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Abstract

The surface fluid flows coupled with porous media flows have many applications in
science and engineering. The mathematical models are the coupled partial differential
equations with interface conditions. It is of importance to develop efficient numerical
methods for modeling and analyzing these interface problems. In the dissertation, we
first investigate the long wave solutions for the surface flows on inclined porous media.
The flows are derived by the Navier-Stokes equations governing the clear flows in the
surface fluids and the nonlinear Forchheimers flow equations are for the porous media
flows in substrates. We derive out a corresponding Orr-Sommerfeld problem by lineariz-
ing the infinitesimal perturbations in the system of coupled equations for analyzing the
long wave solutions of surface flows. Numerical analysis is further developed by using
Chebyshev collocation method to its eigenvalue problems to analyze critical condition
and stable regions of long wave solutions. Secondly, a new mass preserving solution-flux
scheme is proposed for solving parabolic multilayer interface problems. The domain is
divided into staggered meshes for layers. At regular grid points in each subdomain, the
solution-flux scheme is proposed to approximate the equation. The important feature of
the work is that at the irregular grid points, the novel corrected approximate fluxes from
two sides of the interface are proposed by combining with the interface jump conditions,

which ensure the developed solution-flux scheme mass conservative while keeping accu-
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racy. We prove theoretically that our scheme satisfies mass conservation in the discrete
form over the whole domain for the interface equations. Numerical experiments show
mass conservation and convergence orders of our scheme and the application of the heat
propagation in the multilayer media. Thirdly, an efficient conservative pressure-velocity
scheme for coupled free and porous media flow system is proposed. The Stokes equa-
tions are applied in the free low domain and Darcy’s law is used to model the porous
media flow. The system couples the two flows of an incompressible fluid at fluid-porous
media interface via an appropriate set of interface conditions including the Beavers-
Joseph-Saffman condition. Based on the efficient treatments of the interface conditions,
a time-splitting conservative pressure-velocity scheme within a staggered grid framework
is developed to solve primitive variables in the free and porous media flow system. We
prove theoretically that our scheme satisfies mass conservation in discrete form over the
whole domain. Numerical simulations are carried out for two model problems, two real
model problems and a realistic problem. Numerical results show the convergence, mass

conservation and excellent performance of the proposed scheme.
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Chapter 1

Introduction

1.1 Background

The fluid flows overlying porous media have many applications in science and engi-
neering, such as coating, mass transfer process in chemical technology, mass transfer in
different phases such as clear surface and filters, connection within surface water and
soil system, and ground-water flow through fractures [4, 15, 25, 27, 29, 65]. Many other
environmental and biological problems also involve interfaces, such as continuous cast-
ing in the metallurgical industry, the freezing process of perishable food-stuffs in the
food engineering, the magnetic fluid hypothermia treatment of cancer [2, 5, 7, 94]. The
mathematical models describing these processes are coupled interface partial differential
equations, where interface conditions are established to couple the systems along the in-
terfaces. Modeling coupled interface free and porous media flows has recently obtained

increasing interest in both mathematical and numerical points of view due to the impor-



tance of the problems. It is very important to develop highly efficient numerical methods
in modeling and analyzing the free and porous media flow systems with interfaces.

The Newtonian surface fluid flow on an inclined porous media plane is an active
research area due to its inertial instability that appears in the interfacial waves. Waves
are common occurrences in laminar fluid films flowing on porous media surfaces, which
are recognized as instability of uniform films, as well as reported in experimental studies
(See more details, for examples, in [6, 11, 13, 21, 34, 67, 70, 79, 93]). A study based
on the assumption of slow filtration flow due to low permeability was carried out by
Pascal [68], where a slip condition is assumed at fluid-porous medium interface based on
experimental results in Beavers and Joseph’s [8]. Extension studies on one-sided models
were taken for nonlinear effect [79, 82, and non-Newtonian rheology [69], etc.

The long-wave structures resulted from isothermal flows that appear on an inclined
plane (or vertical wall) have attracted many researches since the pioneering experiment
was done by Kapitza and Kapitza [47]. The studies of fluid flows down impermeable
inclined planes were done in Benjamin [10] and Yin [91], where the critical conditions for
the onset of stability were obtained from solutions of the Orr-Sommerfeld equations for
the long-wave solutions of perturbation problems. Gravity-driven flows down inclined
impermeable planes were futher studied on different aspects of the flows, summarized in
the review papers by Kalliadasis et al. [41] and Craster and Matar [20]. Moreover, many
experimental studies have recently been done in linear stability and dynamics of the free
surface waves of a gravity driven flow down in inclined plane to analyze steady-state

and perturbation flows. Trifonov [86] investigated for linear and nonlinear stability in



corrugated incline plane focusing their transformation due to the wall corrugations; and
Dauth and Aksel [22] performed on the evolution of nonlinear traveling free surface wave
over strongly undulated inclines and focused on the impact of the substrates’ shape and
periodicity on the traveling wave.

Efforts on numerical stability have been made for free-surface flows with permeable
substrates. Liu and Liu [61] conducted a linear stability analysis of the surface flow
over porous media where the Darcy’s law governs filtration flow and Beavers-Joseph
condition is considered at the fluid-porous medium interface. Samanta et al. [81] applied
a composite formulation to the whole system under an assumed vertical variation of the
medium. Kandel and Pascal[42] studied on the coupling free surface flow and flow
through filtration where Darcy’s law and Jones’ condition were applied at the fluid-
porous medium interface.

On the other hand, nonlinear Forchheimer’s law [31] along with Brinkman’s law de-
scribes different fluid flows through porous media [39, 53, 67, 72, 73, 87]. It is important
to study the critical conditions for the onset of instability of surface-flow over the porous
media with nonlinear Forchheimer’s law and the long wave solutions of the flows. To our
best knowledge, there is no work on the surface flow coupled by nonlinear Forchheimer’s
porous media flow, where nonlinear Forchheimer’s law describes the porous media flow
through filtration substrates.

Interface partial differential equations (PDEs) are very important in many prob-
lems that involve diffusion processes with interfaces; such as, continuous casting and

contaminant diffusion across interfaces soils. These applications have attracted a lot



of attention from both theoretical and numerical analysts in recent years. The models
are the interface parabolic equations where there are solution-jump conditions and flux-
jump conditions along multiple interfaces of the domains. The solutions to interfaces
problems basically are non-smooth or even discontinuous across the interfaces because
the input data ( such as diffusion coefficients of differential equations, sources terms etc.)
across the interfaces of these problem may be discontinuous or singular in one or several
interfaces in the solution domain.

Numerical methods designed for smooth solutions do not work or work poorly for in-
terface problems. Some finite difference methods have been proposed in the literature for
solving interface problems. For solving elliptic equations with discontinuous coefficients
and singular sources, the immersed interface FD method was proposed in [52] where
a local correction of finite difference on irregular grid points are pursued throughout
the domain by incorporating interface jump conditions. Further improvements of finite
difference methods for interface elliptic equations have been done such as the schemes
based on fictitious-domain in [95] and a scheme preserving discrete maximum princi-
ple in [57]. Papers [30, 63] introduced the Ghost-Fluid method for solving a two-phase
problem with interfaces and solving the elliptic equations in the presence of interfaces
respectively, where the fictitious values (ghost values) on the grid points on the other side
of the interface (ghost points) are found by an extrapolation. [89] proposed a jump con-
dition capturing finite difference method for elliptic interface problems. The immersed
interface method has also achieved a tremendous success in solving parabolic interface

problems [56]. The finite difference schemes for solving parabolic interface problems



have been developed in [35, 45, 54, 94]. It is more important to solve efficiently in a
large linear system at each time step in implicit time stepping for parabolic interfaces
problems. [54, 60, 94] offered different approaches especially by reducing a multidimen-
sional system to set of independent one dimensional systems in finite difference schemes
without considering interface conditions. The papers developed tensor-product decom-
position of jump conditions which decouples 2D jump conditions into 1D ones as spirit
of splitting method. Then these 1D conditions are applied into the matched interface
and boundary (MIB) scheme [36] in the matched ADI schemes.

