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Abstract

In Telephone Broadcasting, the goal is to disseminate a message from a given source

vertex of an input graph to all other vertices in the minimum number of rounds, where at each

round, an informed vertex can send the message to at most one of its uninformed neighbors.

We study the problem in cactus graphs and graphs of bounded pathwidth. Despite many

previous efforts, the complexity of the problem in cactus graphs remained open. We settle this

question by establishing the NP-completeness of broadcasting in cactus graphs and graphs

of pathwdith 2.

On the positive side, we present constant-factor approximation algorithms for the studied

families of graphs, namely, an algorithm with an approximation factor of 2 for cactus graphs

and an approximation factor of O(1) for graphs of constant pathwidth.
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Chapter 1

Introduction

The Telephone Multicasting problem involves disseminating a message from a single

given source vertex to a subset of other vertices, called terminals, in a network through a

series of telephone calls. The network is often modeled as an undirected and unweighted

graph of n vertices. Communication takes place in synchronous rounds. Initially, only the

source is informed. During each round, any informed vertex can transmit the message to at

most one of its uninformed neighbors via a “call”. The goal is to minimize the number of

rounds required to inform the entire set of terminals. See Figure 1.1 for an illustration.

The special case of the Telephone Multicasting problem, where the set of terminals

includes all vertices in the input graph, is called the Telephone Broadcasting problem.

In [62], Hedetniemi et al. identify Telephone Broadcasting as a fundamental primitive

in distributed computing and communication theory, forming the basis for many advanced

tasks in these fields. Slater et al. [89] established the NP-completeness of Telephone

Broadcasting. Nonetheless, efficient algorithms have been developed for specific classes

of graphs. In particular, Fraigniaud and Mitjana [34] demonstrated that the problem is

solvable in polynomial time for trees. There are polynomial algorithms for several other

graph families; see, e.g., [21, 33, 43, 76, 90].

In this thesis, we study cactus graphs, which are graphs in which any two cycles share

1



B

D

H

G

F

I
K

E

J

A

TC

R

S

P

M

O

Q

L

N

Figure 1.1: An example of broadcasting from source vertex A in the first two rounds is
depicted. In the first round, A informs B. In the second round, A and B informs E and D,
respectively. For the next round, each of these four informed vertices (A,B,E, and D) can
inform one of their uninformed neighbours.

at most one vertex. Figure 1.2 shows a sample of a cactus graph. Cacti are a natural

generalization of trees and ring graphs, providing a flexible model for applications such as

wireless sensor networks, particularly when tree structures are too restrictive [11]. We also

study the problem for the graphs of bounded pathwidth.

1.1 Contribution

This thesis investigates the complexity and approximation algorithms for the Telephone

Broadcasting problem for cacti and graphs of bounded pathwidth. The key contributions

are summarized as follows1:

• We present a simple polynomial-time algorithm, named Cactus Broadcaster, and

prove it has an approximation factor of 2 for broadcasting in cactus graphs (Theo-

rem 4.2.1). Constant-factor approximations are known for certain subfamilies of cactus

graphs (e.g., k-cycle graphs [14]), and our result extends this to arbitrary cactus graphs.
1Results are published in ICALP 2025 [3].
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Cactus Broadcaster is reminiscent of the tree algorithm of [34] and leverages the

separability of cactus graphs. In our analysis of Cactus Broadcaster, we use the

k-broadcasting model of broadcasting [45] as a reference point, where each vertex can

inform up to two neighbors in a single round.

• Our main contribution is to establish the NP-completeness of Telephone Broad-

casting problem in “snowflake graphs”, which are a subclass of cactus graphs and also

have pathwidth at most 2, therefore resolving the complexity of the problem in these

graph families (Theorem 5.3.3). For a formal definition of snowflake graphs, refer to

Definition 3.0.3. This hardness result is achieved through a series of reductions that

start from 3, 4-SAT, a variant of the satisfiability problem that is NP-complete [92].

• We show the existence of a constant-factor approximation for graphs of bounded path-

width. For that, we show the algorithm of Elkin and Kortsarz [28] has an approxi-

mation factor of O(4w) for any graph of constant pathwidth w (Theorem 6.0.2). Note

that this result does not rely on having a path decomposition certifying a bounded

pathwidth. Constant-factor approximation algorithms are known for certain families of

graphs of bounded path-width, such as k-path graphs, which admit a 2-approximation

algorithm [54], and our result extends this to any graph of bounded pathwidth.

Figure 1.2: An example of a cactus graph

Thesis Structure. In Section 3, we present the preliminaries. In Section 4, we propose

Cactus Broadcaster, which gives a 2-approximation for cactus graphs. In Section 5, we

3



establish the NP-completeness of the problem in snowflake graphs. In Section 6, we present

a constant-factor approximation algorithm for graphs of bounded pathwidth. We conclude

in Section 7.
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Chapter 2

Literature Review

In this chapter, we will first describe some existing models for information dissemination in

graphs in Section 2.1. Then, we will focus on the Telephone Broadcasting problem,

which is the main topic of this thesis in Section 2.2.

2.1 A Review of Information Dissemination Models

We review communication models for spreading information through graph networks. These

models operate in synchronized, discrete time steps, with each model defining how informa-

tion propagates in one round.

Communication links can be categorized into two distinct types based on their operational

capacity: (I) one-way mode (also known as half-duplex communication) and (II) two-way

mode (also referred to as full-duplex communication). When considering two adjacent vertices

u and v within a graph structure, the one-way communication mode permits only a single

message to traverse the connecting edge at any given time, with the message traveling either

in the direction from u to v or from v to u [67]. In contrast, the two-way communication

mode enables two separate messages to utilize the same edge simultaneously, allowing for

bidirectional information flow.

This fundamental distinction between one-way and two-way communication modes be-
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comes particularly significant when analyzing complex communication problems such as gos-

siping. The gossiping problem differs from traditional broadcasting scenarios in that, rather

than having a single source node disseminating information, every individual node within the

network possesses its own unique message, resulting in a total of n distinct messages that

must be distributed throughout the entire network. Each node is responsible for transmitting

its message to every other vertex in the graph. The choice between one-way and two-way

communication modes can substantially impact the efficiency and complexity of solving such

gossiping problems [8, 41, 67, 82].

In the context of Telephone Broadcasting in this thesis, as we have only one message,

the one-way/two-way categorization is irrelevant.

Information dissemination models can be further categorized according to the number

of communication links that a single node is permitted to utilize simultaneously during one

communication round. Under the 1-port model, which is also known as the whispering

pattern, each node is restricted to using only one of its available links during any given round

of communication. Conversely, in the n-port model, alternatively referred to as the shouting

pattern, a node has the capability to employ all of its links to neighbours concurrently within

a single time unit, enabling parallel communication across all connections.

Between these two extremes lies an intermediate configuration known as the k-port model,

which is also called k-broadcasting. In this setting, a node v is allowed to utilize k of its

available links in parallel during one time unit, where k can be less than deg(v), meaning

that the number of links used can be strictly less than the total degree of the node. This

model provides a flexible framework that bridges the gap between the highly restricted 1-port

communication and the unrestricted n-port communication, allowing for controlled parallel

transmission based on the specific value of k chosen for the system.

Within the framework of telephone broadcasting that forms the central focus of this thesis,

our primary emphasis is placed on the 1-port communication mode, as this particular model

demonstrates the broadest range of practical applications and real-world relevance. The k-
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port communication pattern has also been studied [39, 48, 49, 50, 58, 73, 75, 87]. We will

use k-broadcasting in Section 4 to facilitate the description of our approximation algorithm

for broadcasting in cactus graphs. We will also show that every broadcasting scheme in the

k-broadcasting model with br rounds can be converted to a 1-port broadcasting scheme with

kbr rounds.

The Radio Model is a specialized n-port model where a node must broadcast to all neigh-

bours or send nothing at all. Additionally, a node can only receive from exactly one neighbour

per round; multiple simultaneous transmissions cause message corruption. Further details on

the radio model are available in [25, 44, 70].

In the remainder of this section, we assume the 1-port communication mode unless spec-

ified otherwise.

Another important consideration in communication models concerns the temporal re-

quirements for message preparation, transmission along edges, and reception. Two prevalent

models address this timing issue: (I) The constant model, where message transmission and

reception require a fixed time duration T . (II) The linear model, which represents communi-

cation time as T = β +Lτ , where β represents message preparation cost, L denotes message

length, and τ indicates the propagation time per unit data length.

The linear model can be transformed into the constant model by decomposing large

messages into minimal-length segments. Consequently, the majority of research adopts the

constant model framework. However, specific results exist for the linear model in broadcasting

contexts [9].

Several variants and extensions of the above communication models can be found in the

literature. These include simultaneous sending to all neighbours but sequential receiving, or

the concurrent sending to one neighbour and receiving from one (possibly different) neigh-

bour. In what follows, we review some of these models. The following review examines

several of these model variations. In portions of this review, we referred to [71, 79].
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Telephone Model. When we do not specify the communication model precisely, it is

assumed to be the telephone model, one of the classic communication models, and it makes

the the following assumptions: (I) Each call involves only one informed node and one of its

uninformed neighbours. (II) Each call requires one round of communication. (III) A node can

participate in only one call per unit of time. (IV) In one round, many calls can be performed

in parallel. From these assumptions, it is clear that the communication pattern in telephone

broadcasting is whispering, and it is a constant model with transmission time T = 1. The

telephone model for broadcasting has been extensively studied in the past decades. We will

review some of the results in Section 2.

Weighted-Vertex Model. Under the weighted-vertex model, the communication takes

place similarly to the telephone model, except that each vertex has an integer weight that

translates to the message delay in that vertex. Precisely, when a vertex u of weight w(u)

receives the message, it must wait for w(u) rounds before sending the message (via telephone

calls) to other vertices. The telephone model is a special case when all vertices have weight 0.

The introduction of vertex weights makes the problem significantly more challenging. Never-

theless, approximation and exact algorithms have been provided for this model. In particular,

the problem can be solved optimally in complete graphs via a non-trivial algorithm [57]. For

further results under this model, see, e.g., [55, 56, 71].

Telegraph model. Telegraph Model is an abstraction of the one-way communication model.

In this setting, during each round, a node v may transmit information to one of its neighbours,

say w, but w cannot transmit information to v at the same time. All other assumptions of

the telegraph model align with those of the telephone model. However, this seemingly minor

asymmetry significantly complicates analysis. For example, consider complete and hyper-

cube graphs: while the complexity of gossiping (all-to-all message dissemination) for these

graphs is straightforward under the telephone model, it remains unknown under the telegraph

model [40].
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Line model. The line model allows for long-distance communication between non-adjacent

vertices. In each communication round, informed nodes may transmit information to unin-

formed nodes via paths that can span multiple hops. When these communication paths are

composed of vertex-disjoint nodes, the model is referred to as vertex-disjoint path broad-

casting. There are two variants of this model: in one, an end-node broadcasts its message

to all intermediate nodes along the path; in the other, the message is delivered directly

from one end-node to the other, with intermediate nodes not reading the transmitted mes-

sage [15, 30, 32, 35, 36, 38, 65, 74].

If the communication paths are edge-disjoint but not necessarily vertex-disjoint, the model

becomes edge-disjoint path broadcasting. This variant has also been studied extensively [30,

32, 35, 37, 66], and is closely related to the wormhole routing model used in the context of

permutation routing [2, 20, 72].

Postal model. The Postal model is a distributed model (i.e., each node has a separate

distributed algorithm running) and assumes sending and receiving a message takes more

than one round. There is a latency parameter λ ≥ 1, which is the ratio between the time

required for a node to receive a message and the time it takes to send the message. This

model can be viewed as a distributed broadcasting model over complete graphs where each

edge is associated with a uniform delay of λ. When λ = 1, the Postal model becomes

equivalent to the (distributed) telephone broadcasting in complete graphs. The restricted

graph structure makes the problem easier under the postal model. For example, in [5], an

algorithm is proposed for optimal broadcasting under the postal model. For graphs of size n

and latency λ, the algorithm runs in time O
(

λ logn
log(λ+1)

)
.

In the basic Postal model, it is assumed that the communication delay λ is uniform across

all links. In [6], this assumption is relaxed, leading to a generalized postal model in which

each edge may have a different weight (i.e., communication delay). By assigning large weights

to certain edges, they can effectively be disabled, allowing the model to encode arbitrary

communication topologies, rather than assuming a fully connected network. As such, the

9



classical model becomes a special case of the generalized Postal model. Broadcasting in this

generalized setting is shown to be NP-complete. Heuristic algorithms for broadcasting under

this model are also proposed in [6].

Heterogeneous Postal Model. The heterogeneous postal model is a generalization of the

Postal model [7] that works as follows. Suppose node v sends a message to node w at time 0,

and w receives it at time λvw. In this model: (I) node v becomes free to send another message

at time sv, and (II) node w is considered busy only during the interval [λvw − sv, λvw]. Here,

λvw denotes the delay of the link (v, w), and sv is the switching time of node v. When all

delays and switching times are equal to 1, this model reduces to the standard Postal model.

Although the broadcasting problem under this heterogeneous setting is NP-complete, an

O(log n)-approximation algorithm is presented in [7].

Multiport Model Communication. The multiport model [4, 10] is an instance of k-

broadcasting, where in each communication round, a node can simultaneously send k mes-

sages to k different processors and receive k messages from k different processors. In [4], an

algorithm is presented for broadcasting in the multiport model that constructs broadcasting

schedules which are optimal up to an additive constant of one. This result holds for any

number of processors, any number of messages, and any value of k.

In a related model, referred to as (i, j) mode communication, each node can, in every

round, transmit a message to up to i neighbours and receive messages from up to j neighbours.

The classical two-way communication model can be viewed as a special case of the (1, 1) mode,

with the additional constraint that the same edge is used for both sending and receiving.

Broadcasting under the (i,j) mode has been studied in [29].

Messy Broadcasting The messy broadcasting model, introduced in [1], differs from the

previously discussed models by focusing on settings where the entire graph structure is not

known to the algorithms. Specifically, the goal is to establish upper bounds on the broadcast
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time under the following constraints: (I) each node knows only its immediate neighbours;

(II) neither the originator of the message nor the time slot in which the broadcast begins

is known; (III) there is no coordinating leader; and (IV) the system operates under a 1-

port, constant-time model. This model is particularly well suited to networks where nodes

lack sufficient memory to maintain a coordinated protocol. For details about this model,

see [19, 46, 47, 51].

