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Abstract

Data integration is the process of extracting information from multiple sources and analyzing
different related data sets simultaneously. The aggregated information can reduce the
sample biases caused by low-quality data, boost the statistical power for joint inference, and
enhance the model prediction. Therefore, this dissertation focuses on the development and
implementation of statistical methods for data integration.

In clinical research, the study outcomes usually consist of various patients’ information
corresponding to the treatment. Since the joint inference across related data sets can provide
more efficient estimates compared with marginal approaches, analyzing multiple clinical
endpoints simultaneously can better understand treatment effects. Meanwhile, the data
from different research are usually heterogeneous with continuous and discrete endpoints.
To alleviate computational difficulties, we apply the pairwise composite likelihood method
to analyze the data. We can show that the estimators are consistent and asymptotically
normally distributed based on the Godambe information.

Under high dimensionality, the joint model needs to select the important features to
analyze the intrinsic relatedness among all data sets. The multi-task feature learning is widely
used to recover this union support through the penalized M-estimation framework. However,
the heterogeneity among different data sets may cause difficulties in formulating the joint
model. Thus, we propose the mixed /{5 regularized composite quasi-likelihood function to

perform multi-task feature learning. In our framework, we relax the distributional assumption
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of responses, and our result establishes the sign recovery consistency and estimation error
bounds of the penalized estimates.

When data from multiple sources are contaminated by large outliers, the multi-task
learning methods suffer efficiency loss. Next, we propose robust multi-task feature learning by
combining the adaptive Huber regression tasks with mixed regularization. The robustification
parameters can be chosen to adapt to the sample size, model dimension, and error moments
while striking a balance between unbiasedness and robustness. We consider heavy-tailed
distributions for multiple data sets that have bounded (1 + w)th moment for any w > 0. Our
method is shown to achieve estimation consistency and sign recovery consistency. In addition,
the robust information criterion can conduct joint inference on related tasks for consistent

model selection.

Keywords: Data Integration, Composite Likelihood, Penalized M-estimation, Robust M-

estimation, Mixed /5 ; Regularization, Adaptive Huber Regression, Outlier Contamination.
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Chapter 1

Introduction

With the advancement of cyberinfrastructure technologies, increasing amounts and types
of databases or data repositories are available for research in science fields. For example,
the Gene Expression Omnibus (GEO) is a public archive for high-throughput microarray,
and next-generation sequence functional genomics data sets [Edgar et al., 2002, Barrett
et al., 2010, 2012]. The study of targeted gene expression profiles can get information based
on the GEO database submitted by different institutions. Collecting related data sets and
aggregating information for statistical learning is defined as a process of data integration
[Council et al., 2010, Gomez-Cabrero et al., 2014]. Some examples of data integration are
illustrated in Figure 1.1. In Type (I) and (III) scenarios, different learning tasks can be
combined due to the similarity between data sets, which can provide the fundamental sparsity
patterns of predictors. The study based on Type (II) data integration is usually used to reveal
the intrinsic relationship between response variables, which can boost statistical power on the
inference of parameters. By applying data integration, the synergy among different learning
tasks can enhance the overall prediction accuracy compared with marginal approaches applied
to the individual data.

Biomedical research usually has experimental outcomes consisting of various information



Figure 1.1: Examples of data integration. Type (I): Different learning tasks combined with
different data sets; Type (II): Multiple outcomes modeled with shared predictors; Type (I1I):

Multi-source predictors with the dependent variable (outcome of interest).
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about participants corresponding to the treatment. For example, the study of omics data sets
needs to model transcriptome and proteome profiles with related biological processes together
in microbial biology [Zhang et al., 2010b, Meng et al., 2014, Zhang et al., 2022]. The diversity
of data types indicates that the proposed models have to deal with multiple heterogeneous
data sets [Gomez-Cabrero et al., 2014]. It is a theoretical challenge to formulate the joint
probability density of data sets with different distributions, and the unknown relationship
within and between data sets can increase the model complexity and number of parameters.
Consequently, the estimating algorithm needs intensive computation in the programming.
Therefore, building statistical models that can effectively alleviate the computational difficulty

and provide consistent estimates is of significant interest.



In addition, the ultra-high dimensionality of multiple data sets brings tremendous infor-
mation to train the learning process, and it also makes the model complicated and overly
fitted for data validation. For instance, the research of gene expression profiles often contains
a large number of biomarkers but has a sample scarcity problem due to the limitation of
budget and participants in the experiment. In this case, data integration can aggregate
information from multiple similar experiments to enhance the selection power [Gao and
Carroll, 2017, Dai et al., 2020|. Different statistical methods, such as multi-task learning and
fusion learning, have been developed for the joint feature selection with a wide implementation.
For example, Liu et al. [2010] examined small interfering RNAs (siRNAs) efficacy across 14
different platforms for gene functional study. The molecular association between different
phenotypic responses was analyzed by Zhang et al. [2010a], and their results showed that the
joint feature selection identified some new biomarkers relevant to the responses. In literature,
most existing procedures deal with the same type of regression or classification problems and
selecting features across tasks of different natures on heterogeneous data sets has not been
fully explored.

Since the data sets are collected from various sources, the data quality can be difficult
to control in retrospective studies. Data integration can reduce the impact of low-quality
data by introducing more reliable data. However, if the integrated data have heavy-tailed
distribution or large outliers contamination, the model performance could suffer efficiency
loss. For example, when modeling microarray datasets, Wang et al. [2015a] observed that the
gene expression levels presented heavy tails even after normalization based on the values of
the marginal kurtosises. It also happens to the data obtained from the study of functional
magnetic resonance imaging (fMRI). Eklund et al. [2016] identified that the major cause
of invalid fMRI inferences is that the spatial data fail to follow the Gaussian distribution.
To accommodate learning tasks with outlier contamination, robust regularization methods

are necessary to ensure that estimation results can be more reliable and robust for data



integration.

In this dissertation, we focus on the development and implementation of statistical
methods for data integration. In Chapter 2, the joint inference across multiple related data
sets is provided to show the asymptotic properties of the estimates. In addition, we propose
two new methods for high-dimensional data integration. In Chapter 3, the heterogeneous
multi-task feature learning is established to combine different types of learning tasks through
the regularized composite quasi-likelihood. For instance, linear regression, Poisson regression,
logistic regression, and multinomial regression can be jointly analyzed for the feature selection
through this model. In Chapter 4, we propose the robust multi-task feature learning to model
multiple related data sets that have heavy-tailed distributions or outlier contamination. In
this model, the adaptive Huber regressions are combined through mixed regularization to

select important features based on the robust Bayesian information criterion.

Notation
The following general notations will be used in subsequent chapters.

e For any vector v = (vy,vg, -+ ,v4)7 € R? the £, norm of v is defined as |[v]|, =

(3L, Jvi|7) for some ¢ > 1, and with ¢ = 00, [[v]ls = sup;{|vi| 14 = 1,2, ,d}.

e The mixed /,, norm of the vector is used for the vector that is evenly partitioned into
groups. For example, for any doubly indexed vector v = (vi1,v12,*+ , Vijy*** ,VKa)?

the ¢, , norm is defined as

d K
r 1
lollgr = (D (D_uf)™)", (1.1)
j=1 =1
fori =1,2,--- K and j = 1,2,--- ,d. One special case is when r = 00, [|vg00 =




max; { (38, vfj)%} The jth block-wise subvector can be defined as follows,

09 = (vy5,v95, -, vk;) T (1.2)

for 7 =1,2,---,d. In this thesis, the subset of the vector is constructed as ve = {v\9) :
je&}for £ C{1,2,---,d}, and the cardinality of the subset is denoted by |£|. The

set B,.(v*) with center point v* contains all vectors v satisfying ||v — v*||s < r.

e For any matrix A € R%? the element of the matrix is defined as Apj) with 4,7 =
1,2,--+,d, and the submatrix A, consists of all element Aj;; such that ¢ € £ and
j € &. The eigenvalues of the matrix A is denoted as A(A) = {\1, Aa,--- , \¢}. The

norm of matrix A is defined as follows:

— The spectral norm: ||Al||l, = Amax(A), which is the maximum eigenvalue;
— The Frobenius norm: [|A][, = (3¢, Z;l:l a? )2

d
— The ¢, norm: [|All|, = max; > 7, |Aujl;

d
— The {,, norm: ||| A, = max; ijl | Az

e A random variable X follows a sub-exponential distribution with parameters (v, a),

such that E(exp{tX}) < exp{t*v?/2} for all |t| < 1/a, and the 1); norm

1X 4y = sup m™ (E|X[™")™ < 0. (1.3)
m>1

e A random variable X follows a sub-Gaussian distribution with a parameter o, such

that F(exp{tX}) < exp{t?c?/2} for all t € R, and the 15 norm is defined as

1X Iy, = sup m™2(EIX|™)V™ < co. (1.4)
m>1



e Let f(n) 2 g(n) indicate f(n) > c1g(n) for ¢; € (0,00); let f(n) < g(n) indicate
f(n) < cag(n) for ¢ € (0,00); and f(n) < g(n) if f(n) Z g(n) and f(n) S g(n) hold

simultaneously.



Chapter 2

Joint Inference with Pairwise Composite

Likelihood Method

This work has been conducted in collaboration with Dr. Bai, Dr. Gao, and Dr. Xu and
published in "Multivariate Mixed Response Model with Pairwise Composite-Likelihood
Method" [Bai et al., 2020]. In this chapter, we provide the implementation of the joint

inference to the parameters of interest based on the pairwise composite likelihood.

2.1 Introduction

Clinical research, such as toxicity studies and laboratory examinations, can provide relevant
information for measuring the effect of various treatments or experiments on patients. In
practice, this type of research needs to jointly analyze multiple experimental data sets, but
the research outcomes collected during the treatment can be correlated and heterogeneous
with different distributions. For example, we are simultaneously studying the efficacy of
treatments along with the toxicity and adverse drug reactions. The severity level could be

measured as discrete or ordinal data, while the clinical examination results, such as the blood



test measures, are continuous. The experimental outcomes can be analyzed by different linear
models to estimate the effect of the treatment with the relevant clinical and demographic
information, but the relatedness between the data is not considered for the analysis, which
may lose efficiency for the inference. Thus, it is desirable to jointly model multiple clinical
data sets and analyze the treatment with other clinical information.

In the recent literature, there are various methods to model multiple data sets simultane-
ously. When one continuous response variable and one discrete response variable are jointly
analyzed, the conditional Gaussian distribution model (CGDM) can decompose the joint
distribution into a combination of the conditional distribution and the marginal distribution.
In particular, Cox [1972] provided the logistic conditional distribution for binary variables,
and Cox and Wermuth [1992] extended the model with a probit-type function and showed
the potential connection to the latent variable model. Another conditional Gaussian distri-
bution model, referred to as the general location model (GLOM), was proposed by Olkin
and Tate [1961]|. They adopted the opposite factorization, which consists of a conditional
normal distribution given the categorical variables and marginal multinomial distribution.
Teixeira-Pinto and Normand [2009] compared this approach with the models proposed by
Sammel et al. [1997, 1999] in a comprehensive review. Yang et al. [2007] extended the model
to mixed Poisson and continuous response variables through a likelihood-based approach.

In addition, the grouped continuous model (GCM) treated the categorical variables as
partitioned continuous latent variables with different non-overlapping intervals, which allows
the latent variables to follow a multivariate Gaussian distribution [Anderson and Pemberton,
1985, Skrondal and Rabe-Hesketh, 2007|. Poon and Lee [1987b| proposed the conditional
grouped continuous model (CGCM), which can jointly model continuous response variables
with categorical ones through the transformation. Catalano and Ryan [1992], Catalano [1997],
and Najita et al. [2009] applied the conditional grouped continuous model to the studies of fetal

toxicity for longitudinal data. Gueorguieva and Agresti [2001] proposed that the estimation



of correlated mixed response variables can be obtained by the expectation—-maximization
(EM) algorithm. Zhang et al. [2018| provided the parameter-expanded EM algorithm to
conduct joint estimation under the full-likelihood approach.

In practice, modeling multiple heterogeneous data sets with different distributions can
be computationally challenging to estimate the joint distribution. The composite likelihood
method offers an alternative solution to the estimation problem based on compounded lower-
dimensional distributions |Lindsay, 1988, Cox and Reid, 2004, Varin, 2008, Xu and Reid,
2011]. Faes et al. [2008] applied the composite likelihood to model multiple longitudinal
data. However, their correlation structure is induced by the random effect, which does not
have a closed-form expression. De Leon [2005] and De Leon and Carriégre [2007] developed
a general mixed-data model to jointly analyze correlated nominal, ordinal, and continuous
data together through the pairwise likelihood. In addition, Ekvall and Molstad [2022] used
the approximate maximum likelihood estimation for the mixed-type multivariate response
regression. The multivariate mixed response model proposed by Bai et al. [2020] can alleviate
the computational difficulties by using three types of bivariate models, which conduct joint
inference based on the pairwise composite likelihood.

Therefore, we can analyze multiple experimental data sets together and jointly estimate the
effect of treatment on each outcome of interest by applying the multivariate mixed response
model [Bai et al., 2020]. The model can estimate the parameters of the mean structure and
the correlation among different outcomes simultaneously. We derive the asymptotic properties
of the composite-likelihood estimates and derive three composite-likelihood test statistics
for joint inference. The hypothesis tests can be applied to a group of parameters related to
all data sets, while the model also includes some nuisance parameters. Simulation studies
were conducted to examine the empirical performance of the method in comparison with
the conventional approaches. In addition, we apply this method to the clinical data from a

colorectal cancer study. We analyze the effect of the treatment and other clinical factors’ on



multiple correlated responses of the patients.

2.2 Methodology

2.2.1 Model Setup

Suppose there are n observations yy, ¥, ..., %, ..., ¥y, in a clinical dataset, and each observa-
tion contains K multiple outcomes y; = (Y1, Yoi, - - - » Yris - - - » Yrci)© , which are correlated and
heterogeneous with continuous and binary variables. Suppose we wish to model the effects
of a collection of covariates, and the generalized linear model can be constructed for each

outcome as

9k (E(yrilzri)) = 21 B,

in which the covariate xy; with k =1,2,..., K, and ¢+ = 1,2, ...,n for different responses can
be the same or different, and g denotes as the link function used for the kth response. In
particular, if the response variable is continuous, we can use the regression model to fit the

data such that

T
Yki = T Bk + €k

When modeling binary outcomes, we can use the latent variable transformation based on

Dunson [2000], such that with Normal CDF &(.),

O (P(yr; = lag)) = z1; B

10



To analyze all K outcomes simultaneously, the joint likelihood function can be given by

n

L<0) = Hf(y1i7y2i7 e Yk - 7yK276)7

i=1

where 6 includes all parameters associated with the joint density function f(-). However, this
joint density function f(-) is difficult to formulate for the mixture of continuous and discrete
variables, and it is computationally intensive to estimate the parameters of interest through
this multivariate model. Alternatively, we can set up the pairwise likelihood function for

responses yy; and y;; as

Lkl 9kl kal ykuyluekl) (2-1)

The set pf parameters 6y, contains the coefficients of each linear model (5, 3;), the standard
deviation of the errors (o, o), and pairwise correlation py; associated with yy; and y;;.  The
joint density function f,(-) only needs to model three different bivariate structures, such that
outcomes i, and y;; are both continuous variables, outcomes y;, and y; are both binary
variables, and outcomes y;, and y; contain one continuous and one binary variable.

The log-likelihood function is given by ly;(0x) = log Lg;(0ki), and the score function is

given by
U (01) = E Fra(Unis yii; Oa) ™" o fkl(ykiaylz‘Qekl)- (2.2)
I
=1

The pairwise composite likelihood function of these K response variables is the product of

(12() paired likelihood functions
K—1

K
H Lkl ekl

k=1 l=k+1

11



and the composite score function is constructed by differentiating the composite log-likelihood

function

9 K-1 K
=—1 L(# 2.
U(Q) 89 ogC ; lgl Ukl le ( 3)

By solve U(f) = 0 based on (2.3), we can obtained the maximum composite likelihood

estimator 6.

2.2.2 Theoretical Results

As Cox and Hinkley [1974| and Kent [1982] presented the hypothesis testing of the full
likelihood function and its extensions, the composite likelihood function can be treated as the
misspecified likelihood function. Its asymptotic properties were reviewed and discussed by
Varin [2008], Xu and Reid [2011], and Gao and Song [2010]. Following this framework, the
pairwise composite likelihood function implemented in our analysis produces the estimators,
which are consistent and asymptotically normally distributed.

The Godambe information |Godambe, 1960] G of the parameters 6 for the log composite

likelihood function involves the sensitivity matrix H and the variability matrix J,

where the sensitivity matrix and variability matrix are defined as

H(0) = Eo{ =V U(6;y;)} and J(0) = Vare{U(6;y:)}.

where U(6;y;) denotes the score function of the ith observation and the total score function

U0) =21, U0 vi).

12



Assumption 2.1. The parameter space § € © C R? is a closed set with fived d. For any
k,l=1,2--- K, each log-likelihood function (y(0y;) is measurable function of (y:, yu) for
any Oy, and is distinct for different values of Oy;. Let the true parameter be denoted by 6* € O.
It is assumed that Eg«{Ug(0r)} = 0.

Assumption 2.2. The sensitivity matric H(0) and variability matriz H(0) are assumed
with restricted eigenvalues, such that 0 < min{A(H(0*))} < max{A(H(6*))} < oo and

0 < min{A(J(6*))} < max{A(J(0*))} < 0.

Assumption 2.3. The pairwise composite likelthood admits third derivatives for almost all

yi and for all 0 € B,(0*). The third derivatives denoted as V2U(0) is assumed to satisfy
VU @], < W

for some constant W > 0 with unit vector u.

Theorem 2.1. Under Assumptions (2.1) - (2.3), as n — oo, the mazimum composite

likelihood estimator 6 € B,.(6%) is asymptotically normally distributed as

~

V(=67 & Ny 0,671,

Proof. The asymptotic normality of the maximum composite likelihood estimator has been
established in previous works, and we just provide some important steps of the proof.

Since we have U (é) = 0, we can show the second-order Taylor expansion,

~

0= U(h) = U(67) + VU () (6 — 0) + %(é — 02U ) — 0°)

~

(6 —6%)

(- vUr) - %v?mé)(é —0m) U(er)
) * 1 * 1 217(O\ (A w1 1 *
Vil = 67) = (= —VU(6") = -V*U(0)(0 - 6)) N

13



where the point § = af* + (1 — a)f for some a € (0,1). We can show that 6 € B, (6*) for
some 7.
Based on the central limit theory, the score function \/LﬁUkl<9;;l> is asymptotically normally

distributed. From (2.3), the composite score function can satisfy

1 1 n d *
U= —= g U075 i) = Nal0,.J(67)).

In addition, by applying the law of large numbers,

Based on Assumption (2.3), we can show that

H‘—%VQU(é)(é — 0"

R L R

This implies that any element in the matrix —XV2U(0)(f — 6*) has order less than 1/n.

n

Therefore, we can show that as n — oo,

Vil 07) = (~ VU0 5-UB)6 - 0) U )

1 n
~ H*1(9*)% STU®" ) 5 Na(0,G).
=1

]

The sensitivity matrix H(#) and the variability matrix .J(#) can be evaluated by the empirical

estimates under the maximum composite likelihood estimators,
) 1 n . 1 n
H(O) === VU ()], and J(0) =~ > UB;5:)U(0; )"
i=1 =1

14



Furthermore, according to Theorem 2.1, the composite Wald statistic, the composite score
statistic, and the composite likelihood ratio statistic for testing null-hypothesis Hy: 6 =06

are given respectively by
n(0 — 0*)G(0 — 6%)

~

W, =
W, =n"tU0")J U0,
W = 2{log CL(f) — log CL(6*)}.

Testing with Nuisance Parameters

Suppose the parameters are partitioned as § = {¢, \} with ¢y € RZ, A € R", and d = g + r.
The parameter of interest is ¢, and X are treated as the nuisance parameters for the hypothesis
testing. In this setting, the Godambe information matrix and its inverse can be partitioned
as

Gyy Gy G¥¥ G¥

G = and G~! =
Gro G v M

and the inverse of the submatrix pertaining to v is given by Gy = (GY¥)7! = Gyy —
Gy AG;;G ag- According to the asymptotic theorem, the composite Wald statistics under the

null hypothesis Hy: 1 = ¢* using S\(w*) is given by
Wo(t) = n(th = ") Gy (¥ — ¥%),

which has an asymptotic x§ distribution. Similarly, we define the composite score statistics

Wa(¥*) = n U@ AW ) H" Gy xHP™ U (47, A1),

15



where the matrix H%¥ can be obtained by partitioning the inverse sensitivity matrix H. Also,

the composite likelihood ratio statistic can be obtained by

W (¥*) = 2{log CL(¢), \) — log CL(¢*, (™))},

with the unrestricted maximum composite likelihood estimate § = {¢), A}. However, the
asymptotic distribution of the composite likelihood ratio under Hy is given by Zszl )\kxf(k),
where X%(k;) are independent x? variates and Aj, Ao -+ , \g are the eigenvalues of the matrix
H¢¢7Awa with Hyyx = Hyyp — Hd,)\H)\_/\lH,\w. There are different adjustments to this non-
standard weighted chi-square distribution [Rotnitzky and Jewell, 1990, Geys et al., 1999,
Pace et al., 2011|. For example, we can apply the adjustment by introducing the scaling
factor A = Zszl i/ K, then the adjusted composite likelihood ratio has the same asymptotic
distribution as W, (1*) and W, (¢*),
% 52 (2.4)
Therefore, the composite likelihood method can simplify the modeling of correlated
responses with multiple generalized linear models and allow users to conduct statistic inferences
on parameters of interest from different generalized linear models. Moreover, we can select

a subset of the parameters and conduct a further inferential assessment in the presence of

nuisance parameters.

2.3 Simulation

Different simulation studies were implemented to show the validity of the pairwise composite
likelihood method. The estimation results from the proposed model are compared with the

full-likelihood and marginal approaches, respectively.
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2.3.1 Comparison with Maximum Full-Likelihood Estimation

In the multivariate regression with correlated continuous outcomes, the full-likelihood estima-
tion can be conducted without numerical integration. Thus, we can compare the maximum
composite-likelihood estimates with the full-likelihood approach through the simulation study:.
The simulated samples contain four continuous response variables ¥1;, ¥2;, y3i, and y4;, which

are generated from Equation (2.5):

Y1i = Qey + Be, T11i + Yoy T12i + €14,
Y2i = Qey + Bey21i + Voo Ta2i + €2,
(2.5)

Ysi = Qe + Bes®31i + Ves T32i + €34,

Yai = Qey + Bey®ari + VeyTazi + €ui

The sets of covariates are independently simulated, such that {x114, 21;, €314, T41:} ~ N(0,1)
and {z19;, Tag;, T32i, Ta2;} ~ N(0,0.5). The errors are correlated and generated from a

multivariate normal distribution N, (0, ), and the variance-covariance matrix ¥ is given by

021 Oc10coPcica Oc1OczPeics  Oc1T0caPbica
Oc10cyPcico 0-32 Ocy0c3Pcoc5  OcaOcaPeaca
001 0-63 pc1 Cc3 UCQ 003 pCQ Cc3 0-23 063 064 pC3 C4

| Tc10csPeres OcaOciPeses Tc30csPeses ‘724 i

In the simulation, the variances are designed as 02 =1, 02, =1, 02, = 2.25, and 02, = 4,
and an identical correlation p = 0.3 is applied between the errors in the data generating
process.

The simulation results (Figure 2.1) were obtained through 1000 independent replications.

The maximum composite-likelihood estimators demonstrate similar performance when com-
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pared with the full-likelihood approach. The simulated results also show that the estimates
are close to each other, and the maximum likelihood estimators have slightly higher relative

efficiency.