However, these previous schemes do not satisfy mass conservation for the interface
problems. Without interfaces, recently some of work has been done by combining the op-
erator splitting technique and the solution-flux coupled scheme on staggered meshes. The
papers [23, 96, 97, 98] proposed the mass conservation domain decomposition methods
for parabolic equations and convection- diffusion equations with constant and variables
diffusion coefficients. On the other hand, recent flourish in research activity has been
focused on analytical and numerical methods for solving multi-layer diffusion problems
[17, 24, 33, 46, 59, 62, 64, 76]. But, there is no work on mass-preserving schemes to time-
dependent diffusion equations with multi-layers. To develop the mass-preserving finite
difference numerical schemes is of great importance for solving the problems with inter-
faces. It is a challenging task to develop the mass-preserving finite difference schemes
for the parabolic multi-layer equations with jump conditions at interfaces.

The fluid transport phenomena across the interface between free flow region and

porous media are exhibited in many applications. Stokes-Darcy model has been ex-



tensively studied in the recent years due to its wide range of natural problems and
industrial settings such as overland flow interactions with groundwater aquifers, filtra-
tion processes, flow in veggy porous media. When dealing with numerical methods to
solve 2D free flow, projection method was introduced years ago by Chorin [18] and
independently by Temam [85] as a way of computing efficiently the solutions of incom-
pressible Navier-Stokes equations (NSE). Over the years projection method has played
a dominant role in the computation of viscous incompressible flows based on the prim-
itive variable formulation. It is getting increasingly popular in applications to viscous
incompressible flows at low to moderate Reynolds number. With periodic boundary con-
ditions, the performance of the projection method is well-understood from the work of
Chorin [19]. The most well-known primitive variables projection methods are works by
9, 48] in Navier-Stokes equations. Some projection methods in Navier-Stokes or Stokes
are presented in [1, 14, 84, 92]. Projection method was based on the following philoso-
phy: In incompressible flows, pressure does not carry any thermodynamic meaning and
is present only as a Lagrange multiplier for the incompressibility constraint [19].

In the free flow region, Stokes equations are used to describe momentum conservation
while Darcy’s law is applied as an approximation conservation of momentum equation
in the porous medium [77]. The coupling between free flow and porous medium domains
can be done through the sharp interface approach by setting a suitable set of interface
conditions at boundary between the flow domain [26, 66, 75, 88] or by taking a transition
zone between two flow regions and developing a transition region model [37]. At the

sharp interface, the Beavers-Joseph velocity jump condition [8] is a common practice



to couple the two different flow domains, in conjunction with restrictions that arise
due to mass conservation and balance of normal forces across the interface.The Beaver-
Joseph condition establishes the connection between the free flow velocity and the porous
medium velocity tangent to the interface, and it is an additional condition to couple
equations of different orders. [80] proposed a modification of the Beaver-Joseph- Saffman
condition that contains only variables in the free flow region, since the porous medium
velocity is much smaller than the free flow velocity, and can thus be neglected.

Several numerical methods have been developed for solving the coupled systems.
Vast majority of study in this area is based on finite element method [50]. A finite
volume method has been studied by [78] and finite difference method has been studied
by [50, 55]. There is significantly less effort in finite difference methods to develop
conservative numerical methods for the free and porous media flow system. The mass
conservation is an important physical law in coupling surface and porous media flows. To
preserve the mass over the whole domain is important for developing numerical methods

to solve the time-dependent coupled system of free and porous media flows.

1.2 Thesis work

Flow processes in a free-fluid region adjacent to a porous medium and interface
partial differential equations occur in many relevant applications. In this thesis, we study
the coupling system of free-fluid and porous medium and interface partial differential

equations to investigate long-wave solutions with small wave-numbers, to develop mass-



preserving solution-flux scheme for multi-layer interface parabolic equations in porous
media and to develop the efficient conservative pressure-velocity scheme for solving the
coupled Stokes-Darcy flows with interface conditions.

In the first part of thesis, consider a model for free surface flow over inclined porous
media with nonlinear flow which is described by Forchheimer’s law [31]. As velocity
increases the transition to nonlinear drag is quite smooth, where the linearity is break-
down and the nonlinear Forchheimer’s law describes the flow [31, 67]. Meanwhile, the
flow behavior in the porous media also depends on grain’s shape and size, not only in
fluid properties. The drag coefficient value is directly related to the form drag coeffi-
cient of a grain or the elementary porous solid material. Thus, the flow regime exhibits
nonlinear velocity affection described by Forchheimer’s law [3, 40, 72]. Two-dimensional
incompressible Newtonian fluid flow with no external force along the surface of a porous
medium is considered. We investigate the long-wave solutions with small wave-numbers
for the gravity-driven surface flows on porous media, where the coupled porous media
flows satisfies Forchheimer’s law. Our focus is to investigate the effects on the long-wave
flow solutions of the surface flows coupled with nonlinear Forchheimer porous flows by
varying parameters’ values underlying on porous media. We consider filtration flows
in the substrates by prescribing a variant of the Beavers-Joseph condition modification
from Jones [38].

To solve the model which depends on the fluid properties, inclination and perme-
ability of porous medium as well as the relation between the discharge quantity and

cross-stream height of free flows, we derive dimensionless system of equations. We intro-



duce the infinitesimal perturbations to study the long-wave solutions where they interact
to equilibrium flows, and then the linearized perturbation equation. We carry out anal-
ysis of the long wave solutions of the surface flows, where base state solutions are first
derived out and the perturbed states for long wave solutions are further analyzed by cor-
responding Orr-Sommerfeld type equations which is an eigenvalue equation describing
the linear two-dimensional modes of disturbance to flow to determine the stability of flow.
The critical condition and stable regions of the long wave solutions are then analyzed
from the eigenvalue problems of the Orr-Sommerfeld type equations using Chebyshev
collocation numerical method. The influences of key parameters cp, Dy, cot 6, K,, ag;
and ¢ on the stability are studied and analyzed focusing on the long wave solutions.
We obtain different neutral stability marginal curves using different sets of parameters.
These curves that identify the transitions shift stable and unstable flow regimes can
provoke crucial flow stabilization. This work has been published in [43].

In the second part of thesis, we focus on numerical solution of multi-interfaces par-
tial differential equations. The mass conservation is an important physical feature of the
flow and heat process. Developing mass-preserving finite difference numerical schemes
is important and challenging for solving interface parabolic equations. In this part, we
develop a new mass-preserving solution-flux finite difference scheme for solving time-
dependent multi-layer problems where there are solution-jump conditions and flux-jump
conditions along interfaces. In the construction of scheme, the domain is divided into
staggered meshes for layers. The operator splitting technique is first applied to solve the

problems. The solution and flux scheme is proposed to solve it at regular grid points in



each layer or subdomain. However, due to the interface jump conditions, it is challenging
to define the approximate fluxes at the irregular points next to interfaces for satisfying
mass conservation for the scheme across the interfaces. We propose novel corrected ap-
proximate fluxes from two sides of the interface (as “4+” and “—”) the irregular points
next to interfaces by combining with the interface conditions at interfaces, which en-
sure the developed solution-flux scheme mass conservative while keeping accuracy. The
resulting linear system of equations gives a sequence of tri-diagonal systems where the
correction terms are approximated explicitly with given jump conditions.

