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Abstract

Mathematical models are valuable tools that assist to control the spread of infected ticks

and analyze tick-host dynamics. In this work, a compartmental model is created to study

the dynamics of lone star ticks and white-tailed deers, with a focus on migration effect of

white-tailed deers. The second model focuses on the effect of grooming behaviour of the

host on tick dynamics. Lastly, a data set is separated using K-means and Birch clustering

techniques and the silhouette score has been evaluated.
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1 Introduction

This thesis consists of two parts: biological modelling of ticks population dynamics and

clustering analysis of time series of Bitcoin. It is hoped that the time series data clus-

tering technique can be applied to analyze the time series of tick populations at different

development stages and the time series of tick-borne disease incidence data in different

geographical locations when quality data become available.

Due to climate change in general, and the increase of favourable habitats as a result of

climate warming, ticks and tick-borne diseases are reported to expand to northern areas in

north America. A large number of mathematical models and analyses have been developed

in the last few decades, we refer to the recent monograph by Wu and Zhang (Transmis-

sion Dynamics of Tick-Borne Diseases with Co-Feeding, Developmental and Behavioural

Diapause, Springer Nature, 2020) for relevant references.

In Chapter 2, we will consider the range expansion of lone star ticks in Canada due

to the mobility of their hosts, white-tailed deers. In particular, we will formulate a de-

terministic compartmental model-a system of ordinary differential equations, to study the
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population dynamics of lone star ticks and white-tailed deers, with a focus on effect of

white-tailed deers mobility. We will use this model to explore the tick-host interaction and

the effect of deer migration, analytically and numerically. We will first prove the positivity

of solutions, as a first step to theoretically verify the well-posedness of the mathematical

model. We will establish the existence and uniqueness of a positive equilibrium, and then

prove this positive equilibrium is locally asymptotically stable. This justifies the focus on

the dependence of the positive equilibrium on parameters influenced by climate change,

and by potential mitigation measures. For this purpose, we conduct a sensitivity analysis

on a set of parameters, revealing the correlation between the parameters and equilibrium

populations. Numerical results show that the migration rate of white-tailed deer is one

crucial parameter that increases the populations of (infected) ticks and (infected) hosts.

Our next focus is an important issue that has been hardly addressed using mathemat-

ical modelling. Namely, for a variety of tick species, the resistance, a behavioural and

immunological response of hosts has been reported in the biological literature but its im-

pact on tick population dynamics has not been mathematically formulated and analyzed

using dynamical models reflecting the full biological development of ticks. In Chapter 3,

we develop and simulate a delay differential equation model, with a particular focus on

resistance resulting in grooming behaviour. We calculate the threshold parameter using

the spectral analyses of delay differential equations with positive feedback, and establish

2



the existence and uniqueness of a positive equilibrium when the threshold parameter ex-

ceeds the unity. We also conduct numerical and sensitivity analyses about the dependence

of this positive equilibrium on the parameters relevant to grooming behaviour. We nu-

merically obtain the relationship between grooming behaviour and equilibrium value at

different stages.

The thesis also applies various clustering techniques to volatility and market senti-

ment measures of historical Bitcoin prices in order to identify hidden structural patterns

by separating the data into different classes known as regimes. Regimes are a common

indicator for traders and asset managers to look at when deciding what actions they want

to take. For instance, hedge funds might avoid trading in highly volatile times where-as

option traders might prefer it. To separate the data, we perform K-means,Ward,Birch and

complete-linkage Agglomerative clustering algorithms. We then analyze the performance

of each clustering algorithm.
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2 Modeling of Lone Star Ticks with Deer Migration to

Canada

Lone star tick (Amblyomma americanum) is recognized for the first time by Linnaeus in

1758 [1]. It prefers damp forests and humid soil environment [2, 3]. Similar to other ticks,

it has four life stages: egg, larvae, nymph and adult, and the transition from one stage to

the next is done through questing, feeding and molting [4, 5, 6].

The associated tick-borne diseases and the allergic reaction have received a great at-

tention on lone star tick in recent years. Lone star tick is a vector that can carry pathogens

and transmit tick-borne diseases such as STARI (Southern tick-associated rash illness)

[7, 8] and Human Monocytic Ehrlichiosis (HME) [9, 1, 5, 10]. The preferred host (here

white-tailed deer) plays an important role in disease transmission, as it serves as a reser-

voir for the pathogens. Unlike other species of ticks, lone star tick exhibits aggressive [8,

3], which makes bites to humans more likely. In addition, lone star tick causes red meat

allergy (delayed-onset allergy) [11, 12], first discovered in 2009 [13]. The allergic reaction
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could be fatal [5, 14, 15], and is due to immunoglobulin E (IgE) antibody which is specific

for galactose-α-1,3-galactose (alpha-gal). It is claimed that the cause of IgE antibodies is

primary from bites of lone star tick [14].

The lone star tick is mostly found in the eastern, southeastern and south-central states

of US [16]. However, its distribution and abundance have increased over the past decades,

and according to the distribution map at the CDC, lone star tick has expanded to more

northern and western areas in North America where it was absent in previous years [16].

In particular, it has migrated from endemic areas in the US to new regions in Southern

Canada, such as British Columbia, Ontario, south-eastern Manitoba [17, 18, 5].

Two main factors responsible for the range expansion of lone star ticks are the climate

change and the migration of white-tailed deer [16]. Due to climate change, more regions

become inhabitable for lone star ticks. Since ticks are small species, they will spread to

new regions mainly by migration of their host mammals. White-tailed deer is the main

host for lone star tick of all life stages to get the majority of their blood meals, and their

populations are positively correlated [17, 19, 4, 5]. The deer migration depends on the

deer habitat suitability of the region, which is influenced by two factors: the need for food,

shelter and water, and the disturbances from human activities (such as hunting) [17]. In

order to better understand or predict the outbreaks of tick-borne diseases, there is a need

to include the migration effect into the tick-host dynamics.
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Various models have been proposed to investigate tick-host dynamics and to address a

variety of issues on the tick-borne diseases [20, 21]. Specifically for Lone star ticks, there

have been computer simulations based on age-structured difference equations [22, 23],

agent-based models [24], predicative statistical models [25]. Recently, a metapopulation

model with migration effect among patches and logistic-type birth term is adopted in [26,

27] to study the HME transmission and investigate various tick-control strategies. For

another tick-borne disease (Lyme disease) [21], the range expansion of ticks and pathogens

has been widely studied by various migration effects including movements of rodents and

deer [28] as well as bird migration [29]. The migration of white-tailed deer has also been

included in a single patch model with distributed delay (integral) term [30], which models

that the deer travels out and then back in the patch. Since the logistic-type birth term may

cause negative birth rate at high population density (which could occur with migration

effect), other positive density-dependent birth rates have been adopted in modeling of ticks

[6, 31].

In this work, we formulate a compartment model, where the hosts and ticks have been

divided into susceptible and infected compartments. Our model adopts the Ricker func-

tion as the birth term to ensure positivity, which was used in a stage-structured model [31].

It also includes a simple migration term in the dynamics of hosts, with a focus to study

the migration effects of white-tailed deer from US to Canada. The positivity of the pop-
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ulations in the model is proved for the model with biologically meaningful parameters.

With migration effect as a source term, there exists a unique positive equilibrium, which

is asymptotically stable. Our numerical results confirm these features and a sensitivity

analysis is carried out to reveal the effects of parameters. The migration rate is found to be

a crucial parameter which will increase the populations of (infected) ticks and (infected)

hosts.

The rest of the chapter is arranged as follows. The mathematical model is proposed in

Section 2.1. After non-dimensionalization, Section 2.2 proves the positivity of the solu-

tions and the stability of the unique positive equilibrium. In Section 2.3, numerical results

and sensitivity analyses are carried out, and the effects of parameters including migration

rate are studied. Finally, conclusions and future extensions are provided in Section 2.4.

2.1 The Mathematical Model

Given that lone star tick prefers white-tailed deer as the main host for all life stages [26],

we formulate a mathematical model with a single host. We neglect the life stages of tick,

and restrict ourselves to a single life stage, although the stage structure will be included in

a later study. For simplicity, seasonality [32] has been ignored in the model. We concen-

trate on a single patch (region in Canada), and there is migration of host from the outside

environment (US) where the host population is assumed as a constant.
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Table 2.1: Definition and values of parameters

Symbol Meaning Value and Reference

b Maximal birth rate of host 0.2/month [33, 26]

q Strength of density dependence for host birth 1/100 [est]

β Transmission rate from infected tick to susceptible host 0.02/month [26, 27]

µ Death rate of host 0.01/month [26, 33]

m Migration rate from outside region to current region 0.01/month [27]

b̂ Maximal birth rate of ticks 0.75/month [26]

q̂ Strength of density dependence for tick birth 1/20000 [27]

µ̂ Death rate of ticks 0.1/month [26]

β̂ Transmission rate from infected host to susceptible tick 0.07/month [26, 27]

Na Average number of ticks per host 200 [26, 27]

rs Ratio of infected ticks over all ticks on susceptible host 0.05 [est]

rI Ratio of infected ticks over all ticks on infected host 0.1 [est]

Ho
s Population of susceptible host in the outside region 800 [est]

Ho
I Population of infected host in the outside region 200 [est]
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Hs HI

TsTI

β

β̂

m, bµ mµ

m, b̂µ̂mµ̂

β̂ Ts
Ts+TI

HI
β Hs

Hs+HI
TI

Figure 2.1: Flow chart for the compartmental model.

The susceptible host and susceptible tick are denoted by Hs and Ts, and the infected

host and infected tick are denoted by HI and TI . A flow chart is depicted in Figure 2.1.

Correspondingly, the model is given by

dHs

dt
=b(Hs + HI)e−q(Hs+HI ) − µHs − β

Hs

Hs + HI
TI + mHo

s , (2.1a)

dHI

dt
=β

Hs

Hs + HI
TI − µHI + mHo

I , (2.1b)

dTs

dt
=b̂(Ts + TI)e−q̂(Ts+TI ) − µ̂Ts − β̂

Ts

Hs + HI
HI (2.1c)

+ (1 − rs)NamHo
s + (1 − rI)NamHo

I

dTI

dt
=β̂

Ts

Ts + TI
HI − µ̂TI + rsNamHo

s + rINamHo
I , (2.1d)
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where the physical meanings of the parameters are given in Table 2.1, with typical values

based on other works in the literature. The Ricker function [31] is used for the birth term

of both tick and host. The death rate for infected and susceptible hosts are assumed to be a

common constant µ, and that for all ticks are assumed to be µ̂. Hereafter, a parameter with

a hat symbol is associated with ticks. We assume that the transmission of disease occurs

only from ticks to host or from host to tick, but not from tick to tick (such as cofeeding

[34, 35]) or from host to host. The migration of host to the concerned region (Canada)

is proportional to the host population in the outside region (US) with a migration rate m,

since the outside region is assumed to have a much larger population size for host. The

ratio of infected ticks over all ticks on susceptible host is rs and that on infected hosts is rI .

The value of rI should be greater than rs since the host is more likely to be in the infected

state if there are more infected ticks feeding on it.