Figure 2.1: The comparison between the maximum full-likelihood estimation and maximum
composite likelihood estimation for the regression coefficients on the multivariate continuous
outcomes. The ratio of the mean squared error (MSE) was computed using the MSE of the
maximum composite-likelihood estimate (MCLE) over the MSE of the maximum likelihood

estimate (MLE).

Response Coefficients Ratio of MSE
gy =.7 0.999 -
Outcome 1 Ber =4 1.852 e
Ye1 =3 1.932 R
Ot =.4 1.001 e
Outcome 2 Be2=.8 1.638 -
Ye2 = -5 1.614 s
dg =5 1.001 = 5
Outcome 3 Bea=.7 1.321 e
Yz =1 1.391
Ocy =4 0.999 —_—
Outcome 4 Bea=-5 0.861 W MCLE -
B MLE
Yoa = -8 0.877

05
Estimate and 95% Confidence Interval

2.3.2 Comparison with Marginal Approach

The full-likelihood approach is computationally challenging for the mixed outcome regression,
and marginal regression is often resorted to in order to conduct the analysis. We implemented

simulation studies to evaluate the performance of our proposed method in comparison with
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marginal regression. We first tested the overall performance of the point estimates when the
outcomes had different levels of dependency and covariates. Next, we focused on the test of
composite statistics. The joint inference across related heterogeneous responses can provide
statistical inference with nuisance parameters and attains a higher statistical power in terms

of dealing with joint inference.

Simulation Settings

We generate the sample data consisting of two binary responses yy; and ys; and two continuous
responses y3; and y4,. The binary variables are obtained based on the corresponding latent

normal variables yj; and ¥, through the probit link function,

probit(;) = py;,

probit(pg;) = pa;-

The simulation studies of the responses are based on equation 2.6 associated with covariates

respectively,

Y1 = by + Bp 110 + Yoy T12i + €14
Y = Oy + By Ta1i + Voo T22i + €2i,
(2.6)

Ysi = Qe + BegT31i + Ves Ta2i + €34,

Yai = Qe + BeyTari + Ve, Tagi + €ai-
We provide different simulation scenarios of the values of the covariates and three levels
of correlation to analyze the response variables with the proposed model. The regression

parameters are arbitrarily chosen and set to be fixed values in each simulation study. The

errors in equation 2.6 follow a multivariate normal N4(0,3), and the variance-covariance
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matrix X is given by

0131 Ob10b3Pb1bs Ob10ciPbici Tb10caPbico
Ob1 003 Pb1bs 022 Oby0¢1 Poacr Oby0csPboco
Ob10¢1Pbici Oby0cy Phocy 0021 O¢10¢yPcico

L Ob10c3Pbica Oby0caPbaca OciOcaPeico 022 ]

In the following data-generating processes, the values of the variance-covariance parameters
are set as 0;, = 1, 0y, =1, 02 = 16, and 02, = 25, and the correlation is designed at the
levels of low (all p = 0.3), medium (all p = 0.5), and high (all p = 0.7) respectively to assess

the underlying model. Since there is no constraint on the sign of the correlation, the negative

correlation can be estimated through our algorithm without further assumptions.

Point estimates

Different simulation scenarios are designed to assess the performance of the underlying model
on the point estimates by 1000 independent replications. There are two different sets of
simulations for the data-generating process, and within each setting, we analyze three levels
of correlation respectively. As shown in table 2.1, the values of the regression parameters and
the standard deviation of the continuous response variables are given across all simulation
studies. In the first simulation setting, we provide 300 samples, and the response variables are
associated with covariates of distinct values. The covariates are identically and independently
simulated in each linear model from a normal distribution N (0, 1), respectively.

In the second simulation, 1000 independent samples are generated. There is one common
covariate shared across four response variables in equation 2.6, such that x11; = x91; = x31; =
x41; simulated from N(0,1). In addition, we generate {19;, Ta2;, Z32i, T42;} from a Bernoulli

(0.5), which are different for each response. This setting represents the scenario in practice
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Table 2.1: The ratio of the mean squared error (MSE) of the composite likelihood method
(CLM) to the marginal model (GLM). Results based on 1000 independent simulations under

two different scenarios and three different levels of correlation.

Simulation I * Simulation II §
Low Med High Low Med High

ap, = 0.2 1.00 0.99 0.98 0.97 0.92 0.85
By, = 0.3 0.93 0.81 0.66 1.00 0.99 0.97
Y, = 0.3 0.93 0.81 0.66 0.95 0.85 0.71

ap, = 0.2 1.00 0.98 0.97 0.97 0.92 0.86
Bp, = 0.3 0.94 0.84 0.69 1.00 0.98 0.95
Y, = 0.5 0.94 0.83 0.70 0.95 0.86 0.71

, =05 1.00 1.00 1.00 0.96 0.89 0.79
Bey = 0.89 0.73 0.50 1.00 1.00 1.00
Yo = 10 0.90 0.74 0.51 0.93 0.80 0.59
0, =4 1.01 1.01 1.01 1.01 1.01 1.01

o, =04 1.00 1.00 1.00 0.97 0.90 0.79
Bey =D 0.92 0.77 0.53 1.00 1.00 1.00
Yoy = 0.92 0.75 0.50 0.94 0.80 0.57
Ocy = O 1.01 1.01 1.01 1.01 1.01 1.01

* Simulation I: N = 300, and the four responses have different covariates;
1 Simulation II: N= 1000, the responses shared one common set of covariates.

when a common factor is included in all of the response models.

In table 2.1, we provide the ratio of the mean squared error (MSE) of the proposed method
to the marginal approaches. This ratio represents the relative efficiency of the proposed
method in comparison with the marginal method under different settings. In most of the
simulation settings, the ratio rates of the MSE are well below 1. When the responses are
highly correlated and have different covariate sets, our method can reduce MSE by 50%,

which indicates a large efficiency gain.
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Table 2.2: Type 1 error rate and statistical power under different sample sizes (N = 500 and

N = 1000).
Type I Error Statistic Power
N =500 N = 1000 N =500 N = 1000
Composite likelihood method
Ho : By, = Py = Bey = Pey =0
Likelihood ratio 0.054 0.043 0.804 0.988
Wald statistics 0.058 0.043 0.800 0.989
Scoring statistics 0.058 0.042 0.798 0.989
Multiple Test
Bonferroni test 0.051 0.040 0.569 0.902

* The likelihood ratio statistic is adjusted as equation 2.4, which approximates to a x3.

Statistical test

The test of composite likelihood statistics can jointly assess parameters of interest across
different generalized linear models, while the conventional methods cannot achieve this. The
simulation studies are conducted to measure the type I error rate and the statistical power in
comparison with the marginal approaches.

This simulation study is conducted to perform the hypothesis test. The correlated
responses are generated based on equation 2.6 with all correlation p = 0.3. The parameters
of interest are the regression coefficients {5y, , Bp,, e, Be, } Of the first covariates across four
generalized linear models, and the first covariates z; are independently simulated from N (0, 1).
The regression coefficients of the second covariates {7Vp,, Vb, Ver» Veo } @and other parameters
are nuisance parameters with {z19;, Ta2;, T32i, T42;} ~ N(0,0.5). In the simulation study to
assess the type 1 error rate, the regression parameters {5, , Bp,, ey Bey b are equal to zero in

all generalized linear models, while other parameters have the same values as the previous
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simulation in table 2.1. To assess the statistical power, we fix the values of the regression
parameters as 35, = B, = 0.1 for the binary responses and 3., = f., = 0.3 for the continuous
responses.

Table 2.2 illustrated the results of over 2000 independent replications. Since the proposed
model analyzes all responses simultaneously, the simulated type I error rates are valid and
close to 0.05. Through the test of the joint effect of the covariate of interest on all responses,
the simulated statistical power is enhanced by our proposed model in comparison with the
results from the marginal approaches. As the sample size increases from 500 to 1000, the
composite likelihood statistics produce increased statistical power from 0.800 to 0.989. The
overall performance demonstrates that the composite statistics are more powerful than the

marginal models.

2.4 Data Analysis

In this section, the composite likelihood method is applied to the clinical data from a colorectal
cancer study. The data consist of clinical observations and demographic information on 743
patients, which are mixed with both categorical and continuous data. Our research interest
is to evaluate the effect of treatment and other clinical factors on the toxicity outcomes. We
focus on four common toxicity events that are related to colorectal cancer treatment. First,
we choose nausea and diarrhea as two categoric responses. They are ordinal data measuring
the severity of the toxicity from grades 1 to 4. In our model setting, we only concern with
the occurrence of nausea and diarrhea for each patient. Therefore, these two responses are
designed as binary variables, which are coded as 1 if they occurred and 0 if there is no record
during the treatment. The continuous responses include two blood test measures, namely
the counts of the hemoglobin (HGB) and white blood cell (WBC). Each patient had several

times of blood examinations during the treatment, and we took the highest value for analysis.
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The explanatory variables contain the treatment effect (two different treatment therapies),
demographic information, tumor status, and genetic test results for each patient. In total,
we need to jointly estimate 68 parameters for the coefficients of four linear models and the

correlation between each outcome.
Table 2.3: The difference in treatment effect between two treatment therapies. GLM: the
generalized linear model; CLM: the composite likelihood method.

Regression parameter Models

GLM

CLM

Yp,: occurrence of nausea
Interceptay,

(p-value)

Treatment effect/3,,
(p-value)

Yp,: occurrence of diarrhea
Intercept ay,

(p-value)

Treatment effect 3,
(p-value)

Ye,: measures of hemoglobin
Intercept a.,

(p-value)

Treatment effect f,,
(p-value)

Ye,: measures of white blood cell

Intercept .,
(p-value)
Treatment effect 3.,
(p-value)

—0.2685 + 2.502
(0.833)
—0.2644 = 0.190
(0.006)

0.6631 £ 2.557
(0.611)

—0.6231 £ 0.192
(< 0.001)

160.3758 £ 32.989
(< 0.001)
—12.492 £ 2.498
(< 0.001)

12.295 + 9.331
(0.010)
—0.1591 + 0.706
(0.659)

—0.2793 + 2.582
(0.832)
—0.2724 +0.193
(0.006)

0.6741 + 2.605
(0.612)
—0.6422 £ 0.198
(< 0.001)

160.3775 £ 32.984
(< 0.001)
—12.496 £ 2.454
(< 0.001)

12.2946 + 9.515
(0.011)
—0.1597 = 0.702
(0.656)

Table 2.3 shows the main result of the treatment effect, and the complete result is
presented in Table 2.5. We can observe that the statistical inference on the treatment effect

through the two models was in agreement. The second treatment therapy results in lower
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Table 2.4: The estimated parameters contain second moments of each outcome

Esimated correlation Estimated standard
Nausea Diarrhea HGB  WBC deviation
Nausea 1.0000 0.3954 0.0736  0.0899 -
Diarrhea 1.0000 0.0351 -0.0126 -
HGB 1.0000 0.0139 16.796
WBC 1.0000 4.7507

measures of hemoglobin and indicates a negative association with the occurrence of nausea
and diarrhea, whereas the effect difference on the measures of white blood cells is insignificant.
We can use the composite statistics to jointly assess the overall effect of this therapy on
four responses. Table 2.4 provides the standard deviation and the correlation of four clinical
outcomes estimated based on the proposed model.

Using the conventional approach, we cannot make statistical inferences across different
linear models. The proposed model is able to test the hypothesis Hy : 8y, = By, = B¢, =
Be, = 0 based on the asymptotical properties of the composite likelihood function. The
test statistics of the composite Wald statistics under the Hy is approximately 138.5890, the
composite score statistics is 476.975, and the adjusted composite likelihood ratio is 264.3069,
which are all greater than the critical value of x%. Therefore, we can reject the null hypothesis
and conclude that two different treatments have a statistically significant difference in patient
toxicity response. More specifically, in our estimation results, we infer there exists a significant
occurrence difference of nausea and diarrhea and a significant difference in HGB between the

two treatments.
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Chapter 3

Heterogeneous Multi-task Feature

Learning with Mixed /5 ; Regularization

In this chapter, the mixed /5 ; regularized composite quasi-likelihood function is proposed to
perform multi-task feature learning with different types of responses, including continuous
and discrete responses. The theoretical results establish the sign recovery consistency and

estimation error bounds of the penalized estimates under regularity conditions.

3.1 Introduction

Data integration, as a process of analyzing multiple related data sets simultaneously, can
conduct joint inference by aggregating information from different sources. Statistical models,
such as multi-task learning and fusion learning, have been proposed to conduct joint learning
through a structured regularization for grouped parameters [Caruana, 1997, Ando and Zhang,
2005, Gao and Carroll, 2017, Zhang and Yang, 2017, Thung and Wee, 2018|. The mixed
{51 norm has been used for the grouped regularization to combine different statistical tasks,

such as multivariate regression models [Liu et al., 2009] and multiple classification problems
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[Obozinski et al., 2010, Zhou et al., 2011]. Rakotomamonjy et al. [2011] generalized the
grouped penalization to a larger class of mixed norm penalties, such as the mixed ¢, , norm
with ¢ > 1 and 0 < r < 1. Furthermore, a variety of algorithms have been developed for
differently structured mixed regularization [Argyriou et al., 2006, Gong et al., 2013, Jalali
et al., 2010].

Lounici et al. [2011] showed that the regression coefficients estimated from multi-task
learning satisfy the oracle inequality, and the result can be extended to non-Gaussian errors.
The union support recovery of the multi-task feature learning was established by Obozinski
et al. [2011], Negahban and Wainwright [2011], and Wang et al. [2015b] for both deterministic
and random designs. Obozinski et al. [2011] proposed a sparsity-overlap function measuring
the shared sparsities in the regression coefficient vectors for different responses. Multi-task
learning often involves high-dimensional heterogeneous data sets [Gomez-Cabrero et al., 2014].
Most existing procedures focus on the same type of regression or classification problems
across different tasks, where the response variables are either all continuous or all discrete.
To deal with heterogeneous data sets with different types of response variables, Gao and
Carroll [2017| proposed a method of fusion learning which uses the composite likelihood to
combine the marginal likelihoods of different distributions across multiple tasks.

When the joint likelihood of heterogeneous data sets is difficult to formulate, the composite
likelihood is a convenient likelihood-based method to perform joint estimation, inference,
and feature selection. Even though the composite likelihood is not a true likelihood, the
maximum composite likelihood estimates are still consistent and asymptotically normally
distributed [Godambe, 1960, Lindsay, 1988, Cox and Reid, 2004, Varin, 2008, Gao and Song,
2010, Lindsay et al., 2011, Yi, 2014]. When the response variables are correlated across
different tasks, the second Bartlett identity no longer holds. Namely, the covariance matrix
of the composite score vectors is not equal to the negative Hessian matrix of the composite

likelihood. Both matrices need to be separately estimated when we perform joint inference on
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the correlated multiple tasks. Under this framework, different types of tasks, such as linear
regression, Poisson regression, logistic regression, and multinomial regression, can be jointly
analyzed through the multi-task feature learning. The features are shared by multiple tasks,
and the design matrices of different tasks are allowed to be different.

In Gao and Carroll [2017|, non-convex penalty functions, such as the group smoothly
clipped absolute deviations (SCAD) penalty, is imposed on the composite likelihood con-
structed from multiple tasks to perform the joint sparse estimation. In this thesis, we propose
to use the mixed ¢5; norms to perform the group penalization on composite likelihood. We
establish the union support recovery consistency and estimation error bounds of the penalized
estimates under regularity conditions. In the composite likelihood approach, a distributional
assumption is required to construct the marginal likelihood. To further relax the distributional
assumptions, we propose to construct the negative quasi-likelihood as the individual loss
function [Wedderburn, 1974| with a much-relaxed condition only on the moments of the
response variables. Thus, the proposed composite quasi-likelihood method can provide robust
joint sparse estimation without specific distributional assumptions.

The organization of the chapter is as follows. First, we set up the model for multi-task
learning with correlated responses in Section 3.2. We provide the main theoretical results
about the non-asymptotic error bound and the feature selection consistency of the proposed
estimates. The method of numerical optimization is discussed in Section 3.3. The simulation
studies are presented to demonstrate the feature selection accuracy and statistical consistency
properties in Section 3.4. We provide two examples of multi-task learning on heterogeneous

data sets in Section 3.5.
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3.2 Methodology

Suppose there are K tasks of related interest, and each task has n, independent responses
Ye = (Yr1, - »Ykn,)', k = 1,--- | K (See Table 3.1). In some multi-task learning data
sets, the observations across different tasks can be correlated. For example, there could be
measurements obtained by different techniques from the same set of experimental subjects,
or the observations can be obtained from related subjects. The predictors for different tasks
denoted by (X7, Xo, -+, Xk ) can be same as the examples shown in Figure 1.1. When the
integrated data sets can have different measurements, we assume the predictors to share some
similarities. For example, the pth predictor M, = (Xi,, Xop, -+ , Xkp) in Table 3.1 represents
the same type of feature in all related studies. For the case with X; = X5 = --- = Xk,
the predictors are obtained from one research to analyze the association with different
responses. The parameters 0 = (011,612, ,0k,,) € REP» include the regression coefficients
of the predictors across K tasks. The overall effect of each predictor M, across all tasks is
represented by the grouped coefficients %) = (6,,,0,, -+ ,05,)" for any p = 1,2,--+ , p,.
The multi-task feature learning aims to select important features whose grouped coefficients
have non-zero £, norms, i.e., ||§® ||y # 0. This is equivalent to the support union recovery, a
practice that selects the features that have non-zero coefficients in at least one of the tasks
[Obozinski et al., 2011, Negahban and Wainwright, 2011, Wang et al., 2015b]. Thus, we
define the true union support of the parameter S := {p : [|0®||; # 0} with |S| = s and its
complement can be denoted as S¢:= {p : [|0® ||, = 0}.

For individual tasks, generalized linear models (GLM) can be applied to model the

relationship between the responses and the predictors [McCullagh and Nelder, 1989|

Pn
(Bl i -+ Trpoi)) = Mhi = Thibk = D Tapiip,
p=1

30



Table 3.1: Multiple tasks with a common set of predictors My, My, -+, M, .

Response Linear Predictors

M, M, M, M,

Task 1: }/1 911 X11 -+ 912 X12 O 91p le + -+ Hlpn len
Task 2: Yé 921 X21 + 822 X22 R tgzp sz +---+ 92,,” X2pn

Taskk: Yy | O Xin + O Xpo +--4+ O Xip +-4  Okp, Xip,

Task K: YK 9[(1 XK1 -+ 01(2 XKQ + -+ er XKp + -+ ern XKpn
~~ ~~ —~—

NI
o) () o(») 9(pn)

In any kth task, the response Y, consists of ny observations as Yy = (yr1, Yx2, - - ,y;mk)T7 and the design
matrix Xy = (X1, Xg2, -+ , Xkp, ) with the pth column denoted as Xy, = (Tkp1, Thp2,* * » Thpn, ). and the
ith row denoted as ;i = (Th14y - -, Thp,i)® -
where each row observation of Xj is denoted by zx; = (g1, - - - ,xkpni)T € RP» and the
regression coefficients are 6y = (01, -, Okp, ). For each model, a task-specific link function

gr(+) is used.
Under the setting of the high dimensional model, the number of parameters p,, can increase
to infinity with the sample size ny. In order to jointly analyze multiple tasks and recover the

correct model for all tasks, the following objective function is proposed:

Q0) = L(0) +R(9), (3.1)

where the loss function £(0) measures the fitting of multiple tasks, and the penalty function

R(0) is a mixed /5 ; grouped penalization on the parameters.

3.2.1 Composite Quasi Log-likelihood

The joint distribution of responses across multiple tasks can be difficult to model, especially
when the responses are correlated across multiple tasks or they are of different types obtained

from heterogeneous tasks. Instead of using the joint likelihood, the overall loss function across
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multiple tasks can be based on the negative composite log-likelihood function [Godambe,

1960, Lindsay, 1988, Cox and Reid, 2004, Varin, 2008, Gao and Song, 2010, Yi, 2014]:

L(0) == wilk(64; Ya),

k=1

where the positive weights wy, can be assigned based on the relative importance of the tasks and
the individual marginal log-likelihood functions ¢y (6y; ) model the marginal distributions
of different types of responses. Using this composite likelihood-based loss function, linear
regression, Poisson regression, logistic regression, multinomial regression, and other types of
learning tasks can be analyzed together under the multi-task feature learning framework.
When the response variables are assumed to follow distributions in the exponential family,

the marginal log-likelihood functions are as follows,

(O Yi) = Z Cri (O3 Yi) Z ykl@kl ﬁkl) + c(Yri), (3.2)

with the natural canonical parameter [3;;, the dispersion parameter ¢, > 0, and the cumulant
generating functions by(.) assumed to be twice differentiable [McCullagh and Nelder, 1989)].
In addition, the natural canonical parameter is related to the predictor values through the
relationship: Oby(Bki)/0Bki = E(Yi|This - - - s Tupni) = pi = gy (M), and ng; = o) ThpiOp-

In many applications, the response variables may not follow a distribution that belongs to
the exponential family. Without specific distributional assumption, the quasi log-likelihood
function [Wedderburn, 1974| can be used to model the marginal distribution based on the

assumptions of the first two moments:

Nk

95, ' (ki) C_
Yki — K
Cr(Or; Yi) = g Cri(On; yri) = E /yk —V:(M)Qﬁkdu” (3.3)

i=1
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where

Pn
E(yeilris - Tapoi) = 1 = g5 (i) = g 'O Tapiip),
p=1

and

var(yki’$k1i7 e 7xkpni) = <Z5ka(,uki)~

The inverse link function g;'(n) is a monotone function with respect to the linear predictor
n. The variance function V' (u) models the relationship between variance and mean. It can

3 or w(l —u). In

take a wide variety of forms, including some polynomial forms u, u?, u
comparison with the log-likelihood formulation (3.2), the quasi log-likelihood formulation (3.3)
is more general as it does not require knowledge of the specific underlying distribution. The
assumptions are only based on the first two moments. It can be shown that (3.2) is equivalent
to (3.3) when the underlying distribution indeed belongs to the exponential family. So the
quasi-log-likelihood can be applied to a wider range of applications when the exponential
family assumption cannot be verified. Throughout this chapter, the overall loss function will

be based on the composite quasi log-likelihood as in (3.3), which comprises the log-likelihood

(3.2) as a special case.

Assumption 3.1. The individual quasi log-likelihood Cy(0x; Yy) is a measurable function for
all Yy, at any Oy. It produces distinct values for different 0, and it is twice differentiable as a

function of 0. It is assumed that

(%k(gk; Yk)
Ep{———=21Y =0
o-{ o, }=0,
and
00,00,/ 00y, 00,7
for any p,p' =1,2,--- , p,, where 6% is the true parameter vector.

33



Let VL(6) denote the first derivative of the proposed loss function, where VL(0)g, =
—Zle w0l (0k; Yy) )06k for k = 1,2,--- | K and p = 1,2,--- ,p,, which have the zero
expectation with respect to 6* [Yi, 2017|. Let V2L£(6) denote the Kp, x Kp, Hessian matrix

with each element of V2£(6) given by

K

0%, (0x; V)

VQ,C kpkp - Z aekpae , !
K

gk ekay}f)

=1

forany p=1,2,--- ,pn, k, k' =1,2,--- , K and k # k'. For simplicity, we set n, = n across

all tasks in the following analysis. The sensitivity matrix and variability matrix are defined as
H(0) = E{n~'V2L(0)} and J(0) = Cov{n 'V L(0)}.

In addition, the second Bartlett identity does not hold, namely, H () # J () for the composite

quasi log-likelihood function due to the correlations across different tasks.

Assumption 3.2. The individual quasi log-likelihood functions admat third derivatives, and

for any 6 in the small neighborhood |6 — 6*||2 < O,(\/slog(pn)/n),

K
Amax E - —7 S *'
max Amax(E( kzw’“ o0t an, ) ="

with some constant W* > 0.

In addition, we apply the following boundedness condition to the general quasi-likelihood

loss, which is similar to van de Geer and Miiller [2012].

