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Example: y2 +x% =25
> We cannot write y as an explicit function of x, yet the value of y depends

on the value of x.
» The above expression defines y implicitly as a function of x
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Implicit Differentiation

1. Recognize that the value of y depends on
the value of x. v £ 0e)
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Implicit Differentiation
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y2+x2:25

. Recognize that the value of y depends on

the value of x.

. Take the derivative with respect to (w.r.t.)

x of both sides of the expression while
applying the Chain Rule to y.

. Re-arrange the expression to isolate/solve

\

for the derivative. y

3
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1. Example 1: x? 4+ y? =25
a) Use implicit differentiation to find the slope when

xX=3.y ==4

b) IIIustrate the slope with a tangent line on at

= onagraph
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2. Example@

= |
Find the derivative, y’ usi thl' licit
a) Fin e derivative, y’ using implici

differentiation: <j—§)
—
b) Compute the slope wher{ x, = 6.)
c) lllustrate on a diagram.

@ Iry =\>
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Summary of Implicit Differentiation

licit function of x,
let y = f(x).
pply €rivative operator to both sides of the
expression.

3) Re-arrange the expression to isolate and solve for the
derivative, f’(x).

4) Replace f'(x) =y’ y - .@(_)o\

Steps 1 and 4 are optional. Either do both steps 1 and 4 or

do neither.
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Graph created using Desmos.com/calculator

3. Example: y3 +3x%y =13 x =% }’3-(-'3(_’).)\}1 =\3
D) Compatey when =D Y*' yTruny =3
3
® %}i Ly's 3 = %‘ \3 O) Yy =13
S A | A Y W - 1\ R
N =

-

2yy # Ery + Zy'x" =D Y =


Desmos.com/calculator
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4. Example: y7 —3x = Ax?

Suppose A is a constant, and y is an implicit function of x.
Find the derivative of y w.r.t x.

* - A ~
& (rToax)=f ke
6 —
Ty % -3 = XAX%
?_(/Gy‘ - LA +3

y' = 2LAhx &3
Ea
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Fin(@Leibnitz notation: dy/dx) using implicit
differentiation: (2xy = 36, A A
A) dy/dx= 0 "L, Y 2 1o 36

vow; Aysiie =
C) dy/dx = ¥ + & ~- o
R A -
D) dy/dx = - = Ay -
Y A — ’%‘
E) dy/dxz—%
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5. Example: 2W —2v=w
Find w’ ( dw/dv) using |mpI|C|t differentiation:
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Utility in a Two-Period Model

Consumers enjoy utility which they receive from
consumption today (¢1) and consumption in the future

(c2)-
u(cl) —|—ﬁu(62) =U

Consumers are impatient — they want consumption
now rather than later. This is captured by f:
If you reduce c1, you save more and ¢, rises.

So, we can say that ¢ is an implicit function of ¢;.



Ut|||ty in a Two-Period Model

How much does ¢, change if we change ¢; by a (very)
V < (Y -
small amount? 0 B - imp fiense

u(cr) + Bu(cx) = U Oy 9funation

A (U () & P uicp\w g = Consdont-
If the consumer were to decrease
U (.Cn\(ﬁ 4 @LL (c,A = 0O c¢1 by some small amount, how
3\ 2 much more ¢2 would they need to
ﬁ u\.(g \ L \N(C".) be just as happy?
\ i eppre 53
Aew - _ wlen st e
3:C| B L’: (,C ).B iot‘__otu:( ‘53

'M eﬁ Lrom o« (F Hle v—rrn Lotore

consuiphev in
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Text Box
If the consumer were to decrease c1 by some small amount, how much more c2 would they need to be just as happy?
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Utility in a Two-Period Model

» The marginal rate of substitution (MRS) is
how much additional ¢, the consumer
needs to be indifferent towards giving up

some cj.

» The MRS is the slope of an indifference

curve.

> In general,

Indifference Curve

254

20+
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Second Implicit derivative J\ P a é_ _
s> = & )

ikuy) = %\o Ay v xy') = "14_}’_

Fsk iRt YT 2 - F € 1=

derw ahive

N - -~
J\ ‘b-xy‘ - é;_ (‘__17\ 7&}/ - g—k%}
‘& A% - D_,X ‘Seaz&. 1."1:“-2‘0","
The second implicit derivative tells us = D
whether the first implicit derivative is ><
increasing or decreasing.
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Text Box
The second implicit derivative tells us whether the first implicit derivative is increasing or decreasing.
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Second Implicit derivative
o o X ryTmas
Find the second implicit derivative, y”,
and simplify so that only y, x and any
constants appear on the right-hand side
of your equation.
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L)

