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Abstract

My objective is to analyze a life cycle model in which an individual ages in a stochastic
and non-linear fashion, in order to determine his optimal time to retire, and his plan for
consuming optimally over the entire lifetime. Stochasticity is incorporated into the model
using mortality rates that depend on biological age as well as calendar age. Biological age
depends upon the status of the individual’s health. Unlike calendar age, which always moves
forward, biological age can occasionally move against the natural clock time, so individuals
with the same birth dates may age at different rates. A rational retirement decision should
be based on both ages. Huang, Milevsky and Salisbury [31] used biological age to analyze an
individual’s optimal retirement spending. This thesis is an extension of their work.

In my model there is labor income in the pre-retirement period. For post-retirement
life there may be a pension to supplement retirement savings. I use a Cobb-Douglas utility
function that provides a fixed multiplicative bonus to the utility of consumption in retirement.
I derive and solve Hamilton Jacobi Bellman (HJB) equations in the above Cobb-Douglas
utility framework.

I show among that consumers at same wealth level; the older consumer prefers to retire
at a lower biological age while a younger consumer prefers to keep earning labor income
until later biological ages. As per the common intuition, high wealth levels drive people to
retire young and in better health status. The model predict some fascinating effects of the
volatility of biological age on retirement curves. At lower wealth levels, high volatility drives
less healthier people to retire later. The model with deterministic hazard rates also depicts
an interesting non-uniqueness behavior in the wealth dynamics curves. Below a certain
initial wealth level people slowly spend money over time but never retire while above this
wealth they save for retirement and eventually retire. Then there is a wealth level beyond
which they never enter the labor force. Also, over a fair range of age, health status and
wealth, my results provide some reliable guidance for a to-be pensioner. For a moderately
risk averse consumer with calendar age and biological age within a modest range around 65
years and who expects to have an exogenous pension of 40% of his annual labor income upon
retirement, if he has savings equal to almost double the amount of his annual labor income
he can consider retirement.
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Chapter 1

Introduction

The practice of retiring from the labor force dates back to 18th century. Retirement became
a wide spread concept through many parts of the world during 19" and 20" centuries.
In 1881, a German Chancellor, Otto von Bismarck, introduced the concept of pension vs
retirement at a certain age. The German government created a pension system which provided
retirement support to citizens aged 70 (life expectancy in Germany at that time) and above.
Around 1920s, a large group of American industries had introduced retirement support for
their workers with retirement age being 65 years. This age limit was mostly for economic
reasons and had less to do with workers’ health. In 1935, the Federal government of the
USA officially declared the retirement age to be 65. It was beyond the life expectancy of
American citizens (around age 58) back then. By 1960, economic and medical conditions
in America improved resulting in longer living citizens. Life expectancy improved to 70
years. Companies were offering better and better retirement pension plans providing financial
security to their workers post-retirement.This increased the population of retired American
citizens who happily entered retirement life [38]. Between 1995 and 2000 early/voluntary
retirement entered the picture. With the boom in stock markets, the funds available in
retirement plans to employees increased drastically. This made retirement more and more
accessible as well as more attractive enticing larger number of people to take a premature
(before the standard retirement age of 65) exit from the labor market [28]. That was the
beginning of early /voluntary retirement.

In the following paragraphs I will introduce some concepts at the core of my thesis along
with a literature review.

1.0.1 Force of Mortality

The mortality rate is the number of deaths in a population per unit time. The force of mortality
is simply the instantaneous mortality rate at a specific age. If a positive continuous random
variable T' denotes the lifetime of an individual with density function f and cumulative
distribution function F, then, survival function S(t) = P(T" > t) = 1 — F(t) gives the
probability that this individual will survive past a certain age. The hazard function or force



of mortality of the survival function h(t) = % is the probability that the person will die

with in the next infinitesimal interval, given that he has survived until now.

Pt <T <t+At|T > t)
At—0 At

Until the early 19" century, there were no formal laws to predict how many people might
die in next few years. Benjamin Gompertz [27] discovered that the probability of dying for
an average person doubled every 10 years [46]. He presented the famous Gompertz law of
Mortality which predicts an exponential increase in human death rates with age for ages over
50 years. The hazard function

h(t) =07t >0,6,0 >0

Here, (8 is a dimensionless parameter and determines the growth of hazard rate with respect
to the age. Makeham [43] introduced an age-independent component A > 0 to the Gompertz
hazard function and Gompertz-Makeham Model came into being:

h(t)=A+0 7 t>0,8,0 >0

This law is better at predicting mortality hazard rates at lower ages and ¢ is allowed to grow
to infinity, that is, there is no upper bound on the lifetime of an individual [11].

Perks [53] argued that “Makeham curves ran much too high at the older ages” and
suggested a logistic type model (increases exponentially for small ages but presents a horizontal
asymptote at advanced ages) which depicts a slower increase in mortality hazard rates at
advanced ages; at least slower than an exponential increase. Now, this effect at later ages
is known as late-life mortality deceleration. Beard et al. [8] also presented a logistic type
model but with more variation in hazard rates at advanced ages. Thatcher et al. in [62]
argued that the late life-mortality deceleration is majorly noticeable around the age of 80
years. Later, Thatcher [61] and Bebbington et al. [9] replaced the age-based exponential
feature of Gompertz-Makeham law with a logistic function. The hazard function in its most
general form [11] is given by:

AePtlo

hit) = A+ ———
(*) +1—|—Beﬂt/"

JA>0,B>0

Beard emphasized in his research paper [7] that the heterogeneity between individual hazard
rates can be captured via a gamma distribution. This was later extensively developed by
Vaupel et al. [63] leading to the gamma-Gompertz-Makeham model.

1.0.2 Stochastic mortality

The force of mortality is deterministic over the lifetime of an individual if at time zero, the
survival probabilities till the last possible time of death are known without any uncertainty.



While for a stochastic force of mortality the conditional survival probabilities for any future
time, given that we already know the mortality rate at some current time, are not known.
The probabilities are completely random. All we know at time 0 are the the expectations of
the survival probabilities. Two important empirical studies about stochastic mortality can be
found in a paper by Ronald D. Lee and Lawrence R. Carter [39] and the article by Cairns,
Blake and Dowd [15]. Pitacco, Denuit, Haberman and Olivieri discussed stochastic mortality
in their book [55]. Liu and Lin [42] and Zhou, Li and Tan [66] used stochastic mortality
models for pricing mortality-linked securities.

1.0.3 Is there a limit to human life spans?

Determining a limit to human life spans is an interesting area of research from both a
biological and economical point of view. In 20" and 21° century this research topic gained
quite a lot of interest. Gampe [25] and Rootzen & Zholud [59] regard super-centenarian
(people who reach the age of 110 years) data as exponentially distributed and Pearce &
Raftery [52] argued that in this century it will be possible to observe a maximum recorded
lifetime of 130 years , but it is highly unlikely to record any life above this limit. Barbi et al.
[6] found that above age 105 human mortality appears constant over age. Belzile et. al [11]
recently published their paper “Is there a cap on Longevity? A statistical review.” In this
article they discussed the methods of collecting data on extreme human lifetimes, correct ways
of handling it, the models and strategies for analysis. They concluded that the remaining
human lifetimes after age 109 are exponentially distributed. “Even if the exponential model
imposes no upper bound on lifetimes, it does not imply that the highest human lifetime will
be very large”. They suggested that if there is an upper limit to the length of human life, it
lies well above the highest lifetime we know so far. The most valid longest lifetime recorded
is 122 years and 164 days, for the French woman Jeanne Calmet. The lower limit to a 95%
confidence interval for human life span is around 130 years and there is no upper limit.

It is worth mentioning that for this thesis I explore a stochastic mortality model where
mortality plateaus at advanced age. But also note that some researchers argue against
that plateau, for example Gavrilova and Gavrilov [26] suggested that there is no conclusive
evidence for a fixed biological limit to human life span.

1.0.4 Stochastic mortality in a life cycle model setting

The life cycle model (LCM) deals with the lifetime consumption and savings of an individual.
It assumes a rational individual who is looking to maximize his discounted lifetime utility of
consumption. It is based on smoothing out the consumption of an individual to have an almost
consistent living standard throughout the life. Ramsey presented a rule of income saving for
a nation in his very famous paper [56]. This formed the basis of all the further research done
regarding savings, consumption and LCMs. Fisher [24], Modigliani and Brumberg [50] and
Modigliani [49] published their articles about asset allocation models in a LCM setting which
lie at the core of the life-cycle utility optimization literature. Menahem Yaari [65] presented



a LCM where he used a stochastic time of death for an individual which introduced a factor
of uncertainty in the model. Until that all LCM literature considered an end to lifetimes at
some deterministic time. Stanley Fischer [23] used a discrete-time model with uncertain time
of death to examine life-cycle patters of consumption, savings and insurance purchases.

In stochastic mortality LCM the randomness comes both from the hazard rate as well
as the uncertain time of death. Most of the articles in the literature of LCM assume a
deterministic force of mortality (mostly Gompertz law) where mortality simply adds up to
the subjective discount rate. See for example, Levhari and Mirman [41], Davies [16], Deaton
[17], Leung [40], Butler [14], Bodie et al. [13], Dybvig and Liu [20], Kingston and Thorp [34],
Babbel and Merrill [5], Park [51], Wallmeier and Zainhofer [64], Feigenbaum [22], Huang
and Milevsky [48], Lachance [37]. Huang et al. used the concept of the stochastic force
of mortality in their paper [30]. This article introduced a model for a stochastic force of
mortality. They used a lognormal mortality rate called the Dothan model [18] as a stochastic
mortality force. Menoncin and Regis [44] used a stochastic force of mortality to solve for
the pre-retirement consumption/investment problem. They considered a mean reverting
stochastic extension of Gompertz law of mortality. Most of the above mentioned sources
deal with the population hazard rates. Hunag et al. [31] expressed mortality hazard rates
in terms of an individual’s biological age. Their model used individual hazard rates where
biological age is modeled using a stochastic generalized Brownian bridge process.

1.0.5 Voluntary Retirement as Optimal Stopping Time Problem

An optimal stopping time, in non-technical sense, is the time when a process/action stops to
gain maximum profit or reward while minimizing the associated costs. Peskir and Shiryaev
define stopping times in their book [54] as follows:

Consider a filtered probability space (2, %, (%)i>0). (F)e>0 is a filtration such that
Fs C F C F forall s <t. A random variable 7 : Q — [0, 00] is called a Markov time if
{r <t} € % forallt > 0. A Markov time is called a stopping time if 7 < oo P-a.s. Typically
the filtration .%; is the information available up to time ¢. The decision to stop is completely
based on this information. Hence the stopping time 7 “does not look into future” to decide
whether to stop or not [60] .

The optimal stopping problem, in the control theory sense, is to determine the optimal
stopping time guided by a number of controls (for example the consumption, portfolio, wages
etc.). It is dealt with as a free-boundary problem. In the field of finance the American
style options are widely studied using optimal stopping in order to find the optimal time to
exercise the option and collect maximum gains. The early/voluntary retirement decision can
be studied in a similar fashion when a decision has to be made about retiring at an optimal
time, the retirement decision is irreversible, and the consumer is looking to collect maximum
utility of consumption from this decision. The article by Bodie, Merton and Samuelson [12]
considered the retirement decision problem as an optimal stopping problem. Kula [36] treated
the option to retire as an investment process where we collect retirement wealth and once this
accumulated wealth reaches a certain threshold, we retire. Koo, Koo, Shin [35] considered a



voluntary retirement problem with a focus on optimal investment, consumption and leisure
under a Cobb-Douglas utility framework. They used dynamic programming strategies to
derive a closed form solution for the value function and optimal strategies for consumption,
leisure, investment and retirement. Farhi and Panageas [21] used optimal stopping approach
to solve for optimal consumption and portfolio choice problem to make the decision about
retirement time while adjusting the labor supply. They wrote “The ability to time one’s
retirement introduces an option-type character to the optimal retirement decision. This
option is most relevant for individuals with a high likelihood of early retirement, that is
individual with high wealth levels”. Francesco and Sergio [45] used martingale approach to
solve for optimal consumption, labor supply and portfolio choice to find the optimal time
to retire. They used a constant force of mortality and concluded that if a person enters
labor market at age 25, then the optimal retirement age should be between 50 to 65 with an
average of 55 years.

1.0.6 Biological Age

The biological age (b-age) is a measure of health status or the true age in contrast to the
chronological age (c-age) which measures the number of calendar years passed since birth.
With advancement in medical sciences, it may soon be possible to accurately know a person’s
biological age using telomeres (the protective ends of chromosomes) length. Research is also
being conducted on DNA methylation and the epigenetic clock to be used as b-age markers.
In a recent article [10] Belsky et al. discussed a blood-DNA methylation measure to measure
variation in biological aging among individuals born in the same year. Human biological
age can be 10-15 years more or less than the chronological age. Also, the variation of b-age
around c-age is dependent upon c-age, that is, a middle aged (with respect to c-age) human
will have a highest divergence of b-age about c-age as compared to a person at lower ages
or old ages. There is some work done on the concept of biological age, for example, Ries
& Pothing [57], Dubina et al. [19], Jackson et al. [32] and Jylhava et al. [33]. Milevsky
gave a straightforward explanation of biological age in his book “Longevity Insurance for a
Biological Age” [46]. Huang et al. [31] are the pioneers who used the concept of biological
age (b-age) along with the chronological age (c-age) to determine retirement spending rates.

My thesis is an extension of the research initiated by Huang, Milevsky and Salisbury [31].
They used b-age and c-age to determine the optimal retirement spending rates. They came
up with a mathematical stochastic model to measure the biological age at any chronological
age. They used inverted Gompertz law of mortality to get the implied biological age at any
chronological age. That is, the mortality rate of a person is known through his bio-markers.
With these rates as an input, they used Gompertz law to solve for the age and called it
biological age. For a pre-determined retirement age, a deterministic wealth variable, and
no exogenous pension income they solved HJB equation to get optimal spending rates post-
retirement. In their model the retiree is allowed have infinite (both positive and negative)
b-age. I used the similar model and concepts for my thesis but my research aims at determining
the optimal voluntary retirement time as a function of b-age as well as c-age along with the



optimal consumption rates throughout the life of a consumer. Therefore, my model has HJB
equations to be solved for pre-retirement and post-retirement while finding optimal retirement
c-age, b-age and wealth. I also used a more practical finite domain for b-age. My research
work began with a project for determining the voluntary retirement boundary for a rational
consumer who wants to spend optimally throughout his life guided by a deterministic force
of mortality. For the next project, I used biological age as the stochastic source of mortality
and determined the optimal retirement boundary as a function of biological age, consumer’s
wealth and chronological age. For the next project I also incorporated an exogenous pension in
the post-retirement phase of life and determined the optimal retirement boundary dependent
upon b-age, c-age and wealth. The final chapter of my thesis is from the internship I did
at CANNEX Financial Exchanges Limited, Toronto in 2019. For that project I determined
the impact of market value adjustment on cash surrender values for a set a fixed income
annuities.



Chapter 2

Deterministic Mortality Rate

2.1 Problem

In order to keep the focus on determining the optimal voluntary retirement times, I am
beginning with a relatively simpler model and using a minimum number of the factors
affecting wealth and retirement.

Consider a consumer of age x with a stochastic (random) time of death or remaining
lifetime ¢. He is interested in determining the optimal time to retire while maximizing his
expected utility during the course of remaining life. Currently, the consumer is employed and
earning a labor income of $1 annually until retirement. He does not have bequest motives
and there is no pension income stream for his post-retirement life. He is willing to invest only
in risk-free assets earning an instantaneous return r. All this work is done in real inflation
adjusted terms.

2.2 Mathematical Setup

If the time scale, in the unit of years, begins on the day when this consumer turned x
years old, without any loss of generality, I can say that time ¢ = 0 denotes age . I am
considering an infinite time horizon problem, that is, the maximum time a person lives for is
infinite. But for the sake of practicality and numerics of the problem, I am assuming that the
maximum possible time of death is given by some large enough time T representing infinity
(that is, the maximum possible age at the time of death is x + T'). Even though the time
of death is stochastic but the the consumer’s mortality rate or aging is determined by a
deterministic mortality hazard rate A\; at any time ¢ of a cohort of population. I assume that
this deterministic mortality law is given by the famous Gompertz law of mortality, that is,
A = %e(@). The parameters defining this law are, x; is the age at time ¢, m is the modal
value of life in years and b is the dispersion parameter in years [47]. The probability of the
consumer surviving beyond time ¢ is given by

Pric > t] = p(t, Xo) = 1pe = e_fot Aada (2.1)
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Let ¢; be the consumption process at time ¢ and [; be the leisure rate process at time ¢.
Call ¢* the time of voluntary retirement from labor and wy is the customer’s wealth at time
t. Let V(w,l) be the value function defining the objective of the consumer. With current
wealth level wy = w, the consumer wants to maximize the discounted utility of leisure and
consumption while determining an optimal time for voluntary retirement from labor force.
That is: -

V(w,l) = max E [/0 e u(ly, cs)ls<qyds

ct,t*

Wy = W, lo = l] (22)

where p is subjective discount rate. The per period leisure process [; [21] is assumed to be a
piece-wise constant function. A consumer is endowed with a constant [ units of leisure for
retirement.

l, — { l1, pre-retirement time period (2.3)

[, post-retirement time period

where, [ > 1 and without any loss of generality [; is normalized to be equal to 1. In my
thesis, the leisure is not denominated in time (as in usual economics literature), it is a
parameter that says how much enjoyment is there in consuming post-retirement as compared
to pre-retirement. The utility of consumer is described by a Cobb-Douglas utility function
[21]:
1 (call—a)l—'y*

u(c,l) = P — (2.4)
Here a(0 < av < 1) measures the weight of consumption contribution to the consumers utility
per period. v*(7* # land * > 0) is relative risk aversion coefficient of the consumer for two
goods; consumption ¢ and leisure [. For v* > 1, ¢ and [ are substitutes for each other while
for v* < 1 they are complements. Let v =1 — a(1 — +*), then utility takes the form

1—y
) = 100 2 2.5
u(e. ) — (25)
and for any time 0 <t < T,
et
Up=- , pre-retirement
wlep ) =4 ATl P (2.6)
=l — , post- retirement
Define
T
V(t, w, l) = m%XE [/ €_p(s_t)u(ls7 cs)l{s<§}d8 wy = w, )\t = )\7 lt = l] (27)
Ct, * t -
Hence, using Fubini’s theorem
! (e
V(t, w, l) = 12%2( l/t e’ u(ls, CS)E{l{Sgg}} dsl
T
V(t,w,l) = max [/ e Pyl cs)spmds] (2.8)
ct,t* t
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where, E [1{53}} = ¢pz . Then,

t

T
V(t,w,l) = max [/ e’p(s’t)u(ls, Cs)sDzds

wy = W, >\t = )\, lt = l‘| (29)

and

V(t,w,l) = { (2.10)

The utility from using consumption stream ¢, for 0 < s < ¢ and then using optimal behavior
after t is given by

V(t,w);l=1 , post-retirement
Vi(t,w);l =1 | pre-retirement [

t
7, = / e P u(ly, cs)spads + e P ip V (t, wy, 1) (2.11)
0

Therefore, Z; is constant with optimal behavior and decreasing in general. I'll break this
optimization problem into two inter-linked problems: 1. Pre-retirement case (¢ < t*) 2.
Post-retirement case (t > t*)

2.2.1 PRE-RETIREMENT CASE (¢ < t*)
Lets consider the pre-retirement case first. For pre-retirement utility and value, from equation
2.11, T get
t
7, — / e uy (1, ¢4)spads + € Lipa Vi (£, wy) (2.12)
0
Differentiating gives
dZ; = uy(c)e " ippdt — (p+ N)e P ip Vi (t, wy)
+ e e Vig(t, wy)dt 4 Vi (t, wi)dwe} <0 (2.13)
Since Z; is decreasing for a consumption process ¢; and retirement time t*, dZ;, < 0 and this
equals zero for optimal choice of ¢; and t*. The consumer is working and earning an annual

income of 1 unit, therefore his wealth is increasing by (1 4 rw;)dt while he is consuming ¢;dt
in an infinitesimal time period dt. Then wealth dynamics for pre-retirement time period are

dwt = (1 + rwg — Ct>dt (214)
For optimal consumption ¢; and optimal voluntary retirement time ¢*, equations 2.13 and

2.14 give
SUP[U1(Ct)€7pttpxdt —(p+ )\t)efpttval(t, wy)

Ct,t*

+ e P p A Vi (t, we)dt + Vi (8, we) (1 + rwy — ¢)dt}] = 0 (2.15)

and for an optimal choice of t* (imagining there is an optimal ¢* and it’s incorporated into
the following equation) , factoring out e *;p,(# 0 being a product of positive quantities)

sup{ui(¢) — Vi) — (p+ M) Vi + Vi + Vi,(1 4+ rwy) =0 (2.16)

My aim is to find the optimal t* numerically and use the convex dual of the utility to work
out the optimization of 2.16 over ¢;.



Optimization over ¢;

Consider the convex dual of u;(z) [58]
1 (y) = sup{ui(z) — zy} (2.17)

for uy(z) = "”‘11_7 Call, ¢ = ui(x) — zy. Differentiating ¢ w.r.t x, setting the derivative equal

to zero yields = y~7,4 = L. Hence, the supremum is
y y A= p

The optimal pre-retirement consumption ¢ = (Vi,,)~7 and optimization over ¢; develops as
Vi, )
=3

Equations 2.16 and 2.18 give the PDE (Hamilton Jacobi equation) for Vi (¢, w);t < t*

sgtp{ul(ct) —cVip} = (Vi) = (2.18)

1-%
Vi

—0 (2.19)

I am considering the consumer’s wealth to stay within the domain 0 < w < W, where W is
some large enough wealth adjusted using numerical observations of the results.
Boundary Conditions

t = t* is the moving boundary which is the (deterministic) optimal time of retirement to be
determined numerically. t* being optimal stopping time, the value matching property holds
along the boundary, that is, Vi (t*,w) = V(t*,w,[). I am assuming that at very large wealth
W the individual will prefer retirement from work at all ages, hence, Vi(t, W) = V (¢, W, 1),
where V (t,w,[)Vt is the post-retirement value of the consumer. Also, at maximum possible
time I am forcing the consumer to retire, that is, V; (T, w) = V(T,w,1),

2.2.2 POST-RETIREMENT CASE (t > t*)

For the post-retirement case utility u(c;,l;) = u(c;, [) and the value is V (¢, wy, l;) = V (¢, wy, [).
Therefore the lifetime utility from 2.11 takes the form

t _ _
/ e_psﬂ(csa ls)spxds + e_pttpacv(ta Wy, l) (220)
0
Differentiating gives
U(cr, e " pedt — (p+ A)e PpV (E, we, 1)
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-+ efpttpx{vt(t, Wy, Z)dt -+ VU,(t, Wy, Z)dwt} S 0 (221)

and this is equal to zero for the optimal choice of ¢; and t*, where (cy,[) = 1(1—(%)(1—7*)%‘

I am assuming there is no pension income, hence the retiree can only consume from his
pre-retirement savings which is earning an annual interest rate r. Therefore the wealth
dynamics for post-retirement are

dw; = (rwy — ¢)dt (2.22)
Substituting for the wealth dynamics give

sup[u(cy, [)e " ipadt — (p+ N)e " ip.V (t, wy, 1)

ct,t*

+ efpttpx{vt (t, Wy, Z)dt + Vw (t, Wy, Z) (T’U)t - Ct)dt}] =0 (223)

As in the pre-retirement case, imagine the optimal choice of ¢* is incorporated into the
following equation. Factoring out e *;p, gives

sup{a(c, 1) — eVt w, )} — (p+ M)V (Ewi, 1) + Vi + pwiV, =0 (2.24)

Ct

Once again, I'll work out the above equation’s optimization over ¢; via a convex dual and
later find the optimal ¢* numerically.

Optimization over ¢;

Consider the convex dual [58] of u(z, 1)
u(y, 1) = sup{u(z,l) — vy} (2.25)

Consider ¢ = u(x,l) — 2y = JiLme)i=) ””11_? — xy. Differentiating ¢ with respect to x and

setting the derivative equal to zero yields

JA-0=1), g
_ a1y

2 = A,
:C* — Z"(l_a)(l_’}/*)yfﬁ/ (226)
where, ¥ = % Using this optimal z* in u(y, )

J(-a)(1=7%)

) = e

-7
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AL (l-a)(1-vs);  (1—a)(1—ys)
A(1—a)(1—y*) _z7r 35— (1—a)(1—x* F(1—a)(1—y*) _x
[l y [yl | =1 y Ty

L=y
ﬂ“a’“”*)y(”)[l_lv )
_ _pumeu—m g7 (2.27)
L=y
Thus, optimization over ¢; develops as
sgp{ﬂ(ct, 1) =Vt =u(Vy,l) (2.28)
and the optimal choice of ¢; is
¢t = Zi(lfa)(lfv*)vw—? (2.29)
Equations 2.24 and 2.28 gives the PDE (HJ equation) for V (¢, w,[);t > t*
7V(1=a)(1—7%)
Vi—(p+ MV +ruVy— — 7V, =0 (2.30)

L=7

Due to the absence of labor income, a natural scaling relation for V (¢, w,[) exists for some
scalar k

(2.31)

where F(t, 1) is the scaled post-retirement value function with a dimension less than original
V(t,w,l). This gives

Since [ is a constant, call F(t,]) = F(t) and B = 7007 g4 9,30 takes the form

B - w7 w7

rwFw™? — ——F" '™ 4 —(p+\)F =0
1—7 1—7 1—7

Factoring out w!~?

B4 5 ' F

F+—F7 = A =0
r +1_’7 —|—1_7 (p+ t)l—’y

12



F'+r(1—~)F+ ByF'"7 — pF — \\F =0

Call F(t)7 = f(t) and its derivative is ‘fi—f =~F l’ﬁ%. This reduces the above equation to
15 df 15
T A r(L =) = (p+ MF + BT =0
If v > 1and F(t,1) # 0, I can factor out yF'~7 and the ODE
df

o Tl =) =(p+A)]f+B=0

Boundary Conditions

At infinite time the hazard rate is so high the consumer might die tomorrow. So he’ll consume
at a very large rate. For v > 1 the utility u(c) — 0 which brings down the value function
to zero at infinite time: V(T,w,l) = 0,0 < w < W. This boundary condition results in
F(T) =0 and eventually f(t) = 0.

Hence the dimension for post-retirement value function is reduced to give a first order
non-linear ODE

U A=)~ (p+ A+ B=0
f(T)=0 (2.32)

with value V (¢, w) = f(t)'y% and consumption ¢*(t) = B(fTw™")"Y" = Bf lw;t > 7

2.3 Numerical Scheme

Remember that the labor income of a consumer is 1 unit annually. I am using a wealth scale
with units of labor income. That means w = 5 is basically 5 times the annual labor income.

I used a Matlab routine ODE 45 [1] to solve the ordinary differential equation 2.32 over
the time domain 0 < ¢ < T and got the post-retirement value function 2.31.

