ VIS em < ry < 2cm, of focus type when 0 < vy < Scm and

of elliptic type when 2

8em < 1y <24\f8

7 cm

Proof. It has been shown by Dumortier et al. [127] that a generic unfolding with the

parameters (p1, fto, i13), of codimension 3 nilpotent singularity is C'™ equivalent to

To= Y,
(3.37)
g = py+ per — 23+ y(us + bx — 22 + O(2?)) + 4°Q(z, v).
We will show that system (3.36), with parameters € = (€, €, €3), is also a generic unfold-
ing of codimension 3 singularity by showing that there exist smooth coordinate change
which take (3.36) into (3.37) with 2\ukza)| 0 £ ().

D(e1,€2,€3)

When € = 0, the system (3.1) has a nilpotent equilibrium S*(E*, M*). Let x =
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E — E*,y =M — M*. When |¢| is sufficient small, the system (3.36) becomes

T = Ln(x)—i-yL12(x),

(3.38)
Yy = Loi(x) + yLao(z) + Q2y?,
where
Lo (o) a(2cm — r3)(26%€; + 18acmes + 3d¢€;€3)
€Tr) =
H 36 (€10 + a(8cm — 13))
N 60%€1 + 3a(4em + 12)es + 3deres + 2ad(8cm — 1)
3(61(5 + a(8em — 7“2))
46%€; — 9acm(2em — ry)dez — 2ad%(8em — 13)(ecm — 2r3)
x
9acm(2cm — r2) (€16 + a(8cm — 1))
— O(z*
27a%c*m?(2em — rg)x + 0,
2cm — 1y 5 53 5t
L — o 2 3 O 4
12(2) 3c 9azm” " Ma@EmE” T ldams” (7).
2mo? 4ch? 463
Loy (7) = SacTmo"es + ‘ x — z?
18ac?mry + (2cm — 1ro)dey — 3(2em — 13) 9am(2em — 13)
0] 4
27a%2em?(2em — Tg)x +0(),
Lon(x) —36ac’*mryd + 2(2cm — ry)d%es 5 -5,
€Tr) =
22 Sdac?mry 4+ 3(2em — r9)des 9acm 27a%c?m?
+ " +O(z")
— x
8ladc*m? ’

—r9(2em — 13)d

Q2

- 18ac?mry + (2em — r9)dey

Then, we make the following transformation

r1 =z, Yy = Li(x)+yLlz(x).
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System (3.38) can be transformed into

',L:I = Y,
(3.39)
o= zm(%) + y1z21($1) + yf@2(9€1),
where
Lo1 (1) =doo + drox1 + doox’ + dsoxs + O(7),
ZQQ($1) :d()l + dllxl + dgll’% + dgl.rzf + O(I‘zll),
with
4(2em — 1r9)6? 27ac’mr
00 :27(cr2(80m i)rz) [3670261 ~ (Bom —ra)e; + T263 +O(lel)|
203 54ac?m?r
dqo :27acmr2(8cm ) [r2(14cm —1ra)e; — 2m(8em — 1ry)ex + TQE?)
+0(leP).
P 64 (2em — 1ry)? [207"2(26027712 — 2emry —13)
= €
* 781023 m2ry(8em — 1r3) (2em — 1) (2cm —1y)? !
27ac’mr 464
+ (8em — r)er — = 2€3+0<|e|2)}, dso = — 55— + O(e))
(2em — ry)25? 18c¢2mry 27ac*mrs 9
do1 = 8em — s e 10,
' T2Tacmry (8cm — 1) | 2em — 1y €1+ (Bem —ro)es 5z + O]
(8cm — Try)d? (dem + Try) 8
dy = — 0] dyy = — O
" 9acm(2cm — rg) +O(el),  da 27a%2c2m?(2cm — o) +O(el),
8cm + 11ry)64
dgy = ( 2) +O(Je)).

 81a3Am3(2em — 1y)
Then, we reduce the Ly (21) to —23 + us2; + u1[60]. Note that for e sufficiently small,

dso(€) = 2L1(0) = Mompra)t O(le|) # 0, we make the translation

ox3 8la2c2m?

Tog =1 —|—@ Yo=Y
2 1 3d30’ 2 1
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which brings the system into

I:Q = Yo,

Yo = Z21(332) + y2Z22($2) + ygéz(fﬁz),
where

z21($2) 26700 + CZO$2 - Cﬂivzo@ + O@%)a

Z22(952) :gol + 6711~’L“2 + 67211'3 + O(ﬂ’?%)7

Then, if we rescale y, and time ¢ using

Y2 -~ 1
Ys = —
\/ dSO

the coefficient of 25 becomes 1 + O(|es]). We have

r3 = T,

1:3 = Y3,
:1/'3 = Zﬂ (373) + y3z22(x3) + yg,ég(l'?,),
where

z21($3) 26700 + 6710$3 — 2+ O(z3),

zzz(xs) :%1 + Cinxz - 6721$§ + O(:cﬁ),
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with

= 3a*cm?*(2cm —1y) 27ac*mry )
d()() = 7’2(80m — 7”2)62 |:3C’f‘2€1 — (8cm — 7’2)62 - 52 €3 + O(|€| ) )
= 3acm 54ac®m?ry
dyg = 3ra(8cm — 1) [7"2(14cm —1ra)er — 2m(8em — ra)ex + — 6
+0(1eP).
’év 1 [ 2cry(64¢3m3 — 54c®*mPry — 30cmrs + Tr3)
= - €
O 2ery (8em — 1) (2em —19)? '
27ac*mr3
+ (8cm — T2)2€2 — TZE?, + O(|€|2>]>
= Try — 8cm = (dem + Try)é
N 22em — 1) FO(el) dn Gacm(2cm — 1) +O(e)

Using the Malgrange preparation theorem, we can reduce the Zzl (x3) to c?oo +(710:B3 — :1:§

For system (3.41), d; (0) = —Uomi™2)0 g Thus, we reduce the Los(x3) to

6acm(2cm—r2)

~ =2

us+brs — 2+ O(x3) by rescaling the x3, s, t using x4 = A3, Yy = doy Y3, T= E%%V.
21

Now if we rewrite x4 ,y4 ,7 into x, y, ¢, then the system becomes

r =y,
(3.42)

y = CZ()O + CZlol’ — 1'3 + y[CZ()l + Cinl’ — .Z‘z + O(ZES)] + yZQQ(x),

94



where

(dem + Trg)3d
T2ac?mry(8cm — r9)(2em — 13)?

27ac’mry
5z

doo = [307’261 — (8em — r9)es +

+O(lel) ],

(4dem + Tre)?0
36acmry(8cm — 13)(2cm — 13)?

54ac?m?®ry

(6

dio =

[r2(14cm —19)€1 — 2m(8cm — ry)ey

es +O0(lel")]

(dem + Try)d
144ac?mry(8cm — r9)(2em — 13)

B 2cry(64cm® — 54c*mPry — 30cmri + 7r3)

(2cm — 19)?

27ac*mr3

i = -

[(8cm — T2)2€2 - €3

&1+ 0(1e)].

A Tro — 8cm
dy = —2 + O(Je]).

2(2em — 19)
Then, if we denote dog = (€1, €2, €3), dig = pa(€r, €2, €3), dor = pz(€r, €2, €3), dix =
b(e, €2, €3), since o < 2cm, we can verify that

_ d(4em + Trg)"
o 2304a2c3m2ry(8cm — 1) (2em — 1o)?

‘8@1,#2,#3) >0 (3.43)

8(617 €2, 63)

Thus, the transformation of parameters is nonsingular. The system (3.36) with parame-
ters € = (€1, €9, €3), is a generic family unfolding the codimension 3 nilpotent singular-

ity. ]

3.3.5 Bifurcation diagram

Based on the bifurcation analysis of Dumortier et al. [127], we present the bifurcation

diagrams in the following two figures, Figure 3.6 and 3.7. The bifurcation set is a topo-
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logical cone with vertex at 0 € R?, composed of surfaces and lines which are transversal
to the spheres S = {(u1, po, p3|p? + p2 + p3) = 0,0 < 0 < 1} by removing one point
outside the bifurcation set, on the hemisphere p» < 0. The vertical coordinate is p3; the
horizontal coordinate is y; oriented to the left.

In the bifurcation diagrams shown in Figure 3.6 and 3.7, there are three points labeled
as Cusp for cusp point, BT for Bogdanov-Takens point and DH for degenerate Hopf
bifurcation point. The bifurcation curves presented include the curves of saddle-node
bifurcations (SN), Hopf bifurcations (H), Homoclinic bifurcation (Hom) and saddle-

node bifurcation of limit cycles (S N;.).

96



Cusp

Figure 3.6: The bifurcation diagram of focus type nilpotent singularity of codimension

3.
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Cusp

Figure 3.7: The bifurcation diagram of elliptic type nilpotent singularity of codimension

3.

In order to understand the dynamics for the interaction of the two species in different
sizes of tea garden, we will numerically investigate and present the bifurcation diagrams

in (K, K) plane with different value of r; for both the focus and elliptic cases.
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Focus type From the Theorem (3.3.4), we know that the nilpotent singularity of

parameters vary in subregions , referring to Figure 3.6.

99

Table 3.2: Collections of phase portraits for the system in the elliptic case when the

codimension 3 is focus type when we fix four parameters a = 1,¢c = 1,m = 1 and
ro = 0.5. Then, we plot the bifurcation diagram in (K, K5) plane with different r; by
choosing 7, = 0.5. From Figure 3.8(a) - 3.8(e), we can see the changing trend of relative
position between the Hopf bifurcation curve and saddle-node bifurcation curve. When ¢
decreases from 6 to 4, the Hopf curve moves toward rightward from the outside of saddle-

node bifurcation curve to the inside, without changing the structure in Figure 3.8(a).




@HE)

@.‘).@
)

Table 3.3: Collections of phase portraits for the system in the elliptic case when the

parameters vary in subregions, referring to Figure 3.7.

When r; keeps decreasing, the Hopf bifurcation curve changes the shape as show in
Figure 3.8(e).
The saddle-node bifurcation curve is composed of the upper part, the lower part

and the intersection point cusp point, while the Bogdanov-Takens point separates the
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saddle-node bifurcation curve into two part with stable saddle-node bifurcation curve
and unstable bifurcation curve. The Hopf bifurcation curve is tangent to the lower part
of saddle-node bifurcation curve in Figure 3.8(e) (r; = 3.5) and 3.8(d) (r; = 4), while
the Hopf bifurcation curve is tangent to the upper part of saddle-node bifurcation curve
in Figure 3.8(a) and 3.8(b) (r; = 6). In Figure 3.8(c) (r; = 5), the parameters satisfy the
condition (3.29) in Theorem 3.3.4 at which the nilpotent point of codimension 3 occurs
when cusp point and Bogdanov-Takens point of codimension 2 coincide. In this case,
the Hopf bifurcation curve is tangent to both stable saddle-node bifurcation curve and
unstable saddle-node bifurcation curve. Also, the number of degenerate Hopf point is
changed from O to 2 when r; changes from 3.5 to 6 pass through r; = 7 = 5. We
simulate the bifurcation curve of saddle-node bifurcation of limit cycle near the degen-
erate Hopf bifurcation point. In the region c between the bifurcation curve of subcritical
Hopf and saddle-node of limit cycle, the system (3.1) can have two limit cycle, one sta-
ble and the other is unstable, which is verified by the numerical simulations as whow in

Figure 3.12(c).

101



58

56

54

BT ,/'/’ f

v 52 - 48 7 g
,,/// Q <
5 478 CcP
b / a
»
48 _cpBT 476
o
—"DH
46 474
44 .
4 5 6 49 495 5 5.05 5.1 5.15 52 525 53
K1
(@r, =6 (b) 71 = 6, zoom near BT point
ar 35-
39~ 34
38~
33~
a
37 a
a 32-
c\l V4 g8 o
DH - 34+ d
* f 38 d e
34r lZ 3 e
b oH f o —7 |
- 33 = 29 *
H e cP e f
8T P ’
32 or 28 ¥
35 4 45 5 55 6 6'5 75 5 55 6 65 7 75 8 5 6 7 8 9 10
K1 K1 K1
©)rm =5 (dri =4 e)rp =3.5

Figure 3.8: Bifurcation diagram for the nilpotent focus of codimension 3 in (K, K>)

plane with different r; when a,c,m = 1 and 7, = 0.5. The green solid and dot lines

are the stable and unstable saddle-node bifurcation respectively; red solid and dot line

represents the supercritical and subcritical Hopf bifurcation; cyan line stands for the

saddle-node of limit cycle; magenta line is neutral saddle curve not the bifurcation curve.