2.2 Telephone Broadcasting & Multicasting

Broadcast Lower Bounds. There are two straightforward lower bounds for the number

of rounds to complete Telephone Broadcasting in a given graph of size n. First, in each

round, each informed vertex can inform at most one of its neighbours; therefore, the number

of informed nodes in a round is at most twice the number of informed nodes in the previous

round. Consequently, the minimum broadcast time cannot be less than ⌈log n⌉. Second, as

the set of informed nodes at round i has a distance at most i from the source, broadcast time

cannot be less than the distance between the source and its furthest vertex in the graph.

Hardness Results & Complexity. Garey and Johnson [42], using a reduction from the

3D-Matching problem, show that Telephone Broadcasting in undirected graphs is NP-

Hard. It will naturally extend to Telephone Broadcasting in directed graphs by replac-

ing every undirected edge with two directed edges.

The problem remains NP-hard even for restricted graphs, e.g., it is NP-hard to decide

whether the broadcasting can be completed within 3 rounds in planar graphs that are 3-

regular [78]. Recently, Tale showed that the problem remains NP-hard for graphs of path-

width of 3 [91], a result that naturally extends to graphs with higher pathwidths. However,

the complexity of the problem for graphs of pathwidth 2 has remained an open question,

which we will address in this thesis.

Elkin and Kortsarz [26] proved that approximating Telephone Broadcasting within
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a factor of 3− ϵ for any ϵ > 0 is NP-hard. Kortsarz and Peleg [74] showed that Telephone

Broadcasting in general graphs has an approximation ratio of O(log n/ log log n) (improv-

ing upon [7, 84]). It is possible that there is a constant factor approximation for general

graphs. However, constant-factor approximation exists only for restricted graph classes such

as unit disk graphs [86] and certain sub-families of cactus graphs, such as k-cycle graphs [14].

Unit disk graphs are graphs that have a set of points on the plane as their vertex set, and

two vertices are connected to each other if their Euclidean distance is less than or equal to 1.

It is also proved that the problem is NP-Hard for some special types of graphs, including

bounded degree graphs [12], chordal graphs [69], planar bipartite graphs [69], planar and

decomposable graphs [68].

Algorithms for Graph Families. There have been several studies for broadcasting in

specific families of cactus graphs [16, 24, 52, 53, 59, 60]. For instance, for unicyclic graphs, a

simple subset of cactus graphs containing exactly one cycle, the problem is solvable in linear

time [52]. Similarly, Harutyunyan et al. [60] proved that the chain of rings, which consists

of cycles connected sequentially by a single vertex, has an optimal algorithm that runs in

linear time. In k-restricted cactus graphs, where each vertex belongs to at most k cycles, for

a fixed constant k, Cevnik and Zerovnik [16] proposed algorithms that compute the optimal

broadcast scheme in O(n) time. Despite all these efforts, the complexity of Telephone

Broadcasting for arbitrary cactus graphs has remained open, a question that we resolve

in this thesis.

Structure. Recall that, in the broadcasting variant, we aim to inform all vertices in the

graph, whereas in the multicasting variant, we target only a specific subset of nodes, known

as terminals. Note that broadcasting is a special case of multicasting, where all vertices

are terminal (thus, the multicast problem is generally harder than broadcasting). In both

variants, the input graph can be either directed or undirected. In the next four sections, we

will review all four possible variants based on the two criteria mentioned above. See Table 2.1

12



for a summary of state-of-the-art results.

2.2.1 Directed Telephone Multicasting

The directed Telephone Multicasting problem, the input graph is directed and a set

of vertices are specified as terminals. The aim to compute a schedule to deliver a message

from a source to k terminals in the minimum rounds. Elkin and Kortsarz [27] achieved the

best-known approximation of O(log k · br∗ +
√
k) rounds, where br∗ is the optimal value. In

another work, Elkin and Kortsarz [26] proved Ω(log n) hardness of approximation unless P

= NP.

Hathcock et al. [61] recently considered another variant of the problem, in which the

goal is to inform k arbitrary terminals out of t terminals in the minimum number of rounds.

They showed that a similar approach of Elkin and Kortsarz [27] can be used to obtain an

O(poly log k · br∗ +
√
k) approximation, where br∗ is the optimal value. For the undirected

case, they also devised an algorithm with an O(t1/3) multiplicative approximation.

Technical Overview of the Impossibility Result. Elkin and Kortsarz [26] used a re-

duction from Set Cover, which is NP-hard to have an approximate factor better than c · log n

for some constant c, to establish their hardness result. More specifically, it is known to be

NP-hard to distinguish between instances of Set Cover with a cover of size
√
n and those

with no cover of size O(
√
n log n) [77]. Given a set cover instance S, the reduction constructs

a directed graph with two main vertex sets, V1 and V2. V1 corresponds to the sets in S and

V2, which is also the set of terminals, corresponds to the elements in S. For each vertex in V1

corresponding to a set S = {s1, s2, . . . , sm}, a directed, complete binary tree (with auxiliary

nodes) of depth O(logm) is formed, connecting S to its elements in V2. There is also a source

vertex r connected to all vertices in V1. When there is a cover of size
√
n, r can inform the

vertices in V1 corresponding to the set cover in O(
√
n) rounds and they can inform their

corresponding elements in O(log n) rounds. On the other hand, when there is no cover of
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size O(
√
n log n), multicasting needs at least O(

√
n log n) rounds to inform.

2.2.2 Directed Telephone Broadcasting

Elkin and Kortsarz [26] gave an O(log n) approximation for directed Telephone Broad-

casting. The same paper proved that unless NP ⊆ DTIME(nO(logn)), no better than

Ω(
√
log n) approximation exists. This remains the best-known result for general directed

graphs.

Technical Overview of the Known Results. Elkin and Kortsarz [26] use a reduction

from Set Cover, similar to the one used for directed Telephone Multicasting (described

in the previous section). The difference is that, in order to inform all vertices, they used a

gadget that connects s to all vertices of V1 with a balanced binary tree. This was followed by

constructing the graph recursively for log n times with the vertices of V2 as the sources. This

recursive approach helps establish a greater gap between the broadcast times of the instances

corresponding to yes and no instances of the set cover problem.

To achieve a O(log n)-approximation, they used a recursive algorithm. Let (s, a, b) be

a cherry subgraph, which is a subgraph formed by the vertices s, a, b such that a and b are

terminals and there are paths of length br from s to a and b. Here, br is a broadcast guess,

and the objective of the algorithm is to either return a broadcast scheme that completes

in O(br log n) or provide a guarantee that no broadcast scheme completes within O(br)

rounds. The algorithm extracts every cherry subgraph (s, a, b)and inserts s in another set T ′

of terminal. Then, it recursively informs T ′. Once T ′ is informed, each cherry can inform its

terminals within br + 1 rounds. Having all these cherries informed and the fact that there

are no cherries left, they can inform the remaining terminals in O(br) rounds. This gives an

O(log n) approximation for the problem.
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2.2.3 Undirected Telephone Multicasting

Finding good approximations has been intensively studied for multicasting and broadcasting

in undirected graphs [7, 41, 74, 84]. Elkin and Kortsarz [28] presented an algorithm that

achieved an approximation factor of O(log k/ log log k) or O(log k/ log br∗) where k is the

number of terminals. This improved upon earlier O(log k) results by Bar-Noy et al. [7]. The

algorithm is similar to the one described above for directed Telephone Broadcasting,

except that, instead of cherries, it tries to extract the trees with O(br) terminals and height.

Nikzad and Ravi [80] studied many variations of the problem, including capacitated mul-

ticast, multi-commodity multicast, and hypercast. In the capacitated multicast problem,

each vertex can participate in multiple calls per round up to its capacity. They provided

an O(log k) approximation for capacitated multicast, where k is the number of terminals.

For multi-commodity multicast, where multiple source-destination pairs are considered, they

obtained a 2O(log log k
√
log k) approximation. For hypercast, which uses hypergraphs where hy-

peredges represent conference calls, they achieved an O(D log k log n) approximation, where

D is the maximum hyperedge size.

2.2.4 Undirected Telephone Broadcasting

Elkin and Kortsarz [26] proved that the problem admits no 3 − ϵ approximation for any

constant ϵ unless P = NP. They used a reduction from Set Cover, similar to the one we

briefly discussed for directed Telephone Broadcasting.

Ravi [84] introduced the concept of poise and showed its connection to broadcast time.

The poise of a tree is the sum of its diameter and maximum degree, and the poise of a

graph is the minimum poise over all of its spanning trees. One can check readily that the

poise of a tree is at most 2 · br∗, where br∗ is the optimal broadcast time in the tree. This

is because the broadcast tree cannot have a degree larger than br∗, and the diameter of

the broadcast tree is at most br∗. On the other hand, if every vertex in the subtree with

minimum poise p, informs its neighbours based on the number of vertices in the children’s
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subtrees, it can inform all vertices in O( logn
log logn

p) rounds [84]. Ravi further proved computing

minimum poise is NP-hard and gave O(log n) approximation for poise, using concurrent

multicommodity flow techniques, and subsequently, O(log2 n/ log log n) approximation for

Telephone Broadcasting.

Still, the best-known approximation factor for undirected Telephone Broadcasting

for general graphs is O(log n/ log log n) mentioned earlier [28, 74].

There has been an extensive study of Telephone Broadcasting for specific families

of undirected graphs. The problem is known to be polynomial-time solvable for trees [34],

starts of cliques [21], butterfly graphs [90], and cactus graphs with bounded number of cycles

on each vertex [16].

Harutyunyan et al. [60] studied broadcasting in chains of rings and provided a constant-

factor approximation.

The broadcast process has also been studied for other particular network topologies, such

as trees [89], unicyclic graphs [52, 59], grids [17, 31, 88, 93], Kautz graphs [64], pancake and

star graphs [13], chordal rings [18], k-trees [22], planar graphs [63, 68, 69], recursive circulants

[81], banyan-hypercube [10], de Bruijn, shuffle-exchange and similar networks [82].

Parameterized Complexity. Fomin et al. [33] showed broadcasting is FPT (Fixed Pa-

rameter Tractable) parameterized by feedback vertex set, feedback edge set, and the value of

n − br∗. Recently, Tale [91] proved a double exponential lower bound on br. They showed

that no algorithm solves broadcasting in time 22
o(br∗) ·nO(1) unless the Exponential Time Hy-

pothesis (ETH) fails. They also showed that the problem remains NP-complete for graphs

of pathwidth at most 3 and treewidth 2.

In this thesis, we prove that Telephone Broadcasting is NP-complete for not only

cactus graphs, but snowflake graphs, which are a subclass of cactus graphs with pathwidth at

most 2. After publishing our results [3], Egami et al. [23] showed that Telephone Broad-

casting is NP-complete for graphs of constant tree-depth. We also provide a constant-factor

approximation for graphs of bounded pathwidth.
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Egami et al. [23] studied many other parameters like vertex integrity, distance to clique,

clique-cover, cluster vertex deletion, and pathwidth. They proved broadcasting remains NP-

complete even on cactus graphs of constant tree-depth. Also, they improved our algorithm

by providing a better constant approximation factor for bounded pathwidth graphs.

Problem Graph Type Best Approximation Hardness
Broadcast Directed O(log n)[26] Ω(

√
log n)[26]

Broadcast Undirected O(log n/ log log n)[28, 74] 3− ε [26]
Multicast Directed O(log k · b∗ +

√
k) [27] Ω(log n)[26]

Multicast Undirected O(log k/ log log k)[28] 3 [26]

Table 2.1: Summary of approximation and hardness results for telephone broadcasting and
multicasting problems
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Chapter 3

Preliminaries and Problem Definition

For a positive integer n, we use notation [n] to denote {1, 2, . . . , n}. Also, we use [i, j] to

refer to denote {i, i+ 1, . . . , j}. For a graph G, we use G \ {v} to refer to the subgraph of G

induced by all vertices of G except v.

Definition 3.0.1 ([62]). An instance (G, s) of the Telephone Broadcasting problem is

defined by a connected, undirected, and unweighted graph G = (V,E) and a vertex s ∈ V ,

where s is the only informed vertex. The broadcasting protocol is synchronous and occurs in

discrete rounds. In each round, an informed vertex can inform at most one of its uninformed

neighbors. The goal is to broadcast the message as quickly as possible so that all vertices in

V get informed in the minimum number of rounds.

A broadcast scheme describes the ordering in which each vertex informs its neighbors.

One can describe a broadcast scheme S with a broadcast tree, which is a spanning tree of G

rooted at source s; if a vertex u is informed through vertex v, then u will be a child of v in

the broadcast tree. Given that the optimal broadcast scheme of trees can be computed in

linear time, a broadcast tree can fully describe the broadcast scheme. We use br∗(G, s) to

refer to the number of rounds in the optimal broadcast scheme.

An α-approximation algorithm for the Telephone Broadcasting problem is a poly-

nomial algorithm that finds a broadcasting scheme within α ·br∗(G, s) rounds. In particular,
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when α is independent of the input length (graph size), the algorithm is said to have a

constant factor approximation ratio.

Definition 3.0.2. Cactus graphs are connected graphs in which any two simple cycles have

at most one vertex in common.

Definition 3.0.3. A tree T is said to be a reduced caterpillar if there are three special nodes

x, y, and z in T such that every node in T is either located on the path between x and y or

is adjacent to z.

A graph G is said to be a snowflake, if and only if it has a center vertex c such that G\{c}

is a set of disjoint reduced caterpillars such that c is adjacent to exactly two vertices in any

of these caterpillars, none being special vertices.

An example of snowflake graphs and one of its corresponding reduced caterpillar com-

ponents is shown in Figure 3.1 and Figure 3.2. Informally, a snowflake graph is formed by

a set of cycles that have a common center c; moreover, each cycle has a special vertex (z

vertices). Any vertex in G is either i) a part of one of the cycles or ii) a part of a “dangling

path” connected to a neighbor of c or iii) finds a special vertex as its sole neighbor.

