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Abstract

We establish the exact growth of the solution of the A-obstacle problem near
the free boundary from which we deduce its porosity.
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Introduction

The solution of the obstacle problem in the degenerate and singular cases is known to
be C'® but there is only little information regarding the free boundary. Recently, it has
been proved, for an identically zero obstacle (see [4]), that the free boundary is porous
and hence of Lebesgue’s measure zero.

In this paper, we give the exact growth of the solution of the A-obstacle problem
near the free boundary which agrees with the one for the p-Laplacian when A(t) = tP.
Then we deduce the porosity result.

1 Statement of the problem and preliminary results

Let © be a bounded open subset of R", n > 2, f € L>(Q)) and g € WH4(Q) N L>(Q),
g > 0. We consider the obstacle problem for the A-Laplace equation

AAuzdiv(a(vV:'DVu):f(m) in [u> 0],

u>0 in Q
u=g on .
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The weak formulation of this problem is given by the following variational inequality

Find u € K, such that :

(P) /Q<a(||vvi||)Vu.V(v —u) + f(z)(v - u))dm >0 Yeek,,

where K,={veWh4(Q), v-ge€ WEA(Q), v=0 ae inQ},
¢

A(t) = / a(t)dr, a is a C* function from [0, +oo| into [0, +oo[ such that a(0) = 0,
0

ag < a(t) <ay Vt>0, ag,a; are positive constants. (1.1)
As a consequence of (1.1), we can easily verify (see [2]) that
((5le- 2 -0>0  wecerp) e2c a2

We recall the definition of the Orlicz class L*(Q)

LAQ) ={u : Q - RU{—00,00} / u is measurable and / A(Ju(z)|)dx < 4+o00}.
Q

The Orlicz space LA(Q) is defined by

LA(Q) = {u : © = RU{—00,00} / u is measurable and 3k > 0 : / A(K;)l)dx < 400}

Q

We easily deduce from (1.1) (see [6]) that
A(st) < (14 ap) max(st+0, s1T91) A(1) Vs, t >0

from which it is clear that L4(€) = L4(2). Moreover LA(Q) is a Banach space when
equipped with the Luxemburg norm

lull 4 = inf {k >0, / A(M)dx <1},
Q k
The Orlicz-Sobolev space is defined by Wh4(Q) = {u € LA(Q) / |[Vu| € LAQ)}. Tt
is a Banach space when equipped with the norm [Ju|l1,.4 = ||u]|la + [|Vu| 4. The space

Wol’A(Q) is defined as the closure of C§°(Q) in W14 (Q) with respect to the norm ||.||; 4.
For definitions and properties of Orlicz and Orlicz-Sobolev spaces, we refer the reader to

[1].

Now we give some useful inequalities that will be needed afterwards and which can be
deduced from (1.1) (see [6]).



min(s'/%, sY/4)a 71 (t) < a7 (st) < max(s¥/%, s/ )07 1(¢) Vs, t >0, (1.3)

t
2 ta1(t) < At) :/ a~V(r)dr <ta"'(t) V>0, (1.4)
1 + ag 0
A(st) < " max(s'T1/% gHV/e) A() Vst > 0. (1.5)
ao

a~! is the inverse function of a which exists since a is continuous and increasing on [0, 00).

For the existence of a solution of (P), we refer to [3] or [5]. Moreover using the monotonic-
ity property (1.2), it is easy to show that the solution is unique. Regarding regularity, we
refer to [7] where it is proved that u € C1:*(Q2) for some « € (0,1). In particular, [u > 0]
is an open set. As a matter of fact this regularity will not be used in the proofs of our
results. Indeed only the continuity of the solution and the following properties will be
used.

Proposition 1.1. Let u be the solution of (P).

f=20 inQ = 0<u<|gllee in S
Aqu=f in D' ([u > 0]).
fx(u>0]) < Agu<f a.e. in .