1—
ww( 7)

O<w<W 2.33
——0<us (2.33)

V(t7w7 l) = [f(t)]

For the pre-retirement partial differential equation 2.19 I used an upwind explicit finite-
difference scheme. In order to capture the behavior of the value function for small values
of wealth 0 < w; < 1, a log-transform of wealth variable is used. Call y = Inw which gives
w=e0<w<1andV, =e¥V,;—00 <y < 0. Hence the PDE in the actual wealth
domain and the transformed domain is given by:

efy(lf:y)‘/l_:/
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Vi, 7
1 =%

Unless mentioned, I assumed p = r, a large wealth W = 30 and a maximum calendar age
120 giving T' = 120 — x. For the sake of numerical stability of the scheme, I also assumed
that the consumer is forced to retire when he reaches the age of 7 = 110, provided he is
alive and not retired by that time. This restriction is applied in order to avoid stability
issues arising for extremely small wealth levels when a consumer wishes to work until the
last possible time of death. Also, it is assumed that once a person retires, he can not go
back to work and has to spend his retirement life solely on retirement savings. Consider the
numerical grids (¢;,v;),0 <t <T,Y1 <y; <0 and (¢t;,w;),0 <t; <T,1 <w, <W . Here
Y1 represents a small wealth level close to w = 0. Let At, Ay and Aw be the time step-size,
log-wealth step-size and the wealth step-size, respectively. N, M and M, be the total number
of time nodes, total log-wealth nodes and total wealth nodes, respectively. Then t; = 1At, i =
N,N—-1,..,0,y; =Y1+jAy, j=0,1,...,. M and wy =1 + kAw, k£ =0,1, ..., M,, where
to=0,t, =T, yo=Y1l,yy = 1L,wy =1 and wy, = W. Let i = N, denotes the time
grid point for the forced retirement time ¢t = 7 — x. Denote V (;,y,) = V;-, V(ts, wy) =V,
Vi(ti, y;) = v} and Vi(ts, wy) = v}

Vie—(p+2)Vi+ (1 +rw)Vyy, — =01<w<W (2.34)

Let, i
g = e b= )
and Vo1
=1 g, — D (i)

1 =7
The backward finite difference for the time derivative and the upwind finite difference for the
log-wealth derivative at (¢;41,y;) is:

i+1 i
v — v
Vi (t; ,):g
t\li+1, Y
(tes,9y dt
i+1 i+1
vy Bitt >0
Vi, (t; V=1 Y, A
1y\lit1, Y5 v;+1_yz_+1

Jj—1 i+1
dy 75]‘ S 0

Also, the backward finite difference for the time derivative and the upwind finite difference
for the wealth derivative at (t;,1,wy) is:

vt — i
Vi (tisn, wy) = “k "k
1¢(tiv1, wy) o
i+l il
Yet+1 Yk i+l 0
y Mk =
Violtasn 00 =4 im0
dw » Mk S 0
Then for i = Ny — 1,...,0,7=0,1,.... M and k=0,1,...., M, — 1

. 1 .
[ —
A +dt(r+X) E
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Al ik el L i =1

2 dy 2 dy
i i+1
T dt(r + v lv’“
C i1y | git| Uzill it .\ L | gL ikl it 2.35)
2 dw 2 dw '

Vi, = Viww;‘v’i, retire if the consumer has large wealth W.
vl = Vé, V4, Value matching holds at ¢ = t*

V), = VZ, Vk, Value matching holds at ¢t = t*

v = 7;,Vj,i > N,et, consumer is forced to retire at 7

i . . .
v, =V, Vk, i > N, consumer is forced to retire at 7

2.35 along with the boundary conditions solve PDE 2.34.
The lifetime optimal consumption for all wealth levels Y1 <y; <0, 1 <w, < W at all
time nodes 0 < t; < T is calculated as follows:

B(e v ”;'fld_”;‘ﬂ)*:y b >t
C(ti, yj) = Ui.+17vz_:[!|>1 5
(e Hldy =) S < T

U?—;-llivli:ﬁl )—’y tz > t*
c(tiv wk) = it1 7dzu«)+1 ~ T (2.36)
GRS <
w )

Model vs Numerics (done in Matlab) c(t;, w;),0 < t; < T,0 < w; < W is one matrix
combined for log-wealth grid as well as the wealth grid.

2.4 Wealth Dynamics

Now I am trying to see how does the wealth of a 30 years old consumer evolve over the course
of his lifetime given he has wy wealth in hand at ¢ = 0 and his optimal consumption is c;
and retirement time is t* as found above. Once again the assumptions are intact that he
is not allowed to borrow any money and he can only invest in risk-free assets earning an
instantaneous interest rate r. There is no pension stream and he doesn’t have any bequest
motives. Consider the post-retirement and pre-retirement wealth dynamics:

d
d—qf =14rw(t) —c(t);t <t
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dt
Or,
dw *
= = L+ rw(t) —c(t);t <t
Cf;: =rw(t) — Bf *(tw(t);t > t*

Using the same time grid and wealth grid, discretizing the wealth ODEs using forward
difference in wealth give

T 1wy — oty wi)ity <t
dt
B () - B (f)wist 2 ¢

where 0 < t; < T and w; = w(t;). Simplification gives

1
Wiyl = dt[l"‘ <T+ dt)wz —c(ti,wi) it < t*
1 —1 *
Wiy = widt T+%—Bf (t:)|sti >t

(2.37)

with w(tg) = wy. Beginning at t, and solving forwards in time gives the wealth dynamics of
the consumer.

2.5 Algorithm

The algorithm to solve the problem with deterministic mortality is as follows:

1. Form the numerical grids (¢;,v;),0 <t;, <T,Y1 <y; <0 and (t;,w;),0 <t; <T,1<
wy < W.

2. Solve Post-retirement ODE given by 2.32 on the formed numerical grid using Mat-
lab routine ODE45 [1] and save the post-retirement value function V(t;, ;) = V7,

V(ts, wy) = V.

3. Beginningat i = N, —1 and j = 1, solve the pre-retirement value function Vi (t;, y;) = vé

at each grid point (;, ;) using numerical scheme 2.35. Check for max (v, V) and replace
existing v;'» by the maximum. Go through all the log-wealth steps j =2,3,.... M — 1
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4. For the same time step, beginning at k& = 1 solve the pre-retirement value function
Vi(t;, wy) = v at each grid point (t;,wy) using numerical scheme 2.35. Check for
max(vi, V) and replace existing vi, with the maximum. Go through all the wealth
steps k=1,2,.... M, — 1

5. Walk through the grid backwards in time while solving for each log-wealth grid points
and then for wealth grid points for every time step.

6. For each time step, tag the log-wealth steps and the wealth steps where max(vj-,Vf)
and max (v, ;) changes, for the first time, from V7 to v! and V¥ to v, respectively.
These tagged time and wealth grid points give a plot for ¢t* the optimal time to retire

as a function of optimal wealth levels.

7. Once, vf and v} have been evaluated for all gird points 0 < ¢; < T,Y1 < y; < 0 and
0<t; <T1<w, <W they give the value function for the entire life time of the
consumer.

8. Calculate optimal consumption for all wealth levels Y1 <y; <0, 1 <w, < W at each
time step 0 < t; < T according to equations 2.36.

9. Now calculate wealth dynamics of the consumer with wealth wy at time ¢t = 0 using
forward difference scheme given in 3.40. Begin at tq = 0, solve forwards in time. For
each set of (¢;,w(t;)) find the consumption from ¢(t;, w;) matrix or f(t;) depending
upon if ¢; belongs to the pre-retirement phase or post-retirement phase of life.

2.6 Numerical Results

For all numerical results the parameter values used are r = 2.5%,p = r,a = 0.5,] =
6.49,0 = 9.44,m = 88.82 and v = 2, unless mentioned. I am using the grid sizes of
dt = 0.0005,dw = 0.01,dy = 0.01. The computations took around 48 hours at this fine
grid size. Qualitative as well as quantitative results stayed the same if I changed the grid
sizes to dt = 0.001,dw = 0.02,dy = 0.02. Except for 2.1, all figures are plotted at the
dt = 0.001, dw = 0.02, dy = 0.02 grid sizes.
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10 Optimal Retirement Boundary
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Wealth
[6;]
T

30 40 50 60 70 80 90 100 110
Age

Figure 2.1: Optimal Retirement Boundary.
Assuming v =2, r =25%,p=7r, a =0.5,1 = 6.49,b = 9.44, m = 88.82,7 = 110

Figure 2.1 plots the optimal retirement boundary, as a function of age and wealth level.
For any age level it gives the optimal wealth required to retire from the labor force. The
portion above this boundary is the post-retirement region and below is the pre-retirement
region. A consumer in the pre-retirement region, will retire as soon as he hits the boundary.
Notice that, the wealth to be accumulated for retirement decreases as the consumer pushes
retirement forward in time. A consumer age x can retire right away if he has a wealth level
of $9.89 or more. People with wealth levels below $0.53 are willing to work till the maximum
possible age. They give more utility to the pre-retirement stage of life and are forced to retire
at age 110.
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Optimal Retirement Boundary for different Risk Aversions
T

8 T T T T

T T

30 40 50 60 70 80 90 100
age

Figure 2.2: Optimal retirement age and wealth for varying risk aversion.

v =2 assumes a = 0.2, =6
v =5 assumes o = 0.5,7* =9
BY=56x10"*r=25%,p=r,1=6.49,b=9.44,m = 88.82,7 = 110
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” Optimal Retirement Boundary for Varying B”
T T T T T

22 B7=0.33 |

30 40 50 60 70 80 90 100 110
age

Figure 2.3: Optimal retirement age and wealth for varying B7.
B7 =0.33 assumes a = 0.5,7* = 3

B7 =0.01 assumes a = 0.2,7* =6
v=2,r=25%,p=r,1=3,b=29.44,m = 88.82,7 = 110

In Figure 2.2 T did a comparison of the attitude of two consumers with different risk
aversions vy while holding B constant at 5.6 x 10~%. The parameter B controls the shift
in marginal utility of consumption as the consumer enters retirement. As age increases,
individuals require less wealth to be able to retire, the decrease is smaller (more gradual)
for less risk-averse individuals as they are more averse to the risk associated with a longer
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life-span. Higher risk aversion shifts the retirement wealth threshold upwards. More risk-
averse individuals, having greater fear of living longer, require more wealth to optimally
retire. Figure 2.3 does a comparison of retirement wealth thresholds as a function of age
for different levels of the BY parameter while keeping v = 2. From equation 2.6 B” is the
ratio of pre-retirement to post-retirement utility. As B” reduces, indicating more dis-utility
of labor, the retirement wealth decreases. A consumer with lower B” cares more about the
post-retirement leisure and wants to retire earlier with lower wealth levels.

12

Optimal Retirement Boundary for different Interest Rates
T T T T T

r=1%

r=2.5%
r=3%

10 0
r=4%

r=5%

wealth

30 40 50 60 70 80 90 100 110
age

Figure 2.4: Optimal retirement age and wealth for different values of annual risk free rate.
Assuming v = 2,p = 2.5%, a = 0.5,1 = 6.49,b = 9.44, m = 88.82, 7 = 110
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Figure 2.4 shows the effect of the interest rate r» on the behavior of optimal retirement.
With increasing interest rate the retirement boundary shift downwards. With higher interest
rates, the need to accumulate more wealth to sustain post-retirement consumption decreases,
because in the post-retirement phase the retirement savings will earn higher interest rates.

Wealth dynamics for for initial wealth at age 30 dt=0.0005, dw=0.01, dy=0.01
T T T T T T T

14 + W, 0.1 B
w, 0.2
W, 0.4
12 w, 0.5 .
W, 0.6
w, 0.8
0 -
10 o w, 1.0
w, 2.0
= 8 W, 5.0 |
8 W, 8.0
=
w, 10.0
-
6 ‘\\ W, 12.0 B
\b\\\\. WO 150
N
4k \\\ mm———— optimal boundary | |
S,
.
)
2F . i
0 T i ; ™
30 40 50 60 70 80 90 100 110

age

Figure 2.5: Wealth dynamics for different wealth levels at age 30.
Assuming r = 2.5%,p=r, vy =2, =0.5,1 = 6.49,b = 9.44, m = 88.82,7 = 110
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Wealth dynamics for initial wealth at age 30 dt=0.0005, dw=0.01, dy=0.01
T T T T T T T
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110

Figure 2.6: Wealth dynamics for smaller wealth levels at age 30.
Assuming r = 2.5%, p=r, v =2, =0.5,1 = 6.49,b = 9.44, m = 88.82,7 = 110

Figures 2.5 and 2.6 plot the wealth dynamics of consumers aged 30 who are sitting at
different levels of their current savings. As long as the consumer is not retired and his
wealth-age combination is below the optimal retirement boundary, their wealth follows the
pre-retirement dynamics which takes into consideration the labor income. Once they retire,
their wealth evolves as per the post-retirement dynamics. If they are above the optimal
boundary at age 30, they will not enter the labor force ever. They have enough money saved
to spend all their life enjoying the post-retirement life. Note that between age 95 and 105, all
consumers have completely exhausted their savings and need some external money source (for
example pension income) for survival. I also noticed an interesting non-uniqueness behavior
in wealth curves. Figure 2.6 shows this behavior more clearly where the wealth dynamics
are plotted for initial wealth between w = 0.4 and w = 0.6. Starting with wealth at age
30 above a certain wealth level (approximately around wealth =0.5, I call it @), there is a
unique optimal strategy. It involves saving till the consumer reaches the optimal retirement
curve, and then retiring. For age-30 wealth below w, there is a unique optimal strategy that
involves slowly spending money over time, but never retiring. At age-30 wealth level w the
wealth curve is a non-uniqueness curve shown and explained in Figure 2.7. For this wealth

23



level, there are multiple optimal strategies, all of which give the same utility.

0 Wealth dynamics: dt=0.0005, dw=0.01, dy=0.01
T T T T T

retirement age 30
retirement age 35
retirement age 40
retirement age 45
retirement age 50
retirement age 55
retirement age 60
retirement age 65
retirement age 67
retirement age 70
retirement age 75
retirement age 80
retirement age 85
retirement age 90
retirement age 95
retirement age 100
retirement age 105
retirement age 109
——— optimal boundary

wealth

age

Figure 2.7: Wealth dynamics for different retirement ages.
Assuming r = 2.5%, p=r, v =2, =0.5,1 = 6.49,b = 9.44, m = 88.82,7 = 110

For figure 2.7 1 picked a range of retirement ages between age 30 to age 110. For each
retirement age I marked the optimal retirement wealth level. Then using that age and wealth
level as an initial condition I solved the forward wealth dynamics and using the same age
and wealth pair as a final condition I solved the backwards wealth dynamics. This exercise
was done to study the non-uniqueness behavior shown in figures 2.5 and 2.6. All forward
curves are a scalar multiple of each other because the post-retirement value function involves
wealth scaling. On the other hand, all the backward wealth curves coalesced to form the a
special curve (call it the uncommitted curve, shown in magenta color) for wealth, along which
consumers aren’t committed to retire or not retire. But if wealth moves above it, optimal
behavior will be to eventually retire. And if wealth moves below it, optimal behavior will be to
never retire. At every point on the uncommitted curve the consumer has a choice of whether
to stay on the curve, to move up, or to move down, with all three choices producing the same
utility. A consumer beginning with wealth @ at age 30 has multiple optimal strategies. Each
one consists of following the uncommitted curve (the magenta curve) for some period of time
and then either moving upwards towards the retirement curve or downwards on the path
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where retirement is not an option (for example, all the curves for age 30 wealth 0.5 and less,
shown in figures 2.5 and 2.6) .

In other words, I have found three regions. Above the blue optimal boundary, optimal
behavior is to retire right away. Between the blue curve and the magenta curve, optimal
behavior is to save with the intention of retiring. Below the magenta uncommitted curve,
optimal behavior is to plan consumption around never retiring. For each point on the magenta

curve I can decide to go up, to go down, or to stay on the magenta curve till later. All three
choices give the same utility.

Consumption: dt=0.001, dw=0.02, dy=0.02

18

116

114

consumption

10
Age 0 Wealth

Figure 2.8: Optimal Consumption Surface.
Assuming r = 2.5%,p=r, v =2, =0.5,1 = 6.49,b = 9.44, m = 88.82,7 = 110

Figure 2.8 shows the life time optimal consumption surface of a consumer as a function of
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age and wealth.

2.6.1 Efforts to Calibrate [

There are some interesting numbers for retirement savings and age in an article How much
do I need to save for retirement? [29] at Fidelity.com. It shows approximately how much
a person needs to save (in terms of his starting salary), if he is 30 years old now, wants to
retire at age 67 and aims to maintain his current lifestyle. Table 2.1 exhibit these values.

10

wealth
o
T

1 Callibration: dt=0.0005, dw=0.01, dy=0.01

Ibar=6.20
Ibar=6.21
Ibar=6.22
Ibar=6.23
Ibar=6.24
Ibar=6.25
Ibar=6.26
Ibar=6.27
Ibar=6.28
Ibar=6.29
Ibar=6.30
Ibar=6.31
Ibar=6.32
Ibar=6.33
Ibar=6.34
Ibar=6.35
Ibar=6.36
Ibar=6.37
Ibar=6.38
Ibar=6.39
Ibar=6.40

% Fidelity Numbers

Figure 2.9: Comparison between Fidelity numbers and my Optimal Wealth Dynamics.
Assuming r = 2.5%,p=7r, vy =2, =0.5,b = 9.44,m = 88.82, 7 = 110

I tried using these numbers to find the value of [ in my model by calibrating Fidelity’s
retirement savings curve to the optimal wealth dynamics. Using the Fidelity number w = 1
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at age 30 (t = 0), I solved the optimal wealth dynamics forward in time until age 67. From
figure 2.9 I can see that there is a slight agreement between Fidelity numbers and my numbers
between ages 30 and 55 for values of [ between 6.26 and 6.40 but this agreement is not quite
encouraging. After age 55, clearly the wealth dynamics changed to post-retirement but as
per Fidelity number the consumer retires at age 67. I also tried working on Mean squared
Error (MSE) between the Fidelity numbers and my wealth dynamics numbers. There are 8
sample points from the Fidelity article, see Table 2.1. Then MSE = 1335 | (Y; — Y;)?, where

Age || Wealth

30 1
35
40
45
20
95
60
67

0 3 O = W N

—_
(@]

Table 2.1: Fidelity numbers [29] for retirement age and savings to retire at age 67 with wealth
10x the current annual income.

Y; are the wealth numbers from table 2.1 and }A/Z are wealth numbers from my optimal model
for corresponding ages. Table 2.2 depicts the MSE calculated for varying values of I. The
sudden jump in MSE for [ = 6.24 and [ = 6.25 is due to the non-uniqueness behavior of
wealth dynamics discussed in Figure 2.7. I can notice that for all values of [ MSE is quite
high being away from 0. The values of [ between 6.25 and 6.5 seems a better fit with lower
MSE numbers as compared to rest of the [ values tested. That means the Fidelity model is
not a good fit for my model to calibrate for [. Possible reasons could be the simplicity of my
model, while the Fidelity model takes into consideration a lot of factors related to retirement.
I'll get back to calibration for [ in my model with pension involved.
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MSE MSE

31.4649 || 6.31 || 2.5926
31.4649 || 6.32 || 2.6024
31.4649 || 6.33 || 2.6164
31.4643 || 6.34 || 2.6333
6.1 || 31.4597 || 6.35 | 2.6524
6.2 || 31.4170 || 6.36 | 2.6638
6.21 || 31.4036 | 6.37 || 2.6723
6.22 || 31.3811 || 6.38 || 2.6807
6.23 || 31.3551 || 6.39 || 2.6888
6.24 || 31.2878 | 6.4 | 2.7077
6.25 || 2.6944 | 6.5 | 2.8150
6.26 | 2.5315 || 6.6 | 2.9414
6.27 || 2.5348 || 6.7 | 3.0736
6.28 || 2.5391 6.8 | 3.2009
6.29 || 2.55641 6.9 | 3.3437
6.3 || 2.5733 7 3.4903

S O = W =~

Table 2.2: MSE for varying [.
Assuming r = 2.5%, p=r, v =2,a =0.5,0b=9.44,m = 88.82,7 = 110
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Chapter 3

Stochastic Mortality Rate

3.1 Problem

Unlike deterministic mortality where the survival probabilities are known in advance at all
times, in stochastic mortality I do not know in advance how the survival probability will
evolve over time. At time 0 I only have an expectation of the survival probability at any future
time. My assumption is that, even though the force of mortality will grow stochastically,
one can accurately measure an individual’s current mortality rate. That is, the stochastic
mortality rates are random but observable. Now, these rates are tied to probabilities and
people find it easier to understand mortality in terms of time or age than probability. Hence,
phrasing these mortality rates in terms of an age make things easier to understand. Huang et
al. [31] used the concept of biological age for the first time in LCM setting. This paper has a
very detailed explanation about the b-age process. For this project I am using two types of
ages associated to a consumer.
C-age: the calendar age measured from the time of birth.
B-age: the biological age. It is the true age based on the health status of the consumer. It
can be measured using different bio-markers and can be 10-15 years more or less than the
calendar age.

Now, consider a consumer with chronological age (C-age) k; and biological age (B-age)
Ay at time t. Time t;0 < t < oo is measured from current C-age x. It’s an infinite time
horizon problem. Assume that the consumer invested all his wealth at a risk-free rate r with
no bequest motives. He is interested in determining the optimal B-age a* and wealth w* to
retire at an optimal calendar age k;« (where, t* is the time when the consumer reaches c-age
k) while having an optimal consumption plan for his entire lifetime.
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3.2 Mathematical Setup

I assume the classical Gompertz law of mortality based on biological age A; (following Huang
et al. [31]) hence making the mortality hazard rates Ay = A(A;) stochastic in nature. Here

(3.1)

Note that A(a) is a real function but )\ is a stochastic process. (m,b) are found using pinned
down hazard rates A and Ay at b-ages 60 and x7. T is a time beyond which aging ceases and
the mortality plateaus [6]. Huang et al. [31] used A = 0.005 and Ay = 1. The assumption
Ar = 1 implies that after age k7 the consumer stops aging and from now onwards his life
expectancy is one year. From the hazard rate equation 3.1

60—m

1
0.005 = Ee b

1 Kp—m
1= e v
b6

Solving these equations simultaneously results in

IiT—6O

= TN = 60 — blog(0.005b
log(1/0.005)" """ 09(0-0050)

Huang et al. [31] assumed that at any time ¢, C-age k; can be written as r; = ko + t for kg
typically equal to  and the biological age is A; = k; + Y; for t <T'. Y, or A; is a stochastic
process called generalized Brownian Bridge. For £ = o0 = 1, Y; is the Brownian Bridge process
with the property that end points Yy and Y both are 0. That is, the process begins at 0 at
t = 0 and reverts back to 0 at time ¢t = T'. I have,

Y,
dY; = —¢ - ~dt + 0dB, (3.2)

where, o is the volatility of the process and £ is a mean reversion parameter and B; is the
standard Brownian motion. Since, c-age k; is deterministic dx; = dt, therefore,

ke — Ay

The most important concept of my thesis is the filtration. ¢4, = o{)\,|¢ < t} is a filtration
which contains all information about an individual’s hazard rate until time ¢ except for the
stochastic time of death ¢. Consumption and leisure are adapted to this filtration. The point
is that I want to base the filtration on something which I can observe, that is, the individual’s
hazard rate and then adjust the leisure and consumption according to those hazard rates. For
deterministic mortality an individual’s mortality rate is still stochastic, but the Gompertz law
is giving population hazard rates which are known and used for the individual. For stochastic
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mortality an individual’s hazard rates are observable being based on biological age. Hence, it
makes sense to consider the consumption ¢; and leisure processes [; adapted to this filtration.
By the definition of hazard rate, the survival probability is

E |:1{5§§}| g5:| = P(§ > S|gs) = 67 fos)\qdq (34)
Recall from chapter 2 and section 2.2., the deterministic leisure process [; is given by 2.3.

- [y, pre-retirement time period
b [, post-retirement time period

It is adapted to the filtration %;. Once again I am working in Cobb-Douglas utility framework
given by 2.5 and 2.6.

v g
-

ul—cl’é7 , pre-retirement
(Ct7 lt) — 7 X
, post- retirement
A consumer with current wealth wy = w and current b-age Ay = a (at ¢ = 0), wants to

maximize his expected life time utility of leisure and consumption while determining the
optimal stopping time t* to retire from the labor force. Then,

V(w,l,a) = max E [ [Tl )L ds

Cs,t* 0

wy =w, Ay = a} (3.5)
Using Fubini’s theorem gives

V(w,l,a) = max/ E €_pSU(ZSaCs)1{8S<}] ds

Cs,t

Cs,t

= max/ E E{ePSU(ls,Cs)l{sgc}

= max/ E e_psu(ls,cs)E{l{sgg}

(3.6)
Hence,
V(w,l,a) = max F [/ e fos(pJ”\q)dqu(lS, cs)ds] (3.7)
Cs, 0
Define
V(t,w,l,a) = m%;:(E [/ e fts(p+’\Q)dqu(ls, cs)ds|Ay = a,wy = w, l; = l] (3.8)
Cs, t

Consider the expected value of maximal total benefit given all information up-till time ‘¢’

‘

Z,=E l / e Joleaday 1y
0
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t s o0 s
= / e fo(p+’\Q)dqu(l3, cs)ds + E [/ e fo(p+’\Q)dqu(ls, cs)ds
0 ¢

“
where the integral from 0 to t is ¢,-measurable. Thus, using 3.8, Z; takes the form:
t s t
Zy = / e fo(p+’\q)dqu(ls, cs)ds + e fo(p+’\q)qu(t, wy, 1, Ay) (3.9)
0

It is a martingale for optimal choice of controls ¢, and t*. A similar argument shows that
it is a super martingale for sub-optimal choice of control variables. As discussed in the
deterministic mortality chapter 2 and section 2.2, I'll divide the problem into pre-retirement
case and post-retirement case.

3.2.1 PRE-RETIREMENT (¢ < t*)

For the pre-retirement period I am considering leisure [; = [; = 1 (normalized), utility of
1—
consumption u(ey, ly) = ui(c) = C{fﬂ:,y # 1 and the pre-retirement value V(t,w,l,a) =

Vi(t,w,l,a). Then for an optimal choice of consumption ¢; and time to retire ¢*

t

t S
Zy = / e_ﬁ(p“q)dqul(cs)ds + e_fo(er)“I)dq‘/l(t, wy, At) (3.10)
0
Applying Ito’s lemma to Z;
dZ, =e~ fJ(P“q”‘l( —(p+ M)+ o) Vi(t, wy, Ap)dt+

e fO(P'F)‘q)quu(t, wy, A)dt + e~ fO(p+AQ)qu1(Ct)dt+

t t 1
e~ fO(P+Aq)dQWwdwt + e fo(PJr)\q)dq <‘/1adAt —+ 2‘/1aadAt-dAt>

and factoring out e~ Jip+2a)da gives
s 1
dZ, = e~ Je el (c)dt — (p+ A(A))WVidt + Vigdt + Vigdw, + Vigd A, + 2V1aadAt.dAt]

Since assumption for the consumer’s investment and consumption stays the same as in
deterministic mortality case; chapter 2 and section 2.2, the wealth dynamics for pre-retirement
are given by 2.14.

dw; = (1 + rwy — ¢;)dt

Using dynamics of B-age from 3.3 gives
dZ, = e~ 09|y () dt — (p+ MA))Vidt + Vigdt + Vi (1 + rw, — ¢)dt-+
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— A,

K
Vial(1+€—

1
)dt -+ O'dBt] + 2‘/1aa0-2dt‘|

fort < T. Z; is a martingale for optimal choice of ¢; and ¢*, therefore, the Z; process shouldn’t
have any drift for this choice of controls. For sub-optimal choice of controls dZ; < 0, that is,
Z, is a super martingale. In the continuation region ¢t < t*, I have

sup [u3() = (p 4+ A@)Vi + Vi + (L4 1w — o)V, |+

Kt — Q o
1 — = A1
+K +£T_t>]vla+zvm 0 (3.11)

when t < T. For optimization over ¢, consider the convex dual of u;(c)

1-%
Viw

L=

1(Viw) = supfun(¢) — eV} = - (3.12)

The details about finding this convex dual has been discussed in chapter 2 and section 2.2.1,
equations 2.17 and 2.18.