Definition 3.0.4 ([85]). A path decomposition D of a given graph G = (V,E) is a sequence

⟨B1, B2, . . . , Bk⟩, where each Bi is called a bag and contains a subset of V , such that every

vertex v ∈ V appears in at least one bag and, for every edge (u, v) ∈ E, there exists a bag Bi

containing both u and v. Furthermore, if a vertex v appears in Bi and in Bj, it must appear

in any Bℓ where ℓ ∈ [i, j].

The width of the path decomposition D is the maximum cardinality of its bags minus 1.

G is said to have pathwidth w if it has a path decomposition of width at most w.

Observation 3.0.1. Snowflake graphs have a pathwidth of at most 2.

Proof. Removing the center from a snowflake graph results in a collection of disjoint cater-

pillar graphs, each having a pathwidth of 1 (caterpillars are graphs of pathwidth 1 [83]). A
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valid path decomposition for a snowflake graph can be achieved by adding the center to all

bags of path decompositions of these caterpillars.
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Figure 3.1: An example of a reduced caterpillar, with the special vertices x, y, and z high-
lighted

Figure 3.2: An example of a snowflake graph
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Chapter 4

Cactus Broadcaster: A

2-Approximation for Cactus Graphs

In this section, we present our 2-approximation algorithm for cactus graphs. We use ideas

from k-broadcasting model with parameter k [45], where a vertex can inform up to k of its

neighbors in a single round via a super call. It is easy to see that if one can complete k-

broadcasting in m rounds, then it is possible to complete broadcasting (in the classic setting)

within km rounds. This can be achieved by “simulating” a super-call with up to k regular

calls (see Lemma 4.1.1). For our algorithm, we use k-broadcasting with k = 2. In particular,

we design an algorithm for 2-broadcasting in a cactus graph G and show that if it completes

within m rounds, then any broadcast scheme for classic broadcasting in G takes at least m

rounds (see Lemma 4.2.3). Therefore, if we simulate every super call with two regular calls

(in arbitrary order) using Lemma 4.1.1, the broadcasting completes within 2m rounds, and

thus, we achieve an approximation factor of 2.

4.1 k-broadcasting Model

In the k-broadcasting model, an informed vertex can simultaneously inform up to k neighbors

in a single round, a process we refer to as a super call. Creating networks that allow fast
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broadcasting under this model has been studied in previous work [58]. We will present a

method to convert a broadcasting schema in the k-broadcasting model into the classic model

(without super calls). The final number of rounds in the classic model will be at most k times

the number of rounds in the k-broadcasting model. This model applies not only to cactus

graphs but also to every arbitrary graph.

Lemma 4.1.1. Let Sk be a broadcast schema for graph G in the k-broadcasting model. It is

possible to convert Sk to a broadcast scheme S in linear time for graph G in the classic model

such that broadcasting in S completes within k times the number of rounds as broadcasting

in Sk, i.e., br(S) ≤ k · br(Sk).

Proof. Form S from Sk as follows. Suppose a vertex v informs its neighbors at rounds

(1, 2, . . . , p) in Sk. In the S, v informs the same neighbors that it informs in Sk (i.e., they

both have the same broadcast tree), except that each super-call in Sk is replaced by up to k

regular calls in S, ensuring that if a neighbor x is informed before a neighbor y in Sk, then

x gets informed before y in S as well. For example, if a vertex v first informs a neighbor a

with a regular call and then neighbors b, c simultaneously with a super call right after getting

informed in Sk, it will inform a at round 1 and b, c at rounds 2 and 3 (in arbitrary order) in

S (see Figure 4.1 for an illustration).

Next, we prove that broadcasting in S completes within a factor k of Sk. We let tSk
(x)

(respectively tS(x)) denote the round at which vertex x gets informed in Sk (respectively in

S). We will use an inductive argument on the time that vertices get informed to show for any

vertex x, we have TS(x) ≤ kTSk
(x). At t = 0, we have TS(s) = TSk

(s) = 0, and the base of the

induction holds. Suppose a vertex v is informed at time tSk
(v) in Sk, and assume v informs

its neighbor x exactly d rounds after it is informed. That is, x gets informed in Sk at time

TSk
(x) = TSk

(v) + d. In S, v informs x at most kd around after getting informed (because

each super call is replaced by at most k regular calls). Therefore, TS(x) ≤ TS(v) + kd. On

the other hand, by the induction hypothesis, we have TS(v) ≤ kTSk
(v). We can conclude

that TS(x) ≤ kTSk
(v) + kd = kTSk

(x), which completes the induction step.
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(a) The broadcast scheme in the k-broadcasting model with k = 2

(b) The corresponding classic broadcasting scheme

Figure 4.1: An illustration of Lemma 4.1.1. Highlighted edges show broadcast trees, and the
numbers indicate the rounds at which the vertices get informed.
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Figure 4.2: Two possible types for broadcasting to connected components after deleting s in
single-br(G, s) are shown. The green vertices form a single-neighbor component. The red
and blue components are double-neighbor components.

4.2 Cactus Broadcaster Algorithm

This section presents Cactus Broadcaster, a 2-broadcasting algorithm that yields our

2-approximation algorithm for the Telephone Broadcasting problem in cactus graphs.

Cactus Broadcaster is a mutually recursive algorithm with two main methods, namely,

single-br(G, s) and double-br(G, s1, s2). The single-br(G, s) method is used for 2-

broadcasting a connected subgraph G starting from a source vertex s. The double-br(G, s1, s2)

method is used for 2-broadcasting a connected subgraph G using two sources s1 and s2 under

an assumption that both s1 and s2 have the message at time 0 and there is a unique path

between them in G.

Broadcasting from a single source. We explain how single-br(G, s) operates.

Observe that removing the source vertex s partitions G into one or more disjoint connected

components. By the definition of cactus graphs, each of these connected components contains

at most two neighbors of s (see Observation 4.2.1). We refer to a connected component with

one neighbor (respectively two neighbors) of s as a single-neighbor (respectively double-

neighbor) component (see Figure 4.2).

Observation 4.2.1. Let H be a connected induced subgraph of a cactus graph G. Any vertex

v ∈ G that is not in H finds at most 2 neighbors in H.

Proof. Since H is connected, having more than two neighbors for v would imply an edge
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belonging to at least two cycles, which contradicts the definition of cactus graphs.

single-br(G, s) computes the broadcast time of each single-neighbor component C re-

cursively by computing single-br(C, u), where u is the single neighbor of s in C. Simi-

larly, it computes the broadcast time of each double-neighbor component C by computing

double-br(C, u, v), where u, v are neighbors of s in C. After calculating all these broad-

casting times, single-br(G, s) sorts these values in non-increasing order and informs the

neighbors of s in this order. For that, it uses a regular call for single-neighbor components

and a super-call for double-neighbor components. In other words, single-br(G, s), informs

the component with the largest broadcasting time in the first round, the component with

the second largest broadcast time next, and so on. This is reminiscent of broadcasting in

trees [34], except that super-calls are used for double components. Let bi denote the broadcast

time of the i’th component Ci in this order.

The total broadcasting time for single-br(G,s) is then computed as maxi(i+ bi), which

will be the output of single-br(G,s).

Broadcasting from two sources. Next, we describe double-br(G, s1, s2). Let P be

the unique path between s1 and s2. In any broadcast tree T of double-br, some vertices on

P are informed through s1 and some through s2. Thus, exactly one edge e ∈ P is excluded

from the tree. After removing such e, the graph G will be partitioned into two disjoint

connected components Ge
1 and Ge

2, which are respectively informed through s1 and s2 (See

Figure 4.3). The method double-br works by removing the edge e∗ with a minimum value of

max{single-br(Ge
1, s1), single-br(G

e
2, s2)} over all e ∈ P .

Next, we explain how double-br finds e∗. An exhaustive approach that tries all edges

e ∈ P and calls single-br twice per edge may take exponential time.

To fix this, double-br works in two phases:

• In Phase 1, the method pre-computes the broadcast time for the connected subgraphs

of G after removing vertices of P from G. By Observation 4.2.1, every resulting con-
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nected component after removing P has at most two neighbors in P . For any single-

neighbor component C with vertex s connected to P , single-br(C, s) is computed

recursively. Similarly, for any double-neighbor component with vertices s1, s2 connected

to P , double-br(C, s1, s2) is computed recursively.

• Next, we describe Phase 2. At each iteration of Phase 2, we fix an edge e = (u, v) ∈

P and aim to compute single-br(Ge
1, s1) and single-br(Ge

2, s2), where u ∈ Ge
1

and v ∈ Ge
2. We explain how to efficiently compute single-br(Ge

1, s1). Finding

single-br(Ge
2, s2) is done similarly. Let ⟨u(= u1), u2, . . . , uk(= s1)⟩ be the sequence

of vertices in the unique path from u to s1. Let He
i be the connected component of G

that contains ui after removing the edge (ui, ui+1) from Ge
1. Note that He

k = Ge
1. We

compute bi =single-br(He
i , ui) using the values computed in Phase 1 as follows in an

iterative manner from i = 1 to i = k.

Consider all connected components of He
i after removing ui. Note that, for i > 1,

He
i−1 is one of these components. Consider the set B of broadcast times for all these

components, with the neighbor(s) of ui as the source(s) of broadcast. All these values

are computed in Phase 1 except for bi−1, which is computed in the previous iteration.

double-br sorts B in non-increasing order of broadcast times and informs neighbors of

ui accordingly (similar to single-br). As a result, in the i’th iteration, the broadcast

time bi is computed as maxj∈[B](j +B[j]). At iteration i = k, we compute bk, which is

indeed single-br(Ge
1, s1) (see Observation 4.2.2).

Figure 4.3 provides an illustration.

Theorem 4.2.1. Cactus Broadcaster runs a polynomial-time for Telephone Broad-

casting and achieves an approximation factor of 2 on cactus graphs.

Proof Overview. We provide an overview of the proof before a formal argument. First,

we show that Cactus Broadcaster runs in O(n3 log n). This can be established using
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Figure 4.3: An illustration of Phase 2 of the double-br method. Different components in
iteration i = 3 of Phase 2 (for u3) are highlighted in different colors.

induction on the size of the input graph, based on the recursive nature of the algorithm.

Details can be found in Lemma 4.2.2.

Second, we show that Cactus Broadcaster has an approximation factor of 2. Intu-

itively, single-br with super-calls runs no longer than an optimal broadcast scheme without

super-calls; this is because every super call only expedites informing one of the two sources

of broadcasting in double-neighbor components. As mentioned earlier (Lemma 4.1.1), a

broadcast scheme with super calls can be simulated with a scheme (without super-calls)

that completes no later than twice the number of rounds. On the other hand, the selec-

tion of edge e∗ by double-br ensures that max(single-br(Ge∗
1 , s1), single-br(Ge∗

2 , s2)) ≤

max(single-br(Ge+

1 , s1), single-br(Ge+

2 , s2)), where e+ is the edge that is absent in the

optimal broadcast tree of G. A formal proof follows from an inductive argument on the input

size (see Lemma 4.2.3).

Observation 4.2.2. Let ⟨u1(= u), u2, . . . , uk(= s1)⟩ be the vertices on the path from u1

(an endpoint of the removed edge e) and the source s1. Then, for any i ∈ [k], the broad-

cast time bi for (He
i , ui) in double-br equals to single-br applied to He

i , that is, bi =

single-br(He
i , ui).

28



Proof. We use induction on i. For i = 1, double-br simply uses the precomputed broadcast

times Bi of the connected components after removing the source u1 from He
1 in Phase 1. It

proceeds with sorting these broadcast times and setting bi = maxj∈[|Bi|](j + Bi[j]). This is

what single-br does by definition when broadcasting from u1 in H1. The inductive step is

similar, except that when computing bi, the value of bi−1 is also in Bi. This value is indeed

single-br(He
i−1, ui−1), by the induction hypothesis.

Lemma 4.2.2. Cactus Broadcaster terminates in O(n3 log n) time.

Proof. To prove the lemma, we define the following functions. The functions Ts(n) and Td(n)

represent the maximum time required to process a subgraph of size n using single-br and

double-br, respectively. Let T (n) = max(Ts(n), Td(n)).

single-br(G, s) involves running the recursive methods with time T (x) on any compo-

nent of size x after removing s, along with an additional O(n log n) time to sort the broad-

casting times obtained from recursive calls. On the other hand, double-br includes precom-

puting the broadcast time for the subgraphs after deleting the vertices of path P between s1

and s2. For each of O(n) edges e ∈ P that it considers for removing, we have k iterations,

each computing single-br(Hi, ui) (for i ∈ [k]). At each iteration, we sort the broadcast

times for connected components of Hi after removing ui, which takes O(d(ui) log d(ui)),

where d(ui) is the degree of ui in Ge
1. Therefore, for a fixed edge, the total time would be∑

i∈[k] O(d(ui) log d(ui)) = O(n log n). Given that there are O(n) possible edges to remove,

the total time complexity of double-br would be O(n2 log n) plus the additional time spent

in Phase 1.

For each n, let Qn be the set of partitions of any positive integer less than n into smaller

positive integers. That is, any set of positive integers that sum to at most n− 1 is a member

of Qn. To summarize, there are some n0, c
′ ≥ 0 such that for large n ≥ n0, we have:
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Ts(n) ≤ c′(n log n) + max
S∈Qn

∑
x∈S

T (x),

Td(n) ≤ c′(n2 log n) + max
S∈Qn

∑
x∈S

T (x).

Therefore,

T (n) =max(Ts(n), Td(n))

≤c′n2 log n+ max
S∈Qn

∑
x∈S

T (x). (4.1)

We claim that T (n) ≤ cn3 log n, in which c = max(c′, T (n0)). To prove the claim, we use

induction on n. For the base case of n = n0, as c ≥ T (n0), the inequality clearly holds. Next,

assume T (n′) ≤ cn′3 log(n′) for all n′ ∈ [n0, n− 1].

T (n) ≤ c′n2 log n+ max
S∈Qn

∑
x∈S

T (x) based on (4.1)

≤ c′n2 log n+ max
S∈Qn

∑
x∈S

cx3 log(x) using induction hypothesis

≤ c′n2 log n+ c(n− 1)3 log n ∀S∈Qn

∑
x∈S

x < n

< c′n2 log n+ (cn3 − cn2) log n

≤ cn3 log n. c ≥ c′

which completes the induction step, and we can conclude T (n) ≤ cn3 log n.