DH is the degenerate Hopf point; CP is the cusp point; BT is the Bogdanov-Takens point.
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Elliptic type As the same with focus type, we fix four parameters a = 1,¢ =
1,m = 1 and r, = 1.6, and the nilpotent singularity of codimension 3 is of elliptic type
according to the Theorem (3.3.4). Then, we plot the bifurcation diagram in (K7, K5)
plane with different ;. Compare to focus type we can see the similar changing trend of
relative position between the Hopf bifurcation curve and saddle-node bifurcation curve
and the number of degenerate Hopf point, from Figure 3.9(a)- 3.9(e). The Hopf curve

moves rightward with decreasing 71, and it finally changes the shape. However, the most

ria
m

part of parameters are in the region Ky > where 5] is in the negative quadrant in

Figure 3.9(d) and Figure 3.9(e). In order to show the moving trend of Hopf curve, we still
present the bifurcation diagram which contains the parameters in the region Ky > “1%.
Another difference is that the Hopf bifurcation curve is tangent to the upper part of
saddle-node bifurcation curve when r; < 7] instead of the lower part of saddle-node
bifurcation curve in focus type. Whereas r; > ], the Hopf bifurcation curve is tangent
to the lower part of saddle-node bifurcation curve. We did not present it in Figure 3.9
due to the redundancy. Also, in elliptic type bifurcation diagram in (K7, K3) plane, there

ria

are two Bogdanov-Takens points, we omit the one in the region of K, >
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Figure 3.9: Bifurcation diagram of the codimension 3 nilpotent elliptic point in (K, K5)
plane with different 7y and @ = ¢ = m = 1, r, = 1.6. The line colors and points

explanation are the same as in Figure 3.8.

Next, we plot the one-parameter bifurcation diagram to explain the model dynam-
ics. First, we present bifurcation diagram in (¥, K;) plane with different K5 as shown
in Figure 3.10 and bifurcation diagram in (E, K5) plane with different /K as shown in

Figure 3.11. In general, reducing the carrying capacity of E. onukii population in the tea
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plantation to a certain low level, the low level of E. onukii population state can be sta-
ble under different carrying capacities of A. baccarum, and pest suppression is possible.
With the decreasing of carrying capacity of E. onukii, one can see that the system may go
through a stable state of high E. onukii to the gradual excitation of oscillations around the
unique equilibrium, and a stable state of low E. onukii (Figure 3.10(a)). For an environ-
ment that is not suitable for E. onukii, the pest E. onukii can be effectively controlled, yet
this may not always work. For some level of the capacity for A. baccarum, the E. onukii
population can still outbreak even though the capacity of E. onukii is reduced when the
initial capacity of E. onukii is relatively high (Figure 3.10(b) - Figure 3.10(f)). Also,
the initial condition plays an important role. Different initial states can lead to different
equilibrium states, low level of E. onukii or the large-amplitude oscillation of E. onukii
population (Figure 3.10(f)).

When we fixed the carrying capacity of E. onukii, increasing the capacity of A. bac-
carum may be effective to control E. onukii (Figure 3.11(d), Figure 3.11(h)). However, in
other cases, increasing the capacity of A. baccarum may not be effective from the begin-
ning. On the contrary, it may induce a large amplitude oscillation of E. onukii population.
Small increases in the carrying capacity of A. baccarum may lead to an opposite effect.

The initial state of the E. onukii is also important for the pest control (Figure 3.11(d)).
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Figure 3.10: Bifurcation diagrams in (F, K7) plane shown different scenarios of chang-
ing K5. We fixeda = 1,c=1,m = 1, and (a)-(d) v, = 0.5, = 6 (focus type), (e)-(f)
ro = 1.6, = 26 (elliptic type). H is the Hopf point; SN is the saddle node; NS is
the neutral saddle point. The blue and red color represent the equilibrium is stable and

unstable, respectively.
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Figure 3.11: Bifurcation diagram in (£, K5) plane with different K;. We fixed a =
l,c = 1,m = 1, and (a)-(d) o = 0.5,7; = 6 (focus type), (e)-(h) o = 1.6,r; = 26
(elliptic type). H is the Hopf point; SN is the saddle node; NS is the neutral saddle point.
The blue and red color represent the equilibrium is stable and unstable, respectively.
Note that we did not present the cases of elliptic type which is similar to focus type due

to redundancy.
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3.4 Numerical simulations and existence of three limit cycles

In this section, we will carry out numerical simulations and plot phase portraits by choos-
ing different parameter values in the subregion of bifurcation diagram to explain the

complexity of the dynamics.

Focus type When the parameters (K, K5) in region from «a to j in Figure 3.8, all
the phase portraits are presented in Figure 3.12. It contains all the possible solutions of
system (3.1) when the nilpotent singularity of codimension 3 is of focus type.

In the case 3.12(a) to 3.12(c) , the system has one unique positive equilibrium, and
it goes through from a stable node to an unstable node through a Hopf bifurcation, then
becomes a stable node again. The system (3.1) has three equilibria in case 3.12(d) to
3.12(j) which happens when the parameter (K7, K) are in the inside of saddle-node
bifurcation curve. The S; is always stable while .S changes from stable node to unstable
node through a Hopf bifurcation as shown in the case 3.12(d) to 3.12(f). In the case
3.12(h) to 3.12(j) , .Sy is always an unstable node while S5 goes through stable node to
unsatble node, and the system always has a large amplitude stable limit cycle outside the

three equilibrium points.
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Figure 3.12: The phase portrait of system (3.1) with a nilpotent singularity of focus type.
Here when fixed 7o = 0.5,7; = 6 in the generic regions of parameters (K1, K,). The
regions (a)— (j) correspond to the regions of bifurcation diagram in Figure 3.8. The blue
line represents that the solution is stable, while the red line stands for unstable solution.

Also, we use red dot line to clarify the situation that .S; is unstable and Sj is stable.
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Figure 3.12: (Continued) The phase portrait of system (3.1) with a nilpotent singularity
of focus type. Here when fixed 7o = 0.5,7; = 6 in the generic regions of parameters
(K1, K3). The regions (a) — (j) correspond to the regions of bifurcation diagram in
Figure 3.8. The blue line represents that the solution is stable, while the red line stands
for unstable solution. Also, we use red dot line to clarify the situation that S; is unstable

and S; is stable.
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Elliptic type For system (3.1) with a nilpotent singularity of elliptic type, we present
the phase portraits when the parameters are in the corresponding regions from a to 7 in
Figure 3.9. In the case 3.13(a) to 3.13(c), the phase portrait of the system shows the same
structure as in focus type.

The system has one unique positive equilibrium, and it has one stable limit cycle
in Figure 3.13(b) and two limit cycles in Figure 3.13(c). The system (3.1) has three
equilibria in the case 3.13(d) to 3.13(i) which happens when the parameter (K, K>) are
in the inside of saddle-node bifurcation curve. The S is always stable while S3 changes
from a stable node to an unstable node through a Hopf bifurcation, then to a stable node
again in the case 3.13(e) to 3.13(i). But we did not find the large amplitude stable limit
cycle outside the three equilibrium points in the elliptic type, which also proved in the

studies of Dumortier et al. [127].
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Figure 3.13: The phase portrait of system (3.1) with a nilpotent elliptic singularity when
fixed 1, = 1.6,7; = 26 in the generic regions of parameters (K, K5). The regions
(a) — (i) are correspond to the regions of bifurcation diagram in Figure 3.9. The blue
line represents that the solution is stable, while the red line stands for unstable solution.
Also, we use red dot line to clarify the situation that S is stable and S3 is unstable. In
case (e) and (i), the S; and S5 are stable.
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Figure 3.13: (Continued) The phase portrait of system (3.1) with a nilpotent elliptic
singularity when fixed 7, = 1.6, 7, = 26 in the generic regions of parameters (K, K»).
The regions (a) — (i) are correspond to the regions of bifurcation diagram in Figure 3.9.
The blue line represents that the solution is stable, while the red line stands for unstable
solution. Also, we use red dot line to clarify the situation that Sy is stable and S3 is

unstable. In case (e) and (i), the S; and S; are stable.
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Figure 3.14: The most special case that the system have three limit cycles when /; =
2.5868, Ky = 27.78,r1 = 27.783333334, and r, = 1.6,a = 1,c¢ = 1, m = 1. The initial
conditions for solution curves in black, red and blue are (xo,70) = (0.5316,33.81);

(0.5164, 33.69) and (z0, yo) = (0.2931, 31.01), respectively.

Three limit cycles in the system with singularity of elliptic type We want to
point out is that we find a special case that for the system (3.1) with a nilpotent elliptic
equilibrium, the system can have three distinct limit cycles when K; = 2.5868, Ky =
27.78,r1 = 27.78333334, r, = 1.6, a = 1, c = 1, m = 1, a case corresponds to the
region c in Figure 3.9(c). The largest limit cycle shows that the slow-fast pattern. And

the period is around 150 days which is close to the life span of the A. baccarum (81-114
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days [27], varied with local climate).

This case of three limit cycles may occur in parameters between the homoclinic bi-
furcation and the limit point of limit cycle bifurcation, a case similar to Shan et. al (2016)
[137], where they numerically showed the existence of the three limit cycles when the
system has three positive equilibrium in the most degenerate case of nilpotent singular-
ity. The existence of three limit cycles also is presented in the global analysis of the
cubic Liénard equation in Khibnik et al. (1998) [130]. Also, the number of limit cycle in
system (3.1) may be at least 4 when consider the bifurcation of the most degenerate case
Ty = %cm, the nilpotent focus of codimension 4 [130]. As for the exact number of limit
cycles which can be bifurcated from the nilpotent focus of codimension 4 in the system,
it still remains an open problem which is associated with the bifurcation of a Liénard sys-
tems and even with the famous Hilbert sixteenth problem for planar polynomial systems.
This existence of three limit cycles also manifests that the complexity of the dynamics

of the generalist predator A. baccarum and prey E. onukii in tea plantation can be much

more complicated with bi-stability and even tri-stability.

3.5 Conclusion and discussion

In this chapter, we establish a predator-prey model for the tea green leathopper pest E.
onukii and their predatory mite A. baccarum as a generalist predator. The euryphagous

nature is crucial for the predator to survival in nature, and it is a very important character-
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istic of the species which leads to easier coexistence of the two species. The look-simple
two dimension model exhibits very complex dynamics. Through bifurcation analysis, we
have shown that there can be different equilibrium states (see Figs. 3.12 and 3.13) when
the parameters vary in tea plantations, and the associated bifurcations and dynamics of
these equilibria reveal the possible scenarios.

The eradication of the pest E. onukii is difficult. Even though when the carrying

ria
m

capacity of the predatory mite A. baccarum is high enough (/{; > ), the pest-free
equilibrium is locally stable. But it still exists the stable equilibrium state of high E.
onukii population. The pest eradication also depends on the initial condition of E. onukii
population, as observed in Seo and Wolkowicz (2020) [78]. Hence, it is plausible to
suppress the pest rather than eradicate it. The analysis of the coexistence equilibrium is
also crucial for the pest suppression strategy.

It turns out that the co-existence of these two species is always possible. We can
classify the phase portraits of the system (3.1) when (K, K5) is in different regions
while r; is varied. By the local stability and bifurcation analysis of all the equilibrium
states, we summarize the different possible types equilibrium state in Table 3.4, varying
from single equilibrium, single limit cycle, two equilibria, two equilibria and limit cycle,
equilibrium and limit cycle with the number of 1 , 2, even 3. And it may have more

types of coexistence state when the growth rate of generalist predator (r;) varied. There

are many different combinations and types of coexistence of the two species E. onukii
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and A. baccarum when the external condition changes. Also, it is possible to have a
stable coexistence of E. onukii and A. baccarum in different states for the same external

conditions.

