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Abstract

CHIEN-CHENG CHIU

COMPUTATIONAL METHODS FOR ONE-DIMENSIONAL
SCATTERING IN NON-SMOOTH MEDIA

This thesis implements various numerical algorithms used for acoustic imaging of lay-
ered media: the scattering-based algorithm, the classical Born approximation, the refined
impedance transform and the echoes-to-impedance transform. The last three are inverse
scattering algorithms that numerically convert data in the time domain to an impedance
in the spatial domain; however, the simplicity, speed and accuracy can differ greatly
among them. In place of physical recordings, the scattering-based algorithm is used to
generate accurate synthetic data. Numerical experiments and error analyses reveal sig-
nificant differences among the three. The principal conclusion is that the method based on
the most sophisticated mathematical ideas, namely the echoes-to-impedance transform,

is far superior.
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1 Introduction

1.1 One Problem, Many Solutions

There may be many numerical methods to solve a given mathematical problem when
analytical methods are time-consuming or impossible; however, by comparing the accu-
racy and efficiency among the numerical methods, usually only one of them gives the
best results. As a simple example, the bisection method, the fixed-point iteration and
the Newton’s method are some numerical schemes in a root-finding problem, but it is
considered that the Newton’s method is the most powerful as its accuracy and efficiency
is greater than the other two methods. A similar situation appears when working with
an important second-order hyperbolic differential equation applied to perform acoustic

imaging of layered media, the one-dimensional wave equation,

Uy — 1 (Cuy), =0 (1.1a)
¢
u(x,0) = f(x), ui(x,0) = g(x) (1.1b)

where we assume

1. C is the acoustic impedance of the layered medium in terms of position x with the

following restrictions:
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e ¢ > 0 must be constant within the intervals, (—oo,x;) and (x,, o) such that

XI < Xu.
2. u is the particle velocity function in terms of position x and time t.

Suppose that {(x;) = {; and {(x,) = {u are the constants within the intervals, (—oo, x;),
and (xy, 00), respectively. One important aspect about (1.1) is the position x is in travel-

time coordinates, and not in spatial coordinates.

1.2 The Mathematics behind Acoustic Imaging

1.2.1 From Three- to One-Dimensional Acoustic Wave Equation

In reality, the acoustic wave equation for a three-dimensional medium is

Clzu” —p [V- (%Vuﬂ =0 (1.2a)
u(x,0) = f(x),  u(x0) = g(x) (1.2b)

where
1. p:R? — R is the density.
2. c= \/% is the wave speed and K : R3 — R™ is the bulk modulus.
3. x € R%.

However, it is possible to reduce (1.2) to (1.1) with { = /Kp for acoustic imaging for lay-

ered media because the symmetry of a physical structure with multiple laminated layers
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allows the wave speed and the bulk modulus to only vary in the x-direction with respect

to spatial coordinates as the planar acoustic wave travels through the layered medium.

An important example occurring in nature is that of sedimentary bedrock, which often
has horizontally layered structure where each layer may correspond to a different geo-
logical formation. If the source sound wave is planar, and aligned with the layers in the
medium, the problem reduces from three-dimensional to one by symmetry. Moreover,
a spherically expanding three-dimensional wave becomes approximately planar at long

distances. Thus, planar sound waves correspond to certain realistic physical situations.

1.2.2 Mathematical Framework
Mathematically, acoustic imaging consists of two parts:

1. computing synthetic measured data

2. computing acoustic impedance from measured data

The former entails solving the wave equation at a particular point xy corresponding to the
location of the source/receiver. The scattering-based algorithm in [11, p.2], which differs
from widely used numerical methods such as finite differences, can be used in the context
of a distributional source wavelet such as the Dirac function, and /or with a discontinuous

impedance. The second part involves inverse scattering algorithms such as
1. the Born approximation in [15, p.4], [23], [24].
2. the refined impedance transform in [15, p.3]

3. the echoes-to-impedance transform in [12, p.5]
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The purpose of this thesis is to describe the above algorithms, implement them in MAT-

LAB, and compare their efficacy on a range of test media and source wavelets.

1.2.3 Scattering Theory

In the context of acoustic imaging, the forward problem, or direct scattering, resem-
bles the propagation of an acoustic source wave through a medium with an acoustic
impedance as a function of a spatial variable as governed by the wave equation. This
generates a wave field, or the many solutions to the wave equation, in which one of the
solutions at a specific spatial location for a time duration is enough for acoustic imaging.
The inverse problem, or inverse scattering, corresponds to determination of the acoustic
impedance as a function of the spatial variable from recorded data, which consists of the
solution to the wave equation at a specific spatial location for a finite time duration. In-
verse scattering is almost the opposite of direct scattering except that it does not need all
the information about the wave propagation happening through a medium to determine

the acoustic impedance.

There are well-established numerical algorithms applicable to the forward and inverse
scattering problems. However, the inverse scattering problem has until recently never
been fully solved theoretically. Moreover, established algorithms to compute forward
scattering break down in the presence of singularities; these may include singularity in
the source wavelet such as when it is a Dirac distribution, or in the medium such as when
the acoustic impedance function has discontinuities. A major contribution of this thesis

is to implement algorithms that overcome these shortcomings.
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1.2.4 Important Components of the Algorithms

There are two key objects that affect the performance of the applied numerical schemes:
1. the impedance, {
2. the source wavelet

In addition to { > 0, while { must behave constantly outside (x;, x,,), it does not need to
behave the same way inside (x;, x,) and so the complexity of { can vary hugely. { can
be highly oscillating, contain multiple discontinuities, or a mixture of both in (x, x;,). As
¢ becomes more complicated, it is necessary to modify the spatial grid to acquire more

accurate results.

Some examples of (’s are in Fig. 1.1. Fig. 1.1a has the same function as the smooth
ramp function on [12, p.21], but translates x to the right by 5. Fig. 1.1b has the same
function as the toothed ramp function on [12, p.21]. Fig. 1.1c has jump points at: x =
[10.25,11.75,12.25,13.75,14.25,15.75,16.25,17.75,18.25,19.75] with the following values:
y =[1,1.59,0.8,1.12,1.33,1.66,0.82,1.1,1.41,0.5,1]. Fig. 1.1d has the function that is the
product of the toothed ramp function and the random steps function. These are {’s used

in the numerical experiments and error analyses.

Secondly, the source wavelet can be a regular or singular source. As for a singular source
wavelet, it is crucial to modify the numerical schemes to achieve proper results. Thus,
it is essential to be familiar with both ¢ and the source wavelet both of which have an

important bearing on numerical schemes.



Chapter 1. Introduction

0 20
T

40

(A) Smooth Ramp

60

0 20
T

40

(¢) Random Steps

1.3 Methodology

60

4
3 L
2
1 L
O L L
0 20 40 60
x
(B) Toothed Ramp
5
/
4 /
3 L
)
2 \} |
11
1t
|
0 L L
0 20 40 60

X

(D) Discontinuous Toothed Ramp

FIGURE 1.1: Examples of {

1.3.1 The Scattering-Based Algorithm

The scattering-based algorithm applies the theoretical approach of approximating { as a

step function and solving (1.1) exactly. Unlike some methods that use triangular matri-

ces, the scattering-based algorithm works with a pentadiagonal matrix with 4n non-zero
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elements where 7 is the number of spatial grid points. Its simplicity reduces the num-
ber of iterations, resulting in quicker computation on any spatial grid than past meth-
ods. Furthermore, Theorems 1, 2, and 3 in [11] prove that the algorithm can approxi-
mate the solution to (1.1) even when dealing with discontinuous {’s or singular source
wavelets. Though the algorithm can also show the interactions between a right- and
left-moving source wavelet transmitting through ¢ from opposite boundaries, the right-

moving source wavelet is enough for the study of acoustic imaging.
Some important considerations in implementing the scattering-based algorithm are:
1. If { has rapid oscillations, then the spatial grid needs to be correspondingly dense.

2. If ¢ contains discontinuities, then it is important to adjust the spatial grid such that

each discontinuity lies at a midpoint between two consecutive spatial grid points.

1.3.2 The Classical Born Approximation

The classical Born approximation remains as a leading one-dimensional method in con-
temporary seismic imaging despite its serious flaws because its evaluation is quick in a
simple manner and is fairly accurate for certain {’s. One of its weaknesses is approximat-
ing the solution with only single scattering, which leads to inaccuracies. Moreover, the
method requires pre-processing the data by deconvolving the source wavelet, which is

highly problematic in practice in [15, p.2-3].

1.3.3 The Refined Impedance Transform

The refined impedance transform is similar to the Born approximation in how it utilizes

the data albeit using a different formula. It overcomes one of the weaknesses of the single
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scattering approximation, and works without the necessity of source wavelet deconvo-
lution in [15, p.3]. It can operate on a wide scale of {’s and recover an approximated
impedance, {, at the far side of an inhomogeneity in [15, p.3]. It matches or exceeds the

Born approximation in terms of speed, accuracy and efficiency.

1.3.4 The Echoes-to-Impedance Transform

Unlike the Born approximation and the refined impedance transform published in 2018,
the echoes-to-impedance transform operates on a completely different level that lets it
achieve the most accurate results easily and quickly. As stated in [12, p.2], it can handle
an arbitrary ¢ and work with non-preprocessed data. Mysteriously, it seems to recover
{ at higher resolution than the width of the source wavelet. Finally, even though the
measured data and parameters are real-valued in the acoustic context, the algorithm’s
ability to compute with complex values widens its range of potential applications to other

physical contexts in [12, p.2].

1.4 Outline

Chapter 2 presents the physics behind acoustic imaging of layered media. It provides
more details on the term impedance and shows that there are different types of impedance.
It also informs how the speed of sound can vary in different media and pinpoints that
there is a difference between two types of velocities that sound can have: particle velocity
and acoustic velocity. There is also a description of how acoustic imaging of a general
medium works and indicates how it can simplify for a layered medium. It discusses the

wave equation in terms of the wave speed instead of impedance that is commonly seen
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in physics and provides an analytical method that can find an approximate solution to
the wave equation. Lastly, it gives some examples of acoustic imaging in different areas

of research.

Chapter 3 contains information about wave propagation, which is important to under-
stand before applying any of the computational methods. It gives more details on the be-
haviour of the source wavelet as it partially reflects and transmits through any ¢ and gen-
erates a wave field. §3.3 explores why and what modifications to the numerical schemes
are critical, especially to the scattering-based algorithm, for singular source wavelets. It
elucidates a theorem concerning the scattering-based algorithm that explains some sub-

tleties involved in accurately plotting the output.

Chapter 4 provides information about the three different inverse scattering algorithms. It
discusses more on how each computes with the recorded data, which may contain noise.
It expresses more about the efficiency and accuracy of each inverse scattering algorithm,
which provides support for the comparison among the inverse scattering algorithms. §4.4

also introduces the idea of data downsampling to return (.

Chapter 5 shows the numerical experiments and error analysis with the computational
methods. Working with various (’s, it provides illustrations on wave propagation at dif-
ferent times and positions when using the variations of the scattering-based algorithm.
Operating with the same recorded data with or without noise generated by the scattering-
based algorithm, each inverse scattering algorithm provides a plot of { to match . In
addition, it includes figures of { when data downsampling is applied to the echoes-to-
impedance transform. With these figures and some calculations on relative errors, it

yields evidence that the echoes-to-impedance transform is a powerful tool for acoustic
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imaging in layered media.

Chapter 6 provides a summary of the thesis. It reviews the purpose of the thesis and
talks about the evidence shown to achieve the goals. There is a discussion about the
limitations of the computational methods for one-dimensional scattering in non-smooth
media. Lastly, it also acknowledges how the methodologies can contribute to the present

era of acoustic imaging of inhomogeneous layered media.

Appendices A.1 to D.1 contains MATLAB implementations of the computational meth-
ods used in the numerical experiments, which follow the order in §1.2.2. Furthermore, the
versions of the code for the scattering-based algorithm can show animations of the source
wavelet transmitting through ¢ to display the behavioural changes that contributes to
the wave field. Appendix E.1 shows a proof of a formula used to determine the ampli-
tude of an impulse supported at a certain point. Appendix F.1 introduces a MATLAB
myplot function to avoid the issue of displaying the vertical lines at the discontinuities in
¢ when using plot in MATLAB. Finally, Appendix G.1 shows an estimated computational
time equation in terms of the number of spatial grid points for the echoes-to-impendance

transform.


https://www.mathworks.com/matlabcentral/answers/170866-how-to-avoid-a-vertical-line-at-discontinuity-point
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2 Physical Background of Acoustic

Imaging

2.1 Acoustic Waves

As the name implies, acoustic imaging uses acoustic, or simply known as sound, waves
that can have varying speeds at different points in a given medium. In the case of layered
media, the speed of sound only varies in the direction normal to the layers, say in the

z-direction. The formula to compute the speed of sound in a layered medium is
c=4/— (2.1)

where ¢, K and p are the sound speed, the bulk modulus and the density of the material
in [10]. However, it is possible to use a change of variable to transform the spatial coordi-
nates into travel-time coordinates in which the wave speed becomes constant relative to

the new coordinates in [11].
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2.2 Acoustic Impedance

In terms of acoustic imaging, acoustic impedance is defined to be the square root of the

product of the bulk modulus and density:

¢ = /Ko, (2.2)

Thus, acoustic impedance is purely real because the bulk modulus and the density of a
medium are always real. However, in other areas of research, impedance can take on
complex values. An example is the impedance of a capacitor in a mechanical oscillator
with damping. In such an electrical system, it is better to define the capacitor’s impedance
by a single complex value using complex exponentials to express the voltage and current

in [10].

2.3 The Physical Derivation of (1.1a)

Some Physics textbooks describe the wave equation for the wave propagation in inhomo-
geneous layered media in terms of ¢(z), or the varying wave speed due to the varying

properties of the structure. In this model, the wave equation in spatial coordinates is
2 —
Uy — C Uy, = 0. (2.3)

Then, setting

™~
I
|
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and using the change of variable

z 1
X = ; mds, (2.4)

(2.3) converts to (1.1a) in travel-time coordinates, x [11]. However, this is the incorrect

physical derivation of (1.1a) because ¢ % # 1/ Kp.

The true physical derivation of (1.1a) comes from a coupled system in terms of p and K.

0= pu;+ P,
1
O:Ept—i—uz

where P is the acoustic pressure and u is the particle velocity. Then

Py = —Ku, and P, = —pu;

Pzt = — (Kuz)z and Pzt = —PUt

Thus,

—puy = — (Kuz),

0 = puy — (Kuz),

By using the same change of variable,
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the previous equation becomes

1
0= Ut — ‘(—) (KMZ)Z

L P o

T RVK (K\fKu’Jx
1 —

\ /Kp ( Kpux)x

Finally, by using the true definition of acoustic impedance (2.2),

= Ut —

0= U — % (@ux)x.

2.4 The Wentzel-Kramers-Brillouin Approximation

Though (1.1) is not commonly seen in Physics textbooks, there are some well-known
methods to solve (2.3), one of which is the Wentzel-Kramers-Brillouin (WKB) approxi-

mation. It assumes the solution to (2.3) takes on the form
u(z,t) = A(z) cos [S(z) — wt] (2.5)

where A, w are the wave’s amplitude and frequency, respectively. By substituting (2.5)
into (2.3), it is possible to find the formulas for A(z) and S(z) using the derived coupled

differential equations

Ass + {(%)2 - sg} A=0 (2.6a)

2S,A, + SpA =0 (2.6b)
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The WKB approximation is

S(z) ~ /Z: C((U—S) ds (2.7a)
A) = Ala) [ 52 (2.7b)

where zj is some reference position that the wave has some certain amplitude. Thus,

u(z,t) ~ A(zo) % cos [/Z: C?}—S) ds — wt} (2.8)

in [6]. It should be emphasized, however, that this is only an approximation.

2.5 Procedure

Acoustic imaging produces images of internal formation of an object that may be opaque
to light by analyzing reflected acoustic echoes. By sending a sound wave through a
medium, the sound wave partially reflects and transmits at each point of the medium.
The acoustic impedance determines how much a wave partially reflects and transmits at
each point, also known as reflectivities and transmittivities. Recording the reflections of
the sound wave with a sensor collects information about the material’s density and can
help recover the acoustic impedance. It is essential for the analyst to record a period of
time that is at least twice the depth of the object to be imaged in [12, p.5]. Acoustic imag-
ing aims to determine hidden structure that is otherwise obscured from observation. One
special case of acoustic imaging occurs when the medium has a layered structure, also
known as acoustic imaging of layered media, which can simplify modelling the internal

structures of the unique medium.
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2.6 Applications

2.6.1 A Geophysical Example

The oil and gas industry uses acoustic imaging for the analysis of the complex structure of
hydrocarbon reservoirs. This involves using seismic surveys to make economic decisions.
Seismic waves, which have frequencies from 3 to 100 Hz, can help depict the hydrocar-
bon reservoirs beneath the earth surface in [30]. Other examples of acoustic imaging in

geophysics can be found in [1], [3], [17], [27], [28].