Lemma 4.2.3. Consider an instance (G, s) of the broadcasting problem in a cactus graph

G. Let br(G, s) denote the number of rounds that it takes for Cactus Broadcaster to

complete k-broadcasting in G with k = 2, and br∗(G, s) denote the optimal number of rounds

for broadcasting in the classic model. Then we have br(G, s) ≤ br∗(G, s).

Proof. We use induction on the number of vertices in G to prove the claim for both methods
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single-br and double-br. In the base cases, the graph consists of just one (for single-br)

or two (for double-br) source vertices, and the statement trivially holds.

For the induction step, we prove the claim for a graph with n vertices, assuming it holds

for all graphs with n′ < n vertices.

First, we consider the simpler case of double-br(G, s1, s2). Recall that the algorithm

finds an edge e∗ ∈ P that minimizes

max(single-br(Ge∗

1 , s1), single-br(Ge∗

2 , s2)).

Assume that the optimal solution removes an edge e+ ∈ P . Based on the induction hypothesis

we know that br∗(Ge+

1 , s1) ≥ single-br(Ge+

1 , s1) and br∗(Ge+

2 , s2) ≥ single-br(Ge+

2 , s2).

In this case, the broadcast time of the optimal solution would be

br∗(G, s) = max(br∗(Ge+

1 , s1), br
∗(Ge+

2 , s2))

≥ max(single-br(Ge+

1 , s1), single-br(Ge+

2 , s2)) induction hypothesis

≥ max(single-br(Ge∗

1 , s1), single-br(Ge∗

2 , s2)) e∗ definition

= double-br(G, s1, s2).

Next, we address the case of the single-br(G, s). Consider the optimal broadcast scheme

T ∗ in the classic model. For a component Ci of G \ {s} with up to two neighbors of s, let π1
i

and π2
i be the rounds at which s informs its first and its second (if it exists) neighbor in Ci

in T ∗, respectively. Note that π1
i < π2

i , and we let π2
i = ∞ if s informs just one vertex in Ci.

If both neighbors of s in Ci were informed simultaneously via a super call in round π1
i , the

broadcast time would not increase compared to informing the first one at π1
i and the second

one at round π2
i . Hence, the following inequality holds.
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br∗(G, s) = max
i

(br∗(Ci, (π
1
i , π

2
i )))

≥ max
i

(br∗(Ci, (π
1
i , π

1
i )))

= max
i

(br∗(Ci, (0, 0)) + π1
i ),

where br∗(Ci, (π
1
i , π

2
i )) is the optimal broadcasting time in the classic model given that the

first source is informed at round π1
i and the second one (if exists) at round π2

i . Recall bi is

the broadcast time for each component Ci, which is determined by applying the recursive

methods on Ci. This is equivalent to informing the neighbors of s in Ci at time 0.

br∗(G, s) ≥ max
i

(br∗(Ci, (0, 0)) + π1
i )

≥ max
i

(bi + π1
i ). br∗(Ci, (0, 0)) ≥ bi (induction hypothesis)

single-br selects π′
i such that maxi(bi + π′

i) is minimized. This is because it sorts the

broadcast times required to inform each subgraph in non-increasing order and informs the

neighbor(s) of s in Ci accordingly. We can write

br∗(G, s) ≥ max
i

(bi + π1
i )

≥ min
π′

(max
i

(bi + π′
i))

= br(G, s).

Thus, br∗(G, s) ≥ br(G, s). Thus, the number of super rounds in both methods does not

exceed the number of rounds used by the optimal broadcast scheme in the classic model.

From the above results, we can establish the proof of Theorem 4.2.1 as follows.

Proof of Theorem 4.2.1. By Lemma 4.2.2, we showed that Cactus Broadcaster termi-

nates in polynomial time. Furthermore, Lemma 4.2.3 establishes that the 2-broadcasting
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scheme of Cactus Broadcaster completes no later than the optimal broadcast time.

Moreover, by Lemma 4.1.1, this 2-broadcasting scheme can be converted to a scheme in

classic broadcasting that completes within twice the optimal broadcast time.

The approximation factor given by Theorem 4.2.1 is tight. Consider a graph G formed by

t triangles that all share an endpoint s. The broadcasting time of Cactus Broadcaster

on (G, s) is 2t as its broadcast tree will be a star with 2t leaves, while the optimal broadcast

tree completes broadcasting in t+ 1 rounds (s will have degree t). Thus, the approximation

factor tends to 2 for large t.
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Chapter 5

Hardness Proof of Snowflake Graphs

The NP-hardness proof of Telephone Broadcasting in snowflake graphs proceeds through

successive reductions. First, we reduce 3, 4-SAT, which is known to be NP-hard [92] to a new

problem that we call Twin Interval Selection (Lemma 5.1.5), which itself reduces to

another new problem Dome Selection with Prefix Restrictions (Lemma 5.2.10). Fi-

nally, we present a reduction from DoSePr to Telephone Broadguess, which establishes

our main result (Theorem 5.3.3).

5.1 Hardness of Twin Interval Selection

The first step in reducing 3, 4-SAT to Telephone Broadguess is to establish a reduction

from 3, 4-SAT to Twin Interval Selection (TwIS). For that, we first explain how to

construct a TwIS instance from a given 3, 4-SAT instance and demonstrate the equivalence

of solutions between the two problems.

Definition 5.1.1 ([92]). The 3, 4-SAT problem is a special case of the classic 3-satsifiabiity

(3-SAT) problem. The input is a boolean CNF formula ϕ = (X,C), where X is the set of

variables and C is the set of clauses such that every clause Ci ∈ C contains exactly three

literals ℓik ∈ Ci for k ∈ [3], and each variable x ∈ X appears in at most four clauses. The

decision problem asks whether there is a satisfying assignment of ϕ.
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The 3, 4-SAT problem is known to be NP-complete [92]. In what follows, we call a pair

of intervals (Ii, Ii) for i ∈ [n] a twin interval, assuming that Ii and Ii are disjoint and have

equal lengths with endpoints in [m] for some positive m. The endpoints of Ii are less than the

endpoints of Ii. We refer to Ii and I i the left and the right interval of the twin, respectively.

Definition 5.1.2. An instance of the Twin Interval Selection (TwIS) is formed by a

tuple (I, r,m), where I is a set of twin interval pairs and r is a restriction function with do-

main [m], where m is referred to the horizon of the instance. We have I = {(I1, I1), . . . , (In, In)},

where for each i ∈ [m], (Ii, Īi) are non-crossing intervals with endpoints in [m].

The objective is to select exactly one of Ii and Ii, while respecting the restriction imposed

by the restriction function as follows. The restriction function r : [m] → [n] requires that for

any t ∈ [m], the number of selected intervals that contain t be at most r(t). The decision

problem asks whether there is a valid selection that satisfies these restrictions.

For a solution S and t ∈ [m], let ΓS(t) be the number of selected intervals in S containing

t.

Construction. Suppose we are given an instance ϕ = (X,C) of 3, 4-SAT. We construct

an instance Iϕ of TwIS as follows. For each variable xi ∈ X, form a pair of (Xi, Xi) of twin

intervals, each of length 7, where Xi = [16i− 15, 16i− 8] and X i = [16i− 7, 16i]. We refer to

Xi (respectively Xi) as the principal interval of literal xi (respectively ¬xi). The length 7 of

these intervals allows for placing up to 4 non-crossing unit intervals, each of length 1, within

the principal interval; these intervals will be used for clause gadgets, as we will explain. For

each clause Cj, we define three interval twin pairs (Ijk, I
j
k), each associated with one of the

literals of ℓjk ∈ Cj for each k ∈ [3]. Suppose ℓjk is the p’th literal where its corresponding

literal xi or ¬xi appears (p ∈ [4]). If ℓjk is a positive (respectively negative) literal of variable

xi, then define Ijk as a unit interval starting at 16i − 7 + 2(p − 1) (respectively, starting at

16i − 15 + 2(p − 1)). Intuitively, Ijk is defined as one of the four-unit intervals within the

principal interval of ¬x. Meanwhile, Ijk is [16n + 2j, 16n + 2j + 1] for all k ∈ [3]. Finally,
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Figure 5.1: Construction of the instance Iϕ of the TwIS problem from the 3, 4-SAT instance
ϕ = (x1 ∨ ¬x2 ∨ x3) ∧ (¬x1 ∨ ¬x2 ∨ ¬x3) ∧ (¬x1 ∨ ¬x2 ∨ x3). The restriction function r(t)
is defined as r(t) = 1 for t ≤ 48 and r(t) = 2 otherwise. A satisfying assignment for ϕ is
σ(x1) = 1 and σ(x2) = σ(x3) = 0; the selected intervals in the corresponding solution for I
are shown in solid color.

to define the restriction function, we let r(t) = 1 for all t ≤ 16n and r(t) = 2, otherwise.

Figure 5.1 illustrates an example of the above reduction.

Correctness. First, we provide an intuitive explanation of why this reduction works.

We argue that a satisfying assignment to instance ϕ of the 3,4-SAT problem bijects to a

satisfying interval selection for the instance Iϕ of TwIS. The bijection requires that for any

literal ℓ that is true in a satisfying assignment of ϕ, the principal interval of ℓ is selected in

the solution for Iϕ.

The restrictions imposed by r imply that whenever a principal interval of a literal ℓ is

selected, the unit intervals associated with (up to 4) occurrences of ¬ℓ cannot be selected

(because r(t) = 1 in their intersecting points). Thus, whenever the principal interval of a

literal ℓ is selected (i.e., its twin, which is the principal interval of ¬ℓ is not selected), one can

select the unit intervals associated with any occurrence of ℓ in clauses where it appears; this

is because they intersect with the principal interval of ¬ℓ, which is not selected. Selecting

these unit intervals means their twin unit intervals are not selected. This yields an equivalent

between a satisfying assignment in the SAT formula and the TwIS. We further note that the

number of twin intervals in Iϕ is polynomial in |X| and |C|. We can conclude the following

lemma, which establishes the hardness of TwIS in the strong sense based on the above

reduction.
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To establish the main result of this section, we first establish the two sides of the reduction

in the following lemmas.

Lemma 5.1.3. If the answer to the instance Iϕ of TwIS is yes, then the instance ϕ of

3, 4-SAT is satisfiable.

Proof. Let S be a selection of intervals for Iϕ that certifies a yes answer to Iϕ. We construct

an assignment σ : X → {0, 1} for ϕ as follows: For each variable xi ∈ X, set σ(xi) = 1 if

the principal interval Xi is in S, and set σ(xi) = 0, otherwise. We will prove that σ satisfies

ϕ. By construction, for each clause Cj we know that all three unit intervals Ijk (for k ∈ [3])

contain point t = 16n + 2j, where r(t) = 2. Thus, at least one of these three unit intervals

is not included in S. Let Ijq for some q ∈ [3] be such interval that is not selected; that is,

Ijq is in S. Because Ijq overlaps with the principal interval of ¬ℓjq at some point t ≤ 16n,

and r(t) = 1, the principal interval of ¬ℓjq cannot be in S. Namely, S contains the principal

interval of ℓjq. Therefore, in the corresponding assignment of ϕ, we have σ(ℓjq) = 1, and thus

the clause Cj is satisfied. We conclude that each clause Cj in ϕ has at least one true literal

with true value σ, and thus σ satisfies ϕ.

Lemma 5.1.4. If an instance ϕ = (X,C) of the 3, 4-SAT problem is satisfiable, then the

answer to the instance Iϕ of TwIS is yes.

Proof. Let σ : X → {0, 1} be a satisfying assignment for ϕ. We construct a solution S for

Iϕ, which contains the selected interval from each twin pair. For each variable x ∈ X, if

σ(x) = 1, we select the principal interval of x along with the left (respectively right) intervals

of all the unit intervals associated with positive (respectively negative) literals of x. Similarly,

if σ(x) = 0, we select the principal interval of ¬x, along with the left (respectively right)

intervals of all the unit intervals associated with negative (respectively positive) literals of x.

Next, we prove that S satisfies all restrictions in Iϕ. First, we consider t ≤ 16n, and

show that the restriction imposed by r(t) ≤ 1 is satisfied. In this range of t, at most two

intervals in It contain t. We need to show whenever S includes the principal interval of a
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variable x, it does not contain the unit intervals that intersect the principal interval of x.

This holds because these unit intervals are associated with ¬x, which is not selected by the

construction of S. Consequently, the number of selected intervals at the intersection points

of the principal interval of x and the unit intervals is at most 1, satisfying the restriction

r(t) = 1 (for t ≤ 16n).

Next, we consider t > 16n and show the restriction imposed by r(t) = 2 is satisfied.

There is one unit interval for each literal in a clause Cj, i.e., for any t > 16n, there are up to

3 intersecting intervals. Since σ satisfies ϕ, at least one literal in each clause receives a true

value. Suppose that it is the q’th literal for q ∈ [3]. As a result, based on the construction of

S, Ijq is not selected. This ensures that the number of selected intervals at these points is at

most two, satisfying the restriction r(t) = 2.

We conclude that the restrictions imposed by r(t) are satisfied for all t ∈ [m] and thus S

is a valid solution for Iϕ.

Lemma 5.1.5. Answering instances (I, r,m) of the TwIS problem is NP-hard even if the

m is polynomial in |I|.

Proof. We will use the reduction from 3, 4-SAT that was described in Section 5.1. This

reduction takes polynomial time. In particular, given an instance of 3, 4-SAT, ϕ with |X|

variables and |C| clauses, the number of twin pair intervals in the TwIS is |X| + 3|C|, and

the domain of r (the horizon) is [m], where m = 16|X|+2|C|+1, which is polynomial in the

number of intervals in the TwIS instance. We conclude that the reduction is polynomial in

|X| and |C|.

Based on Lemma 5.1.3 and 5.1.4, we have established that the 3, 4-SAT instance ϕ is

satisfiable if and only if the constructed TwIS instance Iϕ admits a valid selection.
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5.2 Hardness of Dome Selection with Prefix Restric-

tions

We present a polynomial-time reduction from TwIS to a new problem that we refer to as

Dome Selection with Prefix Restrictions (DoSePr). Before defining the DoSePr

problem, we first define the notion of a dome as follows.