Proof. i) Note that u > 0 since v € K,. To get the upper bound of u, we take
min(u, ||gllec) = u — (u — [|g|lee)™ as a test functlon in (P). We obtain

/Qa(lv(ufllglloo) DIV(u—llglle)™ /fuf lgllee)™ <

Then V(u—[|g|loo)™ = 0 a.e. in Q. We deduce that (u—||g|le)™ = 0 a.e. in Q since u = g
on OfL.

ii) Let ¢ € D(Ju > 0]), ¢ = 0. Set § = mmcu and take u + 6||C|| as test functions for
supp 0
(P). We get

/ “(W“')vUvg +f¢C=0 andthen —Aju+f=0 inD'([u>0]).
w0 |Vl

iii) Let ¢ € D(R?), ¢ > 0. Since u + ¢ € K, we have

/ a(||VVIT|)VuVC +f¢C>0 andthen —Aju+f>=0 inD'(Q).
Q u



+
Now for € > 0, u — He(u — €)¢ € K, with Hc(s) = min (1, S—) Then we have
€

a(|Vul)
/QHE(U —€) vl VuV{+ fH(u—¢€)¢ <0.

Letting ¢ — 0, we obtain

/ a(||vvlﬁ|)VuVC+fX([u >0))¢ <0 andthen —Aju+fx([u>0])<0 inD'(Q).
Q

O

In all what follows, we assume that there exists two positive constants Ao and Ag
such that

0< X< f<A a.e. in €.

2 A class of functions on the unit ball

In this section, we study a family F4 of problems defined on the unit ball B; = B;(0).
More precisely, u € F4 if it satisfies :

ue WhA(By), [Aqul| Lo (py) < 1
0<u<1l in By, u(0) = 0.

We know (see [7]) that u € CY(By) for some o € (0,1). The following theorem gives

a growth of the elements of F4. This extends a result proved in [4] for the p-Laplace

operator where the authors have proved a growth of order p’ = ﬁ.

Theorem 2.1. There exists a positive constant C = C(a,n) such that for every u € Fa,
we have B
0 < u(z) < CA(|z|) Vo € By

where A is the function defined in (1.4).

In order to prove Theorem 2.1, we need to introduce some notations inspired from
[4]. For a nonnegative bounded function u, we define the quantities

S(ryu,y) = sup u(z),  S(r,u)=5S(r,u,0).
z€B,(y)

We also define for u € F4 the set

M(u) = {j e N/ mS©277 " u)>S27,u)}



1 a
21+ ag 70
+ ag

where m = is the number that appears in the inequality (1.5) for s = 2, i.e.

A(2t) <mA(t) V0.
Then we have
Lemma 2.1. Assume that M(u) # (0. Then, there exists a constant C1 = C1(a,n) such

that
S277 N u) < LAY Vue Fa, VjeMu).

Proof. We argue by contradiction. Then,

VkeN, Jup € Fa, Jjr €M(uy) suchthat S(277F 1 uy) > kA@279).

2=k
Consider wy(z) = % defined in B;. We have
Agwi(z) = 27 (Aqur)(27%2),  [|Aswi]leo <277
1 . .
0<wg < 57r in By, é?/fzwk =0.

By Harnack’s inequality (see Corollary 1.4 [6]), we have for some constant C' = C(n, ag, a1),

sup wi < C’(]ignf Wi +a*1(2*jk)) _ C’a’l(2*jk)_

Bys 1/2
2=k uk(Q*jkx) )
Now let vi(r) = mwk(m) = S(2 T, uy) defined in B;. We have
1 <C 2 —1(27)
=sup vy L C——F——a .
B2 g 5(27“717”1@)
. 1 1
By assumption, we have Then

. < ——.
S(271 ug) T RA(2-x)
g 27jka71(2*]'k)

1< —. = -
k A(Q*]k)
ta=t(t) 1
By (1.4), we have ¢ ®) < + do Vvt > 0. Hence, we get
Alt ag
1< g 1+ a0.
k ap

Letting k — +00, we get a contradiction. O



Proof of Theorem 2.1. First, we prove that for Cy = max(mCy,1/A(1)) we have
S(279 u) < CLA277)  VjeN.

We proceed by induction. B N
For j = 0, we have S(27% u) = S(1,u) <1 < CoA(27°) since Cy > 1/A(1).