We prove the proposed schemes to satisfy conservation of mass in the discrete form for
1D and 2D parabolic interface equations with multi-layers. Numerical experiments are
given for both 1D problems and 2D problems to show mass conservation and convergence
orders of our proposed schemes in time and space step sizes. We also compute the real
applications of the diffusion process with large difference piecewise diffusion coefficients
and the heat propagation in the multi-layer media. Numerical results show the excellent
performance of our scheme. This work has been published in [44].

In the third part of thesis, we consider two dimensional flow system of interest which
includes two flow models coupled of the surface flow and porous medium flow, and the
interface conditions at the fluid-porous interface as well as boundary conditions. The
main objective of this work is to develop an efficient and mass conservative numerical
scheme in computation of coupled Stokes-Darcy flows with interface conditions in sharp
interface including the Beaveres-Joseph-Saffman condition. Since velocities and pres-

sures are primary variables in flows, the whole coupled Stokes-Darcy domain is partition
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into staggered meshes where free flow velocities, Darcy velocities and pressures in both
regions are approximated within staggered grid framework [83].

Based on the projection techniques in free flow, and proposing the efficient treat-
ment of interface conditions, we construct a time-splitting discretization scheme for the
system. Further, applying the staggered finite difference operators, we develop a new
conservative pressure-velocity scheme for the coupled free and porous media flow sys-
tem. The important features of the developed scheme are that it is mass conservative
and it is decoupled in computation. We theoretically prove that the scheme satisfies
mass conservation over the whole domain of free flow and porous media flow. Two
model problems for numerical experiments are first given to show mass conservation
and the convergence of proposed algorithm in time and space sizes. Then, we solve by
using our scheme two famous problems in fluid flow lid driven cavity and inflow-outflow
to show mass conservation and the reliability of computation. Finally, we compute a
realistic problem in inflow-outflow setting where porous media has two layers besides of
the intersection of free flow and porous media flow. Numerical results show numerically

our proposed scheme performs excellently.
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Chapter 2

The long wave fluid flows on
inclined porous media with

nonlinear Forchheimer’s law

2.1 Introduction

Long-wave fluid flows that appear on inclined planes have been studied in [10, 20, 41,
86, 91], since the pioneering experiment was done [47]. Efforts on stability of long-waves
have been made for free flow with permeable substrate where Darcy’s law was applied
[42, 61, 81]. The Darcy’s law is linear in the seepage velocity which describes the flow
under the Reynolds number of the flow based on the a typical pore is smaller than
order unity. As velocity in porous media increases, the problem becomes nonlinear and
the flow in the pores is still laminar. Thus the flow regime exhibits nonlinear velocity
affection described by Forchheimer’s law [31, 39, 67, 72]. It is important to study such
kind of flow system and to our best knowledge, there is no work on the surface flow

coupled by nonlinear Forchheimer’s porous media flow, where nonlinear Forchheimer’s

12



law describes the porous media flow through filtration substrates.

Therefore, in this chapter, we investigate long wave fluid flow down a porous incline
where the porous media flow is described by Forchheimer’s law. We consider a model of
two-dimensional incompressible Newtonian fluid flow for free surface flows over inclined
porous media with nonlinear flow of Forchheimer’s law where no external force along the
surface of a porous medium is taken. In Section 2.2, we set up the governing equation in
a model of the filtration flow in the substrate by nonlinear Forchheimer’s law and couple
it to the surface flow by prescribing a variant of the Beavers-Joseph condition proposed
by Jones [38]. In Section 2.3, we carry out an analysis of the long wave solution of
the full systems by introducing the infinitesimal perturbations to study the long-wave
solutions where they interact to equilibrium flows. Further, base state solutions are first
derived out and the perturbed states for long wave solutions are further analyzed by
corresponding Orr-Sommerfeld type equations. In Section 2.4, we propose to perform the
approximation solution of Orr-Sommerfeld equations by a Chebyshev collocation method
to analyze stability of long-wave in surface flow. In Section 2.5, we numerically study
and analyze the influence of different flow parameters and porous media parameters on
stability of long wave solutions, for which we will numerically analyze critical neutral
stability curve, stable and unstable regions in the domain of Reynolds number and

wavenumber. The conclusion of work is presented in Section 2.6.
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Figure 2.1: Graph of the problem.

2.2 Model of problem

Consider the two-dimensional incompressible Newtonian fluid flow with no external

force along the surface of a porous medium substrate at an angle # with horizontal,
as shown in Fig. 2.1. The fluid has density p, viscosity p and the surface tension -~y
and the porous medium has porosity ¢ and permeability x, that are assumed to remain
constants. We choose (z*, z*) as the coordinates respectively where the coordinate x*-
axis is parallel to the surface of the substrate while the z*—axis is vertical to the surface

of the substrate. Pressures and velocity components are denoted as p*, u*, w* in clear

flow and py, uy, wy in porous media flow. Therefore, a fully developed laminar flow is

driven by gravitation, both in the fluid and the porous media.

The free surface flow over porous media substrate is coupled with porous media flow
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in substrate. We assume a fully saturated porous media flow in porous media slabs.
The porosity ¢ of porous media in our study is between 0.01 — 0.6 [67]. In the case, it
is usually assumed that wetting fluid imbibing into liquid-coated porous media leads to
a contact angle between 30° — 40° where imbibing fluid will freely wet, and meanwhile,

the liquid non-wetted with air leads to a contact angle between 130° — 150° [90, 93].

2.2.1 Governing equations with Forchheimer’s law

The equations of motion for the clear fluid flow in two dimensions in the inclined
plane obtained from the conservation of mass and the conservation of momentum are

given by the Navier-Stokes equations. The z—momentum equation is given by

ou* ou* ou  10p* p (82u* o*u*

- | ==+ = in @ 2.1
ot* Ox* Oz* p Ox* + p \ Ox*? + 82*2) +gsing, (21)

while the z— momentum equation is expressed as

4ot + w = e + 52 (2.2)

ow* ow* ow* _lap*_'_ﬁ Pw*  Puwr\ cosd
ot* ox* 0z* pOoz*  p I ’

where p* is pressure, g is acceleration due to gravity, p is density of the fluid, and pu
is viscosity. The continuity equation can be written as

ou* n ow*
ox*  0z*

= 0. (2.3)

The porous media flow in the substrate is described by nonlinear Forchheimer law
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[31]. As the inertial effects start dominating the flow, it suggests the inclusion of an

inertial nonlinear term of kinematic energy of the fluid to Darcy equation [67]. The

inertial term is expressed as Ap |uj|uy, and the parameter \ is obtained by Ergun [28]

in experiments given as

where k denotes its permeability, and cp dimensionless drag constant (Ergun constant).
Values of permeability x for natural materials vary widely. For examples, typical values,
in terms of the unit m?, are 10~7 — 107 for clean gravel, 10~? — 10~'2 for clean sand,
1071 — 10713 for peat and 10716 — 1072 for unweathered clay [67]. The drag constant
cr might be a constant with a value of approximately 0.55 but later it was found to be
varied with the nature of the porous medium grain’s shape and size and can be as small
as 0.1 ([67, 72]).