Assumption 3.3. For any 0 with ||0 — 0%, <, the inverse link function g; ' (nk:) with Ny
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evaluated at the point 0 is twice differentiable and can satisfy

dg; ' (n)

| &g, ()
a,r] N=Nki

-1
ang |77:771m'

| 39121(77) |
) 877 N="Nki

, ) p=001).  (34)

max { g, (7i)

3.2.2 Mixed Regularization

The objective function (3.1) includes the penalty function to conduct joint feature selection

across all tasks. The proposed penalty function R(#) uses the mixed /5 ; regularization

DPn Pn K
R(0) = nAn0]l21 = nA, Z ||9(p)||2 = nAn Z(Z 92}))1/27
p=1

p=1 k=1

with the penalty parameter \,. The mixed ¢, ; regularization implements feature selection
over p, elements, and each element is the £, norms of the grouped parameters ) defined
in (1.2) across K tasks |Liu et al., 2009, Obozinski et al., 2010, Zhou et al., 2011|. The
estimation is different from the method to identify the sparse pattern for the individual
feature in each task, in which the LASSO or group LASSO penalty function is commonly
used |Tibshirani, 1996, Yuan and Lin, 2006].

Based on the definition proposed by Negahban et al. [2012], the mixed £ regularization

is decomposable in following form,

2,15

Pn
10020 = 16D 12 =D 10D 2+ D> 6P [l2 = [10ello1 + ||6e-
p=1

peE pe&e

where the subset £ C {1,2,--- , p,}. This property is essential for feature learning to construct
the grouped norm of 6 in different subspaces. In addition, the mixed /¢, regularization is a

twice-differentiable and convex function with respect to non-zero parameters.
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Let the subdifferential of the mixed ¢5; norm be denoted by z = (211, .., zKpn)T, where

(p) .
2P = ||99(pp>||27 if |6l # 0;

1P <1, i [0%)]]2 =0,

for any p = 1,2,---,p,. With any element in the subvector §® not equal to 0, the
subdifferential has ||0® ||, # 0, indicating that this group of features can be important for
the learning tasks.

The penalized estimate is the solution of the estimating equation denoted by é, such that

for ||§ — 6%y < 7 with some constant ,
1 - 1_ .- )

where 2 is the subdifferential of the mixed ¢5; norm at the penalized estimate 0.

If 6 correctly recovers the true union support with supp(é) = supp(#*), then

—%Vﬁ(é)(p) = X\2® for any p € S;

||%V£(9A)(p)||2 < A, for any p € S°.

Assumption 3.4. There exist some constants 0 < 3k + ko < 1, such that s = O(n™) and

log(pn) = O(n*2). In addition, the true parameter vector ||6*||; < R for some constant R > 0.

This assumption about the size of the true model relative to the sample size is commonly
imposed in high dimensional regularized estimation [Ravikumar et al., 2010, Li et al., 2021].
In addition, since we set the number of learning tasks K to be finite, the relation with
sample size n is not specified in this assumption. Based on Obozinski et al. [2010], the data

integration can be improved by increasing the number of related tasks, but it can lead to
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longer running time for the computational programming. If the proposed model needs to
handle the scenario with divergent K, we need further adjustment to Assumption 3.4 that

the number of tasks is proportional to sample size at a polynomial rate.

3.2.3 Sufficient Conditions

In order to obtain the finite sample estimation error bound, we need to assume some
concentration conditions. For example, the multivariate regression models are usually assumed
with the Gaussian error [Lounici et al., 2011|. To analyze other types of response variables,
different methods, such as cumulant boundedness condition or Rademacher complexity
analysis, were used by Gao and Carroll [2017], Yousefi et al. [2018], and Fan et al. [2021].
The sub-Gaussian and sub-exponential conditions were imposed on the linear model errors
[Negahban et al., 2012, Fang et al., 2020] and random design matrix [van de Geer et al.,
2014]. In addition, Ning and Liu [2017] and Li et al. [2021] showed that the concentration
conditions hold for high-dimensional generalized linear models. In the following, we assume

similar concentration conditions for the multi-task learning problem.
Assumption 3.5. For any kth task,

1. The error terms yki—glzl(n,’:i) are independent samples from sub-exponential distributions

with ¥y norm (1.83) bounded by some constant Ay;
2. The covariates in the design matrixz satisfy supk’m{xkpi} <L <.

Since we aim to use the quasi-likelihood to model multiple heterogeneous data sets without
specific distributional assumptions, the sub-exponential error terms are mild conditions to
ensure the moments of data sets and tail probabilities are bounded. Thus, the concentration

probabilities can be obtained in the following Lemma.
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Lemma 3.1. Under Assumptions 3.1 - 3.5, the composite score vector and Hessian matriz

have the following concentration results:

1 Klog pn
VL) oo =0y (5 22
Lvze). -0,/ +\/—k’g = (3:6)
oo —Yp n n ) .

. . log pp,
Sup{ V2/~'(9) H(0%) }prp'y = Onl - ),

k,p,p’

foranyk=1,2,--- K and p,p = 1,2, ,p,, where la, norm is defined in (1.1).

Proof. First, we need to analyze the distribution of the random variable ||n =tV .L(6*)® ||, for

any p=1,2,--- p,. In Lemma 3.5, we have

1 00(05;Yy)
—_— < A;.
I < A

with some constant A;, and by the definition of grouped ¢, norm, we can show that

l (%k(@lt; Yi) )2) 1/2
n 80kp

K Olki (035 Yki) oy 1/2
Z(Z(gz;képrk)))/

k=1 i=

Mw

ItV £(6") P =

K 1

agk‘l )k’L 1/2

TL

)—l

This result can be used to bound the sub-exponential norm of ||n~'VL£(6*)®)||, by applying

Minkowski’s Inequality,

1 Zagm k;ykz )1/2H¢

K

1
-1 *\ (p) = (=
L) P, Hn; T 0
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Furthermore, we can show that
K

B . 1 1 Oy (075 yri 1/2 K
E(Hn 1V£(9 )(P)HQ) < {EZE \/_Z kaellz k } / < Al g,
1 p

K
- 1 1 i (075 Yni)
1 ) (p) < = ki\Yks 2] « 2
var([n=VLE ) 2) < ~ ;;1 E[(—\/ﬁ ;1 R — )] < 24—

This implies that ||n='V.L(0*)®)||, satisfies the sub-exponential property, such that with

small 6,

2

Pl VL@ > E(ln ™ VLO)]2) + ) < 2exp{agn).
Next, we take the supremum of ||[n=*VL(6*)®)||y over p=1,2,--- ,py,

2

KA

P(sup [ VLEO) P |2 > B(|n~ ' VLEO)Pl2) +6) < 2p, exp{—a
p

By combining all the results above, with 6 = A;\/2K(1 + d)log(p,)/(an) for some

constant d > 1, we show that with a probability at least 1 — 2p_ 9,

1 . | K 2K (1 +d)log(pn
sup |-V L(# )(p)”2 < A1( _+\/ ( ) log(p ))
p N n an

In addition, we showed that the score function can hold the sub-exponential condition from
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Lemma 3.5. Therefore, we have

1 00, (05; Yr) 2

€
_ * > < > < _
(H VE(@ Moo =€) Kpnmax P<n o, > ¢) < 2Kp, exp{ A%n},

which can imply

. d—|—110 n
H—V,C (0% ||oe < Ay \/7 \/ g(p ))’

with a probability at least 1 — 2 exp{—dlog(p,) + log(K)} as claimed in (3.6).

The second part of Lemma 3.1 shows that the difference between the random Hessian
and its expectation is bounded. When the tasks are modeled by the canonical link and the
response variables are from the exponential family, the Hessian matrix is deterministic, and

n~'VL(6*) = H(0*). For general cases, the entries of the random Hessian of the composite

quasi-likelihood are

18—25(9*) _1 i - 1 {agk_l(%) O }{89,;1(77“) M }
1 00100y n == aV (g, (n) O Oy Ok 00,
T,

(yk g O )> 0 { L 5‘951(%)3%}
L z e ,?gkp’ ¢kV(9;1(nzi)) M agkp/

~~
IQ I3

The component 7Z; is equal to the corresponding element in the sensitivity matrix H(6*).
With some special link functions, the component Z3 can be equal to zero. For the models with
the general quasi-likelihood settings, we can show that the component Z3 can be bounded by
universal constant K > 0 across all tasks with similar derivation as Lemma 3.6. Based on
Assumption 3.5, the variables n='V2L(0%) ., 1. — H(0%) 4, satisty the sub-exponential

condition with mean zero and the v); norm bounded by KAy < A; for some universal constant
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A;q. Therefore, we have the concentration result of the random Hessian matrix

1 . . log pn,
sup { ~V2L(0") — H(0)} iy 17y = O )

k,p.p’ n

forany k=1,2,--- , K and p,p = 1,2, , pn.
]

Next, we introduce the restricted eigenvalue (RE) condition for the design matrix, which
was commonly used for regularized regression models |Bickel et al., 2009, van de Geer and

Biihlmann, 2009, Meinshausen and Yu, 2009].

Assumption 3.6. Define S, p =n~' > " xpxl; for the kth task. There exist m = coKs for
some cq > 0 and some positive constants v, p— and p., such that the restricted minimum and

mazximum eigenvalues of the design matrix

p_(m,vy) = irgf {uTSnyku Tu € C(m,v)}, and

pi(m, ) = sup {uTSnvku Tu € C(m,’y)}
k
are bounded by
0 <p- < p-_(m,7y) < ps(m,7) < py <00,

where C(m, ) :={u:8 C T,|T| <m,|uge

1 <Allugll:}-

Since the Hessian matrix of the proposed loss function depends on the parameter 0, we
need to show that the restricted eigenvalue condition holds for the Hessian matrix under the

model assumptions.
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Lemma 3.2. Under Assumptions 3.1 - 3.5, there exist positive constants v, k_, Ky, and m
such that the expected Hessian matrixz of the composite quasi-likelihood loss function H(0)

satisfies the restricted eigenvalue (RE) condition
0< k- <k_(m,7y) <ki(m,y) <Ky <00,
where

e (m,) = sup{uT H(0)u : w € Clm,7)};

k_(m,v) = Lr}ef{uTH(Q)u cu € C(m,y)},

with C(m,y) ={u: S C J,|T| < m,|luge

1 < Y|lugllr}. Furthermore, there exists some
7 > 0, for any point 6 with ||0—0*||, < 7, the observed Hessian of the composite quasi-likelihood
loss function n=*V2L(0) satisfies the restricted eigenvalue condition with a probability tending

to 1.

Proof. Based on Lemma 3.6, the Hessian matrix of the composite quasi-likelihood is given by

K n
1 1 o
_VQ ﬁ Z Z{fl mm ykz 9k 1<77ki))f2 (ﬁm)}xmacgw

n
k=1 i=1

and there exist some positive constants g, ay, and s, such that oy < fi(me) < a1 and

(k)| < az.

When the parameters are partitioned into subsets of different tasks, the Hessian matrix is

in the form of a diagonal block matrix. We show that the minimum and maximum eigenvalues
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of the Hessian matrix are given by

min A(1V2£(6) 1nf {u — Z {A ki) — (yrs — gk1(771?i))f2(77ki)}xkixgiu}§

n

maxA(%VZE(G)) = Sl/ip{ rl Z {A (ki) — (ywi — gk1(7712))1[2(7%1)}%1‘:15@“}'

=1

We have

1 & 1 <&
uT{ﬁ Zﬁ(nkz)xkzxfl}u = E A e wifyu > aop_.
=1 i=1

We apply Hélder’s inequality and get

UT{%Z@ki—gk <nkl>>f2<nm>xmx£@}u<max{ i)’} Z\ ki = i (ki) o 1)

=1

Based on Assumption 3.5, ||zkil|cc < L across all tasks and ||uge

1 < Ylug|ly with [T] <

m = coKs, we have

it < Jzwilloo el <A+ Nlzwllclluglly < 1+ N)VITIL.

In addition, the variables yx; — g;. ' (17};) follow sub-exponential distributions based on As-
sumption 3.5. We obtain that with a probability at least 1 — 2exp{—clog(p,)} for some

constant ¢ = (apAg) ™2 > 0,

RS L 2log pn
z - * ) < )
- ;:1 ki — 9 (M) 1o (nk) < .

Therefore, there exists some k_ < agp_. If the sample size is sufficiently large

n >

(Co(l + ”7)2L2K

2
) 25” log pn,
agp— — K
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then we obtain the lower bound for the minimum eigenvalue of the Hessian matrix

2log(pn)

1
u' =V2L(O)u > agp_ — co(1 +7)*L*Ks >k > 0.
n n

Similarly, the upper bound can be obtained using a similar approach

1 2log(pa
u' =V2L(0)u < anpy + co(1+ )2 L2 K s 2108(pn) < Ky < 00.
n n

Combining the results above, the random Hessian matrix satisfies the restricted eigenvalue

condition with high probability.

Lemma 3.2 guarantees that with a probability tending to 1,
1 1 T 5 .
(EV£(0 + A) — EVE(Q)) A > k_||All5, with A € C(m, 7).

This implies that with high probability, the optimization problem has a stationary point
which satisfies the sparsity requirement [Loh and Wainwright, 2015, Fan et al., 2018, Sun
et al., 2020].

The mutual incoherence condition is used to control the dependency between the predictors
in the true model and the other unimportant predictors, which is a necessary condition to
ensure the true support recovery with ¢; regularization [Zhao and Yu, 2006, van de Geer and
Biihlmann, 2009, Loh and Wainwright, 2017, Jalali et al., 2010]. For high dimensional models
with mixed regularization, the block-wise mutual incoherence was proposed to ensure the

group selection consistency [Bach, 2008, Eldar et al., 2010, Hebiri and van de Geer, 2011].

Assumption 3.7. Let the sub-matrices of the expected Hessian matriz be denoted by Hgg =

Eyp[n"'V2L(0%)ss| and Hieg = Eg«[n"'V2L(0%)ses], where S is the support of non-zero
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parameters. For some constant & € (0,1), the inequality holds
VE||[Hges[Hss) Ml <1 -¢

When the expected Hessian matrix satisfies the mutual incoherence condition above, it
can be shown that the observed Hessian matrix holds a similar condition with a probability

tending to one.

Lemma 3.3. Under Assumptions 3.1 - 3.7, let £ € (0,1), the following condition

VK

<l-=

1 2 * l 2 * -1
nV L(0 )SCS(nV L(0)ss) 5

o0

holds with a probability at least 1 —4K exp{—Co&?n/s3+21log(p,)} for some universal constant
C() > 0.

Proof. The proof of lemma 3.3 is analogous to previous work in Ravikumar et al. [2010]. For
simplicity, let the sub-matrix of random Hessian n™'V2L(0*)ss = Hjg, and let the difference
of the matrices be denoted by AHSs = Hss — H(6*)ss. Because the sub-matrices of random

Hessian are diagonal block matrices, we show that
Hys = diag(yHss)io1,

where the sub-matrix ,H5s € R**® represents the kth block in Hgs. The difference between
sub-matrices is denoted as Ay HSg = [k Hss —r H(0%)ss]
We need to obtain the concentration result of the inverse matrix difference [Hzs]™! —

[H%s]™'. Based on Lemma 3.9, we show that the diagonal block matrix

551" = 3] = suw ezl = sl [
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so that

[+ H5s] ™ = [kHjs(S]flmoo = m[ngs]flAngs[kHZs]flHLX,

(4)
< VllBss) I, Ak ESs o) Hss) I
Vs

< H—fmAkH;SIMH[kst]*H\z-

In step (i), we apply the inequality between matrix norms and the Cauchy—Schwarz inequality.

We have

Pzl = [l .0 2 9 < K sup PO sl 351, 2 <)

eK?

(@) - «

< Ksup P({[|[AxHssll, = —=} U {I|[ArHsslll, > €}
k Vs

42

<2Kexp{— %n—l— 2log(s) }.
1

The step (i) can be obtained based on the derivation 3.18 and 3.20. This probability is
exponentially small as n > cs?log(p,) with some constant c.

We combine all the concentration results and obtain

Hoes(Mss) ™ = [Hoes + AHgs)[[HSs) ™ + [Hes) ™ — [Hes] ']

= Hges(Hgs) ™ + Hses([Hss] ™' — [Hss] ™)

1, T,
+ AHges(Hss) ™ + AHges([Hss) ™ — [Hss] ™) -
s 7

We have the component VK || Z, ||, < (1—&) based on Assumption 3.7. For the second compo-

ar? 2

nent Z,, we apply Lemma 3.7 to obtain that with a probability at least 1 —2K eXp{—AQ—;Zn +
1
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2log(s)},

1%l < W[ H5es(Hss) ™ I 1A Hss (Mss) ™ Il

< \HH;CAH;MHOOsgp{mAkH;aan\wzs)*mw}
;6 — > X ﬁ :5X6,

Based on Lemmas 3.7 and 3.8, the concentration result of the component Z3 and Z, can be
2 2

0454 12
obtained with a probability at least 1 — 2K exp { — Ag—;n +2 log(s)} — 2K exp { A2 +—n +
1

log(s) + log(p, — s)},

IZ5l o < [ AHssl

connlvall ezl < { 2= MY =

IZalle < NAHzsl A, <& %<

We set ¢ < ¢/(4VK) and € < ¢ that leads to

VE|[Hses(MHss) |, <1+ VEe x e + (1= e+ Ve

<(1—§)+%2+€_4§2+§<1—%§

with a probability 1 — 4K exp { — Cp&?n/s + 21og(p,) } for a universal constant Co > 0. O

3.2.4 Selection Consistency and Estimation Error Bound

This section establishes the finite sample estimation error bound and model selection consis-

tency for the penalized estimate.

Lemma 3.4. Let € be a subset of {1,...,p,} such that S C & and |E] = c15 with some

positive constant c¢;. Under Assumptions 3.1 - 8.6, suppose with constants o > 0 and d > 1,
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the penalty parameter satisfies

44, , |K 2(d + 1)K log(pn)
e e &

where Ay > KAy for some K > 0, and the composite score vector satisfies the inequality

[N VL") ||oo < M/(2VK), then there exist a optimal solution 0 of the the estimating

equation (3.5) such that ||0 — 0*||, < 7, and

10 = 0")eclli < VK + 1)[[(6 — 0% (3.8)

Proof. The first-order partial derivative of the objective function can be expanded by applying

the mean value theorem,
0=VQ0) = VLEO") + V2LO) (O — 6°) + n,2,
where 6 = af* + (1 — )@ for some a € (0,1). This entails
VQ(O)T (0 — 0°) = (VLIO) 4+ nr2) (0 — %) + (0 — 69)TV2L0)(0 — 0%).  (3.9)
Based on Lemma 3.6, we can show that with a probability tending to 1,
= 9*)T%v2£(é)(é — ") >0.

Thus, we can construct the inequality from 3.9 as follows,

VQO) (0 —0") =VLO)O —0°) —n), 276 — 0) > 0. (3.10)
D x5
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For the exact solution 6, all elements in VQ(@) are zero so that the component Z; = 0. The
elements in the vector (é — 0%) € REP» can be decomposed into two subsets £ and £¢. By
applying Holder’s inequality, the components Z, from the equation 3.10 can be bounded

above as follows

Ty - =VLO) (0 — 0%) <||[VLO) ||| — 67|11 (3.11)

=IVLEON oo (10 = el + 118 = 6)eelr).

By the definition, if 6® £ 0, 2@ = §®/||§®),, and if §®) = 0, ||2@]|, < 1. Since
SNE =), we have 0. = 0. First, we decompose the term Z3 into two subsets. In the subset

€,
—25(0 =07 < |12 10— 6)ell < 11— 67)elln-

In the complement set £¢,

16®)
ch(e 0*)56 — chegc : Z é H2 + Z Te(p)
P)£0; ’ H2 6 =o;
pCEC pCE&e°
2 Z \/—HG(’“)|I1+ > 0—\/—H (0 —0")ee)x.
9(?)750 9(?)_0
pCE&e° pCE&°

In the step (i), We divide the estimator fg into nonzero and zero subsets. In step (ii), we
apply the Cauchy—-Schwarz inequality to obtain the result.

From the above derivations, the inequality 3.10 can be expanded as

O+ [V LONO = el > Qo = [LVLON IO = el (312)
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Because || 'VL(0*)]|oe < An/(2VK) with high probability, we have

A+ [0 VLE) oo
A/ VE — 71V L(0%) |

10— 6)eellr < 16— 6)ellr-

In addition, if we plug in the maximum value \,/(2vK) of [[n~'VL(6*)| s, We obtain

10 = )eclli < 2V +1)]|(6 = 6l

]

For the special case of K = 1, this inequality coincides with the conventional result on
the LASSO estimator. Inequality (3.8) is essential to set a bound for the overall estimation

error of the penalized estimate.

Theorem 3.1. Based on Assumptions 3.1 - 3.6, suppose the composite score vector satisfies
1N IVLO) oo < A/(2VK) with the penalty parameter chosen as (3.7), there exists a

penalized estimator 6 of (3.5), and

3\,
26

3VK(WK +1)

B

Hé =02 <

16 — 67|, <

Avch) - Ly - o) < WKL VCVE A

n 2K_

AnS;

2
ALS

with a probability at least 1 — 2exp{—C'log(p,)} for some constant C.

Proof. Lemma 3.4 shows that for the solution 6 of the estimating equation (3.5), (§ — 6*) €

C(m,~y) with m = ¢gKs and v = 2/ K + 1. Using the results from Lemma 3.2, we can obtain
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the following inequality with probability tending to 1,

1 A A 1 A .

EVQ(@)T(Q —0%) — (EVE(H*) + X210 —0%) > k_||6 — 673, (3.13)
We decompose (3.13) into two components and apply Holder’s inequality:

—VLE)O —67) < IVLEellll (0 = 6)ells + VLEO eelloo (0 — 67)ee s

—27(0 — 67) < ||2ell2I(6 — 67)e (6 = 6)eclh

2 — \/—||

Plugging back into (3.13), we have

L 1 . X \
A]l0 = 07llz < N1 VLE el (O — )ell + II—Vﬁ( Veellooll (0 = )ee

+ AullZell2ll (6 — )l — A 6 —0)ecl |1

According to Lemma 3.1, [|[n~'VL(0")|lso < M\n/2VEK with a probability tending to 1. There-
o = A/ VE)[[(0 = 0.

fore, the component (||2VL(0%)ge

1 < 0. We simplify the inequality

above as follows,
N * 1 * 2 N *
R0 =071 < (1-VLE)ell2 + AallZell2) 16 = 6]

Based on the Cauchy—Schwarz inequality, ||VL(0)c|l2 < v/ K|E|||VL(0)g]|s0- According to
the property of mixed f5; norm, ||Z¢]|2 = 1/|€|. Because of the assumption that |€| = ¢;|S| =

c1s with some constant ¢; > 1, the following inequality can be obtained

5 10— 013 < /s + V/EIE - VL el 0~ 0l

n 3)\7“/01 ~
< _\/ — 6" < PV P00 — 0%) ).
< (Vs + 2o 1 Ks)[[(0 = 07)ell < =510 = 0)2
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Therefore, taking the constant ¢; = 1, we have

P 3An/S
10— 8 < 22— 0,0, 5).

In addition, we derive the following error bounds:

16 =6y <@VE +2)[1(6 — 6)e]s

<(2VEK +2)VsK]|(0 - 67)|2
_WEWEK +1)

AnS;
1 ) * %) * 1 2 * ) *
~(VL(0) = VLE)) (0 = 07) <= [[VLE) = VLEO) o016 = 6"
1 - 1
<(||— 0) + \n2 — 0"
<(I9L0) + Ml + | 270
1 An2ll0) 16 — 67

(VL@ e + A8 6]
3WE+DERVE +1)

2K_

2
LS.

]

As the size of the penalty parameter is O(y/log(p,)/n), Theorem 3.1 implies ||6 — 0*||, =
Op( S 10g(pn) )

n

Theorem 3.2. Under Assumptions 3.1 - 3.7, suppose the penalty parameter A\, is chosen as

(3.7) and the minimum non-zero parameter

. (1+2VEK)/s

m18|0kp| >\,

k;pe K_ \/?

then there exists a penalized estimator 0 of program (3.5) satisfies sign(é) = sign(0*) with a

probability at least 1 — 2p, @ — 4K exp{—Cyn/s® + log(p,)} for the universal constants d > 1
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and Cy > 0.