Definition 5.2.1. A dome is formed by four positive integers (a, b, c, d) such that a ≤ b <

c ≤ d and b − a = d − c. We refer to (a, d) (respectively (b, c)) as an arc with endpoints a

and d (respectively b and c). We refer to (a, d) and (b, c) the outer arc and inner arc of the

dome, respectively. When a = b and c = d, we call the dome a singleton dome and otherwise

call it a regular dome.

In our figures, a singleton dome (a, b) is shown as and regular dome (a, b, c, d) is

shown as .

Definition 5.2.2. An instance (D,m) of the Dome Selection with Prefix Restric-

tions (DoSePr) is defined by a multiset D = {D1, . . . , Dn} of domes and a positive integer

m, where Di = (ai, bi, ci, di) s.t. di ≤ m for some integer m that we refer to as horizon.

The decision problem asks whether there is a multiset S of arcs with exactly one arc from

each dome Di, such that, for any t ∈ [m], it holds that NS(t) ≤ t, where NS(t) denotes the

number of arc endpoints in S with value at most t, counting each endpoint as many times as

it appears across different arcs in S.

Example 5.2.3. Consider an instance of the DoSePr with domes

D = {(2, 3, 4, 5), (3, 4), (4, 5, 9, 10), (7, 8)} and m = 10. A valid solution for this instance

is S = {(2, 5), (3, 4), (5, 9), (7, 8)}. For example, when t = 5, we have NS(t) = 5, which is no

more than t. In particular, selected endpoints ≤ t are {2, 5, 3, 4, 5}. Note that there are two

endpoints with a value of 5, which belong to two different arcs.

Next, we explain how the TwIS problem reduces to the DoSePr problem.
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Figure 5.2: An example of different types of domes based on their positions relative to t = 18

Construction. Given an arbitrary instance I = (I, r,m′) of TwIS, where |I| = n′

for some positive n′, we construct the corresponding instance D = (D,m) of DoSePr as

follows. For each twin pair of intervals (Ii, Ii) ∈ I, where Ii = (a′, b′) and Ii = (c′, d′), we

construct a regular dome Di = (ai, bi, ci, di) where ai = 6n′a′, bi = 6n′b′ + 3n′, ci = 6n′c′, and

di = 6n′d′ + 3n′. It is easy to verify that Di is indeed a dome, that is bi − ai = di − ci (see

Observation 5.2.1).

We define m to be a large enough horizon. In particular, we let m = 164(n′m′)2. For

any t ∈ [m] that is a multiple of 6n′ and t ≤ 3n′(2m′ + 1), we further add d(t) singleton

domes that all start at t and end at m. In other words, we add d(t) identical singleton domes

(t,m). Next, we explain how d(t) is defined. For convenience, we let d(t) = 0 if t is not a

multiple of 6n′ or t > 3n′(2m′ + 1). Suppose t is indeed a multiple of 6n′. The idea is to

define d(t) in a way to project the requirements imposed by the restriction function r in I

to the requirement NS(t) ≤ t in DoSePr.

Let Dt
i be the set of regular domes with exactly i endpoints before or at point t, and

define c(t) = 2|Dt
4|+ |Dt

3|+ |Dt
2|.

Example 5.2.4. For t = 18, dome (1, 4, 5, 8) ∈ Dt
4, dome (11, 14, 16, 19) ∈ Dt

3, dome

(9, 10, 26, 27) ∈ Dt
2, dome (17, 20, 21, 24) ∈ Dt

1, and dome (25, 26, 27, 28) ∈ Dt
0. Figure 5.2

provides an illustration.

Intuitively, this definition of c implies that there are at least c(t) arc endpoints with value

at most t in any valid solution S (a set of arcs), regardless of the choices made to form S.

This is because:

40



• (i) all arc endpoints of domes in Dt
4 are at most t, and two of them (associated with

one arc) contribute to c(t).

• (ii) three arc endpoints of domes in Dt
3 are at most t, and any such dome contributes

at least 1 to c(t).

• (iii) the left endpoints of both arcs of domes in Dt
2, and since one arc is in S, the dome

contributes exactly 1 to c(t).

Finally, we let

d(t) = t− c(t)−
∑
j<t

d(j)− r(t/(6n′)).

The scaling argument that is applied when forming the DoSePr instance from TwIS in-

stance ensures that d(t) is indeed non-negative for any t ∈ [m] (see Observation 5.2.2 for

details). This completes our construction of the DoSePr instance. In a nutshell, we have

added one regular dome per twin interval in the TwIS instance, and for any t ∈ [m], we

added extra identical singleton domes to capture the requirements imposed by the restriction

function in the TwIS instance.

Example 5.2.5. Consider an instance I = (I, r,m′) of the TwIS problem with

I = {((1, 3)(4, 6)), ((2, 3), (5, 6)), ((2, 3), (4, 5))} and m′ = 6. Suppose r(1) = r(2) = r(6) = 3,

r(3) = r(4) = 1, and r(5) = 2. The corresponding instance D = (D,m) of DoSePr has

regular domes D = {(18, 63, 72, 117), (36, 63, 90, 117), (36, 63, 72, 99)} and m = 164(n′m′)2 =

164 · (3 · 6)2 = 53, 136 (see Figure 5.3). In addition, 3n′(2m′ + 1) = 117. For any t ∈ [1, 117]

that is a multiple of 6n′ = 18, d(t) singleton domes (t,m) are added. Some examples of d(t)

are shown below.
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d(18) = 18− 0− 0− 3 = 15 c(18) = 0

d(36) = 36− 0− 15− 3 = 18 c(36) = 0

d(54) = 54− 0− (18 + 15)− 1 = 20 c(54) = 0

d(72) = 72− 3− (15 + 18 + 20)− 1 = 15 c(72) = 3

Correctness. First, we provide some intuitions about the correctness of the reduction.

We show that any valid solution S for instance D of DoSePr bijects to a valid solution S ′ of

I. Note that S contains exactly one arc, the inner or the outer arc, of each regular dome Di

of D (in addition to singleton domes, which are contained in any valid solution for D). Now,

S ′ selects the left interval Ii when the outer arc of Di is selected in S and the right interval Ii

when the inner arc of Di is selected in S (see Figure 5.3). We let ΓS′(t′) denote the number

of intervals selected by S ′ that include t′ ∈ [m′]. We show that S is a valid solution for D if

and only if S ′ is a valid solution to I.

Suppose S is a valid solution for DoSePr. Then we must have NS(t) ≤ t for any

t ∈ [m], where NS(t) is the number of arc endpoints in S with value at most t. As mentioned

earlier, c(t) endpoints will be present in any valid solution regardless of the choices to form

S. Moreover, S must contain all endpoints of singleton domes in D for j ≤ t. That is, any

valid solution for D, including S, must contain c(t) +
∑

j≤t d(j) arc endpoints. In addition

to these fixed points, there will be more arcs in S, which are contributed by the domes in Dt
1

and Dt
3 as follows. Let Di be a regular dome in D, and let (Ii, I i) be its corresponding twin

intervals in I.

• Suppose Di ∈ Dt
1. Now, if S contains the inner arc of Di, the contribution of Di

to NS(t) would be 0. This is equivalent to including the right interval Ii in S ′, and

thus the twin interval (Ii, Ii) does not contribute ΓS′(t′) for t′ = t/6n. Informally,

the contribution of the dome Di to the left-hand side of inequality NS(t) ≤ t and the

contribution of (Ii, Ii) to the left-hand side of the inequality ΓS′(t′) ≤ r(t′) will be both
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(a) The instance I of TwIS

(b) The corresponding instance D of DoSePr (only regular domes are depicted.)

Figure 5.3: An illustration of the construction of an instance D of DoSePr from an instance
I of TwIS, as explained in Example 5.2.5. Solid lines show the selected intervals in a valid
solution of I and the selected arcs in the corresponding solution in D.

0. Similarly, if S contains the outer arc of Di, the contribution of Di to NS(t) would

be 1. This is equivalent to including the left interval Ii in the TwIS instance, and

(Ii, Ii) contribute 1 item to ΓS′(t′). Informally, the contribution of the dome Di to the

left-hand side of inequality NS(t) ≤ t and the contribution of (Ii, Ii) to the left-hand

side of ΓS′(t/(6n′)) ≤ r(t′) will be both 1.

• Suppose Di ∈ Dt
3. Assume S contains the inner (respectively the outer) arc of Di. In

this case, in addition to the fixed 1 unit of the contribution of Di to NS(t) (captured

in c(t)), it further contributes 1 (respectively 0) unit to NS(t). This is equivalent to

including the right interval I i (respectively the left interval Ii) in S ′. In this case, the

number of selected intervals in S ′ that intersect t is increased by 1 (respectively 0).

Intuitively, both left-hand sides of NS(t) ≤ t and ΓS′(t/(6n′)) ≤ r(t′) increase by 1

(respectively 0).

We note that n = |D| is polynomial in both n′ and m′, and thus m = 164(n′m′)2 is

43



polynomial in n. Therefore, we can conclude the following lemma, which establishes the

NP-hardness of DoSePr. We start the formal proof with the following observation showing

that the regular domes in D are indeed valid.

Observation 5.2.1. For any i ∈ [n′], any constructed Di = (ai, bi, ci, di) in the reduction is

a valid dome, i.e., bi − ai = di − ci.

Proof. For each twin pair of intervals Ii = (a′i, b
′
i) and Ii = (c′i, d

′
i) we know that b′i−a′i = d′i−c′i

by the definition of the TwIS problem. Multiplying by 6n′ and adding 3n′ to each side,

we have (6n′b′i + 3n′) − 6n′a′i = (6n′d′i + 3n′) − 6n′c′i. Based on the construction of Di,

(6n′b′i + 3n′)− 6n′a′i = bi − ai and (6n′d′i + 3n′)− 6n′c′i = di − ci.

Next, we observe that the number d(t) of extra singleton domes added for any t ∈ [m] is

non-negative.

Observation 5.2.2. In the construction of D from I, for any t ∈ [m], we have d(t) ≥ 0.

Proof. For any t that is not divisible by 6n′ or t > 3n′(2m′ + 1), we have d(t) = 0, and the

lemma holds for these values of t. For other values of t, which are all 6n′ or larger, we first

establish that d(t) ≥ 5n′− c(t). For t = 6n′, we have d(t) = 6n′− c(6n′)− r(1) ≥ 5n′− c(6n′)

(for any value of t, we have r(t) ≤ n′). In what follows, we assume t ≥ 12n′ and deduce

d(t) = t− c(t)− Σj<td(j)− r(t/(6n′))

= t− c(t)− Σj≤t−6n′d(j)− r(t/(6n′)) (5.1)

= t− c(t)− d(t− 6n′)− Σj<t−6n′d(j)− r(t/(6n′))

= t− c(t)− ((t− 6n′)− c(t− 6n′)− Σj<t−6n′d(j)− r(
t− 6n′

6n′ ))− Σj<t−6n′d(j)− r(t/(6n′)) (5.2)

= −c(t) + 6n′ + c(t− 6n′) + r(
t− 6n′

6n′ )− r(t/(6n′)).

In Equality (5.1), we used the fact that singleton domes are added only for multiples of

6n′. In Equality (5.2), we used the definition of d(t − 6n′). As c(t− 6n′) and r( t−6n′

6n′ ) are

both non-negative, and by definition, r(t/(6n′)) is at most n, we can conclude that
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d(t) ≥ −c(t) + 6n′ − r(t/(6n′)) ≥ 5n′ − c(t).

Moreover, we can bound c(t) as follows:

c(t) = 2|Dt
4|+ |Dt

3|+ |Dt
2| ≤ 2(|Dt

4|+ |Dt
3|+ |Dt

2|) ≤ 2n′.

Thus, d(t) ≥ 5n′ − c(t) ≥ 3n′ ≥ 0.

For each dome Di ∈ D, let the boolean variable xi indicate whether the outer arc of Di

is selected in S or not. Specifically, xi = 1 means the outer arc is selected, while ¬xi = 1

means the inner arc is selected.

The following two lemma express the values of NS(t) and ΓS′(t) in a way that allows us

to relate a solution S for the DoSePr instance D to its associated solution S ′ in the TwIS

instance I. These lemmas will later help us in proving the correctness of the reduction.

Lemma 5.2.6. Let D = (D,m) be the DoSePr problem constructed from an instance I of

the TwIS problem, and let S be a multiset of arcs that contains exactly one arc from each

dome Di ∈ D. For any t ∈ [m− 1], the number of arc endpoints in S with value at most t is

exactly NS(t) =
∑

i∈Dt
1
xi +

∑
i∈Dt

3
¬xi + |Dt

2|+ |Dt
3|+ 2|Dt

4|+
∑

j≤t d(j).

Proof. Fix a value of t ∈ [m−1]. We consider five cases, depending on the positions of domes

relative to t, to compute the contribution of different domes to Ns(t). See Figure 5.2 for an

illustration.

• Domes with all the endpoints after t, namely domes that are in Dt
0, do not contribute

to NS(t).

• Each dome with exactly 1 endpoint (the left endpoint of the outer arc) before or on t,

namely, a dome in Dt
1, adds exactly one unit to NS(t), which happens when the outer

arc of D is selected. Thus, the total contribution of domes in Dt
1 to NS(t) is

∑
i∈Dt

1
xi.
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• For each dome with exactly 2 endpoints (the left endpoint of each arc) before or on t,

namely, domes in Dt
2, selecting either of them adds one endpoint to NS(t). Therefore,

the contributions of domes in Dt
2 to NS(t) is exactly |Dt

2|.

• Consider a dome D with exactly 3 endpoints before or on t, namely, a dome in Dt
3. The

left endpoint of the arc of D that is present in S contributes 1 unit to NS(t) (regardless

of the outer or inner arc being present in S). Moreover, if the inner arc of D is selected,

there will be another unit of contribution. Therefore, the contributions of domes in Dt
3

to NS(t) is exactly |Dt
3|+

∑
i∈Dt

3
¬xi.

• For each dome with all 4 endpoints before or on t, namely domes in Dt
4, for each of the

arcs, its two endpoints are before or on t, thus domes in Dt
4 contribute 2|Dt

4| endpoints

to NS(t).