For the flow in porous media referred to Forchheimer’s law, the equations can be

expressed as

*

P 8“ ap* noy Cr * * * 1
0 S e, 0

pOwy _ Opy

/’L * Cr * * *
P Y e B up” +wy® — gpcosd, (2:5)

where p; is the intrinsic volume averaged pressure, ¢ is porosity of the porous medium.

For a natural porous medium, porosity ¢ does not normally exceed 0.6 but smaller, i.e,
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we consider ¢ is between 0.01 — 0.6 ([67]).

The continuity equation of the flow in the porous media is given by

ou  ow’
5 T = O (2.6)

Conditions at the free surface of fluid are obtained from the continuity of force
and conservation of mass. The total stress tensor associated with the flow is given by
S = —p*Z + 7 and stress vector acting on surface z* = h*(z*, t*) is then Sn, where 7 is
the unit normal vector. The normal force exerted by the flow on the surface is balanced
by surface tension. This is expressed mathematically as (Sn) -1 = ~C, where 7 is the
surface tension coefficient and C measures the mean curvature of the surface. So, we

have

e, OWN*ur | Ow Ob (Ot Ouw\ | _
P 1+ (gh:)Q ox* ) Ox*  0z¢ Ox* \ 0z 0Ox* )|

v
Oa” , at " =h" (2.7)

(14 (@)7)°

With the assumption that the surface tension is constant, the tangential component of
the force exerted by the flow on the surface must equal zero, and then we have (S7)-t = 0,

where 7 is the unit tangent vector along the surface. It follows that

[ Oh* Ou* On*\?*\ [ou*  ow* L
—4 1— = t =h". (2.
1+ (22)? [ 9z 0z ( (ax* o= Towr )| T M2 (28)
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We assume the effect of evaporation is negligible, and then there is no flux source
of matters into the surface of free flow. Let interface curve be z* = h*(x*,t*), which is
a material line. Thus, the cross-stream component of the fluid velocity at surface must
equal to the material derivative of the height function of the surface, which is expressed
under evaporation is negligible [32, 49] as

Dh*  Oh*  Oh*

= Y=t t 2*=h* 2.9
Dt~ at*'+'ax*u whoat 2 ’ (2.9)

where equation (2.9) is known as kinematic condition at z* = h*(z*, t*).
Noting that the stress acting on the interface of fluid-porous medium at z* = 0 is 099

in the z—direction, the continuity of normal stress is expressed as

* *

= p'+2u—2L at 2 =0, 2.10
oz* Pyt #82* a s ( )

—p* +2u

and the continuity of cross-stream velocity gives that

w'=w,, at z*=0. (2.11)

p’

The slip-velocity condition at a fluid-porous medium interface originally proposed by
Beavers and Joseph [8] stipulates a proportionality between velocity shear and difference
of surface flow velocity and filtration velocity at interface. For our problem, we will

employ the modified version proposed by Jones [38], which replaces velocity shear by
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shear stress, expressed by

(v* —wur), at z*=0, (2.12)

where ap; is Beaver-Joseph parameter, i.e. an empirical quantity which depends on
the pore-space geometry of the porous medium. The experimental study by Beaver and
Joseph [8] indicates that the parameter ap; is positive real number values upto 4.0.

At the bottom of the porous medium substrate, we assume it impermeable and

consequently appropriate boundary condition,

w, =0, at z2"=-—-d, (2.13)

where d* > 0 is the thickness of the porous medium substrate.

2.2.2 Dimensionless equations

The solution of our model depends on the fluid properties, inclination and perme-
ability of porous medium as well as the relation between the discharge and cross-stream
height of clear flow. We derive out dimensionless equations. We let the dimensionless

discharge quantity ) be prescribed, cross-stream height by employing the Nusselt thick-

1/3
ness H which satisfies H = (p;‘s‘g 9) , and describes the scale of thickness of uniform

surface flow over the porous substrate. Let U and L denote the stream-wise velocity

component and the length scale of the flow respectively. Scaled cross-stream velocity
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component and pressure in surface fluid flow are §U and pU? respectively; where § = %

is the ratio of cross-stream hight scale to stream-wise length scale and ¢ is considered to

be very small, denoted as the small parameter. Meanwhile, the time scale is %

Therefore, we have dimensionless equations of the surface flow

ou Ow

— +—=0 2.14
ox * 0z ’ ( )

Du Ip = ,0%u %
Rc— = —0R,— +6"— + — + 3, 2.15
Dt R R (2.15)
5*R, Dw _ —R. Op + 5332 5i — 3coth, (2.16)

Dt “0z ox? 072 ’

where p is pressure, (u,w) is velocity of surface ﬂow, B denotes the two-dimensional

material derivative and the Reynolds number is defined as R, = %. We will focus on
the study of the long wave solutions of laminar surface flows over inclined porous media
substrates where the inclined angle 6 of the porous media substrates is from 30° — 70°.
The obtained critical stability curves and the stable regions of the long wave solutions
of surface flows fall in the range of Reynolds number R, from 0.8 to 3.2, where the flows

are laminar. See, numerical results in Section 2.5.

At the free surface, z = h(z,t), they satisfy

20 o, (Oh\?0u  dw  Ohdu  ,Ohdw
p = 10 52 oot 50 Ao — =
R, [1 + 52 (%) } v ) 0x = 9z Oz 0z Ox Oz
5°W, 0’h
a 213/2 H2’ (2.17)
1+ (3]
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2
[1—52 <@) ] (@M?a—w) _ 2o ou =0, (2.18)

ox 0z ox 0z Ox
and
oh oh

where W, = ( Refsine)l/ s K, is the Weber number, and K, denotes the Kapitza number
which is a scaled surface tension given by K, = v/(g'/3pv*/?), with  being the surface

tension and v being the kinematic viscosity.

In porous medium, the stream-wise velocity scale U, can be expressed as scale

. 9 2
%&, and pressure P, is scaled in s By scaling, we have dimensionless equa-
1 e
tions of the porous media flow
ou, Ow,
P L7 2.20
or 0z ’ (220)

Dalted 0wy _ Oy

R0 _ Oy o DRy i+ 070 43 221)

and
D2R.63 dw op
5 8_tp = _G_zp — 6%w, — 6°cp D) Rewyy [u2 + 62w? — 35 cot 6, (2.22)
where D, = */FE is Darcy number and cp is drag constant (Ergun constant), which

measure the permeability of the porous medium to fluid filtration.
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At the interface of surface flow and the porous media, z = 0, it hols that

ow ow
§R.p—20°— = p,—2D25* 2L 2.23
p az pp a 82: ) ( )
w = Dw, (2.24)
ou ow apg
—+8— = - D? 2.2
0z + ox D, (u attn): (2:25)
At the bottom of the porous medium substrate, z = —d, it satisfies
w, =0 (2.26)

where d = d*/H is scaled thickness of porous medium by characteristic thickness H of

clear fluid film.

2.3 Analysis of the long-wave solution

2.3.1 Base state solution

We first find stationary and uniform flow solutions in the inclination direction, which
are denoted as h = hg,u = us(2),up = Ups,p = ps(2), Pp = Pps(2) and w = w,, w, =
wp,s. It is clear that wy = 0,w,s = 0. The equilibrium velocities us(z) in surface flow

and u, s in porous media can be obtained from equations of (2.14)-(2.26) as

1+ I+ 128
23 ’

(2.27)

Up = Ups =
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where 8 = cpD3R,, and

3 D,
u=uy(z) = 3hez — =2° +3 hg + ups D2, (2.28)
2 apyg

where the above expression recovers the familiar parabolic profile of the free flow.