Proof. The derivative equation (3.5) can be partitioned into two sets of equations based on

the two subspaces of parameters S and S

1 A~
—~VL(O)s = Ms, (3.14a)

1 ~
L9e)s = aiss (3.14D)

Based on the definition of sub-differential, the sub-differential Zs contains grouped subsets
20) = §®) /(10®)||, with p € S, and maxpese [|2@)]], < 1.
According to Lemma 3.2, 0 is the optima of the objective function with high probability.

Consider an estimator with 91970 = (ég, 0), where

050 = argmin{£(6) + n\,||0]2.1}.
0=(6s,0)

If the estimator QAS,O satisfies the conditions (3.14a) and (3.14b), then with high probability,

és,o is the local optimal solution 6 to Equation (3.5).

We expand the score function Using the mean value theorem as follows

1_ - | 1 1 1 1y
- _ = * = - ¥y _ * - A
nV.C(GS,O) nVﬁ(Q )+ nV£(93,0) nVﬁ(@ ) nVﬁ(@ )+ nv L(0)
_ l * l 2 *\ A l 2 N o l 2 * A

= VL) + - VELE)A + (CVL0) - SVELE")A,

N

-~

R

where A = (659 — 6%), 6 = ab* + (1 — a)fs for some a € [0, 1].
Thus, we write the equations (3.14a) and (3.14b) in block format with solution 6.
V2L(0")ss VL0 )sse | [As) 1 [ VLE©O)s Rs + Ans

+ = + =0
V2L(0%)ses V2L(0)sese| \ 0 TAVLOY)se Rse + Anise

S|
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According to Lemma 3.8, the sub-matrix n='V2L£(6*)ss is invertible with high probability.

Thus, we obtain the difference block Ag by solving

. 1 1 .
AS = 95 — 9; = —(EVQ,C(H*)SS)_l(EVE(Q*)S + )\nZS + RS)

Next, we show that the elements of the remainder vector R can be expanded as follow

00 (0; ) 0*0(6%:Yh)
8000790y,  D0DOT D0,

83&4 (‘9* y Yk)
90067 00y,

Rip = ( )A = AT )A,
with A = (6 — 6*) = (1 — @)A. Let Vi, H* = 93,(0%;Y3) /00067 36y, where Vi, H* is a
Kp, x Kp, matrix. With similar derivation as in the proof of Lemma 3.6, all elements of

VipH* are from sub-exponential distributions. Thus, we show that for any £k =1,2,--- | K

andp:1727"' y Pns

Rip= (1 - Oé)Astp’HssAs (1= ) Asl3VipHssll,

(W* + J)

< W*||A ||2 A2s.

The step (i) is obtained based on the sub-exponential condition for the elements of V,H*.

For some small § and a universal constant C,

2

on
P(IVipHssll, 2 I1E(VipHss)lll, +0) < 2K exp{~C— + 2log(s)}.

According to Assumption 3.2, W* > ||[E(Vi,Hss)lll,- Thus, [|[VipHEsll, < (W* 4 0) with
high probability. According to Theorem 3.1, ||A]|2 < 9A\2s/(2k_)2. This leads to the result
in step (ii).

Combining the results above, we show that with a probability larger than 1 — 2p¢ —
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4K exp{—Co % + log(p,)},

] 1 A .
[As]loo = H( L(0)ss)” 1(EVE(H )s + Anfs + Rl

(1+2VEK)\/s

< Hi(IIEVE(e*)SIIOO+An||;35|yoo+ IRslse) < S

for some constant Cy > 0. This implies sign(fg) = sign(6%).

Next, we show that maxpcse

sub-differential Zs. can be calculated from the block equation above,

R 11 % * 1 * -
Z8c = _)\_(nv£<6 )SC+RSC - _VQ‘C(Q >SCS<EVZ£(9 )53) !

(ﬁVﬁ(e*)g + )\HZAJS + RS))

The sub-differential zse from (3.15) can be decomposed into three components

A i 2 *\ l 2 * *1l e — l ) ge
i =1 ( —V?L(0 )&s(nv L(0%)ss) nV£<9 )s nVL(Q )se

n

-~

I

1 1
+ Ev%(e*)scs(Ev%(e*)ss)*lns — Rse

J/

-~

Zs

1 1 .
+ /\REVQE(G*)SCS(EV%C(H*)SS)ilZS)-

~

I3

The sub-differential can be grouped as 2% with p C S°.

2®)||, < 1, which satisfies the KKT conditions.

)\n S ‘0m1n|’

The

(3.15)

(3.16)

Based on Lemma 3.3 and Corollary 3.1, the following upper bound can be obtained with

a probability at least 1 — 2 exp{—dlog(p,)} for some constant d > 1,

+§é%}§ { \V& L( 9*)SCS< \Y E(Q*)SS —V[, }(p HQ
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lvﬁ(g*)(p)Hz

< max
pCSe N
1 2 * 1 2 * —1 1 *
HVE|-V L(0 )SCS(EV L(60%)ss) ||EV£(9 sl
§ § § §
<2 2(1—2 2\,
_4)\n+ 4(1 2))\n < 2)\n

For the remainder component, we have

max
pCS¢

IOl <VE|| o]

S\/E( R se
gW*

42

1 1
IRl [£572£007)5-s (27220755 | )

o0

<

1
A2SVE = (2B o)
n
Similarly, we show that the mixed norm of Z3 can be bounded,
mage 297 2 = ma Ao |[{ - V2L(0")ses(= V2L )s5) 25}, < A1 = 26).
pcse 3 pcse ip n 2= 2

By adding the three components, we show that

1 S
5 (p) < . I(p) I(P) I(p) 1—-2 > 1.
mage 120> < max (12l + 127+ 1287]1) < 1 -5+ 5 <

Combining the results above, we have sign(f) = sign(6*) with a probability tending to 1. [

Theorem 3.2 indicates that the proposed penalized estimate for multi-task learning achieves
sign consistency and recovers the union support across multiple tasks. To measure the
performance of selected features for all tasks, we can apply the pseudo-Bayesian information
criterion proposed by Gao and Carroll [2017]. This information criterion evaluates the joint

model complexity, which also considers the correlation between different related tasks.
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3.3 Optimization

From the computational perspective, an iterative algorithm can be developed to solve the
optimization problem in (3.5). We set multiple steps of optimization labeled as step t,
t =1,...,7T. The parameters updated at the jth iteration of the tth step are denoted by 4]
with §®)[47] representing the pth grouped parameters. In each step, we apply the composite
gradient descent (CGD) algorithm [Nesterov, 2013| to update subsequent iterations, which is
widely used in high dimensional data analysis [Agarwal et al., 2012a, Loh and Wainwright,
2015]. For simplicity, we use 6’ to denote the update 67 and #®7 to denote the grouped

[t

parameters @ in step ¢. To approximate the objective function Q(#), we apply the

majorize-minimization (MM) method by introducing an isotropic quadratic function
- 1 4 1 . . ‘
QUI) = ~L(8%) + LVLO) O — )+ L6~ )3+ Aol

where the conventional value of the quadratic coefficient +; is chosen as the largest eigenvalue
of the Hessian matrix. Based on the property of the majorize-minimization (MM) algorithm,

we have
Q") < Q(O"1¢7) and Q(&1¢) = Q(6).

Therefore, we solve each subsequent optimization sub-problems by minimizing the function

Q(6]67)

: . 1 ) .
071 = axg min{Q(8]67)} = argmin{_VLO)9 + L9 — 673 + X, [0}
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In addition, we simplify the solution of the optimization problem by completing the square as

1L (609)

) o1 . An
Gt = argmem{§H9 — (07—~ )3+ 10112,
Tt

We define the thresholding operator Sy, /, on grouped parameters as

An
Srun(@P) = (10D ]l = =4).2,
n
where the subdifferential is defined as 2(P) = 9|6 ||,/00®). The subsequent update from the

7th to the j + 1th step can be obtained as
PO = 5, (009 — T (3.17)

where the value of the step size 1 can be set equal or proportional to the coefficient ~;,
which can be updated in each step. Within each step, we apply the fast iterative shrinkage
thresholding algorithm (FISTA) framework [Beck and Teboulle, 2009] to further accelerate
the inner loop updates. Under this setting, we can show that the iterations within each step

enjoy a geometric rate of convergence.

3.4 Simulation

In this section, we present the simulation studies to show the empirical performance of the
proposed multi-task feature learning algorithm. In section 3.4.1, the joint feature selection
is examined for correlated tasks under different scenarios. In section 3.4.2, we evaluate the

prediction errors with increasing dimensions of parameters and sample size.
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Algorithm 1: The iterative algorithm for the multi-task feature learning

Data: K different platforms of data sets {Yi, Xg1, Xio, -+, Xip, Hy;
Input: the initial parameter {1 X, e.};

Output: the optimal estimator 0.

while [|0 — g1, > ¢, do

o] = 1

w! = gl

n = max A(2V2L(01))

while convergence is not reached do

hi — i — LYEW)
n mt

ol = Sy, (W — 1 VLR

n Mt
aj = 5(1+,/1+4a)
uj+1 — H[tvj] _l_ jo%} (Q[tv.ﬂ . H[tvjfl])

i—1
Qj4+1

end
end

Table 3.2: Coefficients generating process in four tasks with different types of effects

Coefficient Type Sampling distribution
Task 1 Large variance 0y ~ N(1,3)

Task 2 Small variance 05 ~ N(1,1)

Task 3 Strictly positive 05 ~Uniform(1, 2)
Task 4 No sign constraint 0} ~Uniform(—1,1)

3.4.1 Joint Feature Selection

We simulate four different tasks and each task has 200 or 500 observations with 200, 500, and
1000 predictors. The covariates are generated from a multivariate normal distribution with
means zero and variances one. The number of non-zero coefficients is equal to s = Lp}/ ?].
Since the heterogeneous data sets may possess different relationships between the response

variables and the predictors, we generate four different types of coefficients for different tasks

shown in Table 3.2.
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Case 1: Correlated Multivariate Regressions

We consider the case where multiple tasks have correlated responses. We generate the response
variables for four different tasks from linear models yx; = nx; + €xi, where the error terms from
different tasks are correlated. The error terms (g1, .. . ,541»)T follow a multivariate Gaussian
distribution or a heaty-tailed multivariate t distribution with 10 degrees of freedom with all

means equal to zero, and a 4 x 4 covariance matrix X is given by

2
01 P120102  P130103  P140104
2
P120102 05 P230203 240204
M=
2
P130103  P230203 03 P340304
2

_p140'104 P240204 P340304 oy |

The variances of error terms in different platforms are designed as 0? = 9,03 = 4,02 = 4,
and o2 = 1. The correlation py’s are generated from a uniform distribution Unif(0.4,0.6) for
any k,l=1,2,3,4 and k # .

The simulation results in Table 3.3 contain the specificity and sensitivity of feature
selection obtained from 500 independent replications. In each case, we set the penalty
parameter \, = SW based on the asymptotic rate from theoretical results. The
results in Table 3.3 show that for Gaussian errors and heavy-tailed errors, the proposed

feature learning achieves high specificity and low sensitivity.

Case 2: Mixture of Regression and Classification Tasks

In the Case 2 simulation study, we combine two regression tasks and two classification tasks.
For continuous response variables, the generating process is identical to the first two tasks in

Case 1. The categorical responses are obtained by dichotomizing the continuous responses
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Table 3.3: Specificity (SPE %) and sensitivity (SEN %) of the multi-task feature learning
(MTL) compared with single-task analysis (SA) for multivariate linear models. The standard

errors (%) are provided in parenthesis.

n = 200 p, = 200 | n = 200 p, = 500 | n = 500 p, = 500 | n = 500 p, = 1000

Model  SPE SEN SPE SEN SPE SEN SPE SEN
Simulation I: Gaussian Error
MTL 98 (1) 100 (0) | 99 (0) 100 (1) | 100 (0) 100 (0) | 100 (0) 100 (0)
SA1 81 (8) 92 (8) | 86 (4) 90 (7) | 87 (4) 94 (5) | 89 (3) 94 (4)
SA2 83 (6) 89 (9) | 87 (5) 86 (9) | 87 (4) 96 (6) | 90 (3) 92 (5)
SA3 80 (7) 100 (0) | 85 (4) 100 (0) | 86 (5) 100 (0) | 88 (3) 100 (0)
SA4 83 (7) 88 (9) | 87 (4) 86 (7) | 88 (4) 92 (6) | 89 (3) 92 (5)
Simulation II: Heavy-tailed Error

MTL 97 (1) 100 (0) | 99 (1) 100 (0) | 100 (0) 100 (0) | 100 (0) 100 (0)
SA1 82(8) 91 (8) | 87 (5) 89 (7) | 87 (4) 94 (5) | 89 (3) 93 (5)
SA2 83(7) 88 (9) | 87 (5) 85 (8) | 87 (4) 93 (6) | 89 (3) 91 (6)
SA3 80 (8) 100 (0) | 84 (6) 100 (0) | 85 (4) 100 (0) | 88 (3) 100 (0)
SA4 82 (8) 88 (10) | 87 (5) 84 (9) | 88 (4) 91 (6) | 89 (3) 91 (6)

[Poon and Lee, 1987a| as follows,

Yki = 1, i g + e 2> 0,

Yki = 0, iy + e < 0.
The error terms ey; are jointly generated across all tasks from the multivariate distribution
same as the simulation in Case 1.

The results in Table 3.4 show that the overall model selection performance of learning

from heterogeneous types of tasks is enhanced in comparison with the single task analysis.

Case 3: Mixed Types of Tasks with High Correlation

The proposed multi-task learning algorithm is designed to deal with correlated tasks. We

modify the simulation in Case 1 with high correlation errors. An exchangeable correlation
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Table 3.4: Specificity (SPE %) and sensitivity (SEN %) of the multi-task feature learning
(MTL) compared with single-task analysis (SA) for a mixture of regression and classification

tasks. The standard errors (%) are provided in parenthesis.

n = 200 p, = 200 | n = 200 p, = 500 | n = 500 p, = 500 | n = 500 p, = 1000

Model SPE SEN SPE SEN SPE SEN SPE SEN
Simulation I: Gaussian Error
MTL 98 (1) 97 (4) 99 (1) 94 (5) | 100 (0) 98 (3) | 100 (0) 96 (3)
SA1 81 (8) 92 (8) 86 (4) 90 (7) | 87 (4) 94 (5) | 89 (3) 94 (4)
SA2 83 (6) 89 (9) 87 (5) 86 (9) | 87 (4) 94 (6) | 90 (3) 92 (5)
SA3 79 (5) 98 (4) 90 (3) 82 (12) | 80 (4) 100 (0) | 87 (2) 99 (2)
SA4 82 (6) 78 (9) 91 (3) 65 (9) | 83 (4) 85 (8) | 88 (3) 80 (7)
Simulation II: Heavy-tailed Error

MTL 97 (1) 97 (4) 99 (1) 93 (5) | 100 (0) 98 (3) | 100 (0) 96 (3)
SA1 82(8) 91 (8) 87 (5) 89 (7) | 87 (4) 94 (5) | 89 (3) 93 (5)
SA2 83(7) 88 (9) 87 (4) 85 (8) | 87 (4) 93 (6) | 89 (3) 91 (6)
SA3 81(H) 98 (4) 91 (3) 80 (10) | 81 (3) 100 (1) | 87 (2) 98 (2)
SA4 84 (6) 77 (11) |91 (3) 64 (9) | 84 (4) 83 (8) | 89 (2) 79 (7)

structure is used with py; = 0.9 for k,l = 1,2,3,4 and k # [, and other settings remain the
same as the simulation in Case 2. As demonstrated by the simulation result in Table 3.5, the
proposed method provides higher Specificity and lower sensitivity than single-task analysis in

the presence of high correlation.

Case 4: Tasks with Unbalanced Samples

In this simulation, we examine the performance of the algorithm by analyzing multiple tasks
with unbalanced sample sizes across different tasks. The data-generating procedure follows
the design in Case 2 with 500 replications, but we randomly delete 50% to 80% of observations
in the last three tasks. Thus, the sample sizes are different across the tasks. The multi-task
analysis provides high accuracy with unbalanced samples as shown in Table 3.6. For the
single-task analysis, the sensitivity rates are much higher in the tasks with smaller sample

sizes.
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Table 3.5: Specificity (SPE %) and sensitivity (SEN %) of the multi-task feature learning
(MTL) compared with single-task analysis (SA) for highly correlated tasks. The standard

errors (%) are provided in parenthesis.

n = 200 p, = 200 | n = 200 p, = 500 | n = 500 p,, = 500 | n = 500 p,, = 1000
Model SPE SEN SPE SEN | SPE SEN | SPE SEN
Simulation I: Gaussian Error
MTL 99 (1) 96 (5) 97 (1) 96 (4) | 98 (1) 99 (2) | 99 (0) 98 (3)
SA1 81 (8) 92 (8) 87 (4) 90 (7) | 87 (4) 94 (5) | 89 (3) 94 (4)
SA2 82 (7) 89 (9) 87 (5) 86 (8) | 87 (4) 92 (6) | 89 (3) 92 (5)
SA3 79 (5) 98 (4) 90 (3) 81 (10) | 80 (3) 100 (0) | 87 (2) 99 (2)
SA4 83(6) 77(12) |91 (3) 64 (10) | 83 (4) 85 (8) | 88 (2) 79 (7)
Simulation II: Heavy-tail Error
MTL 98 (1) 95 (5) 97 (1) 96 (4) | 98 (1) 99 (2) | 99 (0) 98 (3)
SA1 81(8) 92 (8) 87 (4) 90 (7) | 87 (4) 94 (5) | 89 (3) 94 (4)
SA2 82(7) 90 (8) 87 (5) 86 (8) | 87 (4) 92 (6) | 89 (3) 92 (5)
SA3 80 (hH) 98 (4) 90 (3) 81 (10) | 80 (3) 100 (0) | 87 (2) 99 (2)
SA4 83(6) 76 (11) |91 (3) 64 (10) | 83 (4) 85 (8) | 88 (2) 79 (7)

3.4.2 Estimation Consistency

In this section, we conduct simulations to investigate the statistical consistency property of
the proposed penalized estimates. In four tasks, the number of predictors is designed with
two levels, such that p, = 200 and 1600. The covariates are simulated from the multivariate
Gaussian distribution with means equal to zero and variances equal to one. For important
features, the corresponding non-zero coefficients 6* are generated from uniform distribution
Unif(0.05,0.5) for all tasks. The true support s is chosen as |[p'/3|. We set sample size
satisfying n = aslog(p,) for some constant a, where a ranges from 1 to 8. The response
variables are generated through a similar process as Case 2. In the first two tasks, the response
variables are generated based on the linear predictors 7x; + €x;. The response variables in the
last two tasks are obtained through dichotomization. The error terms are jointly simulated

from a multivariate t distribution with 10 degrees of freedom, which are moderately correlated.

63



Table 3.6: Specificity (SPE %) and sensitivity (SEN %) of the multi-task feature learning

(MTL) compared with single-task analysis (SA) for multiple tasks with unbalanced sample

sizes. The standard errors (%) are provided in parenthesis.

Prn = 500 pr = 1000 pn = 2000

Model Sample | SPE SEN SPE SEN SPE  SEN

Simulation I: Gaussian Error
MTL 99 (0) 99 (2) | 100 (0) 97 (3) | 99 (0) 96 (4)
SA1 mn=500|87(4) 97(4)| 8 (3) 98(3)|91(2) 92 (4)
SA2 n=250|87(4) 8 (5) | 89(3) 85(6)| 92(2) 77 (6)
SA3 n=100|97(3) 27(17)| 99 (1) 10 (10) [ 100(1) 4 (5)
SA4 n=100]98(2) 9(14)| 99 (1) 5(6)]99(1) 5 (5

Simulation II: Heavy-tail Error
MTL 97 (1) 98 (3) | 98 (1) 97(3)| 99 (0) 95 (4)
SA1 n=2>500|87(4) 93(6)| 8 (3) 93(5) | 91(2) 91 (4)
SA2 n=250|87(4) 87(8)| 90(3) 84 (7)| 93(2) 75 (6)
SA3 n=100]97(3) 26 (17)| 99 (1) 10 (9) | 100(1) 4 (4)
SA4 n=100|97(3) 28(15) | 99 (1) 12(10) | 99 (1) 5 (H)

An unstructured correlation matrix is used for the simulation with py, ~ Unif(0.4,0.6) for
any k,l =1,2,3,4 and k # [ as previous examples. We conduct 50 independent replications
to measure the prediction errors evaluated as n='(VL(0) — VL(6*))T (0 — 6*) according to
Theorem 3.1. The curves shown in Figure 3.1 demonstrate that the prediction error decreases

toward zero as the sample size increases.

3.5 Data analysis

3.5.1 Breast Cancer Study

In the first example, we apply the multi-task feature learning on a collection of breast cancer
studies from the NCBI (National Centre for Biotechnology Information) database [Hatzis
et al., 2011, Itoh et al., 2014, Ivshina et al., 2006, Schmidt et al., 2008, Cadenas et al., 2014,
Hellwig et al., 2010, Heimes et al., 2020, Rody et al., 2011, Karn et al., 2014, Gao and Zhong,
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Figure 3.1: The prediction error of the multi-tasks feature learning estimator for four correlated

tasks.
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2019]. The Affymetrix microarray technique was used to provide the gene expression profiles
of thousands of genes for the patients. The joint feature selection is applied to obtain the list
of genetic biomarkers that are associated with breast cancer disease status. The microarray
datasets include 22,283 biomarkers, and we apply the rank aggregation method to obtain 1300
candidate biomarkers for the joint feature selection. In the data sets, there are three levels of
histologic grades representing the stages of cancer. However, in some studies, the first and
second grades are classified together as the group of early-stage cancer, and the third grade

is the group of high risk. Therefore, some studies have binary outcomes, while others contain
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Table 3.7: Breast cancer multi-task studies. The performance of the logistic regression models
is measured by AUC; the performance of the multinomial regression models is measured by

the percentage of correct classification.

Tasks Logistic regression Multinomial regression
(AUC) (% Classification)

Data | GSE11121 GSE4922 GSE31519 | GSE25055 GSE25066

(n) (151) (188) (46) (217) (358)

MTL 0.81 0.81 0.77 66 66

SA 0.74 0.83 0.65 66 64

multinomial outcomes. We perform the five-fold cross-validation 50 times. The multi-task
feature learning is applied to the training sets. The selection criterion in the training process
is based on the area under the ROC curve (AUC) for binary responses and the percentage
of accurate classification for multinomial responses. Based on the selected biomarkers, the
logistic models and multinomial regressions are used for prediction in the testing sets. The
model performance of AUC and the classification accuracy for the test sets are shown in
Table 3.7. The overall classification accuracy is improved by the multi-task feature learning
compared to the single-task learning. Especially when the studies have unequal sample sizes,
the studies with smaller samples enjoy great improvement by learning from other studies

with larger samples.