Using equation 3.12 in equation 3.11 results in the Hamilton Jacobi Bellman equation for
Vi(t,w,a);0 <t <t and t < T:

2

Vi =7 —
- R

V1t+(1+7’w)V1w— 1_5/

— (p+ Ma))Vi + Kl +¢

Free Boundary 7(t*, w*,a*)

Variables we don’t control usually require smooth pasting. At the free boundary smooth
pasting holds for the stochastic variable a. Vi,(t,w,a*) = V,(t,w,a*). Also, value matching
must hold, that is, post-retirement value is equal to the pre-retirement value. Vi (t*, w*, a*) =

V(t*,w*, a*). This boundary will be determined numerically.

Boundary Condition at large Wealth W

Consider the wealth domain 0 < w < W for a large enough maximum wealth W. I am
assuming that at a very large wealth W, the consumer will have enough money to live a

happy retired life so he will prefer to retire Vi (¢, W,a) = V(t, W, a).

Boundary Conditions for b-age

Let’s consider the domain discussed in the article by Huang et al. [31] for b-age —o0 < a < o0.
It is an infinite domain. @ = —oo depicts that that a person can be in an infinite healthy state
and a = +o0o simply means a human can live to an infinite b-age. A very large hazard rate at
a = oo would kill the consumer, so an obvious choice of boundary condition is Vi (¢, w, c0) = 0.
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For a = —o0, consumer is in extreme good health, so hazard rate A(a) = 0 and V; does not
depend upon a. Hence, a simpler PDE has to be solved
Vi
Vvlt_p‘/l"i_(l—i_?aw)‘/lw_lw_i;y:o
with the boundary conditions
Vi(t*,w) = V(t*,w, —o0) that is, the consumer should retire when ¢ = ¢*

Vi(t, W) =V (t*, W, —o00) that is, the consumer will prefer to retire at large wealth W.

where, V (t,w,a) is post-retirement value function.
New set of Boundary Conditions for B-Age:
In reality a person cannot live for an infinite time and by no-means can be younger than
when he was born, that is age 0. Keeping this in mind I changed the domain of A; from
—w<a<4otold<a<kyp.

At a = 0, I applied homogeneous Neumann condition, that is, whenever Vi (¢, w, a) hits
this boundary it reflects back; V;,(t,w,0) = 0.

I make a = kr an absorbing boundary. So, once a person reaches maximum b-age, he’ll
have Vj, = 0 = Vi,,, Vi; = 0. Hence, the value at this boundary is the solution to ODE
3.14 discussed below under Boundary Condition at t ='I'. Therefore, at maximum b-age kr,

Vi(t,w, kr) = Vp(w).

Boundary Condition at ¢t =T

At time T' I am assuming that person hits maximum b-age. Hence, the pinned down mortality
Ar = 1 makes the person stop aging with a life expectancy of exactly one year. Thus,
Vieg =0 = Vi, Also, at time T, if we look at two different times ¢; > T and ¢, > T, their
maximization problems are the same, that is, both the problem and the dynamics become
time homogeneous. So they have the same solution, which will not depend on t. Therefore,
the problem is time-invariant, so Vi; = 0. Let’s call Vi(T', w, a) = Vp(w). Therefore a suitable
boundary condition at 7" is to solve a simpler ODE for Vi (w) obtained from 3.13 by setting
Vie=0=Vig, Vi, =0and \a) = A .
1-%
(1+7°w>693_1i,~y(€3> —(p+M)Vr=0,0<w<W
Vr(W) = V(W) (3.14)

V(W) is the post-retirement value at large wealth w = W and time ¢ = T.

The pre-retirement boundary condition at 7' is exactly the same as in chapter 4 section
4.2.2: Boundary condition att =T. 1 will discuss this problem in great detail there. The only
difference is notation. In section 4.2.2 the post-retirement value is VF and the pre-retirement
value is V¥, while over here the post-retirement value is denoted by V7 and the pre-retirement
value is V. For the results and discussion, with a chance of repetition, I'll only mention the
main results over here.
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At t =T, if the consumer retires at some some wealth level @ then the optimal value
function for the consumer agrees with the post -retirement value Vy(w) which I will calculate
in equation 3.25 for some interval [w, W], and the pre-retirement ODE 3.14 on the interval
[0,]. For the pre-retirement phase w < w if S(v) = (1 + rw)v — ﬁulﬂ then ODE 3.14 is

reduced to an algebraic equation for the variable v = 4z

- dw
Sw) = (p+ Ar)Vr (3.15)
0.8
S(v)
06 * S 7
o Sy=-0.9524
0.4+ .
02+ v* = 3.6281 7

v = 0.9070

¥ N

S(v)

4 4.5 5

Figure 3.1: Example for the function S(v) at w =2, v =2,r = 2.5%

Then, S has a critical point at 7 = (1 4+ rw)~7, a minimum of Sy = % and the
subsistence consumption level ¢ = 1 + rw. The zeros are v = 0 and v* = (1 4+ rw)(1 — 7).
v* > 0 is the right hand side zero. The 2 possible solutions to the algebraic equation (3.15)

in an interval (S, 0]; are 11 and vy with v; < 7 < vy. The pre-retirement values Vp; and
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Vry are the solutions for ODE (3.14) corresponding to v4 and vy, respectively. I will in fact
consider both solutions (for details of the results mentioned in this paragraph, please see
chapter 4 section 4.2.2: Boundary condition at t = T). See figure 3.1 for an example of the
function S(v). We can clearly see the left hand zero , the minima and the critical point. The
dotted green line is simply the horizontal line test showing an example of existence of two
possible solutions for the algebraic equation 3.15.

Therefore, consider the situation when both solutions Vi (w) and Viy(w) cross at some
wealth w* € [0, W]. The maximum of two solutions; max(Vry, Vry) will have a lower (Vr),
(higher consumption) to the left of w* and higher (Vr), (lower consumption) to the right
of w*. Thus, the curve for the maximum of two solutions, with increasing wealth allows
for switching transversely from high consumption to low consumption but not vice versa.
That is, there can be at most one such wealth w*. This shows the potential for there to be a
wealth w* < w at which the (Vr),, is not continuous and smooth pasting doesn’t hold. See
for example see figure 3.3. If there was noise in this problem then it could’ve forced wealth
to move in both directions across w* forcing the smooth pasting to hold (for details of the
results mentioned in this paragraph, please see chapter 4 section 4.2.2: Boundary condition

att="T).

Now, consider the case when smooth pasting holds at w. Call that w = w°. Then,
(V1) ’ =V ’ . At w = w°, the post-retirement and pre-retirement values match;
(VT)’ . (VT)’ B Also under these conditions I am in a position to equate the ¢t =T
post-retirement ODE 3 24 and pre-retirement ODE 3.14 at w = w°

S 1_,3,
Yava V w I7

rw (VT)w’w:wo N B(1T>_f~>/‘w:w° N (p + At)VT‘w:wo - 0
dVr 1 dvp ')

1 °)— - ——(— — Ar)V, =0

( trw ) dw 'w=w° 1 — ’Ny( dw ) ’w:wo (P+ T) T’w:w"

Subtracting both ODEs result in:
1 -

(Ve)u| = =0 BY(Ve)a'| =0 (3.16)

1-5\"
— (VT)w‘w:wo = (1 — B)
I have a closed form solution for post-retirement ODE 3.24 due to the presence of scaling. That

is, Vop(w) = fTul’%:, where, fr is a constant. Then, (VT)M,‘ = (VT)w‘ = fr(w)™
Plugging this in equation 3.17 results in

Jr(w®)™ = (11_;) - (3.17)




(For details of the results mentioned above, please see chapter 4 section 4.2.2: Boundary
condition at t =T).

Now, the following possibilities exist for the solution to the pre-retirement utility V. I
will use examples to show that any of these possibilities can occur. Consider the notation Vi
(blue) for the pre-retirement solution corresponding to v; and solved over the whole wealth
domain [0, W] (practically it is the V7 from Pension income problem in chapter 4 section
4.2.2). Vg (green) is the pre-retirement solution corresponding to larger vo. Vo (black) is
the post-retirement solution. Call @ for the wealth level where V and Vi cross and @ = 0
if V7 > Vp everywhere. w* is the wealth where Vi and Vi, meet. At w®, smooth pasting
holds and V' and Vi, join smoothly into one curve. The pre-retirement solution Vi is the
maximum of Vi, Viry and V7 over the wealth domain [0, W]. The retirement boundary wealth
w is maximum of W, w°.

o CASE I w® > w. In this case, w = w® and smooth pasting holds, with V; solving the
pre-retirement HJB using the larger solution Vry to the left of w. Two things may
occur.

1. That solution may extend all the way to w = 0 without crossing V. In that case
we always either retire or save for retirement. See figure 3.2.

2. That solution crosses VT at a point w* > 0. In that case, V = VT to the left of
w*. To the left of w* we give up on retirement and wealth declines, but between
w* and W we save for retirement and wealth increases. See figure 3.3.

e CASE IT w°® < w and @ > 0. In this case w = w and Vi = Vi to the left of w. We
retire immediately if w > w, or we give up on retirement if w < w. See figure 3.4.
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Value Function at T and max B-Age:
wbar=0.10582, B=0.1, Ibar=100
I

0F =
-0.2 -
-04
-0.6 -
P
S 08}
c
S
o
o
® 4L
)
=
©
>
1.2 -
Post-Retirement
-1.4 - Pre-retirement (c<cA) -
Pre-retirement (c>cA)
o
-1.6 - * W m
* W
-1.8 7
0 0.05 0.1 0.15 0.2

wealth

Figure 3.2: Example for Case I-1 for Value function at time 7" and maximum b-age kr.
vy=2,0=1,r=25%,1 =100
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Value Function at T and max B-Age:
wbar=0.2381, B=0.2, Ibar=25
T T T T

0.2 FT ‘ * ‘ ‘ ‘ T
0.4 )
-0.6 - )
P
]
2-08f
=1
o
el
o
g
s 1r
>
Post-Retirement
-1.2 - Pre-retirement (c<c’) | |
Pre-retirement (c>cA)
W
14+ oW )
* W
Il Il Il Il Il Il Il Il Il Il

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
wealth

Figure 3.3: Example for Case [-2 for Value function at time 7" and maximum b-age k7.
vy=2,0=1,r=25%,1=25
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Value Function at T and max B-Age:
wbar=0.4746, B=0.31623, |Ibar=10
T T T T T

T T T

-0.4 - 5

Value at boundary
P = .
N N =
T T T
1 1 1

-
[e2)
T

1

e
(o]
T
1

Post-Retirement

Pre-retirement (c>cA)

w
2.2 * w 7

| | | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
wealth

Figure 3.4: Example for Case II for Value function at time 7" and maximum b-age kr.
y=2,0=1,r=25%,01=10

Therefore, all the boundary conditions used for PDE 3.13 are:
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e Vi(T,w,a) = Vr(w), where, Vp(w) is the solution of following ODE for all w.

dvp 1 (dVT)H
dw 1—74" dw

Vr(W) =V(a=kr,w=W)

(14 rw) —(p+A)Vr=0,0<w<W

« Vi(t,W,a) = V(t,W,a),Vt,a
o Vi (t,w,0) =0,Vt,w
® ‘/I(tawaﬁT) - VT(IU),VU)

At the free retirement boundary 7(t*, w*, a*) the following conditions hold which are used to
find the boundary:

« Smooth pasting holds for the stochastic variable a. Vi,(t,w,a*) = V. (t,w,a*).
o Value matching holds. V;(t,w,a*) = V(t,w,a*).

3.2.2 POST-RETIREMENT (¢ > t¥)

As discussed in chapter 2 section 2.2, for post-retirement, the leisure process l; = [, the

utility of consumption and leisure is u(cy, l;) = u(cs, 1) = 7(17(1)(17%)%, v # 1 and the value

V(t,w,l,a) =V (t,w,l,a). Z; the maximum total benefit given all information up till time ¢,
from 3.9, for an optimal choice of consumption ¢; and t*, gives

t S t p—
7, = / e fo(p+’\4)dqﬂ(cs, ls)ds + e~ fo(’)H‘I)qu(t, wy, 1, Ay) (3.18)
0
Recall that in the absence of labor income for post-retirement life, the wealth dynamics are
dw; = (rwy — ¢)dt (3.19)

Applying Ito’s lemma to Z; and using the wealth dynamics and the dynamics of B-age from
3.3 gives

dZt =e LS(er)\g)dq [U(Ct, Z)dt—(p + )\(At))th + tht + Vw (th — Ct)dt+

- ke — Ay
1
Val(l+675—

1—
)dt -+ O'dBt] + ivaaozdt

for t <T. Z; is a martingale for optimal controls ¢;. Hence, setting the drift term equal to 0
gives

sup lu(c, D—(p+Xa)V+V,+V,(rw—c)+

41



V. Kl + 5'; — ?)] + ;Vaaaﬂ —0 (3.20)

for t < T'. For optimization of ¢ I refer to the convex dual calculated in chapter 2 section
2.2.2, 2.28 and 2.29. The, optimization over ¢ develops as

sgp{ﬂ(c, 1) =V} =u(Vy,l)

and the optimal choice of ¢ is
C* — Z;V(l_o‘)(l_')/*)vw*'?
Using the convex dual of ¢ in 3.20 gives the HJB equation for the post-retirement value
function:

Ry — Q
T—t

_ )i Vi _

— 0‘27
)1 Vot 5 Ve =0 (321)

Due to the absence of labor income, there exists a scaling relation for the post-retirement
value function V' .

V(t,kw,l,a) = k' "V (t,w,l,a)

_ _ wl™
= Vltwla) = flta)

(3.22)

This reduces the dimension of PDE 3.21 and gives a PDE for scaled value function for ¢ < T

K¢ —
T —

fi + [(1—1-5

a o? .
)|t Gt =7 =A@ BT =0 (323)

where, B = P07 e consumption becomes ¢*(t,w,a) = B(f(t,a)w™)~"7. For

B =1, the post-retirement problem reduces to the Huang et al. paper’s model [31].

Boundary Condition at t =T

For ¢t > T, there is no aging after time 7', hence A(a) = Ay which is the pinned down hazard
rate at time T. Since, the consumer is not aging in any sense, the problem is independent of
b-age; V, =0="V,,. Call V(T,w,a) = Vr(w). Hence HIB equation 3.21 becomes

Vo) + 1w(Vor)y — BW —(p+ M)V =0 (3.24)

Using the scaling relations mentioned above in 3.22 I get a scaled version of HJB equation
3.24

fitr(L=f—=(p+Ar)f+yBf77 =0

42



Sine the hazard rate is staying constant at Ay for ¢ > T, the time doesn’t have any impact on
person’s age hence, the problem is time invariant, f; = 0 and call f(¢,a) = fr;t > T. This
assumption gives

r(L=)f = (p+Ar)f +vBf 7 =0
That means there exists an explicit solution to the ODE 3.24

T = ~B
wt
Vr(w) = fTﬁ?vw (3.25)

Here fr is a constant. Therefore at ¢ = 7' I am using the boundary condition f(T,a) = fr
and V(T,w,a) = Vr(w).

Boundary Conditions for b-age

The Huang et al. paper [31] considered an infinite domain for the b-age —oo < a < co. A
very large hazard rate at infinite b-age will kill the retiree hence dropping the value to 0;
f(t,00) = 0. Similar to the pre-retirement problem, for extremely small a (extremely good
health), the hazard rate is 0; A(a) = 0 and the problem becomes independent of the person’s
b-age, that is, f, = 0 = fua. Then from 3.23 the boundary condition f(t, —00) is the solution
of following ordinary differential equation:

fitr(L=)f—=(p+Ar)f+yBf7 =0
H(T) = fr (3.26)

New set of Boundary Conditions for b-age:

Changing the domain of A; from —oo < a < +00 to more realistic numbers 0 < a < K.
At a = 0, T applied homogeneous Neumann condition, that is, whenever f(¢,a) hits this
boundary it reflects back; f,(¢,0) = 0. For the maximum possible age a = K, I assumed
in the beginning of my model that a person will stop aging after this age, therefore, the
mortality rate will stay constant at Ay resulting in f, =0 = f,,. Also, due to the absence of
aging process the problem becomes time-invariant; f; = 0 . Hence, a suitable condition on
this boundary is f(¢,kr) = fr where fr is given by 3.25.

Therefore, the boundary conditions I am using for PDE 3.23 are:

* f(T7a):fT7va
. £.(0) = 0,Vt

o f(t,kr) = fr,Vt. Here fr is given by 3.25
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3.3 Numerical Scheme

3.3.1 Numerical Scheme: Post-Retirement PDE

I’ll begin with numerically solving the PDE 3.23 in order to solve the scaled post-retirement
value function f(¢,a). Consider the numerical grid (¢;,a;);0 <t; < T, Al < a, < A2. Let
dt and da be the time step-size and bio-age step-size, respectively. N + 1 and K + 1 be the
total number of time nodes and b-age nodes, respectively. Then t; = idt,i = NN —1,...,0
and a = Al + kda,k = 0,1, ..., K, where tg = 0,t,, = T,a9 = Al and ax = A2. Denote
f(ti,ar) = fi. T used an implicit finite difference scheme to solve the post-retirement PDE
3.23. Since the problem has to be solved backwards in time, a change of variable is applied
to the time variable t. Replace old time t,; with new time variable ¢, = T — t,q. Call,

Ko + tnew —a
0=—|1 _—
Dropping the subscript from t,.,, the new time at i** grid point is ¢;,4 = 0,1,2,..., N.
Therefore, at the grid point (¢;, ax)

i = [1 + g(mﬂ (3.27)

T—ti+€

where € is added to the denominator in order to avoid singularity arising at t; = 1. The
chain rule replaces f; in old time with —f; in the new time. Using forward difference for time
derivative, upwind finite difference for f, and symmetric difference for f,,,

z+1 _ fk
— filts, a) = 7

/s SV
f(l(ti-‘rl) a’k) - f’b+1daf’b+1 ’ k B

sl g <
f ( 1 ak) f]zjj o 2fz+1 4 fH-l
aa\Yi+1, da2

gives the implicit scheme

z+1 _ fk B 9i+1 + |91+1| i+l ]2—&_-% B 0;’:—1 ’01+1| Iz:-& H—l

dt da 2 da
i+1 fl—l-l fz—i-l il
R +[r(1 =) = (p+ Max)) + vB(F) i =0 (3.28)

fori=1,..,Nand k=1,..., K — 1. The initial condition is fk = fr. At the B-age boundary

= Al; f, = 0. The forward finite difference at ay — fi daf 0 = () gives fi = fi for all i,
while at the other boundary ax = A2; fi = fr.
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At each time step t;; fi™', fif1, fit] are unknowns. Carefully incorporating the boundary
conditions into the pde 3.28 gives a tri-diagonal matrix system at each time step. I have used
an iterative scheme to solve this tri-diagonal system.

For each time step ¢; and t;,1, call fi™';Vk a vector f and the known values f};Vk as a vector
fora- Collecting like terms in pde 3.28 give the coefficients of f(k + 1), f(k — 1), f(k) as:

D egrl o |9;’€+1|

nl(k) da? 2da
na(k) = (k) + ma(k) — (1 — ) + (p + Aaw) — vB(fold(k)) ™ + —

dt
respectively. Here D = "—22 Then pde 3.28 takes the form

OO 1) ()£ — 1)+ P20

This equation is converted to an iterative scheme for f beginning at £k = K — 1 with boundary
condition at f(K) = fr and going backwards to k = 0.

f(K) = Jr
F) =qk)fk+ 1) +pk);k=K—-1,K —2,...,0 (3.29)

The coefficients p and ¢ are found iteratively for k = 1,2, ... K as follows:
q(0) =1,p(0) =0
m (k)
q(k) =
m2(k) —n3(k)q(k — 1)
Lo + n(k)p(k — 1)
nz(k) —n3(k)q(k —1)
q(0) = 1,p(0) = 0 ensures the boundary condition at k = 0; f(1) = f(0). Beginning at time
step to = 0 with the boundary condition f{ = fr,Vk, at each time step the unknown vector
f is determined using the above mentioned iterative scheme. After finding f(t;, ax), Vk, 7 the
wealth scaling given by 3.22 is used to get the post-retirement Value functlon That is, for any
value of wealth in the domain 0 < w < W,V (t;, w, ay) = f(t;, ar)%—. The wealth numerical
grid will be defined in the pre-retirement numerical scheme.

p(k) = (3.30)

3.3.2 Numerical Scheme: Pre-Retirement PDE
3.3.2.1 Mixed Explicit Implicit Scheme

As discussed in chapter 2 section 2.3, for small wealth levels 0 < w < W | the solution
behaviors change rapidly. In order to capture these behaviors I am using a log-wealth grid.
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Call y = Inw which gives w = ¢¥ and V;,, = ¢7¥V,;;0 < w < 1. Hence the pre-retirement
pde for 0 < w < 1,Vt, a becomes:

o 2
‘/lt + [(1 +€2ﬁ _ ?)]%a + %‘/iaa+
e_y(l_s/)v_;?
v (ZE a0 o

For 1 < w < W, Vt, a, consider the pre-retirement PDE 3.13 in the following form

_ 2
Vi + [1 +§(§i_?)1m + Vit
Vie ™
1+rw— T Vie — (p+Aa)V1 =0 (3.32)

As before, apply a change of time variable t,,.,, = T'—t,q and drop the subscript from %, .
[ am considering a finite difference numerical scheme which is explicit in the wealth variable
but implicit in the b-age variable. Consider a numerical grid (t;, wy, a);0 <t; <T,1 <w; <
W, Al < a;, < A2 and a non-uniform grid (¢;,y;,ax);0 <t; <T,0 <e¥ <1, Al < q; < A2.
Let dt, dw, dy and da be the time step-size, wealth step-size, log-wealth step-size and bio-age
step-size, respectively. N +1, M +1, M, + 1 and K + 1 be the total number of time nodes,
wealth nodes, log-wealth nodes and b-age nodes, respectively. Then the i** time node is ¢; =
idt;i =0,1,2..., N, the J** wealth node is w; = Jdw; J =, 1, ..., M, the j*" log-wealth node is
y; = Y1+ jdy;j =,1,..., M, and the k' biological age node is ay = Al + kda;k = 0,1, ..., K.
Y1 is a large negative number used to cater to the need of —oo for log-wealth grid at w = 0.
Here tg = 0,ty = T,wo = 1L, wyy = W,y = Y1, ym, = 0,a0 = Al and ax = A2. Let the
pre-retirement value function at discretized grid points be Vi (t;, wy, ax) = Uf]’k; Vi, J, k and
Viti, yj, ax) = vj 5 Vi, g, k-

My aim is to find the optimal boundary 7(t*, w*,a*) for retirement time, wealth and
biological age. I'll begin by solving the pre-retirement pde numerically using the mixed
explicit-implicit finite difference numerical scheme. Discretize the wealth derivative parts
of PDE 3.32 at the grid point (¢;, w;, a;) where the value function is known while the b-
age derivative parts of this PDE are discretized at the unknown value function grid point
(tiy1,w;, ar). For time derivative, a forward difference is used at(t;, w;, ax) and the 0 order
term is evaluated at (¢;11,w;,ax). From previous section, 6 as given in equation 3.27 is

; Ko+ 1; —a
fo=-1ee(TE)

v (T V(s g, a)) 7
I

Call

;kz ),0§6y1<1
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[%w(tiv wyp, ak)]_7
1—7

537k51+rwj— A<w;, <W
Vi, and Vi, inside (3 are evaluated using forward finite difference at current time step in
order to get rid of the non-linearity of wealth derivative of the value function.

U?} 1,k _Uflk
+1, s
L1w<ti7,wJ>ak) -

dw

vt — ot
_ Lk J:k
Vi (ti, yj, ar) =

dy
The time derivative is given as
UHI;I —
— ) Jk
—Vi(ti, wy, ax) = —JT

Using 537 i as the velocity of the propagating wave, the first order up-winding finite difference
scheme for the wealth derivative at explicit time nodes is:

vi i ]
J+1,k J,k /Bl > O
_ d Mok =
%w(tiawfaak) — \ ot _:ﬁ .
J,k J—1,k /Bl < 0
dw » Mk

Also, Using B;k as the velocity of the propagating wave, the first order up-winding finite
difference scheme for the log-wealth derivative at explicit time nodes is:

vl —ot .
Jjt+1,k 5.k ?
Voo (t _ dy ’53'7’“ =0
ly( iayjaak‘) - i i

v, —vt .
_&k  j=Lk z
dw ’ jvk < 0

The symmetric difference and up-winding is used for b-age derivatives at implicit time nodes
for wealth nodes and log-wealth nodes i.e.,

vz+1_vz+1

Jk Jk—1 I3
V t . da 79]{ Z 0
a( i+1,wJ,ak) = il it '
Jk+1 J,k 97, < 0
da Uk
i+1 i+1 i+1
V(¢ U1 — 207 T VS
aa( i+1, W, a/k‘) - da2
it _pitl )
_&k k=1 z
Val(t = da 20
a( i+1 yja a'k:) — pitl it )
J.k+1 "4k ez < 0
da Uk
i+l o it i+1
Vot _ Vet — 205 F U
aa(tiv1, yj,ar) = da?
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Using these finite differences to discretize the PDE 3.31 and 3.32 gives a mixed explicit
implicit scheme:

034%1 - UJk B 0. + 10, UZH U(Z]J?cl 1 0 — 10" U?,fﬂ U?7+141+
dt 2 da 2 da
2 ,,i+1 i+1 i+1
0% Vg1 — 205 T U i+1
. — (p+ Aag))vsy + 3.33
- i (o + Mt (333
5Jk + |5g K| UJ+1 kT 5Jk 185 Uff,k — Uy _0
2 dy 2 dy
U;—Zl _ U;‘,k; B z+1 + |91+1| Uz-l—l ;jl;l—l B QZ—H |Qz+1| U;—il_ci-l ;j—gl N
dt 2 da 2 da
2 i+1 z+1 i+1
0% Vi1 — 205 H U ;
7Lkt 2k TR ()4 M) o+ (334
i 1Bk Vi — Ul n e — 1Bkl Vi — Vi1 —0
2 dw 2 dw

Group together like terms for the implicit time nodes v%%}, ;,v7%L 1, v, in 3.33 and the
terms for vﬁil, v?,;l b v;*,;l in 3.34. For these implicit time nodes, the coefficients of above
mentioned terms are independent of wealth /log-wealth terms. Hence, the coefficients of

i+1 i+1 i+1 s — 5 T\ i .
Vghr1s Vo k—1, Vo With 0 = j, J;Vj, J respectively are as under:

D 9i+1_ eiJrl
nl(k‘)):7_ k |k ‘

da? 2da
B D (gli:rl_'_le]ijl’
wh) = 0E T o
1
m(k) = m(k) + ms(k) + (o + Max)) +

respectively. Here D = "72 Furthermore, collect all the ¢; node terms in 3.33 and 3.34 and
call them g(k). Then, for wealth grid

(k) = 53,;: + |ﬁf}k| Uf]+1,k - Uf],k 5}% — B85kl V5 — V1 Uf],k

2 dw 2 dw  dt

and for the log-wealth grid
g(k) = k15 & Uj+1 k U;k n Bir — ’5}1@‘ U;k - U;‘eug n U;k
2 dy 2 dy dt

For every time step and wealth/log-wealth step, let vf;Lkl =V, vfg’k = Vo, véjkl = Voia1 with

¥ = j,J;Vy,J;Vk are vectors in k. Using all these notations equation 3.33and 3.34 are
reduced to similar looking tri-diagonal systems.

m(k)V (k+1) +n3(k)V (k = 1) + g(k) = n2(k)V (k)
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This equation is converted to an iterative equation for vector V,
V(k)=q(k)V(k+ 1)+ p(k) (3.35)

The coefficients p and g are found recursively for k = 1,2, ..., K. It is assumed that ¢(0) =
1,p(0) = 0 to ensure the boundary condition at k& = 0; V(1) = V/(0)

_ m (k)
1) = )~ m(Ralk — 1)
:9()+?73(k)p(k 1)
1a(k) — ma(k)g(k — 1)

Now I am in the position to evaluate the pre-retirement value function by using iterative
scheme 3.35. But this involves finding the retirement boundary to see in what time, wealth/log-
wealth and b-age region I can use these recursive equations to find pre-retirement value-
function. For this purpose I'll use the fact that due to the presence of noise in b-age,
value matching and smooth pasting will hold at the retirement boundary. For each time
and wealth step or log-wealth step, an initial guess is made for the optimal retirement
b-age, aj,..s = ax+. At and after this age it is assumed that person has retired and
Vi(k) =V (k);k =k*,k* +1,..., K. Then left hand (LH) b-age derivative as well as the right
hand (RH) b-age derivative at this b-age node is used to determine the optimal a*. If the LH
derivative=RH derivative then smooth pasting holds and the current b-age node is marked as
a* for the current time step as well as the current wealth/log-wealth step. Otherwise, if the
RH derivative>LH derivative then the slope of the value function curve is more steeper on the
right hand side signaling the guess for retirement at this b-age node is not optimal and I need
to move my guess one step forward, that is, take k* = k 4+ 1. Note that at the guessed b-age
node, RH derivative is for post-retirement value and the LH derivative is the pre-retirement
derivative. Also, at each time step, I begin with a},.. = ao for every wealth/log-wealth node.
After finding the optimal a* for this time node for all wealths, I move onto the next time
step and use the a, from previous time step as my initial guess. At every time step t; and for
the wealth grid node w; I use the following criterion to determine the optimal b-age a*

‘/i:(ti-i-la w,y, a’k‘*) = ‘/i;(ti-i-la w,y, a’k‘*) y Q= is Optlma’l b_age (3 36)
Vit (tist,wy, aps) > Vig (b, wy,ap) K" =k*+1
7,+1 U2+1
where, Vi (ti 1, wy, ap) = W is the right-hand derivative and
A A . )
(L, Wy, ape ) = 2L g the left-hand derivative of Vi with respect to b-age. An
Vi, (tiv1, wy, ags) ”*da”l the left-hand d t f Vi with respect to b-age. And

for the same time node t; but for the log-wealth grid node y; I use the following equa-
tions/inequality to determine the optimal b-age a*

(3.37)

Vid (tis1, yj, ane) = Vig (tis1, yj, ar=)  ap= is optimal b-age
%;_(ti+17yjaak*) > %g(tiJrlayjaak*) 7k* :k*+1
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ISR A . o
where, Vil (ti1,y;, ap) = W is the right hand derivative and
i+l il
Vig (tiv1, v, ape) = % is the left hand derivative of V; with respect to b-age.
The life time optimal consumption cx for all wealth levels Y1 <y; < 0,1 <w; < W,
b-ages 0 < a; < kp and all time nodes 0 < t; < T is calculated as follows:
s VeV \ =5 «
B(e yy#) v >t
R PSP
(e bl
Y -5 *
B(==2—25)77 ti>t
C(ti,U)J, (Ik) = i1 il (338)
(”J+1,k Yk )—ﬁ/
dw

It is saved as a 3-dimensional matrix in Matlab.