The equilibrium pressures, ps(z) and p,,(z), can be obtained as

cot 6
p=ps(2) = 3~ (hs = 2), (2.29)
and
Pp = Pps(z) = 30 cot O(hs — 2), (2.30)

Finally, we derive out the equilibrium thickness hg of the free flow. We prescribe

discharge as a unit, i.e. () = 1, then we have

Q= /0 Cua(2)dz, (2.31)

further from (2.28) and (2.31) we get that

1

hy = ——
67‘1/3OéBJ

(r*® — 12u,, D%, 4+ 36D? — 6D,r'/?), (2.32)

1
where the constant r is 7 = 108 u, D, ap,? + 108 a}; — 216 D, + 12v/3 ap;3/?re with
ro = [4D,%a% jub , — 9 DCapul  + 54 Dy’ apsuy s + 27 ap® — 108 D,”.

Thus, we have the base state solution of h = hy,u = us(2),u, = ups,p = ps(2),
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Pp = Dp,s(2) and w = 0, w, = 0 given by (2.27), (2.28), (2.29), (2.30), (2.32).

2.3.2 Perturbated state for the long wave solution

We study the long wave solutions of perturbed to the equilibrium flows. We impose
perturbations under § (the ratio of cross-stream hight scale to stream-wise length scale)

being very small. Denoting perturbation unknown variables by tildes, we have that

h=hs+n(z,t), u=usz)+a(zzt), w=w(z,z1t),

P = ps(z) +15(337 Z,t), Pp = pp,s(z) +p~p($a Z,t),

Up = Ups + Up(z,2,t), and w,=10,(z,2,1),

where 1, @, W, p, pp, Uy, W, are called the perturbation solutions, which are very small.
Eliminating the quadratic nonlinear terms of perturbation unknown variables, the

linearized perturbation equations can be written in the forms as

ot Ow
ot oun  _Ou, B op ,0%u 0%
R, (E—i_us%_}_w@z) —_5Re%+6 @—f—@, (2.34)
ow ow op 0*w 9*w
2 ow owy) _ 9P 30w ow
(5 Re (8t +usax) ReaZ +5 8$2 +6az27 (235>
and
ou, 0w,
P 4 77P 2.
ox + 0z 0, (2.36)
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D2R,5 04 ;
Dulted 0y _ O 9 i,

6 Ot  Ox
2R653% Opy

2 ~ 2 ~
= ——— — 0w, — 0" Puy Wy,

10) ot 0z
with
3 20000 . O
p—Ecoten—R 5 +5W€@:O, at  z = hy,
du 0w
—37]—1-%—1—5 e =0, at z=h,,
%+u5?:w, t z=h,,
and
ow ow.
s oe2dW 52 0Wp _
OR.p — 20 P » — 2D50 5. at 2z =0,

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

The linear stability analysis consists of presuming and analyzing the existences of

sinusoidal disturbances to base state solution. The velocity field of a base state flow

moves constant along x-axis with a speed and varies along z-axis.

We impose a spatially extended disturbances of long wave solution form (called as

the normal mode form) as
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~

(tp, Wy, Pp) = (Uip(2), Wp(2), Pp(2)) giklz—ct)

A A

where 4(z),w(2), p(2), Uy(2), W,(2), Pp(2) are z- dependent amplitudes of perturbations,
k is a real positive quantity representing the wavenumber of the perturbations, and c is
a complex quantity whose real part is the phase speed of the perturbations while the
imaginary part multiplied by k is temporal growth rate. The pressure distribution on the
surface of free flow is hydrostatic for long wave flows. However, the pressure disturbance
p and p, can be eliminated from linearized perturbation equations, and the z-dependent

velocity disturbance can be written from stream function given by

SO O OY,
2’ ox’ Y 9z P oxr

Further, we introduce the normal modes for stream functions of wave solutions ex-

pressed as

(1, 0,) = (V(2), ¥, (2)) eFE=e),

Using the normal mode of stream functions in equations (2.33)-(2.45), it leads the fol-

lowing Orr-Sommerfeld type equations of stream functions {W¥(z), ¥,(2)} as

D* — [iKR.(us — ¢) + 2K*] D*U + [iK*R.(us — ¢) + iKR.D*u, + K*] U = 0, (2.46)

ReD?
¢

. 2 2 3 RGD?I
1+ 2B8u,s —iKc DV, — K*( 1+ pu,, —iKc v, =0, (2.47)

¢
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where K = ké and D = %, and the boundary conditions at z = h, are

3iK cot + iK3 R, W,
DU — [iK Ro(u, — ¢) + 3K?%] DW 4 20 O ET U =0, (2.48)
Ug — C

D*VU +

+ K*U =0, (2.49)
Ug — C

and the boundary conditions at z = 0 are

cKD?R,

D*U—[iK R.(us — ¢) + 3K>] DU+iK R, Du ¥ = (% —1—2Buy, — 2K2D3> DU,

(2.50)

2 Da 2 2
DU — D2D¥, = —*(D*¥ + K20), (2.51)
apJ
U =DV, (2.52)
and at z = —d,
¥, =0, (2.53)

We solve equation (2.47) using the boundary conditions (2.52), (2.53). We thus

obtain that at the interface z =0

Jd =
DV, = % coth (\/ (dy — ec)d) v, (2.54)
K?*(1+ 3a + 2a? aR K* R.D%K
where = By dy = SR o o T and Ry = S

We can eliminate U, from the equations (2.50), (2.51) by substituting the value of
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DV, from (2.54). Then, we obtain that

D*U — [iKR.(us — ¢) + 3K*| DV + iK R.Du,¥

| (2.55)
2 —
- (% —1— 2By, — 2K2D§) —V(dbgec) coth (\/(d1 - ec)d) v,
and
DU — \/(dy — ec) coth («/(d1 - ec)d) v = P pry 4 g2, (2.56)
apJ

In order to carry out the stability analysis of long-wave solution for a given set of
parameters (R., K,, D,, ¢, apy, d, cot 0, cp), we need to determine the growth rate of
a particular perturbation distinguished by its wavenumber. More specifically, we need
to analyze the corresponding value of c. If J(¢) is negative, the perturbation is damped,
while if §(c) is positive, the perturbation is amplified. Thus, in dealing with the system
given by equations (2.46), (2.48), (2.49), (2.55) and (2.56), ¢ is also an unknown param-
eter. We will determine ¢ by requiring that nontrivial solutions exist for W. Therefore,
equations (2.46), (2.48), (2.49), (2.55) and (2.56) comprise an eigenvalue problem of ¢
to which the characteristic values are required to analyze, which leads to the analysis to

an eigenvalue PDE problem.

Remark 1. The stream-wise direction velocities of our basic steady state solutions,
u = us(z) and u, = u,,, are given by equations (2.27) and (2.28) in porous media flow
and free surface flow respectively under the influence of gravity and porous media, the

speed u = u4(z) in the surface flow varies in the z-direction vertical to the surface of the
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porous media substrate which recovers the parabolic profile of free flow, while the speed
u, = U, is constant in substrate, where cross-stream velocities remain zero (ws; = 0
and wy, = 0). The thickness of the fluid is assumed to vary in space and time. The
wave number of fluid wave on the surface of flow is inversely proportional to its wave
length. We consider long wave perturbation solutions u(z, z,t), w(z, 2, t) and 4,(z, 2, t),
Wy (2, z,t) to base steady solution. The long wave solutions are keeping the same shape
traveling in the k(z — ct) plane with small wavenumber k and wave speed kc. Over
the time, the flows can be perturbed with very small perturbations in z-direction and
travel in the direction of with small wavenumber k, where on the surface of the free
flow, it can be seen as damped or amplified in z-direction, i.e. a long wave flow. In
fact, we take K = ko where k is the wavenumber and ¢ is the small parameter of the
length scale ratio. It points out that 27/ K is the wavelength of the perturbations scaled
with characteristic fluid thickness H which is large traveling wave of fluid on the surface

provided that the value of K is small.