For convenience, we denote total populations of ticks and hosts as

T = Ts + TI , H = Hs + HI , Ho = Ho
s + Ho

I , (2.2)

where superscript o means the outside region. By (2.1), the equivalent system for (H,T,HI ,TI)
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is given by

dH
dt

=bHe−qH − µH + mHo, (2.3a)

dT
dt

=b̂Te−q̂T − µ̂T + NamHo, (2.3b)

dHI

dt
=β

H − HI

H
TI − µHI + mHo

I , (2.3c)

dTI

dt
=β̂

T − TI

T
HI − µ̂TI + (rsHo

s + rIHo
I )Nam. (2.3d)

Based on the physical meanings of the parameters (see Table 2.1), we naturally have

the following restrictions

b > 0, µ > 0, b̂ > 0, µ̂ > 0, β > 0, β̂ > 0,

q > 0, q̂ > 0, Na > 0, 0 < rs < 1, 0 < rI < 1,

m > 0, Ho > Ho
I > 0, Ho > Ho

s > 0.

(2.4)

2.2 Positivity and equilibrium analysis

In this section, we first do the non-dimensionalization to identify the effective combination

of parameters. Then, we show the positivity of solutions, which is a crucial property of a

biological system. Finally, we analyze the equilibrium of the system and its stability.
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2.2.1 Non-dimensionlization

Now we simplify the system in (2.3) by using the scales

H̃ = qH, H̃I = qHI , T̃ = q̂T, T̃I = q̂TI , t̃ = bt. (2.5)

Then we can get the dimensionless system for H̃, T̃ , H̃I , T̃I . To make the system easier to

read we drop the tilde, and the dimensionless system is

dH
dt

=He−H − s1H + s2, (2.6a)

dT
dt

=s3Te−T − s4T + s5, (2.6b)

dHI

dt
=s6(1 −

HI

H
)TI − s1HI + s7, (2.6c)

dTI

dt
=s8(1 −

TI

T
)HI − s4TI + s9, (2.6d)

where the dimensionless parameters are given by

s1 =
µ

b
, s2 =

qmHo

b
, s3 =

b̂
b
, s4 =

µ̂

b
, s5 =

q̂NamHo

b
,

s6 =
βq
bq̂
, s7 =

qmHo
I

b
, s8 =

β̂q̂
bq
, s9 =

q̂Nam(rsHo
s + rIHo

I )
b

.

(2.7)

Then by (2.6) and the definitions of Hs and Ts, the corresponding equation for Hs and Ts

will be
dHs

dt
=He−H − s6(1 −

HI

H
)TI − s1Hs + s2 − s7,

dTs

dt
=s3Te−T − s8(1 −

TI

T
)HI − s4Ts + s5 − s9.

(2.8)
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From the conditions of parameters in (2.4), we have the natural restrictions for the

dimensionless parameters

si > 0, (i = 1, .., 9), s2 > s7, s5 > s9. (2.9)

2.2.2 Positivity of Solutions

In this subsection, we show the positivity of the solutions with initial positive data. To this

end, we define the two sets:

S = {(T,H,TI ,HI)|T > 0,H > 0,TI > 0,HI > 0},

Ŝ = {(Ts,Hs,TI ,HI)|Ts > 0,Hs > 0,TI > 0,HI > 0}.

(2.10)

The aim is to show the two sets are invariant. The invariance of Ŝ implies the invariance of

S , but the reverse is not true, e.g., positive H and HI can not imply positive Hs = H − HI .

Theorem 2.2.1. With the natural restrictions of parameters in (2.9) for the systems in (2.6)

and (2.8), or equivalently with conditions (2.4) for the original systems in (2.3) and (2.1),

the two sets S and Ŝ are invariant.

Proof. First, we show that the set S is invariant. As Eq. (2.6)a is decoupled from the

system, the positivity of H can be analyzed separately. We denote the right-hand side as

f (H) := He−H − s1H + s2, (2.11)
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and get

dH
dt

= f (H)→ s2 > 0, as H → 0. (2.12)

Thus, the quantity H remains positive. In fact, even for the case s2 = 0 (or m = 0), one

can show the positivity of H, by using the equivalent equation

d(Hes1t)
dt

= He−H+s1t > 0, for H > 0. (2.13)

Similarly, T remains positive by Eq. (2.6)b. We further show that the H and T are bounded,

before proving the positivity of HI and TI . Clearly by (2.12), H is bounded from below,

say H ≥ Hmin > 0. Note that

f (H)→ −∞, as H → ∞, (2.14)

then there exists a Hmax ≥ H(0) > 0 such that

dH
dt

= f (H) < 0, for H ≥ Hmax. (2.15)

Therefore, we obtain H ∈ [Hmin,Hmax], where in some cases Hmin or Hmax could be H(0).

Similarly T is bounded. With the boundedness, we get

HI/H → 0, as HI → 0,

TI/T → 0, as TI → 0.

(2.16)

Subsequently in the first quadrant of the plane of (HI ,TI), we obtain

dHI

dt
→ s6TI + s7 > 0, as HI → 0,

dTI

dt
→ s8HI + s9 > 0, as TI → 0.

(2.17)
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So, the two quantities HI and TI will remain positive.

Next, we prove the positivity of Hs and Ts, or equivalently the invariance of Ŝ . We

note that H and T are positive and bounded, independent of dynamics of Hs and Ts in

(2.8). Each of the terms He−H and Te−T has a minimum positive value. Then, we have

dHs

dt
≥ He−H + s2 − s7 > 0, as Hs → 0,

dTs

dt
≥ s3Te−T + s5 − s9 > 0, as Ts → 0,

(2.18)

which implies positivity of Hs and Ts and hence the invariance of Ŝ . �

We remark that in the current model, we have used the Ricker’s function He−H for the

birth term to ensure its positivity, which is essential for the positivity of Hs. A logistic birth

term H(1 − H) (after non-dimensionlization) often appears in other tick models [26, 27],

but with current migration effect such a term may give a negative birth rate, since H > 1

is possible with certain parameters.

2.2.3 Equilibrium analysis

Theorem 2.2.2. With the natural conditions (2.9) for the system in (2.6), there exists a

unique positive equilibrium (H∗,T ∗,H∗I ,T
∗
I ), which is globally asymptotically stable.

Proof. (1) As the equations for H and T are decoupled from the system, we first show the

equilibrium of H and T . We take Eq. ((2.9)a) for example. With the definition (2.11), we

15



see that

f (0) = s2 > 0, f (∞) = −∞, (2.19)

thus there exists at least one positive root (equilibrium). Taking the derivative gives

f ′(H) = (1 − H)e−H − s1, f ′(0) = 1 − s1. (2.20)

There are two cases: s1 ≥ 1 and 0 < s1 < 1. When s1 ≥ 1, we always have

f ′(H) < e−H − s1 < 0, for H > 0. (2.21)

This implies f (H) is monotone decreasing, and by (2.19) there exists a unique positive

root. For the case 0 < s1 < 1, the f ′(H) is positive for small H by (2.20). Note that

f ′(1) = −s1 < 0, (2.22)

so there exists a critical value 0 < Hc < 1 such that

f ′(Hc) = (1 − Hc)e−Hc − s1 = 0,

f ′(H) > 0, for 0 < H < Hc.

(2.23)

Taking the second derivative gives

f ′′(H) = (H − 2)e−H < 0, for Hc < H < 1, (2.24)

which implies f ′(H) is decreasing in the above interval and

f ′(H) < 0, for Hc < H < 1. (2.25)

16



It is clear from (2.20) that

f ′(H) = (1 − H)e−H − s1 < 0, for H ≥ 1. (2.26)

Combining ((2.23),(2.25),(2.28)), we conclude that f (H) is increasing in [0,Hc) and is

decreasing in (Hc,∞). Therefore, f (H) has a unique positive root in (Hc,∞). We denote

the root (equilibrium) by H∗, then based on the above analysis, in either case we always

have

f (H) > 0 for 0 < H < H∗,

f (H) < 0 for H > H∗.

(2.27)

Therefore, the equilibrium H∗ is (globally) asymptotically stable.

Similar arguments apply to the function for T , by defining

g(T ) = Te−T −
s4

s3
T +

s5

s3
, (2.28)

where s1 and s2 are replaced by the two fractions s4/s3 and s5/s3. Therefore the unique

equilibrium, denoted by T ∗, is (globally) asymptotically stable.

(2) Next we show the existence of the equilibrium point (H∗I ,T
∗
I ) and its local stability.

The theory of asymptotically autonomous systems [36] implies that one can substitute the

equilibria H∗,T ∗ into the system for TI ,HI for the equilibrium analysis. By coupling the
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two equations (2.6)c and 2.6d, the equilibrium of HI is determined by

AH2
I + BHI + C = 0,

A = −
s6s8

H∗
−

s1s8

T ∗
< 0,

B = B1 + B2 =

( s7s8

T ∗
−

s6s9

H∗

)
+ (s6s8 − s1s4) ,

C = s4s7 + s6s9 > 0,

(2.29)

where B1 and B2 are defined in the two brackets. Then, there exist two roots, one positive

and one negative, denoted by H(1)
I > 0 and H(2)

I < 0. Similarly, the equilibrium of TI is

given by

ÂT 2
I + B̂TI + Ĉ = 0,

Â = −
s6s8

T ∗
−

s4s6

H∗
< 0,

B̂ = −B1 + B2,

Ĉ = s7s8 + s1s9 > 0.

(2.30)

The two roots (equilibria) are denoted by T (1)
I > 0 and T (2)

I < 0. Furthermore, by equations

(2.6)c and (2.6)d, the two variables HI and TI at equilibrium are connected by a linear

equation

B1 + AHI − ÂTI = 0, (2.31)

with the same parameters B1, A, Â as above. Then, the two roots T (1)
I ,T (2)

I and those

H(1)
I ,H(2)

I are related by this linear relation, so they form two pairs. Since A < 0 and

Â < 0, the larger solution of HI corresponds to the larger solution of TI and hence the pos-
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itive T (1)
I (or negative T (2)

I ) corresponds to the positive H(1)
I (or negative H(2)

I ). Therefore,

we conclude that there is a unique pair of positive equilibria, denoted by T ∗I = T (1)
I and

H∗I = H(1)
I .

For the system of (2.6) the local stability of the equilibrium (H∗I ,T
∗
I ) is determined by

the eigenvalues of the matrix

DI =


−s1 − s6

T ∗I
H∗ , s6(1 − H∗I

H∗ )

s8(1 − T ∗I
T ∗ ), −s4 − s8

H∗I
T ∗

 . (2.32)

By the conditions (2.9) and positivity of equilibrium, we easily get

Tr(DI) = −s1 − s6
T ∗I
H∗
− s4 − s8

H∗I
T ∗

< 0. (2.33)

Then, the equilibrium is asymptotically stable if Det(DI) > 0, which can be expressed by

− B2 − AH∗I − ÂT ∗I > 0. (2.34)

By (2.31), it is equivalent to

B + 2AH∗I < 0, (or B̂ + 2ÂT ∗I < 0). (2.35)

Since H∗I is the positive root (the larger one) of quadratic equation in (2.29), we get

B + 2AH∗I = −
√

B2 − 4AC < 0. (2.36)

This means the condition (2.34) automatically holds, and hence the equilibrium (H∗,T ∗)

is asymptotically stable. �
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Remark 3.2.1: Theorems 2.2.1 and 2.2.2 imply that there exists a unique positive

equilibrium (H∗s ,H
∗
I ,T

∗
s ,T

∗
I ) for the original system (2.1), where H∗s = H∗ − H∗I ,T

∗
s =

T ∗ − T ∗I .

