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Abstract

Over the last few decades, network analysis has become a prominent focus of

research. One of the most widely used methodologies is known as the Gaussian

graphical models (GGMs), which aim to investigate interactions through conditional

dependencies. They have been widely applied in various domains such as compu-

tational biology, finance, and social network analysis. In recent years, advances in

regularized estimation—such as the graphical lasso—have enabled scalable inference

of sparse precision matrices. Despite their strengths, standard GGMs assume that

the underlying network is static and homogeneous across all observations. However,

real-world data often exhibit heterogeneity or dynamics, motivating extensions such

as covariate-dependent or structured GGMs that incorporate external information

and accommodate more complex dependence structures.

Therefore, in this dissertation, we propose a covariate-dependent GGM (cdexGGM)

for capturing network structure that varies with covariates through a novel param-

eterization. Utilizing a likelihood framework, our methodology jointly estimates all
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edge and vertex parameters. We further develop statistical inference procedures to

test the dynamic nature of the underlying network. Concerning large-scale networks,

we perform composite likelihood estimation with an ℓ1 penalty to discover sparse

covariate-dependent graph structures. We establish the estimation error bound in ℓ2

norm and validate the sign consistency in the high-dimensional context. We apply

our method to an influenza vaccine data set to model the gene network that evolves

with time. We also investigate a Down syndrome data set to model the protein

network, which varies with several covariates under a factorial experimental design.

Moreover, to further address the limitations of GGMs in capturing heterogeneous

networks with known structural constraints, we introduce a covariate-dependent col-

ored GGM (CD-CGGM). This model incorporates covariate effects and structured

sparsity to model dynamic conditional dependencies. We perform model estimation

using penalized composite likelihood, employing coordinate descent and Broyden’s

method for optimization under different scenarios. We provide theoretical results en-

suring both parameter and sign consistency of the proposed estimator. The method

is applied to the same influenza vaccine dataset, where it effectively models the

time-evolving gene regulatory network under symmetry constraints, thereby demon-

strating its empirical performance and interpretability.

Keywords: Covariate-dependent Gaussian Graphical Models, Maximum Likelihood



Estimation, Composite Likelihood Estimation, ℓ1 Penalization, Coordinate Descent,

Symmetry-constrained Gaussian Graphical Models.
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1 Introduction

1.1 Gaussian Graphical Models

The study of complex network analysis has become a major research area in re-

cent years, with Gaussian graphical models (GGMs) playing a key role in modeling

conditional dependencies among variables. In standard GGMs, each variable corre-

sponds to a node in an undirected graph, where the presence of an edge indicates a

non-zero entry in the precision matrix, implying conditional dependence. This prop-

erty makes GGMs a powerful tool for modeling and visualizing complex relationships

in high-dimensional data, such as gene expression, brain connectivity, or social in-

teractions. Key developments have been contributed by a number of authors, such

as Lauritzen (1996), Meinshausen and Bühlmann (2006),Højsgaard and Lauritzen

(2007), Højsgaard et al. (2012), and many others.

Suppose that a random vector Y � pY1, Y2, ..., YpqT follows a multivariate normal

distribution Nppµ,Σq. Without loss of generality, we can assume that the mean of
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Y is µ � 0. The inverse of the covariance matrix Σ�1 is known as the precision

matrix (or concentration matrix). In matrix form, we write

Σ�1 �K �

�
��������

k11 � � � k1p

...
. . .

...

kp1 � � � kpp

�
�������


p�p

. (1.1)

Define a set V � t1, ..., pu that includes all the indices of random variables. The

partial correlation between Yi and Yj given all the other variables is defined as

ρij|V zti,ju �

$'''&
'''%

� kij?
kiikjj

i � j

�1 i � j

(1.2)

where 1 ¤ i, j ¤ p and ρij|V zti,ju � 0 if and only if Yi and Yj are conditionally

independent given all the other variables.

A Gaussian graphical model is specified by an undirected graph G � pV,Eq generated

by the dataset

"
Y � Np

�
0,Σ

	
,K � Σ�1 P S�pGq

*
, where V � t1, ..., pu is the set

of index of vertices, E stands for the set of undirected edges in the graph and S�pGq is

the set of symmetric positive definite matrices. In a graph G, each variable represents

a vertex and the edges between vertices are drawn based on partial correlation. In

particular, there is an edge between vertex i and j (i, j P V ) if and only if the partial

correlation ρij|V zti,ju � 0. On the contrary, no edges connect them if and only if their

partial correlation is zero.

2



Let a � V , b � V and a Y b � V , a X b � H, which means that a, b form a

partition of the vertex set V . Then, the precision matrix and covariance matrix can

be written as

K �

�
����

kaa kab

kba kbb

�
���
 Σ �

�
����

Σaa Σab

Σba Σbb

�
���
 (1.3)

respectively. We also have

Y �

�
����

Ya

Yb

�
���
� N

�
�����

�
����

0

0

�
���
,

�
����

Σaa Σab

Σba Σbb

�
���


�
����
, (1.4)

the conditional distribution Ya|Yb � yb � N|a|pµa|b,Σa|bq, where µa|b � µa �

ΣabΣ
�1
bb pyb � µbq � ΣabΣ

�1
bb yb and Σa|b � Σaa � ΣabΣ

�1
bb Σba. Since

K �Σ �

�
����

kaa kab

kba kbb

�
���
�

�
����

Σaa Σab

Σba Σbb

�
���
�

�
����

I|a| 0

0 I|b|

�
���
� I, (1.5)

we have the following equations

kaaΣaa � kabΣba � I|a| (1.6)

kaaΣab � kabΣbb � 0. (1.7)

From Equation (1.7), kab � �kaaΣabΣ
�1
bb and Equation (1.6) becomes

kaa
�
Σaa � ΣabΣ

�1
bb Σba

� � I|a| � kaak
�1
aa . (1.8)
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Therefore, k�1
aa � Σaa � ΣabΣ

�1
bb Σba � Σa|b and

k�1
aa kab � k�1

aa p�kaaΣabΣ
�1
bb q � �ΣabΣ

�1
bb . (1.9)

As a result, the conditional distribution Ya|Yb � yb can be given as

Ya|Yb � yb � N|a|

�
� k�1

aa kabyb, k
�1
aa

	
. (1.10)

1.2 Symmetry-Constrained Gaussian Graphical Models

High-dimensional data presents a challenge for GGMs due to the excessive num-

ber of parameters that must be estimated with limited observations. Moreover,

many real-world systems exhibit inherent symmetries or group structures, such as

gene families, bilateral brain regions, or social roles, that are not naturally accommo-

dated by traditional GGMs, which may result in poor model fit or misinterpretation.

To overcome these limitations, Højsgaard and Lauritzen (2008) proposed a family

of symmetry-constrained GGMs (RCON, RCOR, and RCOP models) that integrate

symmetries directly into the graphical model structure. The symmetry structure can

be visualized by colored graphs, where nodes (variables) and edges (partial correla-

tions) are grouped into color classes that enforce parameter equality across equivalent

elements. Therefore, the symmetry-constrained GGMs are commonly referred to as

colored GGMs.
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1.2.1 RCON Model

One of the colored graphical models is called an RCON model, which refers to

equality among specified elements of the precision matrix. Here is a simple example

illustrating the basic idea. Suppose that we have 5 vertices A,B,C,D,E, representing

5 variables, and their corresponding precision matrix is given by:

Σ�1 �K �

�
����������������

4.9250 �0.0186 0 �1.2960 �0.0027

�0.0186 9.9056 �0.0186 0 �0.4590

0 �0.0186 4.9250 �1.2960 �0.0027

�1.2960 0 �1.2960 9.9056 �0.4590

�0.0027 �0.4590 �0.0027 �0.4590 0.1272

�
���������������


5�5

(1.11)

Identical elements in the precision matrix correspond to the same colors; for example,

the diagonal elements of A and C are equal, as indicated in orange, and those of B

and D are equal in pink. As for off-diagonal elements, for example, the entry of

pA,Bq is the same as that of pB,Cq, denoted in saffron yellow. Zero off-diagonal

entries imply the absence of edges between vertices, which indicates that they are

conditionally independent given all the other variables. The dependency graph is

displayed in Figure 1.1.

Mathematically, let G � pV ,Eq denote an undirected graph with the associated

precision matrix Σ�1 � K, where V � tV1, ..., VRu is a partition of the vertex
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Figure 1.1: Colored graph of an RCON model

set V and each element in Vr, r � 1, ..., R has the same color. These disjoint sets

V1, � � � , VR are called vertex color classes. Likewise, E � tE1, ..., ESu is a partition of

the edge set E and each edge in Es, s � 1, � � � , S has the same color. The disjoint

sets E1, � � � , ES are called edge color classes. The sets V and E are called vertex

coloring and edge coloring. In particular, we denote each pi, jqth entry of K as kij.

Thus, an RCONpV ,Eq model satisfy the following restrictions:

1. Diagonal entries of K: @ Vr P V , r � 1, ..., R, for all j P Vr, kjj are identical.

2. Off–diagonal entries of K: @ Es P E , s � 1, ..., S, for all pi, jq P Es, kij are

identical.
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Identical elements of the precision matrix correspond to the same colors. There-

fore, the unknown parameters can be written as a vector of length R � S, namely

pkV1 , ..., kVR
, kE1 , ..., kES

q. The set of positive definite matrices satisfying the above

restrictions is denoted as S�pV ,Eq.

1.3 Limitations and Motivations

One of the limitations of traditional GGMs is their inapplicability to dynamic set-

tings where conditional dependencies change with covariates, which are commonly

observed in biological applications. For example, in the context of genetics, it has

been demonstrated that the genetic networks can be impacted by common genetic

variants (Franco et al., 2013; Nica and Dermitzakis, 2013). Moreover, the genetic

networks can also be affected by conditions such as cell type, cell cycle, stress re-

sponse, and DNA damage (Zhang et al., 2006; Weighill et al., 2022). As another

example, for those highly infectious vaccine-preventable diseases, getting immunized

through vaccination serves as an effective strategy to prevent the spread of viruses.

For a more in-depth study of the genetic factors involved in the diverse immune

responses of healthy adults to a vaccine, researchers may desire to model biological

networks across time (i.e., before vaccination and at different time points after vac-

cination). This may enable us to potentially recognize a group of genes that could
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be a critical determinant of the vaccine’s effect on the immune response, which in

turn might unlock innovative research opportunities in vaccine development (Franco

et al., 2013). These have prompted the development of covariate-dependent GGMs,

which extend classical frameworks by accounting for covariate-driven variations in

network structure.

Moreover, in high-dimensional settings where additional structure is known or

expected, standard GGMs may face interpretability, estimation, and statistical effi-

ciency challenges. Traditional symmetry-constrained GGMs offer one solution but

often lack the flexibility needed to handle the heterogeneous patterns found in real-

world data. For example, in biology, genes in the Hox gene family often display simi-

lar patterns of interaction (Giampaolo et al., 1989; Mallo et al., 2010), which supports

the use of symmetry constraints such as equal partial correlations or identical entries

in the precision matrix. However, biological systems are covariate-dependent, with

gene networks often exhibiting tissue-specific or species-specific variation (Sonawane

et al., 2017; Tu et al., 2023), suggesting that regulatory structures may vary across

conditions. This motivates the use of covariate-dependent GGMs with symmetry

constraints, which allow the model to adapt structure dynamically, reflecting dif-

ferences across conditions, developmental stages, or treatments. Similarly, in social

networks, members of the same role or group (e.g., employees in the same depart-

8



ment) may have interchangeable positions with similar connection patterns (Zhong

et al., 2017), a concept captured by structural and role equivalence (Scott, 2019).

Although groups may exhibit stable patterns, their behaviors are not static and can

vary with time, location, or platform. As a result, modeling covariate-dependent net-

work structures with known symmetry constraints enhances both adaptability and

relevance in the analysis of structured and heterogeneous data.

This dissertation develops covariate-dependent Gaussian graphical models that

capture how conditional dependencies evolve with observed factors in high-dimensional

data. The goal is to construct flexible and scalable models that can accommodate

both dynamic changes in network structure and known structural constraints de-

rived from domain knowledge. In chapter 2, we develop the covariate-dependent

Gaussian graphical model (cdexGGM), allowing both edge and vertex parameters

to vary smoothly with covariates, while maintaining the positive definiteness of the

precision matrix under modest assumptions. Building on this, Chapter 3 proposes

covariate-dependent RCON models—a class of colored Gaussian graphical models

that integrate covariate-driven variation with structural symmetries to model com-

plex network heterogeneity.
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1.4 Notations and Collorary

Definition 1.1 A random variable Y with mean µ � EtY u is sub-exponential if

there are non-negative parameters pv2, cq such that

E
!

exp
 
λpY � µq() ¤ exp

!v2λ2
2

)
for all |λ|   1

c
.

Collorary 1.1: If the random vector Ym � pYm1, . . . , YmpnqT , m � 1, . . . , n, follows

multivariate normal distribution Np0,Σmq, then we have

Y 2
mj � Sub-Exponential pv2m,jj, cm,jjq, YmiYmj � Sub-Exponential pv2m,ij, cm,ijq,

where m � 1, ..., n, i � 1, ..., pn, j � 1, ..., pn and i � j.

Notation 1.1: We define a vector v � pv1, � � � , vdq P Rd and write its ℓq norm as

∥v∥q �
�°d

i�1|vi|
q
� 1

q . In particular, the ℓ8 norm of a vector is defined as ∥v∥8 �

sup1¤i¤d|vi|.

Notation 1.2: For any matrix A P Rd1�d2 , we write its spectral norm, infinity norm,

max norm, and Frobenius norm as
������A������

2
� ΛmaxpAq,

������A������
8
� max1¤i¤d1

°d2
j�1

∣∣aij∣∣,������A������
max

� maxij

∣∣aij∣∣, ������A������
F
�

b°d1
i�1

°d2
j�1

∣∣aij∣∣2, where Λmaxp�q denotes the

largest singular value of a matrix and aij is the pi, jqth element of A. Moreover,

we let ΛminpAq, λminpAq, λmaxpAq represent the smallest singular value, and smallest

and largest eigenvalues of A respectively.
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2 High-Dimensional Covariate-Dependent

Gaussian Graphical Models

2.1 Introduction

One of the earliest approaches in this direction is the time-varying graphical mod-

els, with various methodologies proposed, such as Zhou et al. (2010), Kolar et al.

(2010b), Kolar and Xing (2012), Wang and Kolar (2014), Monti et al. (2014), Gib-

berd and Nelson (2017), and Yang and Peng (2020). Other researchers proposed the

covariate-adjusted GGMs, allowing the mean to be dependent on covariates while

preserving a constant variance structure. Guo et al. (2011) conducted simultaneous

estimation of multiple GGMs using a hierarchical penalty to characterize a series

of graphs sharing a certain amount of common structure. Yin et al. (2010) intro-

duced a nonparametric approach for modeling conditional dependencies, enabling the

covariance matrix to vary with covariates. Kolar et al. (2010a) focused on the high-

dimensional setting and developed a locally weighted kernel estimator for modeling
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sparse conditional dependencies. Ni et al. (2019) further explored the estimation pro-

cedure of covariate-dependent acyclic graphs from the perspective of the Bayesian

regression framework. Ni et al. (2022) addressed the general problem of estimating

undirected Gaussian graphical models (GGMs) conditioned on covariates (GGMx)

using a Bayesian approach, which allows for both the edge strength and the spar-

sity pattern of the underlying graph structure to change as functions of covariates.

By constructing an MCMC algorithm for posterior inference, the estimates of the

precision matrices can be obtained, and their positive definiteness can be guaran-

teed regardless of the covariates (Ni et al., 2022). Zhang and Li (2023) introduced

a new type of Gaussian graphical regression model to describe covariate-dependent

network structure, allowing both the mean structure and precision matrix to linearly

vary with covariates. The model assumes all off-diagonal parameters of the precision

matrix to vary with covariates, whereas the diagonal parameters remain constant.

They proposed a two-stage procedure that first estimates the ratios of off-diagonal

and diagonal parameters by regressing each vertex against all the other vertices and

then estimates the diagonal parameters via a moment method. In contrast to ex-

isting methods that directly model the underlying graph structure as functions of

covariates, Niu et al. (2023) presented a novel Bayesian covariate-dependent graph-

ical model and introduced an intermediate latent variable layer acting as a hidden

12



bridge between the graphs and covariates, which offered a simpler alternative to

parameterizing graph structure in terms of covariates.

In this chapter, we introduce a covariate-dependent Gaussian graphical model

(cdexGGM), which allows both edge and vertex parameters to vary smoothly with

covariates. The proposed model guarantees the positive definiteness of the precision

matrix under modest assumptions. We further relax the restriction on the diago-

nal parameters and allow both off-diagonal and diagonal parameters of the precision

matrix to change with covariates. Built within a likelihood framework, the model

uses maximum likelihood estimation for small-scale networks, along with formal in-

ference procedures that are developed to test the dynamic nature of the underlying

network. For large-scale networks, this model employs composite likelihood and an

ℓ1 penalty to identify sparse, covariate-dependent structures efficiently. Estimation

consistency and sign consistency are theoretically justified under high-dimensional

settings. To empirically evaluate the proposed model, extensive simulation studies

are conducted, including comparisons with several competing methods, displaying

satisfactory performance of the proposed likelihood procedure. The method is fur-

ther applied to biological datasets capturing time-varying gene and protein networks

to demonstrate its practical relevance and effectiveness.
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2.2 Methodology

2.2.1 Model Setup

Let Y � �
Y1,Y2, ...,Yn

�T
be a collection of independent random vectors, with

each Ym � N
�
µmpxmq,Σmpxmq

�
,m � 1, � � � , n, where xm denotes the observed

covariate and Ym � pYm1, Ym2, ..., YmpqT . For the sake of simplicity, we assume that

the observations are centered, namely µmpxmq � 0. First consider the simple case

that xm is a univariate covariate, which is min-max scaled so that 0 ¤ xm ¤ 1. We

assume that Σ�1
m pxmq can be formulated as

Σ�1
m pxmq �Km � xmQ1 � p1� xmqQ0

� Q0 � xmpQ1 �Q0q � Q0 � xmP1.

(2.1)

The matrix Q0 is the precision matrix when xm � 0, and Q1 is the precision

matrix when xm � 1. For any arbitrary value of xm P r0, 1s, the precision matrix is

a weighted average of these two matrices. If Q0 and Q1 are assumed to be positive

definite, Km is guaranteed to be positive definite. After the reformulation, we have

Km expressed in a regression format where Q0 is the intercept matrix, and P1 is the

slope matrix associated with the observed covariate.
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We can further extend the model (2.1) to the general setting of multiple covariates

Σ�1
m pxmq �Km �

Ḩ

h�1

xphqm Qh � p1�
Ḩ

h�1

x
phq
m

H
qQ0 (2.2)

� Q0 �
Ḩ

h�1

xphqm pQh �Q0{Hq � Q0 �
Ḩ

h�1

xphqm Ph, (2.3)

where Ph � Qh�Q0{H, H is the number of covariates, xm � pxp1qm , . . . , x
pHq
m qT , and

x
phq
m P r0, 1s represents the hth covariate of the mth observation. In (2.2), Σ�1

m pxmq

is a linear combination of Q0, . . . ,QH with non-negative coefficients. Under the

assumption that all these matrices are positive definite, Σ�1
m pxmq is guaranteed to

be positive definite for any combination of possible values of covariates. The Q0

is the baseline precision matrix when all covariates are set to zero. The matrices

P1, � � � ,Ph can be treated as the slopes of the covariates to describe how the current

network structure deviates from its baseline state, resulting from x
phq
m . This gen-

eral model of covariate-dependent GGMs (cdexGGM) encompasses standard GGMs,

group-specific GGMs, and time-varying GGMs as special cases, as summarized in

Table 2.1. The setting in (2.2) is flexible enough to accommodate scenarios with a

known baseline Q0, where the primary interest lies in assessing the covariate effects

on the precision matrix, which is characterized by the slope matrices.

We use the following notations
�
Q0

�
ij
� αij,

�
Ph

�
ij
� rθijsh representing the

pi, jqth element of Q0 and Ph respectively. The set of unknown parameters can be for-

mulated as β � pα,θqT , where α is the vector of all αij, i ¤ j and θ is the vector of all
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Table 2.1: Special Cases of Covariate-Dependent GGMs

Special Cases Conditions

Standard GGMs @ h � 1, � � � , H, xphqm � 0

Group-specific GGMs @ h � 1, � � � , H, xphqm is categorical

Time-varying GGMs h � 1, x
phq
m is continuous

General covariate-dependent GGMs @ h � 1, � � � , H, xphqm is continuous or cate-

gorical

rθijsh, i ¤ j. Furthermore, we define an index set E �  pi, jq : i ¤ j; i, j � 1, ..., p
(
.

For @ u P E, we define an indicator matrix T u as

pT uqij �

$'''&
'''%

1 when pi, jq � u,

0 otherwise.

(2.4)

and let pT uqij � pT uqji. Therefore, each matrix can be written as

Q0 �
¸
s:sPE

αsT
s, Ph �

¸
u:uPE

rθushT u. (2.5)

Using the notations in (2.4) and (2.5), the precision matrix can be rewritten as

Km �
¸
s:sPE

αsT
s �

Ḩ

h�1

xphqm

! ¸
u:uPE

rθushT u
)
. (2.6)
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2.2.2 Maximum Likelihood Estimation for Small Networks

In this section, we outline the maximum likelihood estimation procedure for small-

scale covariate-dependent networks. Let Lpβq represent the joint log-likelihood func-

tion,

Lpβq �
ņ

m�1

Lmpβ|Ymq � �np
2

log 2π � 1

2

ņ

m�1

log |Σm| � 1

2

ņ

m�1

trpY T
mΣ�1

m Ymq.

(2.7)

Note that (2.7) belongs to exponential family with the canonical parameters Q0,P1,

� � � ,PH and sufficient statistics TQ0 � °n
m�1 YmY

T
m , TPh

� °n
m�1 x

phq
m YmY

T
m , h �

1, � � � , H. For @ u, v, s, t P E, and @ h1, h2 � 1, � � � , H, the first derivatives and the

second derivatives of loglikelihood are given by

BLpβq
Brθush1

� 1

2

ņ

m�1

!
xph1q
m trpΣmT

uq � xph1q
m trpWmT

uq
)
,

BLpβq
Bαs

� 1

2

ņ

m�1

!
trpΣmT

sq � trpWmT
sq
)
,

B2Lpβq
Brθush1Brθvsh2

� �1

2

ņ

m�1

xph1q
m xph2q

m trpT uΣmT
vΣmq,

B2Lpβq
Brθush1Bαs

� �1

2

ņ

m�1

xph1q
m trpT uΣmT

sΣmq,

B2Lpβq
BαsBαt

� �1

2

ņ

m�1

trpT sΣmT
tΣmq,

where Wm � YmY
T
m . For simplicity, we use the notation Lp1q

m pβ|Ymq,Lp2q
m pβ|Ymq

representing the score vector and Hessian matrix for each observation respectively.
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Define the expected individual negative Hessian matrix as

Vmpβq � E
! 

