Module: Summations and Sequences



Module Outline

Summation notation and properties
Summations in Excel/Google sheets
Sums of arithmetic and geometric series

Sequences and Limits of sequences



Summation notation

e Total population of Canada:

( Pnec + Peer + Pus + Pus + Poc + Pow
+Pumg + Psk + Pag + Psc + Pyt + Pnt + Py



Summation notation
e Total population of Canada: 4
2
/! / / /
Pnee + Pper + Pns + Pne + Poc + Pon
+Pmp + Psk + Pag + Pec + Pyt + Pnr + PNU>

o Writing this succintly: Py = Pygr, P> = Ppgy, ...

Pr+Py+P34+ Py + Ps + Fs
+Pr + Ps + P+ Pio + P11 + P2 + Pi3



Summation notation

e Total population of Canada:

Pnre + Pper + Pns + Pug + Poc + Pon
+Pumg + Psk + Pag + Psc + Pyt + Pnt + Py

o Writing this succintly: Py = Pyrr, Po = Ppgy, ...

Py +Py+ Ps+ Py+ Ps+ Ps
+P7 + P+ Po+ Pio + P11 + P2 + P13

e Even more succintly?



Summation notation



Summation notation

e Pi+ P+ P3+ ... + Pi3:
e Sum of Pl, P2, ..... P13 .



Summation notation

e Three elements:_4i) Y sign [sigmal]
_ii) what are we summing over: P;
)Jii) from where to where: i from 1 to 13 [index]




Summation notation: Examples

e A constituency has n districts.

Number of votes that party L receives in district j @

j:l, 2, ----.,n



Summation notation: Examples

e A constituency has n districts.

Number of votes that party L receives in district j = v;

e Total number of votes for party L in the constituency=

n

+|7'+--+V ZJ- _—_ZV.

e



Summation notation: Examples

Total ber of Covid last :
e Total number of Covid cases last year n+ n,+n_;+----+n,2
122: 12
n;: =
t=1 Zn‘t
t=)

where n; = number of Covid cases in month t




Summation notation: Examples

e Total number of Covid cases last year:
12
PRLE
t=1

where n; = number of Covid cases in month t

e Total number of Covid cases from July-Dec: n
+ nz Z
8 =
+ - Z nt



Clicker question 1

e Which of the following expressions denotes the total number
of Covid cases during the summer months of June-August?

8 12
(@) ;“t (b) ;“t

8 6
(c) ;"t (d) ;"t



Solution to Clicker question 1

e Which of the following expressions denotes the total number
of Covid cases during the summer months of June-August?

8 12 Vl

(@) t;“t (b) ;“t Z.'l
8 6 t=6

\%Xg ne @ Yn * ”8



Summation notation

n
¢ Y Z; = "sum of Z; from i=1to i = n"
i=1

[Va'ad



Is its

!

Summation notation

"sum of Z; fromi=1toi=n"



Summation notation

n
° ZZ,-: "sum of Z; fromi=1to i = n"

e Example: In a village, there are 40 families, ranked in terms of

their wealth: Wp < Wh < W5 < ... .. < Wi
ov Ve w o

What is the total wealth held by the top 10 families?
2. W;
t=3)



Clicker question 2

e There are 24 hours in a day. C; denotes the number of cars
that pass through an intersection in hour i.

Which of the following expressions denotes the total number
of cars that pass through the intersection during a day?

(a) le () 1€,

24
(c) ).C (d) Co4
i=1



Solution to Clicker question 2

e There are 24 hours in a day. C; denotes the number of cars
that pass through an intersection in hour i.

Which of the following expressions denotes the total number
of cars that pass through the intersection during a day?

Cl +C2+ ""‘+Czq

(@) LX (6) . C, 24
i=1 i=1 = Z Cl-
=/

24
M ;1 Ci (d) Co4



Summation notation: Examples

o A forest has 200 trees. What is their average height?
Average height = (Sum of every tree's height) /200
200
2.k,
Ava. it = 1=
200



Summation notation: Examples

e A forest has 200 trees. What is their average height?