Remark 3.2.2: The above theorem deals with the case m > 0, now we compare it with

the critical case m = 0. With m = 0, from the definitions (2.7), (2.29),(2.30) we have

s2 = s5 = s7 = s9 = 0, C = Ĉ = 0. (2.37)

With s1 < 1 (i.e., µ < b) and s3 < s4 (i.e., µ̂ < b̂), there still exists a unique positive

equilibrium (H∗,T ∗) for the system of (H,T ), which is asymptotically stable. For the

system of (TI ,HI), clearly there is a disease free equilibrium, TI = 0,HI = 0. The stability

of this equilibrium (0,0) is determined by see (2.34))

− B2 > 0, ⇔ s1s4 − s6s8 > 0, ⇔ R0 ≡
ββ̂

µµ̂
< 1. (2.38)

R0 is therefore a threshold parameter. If R0 < 1, the equilibrium (0,0) is stable, and

there is no positive equilibrium with m = 0 (the other equilibrium is negative). As m

increases from 0, the positive equilibrium in the theorem is a perturbation of the disease

free equilibrium. If R0 > 1, the equilibrium (0,0) is unstable, but there is the other positive

equilibrium with m = 0, denoted by (T ∗I0,H
∗
I0), which is asymptotically stable. As m

increases from 0, the positive equilibrium in the theorem is a perturbation of (T ∗I0,H
∗
I0). If

R0 = 1, this (T ∗I0,H
∗
I0) coincides with (0,0). In brief, the positive equilibrium with m > 0 is

always a perturbation of the stable equilibrium with m = 0.
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2.3 Numerical results and sensitivity analyses

In this section, we simulate the solutions with typical parameters. Then, we conduct the

sensitivity analysis for some parameters. Finally, the effects of migration rate and death

rates are further analyzed.

2.3.1 Solution curves

To simulate the dynamics of the system (2.3), we adopt the initial values as in [27]

H(0) = 10, T (0) = 3000, HI(0) = 8, TI(0) = 80. (2.39)

The initial values are based on one patch of 10,000 m2 in [27], and other parameters used

in simulation are shown in table 1. In Table 1, q is estimated from the carrying capacity of

host, and we set q̂ = q/M,Na = M, where M = 200 is maximum number of ticks per host

in [26, 27]. Other estimated parameters are also consistent with this setting. If we were to

consider a larger region, we could multiply a factor on these initial values and modify the

estimated parameters q, q̂ and Ho
I ,H

o
s .

Figure 2.2 shows the dynamics for the populations of host, tick, infected host and

infected tick, with parameters in Table 2.1. All the four populations quickly reach the

positive equilibrium. To see more clearly the effect of migration rate m in the two different

cases in Remark 3.2.2, the dynamics of the infected host and infected ticks are shown
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Figure 2.2: The dynamic curves for (a) host H and infected host HI , (b) tick T and infected

tick TI .

in Figures 2.3 and 2.4 with varying parameters. With parameters in table 1, we have

R0 =
ββ̂

µµ̂
= 1.4 > 1, and Figure 2.3 shows the dynamics of HI ,TI by varying m. Initially

with m = 0, there is stable positive equilibrium, and as m increases the positive equilibrium

increases. By changing µ from 0.01 to 0.02 (due to hunting or predators; alternatively

changing µ̂ due to tick control measures), we get R0 = 0.7 < 1, and Figure 2.4 shows

the dynamics of HI ,TI by varying m. Initially with m = 0, there is a stable disease free

equilibrium (0,0), but as m increases this equilibrium increases as the positive equilibrium

for the case m > 0.
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Figure 2.3: The dynamic curves for infected host HI and infected tick TI with varying

m = 0, 0.001, 0.002 (R0 = 1.4 for the case m = 0).

2.3.2 Sensitivity Analyses

The mathematical analysis about the equilibrium and its stability can answer the questions

about the long time behaviour, with fixed parameters. However, we have made assump-

tions about the parameters and there is always uncertainty in the estimation of parameters,

which will result in uncertainty of the results. The Latin Hypercube Sampling (LHS) and

Partial Rank Correlation Coefficient (PRCC) provides a useful tool to analyze a range of

parameters and its effects on the dynamics/equilibrium of populations [37, 38, 39].

In the first step, we carry out the LHS, and verify the monotone relationship to ensure

that the selected range of parameters are suitable for the PRCC analysis. We take m and
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Figure 2.4: The dynamic curves for infected host HI and infected tick TI with varying

m = 0, 0.001, 0.002 (R0 = 0.7 for the case m = 0)

µ for illustration, and other parameters such as rs, rI , µ̂ are similarly verified but omitted

here for brevity. We set the range of the parameters to be a 20% change of the value in

Table 2.1, i.e., m ∈ [0.008, 0.012] and µ ∈ [0.008, 0.012]. Uniform distribution is used

in the LHS and 10,000 parameter sets are generated. Figure 2.5 shows the scatter plots

for the equilibrium of four populations with respect to the two parameters m and µ in the

parameter sets. Each point in the figure is from a simulation with one parameter set. One

can see that all the subfigures show an increasing or decreasing pattern, except the tick

population in Figure 2.5(b), since tick population T does not depend on µ by Eq. (2.3b).

This suggests that the selected range of parameters can be used to perform the PRCC

analysis.
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Figure 2.5: The scatter plot between the four equilibrium populations (H∗,T ∗,H∗I ,T
∗
I ) and

two parameters m and µ by LHS.

Next we calculate the PRCC, which determines how much each input parameter con-

tributes to the output variable or measure. Figure 2.6 shows the PRCC results between

the equilibrium of four populations and seven parameters m, µ, µ̂, q, q̂, rs, rI . The approxi-

mate p-values are shown inside the figure, and p < 0.01 means a significant result. For a

significant result, the positive or negative PRCC value indicates a positive or negative cor-

relation between the parameter and the output [38]. In Figure 2.6, the migration rate m is

significant for all four equilibrium populations, and is positively correlated with them. The

parameters µ (major effect) and q (minor effect) are negatively correlated with the equilib-

rium host population H∗, while µ̂ and q̂ negatively affects the equilibrium tick population

T ∗. Both death rates µ and µ̂ are negatively correlated with the equilibrium infected host
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and infected tick populations, as there is strong coupling in the two equations of HI and

TI . The parameters rI , rs have major positive correlations with the equilibrium infected

tick population T ∗I , as they directly appear in (2.3d), and they have minor positive effects

on the equilibrium infected host population H∗I due to the interactions of TI and HI .

2.3.3 The effects of migration rate and death rates

We further analyze effects of migration rate m and death rates µ, µ̂ on the equilibrium

populations for two reasons. The sensitivity analysis shows that these parameters are

significant for the equilibrium populations.

Table 2.2: Effect of migration rate.

Population slope at m = 0.01 change by increasing m by 10%

Host 9.92 × 104 9.94%

Tick 1.04 × 106 2.08%

Infected host 8.16 × 104 9.93%

Infected tick 1.74 × 105 9.88%

Figure 2.7 shows the dependence of the four equilibrium populations on migration

rate m, indicating a positive correlation. This is consistent with the previous analysis and
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PRCC results. Table 2.2 presents the slope of the curve at m = 0.01 and the relative change

of population with increase of m by 10%. It shows about 10% increase for the three

populations H∗,H∗I ,T
∗
I , which is significant. The dependence on m can also be directly

obtained based on previous analysis, for example, we get

dH∗

dm
=

Ho

µ + be−qH∗(qH∗ − 1)
,

dT ∗

dm
=

HoNa

µ̂ + b̂e−q̂T ∗(q̂T ∗ − 1)
. (2.40)

With the chosen parameters and equilibrium values in Figure 2.2, we obtain exactly the

results in Table 2.2. This verifies the results in this section. The formulas for the slopes

dH∗I /dm and dT ∗I /dm are complicated and hence omitted here.

Table 2.3: Effect of death rate of host.

Population slope at µ = 0.01 change by increasing µ by 10%

Host −9.91 × 104 −8.99%

Tick 0 0%

Infected host −8.62 × 104 −9.48%

Infected tick −5.76 × 104 −2.97%

The dependence of the equilibrium populations on death rate of host µ is presented

in Figure 2.8 and Table 2.3. The death rate µ has a negative correlation with the three

populations H∗,H∗I and T ∗I . It significantly affects H∗ and H∗I , which decrease by 8.96%
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and 9.44% with an increase of µ by 10%. The T ∗-µ subfigure (a constant) is omitted in

Figure 2.8, since there is no correlation between T ∗ and µ, indicated by 0% in Table 2.3.

This is because in the present model the birth term of ticks in (2.3b) does not depend on

the host population H, although H could be included in the parameter q̂ in future work.

Table 2.4: Effect of death rate of tick.

Population slope at µ̂ = 0.1 change by increasing µ̂ by 10%

Host 0 0%

Tick −2.63 × 105 −4.91%

Infected host −1.45 × 103 −1.73%

Infected tick −1.84 × 104 −9.54%

Figure 2.9 and Table 2.4 show the effects of death rate of tick µ̂. The parameter µ̂ has

a negative correlation with the three populations T ∗,H∗I ,T
∗
I , and has no relation with H∗.

It has most significant impact on T ∗I , with a 9.54% decrease with increase of µ̂ by 10 %.

