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Abstract

We prove the continuity of the free boundary for a non-degenerate p-Obstacle
problem with monotone solution. The proof uses techniques of comparison and the
growth of the solution near free boundary points.
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Introduction

In this paper we are interested with the regularity of the free boundary in the problem

i) u(—div((n+|Vu|2)L52Vu)—f) =0 in ,
(P)qii) 0<u< g, uy =0 in Q,
i) u=wugonTy, w=0onTy,
where Q = (0,1) x (0,1), T'o = (0,1) x {0}, I'y = (0,1) x {1}, p, uq, A, A are constants
such that p > 1, u, > 0 and

—A< f(z,y) = flz) <=A<0 inQ.



This problem was studied in [9] p 193 for the linear operator
_aijuzizj + biuwi + cu, (aijgigj > 07 v§ 7& 07 cz 0)
under the following general setting :

Q=0 x(0,1), € cR"!isan open bounded set with smooth boundary
F<=A<0, fo, 20 and |fo, + foyo+ ot fo, | <C inQ.

The regularity of Lipschitz continuity of the free boundary (d[u > 0]) N Q was then
established. The proof used strongly the linearity of the operator. Our purpose is to
extend the study to a nonlinear case. It is proved, not necessarily for monotone solution,
in [8] for the p-Laplace obstacle problem (p > 2) and in [3] for the A-Laplace obstacle
problem, including the case 1 < p < 2, that the free boundary is porous and therefore
of Lebesgue’s measure zero. Here, we will prove a continuity result in the case of a non
degenerate case, i.e £ > 0. The main idea to do it is to construct a suitable comparison
function w and use the C’llo’g regularity of the solution. When x = 0 and p > 2, the
barrier function w remains good, but the non-oscillation lemma 1.1 is not entirely true.
Unfortunately, the function w is not suitable for the degenerate case k = 0 and 1 < p < 2.
The paper is organized as follows : in Section 1, we give some outlines for the
existence of a solution of (P) in a particular case, recall some regularity results, define
the free boundary and establish a non oscillation lemma. In Section 2, we built the barrier
function w. Finally, we establish the continuity of the free boundary in Section 3.

1 Preliminary results

In order that (P) covers different situations and because the regularity of the free bound-
ary is a local property, we didn’t specify the whole boundary conditions. We focus on
the main properties needed to be satisfied by our solution, mainly, the lower and upper
bound and the monotonicity in the y direction. To have an idea how to prove the exis-
tence of such solutions, let us consider the case where monotone Dirichlet conditions are
satisfied on the lateral boundaries of €2, ie : u = g on 9 with

u(0,y) = go(y),  u(ly) =ag1(y)  yel0,1]

with go(0) = ¢1(0) =0, go(1) = g1(1) = wa, go, g1 are regular and non-decreasing.
We consider a family of regularized problems

—div((k + |Vue®) T Vue) = —f(x)H (u)  in €,
(Fe) = o0
Ue =g on 05,

tt
where H (t) = min (1, —)
€



The proof of the existence of u. can be adapted from the work in [2]. It uses the Schauder
fixed theorem and we only have to overcome small technical difficulties related to our
operator. Then taking u_ (resp. (ue — uq)") as test functions in the weak formulation
associated to (P.), we get u. = 0 (resp. ue < ug) in 2. We, also, establish the uniqueness
and the monotonicity of u. by comparison. For the last property, we compare for n € (0, €),
the function u?(z,y) = uc(x,y + 1) with uc on the set , = (0,1) x (0,1 — 7). First,
by the assumptions considered for the boundary conditions and by the upper and lower
bounds of u., we have u! > u. on 0€),. Next,we obtain, by comparison,

/ |:(I€ + |V1L€|2)¥VuE —(k+ |Vu2|2)pT_2VuZ V(ue —u™) " dxdy
Q

- /Q F (@) (Ho(ue) — H(u)(ue — u)dady <0

since f(x) < 0 and H, is a nondecreasing function. We then deduce that u. < u? in Q,,.
The last step is to show the convergence of u. as € goes to zero. Arguing as in [2], again,
we can prove that, up to a subsequence, we have

ue — u  in WhHP(Q), H.(u.) =y inLP() with 0<y<1

from which we deduce
i) div((k+ |Vul2) T Vu) = —f(z)y inQ, y=1 inu>0],
i) 0<u< ug, Uy 20 in €,
iti) u=g on .
To identify v, we use the W22 regularity of u (see [1]). We have div((x+ |Vul?) "2 Vu) =