Lp1q
m pβ|Ymq

( 
Lp1q

m pβ|Ymq
(T) � �E

!
Lp2q

m pβ|Ymq
)
. (2.8)

It can be shown that the information matrix Ipβq takes the following form

Ipβq �
ņ

m�1

Vmpβq �
ņ

m�1

"�
XmX

T
m

	
b
�
Σm bΣm

	*
,

where b represents the Kronecker product and Xm �
�

1, x
p1q
m , x

p2q
m , � � � , xpHq

m

	T

. We

adopt the iterative coordinate updating procedure proposed by Jensen et al. (1991)

and Lauritzen (1996) to find the maximum likelihood estimate (MLE). The detailed

updating equations at each step are outlined as follows,

rθ̂pt�1q
u sh1 � rθ̂ptqu sh1 �

∆u°n
m�1

 
xmph1q

(2
trpT uΣ̂

ptq
m T uΣ̂

ptq
m q � ∆u

2

2

,

α̂pt�1q
s � α̂ptqs � ∆s°n

m�1 trpT sΣ̂
ptq
m T sΣ̂

ptq
m q � ∆s

2

2

,

∆u �
ņ

m�1

xph1q
m

"
trpΣ̂ptq

m T uq � trpWmT
uq
*
,

∆s �
ņ

m�1

"
trpΣ̂ptq

m T sq � trpWmT
sq
*
,

(2.9)

where ∆u,∆s are the first derivatives of Lpβq evaluated at the ptqth iteration.

2.2.3 Theoretical Properties of MLE

In this section, we investigate the asymptotic behavior of the proposed maximum

likelihood estimate when p is fixed.
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Assumption 1 Let Ω represent the parameter space for β. We assume there exists

an open subset ω � Ω that includes the true parameter β0 such that for β P ω, the

eigenvalues of Q0 and Qh, h � 1, � � � , H, are bounded below by L1 ¡ 0 and bounded

above by L2 ¡ 0.

Assumption 2 Assume that the average Hessian matrix 1
n

°n
m�1 Vmpβ0q ÝÑ V as n

goes to infinity, where β0 represents the true value of β and V is positive definite.

Theorem 2.1 Under Assumptions 1-2, there exists a local maximizer β̂ of Lpβq

such that ||β̂�β0||2 � Oppn� 1
2 q. Furthermore, the multivariate version of Lindeberg

condition (2.10) holds: @ ϵ ¡ 0,

lim
nÑ8

1

n

ņ

m�1

E
!
||Lp1q

m pβ0q||22 � I
�
||Lp1q

m pβ0q||2 ¥ ϵ
?
n
	)

� 0, (2.10)

and thus, the local maximizer β̂ satisfies the asymptotic normality

?
npβ̂ � β0q dÝÝÑ N

�
0,V �1

	
as n ÝÝÑ 8.

Using the asymptotic distribution of the maximum likelihood estimate, we can

construct test statistics and conduct statistical inference on the underlying covariate-

dependent graph structure. For example, to test if the network is static versus

dynamic, we could conduct inference on the slope parameters and test the hypothesis

H0 : θ � 0 versus H1 : θ � 0. If the covariate is categorical, the hypotheses above

can be used to test the equality of graphical models among different groups. We
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can also focus on a single parameter of the slope matrices and construct Wald-type

statistic to test hypotheses H0 : rθijsh � 0 versus H1 : rθijsh � 0. Such test can be

used to assess the hth covariate’s effect on the pi, jqth edge in the graphical model.

2.2.4 Penalized Composite Likelihood Estimation for Large Networks

In this section, we use the notation pn to represent the dimension of random vec-

tors because we allow pn to increase with sample size n. However, all random vectors

Ym are assumed to have the same dimension pn. Note that the estimation procedure

proposed earlier involves matrix inversion in each iteration, leading to computational

challenges as pn grows. Moreover, large-scale networks typically exhibit sparse net-

work structures. Motivated by these insights, we introduce a penalized composite

likelihood approach (Lindsay, 1988; Fearnhead and Donnelly, 2002; Cox and Reid,

2004; Varin, 2008; Larribe and Fearnhead, 2011; Ribatet et al., 2012; Gao and Mas-

sam, 2015) for large pn scenarios. The conditional distribution of a random variable

Ymj given Ym,V ztju is N
�
µYmj |Ym,V ztju

, σ2
Ymj |Ym,V ztju

�
with

µYmj |Ym,V ztju
� �

�
αjj �

Ḩ

h�1

xphqm rθjjsh
��1

pņ

i�1,i�j

�
αji �

Ḩ

h�1

xphqm rθjish
�
ymi,

σ2
Ymj |Ym,V ztju

�
�
αjj �

Ḩ

h�1

xphqm rθjjsh
��1

,

where V �  
1, � � � , pn

(
denotes the vertex set, and V ztju denotes all the vertices

except j. The individual conditional log-likelihood function of Ymj given Ym,V ztju
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is denoted by lcpYmj,βq. We construct the composite log-likelihood function by

incorporating all the conditional distributions. Therefore, the overall negative joint

composite log-likelihood function is given by

� lcpY ,βq � �
ņ

m�1

lcpYm,βq � �
ņ

m�1

pņ

j�1

lcpYmj,βq

� �1

2

ņ

m�1

pņ

j�1

log
�
αjj �

Ḩ

h�1

xphqm rθjjsh
�

� 1

2

ņ

m�1

pņ

j�1

�
αjj �

Ḩ

h�1

xphqm rθjjsh
�!
ymj �

�
αjj �

Ḩ

h�1

xphqm rθjjsh
��1

pņ

i�1,i�j

�
αji �

Ḩ

h�1

xphqm rθjish
�
ymi

)2

� const.

The penalized composite log-likelihood estimator β̂ is determined by minimizing the

following objective function

min
β
Qpβq � �lcpY ,βq � nλ

! ¸
wPE

|αw|�
¸
sPE

Ḩ

h�1

|rθssh|
)
, (2.11)

where E � tpi, jq : i   j; i, j � 1, � � � , pnu is the off-diagonal index set. The

ℓ1 penalty is included in the objective function to enforce sparsity on the network

structure. It should be emphasized that the sparsity patterns of Q0,P1, � � � ,PH can

differ, leading to graph structures that change with covariates.

To obtain the penalized maximum composite likelihood estimate, we propose to

perform the coordinate descent algorithm (Friedman et al., 2007; Tseng, 2001). A

thorough exploration including the convergence properties of the estimators using
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the coordinate descent algorithm with the ℓ1 penalization can be found in Breheny

and Huang (2011) and Mazumder et al. (2011). Specifically, the closed-form updat-

ing expressions for off-diagonal parameters can be derived by differentiating Qpβq

with respect to rθssh1 , αw for all s, w � pa, bq P E and h1 � 1, � � � , H. The updat-

ing equations for each off-diagonal parameter given all the other parameters are as

follows,

α̂w �
S

�
�
!

2
n

°n
m�1 ymaymb � I1.1 � I1.2

)
, λ



I1.3

,

rθ̂ssh1 �
S

�
�
!

2
n

°n
m�1 x

ph1q
m ymaymb � I2.1 � I2.2

)
, λ



I2.3

,

where Spz, λq � signpzqp|z| � λq� represents the soft-thresholding operator. The

notation p|z| � λq� is defined as

p|z| � λq� �

$'''&
'''%

|z| � λ, if |z| � λ ¡ 0,

0, otherwise.
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The terms I1.1, I1.2, � � � , I2.3 are defined as

I1.1 � 1

n

ņ

m�1

�
αaa �

Ḩ

h�1

xphqm rθaash
��1� pņ

i�1,i�a

Ḩ

h�1

xphqm rθaishymi

	
ymb

� 1

n

ņ

m�1

�
αbb �

Ḩ

h�1

xphqm rθbbsh
��1� pņ

i�1,i�b

Ḩ

h�1

xphqm rθbishymi

	
yma,

I1.2 � 1

n

ņ

m�1

�
αaa �

Ḩ

h�1

xphqm rθaash
��1� pņ

i�1,i�a,
i�b

αaiymi

	
ymb

� 1

n

ņ

m�1

�
αbb �

Ḩ

h�1

xphqm rθbbsh
��1� pņ

i�1,i�b,
i�a

αbiymi

	
yma,

I1.3 � 1

n

ņ

m�1

�
αaa �

Ḩ

h�1

xphqm rθaash
��1

y2mb �
1

n

ņ

m�1

�
αbb �

Ḩ

h�1

xphqm rθbbsh
��1

y2ma,

I2.1 � 1

n

ņ

m�1

�
αaa �

Ḩ

h�1

xphqm rθaash
��1� pņ

i�1,i�a

αaiymi

	
xph1q
m ymb

� 1

n

ņ

m�1

�
αbb �

Ḩ

h�1

xphqm rθbbsh
��1� pņ

i�1,i�b

αbiymi

	
xph1q
m yma,

I2.2 � 1

n

ņ

m�1

�
αaa �

Ḩ

h�1

xphqm rθaash
��1� pņ

i�1,
i�a,

Ḩ

h�1,
pi,hq�pb,h1q

xphqm rθaishymi

	
xph1q
m ymb

� 1

n

ņ

m�1

�
αbb �

Ḩ

h�1

xphqm rθbbsh
��1� pņ

i�1,
i�b,

Ḩ

h�1,
pi,hq�pa,h1q

xphqm rθbishymi

	
xph1q
m yma,

I2.3 � 1

n

ņ

m�1

�
αaa �

Ḩ

h�1

xphqm rθaash
��1

rxph1q
m s2y2mb �

1

n

ņ

m�1

�
αbb �

Ḩ

h�1

xphqm rθbbsh
��1

rxph1q
m s2y2ma.
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For the diagonal parameters, the partial derivatives are given as follows

BQpβq
Bαjj

�� 1

2

ņ

m�1

�
αjj �

Ḩ

h�1

xphqm rθjjsh
��2� pņ

i�1,i�j

�
αji �

Ḩ

h�1

xphqm rθjish
�
ymi

	2

� 1

2

ņ

m�1

�
αjj �

Ḩ

h�1

xphqm rθjjsh
��1

� 1

2

ņ

m�1

y2mj,

BQpβq
Brθjjsh1

�� 1

2

ņ

m�1

xph1q
m

�
αjj �

Ḩ

h�1

xphqm rθjjsh
��2� pņ

i�1,i�j

�
αji �

Ḩ

h�1

xphqm rθjish
�
ymi

	2

� 1

2

ņ

m�1

xph1q
m

�
αjj �

Ḩ

h�1

xphqm rθjjsh
��1

� 1

2

ņ

m�1

xph1q
m y2mj,

(2.12)

which do not have closed-form solutions. We employ Broyden’s method (Nocedal

and Wright, 2006) to solve this system of nonlinear equations.

Similar to Zhang and Li (2023), consider a special case where the diagonal el-

ements pΣ�1
m qjj remain constant, i.e. rθjjsh � 0, αjj ¡ 0 for all j � 1, � � � , pn and

h � 1, � � � , H. This suggests that the conditional variances are not influenced by

covariates. Under this scenario, the closed-form updating expressions for diagonal

parameters can be directly obtained, which simplifies the estimation procedure. The

joint negative composite log-likelihood function is simplified as

�lcpβq � �
pņ

j�1

ņ

m�1

logαjj �
pņ

j�1

ņ

m�1

αjj

"
ymj � α�1

jj

pņ

i�1,i�j

�
αji �

Ḩ

h�1

xphqm rθjish
�
ymi

*2

.
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The updating equations can be simplified in matrix form, as provided below

rθ̂ssh �

S

�
� tr

�
T sC

phq
θ

	
� tr

�
T s

�
T sc d

�
B

phq
θ

�T �
D

phq
θ

	
� tr

�
T s

�
T s1 dBT

α

�
C

phq
θ

	
�∆, λ




tr
�
T sΣT sD

phq
θ

	 ,

α̂w �

S

�
� tr

�
TwCα

	
� tr

�
Tw

�
Twc

dBT
α

�
Cα

	
�
°H

h�1 tr
�
Tw

�
Tw1

d
�
B

phq
θ

�T �
C

phq
θ

	
, λ




tr
�
TwΣTwCα

	 ,

α̂jj �
2
°n

m�1

�°pn
i�1,i�j

�
αji �

°H
h�1 x

phq
m rθjish

�
ymi

	2

�n�

d
n2 � 4

�°n
m�1 y

2
mj

	"°n
m�1

�°pn
i�1,i�j

�
αji �

°H
h�1 x

phq
m rθjish

�
ymi

	2
* ,

where sc and wc denote the complement of s and w respectively, and

C
phq
θ � 1

n

�
Xphq d Y

	T

Y , D
phq
θ � 1

n

�
Xphq d Y

	T�
Xphq d Y

	
,

G
ph,lq
θ � 1

n

�
Xplq d Y

	T�
Xphq d Y

	
, Cα � 1

n
Y TY ,

∆ �
Ḩ

l�1,l�h

tr
�
T s

�
T s1 d �

B
plq
θ

�T �
G

ph,lq
θ

	
.

The n� pn matrix Xphq is defined as

Xphq �

�
������������

x
phq
1 x

phq
1 . . . x

phq
1

x
phq
2 x

phq
2 . . . x

phq
2

...
...

. . .
...

x
phq
n x

phq
n � � � x

phq
n

�
������������

n�pn

. (2.13)

Let Σ denote a pn � pn diagonal matrix diagpα�1
11 , ..., α

�1
pnpnq, and let d denote the
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component-wise product. Each entry of B
phq
θ and Bα takes the following form

�
B

phq
θ

�
ij
�

$'''&
'''%

�rθijshα�1
jj i � j; i, j � 1, ..., pn,

0 i � j,

(2.14)

�
Bα

�
ij
�

$'''&
'''%

�αijα
�1
jj i � j; i, j � 1, ..., pn,

0 i � j,

(2.15)

Let T s and T w denote the edge adjacency matrix, e.g. pT sqij � 1 if pi, jq � s or

pj, iq � s, and pT sqij � 0 otherwise. Let T s1 be defined as: if pi, jq � s, all of the

elements in the ith and jth row of the matrix T s1 are equal to 1 except the diagonal

entries, and all other entries are equal to zero. The matrix T w1
is defined in the

same way.

2.2.5 Theoretical Properties of Penalized Composite Likelihood Estima-

tor

In this section, we provide the estimation error bound for the penalized composite

likelihood estimator and demonstrate its model selection consistency under some

regularity conditions. Let the score function and the Hessian matrix of lcpβq be

denoted as l
p1q
c pβq, lp2qc pβq respectively. We use the notation S1 to represent the

set of true nonzero off-diagonal parameters and S2 to denote the set of all diagonal

parameters. Then the set of true nonzero parameters can be denoted as S � S1YS2.
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Define Sc as the set of all zero parameters. Let sn denote the maximum number of

nonzero parameters within each row across all rows and all matrices Q0,P1, � � � ,PH .

Let qn denote the total number of true nonzero off-diagonal parameters, where qn �

Oppnsnq.

Assumption 3 Define Hpβq � E
 � 1

n
l
p2q
c pβq( and there exists a neighborhood

||β � β0||2   η for some constant η ¡ 0 such that Hpβq has eigenvalues bounded

away from zero and infinity. Furthermore, the absolute values of eigenvalues of

E
 
B3�lcpYm,βq
BβBβT Bβu

(
are bounded by some constant, where βu denotes any off-diagonal

parameter.

Assumption 4 There exists a constant d ¡ 0 such that s4n � Oppdnq and p1�d
n log pn �

opnq.

Theorem 2.2 Under Assumptions 3-4, if the tuning parameter λ satisfies δ1

�
s2n log pn

n

	 1
2

¤ λ ¤ δ2

�
s3n log pn

n

	 1
2

for some constants δ1, δ2 ¡ 0, then there exists a local minimizer

β̂ of the objective function Qpβq such that ||β̂ � β0||2 � Op

!�
p1�d
n log pn

n

	 1
2
)
.

Note that if we further assume that sn is bounded, the estimation error bound would

be

||β̂ � β0||2 � Op

!�pn log pn
n

	 1
2
)
.
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Assumption 5 Let H0
S1S1

� E
!
� 1

n
l
p2q
c pβ0qS1S1

)
and H0

ScS1
� E

!
� 1

n
l
p2q
c pβ0qScS1

)
.

There exists some positive constant ξ P p0, 1q such that

����
����
����H0

ScS1

�
H0

S1S1

��1

����
����
����
8

¤ 1� ξ.

This assumption states that the expected Hessian matrix satisfies the incoher-

ence condition, which assumes that any two variables without an edge between them

should not impose a large effect on variable pairs connected by edges in a Gaus-

sian graphical model. This condition is widely used in high-dimensional statistics,

including graphical models and regularized regression models (Zhao and Yu, 2006;

Meinshausen and Bühlmann, 2006; Raskutti et al., 2008; Ravikumar et al., 2011).

In the theorem above, we establish the consistency results for all vertex and edge

parameters. As a next step, we investigate the problem of model selection, focusing

on the edge parameters only, while the vertex parameters are treated as nuisance

parameters and are assumed to be known.

Theorem 2.3 Under Assumptions 3-5 and Theorem 2.2, suppose that q2np
2d
n log pn �

Opnq and the minimum non-zero parameter satisfies

min
uPS1

∣∣β0
u

∣∣ :� min
pi,jqPS1

h�1,��� ,H

!��rθ0ijsh��, ��α0
ij

��) ¥ c�
?
qnλ

for some constant c� ¡ 0. Then the penalized composite likelihood estimator β̂

satisfies signpβ̂q � signpβ0q with probability tending to one.
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2.3 Numerical Simulations

In this section, we provide several numerical studies to evaluate the performance

of our proposed methods. Simulation results are summarized and reported over 100

data sets.

2.3.1 Covariate-dependent Gaussian Graphical Models with Fixed p

For the first simulation, we consider a small-sized cdexGGM with p � 10. Two

different graphical structures are simulated for Q0, and Q1 matrices, including a

general network and a chain network with the sample sizes n � 500 or 3000. One

covariate x
p1q
m is simulated at 5 different values, and for each specific value of the

covariate, there are n{5 observations. The precision matrices are established by

Σ�1
m � x

p1q
m Q1�p1�xp1qm qQ0. In the first case, the matrices Q0 and Q1 are generated as

two random positive definite matrices by the format of AAT �c �I, where A is a ran-

dom square matrix, I is the identity matrix, and c is an arbitrary positive constant.

In the second case, we generate a tridiagonal precision matrix corresponding to a

chain network as outlined in Fan et al. (2009). Specifically, each off-diagonal element

of the inverse matrices of Q1 and Q0 is generated as pQ�1
1 qij � exp

 �1{2∣∣si � sj
∣∣ (,

and pQ�1
0 qij � exp

 � 1{2
∣∣∣s1i � s1j

∣∣∣ (, where s1 and s11 are randomly initialized as
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Table 2.2: Simulation results of MLE for small-sized cdexGGM

Sample Size Case Matrix Mean ||e|| Mean ||e|| /#

of Para.

500

General
Q0 2.6645(1.0731) 0.0484

Q1 2.6304(0.9897) 0.0478

Chain
Q0 2.8332(0.6690) 0.0515

Q1 2.8655(0.6518) 0.0521

3000

General
Q0 0.9573(0.3243) 0.0174

Q1 0.8403(0.3017) 0.0153

Chain
Q0 0.9705(0.1571) 0.0176

Q1 0.9835(0.1603) 0.0179

The number of vertices p is 10 and the total # of parameters is 55 for each

matrix. The standard errors are listed in parentheses.

positive numbers, si � si�1 � Unifp0.5, 1q, and s1i � s1i�1 � Unifp0.5, 1q. We eval-

uate the average ℓ2 norm of the error vector e � β̂ � β0 over 100 simulations and

further divide it by the number of parameters as a measure of error for the proposed

estimates. As shown by Table 2.2, the measure of error is around 0.05 for n � 500,

and around 0.01 for n � 3000.
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2.3.2 Covariate-dependent Gaussian Graphical Models with Large pn

In this section, we consider high-dimensional covariate-dependent GGMs with

pn � 30 and pn � 50, along with the same sample size n � 3000 and one covariate

H � 1. We generate random matrices Q0 and Q1 with a sparse network structure,

using the construction of AAT �c �I, where A is a random square matrix. The diag-

onal elements of the precision matrix are set to be linearly varied with the covariate

in this study.

The tuning parameter λ is determined by composite loglikelihood EBIC (Foygel

and Drton, 2010; Gao and Song, 2010), which is given below

EBICγ � �2lcpβ̂cq � df log n� 4dfγ log pn, (2.16)

where df denotes the total number of nonzero off-diagonal entries and γ P r0, 1s is a

user-specified constant. We perform a sensitivity analysis on the influenza vaccina-

tion dataset to investigate the impact of γ on the estimation results. Please refer to

Section 4.2.1 for details. For our simulation studies, we set γ � 1. We use different

model evaluation metrics, including specificity, sensitivity, and Matthews Correlation
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Coefficient (MCC), which are defined as

sensitivity � TP

TP � FN
, specificity � TN

TN � FP
,

MCC � TP � TN � FP � FNapTP � FP q pTP � FNq pTN � FP q pTN � FNq ,

where TP , TF , FP , and FN represent the total number of true positives, true neg-

atives, false positives, and false negatives, respectively. In our setting, any nonzero

off-diagonal entry is treated as a positive instance (indicating an edge), while a zero

entry is considered a negative instance. We avoid relying on MSE for penalized esti-

mators because the primary interest lies in whether the model accurately identifies

the presence or absence of edges, rather than how precisely it estimates the numeri-

cal values. Nevertheless, we also compute estimation errors across multiple random

seeds for verification, and these remain consistently low.

The proposed method (cdexGGM) is compared with four other methods: graph-

ical lasso (Guo et al., 2011), fused graphical lasso, group graphical lasso (Danaher

et al., 2014), and the Gaussian graphical regression model (Zhang and Li, 2023).

Graphical lasso (glasso) is employed to jointly estimate multiple graphical models

for different categories, and the tuning parameter λ is selected by the Bayesian infor-

mation criterion (BIC) (Guo et al., 2011). The fused graphical lasso (FGL) and the

group graphical lasso (GGL) are similar approaches with different penalties, both uti-

lized for modeling Gaussian graphical models across different categories. The GGL
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imposes a weaker similarity constraint (only encourages similar sparsity patterns) on

the multiple precision matrices compared to the FGL, which not only emphasizes

similar edge values across multiple categories but also enforces similar sparsity pat-

terns. The tuning parameters λ1, λ2 are selected based on an approximation of the

Akaike Information Criterion (AIC) (Danaher et al., 2014). The Gaussian graphical

regression model (RegGMM) employs a regression-based approach to estimate graph-

ical models that vary with covariates. The tuning parameters λ and λg are jointly

selected by 5-fold cross-validation, as suggested in Zhang and Li (2023). To ensure

a fair comparison, the covariate is uniformly selected from 0 to 1 with 5 different

values.

Table 2.3 highlights the average of these metrics over 100 simulation repeti-

tions. Standard errors for each metric are provided in parentheses. For pn � 30,

our proposed method demonstrates superior performance in sensitivity and MCC,

while maintaining comparable specificity to other approaches. Both the GGL and

FGL demonstrate acceptable performance, despite not being intended for modeling

covariate-dependent network structure. The RegGMM assumes constant diagonal

parameters across all levels of covariates and therefore does not perform well under

the varying diagonal parameters setting. Our proposed method outperforms compet-

ing approaches across all measured criteria when pn � 50. Other methods perform
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well in sensitivity, but at the expense of specificity, leading to reduced MCC scores.