Let j > 1. Assume that S(277,u) < CoA(277). We distinguish two cases :
—If j € M(u), we have by Lemma 2.1 and (1.5),

(2777 u) < CLAQ27T) = C1A(2.27771) < CymA(277 1) < CLA(2777Y).
—1If j ¢ M(u), we have S(27771 u) < (277, u)/m. Using the induction assumption
and (1.5), we get
(27971 ) < icﬂ(z*j) < CLA2777Y).
m

Now, let 2 € By and set r = |z|. Then there exists j € N such that 2771 < r <2779 and
we have

u(x) <supu = S(r,u) < S277,u) < CoA(279) < CoA(2r) < Co.mA(r) = CA(|zl).
B,

O

3 Porosity of the free boundary

The following lemma gives the growth of the solution of (P) near the free boundary
(Ou > 0]) N K.

Lemma 3.1. Suppose that u € WH4(Q) is a nonnegative continuous function satisfying

Agqu=f in  D'(u>0]).

Then for each y € [u > 0] and r > 0 such that B,(y) C Q, we have

n ~ )\0
S(ryu,y) = sup u>=> —A(—r) +uly).
(nuw) > sup u> LA(Sr) +uly)

Proof. Tt is enough to prove the result for y € [u > 0]. We consider for € > 0 the following
functions

uele) = u(@) — (1= July), () = 1-A( e —y).

n



Then we have

~ (A — A — A
Vo= A (Lo —yl) ot =0 (Dl —yl) s Vel =07 (2 - )
n |z —yl n |z —yl n
and then
. ra(|Vv)) (o 1 _1{ Mo x—y
Ajv=d vo) = div( e — y|— a2z — y)).
av w( [Vl U) w(n|x yla—l(’x’x—yo “ (n v y|) |z — y|
. )\0 : /
=div(=(z—y)) = X\o in D'().
n
Now we have
AAUE:AAu:f>AO:AA’U in Br(y)ﬂ[u>0]
Moreover
ue=—(1-€uly) <0<v on (Ju>0])NDB.(y).
If we assume that
ue<v on (0B.(y))N[u> 0],
then we get by the weak maximum principle
ue<v in B.(y)N[u>0].
But u.(y) = eu(y) > 0 = v(y) which is a contradiction.
So we have
Ao

sup (u - (1 - G)U(y)) = Sup Ue > sup Ue > sup v = EAV(

9Br(y) 0Br(y) 9By (y)N[u>0] 9B (y)N[u>0]

Letting e — 0, we get

~/ A
S(r,u,y) = sup u > sup u > iA(—Or) + u(y).
B () 9B (y) Ao A7

The main result of this paper is the following theorem establishing the porosity of

the free boundary (9[u > 0]) N Q.

Theorem 3.1. Let u be a solution of (P). Let R > 0 and xq € 2. Then for every closed

ball Br(zo) C Q, the intersection (Olu > 0]) N Br(xo) is porous with porosity constant

depending only on ||gllco, Ao, Ao, dist(Br(zo),0), a and n.



We recall that a set £ C R" is called porous with porosity §, if there is an ry > 0
such that

Vee E, Vre(0,79), Jye€R™ suchthat Bs.(y)C Br(x)\E.

A porous set has Hausdorff dimension not exceeding n — ¢, where ¢ = ¢(n) > 0 is a
constant depending only on n. In particular a porous set has Lebesgue measure zero.

Proof of Theorem 3.1. Let R > 0 such that Byr(zo) C Q and let z € d[u > 0] N Bg(zo).
By Lemma 3.1, we have for each 0 < r < R such that B,(z) C Bagr(zg) C Q

0> T ) (),

8B,(z) 0o \n Ao \n
There exists then y € 9B, (x) such that u(y) = sup wu. Then we have
OB, (x)
Ao
> LA(%0r) > 0.
uly) > A(r) >

Hence y € Bag(xg)N[u > 0]. Now we define d(y) = dist(y, Bar(zo)N[u = 0]) the distance
from y to the set Bagr(zo)N[u = 0]. By continuity of d, there exists yo € Bagr(zo)N[u = 0]
such that d(y) = |y — yol.

u(yo + Rz)
R

We define a function v in By by v(z) = . Then we have

Aqv = dw((a(lgulﬂ) Vu) (yo + Rz)) = R(A4u)(yo + R2).