—f(x)y=01in [u= 0], then v =0 in [u = 0]. Hence v = x([u > 0]).
Finally, we link the solution to the Obstacle problem by minimizing the functionals

Je(v):/Q(%(n—&—Wu\Q)% — J(@)E.(v) ) dedy, Ee(s):/os H.(t)dt
J(v) = /Q (%(K +|Vu?)? — f(m)u+)dxdy

and show that
J(u) < limi(])nf Je(ue) < limiglf Je(v) = J(v) Yo e WHP(Q), v=g ondQ. O

In all what follows, we consider a solution u of (P) and recall that it satisfies the
following regularity result (see [6] Theorem 1.7 and [7] Theorem 1 for the interior and
boundary regularity respectively)

ueCLl(QUTUTY)  for some f € (0,1). (1.1)

loc



From the monotony of u in the y-direction, we deduce, for any point (xg,yo) € €2, that :
- If w(xo, yo) > 0 then there exists € > 0 such that u > 0 in B(xg,y0) U (xg — €, 29 +€) X
(y0,1) C Q, where Bc(zo,yo) is the ball centered at (xo,yo) and with radius e.
- If w(xo,yo) = 0 then u(zg,y) = 0 Yy € [0, yo).
From this property and the regularity of u to the boundary I'y, the following function is
well defined :

®(z) =inf{y € (0,1)/ u(z,y) > 0}.

Moreover, we have

Proposition 1.1. ® is upper semi-continuous (u.s.c) on (0,1) and [u(z,y) > 0]NQ =
[y > &(x)].

Proof. Let zp € (0,1) and € € (0,(1 — ®(x))/2). There exists y; < ®(zo) + € such that
u(xo,y1) > 0. By continuity of u, there exists 7 > 0 such that v > 0 in B, (z,y1). This
leads to ®(x) < y1 Va € (20 — 1,20 + 1) and the u.s.c of ® holds.

Now let (x0,40) € [u > 0]NQ. If yo < P(x0) then u(zg, yo) = 0 and we get a contradiction.
So yo > P(xg). Conversely, if (zo,y0) € [y > ®(x)], then by definition of ®, u(xg,yo) > 0
and (zo,y0) € [u>0NQ. O

The main result of this paper is the following theorem :
Theorem 1.1. ® is continuous on (0,1) N [@(x) > 0].

The proof of the theorem is established in section 3. First, we will establish the following
non-oscillation lemma.

Lemma 1.1. Let u be a solution of (P). Let (xo,y0) € Q and r > 0 such that B, =
B, (zg,y0) CC Q. Then we cannot have the following situations :

(1) u=0 onS={ze}x[yo—r,yo+r] and u>0 inB.\S

(i) u>0 nB.N[z>x9]=BF and u=0 inB.N[zr <z

(i) w>0 inB.Nx<zo]l=B, and uw=0 in BNz >zl

We have the following preliminary result.

Lemma 1.2. Assume that one of the situations (i), (ii) or (iii) of Lemma 1.1 holds.
Then, we have

0
(TZ -0 in By.4(z0,0)-



Proof. We consider situations (i) and (ii) only. Situation (iii) is similar to (ii).

Case (i) : From (P), we have
div((k + |Vu|?) T Vu) = —f(2)x([u>0])  inQ.
Since u > 0 in B, \ S and |S| = 0 then x([u > 0]) =1 a.e in B,.. Then, we have
/B (k+ |Vul?)"= Vu. VCdmdy—/ —f(x)¢dxdy V¢ € WyP(B,).
Let n € (0,7/4) and u,(z,y) = u(z,y —n) = u(a’,y’). Then u, satisfies

(K + |Vu, |} = Vun V{(x,y)dzdy

/
=/’ (k4 (Va2 2 Ve ) V(o + ) dy
B, a—ney
- / 2\ Y + n)dr'dy = / F (@) (e y)dady
B, 4—ney B,y
:/ (k + |Vu)?) 7 *Vu. V{(x,y)dzdy V¢ € D(B,4).
Brya

Case (ii) : In this case, we have x([u > 0]) = x(B;"). Then, we have

/ (k+ |Vu[?)"= Vu.Vidady = /+ —f(z)¢dxdy V¢ € WyP(B,).