3.4 Wealth Dynamics

It is important to see under optimal consumption and retirement strategy, how does the
wealth of a consumer evolves over time. I am considering a 30 years old consumer who has a
certain amount of wealth wy in hand. He is willing to use my optimal strategy and willing
to spend his wealth and retire according to this strategy. If he doesn’t have large enough
wealth to retire right now, he is in a labor force earning $1 annually. As mentioned before,
he is allowed to invest only at a risk free rate r. Borrowing is not allowed and once he retires,
he can not go back to work. There is no pension stream and he doesn’t have any bequest
motives. Now, consider the post-retirement and pre-retirement wealth dynamics:

dw
dt
dw
dt

=14+rw(t) —c(t,w,a);t <1
=rw(t) —c(t,w,a);t > 1

Or,
dw
dt

dw o

=14rw(t) —c(t,w,a);t <1

Note that, unlike the deterministic mortality case, for stochastic mortality case consumption
is a function of 3 variables time, wealth and b-age. That means for every time, I need to
have a corresponding wealth and b-age at that time to find the consumption from the saved
consumption matrix in Matlab. For the b-age part I need to simulate the b-age dynamics 3.3
to have a b-age path for the consumer over his whole life time.
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B-age Simulation: The b-age dynamics from equation 3.3 are

dA, — (1 pet T At)dt + 0dB,
T—1t

with Ay being the b-age at ¢ = 0. I am also assuming that once b-age reaches the maximum
b-age kp it must stay there for all future times. I am using the Euler-Maruyama Method to
discretize this stochastic differential equation (SDE) for b-age. Consider a partition of the
the time interval [0, 7] into N sub-intervals of equal length dt. Then for the index i, t; =
idt;i=0,1,2,..., N, where to = 0 and ty = T. Then, for the intervals [t;,¢;11];1=0,1,..., N
use a first order approximation of dA; = M(;Ai, left-end point approximation for the b-age
Ay, and for the Wiener process dB; ~ AB,;, = By,,, — B,,. Here, AB,, are independent and
identically distributed normal random variables with mean 0 and variance dt. Therefore, the

b-age dynamics take the form

Aipr — A (

Ry — At-
1 7
da e

Let’s suppose that at ty, the consumer with c-age 30 has a b-age Ay. Then with the initial
condition A(t = 0) = Ay, the following iterative scheme is used to simulate the consumers
b-age over the course of his life time.

ke — A;
T —1t;

A = A + d@<1 +¢ )dt +oVdtZ(0,1) (3.39)
for 0 =ty <t; <ty =T. Here, Z(0,1) is standard normal random variable. In Matlab, T
used the in-built function normrnd to generate the standard normal random variables Z(0, 1)
[1].

Now, using the grids discussed in the beginning of this subsection: time grid 0 <t¢; < T,
wealth grid 0 <e¥ < 1,1 <w; < W and the b-age grid 0 < a;, < wr, discretize the wealth
ODEs using Euler Method. I want to emphasis that wealth and b-age are functions of time,
therefore, I'll use the index i for ¢, w and a to show that at every t;, w(t;) is calculated from
the wealth dynamics and a(t;) is extracted from the simulated series of b-age dynamics 3.39
fori=0,1,2,...,N.

W =1+rw; — C(tiawivai);ti <7
B 1) — B au(t) ) st > 7

where 0 < t; < T and w; = w(t;). Simplification gives

1
wip =dt|1+ T—f-% w; — c(ty, wi, a) |t < T
1 Ly
Witr1 = wzdt r+ % - Bf(tz, CLz‘) ¥ ,tl Z T (340)
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with w(to) = wo.

Beginning at ¢y, solve wealth dynamics 3.39 forwards in time. From the retirement
boundary 7(t,w, a) determine if each point (¢;, w;, a;) falls in the post-retirement region or
the pre-retirement region. Then solve the appropriate wealth dynamics iterative scheme
from 3.39. Since function f(t,a) and consumption ¢(t,w,a) are saved as matrices on the
grid defined above, w(t;) from equations 3.39 and b-age simulation a(¢;) do not necessarily
fall at those pre-defined grid points. But, the grid is same. So, I use 1-dimensional linear
interpolation to extract the numbers for each ¢; at the point (¢;,a;) and 2-dimensional linear
interpolation to get consumption numbers from the ¢(¢, w, a) matrix at the points (¢;, w;, ;).
The interpolation is done using Matlab in-built functions interp! and interp2 [1].

3.5 Algorithm

The algorithm for solving the stochastic mortality problem is as under.:

1. Form the numerical grid mentioned in section 3.3.

2. Solve the post-retirement PDE using the numerical scheme 3.29 and get the scaled
value function f(t,a).

3. In order to solve the pre-retirement problem, I need to find the retirement boundary
and simultaneously solve for the pre-retirement PDE.

4. Since I am using a flipped time domain, ¢ is the first grid point referring to the time
T'. Solve the boundary ODE at t, = T" given by 3.14.

5. Beginning at t;, make a guess for retirement b-age to be a* = ag for every wealth and
log-wealth grid point.

6. For this ¢; begin at wy, = W.

7. Assume at and after this retirement b-age , Vi (t;, wy, ax) = V(t;, wy, ar), Vi(ti, yj, ax) =
V(ti,y;,ax) for k = k* k* +1,...K 4+ 1; Vi, J, j. Solve equation 3.35 recursively for V (k)

going backwards for k = k*—1, ..., 0 using the boundary conditions V' (k*) = V(¢;, e¥% , k*).

8. Check for the smooth pasting conditions given in 3.36. If the smooth pasting condition
is fulfilled mark this k& as £* for current ¢; and y;. Otherwise, improve the guess by
moving k =k¥ .. +1

guess guess

9. Keep repeating steps 7 and 8 until an optimal k£* is found. Mark that k&* for retirement
boundary.

10. For this same time t;, move down J = M,, — 1. Repeat steps 7-9. Keep moving down
in wealth until you reach the first log-wealth grid point yo = Y'1. Repeat steps 7-9 to
find the optimal b-ages for every wealth and log-wealth grid point.
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11. Move onto the next time step. Use ay,., equal to the optimal a* found at previous
time step for every wealth and log-wealth step.

12. Repeat the steps 6-11 until you reach the last time step ty=0.

13. Now the matrix V(¢;, w;, ax) represents the value of the stochastic mortality problem.
In this matrix pre-retirement and post-retirement are segregated through the retirement
boundary matrix 7(¢,w, a).

14. For every node (t;,wy, a;) and (t;,y;, ax), calculate the optimal consumption ¢* using
3.38.

15. Consider a 30 year old consumer willing to use my optimal retirement and consumption
strategy. Say his b-age at time 0 is Ay and he has wealth wy in hand. Simulate the life
time b-age of this consumer using 3.39.

16. Calculate his wealth dynamics using iterative scheme 3.40.

3.6 Numerical Results

Unless mentioned, I am assuming the following parameter values r = 2.5%, p = r,b =
9.44,m = 88.82,( = 1,a = 0.5,0 = 1,1 = 6.49. I took the numbers for m,b, and ¢ from
Huang et al. article [31] and [ was chosen from the efforts of calibration in chapter 2 and
section 2.6.1. r = 2.5% gives a nice average risk free rate. I chose to discount the utility
function at the risk free rate, that is, I considered p = r. Since my focus in this thesis is to see
how varying b-age affects the retirement decision, I took a large ¢ = 1 to see visible effects
of the presence of b-age in making an optimal retirement decision. The maximum wealth
W =12, time T' = 110—2z and the maximum b-age is equal to the c-age at T', that is, kr = 110.
The current age © = k¢ is assumed to be 30. I took grid sizes dw = 0.01,dy = 0.05 and
da = 0.0Z(%) = dt. The computations took almost a month. In terms of time and storage
the computations are quite expensive. Due to storage issues, I ran all the computations at the
fine grid mentioned but saved the retirement boundary matrix 7 and the consumption matrix
at a much coarser grid. For the wealth dynamics, which required both of these matrices, I
used interpolation to get the results at each fine grid point. Qualitatively the results stayed
the same for a relatively coarser grid dw = 0.05,dy = 0.05 and da = 0.025(%) = dt and it
took only a week to run the computations. Therefore, figures 3.11 and 3.12 are plotted using
this coarse grid.

My post-retirement model reduces the retirement consumption problem for stochastic
mortality force in Huang et al. article [31] article and my equation 3.23 is reduced to their
equation (7) at page number 68. For numerical comparison with the Huang et al. paper [31]
it is assumed that r = 2.5%, p = r, A1 = =50, A2 = 150,& = 1,0 = 0.3 and the mortality
rate is pinned A = 0.005 at B-age 60 and A = 1.0 at B-age 110. I used the numerical scheme
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3.28 for B = 1,kg = 60 and xr = 110 with old boundary conditions for —oo < a < oo in
order to compute the optimal retirement spending rate f~7 . My numbers matched their
numbers given in Table 3 and Table 4 [31] for both 4 = 8 and v = 2. The maximum wealth
W =30 and W = 15 didn’t make any difference in the results, hence, W = 12 is used to save
computation time and storage space.

Since I want to use the new biological-age domain and boundary conditions for the entire
stochastic mortality model, I tested the post-retirement problem for f~7 with a new b-age
domain 0 < a < k7 using the above mentioned parameters. In figures 3.5 and 3.7, for a
small 0 = 0.3 I can see that changing the domain and boundary condition slightly increased
the consumption levels only for large b-ages 105 and 110 for both high and low risk aversions.
Increasing the volatility 5 times to ¢ = 1.5, figures 3.6 and 3.8, showed an increase in
consumption level from age 100 to 110 and this change is more noticeable than what I saw
for o = 0.3. A possible reason for this could be that due to very low volatility, the probability
of the biological age process A; hitting the boundary a = 110 is quite low, it keeps wandering
above this boundary, so I do not see any difference in consumption levels for both set of
boundary conditions.
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Table 1

C-Age
B-Age 60 65 70 75 80 85 90 95
45 3.638% | 3.800% | 3.998% | 4.246% | 4.563% | 4.980% | 5.551% [ 6.374%
50 3.688% | 3.851% | 4.051% | 4.301% | 4.620% [ 5.038% | 5.611% [ 6.435%
55 3.752% | 3.917% | 4.118% | 4.369% | 4.690% [ 5.110% | 5.684% [ 6.509%
60 3.834% | 4.000% | 4.203% | 4.456% | 4.778% [ 5.200% | 5.775% [ 6.601%
65 3.942% | 4.109% | 4.314% | 4.568% | 4.892% [ 5.318% | 5.892% [ 6.717%
70 4.086% | 4.235% | 4.461% | 4.717% | 5.042% | 5.466% | 6.042% | 6.865%
75 4.285% | 4.455% | 4.662% | 4.918% | 5.243% | 5.667% | 6.242% | 7.060%
80 4.564% | 4.735% | 4.941% | 35.197% | 5.521% | 5.943% | 6.513% | 7.322%
85 4.969% | 5.137% | 5.342% | 5.595% | 5.915% | 6.330% | 6.891% | 7.684%
90 5.571% | 5.735% | 5.934% | 6.180% | 6.490% | 6.892% | 7.433% | 8.185%
95 6.502% | 6.655% | 6.B41% | 7.070% | 7.35%% [ 7.735% | B.238% [ B.945%
100 7.995% | 8.125% | B8.284% | B.480% | B.728% [ 9.050% | 9.482% [ 10.086%
105 10.489% | 10.576% | 10.683% [ 10.815% | 10.982% | 11.201% | 11.454% | 11.503%
110 15.000% | 15.000% | 15.000% [ 15.000% | 15.000% | 15.000% | 15.000% | 15.000%

Table 2
C-Age
B-Age 60 b5 70 75 80 85 a0 a5
45 3.638% 3.800% 3.998% 4.246% 4.563% 4.980% 5.551% 6.374%
50 3.688% | 3.851% | 4.051% | 4.301% | 4.620% | 5.038% | 5.611% | 6.435%
55 3.752% 3.917% 4.118% 4.369% 4.690% 5.110% 5.684% 6.509%
60 3.834% | 4.000% | 4.203% | 4.456% | 4.778% | 5.200% | 5.775% | 6.601%
b5 3.942% 4.109% 4.314% 4.568% 4.892% 5.316% 5.892% 6.717%
70 4.086% | 4.255% | 4.401% | 4.717% | 5.042% | 5.466% | 6.042% | 6.865%
75 4.285% 4.455% 4.662% 4.918% 5.243% 5.667% 6.242% 7.060%
80 4.504% | 4.735% | 4.941% | 5.197% | 5.521% | 5.943% | 6.513% | 7.322%
85 4.969% 5.137% 5.342% 5.595% 5.915% 6.330% 6.891% 7.684%
a0 5.571% | 5.735% | 5.934% | 6.180% | 6.490% | 6.892% | 7.433% | 8.195%
a5 6.502% 6.655% 6.841% 7.070% 7.359% 7.735% 8.238% 8.945%
100 7.995% | B8.125% | 8.284% | B3.480% | 8.728% | 9.000% | 9.482% | 10.086%
105 10.489% | 10.576% | 10.683% | 10.815% | 10.982% | 11.201% | 11.494% | 11.903%
110 14.814% | 14.824% | 14.837% | 14.852% | 14.871% | 14.894% | 14.921% | 14.951%

Figure 3.5: Optimal retirement spending rate. Table 1: My Model, Table 2: JEDC article,
assuming v=8, o = 0.3

95



Table 1

C-Age
B-Age 60 65 70 75 80 85 90 95
45 3.630% | 3.793% | 3.993% | 4.243% | 4.561% | 4.980% | 5.552% | 6.377%
50 3.677% | 3.842% | 4.044% | 4.295% | 4.616% | 5.037% | 5.611% | 6.437%
55 3.736% | 3.903% | 4.106% | 4.360% | 4.683% | 5.106% | 5.683% | 6.511%
60 3.811% | 3.979% | 4.185% | 4.441% | 4.767% | 5.193% | 5.772% | 6.602%
65 3.907% | 4.078% | 4.286% | 4.545% | 4.B74% | 5.303% | 5.885% | 6.716%
70 4.034% | 4.208% | 4.419% | 4.681% | 5.013% | 5.445% | 6.030% | 6.861%
75 4.205% | 4.381% | 4.596% | 4.862% | 5.197% | 5.633% | 6.220% | 7.051%
80 4.439% | 4.619% | 4.838% | 5.107% | 5.447% | 5.886% | 6.475% | 7.303%
85 4.767% | 4.952% | 5.175% | 5.449% | 5.793% | 6.235% | 6.824% | 7.646%
90 5.240% | 5.430% | 5.658% | 5.937% | 6.285% | 6.729% | 7.317% | B.127%
95 5.943% | 6.139% | 6.372% | 6.656% | 7.007% | 7.452% | B.032% | B.B19%
100 7.028% | 7.228% | 7.467% | 7.7534% | B.105% | B.545% | 9.107% | 9.851%
105 B.784% | B.989% | 9.230% | 9.516% | 9.862% | 10.284% | 10.807% | 11.464%
110 15.000% | 15.000% | 15.000% | 15.000% | 15.000% | 15.000% | 15.000% | 15.000%

Table 2

C-Age
B-Age 60 65 70 75 80 85 90 95
45 3.630% | 3.793% | 3.993% | 4.243% | 4.561% | 4.980% | 5.552% | 6.377%
50 3.677% | 3.842% | 4.044% | 4.295% | 4.616% | 5.037% | 5.611% | 6.437%
| 55 3.736% | 3.902% | 4.106% | 4.360% | 4.683% | 5.106% | 5.683% | 6.511%
60 3.811% | 3.979% | 4.185% | 4.441% | 4.767% | 5.193% | 5.772% | 6.602%
65 3.907% | 4.078% | 4.286% | 4.545% | 4.B74% | 5.303% | 5.885% | 6.716%
70 4.034% | 4.208% | 4.419% | 4.681% | 5.013% | 5.445% | 6.030% | 6.861%
75 4.205% | 4.381% | 4.596% | 4.862% | 5.197% | 5.633% | 6.220% | 7.051%
80 4.438% | 4.619% | 4.838% | 5.107% | 5.447% | 5.886% | 6.475% | 7.303%
85 4.767% | 4.952% | 5.175% | 5.449% | 5.792% | 6.235% | 6.824% | 7.646%
a0 5.240% | 5.430% | 5.658% | 5.937% | 6.284% | 6.729% | 7.316% | B.127%
95 5.943% | 6.138% | 6.372% | 6.655% | 7.006% | 7.451% | B.031% | B.B18%
100 7.027% | 7.227% | 7.465% | 7.752% | B.103% | B8.541% | 9.104% | 5.848%
105 B.773% | B.976% | 9.215% | 9.499% | 9.B41% | 10.260% | 10.782% | 11.442%
110 11.740% | 11.936% | 12.164% | 12.428% | 12.739% | 13.106% | 13.537% | 14.029%

Figure 3.6: Optimal retirement spending rate. Table 1: My Model, Table 2: JEDC article,
assuming v=8, o = 1.5
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Table 1

C-Age

B-Age 60 65 70 75 80 85 a0 a5
45 4.242% | 4.465% | 4.743% | 5.096% | 5.560% | 6.195% | 7.116% | 8.572%
50 4.379% | 4.607% | 4.88%% | 5.247% | 5.717% | 6.359% | 7.289% | 8.757%
55 4.559% | 4.791% | 5.078% | 5.442% | 5.918% | 6.568% | 7.509% | 8.98%%
60 4.798% | 5.035% | 5.328% | 5.698% | 6.182% | 6.841% | 7.792% | 9.286%
65 5.123% | 5.366% | 5.665% | 6.043% | 06.535% | 7.203% | 8.166% | 9.675%
70 5.578% | 5.827% | 6.133% | 6.518% | 7.019% | 7.697% | 8.672% | 10.196%
75 6.233% | 6.487% | 6.799% | 7.192% | 7.700% | 8.389% | 9.374% | 10.912%
80 7.203% | 7.462% | 7.779% | 8.177% | 8.691% | 9.386% | 10.379% | 11.923%
85 3.691% | 8.951% | 9.268% | 9.666% | 10.180% | 10.873% | 11.863% | 13.400%
90 11.054% | 11.306% | 11.614% [ 12.000% | 12.500% | 13.175% | 14.138% | 15.635%
95 14.937% | 15.166% | 15.447% [ 15.800% | 16.258% | 16.878% | 17.768% | 19.159%
100 21.505% | 21.686% | 21.910% [ 22.193% | 22.562% | 23.067% | 23.798% | 24.955%
105 32.817% | 32.921% | 33.050% | 33.215% | 33.432% | 33.733% | 34.175% | 34.890%
110 52.500% | 52.500% | 52.500% | 52.500% | 52.500% | 52.500% | 52.500% | 52.500%

Table 2

C-Age

B-Age 60 65 70 75 80 85 a0 a5
45 4.242% | 4.465% | 4.743% | 5.096% | 5.560% | 6.195% | 7.116% | 8.572%
50 4.379% | 4.607% | 4.88%% | 5.247% | 5.717% | 6.359% | 7.289% | 8.757%
55 4.559% | 4.791% | 5.078% | 5.442% | 5.918% | 6.568% | 7.509% | 8.98%%
60 4.798% | 5.035% | 5.328% | 5.698% | 6.182% | 6.841% | 7.792% | 9.286%
65 5.123% | 5.366% | 5.665% | 6.043% | 06.535% | 7.203% | 8.166% | 9.675%
70 5.578% | 5.827% | 6.133% | 6.518% | 7.019% | 7.697% | 8.672% | 10.196%
75 6.233% | 6.487% | 6.799% | 7.192% | 7.700% | 8.38%% | 9.374% | 10.912%
80 7.203% | 7.462% | 7.779% | 8.177% | 8.691% | 9.386% | 10.379% | 11.923%
85 8.691% | 8.951% | 9.268% | 9.666% | 10.180% | 10.873% | 11.863% | 13.400%
90 11.054% | 11.306% | 11.614% [ 12.000% | 12.500% | 13.175% | 14.138% | 15.635%
a5 14.937% | 15.166% | 15.447% [ 15.800% | 16.258% | 16.878% | 17.768% | 19.159%
100 21.505% | 21.686% | 21.910% [ 22.193% | 22.562% | 23.067% | 23.798% | 24.955%
105 32.817% | 32.921% | 33.050% | 33.215% | 33.432% | 33.733% | 34.175% | 34.890%
110 52.420% | 52.421% | 52.423% | 52.425% | 52.427% | 52.431% | 52.436% | 52.444%

Figure 3.7: Optimal retirement spending rate. Table 1: My Model, Table 2: JEDC article,
assuming y=2, o = 0.3
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Table 1

C-Age

B-Age 60 65 70 75 80 85 a0 a5
45 4.256% | 4.480% | 4.757% | 5.111% | 5.575% | 6.210% | 7.132% | 8.588%
50 4.394% | 4.621% | 4.904% | 5.262% | 5.733% | 6.375% | 7.306% | 8.774%
55 4.572% | 4.804% | 5.092% | 5.457% | 5.934% | 6.585% | 7.5326% | 9.007%
60 4.807% | 5.045% | 5.33%% | 5.711% | 6.196% | 6.857% | 7.810% | 9.306%
65 5.125% | 5.369% | 5.670% | 6.050% | 06.545% | 7.217% | 8.183% | 9.696%
70 5.565% | 5.817% | 6.126% | 6.515% | 7.021% | 7.705% | 8.685% | 10.215%
75 6.192% | 6.452% | 6.770% | 7.169% | 7.686% | B8.383% | 9.379% | 10.927%
80 7.112% | 7.380% | 7.708% | 8.117% | B8.645% | 9.355% | 10.365% | 11.927%
85 8.50%% | B8.785% | 9.120% | 9.538% | 10.075% | 10.793% | 11.811% | 13.380%
90 10.714% | 10.992% | 11.330% | 11.749% | 12.286% | 13.003% | 14.014% | 15.565%
95 14.336% | 14.605% | 14.530% [ 15.334% | 15.850% | 16.538% | 17.507% | 18.938%
100 20.510% | 20.745% | 21.029% | 21.382% | 21.834% | 22.437% | 23.288% | 24.593%
105 31.350% | 31.510% | 31.705% [ 31.948% | 32.262% | 32.682% | 33.280% | 34.201%
110 52.500% | 52.500% | 52.500% | 52.500% | 52.500% | 52.500% | 52.500% | 52.500%

Table 2

C-Age

B-Age 60 65 70 75 80 85 a0 95
45 4.256% | 4.480% | 4.757% | 5.111% | 5.575% | 6.210% | 7.132% | 8.588%
50 4.394% | 4.621% | 4.904% | 5.262% | 5.733% | 6.375% | 7.306% | 8.774%
55 4.572% | 4.804% | 5.092% | 5.457% | 5.934% | 6.585% | 7.526% | 9.007%
60 4.807% | 5.045% | 5.33%% | 5.711% | 6.196% | 6.857% | 7.810% | 9.306%
65 5.125% | 5.369% | 5.670% | 6.050% | 6.545% | 7.217% | 8.183% | 9.696%
70 5.565% | 5.817% | 6.126% | 6.515% | 7.021% | 7.705% | 8.685% | 10.215%
75 6.192% | 6.452% | 6.770% | 7.169% | 7.686% | B8.383% | 9.379%% | 10.927%
80 7.112% | 7.380% | 7.707% | 8.117% | 8.645% | 9.355% | 10.365% | 11.927%
85 8.50%% | B8.735% | 9.120% | 9.538% | 10.075% | 10.793% | 11.811% | 13.380%
90 10.714% | 10.992% | 11.330% [ 11.749% | 12.286% | 13.003% | 14.014% | 15.565%
a5 14.336% | 14.604% | 14.530% [ 15.333% | 15.850% | 16.537% | 17.506% | 18.938%
100 20.509% | 20.743% | 21.027% | 21.380% | 21.832% | 22.435% | 23.286% | 24.590%
105 31.322% | 31.481% | 31.675% [ 31.918% | 32.231% | 32.651% | 33.24%% | 34.173%
110 50.442% | 50.483% | 50.533% | 50.595% | 50.676% | 50.784% | 50.938% | 51.173%

Figure 3.8: Optimal retirement spending rate. Table 1: My Model, Table 2: JEDC article,
assuming v=2, o = 1.5

In order to solve my retirement decision problem, post-retirement case, I have used some
parameter values different than what I took above for comparison with JEDC article. T is
assumed to be 110 — x and maximum b-age is 110. The current age kg is assumed to be 30
and the units of leisure [ = 6.49. Figure 3.9 plots the scaled value function for post-retirement
phase spanning the whole life time.
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Figure 3.9: Stochastic Mortality Case: Scaled Value function f(¢,a) for post-retirement
phase. )
Assuming r = 2.5%, p=r,y=2,0 =1, =649, = 0.5

29



b-age

Retirement Boundary for different wealth levels

=
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Figure 3.10: Optimal retirement boundaries for fixed wealth levels.
Assuming v = 2,7 =25%,p=r,0 = 1,1 =649, W = 12,a = 0.5

Figure 3.10 shows the optimal retirement decision as a function of biological vs chrono-
logical age for some fixed levels of wealth. For a fixed wealth the optimal retirement b-age
decreases with increasing c-age. For example consider the wealth curve w = 6.75. On this
curve, a chronologically 30 years old person wants to keep working until he is biologically
71 year old. At this b-age he thinks that his remaining life/retired life is short enough to
survive his retirement savings. On the other hand, an employee who is 71 year old according
to his birth date, is willing to retire at the same wealth level when he is as healthy as a 45
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year old. He wants to enjoy the remaining years of his life as a retired person.