Average height = (Sum of every tree's height) /200

e Total height = Sum of every tree's height



Summation notation: Examples

e A forest has 200 trees. What is their average height?
Average height = (Sum of every tree's height) /200

200
e Total height = Sum of every tree's height = Z h;
i=1

100 200
(B) e (O
J= U

e Average height:



Summation notation: Examples from Statistics

o Average height in a forest with n trees:

1

n



Summation notation: Examples from Statistics

e Average height in a forest with n trees:
1 n
il Z h;
nis

e General: Mean of n data points X, Xo, ....., X

J ¥ ¢ X 4 -t

n
— n
X = 2%
=y

n



Summation notation: Examples from Statistics

e Average height in a forest with n trees:
1 n
- E h,
iz

e General: Mean of n data points X1, Xo, ....., X,




Summation notation: Examples from Statistics

e Mean of n data points Xi, X, ....., Xn:.

X =



Summation notation: Examples from Statistics

b5
\ -
$l-3) |
e Mean of n data points Xi, Xp, ....., X,:. +(15-X)
o
X = lixi ]
nis R
e Variance: . X._X2/1I—"[XI_§2&
B + (4-X)
din pls: 10, 15,8, 4,40 # e - J
X = 1oti5+8+4+40 4-()(’,-3(

5



Summation notation: More Applications

e Economics: Jim's portfolio consists of
10 Air Canada stocks, valued at $30 each,
50 Ford stocks, valued at $12 each,

—_—

20 TD stocks, valued at $80 each,

—




Summation notation: More Applications

Economics: Jim's portfolio consists of

10 Air Canada stocks, valued at $30 each, 30Xx 10
50 Ford stocks, valued at $12 each, + 12 x 50
20 TD stocks, valued at $80 each, + 80 x 20

What is the value of his portfolio?



Summation notation: More Applications

e More generally: Jim's portfolio consists of 'b

x
x1 stocks of Company 1, valued at p; each,
X) stocks of Company 2, valued at p, each,

¢
........ x,, stocks of Company n, valued at p,, each, + / Z
What is the value of his portfolio? +f X
n
n



Summation notation: More Applications

More generally: Jim's portfolio consists of

x1 stocks of Company 1, valued at p; each,

xo stocks of Company 2, valued at p, each,

x, stocks of Company n, valued at p, each,

What is the value of his portfolio?



Summation notation: More Applications

e There are 5 assignments in a course

wj @ weightage on Assignment 1, score: s;
= —_— ans

wy : weightage on Assignment 2, score: s;......
.f e

What is your overall score for the course?

L N N s e

¥ M
\)§.§



Summation notation: More Applications

e There are 5 assignments in a course
w; : weightage on Assignment 1, score: s;
w; : weightage on Assignment 2, score: s;......

What is your overall score for the course?

5
o WS+ wosy -+ ...... + wssg= Z w;s; [weighted average]
- P i=1 T ————————————



Summation: Properties

e 104+20+...... +100= [0x1 + 10X2 + - - --- +/ox/10
— / / 7z
=10(1 +2 + - - D)

P e ——



Summation: Properties

e 10+20+...... + 100 =

e 10x7 + 10X2 + ... + 10X,, = 10(X1 + X0+ ......

2(01) 2



Summation: Properties

e 10+20+...... + 100 =
e 10x; +10x0 + ...... +10x, = 10063 +x0 + ......

o More generally:

cX1+ X + ...... + Xy =

@ .-Zcx.') = CEX,'



Summation: Properties

10420+ ...... + 100 =
10x; + 10xp + ...... + 10x, = 10(X1 + X0+ ......

More generally:

cx1+oo+ ... +oa=clxa+x+... +x,,):c2x,~

n n
Yoo =c)x
=il =il



Clicker question 3

e Aya measured the heights of trees in a forest in metres and
found that the total height of all the trees was 9000 m.
Maya measured the same, but in feet.

Which of the following expressions denotes the total height
that Maya found? Note that 1 m = 3.3 ft.

(a) 9000 ft (b) 3.3 X 9000 ft
(c) 9000/3.3 ft (d) 33000 ft



Solution to Clicker question 3

n "
M 2 (R) Mepa: 5, (33K) ,
=1 (= =
b B3
e Aya measured the heights of trees in a forest in metres and,x,
found that the total height of all the trees was 9000 m.

Maya measured the same, but in feet.