B, By

Considering the function u, as above, one can check that we also obtain, as before,

/ ((k+ |Vul? )7 V- (k4 |V, |? ) Vu,).V(dzdy =0 V(¢ € Wol’p(B,./4).
B4
In both cases, we write the equality as :

[ ae)ia - u) Vodedy =0 ¥ € WP (Byya)
BT/4

where a(x,y) / 8h Vut)dt) >
ij=

with  A(h) = (k + |h]?)* 7 h heR? (2,y) € Byya, w=tu+(1—thu, tel0,1].
The matrix a(x,y) satisfies

min(1,p — DA(z,y)[¢]* < a(z,y)€.€ < max(1l,p — DA(z,y)[([*>  Vé € R?



1
with A(z,y) = / (k+ \Vut|2)pT_2dt. So the function (u — u,) satisfies
0

di’U(a(l'7 y)v(u - uﬂ)) =0 in D/(BT/ZL)?
uU—uy, =0 in B,./4

B Sy /4 in case 1)
uU—u, =0 on . g
B,y Nlx < o] in case 7).

Now,there exists two constants ¢,,C;, > 0, depending only on p (see [5] Lemma 8.3 p
366), such that

ol + [Vuy 2+ Vuf®) % < M@, y) < Gyl + [V [ + [Vuf?) 7.

Since Vu, and Vu are bounded, we deduce that the matrix a(z,y) is strictly elliptic
and uniformly bounded. Therefore,we have u — u, = 0 in B, 4 by the strong maximum

0
principle ([4] Theorem 8.19 p 198). This holds for all n € (0,7/4). Hence C{TZ =01in
By 4(w0,0). O

Proof of Lemma 1.1. Here also, we only consider cases i) and ii) since case iii) is similar
to ii). From Lemma 1.2, we deduce that u(z,y) = 7(x) in B, /4. In particular, in both
two cases, we have

p—2

((FH— (T'(m))2)TT/(x)) = —f(x) in B:/4.

Since u € C1(B,), u = 0 and Vu = 0 on S,, we then have 7(xq) = 7/(z¢) = 0. Therefore,
we deduce that

(k4 (7'(2))?) "7 7/ (z) = /w —f(s)ds and T'(z)>0 V€ (0,20+ 2).

By monotonicity of u, we have
T
u(@,y) 2 7(x) >0 V(z,y) € D= (20,20 + 7) * (0, 1).

By comparing u and 7 in D, we have for ¢ € D(D)

/(n+|vu|2)’%2vu.vgdxdy:/ f(x)(dxdy:/(H+|VT|2)L52VT.VCd:Udy
D D D

which can be written

1
d
/ (/ &(Nﬂt\p’zvm)dt).vgdxdy =0, a=tr+(1—tu, telo1],
D 0



or

/ a(z,y)V(u — 7).V{dxdy =0 V(¢ € Wol’p(D),
D

_ LaAl
where a(z,y) = (/0 %(Vut)dt)‘j_l 5 (z,y) € D.
7 1,7=1,

We also have

min(1,p — DAz, y) I < a(z, 9)§ & < max(Lp - DA, p)lgf* Ve €R?
with A(z,y) = /l(n + Vi |2) "2 dt.
Further more, (15J — 7) satisfies
div(a(z,y)V(u—71)) =0 in D'(D),
u—72>20 in D
u—717=0 on B:“/4.