Finally, we examine the computational cost associated with the tuning process.

Table 2.4 presents the EBIC-based computation time for λ selection across various

settings. Simulations were executed on a Windows 11 Home laptop with a 3.4 GHz

Intel Core i7-1139 CPU. With OppH � 1qp2nq parameters, the total computation

cost grows roughly quadratically with pn, as shown in Table 2.4. Our approach

enables parallel computation across the 100 simulated datasets, with a runtime of

approximately 7.95 minutes per seed when pn � 30 and around 43.53 minutes per

seed when pn � 50.

2.3.3 High-Dimensional Covariate-dependent Gaussian Graphical Mod-

els with Multiple Covariates

In the third simulation study, we limit our comparison to our proposed method

and RegGMM, as both are designed for modeling covariate-dependent network struc-

tures. We examine two covariates, generated uniformly from 0 to 1. We set pn � 20

and pn � 30, with the sample size n � 3000. For the purpose of a fair comparison,

we consider the diagonal entry of the precision matrix to be constant across all levels

of covariates. The generation process for the true Q0,P1,P2 is as follows:

1. Generate Q0,Q1,Q2 as random sparse positive definite matrices as outlined
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Table 2.3: Simulation results of cdexGGM and the other four competing methods.

pn # of

Para.

Method Matrix Sensitivity Specificity MCC

30 465

cdexGGM
Q0 0.8747(0.0307) 0.6576(0.0526) 0.4401(0.0424)

Q1 0.9251(0.0232) 0.6275(0.0573) 0.4388(0.0450)

GGL
Q0 0.7904(0.0207) 0.6183(0.0224) 0.3361(0.0259)

Q1 0.7876(0.0179) 0.7099(0.0169) 0.4036(0.0217)

FGL
Q0 0.7902(0.0208) 0.6147(0.0225) 0.3328(0.0259)

Q1 0.7880(0.0178) 0.7090(0.0168) 0.4030(0.0221)

glasso
Q0 0.8003(0.0194) 0.5848(0.0226) 0.3160(0.0243)

Q1 0.7926(0.0162) 0.6918(0.0166) 0.3903(0.0198)

RegGMM
Q0 0.6035(0.1476) 0.6333(0.1083) 0.2018(0.0574)

Q1 0.7135(0.1190) 0.5850(0.1442) 0.2458(0.0491)

50 1275

cdexGGM
Q0 0.9091(0.0236) 0.8202(0.0239) 0.3737(0.0251)

Q1 0.7838(0.0282) 0.9011(0.0145) 0.4152(0.0275)

GGL
Q0 0.7568(0.0203) 0.7603(0.0101) 0.2454(0.0130)

Q1 0.8098(0.0292) 0.6551(0.0105) 0.1948(0.0131)

FGL
Q0 0.7570(0.0203) 0.7577(0.0103) 0.2435(0.0130)

Q1 0.8104(0.0285) 0.6400(0.0101) 0.1872(0.0127)

glasso
Q0 0.7573(0.0203) 0.7528(0.0108) 0.2400(0.0129)

Q1 0.8113(0.0250) 0.6249(0.0098) 0.1801(0.0113)

RegGMM
Q0 0.8025(0.0739) 0.5431(0.0909) 0.1470(0.0215)

Q1 0.7904(0.0917) 0.5039(0.1077) 0.1211(0.0251)

The standard errors for each evaluation metric are shown in parentheses. The #

of true nonzero parameters of Q0,Q1 are 123 and 114 when pn � 30, and 106 and

102 when pn � 50.
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Table 2.4: Computational cost of cdexGGM

pn # of Para. Computational time

30 930 7.95 mins

50 2550 43.53 mins

in the previous simulation. Let pQ0qij � αij, pQ1qij � ηij, and pQ2qij � πij

represent the pi, jqth element of Q0, Q1, and Q2 respectively.

2. Define N�
1 � Λ1Q1Λ1, N

��
1 � Λ0N

�
1 Λ0, and N�

2 � Λ2Q2Λ2, N
��
2 � Λ0N

�
2 Λ0,

where Λ0 � diag
�b

1
2
α11, � � � ,

b
1
2
αpnpn

	
, Λ1 � diag

�a
η�1
11 , � � � ,

a
η�1
pnpn

	
,

Λ2 � diag
�a

π�1
11 , � � � ,

a
π�1
pnpn

	
.

3. Generate P1,P2 by P1 �N��
1 � 1

2
Q0, P2 �N��

2 � 1
2
Q0.

As shown in Table 2.5, both methods demonstrate strong performance in esti-

mating the sparsity patterns of the slope matrices P1,P2. In terms of the baseline

precision matrix Q0, our method strikes a balance between high sensitivity and rel-

atively good specificity, while RegGMM offers slightly higher sensitivity but at the

cost of specificity. Overall, the proposed method exhibits consistent and reliable

performance across all settings and evaluation metrics.

36



T
ab

le
2.

5:
S

im
u

la
ti

on
re

su
lt

s
of

ou
r

p
ro

p
os

ed
m

et
h

o
d

an
d

R
eg

G
M

M
on

m
u

lt
ip

le
co

va
ri

at
es

p n
M

et
h

o
d

M
at

ri
x

#
of

P
ar

a.

#
of

N
on

ze
ro

P
ar

a.

S
en

si
ti

v
it

y
S

p
ec

ifi
ci

ty
M

C
C

20

cd
ex

G
G

M

Q
0

21
0

55
0.

84
09

(0
.0

40
9)

0.
68

70
(0

.0
78

0)
0.

42
15

(0
.0

60
1)

P
1

19
0

67
0.

75
76

(0
.0

32
8)

0.
84

10
(0

.0
94

5)
0.

59
97

(0
.0

98
6)

P
2

19
0

70
0.

90
97

(0
.0

26
8)

0.
83

51
(0

.0
82

0)
0.

72
86

(0
.0

79
0)

R
eg

G
M

M

Q
0

21
0

55
0.

88
66

(0
.0

49
8)

0.
30

15
(0

.0
39

3)
0.

16
52

(0
.0

49
5)

P
1

19
0

67
0.

67
60

(0
.0

43
3)

0.
89

13
(0

.0
63

4)
0.

59
26

(0
.0

77
6)

P
2

19
0

70
0.

79
43

(0
.0

33
2)

0.
85

21
(0

.0
48

8)
0.

64
27

(0
.0

58
9)

30

cd
ex

G
G

M

Q
0

46
5

11
6

0.
88

77
(0

.0
27

6)
0.

74
32

(0
.0

50
5)

0.
52

02
(0

.0
44

7)

P
1

43
5

16
1

0.
80

35
(0

.0
29

6)
0.

89
54

(0
.0

45
0)

0.
70

40
(0

.0
49

3)

P
2

43
5

14
7

0.
83

01
(0

.0
28

1)
0.

88
74

(0
.0

52
7)

0.
71

25
(0

.0
59

8)

R
eg

G
M

M

Q
0

46
5

11
6

0.
88

88
(0

.0
32

8)
0.

32
21

(0
.0

25
0)

0.
18

73
(0

.0
30

3)

P
1

43
5

16
1

0.
63

50
(0

.0
51

0)
0.

88
37

(0
.0

60
2)

0.
54

81
(0

.0
54

7)

P
2

43
5

14
7

0.
69

72
(0

.0
30

0)
0.

83
45

(0
.0

49
1)

0.
53

17
(0

.0
54

7)

T
h

e
sa

m
p

le
si

ze
is

30
00

,
an

d
th

e
st

an
d

ar
d

er
ro

rs
ov

er
10

0
d

at
as

et
s

ar
e

li
st

ed
in

p
ar

en
th

es
es

.

37



2.4 Data Analysis

2.4.1 Influenza Vaccination Study

Nowadays, influenza continues to be a major concern for public health, includ-

ing the most prevalent strains of influenza A (H1N1), influenza B, and influenza A

(H3N2). Insights obtained from animal models have revealed that host genetic fac-

tors can have a profound impact on both the immune responses and susceptibility to

influenza infection (Trammell and Toth, 2008; Srivastava et al., 2009). The immune

response to vaccination, much like in viral infection, is expected to exhibit variability

that is influenced by genotype as well. Motivated by this, we apply our proposed

model to a global gene expression data set (before and after trivalent influenza vac-

cination in humans), aiming to characterize the dynamic regulatory gene networks

and examine the varying dependency structure at different time points. This anal-

ysis may provide insights into pivotal genes that greatly contribute to the immune

response to influenza vaccination.

The gene expression data set is downloaded from the National Center for Biotech-

nology Information website (https://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?

acc=GSE48024). The total sample size is 848, including 119 healthy adult male vol-

unteers (aged 19 - 41 years) and 128 healthy adult female volunteers (aged 19 - 41
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years). It records global transcript abundance in peripheral blood RNA specimens

before (day 0) and at three time points (days 1, 3, and 14) after vaccination. Raw

data is normalized by background adjustment, variance stabilization transformation

(Lin et al., 2008) and robust spline normalization using the R package lumi (Du

et al., 2008).

Similar to Franco et al. (2013), we opt to narrow down our focus to 68 genes

that exhibit both a transcriptional response to the vaccine and some evidence of

genetic regulation. In summation, the cleaned data set has pn � 68 genes, with

the sample size n � 848 and four different time points (day 0, days 1, days 3, days

14). Before proceeding with further analysis, we first examine whether the precision

matrix shows a roughly linear relationship with time. Specifically, for each time

point, we fit a GGM using the graphical lasso (Guo et al., 2011). We then randomly

select several estimated entries pΣ�1qij and plot these estimates against time to

evaluate whether a linear relationship is approximately satisfied. As demonstrated in

Figure 2.1, the randomly selected entries exhibit an approximately linear pattern with

time. Therefore, we proceed to analyze the dataset using the proposed cdexGGM.

The estimated time-varied regulatory networks and sparsity pattern are given in

Figure 2.2 and Figure 2.3, respectively.

As shown by Figure 2.2, several gene interactions experience a rapid decrease
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after vaccination, including ABCA7 & LRRC37A4, KIAA0391 & RABEP1, C3AR1

& OAS1, and DYNLT1 & OAS1. Some of those even disappear at the end of the 14

days, like D4S234E & OAS1, EMR3 & OAS1, and GRINA & RABEP1. In contrast,

getting vaccinated substantially enhances the interactions DIP2A & MGC57346 and

OAS1 & TAP2. It also produces the newly-formed edges DIP2A & NT5DC3 and

OAS1 & TIMM10. These findings demonstrate some evidence that DIP2A and

OAS1 are crucial to people’s immune response. This aligns with the results reported

in Franco et al. (2013), which recognizes the importance of DIP2A and OAS1 in

the humoral immune response to influenza vaccination. In general, our research

validates the pivotal role of a specific set of genes in the human immune response to

vaccination. Further biological investigations are necessary to fully understand the

dynamic relationships among these genes with respect to vaccination time and their

biological significance.

2.4.2 Mice Protein Expression

Down syndrome (DS), also known as trisomy 21, is a genetic disorder caused

by the presence of an extra copy of chromosome 21, which pertains to intellectual

disability, influencing approximately one in a thousand newborns globally. It is

generally considered that the excessive expression of genes encoded by the extra
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Figure 2.1: Scatter plots of randomly selected gene pairs.

copy of the chromosome gives rise to the disruption of regular pathways and typical

reactions towards stimulation, and further leads to learning and memory deficiency.

In the following analysis, we utilize the proposed covariate-dependent GGM method

to analyze a mice protein expression data set to discover differences and similarities

among protein networks influenced by three different covariates. The covariates

include the treatment effect of injecting the drug memantine (m) or not (s), the

factor of having the stimulation to learn (CS) or not (SC), and the factor of normal
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Figure 2.2: The estimated gene regulatory networks for the influenza vaccine data

set. The time points ”Day0”, ”Day1”, ”Day3”, and ”Day14” represent the day before

getting vaccinated, the first day after vaccination, the third day after vaccination,

and two weeks after vaccination. Edges in red represent negative partial correla-

tions between genes, while edges in gray stand for positive partial correlations. The

strength of interactions between two genes is displayed by the thickness of the edges.
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Figure 2.3: The estimated sparsity pattern for the influenza vaccine data set. Each

image has 68 rows and 68 columns, representing the elements of Q0,Q1 respectively.

The corresponding cell is marked in black if the estimated entry is nonzero. Other-

wise, it is white.

genotype (c) or abnormal trisomy (t). The resulting 8 classes of mice are grouped by

the level of these three factors. Each class is examined and labeled by the associated

learning outcome, including normal learning, failed learning, and rescued learning

(refer to Figure 2.4 for details). We show that our proposed model enables us to

investigate the differences in the networks across different levels of three experimental
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factors. These findings shed light on how the genetic factor, medical treatment,

and stimulation factor influence the interactions among the proteins, and how these

interactions in turn affect the learning outcomes.

This mice protein expression data set (Higuera et al., 2015) is downloaded from

the UCI Machine Learning Repository (https://archive.ics.uci.edu/ml/datasets/

Mice+Protein+Expression). It comprises the expression levels of 77 proteins that

produce detectable signals in the nuclear fraction of the cortex. In total, there are 72

mice involved in the study, with 38 of them serving as control mice and 34 as trisomic

mice with Down syndrome. In the experiment, 15 measurements of each protein are

recorded per mouse. Accordingly, there are 570 measurements for control mice and

510 measurements for trisomic mice, with a total of 1080 measurements per protein.

In particular, based on the information provided by the dataset, the repository treats

each measurement as a separate observation. In our analysis, we adopt this simpli-

fication but acknowledge that ignoring within-mouse variability may underestimate

the true dependence structure. A more refined approach would require a mixed-

effects or hierarchical modelling framework, which we list as a potential direction for

future work. The mice are evenly distributed across eight classes, with each class

comprising around seven to ten mice. Excluding those proteins with missing values

and further conducting feature selection through a random forest algorithm (using
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the eight classes as the response and all protein expression levels as predictors), we

finally narrow down our focus to the top 35 proteins with the highest feature impor-

tance scores. We proceed to center each observation for the subsequent analysis.

To investigate how covariates influence the underlying dependence structure, we

employ the covariate-dependent GGMs through the proposed estimation approach.

The following Figure 2.5 illustrates the estimated protein network structures for the

35 selected proteins across eight classes. We further examine the estimated rθijsh in

slope matrices P1, P2, an P3. We select the top-ranked rθ̂ijsh in terms of magnitude

and perform hypothesis testing H0 : rθijsh � 0 versus H1 : rθijsh � 0, which is used to

test whether or not the corresponding covariate has a significant effect on the specific

protein interactions. We construct Wald-type statistics and the standard errors are

obtained through the bootstrap method. Table 2.6 highlights those pairs of protein

interactions and provides the associated p-values. For example, we observe a positive

effect of the trisomy genotype on the interactions Tau N & P3525 N, PKCA N &

pNUMB N, and pRSK N & RSK N, while the following protein pairs RAPTOR N &

pGSK3B N, PKCA N & CAMKII N, and pRSK N & RSK N exhibit a negative re-

sponse to the injection of memantine. It is interesting to note that hypothesis testing

on the pair pRSK N & RSK N is significant for both genotype and treatment. Fur-

thermore, the trisomic geneotype is increasing this interaction, whereas the medical
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treatment is decreasing this interaction. This suggests that the treatment alleviates

the harmful impact of the abnormal trisomy genotype on this specific pair of protein

interaction. Additionally, we observe that both the memantine treatment and the

learning stimulation assistance impose a positive impact on pJNK N & pGSK3B N,

and meanwhile, negatively influence pNUMB N & pMTOR N. These results may

offer valuable insights into the importance of those protein pairs in the mechanism

of learning disabilities in Down syndrome.

As shown in Figure 2.4, different mouse classes have different learning outcomes,

including normal learning, rescued learning, and failed learning. We are interested in

comparing dependence structures between two different classes with different learning

outcomes. We highlight two sets of comparisons: 1) the class ”c-CS-m” demonstrat-

ing normal learning outcome versus the class ”t-CS-m” demonstrating rescued learn-

ing outcome; 2) the class ”c-CS-s” demonstrating normal learning outcome versus

the class ”t-CS-s” demonstrating failed learning outcome. We perform a two-sample

test to compare the equality of partial correlations between any given protein pair

across the two classes. The test statistic is constructed based on the composite like-

lihood estimates of the partial correlations, and the standard errors are obtained

through the bootstrap method. Both investigations reveal a notable enhancement in

the interactions ITSN1 N & BRAF N, DYRK1A N & ITSN1 N, pGSK3B Tyr216 N
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& SHH N, pP70S6 N & pRSK N, S6 N & ADARB1 N, AcetylH3K9 N & S6 N, and

pCAMKII N & ADARB1 N in normal mice, compared to those experiencing either

rescued or failed learning. The p-values of the two-sample tests are provided in Ta-

ble 2.7. These findings provide evidence that the interactions between these protein

pairs are essential to the learning outcome. Some of our results agree with existing

findings in biological literature. For example, Malakooti et al. (2020) demonstrates

that ITSN1 N contributes to normal learning and memory in mice. Ahmed et al.

(2015) reveals that overexpression of DYRK1A can lead to learning and memory

deficits. Both proteins have significant results in our two-sample test.

We apply a random forest for feature selection because it enables effective di-

mension reduction, which in turn significantly decreases the computational cost. We

acknowledge that using Random Forest importance scores to pre-select a small set of

proteins may introduce a selection bias (“winner’s curse”), since the same data are

used both for screening and for subsequent inference. This means that some proteins

may appear more discriminative by chance, which can affect the interpretation of the

bootstrap hypothesis testing results. In light of this, the bootstrap results should

be viewed as exploratory rather than fully confirmatory. In summary, our analysis

outlines a preliminary framework for how such an inference procedure could be car-

ried out, but additional empirical validation, ideally guided by biological or genetic
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expertise, will be necessary to draw firm conclusions.
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Mice

Control

Mice (c)

Trisomic

Mice (t)
Genotype

Yes:

Context

Shock

(CS)

No: Shock

Context

(SC)

Yes:

Context

Shock

(CS)

No: Shock

Context

(SC)

Stimulated to learn

Yes No Yes No Yes No Yes No Treatment

c-CS-m c-CS-s c-SC-m c-SC-s t-CS-m t-CS-s t-SC-m t-SC-s Classes

Normal No Learning Rescued Failed No Learning Learning Outcome

Figure 2.4: Eight Classes of Mice and the associated Learning Outcomes
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Table 2.7: Test of equality of partial correlations across two classes with different

learning outcomes

Edges Comparison between two classes

Normal learning

c-CS-m

Rescued learning

t-CS-m

Normal learning

c-CS-s

Failed learning

t-CS-s

BRAF N &

ITSN1 N

1.75E-11 1.35E-8

DYRK1A N &

ITSN1 N

5.85E-5 2.86E-4

pGSK3B Tyr216 N &

SHH N  2.2E-16  2.2E-16

pP70S6 N &

pRSK N

1.60E-8 3.28E-4

S6 N &

ADARB1 N

 2.2E-16  2.2E-16

AcetylH3K9 N &

S6 N

 2.2E-16  2.2E-16

pCAMKII N &

ADARB1 N

 2.2E-16  2.2E-16

Note: The table provides the p-values associated with the two-sample tests to compare

the equality of partial correlations between protein pairs across two different classes.
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Figure 2.5: Estimated protein dependence structure: c-CS-m (control group, stimu-

lated to learn, memantine); t-CS-m (trisomy group, stimulated to learn, memantine);

c-CS-s (control group, stimulated to learn, saline); c-SC-m (control group, not stim-

ulated to learn, memantine); t-CS-s (trisomy group, stimulated to learn, saline);

t-SC-m (trisomy group, not stimulated to learn, memantine); c-SC-s (control group,

not stimulated to learn, saline); t-SC-s (trisomy group, not stimulated to learn,

saline).
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2.5 Technical Lemmas and Proofs

Lemma 2.1 If the random vector Y � pY1, . . . , YpnqT follows a multivariate normal

distribution Np0,Σq, with Σjj � σ2
jj   8, j � 1, ..., pn, then there exists some

constant 0  M1   8 such that

∣∣∣EtY h1
i Y h2

j u
∣∣∣  M1,

∣∣∣EtY h1
i Y h2

j Y h3
l u

∣∣∣  M1,
∣∣∣EtY h1

i Y h2
j Y h3

k Y h4
l u

∣∣∣  M1,

where h1, h2, h3, h4 are finite positive integers and i, j, k, l � 1, ...pn.

Proof. It is a well-established fact that the central absolute moments for all even

orders of normal random variables with mean zero are given by E
 ∣∣Yj∣∣r ( � σr

jjpr �

1q!!, where pr � 1q!! denotes the double factorial, that is, pr � 1q!! � pr � 1q � pr �

3q � � � 1 and r is some even number. By Jensen’s inequality and Hölder’s inequality,

@ i, j, k, l � 1, ...p, we have
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2  M1.
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Lemma 2.2 For @ s, w � tpa, bqu P E and j � 1, � � � , pn, h1 � 1, � � � , H, we have

max
s

∣∣∣∣∣B � lcpβ0q
Brθssh1

∣∣∣∣∣ � Op

"
pns2n log pnq 1

2

*
, max

w

∣∣∣∣∣B � lcpβ0q
Bαw

∣∣∣∣∣ � Op

"
pns2n log pnq 1

2

*
,
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pns4n log pnq 1

2

*
.

Furthermore, for @ ϵ ¡ 0, there exist some positive constants K1, C1, cz,max and

cI2,max such that

P
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n
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���
8
¥ ϵ
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¤ 4 exp
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Proof. We start with B�lcpβ0q
Brθssh1

as follows. For @ s � tpa, bqu P E and h1 � 1, � � � , H,
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we show that
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i�1,i�a

�
αai �

Ḩ
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According to the property of sub-exponential distribution, we have
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Using Bonferroni inequalities, we show that
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pņ

i�1,i�a

�
Z
ph1q
i,ab � E

 
Z
ph1q
i,ab

(�∣∣∣∣∣∣ ¥ t

+

¤
pņ
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Likewise, for the second term I1.2, we can show
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The parameters take the following form
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Therefore, it leads to a similar result
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As a result,
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By the Bonferroni inequality,
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By choosing the constant C1 ¡ 18, the upper bound probability approaches zero as

n increases. The proofs of the remaining results are analogous to the one provided

above and thus are omitted.