Adding the singleton domes added before or at point t, which is d(t), we can write NS(t) =∑
i∈Dt

1
xi +

∑
i∈Dt

3
¬xi + |Dt

2|+ |Dt
3|+ 2|Dt

4|+
∑

j≤t d(j).

Lemma 5.2.7. Let D = (D,m) be the DoSePr problem constructed from an instance

I = (I, r,m′) of the TwIS problem, and let S ′ be a selection of intervals from I that contains

exactly one interval from each twin interval (Ii, Ii) ∈ I. For any t′ ∈ [m − 1], we have

ΓS′(t′) =
∑

i∈Dt
3
¬xi +

∑
i∈Dt

1
xi, where t = 6n′t′.

Proof. Consider a regular dome Di = (a, b, c, d) added in D for the twin intervals (a′, b′) and

(c′, d′) in I. For a given t′ ∈ [m−1], let t = 6t′n. Recall that c = 6n′c′, and d = 6n′d′+3n by

the construction of D from I. One can assert that t′ ∈ [a′, b′] if and only if Di ∈ Dt
1. Therefore,

the term
∑

i∈Dt
1
xi corresponds to the twin intervals in I whose left interval contributes to

ΓS′(t′). Similarly, one can assert that t′ ∈ [c′, d′] if and only if Di ∈ Dt
3. Therefore, the term∑

i∈Dt
3
¬xi represents the domes in Dt

3 for which the inner arc is selected; this corresponds to

the twin intervals in I whose right interval contributes to ΓS′(t′). Summing the two terms,

we get ΓS′(t′) =
∑

i∈Dt
3
¬xi +

∑
i∈Dt

1
xi.
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Now, we are ready to prove the correctness of the reduction.

Lemma 5.2.8. If the answer to the instance D = (D,m) of DoSePr is yes, then the answer

to its corresponding instance I = (I, r,m′) of TwIS is also yes.

Proof. Consider a solution S that certifies a yes answer for the instance D of DoSePr. We

will construct a solution S ′ for I from S and prove that it is a valid solution for I. For each

regular dome Di in D and its corresponding twin intervals (Ii, Ii) in I, if the inner arc of Di

is selected in S, we select Ii in S ′. Similarly, if the outer arc of Di is selected by S, we select

Ii in S ′.

We need to show that for each t′ ∈ [m′], the number of selected intervals in S ′ intersecting

t′ is at most r(t′). Let t = 6n′t′. Since S is a valid solution for D, it holds that NS(t) ≤ t.

Using Lemmas 5.2.6 and 5.2.7, we can write the following.

ΓS′(t′) =
∑
i∈Dt

3

¬xi +
∑
i∈Dt

1

xi Lemma 5.2.7 (5.3)

= NS(t)− (|Dt
2|+ |Dt

3|+ 2|Dt
4|+

∑
j≤t

d(j)) Lemma 5.2.6 (5.4)

≤ t− (|Dt
2|+ |Dt

3|+ 2|Dt
4|+

∑
j≤t

d(j)) NS(t) ≤ t (5.5)

≤ t− c(t)−
∑
j≤t

d(j) by definition of c(t) (5.6)

= t− c(t)−
∑
j<t

d(j)− d(t)

= t− c(t)−
∑
j<t

d(j)− (t− c(t)−
∑
j<t

d(j)− r(t/(6n′))) by definition of d(t)

= r(t′). (5.7)

Therefore, ΓS′(t′) ≤ r(t′) for any t′ ∈ [m] and thus S ′ is a valid solution for instance

I.

Lemma 5.2.9. If the answer to the instance I = (I, r,m′) of TwIS is yes, then the answer

to its corresponding instance D = (D,m) of DoSePr is also yes.

Proof. Consider a solution S ′ that certifies a yes answer for the instance I of TwIS. We will
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construct a solution S from S ′ and prove that it is a valid solution for D. For each regular

dome Di in D and its corresponding twin interval pair (Ii, Ii) in I, if the left interval Ii is

included in S ′, we include the outer arc in S, and if the right interval Ii is in S ′ we include

the inner arc in S. Clearly, all singleton intervals are also included in S. This ensures that

exactly one arc from each dome is in S.

In order to show that S is a valid solution for D, we will show that for each t ∈ [m],

NS(t) ≤ t. By the construction of D, all singleton domes find their right endpoints at m.

Let q = 6n′m′ + 3n′ and observe that all arcs of regular domes find their endpoint at ≤ q.

We establish NS(t) ≤ t using different arguments depending on the value of t relative to q.

• Suppose t ∈ [1, q] and t is a multiple of 6n′. Since S ′ is a valid solution for I, it must

hold that, for each t′ ∈ [m′], ΓS′(t′) ≤ r(t′). consider the points that ares Based on

Lemma 5.2.6, we can rewrite the inequality on point t = 6n′t′ in the DoSePr instance

as follows.

NS(t) =
∑
i∈Dt

3

¬xi +
∑
i∈Dt

1

xi + (|Dt
2|+ |Dt

3|+ 2|Dt
4|+

∑
j≤t

d(j)) Lemma 5.2.6 (5.8)

= ΓS′(t′) + (c(t) +
∑
j≤t

d(j)) Lemma 5.2.7 (5.9)

≤ r(t′) + c(t) +
∑
j≤t

d(j) ΓS′(t′) ≤ r(t′) (5.10)

= r(t′) + c(t) +
∑
j<t

d(j) + d(t)

= r(t′) + c(t) +
∑
j<t

d(j) + (t− c(t)−
∑
j<t

d(j)− r(t/(6n′))) by definition of d(t)

= t. (5.11)

• Suppose t ∈ [1, q] and t is multiple of 3n′ but not a multiple of 6n′. Let tp = t − 3n′

and note that tp is a multiple of 6n′. Therefore, we can write (from the previous

case) NS(tp) ≤ tp. We claim that NS(t) ≤ NS(tp) + 2n′. By Lemma 5.2.6, NS(t) =∑
i∈Dt

3
¬xi +

∑
i∈Dt

1
xi + c(t) +

∑
j≤t d(j). Moreover, we have

∑
j≤t d(j) =

∑
j≤tp

d(j)

because singleton domes start only in multiples of 6n′. On the other hand, the sum
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of the three other terms, namely,
∑

i∈Dt
3
¬xi +

∑
i∈Dt

1
xi + c(t) is at most 2n′ for any t

(because the number of regular domes is exactly n′). Therefore, NS(t)−NS(tp) ≤ 2n′

(in an extreme case, when the sum of the three terms is 0 in ts and 2n′ in t, the difference

between NS(t) and NS(tp) will be 2n′). We can conclude that NS(t) ≤ NS(tp) + 2n′ ≤

tp + 2n′ ≤ t.

• Suppose t ∈ [1, q] and t is not a multiple of 3n′. Let ts be the largest multiple of 3n′

that is smaller than t. Since all arcs endpoints are on multiple of 3n′, we can write

NS(t) = NS(ts) ≤ ts < t. The first inequality holds because we established NS(ts) ≤ ts

for values of ts that are multiples of 3n′ in previous cases.

• Suppose t ∈ (q,m). Based on our construction, there is no arc endpoint at t′ where

q < t′ < m. Thus, in order to show NS(t) ≤ t, it suffices to show that NS(q) ≤ q,

which we will establish in the next case (where t ≤ q)

• Suppose t = m. The contributions of each dome to NS(t) is exactly 2. Given that

we have n′ regular domes and
∑

t∈[q] d(t) singleton domes, we can write NS(m) =

2n′ +
∑

t∈[q] 2d(t). Therefore, the following holds.

NS(m) = 2n′ +
∑
t∈[q]

2d(t)

≤ 2n′ +
∑
t∈[q]

2t d(t) ≤ t

≤ 2n′ + 2q2

= 2n′ + 2(6n′m′ + 3n′)2 q = 6n′m′ + 3n′

≤ 164(n′m′)2 = m.

In conclusion, we have NS(t) ≤ t for all values of t ∈ [m], and we can conclude S certifies

that D is a yes instance of the DoSePr problem.
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From the above lemmas, we can conclude the main result of this section.

Lemma 5.2.10. Answering instances (D,m) of the DoSePr problem is NP-hard even if m

is polynomial in |D|.

Proof. We note that n = |D| is polynomial in both n′ and m′. Moreover, m = 164(n′m′)2,

which is polynomial in n′ and m′ (and thus n). The reduction takes polynomial time in

m and n and hence is polynomial in m′ and n′. Finally, based on Lemma 5.2.8 and 5.2.9,

we have established that the instance I = (I, r,m′) is a yes-instance of TwIS if and only

if the corresponding instance D = (D,m) is a yes-instance of the DoSePr problem. This

completes the proof of equivalence and validates the reduction from TwIS to DoSePr.

5.3 Hardness of Telephone Broadguess in Snowflake

Graphs

We refer to the decision variant of the broadcasting problem as the Telephone Broad-

guess problem with instances (G, s, ρ), where G is the input graph, s is the source, and ρ is

a positive integer. The decision question asks whether it is possible to complete broadcasting

in G from s within ρ rounds. This section presents our final reduction, from DoSePr to

Telephone Broadguess in snowflake graphs.

Construction. Given an instance D = (D,m) of DoSePr we construct an instance

T = (G, r, ρ = 2m) of Telephone Broadguess, where G is a snowflake graph with center

r. For a given x ∈ [ρ], let x̃ = ρ − x. We construct the graph G by creating a reduced

caterpillar (see Definition 3.0.3) for each dome in D as follows.

• The reduced caterpillar of a singleton dome (a, b) is a path of length 2ã + 2b̃ with

endpoints p and q (here, p, q, z are special vertices in the reduced caterpillar, where z

is any arbitrary vertex).
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(a) An instance D of the DoSePr instance

(b) The corresponding instance T = (G, r, ρ) of the Telephone Broadguess constructed from D.

Figure 5.4: An illustration of the construction of the Telephone Broadcasting instance
corresponding to a DoSePr instance

• The reduced caterpillar of a regular dome (a, b, c, d) is formed by a path of length

2b̃ + 2d̃ + 1 with endpoints p and q, which are two special vertices of the reduced

caterpillar. The other special vertex z of the reduced caterpillar is the vertex at distance

2b̃ of p (and thus distance 2d̃ of q). In addition to the vertices on the path between p

and q, the reduced caterpillar includes ã− b̃ (which equals c̃− d̃) other vertices which

find z as their sole neighbor.

For any reduced caterpillar C constructed above (from either a singleton or a regular

dome), we label the vertex at distances ã form p as the first gate of C, denoted as u, and

the one at distance b̃ from q as the second gate of C and denote it with v. We form the

equivalent instance of the Telephone Broadguess problem by forming a graph G with

a center vertex r (source) that is adjacent to all gates of all reduced caterpillars formed by

the domes of D. By Definition 3.0.3, G will be a snowflake graph with center r. Figure 5.4
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provides an illustration of this reduction.

Correctness. Before proving the correctness of our reduction, we prove the following

lemmas for broadcasting in the reduced caterpillars associated with singleton and regular

domes, respectively.

Lemma 5.3.1. Consider a reduced caterpillar C of a singleton dome D = (a, b) with gates

u and v. One can complete broadcasting in C within ρ rounds if and only if u is informed

no later than time a and v is informed no later than time b.

Proof. First, suppose the first gate u is informed at time a′ ≤ a and v is informed at time

b′ ≤ b. We explain how broadcasting in C can be completed within ρ rounds. For that, u

(respectively v) first informs its neighbor on its path to the special vertex p (respectively q)

and then its other neighbor on its path towards v (respectively u). Given that the distance

of u to p is ã (respectively the distance of v to q is b̃), all vertices on the path between u

and p (respectively v to q) will be informed by round a+ ã = ρ (respectively b+ b̃ = ρ). See

Figure 5.5 for an illustration.

Next, assume broadcasting in C has been completed by ρ rounds. Given that p (respec-

tively q) must receive the message through u (respectively v), it must be that u (respectively

v) is informed by round ρ− ã = a (respectively ρ− b̃ = b).

Lemma 5.3.2. Consider a reduced caterpillar C of a regular dome D = (a, b, c, d) with gates

u and v. One can complete broadcasting in C within ρ rounds if and only if one of the

following happens:

• (i) u is informed by time b and v is informed by time c.

• (ii) u is informed by time a and v is informed by time d.

Proof. First, we show that if either (i) or (ii) hold, then broadcasting completes within ρ

rounds.

52



• Suppose (i) holds, that is, u and v are informed by times b and c, respectively. We

describe a broadcast scheme S that completes within ρ rounds. See Figure 5.6a for an

illustration.

In S, vertex u first informs the neighbor on its path towards p, and then it informs the

neighbors on its path towards z. This means that, by round ρ, all b̃ vertices on the

path between u and p will be informed. Similarly, b̃− 1 vertices on the path between u

and z are informed (this excludes z). On the other hand, v first informs the neighbor

on its path towards z and then the neighbor on its path towards q. This means that,

by round ρ, all d̃ vertices on the path between v and q will be informed; this is because

the number of rounds between the time that v is informed and ρ is c̃, and since v first

informs the neighbor towards z, c̃ − 1 rounds remain for informing vertices between v

and q. This number of rounds is sufficient because the length of the path between v

and q is d̃ ≤ c̃ − 1. This way, z will receive the message at time c + d̃, and assuming

z informs its uninformed leaves in arbitrary order, the broadcasting in S completes

within c+ d̃+ c̃− d̃ = ρ rounds.

• Next, assume (ii) holds, that is, u and v are respectively informed by rounds a and

d. See Figure 5.6b for an illustration. In this case, u first informs its neighbor on the

path towards z and then its other neighbor on the path towards p. This means that by

round a+ b̃+1 ≤ a+ ã = ρ, all vertices on the path between a and p will be informed.

Similarly, by round a, all the b̃ vertices on the path between u and z (including z) will

be informed. Thus, all neighbors of z will be informed by a+ b̄+ ā− b̄ = ρ.

On the other hand, v first informs its neighbor on the path toward q and then its

neighbor on the path towards z (excluding z). Thus, all vertices on the path between

v and q will be informed by d + d̃ = ρ while vertices on the path between v and z

(excluding z) will be informed by time d+ 1− (d̃− 1) = ρ.