Arguing as in the proof of Lemma 1.1, we deduce by the strong maximum principle (see
[4] Theorem 8.19 p 198) that u — 7 = 0 in D. By continuity to the boundary I'y, we
deduce that u, = u(x,1) = 7(x) Vo € (29,20 + 7/4) and we get a contradiction with
7'(z) > 0. O

2 A Barrier Function and Comparison

Let 29,y € (0,1) and €y = min(zg, 1 — x0)/6. There exists a € (0, 1) such that
u € Cl’o‘([xo—eo,xo+60] x [0, 1]) (2.1)
Assume that there exists €; > 0 such that
Ve € (0,€1), y—e>0.
(y may depend on «)

ey

Let 2, € (0,1) such that z; < 20 and |z; — 20| < €'*= where € € (0, min(e; ™", €1)). Set
Z:(xl’xo)x(y_67g)v D:(l‘lvxo)x (Oag)v

z/f(x)h/m,i‘:)wE,

where
xo
h > 0 is fixed, h(z)=h - / f(s)ds,

ASH (@) =f2) < -A<0, h<h(@)<h+Awo—x1) <h+Aeg ' <h+A=h



Then v satisfies

>
D‘

B (@)

V@) =5y >0 V@ =k >0 yoe<y@ <y—et et
Note that for € < (1/2)%, we have [y > ¥(x)] N Z # 0 since
0<e—2"a <y—d@)<e  V(wy) € (m,m0) x (y—F7,y).
Now, set

P(y)
w(z,y) = / k(y —(s))Tds (z,y) € D, k>0

where
Z1 if yel0,y—¢
dly) =4 vHy) i yely—ev(zo)
g if  y e [¥(o)yl
Let

Gla.y) = [((y = v@)*)" + (D) - 2)")°

Note that w € C'(D) and we have

Vu(z,y) = k(—(y — ()", (@y) —)7), Vw=0 on [y=1(r)],
|Vw(z,y)| = kG(z,y), (k+ |[Vw|H)Y? = (k + G2E>)Y/2,

Lemma 2.1. Let ¢ € (0, min((5)" 6(‘)’“ €1)) and 6 > 0. Then, there eists ko > 0
independent of € such that Vk € (0, ko) we have

/D (5 + [Ve?) =2 V. V¢ + 0x(fw > 0)]dedy >0 Y € WEP(D), ¢ 0.

Proof. Let ¢ € Wy *(D), ¢ > 0. We have

S—

[ K+ |Vwl|?) " V. V¢ + Ox([w > 0))¢]dedy = /[ . [(k+ [Vw|? )T *Vw. V¢ + 0¢] dzdy
y>P(x

/ — div((k + |[Vw|?) = Vw) + 0] ¢dady +/ (k + |[Vw|?) = V. 174
[y>v(x)] ly=2 ()]

/ — div((k + |Vw|?) = Vw) + 0] ¢dxdy since Vw=0on [y =v¢(x)]
[y>e(2)]



= ¢(x)] pointing towards the set [y < ¥ (x)].
¢I($)7 _1>'

where v is the unit normal to the curve [y
(

It is given by v = <z/z,yy> - -
L+ ()
We have, for (z,y) € [y > ¢¥(x)],

%%) N Q((,«U + V)

p=2 0
Oy ’ ﬂ)’

div((k + \Vw\2)p7_2Vw) = 8—{1((/{ + |[Vw|?) 9y

(s 1Py I0) = Tt 2R Gy — 0))]
— k[(s + GH2)"T W/ (1) + (p = 25 + G2 TR [(y — (@))% (@)

+(0(y) - )y - ()],

¥%> _ ﬁ[(ﬁ+02k2)5ik(i(y)—x)}

é((Ii—i— |Vw|?) By

dy

(p — 2)k(k + G?k2) "7 k*(z0 — 2)(y — ¥(z)) ity e (Pao),

<
=

_ k:[(f<a+G2k2)pa;zm+ i
(0= 2)(5 + GR) T R{ (0 () ~ 2 ey + () — )y — ¥(@)}]

if ye(y—ed(o)).