Table 3.4: The classification of the phase portraits of the system (3.1) with a nilpotent

singularity

Equilibrium state Focus type Elliptic type

Single equilibrium Figure 3.12(a), 3.12(f) Figure 3.13(a), 3.13(f)
Monostablity Single limit cycle Figure 3.12(b), 3.12(j) (surrounding 3  Figure 3.13(b)

singularity)

Two stable equilbria  Figure 3.12(d) Figure 3.13(d), 3.13(i)
Equilibrium and 1 Figure 3.12(e), 3.12(g) (surrounding Figure 3.13(e), 3.13(g)
limit cycle 3 singularity)
Bistability Equilibrium and 2 Figure 3.12(c), 3.12(h) (2 surround- Figure 3.13(c)
limit cycles ing 3 singularity), Figure 3.12(i) (1
surrounding 3 singularity)
Equilibrium and 3 Figure 3.14

limit cycles

Tristability =~ Two stable equilibria Figure 3.13(h)

and 2 limit cycles

Mathematically there are several different types of multi-stability. When the param-

eters are all fixed, the system can have two stable fixed points, a stable fixed point and a
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stable limit cycle, two stable fixed point and a stable limit cycle, a stable fixed point and
two stable limit cycles. Also, biologically the behavior of the system is much different
in the case of two stable equilibria, equilibrium and a limit cycle. This result is different
from the finding of Colling et.al (1990) [138] due to the existence of a large amplitude
periodic solution in our model. Moreover, the phenomenon is much more complicated
with the A. baccarum as a generalist predator. The phenomenon of two different stable
states has been well studied [49, 138], however, as far as we know that it is not common
to see the existence of three different stable states, or triple-stability in a biological sys-

| %lf#cm < r9 < 2cm, the

tem. When the reproduction rate r, varies in the interva
system can have three different stable states for the same parameters, two stable fixed
point and one stable limit cycle (Figure 3.15).

As we described in the introduction, the different phenomena are observed in the field
study. Hence, it is possible that there are different coexistence states of A. baccarum and
E. onukii in different levels of population sizes. In addition to the growth and develop-
ment rules of A. baccarum itself, the extensive appetite of A. baccarum may generate
that there are a variety of possible coexistence phenomena between A. baccarum and E.
onukii, which may correspond to many stable states presented in the model.

We claim that S is the equilibrium with low E. onukii and low A. baccarum popula-

tion, while S5 is the equilibrium with high E. onukii and high A. baccarum population.

The multistability allows the system to model the E. onukii population outbreak in re-
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Figure 3.15: The different stable states under different initial condition with parameter
fixed at K7 = 2.57, Ky = 25.996,r, = 26,7, = 1.6,a = 1,¢ = 1,m = 1. The black
line: (z9,90) = (0.2,32); the red line: (xg,yo) = (0.3,30); the blue line: (x¢,yo) =
(0.45,31).
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sponse to population perturbations, like the increase in predator by artificially releasing
or the deceasing caused by the pesticide. If the populations are at a stable state with high
E. onukii and high A. baccarum population, the population perturbations will force the
populations to move to the state with low E. onukii and low A. baccarum population.
The release of predator and the application of pesticide can effectively take control of E.
onukii population. However, it can also cause the populations to jump to the oscillations
that the A. baccarum can not effectively control E. onukii. Even worse, the population
perturbations may lead the populations to move from low E. onukii and A. baccarum pop-
ulation to high E. onukii and A. baccarum population, which make the problem worse.
But the introduction of A. baccarum always reduces the abundance of E. onukii below
the carrying capacity and may have some effects on pest suppression.

Referring to different tea plantations, where /1, K5 and r; are all fixed, the system
may have different biological behaviors as different growth rates of A. baccarum (rs).
Increasing 7, may also be helpful to control E. onukii. Mathematically, different 5 man-
ifests themselves as different types of degenerate singularities, the focus type and the
elliptic type and more degenerate focus case. With the increase of 5, the type of degen-

8 8

erate equilibrium changes from the focus (0 < ro < Zem, 2em < 1y < 24‘(#cm) to

24v/2—8

elliptic (*

cm, 2cm), and the large amplitude oscillation of E. onukii population may
disappear. We may observe the slow-fast oscillation of E. onukii population. When the

growth rate of A. baccarum is relatively high, the abundance of E. onukii may maintain
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a low level the most of time. Even though when the E. onukii increase significantly in a
short time, the A. baccarum will increase fast and then control the E. onukii (Figure 3.14).
This shows the possibility of pest suppression by using the generalist predatory mite, A.

baccarum.

1 1 1 1
Elliptic E Focus E Focus E Elliptic E
type 1 type ] type I type '
...................... b : Lo,
—24\2 -8 8 2442 - 8
17 cm 0 Zcm —7m 2cm

Figure 3.16: The type of nilpotent singularity when 75 varied.

Also, we notice that our analysis can extend to when the predator is a specialist
predator with intraspecific competition, the system (3.3) (r, < 0, Figure 3.16). All types
of coexistence states analyzed in our study can also occur between specialist predators
and prey. Competition within the predator may be more conducive to the coexistence of
predator and prey.

In this chapter, we close by noting that the dynamical behavior of this generalist
predator-prey system is complicated. We analyze the change of dynamics using four
different parameters. The nilpotent focus of of codimension 4 serves as an organizing
center for the complex dynamics of the model. We find that it can have three limit
cycles around one of the positive equilibrium and even 4 limit cycles. Moreover, various

coexistence phenomena can happen. Not only the bistability, but also the tri-stability can
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happen too.
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4 The dynamics of predatory mite and the pest

leafhopper with stage structure

This work has been conducted in collaboration with Dr. Zhu, H. I have collaborated in

constructing the models, theoretical analyses and numerical simulations.

4.1 Introduction

The control of E. onukii by natural enemies has been an important topic as seen in our
fields studies [121, 122]. In chapter 3, we analyze the dynamics of the two-dimensional
predator-prey model with a generalist predator, A. baccarum. As presented in chapter
3, Seo and Wolkowicz [78] and Xiang et al. [79], the rich dynamics in the system (3.1)
include saddle node bifurcation of codimension 1 and 2, Hopf bifurcation, Bogdanov-
Takens bifurcation and bifurcations of nilpotent singularities. And the pest eradication
and control using the generalist predator is not easy and need further investigation.

In the natural world, each species usually has its own life cycle with different stages.
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The predator adults may have higher predation ability. In comparison, the adults of prey
may have a higher ability to avoid predation and the immature pest may be protected by
their eggshells. In a tea garden, the development of A. baccarum goes through stages
of egg, prelarva, larva, nymph and adult. Once they progress to the larvae stage, they
become active and can feed on suitable prey [26]. For E. onukii, it grows up through the
stages of egg, nymph and adult, and the nymph stage is composed of five instars. Eggs
are usually laid beneath the phloem of tender tea shoots to avoid natural enemies [139].
Naturally one would hope to build a model to include all stages of the two species.
However, it is not easy to deal with the complexity of higher dimension systems with
multiple nonlinear interactions across stages.

The predator-prey systems with stage structure for the prey received much attention
in recent years and two types of questions were well studied. One is about the per-
manence of the system, like the periodic predator-prey system with different functional
response of Holling type I [140], Holling type I and III [141], Holling type IV [61], Bed-
dington—-DeAngelis type [64], Crowley—Martin type [66] and general functional response
[142]. The other studies usually focus on the existence and stability of Hopf bifurcations
in the systems with stage structure for prey. The periodic phenomena can be observed
when incorporating the time delay of birth to maturity about the prey in the predator-prey
system with the functional response of Beddington—-DeAngelis type [143], Holling type

IT [144] and Leslie—Gower predator-prey model [145]. The chaotic dynamics were also
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observed in a simple predator-prey model with a discrete delay between the capture of
the prey and its conversion to viable biomass [146, 147]. Recently, Beay et al. (2020)
considered a Rosenzweig-MacArthur specialist predator-prey model with stage-structure
in prey that can exhibit Hopf bifurcation [71]. To the best of our knowledge, there are
rigorous bifurcation analysis for the generalist predator-prey model with a stage structure
yet due to the technical complexity.

The reproduction and development stage contribute most to the adult population of
E. onukii, and the control of non-adult E. onukii is difficult which requires different
strategy, hence we choose to start with a simpler case by considering two stages of E.
onukii first. We will use F1(t) and F»(t) to denote the density of eggs and hatched
individuals (nymphs and adults) of E. onukii at time ¢ respectively. If we still use M ()
to denote the density of A. baccarum, then, in a given tea plantation, the assumptions of

the two species population are given by following:

(A1) The E. onukii eggs population E(t). The birth rate of E. onukii eggs population
is proportional to the existing hatched individuals (nymphs and adults) with a pro-
portionality 71 = 7,97, where ¢, is the ratio of adults with spawning ability in the
hatched individuals (nymphs and adults) of E. onukii. 7 is oviposition rate of the
adults of E. onukii with spawning ability. Also, we neglect the natural death rate by
considering the growth rate as the net growth rate. We denote « as the successful

hatching rate of E. onukii eggs.
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(A2) The E. onukii hatched individuals (nymphs and adults) population Es(t). x4 is the
intra-specific competition rate of the hatched individuals (nymphs and adults) of
E. onukii. The natural death rate of hatched individuals (nymphs and adults) is

neglected.

(A3) The A. baccarum population M (t). 79 is net birth rate of A. baccarum, and k5 is
the intra-specific competition rate of the A. baccarum population. A. baccarum can
prey on hatched individuals (nymphs and adults) of E. onukii with the functional
response of Holling type II [30]. a is half saturation amount of A. baccarum.
m 1s maximum amount of hatched individuals (nymphs and adults) eaten by A.
baccarum. c is the rate of converting E. onukii hatched individuals (nymphs and

adults) into A. baccarum.

Hence, we build the following system

( dE
d_tl = 1k —aky,
dE2 2 mEgM
T aby — kB — ot By 4.1)
dM emEs M
— = M — koM? + —————.
dt "2 M T,

where all the parameters 1, 73, , K1, Ko, @, ¢, m are positive.

There are a total of 8 parameters in the model (4.1). If we rescale the state variables
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and time by letting

Bi(t) = aX,(t), Bo(t) = aXo(t), M(t) = acY(t), t— 57,

and we replace 7 with ¢, and change X, X5, Y into F, Fy and M, then system (4.1) can

be rewritten as

dE,
— = 7 Fy—aF
dt 1442 1
dEs E,M
2 AR - B2 — 4.2)
dt AT Mt T
dM EyM
e _ A~ _x 2
| dt "2 R o
where 7y = %, Ty = Cr—fn, G = %, k1 = %, and k9 = % Hence we have a system with

only 5 free parameters. We will select o, 71, 72, K1, Ko as bifurcation parameters, with a
focus on «, the hatching rate, to explore the dynamics of the generalist predator-prey
model with stage structure of prey.

The model (4.1) exhibits three boundary equilibria and up to three coexistence equi-
libria. The bifurcation and associated complex dynamics involve the saddle-node bifur-
cation of codimension 1 and 2, Hopf bifurcation, degenerate Hopf bifurcation, Bogdanov-
Takens bifurcation, nilpotent singularities of codimension 3 with focus type, elliptic type
and cusp type and their bifurcations. Comparing with the system (3.1), we find that the
hatching rate o can be used to organize the bifurcations of the nilpotent singularities of
focus, elliptic and cusp type in system (4.1). The periodic oscillation of population can
be observed when « varies through some critical value and the amplitude of periodic

solution may decrease with a smaller «. This observation will help to identify the time
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window for developing a plausible control mechanism for the leathopper pest E. onukii
in the tea plantation.

In addition, we summarize the general classification of nilpotent singularity. We
follow the terms and classifications given by Dumortier et al. [127] and in Zhu and
Rousseau [128], and distinguish the BT point and nilpotent singularity according to the
value of quadratic term in the normal form. For the nilpotent singularity S with following

normal form

T =y,
(4.3)
Y = bya® + buxy + bsor® + y*O(x,y) + O(|z, y[*).
o If byg # 0, b1y # 0, S is a cusp point of codimension 2. The system will undergo

the BT bifurcation.

o If byy # 0, by; = 0, S is a cusp point of at least codimension 3. The system will

undergo the cusp type BT bifurcation at least codimension 3.
o If byy = 0, bgg # 0, by # 0, S'is a nilpotent singularity of at least codimension 3.

— if sign(bsp) < 0,
(1) when |by;| > 2v/2, S is a codimension 3 nilpotent sigularity of elliptic
type.
(2) when 0 < |byy] < 2v/2, S is a codimension 3 nilpotent singularity of

focus type.
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(3) when by; = £24/2, S is nilpotent point of elliptic type at least codimen-

sion 4.

— if sign(bsp) > 0, S is codimension 3 nilpotent point of saddle type.
o If byy = 0, byg # 0, by; = 0, S'is a nilpotent focus of codimension at least 4.