2.4 Climate Change and Implication for Public Health Interventions

The woodland habitats in Canada are suitable for survival of ticks off-host since the duff

layer insulates ticks from deep freezing in winter and desiccation in the summer [40, 18,
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41]. These studies also suggest the expansion of I. scapularis to may be accelerated north-

ward in coming decades due to global warming. The death rate of ticks is affected by cli-

mate and temperature and can also be controlled by the use of acaricide [26, 42]. Climate

plays an indirect role as it determines a suitable communities of hosts and vegetation to al-

low the creation of a duff layer that protects the tick from drowning and desiccation. Also,

the ambient temperature and humidity directly affect the host-seeking activities. Lastly,

the temperature affects the rate of development of ticks from one life stage to the next, in

case of 0° C there is no development and in higher temperature the development is faster

[43]

The migration and death rate of deer, also the death rate of tick are related to practical

control measures [44], and can provide insights for future policy making. The migration

rate of deer is affected by border control and deer habitat suitability [17] while the death

rate is influenced by its predators and the hunting activities [3].
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Figure 2.6: The PRCC results for four equilibrium populations (H∗,T ∗,H∗I ,T
∗
I ) against

parameters m, µ, µ̂, q, q̂, rs and rI .
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Figure 2.7: The dependence of equilibrium populations on migration rate m: (a) host H∗,

(b) tick T ∗, (c) infected host H∗I , (d) infected tick T ∗I .
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Figure 2.8: The dependence of equilibrium populations on death rate of host µ: (a) host

H∗, (b) infected host H∗I , (c) infected tick T ∗I .
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Figure 2.9: The dependence of equilibrium populations on death rate of tick µ̂: (a) tick

T ∗, (b) infected host H∗I , (c) infected tick T ∗I .
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3 Modeling the Impact of Host Resistance on Structured

Tick Population Dynamics

Lyme Disease is the most reported athropod-borne illness and it was first recognized in

1976 in Lyme, Connecticut USA [45]. Borrelia burgdorferi is a tick-borne spirochete

responsible for Lyme disease which is found in nymphal Ixodes dammini and has the

highest chance to be transmitted to the host if the infected tick feeds for a duration of

72 hours or more [46, 47, 48]. Once an infected tick bites the host, a skin lesion called

erythema migrans (EM) starts emerging and more than 95% of those patients diagnosed

with Lyme disease have EM on the tick biting site [49, 45]. Once the bacterium enters the

body it starts spreading in many organs and tissues through the lymph system and blood

[49]. As time progresses the patient will experience headache, neck pain, fever, fatigue,

and migratory musculoskeletal pain [47, 48, 49]. The government of Canada has data

representing an increase of 144 cases in 2009 to 2025 cases in 2017 [50]. The I.scopularis

also known as a black-legged tick is the main carrier of B. burgdorferi and has a life cycle
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of nearly two years [45]. The tick population undergoes three main stages: L-larvae, N-

nymph, A-adult and to move from one stage to the other ticks will quest feed and molt

[51, 43, 52, 6]. Larvae and nymph feed on small rodents such as mice while adult ticks are

more selective when it comes to their host since their body is larger compared to larvae

and nymph and therefore the host must be a large mammal such as a deer. For ticks to

move from one stage to the next it requires three hosts per stage and often the tick may

use the same host for all three blood meals [51, 43, 52, 6]. Female ticks lay eggs in the

spring and larvae hatch during late summer. The larvae that feeds during the late summer

starts molting to nymph during winter. The nymph then starts feeding in the spring of the

following year and molts into adult on the same year. Adult ticks die shortly right after

they lay their eggs in the early spring [43, 52].

When a tick bites a host the expression of immunity varies depending on different hosts

and tick species.The effects on ticks can vary from a simple rejection of the tick to interfer-

ing with the duration of feeding, inhibition of egg laying, also decreasing their viability to

death of the tick while feeding. In addition, studies reveal that when female ticks feed on

immune cattle their body of fully engorged tick was reduced by 30% [53, 54, 55]. Accord-

ing to Brown [56] hosts with resistance respond to tick bites with an intensified grooming

behaviour and the attachment site is marked by serous exudes which could engulf the tick.

In an experiment conducted on resistant guinea pigs bitten by Dermacentor andersoni, ba-
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sophilia is present on the biting site. The attachment of a tick on a tick-sensitizes host is

characterized by packs of basophils located in the intraepidermal vesicles. When ticks’

extracts are injected into tick-sensitized host it causes a skin reaction and the plasma of the

host expresses anti-tick antibodies which suggests a present mediated immune response.

In case of unbitten animals, the reaction starts with neutrophils and the feeding site is char-

acterized by an hemorrhagic as feeding progresses. Basophils start to also accumulate to

the feeding site, however little degranulation occurs. In an experiment to study the effect

of resistance of guinea pigs to ticks, basophil degranulation at tick feeding sites, resulted

in tick rejection after tick-attachment: 29% after 6 hours, 18% after 12 hours, 22% after

24 hours, 37% after 48 hours and 7.3% after 72 and 96 hours. This shows that ticks are

most susceptible to the resistance at 6, 12, 24 and 48 hours after attachment which are

corresponding to the attachment time and fast feeding period [57].

There have been intensive studies modelling the dynamics of tick-host interaction and

the transmission of various pathogens. Different aspects have also been included such as:

seasonality, environmental changes, geographical heterogeneity and so on. On the other

hand, few models incorporate delays in the development of tick from each life stage to

the next [58, 59, 31]. Jennings et al. [60] studied the effect of host resistance on tick

population dynamics. They developed a mathematical model, described by a system of

ordinary differential equations, focusing on tick-host interaction where the tick’s life cycle
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was divided into two main stages, adult and juvenile, and the host was subdivided into host

with no immunity and host with immunity. Their focus is to show how immunity affects

the extinction or persistence of tick dynamics. However, their model does not include all

biological stages (and sub-stages) of ticks and the possibility of different immunological

response for each stage is ignored.

Here, we consider a stage-structured model that involves the full biological dynamics

of tick and the emphasis is on the grooming behaviour of the host and its impact on tick

population dynamics. We analyze the grooming behaviour in the mathematical model as

a reduction in the successful attachment rates of ticks on the host i.e., the host-finding

rates are reduced by a fraction for the host that shows resistance to tick bites. The model

studies three main stages of tick’s life cycle in which the ticks interact with hosts dur-

ing questing-feeding-molting process. There is one more stage that we consider between

Adult and Egg which is egg laying female. The host is divided into two compartments:

host with resistance (host has been bitten by ticks before) and host with no resistance (host

that has not been exposed to ticks). We observe that the basic reproduction number does

not change with the resistance factor, however, numerical simulations show that the value

of the positive equilibrium for different stages of tick population, and the dynamical be-

haviour of the solutions change with varying the resistance factor. Also, the sensitivity

analysis demonstrates the dependence of the solutions on different parameters.
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Figure 3.1: Flow diagram for the ticks’ life cycle and their interaction with hosts. The

variables are: larvae questing (Lq), larvae feeding (L f ), larvae molting (Lm), nymph quest-

ing (Nq), nymph feeding (N f ), nymph molting (Nm), egg (E), adult questing (Aq), adult

feeding (A f ) and adult egg laying female (Ael f ).
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Table 3.1: Definition of parameters and their values

Symbol Meaning Value Reference

dLq Per capita mortality rate of Lq 0.6 × 10−2 per day [61]

dLm Per capita mortality rate of Lm 0.3 × 10−2 per day [61]

dNq Per capita mortality rate of Nq 0.6 × 10−2 per day [61]

dNm Per capita mortality rate of Nm 0.2 × 10−2 per day [61]

dAq Per capita mortality rate of Aq 0.6 × 10−2 per day [61]

dAel f Per capita mortality rate of Ael f 1 per day [62]

dE Per capita mortality rate of E 0.2 × 10−2 per day [61]

βL Successful attachment rate of 0.6 × 10−3 per day per host [63]

questing larva to host

βN Successful attachment rate of 0.6 × 10−3 per day per host [63]

questing nymph to host

βA Successful attachment rate of 0.2 × 10−2 per day per host [63]

questing adult to host

β∗L Rate of developing resistance to larva κ × βL per day per tick Calculated

β∗N Rate of developing resistance to nymph κ × βN per day per tick Calculated

β∗A Rate of developing resistance to adult κ × βA per day per tick Calculated
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Table 3.2: Definition of parameters and their values

Symbol Meaning Value Reference

δ Detachment rate 0.01 per day [64]

αL Host grooming effect for larva 0.4, [0, 1] unitless Assumed

αN Host grooming effect for nymph 0.6, [0, 1] unitless Assumed

αA Host grooming effect for adult 0.5, [0, 1] unitless Assumed

ε Female proportion 0.5 unitless [65]

τ(E,L) The delay of development 21 days [61]

form egg to larvae

τ(L,N) The delay of development 101.18 × Temp−2.25, 200 days [61]

form larvae to nymph

τ(N,A) The delay of development 1596 × Temp−1.21, 61 days [61]

form nymph to adult

b Birth rate of the host 0.66 × 10−3 per day [59]

µ Death rate of the host 0.33 × 10−3 per day [59]

c Crowding 3.5 × 10−4 per day Calculated

K Carrying Capacity of deers 20 [61]

p Maximum number of eggs 3000 [61]

per female adult tick

q The strength of density dependence 0.001 unitless [66]

κ Constant factor for resistance development 0.0001 unitless Assumed
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Table 3.3: Modified parameter values to get different values for R0

Symbol Modified Value Comments

dE 1.2 × 0.2 × 10−2 p+20%p

dLq 1.2 × 0.6 × 10−2 p+20%p

dLm 1.2 × 0.3 × 10−2 p+20%p

dNq 1.2 × 0.6 × 10−2 p+20%p

dNm 1.2 × 0.2 × 10−2 p+20%p

dAq 1.2 × 0.6 × 10−2 p+20%p

βL 0.1 × 0.6 × 10−3, 0.2 × 0.6 × 10−3 10%p, 20%p

βN 0.3 × 0.6 × 10−3, 0.5 × 0.6 × 10−3 30%p, 50%p

βA 0.5 × 0.2 × 10−2 50%p fixed

β∗L κ × βL changed by changing βL

β∗N κ × βN changed by changing βN

β∗A κ × βA changed by changing βA
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Table 3.4: Modified parameter values to get different values for R0

Symbol Modified Value Comments

αL 0.4 varied in [0, 1]

αN 0.6 varied in [0, 1]

αA 0.5 varied in [0, 1]

c 1.2 × 3.5 × 10−4 p + 20%p fixed

q 0.001 not changed

3.1 Model Formulation

We start the model aiming to focus on the grooming behaviour. We model the three stages

of larvae, nymph, and adult. The larvae and nymph populations are subdivided into quest-

ing (Lq, Nq), feeding (L f , N f ) and molting (Lm, Nm ). On the other hand, for the adult

population we consider adult egg laying female Ael f , adult questing (Aq) and feeding (A f ).

Since a single female tick lays several thousands eggs the birth rate is the entry into pop-

ulation which is represented by Ricker function, γ(A) = pAe−qA [66, 61]. Tick dynamics

are regulated by insufficient resources for blood meal and this is illustrated in parameter q

as a constant.

42



The delay functions, demonstrating the time delays of ticks molting from one stage to

another, are constants. In the model, τ(E,L), τ(L,N), τ(N,A) represent the time it takes for ticks

to molt from egg to larvae, larvae to nymph and nymph to adult, respectively. The host

population is divided into two compartments: Hr+ represents the bitten host compartment

that have developed with immunity; Hr− represents the compartment of hosts that have

never been bitten before and therefore without immunity. H is the total host population

with a birth rate b and a mortality rate µ. The density-dependent regulations of the host

population is described by K, c, and b−µ. The variables and parameters and their meaning

are given in Tables 3.1 and 3.2. The life cycle of ticks and their interaction with hosts is

illustrated in Figure 3.1. We suppose the successful attachment rates are reduced by a

fraction αL for larvea, αN for nymph and αA for adult ticks. Based on the results from

[57] we can assume that α is in the range [0.6, 0.95], however we will study the effect of

α values in [0, 1]. We also assume the hosts with no resistance develop resistance to ticks

at a rate, denoted by κ, that depends on the tick densities, tick attachment rates and the

immune system response.