Lemma 2.3 For @ s, w P E and @ j � 1, ..., pn, h1, h2 � 1, � � � , H, regarding all the
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second order partial derivatives of �lcpβq at β � β0, we have
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Proof. Following the approach in Lemma 2.2, for @ ϵ ¡ 0, we are able to provide
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for some positive constants C2, C3,K2,K3, cD,max, cZ,max ¡ 0. The rest of the proba-

bilities are analogous and are therefore not displayed for brevity. Since
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Therefore, we have
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Likewise, without loss of generality, we consider @ s � tpa, bqu P E and j � a, we
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As a result, we can show
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Define the constants
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The same procedure applies to the remaining terms and is therefore omitted for

brevity.
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Lemma 2.4 For @ ϵ ¡ 0, we show that
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Through the Bonferroni inequality, we show that
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Likewise, we can show similar results for another subset Sc as follows,
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Proof. For any matrix A P Rpn�pn , we have
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Therefore, the upper bound of the probability becomes
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The possible terms included in the summation
°

k,l are as follows.
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Case 2: For @ s P S1, @ w P S1 and s � w, it can be shown that the total number of
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nonzero terms for the following four types is less than 2pH � 1qqnsn,∣∣∣∣∣ B2 � lcpβ0q
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The number of nonzero terms for each row would be less than 2pH�1qsn. Therefore,

by Lemma 2.3, for @ ϵ ¡ 0, the probability can be written as
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which completes the proof.
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Lemma 2.6 Under Assumptions 3-5 and q2ns
2
n log qn � opnq, there exists some

constant τ� ¡ 0 such that � 1
n
l
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c pβ0qS1S1 has minimum eigenvalue lower bounded by

τ� and is invertible with probability tending to one.
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(
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where y is a unit-norm eigenvector of � 1
n
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c pβ0qS1S1 . Therefore, we show that

yT
�
� 1

n
lp2qc pβ0qS1S1



y ¥ λmin

�
� 1

n
lp2qc pβ0qS1S1



¥ λminpH0

S1S1
q � yT

�
H0

S1S1
� 1

n
lp2qc pβ0qS1S1



y,

λmin

�
� 1

n
lp2qc pβ0qS1S1



¥ τ �

����
����
����H0

S1S1
� 1

n
lp2qc pβ0qS1S1

����
����
����
2

.

By Lemma 2.5, we can choose ϵ P p0, τq such that the following probability ap-
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proaches zero,
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As a result, λmin

�
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n
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¥ τ � ϵ � τ� holds with probability tending to

1.

Lemma 2.7 (Incoherence Condition) Under Assumptions 3-5 and q2ns
2
n log qn �

opnq, the following condition
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3
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holds with probability tending to one.

Proof. To show (2.17), we need to apply several facts derived from Lemma 2.4, 2.5

and 2.6, which are summarized as follows

1. By Lemma 2.4, for @ ϵ ¡ 0, @ ϵ1 P p0, τq, and some constant τ� � τ � ϵ1 ¡ 0,
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we have
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2. By Lemma 2.5, for @ ϵ1 ¡ 0, we have
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3. By Lemma 2.6, the following inequality holds
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We decompose the term 1
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By Facts 1, 3 and Assumption 5, we show that
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Likewise, by Fact 1, the third term
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The infinity norm becomes
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By Facts 1, 2, we can calculate the upper bound as
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Proof of Theorem 2.1

Proof. The multivariate version of the Lindeberg condition can be bounded by
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(2.18)

for all h � 1, � � � , H,m � 1, � � � , n. By Assumption 1 and Lemma 2.1, we show
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ņ

m�1

Lp1q
m pβ0q dÝÝÑ N

�
0,V

	
. (2.19)

Our next step is to show the existence of a local maximizer β̂ of Lpβq such that

||β̂ � β0||2 � Oppn� 1
2 q. Define a ball A �

!
β : β ¤ β0 � Cn�

1
2v
)

, where v is any

unit vector and C is a positive constant. Since Lpβq�Lpβ0q is a continuous function

with Lpβ0q�Lpβ0q � 0, if one can show that it is strictly negative on the boundary

of the ball, we can conclude that there exists a local maximizer of Lpβq inside A.

By Taylor expansion at β0, we have

Lpβq � Lpβ0q �Lp1qpβ0qT pβ � β0q � 1

2
pβ � β0qTLp2qpβ0qpβ � β0q

� 1

6

¸
r,t,u

rpβ � β0qsrrsrpβ � β0qsrtsrpβ � β0qsrus B3Lpβ̃q
BβrBβtBβu ,

(2.20)

where β̃ is between β and β0. From (2.19), we have n�
1
2Lp1qpβ0q � Opp1q. The

first term on the right-hand side of (2.20) is of the order Opp1q. As Lp2qpβ0q is

deterministic, the second term can be written as

1

2
pβ � β0qTLp2qpβ0qpβ � β0q � �1

2
npβ � β0qT Ipβ

0q
n

pβ � β0q.
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From Assumption 2, we know that Ipβ0q
n

ÝÑ V as n ÝÑ 8 and V is positive definite.

Thus, the second term is less than �1
2
C2λminpV q as n goes to infinity. By choosing

a sufficiently large C, the second term can dominate the first term. The third order

partial derivative of Lpβq, for example, can be given as

B3Lpβq
Brθush1Brθvsh2Bαs

�
ņ

m�1

xph1q
m xph2q

m trpT uΣmT
sΣmT

vΣmq. (2.21)

Other third-order partial derivatives take similar forms to (2.21). From Assump-

tion 1, we have B3Lpβ̃q
BβrBβtBβu

� Opnq and thus, the third term is of the order Opn� 1
2 q.

This is dominated by the second term as well. As a result, we have shown that with

probability tending to 1, the function Lpβq � Lpβ0q is strictly negative on the ball,

which completes the proof of the consistency of the estimator.

Lastly, we show the asymptotic normality for β̂. By Taylor expansion, there exists

β̃ between β and β0 such that for @ r, t, u � 1, � � � , ppp�1qpH�1q
2

,

�
Lp1qpβ̂q�

r
� 0 � �

Lp1qpβ0q�
r
�
¸
t

�
Lp2qpβ0q�

rt
� ��β̂ � β0

��
t

�
¸
t,u

B3Lpβ̃q
BβrBβtBβu

��
β̂ � β0

��
t

��
β̂ � β0

��
u
,

(2.22)

where r, t, u denote the row or column index of the vector and matrices. The third

term on the right-hand side is Opp1q, whereas the second term has an order of Oppn 1
2 q,

which dominates the third term. Then (2.22) can be written as

1

n

�
Lp1qpβ0q�

r
�
¸
t

�� 1

n
Lp2qpβ0q�

rt
� ��β̂ � β0

��
t
p1� opp1qq.
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In matrix form, we have

1

n
Lp1qpβ0q � � 1

n
Lp2qpβ0q�β̂ � β0

�� !
� 1

n
Lp2qpβ0q

)�
β̂ � β0

�
opp1q, (2.23)

where opp1q denotes the residual vector. Since the set of positive definite matrices

is an open convex cone and the matrix V is positive definite by Assumption 2,

we have the positive definiteness of � 1
n
Lp2qpβ0q. Taking the inverse transformation,

(2.23) becomes

n
1
2

�
β̂ � β0

� � !
� 1

n
Lp2qpβ0q

)�1!
n�

1
2Lp1qpβ0q

)
� opp1q.

Using (2.19), we show the asymptotic normality for β̂ as

n
1
2 pβ̂ � β0q dÝÝÑ N

�
0,V �1

	
. (2.24)

Proof of Theorem 2.2

Proof. The objective function is given by

min
β
Qpβq � �lcpβq � n

Ḩ

h�1

¸
sPE

ρλp|rθssh|q � n
¸
wPE

ρλp|αw|q.

Define a function Gp∆q � Qpβq � Qpβ0q, where ∆ � β � β0. If we take a closed

convex set A which contains 0 and further show that the function Gp∆q is strictly

positive everywhere on the boundary BA, then it implies that Gp∆q has a local
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minimum inside the convex set A, since Gp∆q is continuous and Gp0q � 0. In

particular, we define the closed convex set A � tβ : ||β � β0||2 ¤ Crnu and its

boundary BA � tβ : ||β � β0||2 � Crnu, where C is some positive constant and

rn �
"

p1�d
n log pn

n

* 1
2

.

By the definition, we show that

Gp∆q � lcpβ0q � lcpβq � n
Ḩ

h�1

¸
sPE

!
ρλp|rθssh|q � ρλp|rθ0ssh|q

)
l jh n

I4

�n
¸
wPE

!
ρλp|αw|q � ρλp|α0

w|q
)

l jh n
I5

.

We start with the composite log-likelihood function and apply Taylor’s expansion to

lcpβq at β � β0:

lcpβq � lcpβ0q � lp1qc pβ0qT � pβ � β0q � 1

2
pβ � β0qT � lp2qc pβ�q � pβ � β0q, (2.25)

where β� � aβ � p1� aqβ0 for some constant a P p0, 1q. The difference between the

two composite log-likelihood functions can be written as

lcpβ0q � lcpβq � �lp1qc pβ0qT � pβ � β0q � 1

2
pβ � β0qT � lp2qc pβ�q � pβ � β0q

� �lp1qc pβ0qT � pβ � β0ql jh n
I1

� 1

2
pβ � β0qT � Et�lp2qc pβ�qu � pβ � β0ql jh n

I2

� 1

2
pβ � β0qT �

"
� lp2qc pβ�q � Et�lp2qc pβ�qu

*
� pβ � β0ql jh n

I3

.

(2.26)
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By the assumption that Et� 1
n
l
p2q
c pβ�qu has eigenvalues uniformly bounded away from

zero and infinity when β� is in the η-neighborhood of β0, there exist κ�, κ� ¡ 0 such

that 0   κ� ¤ λ
�
Et� 1

n
l
p2q
c pβ�qu

	
¤ κ�   8. Therefore, we have vTEt�lp2qc pβ�quv �

Oppnq ¡ 0, where v is any unit-norm vector. Consider on the boundary BA where

β � β0 � Crnv for some constant C ¡ 0. We show that

I2 � 1

2
C2r2n � vTEt�lp2qc pβ�quv � 1

2
C2r2n �Oppnq ¡ 0,

I3 � 1

2
C2r2n � vT

"
� lp2qc pβ�q � Et�lp2qc pβ�qu

*
v

� 1

2
C2r2n �

¸
r,t

vrop

"�
Et�lp2qc pβ�qu

�
rt

*
vt,

which is dominated by I2. For I1, we have

|I1| �
∣∣∣�lp1qc pβ0qT � pβ � β0q

∣∣∣ � ∣∣∣∣∣¸
t

�� lp1qc pβ0q�
rts
� pβ � β0qrts

∣∣∣∣∣
¤ Crn

¸
t1:diagonal

∣∣∣�� lp1qc pβ0q�
rt1s

∣∣∣|vt1|l jh n
|I1.1|

�Crn
¸

t2:β0
t2
�0

∣∣∣�� lp1qc pβ0q�
rt2s

∣∣∣|vt2|
l jh n

|I1.2|

� Crn
¸

t3:β0
t3
�0

∣∣∣�� lp1qc pβ0q�
rt3s

∣∣∣|vt3|
l jh n

|I1.3|

.

We start with the second term |I1.2| as follows. Since the # of nonzero true off-

diagonal parameters is qn and maxs

∣∣∣B�lcpβ0q
Brθssh1

∣∣∣ � maxw

∣∣∣B�lcpβ0q
Bαw

∣∣∣ � Op

!
pns2n log pnq 1

2

)
.
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By Cauchy–Schwarz inequality, |I1.2| becomes

|I1.2| � Crn
¸

t2:β0
t2
�0

∣∣∣�� lp1qc pβ0q�
rt2s

∣∣∣|vt2 | ¤ Crn

d ¸
t2:β0

t2
�0

�� l
p1q
c pβ0q�2

rt2s

d ¸
t2:β0

t2
�0

rvt2s2

¤ CrnOp

!
pqnns2n log pnq 1

2

)
.

Divide |I1.2| by I2, we show that

|I1.2|
I2

¤
CrnOp

!
pqnns2n log pnq 1

2

)
1
2
C2r2nnκ�

�
2Op

!
pqns2n log pnq 1

2

)
Crnn

1
2κ�

�
2Op

!
ppns3n log pnq 1

2

)
Cκ�pp1�d

n log pnq 1
2

� 2

Cκ�
Op

"�s3n
pdn

	 1
2

*
.

Since rn �
�

p1�d
n log pn

n

	 1
2
, qn � Oppnsnq, and s4n � Oppdnq,|I1.2| can be dominated by

I2 with an appropriate C ¡ 0.
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Third Term |I1.3|: We further decompose the penalty terms I4 and I5 as

I4 � n
Ḩ

h�1

¸
sPE:

rθ0s sh�0

!
ρλp|rθssh|q � ρλp|rθ0ssh|q

)
� n

Ḩ

h�1

¸
sPE:

rθ0s sh�0

!
ρλp|rθssh|q � ρλp|rθ0ssh|q

)

� n
Ḩ

h�1

¸
sPE:

rθ0s sh�0

!
ρλp|rθssh|q

)
l jh n

I4.1

�n
Ḩ

h�1

¸
sPE:

rθ0s sh�0

!
ρλp|rθssh|q � ρλp|rθ0ssh|q

)
l jh n

I4.2

,

I5 � n
¸
wPE:
α0
w�0

!
ρλp|αw|q � ρλp|α0

w|q
)
� n

¸
wPE:
α0
w�0

!
ρλp|αw|q � ρλp|α0

w|q
)

� n
¸
wPE:
α0
w�0

!
ρλp|αw|q

)
l jh n

I5.1

�n
¸
wPE:
α0
w�0

!
ρλp|αw|q � ρλp|α0

w|q
)

l jh n
I5.2

.

(2.27)

by Lemma 2.2, we show that

|I1.3| �
¸

t3:β0
t3
�0

∣∣∣�� lp1qc pβ0q�
rt3s

∣∣∣ �∣∣pβ � β0qrt3s
∣∣ � Crn

¸
t3:β0

t3
�0

∣∣∣�� lp1qc pβ0q�
rt3s

∣∣∣|vt3 |
� Crn

¸
t3:β0

t3
�0

Op

!
pns2n log pnq 1

2

)
|vt3| ,

I4.1 � I5.1 � nλ
Ḩ

h�1

¸
s:rθ0s sh�0

|rθssh| � nλ
¸

w:α0
w�0

|αw|

� nλ
¸

t3,h�1,��� ,H:
rθ0s sh�0,α0

w�0

Crn|vt3| � Crn
¸

t3,h�1,��� ,H:
rθ0s sh�0,α0

w�0

nλ|vt3| ¡ 0.

We choose λ ¥ δ1

�
s2n log pn

n


 1
2

for some constant δ1 ¡ 0 such that |I1.3| ¤ I4.1 � I5.1.

First Term |I1.1| : By Lemma 2.2 and Cauchy-Schwarz inequality, the upper bound
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is

|I1.1| � Crn
¸

t1:diagonal

∣∣∣�� lp1qc pβ0q�
rt1s

∣∣∣|vt1| ¤ Crn

d¸
t1

�� l
p1q
c pβ0q�2

rt1s

d¸
t1

v2t1

¤ CrnOp

!
ppnns4n log pnq 1

2

)
.

Divide |I1.1| by I2, we have

|I1.1|
I2

¤
CrnOp

!
ppnns4n log pnq 1

2

)
C2κ�r2nn

�
Op

!
ppns4n log pnq 1

2

)
Cκ�rnn

1
2

.

If rn �
�

p1�d
n log pn

n

	 1
2
, then

|I1.1|
I2

¤ 1

Cκ�
Op

"�s4n
pdn

	 1
2

*
.

I2 can dominate |I1.1| with an appropriate constant C ¡ 0 if s4n � Oppdnq.

Next, we move on to the rest of the penalty terms. Since

ρλp|rθssh|q � ρλp|rθ0ssh|q �

$''''''''''''''&
''''''''''''''%

λprθssh � rθ0sshq, if rθssh ¥ 0, rθ0ssh ¡ 0;

�λprθssh � rθ0sshq, if rθssh ¤ 0, rθ0ssh   0;

�λrθssh � λrθ0ssh, if rθssh   0, rθ0ssh ¡ 0;

λrθssh � λrθ0ssh, if rθssh ¡ 0, rθ0ssh   0;

and

when rθssh   0, rθ0ssh ¡ 0,
∣∣�λrθssh � λrθ0ssh

∣∣ ¤ ∣∣λprθssh � rθ0sshq
∣∣ ,

when rθssh ¡ 0, rθ0ssh   0,
∣∣λrθssh � λrθ0ssh

∣∣ ¤ ∣∣λprθssh � rθ0sshq
∣∣ .
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Following similar steps, the expression ρλp|αw|q � ρλp|α0
w|q yields equivalent bounds,

leading us to conclude that

|I4.2| �
���n Ḩ

h�1

¸
sPE:

rθ0s sh�0

!
ρλp|rθssh|q � ρλp|rθ0ssh|q

)��� ¤ n
Ḩ

h�1

¸
sPE:

rθ0s sh�0

∣∣ρλp|rθssh|q � ρλp|rθ0ssh|q
∣∣

¤ n
Ḩ

h�1

¸
sPE:

rθ0s sh�0

∣∣λprθssh � rθ0sshq
∣∣ � nλ

Ḩ

h�1

¸
sPE:

rθ0s sh�0

Crn|rvssh| ¤ nλCrn

Ḩ

h�1

¸
sPE:

rθ0s sh�0

|rvssh| � 1,

|I5.2| ¤ n
¸
wPE:
α0
w�0

∣∣ρλp|αw|q � ρλp|α0
w|q

∣∣ ¤ nλCrn
¸
wPE:
α0
w�0

|vw| � 1.

Since the # of terms included in the summation
�°H

h�1

°
sPE:

rθ0s sh�0
�°

wPE:
α0
w�0

�
is qn, by

Cauchy-Schwarz inequality, the upper bound of |I4.2|�|I5.2| can be given as

|I4.2|�|I5.2| ¤ nλCrn

� Ḩ

h�1

¸
sPE:

rθ0s sh�0

|rvssh| � 1�
¸
wPE:
α0
w�0

|vw| � 1



¤ nλCrn

d ¸
s,w,h

prvshq2
d ¸

s,w,h

p1q2 ¤ nλCrn � pqnq 1
2 .

(2.28)

We divide it by I2

|I4.2|�|I5.2|
I2

¤ 2nλCrnq
1
2
n

C2r2nnκ�
� 2λq

1
2
n

Crnκ�
¤ 2δ2
Cκ�

�
s3n
pdn


 1
2
�
qn
pn


 1
2

� 2δ2
Cκ�

O
"�s4n

pdn

	 1
2

*

The numerator can be dominated by I2 with an appropriate constant C ¡ 0 if

λ ¤ δ2

�
s3n log pn

n

	 1
2

for some constant δ2 ¡ 0.

In summary, we have shown that Gp∆q ¡ 0 on the boundary BA by choosing C ¡ 0

sufficiently large and δ1

�
s2n log pn

n

	 1
2 ¤ λ ¤ δ2

�
s3n log pn

n

	 1
2

for some constants δ1, δ2 ¡ 0,

which completes the proof.
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Proof of Theorem 2.3

Proof. Since the property of sign consistency is regarding the edge parameters, we

treat diagonal parameters as known in this theorem. Recall that the composite

likelihood estimator β̂ is obtained by

β̂ � arg min
β

Qpβq � arg min
β

 � lcpβq � n
¸
sPE

Ḩ

h�1

ρλp|rθssh|q � n
¸
wPE

ρλp|αw|q
(
.

(2.29)

Here β excludes diagonal parameters. Similar to Ravikumar and Yu (2008), we

introduce another estimator

β̃ � arg min
β

Qpβq � arg min
β�pβS1

,0q

 � lcpβq � n
¸
sPE

Ḩ

h�1

ρλp|rθssh|q � n
¸
wPE

ρλp|αw|q
(
,

(2.30)

where β̃ � pβ̃S1 , β̃Scq with the constraint β̃Sc � 0. The set of first derivative equa-

tions BQpβq
Bβ

� 0 can be partitioned into two sets of equations

1

n
lp1qc pβ̃qS1 � λz̃S1 , (2.31)

1

n
lp1qc pβ̃qSc � λz̃Sc , (2.32)
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where the sub-differential of the absolute value function is defined as

z̃ � B|x|
Bx �

$'''''''''&
'''''''''%

1 if x ¡ 0,

r�1, 1s if x � 0,

�1 if x   0.

If the estimator β̃ satisfies conditions (2.31) and (2.32), then β̃ is the local minimizer

β̂ of the objective function Qpβq. We show the proof in two steps.

Step 1: Verify }z̃Sc}8   1.

By Taylor’s expansion, we have

1

n
lp1qc pβ̃q � 1

n
lp1qc pβ0q � 1

n
lp2qc pβ0qpβ̃ � β0q � 1

n

 
lp2qc pβ�q � lp2qc pβ0q(pβ̃ � β0ql jh n

R

, (2.33)

where β� � aβ0 � p1 � aqβ̃ for some constant a P r0, 1s. In block format, we can

write�
����

1
n
l
p1q
c pβ0qS1

1
n
l
p1q
c pβ0qSc

�
���
� 1

n

�
����
l
p2q
c pβ0qS1S1 l

p2q
c pβ0qS1Sc

l
p2q
c pβ0qScS1 l

p2q
c pβ0qScSc

�
���

�
����
�
β̃ � β0

�
S1

0

�
���
�

�
����
RS1

RSc

�
���
� λ

�
����
z̃S1

z̃Sc

�
���
,

where RS1 , RSc are the partitions of the residual vector. From the block format, we

know that

�
β̃ � β0

�
S1
�
�

1

n
lp2qc pβ0qS1S1


�1�
λz̃S1 �RS1 �

1

n
lp1qc pβ0qS1



, (2.34)
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z̃Sc � 1

λ

�
1

n
lp1qc pβ0qSc � 1

n
lp2qc pβ0qScS1

�
β̃ � β0

�
S1
�RSc



. (2.35)

By equations (2.34) and (2.35), we have

z̃Sc �1

λ

#
1

n
lp1qc pβ0qSc � 1

n
lp2qc pβ0qScS1

�
1

n
lp2qc pβ0qS1S1


�1�
λz̃S1 �RS1 �

1

n
lp1qc pβ0qS1



�RSc

+

� 1

λ

#
1

n
lp1qc pβ0qSc � 1

n
lp2qc pβ0qScS1

�
1

n
lp2qc pβ0qS1S1


�1�
1

n
lp1qc pβ0qS1


+
l jh n

I1

� 1

λ

#
RSc � 1

n
lp2qc pβ0qScS1

�
1

n
lp2qc pβ0qS1S1


�1

RS1

+
l jh n

I2

� 1

λ

#
1

n
lp2qc pβ0qScS1

�
1

n
lp2qc pβ0qS1S1


�1

λz̃S1

+
l jh n

I3

.

Since }z̃Sc}8 � }I1 � I2 � I3}8 ¤ }I1}8 � }I2}8 � }I3}8, we start with the upper

bound of }I2}8. By Taylor’s expansion, we show that each element of R can be

written as

pRqu � 1

n
pβ� � β0qT B3lcpβ��q

BβBβTBβu pβ̃ � β0q,

where βu denotes any off-diagonal parameter and β�� � bβ0 � p1 � bqβ� for some

constant b P r0, 1s. Also note that pβ� � β0qT � p1� aqpβ̃ � β0qT , we can rewrite it
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as

pRqu � 1

n
p1� aqpβ̃ � β0qT B3lcpβ��q

BβBβTBβu pβ̃ � β0q

� 1

n
p1� aqpβ̃ � β0qT

" B3lcpβ��q
BβBβTBβu � E

" B3lcpβ��q
BβBβTBβu

**
pβ̃ � β0ql jh n

M1

� 1

n
p1� aqpβ̃ � β0qTE

"B3 � lcpβ��q
BβBβTBβu

*
pβ̃ � β0ql jh n

M2

.