If b-age is less then c-age, the fixed wealth retirement curves are very steep depicting the
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sharp decline of optimal b-age with a slight increase in c-age. While, for the region where
b-age is greater then c-age, with an increase in c-age the decrease in b-age is extremely slow
for low wealth curves and relatively faster for wealth curves greater than and equal to w = 6.
If a consumer has reached a wealth level of at least 10.46, he will never get into the labor force
whether he is in the best possible health or his chances of survival are extremely low. This is
the wealth threshold above which all consumers stay in the post-retirement consumption and
utility region, while at and below this wealth, the labor income is attractive and consumers
save money to retire at some point in time. For a fixed c-age, a more wealthy consumer
would like to retire at an earlier b-age as compared to a consumer with low wealth level. For
example a 60 year old consumer having $7 in savings is willing to retire as early as a b-age of
57 years while another 60 year old consumer with wealth level of $3 would like to work until
his health depletes to a biological age of 91 years. Reading it the other way, an average 60
year old customer will retire at w = 6.75, but a 60 year old customer who is as healthy as a
23 year old will retire around w = 8.25 with a point of view that he might live longer then
usual and needs more money saved up for a long retirement life. A 60 year old customer
who did not age well and his health is like an 80 year old will retire at w = 4.50. He thinks
that he does not have much time to live so he wants to retire at a lower wealth level then an
average 60 year old and enjoy the retirement life. The same goes with consumers at same
health levels; a wealthy consumer tends to retire young.
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120 Retirement Boundary for different risk aversions
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Figure 3.11: Optimal retirement boundaries comparison for different risk aversions v and
fixed wealth levels.

Assuming 0 = 1,7 =2.5%, p=7r,1 =649, W = 12,a = 0.5

Figure 3.11 depicts the effect of risk aversion on retirement boundaries. The diagonal
dashed black line is the ¢ — age = b — age line. The dotted level curves are for v = 8 and
the solid lined level curves are for v = 2 consumer. The bold lines for w = 2.2 and w =7
depict the spread of level curves for v = 8 which are comparable to the v = 2 curves. A
more risk averse person will consume less after retirement with the fear of living longer then
average, hence, he requires less money saved at the time of retirement. A moderately risk
averse y = 2 consumer requires a wealth level of w = 10.46 (I know from figure 3.10) while
highly risk averse v =8 consumers require a lesser amount saved (approximately) w = 7.2 to
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enjoy their life as a retired person. If I keep the wealth fixed I can see different attitudes
depending upon the amount of wealth. For all wealth level less than w = 3, consumers
with the same chronological ages and the same wealth in savings, a 7 = 8 consumer with
a greater fear of living a long life, who is older then an average person of the same birth
year (above the b-age=c-age line), tends to retire at a higher biological age then a v = 2
person. Obviously, he wants to work till a later b-age to save more for a longer retirement life.
Similarly, people with higher c-ages (100 and above) and the same health status and higher
risk aversion tend to retire at a later c-age for the same reasons mentioned before. But as
the wealth level rises beyond w = 3 notice that the v = 2 and v = 8 curves cross each other.
With increasing wealth the point of crossing is shifting towards lower c-ages until the curves
do not intersect for wealth levels w = 6 and higher. For these crossing curves, at the same
wealth level, towards the left hand side of the point of intersection a highly risk averse person
of the same c-age tends to retire at a higher b-age and on the right hand side consumers
with same b-ages and same wealth level but with moderate risk aversion retire at later c-ages.
For wealth w = 6 and higher, customers sitting at the same wealth status but with different
risk aversions, a 7 = 2 person retires at later calendar ages as well as higher b-ages. This
retirement age difference is widening between both consumers with increasing wealth levels.
Probably, the consumer with a greater fear of living longer thinks he has enough money saved
for retirement (as highly risk averse people tend to have lower spending rates post-retirement)
so he should retire earlier than his moderately risk averse v = 8 friend. Notice that, the
v = 8 and v = 2 customers’ retirement curves for the same wealth level which are crossing at
some point, on the right hand side of the intersection show behaviors similar to w > 6 wealth
and on the left hand side have attitudes similar to people with w < 3 wealth levels.
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120 Retirement Boundary for different wealth levels
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Figure 3.12: Optimal retirement boundary sensitivity to the volatility of biological age
process. .
Assuming r = 2.5%,p=r,7v=2,1=6.49, W =12, = 0.5

Figure 3.12 shows the sensitivity of optimal retirement boundary to the volatility o of
mortality which is one of the factors driving the diffusion of biological age process. The
behavior for high w is what was expected, that is, increasing volatility will cause people to
retire earlier. The more fascinating effect is what happens at lower wealth levels, i.e. the
curves cross. At low w with increasing o, the difference in optimal retiring age for healthier
people seems insignificant. But the people who are less healthy than normal, who also have
limited savings, actually retire later (when volatility is higher). Maybe thinking *this could
change, and I could get healthier, in which case I'll need extra wealth to fund my retirement.
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So I better keep working, just in case®. While if volatility is low their spending needs are
more predictable, so they can retire and start spending.

B-Age Simulation: n0=30, o=1
110 T T T T T T T

7
A(0)= 25
A(0)= 35
100 F A(0)= 45 .
(0]
()]
@
o
20 1 1 1 1 1 1 1
30 40 50 60 70 80 90 100 110

c-age

Figure 3.13: B-Age Simulations for varying Ao.
Assuming v =2, kg = 30,0 = 1,1 =6.49, W =12, = 0.5

Figure 3.13 is the b-age simulation of a 30 year old consumer considering different scenarios
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for b-ages at t = 0. For Ay = 25, the consumer is healthier than his current c-age 30 and for
Ao = 35,45 his health status corresponds to someone older than c-age 30. The upward drift
increases the biological age of the consumer with growing c-age, showing a person’s health
deteriorates with growing c-age. The noise in the path shows volatility in the b-age. Since
the maximum b-age is capped at kp = 110, all of the b-age paths are drifting towards this
capped max b-age.

Wealth dynamics for initial wealth at age 30:0=1 A(0)=35 w,=0.20
12 T T T T T T T _
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Figure 3.14: Wealth Dynamics of consumer with stochastic force of mortality for varying
initial wealth wy. .
Assuming v = 2, kg = 30, 49 = 35,7 =2.5%, p=r,0 =1, =649, W =12, = 0.5

The life time wealth dynamics of a 30 years old consumer with b-age 35 are shown in
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figure 3.14. The consumer uses my optimal consumption and retirement strategy. I am
testing the strategy with the consumer’s different levels of initial wealth wy. Figure 3.18 plots
the corresponding optimal consumption paths. Just as in the deterministic mortality case
figure 2.6, for small initial wealth the consumer stays in the labor force all his life time. For
wealth levels approximately less than w = 1.85, consumer begins at consumption levels larger
than his labor income so his wealth declines at a faster pace but since he has planned on not
retiring at all, soon he quickly but smoothly lowers his consumption levels to ¢ = 1 so that his
wealth level stays almost steady at some positive wealth near 0. The noise in the consumption
plot is due to the noise in b-age simulation. Notice that the steady consumption level ¢ =1
begins to rise near the final b-ages and the corresponding wealth curves decreases to 0. The
consumer knows he is unlikely to live beyond ¢ = T, so he begins using up his savings as
well as annual income in the hope to gain more utility from consuming towards the few final
years of his life. The purple wealth curve for wy = 1.85 shows slightly different behavior for
the first year or two. The corresponding purple consumption curve shows that his spending
rate increases very fast in those years but soon he begins dropping his consumption levels
and joins the no-retirement wealth path along with all the wealth levels less than w = 1.85.
The next blue curve for wy = 1.90 also begins at a higher consumption level but instead of
riding the no-retirement band wagon, he begins to save money for retirement and eventually
retires around c-age= 52 with the retirement savings of almost $7.5 and spends rest of his
life on his savings. For all wealth levels between 1.90 < wg < 9.0 the consumer saves money
for retirement shown by rising wealth curves. For all these wealth levels the consumption
stay almost steady at ¢ = 0.81 with a slight decrease near retirement. Then we see a huge
downward jump in consumption depicting the retirement and a decrease in consumption
levels by the factor B in order to compensate for the lost wages. Afterwards, the consumption
as well as the wealth decreases with increasing c-age in retirement life. All wealth levels above
wo = 9 prefer not go in labor force at all. They are happy to lead all their life in retirement
consuming around the rates of ¢ = 0.3 and ¢ = 0.4 for the most of their lives. And then
declining their consumption levels so that their wealth saving could last till their last breath
(if they stay alive till c-age=110). Figures 3.15 and 3.16 with their corresponding consumption
plots figures 3.19 and 3.19 portray the wealth dynamics and consumption strategies for a 30
year old consumer with b-age 25 and 45 respectively. As compared to consumer with initial
b-age 35, a consumer who enters the strategy with b-age= 25 (he is in better health than his
c-age) has no-retirement wealth threshold decreased down to wy = 1.50 and for the consumer
with initial b-age 45 has the no-retirement wealth threshold increased to wy = 2.40. The
healthier consumer is more hopeful about living a longer life so he wants to get in the labor
force and save more for his long retired life while the relatively less healthy person doesn’t
have high hopes about living a longer life. He needs to have a bigger amount of initial savings
to give him hope about a long life to make him get into the labor force and save money for
retirement. Figures 3.17 and 3.21 are merely the above wealth plots combined together and
the optimal consumption plots put together to give a better visual comparison of wealth and
consumption curves for the consumers with different initial b-ages.
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Figure 3.15: Wealth dynamics of a consumer with Ay = 25.
Assuming v = 2,7 = 2.5%,p =r,kg = 30,0 = 1,1 = 6.49, W = 12,0 = 0.5

68



Wealth dynamics for initial wealth at age 30:0=1 A(0)=45
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Figure 3.16: Wealth dynamics of a consumer with Ay = 45.

Assuming v = 2,7 = 2.5%,p =1, kg = 30,0 = 1,1 = 6.49, W

69

100 110

=12, =0.5

w,=0.20
W= 0.40
w,=0.60
w,=0.80
w,=1.00
Wo= 1.10
W= 1.20
W= 1.30
W= 1.40
w,=1.50
Wo= 1.60
wy=1.70
W= 1.80
W= 1.90
w,=2.00
w,=2.20
wy=2.40
w,=2.60
wo= 2.80
W= 3.00
w,=3.50
w,=4.00
W= 5.00
w,=6.00
W= 7.00
w,=8.00
w,=9.00
w,=10.00
Wo= 11.00
W= 12.00




" Wealth dynamics for initial wealth at age 30:0=1
T T T T T

T T

wealth

. A0)=25

----- A(0)=35

A(0)=45

30 40 50 60 70 80 90 100 110
c-age

Figure 3.17: Comparison of wealth dynamics of consumers with different A.
Assuming v = 2,7 = 2.5%,p =r,kg = 30,0 = 1,1 = 6.49, W = 12,0 = 0.5
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Consumption path for a 30 year- old consumer:o=1 A(0)=35 Ibar=6.49 0
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Figure 3.18: Life time consumption path of a consumer.
Assuming v = 2,7 = 2.5%,p =1, kg = 30, A4g = 35,0 = 1,1 = 6.49, W =12, = 0.5
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Consumption path for a 30 year. old consumer:o=1 A(0)=25 Ibar=6.49
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Figure 3.19: Life time Consumption of a consumer with A4y = 25.
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Assuming v = 2,7 = 2.5%,p =1r,kp = 30,0 = 1,1 = 6.49, W = 12,a = 0.5
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Figure 3.20: Life time Consumption of a consumer with Ay = 45.
Assuming v = 2,7 = 2.5%,p =1r,kp = 30,0 = 1,1 = 6.49, W = 12,a = 0.5
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Consumption path for a 30 year old consumer:o=1.
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Figure 3.21: Comparison of life time consumption of consumers with different A,.
Assuming v = 2,7 = 2.5%, p =r,kg = 30,0 = 1,1 = 6.49, W = 12,0 = 0.5

3.7 Pre-Retirement PDE: Explicit Numerical Scheme

Initially T used an Explicit Finite Difference Scheme to solve the pre-retirement problem due
to the ease of implementing explicit schemes. I was not able to solve the problem with great
accuracy but it gave me a good idea about the shape of the pre-retirement value function
and the problems I need to focus on. For example, I saw that around large time retirement
at extremely small wealth was causing instability issues in the code. I had to fix this issue
with the use of log-wealth grid. I think it’s a good idea to mention this scheme here as well.
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Consider the numerical grid (¢;,w;,ax); 0 <t; <T,1 <w; < W, Al < a; < A2 and a
non-uniform grid (¢;,y;,a,);0 <, <T,0 <e¥% <1, Al <a; < A2. Let dt,dw, dy and da be
the time step-size, wealth step-size, log-wealth step-size and bio-age step-size, respectively.
N+1,M+1,M,+1 and K + 1 be the total number of time nodes, wealth nodes, log-wealth
nodes and b-age nodes, respectively. I am considering an explicit finite difference scheme
evaluating all derivatives at old time step. For this scheme I am considering the original
forward time (not using the time transformation). Then the i time node is t; = idt;i =
N,N —1,...,0, the j" wealth node is w; = jdw;j =,1,..., M, the j" log-wealth node is
y; = Y1+ jdy;j =,1,..., M, and the k' biological age node is a;, = Al + kda; k = 0,1, ..., K
. The pre-retirement value function at discretized grid points be Vi (t;, w;, ax) = ;k, Vi, 7, k.
Assume that everyone is forced to retire on reaching some large c-age t,;; +x and not allowed
to go back to work. This constraint is used to avoid the instability arising due to very small
values of life expectancy close to this age. A small retirement bonus ‘bonus’ is offered to the
retiree to stabilize the numerical scheme when people having very small wealth are forced to
retire at 7.

Consider the pre-retirement problem PDEs mentioned in the previous Section 3.2.1 4.12
and 3.32:

2

MVFK1+£“:f>bmﬁf;mm+

T
—y(1=9\, =7
le_y +7r— (61_5/1y>] ‘/ly - (Io + )\(Uz))‘/l =0

For 1 < w < W, Vt,Va, consider the pre-retirement PDE 3.13 in the following form

-

_ 2 Vi
WV+P+a“ “ﬂ%f#;%m+<kmw—11ﬁ>%w—@+Ammﬁzo

T—t

along with the boundary conditions:

UM,C = V(t;, W + bonus, ay,); Vi, k
vj

V) =V (ti,wj + bonus, K), v o = V(t;, €% + bonus, K),Vi, j

_ 'L . . .
0 =13V,

Vi(1) = V (1), where 7(t*, w*, a*) is the optimal retirement boundary.

The the time derivative is discretized at (t;41,w;, a;) using backward finite difference.

yi.*kl — i.k
Vlt(tz'-s-lawjaak) = %
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and

-5

—y;(1-%) w7
i {eyj NI (e j Vi (Fit1wj,a0)] ), 0<ew <1

Bk = it
I 1+ rw; — Vi (tit1,w;5,0k)] 1<w; <W

-5 )

For 3, V1,, and V;,, are evaluated at current time-step (Z;41,w;, ax) or at (tiy1,y;, ax) using
forward difference. Then, using 5 up-winding is used for the wealth derivative at explicit

time nodes i.e.,
i+1 i+1
;+1 k— ; k BH—I
dw

‘/iw(ti+17 Wy, ak) = ittt

ik Vi—1k 7
dw 7/8]'?]{: <
Symmetric difference and up-winding is used for b-age derivatives i.e.,

i+1 i+1

Vik+1 Yk 024—1 0
% (t- W a ) — . da,
a\li+1, Wy, Ok vlzlfvlzl ) i1
Js J,k— 3
= 0,7 <0
UH];I L — 2U1+1 + UHI;I .
aa( i+1, w]a ak) - dCL2

The 0""—order term is evaluated at the un-known grid point (¢;,w;,a;). Denote P, =
1+ dt(p+ Mag)) and D = %2 Then the discretized version of both PDEs 4.12 and 3.32; as
per their respective ; becomes

i+1 i i+1 i4+-1) ,,0+1 i+1 z+1 i+1 ,,0+1 141
Uik — Vi O 10 [ Yk — Yk — 10, v5k LS
dt 2 da 2 da
z+1 2 z+1 z+1
— 2V; + v .
DY da2 — (p+ Maw))vj ,+
z+1 z+1 i+1 i+1 i+1 z+1 z+1 i+1
‘ | Yit1k — Yk j ‘ ‘ Uik — Y1k
+ =0
2 dw 2 dw
This solves explicitly for the unknown v ,; Vi, j, k as
i+1 i+1 i+1
: 1 Uikt — 205 + Vi
v =— vkt +dt| D2 b Aol (3.41)
’ Pk dCL
i+1 i+1) .0+ i+l i+1 i+1 ,,0+1 i+1
O + 107 V1 — Vg n O — 10| vk Uj,kfl_'_
2 da 2 da
H—l | z+1 pitlt UH—I H—l | z+1| z+1 i+1
2 dw dw

3.7.0.1 Algorithm

The algorithm for solving the optimal retirement boundary is given below:
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10.
11.

12.

. Assume that everyone is forced to retire on reaching the age of 100 and not allowed to

go back to work. Then, t,.; +x = 100 and set

'~

U‘,k = V(’L, eyj + bOnUS, ak), U;,k‘ = V(Z, w] + bOnUS, ak)

)

vl = V(K, e + bonus, ay), viy, = V(K,w; + bonus, a)
Vi = V (i, M, ay)
for i = retl,retl +1,.... N V5, k
Begin at i =retl — 1 and k = K — 1.
Begin at 7 = 1 for the log-wealth grid.
Solve 3.41 for v % .

(¥ +bonus) 1=

The post-retirement value at this grid point is ¥ = f(t,er7-1, ax—1) T

Evaluate max(v}ﬁ?_’f,@). If the maximum turns out to be equal to ¥, mark this 4, j, k

for optimal retirement, that is, 7(i*, j*, k*).

Move onto next j and repeat steps 3 — 5.

. After the last grid point in log-wealth grid begin at 7 = 1 for uniform wealth grid.

Solve 3.41 for v;-,e[’?:f. The post-retirement value at this grid point is
(w;+bonus)t ~7

U= f(tretr—1,0K-1) 1

Repeat step 6 until the final grid point on wealth grid.

[terate through all b-age steps going backwards from k = K — 1, ..., 2. For each k repeat

steps 3-10. Finally set v}, = v7;.

Walk to the next time step, solve for all j's and k’s while repeating steps 3-13. The
marked values of 7(i*, 7%, k*) form the optimal retirement boundary.

I used Matlab to program this numerical scheme. The maximum wealth is W = 15. The
time 7' = 110 — z and the maximum b-age is 110. The current age k¢ is assumed to be
30. The units of leisure [ = 7, Y1 = —4,Y2 = In1,W1 = 1,W2 = W. To control the
instability arising due to \(a) near age 110 age, everyone reaching the calendar age of 100 is
forced to retire. For the stability conditions of explicit finite difference scheme, the time grid
size has to be quite small, that is, dt = 10~* in order to get a reasonable wealth step size,
dw = 0.05 = dy. The b-age step size is considered to be 1 month, da = 1/12.

Figure 3.22 shows the optimal retirement decision as a function of b-age vs c-age for some
fixed levels of wealth. Figures 3.23— 3.30 plot the value function of a person at different ages
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making optimal retirement decision. Due to the extremely small time step, it took almost 20
hours to run the code.

Optimal Retirement: dt=0.0001, da=1/12, dw=0.05, dy=0.05
I

110 T T T

100 -

w=10.5

j \ — o
m—w=9.5
—W=9

w=8.5
w=8
w=7.5
w=7
m— W=6.5
m— =6
—w=5.5
—w=5
w=4.5
w=4
—w=35
w=3
— w=2.5
w=2
—w=1.5
- w=1
w=0.6065

70 80 90 100
c-age

b-age

T

Figure 3.22: Optimal retirement decision for fixed wealths, Explicit Finite Difference Scheme.
Assuming y=8, o = 0.3,] = 7, bonus = 1/52, W = 15,a = 0.5, Forced Retirement age= 100
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Age30

5
bAge 0 o Wealth

Figure 3.23: Value Function for Optimal Retirement decision at age 30.
Assuming =8, o = 0.3,] = 7, bonus = 1/52, W = 15,a = 0.5, Forced Retirement age= 100

Aged0

-10

> -15

bAge 0 o Wealth

Figure 3.24: Value Function for Optimal Retirement decision at age 40.
Assuming v=8, 0 = 0.3,1 = 7,bonus = 1/52, W = 15, a« = 0.5, Forced Retirement age= 100
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Age50

-10

-20 -

-25 -

-30 -
100

5
bAge 0 o Wealth

Figure 3.25: Value Function for Optimal Retirement decision at age 50.
Assuming v=8, 0 = 0.3, = 7,bonus = 1/52, W = 15, a = 0.5, Forced Retirement age= 100

Age60

bAge 0 o Wealth

Figure 3.26: Value Function for Optimal Retirement decision at age 60.
Assuming v=8, 0 = 0.3,1 = 7, bonus = 1/52, W = 15, « = 0.5, Forced Retirement age= 100
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Age70

-10 -

-15

-20 -

-25 -l
100

5
bAge 0 o Wealth

Figure 3.27: Value Function for Optimal Retirement decision at age 70.
Assuming v=8, 0 = 0.3, = 7,bonus = 1/52, W = 15, a = 0.5, Forced Retirement age= 100

Age80

> -10

-15 4

-20 -
100

bAge 0 o Wealth

Figure 3.28: Value Function for Optimal Retirement at age 80.
Assuming v=8, 0 = 0.3,1 = 7, bonus = 1/52, W = 15, « = 0.5, Forced Retirement age= 100
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Age90

-10

-15 -
100

5
bAge 0 o Wealth

Figure 3.29: Value Function for Optimal Retirement decision at age 90.
Assuming =8, o = 0.3,] = 7, bonus = 1/52, W = 15,a = 0.5, Forced Retirement age= 100

Age99.9999

-300

-400 -

100
15

bAge 0 o Wealth

Figure 3.30: Value Function for Optimal Retirement decision at age 99.999.
Assuming =8, o = 0.3,1 = 7, bonus = 1/52, W = 15, a = 0.5, Forced Retirement age= 100
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Chapter 4

Stochastic Mortality Rate with
Exogenous Pension Income

4.1 Problem

Once again consider a consumer with chronological age (C-age) z. At any time ¢ his C-age is
x; and his biological age (B-age) is A;. The consumer is earning a labor income of $1 annually
and will invest his wealth at a risk-free rate r with no bequest motives. He is interested in
determining the optimal B-age a* and wealth w* to retire at an optimal time ¢t* while having
an optimal consumption plan for his entire lifetime.

4.2 Mathematical Setup

The mortality law is based on biological age as discussed in chapter 3 section 3.2 and T' is
a time beyond which aging ceases and the mortality plateaus [6]. Recall that in chapter 2
section 2.2 equation 2.6 the utility of consumer at any time 0 < ¢ < oo was given as

@ tirement
U= , pre-retiremen
alenl) =4 A 0P (4.1)
H:BVf_—7 , post- retirement

where B = 170707 Tat is, the consumer gets to choose a time to retire, and earn a
utility of u;(¢;) for pre-retirement consumption and BYu;(¢;) for post-retirement consumption.

[ will take the risk aversion parameter v > 1 which makes u;(¢;) = % negative. Therefore, I

also take 0 < B < 1, which means that a consumption of ¢; earns more utility post-retirement
then pre-retirement. Let V™ (¢, w, a) be the post-retirement value function and V{"(t,w, a) be
the pre-retirement value function.
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4.2.1 POST-RETIREMENT (¢ > t*)

Let the consumer be entitled to an exogenous pension income of 7 times the labor income,
annually, after retirement, where 0 < 7 < 1. Then the wealth dynamics for post-retirement
are

dwy = (7 + rw; — ¢;)dt (4.2)

Consider the expected total benefit given in equation 3.18 under stochastic mortality in the
post-retirement case.

t S t —
7, = / e fo(p+’\Q)dqu(cs, ls)ds + e~ fo(p+’\q)qu”(t,wt, [, Ay)
0

Applying Ito’s lemma, substituting for wealth dynamics and B-age dynamics, and setting
drift equal to zero, gives

sup [u(c,l)—(p +XMa))VT+ V™ + Vo (m 4+ rw — o)+

K

— 2__
)]+ G =0 43)

Recall that, the optimal post-retirement consumption is ¢ = B(V7,)~7 and the optimiza-
tion of ¢ is developed as a convex dual of (¢, ) given in equation 2.18

VﬁaKlJrg

(4.4)

B(Vm,)' 7
-5

sgp{ﬂ(c) — VT =u(V™,) = —

The optimal retirement boundary 7(t*, w*,a*);0 < t* < 7,0 < w* < W,0 < a* < Ky i8
found using a numerical scheme. This optimal choice of retirement is a complex balance
of a consumer’s age, health, savings and consumption patterns as well as the utility both
post-retirement and pre-retirement. Hence, for an optimal choice of t* the HJB for t < T is:

Boundary Condition at wealth w =0

Post-retirement consumption should not rise over time as mortality adds up to the discounting
parameter p. That means, discounting is done at a rate higher than the risk free rate (as I am
considering p = 7). So a good choice of consumption at w = 0 is ¢; = 7, which is sustainable
in the sense that the consumer can consume at this rate forever. The only reason for not
consuming as much as you are allowed to now (i.e. 7, when w = 0) is if you want to build up
wealth in order to consume extra later. And the higher discounting makes that sub-optimal.
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Hence, it is optimal to consume at the rate ¢; = m when wealth is zero. This will keep the
wealth constant at w = 0 (see the wealth dynamics for post-retirement, I get dw,/dt = 0). In
other words, we won’t forego consumption today in order to consume later at a higher rate!
This will help me derive the boundary condition for my ODE at w = 0. I am expecting that
once a person hits the zero wealth level w = 0, he consumes at the exogenous pension level 7
. This gives a constant post-retirement utility of u(c;, ) = B? ’;1__; At w =0 and ¢; = 7 the
wealth dynamics 4.2 become dw = 0 which makes the wealth stay constant at w = 0. Hence,
the wealth derivative terms from Ito expansion of Z; vanish. Therefore, the HIB for V7 (¢, a)

at the boundary w = 0 for all ¢ < T is given by,

VT, 4 Kl+§§i:?>

The boundary condition for this PDE are: at t = T; V7 = VZ(w = 0), a reflecting
boundary at b-age a = 0; V7, = 0 and an absorbing boundary at maximum b-age a = Kr;
V7™ =VF(w =0), where VF is the solution of ODE 4.7 below.