Most importantly, the most degenerate singularity in system (3.1) and (4.1) both have

a 3-jet which is C'*° -equivalent to

T =y,
4.4)
y = —a—a2%y.
A candidate for a four-parameter unfolding of (4.4) is
T =y
4.5)
y = —(23+r2®>+nx+m)+ylb-—12?),

which was discussed in Dangelmayr and Guckenheimer (1987) [129]. They considered
a two-parameter family of two dimensional slices in the parameter space and observed
four type of codimension 3 bifurcations, including the degenerate Takens-Bogdanov bi-
furcation [129] that is the cusp type of BT bifurcation of codimension 3 analyzed in the
Dumortier et al. (1987) [148]. Khibnik et al. (1998) presented another candidate for the

universal unfolding of (4.4) [130],

T =y,
(4.6)

U = g+ pox + psy + puzy — 2 — 2y
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They studied the global bifurcations and the full four-parameter unfolding (4.6) that is
analyzed by varying gy in (g1, f12, pt3) space. They found that the bifurcation diagram
for large 14 (14 > 0) 1s the same as for the nilpotent focus [127]. The case of elliptic
type nilpotent point was not clear then. Zhu and Rousseau (2002) [128] analyzed the
finite cyclicity of the nilpotent singularity of elliptic type, which occurs when ji, > 2v/2

[127]. Also, there are another two candidates of four-parameter unfolding of (4.4)

T =y,
(4.7)
y o=+ per® + psy + pary — 2 — 2y,
\
(
T =y,
(4.8)
Y o= g+ pox + paa® + pury —  — 2%y

\

One can find that these four different universal unfoldings can be transformed to each
other by the appropriate transformation under certain conditions. But the details of the
universal unfolding of the codimension 4 nilpotent singularity is not clear yet. In our
model, this nilpotent singularity of codimension 4 can serve as the organizing center of
complex dynamics of the system.

This chapter is organized as the following. In section 2, we begin our analysis by
presenting the existence and types of equilibria and local stability. In section 3, we
study the bifurcations and complex dynamics including saddle-node bifurcation, Hopf

bifurcations, BT bifurcations, and bifurcations of nilpotent elliptic point and focus of
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codimension 3. We give a full classification of the nilpotent singularities and their bifur-
cations. The selected bifurcation diagram near the nilpotent focus and elliptic point of
codimension 3 are discussed. To reveal the impact of stage of E. onukii, we will present
the dynamics using the hatching rate as parameter. We summarize our results in section
4 and compare the generalist predator prey model with and without stage structure. The
importance of stage structure and the possible pest control applications are discussed.
Some of the calculations were assisted by the use of Maple [132]. The phase portraits

and one and two-parameter bifurcation diagrams were produced by the Matlab [133].

4.2 Equilibrium states and local stability

We will use 1 and ky as parameters to discuss the number of non-negative equilibria.

4.2.1 Existence and number of boundary and interior equilibria

One can get the equilibria by setting the right hand sides of system (4.1) equal to zero. It
always has a equilibrium point at origin Sy(0, 0, 0). The system also has a non-negative
predator-extinction equilibrium Syo(p; K7, K1,0) with K7 = :—11, and p; = <L that rep-
resents the abundance ratio of eggs and hatched individuals (nymphs and adults) of E.
onukii at equilibrium state. Similarly, the pest-free equilibrium Sy, (0, 0, K») exists with
Ky, = I:—Z Here K, and K, are referred as the carrying capacity for E. onukii hatched

individuals (nymphs and adults) and A. baccarum respectively for the given tea garden.
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For the co-existence equilibrium state E(E, E, M), if exists, is the intersection of

the following two curves in EsM subspace

aby — k1E3 (a+ E»)
E2 m ’

Ui(Eq) =

1 cmE
Us(E2) = ;2(7'2 + Y _;2

),

where F, = p1 E» and its E» coordinate satisfies

U(E,) =B — (ﬁ —2a)E2 + [az _9at m(cm + 1) E,
K1 K1 )
2
n a“ry [@_@] —0.
KiRko L ATy

The cubic equation (4.10) has at most 3 positive roots. Note that when

—_ Trom
Rg = Rg = )
ra

(4.9)

(4.10)

(4.11)

it has a solution £ = 0 which is associated with the pest-free equilibrium Sp; (0, 0, K5).

Also, if Ky < R, the equation (4.10) has at most 2 positive roots. Hence, system

(4.1) can have up to 6 non-negative equilibria.

To decide the number of positive roots of U(E,), we calculate its discriminant with

respect to Fs. Let Ay be the discriminant, then we have

3m?
AO = Ao(/ig) = W[ag(/ﬁl)fig + (Il(lﬁl)HQ + ao(/ﬁl)],
1Mv2
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where

as(k1) = dac(ar, + 7“1)3,

a1 (k1) = a*(8c*m? — 20cmry — r3)k: — 2ar16,(10em + ro)Kky — 1707,

3
aop(k1) = 4mdij k1,
with 6; = r5 + e¢m. For convenience, we denote

f(k1) = as(k1)K3 + a1(k1)k2 + ao(k1),

then the real roots of (4.10) is determined by the sign of the function f (k). Let Ay (k1)

be the discriminant of f(r;) with respect to ko, then
Ay (k1) = (akyre +1r161) (1161 — Cl/f152)37

with 03 = 8cm — ro. If we denote the unique positive root of Ay(x;) = 0 as

H*:ﬁ(sl
1 a527

then, when 0 < k1 < K}, Ag(k2) = 0 may have two positive roots

—ai(k1) — /Ai(k1) +

2y )

—al(le) + Al(lﬂll)‘

Ko = Ky (K1) = 2an(ir)

If we substitute x} into Ag(k2) = 0, then we have

82
~ 27riac®m’

*

Ko
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Similarly, with Ay(%y) = 0, we get correspondingly

El = —Tl (TQ _ Cm) (TQ > Cm)-
20

For the existence of positive equilibrium, summarizing the above we have the following

proposition.

A

K>

>
>

0 K1

Figure 4.1: Existence of positive equilibria (number and position) of system (4.1) with
k1 and ko as parameters. There exist 0, 1, 2 and 3 positive equilibria in regions V{, V7,
V5, and V3, respectively. A saddle-node bifurcation occurs when parameters across CE,

and a transcritical bifurcation occurs when () is crossed.
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Proposition 4.2.1. In the (K1, ko) plane, three curves

CO Ky = Rg, K1 > 0,
CR :ka = kg (K1), 0 <Ky < K], ke >0,

CX ko = k3 (K1), 0 <k <K}, Ky >0,
divide the region k1 > 0, ko > 0 into 4 subregions Vi, V1, Vo, and V3 (see Figure 4.1):

‘/0 = {(Kly "{'2)"‘{1 > 07 Ko < H;(Hl) N ky < EQ},
Vi ={(k1, k2)|k1 > 0, ko > Fa} \ V3,
Va = {(’ih K2>|"£1 > 07 ’fQ_(/il) < Rg < EQ},

Vs = {(k1, k2)|0 < K1 < KT, kg (K1) < Ko < Ky (K1) N Ky > Ko}

In regions Vy, Vi, Vs, Vs, system (4.1) has 0,1,2 and 3 positive equilibria, respectively.
S1, Sy and S5 denote the three simple co-existence equilibria whenever they exist, where
corresponding E, coordinate satisfy F5(S)) < Fy(Sy) < Ey(Ss). If exists, Sy de-
note the positive equilibrium where S; and Sy coalesce. The similar definitions may be

adapted to Ss3 and S1o3. For system (4.1),
(1) along Cy, where C = (Fy, Ry)

— if k1 > Ry, there is no co-existence equilibria;

— if k1 = Ry, there is a co-existence equilibrium of multiplicity 2, Sas;
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— if k1 < Ry, there are two co-existence equilibria, Sy and S3.

(2) along CX, there is a simple co-existence equilibrium S3 and a co-existence equi-

librium of multiplicity 2, Sis.
(3) along CJ,

— if ko > Ro, there is a simple co-existence equilibrium Sy and a co-existence

equilibrium of multiplicity 2, Ss3;

— if ko < Ry, there is a co-existence equilibrium of multiplicity 2, So3.

. * * * o 7-151 6%62 . . ey .
(4) at the point C*(k7, k3) = (%2, 57 5.-), there is a co-existence equilibrium of

. o e 2
multiplicity 3, S1o3 = (’}fi?’, %, 187"511%62 (0 < 1o < 2cm) .

As shown in Figure 4.1, the system (4.1) may have 1 simple coexistence equilibrium
Sy or S3, or 1 degenerate coexistence equilibrium Ss3 or S1a3, or 2 coexistence equilibria

S1, Saz or Sia, S3 or Sy, S5, or 3 coexistence equilibria S, S, and S3 simultaneously.

4.2.2 Local stability of equilibria

System (4.1) has three boundary equilibria, Sy(0, 0, 0), predator-extinction equilibrium

S10(p1 K1, K1,0) and pest-free equilibrium Sy, (0, 0, K5).
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The Jacobian matrix of system (4.1) is

—a T1 0
J=| a —2kE,— MP'(E,) —P(E,) (4.12)
0 cMP'(Ey) ry — 2Kko M + cP(E,)
where P(FE,) = ﬂ% Using the Jacobian matrix, one can verify the equilibrium point

S0(0,0,0) is a saddle with 2 positive eigenvalues and 1 negative eigenvalue.

The characteristic equation of system (4.1) at S1o(p1 K1, K1,0) is

[(rl + K1)\ — (rokia + rire + cmrl)} [)\2 + (2ri + )+ rloz} =0. (4.13)

One can verify that two roots of the equation (4.13) are negative and the third one is

o + 2ot > (. Hence, the predator-extinction equilibrium Sy is always unstable.

For the pest-free equilibrium point Sy; (0, 0, K5), its characteristic equation is

2 mra M2 ] = 4.14
(A+72)[A +(a+aﬂ2)/\+a(%2 )] = 0. (4.14)

One eigenvalue is —79, the other two are decided by a quadratic equation. With (4.11),

one can verify that the pest-free equilibrium Sy; is locally asymptotically stable if ko <

Tom
ria

Ry = and it is unstable if ko > Rs.

To discuss the local stability of coexistence equilibria, by using U, (E») and Us(E»)

137



we rewrite the system (4.1) as

.
dEq

W = TlEg—aEl,

dE

dTQ = P(E)|[Uy(E) — M], (4.15)
% = KQM[UQ(EQ)—M].

We calculate the Jacobian matrix and evaluate it at coexistence equilibrium point S
-« 71 0
JS)=| o PEU(E) —P(E) (4.16)
0  keMUL(Ey) —koM
The characteristic equation of system (4.15) at the coexistence equilibrium S is of the
form
A+ AN+ AN+ Ay =0, 4.17)
where
Ay = a+ koM — P(Ey)U{(E»),
Ay = alwo T - P(B)UN(ES)] + P(Bx) ks M{UY(ER) - Uj(E)] — ryar, (418)
Ay = akaM P(Ey)[Uy(Ey) — U (Ey)] — riako M.
A straightforward calculation finds that A, > 0. And the trace of J(S) is

T(S) = —Ay = —a — koM + P(Ey)U;(E,) < 0,

Then, there always is a negative eigenvalue. The determinant of J(F)) is

D(S) = —Ay = —aro M{P(E»)[Uy(Ez) — Uj(Ez)] — 11}
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The J(S) has 1 zero eigenvalue when Ay = 0, Uj(Ey) — Ul(Ey) = P(lﬁ)’ which

differs the condition of Uj(FE,) — U] (E,) = 0 in system (3.1) 3.

Since we only discuss the positive equilibrium point of the system, which tell us that
E; > 0,M; > 0, and the parameters «, k; > 0. So the sign of the D(E) is defined
by the slope difference of the curve U (F2) and Us(Es) at equilibrium point. We define
ki = Ul(Ey), ky = Us(Ey) and k = S5

P(Es)"

Proposition 4.2.2. For system (4.1),

(1) the predator-extinction equilibrium Sy is a hyperbolic saddle.
(2) the pest-free equilibrium Sy is

— if kg > Ro: a hyperbolic saddle;
— if Ko = Ro: a saddle-node of codimension I;

— if kg < Ro: alocally stable node.
(3) For the co-existence equilibria,when exist,

— Sy and Ss is an anti-saddle;

— Sy is a hyperbolic saddle;

— if T'(J(S12(23))) # 0, Si2(23) is a saddle-node of codimension 1;

— if T'(Si3)) = 0 and D(Sy(3)) > 0, Si(3) is a Hopf bifurcation point;

- lfT(J(Slz(gg))) = 0, 512(23) isa BTpOil’lt,’
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4.3 Bifurcations and complex dynamics

4.3.1 Saddle-node bifurcation

Theorem 4.3.1. For the system (4.1), if T'(J(Si2(23))) # 0, the co-existence equilibrium

Sia or Sas,

(1) when exists, it is an saddle node of codimension 1. When ko = /{f(/@l), the system

undergoes a saddle-node bifurcation.

(2) if k1 = K}, and Ky = K} which occurs at S13 = Sag = Shas, it is a saddle node of

codimension 2, and the system undergoes a cusp bifurcation.