3.5.2 Community Health Status Research

In the second example, multiple community health status indicators (CHSI) were collected
across different counties of the U.S. in 2010 [U.S. Department of Health and Human Services].
There are 428 observations with complete response variables and predictor values in the
data set. This research uses the average number of unhealthy days, the death counts, the

average life expectancy, and the self-rated health status together to reflect the community
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Table 3.8: Community health status results based on five-fold cross-validation

Tasks Linear Regression Logistic Regression
(MSE) (AUC)

Responses | Unhealthy Days Death Counts | Life Expectancy Health Status

MTL 0.501 0.103 0.963 0.935

SA 0.517 0.196 0.958 0.935

health status. Among these four response variables, the average life expectancy and self-rated
health status are dichotomized into two levels based on the median values of all counties.
Thus, the responses of interest are mixed with two continuous variables and two categorical
variables. To select predictors associated with the responses of interest, we apply the multi-
task feature learning method to conduct joint feature selection over 70 predictors. These
predictors include overall demographic information, counts of different diseases, different
causes of death, environmental conditions, and health-related risk factors. We perform five-
fold cross-validation 30 times. For the training set, we apply the multi-task feature learning
to combine two linear regression models and two logistic regression models together. The
model selection criterion for the linear regression model is the mean squared error between
the fitted values and observed values. For the logistic regression, AUC is used to measure
classification accuracy. Based on the selected predictors, we fit the model on the testing sets
and measure the mean squared errors, and AUCs are shown in Table 3.8. In comparison with
the single-task analysis, multi-task feature learning produces smaller prediction errors and

higher classification accuracy.

3.6 Technical Lemmas

This section provides some technical Lemmas used in the proofs of Lemmas and Theorem in
Section 3.2.

The score function is the first-order derivative of the log quasi-likelihood function for each

67



task. We can show that the score functions follow the sub-exponential distribution and have

a finite ¢); norm.

Lemma 3.5. Based on Assumptions 3.8 - 8.5, the individual score function satisfies the

sub-exponential condition (1.3) such that for some universal constant Ay > 0,

L 0l0; )||¢ < Ap

H \/_ 89kp o

foranyk=1,2,--- K andp=1,2,--- ,p,.

Proof. For each task, the quasi-log-likelihood score function is given by

(05 V) ~= 000 uk) 1 O, (i) Ok
T, I3

fork=1,2,---  Kandp=1,2,--- ,p,.

From Assumption 3.3, the inverse link functions g; '(n;) and its derivatives are well-
defined and bounded. In addition, the variance function as the polynomial form of g;l(nki)
is also positive and bounded. Thus, we show that the second component Z, is bounded by
some constant. In addition, the derivatives of the linear predictor are Ony;/0k, = Tipi, and
supy, , i{7kpi } < L < 00 based on Assumption 3.5. Thus, the component 73 is bounded by L.

Based on Assumption 3.5, Z; = yx; — g, (nt.) is from a sub-exponential distribution with
zero mean and 1, norm bounded above by Ay. Let Kp; = Zy x Z3. The individual score
function is given by

(%ki(e;f;; yki)

where we have KCp; < K < oo for a universal constant /C across all tasks. We obtain that the

68



11 norm of the individual score function is as follows

0l1i (05 ki) 1 Olki (055 Yki) a1
) _ - E_?m /m
| L), — sy 2 )
1 _ * m m
< sup K (Elgy " (i) — il ™)

< sup Kllgp ' (ki) — Yrillgy < KAo.
p

Based on the property of sub-exponential distribution [Wainwright, 2019|, the ¢; norm of

n~1200,(05; Vi) /00y, can be bounded by some constant A; > KAy, such that

1 00y (65; Yr) 1 1 9Ck(0; Ye) \ 1
— sup — (E[(—=—Fk Tk ymp1/m 4
H\/— 0, [ fnuzr;m( [(\/ﬁ D, )T < Ay
0

Based on Lemma 3.1, we can choose the value of the penalty parameter A,, which is used

in the proof of sign consistency.

Corollary 3.1. Under Assumptions 3.3 - 3.7, if the penalty parameter is chosen as

A, >4_Al\/7 \/ d+1Klog(pn))

then

1 1 ¢
_ _ *\ (p) < 2
3, 5P I=VLOT) 2 < 5

with a probability at least 1 — 2 exp{—dlog(p,)} for constant d > 0.

When the quasi log-likelihood is built based on the canonical link with corresponding

variance function, the observed Hessian matrix is semi-positive definite under Assumption 3.6
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with probability tending to one. However, the general quasi-likelihood can have a variance
function set as a polynomial function of the mean. Therefore, we need to analyze the observed

Hessian within a local neighborhood.

Lemma 3.6. Based on Assumption 3.3 and 3.5, let wy = 1, and there exists some 7, for any

|0 — 0*||1 < 7, the observed Hessian can be formulated as follows,

Lo = L5 S ) — (s — 05" ) s

k=1 =1

with Mg; = Zgil Tipibp and ni; = Zi’;l Trpilly,, and the functions of linear predictors f, (Mks)

and fo(nri) are both bounded. Furthermore, the function fi(ng;) > 0.

Proof. First, the observed Hessian can be constructed as follow

Lorsg L S g, (i) 2
Y A n;”%v %){( O )
1/ % 1 g (M V(g5 (ki) 095 (ki) + 2 T
(0" ) = 0 o)) () — ) Q0 Lo
1 e ) (0% () V(g Om)) (Ogi " (mia) 2y r
;l 1¢kV gk o ))( M V(g;;l(nki))( O ) )@t
Therefore, we can set
1 99y, ' (Mra) | 2
Als) = ¢kv<gk (mm)){( Onpi )
1, % -1 g () V(97 (ki) 095 (M) \ 2
(0" ) = 0 o)) () OO 0y |

and by applying the approximation,

3921(%)( .

=1/ %y _ —1 ) — - 2.
9 (k) — 9 (ki) o ki)
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We can further show that

N 1 Agi (ki) \2
fl("”“)‘qbkv<g,;1<nk,~>){( o)
~ 0g;. " (i) P 09 () V(g3 (1ks)) (095 (k) |2
Onpi (ks = ) > ( M V(g ' () ( O ) )}

Based on Assumption 3.3, we can set that there exists some positive constants K, Ks, K3,

K47 K57 and KG?

dg; ' (n) )
k@n |n=?7k,~ < K3, and H’lﬁzx|ak—ng|7]:77ki

K; < max|
ki

< Ks.

Since the variance function has a polynomial form of mean, then

K4 < Vi(g;, " (nki)) < K5 and V(g (i) < KG6.

Therefore, the function f(nx;) is bounded by

NS B o
Filmws) 2 o) (K2 — Ky(Ks + K2Ko/ K2t — mual)
1 , 2 -
> Ty i~ Kalla + K3Ko/KOLIO = 67|

Therefore, as |0 — 0*||; < r and ||7x]|eo < L, we can set 7 = min{r, K'K3} with constant

K' =1/(LKy(K3 + K3Kg/K,)), and we can show that 0 < f;(n;) < co. In addition, we can

also set
fo(mi) = 1 P gy (wi) B V' (g: " (mra)) (09131(%-))2)
&V (g (ma)) S Oy V(g (i) O 77
which is a bounded function based on Assumption 3.3. O]
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Next, we can show the concentration of the observed Hessian to the expected value.
Lemma 3.7. Under Assumptions 3.3 - 8.5, for some positive constants a and €,

2

. < 5> >1 - 2Kexp{ —oz<A€18)2n+2log(s)},

2

. < g> >1— 2Kexp{ — oz<A€18)2n + log(s(p, — S))}'

P(|| sveoss - ro)ss
(

Proof. With the same notation as in the proof of Lemma 3.3, we can show that AHgs =

1
EV2£(0)S$C — H(e*)gsc

diag(ArH%g)K | For any € > 0,

‘ (i) "
P(llAHsslo > €) = P(Sl;p Ak Hsslloe > €)

. £
< Ks* sup P(|AkH[p7p,]| > —)
kp,p’ 5

(i) 2
< 2Kexp{ — amin{(Ai—S)z, Ails}n + 2log(s) }.

In step (i), we apply the result in Lemma 3.9. In step (ii), we apply the concentration result

of the Hessian matrix based on Lemma 3.1. Using the same method, we derive that

PllAHssloo > &) < K sup P([| A Hssellloo > €)

, g2 £
<2Kexp{ — amm{m, A_ls}n + log(pn — s) + log(s)}.

]

Under Assumptions, we can show that the observed Hessian is invertible on the subspace

S with probability tending to one. The proof of Lemma 3.8 is similar to Ravikumar et al.

[2010].
Lemma 3.8. Under Assumptions 3.3 - 3.6, there exist some positive constants « and & with
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e< k_,

ae?

>k — 5> <1—-2Kexp{—+—n+2log(s)}.
2

P(|[venss CE

Proof. With the same notation as in the proofs of Lemmas 3.3 and 3.7, we have the sub-matrix
of Hessian denoted by ,Hgg. Lemma 3.2 shows that with high probability, the eigenvalues of

H(6*) are bounded and positive. Therefore, for any sub-matrix of Hessian, we have
ko <min A(yHgg). (3.18)
Based on Courant—Fischer variational representation [Ravikumar et al., 2010], we have

min A(yHSs) = min A(yHis + kHss — kHss)

. T * * *
= o, & (kHss +eHss — kHss)®
z|o=

<y My +y (His — iMas)y.
where y is the unit-norm eigenvector of Hsg. Using condition 3.18, we can show that

kaH:kssy > min A(kH:’;s) > minA(kH‘*ss) - ?JT(kHES - kass)y

>k — |k ss — kHssll2-
Next, we have

P(|AxHsslly > €) < P([[ArHssll > €)

< 52 sup P(|AkH[>;p,]] > ¢g/s)
kp.p’

_ g £
<2exp{ - amln{m, A—ls}n + 2log(s) }.
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87

As a result, we can show that with a probability at least 1 — 2K exp{—ﬁn + 2log(s)},
A(Hss) > ke —e. (3.19)
Furthermore, for ¢ < k_ in 3.19, we set the constant 6 = k_ — ¢ > 0, such that
P(A(H5s) < 0) = P(A([\Hss] ™) > 671). (3.20)

]

When the matrix is built by diagonal blocks of multiple submatrices, its ¢; and £, norms

are also the maximum value among all submatrices.

Lemma 3.9. Suppose a matriv A € RE>ED consists of diagonal blocks such that A =

diag(Ar)E |, and each block matriz has the same dimension that A, € R4, Then,
Al < Sup I Aklll; and (Al < sup Akl oo

Lemma 3.10. (Bernstein Inequality) Let Xy, --- , X,, be independent zero-mean sub-exponential

random variables and Ay = max; || X;||ly,. Then, for any e > 0, we have

e ¢

IR ;
P(|E Y Xi|>e) < Zexp{—amln{A—§7 A_l}}
=1

with a universal constant o > 0.
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Chapter 4

Robust Multi-task Feature Learning

4.1 Introduction

The multi-task learning utilizes the intrinsic relatedness among the data sets sharing common
features [Caruana, 1997, Zhang and Yang, 2017, Thung and Wee, 2018]. When modeling
high-dimensional data sets, the approach of combining multiple tasks can alleviate the data
scarcity problem. Mixed regularization can be used to recover the union support, which is the
set of important features for at least one of the tasks [Liu et al., 2009, Obozinski et al., 2010,
Zhou et al., 2011, Rakotomamonjy et al., 2011]. To analyze the estimators obtained from
multiple regularized regression tasks, Lounici et al. [2011], Obozinski et al. [2011], and Wang
et al. [2015b] established the statistical consistency and the estimation error bounds under
regularity conditions. To jointly model different types of learning tasks, Gao and Carroll
[2017] used the pseudo log-likelihood to integrate multiple data sets that are correlated and
have different types of distributions. In addition, a pseudo log-likelihood based Bayesian
information criterion was proposed by Gao and Carroll [2017] to perform model selection on
multi-task learning, which can balance the goodness-of-fit and the complexity of the joint

model. Maity et al. [2019] extended the high-dimensional data integration approach to jointly
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model survival time data and binary data through a Bayesian approach. Existing multi-task
learning methods are built under distributional assumptions. For example, the regression
models require the data to be normally distributed, and the generalized linear models assume
the response variables follow distributions from exponential families. To address this issue,
the heterogeneous multi-task feature learning in Chapter 3 was proposed to model multiple
data sets without distributional assumptions. Instead, the method requires that the second
and higher moments of the error variables are bounded. In practice, the high-dimensional
data sets collected from different sources often contain heavy-tailed data and contain large
outliers in the measurements. The least squares method or likelihood-based method often
performs poorly under this scenario [Catoni, 2012|. To accommodate heavy-tailed distribution
and outlier contamination, we propose a robust estimation method for multi-task feature
learning.

For single-task learning, the robust regularization methods are extensively studied. The
Huber regression proposed by Huber [1964] is widely implemented for the robust M-estimation,
and the asymptotic properties have been well established in many studies [Huber, 1964, Yohai
and Maronna, 1979, Portnoy, 1985, Mammen, 1989, He and Shao, 1996]. Fan et al. [2017]
proposed a penalized Huber loss to deal with heavy-tailed errors in ultra-high dimensional
settings, which can provide consistent estimators with a similar optimal rate as the estima-
tors obtained under the normality assumption. Pan et al. [2021] further investigated the
optimization property and the asymptotic rate of convergence for estimators using Huber loss
with both ¢; regularization and non-convex penalty functions. Wang et al. [2021] proposed
a data-driven method to determine the value of the robustification parameters for Huber
regression that can be chosen based on the sample size, the dimension of parameters, and the
moments of the error terms. To accommodate large outliers with heavy-tailed distribution,
Sun et al. [2020] established the theoretical framework based on the adaptive Huber regression

with relaxed moments condition for the error variables, such that the errors only need to have
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a bounded (1 + w)th moment for any w > 0. Instead of using the Huber loss function, Bradic
et al. [2011] proposed a weighted linear combination of ¢; and /5 loss functions with a weighted
LASSO penalty for robust estimation and feature selection. For the robust M-estimation
with folded concave regularization, Loh [2017] showed that the local optimal estimator is a
unique stationary point, which coincides with the oracle estimator with a probability tending
to one.

Motivated by previous studies, we propose a robust multi-task feature learning by a
composite Huber loss function with the mixed /5 ; regularization. For each Huber regression
task, we apply the adaptive method [Sun et al., 2020] to choose the robustification parameter,
which can effectively balance the robustness and unbiasedness of the estimator. The non-
asymptotic deviation bounds are established based on more relaxed conditions, where the
error variables have finite (14 w)th moment for any w > 0, and the covariates are independent
samples from sub-Gaussian distributions. With w > 1, the estimation properties are similar to
those obtained by existing multi-task learning method [Gao and Carroll, 2017]. For w € (0, 1),
we obtain a slower convergence rate for the estimator. Based on the notion of the restricted
strong convexity (RSC) condition in Agarwal et al. [2012b], Meinshausen and Yu [2009], Loh
[2017], we provide a modified RSC condition for the composite Huber loss function that can
be used with the mixed regularization. Thus, the proposed loss function is not required to be
strongly convex under high dimensional settings. The distributional assumptions required
in this thesis are more general and weaker in comparison with existing multi-task learning
methods.

In this chapter, we establish the statistical consistency and the asymptotic properties of
the estimators obtained by robust multi-task feature learning. The ¢, and ¢; error bounds of
the penalized estimates are evaluated, which are in line with the adaptive Huber regression in
Sun et al. [2020]. In addition, we show that the regularized estimator can recover the union

support correctly, with probability tending to one. The proposed robust multi-task feature
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learning method can be regarded as a special group-wise variable selection procedure using the
adaptive Huber loss function. To our best knowledge, the properties of the adaptive Huber
loss for the multi-task problem have not been explored in the literature. For the optimization
algorithm, Liu et al. [2014] proposed to use the block coordinates descent method for the
group LASSO-based robust estimation. Li and Sherwood [2021] provided an R package to
select group-wise variables for both quantile and robust mean regression. In comparison
with previous algorithmic works, we propose to use the composite gradient descent algorithm
[Nesterov, 2013], and we prove that the updated iterations converge to the optimal solution
at a geometric rate.

To evaluate the model performance based on the selected features, the pseudo Bayesian
information criterion [Gao and Carroll, 2017| was developed based on the composite likelihood
losses with a model complexity penalty, which was applied to multiple correlated data sets.
Dai et al. [2020] extended the information criterion to model multiple quantile regressions
and proposed a modified version of the Bayesian information criterion through pooled check
loss functions. We treat the Huber loss function as a hybrid of least square loss and Least
Absolute Deviation (LAD) and construct the robust Bayesian information criterion with the
composite Huber loss based on Gao and Carroll [2017], Wu et al. [2023], and Dai et al. [2020].

The organization of this chapter is as follows. In Section 4.2, we first set up the model
for the robust multi-task feature learning with the Huber loss function and the mixed ¢,
regularization. The main theoretical results are provided in Section 4.3. We establish the
non-asymptotic error bounds and the sign recovery consistency of the proposed estimates
under the regularity conditions. In Section 4.3.3, the optimization method is provided, and
the convergence rate of the optimization algorithm is discussed. The numerical studies are

given in Section 4.4 and 4.5 to examine the performance of the proposed method.
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4.2 Model Setup

Suppose there are multiple statistical tasks that are used to model K different data sets. In any

kth task, there are nj independent and continuous responses Yy = (Y1, , Yki,* ,y;mk)T

Y

k=1,2,--- K. To model the relationship between the response y;; and the covariates xy;,

we construct the linear regression model,

Yki = 1’;{29: + uZiv (4'1)
where z; = (Tg, - - - ,xkipn)T is the vector of covariates for the ith observation in the kth

task, 0; denotes the vector of true regression coefficients, and uj; is the random error. This
proposed model is aimed at dealing with heavy-tailed error distribution and large outliers.
Therefore, we do not require a specific distributional assumption on error term u;,. Instead,

we make the following assumptions.
Assumption 4.1. In any kth task,

1. The random errors uy,’s are independent fori = 1,2, -+ ny, which satisfies E(u},|vx;) =

0 and E(|ul,|"t*|zk) = vk < 0o for some w > 0;

2. We consider a random design matrix and the covariates xy;’s are 1.i.d vectors from
sub-Gaussian distribution such that P(|zlu| > ¢) < 2exp{—e?/A2} for any e > 0 and
any unit vector u € RP». The covariance matriz Cov(xy;) = Xy has eigenvalues bounded

such that 0 < a; < Apin(Zk) < Apax(Zk) < @y < 0.

When the second moment of w;; is bounded with w > 1, we have the standard ordinary
regression setting. If w € (0, 1), the second moment of uj, is not guaranteed to be bounded.
Thus, the model can be used for data with heavy-tailed error distributions or large outliers.

In addition, FE(|u},|'™|zy) = vk can be dependent on zy;, which can be used to model
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. . * *||—1/,.T pg*
heteroscedastic regression tasks. For example, we can let the error term uy, = |05l (x4,05) ek,

where ey; satisfies E(eg;) = 0 and E(|e};|'™) < oo.

4.2.1 Huber Loss Function

The multi-task feature learning can combine different types of statistical tasks and implement
support union recovery for the high-dimensional problem by penalized M-estimation. The

objective function usually contains the loss function and the penalty function as follows,
Q0) = L(0) + R(0).

The proposed loss function £(#) can combine individual loss functions from different tasks,

K

L(0) = - Z Wil (Ok; Yris Thi)- (4.2)

k=1 =1

According to the relative importance of the task, users can assign positive weights w;. to each
individual loss function [??|. In literature, the individual loss function fy;(6k; Yk, Txi) can be
the square loss function |[Lounici et al., 2011, Obozinski et al., 2010, 2011], the log-likelihood
function [Gao and Carroll, 2017|, or quasi log-likelihood function in Chapter 3, which are
all sensitive to heavy-tailed error distributions or large outliers in the measurements. In our

approach, the individual loss can be modeled by the Huber loss function [Huber, 1964|,

2 .
uk/2 lf ‘Ukl| S Tk,
fki(ek;ykiﬁki) = '
Telurs| — 72/2  if |ugg| > T,

where ug; = yi; — 21,05 For each task, the Huber loss uses the robustification parameter 7

to control the behavior of the loss function. When the error term w,; is smaller than the
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value of 7, the loss function has a quadratic form, and for large errors, the function becomes
linear with respect to ug;. If we let 7, — oo, the loss function becomes the least square loss,
and if 7, = 0, the model is reduced to a Least Absolute Deviation (LAD) regression model.
Thus, the balance of the unbiasedness and robustness can be controlled based on the choice
of the parameters 7y.

The adaptive method is commonly used for high-dimension scaling, in which the parameter
can be chosen based on the sample size, the dimension of parameters, and the moments of
error term [Lepskii, 1992, Sun et al., 2020, Wang et al., 2021]. Without loss of generality,
we define n = ny, for all tasks, vy, =n~'> " | v, and vymax = maxg{v,}. For w € (0,1), the

range of the parameter 75, can be set as

n max , w
( ) {1/2,1/(1+ )}. (4.3)

1/2 < <
Vg S Tk
(v) log(pn)

~

Since the relationship between different data sets is unknown, the individual loss functions
Cri(0k; yri, Txi) can be correlated across K different tasks. Let V.L() denote the first derivative
of the proposed loss, and V2£(#) denote the observed Hessian matrix. The sensitivity and

variability matrix are given by
H(0) = E(n*V?L(#)) and J(0) = Cov(n 'V L(9)).

With correlated data sets across different tasks, the second Bartlett identity no longer holds,
i.e., H() # J(0). We need to estimate both matrices to perform joint inference on correlated

tasks.
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4.2.2 Mixed Regularization

The support union recovery under high dimensionality can be achieved by the mixed reg-
ularization (1.1) [Obozinski et al., 2010, Gao and Carroll, 2017, Gong et al., 2013|. Let S
denote the true union support S := {p : [|0® |y # 0}, and |S| = s. The sample size and
the dimension of the parameters are assumed to satisfy the following condition, which is
commonly used in the literature of penalized M-estimation Ravikumar et al. [2010], Loh and

Wainwright [2017], Li et al. [2021].

Assumption 4.2. It is assumed that n 2 s*log(p,). In addition, the true parameter vector

16%]l1 < R for some R > 0.

The penalty function R() in the mixed ¢5; regularization is proposed as |Tibshirani,

1996, Yuan and Lin, 2006].
R(0) = nAu[|0]2,1,

with the penalty parameter \,. The subdifferential of the mixed ¢5; norm is defined as

2) = 9||0®)||5/00®), such that

L) — W if |6, # 0,

IRCRIPR

I2®l2 <1, if [|0®]|2 =0,
forany p=1,2,--- . p,.
The mixed ¢5; norm has the following properties:

1. For any subset £ € {1,2,---,p,}, the mixed norm can be decomposed as [|0]|21 =

10e 2,1 + [|Ogel|2,1;
2. For any two vectors 91 and 02, H91||271 - ||(92H271 - yg(@l - 92) Z 0 with Yo as the
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subdifferential of ||s]|2,1.

The first decomposition property of the penalty function can be applied to calculate the
estimation error bounds, which is discussed in Negahban et al. [2012]. The second property
comes from the definition of subdifferential.

The optimal estimator of the robust multi-task feature learning can be obtained by

0 € arg min {£(0) + R(6)}. (4.4)

ol <R

The constraint |||, < R is used to ensure the existence of the global optima 6 [Loh and
Wainwright, 2015]. In addition, Assumption 4.2 with ||#*||; < R can also make the true
parameter 6* a feasible point for the program 4.4.

If the penalized estimate 0 satisfies

~

(n'VLO) + X2)T(0—0) >0, (4.5)

with # denoting the subdifferential of [|||s,1, and @ denoting stationary point of the program
(4.4) [Bertsekas, 1999]. When 6 is an interior point of the constraint set, the equality in (4.5)

holds. The set of stationary points includes the optimal estimator 6 defined by (4.4).

4.3 Methodology

4.3.1 Theoretical Conditions

The restricted strong convexity (RSC) condition introduced by Agarwal et al. [2012b] and
Negahban et al. [2012] can be used to analyze the statistical and optimization properties of
penalized M-estimators. Loh and Wainwright [2015] and Loh [2017] imposed the condition

on the objective function with non-convex loss functions and regularization. The Huber loss
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function with the LASSO penalty can satisfy the RSC condition under both deterministic
and random design [Fan et al., 2017, 2018, Sun et al., 2020]. As we use grouped penalty in

our model, we introduce a modified version of the RSC condition as follows.