7.+ LR ANa) V7 + B1
b GV = (0 M@V BT

—0 (4.6)

Boundary Condition at time ¢t =T

For all times t > T I am assuming that the hazard rate Ar is constant which makes the
problem time invariant, that is, V™, = 0 and the aging stops which gives V7, = 0 = V7,,.
Hence, the value function is dependent on the wealth variable only. Call V™ (T, w,1) = VF(w).
This reduces the PDE 4.5 to an ODE:

B
=7

(7 +rw) (Vi )w — [(VE)ul ™ = (p+ AM)VE =0,0<w < W (4.7)

For this ODE, I need a boundary condition at w = 0 as discussed above. For post-retirement,
I am optimizing the total value

VE (w) = /0 T e iy () dt = /0 T e R By () dt (4.8)

At w =01 have ¢, = 7 and

VAO) = [ et ()t

o0 1-

— 6_(P+>\T)tB7L7dt
0 1—7

o= { e~ (p+Ar)t

L=7yl=(p+Ar)

_Bvﬂlﬂ{ 1
1—vLl(p+ Ar)

= BY =

0

(4.9)

85



Therefore the boundary condition for the PDE 4.7 is VF(0) = %. If 2 = (VF), and

the function H(z) = (7 +rw)z — fizl_:’, then I can write the ODE (4.7) as a pure algebraic
equation

H(z) = (p+ A\)VE (4.10)

When defining the function H, I am not showing it’s dependence on w. When I need the
dependence of H on wealth, I'll write H (w, z). I need to analyze this equation for given values

of V7 (and w). For the function H(z) = (7 +7rw)z — 122", Thave H'(2) = (7 +rw) — Bz,

Setting this equals to zero gives the critical point 2 = {””" . It’s a nice concave function,
hence, the minima for H(z) is Hy = H(Z) = (13_77) (m+7rw)'=7. The zeros of H(z) are zg = 0

-
and zrps = [(W—ng(l_’ﬂ] .
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Post-retirement H(z) at w = 0.1

1.5 T T T T T T

H(z)

* Hy=-0.9820
2 =2.4398
1k .
0.5 -
ZRHS — 9.7591
zras =0

H(2)

11 12 13 14 15

Figure 4.1: Example for function H(z) at w = 0.1,7 = 40%,v = 2,r = 25%,p=1r,1 =3

If I look at the plot for H(z), when H(z) > 0 there is 1 solution z to the algebraic equation
(4.10) when VF > 0 (using horizontal line test). Since, v > 1 so V¥ is a negative quantity,
therefore, H(z) > 0 solution to the algebraic equation doesn’t concern me. If H(z) < H,
there are no solutions for the inequality (p + Ar)VE < Hy, and if Hy < H(z) < 0 there are 2
solutions for Hy < (p + Ap)VFE < 0. Call them z; and zp; 21 < 2 and 2z > 2.
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Now the question is, which solution to the equation 4.10 I want. Consider the function

B
—21”
=7

¥

H(w,z) = (7 +rw)z —

Then the algebraic equation is H(w, z) = (p + Ar)VE. Taking - on both sides give

dH (w, 2)
dw

Hy, + HZ(W)ww =(p+ AT)(W)U}

Since, H,, = 7(VF), therefore,

= (p+ M) (VF)w

T(W)w + HZ(W)ww = (p+ AT)(W)w

I am considering discounting at the risk free rate p = r, therefore, the r and p terms from
both sides of the equation cancel out and I am left with

Hz (W)ww = AT(W%D

When I increase w, consumption ¢ = B[(VF),,] ™7 would increase, so (V7 ),, should decrease. In
other words, (VF),, being a decreasing function gives (V). < 0. Since, V¥ is an increasing
function of wealth w, then (VfF),, > 0 which implies that H,(V)yw = A\rVE, > 0. The
inequality on the right hand side forces H,(w, z) < 0 because (VF)uw < 0. Hence, H(z) is a
decreasing function. For my choice of parameters I want H to be on decreasing side, that
is I refer z; the smaller of the two solutions to the algebraic equation. That establishes the
post-retirement HJB at ¢ = 7', which is now easy to solve numerically.

More generally for any wealth w € [0, W], the consumption of ¢ = 7 + rw keeps wealth

constant over time (%} = 0 from the post-retirement wealth dynamics). This strategy gives a
utility of
_ [eS)
VIE| :/ e~ P By, (1 4 rw)dt
c=¢ 0

0 1—
= [Tentorimn T
0

L=~
B (m + rw)l‘V { e—(pHAT)t ]oo
N 11—+ —(p+ Ar)lo
(7T+TIU)1'Y|: 1 Hy
=B = 4.11
L=y UWp+Ar)l  p+Ar (4.1)

If I take the smaller solution z; < 2 then, Bz;~7 > B277 and ¢(z1) > ¢(2). Consumption will
exceed this subsistence level making wealth decline over time.
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Boundary Condition for B-Age

The minimum b-age a = 0 is a reflecting boundary, that is, V7, (¢, w,0) = 0 while at maximum
b-age a = k7 there is an absorbing boundary with V7 (¢, w, k7)) = VF discussed above.

4.2.2 PRE-RETIREMENT ( < t*)

For the optimal retirement boundary 7(t*, w*, a*); a consumer is in the pre-retirement phase
of life for 0 <t < t*;0 < t* < T. He earns a labor income of $1 annually until it is optimal
for him to retire. The exogenous pension pre-retirement problem is same as the stochastic
mortality case-no pension pre-retirement problem discussed in chapter 3 section 3.2.1. The
optimal consumption is ¢; = [(V{),]”7 and the HJB equation is as discussed in chapter 3
section 3.2.1 equation 3.13:

V) 1+ (), - Ee
o D0+ S0 - o =0 @)

But, the set of boundary conditions are different than what I had in section 3.2.1.

Boundary Condition at time t =T

Just like the post-retirement problem, at time 7" the mortality rate is constant Ap. This
results in time invariance for all times ¢ > T; (V]"); = 0 and the aging stops resulting in
Vi), =0=(Vy7),,- Call V/'(T,w) = Vj(w). This reduces the PDE 4.12 to an ODE:

(1+rw)Vi =5 VA — (p+ Ap)VE=0,0<w < W (4.13)

1

-5
Consider a wealth level w at which a person at c-age k1 or a person at maximum b-age would
retire. Then, his pre-retirement utility Vi should agree with the post-retirement utility V7

above this wealth w, that is, -
Vi(w) = VF(w);Yw > w

Below the wealth w < w I need to look for the solution of ODE 4.13. A closer look at the

ODE shows that the algebraic equation (4.10) mentioned in section 4.2.1 also holds with

VF replaced by V& and H(z) replaced by S(v) = (1 + rw)v — 1;1/1_7 Now, the variable
vy

v = I and the algebraic equation for which I am seeking a solution is

S(w) = (p+Ar)V7 (4.14)
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Pre-retirement S(v) at w = 0.1

I I I I I
2r 5(v) ]
* S[) = —0.9975
* 0 =0.9950
15 m
1 = —
=0 a0 Vris = 3.9801 i
2]
° 1
|
|
|
|
0.5 - | |
|
|
|
|
1y 123 7
1 1 1 1 1 1 1 1

Figure 4.2: Example for function S(v) at w = 0.1, 7 = 40%,v = 2,r =2.5%,p=r,1 =3

Using the same arguments as discussed for the post-retirement equation 4.10, function S
has a critical point at 7 = (1 4+ rw)™" and minima is Sy = % The zeros for S(v) are
vins =0 and vrgs = ((1 + rw)(1 —4))~7. The subsistence consumption level is ¢ = 1 + rw.
There are 2 possible solutions to the algebraic equation 4.14 in an interval (S, 0]; 4 and vs.
The smaller solution 1y < ¥ corresponds to the pre-retirement consumption rising above the
subsistence level ¢(v1) > ¢ resulting in a declining wealth over time (the pre-retirement wealth

dynamics give dw/dt < 0). The larger solution v, > ¥ results in a ¢(v5) < ¢ and rising wealth.
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Let the pre-retirement values V7, and V7, be the solutions for ODE 4.13 corresponding to
v1 and vy, respectively. Unlike the post-retirement case, it is no longer clear (and in fact not
always true) that the optimal consumption ¢ always increase with w and hence, I cannot
pinpoint the solution to the equation 4.14 I always need. I'll be working with both solutions
as per the need of pre-retirement optimal consumption.

Therefore, consider both solutions V7, (w) and Vj7,(w). Since both have different slopes
vy and vy, they will definitely intersect at some point. Let both solutions cross at a wealth
w*. The maximum of two solutions; max(Vj,, VF,) will have a lower (V) (i.e. the smaller
solution 14 to 4.14) and so a higher consumption to the left of w* and higher (V) (the
larger solution v, to 4.14) resulting in a lower ¢ to the right of w*. In other words, on the
curve for maximum of two solutions, with increasing wealth there is a possibility of switching
transversely from high consumption to low consumption but not vice versa. That means, this
transverse crossing can occur only at one point, so, there can be at most one such wealth
w*. Having wealth w* one can consume at a higher rate so as to lower wealth, in which case
optimality of the smaller solution V7 shows the supermartingale property. Or one can choose
a lower consumption rate to raise wealth, in which case supermartingale property follows
from optimality of the larger solution Vj,. Thus such transverse crossings can be optimal.
This is in contrast to the problems where there is noise in wealth which drives the wealth in
both directions across w*, forcing smooth pasting to hold.

Of course I do know that (V) is continuous, as otherwise I could use either a small
consumption ¢ or a large ¢ to make the supermartingale jump up. As remarked above, if
there was noise in this problem I could rely on smooth pasting to give me that (V7),, is
continuous everywhere. But in fact, I have seen that there is the potential for there to be a
w* < w (but only one such w* exists) at which (V7),, fails to be continuous.

Now, let’s have a look at (V7)) near w. At retirement wealth w = W post-retirement and
pre-retirement values match; V7 (w) = VF(w). If (VF),, is continuous around this region and
smooth pasting is valid then (V) (w) = (VF),(w). That is, at w = w, the post-retirement
ODE 4.7 and pre-retirement ODE 4.13 give

(m 4+ 1w) (V)

(1 +70) (V7 )uw

w=w

Subtracting the equations result in

(Vi)

- {(1 —m) = = (1= B

For my choice of parameters 0 < B < 1,7 < 1,0 < v < 1 I have (Vf), # 0 (unless the
consumer consumes at an infinite rate, which is not possible). Therefore,

— = {(1 —17T1(1B_ '7)]7 (4.15)

(VI )

w=w
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My plan is to find (VF),, numerically via algebraic equation 4.15. This lets me find a wealth
w® numerically for which vg; = (VF),(w®) (or w® = 0 if there is no such value). In fact, a
careful examination of the argument shows that the pre-retirement supermartingale property
holds for the post-retirement function VT to the right of w®. In the case of smooth pasting
at w, I know that w = w°.

This will in fact be the case if immediately to the left of w, the solution V] is using a
consumption ¢ below subsistence ¢. To see this, suppose not. Then if we continue to use this
same ¢ but (suboptimally) don’t retire upon reaching level w, then wealth will continue to
increase and the transverse crossing will give an extra push to the supermartingale process
that forces it to increase. This is impossible. This leaves open the possibility of a transverse
crossing at w, provided the solution to the left of W uses a ¢ above subsistence. In that case
however, I would need w° < w in order to obtain the supermartingale property.

To summarize, the following possibilities remain for the pre-retirement utility V7. I will
show by example that any of them can in fact occur. Consider the notation Vi (blue) for the
solution to post-retirement HJB at large T" but with B =1 and m = 1. V7, (green) is the
pre-retirement HJB solution corresponding to larger v,. V7 (black) is the post-retirement
ODE solution. Let @ be the wealth value at which VF and V& cross (and @ = 0 if Vi > Vp
everywhere). w* is the wealth where VT and V7 , meet (remember that for post-retirement
ODE I am considering the solution to smaller z; < 2. Therefore ‘N/j’f corresponds to the
smaller slope z; and VT, has larger slope 23, so the solutions will intersect) . At w®, smooth
pasting holds, that is, V; and V7, intersect smoothly. The pre-retirement solution V7 is the
maximum of V7, VF, and V7. over the wealth domain [0, W]. The retirement wealth W is
maximum of w, w°.

o CASET @ =0=w°. Thatis, w=0. In this case V;F = VF and it is optimal to retire
at any wealth. See figure 4.3.

o CASE II w°® > w. In this case, w = w® and smooth pasting holds, with VT is equal to
the larger solution V7, to the pre-retirement HJB to the left of w. In this situation
two things may occur:

1. Beginning at w = w® the pre-retirement solution may extend all the way to w =0
without crossing V. With pre-retirement consumption below subsistence level,
we always either retire or save for retirement. See figure 4.4.

2. That V7], solution crosses V7 at a point w* > 0. In that case, Vi = VF to the
left of w*. To the left of w* we consume above subsistence level and give up on
retirement, but between w* and w we save for retirement (with consumption below
subsistence level). See figure 4.5.

« CASE IIT w® < w and @ > 0. In this case @ = @ and Vi = Vi to the left of w. We
either retire immediately, or we give up on retirement. See figure 4.6.

Note that there is an additional case @w = 0 = w® (CASE I) in this chapter which was not
present in the no-pension case section 3.2.1. Because in the no-pension case, there is always
some wealth below which we do not retire.
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Valye Function at T and max b-age
Mo =04, w*=0=w,l=3, B=0.5774
T T

Value at boundary

Post-Retirement
Pre-Retirement ¢ > ¢

wealth

Figure 4.3: Example for Case I for Value function at time 7" and maximum b-age fr.
Assuming © = 40%,~v = 2,0 = 0.5,r = 2.5%,1 =3
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Value Function at T and max B-Age:
T, = 0.4, w = 0.0176, B = 0.62017, [ = 2.6
T T

T T
-0.86 - - a
Post-Retirement
Pre-Retirement ¢ < é
Pre-Retirement ¢ > ¢
*  w
-0.88 - * w
*  w
09
>
©
°
c
3
8 -0.92
kS
)
=
(¢
>
-0.94 - a
-0.96 - a
-0.98 - a
1 1 1 1 1 1 1 1
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035
wealth

Figure 4.4: Example for Case II-1 for Value function at time 7" and maximum b-age .
Assuming © = 40%,v = 2,0 = 1,r = 2.5%,1 = 2.6
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Value Function at T and max B-Age:
T, = 0.4, w = 0.0365, B = 0.64018, [ = 2.44
T T T

T T T T T
Post-Retirement
-0.91 - Pre-Retirement ¢ < ¢
Pre-Retirement ¢ > ¢
*  w°
-0.92 - * W
*  w*

-0.93 -
> -0.94 -
©
=]
5
o -0.95
o
kS
s
< "0.96 -
>

-0.97 -

-0.98 -

-0.99 -

-1 | | | | | | | | | | |
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05
wealth

Figure 4.5: Example for Case II-2 for Value function at time 7" and maximum b-age .
Assuming m = 40%,v = 2,0 = 0.5,r = 2.5%,1 = 2.44
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Value Function at T and max B-Age:
m, = 0.4, w = 3.2719, B = 0.8165, [ = 1.5
T T

-0.2 T T

P
[
k]
c
S
s}
o
©
[}
=
g
1.2 - b
-1.4 - -
Post-Retirement
16 Pre-Retirement ¢ > ¢|
w®
* W
’18 1 1 1 1 1 1 1 1 1
0 0.5 1 15 2 25 3 35 4 4.5 5

wealth

Figure 4.6: Example for Case III for Value function at time 7" and maximum b-age .
Assuming © = 40%,v = 2,0 = 1,r =2.5%,l = 1.5

In particular, I can determine the circumstances under which it is always optimal to retire.
That is, I want @ = max(w,w®) = 0. To have @ = 0 I need V7 and VF intersect at w = 0 or
V[ < V[, that is, the post-retirement utility is always higher and preferable as compared to

the pre-retirement utility. From 4.9 VZ(0) = %. VF is the post-retirement solution

96



at T for B = 1 = m. Therefore, VZ(0) = m. Equating both values at w = 0 results in

BYgl— 1
(L=7)p+Ar) = (1 =7)(p+ Ar)

For v > 1, the condition for w = 0

Vv

BrtTr <1 (4.16)

To have w® = 0 consider post-retirement consumption c¢|,—g = 7. Also,

€= B[(E)w]_%vw

= 7 = B[(VF)u] "lu=0

(5

I know that post-retirement consumption rises with increasing wealth. That is, ¢ > 7 for all
w > 0. This implies that

= (Vi)

w>0

— s (5)

o

for all w > 0. From equation 4.15 I know that at w = w

R |

Ju

5

( 1-B

Remember that if smooth pasting holds, w = w°. Now I have
{(1 —m)(1 —&)}‘W AN
1-B ~—\B
<)
Q1-m@A-75)]) ~\~=




:>1—;2<1—71T><1—i> (4.17)

So for it to be always optimal to retire, I require that both of these conditions 4.16 and 4.17
hold. But in fact, 4.17 implies 4.16. So all I need do is verify the 2nd condition 4.17. To see

1—1
this, rewrite the 1st condition as B7T%*1 < 1. Or, (i) T < %. From 4.17

-
Y

1
To see this, consider the function  — 2'~> which is a power function with 0 < 1 — 5 <
1. Hence, it is a nice concave function. The tangent line to this function at = 1 is

So I'll be done if I show that

1+ (x—1) (1 — i) And as a consequence of concavity I have 1+ (z — 1) (1 - i) > '3

That is, this function’s graph does indeed lie below the tangent line. Therefore, at x = %

1 1 1\
1+ —=1]{1—=—= >~
T v T
and the 2nd condition is verified.

Boundary Conditions for B-Age

The minimum b-age a = 0 is a reflecting boundary, that is, (V{").(t,w,0) = 0;0 < ¢t <
t*,0 < w < W while at maximum b-age a = kp there is an absorbing boundary with
VIt w, kp) = VE0O<t<t*,0<w<W.

Boundary Condition at wealth w =0

For now I am not considering any boundary conditions for the wealth domain of pre-retirement.
The details of how a wealth boundary is avoided are mentioned in the Section 4.3 for my
numerical scheme.

4.3 NUMERICAL SCHEME:

Since there is a boundary condition at the time 7" which requires PDE 4.5 to be solved
backwards in time, therefore, I apply a change of time variable t,c., =T — t4;0 < tpew < T
and drop the subscript from ¢,,.,. The optimal retirement time ¢* can be anywhere between
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t =0 and t =T, the post-retirement PDE has to be solved for the whole time domain and t*
will be determined numerically while solving the pre-retirement retirement problem.

Once again, | am considering a finite difference numerical scheme which is explicit in the
wealth variable but implicit in the b-age variable. Consider a numerical grid (¢;,w;, a); 0 <
i <T,0 <w; < WAL < a, < A2. Let dt,dw and da be the time step-size, wealth
step-size, and bio-age step-size, respectively. N + 1, M + 1 and K + 1 be the total number
of time nodes, wealth nodes and b-age nodes, respectively. Then, the i time node is
t; =idt;i = 0,1,2..., N, the j" wealth node is w; = jdw;j =, 1,..., M and the k™ biological
age node is ap = Al + kda; k = 0,1,..., K. Here to = 0,ty = T,wg = 0,wy; = W, a9 = Al
and ax = A2.

4.3.1 Numerical Scheme: Post-Retirement PDE

Let the post-retirement value function at (4, j, k) discretized grid points be V7 (t;, w;, ax) =
U;k; Vi, j, k. I am using the mixed explicit-implicit finite difference numerical scheme to solve
both the post-retirement PDE and pre-retirement PDE. For that, discretize the wealth part
of PDE 4.5 at the grid point (t;, w;, a;) where the value function is known while the b-age
part of this PDE is discretized at the unknown value function grid point (t;41, w;, ax). For
time derivative, a forward difference is used at(t;, w;, ax) and the 0" order term is evaluated
at (ti+1,w;, a;). Using an up-winding scheme finite difference the wealth derivative at explicit
time nodes is discretized based on 5;'-7,6; the coefficient of V7, in the PDE.
U1,k U5k i
Vot w;, ax) = { dw , B =0

vt~ .
ik j-lik %
dw 75j7k <0

for j =1,2,3,....M — 1. For j = M TI'll use backward difference to evaluate the wealth
derivative of post-retirement value function.

=i =i

e _ Umk T YMm-1k

V7t way, ay) = Ak — MLk
dw

! is defined as

[Vou(tswy,ar)] 7,0 < w; < W

=T Trw; — 11—
V7, inside 6;k is evaluated using a forward finite difference at the current time step in
order to get rid of the non-linearity of the wealth derivative of the value function. The time
derivative is gives as

i+l .
T

_Wt(thwj)ak) - dt
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The symmetric difference is used for the second order b-age derivative and and up-winding
is used for the first order b-age derivative at implicit time nodes i.e.

Fitl_gitl ]
bk gkl g > ()
T _ d U Z
VT a(tivn, wi, ap) = 4 pie1 i .
da ’
—i+1 —i+1 72+1
v — 208+
_ Yhk+1 7.k 7,k—1
V7 aa(tir, wy, a) = da?

where, 0} is the discretized version of coefficient of V7, defined as

: av) + ti — Qf
0, =—|1 _ 4.18
==l 15
Using these finite differences to discretize the post-retirement HJB 4.5 gives a mixed explicit
implicit scheme.

il H—l i1 i+l ol i+1 i1 apitl il
Uik — Uik 0. V5 — Uk 0y — |0 Uikt — Vs n
dt 2 da 2 da
2 —i+1 z+1 —i+1
oV —2v + U
g,k+1 J,k—1 i+1
= da2 — (p+ Man)) T+ (4.19)
i i | =i —i 7 i | oyt 5t
e+ 1Bl Ve — Uik 4 ik~ B3l Uik = T _ 0
2 dw 2 dw

Group together like terms and label the coefficients of v7}Y,, v/5L 05" as follows:

D B 9?—1 _ ‘9?-1‘

k) =— 4.20
(k) da? 2da ( )
D 6i+1 4 |9i+1’
L k k
na(k) = da? * 2da
(k) = 1 (k) + ma(k) + (9 + Aaw)) +
respectively. Here D = "—22 Collect all the ¢; node terms and call them
e B Ui = U Bk — Bl U — T T
k — ]7k s Jj+1, Js s s Js J ) s 421
9(k) > dw 2 dw | dt (4.21)

For every time step and wealth step, let vﬁl =V,7 = Vo, Uﬁl = V yia1; Vk are vectors
in k. Using all these notations equation 4.19 is reduced to a tri-diagonal system for every ¢;
and w;.

m(F)V(k+1) +ns(B)V (k — 1) + g(k) = na(k)V (k)
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This equation is converted to an iterative equation for vector V,
V(k) = q(k)V (% + 1) + p(k) (4.22)

where,

N m (k)

W) = ) = (kg — 1)
_ g(k) +ns(k)p(k — 1)
n2(k) — n3(k)g(k — 1)

The coefficients p and ¢ are found recursively for k = 1,2, ..., K. It is assumed that ¢(0) =
1,p(0) = 0 to ensure the reflecting boundary condition at k& = 0; V(1) = V(0).

(4.23)

Numerical scheme to evaluate the boundary conditions:

At the reflecting boundary of b-age a = 0, I have V7, = 0. Using first order forward finite
difference on the numerical grid, the b-age derivative of post-retirement value function is
discretized as: V7, (t;, wj, ag) = W,W =1,..,N,7=0,1,..., M. Putting this derivative
equal to zero results in

7., =7 ,Vi=1..,N,j=01,...M

]71 - ]707

At the absorbing boundary a = kp, I have V7 (t,w, kr) = VF(w)Vt, w which corresponds to
the boundary condition on the numerical grid as

Vot wy, ar) = 73’,}( =VFi(w;);i=0,1,..,N,7=0,1,2,.... M

At the time T, the ODE 4.7 is solved using an Euler Newton method. At the boundary w = 0,
the PDE 4.6 is solved for V7(t,a) with the same numerical grid established for the post-
retirement pde but only the w; = 0 slice is used, that is, (¢;,0,a;);0 <t; < T, Al < q; < A2.
Using above mentioned finite differences and discretization, PDE 4.6 gives the fully implicit
finite difference scheme for V7 (t;, ay,)

—i+1 — i+1 i+1] —1+1 —i+1 i—+1 i+1) —1+1 —+1
A A A e S T A A A

¢ 2 da 2 da
02%7‘:1 - Q;Jg Pl (p + Aan)T =0 (4.24)
Using the above mentioned coefficients from equations 4.20 and g(k) = %,@fjl =V, 7t =
V oid, @L_l = V y41; Vk, these equations are converted to the iterative equation 4.25
V(k)=q(k)V(k+1)+ p(k) (4.25)
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p(k) and ¢(k) are defined in equations 4.23.

Beginning at the boundary condition for time T, I have V7 = VF(w = 0). On the
numerical grid (the time reversed grid) V7 (o, a) = VF(wg). Then for every t;;i =1,...,N 1
solve equation 4.25 iteratively backwards for k = K —1,...,1. At k = K and k = 0 I have the
b-age boundary conditions V7 (t;, ax) = VZ(w0) and V7(t;, a9) = V7 (t;,a1), respectively.

4.3.2 Numerical Scheme: Pre-Retirement PDE

I want to solve the pre-retirement HJB:

e - O,

)| 00+ G0 = e N =0 (a26)

Ry — Q

T—1

+ l(1+§

for all (t,w,a) < 7(t*,w*,a*);0 < w* < W,0 < t* < T,0 < a* < kyp. T'll use the same
numerical grid as I used for the post-retirement problem along with the time change applied
(thew = T — to1a;0 < tpew < T and drop the subscript from t,,). Let the pre-retirement
value function at discretized grid points be V™ (t;, wj,ax) = vz =1,...,N,j =0,..., M, k =
0,.., K.

My plan is to find this optimal boundary 7 for retirement time, wealth and biological
age. In order to do that; solve the pre-retirement pde using the mixed explicit-implicit
finite difference numerical scheme. Discretize the wealth part of PDE 4.12 at the grid point
(ti,wj, ar) where the value function is known while the b-age part of this PDE is discretized
at the unknown value function grid point (41, w;, ai). For the time derivative, a forward

difference is used at(t;,w;,ax) and the 0" order term is evaluated at (t;11,w;,ax). The
coefficient of (V{7),, in PDE 4.12 is 8}, defined as

[(Vfr>w<ti’ Wi ak)]_
I=7
(V") inside (%, is evaluated using forward finite differences at the current time step in order

to get rid of the non-linearity of wealth derivative of the value function. The time derivative
is gives as

v
,OSUJJSW

Bin=1+rw; —

n Uik~ Uik
_(Vl )t<ti7wj7ak) = _T

An up-winding scheme is used for the wealth derivative at explicit time nodes for wealth
nodes 7 =1,2,.... M — 1:
RS VA N
(‘/fr)w(tiawjyak) = {U_ dw y Pk =&

’.kfvi, 1k .
2> J—1, T
dw 7/szk < O
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For j = 0 I'll use a forward difference and for j = M I'll use a backward difference to evaluate
the wealth derivative of post-retirement value function.

Vi — i
(Vi) w(ti, wo, ag) = %

(Vﬂ') (t w a ): ,U’]i\/[,k - ,U’]i\/[fl,k
1 Jw\Yi, WM, Uk dw

Since, all wealth derivatives are calculated at the previous time step t; at which the value
function is known, therefore, I do not feel the need to have a wealth boundary condition for
the pre-retirement value function.

From section 4.3.1 the post-retirement numerical scheme, 0% as given in equation 4.18 is

: Ko + ti — ag
0.=—|1+&l ———
The symmetric difference and up-winding is used for b-age derivatives at implicit time nodes.
ie.,

i+1 41

v v

Zik — Tjk—1 9@' > ()
T _ d U =

(Vl )a(tiJrlawj,ak) =9 pit! avz+1 A

Ak S 0t <0

da ' Yk

Z+1 i+1 i+1
VY (¢ Ui — 205 U
( 1 )aa( i+1>wj>ak) da2

These finite differences discretize the PDE 4.12 and give a mixed explicit implicit scheme.