In order to make the model comprehensible we neglect few biological factors of tick

dynamics. There are multiple blood meals that take place during molting procedures how-

ever in our model we consider only a homogeneous molting process, that is, ticks feed

once, drop and molt with a constant time delay. Also we only consider same host for three
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stages. The death rate depends on the stage of the tick (egg, larvae, nymph, adult) and

also on whether the tick is questing or feeding. However, we consider a constant mortality

rate. Impact of climate change on development of ticks having a non linear relationship

with increasing ambient temperature has not also been modelled. In addition, the questing

rate is considered constant, even though it decreases as the temperatures and the day light

decreases. The model is described by the following system of delay differential equations:

dLq

dt
= e−dEτ(E,L)γ(Ael f (t − τ(E,L))) − βLLq(t)[αLHr+(t) + Hr−(t)] − dLq Lq(t)

dL f

dt
= βLLq(t)(αLHr+(t) + Hr−(t)) − δL f (t)

dLm

dt
= δL f (t) − dLm Lm(t) − δe−dLmτ(L,N) L f (t − τ(L,N))

dNq

dt
= δe−dLmτ(L,N) L f (t − τ(L,N)) − βN Nq(t)[αN Hr+(t) + Hr−(t)] − dNq Nq(t)

dN f

dt
= βN Nq(t)(αN Hr+(t) + Hr−(t)) − δN f (t)

dNm

dt
= δN f (t) − dNm Nm(t) − δe−dNmτ(N,A) N f (t − τ(N,A))

dAq

dt
= δe−dNmτ(N,A) N f (t − τ(N,A)) − βAAq(t)[αAHr+(t) + Hr−(t)] − dAq Aq(t)

dA f

dt
= βAAq(t)(αAHr+(t) + Hr−(t)) − δA f (t)

dAel f

dt
= εδA f (t) − dAel f Ael f (t)

dE
dt

= γ(Ael f (t)) − dEE(t) − e−dEτ(E,L)γ(Ael f (t − τ(E,L)))

dHr−

dt
= bH(t) − µHr−(t) −

c
K

H(t)Hr−(t) − [β∗LLq(t) + β∗N Nq(t) + β∗AAq(t)]Hr−(t)

dHr+

dt
= −µHr+(t) −

c
K

H(t)Hr+(t) + [β∗LLq(t) + β∗N Nq(t) + β∗AAq(t)]Hr−(t)

(3.1)
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where γ(A) = pAe−qA is the birth function. The variables are: larvae questing (Lq), lar-

vae feeding (L f ), larvae molting (Lm), nymph questing (Nq), nymph feeding (N f ), nymph

molting (Nm), egg (E), adult questing (Aq), adult feeding (A f ) and adult egg laying female

(Ael f ), unbitten host (Hr−) and bitten host (Hr+). Here, we use the following equation for

the host population dynamics

dH(t)
dt

= (b − µ)H(t) −
c
K

(H(t))2 (3.2)

where H(t) = Hr−(t) + Hr+(t). Note that the positive equilibrium of this equation is given

by H̄ =
(b−µ)

c K. Interpreting K as an environmental constraint, and in order to have H̄ ≤ K

we assume c ≥ (b − µ), with H̄ = K when the equality holds.

From System (3.1) we can get the following integral equations for Lm(t), Nm(t) and

E(t)

Lm(t) = Lm(0) −
∫ 0

−τ(L,N)

e−dLm (−s)δL f (s)ds +

∫ t

t−τ(L,N)

e−dLm (t−s)δL f (s)ds

Nm(t) = Nm(0) −
∫ 0

−τ(N,A)

e−dNm (−s)δN f (s)ds +

∫ t

t−τ(N,A)

e−dNm (t−s)δN f (s)ds

E(t) = E(0) −
∫ 0

−τ(E,L)

e−dE(−s)γ(Ael f (s))ds +

∫ t

t−τ(E,L)

e−dE(t−s)γ(Ael f (s))ds

(3.3)
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Therefore System (3.1) is equivalent to the following

dLq

dt
= e−dEτ(E,L)γ(Ael f (t − τ(E,L))) − βLLq(t)(αLHr+(t) + Hr−(t)) − dLq Lq(t)

dL f

dt
= βLLq(t)(αLHr+(t) + Hr−(t)) − δL f (t)

dNq

dt
= δe−dLmτ(L,N) L f (t − τ(L,N)) − βN Nq(t)(αN Hr+(t) + Hr−(t)) − dNq Nq(t)

dN f

dt
= βN Nq(t)(αN Hr+(t) + Hr−(t)) − δN f (t)

dAq

dt
= δe−dNmτ(N,A) N f (t − τ(N,A)) − βAAq(t)(αAHr+(t) + Hr−(t)) − dAq Aq(t)

dA f

dt
= βAAq(t)(αAHr+(t) + Hr−(t)) − δA f (t)

dAel f

dt
= εδA f (t) − dAel f Ael f (t)

dHr−

dt
= bH(t) − µHr−(t) −

c
K

H(t)Hr−(t) − (β∗LLq(t) + β∗N Nq(t) + β∗AAq(t))Hr−(t)

dHr+

dt
= −µHr+(t) −

c
K

H(t)Hr+(t) + (β∗LLq(t) + β∗N Nq(t) + β∗AAq(t))Hr−(t)

(3.4)

together with (3.3).

For further analyses of this model we use the theory of monotone dynamical systems

[67]. Let τ = (τ1, · · · , τ12) where τi ≥ 0, τ2 = τ(L,N), τ5 = τ(N,A)), τ9 = τ(E,L) are non zero

and τi = 0 for i , 2, 5, 9. Assume |τ| = max{τi}.

Let Cτ be the product of Banach spaces Cτi = C([−τi, 0],R), i.e.,

Cτ =

12∏
i=1

C([−τi, 0],R).

Let Xt = (X1
t , · · · , X

12
t ) ∈ Cτ be given by

Xi
t(θ) = Xi(t + θ), i = 1, · · · , 12.
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where

X(t) = (X1(t), · · · , X12(t)) = (Lq, L f , Lm,Nq,N f ,Nm, Aq, A f , Ael f , E,Hr−,Hr+).

Then the right hand side of the Equation (3.1) is given by

X′(t) = f (Xt). (3.5)

We assume the initial data is non-negative. So we will assume the initial data X0 is in the

Banach space C+
τ defined below

C+
τ = {φ ∈ Cτ : φi(θ) ≥ 0,−τi ≤ θ ≤ 0}.

Also, for the initial data to be continuous and positive we assume:

Lm(0) ≥
∫ 0

−τ(L,N)

e−dLm (−s)δL f (s)ds

Nm(0) ≥
∫ 0

−τ(N,A)

e−dNm (−s)δN f (s)ds

E(0) ≥
∫ 0

−τ(E,L)

e−dE(−s)γ(Ael f (s))ds.

(3.6)

The fundamental theory of functional differential equations implies that the solutions exist

and are unique for all t ≥ 0. We now show that the solutions will be positive and remain

bounded.
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Therefore System (3.1) is equivalent to the following

dLq

dt
= e−dEτ(E,L)γ(Ael f (t − τ(E,L))) − βLLq(t)(αLHr+(t) + Hr−(t)) − dLq Lq(t)

dL f

dt
= βLLq(t)(αLHr+(t) + Hr−(t)) − δL f (t)

dNq

dt
= δe−dLmτ(L,N) L f (t − τ(L,N)) − βN Nq(t)(αN Hr+(t) + Hr−(t)) − dNq Nq(t)

dN f

dt
= βN Nq(t)(αN Hr+(t) + Hr−(t)) − δN f (t)

dAq

dt
= δe−dNmτ(N,A) N f (t − τ(N,A)) − βAAq(t)(αAHr+(t) + Hr−(t)) − dAq Aq(t)

dA f

dt
= βAAq(t)(αAHr+(t) + Hr−(t)) − δA f (t)

dAel f

dt
= εδA f (t) − dAel f Ael f (t)

dHr−

dt
= bH(t) − µHr−(t) −

c
K

H(t)Hr−(t) − (β∗LLq(t) + β∗N Nq(t) + β∗AAq(t))Hr−(t)

dHr+

dt
= −µHr+(t) −

c
K

H(t)Hr+(t) + (β∗LLq(t) + β∗N Nq(t) + β∗AAq(t))Hr−(t)

(3.7)

together with (3.3).

Since the host population stabilizes quickly at H̄ = (b − µ)K/c, the limiting system is
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as follows

dLq

dt
= e−dEτ(E,L)γ(Ael f (t − τ(E,L))) + βL(1 − αL)Lq(t)Hr+(t) − (βLH̄ + dLq)Lq(t)

dL f

dt
= −βL(1 − αL)Lq(t)Hr+(t) + βLH̄Lq(t) − δL f (t)

dNq

dt
= δe−dLmτ(L,N) L f (t − τ(L,N)) + βN(1 − αN)Nq(t)Hr+(t) − (βN H̄ + dNq)Nq(t)

dN f

dt
= −βN(1 − αN)Nq(t)Hr+(t) + βN H̄Nq(t) − δN f (t)

dAq

dt
= δe−dNmτ(N,A) N f (t − τ(N,A)) + βA(1 − αA)Aq(t)Hr+(t) − (βAH̄ + dAq)Aq(t)

dA f

dt
= −βAAq(t)(1 − αA)Hr+(t) + βAH̄Aq(t) − δA f (t)

dAel f

dt
= εδA f (t) − dAel f Ael f (t)

dHr+

dt
= −µHr+(t) −

c
K

H̄Hr+(t) + (β∗LLq(t) + β∗N Nq(t) + β∗AAq(t))(H̄ − Hr+(t))

(3.8)

3.2 Analyses

In this section we give the necessary condition for existence and uniqueness of the positive

equilibrium point and the conditions for local stability of the tick free equilibrium.
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3.2.1 Equilibria

Let X∗ denote the vector (Lq, L f ,Nq,N f , Aq, A f , Ael f ,Hr+) in R8, and let f (X) be the right

hand side of (3.8). In order to find all equilibria we need to solve the system f (X) = 0:

0 = e−dEτ(E,L)γ(Ael f (t − τ(E,L))) + βL(1 − αL)Lq(t)Hr+(t) − (βLH̄ + dLq)Lq(t)

0 = −βL(1 − αL)Lq(t)Hr+(t) + βLH̄Lq(t) − δL f (t)

0 = δe−dLmτ(L,N) L f (t − τ(L,N)) + βN(1 − αN)Nq(t)Hr+(t) − (βN H̄ + dNq)Nq(t)

0 = −βN(1 − αN)Nq(t)Hr+(t) + βN H̄Nq(t) − δN f (t)

0 = δe−dNmτ(N,A) N f (t − τ(N,A)) + βA(1 − αA)Aq(t)Hr+(t) − (βAH̄ + dAq)Aq(t)

0 = −βAAq(t)(1 − αA)Hr+(t) + βAH̄Aq(t) − δA f (t)

0 = εδA f (t) − dAel f Ael f (t)

0 = −µHr+(t) −
c
K

H̄Hr+(t) + (β∗LLq(t) + β∗N Nq(t) + β∗AAq(t))(H̄ − Hr+(t))

(3.9)

At the tick-free equilibrium, where all tick stages are equal to zero, we have Hr+ = 0. Let