Which of the following expressions denotes the total height
that Maya found? Note that 1 m = 3.3 ft.
- M S Moo

(a) 9000 ft (8 3.3 X 9000 ft
(c) 9000/3.3 ft (d) 33000 ft



Summation: Properties

o Adding up two sets of numbers:
v; = number of violent crimes in province i

z; = number of non-violent crimes in province |

z )
Tvblm.-rcn'm“in/m’-t = V+2



Summation: Properties

Adding up two sets of numbers:
v; = number of violent crimes in province i

z; = number of non-violent crimes in province i

Total number of crimes in province i: V

Acnss ol frovinces Z ﬁ, " 2)



Summation: Properties

Adding up two sets of numbers:

v; = number of violent crimes in province i

z; = number of non-violent crimes in province i

Total number of crimes in province i:

Total number of crimes across all provinces:

n
2
=

Vi —|—z,

A B

~Tu+ia
St A

an. |
2

>

Vv
10
0\ ool
0§\ 80)2
/50 +585,

n
5 +6ov 120



Summation: Properties

o General property:

n

Y (ai+bi+c+d#) = Za,—l—Zb +Ec,+2d

’vi\.!\.l&rr'})




Summation in Excel/Google Sheets

How to do summation in Excel/Google Sheets?

e Use SUM.....Range....] for Summation
e Use AVERAGE].....Range....] for Average

e Use VAR|.....Range....] for Variance



Common sums: Arithmetic Series

e 1+2+3+4+5+ ... + 1007




Common sums: Arithmetic Series

(o0
-1+2‘+3‘+4\+5+ ....... +100? = 2,1
\ ¢
100 =9



Common sums: Arithmetic Series

{1+243+ -- 499/

e 14+2+3+4+5+ ... +100? o1
100 ol

e 142434 ... +100=Y
,-:21 = 50x10 |

e 1 +2+3+4+...... -+ 100 = 50 X 101 = 5050



Common sums: Gauss' formula

T+2% ------ o -1 M

e 1424344+ .. +n=)i? o
A T B \ =1

N+



Common sums: Gauss' formula

e 1+2+3+4+. .. +n=) i



Common sums: Gauss' formula

e 1+2+3+4+. .. +n=) i

1
14243444, +n:w

560
¢ 1+2+3+4+....+1000= IGFO X 100




Common sums: Gauss' formula

1
14243444 4=t L

2
Quick proof: @ Z | 4+2+3+ - ---- +n
{ S =:i+r?—i+n-z+ e 4
25 ENEN )+ T T

28 = na(+)) =>S=n(n+|)
2.



Common sums: Gauss' formula

1+24+3+4+ ... +n=—-
Quick proof:

e What if 51 452 453 4 ... + 78 4+ 79 + 807



Common sums: Gauss' formula

5+52+ - -, +79+%0

. 131
e 51 +52+ ... +79—|—80:Z,‘? 131

/ / =50l l3|

AAs

=30x 13| = IBXxI3] = --..
2



Common sums: Gauss' formula

o  20,(5+89)
©51+524 ... +79+80=) i? 2

v e e i=51

e General formula for arithmetic series:
Ati=s S

aytat+a+.... +anzﬂw
VoA A \ 2
where aiy, = a; + € 55+60+65+ - +75+80

405 = 3%(55+ )= [~ T 2@ 5 7

135



Gauss' formula: Applications

e Suppose Kim joins a company at the starting salary of $501
Every year his salary goes up by $1.
If he works for 40 years, what is lifetime earnings?

: 501 +502 +503 + - - + 540
I

i y
= 40(s501 +540)
O3
= 20x 1041 $0820



Gauss' formula: Applications

Suppose Kim joins a company at the starting salary of $501.
Every year his salary goes up by $1.
If he works for 40 years, what is lifetime earnings?

501 + 502 + 503 + ...... +540 =



Common sums: Gauss' formula

e Tiered stadium with 10 tiers :

Ter 1 = £ seds
Eoch her + 4
§ Tohl sedb 7 °
Q 6+l0+ 1A+ - -+ 42 = [0(6+42)

Vs s /i 2 4
- = 2058 =240



Common sums: Gauss' formula

e Tiered stadium with 10 tiers :

o Arithmetic series: add a constant to get the next term



Common sums: Gauss' formula

e Tiered stadium with 10 tiers :

o Arithmetic series: add a constant to get the next term

e General formula:

.of t
M(l“ term + last term)

2 Smm— -



Common sums: Gauss' formula

Tiered stadium with 10 tiers :

Arithmetic series: add a constant to get the next term

General formula:

(no. of terms)

> (1°f term + last term)

53430+ 007 = 3(11+;2+---- +20)
= ::x(33+6o) 5x‘13



Clicker question 4

e Whatis4+4+8+ 12+ ..... + 1007?.