2.6.2 An Engineering Example

Aeronautical engineering applies acoustic imaging as a nondestructive testing method
to check on the materials, parts, components and assemblies of airplanes and rockets
without damage. Ultrasonic C-scan can detect the conditions or defects in the fillet size,
shear tie void, core to face holes, and braze puddlings in its structure. Sonic test can
evaluate the gross core to face gaps due to severe titanium aluminium formation in an
aircraft having aluminium-blazed titanium honeycomb structure. Finally, a combination
of ultrasonic attenuation, eddy-current conductivity and thermoelectric can determine
the titanium-hydride concentrations in brazed alpha alloys in [16]. Other examples of

acoustic imaging in the field of engineering can be found in [2], [5], [22], [26].
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2.6.3 A Medical Example

A common medical imaging method for breast cancer detection is x-ray mammography
[21]; however, there still are less expensive, safer and /or more effective alternative imag-
ing methods for patients. Though x-ray mammography provides high-quality images, it

has some drawbacks:

e It is harmful due to x-ray’s ionizing radiation so it is necessary to deliver low-

radiation doses specifically at the part of the human body being examined.

* It may not provide adequate diagnostic information, which can range only between

60% to 80% accuracy, to make a distinction between malignant and benign tumours.

¢ It cannot create three-dimensional images in one trial so radiologists need to take

multiple images from different angles.

Microwave imaging and ultrasonic imaging avoids these disadvantages where the latter
employs acoustic imaging to identify the presence of tumours in [8], [29]. Other examples

of acoustic imaging in the field of medicine can be found in [4], [7], [31].
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3 Wave Propagation

3.1 Wavelets

The term wavelets for source wavelets should not be confused with the Daubechies wavelet.
Source wavelets generate echoes as they transmit into a given medium. Recorded echoes
comprise the measured data. Typically, wavelets have the shape of a concentrated pulse.
Their waveforms can be singular, compactly supported or nearly compactly supported,
such as the Dirac delta function, the bump function, and the Gaussian, respectively. Fig.

3.1 illustrates the transmission of a wavelet into a medium at three specific moments.
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3.2 Background

One theoretical method on wave propagation for (1.1) is to approximate an impedance,

(, for a given medium as a piecewise constant function,

C(x;) x<xj
Cp(x) = g(xj) x]’.‘_1 <x< x;-" (2<j<n) (3.1)

Clxu) xy <x

\

where x]* for 1 < j < n are equally spaced jump points, and also the midpoints of x; and
xj11. Since {p is a constant in the intervals (—00,x7), (x;f‘fl, x]*) or (x};,00), this simplifies
(1.1) to

Ut — Uypx; = 0 (3.2a)

u(xj,0) = f(x;), ut(x,0) = g(x;) (3.2b)

and shows that a d’Alembert solution exists in each interval. A moving wavelet gets
partially reflected and transmitted at each jump point. The wave field is a sum of left-
and right-moving components at each point . As the intervals get narrower, the exact
solution to (3.2) in each interval generates an approximated wave field that get closer to

the exact solution to (1.1).

From this theoretical background, wave propagation in a medium for a given impedance
involves a continuum limit of reflections and transmissions at jump points. These reflec-
tions and transmissions can differ in intensities depending on the impedance contrast be-
tween two consecutive points. The corresponding intensities are the reflectivities, r;, and

the transmittivities, 1 + r; for j < n € Z™, respectively. The derivation of the reflectivity
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The scattering algorithm
Input l,a,B,a,b,n, T
Spatial grid A=b—-a)/n, xi=a+(G—-1A (1<j=sn+1
Temporal grid m=|T/A], t=kA 0 <k <m)
Weights ri = (C(xj) — £(xj31)) /(€ (%) + £ (xj31)) (I £f=n)
Variables v =) € Rt)x@42) - 3 — (ﬁf) e Rem+Dx@+1)
Initialization Wi =al), vy =B, & =1V |+ (1<j<n+1)

Iterative step

Output

i =a — k), Vi =B + 1) (I1<k=<m
Givenv* (0 <k <m — 1), set

V]i-;r—ll = (1 ""]r'—ll}vgj—a - }:F'—lvgj 2=j=n+1
wil=rk  +(0-—nh, (A<j<n)

B =v T A<j<n+1)

i = () € Rom+Dx(etD)

FIGURE 3.2: The Scattering-Based Algorithm

formula involves the Fourier transform and disk automorphism.

In Fig. 3.2, the scattering-based algorithm works with the following inputs:

1. a and B are the initial right- and left-moving source wavelets, respectively,

* B = 01in the context of acoustic imaging

2. a and b are the boundaries of { for the spatial grid,

3. nis the number of spatial grid points for the spatial grid, and
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4. T is the time to record the measured data for the temporal grid,
* T > 2(b — a) in the context of acoustic imaging
to compute

1. r; using the reflectivity formula where j < 7,

(3.3)

2. o¥ are the right- and left-moving components when 7 is odd and even, respectively,

and
3. 1 is the approximated wave field.
in the theoretical approach of wave propagation.

(3.3) points out that ]rj| < Tand, if r; = 0, then the right-moving source wavelet makes a

complete transmission with no change in its direction or amplitude.

With the scattering-based algorithm, it is possible to model the measured data. In the con-
text of acoustic imaging of layered media, the source wavelet requires (nearly) compact

support waveforms. There are two basic types:
1. regular source
2. singular source

Moreover, the discontinuities of { are important to know especially for the case of a sin-

gular source wavelet.
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3.3 Regular Source

The regular source wavelets are continuously differentiable functions with (nearly) com-
pact support, or also known as regular functions in [11]. The most basic regular source

wavelet is the Gaussian 5

X
1 ;22
eV 21

However, any of its derivatives are also regular functions such as the second derivative

(3.4)

We(x) =

known as the Ricker

— ¢ 2¢ (3.5)

Though the Gaussian and its derivatives are symmetric and exponential functions, other

regular functions do not need to be the same, such as the asymmetric function

2 7
4 We(x) cos (T — ﬁ)
dx* —0.13072

Wa(x) = (3.6)

in [12]. The scattering-based algorithm in [11] is the original numerical scheme for regular
functions. When the regular source wavelet travels through an arbitrary impedance, the
wave field is a continuously differentiable function. Fig. 3.3 shows some examples of

regular source along with the functions.

3.4 Singular Source
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FIGURE 3.3: Examples of Regular Sources

3.4.1 The Dirac Delta Function

The singular source wavelet applied is a right-moving Dirac delta function, 6(x — t —
a), supported at x = t — a. Despite its given name, it is a distribution that is a linear
functional that maps functions, known as test functions ¢, to their values at 0. It can be

defined as

S[p] = ¢(0) (3.7)

Furthermore, the Dirac delta function is considered broadband because the Fourier trans-
form of the Dirac delta function is a constant function of 1, which shows that the Dirac
delta function consists of all frequencies [9]. For simplicity, the Dirac impulse refers to the

Dirac delta function, or its rescaling and translations, for the rest of the thesis.
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3.4.2 Change in Behaviour

The Dirac impulse may seem simple as it propagates like a regular source wavelet; how-
ever, the wave field contains a regular and singular part. Whenever the Dirac impulse
hits a discontinuity, two new impulses moving in opposite directions emerge, and may

have different amplitudes based on the reflectivity.

1. If ¢ has no discontinuity, then only one Dirac impulse with changing amplitude
transmits completely without any reproduction of impulses due to no discontinuity,

and a smooth function appears on the left side of the impulse.

2. Suppose that ¢ has at least one discontinuity. Then at least one Dirac impulse ap-
pears in the model of the measured data because there is at least one left-moving
Dirac impulse, which emerges when a moving Dirac impulse hits a discontinuity,

recorded at x.

3.4.3 The Amplitude of an Impulse

Remarkably, there are formula(s) to calculate the exact amplitude(s) of Dirac impulse(s),
or the singular part of the wave field, us,g, with respect to . However, when ( is dis-
continuous, the number of formulas expands too rapidly as the number of discontinuities
increases. Thus the thesis only presents the following formula to calculate w4,y when a

Dirac impulse travels through a continuous :

_ | &)
Uging = C(ﬂ n t) (38)
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where ii5ing is the amplitude of the Dirac impulse supported at t = x —a'

. The proof
of (3.8) is in Appendix E.1. Note that (3.8) is surprisingly similar to (2.7b). If there is
a change in variable using (2.4),  is the reciprocal of ¢ and the amplitude of the Dirac

source wavelet at the reference position xo = a is 1, then (2.7b) transforms to (3.8).

3.4.4 Issues with the Dirac Impulse

When the original scattering-based algorithm in [11] is implemented with a Dirac source

wavelet, two issues arise:

1. two separate curves appear for the regular part of the wave field, as shown in Fig.

3.4, and

2. amplitudes for the regular part of the wave field vary with different A's, as shown

in Fig. 3.5
and can be explained by the Theorem of Disjoint Components:

Theorem 1 (The Theorem of Disjoint Components). Suppose that you have a right-moving

Dirac source supported at a single point,

Then, when you implement the original scattering-based algorithm in [11] with a Dirac source

wavelet, the following statements are true for j, k € Z.
. . . . k _
1. If k and j are of the same parity, then our right-moving components are vy i1 =0

1" g = 0 for the numerical experiments and error analysis in Chapter 4.
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2. Ifk and j are of the opposite parity, then our left-moving components are v i = 0.

Proof. We will represent k = 2] —1,j = 2p — 1 to be odd integers and k = 2I,j = 2p to be

even integers where [, p € Z.
Base Step: k =0

The right-moving Dirac source supported at x; tells us that v? = ¢ and v? =0forj # 1.

0

Thus, vg]. = 0 forall j € Z. In particular, Ua(2p-1)

= 0 for all p, which proves (2). Also,
U%_l = 0if j # 1. So, vg(Zp)—l = 0 for all p, which proves (1). Therefore, the theorem is

true fork = 0 forall j € Z.

Induction Hypothesis: Suppose that the theorem is true for 0 < k < s. We want to prove

that the theorem is true for k = s 4 1.
Induction Step: k = s + 1
Firstly, we will prove that our boundary condition satisfies the theorem.

The right-moving Dirac source tells us that

c ifxy—t =aq
s+l 1 s+1

0 otherwise,

which in the scattering algorithm becomes

v c if—(s+1)A=0
1

0 otherwise
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Since A > 0and s > 0, vi“ # c. Therefore, US+1 = 0, which proves (1). In addition,

s+1
2n+2 —

s+1
2(n+1)

v“;;rl = 0forall j € Z. In particular, v

=0 = 0, which proves (2).
Secondly, we will prove that if k and j are of the same parity and j > 1, then v’éjfl =0.
Suppose that s = 2/ and j = 2p — 1. Then

vgjr_ll = (1+71j-1) 0355 — 17105

2041 _
Uj—1 =

because the induction hypothesis says:
1. when j = 2p — 2 and s = 2/, which are of the same parity, we have v3;_; = 0.
2. when j = 2p — 1 and s = 2/, which are of the opposite parity, we have U%j =0.

Next, suppose that s = 2] — 1 and j = 2p. Then

oy = (L4 7j1) 055 — 1517
vg 1+1 _ (147j1) 212pl) rj,lvgl(;;)
031 = (L+1j-1) 03 pl 1)-1 —rj_lvﬁl@})
=0

because the induction hypothesis says:
1. when j = 2p —1and s = 2/ — 1, which are of the same parity, we have v3; ; = 0.

2. when j = 2p and s = 2/ — 1, which are of the opposite parity, we have vij =0.



Chapter 3. Wave Propagation

Therefore, we can conclude that if k and j are of same parity, then v} i1 =0
Now, we will prove that if k and j are of the opposite parity and j > 1, then 012‘ i = 0.

Suppose that s = 2/ and j = 2p. Then

s+1 __ S s
vy = rjvyi g+ (L =703,
241 _ 2l N2
vy = 101 T (1= 71050, 40
_ 2 N2
= 103051+ (L = 7)) V50p41)

=0

because the induction hypothesis says:
1. when j = 2p and s = 2/, which are of same parity, we have 03]-71 =0.
2. when j = 2p 41 and s = 2], which are of opposite parity, we have v‘;]- =0.

Next, suppose that s = 2] —1and j = 2p — 1. Then

s+1 _ .5 2\
vy =10y g+ (L =7)v5;
2A-1+41 _ 211 201
Uyj = 1i%0p-1)-1 T (1 r])v2(2p—1)+2

2]—-1

20 211
vy =1}V o1t (1-— rj>02(2p)

2(2p-
=0
because the induction hypothesis says:
1. whenj =2p —1and s = 2/ — 1, which are of same parity, we have vg]-fl =0.

2. when j = 2p and s = 2] — 1, which are of opposite parity, we have v‘;]- =0.
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FIGURE 3.4: Top left: A model of the wave field paused at t = 14.8. Top

right: Distinction between the left- and right-moving components using blue

and red, respectively. Bottom left: A model of the left-moving components.
Bottom right: A model of the right-moving components.

Therefore, we can conclude that if k and j are of the opposite parity and j > 1, then v% ;= 0.

By mathematical induction, we have proven that the theorem is true for all j,k € Z. [

Theorem 1, Theorems 2 and 3 in [11] indicate how to modify the original scattering-based
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FIGURE 3.5: Note that when A was divided by 2, the amplitudes of the regu-
lar part was also divided by 2.
algorithm to accommodate a Dirac source and better model the measured data by com-
bining the disjoint components and renormalizing the amplitudes to exploit a separation

of scales phenomenon.

3.5 The Modified Scattering-Based Algorithm for a Dirac

Impulse

In this thesis, there are two versions of the modified scattering-based algorithm for a
Dirac impulse depending on whether { is continuous or not. The modifications to fix the
issues for the regular part of the wave field in §3.4.4 apply to both versions; however, each

version computes the singular part of the wave field differently:

1. For a continuous , the first version of the modified scattering-based algorithm uses

(3.8) in §3.4.3 to compute the exact values for the singular part. The MATLAB code
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FIGURE 3.6: Adjustments to Spatial Grid

in Appendix A.1.2 implements the first version of the modified scattering-based

algorithm.

2. For a discontinuous , the second version of the modified scattering-based algo-
rithm searches for the approximated values for the singular part because the orig-
inal scattering-based algorithm already computes the approximated values for the
singular part correctly. The MATLAB code in Appendix A.1.3 implements the sec-

ond version of the modified scattering-based algorithm.

With the correct computations of the regular and singular parts of the wave field, we can

finally model the wave field properly.

3.5.1 Computation for the Regular Part

For the regular part of the wave field, e, the modified scattering-based algorithm works
with an additional spatial grid shown in Fig. 3.6 such that x;‘ are the averages of every
other pair of consecutive spatial grid points from the original spatial grid and the new

locations for ilreg. With this new spatial grid, we correctly compute g by taking the
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sum of every other pair of consecutive values of # to combine the disjoint components

and dividing it by 2A? to renormalize the amplitudes.

3.5.2 Mapping the Singular Part for Discontinuous {

As stated on the list in §1.3.1, the locations of each discontinuity must be at exact mid-
points of x; and x;,1; otherwise, the impulses do not appear in the computed wave field

as they are not on any spatial grid point at a certain time.

With this in mind, Fig. 3.7 displays two types of tree diagram to illustrate what hap-
pens when a right-moving impulse hits equally spaced jump points x7, which are the

midpoints of x; and xj,1:

1. The whole tree diagram - The diagram shows that there are always two new im-
pulses emerging and moving in opposite directions when there is a discontinuity at

every jump point.

2. The partial tree diagram - The diagram shows that there are only two new impulses
emerging and moving in opposite directions when there is a discontinuity at a dis-

tinct jump point.

Using the tree diagrams, the second version of the modified scattering-based algorithm
searches for the partial tree in the whole tree to locate the approximated values of the

singular part on the spatial grid at a certain time for .

2 Though Theorems 2 and 3 in [11] shows the rescaling factor is A, the rescaling factor is 2A in the codes
since the distance between the new spatial grid points differs by 2A instead of A.
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FIGURE 3.7: These figures both show the left- and right-moving impulses in

the presence of discontinuities. The vertical dotted lines represents the non-

existing discontinuities and the vertical dashed lines represents the existing

discontinuities. The solid lines represents the reflections and transmissions

from the discontinuities.

Suppose that {; and { have the same discontinuities d = [dy,dy, ..., d] where {; repre-
sents a simple step function. As an example, Fig. 1.1c and Fig. 1.1d are (s and (, respec-
tively. Then the second version of the modified scattering-based algorithm computes two
different wave fields, iig and 7, for {5 and (, respectively. The extra step in computing
ilg is to help search for the singular part of i because il is a matrix having only non-zero
entries located at the same spots of the approximated values of the singular part in the
matrix 7. With the matching indices of the singular part between iig and 1, it is possible

to extract only the singular part of , #sing. Finally, with both #,g and #yeg from §3.5.1,

the modified scattering-based algorithm models i correctly.
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Though the code in Appendix A.1.3 only inputs ¢ to help with the computation of 7, it
can still compute g without needing to input {s using our knowledge of what and where

the discontinuities in { exist. The code:
1. computes the indices of the discontinuities,
2. finds the reflectivities computed by ( located at the computed indices
3. creates a zero vector of reflectivities, 7g,
4. locates the zeroes in 75 at the computed indices, and
5. replaces the located zeroes with the located reflectivities

to represent the reflectivities for (s, considering the reflectivities for (g are all zeros except
at where the discontinuities exist. After the code computes 7, it repeats the Initialization
and Iterative Steps in the scattering-based algorithm (refer back to Fig. 3.2) to compute
ils. Finally, the code uses the matching indices of the singular part between iig and i to

extract fgjng.