Assumption 4.1. (Local RSC Condition) There exist constants k; > 0, 7, > 0, and r > 0,

for all 01,05 € B,.(0*), such that the first-order Taylor error of the loss function satisfies

T(el, 92) == (n_1V£(91) — n_1V£(92))T(91 - (92)

log(pn) (4.6)

n

> k|6 — 0215 — 7 161 — 6213, -

Under high dimensionality, we assume the loss functions satisfy the RSC condition locally
in the ¢y ball B,.(6*) around #*. When x; > 0 and 7, = 0, 7 (61, 65) is bounded below by a
positive quadratic term, which implies the loss function is strongly convex. In addition, due
to the relation ||v|21 < |lv|li < VK ||v||a.1, the term [|6; — 02|5, in (4.6) can be replaced by
161 — 652, which is the term appeared in the RSC condition defined by Loh [2017].

The irrepresentable condition introduced by Zhao and Yu [2006] is required for the LASSO
estimator to recover the correct support, which constrains the strength of dependency between
the predictors in the true model and the other unimportant predictors. In addition, van de
Geer and Biihlmann [2009] provided a comprehensive analysis for more general conditions

imposed to the design matrix.

Assumption 4.2. The expected Hessian matrixz of the proposed loss function is defined
as ¥ = diag {3r}. Let S be denoted as the support of the true parameters and S¢ be the

complement. There exists a parameter & < 1 such that
VRISl < 1€

In the multi-task problem, Assumption 4.2 is needed to recover the union support, which
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can be considered as a special case of the block-wise mutual incoherence condition for group
LASSO estimation [Bach, 2008, Eldar et al., 2010, Jalali et al., 2010, Hebiri and van de Geer,
2011].

4.3.2 Statistical Consistency

Next, we establish the finite sample error bounds for the proposed estimator. Lemma 4.1

provides the large deviation bound for the />-norm of the grouped score functions.

Lemma 4.1. Based on Assumptions 4.1-4.2,

1 /1 Kl
||ﬁv£(0*)H2,oo < <4K7_maX{1 wO}Ag max 1/2 Og \/7 max O7gl<pn)’ (47)

with probability at least 1 — Cy exp{—Cylog(p,)} for some positive constants C1 and Cs.

Proof. We let the score function in the kth task be denoted by

agki(ekS Ykis -Tkz)
Uy (Orp) = ZU (Orp) _Z D6, :

=1

forany p=1,2,--- ,p,. Lemma 4.2 shows that with fixed p,

P Un(6)] = 2 /Tog(on) + 20 og(nn) < 2exp{~2logpn)}, (48)
where
_ QTmax{(l w)/2, O}A (n )1/2’ and a — Ti Ao
We have 1L = B VEO)D)ls = (S5 (AU 0) = BEUL0k))*,
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Thus,

K
P([[n 'VLE)P — BE(n~ ' VLGP, > ¢) < Z Un(0)] > ——).

If we apply the concentration inequality (4.8), we can show that with 7,,x = maxg{7} and

VUmax — Maxy {Uk } P

Klog(pn)
n

||%(v£(9*)(10) _ E(V,C(Q*)(p)))ug < 47_n11;1§))(<{(1—w)/2,0}A0U1/2 Klog(pn)

max

+ 2TmaXAO

with probability at least 1 — 2K exp{—2log(p,)}-

Furthermore, the expectation of |[n=*V.L(6*)® |, can be bounded by
- 12 _ Kv 12,
E(ln='VLO)?2) < { D B[(n7'Ua(0,))°]} 7 < (4rpus A=)

k=1

We can conclude that for any p,

1 Kl n
sup [0V L(0) |, < (4K A, gy o) \f s Ao 1B P)

with probability at least 1 — Cy exp{—C3log(p,)} for some constants C; and Cs.

Theorem 4.1. Based on Assumptions 4.1-4.1, if v, R, and \,, can satisfy

(pn)

maX{4||%V£( Voo, 8 REP)y 3 < /) (4.9)

then there exists a stationary point 6 obtained from (4.5) such that |6 — 6*||, < r. In addition,

||é =0l <

3\, A 6AVE
VS and |16 — o)), < PnV IS
2K, Ki
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Proof. We assume that there exists a stationary point 6 € B, (6*), which can satisfy
1 U . .
02 “VQE) (0~ %) = (-VLE) + M2) (6 - 6°)
We can show that

VL) + %(vc(é) CVLO) + A2)T (6 — 0%)

Based on Assumption 4.1, we have

1 2 N * N * lo *
VL) + 02TO -0 2 mlld - 03 -7 B g, aa0)

First, we can use (4.10) to obtain

~

By A O e e D) (4.11)
~ ‘ - e

v~ ~~ 1'3

s Is

We define subspace &£, such that S C £ and |€] = ¢s for some c. The first component Z; can
be bounded by the condition 4.9 for [|§ — 6%, < 2R,

log(pyn) , A . An A . An oA . - .
7, B g3 < 20— 0oy = 2210~ )elfar + 10— )ecllr). (412)

According to the condition (4.9) that the score function satisfies ||n " 'VL(0*)]|2.00 < An/4, we

can apply Lemma 4.10 to obtain

~ )\'n, A * )\n A * N *
Ty =VLE) (O =0) < 10 = 6ll2a = (10 = 6)ellon + 110 = 0)eellon).  (4.13)
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In addition,
Ty M2T(0 — 0%) = M\u2E (0 — 0")e + \2E(0 — 67)ee.
In the subspace £, we can apply Lemma 4.10 and get
M (0= 07)e < Mall & ool (0 = 0)elzn = Aall (0 = 0%)e 2.
For the components in the subspace £¢, the true parameters 03 are all zero. Therefore,

AZE (0 = 07)ee = M2Ebee = Mo||(6 — 07

21-
Thus, we have

Ty o =Mz = 07) < Mal1(0 = 0)ellon — 116 = 67)e

91). (4.14)
By combining (4.12), (4.13), and (4.14), (4.10) can be used to derive

10 = 0)ecllza < 3110 = 67)ell2,1- (4.15)

Next, we can apply the results above and obtain

2,1

N * 3 N * 1 N *
mall6 = 07[13 < SAall (0 = 0)ell2a — SAll(6 — %)
3 5 o
< DVl -1,

3 A
= Sl =0
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where ¢ = 1 without loss of generality. Furthermore, we can conclude

A A
16— < 2nVS.
Qlﬂ

For the /1 norm estimation error, we can show that

A - - 6V K s
10— 6%l < AVENE ~ 8)ellar < AWES(D — 87)elfo < 22

Since we have A, < r/y/s, the £, norm of the estimation error satisfies ||§ — 0%||, < 7.
Therefore, 6 is the interior point of the sphere of radius r around 6*, which ensures the
existence of such local stationary point.

]

Theorem 4.1 shows that there exists a local stationary point 6 obtained from (4.5) that
has estimation error bounds similar to the results in literature Fan et al. [2017], Sun et al.
[2020]. From Lemma 4.1, if w > 1, the grouped score function satisfies [|[n " 'VL(0%)]|2.00 <
(log(pn)/n)Y? 4 Tmaxlog(p,)/n with probability tending to 1. We set the robustification
parameters 7, < (n/log(p,))'/? for any kth task and choose the penalty parameter A, =
(log(p,)/n)'/? to satisfy the condition (4.9). In this way, the error bounds are identical to

those of the group LASSO estimators,

i : . log(pn
”6_6*”25(810%’(5) ))1/2 and HG_Q*Hl ,SS( OgT(lp ))1/2.

For the cases w € (0, 1), we have

1 log (1. gl
=V L0200 < (T;;;M)W +Tmax%
n n -

with probability tending to one. We can set 7, < (n/log(p,))Y*) based on (4.3) and
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choose A, < (log(p,)/n)“/0+<) Then, the convergence rates are as follows

~ l w w A 1 n w w
H@ i 6*H2 581/2( Og(pn)) /(1+w) and He N e*Hl 5 S( Og(p )) /(1+ ).
n n

Furthermore, as we choose the penalty A, < (log(p,)/n)™1/2«/0+<)} “then for R < s, the
condition R < n\,/log(p,) in (4.9) can be satisfied based on the sample scaling n > s%log(p,)

from Assumption 4.2.

Theorem 4.2. Based on Assumptions 4.1-4.2, if the condition (4.9) holds and the penalty

parameter A\, is chosen as

4 N 1 K1
A, > E{(41(7;51{;;’;{1—WvO}Agvmx)1/2( % + \/;) + QTmaXAOM}, (4.16)

n

and the parameters satisfy

5v/5An

] >
min |0kp| > ™

k,pe

then there exists a stationary point 0 € B,.(6%) obtained from (4.5) that satisfies sz’gn(é) =
sign(0*) with probability at least 1 — Cs exp{—Cymin{s,log(p,)}} for some positive constants
Cs and Cy.

Proof. The proof follows the primal-dual witness construction. We consider a local point

0s0 = (0s,0) € B,(0%) satisfying

0so= argmin {n 'L(0) + M\u||0]]2.1}. (4.17)

OeREs: |01 <R
We can apply Theorem 4.1 to this restricted program (4.17), so that é&o can satisfy

6\, S

1050 — 072 < and ||fso — 0*[1 <

3Aun/5
2%1
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Therefore, 9:9,0 is an interior point of the restricted program (4.17), and we have the zero-

subgradient condition
1 A .
—VL(Osp) +\2=0 (4.18)
n

with Z denoting the subdifferential of Hé‘g,ngJ. The equations (4.18) can be partitioned into

two sets & and S¢:

1 .
_EV£(05’O)S = )\nég, (419&)

1 ~
_EV,C(eS,O)Sc - )\ng‘gc, (419b)

with max,ese ||2®|s < 1.

Next, we expand the estimating equation (4.18) as follows

1_ .. 1 1_ .. 1

0= =VL(0s0) + Az = —VLEO) + =VL(0so) — —VLO) + A2
n n n n

T

X .
A+ R+ A2 (4.20)

1 *
= VL") +

Let A =059 — 6% and @y = yr — 27507 + tA) = ug, — ta. Ay Equation (4.20) is obtained
, ki\"Vk ki ki

by
1 N
E(V»C(QS,O) VL(O / “V2L(0" 4+ tA)Adt
1
——ZZ / et A (|| > 7t
n k=1 i=1
where
1 K n 1
7z=—ﬁ§:§:/1“ﬂﬁﬁﬂﬂﬁﬂ>7@ﬁ'
k=1 i=1 70
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For simplicity, we define
. 1
Y= X"X/n and —VL(O*) = X' /n
n

with € = (€1, , €5, »€xn) and €, = min{|u},|, 7 }sign(u},) for £ = 1,2,--- | K and
i=1,2,--.,n.
Therefore, the equations (4.19a) and (4.19b) can be rearranged in block format based on
(4.20) as follows,
253 XAJSSC AS XEG*/TL RS + )\nZA’S

) ) + + =0. (4.21)
Egcg Zscgc 0 che*/n Rsc + /\négc

Next, we need to show that ||Ag||s is bounded and ||Zs¢||2.00 < 1. The difference Ag can

be obtained by solving equation (4.21)
AS = —f]gé(Xge*/n + )\nﬁg + RS)
We can show that

1As]lse = IE55(XE € /n+ AuZs + Rs)llss

(X5 € /nlloo + [Rslloo + An)

o0

< e

< V5| Bs9) 7| OXE e lloe + [Rs -+ M. (4.22)
In addition,

. 1 . 5 e . .
28 = — )\—(chE /n+ Rse — zscsxsé(Xge /n+ Ais + Rs)))

n

A e 1 .\ . s e
=Y 5esgels — )\—(ch(f — XEYgaXs) Xeee" /14 Ree — YsesYgeRes)-

n
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Furthermore, maxpege ||2?]|> can be bounded as follows,

~ A1 1 .
|(Bses35525) 7 o + 3= ((XseTTe" /)Pl + IRE |,

s@)|, <
max [|2'7]|o —I;é%)f{ -

pES®

+(BsesE55Rs) P l2)},

with an orthogonal projection matrix Il = I — XgigéXg.
Next, we need to analyze the upper bound of each element in both Ag and Zge. From
Lemma 4.1, we have

XT * )\n
‘ 2,00 < %7 (4.23)

with probability at least 1 — C exp{—C3log(p,)}.

By applying (4.50) from Lemma 4.6, we can show that with probability 1 — ¢; exp{—cas}
for some constants ¢, ¢o, and cs,

0 = o[ < 123, ~ eny2 < [552], < Wbl + eny2 < ot e a2

Thus, the sub-matrix Ygg is invertible with high probability, and the loss function is strongly

convex on the subspace S.
In addition, by fixing p and k, we can apply Cauchy-Schwarz inequality to each element

in the vector R as follows,
11> R
Rip = / =S e A, U] > 7
0 =1
TR T A T - ~ 1/2
S (T SRR S ) TSN SE
0 i=1 i=1
Since xy;’s are independent sub-Gaussian variables, we can show that with probability
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1 — 2exp{—log(pn)},

n n

% Z(vTxkixfiuf < % Z

i=1 i=1

—_

(iv)" + (wr)") S A,

N |

for any unit vector v and u. We can apply Hoeffding’s inequality to obtain that with

probability at least 1 — exp{—2nz?},

—Z (|trs| > ) ZP |Tgi| > k)

2 w A
m(—f* +c<—0’f

1+
) AT +
Tk Tk

Based on Theorem 4.1, ||Allz < s\, < 7, and 7, < (n/log(p,))me{1/21/0+w)} - For
n 2 s*log(p,), we can take x = y/log(p,)/n to show that with probability at least 1 —

exp{—2log(s)},

1 - 1 n max w 1 n 1 "
=3 1] > ) S( og(p )) vy og(p ))1/2 < Jlog(n)

, n n ~ n
=1

Thus, the /o, norm of the component R can be bounded with probability at least

1 — exp{—2log(p,)},

1 — L |
Rl < = 2P AL) 1/2/ ;| > 1244
IRl _H}C%X{n;((xk% k)p {= Z (|ti| > 73)}

<(M)V4>\n. (4.25)

~
n

Therefore, from results above in (4.23), (4.24), and (4.25), (4.22) can be bounded as
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follows

. S s21log(pp)\1/4 s DA,
Al € Y20, 4 (BRI ) = V5 )

n o 4

with probability 1 — 2exp{—1log(p,)}. By taking ming yes |05, > o '/5(5),/4), we have
P(|As]loc < min |65,]) 21 — 2exp{—log(pa)},

which provides the sign consistency sign(fs,o) = sign(6*).

In the last part, we can apply (4.51) from Lemma 4.6 to obtain

max

PO 1
S|, < S oo Tly) @ 5P (L6
max (12772 < max{|(SsesXgsw) 25 M2 + 3 (1E0) Iz

HIRP 2 + |(BsesXzir) P 2| Rs) P l2)}

&, 18 s*log(pn) \1/4
<(1—2)+ —(2 2 o\n)
£, ¢ §
<(1 2) tat o(l) <1 1 (4.26)
with probability at least 1 — C3 exp{—Cymin{s, log(p,)}}. O

The following Theorem 4.2 establishes that the robust multi-task learning method can

recover the union support with probability tending to one.

Corollary 4.1. Based on Assumptions 4.1 - 4.2, if the penalty parameter X\, is cho-
sen as (4.16) and 16Rmlog(p,)/n < &\, then the estimator 6 € B,.(6%) is the unique
optimal solution of the program (4.4) that has sign consistency with probability at least

1 — C3exp{—Cymin{s,log(p,)}} for some constants C3 and C,.

Proof. From Theorem 4.2, there exists stationary points é&o that is a local minimum and has

sign consistency. Suppose there exists another stationary point 6, such that [0 — *||l2 < 7.

95



For simplicity, let é&o in the proof of Theorem 4.2 be denoted by 6, and by Assumption 4.1,

(VL) — VLO) (@ - 8) > mild - 83— 7 2P yg _ g2

n

The stationary point  of program (4.4) can satisfy
(n'VLO) + \2)T (0 —0) <0,

with Z denoting the subdifferential of ||||,1. In addition,  is an interior point satisfying
(n'VLO) + X2)T(0—0) = 0.

Therefore, we obtain

TR A ~ . log(pn) 5z 4
Mz = (G —6) > rlld — 03— 7B yg gz (4.27)

n

Based on (4.26) in the proof of Theorem 4.2, we have ||Zsc|200 < 1 — /4, such that

HéSCH?J = O, and then

20018 = 0)se

<@~ O)sllan + (1= )1~ D).

276 = 6) =12 l2.0[1(8 = 0)sl2.1 + 12s:

2,1

2,1
and

10— 0) = 270 — [|0]|21 <|10ll21 — 10]l21 = 10s]l21 — [|0s]l21 — ||se

2,1

§||(9~ - é)$||2,1 — ||(9~ - é)sa

2,1
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Thus,

n
log(pn) 5 12
—n—|0—40
[ | 12,1
With condition 16 R7;log(p,)/n < EN,, we can show that
lo n ~ ~ lo " 5 . o :

which can imply the following inequalities

M2 = B)sllos — 16~ D)) > — S0~ Ol

@+ N~ D)sllar 2S00 - B)seos

16 ~ - .
(? + D)0 = 0)sll2,1 >[(8 — 0)se
16 ~ A ~ A
(? +2)V/5[0 — 0|2 >0 — 0]]2,1.

2,1

Based on (4.27), we can show that
~ NT/(F A 6 slog(pn)\ . x A
/\n(z — Z)T(Q — 9) Z (I{l - (— + 2)27'[%) ||Q — QH%

Based on Assumption 4.2 that n > s*log(p,), the right-hand side is bounded below by 0. In

addition,
(2=2)"(0—0) =270 — |0]la.0 — |0ll21 + 270 < 276 — |10} < O,

with both 2760 < [|Z]l3.0/[0l21 < [10]l21 and 278 < [[2[|,00/10]l21 < [16]]21-
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Therefore, since positive constants k;, £, and 7; are not dependent on n, p,, and s,

16

log(pn)y 5 & -
0 (= (g + 20 2B 16— 613 — (s + o) 01 < 0

which implies 0=4.

4.3.3 Optimization Property

We propose to apply the composite gradient descent algorithm [Nesterov, 2013| to optimize
the objective function (4.4). First, we can use an isotropic quadratic function as the majorizer

to approximate the objective function Q(9),
LQUI0) = L0 + ~L) 0 — 0 + Lo — 013 + A 6]
n n n 2 2 nllI2.1;

and the quadratic coefficient v is chosen as the largest eigenvalue of the Hessian matrix

n~tV2L(0). The optimization procedure produces a sequence of updated points {0},

Ly Lot
0"t = arg  min {%HG — (0" - — )

A
2 n
|6—6%[1<R )12 ~ 10121}

The thresholding operator Sy, /, on the grouped parameters is defined as

A
Sauyn(@F) = (0P| — =) 2P
n

We use 0P to represent the pth grouped parameter in the tth update. We can show the

subsequent update as follow

1 t)(p)
gP)t+1 S}\n/n(g(p)i — ﬁ%)’ (4.28)
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where the step size 1 can be equal or proportional to ~.
The following theorem shows that the optimization procedure enjoys a geometric rate of

convergence.

Theorem 4.3. Based on Assumptions 4.1 - 4.1, suppose the condition (4.9) holds and the
initial point 0° € By(r), then the optimization procedure can yield n=*(Q(#') — Q(0)) < 42

with 6% = Cse*log(p,)/n for some Cs, and

log(1/6?)

0! — 0|12 < k(6% + 16m6* + 4 o)
H HQ—KI ( + TI0" + 4T 10g(1/l€)

log(py,
OgT(Lp )52), fort >T = Cg

with some k € (0,1) and some constant Cg, where ¢ = 8/5]|6 — 6%]|.

Proof. Our proof is analogous with Loh and Wainwright [2015]. The iterations ¢ can be
divided into different epochs t € [T}, T;;+1) with different tolerance levels, which can be

denoted as {7;}52,. From Lemmas 4.8 and 4.9, we have

Q) - Q) < KT — Q) +

n n 1—x

where & = 84/5(|0 — 6*||; and € = min{\; 27, R}. In the following iterations, for ¢t € [T}, Tj41),

A

we can set n'Q(0Y) —n~'Q(6) < 7j; and let € be replaced by €; = min{\,*27;, R}. Therefore,

we can show the first epoch t € [Ty, T7) with Ty = 0,

~Q(0) ~ 2QU) <K' (-QE™) — Q) + - max{ )

n n 11—k

Here, we can set the next precision level as 7; := 88 max{e?, e2}/(1 — k),
1 1 - 4
QU0 ~ Q) <7 < Ko+ T max{ ),V > T,
n n — K

with 77 = [log(270/m1)/log(1/k)]. In the following epochs, the value of 7; for j > 1 will
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decrease as the contraction factor k < 1, and ¢; also decreases, which provides the recursive

relation

1 t 1 2 t—Tj = Ap 2 2
HQ(Q)_EQ(Q) <k Jnj+mmaX{€ ,Ej},thT‘j.
Through a similar setting, we can show that
_ 80 log(21); /7j+1)
Moo o= Ty male?, ) and Tha = [CRTES 7

For the last epoch, we can set the ultimate tolerance level 77 = 6% = Cse?log(p,)/n for
some constant Cs > 0, such that n'Q(#") — n"'Q(#) < 62 for t > T. The total number of
iterations can be calculated based on the results above as T' = Cglog(1/6%)/1og(1/k).

Based on Lemma 4.7, if we set the initial point satisfies ||0° — 0|, < d, any following
updated point also sits in the neighborhood. We can apply Lemma 4.9 to show that the

optimization can obtain the f-bound of estimators 6

67— B3 <(rs — 327 0820 152y o 10BLPA) oy
n n

10g<pn) ot
)\—2 + 47'[ 0

log(pn) &2

log(pn) 2)

§f§[1(52 + 167 €

§m;1(52 + 1676% + 47

with n > s%log(p,) and A, < (log(p,)/n)™irtl/2w/(+w)} 0

4.3.4 Robust Information Criterion

The joint feature selection can be based on the aggregation of the information from different
tasks. Gao and Carroll [2017] proposed the pseudo Bayesian information criterion by

aggregating the pseudo log-likelihoods from different tasks. Dai et al. [2020] proposed the
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multiple quantile Bayesian information criterion and replaced the loss function with the
pooled check function. Since the Huber loss function is a combination of squared loss and
Least Absolute Deviation, we propose the robust version of the information criterion for the

multi-task feature learning,
robust-BIC = 2£(f7) + A% Yn.- (4.29)

The first component in (4.29) is used to measure the goodness-of-fit of the composite Huber
loss function for a given union support J across all related tasks, and the second component
is the penalty to control the complexity of the selected model. Following Gao and Carroll
[2017], we set the penalty term ~, = clog(p,) with some constant c¢. The effective degrees
of freedom d?; is defined as tr(H(0,)J(07)). The formulation (4.29) is an extension of
the robust information criterion applied to a single learning task with robust loss function

[Tharmaratnam and Claeskens, 2013|.

4.4 Simulation

In this section, simulation studies are implemented to examine the empirical performance of
the robust multi-task feature learning method, which is compared with the multi-task feature
learning method without robust loss function and the robust single-task learning method.
We use the positive selection rates (PSR), false discovery rates (FDR), and squared ¢, norm

estimation error to measure the model performance. The positive selection rate is defined as

>, 1(0® £ 0)1(6*") # 0)

PSR =
¥, 1067 2 0)

I

which measures the proportion of true features that are accurately identified by the model.

The false discovery rate (FDR) is used to demonstrate the proportion of unimportant features
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selected by the model, which is defined as

H(p x(p) _
FDR —— >, 1(0% %9)1(9 = 0).
>, 100 £ 0)

Since we compare the multi-task feature learning with the single-task analysis, the squared
(5, norm estimation error is set as K[| — 6%||2.

The penalty parameters are set as A, < \/m, and we use the robust Bayesian
information criterion to determine the value of the penalty parameter. The robustification
parameters are updated based on the method proposed by Wang et al. [2021], such that
i = 6t \/n/log(p,)/4, and the algorithm iteratively estimates the standard deviation of the

error terms 6% = \/n=1>"" (yr — xL0%)2.