Following the same methodology as in Theorem 2.2, we can show }β̃ � β0∥2 �

Op

!�
p1�d
n log pn

n

	 1
2
)

. Thus, we have M2 ¤ 1
n
p1 � aqOp

!
p1�d
n log pn

n

)
vTE

!
B3�lcpβ��q
BβBβT Bβu

)
v

and

��pRqu��8 � ��M1 �M2

��
8
¤ ��M1

��
8
� ��M2

��
8
,

¤ ��M2

��
8

�
1� opp1q

� ¤ 1

n
Op

!p1�d
n log pn

n

)����
����
����E

"B3 � lcpβ��q
BβBβTBβu

*����
����
����
2

�
1� opp1q

�
.

By Assumptions 3 and 4, we have

����
����
����E!B3�lcpβ��q

BβBβT Bβu

)����
����
����
2

¤ nW� for some constant

W� ¡ 0 and show that

��pRqu��8 ¤ Op

!p1�d
n log pn

n

) 1

n
nW�

�
1� opp1q

� ¤ Op

!p1�d
n log pn

n

)�
1� opp1q

� � opp1q.
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Therefore, by Lemma 2.7, the upper bound of }I2}8 can be given as

}I2}8 � 1

λ

����
����
����RSc � 1

n
lp2qc pβ0qScS1

�
1

n
lp2qc pβ0qS1S1


�1

RS1

����
����
����
8

¤ 1

λ
}RSc}8 � 1

λ

����
����
���� 1nlp2qc pβ0qScS1

�
1

n
lp2qc pβ0qS1S1


�1����
����
����
8

}RS1}8

¤ 1

δ1

�
n

s2n log pn


 1
2

Op

!p1�d
n log pn

n

)�
1� opp1q

�

� 1

δ1

�
n

s2n log pn


 1
2

p1� 1

3
ξ2qOp

!p1�d
n log pn

n

)�
1� opp1q

�

¤ Op

"�
p2�2d
n log pn
ns2n


 1
2
*
¤ Op

"�
q2np

2d
n log pn
n


 1
2 1

sn

*
� opp1q.

Similarly, by Lemma 2.2 and 2.7, the rest two terms can be bounded by

}I1}8 � 1

λ

����� 1

n
lp1qc pβ0qSc � 1

n
lp2qc pβ0qScS1

�
1

n
lp2qc pβ0qS1S1


�1�
1

n
lp1qc pβ0qS1


�����
8

¤ 1

λ

#��� 1

n
lp1qc pβ0qSc

���
8
�
����
����
���� 1nlp2qc pβ0qScS1

�
1

n
lp2qc pβ0qS1S1


�1����
����
����
8

��� 1

n
lp1qc pβ0qS1

���
8

+

¤ 1

λ

!
ϵ� p1� 1

3
ξ2qϵ

)
¤ 1

λ
p2� 1

3
ξ2qϵ,

}I3}8 � 1

λ

����� 1

n
lp2qc pβ0qScS1

�
1

n
lp2qc pβ0qS1S1


�1

λz̃S1

�����
8

¤
����
����
���� 1nlp2qc pβ0qScS1

�
1

n
lp2qc pβ0qS1S1


�1����
����
����
8

¤ 1� 1

3
ξ2.

Therefore, we choose ϵ � 1
6
ξ2λ and

}z̃Sc}8 ¤ }I1}8 � }I2}8 � }I3}8 ¤ 1

λ
p2� 1

3
ξ2qϵ� op1q � 1� 1

3
ξ2

¤ 1

3
ξ2 � 1

18
ξ4 � 1� 1

3
ξ2 � op1q   1.
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Once the first step is completed, it demonstrates that the solution β̃ to the con-

strained problem (??) is equivalent to the solution β̂ to the original unrestricted

problem (2.31).

Step 2: Verify signpβ̂S1q � signpβ0
S1
q. From equation (2.34) and Lemma 2.2 and

2.6, we show that for some constant c� � 1�ξ2{6
τ�

�
1� opp1q

�
,

����β̃ � β0
�
S1

���
8
¤
����
����
����
�
� 1

n
lp2qc pβ0qS1S1


�1����
����
����
8

�����
�
� λz̃S1 �RS1 �

1

n
lp1qc pβ0qS1

	�����
8

¤
a
|S1|

����
����
����
�
� 1

n
lp2qc pβ0qS1S1


�1����
����
����
2

�
λ}z̃S1}8 � }RS1}8 � �� 1

n
lp1qc pβ0qS1

��
8

	

¤
?
qn

τ�

�
λ�Op

"
p1�d
n log pn

n

*�
1� opp1q

�� 1

6
ξ2λ

	

¤
?
qn

τ�
p1� 1

6
ξ2qλ�1� opp1q

� � c�
?
qnλ ¤ min

uPS1

 ∣∣β0
u

∣∣ (.
Based on all the results presented above, we have signpβ̂q � signpβ0q with proba-

bility tending to one.
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3 High-Dimensional Covariate-Dependent

Colored Gaussian Graphical Models

3.1 Introduction

Subsequent research has extended symmetry-constrained GGMs in several di-

rections. Gehrmann (2011) demonstrated that both RCON and RCOR models ex-

hibit complete lattice structures, making them suitable for model selection using

the Edwards–Havránek procedure. Gao and Massam (2015) presented a robust and

efficient framework for estimating symmetry-constrained GGMs in clustered dense

networks. The method combined penalized likelihood with composite likelihood es-

timation under the colored GGM paradigm, achieving a desirable trade-off between

model complexity and computational feasibility. Moreover, Massam et al. (2018) pro-

posed a Bayesian approach to estimate precision and covariance matrices in GGMs

subject to symmetry constraints, using the colored G-Wishart distribution. Sev-

eral other works investigated model selection strategies within the framework of
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colored GGMs. Li et al. (2020) introduced a Bayesian model selection approach for

symmetry-constrained GGMs, combining linear regression techniques with a double

reversible jump MCMC algorithm. Additionally, Li et al. (2021) also proposed a pe-

nalized composite likelihood approach that simultaneously performs model selection

and estimation in colored GGMs. Using the representation theory of the symmetric

group, Graczyk et al. (2022) proposed a Bayesian model selection strategy for RCOP

models. Following the previous work, the R package gips, introduced by Chojecki

et al. (2025), enables the identification of hidden permutation symmetries and the

corresponding estimation of covariance structures. Recent studies have also explored

its applications to paired data. Ranciati et al. (2021) developed the symmetric graph-

ical lasso (SGL) to perform parameter estimation and recover graph structures in

pdRCON models. Ranciati and Roverato (2024) further developed pdglasso, which

generalizes the symmetric graphical lasso to effectively model paired data through

the pdRCON framework.

In this section, we propose a type of covariate-dependent colored Gaussian graphi-

cal model (CD–GGM), termed covariate-dependent RCON models, which integrates

covariate effects with symmetry-induced colorings to model structured, heteroge-

neous networks. This setting arises naturally when domain knowledge suggests

groups of edges or vertices should be constrained to share the same parameter, such
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as in gene regulatory networks or brain connectivity studies. We estimate the model

parameters through a composite likelihood framework, applying coordinate descent

for optimization. This method is fully applicable when the precision matrix has

fixed diagonal entries. However, in situations where these diagonal entries vary with

covariates, we adopt a hybrid approach that integrates coordinate descent with Broy-

den’s method for estimation. An ℓ1 penalty is incorporated to address sparsity in

large-scale networks. We establish the parameter consistency and sign consistency

of the proposed estimator. These results are applicable to models with either fixed

or covariate-dependent diagonal components of the precision matrix. Our simulation

studies, including both penalized and non-penalized, demonstrate strong empirical

performance. A real data application to influenza vaccine responses is also provided,

demonstrating the model’s practical relevance and effectiveness.

3.2 Methodology

3.2.1 Model Setup

We begin with a brief review of the covariate-dependent Gaussian graphical mod-

els. Let Y � �
Y1,Y2, ...,Yn

�T
be a collection of independent random vectors of

dimension pn, with each Ym � N
�
µmpxmq,Σmpxmq

�
,m � 1, � � � , n, where xm �

pxp1qm , . . . , x
pHq
m qT denotes the vector of observed covariates and Ym � pYm1, Ym2, ..., YmpnqT .
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The quantity H is the number of covariates. We assume the observations are cen-

tered, namely µmpxmq � 0. The precision matrix varies with observed covariates in

a linear form shown below

Σ�1
m pxmq �Km �

Ḩ

h�1

xphqm Qh � p1�
Ḩ

h�1

x
phq
m

H
qQ0 (3.1)

� Q0 �
Ḩ

h�1

xphqm pQh �Q0{Hq � Q0 �
Ḩ

h�1

xphqm Ph, (3.2)

where Ph � Qh �Q0{H. Each value x
phq
m is min-max scaled such that x

phq
m P r0, 1s,

representing the mth observation of the hth covariate. We still use the following

notations
�
Q0

�
ij
� αij,

�
Ph

�
ij
� rθijsh representing the pi, jqth element of Q0 and

Ph respectively. The set of unknown parameters can be formulated as β � pα,θqT ,

where α is the vector of all αij, i ¤ j and θ is the vector of all rθijsh, i ¤ j, h �

1, � � � , H. The true values of parameters are denoted as β0 � pα0,θ0qT .

Based on the setting in (3.1), we further impose symmetry constraints on the

precision matrix to introduce covariate-dependent RCON models. In the presence of

known or hypothesized symmetries, the network’s vertices and edges are organized

into predefined groups (e.g., based on biological pathways in genetics), which are

treated as independent of observed covariates. The predefined groups for vertices

and edges are known as vertex and edge colorings, respectively. Fixed vertex and

edge colorings are essential to maintain the symmetry conditions imposed by the

RCON model, since allowing the colorings to vary with covariates would invalidate
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these structural constraints under the setting (3.1). If this assumption is relaxed and

colorings are covariate-dependent, the model would reduce to a general covariate-

dependent GGM, which can be handled using existing estimation procedures. As a

result, the proposed covariate-dependent RCONpV ,Eq models are given as

1. We denote the vertex coloring and the vertex color classes as V � tV1, � � � , Vcu,

where c denotes the number of vertex color classes. For all j P Vr, αjj in Q0

are identical, rθjjsh in Ph are identical.

2. We denote the common edge coloring and edge color classes as E � tE1, � � � , Ewu,

where w denotes the number of edge color classes. For all pi, jq P Es, αij in Q0

are identical, rθijsh in Ph are identical.

Table 3.1 categorizes possible structures of covariate-dependent RCON models.

Note that although we allow the dimension pn to grow with n, the number of vertex

and edge color classes is treated as finite, which substantially reduces the parameter

space relative to general GGMs. Therefore, the unknown parameter set can be

represented as

β � pαV1 , � � � , αVc , rθV1s1, � � � , rθVcs1, � � � , rθV1sH , � � � , rθVcsH ,

αE1 , � � � , αEw , rθE1s1, � � � , rθEws1, � � � , rθE1sH , � � � , rθEwsHq.
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Table 3.1: An overview of various covariate-dependent RCON Models

Special Cases Conditions

Standard RCON models @ h � 1, � � � , H, xphqm � 0

Group-specific RCON models @ h � 1, � � � , H, xphqm is categorical

Time-varying RCON models h � 1, x
phq
m is continuous

General covariate-dependent RCON mod-

els

@ h � 1, � � � , H, xphqm is continuous or cate-

gorical

We define indicator matrices TVr ,TEs for each vertex and edge color class as

pTVrqij �

$'''&
'''%

1 if i � j, j P Vr,

0 otherwise.

pTEsqij �

$'''&
'''%

1 if pi, jq P Es or pj, iq P Es,

0 otherwise.

(3.3)

Therefore, each matrix can be written as

Q0 �
w̧

s�1

αEsTEs �
ç

r�1

αVrTVr , Ph �
w̧

s�1

rθEsshTEs �
ç

r�1

rθVrshTVr . (3.4)

Using the notations in (3.3) and (3.4), the precision matrix can be rewritten as

Σ�1
m pxmq �Km �

w̧

s�1

αEsTEs �
ç

r�1

αVrTVr �
Ḩ

h�1

xphqm

! w̧

s�1

rθEsshTEs �
ç

r�1

rθVrshTVr

)
.

(3.5)
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3.2.2 Composite Likelihood Estimation

We introduce a penalized composite likelihood approach (Lindsay, 1988; Fearn-

head and Donnelly, 2002; Cox and Reid, 2004; Varin, 2008; Larribe and Fearnhead,

2011; Ribatet et al., 2012; Gao and Massam, 2015) for estimation. For our proposed

covariate-dependent RCON models, each random variable Ymj given Ym,V ztju follows

a normal distribution N
�
µYmj |Ym,V ztju

, σ2
Ymj |Ym,V ztju

�
with

µYmj |Ym,V ztju
� �

�
αjj �

Ḩ

h�1

xphqm rθjjsh
��1

pņ

i�1,i�j

�
αji �

Ḩ

h�1

xphqm rθjish
�
ymi, (3.6)

σ2
Ymj |Ym,V ztju

�
�
αjj �

Ḩ

h�1

xphqm rθjjsh
��1

. (3.7)

where V �  
1, � � � , pn

(
denotes the vertex set, and V ztju denotes all the vertices ex-

cept j. Define lcpYmj,βq as the log-likelihood function of Ymj given Ym,V ztju , and fur-

ther define lcpYm,βq as the joint log-likelihood function of Ym1|Ym,V zt1u, Ym2|Ym,V zt2u,

� � �Ympn |Ym,V ztpnu, which incorporates all the conditional distributions for the mth

observation. Lastly, we introduce the notation lcpY ,βq for the joint composite log-

likelihood function, which is constructed by incorporating all the conditional dis-

tributions. These notations lead to the expression: lcpY ,βq � °n
m�1 lcpYm,βq �

°n
m�1

°pn
j�1 lcpYmj,βq. Therefore, the overall negative joint composite log-likelihood
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function can be shown as

� lcpY ,βq � �
ņ

m�1

lcpYm,βq � �
ņ

m�1

pņ

j�1

lcpYmj,βq

� �1

2

ņ

m�1

pņ

j�1

log
�
αjj �

Ḩ

h�1

xphqm rθjjsh
�
� 1

2

ņ

m�1

pņ

j�1

�
αjj �

Ḩ

h�1

xphqm rθjjsh
�
y2mj

� 1

2

ņ

m�1

pņ

j�1

�
αjj �

Ḩ

h�1

xphqm rθjjsh
��1

" pņ

i�1,i�j

�
αji �

Ḩ

h�1

xphqm rθjish
�
ymi

*2

�
ņ

m�1

pņ

j�1

ymj

" pņ

i�1,i�j

�
αji �

Ḩ

h�1

xphqm rθjish
�
ymi

*
� const.

To enforce sparsity in the covariate-dependent RCON model, an ℓ1 penalty is

introduced, leading to the following optimization problem,

min
β
Qpβq � �lcpY ,βq � nϕλ

! w̧

s�1

|αEs|�
w̧

s�1

Ḩ

h�1

|rθEssh|
)
, (3.8)

where ϕ � maxr

 
|Vr|

(
denotes the maximum cardinality among all Vr. As the

composite log-likelihood incorporates multiple conditional densities, the factor ϕ is

introduced to balance the relative scale of the penalty terms and likelihood. To

simplify notation, we write �lcpY ,βq � �lcpβq throughout the remainder of the

paper when there is no ambiguity.

We start with the coordinate descent algorithm (Friedman et al., 2007; Tseng,

2001) to solve (3.8) and obtain the penalized composite log-likelihood estimator β̂c for

the edge parameters. A thorough exploration including the convergence properties

of the estimators using the coordinate descent algorithm with the ℓ1 penalization can
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be found in Breheny and Huang (2011) and Mazumder et al. (2011).

For @ Es P E , h1 � 1, � � � , H, taking the partial derivatives of Qpβq with respect

to rθEssh1 , αEs , and setting them to zero leads to the following updating equations

for each edge color class

α̂Es �
S

�
� 1

nϕ

°n
m�1

°pn
j�1

!
ymj

�°
k:pk,jqPEs

ymk

�� I1.1 � I1.2

)
, λ



1
nϕ

°n
m�1

°pn
j�1

�
αjj �

°H
h�1 x

phq
m rθjjsh

��1�°
k:pk,jqPEs

ymk

��°
k:pk,jqPEs

ymk

� ,
(3.9)

rθ̂Essh1 �
S

�
� 1

nϕ

°n
m�1

°pn
j�1

!
ymj

�°
k:pk,jqPEs

x
ph1q
m ymk

�� I2.1 � I2.2 � I2.3

)
, λ



1
nϕ

°n
m�1

°pn
j�1

�
αjj �

°H
h�1 x

phq
m rθjjsh

��1�°
k:pk,jqPEs

x
ph1q
m ymk

��°
k:pk,jqPEs

x
ph1q
m ymk

� ,
(3.10)

where Spz, λq � signpzqp|z| � λq� represents the soft-thresholding operator. The

notation p|z| � λq� is defined as

p|z| � λq� �

$'''&
'''%

|z| � λ, if |z| � λ ¡ 0,

0, otherwise.
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The expressions for I1.1, � � � , I2.3 are provided below

I1.1 �
�
αjj �

Ḩ

h�1

xphqm rθjjsh
��1� ¸

r:pr,jqPEc
s

αjrymr

�� ¸
k:pk,jqPEs

ymk

�
,

I1.2 �
�
αjj �

Ḩ

h�1

xphqm rθjjsh
��1� pņ

i�1,
i�j

Ḩ

h�1

xphqm rθjishymi

�� ¸
k:pk,jqPEs

ymk

�
,

I2.1 �
�
αjj �

Ḩ

h�1

xphqm rθjjsh
��1� pņ

i�1,
i�j

αjiymi

�� ¸
k:pk,jqPEs

xph1q
m ymk

�
,

I2.2 �
�
αjj �

Ḩ

h�1

xphqm rθjjsh
��1� ¸

r:pr,jqPEc
s

xph1q
m rθjrsh1ymr

�� ¸
k:pk,jqPEs

xph1q
m ymk

�
,

I2.3 �
�
αjj �

Ḩ

h�1

xphqm rθjjsh
��1� pņ

i�1,
i�j

Ḩ

h�1,
h�h1

xphqm rθjishymi

�� ¸
k:pk,jqPEs

xph1q
m ymk

�
.

For the vertex parameters, the corresponding partial derivatives do not yield closed-

form solutions when set to zero. Consequently, the set of equations presented below

is solved numerically using Broyden’s method (Nocedal and Wright, 2006).

B � lcpY ,βq
BαVr

� 1

2

ņ

m�1

¸
jPVr

y2mj �
1

2

ņ

m�1

¸
jPVr

�
αjj �

Ḩ

h�1

xphqm rθjjsh
��1

� 1

2

ņ

m�1

¸
jPVr

�
αjj �

Ḩ

h�1

xphqm rθjjsh
��2

" pņ

i�1,i�j

�
αji �

Ḩ

h�1

xphqm rθjish
�
ymi

*2

,

B � lcpY ,βq
BrθVrsh1

� 1

2

ņ

m�1

¸
jPVr

xph1q
m y2mj �

1

2

ņ

m�1

¸
jPVr

xph1q
m

�
αjj �

Ḩ

h�1

xphqm rθjjsh
��1

� 1

2

ņ

m�1

¸
jPVr

xph1q
m

�
αjj �

Ḩ

h�1

xphqm rθjjsh
��2

" pņ

i�1,i�j

�
αji �

Ḩ

h�1

xphqm rθjish
�
ymi

*2

.

To the best of our knowledge, (3.9) and (3.10) cannot be reformulated as trace

(matrix) expressions, making them computationally demanding when pn is large. In
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contrast, under the assumption that the diagonal components of the precision matrix

do not vary with covariates, as considered in Zhang and Li (2023), the updating

equations would be reduced to

α̂Es �
S

�
� 1

nϕ

°n
m�1

°pn
j�1

!
ymj

�°
k:pk,jqPEs

ymk

�� I3.1 � I3.2

)
, λ



1
nϕ

°n
m�1

°pn
j�1 α

�1
jj

�°
k:pk,jqPEs

ymk

��°
k:pk,jqPEs

ymk

� , (3.11)

rθ̂Essh1 �
S

�
� 1

nϕ

°n
m�1

°pn
j�1

!
ymj

�°
k:pk,jqPEs

x
ph1q
m ymk

�� I4.1 � I4.2 � I4.3

)
, λ



1
nϕ

°n
m�1

°pn
j�1 α

�1
jj

�°
k:pk,jqPEs

x
ph1q
m ymk

��°
k:pk,jqPEs

x
ph1q
m ymk

� ,

(3.12)

where the terms I3.1, I3.2, � � � , I4.3 are defined below.

I3.1 � α�1
jj

� ¸
r:pr,jqPEc

s

αjrymr

�� ¸
k:pk,jqPEs

ymk

�
, I3.2 � α�1

jj

� pņ

i�1,
i�j

Ḩ

h�1

xphqm rθjishymi

�� ¸
k:pk,jqPEs

ymk

�
,

I4.1 � α�1
jj

� ¸
r:

pr,jqPEc
s

xph1q
m rθjrsh1ymr

�� ¸
k:

pk,jqPEs

xph1q
m ymk

�
, I4.2 � α�1

jj

� pņ

i�1,
i�j

αjiymi

�� ¸
k:

pk,jqPEs

xph1q
m ymk

�
,

I4.3 � α�1
jj

� pņ

i�1,
i�j

Ḩ

h�1,
h�h1

xphqm rθjishymi

�� ¸
k:pk,jqPEs

xph1q
m ymk

�
.

Through appropriate matrix transformations, the updating equations (3.11) (3.12)
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can be simplified as

α̂Es �

S

�
� tr

�
TEsCα

	
� tr

�
TEs

�
TEc

s
dBT

α

�
Cα

	
�
°H

h�1 tr
�
TEs

�
T 1
Es

d
�
B

phq
θ

�T �
C

phq
θ

	
, λ




tr
�
TEsΣTEsCα

	 ,

(3.13)

rθ̂Essh1 �

S

�
� tr

�
TEsC

ph1q
θ

	
� tr

�
TEs

�
TEc

s
d
�
B

ph1q
θ

�T �
D

ph1q
θ

	
� tr

�
TEs

�
T 1
Es

dBT
α

�
C

ph1q
θ

	
�∆, λ




tr
�
TEsΣTEsD

ph1q
θ

	 ,

(3.14)

where Ec
s denotes the complement of Es, and the matrix notations in (3.13), (3.14)

are given as

C
ph1q
θ � 1

n

�
Xph1q d Y

	T

Y , D
ph1q
θ � 1

n

�
Xph1q d Y

	T�
Xph1q d Y

	
,

G
ph1,lq
θ � 1

n

�
Xplq d Y

	T�
Xph1q d Y

	
, Cα � 1

n
Y TY ,

∆ �
Ḩ

l�1,l�h1

tr
�
TEs

�
T 1
Es
d �

B
plq
θ

�T �
G

ph1,lq
θ

	
.

The n� pn matrix Xph1q is defined as

Xph1q �

�
������������

x
ph1q
1 x

ph1q
1 . . . x

ph1q
1

x
ph1q
2 x

ph1q
2 . . . x

ph1q
2

...
...