B e T S A St VN i U S P O
dt 2 da 2 da
2 ,,0+1 z+1 i+1
0% Vg — 205 F U5 i+1
7kt 20K UL (4 Magif .27)
k185 k] Vi — V5 n Bik — 1Bl v — Vi1 _ 0
2 dw 2 dw

Group together like terms and label the coefficients of U;—Zi_l, ;4,;1 1 ;21 as follows:

2 B 9;’;1 _ w;’jl‘

m(k) = da? 2da
D eiJrl 4 |(9i+1’
k k k
ns(k) = da? + 2da

(k) = (k) + 75(8) + (p+ Alow) +
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respectively. Here D = ”—22 Collect all the ¢; node terms and call them

e 1Bk Ui — Vi n e — 1Bl Vi — Vi1 n Uik

2 dw 2 dw dt

g(k) =

For every time step ¢; and wealth step wy;, let vﬂl =V, ’U;k = V,4; Vk are vectors in k. Using

all these notations, equation 4.27 is reduced to a tri-diagonal system for every ¢, and w;.
m(k)V(k+1) +n3(k)V (k= 1) + g(k) = n2(k)V (k)

This equation is converted to an iterative equation for the vector V' using p and ¢ defined in
equations 4.23
V(k) = q(k)V(k+1) + p(k) (4.28)

For every time step ¢; and wealth step w;, beginning at the retirement b-age a* = ay; V(k*) =

V' (k*) as the final condition, the iterative equation is solved backwards for k = k* — 1, ..., 0.

V' (k*) is the post-retirement value calculated from equation 4.25.

Numerical scheme to evaluate the boundary conditions:

At the reflecting boundary of b-age a = 0, I have (V]7), = 0. Using first order forward finite
difference on the numerical grid, the b-age derivative of pre-retirement value function is
discretized as: (Vi"),(ti, wj, ag) = W,W =1,..,N,j=0,1,..., M. Putting this derivative
equal to zero results in

vi =0l Vi=1,.,N,j=01,.,M

J

At the absorbing boundary a = k¢, I have V" (¢, w, k) = VJ (w)Vt, w which corresponds to
the boundary condition on numerical grid as

Vi (ti, wj, ax) = vl o = Vi (w;);i=0,1,..,N,j=0,1,2,.., M

At the time T', the ODE 4.7 is solved using an Euler Newton method.

Numerical scheme to find the optimal retirement free boundary 7(t*, w*,a*):

At the retirement boundary, value matching and smooth pasting must hold due to the presence
of noise in b-age. For every time step ¢; and wealth step w;, an initial guess is made for the
optimal retirement b-age, ay,..; = ao. Then smooth pasting is used to determine the optimal

a® by checking the b-age derivatives of Vi" and updating aj,. ., until ay, .. = ax= = a™

4.29)
(Vvlﬂ—)—i_(tz”rla Wy, &k*) > (‘/17r)a (ti+17 wy, ak*) 7k* =k~ + 1 (

a

{(Vfr);r(tiﬂ, wj, ap-) = (V) (tig1,w;, ax=) , ax~ is optimal b-age
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i+1 i+1
where, (V7)) (i1, w;, a;i? = :Hdlia_v]k is the right hand derivative and
VM), (tig1, wj, ag=) = % is the left hand derivative of VJ™ with respect to b-age.
At and after this age it is assumed that person has retired and (V")(k) = V™ (k);k =
k*, k* 4+ 1,..., K. Using this as boundary condition the iterative scheme 4.28 gives the

pre-retirement value for all k=0,1,2,....k*.

Optimal Consumption:

The pre-retirement optimal consumption ¢}, (t;, w;,a,) and the post-retirement optimal
consumption cz*mt(ti, w;, a), for all wealth levels 0 < w; < W, b-ages 0 < aj < kr, and all

time nodes 0 < ¢; < T are calculated as follows:

oIl it
* _ J+L1,k J:k *
cpm(ti,wj,ak) = < dw 7ti <t

@iji—ll L — 5%1 -7
C;ost<ti> Wy, ak) =B <]+7dj7> U = t (430)
w

Save these consumptions as two separate 3-dimensional matrices in Matlab [1].

4.4 Wealth Dynamics

Consider a 30 year old consumer having wealth wg in savings. Just as in the stochastic mor-

tality no-pension case in chapter 3 section 3.4, I want to see how his wealth and consumption

evolves over the course of his life if he uses my optimal retirement and spending strategy. In

this section, this person has an exogenous pension income stream for post-retirement life.
The post-retirement and pre-retirement wealth dynamics:

d

d—t; =1+rw(t) — ¢, (t,w,a);t <7
dw .

ik +rw(t) — Cpo(t,w,a);t > 7

Once again, consumption is a function of 3 variables; time, wealth and b-age. The
biological age needs to be simulated using dynamics 3.3 to have a b-age path for the consumer
over his whole life time. This is discussed in chapter 3 section 3.4. Given the initial condition
A(t = 0) = Ay, the following iterative scheme is used to simulate the consumer’s b-age:

ke — Aj

T—1,

for 0 =tg <t; <ty =T. Here, Z(0,1) is a standard normal random variable.

105



Discretize the wealth ODEs using an Euler Method over the time grid 0 <t; < T. The
subscript ¢ for wealth and b-age; w; and a; shows that wealth and b-age are functions of time.
That is, at each time node t; wealth is w; and b-age is a;.

Wi, — W; .
% =14rw;, — Cpre(tiuwiaai>;ti <T

W; — W;

% =17+ rw(tz) — C;OSt(ti7wi7a/i);ti Z T

where 0 < ¢; < T'. Simplification gives

it < T

1
Wiy = dt [1 + (7‘ + dt)wi — Cppe(ti, Wi, ;)

it > T (4.31)

1 *
Wiy1 = dt|m+ [r+ % Ww; — Cp08t<ti,wi, OJZ')

with w(ty) = wy.

Beginning at t; solve the wealth dynamics 4.31 forwards in time. Use the retirement
matrix 7(f,w,a) to determine if each point (¢;, w;,a;) falls in the post-retirement region
or the pre-retirement region and solve the appropriate wealth dynamics from 4.31. Use
2-dimensional linear interpolation to get consumption numbers from the c; (¢, w,a) and

Cpost (T, W, @) matrices at the points (¢;,w;, a;) calculated from 4.30. The interpolation is done
using the Matlab in-built functions interp2 [1].

4.5 Algorithm

The algorithm for solving the pension income optimal retirement boundary is given below:

1. Solve the post-retirement value V¥ (w;); 7 = 1,2,..., M at the boundary ¢t = T using the
boundary condition V7 (wp). Set v}, = VF(w;),Vj, k
2. Set the post-retirement boundary at ax = kp; 7 i = VF (w;), Vi, j.

3. Solve the pre-retirement value at the boundary ¢ = T, VJ(w;);j = 1,2,...,M. Set
U?,k = ijr(w])vv.ﬁ k

4. Set the pre-retirement boundary at ax = kr; v;'-’K = Vi (w,),Vi,j.

5. Now using the boundary values from step (1) and step (2), for every t;;i = 1,.., N and
wj;j = 1,..., M, solve the iterative equation 4.25 backwards for k = K —1,...,0 to get
the post-retirement value function @, .

6. Move onto solving the pre-retirement value function. Begin at ¢ = 2 for time grid.

7. Begin at j = 0 for the wealth grid and set £* = aq.
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8. Solve equation 4.28 recursively for V' (k) going backwards for k = k* — 1, ..., 0 using the
boundary conditions V (k*) = 7% ..

9. Check for the smooth pasting conditions given in 4.29.

If (V) (ti1, wj, ape) = (Vi) (tigr, wy, ag-), mark af as optimal for given i and j.

If (Vi) (tie1, wi, age) > (Vi) (tig1, w5, ax-), make the guessed &* move up one step.

10. Keep repeating steps 8 and 9 until an optimal £* is found. Mark a; as optimal b-age
for the current time and wealth steps.

11. Now V(k,k =0,1,...,k*—1) is pre-retirement value function. Assign the post retirement

value to V(k = k" k* +1,..., K) =05, k = k*, ..., K.

12. Move onto next j. Repeat steps 8-11 for every j in wealth grid. This solves the value
function problem for first time step ¢ = 2

13. Walk to the next time-step and once again begin at the first wealth step 7 = 0.

14. Repeat steps 7-13. Iterating through each time step and every wealth step reach the
final time step ty. Keep marking optimal £* for every time and wealth step. The
array of time, wealth and the correspondingly marked £* forms the optimal retirement
boundary 7(t,w, a).

15. For every node (t;, w;, ay), calculate the pre-retirement and post-retirement optimal
consumption using 4.30.

16. Simulate the lifetime b-age of a 30 year old consumer using 3.39.

17. Calculate his wealth dynamics using iterative scheme 4.31.

4.6 Numerical Results

I am using the following parameter values r = 2.5%, p=7,b=9.44,m =88.82,{ = 1,a =
0.5,0 = 1,1 = 2.53, unless otherwise mentioned. The maximum wealth W = 5. The c-age
at time 7" and the maximum b-age are kp = 110. The current age kg is assumed to be 30.
The pension level is 0.4 times the labor income (which is $1 in my case). Since both the
post-retirement problem and the pre-retirement problem are 3 dimensional, computationally
this problem is expensive in terms of time and requires a lot of storage. I took grid sizes
dw = 0.05 = dy,da = 0.0025 = dt. It took almost a week to run the code for one set of
parameters. I tried reducing the grid sizes for wealth to get better accuracy but even after 1
month but I was not even close to getting results. With changing grid-sizes the qualitative
results stayed the same, therefore, I used the above mentioned grid to run all computations.
Also, it is worth mentioning that I showed the results for only one set of parameters because
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the computations are really expensive. Also, the qualitative behavior of results for varying r
and -y is not different from the results mentioned in the previous chapter for the no-pension
case. Moreover, my code is working for a specific set of [ and m. With the [ used, I couldn’t
reduce pension beyond m = 0.4 and above this level at 7 = 0.5 everyone prefers to retire.
Hence, for this set of leisure and pension, it is reasonable to show the results for only one set
of values.

The optimal retirement boundary level curves in figure 4.7 for fixed wealth as a function
of b-age and c-age show qualitatively similar behaviors as the retirement boundary plots for
the stochastic mortality no-pension case in figure 3.10. I won’t repeat that discussion here.
Rather my focus is on the effects of pension income. Notice that with pension income level
0.4 which is almost half the amount of annual labor income, people with quite low wealth
like w = 3.30 are not willing to enter the labor force at all. They prefer retirement life over
earning labor income. But looking at figure 4.8 for the value function at the boundary ¢t =T
and max B-Age a = kp for the same leisure [ = 2.53 I can see that 0 is non-zero. That means
a consumer with such small wealth likes to work till time 7" when their life expectancy is
exactly 1 year and they are not willing to retire before. That means the retirement boundary
curves change quite fast between w (no retirement at ¢ < T') to not entering the labor force
at w = 3.30. With such high pension income my hope was to to decrease the post-retirement
leisure [ in order to see retirement curves with w > 3.30 but my code is not stable for this
combination of [ and 7.

With increasing values of [ I am making retirement more and more attractive by adding
more leisure to it, therefore, people with smaller wealth levels are willing to never enter the
labor force. In figure 4.7 for [ = 2.53 consumer with w = 3.30 won’t ever work while in the
figure 4.9 for [ = 2.55 a person with w = 3.10 won’t enter the labor force.

For the wealth dynamics in figure 4.10 notice that due to the presence of pension income,
consumers exhaust their wealth even before reaching c-age= 80. They lead the rest of their
retired life spending the pension income 7 without saving any wealth. People with wealth
2.80 and above with biological age 35 will like to retire right away at c-age 30 and spend rest
of their lives enjoying post-retirement utility. If I compare this with the no-labor wealth level
from optimal retirement curves in figure 4.7, I see that a 30 year old with w = 2.80 likes to
retire at b-age 24. Hence, with c-age 30 and b-age 35, the consumer with wealth w = 2.80
will retire right away thinking he has passed the retirement b-age. Also note that, because of
the presence of noise there are no uniqueness-wealth-curves for the pension case as opposed to
what [ saw for deterministic mortality wealth dynamics in figure 2.5 and stochastic mortality
wealth dynamics in the figure 3.14. Another difference I notice is that with the presence of
pension income, every single person with any wealth level is willing to retire sooner or later.
Looking at the corresponding optimal consumption plots in figure 4.11, people with wealth
levels below 2.80 who are working and saving money for retirement, their pre-retirement
consumption levels keep rising with increasing c-age until they retire. Once they retire, their
post-retirement consumption gradually begins decreasing up till c-age between 70 and 80.
After that there is a steep decline in the consumption levels before reaching the constant
subsistence level of ¢ = w. Obviously the fluctuation in consumption curves is due to the
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noise in b-age.

4.6.1 Efforts to Calibrate [

[ discussed (in chapter 2 and section 2.6.1) about the calibration of the post-retirement leisure
process [ required to make retirement from labor attractive enough for the consumer to give
up his pre-retirement consumption. I had no success in calibrating the deterministic income
wealth dynamics numbers with Fidelity numbers. In this section I am trying once again to
calibrate for [ using a different set of numbers which take into consideration the pension
income.

According to [2] the average Canada Pension Plan (CPP) payment at retirement in 2021
is $714.21 per month, or $8570 per year. According to [3] in 2021 the basic Old Age Security
(OAS) plus Guaranteed Income Supplement (GIS) payment to a senior with other income
at $8570 per year is $1091.08 per month, or $13,093 per year. Combining the two gives a
pension of $21,663 per year.

According to [4] the median 2018 income of people in the 55-64 age bracket was $42,400
per year. Adjusting the latter for inflation (and trying to come up with round numbers),
let’s imagine a typical senior at retirement earning a pension of $22,000 and pre-retirement
income of $44,000. So in my scale (which makes the pre-retirement income =1), I'd have a
pension of 0.5.

According to Table 4 in the latter, in 2019 the median liquid wealth of Canadian senior
households was $107,000. Of course, not all those families consist of 2 people, and not all
those seniors are age 65, but to a first approximation I might guess that the median individual
senior has liquid assets of $53, 500. With that in mind, I will consider 3 wealths - 1.25,2.5 and
3.75 times labor income, respectively. I'll try calibrating so that someone who has biological
age and chronological age 65, and a pension of 0.5, will have wealth 2.5 as the cutoff between
retirement and continuing to work. My hope is that someone with B-age and C-age 55 then
won’t retire at wealth 3.75 and that someone with B-age and C-age 70 would retire at wealth
1.25.

With these calibration numbers in mind I plotted the optimal retirement boundary curves
figure 4.7 but with a pension of 0.4 and [ = 2.53, a person c-age 65 and wealth level 1.25
will retire at approximately b-age 60. While a 70 year old consumer with b-age 70 prefers
to retire at wealth 0.80. My retirement boundary numbers are quite different than what I
was expecting given the factual numbers above. For higher pension like 0.5 consumers retire
earlier than the numbers I saw for pension 0.4. Also, my code is working for a certain set of [
and m combinations. For 7 = 0.4 it is working only for [ = 2.53 and higher. Basically for
this [ the large T retirement wealth w is very small close to 0. The smaller [ is the larger
retirement wealth @ is. When you provide less leisure post-retirement people will need more
wealth to retire. When I take [ < 2.53 hoping to see some curves for higher wealth levels in
retirement boundary plots, my code stops working. So, I can’t fully calibrate [ once again!
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100 Retirement Boundary for different wealth levels
T T T T T T

b-age
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Figure 4.7: Optimal Boundary curves for [ = 2.53 and B = 0.6287.
Assuming © = 40%,v = 2,0 = 0.5,r =2.5%,p=7r,a = 0.5
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Figure 4.8: Value at T" and max B-Age rr. )
Assuming © = 40%,v = 2,0 = 1,r =2.5%,p=1r,1 = 2.53,a = 0.5
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100 Retirement Boundary for different wealth levels
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Figure 4.9: Optimal Boundary curves for [ = 2.55 and B = 0.6262.
Assuming © = 40%,v = 2,0 = 0.5,r =2.5%,p=7r,a = 0.5
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Wealth dynamics for initial wealth at age 30:w=0.4 ¢=1 A(0)=35
T T T T T

4 T T

WOZO.OOS
W= 0.01

35 W,=0.05 |
W= 0.10

W= 0.20
3 W,=0.50 |7
w,=0.80
Wo= 1.00

w,=1.20
w,=1.50
w,=1.80
w,=2.00

wealth

w,=2.20
w,=2.50

Wy= 2.80
w,=3.00
w,=3.20
W= 3.50

w,=3.80
Wy= 4.00

30 40 50 60 70 80 90 100 110
c-age

Figure 4.10: Wealth Dynamics for a 30 year old consumer with varying initial wealth wy.
Assuming Ay = 35,7 =40%,y=2,0 = 1,r=2.5%,p=1r,1=2.53,a = 0.5
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Consumption path for a 30 years old consumer:n=0.4 =1 A(0)=35
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Figure 4.11: Lifetime Consumption for a 30 year old consumer with varying initial wealth wp.
Assuming Ay = 35,7 = 40%,v=2,0 = 1,r =2.5%,p=r,1 =2.53,a = 0.5
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Chapter 5

Conclusions

This thesis focuses on a life cycle model of a consumer with a focus on two types of mortality:
deterministic mortality which is given by the famous Gompertz mortality law and stochastic
mortality for which I have used a Gompertz law based on the consumer’s biological age. The
consumer is looking to retire at an optimal age and wealth while consuming optimally all his
life. His utility is described by the Cobb-Douglas utility framework and it is assumed that he
is endowed with [ units of leisure to make the retirement attractive.

Chapter 2 deals with the case of deterministic mortality where the retirement decision
is based on the consumer’s calendar age and his savings. The requirement for savings in
hand decreases with increasing retirement age. The wealth dynamics of the consumer show
interesting behaviors. If the initial wealth is small, the consumer will like to stay in the
labor force all his life. A consumer with a certain amount of initial wealth in savings has
the lifetime wealth dynamics follow one of the three paths; retire right away, save with the
intention of retiring at a future time or stay in the labor force all his life. If the initial wealth
is a special value w, the consumer’s wealth path follows an uncommitted curve where all his
consumption choices give the same utility.

Chapter 3 focuses on a consumer whose age follows a stochastic mortality law based on the
biological age. The consumer’s retirement decision is based on his calendar age, biological age
and his wealth. It is also an infinite horizon problem but I have assumed that the mortality
plateaus at a certain time 7', beyond that time the consumer stops aging. I noticed that for a
fixed wealth the optimal retirement b-age decreases with increasing c-age. For a fixed c-age,
a more wealthy consumer will retire at an earlier b-age. Similarly, consumers at same health
levels; a consumer with more savings tends to retire young. I also saw some fascinating effects
of the volatility of biological age on retirement curves. At lower wealth levels, high volatility
drives less healthier people to retire later.

In chapter 4 I have introduced an exogenous pension income along with the stochastic
mortality law mentioned in chapter 3. Unlike the cases of deterministic mortality and
stochastic mortality no-pension case, with the presence of pension income every consumer at
any wealth level is willing to retire sooner or later. For moderate wealth my results seem
consistent with actual behavior. But for high wealth people retire unusually early, and for
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low wealth they retire unreasonably late. I have arrived at the conclusion that this model
doesn’t explain observed behaviors perhaps due to the factors like a model based purely on
consumption is not rich enough to fully explain the retirement decision. In particular, the
leisure process I, and specifically post-retirement leisure [, which I considered as a constant,
should probably be a function of c-age, b-age and possibly pension. It can’t be a constant
number in order to have a practical retirement boundary close to the factual numbers.

Nevertheless, over a fair range of age, health status and wealth, my results are applicable
in the real world. The optimal retirement boundary curves provide some reliable guidance for
a to-be pensioner if he is interested in using my optimal retirement strategy. For a moderately
risk averse consumer with c-age and b-age with in a modest range around 65 years, who
expects to have an exogenous pension of 40% of his annual labor income upon retirement, if
he has savings equal to almost double the amount of his annual labor income he can consider
retirement.

For future research projects I plan to work on the following:

1. The free boundary 7(t*, a*, w*) has kind of almost singular behavior around t = T 1
can try some kind of parametric approximation to the free boundary around ¢t = T
which might reduce the instability.

2. wealth boundary conditions for pension problem.

3. use a stochastic wealth.

4. use leisure as a function of age (c-age as well as b-age) and possibly pension.

5. public policy-certainty equivalent: how much utility is lost if we fix a retirement age?

6. premium to find b-age. Is it worth paying for knowing b-age?
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Chapter 6

Impact of MVA on Cash Surrender
Values

6.1 Introduction

The following is a summary of the project I did for my internship at CANNEX Financial
Exchanges Limited. This project deals with the impact of market value adjustment (MVA)
on cash surrender value. A sample set of Fixed Index Annuities (FIA) is considered for the
analysis. The Vasicek Model is used as a mean reverting model to calibrate the historical MVA
reference asset rates. The equity index for the indexed interest crediting strategy is modeled
using Geometric Brownian motion. The correlated Vasicek model and Geometric Brownian
motion are used to project MVA reference asset rates and equity index values, respectively,
over the time horizon of the surrender charge period. The Monte Carlo simulation method is
employed to generate a distribution of Cash Surrender Value with MVA and Cash Surrender
Value without MVA. Histograms, Quantile-Quantile plots and central moments are used to
examine the similarities and differences between both distributions. Box and Whisker plots
are utilized to see the percentage change in Cash Surrender Value caused by Market Value
Adjustment.

6.1.1 Market Value Adjustment

Market value adjustment (MVA) is an adjustment applied to the cash surrender value; the
account value withdrawn or surrendered in excess of the free withdrawal allowance (if any),
during the time when a surrender charge schedule is in effect. It protects the insurance
company against any losses incurred due to premature unwinding of the investment strategy
caused by early withdrawal. MVA takes into account the fluctuation in bond yields due to
changing market conditions and as a consequence increases or decreases the cash surrender
value (CSV). In general, if reference yields go up on the surrender date in comparison to
the yields when the contract was issued, MVA decreases the surrender value and if yields go
down on the surrender date, CSV is adjusted upwards.
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6.1.2 The Reference Asset

Market value adjustment calculations are based on a fixed income reference asset; for example
constant maturity treasury yields, corporate bond indices etc., taking into consideration the
change between reference asset yields between the issue date of the contract and the surrender
date, provided the surrender date lies within the surrender charge period.

6.2 Stochastic Models

Stochastic models are used to represent processes having some sort of randomness or uncertain
situation. Most of the financial market data is influenced by unpredictable events in the
general economic environment. Stochastic models provide a way to handle this randomness
in the financial data series and hence carry out the required analysis. For this project, there
are two types of financial data series to be dealt with; equity index and fixed income index.

6.2.1 Equity Index Model

Across all the FTAs under consideration, S&P 500 Stock Index is used as the reference asset for
the indexed interest crediting option of the accumulation account. We have used Geometric
Brownian motion to model the stock index level. Let Bj; be a standard Brownian motions
under the physical measure causing the randomness in stock price. The dynamics of the
stock Index level are given as

dSt = ulStdt + UlstdBlt (61)

Here, S; is the stock index level at time ¢, where t represent years. p; is the annual mean
and o7 is the volatility of stock index. The solution to the stochastic differential equation 6.1
given the knowledge of the stock index at time ¢, is

S, = Stoe(ﬂl_%UIQ)(t_tO)+0'1(Blt_Blto) (6.2)

6.2.2 MVA Reference Rate Model

Note: Interest rates and MVA reference asset yields are used interchangeably throughout this
chapter.

Interest rates are Ornstein—Uhlenbeck process. In finance these processes are modeled using
the Vasicek model. Interest rates cannot increase indefinitely; a very high level of rates trigger
some economic factors which bring down the interest rates hence forcing them to revert back
to their long term mean value. The MVA reference rates are yields and we want to model
them using the most simple mean reverting model, an obvious choice is the Vasicek Model.
Here, the Vasicek model is used as a piece of mathematics to describe the dynamics of mean
reverting rates. The modeled rates are the yields of the MVA reference asset and they should
not be confused with the short term rates/ instantaneous rates for which the Vasicek model
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is used frequently. If r; denotes the MVA reference asset yields, ¢ is the time in years, then
their dynamics using the Vasicek model are given by:

dry = a(ug — ry)dt + od By (6.3)

where, po is the long-term mean, « gives the rate at which r; reverts back to its long-term
mean and o is the local volatility. B; is the standard Brownian motion under the physical
measure and «, o, o are strictly positive constants. We assume that bond index yields are
correlated to the equity asset and are driven by two independent sources of randomness. Let
By, and By, be two independent standard Brownian motions under the physical measure
causing the randomness in bond yields. Here By, is the same Brownian motion discussed
in the previous section driving the stock index process and Bs; is representing some other

market factors. By = %(O‘iBlt + 09Bs;), where, 0 = 4/ 012 + 092 and the correlation of interest

rate with stock price is given as p = %3 The variance in the interest rate caused by stock
index is ¢} and the rest of the variance is captured by g9. The closed form solution of the
Vasicek model given the knowledge of the bond yield at time ¢ is given as

r, = e—a(t—to),r,to _|_ Mg(l _ e—a(t—to))

+ te*a“*s)agdBQs + te*a(t*%’ldBls (6.4)
to to
The expected value of yield is
E[r(t)] = p2 — (p12 — 1y )™ (6.5)
and the variance is 2
Var(r(t)] = %(1 — e 20) (6.6)

The first integral in the solution of r,
t
]1 = / e_a(t_tO)O'QdBQS
to

af

. . . . t _ .
is a Gaussian process with mean 0 and variance [; e 2a(t=5) 7,205, The second integral

t
I :/ e 06" AR,

to

is correlated to the stock index process. It is also a Gaussian process with mean 0 and
: t —2a(t—s) /2
variance [, e o1°ds.
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6.3 Calibration

For calibration of the above mentioned models, the Euler-Maruyama method is used to
discretize the stochastic differential equations 6.1 and 6.5. Daily historical data for the
reference assets is used for this purpose because the Euler discretization scheme requires a
smaller step size At to keep numerical error small. The Euler-Maruyama scheme strongly
converges with order % and weakly converges with order 1. This is equivalent to saying
for sufficiently small time step size At, error = O((At)2) for strong convergence and
error = O((At)!) for weak convergence. In order to avoid large discretization errors, daily

data is preferred over monthly data or annual data.

6.3.1 Stock Index Model Parameters

Using daily historical data for the stock index, the parameters in the stock model are
calculated. If uy and oy are the mean and standard deviation of historical daily returns, then
the GBM parameters are j; = 8% and oy = % , where At is the time step size measured in
years. Since, daily data for stock returns is used, At = glw
average) in one year.

In-order to get a sense of how daily stock returns are fluctuating about the mean, we applied
regression analysis to the stock index process using a simple Euler scheme to discretize the

model.

considering 252 trading days (on

Strar — S

t

= ILLlAt -+ O'1Z1t V At (67)
where 77, has a standard normal distribution. Equation 6.1 can be written as
Srar — S
VALS,
Running linear regression on the historical data for S&P500, no dividends, this equation

generates the standardized residuals 21, which gives a sense of how stock prices are scattered
around their mean value. We need these residuals for calibration of the interest rate model.

= 1V At + 0'1Z1 (68)

6.3.2 Interest Rate Model Parameters

Consider interest rate model 6.5. We use the basic Euler scheme for discretization in order to
calibrate model parameters with the historical data of the MVA reference asset.