It is important to note that ilging is not the exact wave field, ug, for {5 because 7s is using
the approximated values from the reflectivies of {. In fact, for a discontinuous g, the
approximated values of igng approach the exact values of the singular part of ug as A
decreases. The reason behind this is the theoretical approach of wave propagation used
in the scattering-based algorithm. By approximating { as a piecewise constant function,
{ = (s at the discontinuities with a denser grid. Evidence can be shown by computing

the relative error of the measured data recorded at x = 0 between il5ing and us.
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4 Inverse Scattering

4.1 Impedance Profile and Source Wavelet

In Chapter 2, it is discussed how ¢ and the source wavelet affect the wave propagation,
which involves the scattering-based algorithm. However, as stated in §1.2.4, they also
play a role in the inverse scattering algorithms. §4.1.1 dives a little deeper in source
wavelets. Though all four algorithms begin by interpreting ( as a step function, the
scattering-based algorithm and the inverse scattering algorithms differ slightly in the role
played by the source wavelets. As reviewed in §3.5, a singular source wavelet in the
scattering-based algorithm requires major changes to the numerical scheme, but there is

only a minor change in the inverse scattering algorithms.

41.1 The Source Wavelet

In all the inverse scattering algorithms, W(x) is the source wavelet, and it is important to

know its first non-zero moment. The formula

W= /Oo x_] W(x)dx (4.1)

o !
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Source Wavelet Formula k w
— xz
Gaussian L a2 0 1
e\ 21
Rick a2 -5 2 1
1cKer me € -
Dirac d(x —a) 0 1

TABLE 4.1: Source Wavelets and their Non-Zero Moments

defines the j-th moment of W where j > 0. The first non-zero moment of W is y; where
k = jis the minimum integer such that ;. # 0. For all three inverse scattering algorithms,
k and p; = w are inputs. Table 4.1 shows the experimental source wavelets and their

non-zero moments.

Furthermore, the source wavelet can be categorized in having the original or a virtual

source waveform depending on k.

1. If ux # 0 when k = 0, then the source wavelet takes on the original source waveform

as W.

2. If yx # 0 when k > 0, the the source wavelet takes on a virtual source waveform as

k-1

V= (-1t /_xoo %w (s) ds 4.2)
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4.1.2 Reflected Data

By defining the reflection Green’s function Gg in the case of a unit Dirac source as

0 t<0
Gz (t) = (4.3)

u(0,t) t>0

the left-moving part of the solution to (1.1) in terms of G; can be represented as

WxG;(t) k=0
DR (1) = () (4.4)

where

1. DK is the k-fold antiderivative of D and has the structure of the measured data

corresponding to W if g # 0, or V if yy # 0 for some k > 0,

2. W=W(—x),and

See [15]. Some inverse scattering algorithms rely on finding an inverse filter F(t) for the

wavelet W such that W x F(t) = §(t) and use G;(t) to compute .

DUR(1) = Gy (#) * W
DR (8)  F(t) = Gy () * W x F(t) (4.5)

Gy (t) = DUR (1) x F(t)

However, it is not possible to find F(t) such that F(t) *x W = §(t) in practice due to the
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band-limited nature of a wavelet so deconvolution can still lead to huge errors [23]. For-
tunately, the thesis presents one inverse scattering algorithm that avoids deconvolution

and returns amazing results.

Finally, it is important to note that the modified scattering-based algorithms compute the
regular and singular parts of the wave field correctly so it can show the accurate model
of the measured data unlike the graphs in Fig. 3.4. However, a singular source wavelet in
the original scattering-based algorithm still computes the disjoint left- and right-moving
components in the correct sense, but only misses the rescaling factor of A as there is no

change in the original spatial grid.

4.2 Born Approximation

A quick derivation of the Born approximation
2x
i -2 [ Gy(t)at
C(x) =Gre  Joeo (4.6)

where

i)
S
=]
~
SN—

for regular source wavelet
Ge(t)y=¢ W (4.7)

for singular source wavelet

NS}
—~
=)

-
N—

is in [15, p.2-3]. As mentioned in §1.3.2, the Born approximation is not very accurate
because it works with single scattering based on the approximation G; = Rg, which are
the corresponding reflection Green’s function and the reflectivity function in [15]. As

the algorithm is dealing with discrete temporal grid points, it uses cumulative sums to
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2x
compute the integral of / G¢(t) dt. The various codes of the Born approximation are in

Appendix B.1.

4.3 Refined Impedance Transform

The refined impedance transform has a similar algorithm as the Born approximation but
it avoids some of the flaws in Born approximation. It avoids single scattering, and can
recover ( exactly at the far side of an inhomogeneity. The codes for the refined impedance
transform follows the same steps as the codes for the Born approximation until it reaches

its inverse scattering formula:

{(x) =10 = (4.8)

where

i(0,t) for regular source wavelet
8(t) = (49)

for singular source wavelet

2x
Similarly to the Born approximation, cumulative sums compute the integral of / g(t)dt.
—o00

The various codes for the refined impedance transform are in Appendix C.1.
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4.3.1 The Process

The definition of the refined impedance transform for a general integrable distribution
¢ € §'(R) is the formula

2x
w— / g(t)dt

: (4.10)
w + /_2 g(t)dt

Fucg(x) =c

where ¢ > 0 € R. Suppose that g(t) = D is the reflection data measured at x = 0 for (1.1)
and yy # 0. Then Theorem 1 in [15] shows that

Fuw,;; D(x) = Cu as X — 00 (4.11)

which means (4.10) can recover {, in the interval [x;, x,| exactly without deconvolution
for any source wavelet given that the recording time for D at x = 0 is at least 2x,. Fur-

thermore, there is a convergence where 7, ;, D(x,) = {, that can extend to find
0(x) = Fu,;, D(x) (4.12)

by replacing x, with x < x;,. Theorem 2 in [15] explains a similar idea when p; # 0 for

some k > 0 where

Fo,gDP(x) =0 as  x— o0 (4.13)

and

{(x) = Fup g D7H () (4.14)
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4.3.2 The Derivation

Suppose that / W = pg = w # 0. By defining

C(xj) = Clxjv1) .
i C(x;) + C(x;i) and T =2(xj-x1) (1<j<ne€Z), (4152)
r=(r1,...,"n) and T=(T1,...,T), (4.15b)

analysis on the nonlinear measurement operator { — D shows that we can express { in

terms of (T,7). We can rewrite (4.4) in the form
D= onW=*G™), (4.16)

as in [13, p. 89], where

G(t) = G (t)
= Y a(rks(t—{(tk),

kelxzn-1

(4.17)

is the reflection Green'’s function, and a (7, k), are the polynomials in terms of r from The-

orem 3.4 in [14, p. 933]. Furthermore, Theorem 1.2 in [13, p. 90] ensures that

Y. a(rk) =tanh (

n
kelxz"1 =

'[al’lhil 1’]>

= tanh E (log ¢(x;) —log C(xj‘rl))}

j=1

(4.18)
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converges absolutely because ‘rj] < 1. Then,

/Oo Gg = ; a;
— tanh B (log &) —log ) (4.19)

_ gl_gu
CZ“‘gu

where a; # 0 are the amplitudes of the reflection Green’s function, and

1—/ G;

gu—gl

/ w+/ w/ G; (4.20)
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after rearranging the terms in (4.19). Finally, the extension of this idea with replacing x,

with x < x,, we conclude

C(x) = Fu,D(x)

I O

w+/ (4.21)

2x
w /

w+f t) dt

In the case where / W = 0, the proof of Theorem 2 in [15] follows in the same manner

where DK (t) = 7 « Gg(t) instead of D(t) = W * G (¢).

4.4 Echoes-to-Impedance Transform

There are some aspects of the previous two algorithms in §4.2 and §4.3 that the echoes-

to-impedance transform avoids:
1. deconvolution in the Born approximation,
2. approximation of the reflection Green’s function using a simplified model.

The echoes-to-impedance transform avoids these issues by using the data itself as an in-
put with no need for deconvolution and exploiting a newly discovered connection be-
tween orthogonal polynomials on the unit circle (OPUC) and the reflection Green’s func-
tion. These remarkable aspects are what sets the echoes-to-impedance transform apart

from the other inverse scattering algorithms in accuracy and efficiency, making it the best
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of the three to recover { from the measured data. A more detailed discussion on the

distinguishing features of the echoes-to-impedance transform is in [12, p.4].

Based on the performance of the echoes-to-impedance transform, the numerical experi-
ments in the thesis also consider data downsampling with the algorithm. From a set of
temporal grid points, the echoes-to-impedance transform can still recover { quite accu-
rately even though it takes only a subset of equally spaced temporal grid points. In the

case of the input,

i(0,t) for regular source wavelet
D) ={ (4.22)
i(0,t)

A for singular source wavelet

The codes for the echoes-to-impedance transform for various conditions are in Appendix

D.1.

Another unique property of the echoes-to-impedance transform is computing ¢, which
is a function of x, directly from the time domain unlike other direct methods such as
the MUSIC algorithm, linear sampling and factorization method in [18, Ch.6], [20], [19],

which use time harmonic data to reproduce .

441 The Process

A deep theoretical fact underlying the echoes-to-impedance transform is that if {,; is a step
function with n equally spaced jump points, then the associated reflection Green’s func-
tion G, may be expressed in terms of orthogonal polynomials on the unit circle (OPUC)
relative to some measure y;, on the circle determined by G,. (Note that the measure

Uy is not discrete; on the contrary, it is absolutely continuous with respect to Lebesgue
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measure.) Remarkably, the recurrence coefficients for the orthogonal polynomials deter-
mined by yu, are precisely the reflectivities associated with ;. The latter fact is proved in
[12, §5], and is beyond the scope of the present thesis. The basic idea behind the echoes-

to-impedance transform is described in [12, §4.1]:

The echoes-to-impedance transform combines the idea of approximating
arbitrary ¢ using step functions with the connection to OPUC as follows. The
sampling rate of a digital recording imposes a grid (in time); from the perspec-
tive of the scattering algorithm in [11], the given temporal grid has an associ-
ated spatial grid that corresponds in turn to a step function approximation g,
of {. Thus sampled data may be interpreted as containing information about
the Green’s function G, associated to {,. OPUC then allows one to compute
reflectivities (associated to jumps in ;) directly from the measured data, and
hence to recover (, exactly. Since {, agrees with { on a grid X, one thereby
obtains values of { on this spatial grid. The process imposes no restrictions on

(; it can have discontinuities or be smooth etc.

The Green’s function G, corresponding to , has the form of a delta train,
- A .
Gu(t) =) ;o (t—t)) t]-:E—l—(]—l)A (1<) <00). (4.23)
j=1

Denote by D the measured scattering data, D = {(t;,4;) }]7.121 consisting of amplitudes

a; = D (t;). Then, the echoes-to-impedance transform can be divided into four steps:

1. Preliminary step: D +— a where & = (a1,...,a,) is a vector with the first n coeffi-

cients of G,, as entries,
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2. & — m where (mq,...,my) is the vector of the first » moments of i,
3. m— rwherer = (r1,...,1,) is the reflectivity vector, and
4. r— (y

Note that the moments computed in step (2) allow one to generate the corresponding
sequence of orthogonal polynomials (i.e., one can carry out the Gram-Schmidt procedure
starting with monomials to yield the sequence of orthogonal polynomials), and this in
turn allows one to compute the recurrence coefficients arising in the standard three-term-
recurrence relation satisfied by orthogonal polynomials on the unit circle. This is what

underlies step (3).

4.4.2 The Derivation

According to [12], the preliminary step in the echoes-to-impedance transform is based on

three assumptions:
(a) Gy approximates G weakly (i.e., for any smooth test function ¢, [ G,¢ ~ [ Gg)
(b) G, varies slowly at the scale of ¢ in the sense that a; = a; if [t; — t;| < e

(c) if t]‘ > ¢ then f W = Zfil W(t; — f]')A
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Suppose that / W = uy = w # 0. The preliminary step D +— « applies the three

assumptions listed above as follows.

= Dy (1)) (since G, = G weakly)

¢
I
RS
=
:

=y W (H—t) (since G, varies slowly)
i=1
w ) >
= &5 (since / WY W(t—t)A)
i=1
ai A
o = ]? (1<j<n)

Next, by taking the Fourier transform of (4.23),

A : N
Gn (0) = e 7 o (elA‘7>
=1

we can define

R(z)=)Y a7
j=1

where R <e_A‘7) — 726, (o). By setting

and defining

(4.24)

(4.25)

(4.26)

(4.27)
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we can express R as a composition of maps on the unit disk ID

R(z) =¥ o---0¥2(0). (4.28)
It turns out (see [12]) that
1+R
F=—— 4.2
T R (4.29)

defines a mapping F : ID — C; that is holomorphic from the disk to the right half-plane
with F(0) = 1. The Herglotz Representation Theorem then asserts that we can represent

F in terms of a probability distribution dy, on the unit circle S':

F(z) = . giidﬂn (€)
=142 i m]-zj where mj = / & dpn ($)
= ¥

Thus, up to a factor of 2, the Taylor coefficients of F are the (conjugate) moments of the

measure py.

The probability measure y;, on the unit circle determines a sequence of monic, orthogo-
nal polynomials (in the variable z € C) whose recurrence coefficients coincide with the
reflectivities associated to {,. One can use the given moments m; to iteratively gener-
ate the corresponding sequence of OPUC, and, at the same time, compute the associated

recurrence coefficients r.
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Finally, after finding r; in terms of 1}, we can obtain { (x) by referring back to (4.26):

¢ (xj-1) + 2 (x))
1, p C(xjm1) =2 (x))
tanh rj = tanh ; (xj_1> . (xj>
B ¢(xj-1)
i e
-2 i tanhfl 7’]'

§(x) =C(x)e =1

In the case where [©_ W = 0, only the preliminary step D + a in the derivation of the
echoes-to-impedance transform changes, the essential idea being to use a virtual wavelet

in place of W as was done for the refined impedance transform.

4.5 Comparing the Three Inverse Scattering Algorithms

All these inverse scattering algorithms have to do the same job: find { = ; however, their
performances differ greatly. There are two ways to check how well each inverse scattering

algorithm finds :
1. inversion plots - plots of { and { on the same grid (least accurate)
2. I, relative error (most accurate)

Inversion plots only give an idea on which inverse scattering algorithm works the best;

however, sometimes it is hard to tell depending on the important components in §1.2.4.
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The I, relative error is most natural.

-2
=T (:30)

Numerical experiments in Chapter 4 do not only show the modified scattering-based al-
gorithm provides the best recorded data at x( for the inverse scattering algorithms, but
also proves the echoes-to-impedance transform is the best out of the three inverse scatter-

ing algorithms, which is the purpose of the thesis.

4.6 Noise In Data

In reality, data involves noise, which changes the relative errors with each inverse scatter-
ing algorithm. However, even with noise, the ranking of the inverse scattering algorithms
are still the same. By adding a certain proportion of noise to the data, then the inverse
scattering algorithms may not work or may cause slight disfigurations in {. As noise
increases, the relative error for each inverse scattering algorithm should also be increas-
ing; however, noise can also decrease the relative error due to randomness. As the Dirac
source wavelet provides the best measured data for the inverse scattering algorithms, the
thesis only shows inverse scattering with noisy data from a Dirac source wavelet. One
important note about using noisy data for inverse scattering is the level of sensitivity to
noise for each inverse scattering algorithm in regards to how complicated { gets. As ¢

gets more complicated, the level of sensitivity to noisy data may increase as well.
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5 Numerical Experiments and Error

Analysis

5.1 Introduction

For the numerical experiments and error analyses using the impedances and source wavelets

from §1.2.4, 3.3, and 3.4, the thesis provides a reference in §5.2 to the figures and tables in

§5.3. Nevertheless, the numerical experiments and error analysis along with their figures'

and tables use the same specifications.

5.1.1 Source Wavelets
For the regular source wavelets, they use the following codes:
1. the scattering-based algorithm in Appendix A.1.1
2. the Born approximation in Appendix B.1.1
3. the refined impedance transform in Appendix C.1.1
4. the echoes-to-impedance transform in Appendix D.1.1

1 The figures in the thesis are the figures from the code with minor adjustments in the figure properties in
MATLAB.



Chapter 5. Numerical Experiments and Error Analysis 53

For the singular source wavelets, they use the following codes:
1. the scattering-based algorithm in Appendix A.1.2 and A.1.3, except Appendix A.1.2
2. the Born approximation in Appendix B.1.2
3. the refined impedance transform in Appendix C.1.2

4. the echoes-to-impedance transform in Appendix D.1.2

5.1.2 Wave Propagation

The wave propagation uses the scattering-based algorithm with the following settings:
1. n = 3000 unless otherwise specified
2.¢=0
3.d=160

4. For the regular source wavelets:

10 p—50(x—1)?

° a(x) = VT for the Gaussian source wavelet
1
o a(x) = 1000 [0.01 — (x — 1)2] e=(~1)* for the Ricker source wavelet

V2r

and the figures of wave propagation at different times have the following settings:
1. the blue line for the reflected wave recorded at xo = 0
2. the black line for the source wavelet propagating through ¢

3. the red line for ¢
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In the codes, scale is a scale factor to magnify the amplitude of the source wavelet to
have a clearer view on how the wavelet propagates through . If there is no specified
scale factor for a source wavelet, then the scale factor is 1. However, the measured data

are at its actual amplitude for inverse scattering to perform properly.