The unfolding of the semi-hyperbolic point of codimension 2 is given in the bifurcation

diagram of Figure 4.1 using K1, ko as parameters.

Proof. Follow the Prop. 4.2.2, the co-existence equilibrium S15 or So3 is saddle-node of
codimension 1. For simplicity, we use (Ey, Fy, M) to denote the coordinates at S;o or
So3. The straightforward calculation of ks — ky = k obtains the condition, that is

acm?

(a+ E)%(ria — k1 — 2k, Ey)

KQZEQZ

Also, one can find that Xl, 0, Xg are the three eigenvalues of J (§), with associated eigen-
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vectors Vi g, 55, Vop, =550 Vs = 55> Where

T1

oz

a+X1 a+X3
‘/1 = 1 ’ ‘/2 - 1 ) VE’) = 1 >
Ezﬁk‘g k Egﬂk‘g
EQM-&-)\l 2 RQM-&-)\:;

and

_ —Ay— /A2 44, N — Ay + /A2 — 44,

)\1: 3 3 =

2 2 ’
i 2T Ky + (aky + 0y + a)E; +alr + 75 + @)
a+ Fs
Avl _ 2€)él*€1F22 + ((ak1 + 61 — 7“1)Oé_+ T151)E + ary(r + Oz).
a—+ Es

Then, we derive the normal form on the one dimensional center manifold as follows.
Firstly, we bring the equilibrium S;, or Sy3 to the origin by the transformation X; =
Ey—E\,Xo=Ey—FE,,Y =M — M and expand system (4.1) in the neighborhood of
the new origin. Under the following transformation,

X Ty

X | =T a |, T=01V0).

Y y
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and |T'| # 0, then we have

( it jrk=2
T = Mo+ Z Eijk-ﬂﬂféyk + O(\$1,$2,y‘3)7
i,j,kEN
i+j+k=2,3
Ty = Z bijrataby® + O(|z1, z2, y[*), (4.19)
i,j,keN
B it jtk=2 '
g o= Ay+ Y Cpriady’ + O(|lxy, xa,y)?),
\ ,7,k€EN
where
- al(rea + 61 Es 3 9 S
bo2o = = (r 15) (g3E2 + @22 + q1 B2 + qo),

Ai(a + E)3[(6; — a)Ey + a(ry — )]
g3 = —k1(61 — ),
Go = —r1a(0y + 2 — 20) + (61 + M) (51 + Xs),
q1 = —alkra(ry — a) — 2r3 — 2ry(em + gg) + emA, — 2/11],
do = a*(ra + M) (ra + Xg).
For simplicity, we choose not to present all the coefficients here. For x5 ~ 0, there exists

a center manifold

2 = —%xé +O(|zaf?), y= —?ﬂxé +O0(j)?), (4.20)
1 3

The system (4.19) reduced on the one dimensional center manifold (4.20) is given by
fg = [_)0201‘% + O(|ZL‘2|3)

We can verify that byeg = 0 if k1 = k%, kg = K%, which occurs at Sjo = Ss3 = Sia3 and
y 1 2

then co-existence equilibrium 515 = Sz is a saddle node of codimension 2. OJ
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Theorem 4.3.2. For the system (4.1), the pest-free equilibrium Sy,

(1) if ko = Ro, it is an saddle node of codimension 1. Along the curve Cy, the system

undergoes a saddle-node bifurcation.

(2) if kg = Ro and k1 = Ry,which occurs at Sg1 = Sho, it is a saddle node of codimen-

sion 2, and system undergoes a cusp bifurcation.

Proof. When k5 = Ky, then S, = (0,0, ”1#), and the equation (4.14) becomes

(A +72) [N+ (a+7m)A] =0. (4.21)

We can easily find that D(J(Sp1)) = 0, and 0, —r9, —av — 71 are the three eigenvalues
of J(Sp1). Translate pest-free equilibrium Sp; into the origin by letting X; = Ey, Xy =
E, Y = M — “%, and make the transformation

X1 T

XQ :T i) ) T: (‘717‘727‘73>

Y Y
where
-1 o 0
=1 1 |, =1 Va=]o
T 5 !
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and |T'| # 0, then we have

( it+j+k=2

Bo= (ma—r)m+ Y agaiehyt + O(|rr,wa,yl),

%,5,k€EN
itj+k=2,3
gy = > bipaiadyt + Ol wa,ylh), (4.22)
1,5,keN
it+j+k=2
y = —rwy+ Z Ciptt 25y" + 0|21, 22, y/%)

\ %,5,k€EN

where

alri(ry — em) — Kyraal
roa(r; + )

b020 =

Other coefficients are not presented here. For x5 ~ 0, there exists a center manifold

@020 E020
e G R A A @23

The system (4.22) reduced on the one dimensional center manifold (4.23) is given by
LE.Q = 50201'% + O(|ZL‘2|3)

We can verify that bygg = 0 if x; = &, (3 > c¢m), which occurs at S5 = Sy;. Hence, the

pest free equilibrium S15 = Sp; is a semi-hyperbolic point of codimension 2. [

4.3.2 Hopf bifurcations

Following the Prop. 4.2.2, the co-existence equilibrium S; or S3, when exists, may un-

dergo a Hopf bifurcation if 7'(.S;) = 0 and D(S;) > 0 (i = 1, 3). Here, we still use E to
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denote the E>-coordinate at S; or Ss. It follows from (4.17) that for Hopf bifurcation to

occur, we have

Ag=A1Ay, AL >0,

and the equation (4.17) becomes

(A+ A2)(N2 + A)) = 0. (4.24)

Hence, if we define and collect the expression in terms of «, we get

H(a) = Ag — A1 Az = hyo® 4 hia + hy, (4.25)
where
nEy — _ _ .
ho = — L—ﬂ) [2/11E22 + (ak1 + 61)E2 + a(r + 7“2)} |:2E1/€2E24 + 5af<:1/<;2E23
ko(a + E9)
+ a(4dak1ke + mgrl)Ez + a(a2m1ﬁ2 + 2akor] + ch)E + a3n2r1] ,
1 — .
hy :77{—4/{%E24+ [(27“1 —461)k1 — 4cmﬂ E23— [an% + (2cm + r1 + 6r2)aky
(a + E2)2
+ 5%} EQ— [(7‘1 + 27“2)@2/11 + a(2r161 + 21961 — T%)}E - (2r1 + r2)a2r2},
L —2/{1522 + (—ak1 — 6 + rl)E — ary
2= )

a+ By
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Let Ay, be the discriminant of H («) with respect to a, and we have

Ay =h? — 4hghs

1 — — .
:m |:4K€E24 + (4(’“‘3% - 2’117“1)E23 + (CL2K}% +ariky — (5%)E22 + a(anlrl
2

[%EQ + (ak1 + 61)Es + a(r

— 2 damPcEy(61Ey
- 2rafy = s - ] - AT o)

- 7“2)} [2H1F22 + (aky + 61 —r1)Es + aﬂ“z] .

The equation H(«) = 0 may have at most two roots if A, > 0, and two potential

positive roots are

- = VA ot — —hy + Ay
2ho ’ 2h, )

«

And if Aj, = 0, then the equation H («) = 0 has one unique solution, which is

hy

" 2h,

- 1 (B (a+ 2B+ (20,
2(a+ E2)[—Faki(a+ 2Ey) + (1 — 01)Ea — ars

— 1) By + (ry + 2r9)a| (a + 2Fy) Eaky + 6%?22 + a(2r,6) + 2r98) — 12V By

+ (27“1 -+ 7"2)6127"2}.
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Also, from A; > 0, we can derive ko < ko, With

em?aBy (6, By + ary)
— . —3 ~— =
(a+ B2zl + @By + 1By + qo)

A

Ro =

53 — —2/‘{,1(51 + Oé,

G = —alk1(ro + a)a+ (em — 11 + 2r9)a + 61711,
Go = —a’*ry(ry + a).

Next, we verify the transversality condition. Let 5\1, 5\2, 5\3 be the three eigenvalues of S.
From the previous analysis, we know that there is always a negative eigenvalue, then we
can assume that 5\1 < 0, and 5\2 + 5\3 = —Ay — 5\1. Let v be the real part of 5\2 and 5\3
that satisfy the Eq.(4.17) and we get

oy —Ey(01 By + raa)[ka(a + Fo)?(2k1 By + aky — 1) + acm?]

pu—— ]

Otlomet  (quEy +0Br +TiEa + )+ E)*kz — acm? (8, By + rza) B

where

G5 = 2(a® + 61Ky,

Go = (3aky + 8 — 71)a™ + aki(3ry + cm),

@ = (aky — 71 + 219 + cm)a™ + 116, + akyre,
Qo = r2(r + o).

. = Oifand only if r; = ky(a + 2E5) + _aem® _which occurs only

[oa]
Note that 5! i)

|la=a
S = Sj,0rS = Soz 0r S = S)93. Hence, & _.» 7 0, which means the transversality

%|a
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condition is satisfied. Therefore, we have the following proposition about the existence

of Hopf bifurcation.

Proposition 4.3.3. For system (4.1), if ko < ko, the co-existence equilibrium S, or S,

when exists, and

(1) ifa = a~, or a = a7, the system undergoes a Hopf bifurcation;

(2) if o = ¥, the system undergoes a Hopf bifurcation which can be degenerate.

Prop. 4.3.3 gives the necessary conditions for the existence of Hopf bifurcation. Due
to the complexity of the system, we are not able to decide the codimension of the Hopf
bifurcation without knowing the first and higher order of Lyapunov coefficients. How-
ever, the codimension of the Hopf bifurcation can be at least 2 from the existence of the
codimension 3 nilpotent singularities [127]. From the Figure 4.2 - 4.4, we numerically
present the existence of degenerate Hopf bifurcation. As the « varies, the system has
one stable equilibrium, 2 limit cycles and 1 limit cycle. As shown in Figure 4.5, we
present two examples of two limit cycles bifurcated from the degenerate Hopf bifurca-
tion when the parameters are near the focus and elliptic type of nilpotent singularities of

codimension 3.
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Figure 4.2: The phase portrait and solution plot of system (4.1) when o« = 10, where

ko = 0.0225,k1 =5.5,11 =251, =05,a=1,c=1,m=1.
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0 100 200 300 400 500

Figure 4.3: The phase portrait and solution plot of system (4.1) when o = 10.58, where
ko = 0.0225, k1 = 5.5, = 25,79 = 0.5,a = 1,c = 1, m = 1. The blue and red color

represent the equilibrium is stable and unstable, respectively.
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Figure 4.4: The phase portrait and solution plot of system (4.1) when o« = 11, where

ko = 0.0225, k1 = 55,11 =257, =05,a=1,c=1,m= 1.
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(a) Focus type (b) Elliptic type

Figure 4.5: Existence of two limit cycles in the case when the parameters are taken near
the nilpotent focus and elliptic point of codimension 3. The black color represents the
stable limit cycle, and the unstable limit cycles occur between the blue and red curves.
a=1c=1m=1and (@) r, = 0.5, a = 6.25,r = 30,k; = 5.9953, Ky = 0.02083,

(b) o = 1.6,a = 51.57, 7, = 60, 5 = 23.15, Ky = 0.026671.

4.3.3 Cusp point and Bogdanov-Takens bifurcation

Bogdanov-Takens bifurcation occurs in the 2 dimensional version of the system (4.1) in
chapter 3, it is reasonable to expect the existence of BT bifurcation in the stage structure
model. But the BT bifurcation was not well presented due to the complex expression of

the cusp point.

152



Theorem 4.3.4. For the system (4.1), the coexistence equilibrium S5 or Sa3 exists if

2

~ acm
Ko = Ko = — —,
2 2 (a + E2)?(ria — k1 — 2K1 E5)
(261 By + aki By + 6,55 + ars)
rn=r= s

aFEy — 61 Ey — ary

where E, is the Es-coordinate of Svo and Sas, then Sio and Sas are cusp points when

exists, and system (4.1) localized at has a 2 dimensional center manifold on which the

system is topologically equivalent to

r = vy,

y = maor? + muzy + O(|z2,y)?).