TipAt — Tt = Oé([,bg - Tt)At + 0'/1 \% Atth + o9V AtZQt

Tipnt — Tt \/— ’
— = At—aV Atry + 0,2y, + 097 6.9
\/E M2 t 141¢ 242t ( )

where, 7, are exactly equal to th ; the residuals from stock model regression and Zs, is
an independent standard normal variable. This equation is in the form to run multi-linear
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regression. Call vy, = % the response variable, by = ausVAt, by = —aVAt, by = o}
are the coefficients for the predictors xy;, = 74, x9; = Z1;,. Therefore running regression on
Yy = by + by, + bows, + €, give the model parameter estimates as:

_ _ b
a= \/bAt
_ 0
Mo = =3/

O'i = b2

o9 = VMSE where MSE is mean squared error. The parameters generated using this
methodology are conditioned on the stock index Brownian motion.

The regression results are given in table 6.4. The 95% confidence interval and the p-values
mentioned are for the regression coefficients (they are not reliable statistics for the model
parameters) . The parameters for the stock index and MVA reference assets pulled out of
the regression results are tabulated in 6.3.

6.4 Simulation

Once, the model parameters are estimated, the GBM and Vasicek model are ready to project
equity index levels and bond yields, respectively. Let T be the surrender charge period in
years and 0 =ty < t; < ty < ... < t,, = T be the equidistant fixed set of dates measured
in years. We want to simulate the stock path S(t1),...,5(t,,) and the interest rate path
r(t1), ..., () for these points in time. The Euler-Maruyama discretization scheme does not
work well with large time step, the presence of a closed form solution for Geometric Brownian
Motion and the Vasicek model makes it easier to avoid the Euler-Maruyama discretization
scheme and use a larger time step size like a month or an year to simulate the asset paths.

6.4.1 Stock path Simulation

The equation 6.2 along with initial condition Sy, can be used to simulate S(¢;) given the
knowledge of S(t;_1) for all j =1,...,m:

Sy = Sy ezt e/t 2y (6.10)
.

where 7214, 21, ..., Z1,, are independent standard normal random variables.

6.4.2 Interest rate path Simulation

Consider equation 6.4. For the same set of dates the interest rate path can be simulated
using the initial state of the interest rate r,, and the equation

ry, = efa(trtj—l)rtjil + (1 — e*a(trtj—l))

t t;
+/] e_o‘(tf_s)(f’lciBlS +/] e =) 50d By, (6.11)
tj—1

ti—1
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where j =1,2,...,m.
The first integral I;; is Gaussian with mean 0 and variance ftt]?;l e~20ti=9) g2 ds and is
correlated to the stock model’s Brownian motion increment fttjj_l dB;,. The second integral

I,; is also a normal random variable with mean 0 and variance fttj;l e 209 gy2ds. Let,
Il = CL(BM]. - Bltj_1) + bW (612)

for some constants a and b, where W has a standard normal distribution independent of
everything else. In-order to find these constants, consider
t; t;

Cov[ly, |~ dBi,] = E[I, dBi)

ti—1 ti—1
t t
= E[/] e—a(tj—s)a-idBls/] dBy,]
ti—1 ti—1
Using Ito’s isometry the above expectation is reduced to

tj
= e

ti—1

—a(tj—s

Vo'l ds (6.13)
Also, using 6.12 this covariance can be written as
t
COU[Il,/ dBls]
ti—1

tj
= El{a(Bu, = Bu, ) +0WH [ daBL.Y]
j—1
= aEKBltj - Bltj_1)2]
= Cl(tj - tj—l) (614)
Using 6.13 and 6.14
tj
Cb(tj — tjfl) = / €7a(tjis)0'/1d8 (615)

tj—1
Once again using 6.12

tj

Var[l[] = a*(t; —tj_1) + b* = / e=20t=9) 51 2 0 (6.16)

ti—1

Equations 6.15 and 6.16 can be used to calculate a and b. For w = e~ ~t-1)

0— (t]_lw‘;/lu—w) (6.17)
_ \/2“:;2(1 —w)(a—2) + wla +2)] (6.18)

Going back to ry;, 6.10 can be written as

r = e_a(tj_tj‘l)rtj_l + pa(1 — e—a(tj—tj—ﬂ)

J
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+a(Byy, — Byy,_,) + bW + N[0, Var(ly)]

Call ¢ = Var[l,] + b, where Var(l,) = %:(1 — w?). Now, using the stock model’s set of
IID standard normal random variables Z;; and another set of independent standard normal

distributed variables Zs;,
Ty, = wry,_ 4 (1 —w) +ay/t; — ti1 2y + cZy; (6.19)

Initial Distribution

We are assuming that the bond yields are initially in their steady state. With the passage
of time the yields follow the equation dynamics and in the long run get back to the steady
state. In order to get the steady state distribution, let ¢ — oo in above equations 6.5 and 6.6

lim E[r(t)] = u2 (6.20)

t—o00

and )
o

lim Var[r(t)]

t—00 o 20

(6.21)

This process is a stationary process. Hence the steady state distribution of r(¢) is Gaussian
2
with mean and variance given in equations 6.20 and 6.22, respectively. Then ry, ~ N (i, 5-).

If Z5 is standard normal independent of Z; and Z,, then ry, is to be sampled from

o2

Z 6.22
20 ( )

Ty ™~ b2 +

6.5 Algorithm

The algorithm for Monte-Carlo Simulations for a given FIA product is as under:

1. Generate two independent set of standard normal random variables {Z1,}7", {Z2,}1
and using the same seed, sample Z3 from standard normal distribution.

2. Take Sy, be the last data point of historical data for the stock index and r,, follows the
steady state distribution 6.22.

3. Using the parameters determined in the previous section, {Z,}1* and equation 6.10,
simulate the stock path over t; <t, < ...<t, =1T.

4. Generate the MVA reference rates over the same time periods t; <ty < ... <t,, =T
using {Z1;}7",{Z2;}1" , the Vasicek model parameters determined in previous section
and the interest rate equation 6.19.

5. Get cash surrender values with MVA and without MVA for each time period, assuming
the annuity was surrendered in full at that time.
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6. This completes one Monte-Carlo Simulation. Repeat the same process for 10,000
simulations. This gives a distribution of CSV with MVA and CSV without MVA.

7. Using both distributions, find the distribution for the percentage change in CSV due to
MVA, that is

CSV with MVA — CSV without MVA
CSV without MVA

Y%change = ( ) x 100

8. Analyze the distributions using Box-whisker plots, histograms, Quantile-Quantile Plots
and the central moments.

6.6 Fixed Index Annuity Products

For this internship project I have used 7 Fixed index annuity (FIA) products with MVA to
analyze the behavior of cash surrender value during the surrender charge period. However, I
am mentioning the contract specifications and numerical results for only one product in this
thesis.

There are some assumptions made to simplify each product in order to highlight the
behavior of MVA.

1. Time tg is the date of issue of the contract. All the premium is paid at that time, there
are no other premiums deposited afterwards.

2. All the premium is deposited in only one indexed interest crediting strategy.
3. Cap rates and guaranteed minimum rates are fixed for the surrender charge period.

4. The indexed crediting strategy is decided on the date of issue, and does not change
during the surrender charge period.

5. The purchaser of annuity remains alive through out this time.

6. There is only one full cash surrender at the contract anniversary date. There are no
partial surrenders or other withdrawals.

7. There are no riders attached to the FIAs except for the market value adjustment rider
if it is not a part of the basic contract.

8. There are no applicable fees.
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6.6.1 Product A

Contract Specifications

Premium: $100, 000
Surrender Charge Period: 10 years
Indexed Interest crediting Strategy:

i. Annual Point-to-Point crediting with a cap of 4.5%

ii. Monthly Sum crediting with a cap of 2%
Guaranteed Minimum Value: 87.5% of the premium earning an annual interest rate of 1.35%
Free Withdrawal Amount: None
MVA Reference Rate: Yield of the Bloomberg Barclays US Intermediate Corporate Bond
Index
MVA factor: (4)" — 1, where A = 1+MVA reference rate on the issue date, B = 14+MVA
reference rate on the surrender date, ¢ is number of whole years remaining in the surrender
charge period.
MVA limits: Minimum of pre-MVA cash surrender value minus guaranteed minimum value
and full surrender charge.
Bounds for CSV with MVA: Bounded below by Guaranteed Minimum Value and bounded
above by the Account Value.
MVA Calculations: See statement of understanding for details about MVA calculation.
Note: Only 3 years of historical data is available for the MVA reference rate, this small time range
is not enough to produce reliable model parameters.

Numerical Findings

The Box and Whisker plot in figure 1 (see Appendix for details about the plot) for percentage
change in CSV due to MVA for the annual point-to-point interest crediting strategy shows
that the median of the distribution is at zero and the maximum change in surrender value
occurs on the third contract anniversary. The impact of MVA is gradually decreasing with
each passing year and completely eliminating by the end of the surrender charge period.
The first and 3rd quartiles for all years are above —4% and below +4%, respectively. The
histograms, show that for each year the CSV without MVA has a left skewed distribution
with a few very sharp spikes. These spikes are caused due to the cap on interest rates. The
MVA is smoothing out these spikes for the distribution of CSV with MVA (orange bars).
For year 9, the CSV with MVA turned into a muti-modal distribution and coincided with
the CSV without MVA distribution for the final year of the surrender charge period. The
Quantile-Quantile plots (see Appendix for details) indicate that for surrender in early years,
CSV without MVA has a distribution quite different from the distribution of CSV with
MVA. The piece-wise plots are due to the presence of an interest crediting cap, equal in
number to the contract anniversary year. For the advanced years, both distributions are
quite similar and completely identical on the 10th contract anniversary. The box-whisker
plot for a monthly sum crediting strategy is almost similar to the annual crediting strategy
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except for outliers in first three years. The histograms for a monthly sum crediting show that
the major impact of MVA is only in the first two years, after which both distributions are
almost similar and right skewed. Similar results can be drawn from the quantile-quantile
plots for the monthly sum crediting strategy:.

6.7 Conclusions

This report summarizes the analysis done to find the impact of Market Value Adjustment on
Cash Surrender Values across a sample set of fixed index annuities. Geometric Brownian
motion is used to model the equity index S&P500 and the Vasicek Model is used as a
mean reverting model for the MVA reference asset. Monte-Carlo Simulations generated the
distributions for Cash Surrender Values with MVA and without MVA across all time horizons
within the surrender charge period, for each FIA contract.

The contract specification for all FIAs are not same, for instance there is a difference in
MVA reference asset rates, guaranteed minimum surrender value factor, free account value
available at the time of surrender, surrender charge schedule, interest crediting cap rates,
MVA reference rates, MVA formulation, bounds for cash surrender value, etc. Hence, there is
no direct comparison of two FIA contracts, but a generalized perspective is given below.

For each FIA sample, Box and Whisker plots are used to report the percentage change
in Cash Surrender Value due to MVA. For most of the products the median for percentage
change is lying on 0 with values scattered symmetrically on both sides of the median.

Combined histograms are plotted for Cash Surrender Value with MVA and Cash Surrender
Value without MVA. Across all contracts, CSV without MVA has visible spikes (blue bars)
while the presence of MVA is smoothing out the distribution (orange bars) with a wider variety
of surrender values. For Annual point-to-point strategy the CSV without MVA and CSV
with MVA, both distributions are quite symmetrical, with symmetry more prominent in later
years of surrender charge period. But for other crediting strategies considered for this report;
monthly sum and annual point to point with participation rate , both distributions are skewed
towards right with one major spike. This spike smooths out with the passage of years. Also
for these strategies, CSV without MVA and CSV with MVA have almost similar distributions
with histograms overlapping each other. The impact of MVA for annual point-to-point with
a cap strategy is more pronounced as compared to the other three strategies, where MVA
doesn’t have a very significant effect.

For Quantile-Quantile plots, the quantiles for CSV without MVA and quantiles for CSV
with MVA are graphed against each other. For annual point-point strategy, with the decrease
of years remaining in the surrender charge period the Q-Q plot is getting smoother and by
the last year both distributions coincide and are perfectly identical. For other strategies, the
Q-Q plots are almost lying on the red line except for few outliers depicting almost similar
quantiles and distributions.

The first four central moments of all FIA samples for CSV with MVA and CSV without
MVA across all time horizon within surrender charge period are mentioned in tables below.
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6.8 Recommendations

As per the requirement, the simplest continuous stochastic models are used to model the
equity index and the MVA reference rate. Basic techniques are used for model calibration
and simulation. A few options for further improvements are listed below:

o The Vasicek Model used to model MVA reference rates has a drawback of generating
negative interest rates though the probability of getting negative rates in quite small.
A more sophisticated model like Cox—Ingersoll-Ross model can be used to model the
MVA reference assets in order to avoid negative rates.

o As per the requirement, the stock index model parameters are not calibrated for this
project. The parameters used for Geometric Brownian Motion are simply historical
mean and variance of the equity index data series. Since there is a correlation between
stock indices and fixed income indices, a better approach is the simultaneous calibration
of the Stochastic model and the Interest rate model using a linear programming approach
in linear regression.

o More complicated techniques to model the bond yields in MVA reference assets can be
used. For example modeling short rates first and then estimating bond yields using the
simulated short rates, but this approach can get really complicated due to the presence
of large set of bonds in a bonds index.
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6.9 Figures and Tables

BOX-WHISKER PLOT
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Figure 6.1: Box and Whisker Plot: Percentage Change in Cash Surrender Value due to MVA
for Product A. Index Crediting Strateqy: Annual point-to-point crediting with cap of 4.5%
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HISTOGRAMS

Histogram CSV-without-MVA and CSV-with-MVA for t = 1 year Histogram CSV-without-MVA and CSV-with-MVA for t = 2 year
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Figure 6.2: Combined Histogram of CSV without MVA and CSV with MVA for full surrender
on a contract anniversary (1st to 4th). Product A, Index Crediting Strategy: Annual point-to-
point crediting with cap of 4.5%
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HISTOGRAMS

Histogram CSV-without-MVA and CSV-with-MVA for t = 5 year Histogram CSV-without-MVA and CSV-with-MVA for t = 6 year
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Histogram CSV-without-MVA and CSV-with-MVA for t = 7 year Histogram CSV-without-MVA and CSV-with-MVA for t = 8 year
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Figure 6.3: Combined Histogram of CSV without MVA and CSV with MVA for full surrender
on a contract anniversary (5th to 8th). Product A, Index Crediting Strategy: Annual point-
to-point crediting with cap of 4.5%
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HISTOGRAMS

Histogram CSV-without-MVA and CSV-with-MVA for t =9 year Histogram CSV-without-MVA and CSV-with-MVA for t =10 year
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Figure 6.4: Combined Histogram of CSV without MVA and CSV with MVA for full surrender
on a contract anniversary (9th and 10th). Product A, Index Crediting Strategy: Annual
point-to-point crediting with cap of 4.5%
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QUANTILE-QUANTILE PLOTS

. x10° Quantile-Quantile plot for t = 1 year s - x10* Quantile-Quantile plot for t = 2 year
05+ e
5 105
1] - 3 (%]
2 & 2
€ Or : £
© i ©
3 # g tof /
; ” . -
< osf g 5
= 3 = ot
£ £ o5t =
S b e = r'
%) %) )
O - Q P
. r
15 ¢ -
2 : . y : ’ s s y . 85 : . y : ’ s . y
9 9.05 9.1 9.15 9.2 9.25 9.3 9.35 9.4 9.45 9 9.1 9.2 93 9.4 9.5 9.6 9.7 9.8 9.9
CSV-Quantiles x10% CSV-Quantiles x10%
1st contract anniversary 2nd contract anniversary
_— x10* Quantile-Quantile plot for t = 3 year 2 x10° Quantile-Quantile plot for t = 4 year
1" 145
1:4
8 105¢ 8
£ £
S S 1051
S 10f 5
2 :
£ 95¢ =
z F 0951
@ @
3 ot 1)
09+ 5
gar 085 .
8 L L Il 08 = L L L L
9 9.5 10 10.5 0.9 0.95 1 1.05 1.1
CSV-Quantiles x10% CSV-Quantiles x10°
3rd contract anniversary 4th contract anniversary

Figure 6.5: Quantile-Quantile Plot of CSV without MVA and CSV with MVA for full
surrender on contract anniversary (1st to 4th). Product A, Index Crediting Strategy: Annual
point-to-point crediting with cap of 4.5%
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QUANTILE-QUANTILE PLOTS
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Figure 6.6: Quantile-Quantile Plot of CSV without MVA and CSV with MVA for full
surrender on contract anniversary (5th to 8th). Product A, Index Crediting Strategy: Annual

point-to-point crediting with cap of 4.5%
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Figure 6.7: Figures: Quantile-Quantile Plot of CSV without MVA and CSV with MVA for
full surrender on contract anniversary (9th and 10th). Product A, Index Crediting Strategy:

Annual point-to-point crediting with cap of 4.5%
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BOX-WHISKER PLOT
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Figure 6.8: Box and Whisker Plot: Percentage Change in Cash Surrender Value due to MVA
for Product A. Index Crediting Strategy: Monthly Sum with cap of 2%
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HISTOGRAMS
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Figure 6.9: Combined Histogram of CSV without MVA and CSV with MVA for full surrender
on contract anniversary (1st to 4th). Product A, Index Crediting Strategy: Monthly Sum with

cap of 2%
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HISTOGRAMS

Histogram CSV-without-MVA and CSV-with-MVA for t = 5 year
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Figure 6.10: Combined Histogram of CSV without MVA and CSV with MVA for full surrender
on contract anniversary (5th to 8th). Product A, Index Crediting Strategy: Monthly Sum

with cap of 2%
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HISTOGRAMS

Histogram CSV-without-MVA and CSV-with-MVA for t =9 year Histogram CSV-without-MVA and CSV-with-MVA for t = 10 year
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Figure 6.11: Combined Histogram of CSV without MVA and CSV with MVA for full surrender
on contract anniversary (9th and 10th). Product A, Index Crediting Strategy: Monthly Sum
with cap of 2%
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QUANTILE-QUANTILE PLOTS
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Figure 6.12: Quantile-Quantile Plot of CSV without MVA and CSV with MVA for full
surrender on contract anniversary (1st to 4th). Product A, Index Crediting Strategy: Monthly

Sum with cap of 2%
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QUANTILE-QUANTILE PLOTS
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Figure 6.13: Quantile-Quantile Plot of CSV without MVA and CSV with MVA for full
surrender on contract anniversary (5th to 8th). Product A, Index Crediting Strategy: Monthly
Sum with cap of 2%
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QUANTILE-QUANTILE PLOTS
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Figure 6.14: Quantile-Quantile Plot of CSV without MVA and CSV with MVA for full
surrender on contract anniversary (9th and 10th). Product A, Index Crediting Strategy:

Monthly Sum with cap of 2%
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CENTRAL MOMENTS for Product A

Central Moments of CSV without MVA Central Moments of CSV with MVA
Year 2nd 3rd 4th 2nd 3rd 4th
1 2.37353E406 | -5.45975E4+09 | 1.89273E+13 | 1.12684E+07 | 9.04759E+09 | 2.44942E+14
2 5.17644E406 | -1.19711E+410 | 8.07466E+13 | 2.04361E+07 | 2.20967E+10 | 9.47483E+14
3 8.64209E+406 | -2.09916E+10 | 2.25012E+14 || 2.85662E+07 | 1.43952E+10 | 2.03875E+15
4 1.24316E+07 | -3.03891E+10 | 4.59018E+14 || 3.15151E+07 | -9.39086E+09 | 2.60095E+15
5 1.70314E+07 | -4.16952E+10 | 8.50710E+14 || 3.31341E+07 | -2.64831E+10 | 3.00467E+15
6 2.24401E4-07 | -5.91123E+10 | 1.50311E+15 | 3.45779E+07 | -4.87507E+10 | 3.44231E+15
7 2.90486E4-07 | -7.47711E+10 | 2.44481E+15 | 3.71524E+07 | -6.39928E+10 | 3.96236E+15
8 3.63593E407 | -9.13421E+10 | 3.76864E+15 | 4.09359E+07 | -8.78198E+10 | 4.80853E+15
9 4.51313E4+07 | -1.07210E+11 | 5.67116E+15 || 4.67177E4+07 | -1.07926E+11 | 6.10033E+15
10 5.47962E407 | -1.34426E+11 | 8.37648E+15 | 5.47962E+07 | -1.34426E+11 | 8.37648E+15

Table 6.1: Central Moments of Cash Surrender value with and without MVA for Product A.
Index Crediting strategy: Annual Point-to-Point crediting with cap of 4.5%

Central Moments of CSV without MVA Central Moments of CSV with MVA
Year 2nd 3rd 4th 2nd 3rd 4th
1 1.73994E+07 | 8.64735E+10 | 1.08564E+15 2.65446E+07 | 1.80949E+11 | 3.01261E+15
2 3.75682E+07 | 2.21912E+11 | 5.25889E+15 5.30155E407 | 4.36555E+11 | 1.13725E+16
3 6.28749E4-07 | 4.25098E+11 | 1.44734E+16 8.41617TE+07 | 7.00659E+11 | 2.57974E+16
4 9.36531E407 | 7.37567TE+11 | 3.36149E+16 1.16602E+4-08 | 1.04134E+12 | 5.13528E+16
5 1.30512E+08 | 1.22373E+12 | 6.68752E+16 1.52208E408 | 1.52464E+12 | 9.01709E+16
6 1.72192E408 | 1.73793E+12 | 1.12173E+17 1.89258E+408 | 1.96144E+12 | 1.34510E+17
7 2.22806E+08 | 2.53590E+12 | 1.87975E+17 2.34721E+08 | 2.68366E+12 | 2.06632E+17
8 2.84739E408 | 3.66335E+12 | 3.06033E+17 2.92163E408 | 3.78729E+12 | 3.21152E+17
9 3.45832E+08 | 4.72634E+12 | 4.40267E+17 3.48968E+08 | 4.80228E+12 | 4.49688E+17
10 4.25550E+08 | 6.39933E+12 | 6.63581E+17 | 4.25550E+08 | 6.39933E+12 | 6.63581E+17

Table 6.2: Central Moments of Cash Surrender value with and without MVA for Product A.

Index Crediting strategy: Monthly Sum with a cap of 2%
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PARAMETERS for EQUITY INDEX MODEL and MVA

REFERENCE ASSET MODEL

Product A | Product B | Product C | Product D | Product E Product F Product G

Asset 1 | Asset 2 | Asset 1 | Asset 2
1 0.1347 0.087446 0.078984 0.077988 0.1421427 | 0.079228 | 0.079228 | 0.052042 | 0.052042
o1 0.124949 0.180231 0.190239 0.160854 0.1545029 | 0.191121 | 0.191121 | 0.190513 | 0.190513
a 0.356574 0.148447 0.135695 0.056122 1.7316643 | 0.298945 | 0.145539 | 0.270208 | 0.172422
12 0.034155 0.050263 0.038511 0.056621 0.0325285 | 0.026271 | 0.042167 | 0.023786 | 0.017303
ol | -5.52E-04 0.001464 0.00204 -3.49E-04 0.0016616 | 0.003126 | 0.001813 | 0.003697 | -0.00108
02 0.004791 0.007788 0.008792 0.010421 0.0066065 | 0.012012 | 0.008479 | 0.008932 | 0.003204
o 0.004823 0.007924 0.009025 0.010426 0.0068122 | 0.012412 | 0.008671 | 0.009667 | 0.003382
P -0.11452 0.184758 0.226008 -0.03347 0.2439183 | 0.251828 | 0.209089 | 0.382455 | -0.31992

Table 6.3: Parameters for Equity Index Model and MVA Reference Asset Model as a result
of Linear Regression
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RESULTS from LINEAR REGRESSION

Coefficients for the Predictors Model
Carrier
Adjusted
bo by b R-squared
R-squared
estimate 0.000767 -0.02246 -0.0005523
Product A p-value 0.43152 0.47823 0.0014452 0.0136 0.011
confidence interval | [-0.0011 0.0027] | [-0.0846 0.0397] | [-0.0009 -0.0002]
estimate 0.00047 -0.00935 0.0014641
Product B p-value 0.27052 0.16964 1.56E-51 0.0345 0.0342
confidence interval | [-0.0004 0.0013] | [-0.0227 0.0040] | [0.0013 0.0017)
estimate 0.000329 -0.00855 0.0020398
Product C p-value 0.39015 0.24338 4.70E-66 0.0514 0.0511
confidence interval | [-0.0004 0.0011] | [-0.0229 0.0058] | [0.0018 0.0023]
estimate 0.0002 -0.00354 -0.000349
Product D p-value 0.33238 0.24337 6.42E-05 0.00121 0.00107
confidence interval | [-0.0002 0.0006] | [-0.0095 0.0024] | [-0.0005 -0.0002]
estimate 0.003548 -0.10908 0.0016616
Product E p-value 3.90E-08 3.07E-09 1.84E-35 0.0706 0.0698
confidence interval | [0.0023 0.0048] | [-0.1450 -0.0731] | [0.0014 0.0019]
estimate 0.000495 -0.01883 0.0031258
Product F
p-value 0.15129 0.047763 5.46E-81 0.0642 0.0639
Asset 1
confidence interval | [-0.0002 0.0012] | [-0.0375 -0.0002] | [0.0028 0.0034]
estimate 0.000387 -0.00917 0.001813
Product F
p-value 0.34486 0.22635 7.78E-56 0.0441 0.0437
Asset 2
confidence interval | [-0.0004 0.0012] | [-0.0240 0.0057] | [0.0016 0.0020]
estimate 0.000405 -0.01702 0.0036971
Product G
p-value 0.25191 0.11193 6.99E-161 0.147 0.147
Asset 1
confidence interval | [-0.0003 0.0011] | [-0.0380 0.0040] | [0.0034 0.0040]
estimate 0.000188 -0.01086 -0.0010818
Product G
p-value 0.22416 0.18054 1.27E-110 0.103 0.102
Asset 2
confidence interval | [-0.0001 0.0005] | [-0.0268 0.0050] | [-0.0012 -0.001]

Table 6.4: Linear Regression

Results for MVA Reference Assets
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6.10 Appendix: Statistical Visualization

Box-Whisker Plot [1]

The tops and bottoms of each box are the 25th and 75th percentiles of the distribution, respectively.
The distances between the tops and bottoms are the inter-quartile ranges. The line in the middle of
each box is the sample median. The whiskers are the dashed lines extending above and below each
box. Whiskers are drawn from the ends of the inter-quartile ranges to the furthest observations
within the whisker length (the adjacent values). The adjacent values are defined as the lowest and
highest observations that are still inside the region defined by the following limits:

o Lower Limit: 25" percentile - (1.5 x interquartile range)
 Upper Limit: 75" percentile + (1.5 x interquartile range)

Observations beyond the whisker length are marked as outliers (displayed with a red + sign), the
values more than 1.5 times the inter-quartile range away from the top or bottom of the box.

Quantile-Quantile Plot [1]

A Quantile-Quantile plot is used to analyze if two data sets are coming from the same distribution.
The Q-Q plot first sorts both data samples from smallest to largest and then places quantiles of one
data set along x-axis and the corresponding quantiles of other data along y-axis. The quantiles are
based on the number of values in the data set. The blue + are for the distribution quantiles and
the red line is the reference line for both distributions being identical. If the resulting plot coincides
with red reference line, then the two sets of sample data likely come from the same distribution.

Central Moments

Central Moments are the moments of a distribution of a random variable about its mean. The
central moment of order ‘k’ for the distribution of a population X is defined as

mp = E(X — Nk)

where p is the population mean of the random variable X. For discrete version of a population of
size the sample version of central moments is computed as:

=1

where X is the average or sample mean of the population X. Note that the first-order central
moment is zero.
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