(a) 325
(b) 400
(c) 800
(d) 1300



Solution to Clicker question 4

— 4(1+2+3 +--. +25)
e Whatis4+8+ 12+ ..... + 1007?.

= :2_5):(4 +IO'O)

(a) 325 5
(b) 400 . 52
(c) 800 = 2204 = 1300

8 1300 2



Common sums: Geometric Series

e [Model of infections]
T=1:1 T=2:R, T=3:R... T=10: R’



Common sums: Geometric Series

e [Model of infections]

T=1:1 T=2: R T=3: R%....... T=10: R®
- P »
e Total number of infections till day 10 :
1+ R+ R+ ... +R=? iai
| /

R"° Rl I?,. Rq =0



Common sums: Geometric Series

e [Model of infections]
T=1:1 =2: R T=3: R?....... T=10: R®

e Total number of infections till day 10 :

R =?

e



Common sums: Geometric Series

e Geometric series: multiply by a constant to get next term
———

1+ R+R>+ ... + R =
I | L=R




Common sums: Geometric Series

e Geometric series: multiply by a constant to get next term

—_———
3 1—R"
1+ R+ R2 4Ry R =
¢ v ! R+ 1-R
9 10
we o Do -2 )

S = 1023



Common sums: Geometric Series

e Geometric series: multiply by a constant to get next term

1+R+R?>+ ... + R =

9
e IfR=2 ) R =
i=1

e General formula:

1-R"
1-R

2 3
a(‘+R+R N~ a-+ ‘3{_'? + aR? +‘R""—+ AR — 5

+--.-+ , VW\N
o~



Geometric Series: Applications

e Chess board story: Put 1 grain of rice on square 1
Put 2 grains on square 2
Put 4 grains on square 3

..... Put double the amount on the next square

142 +252 + 2x(2x2) -+ -

=142 +2" ¢ 224 +29
me
|

o
2



Geometric Series: Applications

Chess board story: Put 1 grain of rice on square 1
Put 2 grains on square 2
Put 4 grains on square 3

..... Put double the amount on the next square

How many grains in total?

1+2+44+8+16+...... ?



Geometric Series: Applications

e Chess board story: Put 1 grain of rice on square 1
Put 2 grains on square 2
Put 4 grains on square 3

..... Put double the amount on the next square

e How many grains in total? '8, 446’ ;44) 0?3) -}D?)
1+24+4484+16+...... ? 11/551’6‘5
63 . _ &4
el1t2+2+23 120+ 8= 2" = 1-2
(]} A~ AN~ i=o | = 2

0
2



Geometric Series: Other Applications

e Crime rate grows by 5% every year:

year 1: 100 crimes

Y2: jop+ B-Xx100 = 0.-05xXI00 = )
Ot im = /9 (1+0-05)



Geometric Series: Other Applications

e Crime rate grows by 5% every year:

year 1: 100 crimes
=

e year 2: 100(1 +0.05) 73 : IOD(H-O 05)
year 3 : 100(1+005)(1+005) ........ + o OBXMD(Ma;

= (00 (1+0- 05) =lov(I+0- 0@(+009

Y4: 10D (i+008)°
ys: o0 (1+0-05)* . ...




Geometric Series: Other Applications

2 n-1

o +aR +aR +----+aR - 4 I-R
¢ 't ¢ v

e Crime rate grows by 5% every year:

o year 1: 100 crimes

5 v 2:100(1+ 0.05)
year 3:100(1 +0.05)(1 +0.05)........ =

e How many crimes over 10 years? = |125¥-8
—> 100 + 100(1.05) 4 100(1.05)2 + ......100(1.05)° =
§ == yJ-“'
no2 3 Yi0



Geometric Series Application: Annuities

e Annuity: a stream of N equal cash flows paid at regular
intervals (years, months, quarters)

Examples: lottery payouts, retirement benefits, car loan
payments,.......