5.1.3 Inverse Scattering

For any plot on inverse scattering, the Born approximation , refined impedance transform
use a thinner dashed line than the echoes-to-impedance transform to show the very accu-
rate { obtained from the latter algorithm. Unfortunately, the MATLAB’s myplot function
in Appendix F.1 may not display the best images as it may show the vertical dashed lines

at discontinuities for {. For some of the figures and tables, the names are abbreviated:
1. BA for Born approximation
2. RIT for refined impedance transform
3. E2IT for echoes-to-impedance transform

For the comparison of one impedance, a highlighted row or column in a table of relative
errors shows which inverse scattering algorithm gives the lowest relative error and a
bolded text in a table cell reveals the lowest relative error of them all. When there is noisy
data, the Dirac inverse scattering plots separate graphs in a same ascending order of the
noise percentage where the black line is the actual {. These graphs provide evidence
on the level of sensitivity to noise for each inverse scattering algorithm. Finally, (4.30)

calculates the relative errors for inverse scattering with or without noise.


https://www.mathworks.com/matlabcentral/answers/170866-how-to-avoid-a-vertical-line-at-discontinuity-point
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5.1.4 Data Downsampling with the Echoes-to-Impedance Transform

Based on its high accuracy in returning ¢, the echoes-to-impedance transform also per-
forms data downsampling. For consistency, every continuous and discontinuous {’s uses
n = 15000 as the initial number of spatial grid points due to the restriction between dis-
continuities and spatial grid points for the Dirac source wavelet. Surprisingly though,
the discontinuous {’s cannot use the Dirac source wavelet for data downsampling as the
problem of complex values appears right away. There is a pattern that as the number of
temporal grid points decreases, the model of { distorts more. There is definitely a min-
imum number of temporal grid points for the echoes-to-impedance transform to work;
however, there should not be any problem regenerating { between the minimum and
maximum number of temporal grid points that is a subset of the original number of tem-

poral grid points.

5.1.5 Running Time of the Algorithms

There are also tables to compare the running times for each inverse scattering algorithm
as n doubles starting from n = 1000 for continuous s, or only at n = 3000 and n = 15000
for discontinuous (s since the discontinuities must be at midpoints of spatial grid points
to correctly implement the scattering-based algorithm. These tables show how fast each
algorithm runs, and, though one algorithm may run faster than the others, it is not always

true that the fastest algorithm brings back the best results.

It is essential to understand that these are estimated times because the running time, say
R, varies slightly for several trials for one value of n or can vary differently depending

on the computer used. With enough data on the running times for different initial values
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of n, it is possible to find a linear relationship between In R and Inn to approximate the
running time of a code for an algorithm for a particular device, which is useful when
analysts work with huge sets of data and need to know how long they may need to wait
for their device to run the algorithms. The numerical experiments in this thesis can only
provide sufficient data on the running time for continuous {’s, but not for discontinuous

{’s because there are two reasons:

1. The computer used for the numerical analyses only works up to n = 16000 initial

spatial grid points, and

2. The restrictions of the discontinuous being at midpoints of spatial grid points cor-
rectly implement the scattering-based algorithm can only provide up to two sets of

measured data on running times for the inverse scattering algorithms.

An example on finding a linear relationship between In R and In# is given in Appendix

G.1 for the echoes-to-impedance transform.

5.2 References to Figures and Tables from Numerical Ex-

periments and Error Analysis

5.2.1 Smooth Ramp

1. Fig. 5.1 shows the wave propagation for the Gaussian source wavelet in a smooth
ramp at different times. An animation of the wave propagation is available: Gaus-

sian Smooth Ramp.


https://www.youtube.com/watch?v=dHbdvWN0j_U&ab_channel=JasonChiu
https://www.youtube.com/watch?v=dHbdvWN0j_U&ab_channel=JasonChiu
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2.

10.

11.

12.

Fig. 5.2 shows the Gaussian scattering, inverse scattering plots, and Table 5.1 shows

their corresponding tables of relative errors.

. Fig. 5.3 shows data downsampling using Gaussian measured data.

Fig. 5.4 shows the wave propagation for the Ricker source wavelet in a smooth
ramp at different times. An animation of the wave propagation is available: Ricker

Smooth Ramp.

. Fig. 5.5 shows the Ricker scattering, inverse scattering plots, and Table 5.2 show

their corresponding tables of relative errors.

Fig. 5.6 shows data downsampling using Ricker measured data.

. Fig. 5.7 shows the wave propagation for the Dirac source wavelet in a smooth ramp

at different times. An animation of the wave propagation is available: Dirac Smooth

Ramp.

. Fig. 5.8 shows the Dirac scattering, inverse scattering plots, and Table 5.3 their cor-

responding tables of relative errors.

. Fig. 5.9 shows data downsampling using Dirac measured data.

Fig. 5.10 shows the Dirac inverse scattering when there is Gaussian noisy data for

the classical Born approximation.

Fig. 5.11 shows the Dirac inverse scattering when there is uniform noisy data for

the classical Born approximation.

Fig. 5.12 shows the Dirac inverse scattering when there is Gaussian noisy data for

the refined impedance transform.


https://www.youtube.com/watch?v=iw420ZC8NfE&ab_channel=JasonChiu
https://www.youtube.com/watch?v=iw420ZC8NfE&ab_channel=JasonChiu
https://www.youtube.com/watch?v=q1Ca2eI_cGs&ab_channel=JasonChiu
https://www.youtube.com/watch?v=q1Ca2eI_cGs&ab_channel=JasonChiu
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13. Fig. 5.13 shows the Dirac inverse scattering when there is uniform noisy data for

the refined impedance transform.

14. Fig. 5.14 shows the Dirac inverse scattering when there is Gaussian noisy data for

the echoes-to-impedance transform.

15. Fig. 5.15 shows the Dirac inverse scattering when there is uniform noisy data for

the echoes-to-impedance transform.

16. Table 5.13a gives a table of the [, relative errors for each inverse scattering algorithm

as # increases.

17. Table 5.13b gives a table of approximated computational times for each inverse scat-

tering algorithm as n increases.

5.2.2 Toothed Ramp

1. Fig. 5.16 shows the wave propagation for the Gaussian source wavelet in a toothed
ramp at different times. An animation of the wave propagation is available: Gaus-

sian Toothed Ramp.

2. Fig. 5.17 shows the Gaussian scattering, inverse scattering plots, and Table 5.4

shows their corresponding tables of relative errors.
3. Fig. 5.18 shows data downsampling using Gaussian measured data.

4. Fig. 5.19 shows the wave propagation for the Ricker source wavelet in a toothed
ramp at different times. An animation of the wave propagation is available: Ricker

Toothed Ramp.


https://www.youtube.com/watch?v=kJ60qCydNb8&ab_channel=JasonChiu
https://www.youtube.com/watch?v=kJ60qCydNb8&ab_channel=JasonChiu
https://www.youtube.com/watch?v=VMUG6iD8wvg&ab_channel=JasonChiu
https://www.youtube.com/watch?v=VMUG6iD8wvg&ab_channel=JasonChiu
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5.

10.

11.

12.

13.

14.

15.

Fig. 5.20 shows the Ricker scattering, inverse scattering plots, and Table 5.5 shows

their corresponding tables of relative errors.
Fig. 5.21 shows data downsampling using Ricker measured data.

Fig. 5.22 shows the wave propagation for the Dirac source wavelet in a toothed
ramp at different times. An animation of the wave propagation is available: Dirac

Toothed Ramp.

. Fig. 5.23 shows the Dirac scattering, inverse scattering plots, and Table 5.6 shows

their corresponding tables of relative errors.

. Fig. 5.24 shows data downsampling using Dirac measured data.

Fig. 5.25 shows the Dirac inverse scattering when there is Gaussian noisy data for

the classical Born approximation.

Fig. 5.26 shows the Dirac inverse scattering when there is uniform noisy data for

the classical Born approximation.

Fig. 5.27 shows the Dirac inverse scattering when there is Gaussian noisy data for

the refined impedance transform.

Fig. 5.28 shows the Dirac inverse scattering when there is uniform noisy data for

the refined impedance transform.

Fig. 5.29 shows the Dirac inverse scattering when there is Gaussian noisy data for

the echoes-to-impedance transform.

Fig. 5.30 shows the Dirac inverse scattering when there is uniform noisy data for

the echoes-to-impedance transform.


https://www.youtube.com/watch?v=LyuT_N73KkI&ab_channel=JasonChiu
https://www.youtube.com/watch?v=LyuT_N73KkI&ab_channel=JasonChiu
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16.

17.

Table 5.14a gives a table of the I, relative errors for each inverse scattering algorithm

as n increases.

Table 5.14b gives a table of approximated computational times for each inverse scat-

tering algorithm as n increases.

5.2.3 Random Steps

1.

Fig. 5.31 shows the wave propagation for the Gaussian source wavelet in random
steps at different times. An animation of the wave propagation is available: Gaus-

sian Random Steps.

Fig. 5.32 shows the Gaussian scattering, inverse scattering plots, and Table 5.7

shows their corresponding tables of relative errors.

. Fig. 5.33 shows data downsampling using Gaussian measured data.

Fig. 5.34 shows the wave propagation for the Ricker source wavelet in random
steps at different times. An animation of the wave propagation is available: Ricker

Random Steps.

. Fig. 5.35 shows the Ricker scattering, inverse scattering plots, and Table 5.8 shows

their corresponding tables of relative errors.
Fig. 5.36 shows data downsampling using Ricker measured data.

Fig. 5.37 shows the wave propagation for the Dirac source wavelet in random steps
at different times. An animation of the wave propagation is available: Dirac Ran-

dom Steps.


https://www.youtube.com/watch?v=W5UArxC-U8Y&ab_channel=JasonChiu
https://www.youtube.com/watch?v=W5UArxC-U8Y&ab_channel=JasonChiu
https://www.youtube.com/watch?v=VODBDJY-Uvo&ab_channel=JasonChiu
https://www.youtube.com/watch?v=VODBDJY-Uvo&ab_channel=JasonChiu
https://www.youtube.com/watch?v=m2CBbRpAeyc&ab_channel=JasonChiu
https://www.youtube.com/watch?v=m2CBbRpAeyc&ab_channel=JasonChiu
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8.

10.

11.

12.

13.

14.

15.

16.

Fig. 5.38 shows the Dirac scattering, inverse scattering plots, and Table 5.9 shows

their corresponding tables of relative errors.

. Fig. 5.39 shows the Dirac inverse scattering when there is Gaussian noisy data for

the classical Born approximation.

Fig. 5.40 shows the Dirac inverse scattering when there is uniform noisy data for

the classical Born approximation.

Fig. 5.41 shows the Dirac inverse scattering when there is Gaussian noisy data for

the refined impedance transform.

Fig. 5.42 shows the Dirac inverse scattering when there is uniform noisy data for

the refined impedance transform.

Fig. 5.43 shows the Dirac inverse scattering when there is Gaussian noisy data for

the echoes-to-impedance transform.

Fig. 5.44 shows the Dirac inverse scattering when there is uniform noisy data for

the echoes-to-impedance transform.

Table 5.15a gives a table of the [; relative errors for each inverse scattering algorithm

as n increases.

Table 5.15b gives a table of approximated computational times for each inverse scat-

tering algorithm as n increases.
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5.24 Discontinuous Toothed Ramp

1.

Fig. 5.45 shows the wave propagation for the Gaussian source wavelet in a discon-
tinuous toothed ramp at different times. An animation of the wave propagation is

available: Gaussian Discontinuous Toothed Ramp.

. Fig. 5.46 shows the Gaussian scattering, inverse scattering plots, and Table 5.10

shows their corresponding tables of relative errors.

. Fig. 5.47 shows data downsampling using Gaussian measured data.

Fig. 5.48 shows the wave propagation for the Ricker source wavelet in a discon-
tinuous toothed ramp at different times. An animation of the wave propagation is

available: Ricker Discontinuous Toothed Ramp.

. Fig. 5.49 shows the Ricker scattering, inverse scattering plots, and Table 5.11 shows

their corresponding tables of relative errors.
Fig. 5.50 shows data downsampling using Ricker measured data.

Fig. 5.51 shows the wave propagation for the Dirac source wavelet in a discontin-
uous toothed ramp at different times. An animation of the wave propagation is

available: Dirac Discontinuous Toothed Ramp.

. Fig. 5.52 shows the Dirac scattering, inverse scattering plots, and Table 5.12 shows

their corresponding tables of relative errors.

. Fig. 5.53 shows the Dirac inverse scattering when there is Gaussian noisy data for

the classical Born approximation.


https://www.youtube.com/watch?v=N7eT5ETfxQg&ab_channel=JasonChiu
https://www.youtube.com/watch?v=4hhI7s7w3Co&ab_channel=JasonChiu
https://www.youtube.com/watch?v=nWMtaYuuHm0&ab_channel=JasonChiu
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10.

11.

12.

13.

14.

15.

16.

Fig. 5.54 shows the Dirac inverse scattering when there is uniform noisy data for

the classical Born approximation.

Fig. 5.55 shows the Dirac inverse scattering when there is Gaussian noisy data for

the refined impedance transform.

Fig. 5.56 shows the Dirac inverse scattering when there is uniform noisy data for

the refined impedance transform.

Fig. 5.57 shows the Dirac inverse scattering when there is Gaussian noisy data for

the echoes-to-impedance transform.

Fig. 5.58 shows the Dirac inverse scattering when there is uniform noisy data for

the echoes-to-impedance transform.

Table 5.16a gives a table of the I, relative errors for each inverse scattering algorithm

as 1 increases.

Table 5.16b gives a table of approximated computational times for each inverse scat-

tering algorithm as n increases.
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5.3 Figures and Tables
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FIGURE 5.1: Scale Factor: 1000; Top left: The Gaussian source wavelet be-

fore passing through varying reflectivities. Top right: The Gaussian source

wavelet passing through varying reflectivities. Bottom: The Gaussian source
wavelet after passing through varying reflectivies.
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FIGURE 5.2: Scattering and Inverse Scattering of Gaussian in Smooth Ramp

I, Errors
BA 0.0287
RIT | 0.0170
E2IT | 0.0154

TABLE 5.1: I, Relative Errors for Gaussian in Smooth Ramp
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FIGURE 5.3: Data Downsampling on Gaussian Inverse Scattering for Smooth
Ramp. Limit: Every 6825th point
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FIGURE 5.5: Scattering and Inverse Scattering of Ricker in Smooth Ramp

I> Errors
BA 0.0288
RIT | 0.0173
E2IT | 0.0157

TABLE 5.2: I; Relative Errors of Ricker in Smooth Ramp
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FIGURE 5.6: Data Downsampling on Ricker Inverse Scattering for Smooth
Ramp. Limit: Every 256th point
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FIGURE 5.8: Scattering and Inverse Scattering of Dirac in Smooth Ramp

I> Errors
BA 0.0248
RIT 0.0021
E2IT | 2.2118e-4

TABLE 5.3: I; Relative Errors for Dirac in Smooth Ramp
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FIGURE 5.9: Data Downsampling on Dirac Inverse Scattering for Smooth
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FIGURE 5.11: BA for Dirac Inverse Scattering with Figures and a Table of I,
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FIGURE 5.17: Scattering and Inverse Scattering of Gaussian in Toothed Ramp

I> Errors
BA 0.2422
RIT | 0.0901
E2IT | 0.0767

TABLE 5.4: I, Relative Errors for Gaussian in Toothed Ramp
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FIGURE 5.18: Data Downsampling on Gaussian Inverse Scattering for
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FIGURE 5.20: Scattering and Inverse Scattering of Ricker in Toothed Ramp

I> Errors
BA 0.2423
RIT | 0.0911
E2IT | 0.0780

TABLE 5.5: I; Relative Errors for Ricker in Toothed Ramp
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FIGURE 5.21: Data Downsampling on Ricker Inverse Scattering for Toothed
Ramp. Limit: Every 37th point
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FIGURE 5.23: Scattering and Inverse Scattering of Dirac in Toothed Ramp

I> Errors
BA 0.0248
RIT 0.0021
E2IT | 2.2118e-4

TABLE 5.6: I; Relative Errors of Dirac in Toothed Ramp
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FIGURE 5.26: BA for Dirac Inverse Scattering with Figures and a Table of I,
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FIGURE 5.28: RIT for Dirac Inverse Scattering with Figures and a Table of I,
Relative Errors.
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FIGURE 5.29: E2IT for Dirac Inverse Scattering with Figures and a Table of I,
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FIGURE 5.31: Scale Factor: 100; Top left: The Gaussian source wavelet be-

fore passing through varying reflectivities. Top right: The Gaussian source

wavelet passing through varying reflectivities. Bottom: The Gaussian source
wavelet after passing through varying reflectivities.
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FIGURE 5.32: Scattering and Inverse Scattering of Gaussian in Random Steps

I> Errors
BA 0.1346
RIT | 0.1352
E2IT | 0.1459

TABLE 5.7: I, Relative Errors for Gaussian in Random Steps
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FIGURE 5.33: Data Downsampling on Gaussian Inverse Scattering for Ran-
dom Steps. Limit: Every 73rd point
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FIGURE 5.34: Top left: The Ricker source wavelet before passing through

varying reflectivities. Top right: The Ricker source wavelet passing through

varying reflectivities. Bottom: The Ricker source wavelet after passing
through varying reflectivities.
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FIGURE 5.35: Scattering and Inverse Scattering of Ricker in Random Steps

I> Errors
BA 0.1357
RIT | 0.1363
E2IT | 0.1473

TABLE 5.8: I, Relative Errors for Ricker in Random Steps
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FIGURE 5.38: Scattering and Inverse Scattering of Dirac in Random Steps

I> Errors
BA 0.0482
RIT | 0.0476
E2IT 0

TABLE 5.9: I, Relative Errors of Dirac in Random Steps
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Chapter 5. Numerical Experiments and Error Analysis 103
25/ |  --BA 25/ “_BA
—Actual —Actual
2 2+
15/ = - 15/ -
Y " S q pezrazeems = :“' T
0.5/ = 0.5 ;
Or Or
-0.5 : : -0.5 : :
0 20 40 60 0 20 40 60
x T
5% Uniform Noise 10% Uniform Noise
8 - [-BA | 3 —-BA
— Actual —Actual
2 a 2 lS!
o ¥
fe A H. [T
e 4 b - - y bl e v U1 ,,me.‘ : 57‘ ,‘a“l' w’f*‘.ﬁ
L N ‘,l[ H“ﬂl\
t W JMA‘“.M‘I’“'A\"‘\'“‘\ ‘‘‘‘‘‘‘ Wa
0 L i
0 L
0 20 40 60 0 20 40 60
T T
25% Uniform Noise 100% Uniform Noise
3! ‘ —Actual||
) MW{ \ Uniform Noise (%) | I, Relative Error
ay
A - 5 0.0599
1 ' W — - ﬁ 10 0.0602
T| ¥ “Q
Vi M 4 25 0.1185
0! meirr Y i 100 0.5144
200 0.7590
0 20 40 60
T
200% Uniform Noise

FIGURE 5.40: BA for Dirac Inverse Scattering with Figures and a Table of I,
Relative Errors.