(4.26)

Proof. Here, we still use (E, E, M) to denote the coordinates at Sjs or Sps as we

can not get the explicit coordinates of Sis or So3. Firstly, we bring the co-existence

equilibrium point Si5 or Sp3 to the origin by the translation X; = FE; — B X, =

Ey — E, Y =M — M and following transformation

Y Y
where
1 1 7“1( L _ l)
a+A1 a ko M a
Vl = 1 y VQ - 1 ) V3 = L
koM
ko ko M
H2M+X1 k2 O



A = Zg and | P| # 0, then we have

( i+j+k=2
. BV i 0.k 3
do= M+ Y agataby + Oz, 2y,
i.jkEN
i+j+k=2,3
. i 0,k 4
gy = y+ Y bgeriady® + O(|z, 2, y)"), (4.27)
17]7k€N
i+j+h=23
. i 0,k 4
go= Y ity +O(|rr,wa,ylY),
\ ,5,k€EN

where

~By(0.F; + 120)[Ps By + D, Es + PsBa 4+ P, + P, Bz + By
(a+ E)2(psEs + poBs + pi By — a?r})?

{53 Bz +5,Es + 51 B + By}
(a+B3)(psEs +poFBa +pi By — a?r3)
B (61 By + r20a)

(a+ E)Z(p:iEg + p2E2 + p1Ey — a?r)

b020 =

Y

Co11 =

{Kk1(361 — Q)FQ2 + [(61 — aky)a

Co20 =
+ ak1(2em + 5r9)|Ey + roa(2k1a + )},
with

p1 = ma(a — 1) +a(a® — 2ry61),  p2 = Kia[3a — (em + 3rg)] + o — 67,

p3 = 2k1(a — 01), Ps = 6K: (o — 1),

Dy = [17@2 —12(2em + 3r9)a + (Tem + 197’2)51}a/€% + (4a — 36,) (0 — 6Ky,
Dy = [17&2 — 3(5em + 13ry)a + 2(c*m? + 9emry + 117“%)] a’k? + [10043 — (4em

+ Tra)a® — 801 (cm + 2r9)a + (2em + 117“2)5%] ary + ot —2670% + &a,
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Py = |Ta® — 3(cm + 6r9)ar + ro(4em + 117“2)} a’ks + [8043 — (em + 5ra)a’
— (3¢®m?® + 22cmry + 2313 )a + 31961 (2em + 57“2)} a’ky + 2aa* — 26, (cm
+ 3T2)aa2 + 3r25faoz,

Py = (@® = 3ary + 2rd)a*s? + |2a® — roa® — 2ry(3em + Try)a + 3r3(2em
+ 3ry)| @Ky + a®at — 2a*ry(2cm + 3ry)a’ + 3ar3d,a,

2_90 = (2T2 — 30[)@47"3/4}1 —+ a3r§a<r2 _ 20[), 53 = 251 (3(51 — a>7

Py = 2(61, — ak1)a + 4(cm + 3ry)kra, Dy = mea(Taky + 3a), Py = rea’(ak; + ).

Other coefficients are very complex and we do not present here. For x5,y ~ 0, there

exists a center manifold z; = O(|z, y|?) on which we have

To = Y-+ bozowg + bo1122Y + boo2y? + O(|z2, y|3)>

(4.28)
J = coaoxs + con®ay + conzy® + O(|z2,y[?).
Then we use the following near-identity transformation
U = T2, v=1Y + bogoﬂ?% —+ bgnxgy + b002y2 + O(|I2, y’B)
and if we change u, v into x, y, we obtain
T o=y,
(4.29)

y = mez®+mpzy + Oz, y?).
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where

Moo =Co20

aFy (8, Fy + 10 .
<a + E2)2<p3E2 4+ poly +pr1Ey — CL2T%)

+ ar1(2em + 5r9)| By + moa(2k1a + )},

mi1 =Co11 + 2bo20

p7E2 +P6E2 +p5E2 +p4E2 +p3E2 +p2E2 + p1Es +p0
(a+E2) (PSEz +P2E2 +p1E2—@27”2>

with

B =AR2(36% — 0)(a — 61),

ps =|—14a® + 2(Tem + 11ry)a® + 20, (11em + 21ry)a — 2(Tem + 25r5)0%|ax]
+ (—2a* 4+ 26,0° + 46%a* + 20%a — 667 )k,

Ds :[ —18a” + 6(3cm + 8ry)a? + 4(3c*m? + ldemry + 13r3)a — 2601 (2¢*m?
+ 25emrg + 417“%)] a’k? + [ — 6a* + 6(cm + 2ry)a® + 601 (cm + 2r9)a”
+2(3em + 5ry)6ia — 4(em + 77“2)5?] ary + 2063 a(a — dy),

D4 :[ —10a® + (10cm + 53ry)a? + (2¢2m? + 15cmry 4 23r3)a — 6r5(2¢*m?
+ 1lemry + 117"%)] a’k3 4 [ — 60" +2(3cm + 13ry)a® + (2¢*m?* + 11lemry
+ 11r3)a’® + 61 (2¢*m® + 1Temry + 1713 )a — 4rg(dem + 1312)67 [a®ky

+ roac + a(2em + Try)dia® — 8radia,
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D3 = [ 202 4 (2em + 31r9)a® — ro(2em + 3ry)a — 2r3 (6em + 131y) | a* k]
+ [ —2a*a* + 2a®(em + 13r9)a® + a®a®ry + 2are6; (em + 5ra)a
- 24a3r§51(cm + 27“2)] K1 + 3roa’a’ + 4T2a251(cm + 27“2)042 — 12a27‘§5f04,
Do = [97"2& —ro(em + brg)a — 47“2} a’k3 + [127‘2&3 — ry(em 4 3ry)a? — ry(cPm?
+ demrg + 2r3) o — 275 (8cm + 117"2)} a*ky + 3aPryat — alry(Pm? — 2r3)a?
— 8a’ryda,
1 =(a —rp)alarykt + [2a°roa® — aPria® — 2a°r3(em + 2ry)a — 4a’r ]/@'1

+ a*ryat — 2a*r26,0% — 2a*r;a,

po = — d’ari(kia + a).

and rewrite X, Y, 7 into x,y,t, the system (4.29) is topologically equivalent to system

(4.26). O

From the above theorem, if myy # 0 and my; = 0, Sy5 or Sy3 will be a cusp point
and the BT bifurcation will be at least of codimension 3. Huang et al. proved the ex-
istence of cusp point of codimension 3 in the generalist predator prey model without
stage structure [79]. Also, the existence of cusp type BT bifurcation of codimension 3
has been presented in a small neighborhood of parameter space in the nilpotent focus
of codimension 4 [129]. In addition, two BT bifurcation of codimension 2 (mgyy # 0,

my; # 0) can occur which is associated with the nilpotent focus of codimension 4. This
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is the case called the doubly degenerate BT point with no quadratic term in the normal
form (mgg = 0, my; = 0) used in Khibnik et al. (1998) [130].

On the other hand, note that can verify that mgyy = 0 when k1 = K7, Ko = K3, we have
that the two cusp points can occur simultaneously to become S5 = So3 = Si93 = 5™,
and the degenerate co-existence equilibrium is a nilpotent singularity of codimension at

least 3. The further analysis can be found in the section 4.3.4.

4.3.4 Nilpotent focus and elliptic point, and their bifurcations

From the Prop. 4.2.1, system (4.1) has one unique positive equilibrium Sjs3 = S*(E7,

E5, M*) of multiplicity 3, with

. Tiads . ad3 . 18riac’*m
1 510[ ) 2 51 Y 5152 )
where 03 = 2cm — ry if
% 7’151 % (5%52 % 2(5152 ( > 251(52)
K=K = —, Ko=FkKj=——— =ri=——"(«a .
! L7 g, 2 2 2Triac®m’ L3, — %(51(52 303

(4.30)

Theorem 4.3.5. For system (4.1) with all positive parameters and (K1, ko, 1) satisfying
(4.30), the equilibrium S*(E}, E5, M*) is a nilpotent singularity of codimension at least

3, and the system (4.1) localized at S* has a 2 dimensional center manifold on which the
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system is topologically equivalent to

T =y,
(4.31)

y = —a®+bry — 2’y + y*Qa(,y).

where b = ——2=fam__
2,/53—907515253

Furthermore, if we fix the parameters a, c, m, and depending on the value of v, and «,

we have b = f(rq, ).

(1) Whenb > 2v/2 orb < —2+/2, S* is a codimension 3 nilpotent sigularity of elliptic

type.

(2) When 0 < b < 2v/2 or —2v/2 < b < 0, S* is a nilpotent singularity of the focus

type of codimension 3.
(3) When b = 0, S* is focus type nilpotent point of codimension 4.
(4) When b = +£2+/2, S* is elliptic type nilpotent point of codimension > 4.

Proof. Firstly, we translate the degenerate equilibrium S* to the origin by X; = Fy — EJ,

Xo=Fy— FE5,Y = M — M* and expand system (4.1) in the neighborhood of the new
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origin, we will have

X X1 0
XQ - ‘](S*) XQ + &20X22 —+ anXQY -+ CLQlXZQY + agng
Y Y boo X2 + by XoY + b Y2 + by X2V + bgo X3

‘I'Ql(Xla X27 Y)v

(4.32)
where Q1 (X1, X5, Y) = O(] X1, X, Y|*) and
—a r; 0
o _ Gricm 03 _ 2r{cd 20
J(S) =1, 410 Qo ,alo——Tﬂm ——gablo— 5—27501——?,
0 b bo
" 62 " =217y (em — 21) 52 2r1 0%
1 9ame2’ 3acmosy P o7g2m2est 9a2c2m?2dy’
R SR ' SR 1 o
T 9aem’ T T 3améy T 2Tamrt’ T 27a22m?
I U
07 9a2em28,”

Next we transform the linear part of the system (4.32) to the Jordan canonical form

and find J(S*) is nilpotent. Note that J(S*)V; = AV, where A = %,

o UL(E3)k3 M~ . . ) )
Vi = (a R 1, A ), and the generalized eigenvectors associated with the zero

eigenvalues are Vo, = (%,1,U§(E§‘))’, Vs = (L(=A- — 1), —L_ 0) which satisfy

a \KkyM* a’? kEM*)

160



J(S*)Va =0, J(S*)V3 = V4. Under the non-singular linear transformation

X1 X1

X5 =P o | » P:(‘/l,‘/z,‘/zg),

Y y
with |P| = ﬁf%) > 0, system (4.32) becomes
( i j k=2
1 = Az + Z Ayjrryaay” + O(|z1, 22, y1%),
i,j,keN
i+j+k=2,3
By = y+ Y byeriadyt + Oz, wa,yl"), (4.33)
i,j,kEN
i+j+k=2,3
y = Z Gty why" + 0|21, 22, 9|")
\ ,7,kEN

where cpp = 0, and we choose not to present other expression of a;;i, b;jk, Cijr here.
For x5,y ~ 0, there exists a center manifold. On the center manifold, we have z; =

O(ll‘g, y|2> and

Ty = Y+ Ggox3 + an1%2y + Aoy a3y + dsoxs + y2O(|22,yl),
(4.34)
y = bsox3 + bindoy + booy® + b3y 4+ y*O(|z2, ).
Then we use the following near-identity transformation
U=y, U=y +ant; + antay + anryy + asry + y O(|xa, y)).
and if we change u, v into x, y, we obtain
To=y,
(4.35)
Yy = —byr® +y(bnz — bna?) + y*Qua(z, ).
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where

o 406162 . a?0i(Try — 8cm)
O 9a22m2(9a265 — 46265)" 1 acm (90265 — 4626,)

P 4ad}(243emdZa® + psa’ + pea® + pra+ o) 2_(51\/§
2t 3a2c?m?2(9a203 — 46304)3 a7 3 Va5

Pz = —276:(16¢*m? — 15emry + 515)0%,  Pa = 962(16¢*m? — 36cmry + 1773)57,

p1 = —6(8cm — 11r)6267,  po = 1603025°.

If we make a rescaling of coordinates and time by

b b2 b
ixa Y = A_leya T = ASO
V bso b3y ba1

and rewrite X, Y, 7 into x, y, t. Then we obtain the normal form (4.31), and

X = t

b— [;11 . 7T2 — 8cm
Vbsy  2,/62 — 45626,6,

When b = +21/2, we have the following curve

 8v/2,/6265(64c*m? — 16cmry — 17r3)6;
B 3(64c2m? — 16emry — 1773) ’
242 — 8
i

& = a(ry)
(0 <1y <2em,ry #

which are presented in the Figure 4.7. It follows from the classification criteria for the
nilpotent singularity in [127, 128], then we have the classification of nilpotent singularity.

When ry = %cm, then we have b = 0, and

5m(7a — 80cm)
343aa
162

B 80acm 80cm
7o — 80em

. 25acm

L™ (T — 80cm)a’

*
Ko =

*

,7”1

K



and system (4.35) becomes following system

T =y,

. X A (4.36)
Uy = —bgor® — b2y + y*Qra(z,y).

where

A 250002 c*m?