Next, assume that there is a broadcast scheme S that completes within ρ rounds. We
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u v

Figure 5.5: The broadcast scheme of the reduced caterpillar associated with a singleton dome
(a, b). Vertex u (respectively v) is responsible for informing the vertices highlighted in blue
(respectively red).

p

z

q

u v

(a) u and v are informed at rounds b and c,
respectively. This corresponds to selecting arc
(b, c) in the associated dome.

p

z

q

u v

(b) u and v are informed at rounds a and d,
respectively. This corresponds to selecting arc
(a, d) in the associated dome.

Figure 5.6: Two possibilities for informing vertices of a reduced caterpillar (associated with
a regular dome). The gates are u and v, where vertex u (respectively v) is responsible for
informing the vertices highlighted in blue (respectively red).
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want to show either (i) or (ii) holds. First, note that in the broadcast tree of S, vertices u

and v cannot be in an ancestor-descendent relationship. Otherwise, if u is an ancestor of v

(respectively v is an ancestor of u), then q (respectively p) receives the message no earlier

than round b̃ + 2d̃ > ρ (respectively 2b̃ + d̃ > ρ). Second, we note that u (respectively v)

cannot receive the message later than round b (respectively d); otherwise p (respectively q)

will receive the message after round ρ. Moreover, since z has ã − b̃ (which equals c̃ − d̃)

neighbor that all are leaves, it must receive the message by round ρ− (ã− b̃) = a+ b̃ (which

equals ρ− (c̃− d̃) = c+ d̃) to complete broadcasting within ρ rounds. This means that either

u is informed by round a or v is informed by round c (otherwise, z will be informed too late).

We conclude that either (i) u is informed by a and v is informed no later than d or (ii) u is

informed by b and v is informed by c.

We are now ready to prove the main result of this section.

Theorem 5.3.3. Telephone Broadcasting problem is NP-complete for snowflake graphs.

Proof. We use the construction mentioned in Section 5.3 to reduce any instance D = (D,m)

of DoSePr to an instance T = (G, r, ρ). Note that each dome Di in D is bijected to a

reduced caterpillar Ci in G. The two possibilities for selecting an arc from a regular dome in

Di translate to two possibilities for informing the gates of Ci.

Assume there is a valid solution S for D in DoSePr. We will show there is a broadcasting

scheme S ′ for T that completes within ρ rounds. For that, we sort all endpoints of all arcs

included in S in the non-decreasing order. Consider any dome Di ∈ D, and let e1 and e2

be the endpoints of the arc selected from Di in S. Assume e1 and e2 have ranks i1 and i2

in the sorted order. In the broadcast scheme S ′, the source r informs the gates of reduced

caterpillar Ci associated with Di at rounds i1 and i2. Given that ranks of all arc endpoints

in S are distinct, r informs at most one neighbor at each given round.

Next, we show that S ′ completes within round ρ. Given that S is a valid solution for D,

for any t ∈ m, we have NS(t) ≤ t, where NS(t) is the number of arc endpoints in S that
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are at most t. On the other hand, for any e that is the endpoint of an arc in S, we have

rank(e) ≤ NS(e) (be definition, rank(e) is upper bounded by the number of arc endpoints in

S that are at most e, while NS(e) is exactly the number of endpoints that are at most e). We

conclude that rank(e) ≤ e. Therefore, the gates of any reduced caterpillar Ci in G associated

with a singleton dome Di = (a, b) in D receive the message in S ′ by rounds (a, b). Similarly,

the gates of any reduced caterpillar Ci associated with a regular dome Di = (a, b, c, d) receive

the message in S ′ by rounds (a, d) (if the arc (a, d) ∈ S) or by rounds (b, c) (if the arc (b, c)

is in S). Therefore, by Lemma 5.3.1 and 5.3.2, broadcasting in S ′ completes by round ρ.

For the other side of the reduction, suppose there is a broadcast scheme S ′ for T that

completes within ρ rounds. We will explain how to construct a valid solution S for D.

Consider any reduced caterpillar Ci in G associated with a dome Di ∈ D. Let (αi, βi) be the

rounds that center r informs the gateways of Ci. Now, if Di = (a, b) is a singleton dome, by

Lemma 5.3.1, it must be that the gates of Ci are informed by rounds (a, b), that is α ≤ a

and β ≤ b. In this case, the single arc of Di is included in S. Next, if Di = (a, b, c, d) is a

regular dome, by Lemma 5.3.2, it must be that the gates of Ci are informed by either rounds

(a, d) or (b, c), that is either (α ≤ a and β ≤ d) or (α ≤ b and β ≤ c) must hold. We will

include arc (a, d) in S in the former case and (b, c) in the latter case. In other words, any arc

endpoint x in S is associated with a gate that is informed within round x in S ′. To show that

S is a valid solution for D, we show that for any t ∈ [m], we have NS(t) ≤ t. Consider the

set of endpoints in D that contribute to NS(t). As mentioned above, any of these endpoints

is associated with a gate that is informed by r within round t. Given that r informs up to t

gates by round t, it must be that NS(t) ≤ t. We conclude that S is a valid instance of D.

One can verify that the size of the graph G in the Telephone Broadguess instance

is polynomial on n = |D| and m. Therefore, given that the DoSePr is NP-hard by

Lemma 5.2.10, we conclude that Telephone Broadguess is NP-hard. Telephone

Broadcasting in general graphs is known to be in NP [89]. Together, these results es-

tablish the NP-completeness of Telephone Broadguess in snowflake graphs.
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Chapter 6

Constant-Factor Approximation for

Bounded Pathwidth

Graphs of pathwidth 1 are caterpillars [83], which are special types of trees, for which the

Telephone Broadcasting problem is solvable in linear time [34]. On the other hand,

for graphs with a pathwidth larger than 1, the Telephone Broadcasting problem is

NP-hard, as established by our result for the hardness of the problem in snowflake graphs

(Theorem 5.3.3). Recall that snowflake graphs have pathwidth 2 (Observation 3.0.1).

In this section, we establish the existence of a constant-factor approximation for Tele-

phone Broadcasting on graphs with bounded pathwidth. Recall that we use br∗(G, s) to

denote the optimal broadcasting time for an instance (G, s). We will demonstrate that the

algorithm of Elkin and Kortsarz [28], which has an approximation factor of O
(

logn
log br∗(G,s)

)
for any graph G, achieves a constant factor approximation for graphs of bounded pathwidth.

For general graphs, this algorithm has an approximation factor of O(log n/ log log n) (because

br∗(G, s) ≥ log n), which is the best known approximation factor.

For any graph G of pathwidth w, we will show that br∗(G, s) = Ω(n4−(w+1)
), which

establishes that the algorithm of Elkin and Kortsarz [28] has a constant factor approximation

for graphs of bounded pathwidth w. This is because the approximation factor would be
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O
(

logn
log br∗(G,s)

)
= O

(
logn

logn4−(w+1)

)
= O(4w).

To find a lower bound for br∗(G, s) where G is a graph of constant pathwidth, we re-

peatedly remove a vertex from G and show that the broadcasting in the remainder of G is

not much slower compared to G. For that, we will use the following lemma, which holds

for any instance of Telephone Broadcasting (but we only use it for graphs of bounded

pathwidth).

Lemma 6.0.1. Consider any instance (G, s) of Telephone Broadcasting, and let v

be any arbitrary vertex in G. Let H1, . . . , Hm be the connected components resulting from

removing v from G (m ≥ 1). For any i ∈ [m], choose an arbitrary vertex si ∈ Hi. Then, the

following inequality holds:
∑

i∈[m] br
∗(Hi, si) ≤ br∗(G, s)(2br∗(G, s) + 1).

Proof. Consider the optimal broadcast tree T ∗ that completes broadcasting in (G, s) in

br∗(G, s) rounds. Suppose v has d children u1, . . . , ud in T ∗ for some d ≥ 0. Removing

v from T ∗ results in d+1 subtrees, τ0, . . . , τd, where τ0 is rooted at s and τi is rooted at ui for

each i ∈ [1, d]. Note that all vertices in any fixed τj belong to the same connected component

Hi. Let τ i1, . . . , τ
i
pi

be the subtrees that form the connected component Hi for some pi ≥ 0.

The indexing is defined in a way to ensure that si ∈ τ i1, and there is an auxiliary edge between

a vertex in τ ij and a vertex in τ ij′ for some j′ ≤ j−1 (this is possible because Hi is connected).

Figure 6.1 provides an illustration.

A broadcasting scheme for Hi can be formed as follows:

• The message is transmitted from si to the root of τ i1 within br∗(G, s) rounds.

• Broadcasting within τ i1 completes in at most br∗(G, s) rounds, in a similar way that

the message is broadcasted in T ∗.

• The message is sent to the next subtree τ i2 along an auxiliary edge in one extra round.

The above process takes at most 2br∗(G, s) + 1 rounds. Similarly, each subtree τ ij takes

at most 2br∗(G, s) + 1 rounds to receive the message and broadcast it within τ ij . Using this
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Figure 6.1: An illustration of the proof of Lemma 6.0.1. Auxiliary edges are dotted. In this
example, the connected components H1 to H3 formed after removing v are shown.

procedure iteratively, broadcasting within (Hi, si) completes in at most pi(2br
∗(G, s) + 1)

rounds. Summing over all Hi, we get

∑
i∈[m]

br∗(Hi, si) ≤ (2br∗(G, s) + 1)
∑
i∈[m]

pi.

Note that
∑

i∈[m] pi is a lower bound for br∗(G, s) since it is the degree of v in T ∗. Then

we conclude

∑
i∈[m]

br∗(Hi, si) ≤ br∗(G, s)(2br∗(G, s) + 1).

For completeness, we show that Lemma 6.0.1 is asymptotically tight.

Observation 6.0.1. There are instances of the Telephone Broadcasting problem (G, s)

and vertex v ∈ G for which Lemma 6.0.1 is asymptotically tight.

Proof. We provide (G, s) and v ∈ G such that if removing v from G results in connected

components H1, . . . , Hm, then
∑

i∈[m] br
∗(Hi, si) = Ω(br∗(G, s)2). Let G be a fan graph

formed by a path P of n− 1 vertices, where each vertex i ∈ [1, n− 1] is adjacent to a center

vertex c. Suppose v = c and s is an endpoint of P . We claim that br∗(G, s) = O(
√
n). This

59



Figure 6.2: An illustration of Observation 6.0.1

broadcast time can be achieved by a broadcast tree in which v has Θ(
√
n) children, and any

neighbor of v in the tree is responsible for informing Θ(
√
n) other vertices (see Figure 6.2).

On the other hand, G \ {v} has only one connected component, which is a path H1 in which,

setting the source as u1 gives
∑

i∈[m] br
∗(Gi, si) = br∗(H1, u1) = n− 1 ∈ Ω(br∗(G, s)2).

The main result of this section can be stated as follows.

Theorem 6.0.2. There is a polynomial-time algorithm for Telephone Broadcasting in

graphs with constant pathwidth w, achieving an approximation ratio of O(4w).

Proof Overview. As mentioned above, it suffices to prove a lower bound of Ω(n4−(w+1)
) for

br∗(G, s). For that, we assume G is a “w-path” in the sense that any two vertices that share

a bag are neighbors. If G is not a w-path, we will add the missing edges to get a w-path

without increasing the pathwidth. Clearly, the addition of new edges does not decrease the

broadcast time of G, and since we are looking for a lower bound for the broadcast time, it

suffices to focus on w-paths.

We assume a standard path decomposition of the input graph G, in which no bag is a

subset of another. In such decompositions, we define the notion of span of a vertex v as the

number of bags where v appears. The span of a decomposition is then the maximum span

over the spans of all its vertices.

The proof of lemma is established by induction over the size of the input graph G. For

that, we consider two cases. First, if the span of the decomposition is “small”, we argue that

the diameter of G will be “large”, and then the desired lower bound for br∗(G, s) holds. On

the other hand, when the span is “large”, we consider the vertex vm that has the maximum
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span and consider the graph Gvm induced by vertices that share a bag with vm. Note that Gvm

is a smaller graph compared to G, and we can show that broadcasting in Gvm , starting from

any vertex, cannot be much slower than broadcasting in G, starting from s (Lemma 6.0.3).

Moreover, we will use Lemma 6.0.1 to show that if we extract vm from Gvm to get a set

{H1, . . . , Hq} of disjoint connected components, total broadcast time in these component

components (starting from arbitrary sources) is not much slower in the absence of vm. On

the other hand, since vm is removed from Gvm , any of these components Hi has a pathwidth

that is at least one unit less than Gvm , and we can use an inductive argument to achieve a

lower bound on the broadcast times of any Hi (Lemma 6.0.4). In summary, by the induction

hypothesis, total broadcast time in Hi’s gives a lower bound for broadcasting in Gvm which

itself gives a lower bound for broadcasting in G.

Now for the formal proof, we prove a lower bound for the broadcast time of any connected

graph G with n vertices and pathwidth w ∈ O(1). In particular, for any s ∈ G, we will show

br∗(G, s) ∈ Ω(n4−w
). Consider a fixed path decomposition of G; we assume the bags in the

deposition are arranged from left to right. For now, suppose s is in the left-most bag (this

assumption will be relaxed later in Lemma 6.0.4).

We assume the path decomposition is “standard” in the sense that no bag is a subset of

another bag (otherwise, one can remove the smaller bags to attain a standard decomposition).

Finally, we assume that G is a “w-path” in the sense that any two vertices located in the same

bag are connected in G (all edges allowed in the decomposition are present). If the input

graph is not a w-path, we can make it w-path by adding all the missing edges. Clearly, the

addition of new edges does not decrease the broadcast time of G, and since we are looking

for a lower bound for the broadcast time, it suffices to focus on w-paths.

We now proceed with a formal proof.

Lemma 6.0.3. Let (H, s) be an instance of the broadcast problem, where H is a connected

w-path. Suppose we have a standard path decomposition D of width w for H where s appears

in the first bag of D. Let G be an induced subgraph of H formed by vertices that appear in a

61



consecutive set of bags in D, and suppose a vertex s′ ∈ G appears in all such bags. Then, we

have br∗(G, s′) ≤ br∗(H, s) + 2w.