4.4.1 Multiple data sets with 10% outliers

In the first simulation, we consider the case that a small portion of data is generated with

outliers or heavy-tailed errors for all tasks. The response variables are simulated as follows,

Yki = :BZZHZ + uy,;, and uy; = (i€ (4.30)

For each task, we generate n = 500 observation, and the dimensions of the parameter are set
as p, = 500, 1000, and 1500. The true regression parameters are simulated from uniform
distribution Unif(0.05,0.5), and the size of true support in each task is [p'/?].

The predictors for the true model § are generated from multivariate normal distribution
MVN(0, Xy), and the s X s covariance matrix ¥ is designed with variances o7 = 2 and
correlation p,, = 0.3 for any p,q € §. Other unimportant predictors are generated from
a different zero-mean multivariate normal distribution, which has variances 0127 = (0.2 and

correlations p,, = 0.05 for any p, ¢ € S
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The error terms across all tasks are correlated. We consider two cases, where the errors

(€14, €94, €34, €4;) are generated from

1. Gaussian Mixture Error: Mixture of multivariate Gaussian distribution 0.5MVN(1, ) +

0.5MVN(—1,%);
2. Heavy-tailed Error: Multivariate t distribution with 10 degrees of freedom #;o(X).

For both cases, the 4 x 4 covariance matrix 3 is set with the variances equal to one and the
correlations generated from Unif(0.4,0.65). In addition, we randomly introduce 50 outliers
among all error terms. For each observation, the error term e;; multiplies with the scalar (y;.
Let the vector ¢x = (Cu1, Gra, -+ 5 Gen) . There are 50 randomly selected elements of ¢ set

equal to /n and the remaining elements set to be one.

Table 4.1: Comparison of the robust multi-task learning (RMTL) compared with the multi-
task learning without a robust loss (MTL) and the robust single-task analysis (STA) for

multiple data sets with 10% outliers. The standard errors (%) are provided in parentheses.

P = 500 P, = 1000 P, = 1500
Model PSR FDR ¥, Err PSR FDR /45 Err PSR FDR /5 Err
Simulation I: Gaussian Mixture Error
RMTL | 100 (0) 0 (1) 0.14 |[100(0) 0 (1) 0.22 | 100 (0) 0 (0) 0.30
MTL 98 (3) 0(1) 0.66 99 (2) 0(1) 0.83 98 (2) 0 (1) 1.45
STA1 98 (3) 0(1) 0.14 |100 (1) 1(3) 0.20 {100 (1) 7(12) 0.28
STA2 99 (2) 0(1) 0.14 |100 (1) 2(3) 0.21 |100(1) 7 (11) 0.28
STA3 99 (2) 0(1) 0.14 |100 (1) 1(3) 021 |100(1) 8(12) 0.27
STA4 99 (2) 0(2) 0.14 | 100 (1) 1(3) 0.21 |100(1) 7 (11) 0.26
Simulation II: Heavy-tailed Error
RMTL | 100 (0) 0(2) 0.12 |[100(0) 1(2) 0.20 | 100 (0) 1 (4) 0.29
MTL 98 (3) 0(1) 0.66 99 (2) 0(1) 0.83 99 (1) 0 (0) 0.93
STA1 | 100 (1) O(1) 0.11 |100(0) 2(9) 0.17 |100 (0) 5 (10) 0.26
STA2 99 (2) 0(1) 0.11 | 100 (0) 2(8) 0.18 | 100 (0) 5 (11) 0.25
STA3 | 100 (1) 0(1) 0.10 |100(0) 1(3) 0.18 |100(0) 5 (12) 0.25
STA4 | 100 (1) 0(0) 0.11 |100(0) 2(8) 0.18 | 100 (0) 5 (11) 0.25

We conduct 50 independent simulations under each simulation setting. From Table 4.1, we
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observe that the proposed model yields high positive selection rates, low false discovery rates,
and relatively smaller estimation error K || — 6*||2. In contrast, the multi-task feature
learning method without robust loss is largely affected by the outliers and yields bigger
estimation errors. Compared to the robust multi-task method, the robust single-task method

yields higher FDR.

4.4.2 Heteroscedastic regression

In the second example, the true regression coefficients and predictors are generated by the
same process as the previous example. The random errors are also simulated from asymmetric
and heavy-tailed random errors. The data-generating process uses the heteroscedastic model

to simulate the response variables,

Yri = 15,05 + up;, and ul; = ik, (4.31)
where the constant (y; = ||0;]|3" (z}.0%) can control the noise level of error component .

The results in Table 4.2 are summarized from 50 independent simulations. We observe
that the overall performance of the multi-task learning is better than that of the single-task
analysis. In comparison with the multi-task feature learning method without robust loss, the

proposed method produces smaller />-norm estimation errors.

4.5 Data Analysis

In this section, we apply the robust multi-task feature learning method to analyze multiple
community health status indicators (CHSI), which were collected across different counties of
the U.S. in 2010 [U.S. Department of Health and Human Services|. There are 428 observations

in the data sets. Four response variables of interest were measured to reflect the community
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Table 4.2: Comparison of the robust multi-task learning (RMTL) compared with the multi-
task learning without a robust loss (MTL) and the robust single-task analysis (STA) for

multiple heteroscedastic regression. The standard errors (%) are provided in parentheses.

P = 500 prn, = 1000 prn = 1500

Model PSR FDR /4, Err PSR FDR ¥/, Err PSR FDR 0y Err

Simulation I: Asymmetric Error
RMTL | 100 (0) 0 (0) 0.29 | 100 (0) 0 (1) 0.42 | 100 (1) 0 (0) 0.54
MTL 100 (1) 0(0) 0.32 | 100 (1) 0(0) 0.53 99 (1) 0 (1) 0.69
STA1 97 (4) 0(1) 0.33 98 (2) 2(5) 047 99 (2) 5 (10) 0.56
STA2 97 (4) 0(1) 0.31 99 (2) 2(4) 0.45 99 (2) 5(9) 0.56
STA3 97 (3) 0(1) 0.32 99 (2) 2(4) 0.46 99 (2) 5(9) 0.56
STA4 98 (3) 0(1) 0.31 98 (3) 2(2) 0.44 99 (2) 6 (10) 0.55

Simulation II: Heavy-tailed Error
RMTL | 100 (0) 0 (0) 0.23 | 100 (0) 0(2) 0.34 | 100 (1) 0 (0) 0.47
MTL 100 (0) 0 (1) 0.25 | 100 (0) 0(0) 0.39 | 100 (0) 0 (0) 0.52
STA1 99 (2) 0(0) 0.23 | 100 (1) 2(4) 0.34 |100(0) 11 (15) 0.46
STA2 | 100 (2) 0(1) 0.23 |100(0) 2(4) 0.34 |[100 (0) 10 (13) 0.45
STA3 99 (1) 0 (1) 0.22 |100(0) 2(3) 0.34 |100(0) 10 (13) 0.45
STA4 | 100 (1) 0(0) 0.22 [100(1) 2(5) 0.34 |100(0) 10 (13) 0.45

health status, including the average number of unhealthy days, the death counts, the average
life expectancy, and the self-rated health status. By jointly analyzing the four response
variables, we select important features from 70 candidate predictors, which include overall
demographic information, counts of different diseases, different causes of death, environmental
conditions, and health-related risk factors.

To show the performance of the robust regularization method, we randomly select 10%
samples and introduce some large outliers. These contaminated samples are the original
response variables added with additional terms eg; = cgi|ug;| with cg; ~Unif(0, \/n) and
ug; ~ N(0,1). We model each response variable with all predictors by the ordinary regression
model, and the QQ plot in Figure 4.1 shows that the standardized residuals have a heavy
right tail and skewed distribution.

We conduct a five-fold cross-validation to examine the model prediction accuracy through

105



Figure 4.1: QQ plots of the standardized residuals for each regression model.
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100 independent replications. The training set containing 80% of randomly selected observa-
tions is applied to the robust multi-task feature learning. The robustification parameters are
chosen based on the adaptive method [Sun et al., 2020, Wang et al., 2021]. We use different
values of the penalty parameters to conduct joint feature selection. The robust Bayesian
information criterion is evaluated with the selected features, and we choose the joint model
with the smallest value of the robust Bayesian information criterion. Then, we fit the adaptive
Huber regression on the remaining 20% validation data sets with selected features and use
the mean absolute error (MAE) to show the prediction accuracy, where the mean absolute

error (MAE) is defined as
MAE Qk Z |ytest Z’tk?téﬂ.

We use yi=* and 2" to denote the observations of the response and covariates in the validation
data for each task, and 0, is the estimated regression coefficients for the selected features in
the validation data.

From Figure 4.2, the results demonstrate that the proposed method provides much smaller
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Figure 4.2: The mean absolute error (MAE) of validation data sets for the community
health status based on the robust multi-task learning (RMTL), compared with the multi-task

learning without a robust loss (MTL) and the robust single-task analysis (STA).
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mean absolute errors (MAE) than the other two comparison methods. The multi-task feature
learning method without robust loss is very sensitive to outlier contamination. It has the
highest mean absolute errors than the other two methods for three out of the four response
variables. For the last response variable, the mean absolute errors from the single-task learning
are the highest. We can infer that the data integration process can effectively enhance the

model fitting and reduce estimation errors.

4.6 Technical Lemmas

This section provides some technical Lemmas used in the proofs of Lemmas and Theorem
in Section 4.3. For each task, we can show the distribution property of the score function,

which is similar to the large deviation bound in Sun et al. [2020].
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Lemma 4.2. Based on Assumption 4.1, let the score function of the kth task be denoted by

O0lki (Ok; Ynis Thi)
Uy (Orp) = ZU Orp) = Z D6, :

foranyp=1,2,--- p,. We can show that
Z E(] ka < QTl?aX{l_w’O}Agvkn,

and for any m > 3

n

m, max{l-w m—
N E([U:(01,)]™) < mT (om0 A2y, (7, Ag) ™

2

=1

Furthermore, for some x > 0
(|— n(Okp)| > vV 2x + ) < 2exp{—z},
where

max{(1-w)/2.0} 4 ( )1/2 T Ao

Vi = 27, , and oy, =

n

(4.32)

(4.33)

(4.34)

Proof. Define new function 1, (u) = sign(u) min(|u|, 7) with E(u) = 0 and E(ju]'**) =v <

oo. We first analyze the cases for w € (0,1). We can derive the expectation of ¢, as follows,

B(r(u)) =E(sign(u) min(Jul, 7))
=E(sign(u) min(|u|, 7)) — E(u)
= — E(sign(u) max(0, |u| — 7))

= — Bsign(u)(|u| = 7)1(Ju| > 7)),
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which can imply that
|E(4r (075 u))| < E((Jul —7) % (%) IJul > 7)) <or.

This result shows that the expectation of function . (u) is bounded, and the boundedness is
dependent on the parameters 7 and v. We can apply this result to the absolute expectation

of individual score function, such that

| E(Ui(0ky)| =|E(sign(ug,) min(|ug,|, 7o) zap)|
=|E(E(sign (ug;) min([ug;, 7) | 2rpi ) Trpi)|

<Uki7'k_wA0.

In addition, since we assume xy;’s are zero-mean Sub-Gaussian variables, E(U;(6y,)) = 0.

Next, we consider higher moments of function 1, (u) for m > 2,

| E(@r(u)™)] = E(min (ju™, 7))
= E(lu"1(|u] < 7)) + E(r™1(|u] > 7))
T [

< B(lul™ (7)™ (ful < 7)) + B (S

u 1l > 7))

< E(ju] "m0 Juf < 7)) + B(ful ™1 (Ju) > 7))

< UTmflfw

Based on Assumption 4.1, we can show that E((z]u)™) < mI'(m/2)AJ'. Thus, the mth

moment of the individual score function can be given by

* m . * . * m m m—1—w gm
E[(Ui(ekp)) | =E[(sign(ug;) min(ug,|, 76)2rp:)™] < mr(g)ﬁc ! Ag vk
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For cases w > 1, E(|ul?) < v < oo. Therefore, we can derive that

|E(¢r(w)™)] =E (min(fu|™, 7))

=E([u"1(Jul < 7)) + E(T"1(|u] > 7))

<E(ul" (T 100 < 7))+ B (g > 1)

<ur™ 2,

Thus, the mth moment of the individual score function can be given by
* m : * : * m m m— m
E[(U(03,))"] =E[(sign (ui;) min(|u], 7)zam)™] < mE(5) 7" AT ok,

and we combine all results to obtain Conditions (4.32) and (4.33) in the theorem.
Next, we can apply the Bernstein’s inequality [Massart and Picard, 2007] to show that

for some z > 0

P(|%Un(9kp)| > V20 + apr) < 2exp{—z}, (4.35)
where
v = 2 (1=)/20) g Phyips g g, — Tk:o.
O

Assumption 4.1 is important to establish the estimation error bound and sign consistency.
Thus, we need to show that this condition can be satisfied for the adaptive Huber regression

under the high-dimensional random design.

Lemma 4.3. Based on Assumptions 4.1-4.2, suppose the robustification parameters 7 ’s
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satisfy

7 > (4vp) Y1 £ 1, for some 72 > 32A2r% 1og (16 A2/ ay).
If R < \/s, then, with probability at least 1 — C" exp{—C"n} for some constant C, C", and
C", the proposed loss function L(0) satisfies (4.6) with

(6%} CKA%TOQ
Ki=—and = ————
2
8 or

uniformly over all pairs (01,02), where

(01,0) € {01,002 € B.(07) : |61 — 07||1 < R,||6 — 7|1 < R,

|61 — Oall21  cayr n
101 — Oalla — Ag7o | K log(pn)

and }.

Proof. The proof is based on a similar approach in Fan et al. [2017]|, Loh and Wainwright
[2015], Loh [2017], Sun et al. [2020]. We first define a new function 1, (u) = sign(u) min(|ul, 7).

The first-order Taylor error 7 (6, 65) can be given by

T(el, 02) = (TflVE(Hl) - n71V[,(92))T(91 — 92)

K n

1
= =3 ) (W (yri — ThO2k) — Ur Yk — i018)) T (011 — o),

n -
k=1 i=1

where 61, and 69, denote the subsets of the parameters 6; and 6, in the kth task.

We define an event Ay;:
T T
Aps = {ups] < 70— 70} 0 {2 (020 — 67)] < 50} N {2k (Ou — O21)| < ﬁ\lﬂ — 022},

with some constant 79 < 7. Given the event Ay;, we can show that for ||#; — 60*||s < D and
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|0 — 0*]l2 < D,

-
ki — Tibar] < |up| + ks (6 — b2)| < 7o — 70 + 50 < Tg

i — whbie] < ksl + | (05 — Oan)| + |2 (Ore — O]

To T . »
STk—TOﬂLEOﬂLﬁ(HQl — 0|2 + |02 — 67||2) < 7%

Since 1, (u) = 1 if |u| < 7, the first-order Taylor error 7 (f;,6,) can be bounded below as

follow,
1 K
T (01, 02) = — > ' (s (01 — 021))*1{ A }. (4.36)

This lower bound in (4.36) is modeled by a non-smooth function. We introduce the

following truncation functions to deal with this problem,

7 if 2| < T

1— ()2 if o] <t
¢r(r) = (T —|2])®> it L <zl <T and  @fz) =
0 if |z| > t,

0 if |z| >T

\

where the function ¢r(z) is T-Lipschitz and ¢;(x) is 2/t-Lipschitz. In addition, the proposed

functions are bounded above as

¢r(z) <2’1(|z[ <T)  and  ¢y(x) < 12| < 1) (4.37)

Next, we define § = 0; — 6y and A = 0, — 0*. For the kth task, 6, = 01, — 0, and

A = 0y — 0f. As a result, the inequality (4.36) can be rearranged with the proposed
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truncation functions,

K n
1
T(61,02) 2 9(6,4) = — D Onolioosar(@hi0k)Pro 2 (Wi Ak )pr, —ay (W)
k=1 i=1
> E(g(6,A)) — sup [g(6,A) — E(g(5,A))], (4.38)

5,AeB(v)

where the restricted set is defined as follows,

)
B(7) = {(8,A) : [|A], <7, |AlL < R, and % <)

coyr n

for1 <~ < )
=7= Aoto \| K log(pn)

We can first analyze E(g(d,A)) and obtain the lower bound by applying the properties
(4.37) as follows,

n

E(9(5,4)) Z%Z {E((z:00)*) — E((w;00)* L ugs| > 70 — 70})

i=1

—B((«f00" Wlafid] > 1) = B((ahon) Lol > 1)1}

i
I

Based on Assumption 4.1, we have E((z].01)?) = 6{X10x > a;. For the remaining

components, we can apply conditional expectation to show that

- Z E mkzék) 1{’uk7,| > Tk — 7—0} Z E xkzz ‘ulm‘ > Tk — TU)

< v — To)‘l‘wdekék,

and we can apply Cauchy-Schwarz inequality as follows,

7_
—ZE (z1.00)%1{|2}, Ak]> Z\/ ((z}.0)%) \/ \xflAk\> )
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2
12 T 1/2
< (448150 (exp{ - Lo )

2

< 2A2|15,13
> ol 0k 2 exp{— SAQHA ”2}

and

1 — T
—ZE (E 81l > ;H(sumgﬁ;\/m(mwmypw,{\>4—;uau2>

__IO s
16 AZ%r2| 6|13
i

32A%r2 b

< (4AY)16:[12) " (exp{

< 24516k exp{—

Combining all the inequalities together, we can show that for any unit vector w,

g(6,A)
116113

Vg

(Tk _ 7-0)1+w )
2 2

E( ) zir]if{uTZku(l -

—2A2 _— .
We set 7, > (4vp)™™ + 19 and 7§ > 32A4%r?log(16A2/cy), and then the expectation

E(g(6,A)/||6]]3) is further bounded below by

(9, 4)

g
E
SHE

) > /2.

Next, let the second component in (4.38) be denoted by the random variable G(0, A):

5, A) — E(g(6, A
G6.A) =  sup 19(0,A) 2(9( )l
(8,A)€B(7) 16115
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We first introduce a new random variable Z(0, A) as

ZZ B HQ¢To\\5||2/47’(xk15k>907'0/2(xszk)SOTk 7o (Ui )

and yg;’s are i.i.d standard normal random variables, which are independent of xy; and uj;
across all K tasks. Therefore, given xy;’s and uj,’s, {Z(d,A)} is a conditional Gaussian
process. We apply the inequalities of Gaussian complexity, and Rademacher complexity in
Lemmas 12 and 13 from Loh and Wainwright [2015] to the expectation E(G(J, A)), which

provides that for any (5, A) € B(v),

E(G(5,A)) < V2rE( sup |Z(8,A))). (4.39)

(6,A)€B(v)

Based on the results from Ledoux and Talagrand. [1991] and Loh [2017], the right hand

side component in (4.39) can be bounded above as follows,

E( sup |Z(5,A)]) < E(Z(5,A))) +2E( sup  Z(5,4)), (4.40)
(5.2)B() (8.8)€B(3)

with distinct pairs (6, A) and (6', A") € B(y). Therefore, we can combine (4.39) and (4.40) to

obtain that

E(G(8,A)) <V2mE(|2(8,A)|) +2V2rE( sup  Z(5,A)).

(6,A)eB(v)

Let the conditional expectation given xy;’s and uy, be denoted by E*. We can show that
since y,’s are i.i.d. standard normal variables, the conditional expectation of |Z(§', A")| can

be bounded as follows,

1/2
E*(|2(5,A))) < {WHM%QZZ@OM o200 )s@?o/z(xfiA}f)wfk_m(u;’zi)})} :
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and this inequality can be obtained based on E(|z|) < y/2var(z)/m for any zero-mean normal
variable z. Furthermore, the expectation of |Z(8", A")| can be derived based on the properties

(4.37), such that

O o (hi0R)} )

7THCSIH%TL2 k=1 i=1
o QEK"2 7512
_n”(S/HQ{% (Z ¢TOH(S;€“2/4T’(:L‘]€7: k))}
2 k=1 i=1
K n
1 2 ’ 1/2 8
< ’E T 54 < 4/ —A2

In order to find the upper bound for the component E(supayep) Z(9,4)), we can
apply Sudakov—Fernique Theorem |Ledoux and Talagrand., 1991] to construct a new random

variable Y(6, A), such that,

E((2(6,A) = 2(8,A))") < E(V(6,A) = Y(§',A))*). (4.41)

Then we can apply the Gaussian comparison inequality based on (4.41) to derive that
E(sups ayep(y) 2(0,A)) < 2E(sup(s a)ep) Y(0,4)). With E(Z(5, A)) = 0, we can show that
E((Z(5,A) — Z(5',A")?) = var(Z(5,A) — Z(§',A")). Therefore, we can analyze the second

moment through the variance such that

var(Z(6,A) — Z(8', A")) < 2var(Z(8,A) — Z(6,A)) + 2var(Z(8,A) — Z(5',A"))

Let the conditional variance given xy;’s and uj, be denoted by var*. Conditioned on xy;’s

and u},’s, we can show that the variance of Z(5,A) — Z(5',A) and Z(5',A) — Z(6',A") can
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be bounded above based on the Lipschitz continuity,

K n T ¢
* ! 1 * ¢7'0 JP 4T($Tz§k) ¢T0 8|2 T'(xk:zék:)
var' (Z(6,8) = (6, 80) = — > 0 " oh p(ahidi) el o, m»{ e

15113 167113

k=1 =1

—~
.
=

1 5 )°
S D) ¢‘r r % ) ¢‘r r(x€+>}
n? ZZ{ orar (@ ||5|| VAR
K 7 2
1 T2 )
n2 Zzl o H5Hz 162
and
K gt (ol
/ 1 70|80 ||2/4r N KTk N
var ( (5 7A) (5 A )) = ﬁ - H2(5/||4 9072'k—70<uki){()07'0/2($£iAk> - @TO/Q(Z.E'A
k=1 i=1 2
() 1 e [70]" [ 4 NE
< = — | =zl(Ay—A
LR [R] (e -a)
1 K n To 2 . . 2
2 Z (16r2) T (Bk — Ap) ¢
k=1 =1

where both steps (i) and (i7) apply the homogeneity property of function ¢7(z) that c2¢r(z) =
Ger(cz).