Hr+ , H̄ so that (H̄ − (1 − αL)Hr+), (H̄ − (1 − αN)Hr+), (H̄ − (1 − αA)Hr+) > 0. We want to

derive conditions for existence and uniqueness of a (strongly) positive equilibrium point
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(Xi > 0 for all i = 1, · · · , n). From the equations in (3.9) we get the following

Lq =
dAel f (βN(H̄ − (1 − αN)Hr+) + dNq)(βA(H̄ − (1 − αA)Hr+) + dAq)

s2s3εβLβNβL(H̄ − (1 − αL)Hr+)(H̄ − (1 − αN)Hr+)(H̄ − (1 − αA)Hr+)
Ael f

L f =
dAel f (βN(H̄ − (1 − αN)Hr+) + dNq)(βA(H̄ − (1 − αA)Hr+) + dAq)

s2s3δεβNβA(H̄ − (1 − αN)Hr+)(H̄ − (1 − αA)Hr+)
Ael f

Nq =
dAel f (βA(H̄ − (1 − αA)Hr+) + dAq)

s3εβNβA(H̄ − (1 − αN)Hr+)(H̄ − (1 − αA)Hr+)
Ael f

N f =
dAel f (βA(H̄ − (1 − αA)Hr+) + dAq)

s3δεβA(H̄ − (1 − αA)Hr+)
Ael f

Aq =
dAel f

εβA(H̄ − (1 − αA)Hr+)
Ael f

A f =
dAel f

εδ
Ael f

(3.10)

where s1 = e−dEτ(E,L) , s2 = e−dLmτ(L,N) and s3 = e−dNmτ(N,A) . From the first equation in the

system (3.9) we get

Lq =
s1γ(Ael f )

(βL(H̄ − (1 − αL)Hr+) + dLq)
(3.11)
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and therefore

γ(Ael f ) =
dAel f (βL(H̄−(1−αL)Hr+)+dLq )(βN (H̄−(1−αN )Hr+)+dNq )(βA(H̄−(1−αA)Hr+)+dAq )

s1 s2 s3εβLβNβA(H̄−(1−αL)Hr+)(H̄−(1−αN )Hr+)(H̄−(1−αA)Hr+) Ael f .

(3.12)

Since γ(Ael f ) = pAel f e−qAel f we have the following cases: Ael f = 0 or

pe−qAel f =
dAel f (βL(H̄−(1−αL)Hr+)+dLq )(βN (H̄−(1−αN )Hr+)+dNq )(βA(H̄−(1−αA)Hr+)+dAq )

s1 s2 s3εβLβNβA(H̄−(1−αL)Hr+)(H̄−(1−αN )Hr+)(H̄−(1−αA)Hr+)

(3.13)

Finally, we reduce the system (3.9) to the following system

0 = Γ(Hr+) − pe−qAel f (3.14a)

0 = −bHr+ + Ω(Hr+)(H̄ − Hr+)Ael f (3.14b)

where

Γ(Hr+) =
dAel f (βL(H̄ − (1 − αL)Hr+) + dLq)(βN(H̄ − (1 − αN)Hr+) + dNq)(βA(H̄ − (1 − αA)Hr+) + dAq)

s1s2s3εβLβNβA(H̄ − (1 − αL)Hr+)(H̄ − (1 − αN)Hr+)(H̄ − (1 − αA)Hr+)

Ω(Hr+) = β∗L
dAel f (βN(H̄ − (1 − αN)Hr+) + dNq)(βA(H̄ − (1 − αA)Hr+) + dAq)

s2s3εβLβNβA(H̄ − (1 − αL)Hr+)(H̄ − (1 − αN)Hr+)(H̄ − (1 − αA)Hr+)

+ β∗N
dAel f (βA(H̄ − (1 − αL)Hr+) + dAq)

s3εβNβA(H̄ − (1 − αN)Hr+)(H̄ − (1 − αA)Hr+)
+ β∗A

dAel f

εβA(H̄ − (1 − αA)Hr+)

From (3.14b) we have

Ael f =
bHr+

Ω(Hr+)(H̄ − Hr+)

given that Hr+ , H̄ and Ω(Hr+) , 0 (it can be proved that this holds). Substituting this in
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the equation (3.14a) we get the following

Γ(Hr+) = pe−q bHr+
Ω(Hr+)(H̄−Hr+). (3.15)

This is a nonlinear equation for Hr+and we need to determine under what conditions this

equation has a unique positive solution. Let G(Hr+) be the right hand side of Equation

(3.15). The functions Γ and G have the following properties:

(i) Γ is a rational function and is strictly increasing for 0 < Hr+ < H̄;

(ii) Γ(0) > 0 is given by

dAel f (βLH̄ + dLq)(βAH̄ + dAq)(βN H̄ + dNq)
s1s2s3εβLβNβAH̄3

;

(iii) G is a negative exponential function and it approaches zero (exponentially) as Hr+

approaches H̄;

(iv) G(0) = p.

From these properties we can see that the equation (3.15) has at least one solution 0 <

Hr+ < H̄, if and only if G(0) > Γ(0), i.e.,

p >
dAel f (βLH̄ + dLq)(βAH̄ + dAq)(βN H̄ + dNq)

s1s2s3εβLβNβAH̄3
.

This solution is unique if G(Hr+) is monotonically decreasing, and this holds if and only if

d
dHr+

( Hr+

Ω(Hr+)(H̄ − Hr+)
)
> 0
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for all Hr+ ∈ (0, H̄). Let

Rv
0 = {

ps1s2s3εβLβNβAH̄3

dAel f (βLH̄ + dLq)(βAH̄ + dAq)(βN H̄ + dNq)
}1/7.

If Rv
0 > 1, then system (3.8) has a positive equilibrium point. If additionally

d
dHr+

( Hr+

Ω(Hr+)(H̄ − Hr+)
)
> 0

holds, then the positive equilibrium is unique.

3.2.2 Stability of the tick-free Equilibrium

First we linearize System (3.8) about a given equilibrium point using the Fréchet derivative

of the functional operator F(X), given by the right hand side of the System (3.8):

DF(X∗)X = lim
h→0

(F(X∗ + hX) − F(X∗)
h

)
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The linearized system is given by

D f1(X∗)X = pe−dEτ(E,L) Ael f (t − τ(E,L))e
−qA∗el f (t−τ(E,L))

− pqe−dEτ(E,L) Ael f (t − τ(E,L))A∗el f (t − τ(E,L))e
−qA∗el f (t−τ(E,L))

+ (1 − αL)βL(L∗q(t)Hr+(t) + Lq(t)H∗r+(t)) − (βLH̄ + dLq)Lq(t)

D f2(X∗)X = −(1 − αL)βL(L∗q(t)Hr+(t) + Lq(t)H∗r+(t)) + βLH̄Lq(t) − δL f (t)

D f4(X∗)X = δe−dLmτ(L,N) L f (t − τ(L,N))

+ (1 − αN)βN(N∗q(t)Hr+(t) + Nq(t)H∗r+(t)) − (βN H̄ + dNq)Nq(t)

D f5(X∗)X = −(1 − αN)βN(N∗q(t)Hr+(t) + Nq(t)H∗r+(t)) + βN H̄Nq(t) − δN f (t)

D f7(X∗)X = δe−dNmτ(N,A) N f (t − τ(N,A))

+ (1 − αA)βA(A∗q(t)Hr+(t) + Aq(t)H∗r+(t)) − (βAH̄ + dAq)Aq(t)

D f8(X∗)X = −(1 − αA)βA(A∗q(t)Hr+(t) + Aq(t)H∗r+(t)) + βAH̄Aq(t) − δA f (t)

D f9(X∗)X = εδA f (t) − dAel f Ael f (t)

D f12(X∗)X = −(µ +
c
K

H̄)Hr+(t) + H̄(β∗LL∗q(t) + β∗N N∗q(t) + β∗AA∗q(t))

−

(
(β∗LLq(t) + β∗N Nq(t) + β∗AAq(t))H∗r+(t) + (β∗LL∗q(t) + β∗N N∗q(t) + β∗AA∗q(t))Hr+(t)

)

(3.16)
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The linearized system about the tick-free equilibrium point is as follows:

D f1(X∗)X = ps1Ael f (t − τ(E,L)) − (βLH̄ + dLq)Lq(t)

D f2(X∗)X = βLH̄Lq(t) − δL f (t)

D f4(X∗)X = δs2L f (t − τ(L,N)) − (βN H̄ + dNq)Nq(t)

D f5(X∗)X = βN H̄Nq(t) − δN f (t)

D f7(X∗)X = δs3N f (t − τ(N,A)) − (βAH̄ + dAq)Aq(t)

D f8(X∗)X = βAH̄Aq(t) − δA f (t)

D f9(X∗)X = εδA f (t) − dAel f Ael f (t)

D f12(X∗)X = −(µ +
c
K

H̄)Hr+(t)

(3.17)

Using the theory of monotone dynamical systems we can see that system (3.8) is cooper-

ative [67] and therefore stability of the zero equilibrium of system (3.17) is given by the

stability of the corresponding ODE system. If Rv
0 < 1, then X = 0 is the only equilibrium

point of the system (3.8) and is locally asymptotically stable. When Rv
0 > 1, there exists a

positive equilibrium point and X = 0 is unstable.

Proof. We use the method of next generation matrix for the ODE system given by X′(t) =
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JX(t) where the matrix J is obtained from system (3.17):

J =



−βLH̄ − dLq 0 0 0 0 0 ps1 0

βLH̄ −δ 0 0 0 0 0 0

0 δs2 −βN H̄ − dNq 0 0 0 0 0

0 0 βN H̄ −δ 0 0 0 0

0 0 0 δs3 −βAH̄ − dAq 0 0 0

0 0 0 0 βAH̄ −δ 0 0

0 0 0 0 0 εδ −dAel f 0

0 0 0 0 0 0 0 −b


The matrix J can be written as J = F − V . The zero equilibrium is locally asymptotically

stable if ρ(FV−1) < 1 (ρ is the spectral radius of FV−1) and it is unstable if ρ(FV−1) > 1.

We can see that

ρ(FV−1) = (
ps1s2s3εβLβNβAH̄3

dAel f (βLH̄ + dLq)(βAH̄ + dAq)(βN H̄ + dNq)
)1/7.

Finally, we note that ρ(FV−1) < 1 is equivalent to Rv
0 < 1. This completes the proof.
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3.3 Numerical Simulations

In this section we study the long-term dynamical behaviour of the system using numerical

simulations and perform a sensitivity analysis for different parameters.

3.3.1 Model parametrization and validation

The observation of the dynamical behaviour of each stage of the tick population is demon-

strated by applying DDE23 packages in Matlab to System (3.8). The model is parameter-

ized using parameter values available in mathematical and ecological literature ([65, 63,

61, 64, 66, 62]). Parameter values and initial conditions are given in Tables 3.1-3.2. We

note that the grooming behaviour does not impact the initial growth of the tick popula-

tion, since parameters reflecting the grooming factor do not change the value of the basic

reproduction number. We consider three cases to illustrate the dynamics of tick popula-

tion in the presence of grooming factor. However, in these cases we fix the values for

parameters related to the grooming behaviour. In the first case (Figure 3.2) the basic re-

production number is below the threshold value i.e., Rv
0 < 1, the tick-free equilibrium is

locally asymptotically stable and therefore all stages of ticks go extinct.