%7 49a2(4902 — 800c2m?)’

Z?)Ql _ 250(—24000¢*m? — 22400cc*m? + 2401@3)cm04'
49a2 (490 — 800c¢?m?)?

80cm

As a > =%, we can easily verify that by, > 0. Then following the same rescaling of

coordinates and time, we obtain that

To= Y,
_ (4.37)
y = —a® =2’y +y’Qu(r,y).
We note that the most degenerate equilibrium point of system (4.1) is a codimension 4
nilpotent focus point. This is also observed in our analysis of the generalist predator prey

model without stage structure in chapter 3. This most degenerate singularity can serve

as the organizing center of the complex dynamics of system (4.1). [

Also, the different types of nilpotent singularities mentioned in Theorem 4.3.5 are
present with numerical examples in Figure 4.6. We summarize the above bifurcation

analysis in the Table 4.1.
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(c) Degenerate focus type (b = 0),ro = (d) Degenerate elliptic type (|b| = 2V/2),
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,ao =15 ro = 1.5243,a = 50

Figure 4.6: The phase portraits of different type of nilpotent singularities when x; =

K], ke = Ky, 71 =717, a=1,c=1m=1.
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Table 4.1: The summary of different type of bifurcations in system (4.1)

Conditions

Types of bifurcation codimension

Pest-free equilibrium Sp; (0, 0, ;2),

Ky = 21 Saddle-node 1
Ko = T2, K1 = ”(?27;“")(7"2 > cm); Saddle-node 2
Coexistence equilibrium S(E, Eo, M),

UE)=0,ky—ky =k, T(J(S))) #0; Saddle-node 1
UE)=0,ky— ki =k U (E)=0,T(J(S)) #0; Saddle-node 2
U(E)=0,T(J(S)) =0,D(J(S)) >0 Hopf >1
UPE)=0,ky— ki =k T(J(S)) = BT 2
U'(E) #0,my = 0; cusp type BT 3
U'(E)=0, Nilpotent singularity >3
b= f(ry, ), |b| < 2v2; Focus type 3
b= f(ra,a), |b] > 2v2; Elliptic type 3
ry = %cm; Focus type 4
b= f(ry, ), |b| = 2v/2; Elliptic type >4

Here, we will study system (4.1) for

parameters (k1,k2,71) in a neighborhood of

(K7, k5, 77) to explore the complex dynamics which can be bifurcated from the codimen-
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sion 3 nilpotent singularity S*.

Let
* * *
K1 = K] + €1, Ko = Ky + €2, 1 = 7] + €3,

where € = (€1, €2, €3) and |e| is sufficiently small. Then we will study the bifurcation of

the following unfolding system

dEq .
W = (7"1 + 63)E2 — O[El,
(11?2 % 2 7711?2]Vf
5 = abi—(si+e)B; - PR (4.38)
dM emBEo M
— = roM —(r} M? .
o T (K3 + €2) + o1 Es

Theorem 4.3.6. Denote

Bs =54050° — 9(4em + o) (dem — 3r9)010,0% — 605(16¢*m* — 24emry + 1177565 ax

+ 16636503,

for parameters |e| sufficiently small and any other positive parameters a,c,m, system
(4.38) is a generic unfolding of the codimension 3 nilpotent singularity of elliptic type
when |b| > 2v/2, of focus type when |b| < 2v/2, where b = b(a, ry) = ——2=8cm

2, /03— 45626005

20102
o > T35 and Bg # 0.

Proof. A generic unfolding with the parameters (1, 2, f13), of codimension 3 nilpotent

166



singularity is C'*° equivalent to

T =y,
(4.39)
g =+ per — ¥ +y(pus +br —2* + O(2?)) + y*Q(a, y).
We will show that system (4.38), with parameters ¢ = (€1, €3, €3), is also a generic unfold-
ing of codimension 3 singularity by showing that there exists smooth coordinate change
which take (4.38) into (4.39) with L2 | ) £ 0.

When ¢ = 0, the system (4.38) has a nilpotent equilibrium S*(E;, E5, M*). Let

X1 =F — L7, Xy =Ly — E;,Y =M — M*, and make the transformation

X1 X1
Xy | =P |y
Y Y

When || is sufficient small, the system (4.38) becomes

( i +k=1,2
£y = looo(€) + Z Lijp()ai 2y + O (|1, 22, y[*),
ij k€N
itj+k=1,2,3
By o= moo(e) + Y. mye(e)zialyt + O(|zy, . yl"), (4.40)
1,7,keN
itj+k=1,2,3
Y = nooo(e) + Z nije(€)zizhy" + O(|wy, 22, y|*)
\ 1,5,kEN

When e = O, then 1000(6) = 0, mooo(ﬁ) = O, TL(]O()(G) = O, and coefficients lwk(O), mi,j,k(O),
n;.;x(0) are equal to the corresponding coefficients in the system (4.33). Moreover, when

e = 0, coefficients in the following computation process should be aligned with those in
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each step of the Theorem 4.3.5. Then we compute the center manifold

0<i4j<2

€T = h(l’g, y) = Z hZ](E)x;y] + O(|I2a y|3)a

1,JEN

and reduce the system to a planar system.

( i+7=1,2,3
o= () + Y I(e)usy’ + 0wy,
i@fjefl 23 4.41)
go= Mmoo+ Y du(e)asy’ +O(|zaylh).
1,7€EN

\

Then, we make the following transformation

_ i+j:1,2,3~
u=1x5, v=lo(e)+ Y L()zhy’ + Oz ylh),

i,jEN

and system (4.41) can be transformed into

U = v,
~ i+j=123_ o 4.42)
0 o= lo(e)+ Y Ly(e)uv’ +O(lu,v]").
i,jEN

After a sequence of coordinate changes depending on the parameters (1, €5, €3), we ob-
tain the normal form (4.39) where (11, 2, p13) is a function of (ey, €5, €3). And we can

verify that

_ 104976a*cB, B, B3 BS (4.43)
0 B 05(5%52%(9(1253 - 45%52)1835 ) )

‘ Op, i, p3)
8(61, €2, 63)

€=
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where
B1 :3CY53 — 251(52, BQ = 9&253 — 8(5%(7“2 + 4cm),
By =243cméia’ — 27(16¢°m? — 15¢mry + 5r3)010a° + 9(16¢*m? — 36¢cmiry
+1773)63650% — 6(8cm — 1175) 51050 + 16676563,

B 55 25, 5
Bs _\/(9a253 —1070,) 7 3\ Gy

Thus, the transformation of parameters is nonsingular if By # 0, By # 0, B3 # 0, By #

26102

555 and 0 < ry < 2cm. Then we

0. The parameters are positive and we know that o >
can easily verify that B; > 0, By > 0, By > 0. When B3 # 0, the system (4.38) with

parameters € = (€1, €9, €3), is a generic family unfolding the codimension 3 nilpotent

singularity. [

From the analysis above, we observe that there is no universal unfolding of the codi-

mension 3 nilpotent singularity when B; = 0. We display the curve of B3 = 0 in the

26102

Figure 4.7 given that o > =352,

which is equivalent to B; > 0. Compared with the model
without a stage structure, the introduction of « in the model with stage structure results in
the change of dynamics of the model. It will affect the classification of nilpotent singu-
larity. Also, we can not unfold the singularity point of codimension 3 along the curve Bj
shown in Figure 4.7. This phenomena is not observed in the model without stage struc-

ture which indicates that a model with stages structure may have degenerate singularities

with higher codimension and more complex dynamics than the model without stages.
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Remark 4.3.7. For system (4.1), the co-existence equilibrium of multiplicity 3, S123,

* if T'(J(S123)) # 0, it is a saddle node of codimension 2.

o ifT(J(5123)) = 0, it occurs at S1o3 = S* and it is a elliptic or focus type nilpotent

point of codimension 3 or 4, depending on the value of ro and a.

170



Without stage structure (@ — +0)
‘ Focus type rElljptic type—

a 1
1
1
1
B, >0 ;
:
1
1 1
With < Focus type : :
stage : ;
structure : :
: :
1 1
1 1
1 1
1 1
8 | |
s : :
1 1
4\?{EC : ] 7‘2
0 gcm 24\1/3—8cm 2cm
—|b|=2V2 — b =0 — Bj=0— B3=0

Figure 4.7: The type of nilpotent singularity with varying r; and «.. The red color repre-
sents the situation with stage structure, while the black color represents when there is no
stage structure. The area without shadow is the reasonable parameter space. The solid
red curve separates the focus type and elliptic type of nilpotent singularity in the model
with the stage structure on prey. The blue and green line represent B; = 0 and B3 = 0.

The purple line represents the condition of the nilpotent focus of codimension 4, b = 0.
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4.3.5 Bifurcation diagram

4.3.5.1 The bifurcation diagram on (1, k) plane near focus and elliptic nilpotent

point

The bifurcation diagrams for the focus and elliptic type of nilpotent singularities has been
presented in chapter 3. Here, we only present the slice of bifurcation diagram on (k1 k2)
plane near the focus type and elliptic type nilpotent singularities of codimension 3, which
are given in Figure 4.8. We fixed a = 1,c = 1,m = 1,r; = rj, and the coexistence
equilibrium point is nilpotent singularity of focus type when r, = 0.5, = 6.25 and
elliptic type when r, = 1.6, = 50, according to the Theorem 4.3.5. Like found in
chapter 3, we observed that the curve of Hopf bifurcation and saddle-node bifurcation are
tangent at different positions. In the most degenerate focus case of nilpotent singularities,
the two branches of saddle node bifurcation curves are tangent to the two branches of
Hopf bifurcation curves (Figure 4.8(e)). The BT point separates the Hopf bifurcation
curve and the neutral saddle curve while the degenerate Hopf bifurcation point separates
the supercritical and subcritical Hopf bifurcation curve. Note that the BT point in the
Figure 4.8(a)-4.8(d) should be nilpotent singularity of codimension 3 as here we fix r, =

*
.
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4.3.5.2 The effect of hatching rate on the E. onukii populations dynamic

We plot the one parameter bifurcation diagram in (v, Es) plane in Figure 4.9 and present
the effect of the hatching rate of E. onukii egg () on the dynamics of the system. We
observe its different performances under different parameter values of intra-specific com-
petition of E. onukii hatched individuals (nymphs and adults) (k1) and intra-specific com-
petition of A. baccarum (k5), when the net oviposition rate of E. onukii (r1) and growth
rate of A. baccarum (r;) are fixed where the coexistence equilibrium is focus type (Fig-
ure 4.9(a) - 4.9(d)) or elliptic type (Figure 4.9(e)) nilpotent singularity of codimension 3,
and other parameters are fixed.

When the system has only one coexistence equilibrium (Figure 4.9(b) - 4.9(d)), with
the decrease of «, that is, extending the incubation time of the E. onukii eggs, the am-
plitude of the system’s limit cycle may gradually decrease, until it finally disappears and
becomes a stable coexistence equilibrium (Figure 4.9(b)). Also, it may go through one
stable limit cycle to two limit cycles (one stable, one unstable), then to a stable coex-
istence equilibrium (Figure 4.9(c), 4.9(d)) as the decrease of «. This is also intuitively
illustrated by the Figure 4.2, 4.3 and 4.4.