Hence, we have, on [y > ¥(x)] N [¢(z0) < y < y],

div (s + |Vwl?) = V) = k[ (s + G22) "5 ¢/ (2) +

o — 2) 0+ G TR (y — (@)% (1) + 2(y) — )y — (@)}

and, we have, on [y > ¢ ()| N[y — e < y < ¥(zo)],

1
V(=1 (y))
+p = 2)(5 + G T R {(y — ¥ (@) (2) + 206 (y) — 2)(y — ¥ (@)

+(W(y) — I)Zm}} :

div((k + |Vw[?) T Vw) = k[(m + G2 {y/ (2) +



Now, since we have the following inequalities :

[ty — 0@ (@) +200() ~ D)y — v(@)] < 1+ (@)G?
,{iu 9 @)(s + GH)
2.1/ i i 2 1
(3= 9(@) &)+ 20000) = 2)(y = ¥0a) + (30) 0 s

/ ; 2 < ; 21.2
< (L v+ G ) < (14 V0 + gy ek )
h/h <Y (2) <1, 0<y—1(z)<e<l, 0<1Z(y)—ar:<a:0—m<el+é <1,
we deduce that we have, in [y > ¢(z)],

k(s +4k3) " 2+ )1 +p—2)) ifp>2
)

|dw((/<;+\vw\ )7 Vw)| <oy(k) = { k(2+5)(1+|p— 222 ifl<p<2.

Remark that we have hrr%) op(k) = 0. Then, there exists ko > 0 such that for k € (0, ko)

we have 0 < g,(k) < 0/2.
To conclude the lemma, it suffices to note that

/ ( div((% + |Vw|?) T Vw) + 0) Cdxdy > (—op(k) + 0)/ Cdxdy > 0.0
[y>(x)] ly>9 ()]

Remark 2.1. The constant ko doesn’t depend on €. It depends on 8, p, K, h, and h when
p # 2. It doesn’t depend on k when p = 2, which corresponds to the Laplace operator.

The following lemma, compares u and w near a free boundary point, along the x direction.
First, from (2.1), there exists a positive constant C* depending on p, A, u, such that
V(,T,y), (m/7yl) € ['TO — €0, %0 + 60] X [O? 1]

1ta
u(z,y) — @,y )| < C*(Jlo =2’ + |y —y/'P) 7. (2.2)

E\»—‘

Lemma 2.2. Assume that u(zo,y) = 0, then for € € (0, min((5+)

o), ()% 66‘“,61)),
we have

u(z,y) < w(z,y) Va € [x1, z0).

10



Proof. Since u(xg,y) = 0, we have by (2,2) in particular

u(z,y) < C* |z — x|+ for all 2 € [xg — €, xo + €0].

On another hand, we have for z € [x1, 0],

@(g) zo €
wlorg) = [ bly= v ds= [ Ky - () ds > Sk - o)

Indeed, we have
*d
y —¥(z) :G—ﬁ/ Wz) 26—61'*'é > €/2.
Now, we can write

k

u(z,y) < CHlz—z0o|' T = C* |z —10|¥|2—20| < C* T¥|z—20] < 50

k(xog—x) <= € < (

DO

3 Proof of Theorem 1.1

Let (zg, ®(x0)) = (zo,y0) € 2. Since lir%e + 'ta =0, there exists e; > 0 such that
e—

Ve € (0,€1), 3¢+ 3elta < yo = P(x0).

Let € € (0, min((%)é7 (3)*, €57, €1)). From Lemma 1.1, one of the following situations
occurs :

i)  there exists (z1,41) € By (20, y0) N [x < x0] such that u(zq,y1) = 0.
ii) there exists (z],v}) € B 111 (z0,y0) N [z > xo] such that u(zy,yy) = 0.

Assume that 7) holds. We distinguish two cases :
*y1 = yo = P(x0). Set y = yo. We have

u(z,y) = u(xg,y) =0 Yy € [0,y].

Definning D, ¢ and w as in section 2, we have

u(x;g) < UJ(Z’,Q) Vo € [1'1,1'0].