Chapter 5. Numerical Experiments and Error Analysis 104

2.5¢ --RIT
—Actual

15 7

0.5 -

-0.5 ‘ ‘
0 20 40 60
x

5% Gaussian Noise

2.5] ~--RIT |
— Actual
ol cuai

157

.

SN I YT
" vea A & W, . e
4 .

05! -

-0.5¢ \ ‘ ]
0 20 40 60
T

25% Gaussian Noise

| = RIT
2 L 4
_—_ -ra A.‘ 'Wﬂll ’N{?ﬁ@

\ N , !
w 1 W Ny |
oo N T
“I.‘ “"s'«‘ "‘,,‘l'«'L ,‘t} (4# Vl ‘/\M‘I m)frf\ } J“ '\M,M‘k‘li
0+ MA“"«I"" L
-1 . .
0 20 40 60

X

200% Gaussian Noise

257 --RIT
—Actual

,,,,,,,,,,,,,,,,,,,,

-0.5 ‘ ‘
0 20 40 60
T

10% Gaussian Noise

2.5 ~~RIT

ot —Actual ||

1 .5 I 'I|_. -
'y‘r “ 1t ﬁt‘l \‘iﬁ..h i
! ' '-“1(‘,‘»."” AT ek g
. w‘\"“'\"\m‘

W,
* \./"wm,‘

05"
0
-0.5|

0 20 40 60
T

100% Gaussian Noise

Gaussian Noise (%) | I, Relative Error
5 0.0584
10 0.0555
25 0.1305
100 0.4847
200 0.5003
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FIGURE 5.45: Scale Factor: 100; Top left: The Gaussian source wavelet be-

fore passing through varying reflectivities. Top right: The Gaussian source

wavelet passing through varying reflectivities. Bottom: The Gaussian source
wavelet after passing through varying reflectivities.
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FIGURE 5.46: Scattering and Inverse Scattering of Gaussian in Discontinuous

Toothed Ramp
I> Errors

BA | 0.2988

RIT | 0.2164

E2IT | 0.1889

TABLE 5.10: I Relative Errors for Gaussian in Discontinuous Toothed Ramp
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FIGURE 5.47: Data Downsampling on Gaussian Inverse Scattering for Dis-
continuous Toothed Ramp. Limit: Every 52nd point
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FIGURE 5.49: Scattering and Inverse Scattering of Ricker in Discontinuous

Toothed Ramp
I> Errors

BA | 0.2990

RIT | 0.2172

E2IT | 0.1911

TABLE 5.11: [ Relative Errors for Ricker in Discontinuous Toothed Ramp
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FIGURE 5.52: Scattering and Inverse Scattering of Dirac in Discontinuous

Toothed Ramp
I> Errors

BA 0.2735

RIT | 0.1264

E2IT | 0.0014

TABLE 5.12: [ Relative Errors of Dirac in Discontinuous Toothed Ramp
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FIGURE 5.56: RIT for Dirac Inverse Scattering with Figures and a Table of I,
Relative Errors.
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TABLE 5.13: I; Relative Errors and Computational Times for Smooth Ramp

from Dirac Inverse Scattering

n BA RIT E2IT n BA RIT E2IT
1000 | 0.0248 | 0.0029 | 6.6336e-4 1000 | 0.0049 | 0.0017 | 0.0662
2000 | 0.0248 | 0.0023 | 3.3175e-4 2000 | 0.0096 | 0.0083 | 0.2416
4000 | 0.0248 | 0.0021 | 1.6589&e-4 4000 | 0.0083 | 0.0045 | 1.3367
8000 | 0.0248 | 0.0019 | 8.2950e-5 8000 | 0.0166 | 0.0091 | 7.0221

16000 | 0.0248 | 0.0019 | 4.1476g-5 16000 | 0.0144 | 0.0099 | 32.6738

(A) I Relative Errors (B) Computational Times (sec)

TABLE 5.14: I, Relative Errors and Computational Times for Toothed Ramp
from Dirac Inverse Scattering

n BA RIT E2IT n BA RIT E2IT
1000 | 0.2358 | 0.0417 | 0.0038 1000 | 0.0224 | 0.0026 | 0.0611
2000 | 0.2357 | 0.0401 | 0.0019 2000 | 0.0072 | 0.0031 | 0.1846
4000 | 0.2357 | 0.0395 | 0.0013 4000 | 0.0092 | 0.0044 | 1.2801
8000 | 0.2357 | 0.0392 | 4.7070e-4 8000 | 0.0104 | 0.0070 | 7.4335

16000 | 0.2357 | 0.0391 | 2.3536E-4 16000 | 0.0207 | 0.0142 | 32.3206

(A) I, Relative Errors (B) Computational Times (sec)

TABLE 5.15: I; Relative Errors and Computational Times for Random Steps
from Dirac Inverse Scattering

n BA RIT E2IT n BA RIT E2IT
3000 | 0.0482 | 0.0476 | 4.6795e-16 3000 | 0.0155 | 0.0069 | 0.6772
15000 | 0.0453 | 0.0446 | 4.1542e-16 15000 | 0.0212 | 0.0155 | 27.0088

(A) I Relative Errors for Random Steps (B) Computational Times (sec)

TABLE 5.16: I, Relative Errors and Computational Times for Discontinuous
Toothed Ramp from Dirac Inverse Scattering

n BA | RIT | E2IT , BA | RIT | E2IT
13000 0-;;35 0-1335 20-00144 3000 | 0.0306 | 0.0087 | 0.6839
5000 | 0.2730 | 0.1232 | 2.8596E- 15000 | 0.0602 | 0.0200 | 26.1341

(A) I» Relative Errors for
Discontinuous Toothed Ramp

(B) Computational Times (sec)
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6 Conclusions

6.1 Summary

There are many confirmations on what was said in the previous chapters. We have ver-
ified that the echoes-to-impedance transform is the best inverse scattering algorithm, es-
pecially with the Dirac source wavelet, based on the evidence in its I, relative errors and
inversion plots. Even though the running time grows at an exponential rate, it is not
too slow in computing { and the change in its relative errors is the highest when 7 in-
creases. Its relative errors involving noise is still also the lowest; however, the echoes-
to-impedance transform seems to be very sensitive to noise, especially when { gets more
complicated. A new discovery is the echoes-to-impedance transform can still invert high
noisy data to { for the tested continuous { when the scattering-based algorithm uses the
Dirac source wavelet. Finally, the echoes-to-impedance transform with data downsam-

pling has no problem in plotting { that looks a lot like .

The Born approximation is a quicker inverse scattering algorithm, but its accuracy is rel-
atively low even when n increases. However, for its speed, seismologists may still use it
as a protocol to determine what lies underneath a layered medium. It works fine with the

smooth ramp and the random steps; but it starts to fail when it comes to the toothed ramp
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and discontinuous toothed ramp. It is surprising to see that the Born approximation re-
turn lower [, relative errors using a regular source wavelet for a random step; nonetheless,
when it is the Dirac source wavelet, the echoes-to-impedance transform gives the lowest
I, relative error. Because of this, it seems that the Born approximation cannot work well
when ¢ becomes more oscillatory. It is the least sensitive to noise, which sometimes low-
ers its [ relative errors due to randomness considering it is not the most accurate when

there is no noise.

The refined impedance transform is the quickest inverse scattering algorithm. In a compe-
tition of accuracy, it beats the Born approximation, but loses to the echoes-to-impedance
transform. It defeats the Born approximation because it uses measurement operators to
avoid single scattering. This combination of tactics allows it to compute a better { and can
actually return the far side of , which leads to lower I, relative errors. However, it loses
to the echoes-to-impedance transform because it still uses the classical approach of reflec-
tion Green’s function, which depends highly on {. Thus, as { gets more complicated, its
accuracy declines. Its sensitivity to noise seems to fall between the Born approximation
and the echoes-to-impedance transform, and like the Born approximation, may return

better outcomes due to randomness since it is not perfect without noise.

Regardless of any inverse scattering algorithms, they all work best with the Dirac source
wavelet. However, as ¢ increases, the Gaussian source wavelet begins to look like the
Dirac source wavelet, which can improve its execution such that its [, relative errors get
closer to the I, relative errors from a Dirac source wavelet. As noise increases, there are
disfigurations with the original inverse scattering figure without noise, and so the I, rela-

tive errors did have an increasing pattern.
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6.2 Limitations

The discussed methodologies only worked with (1.1), which is an initial value problem
of a one-dimensional linear wave equation for a plane wave travelling through a lay-
ered medium. Further research is necessary to expand upon how it is possible to imple-
ment the algorithms for an initial value problem of three-dimensional and/or nonlinear
wave equations. Moreover, the thesis compared the three inverse scattering algorithms
using synthetic reflected data from the scattering-based algorithm where the acoustic
impedance, , of the layered medium is known. However, analysts normally deal with
scattered data without knowing {, which means the scattering-based algorithm will not
play into their research and it is not easy to check how well each inverse scattering al-
gorithm works using (4.30). Finally, the methodologies can work with a Dirac source
wavelet mathematically and always showed the best results; however, it is impossible to

generate the Dirac delta function physically in practice.

Furthermore, analysts tend to work with methodologies that depend upon linear time-
invariant (LTI) systems as opposed to linear time-variant (LTV) systems because the prop-
erties of linearity and time invariance simplify the process in acoustic imaging in [25]. LTI
systems involve deconvolution, which can lead to huge errors in finding a more accurate
acoustic impedance considering the band-limited nature of a wavelet. The echoes-to-
impedance transform avoids this issue using the theory of OPUC; however, another issue
to consider that the measured parameters can change over time as in a LTV systems. An
example is NASA’s non-destructive testing of the aluminum-brazed titanium honeycomb

structure, which may develop flaws as it ages.
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6.3 Current Research

Without the knowledge of (, if analysts have the scattered data and know the parame-
ters k, w, {; and A, then they can still implement each inverse scattering algorithm and
model an approximated acoustic impedance of any layered medium. The means to use
known (’s for this thesis is to demonstrate that the echoes-to-impedance transform will
still perform better than the other two inverse scattering algorithms regardless of know-
ing the acoustic impedance of a layered medium. Numerical experiments have provided
evidence that the echoes-to-impeddance transform still returns better results with more
complex (’s of a layered medium, and this often occurs in realistic situations that scien-

tists encounter from their sensor’s recorded reflected data.

The scattering-based algorithm and the WKB approximation discussed in §2.4 are totally
different methods. However, we note that the formula (3.8) for the coefficient of a travel-
ling Dirac source wavelet, which is the singular part of the wave field from the scattering-
based algorithm, also arises in the WKB approximation after applying a change of vari-
able to (2.7b) [6]. Furthermore, it is possible to compare the numerical solution with the
analytical solution of the wave equation and see how far off the scattering-based algo-

rithm and the WKB approximation are away from each other.
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Appendices

A.1 Scattering-Based Algorithm

A11 Regular Source Wavelet

close all
clear
clc

% Inputs
varepsilon = .1;
= 0;

= 30;

= 3000;

2x(d - c);
shift = 2;
scale 1;

o
d
n
T
X_
W_

% Impedance Profile
zeta = Q@(x) toothedramp(x);

% Right-Travelling Wave
alpha = @(x) w_scalexricker(varepsilon, x - x_shift);

i Left-Travelling Wave
beta = @(x) O;

% Spatial Grid
delta (d-c)/n;
for j 1:n+1
x(j) = ¢ + (j-1)*delta;
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end

% Temporal Grid
m = floor(T/delta);
for k = 1:m+1
t(k) = (k-1)*delta;
end

% Weights
for j = 1:n

r(j) = (zeta(x(j)) - zeta(x(j + 1)))/(zeta(x(j)) + zeta(x(j + 1)));

end

% Wave Field Preallocation
u_approx = zeros(m + 1, n + 1);

% One-way Wave Field Preallociation
v = zeros(m + 1, 2%n + 2);

% Initialization
for j = 1:n+1

v(1,2%j-1) = alpha(x(j));

v(1,2%j) = beta(x(j));

u_approx(1,j) = v(1, 2xj - 1) + v(1, 2%j);
end

for k = 2:m+1

% left-boundary

v(k, 1) = alpha(x(1) - t(k));

% right-boundary

v(k, 2%n + 2) = beta(x(n+1) + t(k));
end

% Iterative Step
for k = 1:m
for j = 2:n+1
% right-moving component

v(k+l, 2%j-1) = (1 + r(G-D))*v(k, 2xj-3) - r(j-D*v(k, 2%j);

end
for j = 1:n
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% left-moving component
v(k+l, 2xj) = r(j)*v(k, 2xj-1) + (1 - r(j))*v(k, 2xj+2);
end
for j = 1:n+1
u_approx(k+1, j) = v(k+1l, 2xj-1) + v(k+l, 2xj);
end
end

% Discontinuity Points
dis = Nal;

% Measured Data
for i =1:m + 1
if 1 < 2
reflectedwave (i)
else
reflectedwave (i)

0;

u_approx(i,1);
end
end

% Shift
y = 1:m+1;
y_shift = 1;

% Amplitude Scaling
scale = 100;

% Frame Setup

u_min = min(min(u_approx));

u_max = max(max(u_approx));

zeta_min = min(zeta(x));

zeta_max = max(zeta(x));

reflectedwave_min = min(scale*reflectedwave) - y_shift;
reflectedwave_max = max(scalexreflectedwave) + y_shift;
SBA_frame_min = min(min(u_min, zeta_min),reflectedwave_min) - 1;
SBA_frame_max = max(max(u_max, zeta_max), reflectedwave_max) + 1;

% Frame-by-Frame Wavefield Plot and Zeta Plot
for k = 1:10:(m+1) % for faster animations i.e. skip frames
plot(t(1l:k), scalexreflectedwave(y(1l:k)) - y_shift)
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hold on
myplot(dis, t, zeta(t), ’r’);
hold on
plot(x, scalexu_approx(k,:), ’k’);
legend (sprintf(°t = %.1£f°, t(k)));
x1im([c 2*d]);
ylim([SBA_frame_min SBA_frame_max]) ;
pause (0) ;
hold off

end

% Model of Measured Data

figure

plot(t, reflectedwave);

xlabel(’t?);

ylabel (’$\tilde{u}(0,t)$’, ’interpreter’,’latex’);

A.1.2 Singular Source Wavelet for Smooth Impedance Profiles

close all
clear
clc

% Inputs
c = 0;
d = 25;
n = 3000;
T = 2%(d - ¢);

% Impedance Profile
zeta = @(x) modsawblade(x);

i Right-Travelling Wave
alpha = @(x) diracimpulse(x, c, d, n);

% Left-Travelling Wave
beta = @(x) 0;
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% Spatial Grid
delta = (d-c)/n;
for j = 1:n+1
x(j) = ¢ + (j-1)*delta;
end

% Temporal Grid
m = floor(T/delta);
for k = 1:mt+1
t(k) = (k-1)*delta;

r(j) = (zeta(x(j)) - zeta(x(j+1)))/(zeta(x(j)) + zeta(x(j+1)));

end

% Weights
for j = 1:n
end

%» Wave Field Preallocation
u_approx = zeros(mt+l, n+l);

% One-way Wave Field Preallociation
v = zeros(m+1l, 2*n+2);

% Initialization
for j = 2:n+1

v(1l, 2xj-1) = alpha(x(j));
v(1, 2%j) = beta(x(j));
u_approx(1l, j) = v(1, 2*xj-1) + v(1,

end

for k = 2:mt+1
% left-boundary
v(k, 1) = alpha(x(1) - t(k));
% right-boundary

v(k, 2*n+2) = beta(x(n+l) + t(k));

end

% Iterative Step
for k = 1:m
for j = 2:n+1
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% right-moving component
v(k+l, 2%xj-1) = (1 + r(j-1))*v(k, 2%j-3) - r(j-Dx*v(k, 2%j);

end
for j =1:n

% left-moving component

v(k+l, 2xj) = r(j*v(k, 2xj-1) + (1-r(§))*v(k, 2*%j+2);
end

for j = 1:n+1
u_approx(k+1, j) = v(k+1l, 2xj-1) + v(k+l, 2xj);
end
end

%, Discontinuity Points
dis = NaN;