Based on the results above, we can construct a random variable Y (9, A):

K

;Z Z Toykwkz |5” + i ZZ % QToy,mx,mAk, (4.42)

k=1

where y,, and y,, are i.i.d. standard normal random variables. Therefore, we can show that
var(Z(86,A) — Z(8',A")) < var(Y(5,A) — V(5 ,A")),

which implies E(sup(; a)ep(y) 20, A)) < 2E(sup ajes) Y(9,A)). By plugging (4.42), we
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can show that

K n

1 1 1 "
E( sup Z(6,A)<-E( sup = R )+ zE( swp T0Yyi R k)
(5.M)EB() T ba)eB) 1 ZZ ¢ k||6|r an;i_l o
(i)7'0||5||21 7’0||A||1 I~ &
<— up - i Lki oo R Sllp - ik || oo
(i) 2A070 [21log(pn
§</_K”y+—> 070 g(P)_
4r r n

The step (i) is obtained based on Hélder’s inequality in Lemma 4.10. In step (iz), we derive
the upper bound based on Lemma 4.5.
By combining (4.39) and (4.40) with results above, we can show that with 1/y/n = o(1),

2
E(G(d,A)) §4A0 + 2y/mR AT /log(pn) —1—8\/%140707\/@
\/ﬁ 7"2 n r n
_2/TRAy flogln) | g rem oy, floglen) oy (g

Next, we analyze the concentration inequality for G(0, A) by a similar method from Sun

et al. [2020] and Pan et al. [2021]. Let g(6,A) =n~' >0 | ¢:(6, A), where

K
(5 A Z¢7’o||5H2/47“(xkzék)QOTo/?(xszk)(ka To(ukz)

so the random variable G(d, A) can be given by

“IST 0.6, A) — E(g: (5, A
g(é’ A) — Sup ’n Zz:l 91(57 )2 (91(57 ))‘ )
(8,8)€B(7) 16113

Based on the properties (4.37), the function |¢r(z)p(z)| < T?/4 for all pairs (T,¢). All
lg:(6, A) — E(g;(6,A))|’s are uniformly bounded and measurable for all (6, A) € B(y). There-

fore, we can apply Bousquet’s version of Talagrand’s inequality to G(d, A) based on Bousquet

118



[2003] and Massart and Picard [2007], such that,

G(6,A) — E(G(5,A)) < BE(G(5,A)) + o, Y 2108(Pn) | (E)2M, (4.44)

n 8r 3n

with probability as least 1 — exp{—log(p,)}, where o,, is defined as

— . 9i(6,A) — E(g:(5,A))
oo = sup E
(M)eBw); . 10113

< s SE(Y ()

k=
< ZE[if(T % yoaT, O 2] < Al
= A - TR or:

)’]

Based on the assumptions that n > s?log(p,) and R < s, we can combine (4.43) and

(4.44) to show that with probability at least 1 — exp{—log(p,)},

G(5.A) <4ﬁRAOTO [og(pn) N 16\/%140707 | K log(pn)
= r2 n r n

4K'1 n Kl n
(D) 0g(pn) L 9v2A2 0g(Pn)
&r 3n n

0 A K log(py
il + 167 Og(p)+o(1). (4.45)

The step (i) is obtained by applying n 2 slog(p,), which leads to log(p,)/n = o(1), and

4/mRAvT [log(pn) - [slog(pn) _ @
r2 n ~ n - 4

Combining (4.38) and (4.45), we can show that the first order-Taylor error can satisfy
T (61,09) > a CoAoToy | K log(pn) (4.46)
1513 4 r n
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with probability at least 1 — exp{—log(p,)} and Cy = 16+/7,.

The last step is to extend the result above to be bounded uniformly over the ratio

10]|2.1/1|6]]2, and we apply a peeling argument similar to Loh [2017|. Define the functions

o T(01,0)  CoApTmax Klog(pn)
h(QheQ) T 4 ||5||% 79(’7) T 9 Y n )

and ['(0y,6,) = H’fell_ 9922HH221

and the event

£ { 91,92 Oéz CoAoTo H5H2,1 Klog(pn)

> V(6,A) € B(y
BE 271" RV ") eBO)

n
for 1 <~ <C .
or " OAOTO K log(pn)

Based on (4.46), we can derive

P( sup K0, 6s) 329(7)) = P( sup 2t TW0n8) o Codomo [ K log(pn)

(5,0)€B(7) (5,8)eB(7) 4 oz — _—
<P( sup |9(3,A) — E2(9(5, A)| E(g(é,ZA)) o1, Codoro Klog(pn))
(5,0)€B(7) 1613 16112 4 r n
A K1
<P(G(6,2) > AT [RICER) 0 o ron(p))
T n

Then define the set for integer m > 1,

| Agro [K log(p,
Vin = {(81,62) : 27 < g(D(61,62)) < 2"} N B(y), with 1 = Cp=2 Og(p g

We can derive a union bound with the index m ranging up to M

= [log(cy/n/log(pn))]
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for some c,

WE

P(E%) <Y P(3(61,05) € Vi - h(6:,05) > 29(T'(61,65)))

Il
—

m

M-

P( sup  h(61,62) = 2"p)

m=1 (&A)GB(’Y)
s <o 2" )
n
<C exp{—Cylog(p,) + Cslog log(log(p ))}

for some positive constant C7, Cs, and Cj.
Therefore, we can show that with probability at least 1 — C" exp{—C" log(p,)} for some

constant C', C" , and C"”

o CoAyT Klog(p,
T(00.02) > 61— 6] — o, — 01 — g )
@y 2 CKA%T(? log(pn) 2
Z§||91 — sl — e - 101 — 02|31,
where the step (i) is obtained by
CoAyT Klog(p, o
C2101 — B2l 1161 — 2]l Klog(pn) < |6y — 6513
T n 8
C  Agro\2 K log(py) 9
+al( " ) " 161 — 62[24-

]

Lemma 4.4. Based on Assumptions 4.1-4.2, the proposed loss function L(0) satisfies the

restricted smoothness (RSM) condition, such that with probability at least 1 —2 exp{—log(p,)},

log (pn)

n~ (L(0h) — L(62) — VLG (61 — 02)) < K||61 — 0|5 + 7 p

161 — 6231, (4.47)
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where r, = Kay, and 7, = 4K A%

Proof. We can show that the proposed loss £(0) satisfies the restricted smoothness (RSM)
based on a similar approach from some previous works [Agarwal et al., 2012a, Loh and
Wainwright, 2015, Fan et al., 2017|, which can be used to analyze the optimization properties

in section 4.3.3. We can apply Taylor expansion with § = a6 + (1 — «)6, for a € (0,1),

n T L(0)) —nT L) — n VL) (0 — 0,) < ZZ 2h (Op1 — Ora))?

k 1 =1

1 K n
== > E((xfi(6k — 612))%)

n k=1 i=1

24 Ok — Ok2))* — E((4;(6r1 — br2))?]

log(pn
<Kay||f) — 0,2 + 4K A2 Og(p )

||91 ‘92”2,1~

The last step is obtained by applying the concentration probability of the sub-exponential

variable (z7,u)?, which holds with probability at least 1 — 2 exp{—log(p,)} O

Lemma 4.5. Let {y;}!" be i.i.d standard Gaussian variables and {X;}I'_, be i.i.d sub-Gaussian
vectors with X; = (Tiy, Tig, -+ Tip, -+, Tip,)" . For some m > 1, E(z]}) < mAJT(m/2).

Then with n > log(p,),

- log(p,,
Bln™ 3wl < 2V gy E )
i=1

Proof. We set variable Z = ||[n™' >°" | 4;Xi||c0, and use Jensen’s inequality to show that for

some 0 < t < n/A,

exp{tE(Z)} <E(exp{tZ})

—E(supexp{tn Zy,xzp}
1=1
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Pn n

<> [ Eexp{ntyasn}). (4.48)

p=1 i=1

Next, we can derive an upper bound for E(exp{tn~'y,x;,}), such that

E(exp{n‘ltyixip}) :E(E(exp{n_ltyimip}|:1:Z~p))
<E(exp{t*z},/(2n%)})
<1+2 i (;—;)mAgm

" A )
=Pl )

Sexp{Q(%f}. (4.49)

We combine (4.48) and (4.49) to show that with 0 <t < n/A,,

242
n b
2

E(Z) < logip ) +t2;30

exp{tE(2)} < p, exp{t*

Y

which can be minimized at t = \/nlog(p,)/(2A2), such that

log(pn) 243 log(pn)
E(Z nlog(pn)/(242)== < 2v/24, .
5 loatpn iy VPR z

]

Lemma 4.6. Let the sample covariance be denoted as 3= XTX/n. Based on Assumptions

4.1 - 4.2, there exist some positive constant sets {cj}i?zl such that

A Ks Ks
P(H‘Egé — Y58 ‘2 > 03(7 +4/ 7)) < ¢y exp{—cans}}. (4.50)
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Furthermore, if the parameter £ from Assumption 4.2 satisfies & € (0,1), then for some vector

e € RES and |lella0o <1,

P(sup [[(EsesXgs — SsesTSge)e) Py > g) < Cyexp{—Cymin{s,log(pa)}},  (4.51)

peES®
with some constants C3 > 0 and Cy > 0.

Proof. Based on Assumption 4.1, each row of covariates X is sampled from a sub-Gaussian

vector with parameter Ay. We can apply Lemma 4.11 to show that with probability 1 —

c1 exp{—cys}

A Ks Ks
s -l 2 £
2 n n

)

for a set of constants {c;}7_,. According to Lemma 11 from Loh and Wainwright [2017],
i[53 15]|[£ss — Dss|

}|’E§é}|’2 < Ozl_l, we can further derive that for cs,

Ks Ks
‘2 > 03(7 +4/ 7)) < ¢y exp{—cas}.

Next, we need to analyze the sub-matrix Yses. Based the argument from Loh and

< 1/2, then ‘

[£54 - 25k

= o(|=ssll;

235 — Ess”’ ) Since
2

P(|| 25t - =5t

Wainwright [2017],

log(Kpy)
n

- Ks
sup ||u17;(23c3—23c3)||2 §max{\/7,\/ }

peES®
with probability at least 1 — by exp{—by min{s, log(p,)}} for some constants b; and bs. In
addition,
1(SsesEs55 — BsesTss)e) oo <[l (Eses — Bses) (Bss — Zss)ells
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+(Sses — Tses)Ess)elloo + 1 Bses (55 — Ess)eloe-

Each component can be bounded as

A~

[(Bses = Bes) (B55 — Tsslelloo < Sup luy (Sses — Sses)l2
peES*

53 s?log(pn)
,Smax{\/ﬁ, — 1

[(Sses — Bses)Ega)elloe < sup [ul (Bses — Sses)llz||| S35, llell2

|Sses(Ss5s — Ssbello < ||zscszgé||ooH(zss - zss\}\Q\\)ig;\\)Q||e||2
2 3
< 5 + S_
~Von V n2

Also, we can apply the relationship between ¢, norm and /5 norm as follows,

S— -1
ss — Uss

sup I(EsesE556) P12 < VE | EsesEsselloo:
peES®

Thus, with n > s*log(p,), we can combine the results above to show that
Sses52€) Py SVE{||SsesDgielloe + |(BsesXgs — SsesEga)elloo
sup [|(XsesXgse)”[l2 <VE{[[EsesEssello SeS§Hss T H8°5455)€lloo

peS®
3 2] n
SVR|SsrsT5b el + mascty |y 2100

2 sl
+ max{ / s log(pn) slog(pn) |

(1—§)+0(1)<1—§
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with probability at least 1 — C5 exp{—Cymin{s,log(p,)}} for some constant C3 and Cy,
[

Lemma 4.7. Based on Assumptions 4.1 - 4.2, let the initial precision level be set as d < r,

then we have

16" — 0], < d, ¥t > 1.

Proof. The proof of Lemma 4.7 can be shown by induction. Suppose ||6" — é||2 < d, we

need to obtain that || — ||, < d. Let the distance be denoted by Af = ¢ — . Since

Q(Qt—l—l |9t) Z Q(@t'H),

n
1

1 t+1 1 ) 1 t+1| ot 1 )

_ S < = R

Q0" = ~Q(B) < Q19 — ~Q(0)
1 1 1, 4 R
=—L(8) + —VLE) (6 = 0) = ZLO) + 210 = 01+ Mall6™ | = AalAl]

(i)l 1 1 log Dn

L0+ 2TL@) 0+ -0 + B AYE, (10 s ]20)
— VL) (060 + [0 — 6113 — | A3

1 " o log(p,) , - R
<L (@yTA + 110 - 03— A P AN A (10 s — 1))
(i7)

1 n Y
S(SVL(E') + A2 TTAT 4+ 207 — 013 — s 1A +
10%( n) 2
T HA H21
n b

log(pn) HAt

13,1

(0 — 0 TAT 1 0 — 013 — | A3 +

2:%
=T HIAE - ZIA3 +

log(pn)
. — AN

Based on the argument from Loh [2017|, the following term in the step (i) of the above

derivation can also satisfy the RSC condition through similar derivation as the proof of

Lemma 4.3,

08on) Aty

1,4 1 1 A .
—L(0) — —£(8") — —VLEO) (0 - 6') = mal| A3 — 7

126



In step (ii), we apply the property of the subdifferential to obtain
HéHM — |01 > _(2t+1)TAt+1_
The step (ii) applies the optimization §'T! = arg min Q(#|6"), such that
%vcwt) L (0 — ) + A2t — 0,
In addition, we can show that

1 t+1 1 ) 1 t+1 1 %) t+1 N
- - - - . — 116
—Q(8") = ~Q(0) = L(0"") = —L(8) + M1 2 = 0]]21)

. log(pn) | - 1_ .- s
> A3 - 7 B AR, 4 (CVL@)T + 0,2 TA

A 10g<pn) A
>rll| A'l3 — 7 p 1A"13,
with VQ(0) = VL(0)” +n\,2 = 0.

By combining the results above, we can show that

A log(pn> A A A log(pn) A
26| A3 = 2m—= == AT <(y = 2m) 1Al = YA E + 2 — == (| A5,

A A log(pn
(250 + DIATHE <Oy = 260 | A5 + 87,32_{2? )

A v — 2K, 4 87 R? log(p,
At <22 ey 4. S LoBPn)
v+ 2k TtR N
which leads to ||A"]|, < d based on the sample size assumption n > s%log(py). O

Lemma 4.8. Based on Assumptions 4.1-4.2, suppose

1 1 "
max{4]= VL") |2 8%%} <A, (4.52)
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and then there exists a pair (7, T') such that
ﬁth) - EQ(@) <7q,¥t>T. (4.53)

Furthermore, for any t > T, we can show that

16 = Blloa < 436" = Oll> + 8518 — 6]l + min(25", R).

n

Proof. Suppose there exists a pair (77 , T') such that the algorithm reaches the precision level

7 after T iterations,

1 1 .
SQO) — Q) < vt T (4.54)
In addition, based on the optimality of § analyzed in Theorem 4.2, n'Q(f) < n~*Q(6*).

Therefore, we have
1o 1
Lowy - Lowy <qw>T (4.55)
n n
Next, we can use (4.55) to show that,

1 1
Eﬁ(et) + A0 ]|2.1 Sgﬁw*) + Aal|07 |2 + 7

1 1 1 1
—L(0%) = —L(07) = VL) (6" = 0) 4 X0 [lo = Aall07l21 < =~ VLE)" (6" = 67) + 7

n n n

lo n * * 1
B = 015 = 7 B ot 38— Mo <

* 1 * _
Anl|0 (|20 — An|O0F|2,1 §§An||9t — 0|20 + 7.

By the decomposition property of the mixed norm, we can further derive that for subspace
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€] < s,

* % n
[Becllza = 116" = 67)eell2n < B[1(6° = 6%)ellon + 24—

If we replace 0 to 0t we have the identical result in Theorem 4.1,

16 = 6)gellaq < 316 — 6")el|2n-

By applying the inequality of the mixed ¢5; norm and ¢ norm, we can show that

||9t . 6)*”271 S 4”(915 o 8*)5”271 + 2/\i S 4\/5”(&15 _ 0*)5H2 —+ m1n(2)\i7 R)7

n

where we have ||0" — 0*|]21 < R.

Therefore, we can show that

16 = 1 < 4V/506° — Bl + 8510 — 6% + min(2:L, R).

n

In general, we can show that the difference n™1Q(0") — n=1Q(6*) is bounded above as

follows,

1 t 1 * _l t _l * t _ *
—Q0) = =QUO") =—L(0") = —L(8) + A6 [z = A 6”20
1 1

1
+HV£(9*)T(9t —0") + Aal|0"]l21 — Anl|07 (|21

108() 1t gz 5 o
6" — 0 -\ |0 — 6"
P60 — 673, + LA 07

1 n 5
<kyr? + 4Tu—og(p )R2 + Z)\"R'
n

(i)
<kul|0" — 0|5 + T
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The step (i) can be obtained based on Lemma 4.4 as 6" € B,.(6*) and condition 4.52. Based
on n'Q(A) < n'Q(#*), we can choose 77 > kyur? + 47,log(p,)R2/n + 5\, R/4, such that

Q) — n1Q(0) < 7.

Lemma 4.9. Define parameters k and (3,

Y

1 n 1 n 1 n
k=1— -t 1167° o8 (P) and B = (2—|—/<az+32778 o8(p ))E o8 (pn)
2y n n Y n

with y > 2k, and the estimation error e = 8+/3/0—0*||s with precision level e = min(\; 27, R).

Based on Assumptions 4.1-4.2, for any t € [1},Tj41), we have

Q) ~ Q) < KR — Q) + o (e o)

n n 1—x

and

o — 15 <0, — 327 B0 1 Loy - Lgg) 40108 oy

Proof. Let the distance be denoted by Af = ¢ — 0. First, we apply the RSC condition and

the property of subdifferential,

N lOg Pn) A 1 1 ~ 1 A A
A - B Az <Ly - Lo - Locya
1 1 N 1 .
QU0 ~ Q) ~ Al + Al — VLG
1 1 1 A A 1 1 -
<200t — = o ATAL — —0(0) — — '
<L) - L) - (Lved) + a7A = Lo - o)
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From Lemma 4.8, the upper bound of ||A?||2; can be applied as follows,

A log(py,
A - 7 2B

—_

(3253 + 2 +€) <) — —Q(f)

— 3

(w0 — 32025y Az <L) - Loy 427 BP0 oy

S

A3 <5 Q) — Q(d) + 27 2P (e 1 o)

with kg = k; — 3275 log(p,) /n.

Given ' = af + (1 — @)f" for some o € (0,1), the optimization function can hold the
following inequality based on the MM method,

—_

1 t t t 1 19t
~Q Y <ZQ1eY) < ~Q(O10")

S

1 / / /
=—L(6") + ~VLE) (0 —0") + %IIQ — 01 + AllO[13.

— 3

1 A 2 .
<—L(8) + a=VLO)TA + LA + Al + (1= @)llFl21)

.

<L)+ a(0) - L)+ n B AE ) + 2 YAYE 4+ A (@as + (1 - 00
~(1- ) ~ Q) + ~Q(0) + DAY+ an B Az,

<(1- )28 — 2Q00) + L) + 1A + an B g A3 4 2(e + )

<(1- a)(%@(@t) - %Q(é)) = %Q(é) + (7%2 + 3204715'1%@’"”))”&”3

Lo0n 08P (e

We set the difference to be denoted by 7 = n=(Q(#") — Q(f)) and combine previous

inequalities to obtain the recursive relation as follows,

log(pn log(pn
+ 27 ngf Je+ o) + 207 Ogg’ Je v o

e slog(pn).
e <1 — )i+ 5 (4 320 7B
2

2 t
log(p,
C(1—a+ 29 4 390n,2108 00
2K0 KoT

1 n)y | n
N+ Ky (2 + ya® + 6404718 Oi(p ))Tl ognp ) (e + €)%
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Since v > 2k, we can take

1 1
5108(Pn) ) (0 1), and 1 — 327, 2108(Pn)

a="21-32n
Ron RoT

= 1-o(1),

then
1 n 1 n 1 n
M1 <(1— ooy 1677&@))@ + (24K + 327> og(p ))3 o(p )(5 +€)?,
27y n n Y on
with
1 n 1 n 1 n
=1 21672180 g g (2 4 e 327, 21080 T 0B
2y n n Y n

we can conclude that

ﬁt-}—l S /{’F]t + /8(5 + 6)2.

Since v > 2x; and n 2 s*log(p,), the coefficient x € (0,1). Therefore, if the iterative

algorithm set steps ¢ € [T}, Tj+1), we can show that

i1 <k 10 + 1 (e+e)?

— K
as claimed. O

Lemma 4.10. Consider vectorsu and v € RXP» double-indezed asu = (ui1, -, Ugp, "+ , Ukp,)

and v = (Vi1 ,Ukp, -+ s Vkp,) fork=1,2,--- /K andp=1,2,--- ,p,. Then

uv < ||z ][v]|2,00-
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Proof. We apply Holder’s inequality to show that

Pn

pn K
w <Y iy < Y [uP oo ® 5 < [fuflol|v
p=1

p=1 k=1

2,00

O

Lemma 4.11. (Theorem 6.5 Wainwright 2019) There exist universal constants {c;}3_y such
that for any row-wise sub-Gaussian random matrix X € R™ P with parameter Agy, the sample

covariance matriz 3 = XTX/n satisfies that

P(4'|[E -], 2 Co(\/g"‘ L) +¢) < cr exp{—conmin(e, )}

n
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Chapter 5

Discussions and Future Work

In this thesis, we focus on the development and implementation of statistical methods for
data integration. To improve the performance of data integration in biomedical research, we
apply the pairwise composite likelihood to conduct the joint inference for multiple correlated
data sets, which have responses mixed with continuous and discrete variables. We show that
the maximum composite likelihood estimators are consistent and asymptotically normally
distributed, and the composite statistics provide increased statistical power for joint hypothesis
testing.

Multi-task feature learning is commonly used to recover the union support when integrated
data sets have divergent dimensionality. Since the existing multi-task learning methods are
built under distributional assumptions, we propose to use the composite quasi log-likelihood
with mixed /5 regularization to combine tasks of different natures and perform joint learning
on multiple correlated heterogeneous tasks. In chapter 3, the method is shown to achieve
estimation consistency and model selection consistency in high-dimensional settings.

In chapter 4, we propose the adaptive Huber regression with group-wise feature selection
to solve the multi-task learning problem with heavy-tailed error distribution and outlier

contamination. The model is different from previous work proposed by Gong et al. [2012].
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They focused on the scenario that among the multiple tasks, some outlier tasks possess
different sparsity patterns than the other tasks. Besides the mixed /5 ;-norm penalty across
all tasks, their objective function includes an additional LASSO penalty to select features
in each task. To accommodate outlier tasks in addition to outlier contamination, we can
combine the adaptive Huber loss function with the penalty functions used in Gong et al.
[2012].

In this thesis, the theoretical conditions for the data are similar to previous high-dimension
M-estimation for single-task analysis. In real applications, distinctive measurement methods
can produce data with much more complex patterns. From the computational perspective,
the proposed multi-task feature learning can apply standardization to the data and improve
the selection accuracy. Obozinski et al. [2011] proposed to use a sparsity-overlap function to
reflect the sample complexity for the multivariate regression learning, which can be extended
to the proposed methods in this thesis. In addition, the data structure can also be more
complicated than the settings considered in the chapters above. For example, some predictors
can be collected from some but not all tasks. Consequently, the learning tasks have some
features not shared by all the tasks. Based on Jalali et al. [2010], Yang et al. [2017], we can
use different penalty functions to conduct both group-wise and element-wise feature selection
simultaneously. Gao and Carroll [2017| proposed to modify the penalty function by scaling

the grouped norm based on the cardinality of the grouped parameters such that

Pn K Ky
R(8) =, SO0 3068,
p=1 ~ P k=1
where K, is the number of tasks from which the pth predictor was collected. When the
predictor is only collected in one task, the mixed ¢5; norm is reduced to an ¢; norm.

Since we relax the assumptions of the distribution and moments for the data, the proposed

model can be theoretically suitable for a wide variety of real applications, and the integration
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is achieved through the composite form of weighted marginal loss functions across all related
tasks. With some adjustments to the theoretical conditions, the loss functions can be further
extended to estimate the correlation between learning tasks, such that a composite form of
generalized estimating equations (GEE) or the pairwise composite form as shown in Chapter
2. In future research, we can extend the multi-task learning to model repeated measurements
collected from different biomedical experiments. As a result, the learning tasks need to analyze
multiple longitudinal data simultaneously. In addition, when the data are zero-inflated or
have a mixture distribution, we can extend the group-wise structure of the parameters based
on the research design.

Furthermore, the proposed methods are established based on locally strong convexity or
restricted strong convexity. Based on the folded concave regularization framework proposed
by |[Loh and Wainwright, 2017, Loh, 2017|, we can apply mixed regularization to other types
of non-convex penalty functions. For example, Gao and Carroll [2017] proposed the group
smoothly clipped absolute deviations (SCAD) to perform the joint sparse estimation. In this
case, the objective function may not hold the strong convexity condition, which can lead to
further investigation.

The multi-task learning algorithm that is publicly available can solve multi-task problems
with different types of penalty functions. For example, the R package called Regularized
Multi-Task Learning was established by Cao and Schwarz [2022]. However, the heterogeneous
tasks are not handled by the existing multi-task learning algorithm, and the robust estimation
function is not available for multivariate analysis. Our next step is to develop an R package
based on the proposed data integration methods, which can provide an efficient estimation

algorithm to solve both heterogeneous and data-contaminated tasks.
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