. . .
...

x
ph1q
n x

ph1q
n � � � x

ph1q
n

�
������������

n�pn

. (3.15)

Let Σ denote a pn � pn diagonal matrix diagpα�1
11 , ..., α

�1
pnpnq, and let d denote the
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component-wise product. Each entry of B
phq
θ and Bα takes the following form

�
B

phq
θ

�
ij
�

$'''&
'''%

�rθijshα�1
jj i � j; i, j � 1, ..., pn,

0 i � j,

(3.16)

�
Bα

�
ij
�

$'''&
'''%

�αijα
�1
jj i � j; i, j � 1, ..., pn,

0 i � j,

(3.17)

Let TEs denote the edge adjacency matrix, e.g. pTEsqij � 1 if pi, jq P Es or pj, iq P Es,

and pTEsqij � 0 otherwise. Define T 1
Es

as: if pi, jq P Es, all of the elements in the

ith and jth row of the matrix T 1
Es

are equal to 1 except the diagonal entries, and all

other entries are equal to zero.

The matrix-form solutions presented above substantially improve computational

efficiency, enabling fast and straightforward estimation in large-scale network set-

tings. Furthermore, since the vertex parameters have closed-form solutions in this

scenario, a coordinate descent algorithm can be employed. Specifically, for the diag-

onal parameter αVr , the partial derivative is given as follows

BQpβq
BαVr

�� 1

2

ņ

m�1

¸
jPVr

α�2
jj

� pņ

i�1,i�j

�
αji �

Ḩ

h�1

xphqm rθjish
�
ymi

	2

� 1

2

ņ

m�1

¸
jPVr

α�1
jj �

1

2

ņ

m�1

¸
jPVr

y2mj.

(3.18)
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The solution to BQpβq
BαVr

� 0 is

α̂Vr �

2
n

°n
m�1

°
jPVr

�°pn
i�1,i�j

�
αji �

°H
h�1 x

phq
m rθjish

�
ymi

	2

�|Vr|�
d
|Vr|2 � 4

n2

�°n
m�1

°
jPVr

y2mj

	�°n
m�1

°
jPVr

�°pn
i�1,
i�j

�
αji �

°H
h�1 x

phq
m rθjish

�
ymi

	2	 ,

where |Vr| is the cardinality of set Vr.

3.2.3 Theoretical Properties of Penalized Composite Likelihood Estima-

tor

We now analyze the estimation error and model selection properties of the penal-

ized composite likelihood estimator under regularity assumptions. Define sn as the

largest number of nonzero parameters in any row across all matrices Q0,P1, � � � ,PH .

We denote the score function and the Hessian matrix of lcpβq as l
p1q
c pβq, lp2qc pβq

respectively. Further define S1 as the set of all true nonzero edge parameters in

Q0,P1, � � � ,PH , namely S1 �
!

all α0
Es
, rθ0Es

sh such that: α0
Es

� 0, rθ0Es
sh � 0

)
, and

denote ue as the maximum number of edges in a single edge color class. Similarly,

denote S2 as the set of diagonal parameters. Then we let S � S1 Y S2 represent the

set of true nonzero parameters. We use its complement Sc representing the set of

true zero parameters. Let |S1| ,|Sc| denote the cardinality of sets S1,Sc. Therefore,

the total number of true nonzero off-diagonal parameters is |S1|, which is finite.

Assumption 6 The expected Hessian matrix E
!
� lp2qc pYmj,βq

)
is assumed to have
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eigenvalues bounded away from zero and infinity within a neighborhood of the true

parameter β0: ||β � β0||2   η for some constant η ¡ 0. Furthermore, the spectral

norms of E
!
B3�lcpYmj ,βq

BβBβT Bβu

)
are bounded by some constant, where βu denotes any off-

diagonal parameter.

Assumption 7 Assume s4n � Oppnq, s2nu2e � Oppnq, and pn log pn � opnq.

Theorem 3.1 Under Assumptions 6-7, for any constants δ1, δ2 ¡ 0, let δ1

�
log pn

n

	 1
2 ¤

λ ¤ δ2

�
s4n log pn

n

	 1
2
, then there exists a local minimizer β̂ of the objective function

Qpβq such that

||β̂ � β0||2 � Op

!�pn log pn
n

	 1
2
)
.

Assumption 8 Let H0
S1S1

� E
!
� 1

nϕ
l
p2q
c pβ0qS1S1

)
and H0

ScS1
� E

!
� 1

nϕ
l
p2q
c pβ0qScS1

)
.

There exists some positive constant ξ P p0, 1q such that

����
����
����H0

ScS1

�
H0

S1S1

��1

����
����
����
8

¤ 1� ξ,

where
�������������

8
is the maximum absolute row sum of a matrix.

Under the Gaussian graphical model framework, Assumption 8 requires that

the expected Hessian matrix meets the incoherence condition, indicating that vari-

ables without direct edges impose minor influence on connected variable pairs, which

has become a standard assumption in high-dimensional statistical theory, especially

in the study of graphical models and penalized regression frameworks (Zhao and Yu,
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2006; Meinshausen and Bühlmann, 2006; Raskutti et al., 2008; Ravikumar et al.,

2011). Theorem 3.1 demonstrates consistency for both vertex and edge parame-

ters. We now turn to the model selection problem, concentrating solely on the edge

parameters while treating the vertex parameters as known nuisance terms.

Theorem 3.2 Under Assumptions 6-8 and Theorem 3.1, let λ � δ2

�
s4n log pn

n

	 1
2

for

any constant δ2 defined in Theorem 3.1, suppose that u6e log ue � opnϕ2q, p2n log pn �

Opnq and the minimum non-zero parameter satisfies

min
uPS1

∣∣β0
u

∣∣ :� min
pi,jqPS1

h�1,��� ,H

 ∣∣∣rθ0ijsh∣∣∣ ,∣∣∣α0
ij

∣∣∣ ( ¥ c�
a
|S1|λ

for some constant c� ¡ 0. Then the penalized composite likelihood estimator β̂

satisfies signpβ̂q � signpβ0q with probability tending to one.

Note that the sign consistency applies asymptotically, since parameter consistency

holds only in the asymptotic setting.

3.3 Numerical Simulations

The study begins with fixed diagonal elements of the precision matrix as they

are more computationally efficient and easier to implement than those involving

covariate-dependent diagonal parameters. The complete simulation study consists

of both penalized and non-penalized cases.
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3.3.1 Fixed Diagonal Entries: Without Penalization

We evaluate the performance of our proposed composite likelihood estimation on

large-scale networks. Our simulations explore scenarios where n varies between 2000

and 3000 and pn takes values of 60, 80, and 100. The analysis includes 30 edge color

classes and 20 vertex color classes. We consider two covariates, each randomly drawn

from a uniform distribution between 0 and 1. Therefore, the underlying precision

matrix takes the form Σ�1
m pxmq � Q0 � x

p1q
m P1 � x

p2q
m P2. We generate the baseline

matrix Q0 with off-diagonal entries uniformly sampled from �0.6 to 0.6, and the

diagonal entries drawn uniformly from 2 to 3 or 3 to 4. The off-digaonal entries

of slope matrices P1,P2 are uniformly drawn from �0.3 to 0.3. To assess model

performance, we use the average of the root mean squared error and the relative

error. The average of root mean squared error is computed as the mean of ℓ2 norm,

while the mean relative error is calculated as the average of
∣∣∣prθ̂Essh � rθ0Es

shq{rθ0Es
sh
∣∣∣

for P1,P2 and
∣∣pα̂Es � α0

Es
q{α0

Es

∣∣ for Q0. Note that the mean relative error is only

computed over the nonzero subset of parameters. The simulation results over 100

simulated data sets are given in Table 3.2, 3.3, and 3.4. We observe that the average

root mean squared error for Q0 appears to be slightly higher than that for the slope

matrices P1,P2 across all scenarios. This could be due to Q0 having a magnitude

twice that of P1 and P2. Regarding the mean relative error, we find that all errors are
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below 0.1 with minimal standard errors. These findings demonstrate the effectiveness

of the proposed estimation method in high-dimensional networks.

3.3.2 Fixed Diagonal Entries: With Penalization

This section presents penalization and investigates the performance of the penal-

ized composite likelihood estimator in the high-dimensional context. We simulate

the covariate-dependent RCON models using the same setup as introduced before.

Specifically, we conduct simulations across different settings, where n ranges from

2000 to 3500 and pn � 60, 80, 100. The study accounts for 30 edge color classes

and 20 vertex color classes, with two covariates randomly sampled from a uniform

distribution in the range [0,1]. We use an ℓ1 penalization to achieve sparse network

structures. The composite likelihood Bayesian information criterion is used to de-

termine the tuning parameter, defined as BICcomp � �2lcpβ̂cq � df log n, where df

denotes the count of nonzero parameters and β̂c denotes the penalized composite

likelihood estimator. Model evaluation is conducted using sensitivity, specificity, F1

score, and Matthews Correlation Coefficient (MCC), which are defined as

sensitivity � TP

TP � FN
, specificity � TN

TN � FP
, F1 � 2� TP

2� TP � FP � FN
,

MCC � TP � TN � FP � FNapTP � FP q pTP � FNq pTN � FP q pTN � FNq ,
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where TP , TF , FP , and FN represent the count of true positives, true negatives,

false positives, and false negatives, respectively. The results over 100 simulated data

sets are reported in Table 3.5, 3.6, and 3.7. We find that the average sensitivity

and specificity exceed 0.9 across all simulation settings, indicating that the proposed

method effectively minimizes false negatives and false positives on average. Con-

sequently, the proposed method achieves high F1 scores and MCC, highlighting its

strong performance in recovering colored sparse network structures.

3.3.3 Covariate-dependent Diagonal Entries

Scenarios with covariate-dependent diagonal components are also included in this

section, under both penalized and non-penalized settings. Because of the intensive

computational cost, we limit our study to the case where pn � 30 and n � 2000.

Similar to the previous section, we consider two covariates and the graph structure

is characterized by Σ�1
m � Q0�xp1qm P1�xp2qm P2. We simulate the matrices Q0,P1,P2

with 15 edge color classes and 5 vertex color classes. We uniformly draw diagonal

elements of Q0 from 1.5 to 2.5 and those of P1, P2 from 1 to 1.5, with all off-

diagonal entries sampled uniformly from �0.4 to 0.4. The average root mean squared

error and relative error are reported for the non-penalized setting, while sensitivity,

specificity, F1 score, and MCC are presented for the penalized case in Table 3.8 and
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Table 3.2: Simulation results for covariate-dependent RCON models without penal-

ization (Fixed diagonal entries)

n pn Matrix Parameter mrmse mre

2000 60

Q0

edge
0.1351 0.0878

(0.0174) (0.0443)

vertex
0.8046 0.0575

(0.1434) (0.0104)

P1 edge
0.0341 0.0611

(0.0056) (0.0248)

P2 edge
0.0281 0.0375

(0.0056) (0.0167)

2000 80

Q0

edge
0.1113 0.0915

(0.0149) (0.0422)

vertex
0.7221 0.0510

(0.1088) (0.0080)

P1 edge
0.0203 0.0387

(0.0037) (0.0147)

P2 edge
0.0184 0.0247

(0.0057) (0.0107)

2000 100

Q0

edge
0.1263 0.0830

(0.0161) (0.0302)

vertex
0.8946 0.0454

(0.1348) (0.0072)

P1 edge
0.0156 0.0277

(0.0028) (0.0112)

P2 edge
0.0161 0.0231

(0.0062) (0.0120)

The “mrmse” stands for the mean of root mean squared error, and “mre” stands

for mean relative error. The standard errors are listed in parentheses.
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Table 3.3: Simulation results for covariate-dependent RCON models without penal-

ization (Fixed diagonal entries)

n pn Matrix Parameter mrmse mre

2500 60

Q0

edge
0.1207 0.0790

(0.0161) (0.0376)

vertex
0.7092 0.0505

(0.1196) (0.0091)

P1 edge
0.0310 0.0576

(0.0049) (0.0227)

P2 edge
0.0252 0.0347

(0.0047) (0.0144)

2500 80

Q0

edge
0.0988 0.0791

(0.0130) (0.0333)

vertex
0.6312 0.0448

(0.0959) (0.0071)

P1 edge
0.0179 0.0336

(0.0033) (0.0137)

P2 edge
0.0161 0.0220

(0.0049) (0.0100)

2500 100

Q0

edge
0.1118 0.0733

(0.0144) (0.0264)

vertex
0.7923 0.0404

(0.1255) (0.0066)

P1 edge
0.0139 0.0242

(0.0025) (0.0088)

P2 edge
0.0138 0.0198

(0.0045) (0.0108)

The “mrmse” stands for the mean of root mean squared error, and “mre” stands

for mean relative error. The standard errors are listed in parentheses.112



Table 3.4: Simulation results for covariate-dependent RCON models without penal-

ization (Fixed diagonal entries)

n pn Matrix Parameter mrmse mre

3000 60

Q0

edge
0.1103 0.0723

(0.0152) (0.0357)

vertex
0.6442 0.0459

(0.1016) (0.0077)

P1 edge
0.0282 0.0522

(0.0045) (0.0207)

P2 edge
0.0230 0.0313

(0.0041) (0.0136)

3000 80

Q0

edge
0.0902 0.0723

(0.0110) (0.0300)

vertex
0.5764 0.0408

(0.0941) (0.0065)

P1 edge
0.0165 0.0308

(0.0029) (0.0133)

P2 edge
0.0147 0.0201

(0.0046) (0.0090)

3000 100

Q0

edge
0.1016 0.0661

(0.0131) (0.0267)

vertex
0.7186 0.0366

(0.1189) (0.0062)

P1 edge
0.0126 0.0224

(0.0024) (0.0089)

P2 edge
0.0127 0.0180

(0.0044) (0.0092)

The “mrmse” stands for the mean of root mean squared error, and “mre” stands

for mean relative error. The standard errors are listed in parentheses.
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Table 3.5: Simulation results for covariate-dependent RCON models with penaliza-

tion (Fixed diagonal entries)

n pn Matrix Sensitivity Specificity F1 Score MCC

2000 60

Q0

0.9738 0.9894 0.9623 0.9576

(0.0749) (0.0241) (0.0616) (0.0684)

P1

0.9882 0.9760 0.9461 0.9390

(0.0469) (0.0461) (0.0894) (0.1006)

P2

0.9939 0.9645 0.9256 0.9149

(0.0346) (0.0500) (0.0917) (0.1050)

2000 80

Q0

0.9350 0.9737 0.9098 0.8972

(0.0934) (0.0405) (0.0826) (0.0950)

P1

0.9981 0.9600 0.9250 0.9158

(0.0189) (0.0717) (0.1131) (0.1254)

P2

1.0000 0.9664 0.9325 0.9238

(0.0000) (0.0503) (0.0944) (0.1051)

2500 60

Q0

0.9918 0.9911 0.9762 0.9728

(0.0403) (0.0221) (0.0497) (0.0564)

P1

0.9763 0.9880 0.9626 0.9579

(0.0648) (0.0311) (0.0667) (0.0751)

P2

0.9960 0.9790 0.9544 0.9479

(0.0280) (0.0364) (0.0709) (0.0804)

The standard errors are listed in parentheses.
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Table 3.6: Simulation results for covariate-dependent RCON models with penaliza-

tion (Fixed diagonal entries)

n pn Matrix Sensitivity Specificity F1 Score MCC

2500 80

Q0

0.9812 0.9793 0.9464 0.9392

(0.0602) (0.0373) (0.0753) (0.0847)

P1

0.9982 0.9726 0.9451 0.9381

(0.0184) (0.0510) (0.0921) (0.1026)

P2

1.0000 0.9753 0.9478 0.9406

(0.0000) (0.0377) (0.0749) (0.0844)

2500 100

Q0

0.9012 0.9969 0.9369 0.9306

(0.1176) (0.0124) (0.0709) (0.0768)

P1

0.9902 0.9865 0.9652 0.9598

(0.0432) (0.0254) (0.0630) (0.0732)

P2

0.9960 0.9811 0.9583 0.9525

(0.0280) (0.0351) (0.0694) (0.0784)

3000 60

Q0

0.9977 0.9948 0.9871 0.9852

(0.0227) (0.0154) (0.0359) (0.0411)

P1

0.9786 0.9923 0.9715 0.9679

(0.0614) (0.0222) (0.0539) (0.0607)

P2

0.9979 0.9863 0.9692 0.9648

(0.0207) (0.0265) (0.0572) (0.0650)

The standard errors are listed in parentheses.
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Table 3.7: Simulation results for covariate-dependent RCON models with penaliza-

tion (Fixed diagonal entries)

n pn Matrix Sensitivity Specificity F1 Score MCC

3000 80

Q0

0.9935 0.9813 0.9559 0.9497

(0.0370) (0.0302) (0.0639) (0.0724)

P1

0.9963 0.9772 0.9522 0.9461

(0.0262) (0.0444) (0.0841) (0.0940)

P2

1.0000 0.9880 0.9736 0.9696

(0.0000) (0.0236) (0.0512) (0.0586)

3000 100

Q0

0.9604 0.9956 0.9683 0.9644

(0.0798) (0.0139) (0.0496) (0.0556)

P1

0.9925 0.9908 0.9755 0.9720

(0.0368) (0.0205) (0.0473) (0.0540)

P2

0.9980 0.9900 0.9776 0.9744

(0.0196) (0.0261) (0.0533) (0.0603)

3500 100

Q0

0.9900 0.9920 0.9771 0.9739

(0.0437) (0.0215) (0.0493) (0.0559)

P1

0.9923 0.9936 0.9817 0.9791

(0.0380) (0.0189) (0.0434) (0.0493)

P2

0.9980 0.9959 0.9900 0.9886

(0.0196) (0.0161) (0.0355) (0.0404)

The standard errors are listed in parentheses.
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Table 3.8: Simulation results for covariate-dependent RCON models without penal-

ization (Covariate-dependent diagonal entries)

n pn Matrix Parameter mrmse mre

2000 30

Q0

edge
0.0822 0.0697

(0.0174) (0.0257)

vertex
0.4146 0.0329

(0.1590) (0.0135)

P1

edge
0.0728 0.0771

(0.0152) (0.0278)

vertex
0.4067 0.0505

(0.1151) (0.0158)

P2

edge
0.0574 0.0593

(0.0131) (0.0242)

vertex
0.3118 0.0370

(0.1283) (0.0167)

The standard errors are listed in parentheses.

3.9. We observe that all mean relative errors are under 0.1 with minimal variation.

Moreover, the model also exhibits strong performance in recovering sparsity patterns,

as indicated by high sensitivity, specificity, F1, and MCC scores. These findings

highlight its effectiveness and practical applicability in handling varying diagonal

entries of Σ�1
m .

Finally, we investigate the computational cost for the simulations. The results,
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Table 3.9: Simulation results for covariate-dependent RCON models with penaliza-

tion (Covariate-dependent diagonal entries)

n pn Matrix Sensitivity Specificity F1 Score MCC

2000 30

Q0

1.0000 1.0000 1.0000 1.0000

(0.0000) (0.0000) (0.0000) (0.0000)

P1

0.8911 0.9907 0.9267 0.9084

(0.1561) (0.0408) (0.1008) (0.1283)

P2

0.9086 0.9836 0.9331 0.9107

(0.1089) (0.0411) (0.0683) (0.0879)

The standard errors are listed in parentheses.

summarized in Table 3.10, show the computational expense per seed under various

settings. As the number of color classes is fixed, the runtime does not rise sharply

with dimension. Nevertheless, the presence of covariate-dependent diagonal param-

eters significantly increases the computational burden.

3.4 Data Analysis

Among current public health threats, influenza remains prominent, with influenza

A (H1N1, H3N2) and influenza B being the most widespread strains. Host genetic

variation has been shown to strongly influence both the immune response and sus-

118



Table 3.10: Computational cost of covariate-dependent colored RCON models

pΣ�1
m qjj Penalty ppn, nq Computational time

Fixed

No

(60, 2000) 0.68 mins

(80, 3000) 0.88 mins

(100, 3000) 1.62 mins

Yes

(60, 2000) 6.20 mins

(80, 3000) 9.84 mins

(100, 3000) 20.38 mins

Covariate-dependent
No

(30, 2000)
21.39 mins

Yes 27.50 mins

ceptibility to influenza infection (Trammell and Toth, 2008; Srivastava et al., 2009).

Moreover, genes that are involved in similar biological processes or pathways often

show similar expression patterns, especially in response to stimuli like vaccination.

Clustering techniques such as k-means, hierarchical, or spectral methods are widely

used in genomics to group genes with similar expression profiles, potentially uncov-

ering co-regulated or functionally related gene sets (Oyelade et al., 2016). Driven by

these findings, we implement our proposed covariate-dependent RCON models on a

global gene expression data set collected before and after the injection of trivalent

influenza vaccine in humans, to uncover dynamic regulatory gene networks and as-
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sess how dependency structures evolve across time points. This study may shed light

on critical genes with significant regulatory influence on the host immune response

to the influenza vaccine.

The data set was obtained from the National Center for Biotechnology Informa-

tion (NCBI) Gene Expression Omnibus (GEO) under accession number GSE48024

(https://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSE48024). The study

involved 119 healthy adult male and 128 female volunteers, all aged 19–41, resulting

in a total of 848 observations. To assess global transcript abundance, peripheral

blood RNA was sampled at baseline (day 0) and at three post-vaccination time

points: days 1, 3, and 14. The raw data were pre-processed using background cor-

rection, variance-stabilizing transformation (Lin et al., 2008), and robust spline nor-

malization, implemented via the R package lumi (Du et al., 2008).

Following the work of Franco et al. (2013), we restrict our analysis to 68 genes that

demonstrate both transcriptional activity in response to the vaccine and evidence of

regulatory genetic effects. We use spectral clustering to organize the genes into

groups (Ng et al., 2002; Qin and Rohe, 2013; Hennig et al., 2015), determining

the optimal number of clusters by examining the largest gap between successive

eigenvalues of the Laplacian matrix. As the first five eigenvalues are significantly

larger than the rest, we determine the optimal number of groups to be five. Genes

120

https://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSE48024


grouped within the same cluster tend to exhibit similar expression patterns. The

spectral clustering procedure is conducted through the Spectrum package in R (John

et al., 2020). The sparsity patterns and time-varying regulatory networks across

distinct color classes are given in Figure 3.1, 3.2, and 3.3, respectively. Moreover,

the full network structures are also provided on the left panel of Figure 3.2.

Due to the complexity of the full graph, we restrict our focus to the underlying

network structures of specific color classes. Among the five classes, some remain

stable throughout the two-week period, while others demonstrate an increasing trend

or emerge in response to vaccine exposure. The right panel of Figure 3.2 presents one

of the two color classes that remain consistent over time, indicating that its internal

interactions are likely unaffected by vaccine administration. The left-hand side of

Figure 3.3 shows the third color class, which exhibits a modest increase following

vaccine injection, ultimately reaching twice its original edge interaction intensity by

the end of the two weeks. In contrast, the fifth color class is not detected until the

vaccine administration, and it demonstrates a steady increase over the observation

period, as depicted in the right panel of Figure 3.3. Our analysis reveals compelling

evidence of the essential role played by several gene groups in the immune response

to vaccination. To gain a deeper understanding of how these genes interact over

time, and to better understand their biological relevance, more in-depth biological
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Figure 3.1: The estimated sparsity pattern for the influenza vaccine data set. Each

image has 68 rows and 68 columns, representing the elements of Q0,P1 respectively.