% Adjustment for Dirac Source due to Disjoint Components
for j = 1:n/2

x_reg(j) = (x(2xj - 1) + x(2%j))/2;
end

for k = 1:m+1
for j = 1:n/2
u_approx_reg(k, j) = (u_approx(k, 2*xj-1)
+ u_approx(k, 2*j))/(2*xdelta);
end
end

% Measured Data
for i = 1:m+1

if i < 2
reflectedwave(i) = 0;
else
reflectedwave(i) = u_approx_reg(i, 1);
end
end
% Shift
y = 1:m+1;

y_shift = 1;
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% Amplitude Scaling
scale = 1;

% Frame Setup

u_min = min(min(u_approx));

u_max = max(max(u_approx));

zeta_min = min(zeta(x));

zeta_max = max(zeta(x));

reflectedwave_min = min(scale*reflectedwave) - y_shift;
reflectedwave_max = max(scalexreflectedwave) + y_shift;
SBA_frame_min = min(min(u_min, zeta_min),reflectedwave_min) - 1;
SBA_frame_max = max(max(u_max, zeta_max), reflectedwave_max) + 1;

% Frame-by-Frame Wavefield Plot and Zeta Plot
for k¥ = 1:20:m+1 Y, for faster animations i.e. skip frame
z = u_approx_reg(k,:);
clf
hold on
stem(t(k), sqrt(zeta(c)/zetal(c + t(k))), ’filled’,
’k’, ’ShowBaseline’, ’off’);
plot(x_reg (x_reg < t(k)), scalexz (x_reg < t(k)), ’k’?);
plot(x_reg (x_reg > t(k)), O0xz (x_reg > t(k)), ’k’);
plot(t(1:2:k), scalexreflectedwave(y(1:2:k)) - y_shift, ’b’);
plot(t, zeta(t), ’r’);
legend (sprintf(°t = %.1£f°, t(k)));
grid on
x1im([c 2*d]);
xlabel(’x?);
ylim([SBA_frame_min SBA_frame_max]) ;
pause(0) ;
hold off
end

% Model of Measured Data

figure

plot(t(1:2:end), reflectedwave(l:2:end));
xlabel(’t?);

ylabel (’$\tilde{u}(0,t)$’, ’interpreter’,’latex’);
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Modified (Quick Method)

close all
clear
clc

% Inputs

c =0;

d = 40;

delta = 0.0005;
T =2x(d - ¢);

% Impedance Profile
zeta = Q@(x) toothedramp(x);

n
m

2%ceil(T/(2*delta) - .5) + 1;
(nt+1)/2;

% Spatial Grid
for i = 1:m+1

x(i) = (i-1)*delta;
end

% Temporal Grid
for i = 1:m

t(i) = 2x(i-1)*delta;
end

% Reflection Coefficients
for j = 1:m

r(j) = (zeta(x(j)) - zeta(x(j+1)))/(zeta(x(j)) + zeta(x(j+1)));

end

% Initialization

p = floor((n-1)/4);
q = (n-1)/2;

w = zeros(m+1, 1);
v = zeros(m+1, 1);
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data = zeros(m, 1);

% Iterative Steps

w(l)
w(2)

=r(l1);
=1+ r(l);

data(1) = w(1);

for

end

for

j=1:p
for s = 1:j
v(1) = 0;
v(2%s) = r(2*xs)*w(2xs) + (1-r(2*s))*w(2*s+1);
v(2xs+1) = (1 + r(2xs))*w(2*s) - r(2*s)*w(2*xs+1);
end
W=V,

for s = 1:j+1
v(2¥s-1) = r(2xs-1)*w(2xs-1) + (1 - r(2*s-1))*w(2*s);
v(2%s) = (1 + r(2%s-1))*w(2*s-1) - r(2*s-1)*w(2x*s);

end
w = V;
data(j+1) = w(l);
Jj = ptlq
for s = 1:q+1-j
v(1l) = 0;
v(2xs) = r(2xs)*w(2*s) + (1 - r(2*s))*w(2*s + 1);
end

for s = 1:q+1-j

v(2%s+1) = (1 + r(2*s))*w(2*xs) - r(2*s)*w(2*s + 1);
end
w =V,
for s = 1:9+1-j

v(2*s-1) = r(2*xs-1)*w(2*s-1) + (1 - r(2*s-1))*w(2%*s);
end
for s = 1:q+1-j

v(2*s) = (1 + r(2*s-1))*w(2*s-1) - r(2*s-1)*w(2*s);
end
W=V,
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data(j+1) = w(l);
end

% Measured Data
data = data/(2*delta);

% Model of Measured Data
plot(t, data);

xlim([c T1);
xlabel(’t?);

ylabel (’$\tilde{u}(0,t)$’, ’interpreter’,’latex’);

A.1.3 Singular Source Wavelet for Non-Smooth Impedance Profiles

close all
clear
clc

% Inputs
c = 0;
d = 30;
n = 1500;
T = 2%(d-c);

% Impedance Profile
zeta = @(x) sawblade(x - .25);

%y Right-Travelling Wave

alpha = @(x) diracimpulse(x, c, d, n);

% Left-Travelling Wave
beta = @(x) O;

% Spatial Grid
delta = (d-c)/n;
for j = 1:n+1
x(j) = ¢ + (j-1)*delta;
end
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% Temporal Grid
m = floor(T/delta);
for k = 1:m+1
t(k) = (k - 1)*delta;

end
% Weights
for j = 1:n

r(j) = (zeta(x(j)) - zeta(x(j+1)))/(zeta(x(j)) + zeta(x(j+1)));
end

% Wave Field Preallocation
u_approx = zeros(m+l, n+l);

% One-way Wave Field Preallociation
v = zeros(m+1l, 2*n+2);

% Initialization
for j = 2:nt+1

v(1, 2*j-1) = alpha(x(j));

v(1l, 2*j) = beta(x(j));

u_approx(1l, j) = (v(1, 2%xj-1) + v(1, 2xj));
end

for k = 2:m+1

% left-boundary

v(k, 1) = alpha(x(1) - t(k));

% right-boundary

v(k, 2*xn+2) = beta(x(n+1) + t(k));
end

% Iterative Step
for k = 1:m
for j = 2:n+1
% right-moving component
v(k+1, 2%j-1) = (1 + r(j-1))*v(k, 2%j-3) - r(j-1)*v(k, 2%j);
end
for j = 1:n
% left-moving component
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v(k+l, 2xj) = r(jI*v(k, 2%j-1) + (1 - r(j))*v(k, 2xj+2);
end
for j = 1:n+1
u_approx(k+1, j) = v(k+1l, 2xj-1) + v(k+l, 2xj);
end
end

/» Discontinuity Points
dis = [6.25 23.25];
p = round(dis/delta + .5);

% List of Reflections only at Discontinuities
r_ghost = zeros(1l,length(r));
for j = 1:n
for i = 1:1length(p)
if j == p(1)
r_ghost(j) = r(p(i));
end

end
end

% Initialization for Intersection of Partial Tree with Whole Tree of
% Singular Part based on Ghost Reflections
for j = 2:n+1
v_ghost (1, 2*j-1) = alpha(x(j));
v_ghost (1, 2*j) = beta(x(j));
u_ghost (1, j) = (v_ghost(1l, 2*j-1) + v_ghost(1l, 2*j));
end

% Iterative Step for Intersection of Partial Tree with Whole Tree of
% Singular Part based on Ghost Reflections
for k = 1:m
for j = 2:n+1
v_ghost (k+1, 2%j-1) = (1 + r_ghost(j-1))*v_ghost(k, 2%j-3) -
r_ghost (j-1)*v_ghost(k, 2%j);
end
for j = 1:n
v_ghost (k+1, 2%j) = r_ghost(j)*v_ghost(k, 2%j-1) + ...
(1 - r_ghost(j))*v_ghost(k, 2xj+2);
end
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for j = 1:n+1
u_ghost(k+1, j) = v_ghost(k+1l, 2xj-1) + v_ghost(k+1, 2%j);
end
end

% Indices of the Intersection of Partial Tree with Whole Tree
% of Regular Part based on Ghost Reflection
[ii,jj] = find(u_ghost ~= 0);

% Dirac Impulse Preallocation
u_dirac = zeros(m+1, n+1);

% Extraction of u_approx Values for Dirac Impulses Based on the Indices of
% the Intersection of Partial Tree with Whole Tree based on Ghost
% Reflection
for i = 1:length(ii)
u_dirac(ii(i), jj(i)) = u_approx(ii(i), jj(i));
end

% Change to Spatial Grid due to Disjoint Components
for j = 1:n/2

x_reg(j) = (x(2%j-1) + x(2%j))/2;
end

% Change to u_approx due to Disjoint Components
for k = 1:mt+1
for j = 1:n/2
u_approx_reg(k, j) = (u_approx(k, 2*xj-1) + ...
u_approx(k, 2*j))/(2*delta);
end
end

% Iterative Step to Find Intersection of Partial Grid of u_dirac with
% Whole Grid u_dirac_reg
for k = 1:m+1
for j = 1:n/2
u_approx_sing(k, j) = u_dirac(k, 2xj-1) + u_dirac(k, 2*j);
end
end
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% Indices of the Intersections of Partial Tree and Whole Tree of Singular
% Part
[II, JJ] = find(u_approx_sing ~= 0);

% Intersection of u_approx_sing and u_approx_reg to Set those
% Peaks in u_approx_reg to Disappear
for i = 1:length(II)
u_approx_reg(II(i), JJ(i)) = Nal;
end

regular = u_approx_reg;
singular = u_approx_sing;

for i = 1:length(II)

regular (II(i), JJ(i)) = singular(II(i), JJ(i));
end
u_approx_combined = regular;

% Measured Data for Regular Part
for i = 1:m + 1
if i1 <2
reflectedwave (i)
else
reflectedwave(i) = u_approx_reg(i, 1);

0;

end
end

% Measured Data for Singular Part
for i = 1:m+1
if 1 < 2
dirac_reflectedwave (i)
else
dirac_reflectedwave (i)

0;

u_dirac(i, 1);
end
end

% Singular Spatial Points
x_sing = Xx;

% Shift
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y = 1:mt+1;
y_shift = 1;

% Frame Setup

u_min = min(min(u_approx));
u_max = max(max(u_approx));
zeta_min = min(zeta(x));
zeta_max = max(zeta(x));

reflectedwave_min = min(reflectedwave) - y_shift;
reflectedwave_max = max(reflectedwave) + y_shift;
SBA_frame_min = min(min(u_min, zeta_min),reflectedwave_min) - 1;
SBA_frame_max = max(max(u_max, zeta_max), reflectedwave_max) + 1;

% Frame-by-Frame Wavefield Plot and Zeta Plot
for k = 1:20:m+1 % for faster animations

z0 = u_approx_reg(k,:);
z1l = u_dirac(k,:);

clf

hold on

axis off

ax(1l) = axes;
plot(x_reg, z0, ’k’);
if length(dis) ==

legend(sprintf(’t = %.1f’, t(k)));

end
grid on

time = t(1:2:k);
ref = reflectedwave(y(1:2:k));

dirac_ref = dirac_reflectedwave(y(1:2:k));

hold on

steml = stem(ax(1), x_sing (z1
lgd = legend(steml);
lgd.FontSize = 14;

ax(2) = axes;
axis off

i.e. skip frame

“=0), z1 (z1 "= 0),
’k?, ’MarkerSize’, 3, ’DisplayName’, sprintf(’t
set(steml, ’ShowBaselLine’, ’off’);
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end

stem?2 = stem(ax(2),time (dirac_ref = 0),

dirac_ref (dirac_ref "= 0) - y_shift, ’filled’, °’b’,

’MarkerSize’, 3, ’BaseValue’, -y_shift);
axis off
hold on
plot(ax(2),time, ref - y_shift, ’b’);
axis off
set(stem2, ’ShowBaseline’, ’off’);

ax(3) = axes;
myplot(dis, t, zeta(t), ’r’);

axis off

limits = cell2mat(get(ax,’YLim’)); % get both axes limits
set(ax,’YLim’,[-2 4]); % set the same values for both axes

set(ax,’XLim’, [c 2%d]);
linkaxes (ax)

axis off

grid on

pause(0) ;

axis off

hold off

% Model of Measured Data

figure
plot(t(1:2:end), reflectedwave(l:2:end), ’b’);
hold on
stem(t (dirac_reflectedwave ~= 0), .
dirac_reflectedwave (dirac_reflectedwave ~= 0), ’filled’,

’ShowBaseLine’, ’off’);

xlabel(’t?);
ylabel (’$\tilde{u}(0,t)$’, ’interpreter’,’latex’);

B.1 Born Approximation
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B.1.1 Regular Source Wavelet

clc

% Inputs

x0 = 0;

zeta_x0 = zeta(0);

k = 2;

w = -1xw_scale;

f = u_approx(:,1)/w;

% Temporal Grid
m = floor(T/delta);
for K = 1:m+1
t(K) = (K - 1)*delta;
end

% Spatial Grid
m = floor(T/delta);
for K = 1:m+1
x(K) = (K - 1)*delta/2;

end
if k >0
for j = 1:k
f = delta*cumsum(f);
end
end
riem_dist = delta*cumsum(f);

% Born Approximation
born_approx = zeta_xO*xexp(-2*riem_dist);

% Frame Setup

zeta_min = min(zeta(x));

zeta_max = max(zeta(x));
born_approx_min = min(born_approx) ;
born_approx_max = max(born_approx) ;

born_approx_frame_min = min(zeta_min, born_approx_min)
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born_approx_frame_max = max(zeta_max, born_approx_max) + 1;

% Figure of Approximated and Actual Impedance Profiles
figure

myplot(dis, x, zeta(x), ’k’)

hold on

myplot(dis, x + delta/2, born_approx, ’b--’);
ylim([born_approx_frame_min born_approx_frame_max]);
xlim([c d]);

xlabel(’x’);

ylabel (’$\zeta$’,’interpreter’,’latex’);

i Relative Error
BA_relative_error = norm(born_approx - zeta(x)’)/norm(zeta(x)’);

B.1.2 Singular Source Wavelet

No Noise

clc

% Inputs

x0 = 0;

zeta_x0 = zeta(0);

k = 0;

w=1;

f = u_approx(:,1)/delta;

% Temporal Grid
m = floor(T/delta);
for K = 1:m+1
t(K) = (K - 1)*delta;
end

% Spatial Grid
m = floor(T/delta);
for K = 1:m+1
x(K) = (K - 1)*delta/2;
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end
if Kk > 0
for j = 1:k
f = delta*cumsum(f);
end
end
riem_dist = delta*cumsum(f);

% Born Approximation
born_approx = zeta_xO*xexp(-2*riem_dist);

% Frame Setup

zeta_min = min(zeta(x));

zeta_max = max(zeta(x));

born_approx_min = min(born_approx) ;

born_approx_max = max(born_approx) ;

BADirac_frame_min = min(zeta_min, born_approx_min) - 1;
BADirac_frame_max max(zeta_max, born_approx_max) + 1;

% Figure of Approximated and Actual Impedance Profiles
figure

myplot(dis, x, zeta(x), ’k’)

hold on

myplot(dis, x + delta/2, born_approx, ’b--’);
ylim([BADirac_frame_min BADirac_frame_max]);

x1lim([c d]);

xlabel(’x’);

ylabel(’$\zeta$’,’interpreter’,’latex’);

% Relative Error

BA_relative_error = norm(born_approx - zeta(x)’)/norm(zeta(x)’);

Gaussian Noise

clc

% Inputs
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x0 = 0;

zeta_x0 = zeta(0);

k = 0;

w=1;

f = u_approx(:,1)/delta;

% Create Gaussian Noise
gaussian_noise = randn(length(u_approx(:,1)), 1);

% Rescale Noise for Desired Proportion
p =0.1;
guassian_noise_rescaled = p*norm(f)/norm(gaussian_noise)*gaussian_noise;

%» Data with Noise
f_noise = f + guassian_noise_rescaled;

% Temporal Grid
m = floor(T/delta);
for K = 1:m+1
t(K) = (K - 1)*delta;
end

% Spatial Grid
m = floor(T/delta);
for K = 1:m+1
x(X) = (K - 1)*delta/2;

end
if k>0
for j = 1:k
f_noise = deltax*cumsum(f_noise);
end
end

riem_dist = delta*cumsum(f_noise);

% Born Approximation
born_approx = zeta_xO*exp(-2*riem_dist);

% Frame Setup
zeta_min = min(zeta(x));
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zeta_max = max(zeta(x));

born_approx_min = min(born_approx);

born_approx_max = max(born_approx) ;

BADirac_frame_min = min(zeta_min, born_approx_min) - 1;
BADirac_frame_max = max(zeta_max, born_approx_max) + 1;

% Figure of Approximated and Actual Impedance Profiles
figure

myplot(dis, x, zeta(x), ’k’)

hold on

myplot(dis, x + delta/2, born_approx, ’b--’);
ylim([BADirac_frame_min BADirac_frame_max]);

x1lim([c d]);

xlabel(’x?);

ylabel (’$\zeta$’,’interpreter’,’latex’);

% Relative Error
BA_relative_error = norm(born_approx - zeta(x)’)/norm(zeta(x)’);