Proof. Suppose TH is an optimal broadcast scheme for the instance (H, s). We will construct

a broadcast scheme TG for (G, s′) as follows. See Figure 6.3 for an illustration. Update TH

by removing every vertex that is not a part of G. Also, if the parent of s′ in TH is also in G,

remove the edge between them in the updated tree. This results in a forest of at most 2w+1

subtrees of TH that contains all vertices in G. This is because the roots of these subtrees can

only be in the first and last bag of G, and at most 2w + 1 vertices in G are located in these

bags (note that s′ is in both of the bags). Add edges from s′ to the roots of all the subtrees.

It is possible to add such edges because s′ is adjacent to every vertex in G as it appears in all

bags of G, and also, all vertices that share a bag are adjacent in H (because H is a w-path).

The result would be a connected tree TG, spanning G and rooted at s′.

We show broadcasting in TG, starting from s′, does not take more than 2w extra rounds

than broadcasting in TH , that is, br∗(G, s′) ≤ br∗(H, s) + 2w. This holds because s′ can

inform all roots of the subtrees first within 2w rounds. The remainder of broadcasting is

conducted similarly in TH and TG.

To establish a lower bound for broadcasting in any connected w-path graph G, we prove

a slightly stronger result. Suppose we have k connected w-path graphs H1, H2, . . . , Hk, each

Hi having at least two vertices, a standard path decomposition of width w and a vertex

si ∈ Hi located at the left-most bag in its decomposition. We prove a lower bound for the

total time for broadcasting in these graphs as follows. This is a generalization of our desired

lower bound for the case of k = 1.

Lemma 6.0.4. Consider a set of k ≥ 1 vertex disjoint connected w-path graphs H =

{H1, . . . , Hk}. Suppose any Hi has a standard path decomposition Di with ℓi bags, where

a source vertex si is located in the leftmost bag of Di. Let L =
∑k

i=1 ℓi. Then we have∑k
i=1 br

∗(Hi, si) ≥ f(L,w), where f(L,w) = 27−w(w!)−2L4−w .
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(a) Standard path decomposition for a graph H

(b) A broadcast scheme TH for (H, s)
(c) The associated broadcast scheme TG for
(G, s′)

Figure 6.3: An illustration of Lemma 6.0.3
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Proof. Let n denote the total size (number of vertices) in all Hi’s. We use an induction on

n to prove the lemma. In the base of induction, we consider the cases where n ≤ 3w, which

implies L ≤ 3w. Therefore, by the definition for f(L,w), we have f(L,w) ≤ 1. On the other

hand, we have
∑k

i=1 br
∗(Hi, si) ≥ 1; this is because H1 is formed by at least two vertices,

and its broadcast time is at least 1. Thus, f(L,w) ≤ br∗(H1, s1) ≤
∑k

i=1 br
∗(Hi, si), and the

base of induction holds.

In the induction step, we consider two cases, namely k = 1 and k > 1. First, suppose

k > 1. Thus, each Hi has a size |Hi| < n. Therefore, we can apply the induction hypothesis

on a set of graphs formed by only one Hi (for each i ∈ [k]). This gives br∗(Hi, si) ≥ f(ℓi, w).

Summing over all i’s and observing that the function f(L,w) is sublinear in L, we can

conclude

k∑
i=1

br∗(Hi, si) ≥
k∑

i=1

f(ℓi, w) ≥ f(L,w).

Next, suppose k = 1. Consider the bags in the standard path decomposition D1 containing

any vertex v. By the definition of path decomposition, these bags form a consecutive set of

bags in D1; we refer to this set as the span of v and denote it by span(v). Let vm be the

vertex with maximum span, i.e., vm = argmaxv |span(v)|, and let M = |span(vm)| − 1. For

example, in Figure 6.3a, we have span(a) = 2, vm = d, and M = 3. We analyze two cases

based on the value of M .

Case 1: M is small. Suppose M ≤ L−1
f(L,w)

and let u denote any vertex that only

appears in the rightmost bag of D1 (since D1 is a standard path decomposition, at least one

such vertex u exists). We claim the distance between the source s and u is large enough to

establish the desired lower bound stated in the lemma. Let the shortest path between s and

u be ⟨s(= u0), u1, . . . , ud(= u)⟩. For any j ∈ [d] given that the span of uj is at most M and

uj is adjacent to uj+1, it must be that uj+1 appears for the first time in a bag within distance

M (in D1) of the bag where uj was first introduced. It means the total number L of bags

64



cannot be more than dM +1 or d ≥ (L− 1)/M . Given that the distance between s and u in

H1 is a lower bound for the broadcast time, we can conclude

k∑
i=1

br∗(Hi, si) = br∗(H1, s1) ≥ (L− 1)/M ≥ f(L,w).

The last inequality holds because of the assumption that M ≤ L−1
f(L,w)

.

Case 2: M is large. Suppose M > L−1
f(L,w)

. Let Bs and Be be the first and the last bag

of D1 in which vm appears, respectively. Consider the subgraph G induced by all vertices that

appear in any of the bags between Bs and Be (inclusive of all vertices in Bs and Be). Remove

from G the vertex vm; the result would be a graph G′ = {G′
1, G

′
2, . . . , G

′
r}, which is a set of

r(≥ 1) connected components which are possibly singletons (a graph with one vertex). Let c

denote the number of such singletons (c ≥ 0) and consider a graph resulting from removing

these c singletons from G′. We denote the result as H′ = {H ′
1, H

′
2, . . . , H

′
r−c}, which is a set

of vertex-disjoint connected w′-paths. Each H ′
i has a standard path decomposition D′

i with

ℓ′i bags. Also, we consider an arbitrary s′i for each H ′
i that appears in the first bag of D′

i.

We have w′ ≤ w − 1 because vm is removed from G to form G′, and it has been present

in all bags in the path decomposition of G′. Next, we consider two cases as follows based on

the value of c.

• First, we establish the lemma when c ≥ f(L,w) + 2. We note that each singleton

component, except the two that may appear in Bs and Be, finds vm as their sole

neighbor in H1 (this holds because all vertices that share a bag in D1 are connected).

Therefore, the degree of vm in any broadcast tree of H1 is at least c − 2 ≥ f(L,w).

We conclude that
∑k

i=1 br
∗(Hi, si) = br∗(H1, s1) ≥ f(L,w), and the lemma holds as

desired.

• Next, we consider the case c < f(L,w)+ 2. Since vm appears in all bags from Bs to Be

in D1, we can apply Lemma 6.0.3 to conclude that
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br∗(G, vm) ≤ br∗(H1, s1) + 2w. (6.1)

Therefore, if we can show br∗(G, vm) ≥ f(L,w)+2w, it follows that
∑k

i=1 br
∗(Hi, si) =

br∗(H1, s1) ≥ br∗(G, vm) − 2w ≥ f(L,w), which will establish the statement of the

lemma as desired.

It remains to prove br∗(G, vm) ≥ f(L,w) + 2w, for which we will use the induction

hypothesis and Lemma 6.0.1 as follows. The number of vertices in H′ is at most n− 1;

this is because H′ misses v (along with possibly other vertices) compared to G, and

the size of G is at most n. Let L′ =
∑

i ℓ
′
i be the total number of bags in H′. We

have L′ = M − c because every H ′
i ∈ H′ contains a consecutive set of bags of G,

and c singleton components, each of which is located in exactly one bag, are excluded.

Therefore, we can use the induction hypothesis to write

∑
i

br∗(H ′
i, s

′
i) ≥

∑
i

f(ℓ′i, w − 1) ≥ f(L′, w − 1).

The last step is because function f(ℓ′, w) is sublinear in ℓ′ and
∑

i ℓ
′
i = L′. Moreover,

if we apply Lemma 6.0.1 on G, when vm is removed from G, we can conclude

br∗(G, vm)(2br
∗(G, vm) + 1) ≥

∑
j∈[r]

br∗(G′
j, s

′
j) =

∑
i∈[r−c]

br∗(H ′
i, s

′
i). (6.2)

The last inequality holds because broadcasting in each of the singleton graphs that are

removed from G′ to form H′ takes 0 round. Therefore, we can write
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3br∗(G, vm)
2 ≥br∗(G, vm)(2br

∗(G, vm) + 1) br∗(G, vm) ≥ 1

≥
∑

i∈[r−c]

br∗(H ′
i, s

′
i) from (6.2)

=⇒ br∗(G, vm) ≥
( ∑
i∈[r−c]

br∗(H ′
i, s

′
i)/3

)1/2
≥
(
f(L′, w − 1)/3

)1/2
. by the induction hypothesis

We claim that L′ ≥
√
L. Assuming this claim holds, continuing from the above inequal-

ity, we can write

br∗(G, vm) ≥
(
f(L′, w − 1)/3

)1/2 ≥ (
f(
√
L,w − 1)/3

)1/2
≥
(
27−w+1L4−w+1/2((w − 1)!)−2/3

)1/2 by definition of f(.)

≥3(27)−wL4−w

(w!)−2w

≥3wf(L,w) by definition of f(.)

≥f(L,w) + 2w. because f(L,w) ≥ 1

Recall that br∗(H1, s1) ≥ br∗(G, vm)− 2w by Inequality (6.1) and combining this with

the above inequality, we can conclude
∑k

i=1 br
∗(Hi, si) = br∗(H1, s1) ≥ f(ℓ, w). Now,

it remains to prove that L′ ≥
√
L.

L′ = M − c

> M − f(L,w)− 2 c is assumed less than f(L,w) + 2

>
L− 1

f(L,w)
− f(L,w)− 2. M is assumed larger than

L− 1

f(L,w)

Therefore, to prove L′ ≥
√
L it suffices to prove L−1

f(L,w)
− f(L,w)− 2 ≥

√
L, which we

establish as follows.
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L− 1 ≥ L3/4/3.

=⇒L− 1 ≥ 2L3/4/27 + L1/2/272 + 2L1/4/27 by definition of f(L,w)

=⇒L− 1 ≥
√
Lf(L,w) + f(L,w)2 + 2f(L,w)

=⇒ L− 1

f(L,w)
− f(L,w)− 2 ≥

√
L

The first inequality is true for any L ≥ 2.

The following lemma generalizes Lemma 6.0.4 (applied with k = 1) to the case where the

source is not necessarily located in the first bag of the path decomposition.

Lemma 6.0.5. Let G be any connected graph and let s be any vertex of G. Suppose G has

a standard path decomposition of width w formed by L bags. Then, we have br∗(G, s) ≥

f(L− 1, w + 1), where f(L,w) = 27−w(w!)−2L4−w .

Proof. Let D = ⟨B1, . . . , BL⟩ be the standard path decomposition of G of width w, and Bk

be the leftmost bag that contains s in D. Add s to every bag Bx of D for x ∈ [k − 1]. The

result would be a valid path decomposition D′ = ⟨B′
1, . . . , B

′
L′⟩ of width w′, which is not

larger than w + 1. To keep the path decomposition in the standard form, we may need to

merge Bk with Bk−1. Regardless, L′ is at least L− 1.

We then add edges between s and all vertices of G that appear in a bag Bi where i ≤ k;

the result would be a new graph G+ that is a (w + 1)-path (recall that adding edges will

not increase the broadcast time). Now, we have a Telephone Broadcasting instance

(G+, s), where G+ is a (w+1)-path and the source is located on B1. Therefore, we can apply

Lemma 6.0.4 on a single component H1 = G+ (k = 1), to conclude we have br∗(G, s) ≥

br∗(G+, s) ≥ f(L′, w′) ≥ f(L− 1, w + 1).

We are now ready to prove the main result of this section.

Proof of Theorem 6.0.2. Let (G, s) be an instance of Telephone Broadcasting, where

G is a graph of pathwidth w. Consider a standard path decomposition D of G, where each
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bag contains at most w + 1 vertices. Let L be the number of bags in D and note that

L ≥ n
w+1

. This holds because each vertex has to be present in at least one bag. Combining

this inequality with Lemma 6.0.5, we will obtain

br∗(G, s) ≥ f(L− 1, w + 1) = 27−(w+1)((w + 1)!)−2
( n

2(w + 1)
− 1

)4−(w+1)

. (6.3)

Therefore, assuming w = O(1), we can write br∗(G, s) = Ω(n4−(w+1)
). The approximation

ratio of the algorithm introduced by Elkin and Kortsarz [28] is given by O (log n/ log br∗(G, s)).

Using Inequality (6.3), the approximation factor would be

O
( log n

log n4−(w+1)

)
= O(4w),

which completes the proof.
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Chapter 7

Concluding Remarks

In this thesis, we resolved an open problem by proving the NP-completeness of Telephone

Broadcasting for cactus graphs as well as graphs of pathwidth 2. We also established a

2-approximation algorithm for cactus graphs and a constant-factor approximation algorithm

for graphs of bounded pathwidth. A possible direction for future work is to improve the

approximation factor for graphs of bounded pathwidth or cactus graphs. In particular, it

remains an open question whether Polynomial Time Approximation Schemes (PTASs) exist

for these graph classes. A major open problem in this domain is determining whether a

constant-factor approximation exists for general graphs. While progress on this question has

been slow, the algorithmic ideas developed in this work may be applicable to broadcasting

in other families of sparse graphs. Egami et al. [23] after publishing our result, improved the

approximation factor for graphs of bounded pathwidth from O(4w) to O(w). The existence

of better approximation factors for bounded pathwidth and treewidth graphs is still open.

Another interesting direction is to find the complexity of Telephone Broadcasting for

flower graphs. Flower graphs consist of a set of cycles with exactly one common vertex r. We

proved the hardness for snowflake graphs; in comparison to flower graphs, snowflake graphs

have two extra paths and a star on each cycle. See Figures 7.1a and 7.1c for illustrations

of flower graphs and snowflake graphs, respectively. Later, Egami et al. [23] proved that
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Telephone Broadcasting is hard for flower graphs with extra paths added to r (see

Figure 7.1b for an example of such graphs). Still, the complexity of the problem for flower

graphs remains open.

(a) A sample of flower graphs. The complexity of the problem is open in these graphs.

(b) A sample of flower graphs with extra paths. The problem is proven to be NP-hard in these
graphs [23].

(c) A sample of snowflake graphs. We proved the problem is NP-hard in these graphs (Theo-
rem 5.3.3).

Figure 7.1: Samples of flower graphs, flower graphs with extra paths (used in [23]), and
snowflake graphs
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