Geometric Series Application: Annuities

Annuity: a stream of N equal cash flows paid at regular
intervals (years, months, quarters)

Examples: lottery payouts, retirement benefits, car loan
payments,.......

Say, you receive C every year for years 1,2, ....., N

Q: What is the present value of this annuity?

———
—



Geometric Series Application: Annuities

e Annuity: a stream of N equal cash flows paid at regular
intervals (years, months, quarters)

Examples: lottery payouts, retirement benefits, car loan
payments,.......

e Say, you receive C every year for years 1,2, ....., N

Q: What is the present value of this annuity?

e What is the present value of receiving C a year from now?




Annuities: Present value calculation

e Q: What is the present value of receiving C a year from now?

T bak g Ty

5 — §

A g

W=C —— $c
i+?



Annuities: Present value calculation

¢ Q: What is the present value of receiving C a year from now?

. C
e A 1+4r

»




Annuities: Present value calculation

e Q: What is the present value of receiving C a year from now?

o A: 1+r

e Q: What is the present value of receiving C two years from
now?

& -———-’$(I+1‘) — #(/M)(-H)

- Gr15°

- C
"y T FC



o A: €

Annuities: Present value calculation

Q: What is the present value of receiving C a year from now?

1+r

Q: What is the present value of receiving C two years from
now?

. C
A e



o A: €

Annuities: Present value calculation
E—————

Q: What is the present value of receiving C a year from now?

1+r

Q: What is the present value of receiving C two years from
now?

. _C
A: a7

The PV of r.eceiving C N years from now:
A -—

(.
— (1+n)VN

WAR,



Annuities: Present value calculation

* Annuity: receive C every year for years 1,2,....., N



Annuities: Present value calculation

e Annuity: receive C every year for years 1,2, ....., N

¢ Present value (PV):

C C C
— (1+r)—|—(1+r)2—|- ........ +(1—|—r)’V:@

]

T=1

T=2 -----
C e% .
—_HT e e . gem Cc Senes




Annuities: Present value calculation

e Annuity: receive C every year for years 1,2, ....., N
¢ Present value (PV):
——

€ v =
R TR =7

‘_2/[?4/?«(’/”(’]
#1\+f§\>+l?\2+ ...... +R”1 ‘-(H-f‘)

A 1#9 | = |
_Cc . (|+r)N() Tir

- e




PV of an Annuity

C 1
Pvr[lw]j

e PV of an annuity:




PV of an Annuity

e PV of an annuity:

c 1
PV = i~ ]

e Say C = 1000, N =10, r = 3%; PV = /650 [/-
= oo T .03 (/+a 490]
=£8530-20




PV of an Annuity

e PV of an annuity:

—)PV:%[l—ﬁ]

e Say C =1000, N =10, r =3%; PV =

e Suppose r = 5%; PV = |00U /- | o]
= 0-05 - (1+005§

=721 7




PV of an Annuity

PV of an annuity:

pv=Sp- 1t

Say C =1000, N =10, r =3%; PV =
Suppose r = 5%; PV =

Upfront payment or annuity?

]



PV of a Perpetuity

e PV of an annuity: %[1 = W]



PV of a Perpetuity

o PV of an annuity: £[1— —(HI,)IU/.,

e Perpetuity: Receive C forever i.e.
pY =C I
T (+7T



PV of a Perpetuity

e PV of an annuity: %[1 - W]

e Perpetuity: Receive C fore{er i,e. N=o0

e PV of a perpetuity:

C:$lm py = (00D 33 3333
+ =003 0-03 )t 7 =




PV of a Perpetuity

PV of an annuity: %[1 = W]

Perpetuity: Receive C forever i.e. N = oo

PV of a perpetuity:

pv=S
r

Say C = 1000, r = 3%; PV of perpetuity =



Sequences

e Sequence: Numbers in a particular pattern



Sequences

e Sequence: Numbers in a particular pattern

o (Previous example) Kim's salary: 501 502,503, 504........

Infections: 1, Ry, Rg, Rg, ........

(O SN



Sequences

e Sequence: Numbers in a particular pattern

e (Previous example) Kim's salary: 501,502,503, 504........