Remark 2. In this study, we analyze the long wave solutions of free surface flows over
inclined porous media substrates, which is subject to an active area of research because
of its inertial stability that appears in the interfacial waves and in many applications
in [6, 11, 13, 21, 34, 67, 70, 79, 93]. When considering non-Newtonain fluid flows,
due to strong nonlinear terms modelled by power-law, it is likely to occur roll waves,
nonlinear turbulence waves or discontinuous waves for non-Newtonain fluid flows. See,

for examples, [6, 69].
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2.4 Numerical method of long-wave stability

In this section, we analyze numerically the long-wave stability of surface flow de-
scribed in Section 2.3. We will use Chebyshev’s numerical method to approximate the
solution of Orr-Sommerfeld equations due to its high accuracy. Chebysyhev approxima-
tion produces a nearly optimal approximation coming close to minimizing the absolute
error and the approximation can be computed more easily. Chebyshev method also ad-
mits a fast efficient implementation and efficient way to solve for a smooth non-periodic
function and it can handles the boundaries condition properly [12]. In more details,
to calculate eigenvalues for the problem of (2.46), (2.48), (2.49), (2.55) and (2.56), we
propose to use a Chebyshev collocation method [12] to solve the problem.

We first transform the domain z € (0, hy) to £ € (—1,1) by employing the transfor-
mation of

Letting ®(&) = ¥(z) and D = £ = %, the derivatives then become DW(z) =
20(¢), DXW(2) = (2)2D20(E), DYU(:) = (2P°DB(e) and DU(2) = (2)'DHa(e)
Let Chebyshev polynomial set {T;_1(¢) = cos((j —1) arccos§),j = 1,2,--- , N}, we thus

expand an unknown function ®(¢) in terms of Chebyshev polynomials as

(€)= 3 a;Ty-1(9);

where ai, as, -+ ,ay are unknown coefficients.
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Consequently, the PDE problem of (2.46), (2.48), (2.49), (2.55) and (2.56) reduces

to

N
Z a; (2—?1}41}1(5) - % [iK R.(us — ¢) + 2K?] D*T;_;(€)

+ [iK*R(u, — ¢) + iK R,D?u, + K] 1}-4(5)) —0,(2.57)

and boundary conditions are that at £ =1

N
8 ‘ 3iK cotf + iK3R. WV,
S a (ﬁm}l(l) = [iK Re(us — ¢) + 3K*] DTj1(1) + 1<1>)

T, =0
— Ug — C / ’
(2.58)
al 4 30
> (0 + 2 K)o (259
j=1 s °

2
—D*T;_1(—1) — ™ [iKRe(us — ) + 3K*] DT;_1(—1) +@'KReDuSTj_1(—1))

N .
-3 g, ((% 1 2Bu,, — 2K2D§) —V(dlly_ec) coth (\/(d1 - ec)d> le(—1)>

(2.60)
and
S ay (£DT54(=1) = /d = ec)coth (v/{d = ec)d) Ty (~1))
= S 0 (2 DT (<) + KTy (-1))) (2.61)
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Further we evaluate above equations (2.57) at interior grid points of [—1, 1] by using

grid points

T
i ) .:1727”'7]\[_ .
& COS(N—4) 1 )

This yields to an N x N algebraic system of coefficient vector @ = (ay,as,...,ay)7,

which can be expressed in the matrix form
La = cMa, (2.62)

where L and M are N x N matrices and ¢ remains as parameter. Eigenvalues of param-
eter ¢ can be numerically solved by Matlab code. In the method, solving the algebraic
eigenvalue system of (2.62) gives N eigenvalue values of ¢. However, the system should
have a single value. To fix this issue, we calculate the eigenvalues of algebraic system for
different values of N and find that for sufficiently large values, as N is increased, only
one eigenvalue remains approximately constant. We select eigenvalue as appropriate

solution for c.

2.5 Numerical results

We numerically study the influence of different flow parameters and porous media
parameters on stability of long wave solutions, for which we will numerically analyze
critical neutral stability curve, stable and unstable regions in the domain of Reynolds

number R, and wavenumber K. The study focus on important parameters such as
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Drag value of flow in porous media, porosity of porous material, permeability of fluid
flow inside the porous medium, porous material structure at the fluid-porous interface,
and slop steepness. Our study is for the surface flow coupled by porous media flow of
Newtonian fluid like pure water. To get the results from the given set of parameters, we
simulate over a wavenumber and compute numerically the temporal growth rate. The
resulting graphs are marginal (neutral) stability curves in R, — K plane, which indicate
relationship of the wavenumber with zero growth rate with the Reynolds number. The
curve divides the R.— K plane into stable and unstable regions corresponding to damped
or amplified infinitesimal perturbations. The onset of stability for the long wave flows
corresponds to the critical Reynolds number curve R, = R, .;+(K), such that for smaller
R, values than the R, ., the wavenumbers have a non-positive growth rate and the long
wave flows are stable, while for larger R, values than R, .., there are wavenumbers with
a positive growth rate indicating the long wave flows as unstable.

In Fig. 2.2, we first present the marginal stability curve of our model with nonlinear
Forchheimer’s law with very small drag constant ¢z and compare it to the one of model
with Darcy’s law [42]. We observe that it is in an excellent agreement for smaller drag
constant ¢z = 1077. Thus, it shows that the Forchheimer’s law with very small cp
corresponds to Darcy’s law in porous medium. Our results of R, .,;; for very small K in
neutral stability curves are validated by analytical analyzed in [91]. Tt also confirms that
the marginal stability curves of our nonlinear Forchheimer’s law model is consistent- for
very small drag constant c¢z- to the one modelling with Darcy’s law [42].

The drag constant cg in nonlinear Forchheimer’s law is a major influencing parameter
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Figure 2.2: Comparison between the Forchheimer’s law (with cg = 1077) and Darcy law
with cot0 =1,d=1,¢=0.01,ap; =2,D, = 0.3, K, = 100.
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Figure 2.3: Effect of stability of long wave flows for different drag constant cp with
cotd =1,d=3,6=0.1,ap; = 1,D, = 0.35, K, = 100.
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in the stability of the long-wave solutions of free flows. To characterize the effects of the
drag constant, we fix parameterscot = 1,d =3,¢ =0.1,ag; =1, D, = 0.35, K, = 100.
Fig. 2.3 presents the marginal stability curves for various drag constant cg; it can be
clearly seen that with larger cg, the long wave flow is more unstable than with smaller
cr. Letting R, be the intercept value of marginal curve R, = R, iy With R.-axis where
wavenumber value is as small as K — 0, we interestingly notice that, for very small cp,
value R, i is smaller than R, , i.e. as cp increases, the difference between R, ..; and
R, decreases. The critical stability curves R, = R, . and the stable regions of long
wave solutions of surface flows are obtained accurately by model of nonlinear Forch-

heimer’s law with various drag constant cp.
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Figure 2.4: Effect of stability of long wave flows for different values of D, with cot 8 =
1,d=3,0=0.01,ap; =2, K, =100, cp = 0.55.
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Permeability D, (Darcy number) underlying in porous media plays an important
role in determining the stability on the long wave surface flows. To observe effect of
the permeability on the long-wave stability, we fix cotf = 1,d = 3,¢ = 0.1, ap; =
l,crp = 0.55, K, = 100. In Fig. 2.4, the marginal curves for different permeability
D, = 0.10,0.25,0.40 and 0.60 are presented and observed that the bigger the perme-
ability D,, more stable in long wave flow ; but higher permeability has higher difference
in Recrie and Rep. Thus, it tells us that there is more sensitive areas to determine the

stable/unstable condition in application for higher permeability case.