Uniform Noise

clc

% Inputs

x0 = 0;

zeta_x0 = zeta(0);
k =0;
w=1;
f = u_approx(:,1)/delta;

% Create Uniform Noise

uniform_noise = -1 + 2*rand(length(u_approx(:,1)), 1);

%» Rescale Noise for Desired Proportion
p = 0.5;

uniform_noise_rescaled = p*norm(f)/norm(uniform_noise)*uniform_noise;

% Data with Noise
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f_noise = f + uniform_noise_rescaled;

% Temporal Grid
m = floor(T/delta);
for K = 1:m+1
t(K) = (K - 1)*delta;
end

% Spatial Grid
m = floor(T/delta);
for K = 1:m+1
x(K) = (K - 1)xdelta/2;

end
if k >0
for j = 1:k
f_noise = deltaxcumsum(f_noise);
end
end

riem_dist = delta*cumsum(f_noise);

% Born Approximation
born_approx = zeta_x0xexp(-2*riem_dist);

% Frame Setup

zeta_min = min(zeta(x));

zeta_max = max(zeta(x));

born_approx_min = min(born_approx);

born_approx_max = max(born_approx) ;

BADirac_frame_min = min(zeta_min, born_approx_min) - 1;
BADirac_frame_max = max(zeta_max, born_approx_max) + 1;

% Figure of Approximated and Actual Impedance Profiles
figure

myplot(dis, x, zeta(x), ’k’)

hold on

myplot(dis, x + delta/2, born_approx, ’b--’);
ylim([BADirac_frame_min BADirac_frame_max]);

x1lim([c d]);

xlabel(’x?);
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ylabel (’$\zeta$’,’interpreter’,’latex’);

% Relative Error
BA_relative_error = norm(born_approx - zeta(x)’)/norm(zeta(x)’);

C.1 Refined Impedance Transform

C.1.1 Regular Source Wavelet

clc

% Inputs

x0 = 0;

zeta_x0 = zeta(0);

k = 0;

w = 1*w_scale;

f = u_approx(:,1)/w;

% Temporal Grid
m = floor(T/delta);
for K = 1:m+1
t(K) = (K - 1)xdelta;
end

% Spatial Grid
m = floor(T/delta);
for K = 1:m+1
x(K) = (K - 1)*delta/2;

end
if k >0
for j = 1:k
f = delta*cumsum(f) ;
end
end
riem_dist = delta*cumsum(f);
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% Refined Impedance Transform
ref_zeta_approx = zeta_x0*((w - riem_dist)./(w + riem_dist));

% Frame Setup

zeta_min = min(zeta(x));

zeta_max = max(zeta(x));

ref_zeta_approx_min = min(ref_zeta_approx);
ref_zeta_approx_max = max(ref_zeta_approx);
RIT_frame_min = min(zeta_min, ref_zeta_approx_min) - 1;
RIT_frame_max = max(zeta_max, ref_zeta_approx_max) + 1;

% Figure of Approximated and Actual Impedance Profiles
figure

myplot(dis, x, zeta(x), ’r’)

hold on

myplot(dis, x + delta/2, ref_zeta_approx, ’b--’);
ylim([RIT_frame_min RIT_frame_max]);

x1lim([c d]);

xlabel(’x’);

ylabel(’$\zeta$’,’interpreter’,’latex’);

% Relative Error
RIT_relative_error = norm(ref_zeta_approx - zeta(x)’)/norm(zeta(x)’);

C.1.2 Singular Source Wavelet

No Noise

clc

% Inputs

x0 = 0;

zeta_x0 = zeta(0);

k = 0;

w=1;

f = u_approx(:,1)/delta;

% Temporal Grid
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m = floor(T/delta);
for K = 1:m+1

t(K) = (K - 1)xdelta;
end

% Spatial Grid
m = floor(T/delta);
for K = 1:m+1
x(K) = (K - 1)*delta/2;

end
if k >0
for j = 1:k
f = delta*cumsum(f);
end
end
riem_dist = delta*cumsum(f);

% Refined Impedance Transform

ref_zeta_approx = zeta_x0*((w - riem_dist)./(w + riem_dist));

% Frame Setup
zeta_min = min(zeta(x));
zeta_max = max(zeta(x));

ref_zeta_approx_min = min(ref_zeta_approx);
ref_zeta_approx_max = max(ref_zeta_approx);
RITDirac_frame_min = min(zeta_min, ref_zeta_approx_min) - 1;
RITDirac_frame_max = max(zeta_max, ref_zeta_approx_max) + 1;

% Figure of Approximated and Actual Impedance Profiles

figure
myplot(dis, x, zeta(x), ’k’)
hold on

myplot(dis, x + delta/2, ref_zeta_approx, ’b--’);
ylim([RITDirac_frame_min RITDirac_frame_max]);

x1im([c d]);
xlabel(’x’);

ylabel (’$\zeta$’,’interpreter’,’latex’);

% Relative Error
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RIT_relative_error = norm(ref_zeta_approx - zeta(x)’)/norm(zeta(x)’);

Gaussian Noise

clc

% Inputs

x0 = 0;

zeta_x0 = zeta(0);
k = 0;

w=1;

f u_

approx(:,1)/delta;

% Create Gaussian Noise
gaussian_noise = randn(length(u_approx(:,1)), 1);

%» Rescale Gaussian Noise for Desired Proportion
p = 0.5;
guassian_noise_rescaled = p*norm(f)/norm(gaussian_noise)*gaussian_noise;

% Data with Gaussian Noise
f_noise = f + guassian_noise_rescaled;

% Temporal Grid
m = floor(T/delta);
for K = 1:m+1
t(K) = (K - 1)*delta;
end

% Spatial Grid
m = floor(T/delta);
for K = 1:m+1
x(K) = (K - 1)*xdelta/2;
end

if k>0
for j = 1:k
f_noise = deltaxcumsum(f_noise);
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end
end
riem_dist = delta*cumsum(f_noise);

% Refined Impedance Transform
ref_zeta_approx = zeta_x0*((w - riem_dist)./(w + riem_dist));

% Frame Setup

zeta_min = min(zeta(x));

zeta_max = max(zeta(x));

ref_zeta_approx_min = min(ref_zeta_approx);
ref_zeta_approx_max = max(ref_zeta_approx);
RITDirac_frame_min = min(zeta_min, ref_zeta_approx_min) - 1;
RITDirac_frame_max = max(zeta_max, ref_zeta_approx_max) + 1;

% Figure of Approximated and Actual Impedance Profiles
figure

myplot(dis, x, zeta(x), ’k’)

hold on

myplot(dis, x + delta/2, ref_zeta_approx, ’b--’);
ylim([RITDirac_frame_min RITDirac_frame_max]);

x1lim([c d]);

xlabel(’x’);

ylabel(’$\zeta$’,’interpreter’,’latex’);

% Relative Error
RIT_relative_error = norm(ref_zeta_approx - zeta(x)’)/norm(zeta(x)’);

Uniform Noise

clc

% Inputs

x0 = 0;

zeta_x0 = zeta(0);
k = 0;

w=1;

f u_

approx(:,1)/delta;



Appendix C. Refined Impedance Transform 159

% Create Uniform Noise
uniform_noise = -1 + 2xrand(length(u_approx(:,1)), 1);

% Rescale Uniform Noise for Desired Proportion
P = 0;
uniform_noise_rescaled = p*norm(f)/norm(uniform_noise)*uniform_noise;

% Data with Uniform Noise
f_noise = f + uniform_noise_rescaled;

% Temporal Grid
m = floor(T/delta);
for K = 1:m+1
t(K) = (K - 1)*delta;
end

% Spatial Grid
m = floor(T/delta);
for K = 1:m+1
x(K) = (K - 1)*delta/2;

end
if Kk > 0
for j = 1:k
f_noise = deltax*cumsum(f_noise);
end
end

riem_dist = delta*cumsum(f_noise);

% Refined Impedance Transform
ref_zeta_approx = zeta_x0*((w - riem_dist)./(w + riem_dist));

% Frame Setup

zeta_min = min(zeta(x));

zeta_max = max(zeta(x));

ref_zeta_approx_min = min(ref_zeta_approx);
ref_zeta_approx_max = max(ref_zeta_approx);
RITDirac_frame_min = min(zeta_min, ref_zeta_approx_min) - 1;
RITDirac_frame_max = max(zeta_max, ref_zeta_approx_max) + 1;
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% Figure of Approximated and Actual Impedance Profiles
figure

myplot(dis, x, zeta(x), ’k’)

hold on

myplot(dis, x + delta/2, ref_zeta_approx, ’b--’);
ylim([RITDirac_frame_min RITDirac_frame_max]) ;

x1lim([c d]);

xlabel(’x?);

ylabel (’$\zeta$’,’interpreter’,’latex’);

% Relative Error
RIT_relative_error = norm(ref_zeta_approx - zeta(x)’)/norm(zeta(x)’);

D.1 Echoes-to-Impedance Transform

D.1.1 Regular Source Wavelet

No Data Downsampling

clc

% Inputs
x0 = 0;
zeta_x0 = zeta(0);

k
W
N
a

o

0;

1*w_scale;
length(u_approx) ;
u_approx(:,1);

Initialization
for j = 1:N

end

T
U
b

x(j) = x0 + j*delta/2;

Preallocation

zeros(N, N);
zeros(N, 1);
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for i = 1:N
for j = 1:N
if 1 < j
U(i, j) = 0;
else
Ui, j) =1;
end
end
end

b = (delta~(k+1)/w)*U~k*a;

for Loop for Elementwise m
m = zeros(N + 1,1);

m(1) = 1;
for j = 1:N
m(j + 1) = dot(m(1:j), conj(flip(b(1:j))));
end
m(1) = 1;

q = zeros(N + 1, 1);
q(1) = 1;
r = zeros(N, 1);

for j = 1:N
g_truncate = q(1:find(q,1,’last’));
g_reverse = flip(q_truncate’);
g_conjugate = conj(q_reverse);
g_conjugate(numel(q)) = 0;
g_star = g_conjugate;
Sq = circshift(q,1);
r(j) = dot(m, Sq)/dot(m, g_star’);
if § ==
break
end
q = Sq’ - r(j)*q_star;
end
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% Echoes-to-Impedance Transform

zeta_approx = zeta_x0xexp(-2*U*atanh(r));

% Frame Setup

zeta_min = min(zeta(x));

zeta_max = max(zeta(x));
zeta_approx_min = min(zeta_approx) ;
zeta_approx_max = max(zeta_approx);

E2IT_frame_min = min(zeta_min, zeta_approx_min) - 1;
E2IT_frame_max = max(zeta_max, zeta_approx_max) + 1;

% Figure of Approximated and Actual Impedance Profiles

myplot(dis, x, zeta(x), ’k’);
hold on

myplot(dis, x + x_shift/2, zeta_approx, ’b--’);
ylim([E2IT_frame_min E2IT_frame_max]);

x1lim([c d]);
xlabel(’x’);

ylabel(’$\zeta$’, ’interpreter’,’latex’);
set(findobj(gca, ’Type’, ’Line’, ’Linestyle’, ’--’), ’LineWidth’

% Relative Error

, 2);

E2IT_relative_error = norm(zeta_approx - zeta(x)’)/norm(zeta(x)’);

Data Downsampling

clc
clear vars x

x0 = 0;

zeta_x0 = zeta(0);
k = 2;

w = -1xw_scale;

% Data Downsampling Setup

% p > 1 must be an integer.

p=2;

N = length(reflectedwave(l:p:end));
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a = reflectedwave(l:p:end)’;

% Change in Delta
delta_fraunhofer = p*delta;

% Initialization
for j = 1:N

x(j) = x0 + j*delta_fraunhofer/2;
end

% Preallocation

U = zeros(N, N);
b = zeros(N, 1);
for i = 1:N
for j = 1:N
if 1 < j
U(i, j) = 0;
else
Ui, j) = 1;
end
end
end

b = (delta_fraunhofer~(k+1)/w)*U"k*a;

%hfor Loop for Elementwise m
m = zeros(N + 1,1);

m(1l) = 1;
for j = 1:N
m(j + 1) = dot(m(1:3), conj(£flip(b(1:3))));
end
m(1l) = 1;

q = zeros(N + 1, 1);
q(1) = 1;
r = zeros(N, 1);

for j = 1:N
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g_truncate = q(1:find(q,1,’last’));
g_reverse = flip(q_truncate’);
g_conjugate = conj(q_reverse);
g_conjugate(numel(q)) = 0;
g_star = g_conjugate;
Sq = circshift(q,1);
r(j) = dot(m, Sq)/dot(m, g_star’);
if § ==
break
end
q = Sq’ - r(j)*q_star;
end

% Echoes-to-Impedance Transform
zeta_approx = zeta_x0Oxexp(-2*Uxatanh(r));

% Frame Setup

zeta_min = min(zeta(x));

zeta_max = max(zeta(x));

zeta_approx_min = min(zeta_approx);

zeta_approx_max = max(zeta_approx);

E2IT_frame_min = min(zeta_min, zeta_approx_min) - 1;
E2IT_frame_max = max(zeta_max, zeta_approx_max) + 1;

% Figure of Approximated and Actual Impedance Profiles
figure

myplot(dis, x, zeta(x), ’k’);

hold on

myplot(dis, x + x_shift/2, zeta_approx, ’b--’);
ylim([E2IT_frame_min E2IT_frame_max]);

x1im([c d]);

xlabel(’x’);
ylabel (’$\zeta$’,’interpreter’,’latex’);
set(findobj(gca, ’Type’, ’Line’, ’Linestyle’, ’--’), ’LineWidth’, 2);

% Relative Error
E2IT_relative_error = norm(zeta_approx - zeta(x)’)/norm(zeta(x)’);
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D.1.2 Singular Source Wavelet
No Noise with No Data Downsampling

clc

% Inputs

x0 = 0;

zeta_x0 = zeta(0);

k = 0;

w=1;

N = length(u_approx);

a = u_approx(:,1)/delta;

% Initialization
for j = 1:N

x(j) = x0 + j*delta/2;
end

% Preallocation
U = zeros(N, N);

b = zeros(N, 1);
for i = 1:N
for j = 1:N
if 1 < j
U(i, j) = 0;
else
Uli, j) = 1;
end
end
end

b = (delta~(k+1)/w)*U"k*a;
%hfor Loop for Elementwise m
m = zeros(N + 1,1);

m(1) = 1;

for j = 1:N
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m(j + 1) = dot(m(1:3), conj(f1lip(b(1:3))));
end
m(1) = 1;

q = zeros(N + 1, 1);
q(1) = 1;
r = zeros(N, 1);

for j = 1:N
g_truncate = q(1:find(q,1,’last’));
g_reverse = flip(q_truncate’);
g_conjugate = conj(q_reverse);
g_conjugate(numel(q)) = 0;
g_star = g_conjugate;
Sq = circshift(q,1);
r(j) = dot(m, Sq)/dot(m, g_star’);
if § ==
break
end
q = Sq’ - r(j)*q_star;
end

% Echoes-to-Impedance Transform
zeta_approx = zeta_x0xexp(-2*Uxatanh(r));

% Frame Setup

zeta_min = min(zeta(x));

zeta_max = max(zeta(x));
zeta_approx_min = min(zeta_approx);
zeta_approx_max = max(zeta_approx);

E2ITDirac_frame_min = min(zeta_min, zeta_approx_min) - 1;
E2ITDirac_frame_max = max(zeta_max, zeta_approx_max) + 1;

% Figure of Approximated and Actual Impedance Profiles

figure

myplot(dis, x, zeta(x), ’k’);

hold on

myplot(dis, x, zeta_approx, ’b--’);

ylim([E2ITDirac_frame_min E2ITDirac_frame_max]) ;

xlim([c d]);
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xlabel(’x’, ’fontweight’,’bold’);
ylabel(’$\zeta$’,’interpreter’,’latex’);
set(findobj(gca, ’Type’, ’Line’, ’Linestyle’, ’--’), ’LineWidth’, 2);

% Relative Error
E2IT_relative_error = norm(zeta_approx - zeta(x)’)/norm(zeta(x)’);

No Noise with Data Downsampling

clc
clear vars x;

% Inputs

x0 = 0;

zeta_x0 = zeta(0);
k =0;

w=1;

% Data Downsampling Setup
% y > 1 must be an integer
y =23

p=2xy - 1;

u = u_approx(:,1)/delta;

N = length(u(l:p:end));

a = u(l:p:end);

% Change in Delta
delta_fraunhofer = p*delta;

% Initialization
for j = 1:N

x(j) = x0 + j*delta_fraunhofer/2;
end

% Preallocation
U = zeros(N, N);
b = zeros(N, 1);
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for i = 1:N
for j = 1:N
if 1 <
Ui, j) = 0;
else
Ui, j) = 1;
end
end
end

b = (delta_fraunhofer~(k+1)/w)*U~k*a;

%hfor Loop for Elementwise m
m = zeros(N + 1,1);

m(1) = 1;
for j = 1:N
m(j + 1) = dot(m(1:3), conj(flip(b(1:3))));
end
m(1) = 1;

q = zeros(N + 1, 1);
q(1) = 1;
r = zeros(N, 1);

for j = 1:N
g_truncate = q(1:find(q,1,’last’));
g_reverse = flip(q_truncate’);
g_conjugate = conj(q_reverse);
g_conjugate(numel(q)) = 0;
g_star = g_conjugate;
Sq = circshift(q,1);
r(j) = dot(m, Sq)/dot(m, gq_star’);
if j ==
break
end
q = Sq’ - r(j)*q_star;
end