Since u(z,0) = 0 for all € (0,1), we deduce that (u — w)* € W, *(D). Hence, by
Lemma 2.1, we have for 6 > 0 and k € (0, ko)

11
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/D [+ [Vol2) =2 V.V (u — w)* + Ox(fw > 0)(u — w)*]dedy > 0.
From (P), we have

/D (5 + [Vul?) = V.V (u — w) ™ — fx([u> 0])(u—w)*t]dedy = 0.
Hence, we get

p—

/D ((k+ IVu|?) " Vu — (k + |Vw|2)T2Vw).V(u —w) T dxdy
< [ (x> 0) + x> O = ) dady

</Dm[w=0] fx([u>0])(u—w)+dxdy+/D (f + 0)(u — w) T dxdy

N[w>0]

< / (=A+0)(u — w) " dxdy since f < -\ < 0.
DNfw>0]
Choosing 6 € (0, ), we deduce that

/ ((r+ |Vu|2)L;2Vu —(k+ \Vw\Z)pTﬂVw).V(u —w)tdrdy <0
D

from which we deduce that V(u —w)* = 0 a.e. in D, and therefore u < w in D.
As a consequence, we have u(x,y —¢) = 0 for all x € (z1,20). So

O(r) >y —e=P(x0) — € Va € (x1,x0)- (3.1)

Now, since we have v =0in B , 1 (29,y — € — et%) N [z < 2], there exists, by Lemma
1.1,

(x2,y2) € B (o, y — € — eH%) N[z > x| suchthat w(zg,y2) =0.

Set

12



where

—h- / _A<HL(x) = f(z) < —A <0,
h< B+ A — o)) <h+AcT <h+A=h.
Then ), satisfies
h h! 1
1/’2($)=h;(a:)>0, V() = —h () >0, Y —e<tp()<y —etete

hi(x)
y —e> y—€— At e 6> 0= 2+ 2! Ta < y which is satisfied for € € (0,€1).

Note that for € < (1/2)%, we have [y > 1,.(z)] N Z' # 0 since
0<e—2% <y—(a) <e V(z,y) € (2h,20) x (i — T, y).

We define

¥r(y)
w’/‘(mvy> = / k(y - wr(s))+d8 (:my) € Dla

where
!

) if yel0,y —¢€
Ue(y) =4 Orly) iy ey —ed(ap)]

x if  ye[Wlxg),y]

Arguing as we did on the left of zg, we have u < w, in D’ from which we deduce that
u(z,y" —¢€) =0 for all z € (2, z5). So

Plx) >y —e>y—2e— 21T = B(2) — 26 — 2!t YV € (xg, z2). (3.2)

Hence, from (3.1) and (3.2), @ is l.s.c at xg. Therefore, it is continuous at xg.

#% Y1 < yo = P(x0). Set y = y1.
First, note that, since € € (0, €;), we have

g—e—y1—6>yo—el+a—e>0<:>€+e o <y0

13



We define D, ¢ and w as in section 2. We check that for e < (1/2)%, we have [y >
()] N Z # 0 since for (z,y) € (x1,70) X (y — el+é,y)7 we have

1
y—(y—e+ea)<y—ip(z) <e

1\«
y—(g—e—ﬁ-eHé)2y—61+é—(g—e—l—elJré):e—QeHé >0«=e< (5) .

We get w < w in D, from which we deduce that u(z,y —€) =0 Va € (z1,20). So

Pr)>y—e=y —€e> <I>(aco)—e1+é —€ Va € (z1,x0). (3.3)

Now, note that we have

1 1 1 1 A
y—e—eta syg—elta —e—elta > 0= e+ 27 <yy sinceec (0,€1).

. _ . L 1+ L1 b
14+ = ) ) ) )
Since we have u =01in B ;1 (w0, y — € — €' 7o) N[z < 2], there exists, by Lemma 1.1
(£2,y2) € By (z0,y — € — TE) N[z > 2]  such that  w(za,y2) = 0.

Define, as in the first case, Z’, D', y', 7, x5, and check that
y’—e =Ys—€> g_€_€1+§ —elta e > yo—e1+é —2—2e"te > 0 = 2e+3c'Tn < Yo
which is satisfied for € € (0, €1).
We deduce that u(z,y’ —€) = 0 Vo € (27, 25). So

D(x) =y —e=yo—€>D(xg) — 31T 26 Va € (z0,22). (3.4)

We conclude from (3.3) and (3.4) that ® is lower semi continuous at z¢ and therefore it
is continuous at this point. [J
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