When the system has three coexistence equilibria (Figure 4.9(a), 4.9(¢e)), the ampli-
tude of stable limit cycle decrease with the decrease of «, while the amplitude of the

unstable limit cycle increases with the decrease of o. Then the system will have a sta-
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ble coexistence equilibrium with low abundance of E. onukii when « decreases to some

extent.
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(a) Focus type, ro = 0.5, = 6.25 (b) Focus type, zoom plot

0.0265
0.0261
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0.0255 / BT
e

0.025 0.0259 -

0.0245 0.0258 |

< oozt < 002570
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0.023 L1
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0.0225 g
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4
(c) Elliptic type, 72 = 1.6, o« = 50 (d) Elliptic type, zoom plot

Figure 4.8: A slice of codimension 3 bifurcation diagram near focus type and elliptic
type nilpotent singularities. CP, BT, DH and LPC denote the cusp bifurcation point, the
Bogdanov-Takens bifurcation point, degenerate Hopf bifurcation point and limit point
of limit cycle, respectively. The green solid and dot lines are the stable and unstable
saddle-node bifurcation respectively; red solid and dot line represents the supercritical
and subcritical Hopf bifurcation; cyan line stands for the saddle-node of limit cycle;
magenta line is neutral saddle curve not the bifurcation curve. r = rf,a = 1,¢c =
I,m=1.
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(e) Degenerate focus, ro = %, a=20

Figure 4.8: (Continued) A slice of codimension 3 bifurcation diagram near focus type
and elliptic type nilpotent singularities. CP, BT, DH and LPC denote the cusp bifurca-
tion point, the Bogdanov-Takens bifurcation point, degenerate Hopf bifurcation point
and limit point of limit cycle, respectively. The green solid and dot lines are the
stable and unstable saddle-node bifurcation respectively; red solid and dot line repre-
sents the supercritical and subcritical Hopf bifurcation; cyan line stands for the saddle-
node of limit cycle; magenta line is neutral saddle curve not the bifurcation curve.
rn=r,a=1lc=1m=1.
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(e) ko = 0.02568, k1 = 24.5,71 = 62.27545,79 = 1.6

Figure 4.9: Bifurcation diagram in ( Es, o) plane with different situations and a = 1,¢ =
1,m = 1. LPC, PD and H represents the limit point of limit cycle, periodic doubling and
Hopf bifurcation point. The blue and red color represent the equilibrium is stable and

unstable, respectively.
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4.4 Discussion

In this chapter, we carry out the bifurcations of this three-dimensional nonlinear system
for a generalist predator-prey model with stage structure of prey with Holling type II
functional response. We find that the nilpotent singularity of codimension 4 serves as
an organizing center for the complex dynamics of the model (4.1). The cusp type of BT
bifurcation of codimension 3, focus type of nilpotent singularity of codimension 3, and
elliptic type of nilpotent singularity of codimension 3, can occur in system (4.1), which
is also observed in chapter 3, and Huang et al. (2020) in the generalist predator prey
model without stage structure [79]. These three different codimension 3 bifurcations
can can occur from the nilpotent focus of codimension 4. Moreover, we summarize the
general classification of nilpotent singularity, and this is also related to the unfolding of
the nilpotent focus of codimension 4.

The k1, Ky describe the crowded effect of the tea plantation with regard to the growth
of E.onukii and A. baccarum. From our analysis, we find when ko < K, it is possible
to eradicate the pest E.onukii. However, if x4 is also relatively small, the pest E.onukii
will either go extinct or outbreak. In this case, pest control heavily depend on the initial
abundance of E. onukii and A. baccarum populations. And there exist the scenarios that
the higher abundance of A. baccarum will lead to the higher abundance of E. onukii.

The increase of A. baccarum abundance cannot help control E. onukii, it may lead to
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the outbreak of E. onukii. This may also help to explain the field observations in Chen
et al [122] that there is no significant decrease of the E. onukii abundance though the
significant increase of A. baccarum abundance was observed. Hence, we need to be
more careful when using the generalist predator to control the pest.

Moreover, we compare the system (3.1) and our generalist predator-prey model with
stage structure, system (4.1), and the results are presented in Table 4.2. We notice that the
condition that the determinant of the Jacobian matrix at co-existence equilibrium is equal
to zero is different in the model with and without stage structure, and does not relate
to the a. As « goes to oo, the condition that trace of Jacobian matrix at coexistence
equilibrium with multiplicity 3 equals to zero in the model with stage structure is the
same with the model without structure. This also can be seen for the coefficient of zy
term in the normal form of the system at nilpotent singularity (b). When the incubation
time of the E. onukii eggs is extremely short, the performance of the model with stage

structure is aligned with the model without stage structure.
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without stage structure

with stage structure

DASN=0 | Uy(Ez) = Ui(E) =0 | Uy(E) — Ui(E2) = 575
T(J(SIQS))ZO TT = 2?,%?2 TT = 3632—51%5;152
b % Tro—8cm

2, /03— 545 636203

Table 4.2: The comparison between the model with and without stage structure.

Furthermore, we find that the hatching rate o has an impact on the dynamics of the
system. Different values of o can correspond to different types of nilpotent singularity
(Figure 4.7), and the different phase portraits can be observed. In addition, choosing «
as a bifurcation parameter, we show that Hopf bifurcations can occur as « crosses some
critical values. The system can have periodic solutions. As decreasing the hatching rate,
the amplitude of the system’s limit cycle may gradually decrease or becomes a stable
coexistence equilibrium (Figure 4.9). This also indicates that extending the incubation
time of E. onukii eggs can be beneficial to pest control. From the biological perspective,
the pruning and plucking at the appropriate time are an efficient way to suppress the pest
population as the egg of E.onukii in the tea tender stem can be taken away, which extend
the incubation time of E. onukii eggs to oo.

In addition, it is well-known that the introduction of maturation delay into the predator-

prey system can result in the periodic oscillations of populations and complex dynamics,
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which has been widely proved in the delay differential equation models [144, 145, 146].
However, our stage structure model by introducing the hatching rate « also reveals this
phenomenon, which is not observed in previous ordinary differential equation models.
In this chapter, we investigate the complex dynamics in the generalist predator-prey
model with stage structure for prey. The focus type of nilpotent point of codimension 4
serves as the organizing center of all the complex bifurcations that occurred in the system.
This most degenerate singularity is also related to the general cubic Liénard equations.
Most importantly, we observe that the introduction of stage structure results in the change
of dynamics of the generalist predator-prey model. The hatching rate o of E. onukii
eggs has a great impact on the E. onukii and A. baccarum populations. The periodic
oscillations of the E. onukii and A. baccarum populations may result from the change
of hatching rate of E. onukii eggs, which illustrates the importance of incorporating the

different life stages of species into the model.
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5 Conclusions and future work

5.1 Conclusions

The TGL, E. onukii, is one of the most predominant insect pests threatening tea produc-
tion in many countries [11, 139]. The damage caused by E. onukii may result in more
fragments, astringent taste and lower quality of made tea, and account for 15-50% total
loss of tender tea shoots [5, 11, 149]. However, the control of this pest relies primarily
on the heavy use of insecticides which may also increase the insecticide resistance of E.
onukii. Also, the pesticide residues in the made tea further enlarge the economic losses.
Hence, it is essential for the tea economy to develop safe, economic and sustainable
control measures to prevent and control E. onukii.

A potential biological control agent, the predatory mite A. baccarum is an important
predator of the leafhopper pest in various agricultural systems, which can prey on E.
onukii and other insects in tea plantations. Because of its broad feeding habit, the gener-
alist predator is believed to have little advantage in conferring effectiveness in biological

control. Nevertheless, the A. baccarum have been found that it is beneficial to ecosys-
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tems. The role of generalist predators in controlling pests has also been explored in some
cropping systems through field experiments. Hence, a good understanding of generalist
predatory mite A. baccarum and the leafthopper pest E. onukii population dynamics is
crucial for tea pest suppression. In this dissertation, we aim to understand the population
dynamics between A. baccarum and E. onukii, and then to help achieve the biological
control of E. onukii.

Firstly, we apply the statistical method to investigate how the relationship of the
abundance of the predatory mite and its leathopper prey is influenced by different treat-
ments, using the field experimental data. We conduct the generalized linear mixed model
(GLMM), in particular, zero inflated Poisson mixed models which combine binary lo-
gistic and Poisson distributions for the response variable as the monitoring data of both
species was strongly overdispersed and had significantly more zero counts than would
be expected from a Poisson distribution. We find that the abundance of A. baccarum
was significantly higher in tea canopies of intercropped treatments than in canopies over
natural ground cover and litter samples showed higher abundances of A. baccarum when
tea was intercropped with Paspalum notatum than with natural ground cover, in the first
year of treatment. The abundance of E. onukii in tea canopies was higher over the bare
ground treatment in the first year but the opposite was observed in the second year. Our
results suggest that the abundance of A. baccarum in a tea plantation is influenced by

intercropping and it can affect its leathopper prey, albeit, with varying levels of suppres-
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sion. However, the direct interaction between A. baccarum and E. onukii is not clear.

Then, we use a predator-prey model with a generalist predator and aim to explore
the dynamics of leathopper pest E. onukii and predatory mite A. baccarum and the
mechanism to inform biological control. In addition to the commonly well-presented
bifurcations include saddle-node bifurcation of codimension 1 and 2, Hopf bifurcation,
Bogdanov-Takens bifurcation, we also discover the nilpotent singularities of elliptic type
of codimension 3 and 4 serves as organizer center to connect all the dynamics. One
interesting observation is that we numerically show the existence of three limit cycles
in a planar predator-prey system. It turns out that there are many different co-existence
states and the co-existence of these two species is always possible. The system can have
bistability and tristability. Moreover, the introduction of A. baccarum always reduces
the E. onukii abundance below the carrying capacity and may be beneficial to pest con-
trol. When the carrying capacity of the predatory mite A.baccarum is high enough, the
pest-free equilibrium is locally stable. Although eradication is possible, it also depends
on the initial conditions of the A. baccarum and E. onukii populations. When the carry-
ing capacity of A.baccarum is high, the coexistence equilibrium still exists. If the initial
abundance of pests is high, we may not eradicate the pest. Using the generalist predator
to control the pest is much difficult. We may need to understand their dynamics, then to
better use this kind of natural enemy to control the tea pest.

Finally, we incorporate the stage structure of prey into our generalist predator prey
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model and analyze the higher codimension bifurcations in higher dimension nonlinear
systems. Also, we compare our generalist predator prey model with and without stage
structure and the performance of the model with stage structure is aligned with the model
without stage structure if the incubation time of E. onukii is extremely short. The model
has complex dynamics as we noticed in the model without stage structure. Moreover,
the successful hatching rate of E. onukii eggs has great impacts on the E. onukii and A.
baccarum populations. The change of successful hatching rate can result in the periodic
oscillation of E. onukii and A. baccarum populations, which is not observed in previous
ordinary differential equation models. Also, with the decrease of successful hatching
rate, the amplitude of the system’s limit cycle may decrease, which indicates that extend-
ing the incubation time of E. onukii eggs can be beneficial to control of E. onukii.

In this work, we are focusing on the pest control effect of biological methods, espe-
cially by improving the influence of natural enemies on pest population through conser-
vation biological control method, like the cover crop in the tea plantations. We find that
the intercropping may increase the abundance of the A. baccurum significantly. From a
mathematical point of view, we can control the bifurcation parameters that we mentioned
in our work, like the /7, the carrying capacity of E.onukii, K, the carrying capacity of
A. baccarum, r1, the growth rate of E.onukii, r5, the growth rate of A. baccarum, o, the
successful hatching rate of E.onukii eggs in the field practice. We can choose to decrease

a by plucking and pruning. Also, increasing the r, and K through the intercropping.
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Hence, regular pruning and plucking are recommended, as it can take away the egg of
E. onukii, which are crucial to pest control. Light traps and sticky traps are also helpful
to reduce the carrying capacity of the pest E.onukii. But the growth rate and carrying
capacity mainly depend on the environmental factors or biological factors. If we plant
the cover crop in the tea plantations, we may increase the ry and K5, but the r; and K,
may also increase. These parameters are correlated in the reality. We need carefully to
increase those parameters.

In conclusion, the generalist predator A. baccarum can be helpful to control the E.
onukii. However, the many different co-existence states also indicate that pest control
is not easy. There is the situation that A. baccarum and E. onukii are in battle forever,
which the pest E. onukii can not be eradicated even if the number of predator are plenty.
Increasing the birth rate of A. baccarum, increasing the carrying capacity of A. baccarum,
like providing suitable habitat for A. baccarum, and extending the incubation time of E.

onukii eggs can help to the control of E. onukii.

5.2 Future work

The oviposition, mortality rate of E. onukii can be influenced by the agricultural opera-
tions (like pruning, picking), the environmental factors (like temperature, precipitation),
and the biological factors (predators, parasitoids, pathogens, viruses, and fungus). Agri-

cultural operations, especially picking and pruning, will not only take away a large num-
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ber of small E. onukii eggs [150], but also reduce the food for the E. onukii nymphs and
adults, which is currently very important prevention and control measure for E. onukii.
Also, the oviposition rate of adult E. onukii may be reduced due to the lack of young
shoots. It will have a great impact on E. onukii growth and reproduction.

In future work, from the perspective of biology, we may consider the environmental
factors (like the temperature, precipitation) into the model and to investigate its impact
on the the E. onukii and A. baccarum population dynamics. Also, the behaviors of the
insect, the fear effect or the resistant of the prey E. onukii can be included in the model.

Moreover, from the perspective of mathematics, we can extend our work to higher
dimension nonlinear systems. To better model the reality, the stage structure for the
predator, the cannibalism, different functional response can also be considered.

In addition, the population dynamics of different species in the tea plantation are
complicated. In the dissertation, we only consider the two species, generalist predator,
predatory mite A. baccarum and prey leathopper pest E. onukii. In future work, we can
consider more species into the model, like including the tea leaves growth, which may

affect the growth of A. baccarum and E. onukii.
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