In case 2 (Figure 3.3) the basic reproduction number is slightly greater than one, the
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tick-free equilibrium point becomes unstable and the solutions approach the positive equi-

librium without any initial oscillatory behaviour. In case 3 (Figure 3.4) the solutions os-

cillate initially and then approach the positive equilibrium. When the resistance related

parameter values are fixed and the rest of the parameters vary, the positive equilibrium

becomes unstable and a limit cycle appears. Therefore, the solutions oscillate about the

equilibrium point. The limit cycle appears as the value of αA increases from 0 to 1.

To study the population behaviour without grooming factor we set αL = αN = αA = 1

and κ = 0 and for intense grooming behaviour the αL = αN = αA = 0. In addition, we ob-

serve the dynamics for a mild grooming behaviour where αL = 0.4, αN = 0.6, αA = 0.5 and

κ = 0.1 × 10−5. The equilibrium value for all stages are higher when there is no grooming

behaviour. In particular, the value of the adult egg laying females at the equilibrium is 693

for a mild resistance behaviour and 1.9 × 103, when there is no resistance (Figure 3.3 and

the left side of Figure 3.5). We also see that by decreasing the resistance solutions with

non-oscillatory behaviour show damped oscillation. In a maximum intensified grooming

behaviour the tick attachment rates to hosts with resistance are reduced to 0, therefore high

resistance of hosts affects the tick equilibrium values significantly. For instance, in Figure

3.5 the equilibrium value for Ael f reduces from 1.9 × 103, when there is no resistance,

to 78 when the resistance is very high. Comparing the right side of Figure 3.4 with 3.6,

demonstrates the effect of resistance factors on the dynamical behaviour of the solutions.
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Reducing the resistance from high to a mild resistance results in an increase in the value

of the equilibrium of Ael f from 78 to 1600. However, in the absence of host resistance, the

tick population at different stages oscillate about a positive equilibrium (Ael f ≈ 2.7 × 103).

In other words, by decreasing the grooming behaviour (increasing the value of αL, αN and

αA from 0 to 1), there is more available resources for ticks to feed on. Therefore, the dy-

namical behaviour of tick population at different stages changes from solutions converging

to the positive equilibrium to oscillatory solutions. The dynamics of the feeding ticks are

similar to those of questing ticks and therefore we exclude the figures here. When we

ignore the resistance behaviour in case 2 and 3, the host population with resistance Hr+ is

equal to 0 and it reaches a positive equilibrium point when αL = αN = αA = 0.

3.3.2 LHS and PRCC

We perform Latin Hypercube Sampling to further analyze the effects of each parameter

on the dynamics of each life stage of the ticks [68, 37] Before we proceed to perform-

ing PRCC a verification of monotonicity is necessary to ensure the correct range of the

parameters for PRCC analysis. Next, we calculate the PRCC, which determines the con-

tribution of each parameter to the output variable such the population of larvae questing. A

PRCC value significantly greater than 0 indicates a positive correlation and for PRCC sig-

nificantly less than 0, a negative correlation between the parameter and the output [69]. In
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Figure 3.7, the PRCC for the larvae questing population demonstrates the negative correla-

tion with the death rates dAel f , dNm, dLm, dNq, dAq, dLq, dE and dLq having the highest effect

on this stage. The detachment rate δ does not have an impact, however the parameters re-

lated ticks’ biological characteristics, p, q, ε, have significant effects. We also observe that

the host finding rates βA, βN ,βL, have positive correlations with larvae questing dynamics.

For the values of most parameters that are taken from the literature, we would expect to

see a reasonable correlation between the parameter and the output (in a range where the

output is monotonically increasing or decreasing with parameter). For instance the output

value of Lq (and therefore L f ) at the equilibrium is supposed to decrease with an increase

of the larvae questing death rate (negative correlation).
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(a) (b)

(c) (d)

Figure 3.2: Case 1, Rv
0 < 1 where βL = 0.6 × 10−4, βN = 1.8 × 10−4 and p = 200 yields

Rv
0 = 0.89.
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(a) (b)

(c) (d)

Figure 3.3: In Case 2 the values of p and κ have changed to p = 1500 and κ = 0.1 × 10−5

and the reproduction number increased to Rv
0 = 6.71. The simulations run for a time

span of 10000 days. The equilibrium points for each stage of questing, feeding and adult

egg laying female tick are as follows: Lq = 6.5 × 107,Nq = 1.6 × 106, Aq = 1.6 × 105

L f = 2.9 × 106,N f = 2.9 × 105, A f = 1.4 × 105, Ael f = 693. In addition, the equilibrium

point of the host with resistance is 13.
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(a) (b)

(c) (d)

Figure 3.4: In Case 3 the values of βL and βN have changed to βL = 1.2×10−4, βN = 3×10−4

producing a higher reproduction number, Rv
0 = 16.9. The simulation are again running

for a time span 10000 days. The equilibrium points for each stage of questing, feeding

and adult egg laying female tick are as follows: Lq = 5.7 × 107,Nq = 2.3 × 106, Aq =

3.8 × 105, L f = 4.8 × 106,N f = 6.9 × 105, A f = 3.2 × 105, Ael f = 1600. In addition, the

equilibrium point of the host with resistance is 14.

64



(a) (b)

(c) (d)

Figure 3.5: The parameter values are the same as in Case 2 except the αL = αN = αA = 1

(on the left). The equilibrium points are as follows: Lq = 5.0 × 107, Nq = 2.3 × 106,

Aq = 2.4 × 105, Ael f = 1.9 × 103. There is no resistance and hence Hr+ = 0. In case of

αL = αN = αA = 0 (on the right) the equilibrium points are Lq = 1.3× 107, Nq = 3.2× 105,

Aq = 2.4 × 104, Ael f = 78. Since now we introduce resistance, Hr+ = 10.
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(a) (b)

(c) (d)

Figure 3.6: The parameter values are the same as in Case 3 except αL = αN = αA = 1 (the

left). The equilibrium points are as follows: Lq ≈ 2.8×107, Nq ≈ 2.1×106, Aq ≈ 3.5×105,

Ael f ≈ 2.7×103. Since resistance factor is not introduced the Hr+ = 0. On the right side the

αL = αN = αA = 0 and the equilibrium points are as follows: Lq = 1.4×107, Nq = 4.0×105,

Aq = 3.8 × 104, Ael f = 80. The resistance factor increase the population size from zero to

Hr+ = 11
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Figure 3.7: PRCC for most of the parameters used in the model at the equilibrium point of

Lq. The value of each parameter is taken from 3.1, 3.2 and Case 2 for a range of (+/−)20%
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4 Time Series Data Clustering on Bitcoin Stock Market

4.0.1 Motivation: Impact of Temporal Variation of Environmental Conditions on

Vector-Borne Disease Spread

Vector-borne diseases spread in nature is highly influenced by the spatiotemporal variation

of the environmental conditions where vector-host interaction takes place. This variation

can be reflected in the dependence of parameters on spatial and temporal variables. In

particular, in a fixed study region, the temporal variation is better captured by the time-

dependence of model coefficients including the survival probability, level of questing ac-

tivities, and developmental delay. This can lead to periodic systems if seasonal temperature

variation is the driving force of temporal variation, and this can also lead to much more

complicated nonautonomous systems if climate warming and other climate changes can

induce irregular change of the tick population ecology and tick-borne disease epidemiol-

ogy. This requires further extensions of the models we developed in Chapter 2 and Charter

3. In a large geographical area where weather conditions may not have significant changes
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from one region to another, but local environment conditions may differ to yield different

disease incidences. In these cases, we will have multiple time series of incidence for dif-

ferent areas. This calls for clustering analysis of time series in order to identify key factors

contributing to different disease spread patterns. Unfortunately, the time series of Lyme

disease incidences in Canada as considered potentially available to this thesis study was

not available due to the COVID-19 pandemic. We therefore chose the historical Bitcoin

prices that is widely available to test the the clustering analyses.

4.0.2 Background

Bitcoin (BTC) is a virtual currency, part of a larger class of digital currencies known as

cryptocurrencies, where payments are pseudo-anonymous and independent of third parties

such as banks and governments [70, 71, 72, 73]. Introduced in 2009, BTC is a decentral-

ized cryptocurrency utilizing the blockchain technology to record transactions in a public

ledger. Unlike fiat currencies and precious metals, Bitcoin is not a physical good, but

instead just a record in a database maintained by a network of users known as ”miners”,

public to the world [74, 72, 75]. A study by [76, 77] demonstrated that financial assets

display common windows with large price changes that tend to cluster together. In [78],

the Bayesian change point model is applied to identify and partition structural breaks in

the average return and volatility of the Bitcoin price into segments, which then are merged
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into seven different regimes based on similar statistical properties. In addition, [79] con-

cludes that realized volatility is predictable from its past values while the fluctuations in

Bitcoin price are unpredictable. Furthermore, we encounter drastic changes in behaviour

at the market extremes such as the 2008 global financial crisis where volatility, mean re-

turns and correlation patterns in stock returns changed abruptly. Identifying these regime

changes is critical for the analysis of equities, fixed income securities and a great number

of macroeconomic variables [80]. Given a firm’s trading strategies, a fund manager can

utilize the current volatility conditions to adjust which ones to give preference to, or when

to step away from the market. Clustering analysis plays a critical role in identifying regime

changes, and there have been a number of clustering techniques developed and success-

fully applied for regime changes in time series data. For example, in [81], the TreeGNG

algorithm was used for clustering analysis of a high dimensional data set, full of noise. In

this chapter we examine how common clustering techniques perform when used to parti-

tion the volatility regimes of historical Bitcoin prices. We also analyze the performance of

each algorithm on clustering of the data set by comparing the silhouette value.

Trading strategies utilizing heavy shorting positions perform best in bear markets. In

contrast, a high frequency strategy will tend to perform best in a highly liquid and volatile

market. It may even be the case that a strategy outperforms expectations about its returns.

We call these market conditions, volatility regimes, as volatility is the central factor in
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identifying these time periods. For instance, the financial crash of 2008, can be weakly

coined as a highly volatile, heavily downward trending market incident.

We refer to this as a weak definition, as there isn’t a necessary condition on what is

deemed high volatility, and heavily down trending. Furthermore we are conditioned to

identify simple linear patterns in our world, extending our assumptions indefinitely, while

missing out on much of what only a computer might see, and falling victim to countless

biases. For example one might think a low volatile, heavily bullish market might be a

market state, but this may not even be possible depending on the volatility measurement

chosen, as we will see later on. These intuitive groupings we make, are not a systematic

approach to differentiating regions in our state space, and also lack concrete threshold

levels as well as a statistical backing.

4.0.3 Clustering

Clustering is a mathematical technique that separates a data set into clusters, where the data

points in the same cluster share similarity and data points belonging to different clusters

are dissimilar [82, 83, 84]. Clustering helps find structures in a data set and is one of main

pattern recognition tasks, and widely used to inform strategy decision making by investors,

financial creditors, stock holders, etc [83].