The corresponding cell is marked in black if the estimated entry is nonzero. Other-

wise, it is white.

research is required.
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Full graph 1st color class

Figure 3.2: The estimated gene regulatory networks for the full graph and the

first edge color class, respectively. The time points ”Day0”, ”Day1”, ”Day3”, and

”Day14” represent the day before getting vaccinated, the first day after vaccination,

the third day after vaccination, and two weeks after vaccination. The thickness of

the edges displays the strength of interactions between two genes.
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3rd color class 5th color class

Figure 3.3: The estimated gene regulatory networks for the third and fifth edge

color classes. The time points ”Day0”, ”Day1”, ”Day3”, and ”Day14” represent the

day before getting vaccinated, the first day after vaccination, the third day after

vaccination, and two weeks after vaccination. The thickness of the edges displays

the strength of interactions between two genes.

3.5 Technical Lemmas and Proofs

We present the technical lemmas and their proofs in this section, starting with a

few preliminary notations.
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Notation 3.1: Consider the summation
°pn

j�1 in equations

pņ

j�1

ņ

m�1

α�1
jj

� pņ

i�1,i�j

�
αji �

Ḩ

h�1

xhmrθjish
�
ymi

�� ¸
k:pk,jqPEs

xph1q
m ymk

�
. (3.19)

While j is selected from 1 to pn, it also needs to fulfill the condition tj : pk, jq P

Es for some ku. As a result, the total number of terms in the summation
°pn

j�1 is less

than the maximum number of unique row/column indices that appear in the pair

pk, jq P Es, denoted as qe, where qe ¤ pn. That is, for example,

# of defined terms in
pņ

j�1

α�1
jj

� pņ

i�1,
i�j

αjiymi

	� ¸
k:

pk,jqPEs

xph1q
m ymk

	
¤ qesnue.

By the definition, qe ¤ ue holds, and under most circumstances, qe tends to be much

smaller than ue.

Notation 3.2: Consider the summation
°

k:pk,jqPEs
in equation (3.19). For any fixed

j and fixed Es P E , denote the maximum number of indices k satisfying the condition

tk : pk, jq P Esu as ψ. That is, the number of defined terms in
°

k:pk,jqPEs
is bounded

above by the maximum number of row index k associated with the pair pk, jq P Es.

Normally, ψ is a small number.

The following lemmas are established under the assumption of fixed diagonal param-

eters. Nevertheless, the results remain valid in the case of varying diagonal compo-

nents, by replacing the conditional variance α�1
jj with

�
αjj �

°H
h�1 x

phq
m rθjjsh

��1
.
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Lemma 3.1 To simplify the notation, we write �°n
m�1 lcpYmj,β

0q � �lcpYj,β
0q,

where j denotes a fixed index in t1, � � � , pnu. For @ Es P E , @ Vr P V , and @ h1 �

1, � � � , H, we have

max
Es,h1

∣∣∣∣∣B � lcpYj,β
0q

BrθEssh1

∣∣∣∣∣ � Op

"
pns2nu2e log pnq 1

2

*
, max

Es

∣∣∣∣∣B � lcpYj,β
0q

BαEs

∣∣∣∣∣ � Op

"
pns2nu2e log pnq 1

2

*
,

max
Vr

∣∣∣∣∣B � lcpYj,β
0q

BαVr

∣∣∣∣∣ � Op

"
pns4n log pnq 1

2

*
.

Furthermore, for @ ϵ ¡ 0, there exist some positive constants K1, C1, cI1,max and

cI2,max such that

P

"��� 1

nϕ
lp1qc pβ0qSc

���
8
¥ ϵ

*
¤ 2qesnψ exp

#
�min

"
C1nϕ

2ϵ2

8K1q2es
2
nψ

2
,

nϕϵ

4qesnψcI1,max

*
� log|Sc|

+

� 2qeψ exp

#
�min

"
C1nϕ

2ϵ2

8K1q2eψ
2
,

nϕϵ

4qeψcI2,max

*
� log|Sc|

+
,

P

"��� 1

nϕ
lp1qc pβ0qS1

���
8
¥ ϵ

*
¤ 2qesnψ exp

#
�min

"
C1nϕ

2ϵ2

8K1q2es
2
nψ

2
,

nϕϵ

4qesnψcI1,max

*
� log|S1|

+

� 2qeψ exp

#
�min

"
C1nϕ

2ϵ2

8K1q2eψ
2
,

nϕϵ

4qeψcI2,max

*
� log|S1|

+
,

Proof. We start with
B�lcpYj ,β

0q

BrθEs sh1
as follows. For any edge color class @ Es P E and any
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h1 � 1, � � � , H, we show that

B � lcpYj,β
0q

BrθEssh1

�
ņ

m�1

α�1
jj

� pņ

i�1,i�j

�
αji �

Ḩ

h�1

xphqm rθjish
�
ymi

	� ¸
k:pk,jqPEs

xph1q
m ymk

	
l jh n

I1

�
ņ

m�1

ymj

� ¸
k:pk,jqPEs

xph1q
m ymk

	
l jh n

I2

.

The first term I1 can be written as

I1 �
pņ

i�1,i�j

¸
k:pk,jqPEs

" ņ

m�1

α�1
jj x

ph1q
m

�
αji �

Ḩ

h�1

xphqm rθjish
�
ymiymk

*
l jh n

Z
ph1q
ijk

.

It can be shown that Z
ph1q
ijk follows a sub-exponential distribution with parameters

�
v
ph1q
ijk

�2 � ņ

m�1

"
α�1
jj x

ph1q
m

�
αji �

Ḩ

h�1

xphqm rθjish
�*2

v2m,ik,

c
ph1q
ijk � max

1¤m¤n

"
α�1
jj x

ph1q
m

�∣∣αji

∣∣� Ḩ

h�1

xphqm

∣∣rθjish∣∣	cm,ik

*
.

According to the property of sub-exponential distribution, we have

P
!∣∣∣Zph1q

ijk � E
 
Z
ph1q
ijk

(∣∣∣ ¥ t
)
¤

$'''''&
'''''%

2 exp
!
� t2

2
�
v
ph1q
ijk

�2) if 0 ¤ t ¤
�
v
ph1q
ijk

�2
c
ph1q
ijk

,

2 exp
!
� t

2c
ph1q
ijk

)
if t ¡

�
v
ph1q
ijk

�2
c
ph1q
ijk

.
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Therefore, for any t ¡ 0, we show that

P
!∣∣∣I1 � E

 
I1

(∣∣∣ ¥ t
)
� P

#∣∣∣∣∣∣∣∣
pņ

i�1
i�j

¸
k:pk,jqPEs

�
Z
ph1q
ijk � E

 
Z
ph1q
ijk

(�
∣∣∣∣∣∣∣∣ ¥ t

+

¤
pņ

i�1
i�j

¸
k:pk,jqPEs

P

#∣∣∣Zph1q
ijk � E

 
Z
ph1q
ijk

(∣∣∣ ¥ t

total # of terms

+

¤ 2snue exp

#
�min

"
t2

2s2nu
2
ev

2
I1,max

,
t

2snuecI1,max

*+
,

(3.20)

where

v2I1,max � max
i,j,k,h1

" ņ

m�1

!
α�1
jj x

ph1q
m

�
αji �

Ḩ

h�1

xphqm rθjish
�)2

v2m,ik

*
,

cI1,max � max
i,j,k,
h1,m

"
α�1
jj x

ph1q
m

�∣∣αji

∣∣� Ḩ

h�1

xphqm

∣∣rθjish∣∣	cm,ik

*
.

Next, we focus on I2 �
°n

m�1 ymj

�°
k:pk,jqPEs

x
ph1q
m ymk

	
. We show that

I2 �
ņ

m�1

ymj

� ¸
k:pk,jqPEs

xph1q
m ymk

	
�

¸
k:pk,jqPEs

� ņ

m�1

xph1q
m ymjymk

	
,

where
°n

m�1 x
ph1q
m ymjymk follows a sub-exponential distribution with parameters

v2I2,jk �
ņ

m�1

rxph1q
m s2v2m,jk, cI2,jk � max

1¤m¤n

 
xph1q
m cm,jk

(
.
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Consider the probability

P
!∣∣∣I2 � E

 
I2

(∣∣∣ ¥ t
)
� P

#∣∣∣∣∣∣
¸

k:pk,jqPEs

�
ņ

m�1

xph1q
m ymjymk � E

 ņ

m�1

xph1q
m ymjymk

(�∣∣∣∣∣∣ ¥ t

+

¤
¸

k:pk,jqPEs

P

#∣∣∣∣∣ ņ

m�1

xph1q
m ymjymk � E

 ņ

m�1

xph1q
m ymjymk

((∣∣∣∣∣ ¥ t

total # of terms

+

¤ 2ue exp

#
�min

"
t2

2u2ev
2
I2,max

,
t

2uecI2,max

*+
,

(3.21)

where

v2I2,max � max
j,k

" ņ

m�1

rxph1q
m s2v2m,jk

*
, cI2,max � max

m,j,k,h1

 
xph1q
m cm,jk

(
.

Therefore, we have

P

#∣∣∣∣∣B � lcpYj,β
0q

BrθEssh1

� E

"B � lcpYj,β
0q

BrθEssh1

*∣∣∣∣∣ ¥ t

+
� P

!
|I1 � EtI1u � I2 � EtI2u| ¥ t

)

¤ P
!
|I1 � EtI1u| ¥ t

2

)
� P

!
|I2 � EtI2u| ¥ t

2

)

¤ 2snue exp

#
�min

"
t2

8s2nu
2
ev

2
I1,max

,
t

4snuecI1,max

*+

� 2ue exp

#
�min

"
t2

8u2ev
2
I2,max

,
t

4uecI2,max

*+
.

Define constants W1,K1 as

W1 � max
m,i,j,
k,h1

"!
α�1
jj x

ph1q
m

�
αji �

Ḩ

h�1

xphqm rθjish
�)2

v2m,ik, rxph1q
m s2v2m,jk

*
,

K1 � C1W1 for any constant C1 ¡ 0,
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and let t � pK1ns
2
nu

2
e log pnq 1

2 . The probability becomes

P

#∣∣∣∣∣B � lcpYj,β
0q

BrθEssh1

� E

"B � lcpYj,β
0q

BrθEssh1

*∣∣∣∣∣ ¥ pK1ns
2
nu

2
e log pnq 1

2

+

¤ 2snue exp

#
�min

"
K1ns

2
nu

2
e log pn

8s2nu
2
enW1

,
pK1ns

2
nu

2
e log pnq 1

2

4snuecI1,max

*+

� 2ue exp

#
�min

"
K1ns

2
nu

2
e log pn

8u2enW1

,
pK1ns

2
nu

2
e log pnq 1

2

4uecI2,max

*+

¤ 2 exp

#
�min

"
C1 log pn

8
,
pK1n log pnq 1

2

4cI1,max

*
� log sn � log ue

+

� 2 exp

#
�min

"
C1s

2
n log pn
8

,
pK1ns

2
n log pnq 1

2

4cI2,max

*
� log ue

+
.

By the Bonferroni inequality,

P

#
max
Es,h1

∣∣∣∣∣B � lcpYj,β
0q

BrθEssh1

∣∣∣∣∣ ¥ pK1ns
2
nu

2
e log pnq 1

2

+
¤ H|E|P

#∣∣∣∣∣B � lcpYj,β
0q

BrθEssh1

∣∣∣∣∣ ¥ pK1ns
2
nu

2
e log pnq 1

2

+

¤ 2|E|H exp

#
�min

"
C1 log pn

8
,
pK1n log pnq 1

2

4cI1,max

*
� log sn � log ue

+

� 2|E|H exp

#
�min

"
C1s

2
n log pn
8

,
pK1ns

2
n log pnq 1

2

4cI2,max

*
� log ue

+
,

where|E| denotes the cardinality of the edge color classes. Provided that the constant

C1 ¡ 8, the probability above approaches zero. The proofs of the remaining results

are analogous to the one provided above and thus are omitted.
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Lemma 3.2 For @ Es1 , Es2 P E , @ Vr P V , and h1, h2 � 1, � � � , H, we have

max
Es1 ,Es2 ,

h2

∣∣∣∣∣ B2 � lcpβ0q
BαEs1

BrθEs2
sh2

∣∣∣∣∣ � Op

"
pnq2eu4e log pnq 1

2

*
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Es1 ,Vr,
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∣∣∣∣∣ B2 � lcpβ0q
BrθEs1

sh1BαVr

∣∣∣∣∣ � Op

"
pnϕ2s2nu

2
e log pnq 1

2

*
,

max
Es1 ,Es2 ,
h1,h2

∣∣∣∣∣ B2 � lcpβ0q
BrθEs1

sh1BrθEs2
sh2
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"
pnq2eu4e log pnq 1

2

*
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∣∣∣∣∣ � Op

"
pnϕ2s4n log pnq 1

2

*
,

Proof. The second derivatives are given as follows

B2 � lcpβ0q
BrθEs1

sh1BrθEs2
sh2

�
ņ

m�1

pņ

j�1

α�1
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� ¸
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xph2q
m yml

	� ¸
k:pk,jqPEs1

xph1q
m ymk
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α�1
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� ¸
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	� ¸
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� �
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�
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Ḩ
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B2 � lcpβ0q
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� 1
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ņ
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� pņ
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�
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	2

.

Following the approach in Lemma 3.1, for @ ϵ ¡ 0, we provide the probabilities
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outlined below,

P

"∣∣∣∣∣ B2 � lcpβ0q
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*
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for some positive constants C2,K2, c� ¡ 0. The detailed proof is similar to Lemma

3.1 and therefore is omitted.
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Lemma 3.3 For @ ϵ ¡ 0, we show that
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Proof. For any matrix A P Rpn�pn , the 8 norm is defined as

������A������
8
� max

1¤i¤pn

pņ
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|aij|.

Note that � 1
nϕ
l
p2q
c pβ0qS1S1 is a |S1|�|S1| matrix. For simplicity, we use the notation

� 1
nϕ
l
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l
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c pβ0qS1S1 . The probability

can be formulated as
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where Es1 , Es2 P S1, h1, h2 � 1, � � � , H. Therefore, the number of terms included in

°
l is |S1|. By Lemma 3.2, we have
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Through the Bonferroni inequality, we show that
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Likewise, we can show similar results for another subset Sc as follows,
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Lemma 3.4 For @ ϵ ¡ 0, we show that
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Since � 1
nϕ
l
p2q
c pβ0qS1S1 is a |S1| �|S1| matrix, the number of terms in the summation
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°
k,l is |S1|2. By Lemma 3.3, we show
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which completes the proof.

Lemma 3.5 Under Assumptions 6 and u6e log ue � opnϕ2q, there exists some con-

stant τ� ¡ 0 such that � 1
n
l
p2q
c pβ0qS1S1 has minimum eigenvalue lower bounded by τ�

and is invertible with probability tending to one.

Proof. Under Assumption 6, each matrix E
 �lp2qc pYmj,β

0q( has eigenvalues bounded

away from zero and infinity. Then, the eigenvalues of the expected joint Hes-
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(
are also bounded away from zero and infinity. Therefore, its sub-matrix H0
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(
, also has a minimum eigenvalue bounded below by some pos-

itive constant τ ¡ 0, namely λminpH0
S1S1

q ¥ τ. By the Courant-Fischer variational
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representation, we have
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where y is a unit-norm eigenvector of � 1
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c pβ0qS1S1 . Therefore, we show that
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By Lemma 3.4, choosing any ϵ P p0, τq ensures that the following probability tends

to 0,
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Therefore, λmin

�
� 1

nϕ
l
p2q
c pβ0qS1S1

	
¡ τ � ϵ � τ� holds with probability tending to

1.

Lemma 3.6 (Incoherence Condition) Under Assumptions 6, 8 and u6e log ue �
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opnϕ2q, the following condition
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holds with probability tending to one.

Proof. To show (3.22), we need to apply several facts derived from Lemma 3.3,

Lemma 3.4 and Lemma 3.5, which are summarized as follows

1. By Lemma 3.3, for @ ϵ ¡ 0, @ ϵ1 P p0, τq, and some constant τ� � τ � ϵ1 ¡ 0,

we have
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2. By Lemma 3.4, for @ ϵ1 ¡ 0, we have
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3. By Lemma 3.5, the following inequality holds
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Adding the matrix infinity norm, we obtain
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By Fact 1, Fact 3, and Assumption 8, we show that
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Likewise, by Fact 1 and Assumption 6, the third term
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Taking the infinity norm, it becomes
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Proofs of Theorems 3.1

Proof. The objective function is given by
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β
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where ρλp�q is the lasso penalty function. Define a function Gp∆q � Qpβq �Qpβ0q,

where ∆ � β � β0. If we take a closed convex set A which contains 0 and further

show that the function Gp∆q is strictly positive everywhere on the boundary BA,

then it implies that Gp∆q has a local minimum inside the convex set A, since Gp∆q

is continuous and Gp0q � 0. In particular, we define the closed convex set A � tβ :

||β � β0||2 ¤ Crnu and its boundary BA � tβ : ||β � β0||2 � Crnu, where C is some
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The function Gp∆q can be written as
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Applying Taylor’s expansion to lcpβq at β � β0, we show that

lcpβq � lcpβ0q � lp1qc pβ0qT � pβ � β0q � 1

2
pβ � β0qT � lp2qc pβ�q � pβ � β0q, (3.23)

142



where β� � aβ � p1 � aqβ0 for some constant a P p0, 1q. Therefore, lcpβ0q � lcpβq

becomes
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where I3 is dominated by I2. For I1, it can be partitioned into two parts
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2

)
Cppn log pnq 1

2κ�
.

Set rn �
!

pn log pn
n

) 1
2

and s4n � Oppnq, I2 can dominate |I1.1| with an appropriate

constant C ¡ 0.

Second Term |I1.2| : Note that the # of edge parameters is pH � 1q|E|, which is a

fixed number. By Lemma 3.1 , we have maxEs,h1

∣∣∣B�lcpYj ,β
0q

BrθEs sh1

∣∣∣ � maxEs

∣∣∣B�lcpYj ,β
0q

BαEs

∣∣∣ �
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Op

!
pns2nu2e log pnq 1

2

)
. By Cauchy–Schwarz inequality, |I1.2| becomes

|I1.2| � Crn
¸

t2:edge

∣∣∣�� lp1qc pβ0q�
rt2s

∣∣∣|vt2| ¤ Crn
d ¸

t2:edge

�� l
p1q
c pβ0q�2

rt2s

d ¸
t2:edge

rvt2s2

¤ CrnpnOp

!
pns2nu2e log pnq 1

2

)
.

Divide |I1.2| by I2, we show that

|I1.2|
I2

¤
CrnpnOp

!
pns2nu2e log pnq 1

2

)
1
2
C2r2nnpnκ�

�
2Op

!
ps2nu2e log pnq 1

2

)
Crnn

1
2κ�

�
Op

!
ps2nu2e log pnq 1

2

)
Cppn log pnq 1

2κ�
.

Since rn �
!

pn log pn
n

) 1
2

and s2nu
2
e � Oppnq,|I1.2| can be dominated by I2 with an

appropriate C ¡ 0.

Next, we move on to the penalty terms and denote

Gp∆q � lcpβ0q � lcpβq � nϕ
w̧

s�1

!
ρλp|αEs |q � ρλp|α0

Es
|q
)

l jh n
I4

�nϕ
w̧

s�1

Ḩ

h�1

!
ρλp|rθEssh|q � ρλp|rθ0Es

sh|q
)

l jh n
I5

.
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We further decompose I4, I5 as follows

I4 � nϕ
¸

s:α0
Es

�0

!
ρλp|αEs |q � ρλp|α0

Es
|q
)
� nϕ

¸
s:α0

Es
�0

!
ρλp|αEs |q � ρλp|α0

Es
|q
)

� nϕ
¸

s:α0
Es

�0

!
ρλp|αEs |q

)
l jh n

I4.1

�nϕ
¸

s:α0
Es

�0

!
ρλp|αEs |q � ρλp|α0

Es
|q
)

l jh n
I4.2

,

I5 � nϕ
Ḩ

h�1

¸
s:rθ0Es

sh�0

!
ρλp|rθEssh|q � ρλp|rθ0Es

sh|q
)
� nϕ

Ḩ

h�1

¸
s:rθ0Es

sh�0

!
ρλp|rθEssh|q � ρλp|rθ0Es

sh|q
)

� nϕ
Ḩ

h�1

¸
s:rθ0Es

sh�0

!
ρλp|rθEssh|q

)
l jh n

I5.1

�nϕ
Ḩ

h�1

¸
s:rθ0Es

sh�0

!
ρλp|rθEssh|q � ρλp|rθ0Es

sh|q
)

l jh n
I5.2

.

(3.25)

Since

ρλp|rθEssh|q � ρλp|rθ0Es
sh|q �

$''''''''''''''&
''''''''''''''%

λprθEssh � rθ0Es
shq, if rθEssh ¥ 0, rθ0Es

sh ¡ 0;

�λprθEssh � rθ0Es
shq, if rθEssh ¤ 0, rθ0Es

sh   0;

�λrθEssh � λrθ0Es
sh, if rθEssh   0, rθ0Es

sh ¡ 0;

λrθEssh � λrθ0Es
sh, if rθEssh ¡ 0, rθ0Es

sh   0;

and

when rθEssh   0, rθ0Es
sh ¡ 0,

∣∣�λrθEssh � λrθ0Es
sh
∣∣ ¤ ∣∣λprθEssh � rθ0Es

shq
∣∣ ,

when rθEssh ¡ 0, rθ0Es
sh   0,

∣∣λrθEssh � λrθ0Es

∣∣sh ¤ ∣∣λprθEssh � rθ0Es
shq

∣∣ .
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Following similar steps, the expression ρλp|αEs |q�ρλp|α0
Es
|q yields equivalent bounds,

leading us to conclude that

|I5.2| �
���nϕ Ḩ

h�1

¸
s:rθ0Es

sh�0

!
ρλp|rθEssh|q � ρλp|rθ0Es

sh|q
)��� ¤ nϕ

Ḩ

h�1

¸
s:rθ0Es

sh�0

∣∣ρλp|rθEssh|q � ρλp|rθ0Es
sh|q

∣∣
¤ nϕ

Ḩ

h�1

¸
s:rθ0Es

sh�0

∣∣λprθEssh � rθ0Es
shq

∣∣ ¤ nϕλ
Ḩ

h�1

¸
s:rθ0Es

sh�0

Crn|rvssh|

¤ nϕλCrn
Ḩ

h�1

¸
s:rθ0Es

sh�0

|rvssh| � 1,

|I4.2| ¤ nϕ
¸

s:α0
Es

�0

∣∣ρλp|αEs |q � ρλp|α0
Es
|q∣∣ ¤ nϕλCrn

¸
s:α0

Es
�0

|vs| � 1.

The # of terms in the summation
�°H

h�1

°
s:rθ0Es

sh�0�
°

s:α0
Es

�0

�
is |S1|, which is

finite. By Cauchy-Schwarz inequality, the upper bound of |I4.2|�|I5.2| can be given

as

|I4.2|�|I5.2| ¤ nϕλCrn
� Ḩ

h�1

¸
s:rθ0Es

sh�0

|rvssh| � 1�
¸

s:α0
Es

�0

|vs| � 1



¤ nϕλCrn
c¸

prvsshq2l jh n
¤1

c¸
12

l jh n
|S1| terms

¤ nϕλCrn|S1|
1
2 .