It follows that v satisfies

[[A4v|loe < RAg
qll

0<v<|T°°

v(0) = 0.

Now in order to apply Theorem 2.1, we introduce the functions

_a(tM) ~v(2)
0 =" e =

with M = max (ail(RAo), %)

Note that b satisfies (1.1) with the same constants ag and a;.

Mt
If we set B(t / b(t ) we see that w satisfies

( )’



Hence w € Fp and we get by Theorem 2.1 for a positive constant C' depending only on
n, ag and ag

¢
w(z) < CB(|z]) Vz € By with B(t) = / bl (r)dr =
0
In particular for z = ¥7¢ € By, we obtain
Y—Y ~( 1y — yol ~(d(y)
Y~ %) < 1Y~ Yol < I
w( - >\CB( ) — u(y)\CMRB< - )

R
We deduce that

%E(%T) < u(y) < CMR.

By (1.5), we have

A(d(y). 220 a a 1/ag /G /a1y + a ~
( (j’(%)ﬁ D 0 max((“OR) e, (O daty)) = 0(“0) Alat)
Then ) ) ng " o
& gEamy oA () < A6
a(M)

) > 0(Ag), then if we choose C such that

R
1 1 -1
)\ﬁ _ Gt .(maX(Aé/ao,Aé/al)) S
0

Qo ' )\0

1 1 n ~
we get — — < 1 and by the convexity of A, we obtain

C o o

-1 1 1 1 n ~/o ~
A(—.air) < 5= —A(—r) < A(d(y))
Co(eFR) " Ca(EE) (” )
from which we deduce that
L <)
ey S
C o)




.11
Let 6 = mln(i, GW

) < 1 and y* € [z,y] such that |y —y*| = dr/2. Then we have

By, (y") C Bs,(y) N B, (@),
Indeed, let m € Bs,/2(y*). We have

. . or  or
m =yl <Im—y*[+ly" —y| < 5 + 5 =dr

im—z| < |m—y* [+ (lz -yl - ly" —yl) <
Moreover, we have

Bs,(y) N B.(z) C [u> 0]

since d(y) = or > 0 and Bs,(y) C By(y)(y) C [u > 0].
Hence, if we set E = 0[u > 0] N Br(zo), we have

Bs,.(y*) C Bs,(y) N By(x) C By(x)\ dlu > 0] C B.(z) \ E.

s
2

References

[1] R. A. Adams : Sobolev spaces. Pure and Applied Mathematics, Vol. 65. Academic
Press, New York-London, 1975.

[2] S. Challal, A. Lyaghfouri : Hélder Continuity of Solutions to the A-Laplace Equation
Involving Measures. To appear in Communications in Pure and Applied Analysis.

[3] J. P. Gossez, V. Mustonen : Variational inequalities in Orlicz-Sobolev spaces. Non-
linear Anal. Vol. 11, No. 3, 379-392 (1987).

[4] L. Karp, T. Kilpeldinen, A. Petrosyan and H. Shahgholian : On the Porosity of
Free Boundaries in Degenerate Variational Inequalities. J. Differential Equations
Vol. 164, 110-117 (2000).

[5] V. K. Le, K. Schmitt : Quasilinear elliptic equations and inequalities with rapidly
growing coefficients. J. London Math. Soc. (2) 62, No. 3, 852-872 (2000).

[6] G.M. Lieberman : The natural generalization of the natural conditions of Ladyzhen-
skaya and Uraltseva for elliptic equations. Comm. Partial Differential Equations Vol.
16, No. 2-3, 311-361 (1991).

[7] G. M. Lieberman : Regularity of Solutions to Some degenerate Double Obstacle
Problems. Indiana University Mathematics Journal, Vol. 40, No. 3, 1009-1028 (1991).

10