In what follows, we will explore the K-Means [85], Ward’s Method [86, 87], Complete-
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Linkage [88, 89, 90, 91] and Birch [92] algorithms for the identification of Bitcoin volatil-

ity regimes. Our analysis is general enough however, to be extended to other cryptocur-

rencies and asset groups.

The k-nearest neighbors classifier (know as K-Means) is an unsupervised learning al-

gorithm which begins by randomly selecting K cluster centers [93]. The procedure then

uses Euclidean distance to minimize the sum of the square of the distance from each point

in order points to clusters, and update cluster centers iteratively [94]. By utilizing Lloyd’s

Algorithm [85], convergence times can be optimized to make K-Means a very fast classi-

fier. According to [82], K-means is a non-hierarchical clustering method and it is consid-

ered to build the most compact clusters for classifying the stock data compared to SOM

neural network and Fuzzy C-means. However, [95] points out few major drawbacks to

applying K-means algorithm such as the sensitivity of the initial condition and the a-prior

assumption about the number of clusters. Finally, the convergence of the algorithm is

guaranteed [95]. In [96] K-means is implemented to analyze stock clusters in order to

mine stock category clusters for investment.

Hierarchical agglomerative clustering methods begin by treating every data point as it

own cluster, and iteratively condense ”similar” clusters together, until a stopping condition

is met, usually the number of clusters desired. The similarity measure can be constructed

in many different ways. Ward first describes one such method in 1963 [86], now known as
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Ward’s Method. The idea is to merge two clusters with the minimum ’cost’ as measured

by the sum of squared error, effectively minimizing the inter-cluster variances [97]. In

[98] Bayesian network has been used to forecast the earnings ratio. When the data is

first clustered using the Ward clustering method and then Bayesian network is used for

forecasting, the combination increased computational accuracy by 20% for Toyota motor

corporation stock price and by 15% NIKKEI stock average.

Complete-linkage is another type of agglomerative hierarchical clustering method [89,

90, 91]. Complete-linkage utilizes a different measure to decide which clusters to combine.

It treats the maximum distance that two elements (one in each cluster) within the clusters

lie as the distance between clusters [99, 91]. More precisely,

D(C1,C2) = max
a∈C1,b∈C2

d(a, b),

where C1,C2 are the clusters, and d(a, b) is the Euclidean distance between data points a

and b.

Birch (Balanced Iterative Reducing and Clustering using Hierarchies) is the first clus-

tering method to handle noise effectively as it uses a CF (clustering feature) tree to com-

press a large data set[100]. The idea behind Birch is to quickly generate a small approx-

imate subset of clusters in the initial pass of data, and only use those to perform the hier-

archical clustering thereon. This allows the algorithm to be orders of magnitude faster in

execution than traditional agglomerative methods [101]. With financial data being larger
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than ever, it is useful to have such an algorithm that scales with the data. As mentioned

in [102], as a hierarchical clustering method that Birch is one downside of this method is

the fact of not being able to reverse the merging , the splitting or the exchange between

clustering object once the algorithm has been completed.

4.0.4 Resampling and Results

Our training data is taken from www.BTCe.com, a Bitcoin exchange which publishes all

trading data that passes through their exchange since their inception in 2011. It’s important

to note that real world trading data has no set sampling rate for transactions. Instead, in

one second there may be a large number of orders, while the next may have none. In

this study we limit our data sample to BTC data starting from 2015 since the asset was

relatively liquid after that. Our goal is to have an hour-by-hour prognosis of the market,

hence a minute-by-minute sampling rate is a reasonable choice. Due to the nature of the

financial markets, when re-sampling such unstructured data in a given 60 second window,

there is the possibility of having more than one measurement, or no measurements at all.

In case of more than one measurement, we take the mean of all data points within that time

interval in order to avoid approximating the market price as the initial or final price alone.

If we have no data over a 60 second window, we proceed by filling the data point as the last

entry, known as a forward-fill. This again is intuitive for a price measurement, as the best
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approximation of an asset’s current value is it’s last traded price. One of the measuring

tools used in financial instruments is the implied volatility which is calculated by reverse

engineering options prices in the market. However, in this study this is not currently viable

with the immaturity of the Bitcoin derivatives market. To demonstrate the market direction

we calculate short term measurement of the change in price from one minute to the next

by the following equation

∆t = Pt − Pt−1

Figure 4.1: The speed data now seems less volatile

The last thing we want to is standardize our different measurements. We do this using
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a simple z-score transformation define by

zi =
Xx − X̄
σX

with X̄ and σX being the sample mean and standard deviation respectively, for each mea-

sure. Since we may utilize some algorithms which rely on Euclidean distance measure-

ments, it’s important that we perform this step in order to assure our measures are of the

same scale. Furthermore, since some of the algorithms employ an optimization step, it

is ideal to have our data standardized or normalized to assure faster convergence [103].

We choose standardization over normalization in order to keep open boundaries in our

domain. In our analysis we use hourly observations but to construct them, we use minute

data. This is to assure we are not feeding our algorithms highly correlated data points,

since the volatility over the last hour from one minute to the next is nearly identical. We

choose to formulate our final data set with one data point per hour, so as to have 8760 points

per year’s worth of data. The data does display a common shape known as a Markowitz

Bullet [104] in finance, which shares similar measurements. There are no obvious disjoint

clusters but that is not too troubling as there are specific regions and symmetries present

that should partition the data reasonably.

A common heuristic at this point is to use the Elbow Method [105], which looks at the

scree plot, and tries to identify where the elbow joint lies on the graph. This however is

limited by your scale of the plot, and a complete solution can rely on many different factors
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Figure 4.2: The snap of a the data set from January 2015 to Jun 2017
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and parameters. Other choices for our clusters is described in greater detail in [106] and

more specifically for the k-means algorithm in [107]. We decide to stop adding clusters at

the point where any new cluster reduced our total inertia by less than 20%. Since this was

at 4 clusters, we decided to continue our analysis with 5 to assure the symmetry criteria

mentioned above.

Figure 4.3: Elbow Method of deciding the appropriate number of clusters.
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(a) (b)

(c) (d)

Figure 4.4: In Figure a and c the data is clustered using K-MEANS for 3 and 5 clusters

respectively. In Figure b and d Birch method is clustering there data into 3 and 5 clusters

respectively.
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Next, following [108] we calculate silhoutte value which will then validate the perfor-

mance of each the clustering technique. When the value of silhoutte is close to 1, the data

points are well classified. From Table. 4.1 the Birch method has a higher silhoutte value

than K-Means and therefore it is a better model for clustering the data points.

Number of Clusters K-Means Birch

3 0.86 0.91

5 0.8 0.9

Table 4.1: The value of silhoutte for K-Means and Birch clustering method for different

number of clusters.
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5 Conclusion and Future Work

In this thesis, we have formulated a compartmental model for lone star ticks and white-

tailed deers, where the Ricker function is adopted for birth rate and the migration effect is

emphasized. The positivity of solution and the stability of the unique positive equilibrium

are proved. Numerical results confirm the theoretical statements, and the sensitivity anal-

ysis shows the correlation between equilibrium populations and the parameters. Finally

the effects of migration rates and death rates of hosts and ticks are explored, and migration

rate has a strong positive correlation with tick and host populations.

Our model can be extended to more complicated situations. For example, the parame-

ter q̂ can depend on the population of host, and seasonality can be included in the birth and

death rates. Comparison with real data from Canada (such as British Columbia) and USA

is ongoing, which could provide more insights into the effects of various parameters. We

are also planing to include the life stages, age structure and multiple patches in the model

in a future study. The transmission rate could also be represented by a period function

depending on time, where seasonality will also be reflected.

81



In this thesis, we have also formulated a delay differential model for black leg ticks,

stratified based on stage and activity, with a particular focus on the host grooming be-

haviour. The basic reproduction number was calculated and the condition for local stabil-

ity of tick-free equilibrium, for which the tick population go extinct, and also for existence

and uniqueness of a positive equilibrium was given. Model parameterization and numeri-

cal simulations were carried out to demonstrate the dynamics of tick and host population

with and without the grooming behaviour and the effect of the resistance factor on the

value of equilibrium points are studied. Parameters related to the grooming and resistance

factors, αL, αN , αA, and κ have no effect on the initial growth rate of ticks since these

parameters do not change the value of Rv
0. However, with an increase of the intensity of

the grooming behaviour from no resistance to a high level of resistance, where either the

hosts show intensified grooming behaviour or ticks are withdrawn from feeding or dead,

the values of equilibrium points of all tick stages decrease. From the numerical simula-

tions we observed structural changes of the dynamical behaviour of the tick population

by changing the parameter values reflecting the effect of the host resistance. Also, the

intensified resistance results in higher equilibrium values for Hr+.

A sensitivity analysis of the positive equilibrium value to the parameters was carried

out by performing LHS and PRCC. From PRCC we observed high positive correlation

between the maximum number of eggs per female adult tick (p) and larvae questing; as
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more eggs are produced the higher the number of larvae questing. The female proportion

parameter (ε) is also positively correlated to larvae questing. As the female rate proportion

increases the higher number of egg production and therefore increasing the value of larvae

questing. In contrast, the value of the strength of density dependence (q) and death rate of

larvae questing (dLq) are negatively correlated with the population of larvae questing. As

the death rate increases there will be a lower population size of larvae questing. Lastly, as

the number of larvae questing increases there will be harder to find resources to survive,

hence as q increases the number the Lq decreases.

The study represented in this part of the thesis has some limitations. The death rates are

assumed to be constants for each stage of the tick and we have ignored the possibility of

death during the feeding process resulting from serous exudes which could engulf the tick.

Also, interpreting the host resistance as a kind of immunity to ticks we can consider the

situation where the host resistance decreases in time the hosts lose immunity to ticks. The

molting process is demonstrated by constant delay functions. Future work could incorpo-

rate the temperature and humidity on molting process by incorporating a time dependent

parameter.

We also conducted time series clustering analysis. Using a group of common clustering

algorithms, we identified market volatility regimes using common market measures. Pat-

terns arose that gave way to predictive models not otherwise attainable by common means
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of the human eye. More importantly, these cluster divide the market into well defined

regions which we can easily check and optimize for given a series of trading algorithms

simple back-testing procedures. We aim to perform such back-testing in the future for a

more in depth analysis of the strength of our results and predictors.

It was shown that both the K-Means and Birch algorithms were reasonable choices for

the division of the data. Birch algorithm performed better than K-Means on clustering our

data set. Choices of 3 or 5 clusters were reasonable choices for our total market regimes.

Lastly, an improvement to the model was explored as to increase the accuracy of our

predictions. We aim to add volume and news sentiment measures to hopefully increase

our predictive power. Also, we wish to apply a Markov chain model to each cluster and

approximate a market in the time period ahead in a future study.

Vector-borne disease spread patterns in Canada and globally are characterized by their

dependence on seasonal variations of the weather conditions and other environmental con-

ditions which vary from one geographical location to another. Understanding these pat-

terns from mathematical modelling point of views requires certain homogeneity in these

spatiotemporally varying environments so we can fit the model to the time series of dis-

ease incidences. In a future study when some high quality data of time series of Lyme

disease incidences become available, we should perform the time series clustering analy-

sis to identify clusters and parametrize the models accordingly.
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