A v
Second Implicit derivative S« V=)
x24y? =25 ST/ L+ry+yyteo

Find the second implicit derivative, y”, Replece §' = - 7«/},

and simplify so that only y, x and any <\ 0

constants appear on the right-hand side 1+t \1‘7‘3 o= ‘/LXJ =0
21

of your equation.
o\. X &—y") ka
Tty =
Y/

%“(H*/y‘-m)
1L+yy+/y =0
y = - ()
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A Function within an Expression

Example 1: 4g(x) +y3 =2
Find y’. Note that g(x) is a function.
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Approximating Change With the Derivative
y =f(x)

» Find the derivative: d—y - '
I Tdx T Y
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Approximating Change With the Derivative

y="f(x)
» Find the derivative: d—y
dx
dy
2 = Ff

a\ - .
A > € )
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Approximating Change With the Derivative

y="f(x)
» Find the derivative: d—y
dx

- =)
» dy = f/(x)dx %@ﬂ > £ U‘-\L‘,}\*‘
&*-_._ Changr i~ A
Ly= appro K nale Cronge
'u\y
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Approximating Change With the Derivative

y = f(x)

Y
» Find the derivative: dy
dx
dy
g dX_f(X) U\ Ao +|——1—\
» dy = f/(x)dx -
> where dx is the change in x, f/(x)dx
is the approximate change in y. . Y
W pre Xrwadd.
> M Faln-x) ™
= £k A0 1)) = £lx)

slope
< f

by _Q.\.X '\'b\)‘-’\"&*\
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Example 1: Bond Prices and Interest Rate Risk

» Stocks reward investors with dividends.
> However, Bonds promise to pay a fixed amount.

» Fixed amounts make bond prices vulnerable to
unexpected price inflation and changes in market
interest rates more generally.

» Duration is a useful way to measure the sensitivity
of a bond to a change in market interest rates. ?

?Market interest rates are (partially) set by central banks like t%
Bank of Canada or U.S. Federal Reserve.
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Example 1: Bond Prices and Interest Rate Risk

> Let's consider a zero-coupon bond: rvim
™ pre paynoé\‘
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Example 1: Bond Prices and Interest Rate Risk

> Let's consider a zero-coupon bond:

> pays a lump sum face value, F, in
t years.

P\k-v\‘d r;\'y o Yo -&-6 - M..Jrurﬂ'\/
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feledive

. . ~
Example 1: Bond Prices and Interest Rate Risk < "‘d,\.:.i_g
: : A&/dr
> Let's consider a zero-coupon bond: ;—?,———
> pays a lump sum face value, F, in ";-,i':_* re Fc:rt(—tﬁ
t years. & = £
> can be bought and sold today at e= Fe™ ﬂu.-~+-'-«
price, P. sefie _tFS b
> is affected by a market interest ¢ = ),ze;p*: = -t
rate, r, which is continuously
compounded. CD re = \L GBond FE:L
‘@ > & = T Boeh pric
a) Find the Tetativetaie of change @ TLc St st c‘\'“"f- re=
in the bond price with respect to fHo prie ot t= Bo~d
the market interest rate, r. M edt or fr 1..',.,__

(Interpret your result)) Ao "\"“‘1""7
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Example 1: Bond Prices and Interest Rate Risk

37¢
P=Fe " A = &

> b) Use your answer in part a Q‘—%ﬁ)«* = —LAr
Ay

to approximate the relative

rate of change in the price of
bond if the market interest @
rate increases by 1 percent. P

» c) Use your answer in part a to 2D.0\ = o‘,P -
approximate the relative rate LP \=) P t(-b 0 q
of change in the price of bond 2-bD.o\t
if the market interest rate ©Ar_=—°'°\ AP
decreases by 1 percent. -Ta—:-. - L—O.o \\

= 0.0\t
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Example 1: Bond Prices and Interest Rate Risk

-t
. , @ P=F"
Consider a bond that will pay

P -
$1,000 in 10 years with a market € 5o = \DOD €

| ———— — 0 --‘-
interest rate on_A). = \0dd &

d) Calculate the bond price, P. @ ,, = Q9,33

e) Calculate the actual relative@ oy — ¢
rate of change in the bond - e

?-o-s = laed c:-.h!(lﬂ\

price if the market rate f.on .03 T F%o.1X
increases 1 percent. Q?-‘\O.*ZL- 3R, :}..3) /g\ 1.33=—0.045
f) Calculate the actual relative or —‘\.S'/-

rate of change in the bond
price if the market rate
decreases 1 percent.

g) How do your answers compare
with your answers in parts a,b?
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-.o\ e
f) Calculate the actual relative P.o(. = ldooe )

rate of change in the bond for = 0%, T4 &6,.-1.? Q.33
price if the market rate

decreases 1 percent. 404.14- 118.33
—~= O0.l6%
g) How do your answers compare 2\ 8. F3 ~/
with your answers in part{@hb? @ 10.§
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Example 1: Bond Prices and Interest Rate Risk
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