0.16 ; : ;
014 7
| R coté=075| |
et ’ coté=1.00
— — —cotd=1.50
01T coté=2.00]
¥ 008
Unstable
0.06 [ i
0.04
0.02 [ .
o . . i
0.8 1 12 14 16 18 2 22 24 26 28

Re

Figure 2.5: Effect of stability of long wave flows for different values of cot § with K, =
100,d =1, =0.01,ap; =1,D, = 0.4,crp = 0.5.

The marginal stability curves move (shift) from right to left as the cotangent value

of angle 6 increases, i.e. the inclination of porous medium substrate decreases. Fig. 2.5
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Figure 2.6: Effect of stability of long wave flows for different different surface tensions
of K, withcotd =1,d=1,¢=0.01,ag; =1,D, = 0.5, cp = 0.55.

shows that the long wave flow can be stabilized for decreasing inclination. It is observed
that the angle of inclination is also highly influenced factor as expected to stabilize flow.
The marginal stability curves of long wave flows for different surface tension values K,
are shown in Fig. 2.6. The marginal curves have a common intercept with R.-axis.
It shows that the effect of surface tensions on the expression of R, is independent of
surface tensions K, for the large long wave solutions (where the wavenumber value is
as small as K — 0, i.e. K is less than 0.02) and the stability region of large long wave
flows is unchanged as surface tension changes. However, as expected, in cases where
the moderate long wave solution (with a proper small wavenumber K, i.e. K is from
0.02 — 0.15) is stable, the surface tension affects the onset of stability of the flow. It

shows that the moderate long wave flow is more stable as the surface tension increases.
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These are also presented in [28, 38].

In the fluid-porous medium interface condition, the dimensionless Beaver-Joseph
parameter ap; characterizes the structure of the permeability material near the fluid-
porous medium interface. Beaver and Joseph’s work [8] indicated that this parameter
apy should be assigned values between 0.1 and 4. In Fig. 2.7, the marginal stability
curves display different values of ap (= 1,2,3,4). The marginal curves move from right
to left when ap; increases, which means that for smaller Beaver-Joseph constant ap;,
the long wave flows obviously becomes more unstable. On the other hand, effects of

larger value ag; are indistinguishable but it is more sensitive to small ag;.
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Figure 2.7: Effect of stability of long wave flows for different values of ap; with cotf =
1,d=2,¢=0.01, K, =100, D, = 0.3, cp = 0.55.

As it can be seen in Fig. 2.8, varying porosity ¢ of porous medium has a big effect as
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Figure 2.8: Effect of stability of long wave flows for different porosities of ¢ with cot =
1,d=1,K, =100,ap; =2,D, = 0.4, cp = 0.55.

varying K,. Specifically, increasing porosity ¢ stabilizes the flows where the moderate
long wave perturbations are amplified at the onset, and for larger porosity ¢ the flow
becomes more unstable. However, for large long wave solutions (where the wavenumber
value is as small as K — 0) the value R, coincides with R.o. Fig. 2.9 illustrate
the effect of d, the scaled thickness off the porous substrate, on the neutral stability of
long wave. From these results we conclude that increasing the thickness of the substrate
stabilizes the flow in long wave. However, as length of wave of flow (moderate long wave)

decreases, the stability region is unchanged.
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Figure 2.9: Effect of stability of long wave flows for different value of d with cotf =
1,9 =0.01, K, =100, ap; =2, D, = 0.4, cp = 0.55.

2.6 Conclusion

In this work , we derived out a model for free surface flows over inclined porous
media with nonlinear Forchheirmer’s law. We investigated and analyzed the stability of
the long wave solutions of surface flows affected by fluid properties and porous media
parameters; where the infinitesimal perturbations were determined and they would nat-
urally interact with equilibrium steady-state flows. An Orr-Sommerfeld system, from
the linearized governing equations and boundary conditions, is solved numerically to get
critical condition for the stability of long wave flows. The influences of key parameters
cr, Dy, cot0, K,,ag; and ¢ on the stability are studied and analyzed focusing on the
long wave solutions.

We compared our results with Darcy’s law and obtained an excellent agreement with
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our model of nonlinear Forchheirmer’s law with very small drag constant cz. The results
indicated that the threshold critical Reynolds number is larger than analytic solution
(Re,0 = 2 cotf) in an impermeable inclined plane given in [10]. One notable observation
was that the drag constant cp affects the onset of stability and the smaller drag constant
acts to stabilize the long wave flows. We took some ranges of permeability value, higher
permeability and concluded that the effect of substrate permeability acts to stabilize
the flows as increasing permeability; but at the same time it strongly depends on other
parameters such as ¢ , apg;. Similar results can be observed on the effects of inclination
of substrate and Beaver-Josheph parameter, but these parameters affect moving the
critical curve from right to left as increasing their values. Our results showed that
surface tension and substrate porosity have in general a stabilizing influence upon the
moderate long wave flows but there are small effects in large long wave flows.

The important feature of our study is that we obtained results of long wave solutions
of free surface flows over porous media flows modelled by nonlinear Forchheimer’s law.
Our results of critical stability value R, . for very small wavenumber K are validated
by analytical analyzing in [91] and the marginal stability curve of our nonlinear model is
compared- for very small drag constant c¢p- to that of Darcy’s law [42]. With various drag
constant cp, the critical stability curves R. = R, . and the stable regions of long wave
solutions of surface flows are obtained accurately by model of nonlinear Forchheimer’s
law model. In fact, we obtained and analyzed seven sets of characteristic stability
marginal curves and stable and unstable regions based on different fluid properties and

porous media parameters. These curves that identified the transitions shift stable and

41



unstable flow regimes can provoke crucial flow stabilization, which is important in fluid
mechanics and physical and technical applications. By considering the sets of transitions,
we can show a pathway - the long wave surface flows of considered Newtonian fluid
flowing down in filtration inclines evolved when above mentioned system parameters
were changed. The present study and obtained results will provide the guide on how
to tune the stability of long wave flows of the Newtonian fluid flowing over an inclined

coupled bottom filtration in a way which is desired or required.
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Chapter 3