(3.26)

We determine its magnitude with I2

|I4.2|�|I5.2|
I2

¤ 2nϕλCrn|S1|
1
2

C2r2nnpnκ�
� 2ϕλ|S1|

1
2

Crnpnκ�
¤ 2δ2|S1|

1
2

Cκ�
ϕ

pn

�
s4n
pn


 1
2

¤ 2δ2|S1|
1
2

Cκ�

�
s4n
pn


 1
2

.

The numerator can be dominated by I2 with an appropriate constant C ¡ 0 as long

as λ is chosen from δ2

�
s4n log pn

n

	 1
2 ¥ λ ¥ δ1

�
log pn

n

	 1
2

for any δ1, δ2 ¡ 0.
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To conclude, we have demonstrated that Gp∆q ¡ 0 on the boundary BA by choosing

C ¡ 0 sufficiently large, thereby completing the proof.

Proof of Theorem 3.2

Proof. Since the property of sign consistency is regarding the edge parameters, we

treat diagonal parameters as known in this theorem. Recall that the composite

likelihood estimator β̂ is obtained by

β̂ � arg min
β

Qpβq � arg min
β

!
� lcpβq � nϕ

w̧

s�1

Ḩ

h�1

ρλp|rθEssh|q � nϕ
w̧

s�1

ρλp|αEs |q
)
.

(3.27)

Here β excludes diagonal parameters. Similar to Ravikumar and Yu (2008), we

introduce another estimator

β̃ � arg min
β

Qpβq � arg min
β�pβS1

,0q

!
� lcpβq � nϕ

w̧

s�1

Ḩ

h�1

ρλp|rθEssh|q � nϕ
w̧

s�1

ρλp|αEs |q
)
,

(3.28)

where β̃ � pβ̃S1 , β̃Scq with the constraint β̃Sc � 0. The set of first derivative equa-

tions BQpβq
Bβ

� 0 can be partitioned into two sets of equations

1

nϕ
lp1qc pβ̃qS1 � λz̃S1 , (3.29)

1

nϕ
lp1qc pβ̃qSc � λz̃Sc , (3.30)
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where the sub-differential of the absolute value function is defined as

z̃ � B|x|
Bx �

$'''''''''&
'''''''''%

1 if x ¡ 0,

r�1, 1s if x � 0,

�1 if x   0.

If the estimator β̃ satisfies conditions (3.29) and (3.30), then β̃ is the local minimizer

β̂ of the objective function Qpβq. We show the proof in two steps.

Step 1: Verify }z̃Sc}8   1.

By Taylor’s expansion, we have

1

nϕ
lp1qc pβ̃q � 1

nϕ
lp1qc pβ0q � 1

nϕ
lp2qc pβ0qpβ̃ � β0q � 1

nϕ

 
lp2qc pβ�q � lp2qc pβ0q(pβ̃ � β0ql jh n

R

,

(3.31)

where β� � aβ0 � p1 � aqβ̃ for some constant a P r0, 1s. In block format, we can

write�
����

1
nϕ
l
p1q
c pβ0qS1

1
nϕ
l
p1q
c pβ0qSc

�
���
� 1

nϕ

�
����
l
p2q
c pβ0qS1S1 l

p2q
c pβ0qS1Sc

l
p2q
c pβ0qScS1 l

p2q
c pβ0qScSc

�
���

�
����
�
β̃ � β0

�
S1

0

�
���
�

�
����
RS1

RSc

�
���
� λ

�
����
z̃S1

z̃Sc

�
���
,

where RS1 , RSc are the partition of the residual vector. From the block format, we

know that

�
β̃ � β0

�
S1
�
�

1

nϕ
lp2qc pβ0qS1S1


�1�
λz̃S1 �RS1 �

1

nϕ
lp1qc pβ0qS1



, (3.32)
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z̃Sc � 1

λ

�
1

nϕ
lp1qc pβ0qSc � 1

nϕ
lp2qc pβ0qScS1

�
β̃ � β0

�
S1
�RSc



. (3.33)

By equations (3.32) and (3.33), we have

z̃Sc �
1

λ

#
1

nϕ
lp1qc pβ0qSc �

1

nϕ
lp2qc pβ0qScS1

�
1

nϕ
lp2qc pβ0qS1S1


�1�
λz̃S1 �RS1 �

1

nϕ
lp1qc pβ0qS1



�RSc

+

�
1

λ

#
1

nϕ
lp1qc pβ0qSc �

1

nϕ
lp2qc pβ0qScS1

�
1

nϕ
lp2qc pβ0qS1S1


�1� 1

nϕ
lp1qc pβ0qS1


+
l jh n

I1

�
1

λ

#
RSc �

1

nϕ
lp2qc pβ0qScS1

�
1

nϕ
lp2qc pβ0qS1S1


�1

RS1

+
l jh n

I2

�
1

λ

#
1

nϕ
lp2qc pβ0qScS1

�
1

nϕ
lp2qc pβ0qS1S1


�1

λz̃S1

+
l jh n

I3

.

Since }z̃Sc}8 � }I1 � I2 � I3}8 ¤ }I1}8 � }I2}8 � }I3}8, we start with the upper bound

of }I2}8. By Taylor’s expansion, we show that each element of R can be written as

pRqu �
1

nϕ
pβ� � β0qT

B3lcpβ
��q

BβBβT Bβu
pβ̃ � β0q,

where βu denotes any off-diagonal parameter and β�� � bβ0�p1� bqβ� for some constant

b P r0, 1s. Also note that pβ� � β0qT � p1� aqpβ̃ � β0qT , we can rewrite it as

pRqu �
1

nϕ
p1� aqpβ̃ � β0qT

B3lcpβ
��q

BβBβT Bβu
pβ̃ � β0q

�
1

nϕ
p1� aqpβ̃ � β0qT

"
B3lcpβ

��q

BβBβT Bβu
� E

"
B3lcpβ

��q

BβBβT Bβu

**
pβ̃ � β0ql jh n

M1

�
1

nϕ
p1� aqpβ̃ � β0qTE

"
B3 � lcpβ

��q

BβBβT Bβu

*
pβ̃ � β0ql jh n

M2

.
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Following the same methodology as inTheorem 3.1, we can show }β̃�β0∥2 � Op

!�
pn log pn

n

	 1
2
)
.

Thus, we have M2 ¤
1
nϕp1� aqOp

!
pn log pn

n

)
vTE

!
B3�lcpβ��q
BβBβT Bβu

)
v and

��pRqu��8 �
��M1 �M2

��
8
¤

��M1

��
8
�
��M2

��
8
,

¤
��M2

��
8

�
1� opp1q

�
¤

1

nϕ
Op

!pn log pn
n

)����
����
����E

"
B3 � lcpβ

��q

BβBβT Bβu

*����
����
����
2

�
1� opp1q

�
.

By Assumptions 6-7, we have

����
����
����E!

B3�lcpYmj ,β
��q

BβBβT Bβu

)����
����
����
2

¤ W� for some constant W� ¡ 0

and show that

��pRqu��8 ¤ Op

"
pn log pn

n

*
1

nϕ
nϕW�

�
1� opp1q

�
� Op

!pn log pn
n

)�
1� opp1q

�
� opp1q.

Therefore, by Lemma 3.6 and p2n log pn � Opnq , the upper bound of }I2}8 can be given

as

}I2}8 �
1

λ

����
����
����RSc �

1

nϕ
lp2qc pβ0qScS1

�
1

nϕ
lp2qc pβ0qS1S1


�1

RS1

����
����
����
8

¤
1

λ
}RSc}8 �

1

λ

����
����
���� 1nϕlp2qc pβ0qScS1

�
1

nϕ
lp2qc pβ0qS1S1


�1����
����
����
8

}RS1}8

¤
1

δ2

�
n

s4n log pn


 1
2

Op

!pn log pn
n

)�
1� opp1q

�

�
1

δ2

�
n

s4n log pn


 1
2

p1�
1

3
ξ2qOp

!pn log pn
n

)�
1� opp1q

�

� Op

"�
p2n log pn

ns4n


 1
2
*
� opp1q.
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Similarly, by Lemma 3.1 and Lemma 3.6, the rest two terms can be bounded by

}I1}8 �
1

λ

����� 1

nϕ
lp1qc pβ0qSc �

1

nϕ
lp2qc pβ0qScS1

�
1

nϕ
lp2qc pβ0qS1S1


�1� 1

nϕ
lp1qc pβ0qS1


�����
8

¤
1

λ

#��� 1

nϕ
lp1qc pβ0qSc

���
8
�

����
����
���� 1nϕlp2qc pβ0qScS1

�
1

nϕ
lp2qc pβ0qS1S1


�1����
����
����
8

��� 1

nϕ
lp1qc pβ0qS1

���
8

+

¤
1

λ

!
ϵ� p1�

1

3
ξ2qϵ

)
¤

1

λ
p2�

1

3
ξ2qϵ,

}I3}8 �
1

λ

����� 1

nϕ
lp2qc pβ0qScS1

�
1

nϕ
lp2qc pβ0qS1S1


�1

λz̃S1

�����
8

¤

����
����
���� 1nϕlp2qc pβ0qScS1

�
1

nϕ
lp2qc pβ0qS1S1


�1����
����
����
8

¤ 1�
1

3
ξ2.

Therefore, we choose ϵ � 1
6ξ

2λ and

}z̃Sc}8 ¤ }I1}8 � }I2}8 � }I3}8 ¤
1

λ
p2�

1

3
ξ2qϵ� op1q � 1�

1

3
ξ2

¤
1

3
ξ2 �

1

18
ξ4 � 1�

1

3
ξ2 � op1q   1.

Once the first step is completed, it demonstrates that the solution β̃ to the constrained

problem (3.28) is equivalent to the solution β̂ to the original unrestricted problem (3.27).

Step 2: Verify signpβ̂S1q � signpβ0
S1
q. From equation (3.32) and Lemma 3.1, Lemma

3.5, we show that for some constant c� � 1�ξ2{6
τ�

�
1� opp1q

�
,

����β̃ � β0
�
S1

���
8
¤

����
����
����
�
�

1

nϕ
lp2qc pβ0qS1S1


�1����
����
����
8

�����
�
� λz̃S1 �RS1 �

1

nϕ
lp1qc pβ0qS1

	�����
8

¤
a
|S1|

����
����
����
�
�

1

nϕ
lp2qc pβ0qS1S1


�1����
����
����
2

�
λ}z̃S1}8 � }RS1}8 �

��� 1

nϕ
lp1qc pβ0qS1

���
8

	

¤

a
|S1|
τ�

�
λ�Op

"
pn log pn

n

*�
1� opp1q

�
�

1

6
ξ2λ

	

¤

a
|S1|
τ�

p1�
1

6
ξ2qλ

�
1� opp1q

�
� c�

a
|S1|λ ¤ min

uPS1

 ∣∣∣β0
u

∣∣∣ (.
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Based on all the results presented above, we have signpβ̂q � signpβ0q with probability

tending to one.
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4 Conclusions and Future Work

4.1 Conclusions and Future Work

In this dissertation, we present a covariate-dependent Gaussian graphical model

(cdexGGM) for modeling dynamic network structures that vary with covariates via a

novel parameterization, ensuring the positive definiteness of precision matrices at dif-

ferent values of covariates. Unlike some existing work, we allow the diagonal elements

of the precision matrix to vary with covariates, and we propose to jointly estimate

dynamic edge and vertex parameters through a likelihood framework. For networks

with small dimensions, we conduct the maximum likelihood estimation and establish

the asymptotic distribution of the estimator. This enables us to construct various

statistical inference procedures on the underlying dynamic network. In the context of

large networks, we employ the composite likelihood method with an ℓ1 penalty to es-

timate sparse network structures. We provide the estimation error bound in ℓ2 norm

and establish the model selection consistency of the proposed method. The estima-
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tion procedure combines the coordinate descent algorithm and Broyden’s method to

update the covariate-varying edge and vertex parameters, respectively. The algo-

rithm performs well in high-dimensional settings and yields superior or comparable

performance to alternative methods.

Moreover, we also propose an extension of symmetry-constrained GGMs to covariate-

dependent contexts, where the precision matrix with known symmetric patterns is

modeled as a linear function of covariates, reflecting dynamic colored network struc-

tures. With proper assumptions, the overall precision matrix Σ�1
m is guaranteed to

be positive definite. We adopt composite likelihood estimation together with an ℓ1

penalty to capture sparse graph patterns in large-dimensional data. Estimation pro-

cedures are developed separately for scenarios with fixed and covariate-dependent

diagonal parameters. In the case of fixed diagonal entries, coordinate descent pro-

vides an efficient solution for large-scale data. For varying diagonal components, the

estimation requires a hybrid approach incorporating both coordinate descent and

Broyden’s method to accommodate the extra computational complexity. Extensive

simulation experiments demonstrate the effectiveness and practical feasibility of our

proposed methods. In the context of theoretical results, consistency in both param-

eter and sign recovery is guaranteed for both fixed and varying diagonal parameters.

Evidence from the application to real-world data supports the model’s effectiveness
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and practical relevance in handling covariate-dependent biological networks with

known symmetric patterns.

To facilitate broader application, we plan to develop an R package that imple-

ments the proposed likelihood-based estimation procedure for covariate-dependent

GGMs and colored covariate-dependent GGMs.

4.2 Remarks and Comments

4.2.1 Sensitivity Analysis

We perform a sensitivity analysis on the influenza vaccination dataset to investi-

gate the impact of γ on the estimation results. Specifically, we conduct the analysis

across 5 levels of γ, namely γ � 0, 0.25, 0.50, 0.75, 1, with the tuning parameter λ de-

termined based on minimum EBIC (Chen and Chen, 2008; Foygel and Drton, 2010;

Gao and Song, 2010). Table 4.1 summarizes the number of estimated nonzero pa-

rameters under each scenario, and Figure 4.1 provides the sparsity structures across

4 levels of γ. Note that the estimation results are identical for γ � 0 and γ � 0.25

(e.g., the optimal λ selected by EBIC is the same for both cases). Therefore, we just

present the sparsity structure for γ � 0.25, omitting γ � 0 for simplicity. Table 4.1

and Figure 4.1 indicate that the number of estimated nonzero parameters declines,

leading to greater sparsity in the graph structure as γ increases from 0 to 1. This
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result reflects the expected property of EBIC as reported in Chen and Chen (2008);

Gao and Song (2010). The following (4.1) gives the EBIC for Gaussian graphical

models,

EBICγ � �2lcpβ̂cq � df log n� 4dfγ log pn. (4.1)

In this formulation, the first term corresponds to minus twice the composite log-

likelihood, capturing the goodness-of-fit for the current model. The second com-

ponent penalizes model complexity, while the third term promotes sparsity. More

specifically, the parameter γ P r0, 1s determines the emphasis on sparsity, with higher

values leading to smaller, simpler models. Previous studies (Chen and Chen, 2008,

2012) have demonstrated that the EBIC sacrifices a small degree of sensitivity but

effectively manages the false positive instances. This feature makes it especially

valuable for variable selection tasks involving moderate sample sizes with a high-

dimensional covariate space, as often encountered in genomic studies. The consis-

tency of the composite likelihood-based EBIC in selecting the true underlying model

has been established by Gao and Song (2010). In general, as γ becomes larger, some

moderate and weak interactions are filtered out, whereas strong interactions between

genes can still be captured.
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Table 4.1: Sensitivity analysis regarding γ applied to the influenza dataset

Matrix γ � 0 γ � 0.25 γ � 0.50 γ � 0.75 γ � 1

Q0 604 604 500 380 306

Q1 404 404 312 239 178

This table shows the number of nonzero estimated parameters across different

levels of γ in EBIC.

4.2.2 Inference Methodology

In this section, we introduce a set of bootstrap hypothesis tests designed to

evaluate off-diagonal elements, namely H0 : rθ0ijsh � 0 versus H1 : rθ0ijsh � 0 or

H0 : α0
ij � 0 versus H0 : α0

ij � 0, and thus can be applied to determine the presence

or absence of an edge.

� Bootstrap Wald test (studentized). For b � 1, � � � , B, do:

– Resample with replacement to generate the bootstrap samples.

– Fit the proposed cdexGGM using the bootstrap sample and get the esti-

mate θ̂
pbq
ij .

– Construct the Wald-type statistic T pbq� � θ̂
pbq�
ij

ŜEpθ̂
pbq�
ij q

, where θ̂
pbq�
ij � θ̂

pbq
ij �

θ̂
�

ij � θ0ij and ŜEpθ̂pbq�ij q �
b

1
B�1

°B
b�1pθ̂pbq�ij � θ̂

�

ijq2, θ̂
�

ij � 1
B

°B
b�1 θ̂

pbq�
ij .
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Figure 4.1: The comparison of estimated sparsity patterns across 4 levels of γ. Each

subplot has 68 rows and 68 columns, representing the estimated elements of Q0,Q1

respectively. The corresponding cell is marked in black if the estimated entry is

nonzero. Otherwise, it is white.

– Compute the p-value p̂ � 1
B

°B
b�1 Ip|T �pbq| ¥ |T obs|q, where T obs � θ̂obsij

ŜEpθ̂
�pbq
ij q

.

� An alternative testing procedure (Centered bootstrap test, see Horowitz (2019)

). For b � 1, � � � , B, do:

– Resample with replacement to generate the bootstrap samples.
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– Fit the proposed cdexGGM using the bootstrap sample and get the esti-

mate θ̂
pbq
ij .

– Center the bootstrap distribution under the null, namely θ̂
pb,cq
ij � θ̂

pbq
ij �θ̂

pbq

ij ,

where θ̂
pbq

ij � 1
B

°B
b�1 θ̂

pbq
ij .

– Compute the p-value p̂ � 1
B

°B
b�1 Ip|θ̂pb,cqij | ¥ |θ̂obsij |q, where θ̂obsij represents

the original estimate.

If a covariate is categorical, we can additionally conduct a two-sample test on

the partial correlations from the two groups. This allows us to assess whether the

interaction strength differs significantly between groups. The procedure is outlined

below:

� Two-sample non-Wald centered test. For b � 1, � � � , B, do:

– Resample with replacement to generate the bootstrap samples.

– Fit the proposed cdexGGM using the bootstrap sample and compute the

partial correlation matrix for each group.

– Extract the bootstrap partial correlations ρ̂
1,pbq
ij , ρ̂

2,pbq
ij between the pi, jqth

pair of the interaction for the two groups, and record their difference

δb � ρ̂
1,pbq
ij � ρ̂

2,pbq
ij .
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– Center bootstrap differences by defining δcb � δb� δ, where δ � 1
B

°B
b�1 δb.

– Compute two-sided p-value by exceedance counting:

p̂ � 1

B

B̧

b�1

Ip|δcb| ¥ |δobs|q.

4.2.3 Comparison of the Influenza Vaccine Analyses

This section provides a comparative overview of the influenza vaccine analyses

conducted in the two chapters. Table 4.2 summarizes their key similarities and

differences. An upward arrow reflects a rising pattern over the observation period.

A value of ‘0’ indicates that the interaction is not present at any time point, and a

downward arrow reflects a declining trend across the two weeks.

4.2.4 Remarks

We now present several remarks concerning the Min-Max scaling. The main rea-

son for the transformation of covariates is to ensure the positive definiteness of the

precision matrix, given any possible values of covariates. Specifically, the precision

matrix Σ�1
m pxmq is assumed to be a linear combination of Q0, . . . ,QH with coeffi-

cients 1 � °H
h�1

x
phq
m

H
, x

p1q
m , � � � , xpHq

m , as shown in (2.2). Assuming that Q0, � � � ,QH
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Table 4.2: Empirical Results Comparison Between Two Studies

Interactions CdexGGM Cdex Colored GGM

DIP2A & SERPINE2 Ò Ò
GRINA & MARCO Ò Ò

PPIE & RAB3IP Ò Ò
ABCA7 & TRPC4AP Ò Ò

UCP2 & VASH1 Ò Ò
PPIE & TREML3 Ò Ò
D4S234E & OAS1 0 0

GRINA & RABEP1 0 0

C3AR1 & OAS1 Ó 0

KIAA0391 & RABEP1 Ó 0

are all positive definite matrices, the corresponding precision matrix is ensured to

be positive definite for any covariates in the range r0, 1s. When the covariates are

bounded, one can apply Min-Max scaling to transform the covariates into the range

of r0, 1s.

To make Min-Max scaling less sensitive to outliers, hypothetical minimum and

maximum values can be used instead of the true actual extremes of a given dataset.

This results in a more robust transformation while maintaining values within the
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range r0, 1s. In particular, the hypothetical minimum and maximum values can be

chosen sufficiently large, ensuring that the transformation remains stable despite

adding or removing a data point, thereby preserving the consistency of model esti-

mation and interpretation. In asymptotic theory, all theoretical results remain valid

regardless of the type of transformation applied to the covariates, as long as the

covariates are transformed to r0, 1s.

However, when covariates are unbounded, non-linear transformation techniques

such as the quantile transformation can be applied. This strategy starts by determin-

ing the CDF of the original feature and then maps the original values to a uniform

distribution. Nevertheless, this transformation reshapes the underlying distribution

of the covariates and may be more suitable for a nonlinear relationship between the

pre-transformed covariates and the underlying graph structure.

Lastly, we add more comments on the varying network structures defined in (2.6).

Let E0, E1, � � � , EH be the true nonzero off-diagonal parameter index sets of Q0,P1,

� � � ,PH , namely E0 � tpi, jq : α0
ij � 0, i   ju, Eh � tpi, jq :

�
θ0ij

�
h
� 0, i   ju,

where i, j � 1, � � � , pn, h � 1, � � � , H and α0
ij,
�
θ0ij

�
1
, � � � ,

�
θ0ij

�
H

are the true values

of αij,
�
θij

�
1
, � � � , �θij�H . Then the parametrization (2.6) can be rewritten as

Km � Σ�1
m �

¸
s:sPE0YV

αsT
s �

Ḩ

h�1

xphqm

! ¸
u:uPEhYV

rθushT u
)
. (4.2)

Under this parametrization, the sparsity pattern varies at specific values of the co-
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variates. For example, if we have two covariates xp1q and xp2q, the precision matrix is

given by Q0�xp1qP1�xp2qP2. Let G0, G1, and G2 be the graph structures correspond-

ing to Q0,P1 and P2. There are four possible graph structures: the graph structure

is G0 when the covariates belong to the set A � txp1q � 0, xp2q � 0u; the graph struc-

ture is G0 � G1 for the set B � txp1q P p0, 1s, xp2q � 0u; the graph structure is G0 � G2

for the set C � txp1q � 0, xp2q P p0, 1su; the graph structure is G0 � G1 � G2 for the

set D � txp1q P p0, 1s, xp2q P p0, 1su. We could obtain these possible graph structures

as long as sets A, B, C, and D each have a non-zero probability under the covariate

distribution. On the other hand, if the covariates are uniformly distributed within

the unit square, the graph structure would almost surely be G0 � G1 � G2. However,

the strengths of the edges keep varying as a linear function of the covariates.
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