% Echoes-to-Impedance Transform
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zeta_approx = zeta_x0*exp(-2*Uxatanh(r));

% Frame Setup

zeta_min = min(zeta(x));

zeta_max = max(zeta(x));

zeta_approx_min = min(zeta_approx);

zeta_approx_max = max(zeta_approx);

E2IT_frame_min = min(zeta_min, zeta_approx_min) - 1;
E2IT_frame_max = max(zeta_max, zeta_approx_max) + 1;

% Figure of Approximated and Actual Impedance Profiles
figure

myplot(dis, x, zeta(x), ’k’);

hold on

myplot(dis, x, zeta_approx, ’b--’);
ylim([E2IT_frame_min E2IT_frame_max]);

x1im([c d]);

xlabel(’x’);
ylabel(’$\zeta$’, ’interpreter’,’latex’);
set(findobj(gca, ’Type’, ’Line’, ’Linestyle’, ’--’), ’LineWidth’, 2);

% Relative Error
E2IT_relative_error = norm(zeta_approx - zeta(x)’)/norm(zeta(x)’);

Gaussian Noise

clc

% Inputs

x0 = 0;

zeta_x0 = zeta(0);

k =0;

w=1;

N = length(u_approx);

a = u_approx(:, 1)/delta;

% Create Gaussian Noise
gaussian_noise = randn(length(u_approx(:,1)), 1);
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% Rescale Gaussian Noise for Desired Proportion
p = 0.005;
aussian_noise_rescaled = norm(a)/norm(gaussian_noise aussian_noise;
led * (a)/ ( ) *

% Data with Gaussian Noise
a_noise = a + gaussian_noise_rescaled;

% Initialization
for j = 1:N

x(j) = x0 + j*delta/2;
end

% Preallocation

U = zeros(N, N);
b = zeros(N, 1);
for i = 1:N
for j = 1:N
if 1 < j
U(i, j) = 0;
else
Ui, j) = 1;
end
end
end

b = (delta~(k+1)/w)*U"k*a_noise;

%for Loop for Elementwise m
m = zeros(N + 1,1);

m(1) = 1;
for j = 1:N
m(j + 1) = dot(m(1:3), conj(£flip(b(1:3))));
end
m(1) = 1;

q = zeros(N + 1, 1);
q(1) = 1;
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r = zeros(N, 1);

for j = 1:N
g_truncate = q(1:find(q,1,’last’));
g_reverse = flip(q_truncate’);
g_conjugate = conj(q_reverse);
g_conjugate(numel(q)) = 0;
g_star = q_conjugate;
Sq = circshift(q,1);
r(j) = dot(m, Sq)/dot(m, g_star’);
if j ==
break
end
q = Sq’ - r(j)*q_star;
end

% Echoes-to-Impedance Transform
zeta_approx = zeta_x0xexp(-2*U*atanh(r));

% Frame Setup

zeta_min = min(zeta(x));

zeta_max = max(zeta(x));

zeta_approx_min = min(zeta_approx);

zeta_approx_max = max(zeta_approx);

E2ITDirac_frame_min = min(zeta_min, zeta_approx_min) - 1;
E2ITDirac_frame_max = max(zeta_max, zeta_approx_max) + 1;

% Figure of Approximated and Actual Impedance Profiles
figure

myplot(dis, x, zeta(x), ’k’);

hold on

myplot(dis, x, zeta_approx, ’b--’);
ylim([E2ITDirac_frame_min E2ITDirac_frame_max]);
x1lim([c d]);

xlabel(’x’);
ylabel (’$\zeta$’,’interpreter’,’latex’);
set(findobj(gca, ’Type’, ’Line’, ’Linestyle’, ’--’), ’LineWidth’, 2);

% Relative Error
E2IT_relative_error = norm(zeta_approx - zeta(x)’)/norm(zeta(x)’);
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Uniform Noise

clc

% Inputs

x0 = 0;

zeta_x0 = zeta(0);

k = 0;

w=1;

N = length(u_approx);

a = u_approx(:,1)/(delta);

%y Create Uniform Noise
uniform_noise = -1 + 2xrand(length(u_approx(:,1)), 1);

%» Rescale Uniform Noise for Desired Proportion
p = 0.001;
uniform_noise_rescaled = p*norm(a)/norm(uniform_noise)*uniform_noise;

% Data with Uniform Noise
a_noise = a + uniform_noise_rescaled;

% Initialization
for j = 1:N

x(j) = x0 + j*delta/2;
end

% Preallocation

U = zeros(N, N);
b = zeros(N, 1);
for i = 1:N
for j = 1:N
if 1 <
U(i, j) = 0;
else
Ui, j) =1;
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end
end
end

b = (delta~(k+1)/w)*U~k*a_noise;

% for Loop for Elementwise m
m = zeros(N + 1,1);

m(1) = 1;
for j = 1:N
m(j + 1) = dot(m(1:j), conj(flip(b(1:3))));
end
m(1) = 1;

q = zeros(N + 1, 1);
q(1) = 1;
r = zeros(N, 1);

for j = 1:N
g_truncate = q(1:find(q,1,’last’));
g_reverse = flip(q_truncate’);
g_conjugate = conj(q_reverse);
g_conjugate(numel(q)) = 0;
g_star = g_conjugate;
Sq = circshift(q,1);
r(j) = dot(m, Sq)/dot(m, g_star’);
if § ==
break
end
q = Sq’ - r(j)x*q_star;
end

% Echoes-to-Impedance Transform
zeta_approx = zeta_x0Oxexp(-2*Uxatanh(r));

% Frame Setup

zeta_min = min(zeta(x));

zeta_max = max(zeta(x));
zeta_approx_min = min(zeta_approx) ;
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zeta_approx_max = max(zeta_approx);
E2ITDirac_frame_min = min(zeta_min, zeta_approx_min) - 1;
E2ITDirac_frame_max = max(zeta_max, zeta_approx_max) + 1;
% Figure of Approximated and Actual Impedance Profile
figure
myplot(dis, x, zeta(x), ’k’);
hold on
myplot(dis, x, zeta_approx, ’b--’);
ylim([E2ITDirac_frame_min E2ITDirac_frame_max]);
x1im([c d]);
xlabel(’x’);
ylabel(’$\zeta$’,’interpreter’,’latex’);
set(findobj(gca, ’Type’, ’Line’, ’Linestyle’, ’--’), ’LineWidth’, 2);
% Relative Error
E2IT_relative_error = norm(zeta_approx - zeta(x)’)/norm(zeta(x)’);
E.1 Proof of (3.8) in §3.4.3
The One-Dimensional Wave Equation
We have the following one-dimensional wave equation:
1
Up — z (Cuyx), =0, or (E.1a)
Cutt = (gux)x, (Elb)

where ( is a smooth function of x. Based on the theory of partial differential equations, a

right-moving Dirac impulse supported at t = x — a determines the following solution to
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(E.1a):
u(x,t) =f(t)o(x—t—a)+H[—(x—t—a)]s(x, ) (E.2)

where

1. f(t)é(x —t —a) = a Dirac impulse supported at t = x —a and f(¢) is the amplitude

of the impulse at a certain ¢.

2. H[— (x —t —a)] = the Heaviside function flipped about the y-axis supported at

t=x—a
3. s(x,t) = a smooth function

The idea is to substitute (E.2) into (E.1b) and then compare the following coefficients on

the LHS and RHS of (E.1b):

1. 6(x —t—a)
2.8 (x—t—a)
3.0 (x —t—a)
4. H(a+t —x).

As we are taking partial derivatives with respect to t and x, it is important to understand

the symmetry and relationship of the Dirac delta function and the Heaviside function.

2. '(~y) = —d'(y)
3. H'(y) = 4(y)

4. H'(y) ='(y).
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LHS of (E.1b)

The first partial derivative of (E.2) with respect to ¢ is the following:
ur=f'(t)6 (x —t—a) — f(t)'(x —t —a)
+H' [—(x—t—a)]s(x,t) + H[—(x —t —a)]st(x,t)
The second partial derivative of (E.2) with respect to t is the following;:

up = f'(H)6(x —t—a) —2f ()6’ (x —t —a) + f(t)§" (x —t —a)
+H'[—(x—t—a)]s(x, t) +2H'[—(x —t —a)]ss(x,t) + H[—(x — t — a)]su(x,t)

2" ()0 (x —t —a) + f(£)8" (x — t — a)

= f"(t)o(x —t —a) -
+ & [—(x—t—a)]s(x,t) +25[—(x —t —a)|s;(x,t) + H[—(x — t — a)]su(x,t)
)]

= [f"(t) +2s¢(x, 1) 6(x —t —a) + [=2f'(t) —s(x, )] 6 (x —t — a)

+ f(t)8"(x —t —a) + H(a+t — x)su(x, t)

Finally, we multiply uy by {(x).

C()up = [C(x)f" (1) +20(x)se(x,t)] O(x — t —a)
(<28 f(8) — C)s(x,1)] 8/ (x — = a) + L) F(1)6" (x — t —a)
+ Z(x)sy(x, t)H(a+t — x)

RHS of (E.1b)

The first partial derivative of (E.2) with respect to x is the following:

uy = f(t)d'(x —t—a) — H'[—(x —t —a)]s(x,t) + H[—(x —t — a)]sx(x, t)
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Before we take the second partial derivative of (E.2) with respect to x, unlike with respect

to f, we multiply u, by {(x).

G(x)ux = f(£)0(x)8" (x —t —a) = {(x)H'[—(x — t — a)]s(x, )
+ (x)H[—(x —t —a)]sx(x,t)

Finally, the second partial derivative of (E.2) with respect to x, which now also involves

{(x), is the following:

(Cux)x = f()[T(x)0"(x =t —a) + £ (x)8" (x — t — )]

— [ H [~ (x =t —a)]s(x,t) = Z(x)H" [~ (x — t —a)]s(x, 1)

+ () H [ (x =t —a)]sx(x, )] + ' (x) H[ = (x — t — a)]sx(x, 1)

— L) H'[=(x — t = a)sx(x,£) + () H[~ (x — t — a)]sxx(x, )

= f(OT (x)0"(x —t —a) + f()L(x)d" (x — t —a)

—['(x)o(x —t —a)s(x,t) + L(x)0"(x — t —a)s(x, ) + (x)d(x — £ — a)sx(x, t)]

+ () H(a+t — x)s(x,t) = L(x)0(x — t —a)sx(x, £) + L(x)H(a + t — X)sxx(x, 1)
= f(O)T(x)0"(x =t —a) + f()Z(x)0"(x — t — a)
(x)s(x, )6(x — t —a) = L(x)s(x, £)8"(x — t — a) = L (x)sx(x,£)d(x — t —a)
(¥)sx(x, t)H(a +t —x) = {(x)sx(x, )6 (x —t —a) + T(x)H(a +t = x)sxx(x, £)
g'(x)s(x,t) — 20 (x)sx(x, £)]0(x — t —a)
+[f(OF(x) = C(x)s(x, 1)]6"(x =t —a) + f()Z(x)0" (x — t — a)

+ [0 (x)sx(x,t) + L(x)sxx(x, )| H(a + t — x)

/

_|_

—¢
gl
= [
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The Four Equations

We have the following four equations from the four coefficients:

S f"(8) +20(x)se(x, ) = = (x)s(x, £) — 22 (x)sx(x, t) (E.3a)
—20(x)f'(t) = C(x)s(x, 1) = f(O)T'(x) = {(x)s(x, t) (E.3b)
C()f(H) = fF(HE(x) (E.30)

g'(x)sx(x, 1) + L (x)sxx (x, ) = Z(x)su(x, 1) (E.3d)

From (E.3b), because ¢'(x —t —a) = 0if x # t+ a, (E3b) only exists if and only if

x —t —a = 0. Thus, we have the following;:

“2f/ () (x) = §(0)s(x, 1) = FOT(x) = (0)s(x,)
~2f(H3(x) = F(HT'(x)
L 7w
6~ )
S0 Tatd)
76~ Gla+
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By a change of variable of t to s and integrating both sides with respect to s, which is

within the interval [0, ], we can find f(t).

PGy tats)
2 = || Tats) ®

_21nf(s)‘; (a+s)‘t
ROt
" F0) ¢(a)
IONS ¢(a)
"0 " gty
¢(a)

HOR O

Since the initial amplitude of the Dirac impulse for our numerical experimentsis f(0) = 1,

the formula simplifies to (3.8) where f(t) = using.

FE1 MATLAB’s myplot Function

function myplot(discontinuities, varargin)

%Same as plot(), except that first argument is a list of
Jhdiscontinuities. No line joining across these discontinuities will
iappear in the plot

9% %

if nargin < 3 || “isnumeric(varargin{2})
varargin = [{1:length(varargin{1})}, varargin];
end

= [-inf;discontinuities(:);inf];
intervals = [d(l:end-1), d(2:end)];
N = length(intervals);
idx = find(diff (cellfun(@isnumeric, varargin)) == 0);
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M = length(idx);

for i = 1:N
args = varargin;
for j = idx

xdata = args{j};
cut = xdata <= intervals(i,1) | xdata >= intervals(i,2);
args{j}(cut) = nan;
args{j+1}(cut) = nan;
end
plot(args{:}); hold on
end

hold off

G.1 Running Time of the Code in Appendix D.1.2

It is possible to estimate the computation time to run the echoes-to-impedance transform
for a Dirac source wavelet propagating through a smooth impedance profile. From Table
5.13b, it seems to increase exponentially as n' doubles. By using a log-log scatter plot
and finding a equation for the line of best fit, the equation can calculate an approximate
computational time to run the code. The equation is useful for devices that can only run
up to a maximum number of n points, which is n = 16000 for the device used for this
thesis. Fig. G.1 displays the log-log scatter plot along with its line of best fit and equation,
which is (G.4).

InT = 2.1987Inn — 17.3108 (G4)

1 Note that 7 is the number of spatial grid points, but the inverse scattering algorithm works with the
number of temporal grid points, t, which is twice as many as n.
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Running Time Vs. Number of Measured Data Points

10? ‘
InT = 2.19871nn — 17.3108 (1600062951 4
. l
10 ®(8000,9.8994)
o)
@
@2
= (4000,2.3462)
10% ¢ ]
(2000,0.5171)
107" ' ‘
103 10*
n
FIGURE G.1

For example, (G.5) calculates the computational time for the echoes-to-impedance trans-

form if n = 32000.

InT = 2.19871n 32000 — 17.3108
= 5.4974 (G.5)

T = 244.0554s
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algorithm, 4, 36, 55 51,125,126

inverse scattering, 3, 9, 36-39, 44, 50, Dirac

51, 54-56, 123-126 with noise, 57-59, 61-63, 123

downsampling, 9, 45, 55, 123
Born approximation, 3, 7, 8, 39, 40,

Dirac, 55, 57, 59
52-54,57,59, 61-63, 123, 124
Gaussian, 57, 58, 60, 62
echoes-to-impedance transform, 3,
Ricker, 57, 59, 60, 62
8-10, 44-47, 51-56, 58, 59, 61, 63, )
Gaussian

123,124,126
without noise, 57-60, 62

refined impedance transform, 3, 7,
non-preprocessed, 8

8,40, 41, 52-54, 57-59, 61, 63, 124
preprocessed, 7

refined impedance trnasform, 50 with noise, 51, 54
scattering-based, 3, 6,7, 9, 10, 21-23, without noise, 39, 51, 54
26, 35, 36, 39, 46, 52, 53, 55, 56, disjoint components, 33, 39
123,125,126

impedance, 8, 12
modified, 31-34, 51 acoustic, 1,4, 8, 12, 14, 15, 125, 126
original, 31, 32 actual, 5, 20, 23, 52, 54
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discontinuous, 3, 4 transmission, 20, 22
approximated, 3, 4, 8, 20 transmittivity, 20
medium, 11 wave, 3, 53
general, 2,4, 8, 15 acoustic, 3,4, 11, 15
layered, 1-3, 8, 10-12, 15, 18, 20, 22, equation, 1-4, 8,9, 12,125, 126
123,125, 126 field, 4, 9, 10, 20, 22, 23, 25, 26, 31-35

regular, 25, 26, 31, 32, 39
noise, 9, 51, 54, 123, 124 singular, 25, 31-35, 39
reflection, 15, 20 propagation, 4,9, 12, 20, 22, 36, 53,

Green’s function, 38, 39, 42, 4446, 56-60, 62

14 speed, 2, 3, 8

let, 18, 20, 54, 56-60, 62
reflectivity, 20-22, 25, 39, 46, 47, 49 wavele

D hies, 1
relative error, 9, 35, 50, 51, 54, 123, 124 aubechies, 18

. source, 4, 5,7-10, 18, 21, 22, 36, 37,
Dirac, 57, 59, 61, 62, 123

. 39, 52-54
Gaussian, 57-60, 62

deconvolution, 7, 8, 39, 44

scattering, 4 Dirac, 3, 4, 18, 24-26, 31, 51, 55,
Dirac, 57, 59, 61, 62 123-125
Gaussian, 57-60, 62 distributional, 3
inverse, 4, 40, 51, 54, 124 Gaussian, 18, 23, 124
Dirac, 54, 57-59, 61-63 regular, 5,22, 23,25, 52, 53, 124
Gaussian, 57-60, 62 Ricker, 23

single, 7, 8, 39, 40, 124 singular, 5,7, 9, 18, 22, 24, 36, 39, 53
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