Infections: 1, Ry, Rg, RS, ........

e More general: aj, as, a3, ...., Sl oosoos



Some common sequences

o Arithmetic sequence pattern:

next number is found by adding a constant: a,11 = a, + ¢

WA

A,9,14,19,24 . ... .

an+1 = an+5



Some common sequences

o Arithmetic sequence pattern:

next number is found by adding a constant: a,+1 = a, + ¢

e Geometric sequence pattern:

next number is found by multiplying by a constant:
2 3
4, 4R, AR" 4R" ...
Ope) = OqR

dp+1 = adnl



Some common sequences

o Arithmetic sequence pattern:

next number is found by adding a constant: a,11 = a, + ¢

e Geometric sequence pattern:

next number is found by multiplying by a constant:
dn+1 = anr

e Fibonacci sequence pattern:

next number is found by adding previous two:
an+1 = anp + an—1

o~ 1,2,3,5,8,13,2),34



The Fibonacci Sequence: Nature's Code — YouTube :

https://www.youtube.com/watch?v=wTlw7fNcO-0

gﬁé The Fibonacci Sequence: Nature's Code U i

Watch on (EYoulube

Watch later Share

LEONAR.. . PISA (AKA FIBONACCH

First introciucec THEFIBONACC! SEQUENCE (o 1F< WEST
in 1202, The sequence was first created by
mathematicians in INDIA about 1,300 YEARS AGD.



Limits of sequences

e Limit of a sequence: Iim,Hoo

where does the number go toward when n becomes very large?



Limits of sequences

e Limit of a sequence: lim, .« an

where does the number go toward when n becomes very large?

e Some common limits:




Limits of sequences

e Limit of a sequence: lim, .« an

where does the number go toward when n becomes very large?

e Some common limits:

o Kffm: 501,502,503, ...... 500+ n,... — 00

W

Yoda ’.m Sabory, =
n—>oco



Some common limits of sequences

3, ., n .. — o0
2 2 2
2,3) - -'ﬂ)" w



Some common limits of sequences



Some common limits of sequences

e 1,23 ... n,....—

1,0 -1 -2 -3, ..., —n,..—

. 1 /;5}1.,; i 11"—> o |
g /'lm =0 n



Some common limits of sequences

e 1,23 ... .n, —

e 1,0 —-1,—-2 -3,......, -n,...—

1111 1 o0
?. 11511!5161“%;1““ - /

e Implications for other sequences: lim,_. -1%? = |
12 13 |4 _loin lo+n *
TR AT T m 128 2 10 oy

N ~%g n



Some common limits of sequences

e 1,23 ... n,....—

e 1,0 —-1,—-2 -3,......, -n,...—
1111 1

O 1,5,1.5.5, Y =

10+n»>
P

Implications for other sequences: lim,_,«

climyez?:3 238 fm N
mo PETE MRARL Ao Bhy
! = [; I

g >)

ne>0 | 4



Some common limits of sequences

e Interesting sequence: 1, R, R2, R3, ..., R" ... —
geom&nc seyuencc
1, l I = |
P R 9 D
nses o R ) e
R<| : ’ﬂn =0 f
s .. ) -
Ryl T 0

I -
e3.R=5: 1 5, 25 125,625 5"



Some common limits of sequences

/ 7/ 7 Ve

o Interesting sequence: 1, K, R*>,R3, ... R",.... —

e lim,o R"=0if RK], limp_e R" = o0 if R > 1,

im—me R"=1ifR=1 = wwva <



Some common limits of sequences

e Interesting sequence: 1, R, R%2, R3, ... R ... —

e lim,o R"=0if R <1, limp—eo R" =00 if R > 1,
lim,_oR"=1ifR=1

e Not all sequences have limits: 2, —2,3, —3,4, —4,.........
/ (1 r/



Clicker question 5

e What is the limit of the following sequence:
79 11 13 2n+5

............

N
w
~

(@) 0
(b) 2
(c) 5
(d)



Solution to Clicker question 5

e What is the limit of the following sequence: /7°°
7,9 1113 2n45 ] N+
2' 314 n m 4NtO =’£_"2n +5
(a) 0 W
2 )
=Im 245
(c) 5 n—>00 n
(d) \)o

=2