The mass-preserving solution-flux
scheme for multi-layer interface

parabolic equations

3.1 Introduction

Time-dependent partial differential equations are widely used in science and engi-
neering. Mathematical models of diffusion in layered materials arise in many industrial,
environmental, biological and medical applications, such as heat conduction in composite
materials, transport of contamination flow, chemicals and gases in layered porous media,
brain tumor growth, heat conduction through skin, transdermal drug delivery and green-
house gas emissions [16]. Since the physical solution of non-smooth or even discontinuous
across the interface, the standard numerical methods often perform poorly for parabolic
interface problems. Some efforts have been made for solving elliptic interface equations
and parabolic interface equations such as interface FD methods, fictitious-domain meth-

ods and MIB schemes in [30, 35, 45, 52, 54, 60, 63, 94, 95] and numerical methods for
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solving multi-layer diffusion problems in [17, 33, 62, 64, 76]. Mass conservation solu-
tions in such layered problems are important and another challenging work to do. To
resolve this issue, in this chapter, we propose a novel mass-preserving solution-flux fi-
nite difference method for solving time-dependent multi-layer problems where there are
solution-jump conditions and flux-jump conditions along interfaces. The solution and
flux schemes are proposed to solve it at regular grid points in each layer or subdomain
whereas the whole domain is divided into staggered meshes. But , having the interface
jump conditions in each connected layer, it is challenging to define the approximate
fluxes at the irregular points next to interfaces for satisfying mass conservation for the
scheme across the interfaces. We propose novel corrected approximate fluxes from two
sides of the interface (as “+” and “—”) at the irregular points by combining with the
interface conditions at interfaces, which ensure the developed solution-flux scheme mass
conservative while keeping accuracy. We prove the proposed schemes to satisfy conser-
vation of mass in the discrete form for 1D and 2D parabolic interface equations with
multi-layers. Section 3.2 is for 1D problem and Section 3.3 is for 2D problem. In Section
3.4, numerical experiments are given for both 1D problems and 2D problems to show
mass conservation and convergence orders of our proposed schemes in time and space
step sizes. Also, we compute the real applications of the diffusion process with large
difference piecewise diffusion coefficients and the heat propagation in the multi-layer

media. The conclusions and future work are given in Section 3.5.
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3.2 One dimensional multi-point interface parabolic

equation and its solution-flux scheme

Consider one-dimensional parabolic equation with m-interface points

du(z,t) O*u(x,t)
5 = Bk 97 + f(x,t), €Iy, k=0,1,...,m, t € (0,7 (3.1)
where the interface points I'y, k = 1,2,...,m, divide the domain I = [a,b] into m + 1
sub-domains I, Kk =0,1,...,m.

It satisfies the solution-jump and flux-jump conditions

. - aua dur,
[ulr, = uf, —up, = &u(®), Bk, = B = it = wi(t), k=12...,m,
(3.2)
and the Neumann boundary condition and initial condition
Ga(a,t) = ga(t), G2(b,1) = gu(t), t€ (0,7 (3.3)
u(z,0) = up(x), ze€l. (3.4)

Where u(x,t) is the unknown function, gy are diffusion coefficients in different sub-
domains, f(z,t) is a source function, and 7" > 0 is time period. The superscripts “—"

and “+” denote the limiting values of a function from the left side and the right side of

interface point respectively.
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Let the flux

ou

— € 1.
oz TSk

qx = qx(l‘,t) = 5k

Then equation (3.1) can be written as

o _
ot or

f, r €y, k=0,1,...,m.

3.2.1 The mass-preserving solution-flux scheme

(3.6)

In the construction of scheme, for preserving mass, we develop the solution-flux

b—a

scheme on the staggered mesh over subdomains. Let Az = 2% and At = N% be the

Ny

space step size and time step size respectively, N, and N, are non-negative integers.

Define

xH%:a%—iA:c, i=0,1,...,Ny; z;=a+ (i—2)Ax, i=1,2,...,N,.

The time interval (0,77 is discretized uniformly by

tn:nAt, n:O,:l’...,Nt.

R R R T S

r X

Figure 3.1: The staggered mesh of points z; and z; 11

The z,; +1 and z; are nodes for the flux ¢ and the solution u respectively (see Fig.
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3.1). Denote 1} = Bk(AA—;)Q. For grid functions {W;} and {VVH%}, define the space central

difference operators as

On the staggered mesh, we use U" to denote the approximation to solution u}" = u(z;, t")
and fo% to denote the approximation to flux ¢*(z;, 1 t™). The interface point T’ can
be set as x; .1 = I’ for some cases and will be within one mesh element [, , T, +1] for
other cases. A node z; is regular if it is not next to I'y and it is irregular if it is next to
[y.

At all regular points in the interiors of subdomains, we approximate the flux by using
the central difference operator

Q= AU 3.7
where node z; is not next to I'j.

However, at the irregular points z; and z; ., which are next to interfaces I'y, due
to the interface jump conditions, it is very challenging to define the approximation flux
in order to satisfy mass conservation for the scheme across the interfaces while keeping
accuracy. In the following part, we will propose novel corrected approximate fluxes
(3.24)(3.25) below for the irregular points next to interfaces I'.

Let the interface point I'y, located at oy be between z;, and x;, 41, and z;, € I} =
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Iy, Ty)and x;, 41 € I = (I'y, Tky1), where x;, and x;, 11 are called the irregular nodes.
Kt + k kT

By the definition of space central difference for qfk L1 at z 1, we can define from the
2

left side
—x uz_ - uz_
G = Bkz—l—kJrle : (3.8)
and from the right side
Gyt = Bt (39)
Equations (3.8) and (3.9) can be written as
. 1 _ _
G+t T Az [(Brtdsr = Breorug) + (Be-atty oy — Brui i) (3.10)
1
+x - -
Gl = Ag [(Brugy 1 — Brrwy,) + (Br—auz, — Bruit) |- (3.11)

+ — + -
1> Ui 11, Uy, and u; about the point ay, the second

Using Taylor’s expansions of u

terms of the right sides of (3.10)(3.11) can be expressed as

1 _
Ar (kalui;ﬁrl - ﬁkuiﬂ) =

1

- 5 (180l + @ = )Gl + ot = Bl ) +O(Ae%),

1
Ar (5’4—1“2'_;« - ﬁku;:) =
1

- 5 (18, + (o = B, + 3o, - P Bul, ) +O(a?),
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Thus, we can have the following lemma.

Lemma 1. Suppose that the interface point I'y, lies between x;, and x;, 11, locating at

ag, and x;, € Iy_1 , x5, 4+1 € Iy. Then the following approzimations hold

e Pruir — Br—aui, 2
Qi1 = N + (X2)i, + O(Az?) (3.12)
+x Brtip+1 — Br-1u, 2
qik—i-% = Az + (Xa)ip+1 + O(Az7) (3.13)

where

(Xa )iy, = —é ([ﬁu]rk + (Ti 41 — o) [Bug]r, + l(fcz‘kﬂ - ak)z[ﬁum]rk> (3.14)

2
1 1 )

(Xe)ig+1 = =75 | [Bulr, + (2i, — ) [Buta]r, + 5 (s — o) [Buaary ) - (3.15)
Remark 1. If an interface I'y, lies at the midpoint of x;, and x;, 41 t.e. oy = W#,
then the terms (xz)i, and (Xz)i+1 will be

(i = =2 ([Bulr, + 52 [Bualr, + A2 [Busalr, ) (3.16)
(Xa)ip+1 = —ALI ([5“]1} — %[ﬁ%]rk + %[6%&@) . (3.17)

In (3.14)(3.15)(3.16)(3.17), there are three jump terms [Sulr,, [Bus|r, and [Bug.|r,

in the corrections (x.); and (xz)i+1- The jump term [Sulr, at the interface I'y is

k

equivalent to the either Sxgy + (Br — Be—1)up, or Be1¢k + (B — Bk_l)u;rk. [Bulr, can
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then be written as

[Bulr, = 5 ((Br + Bre—1)0k + (B — Br-1)(up, + uf,)) - (3.18)

1
2

The value of ur, is explicitly evaluated by extrapolation Er. (U) using the values U;, o, U, 1
and Uy, . Similarly u’ is explicitly evaluated as Eff (U) by using Uj, 41, Uy, 12 and Uj, 43.

Thus,

((Bi + Bro)r + (B — B (B, (U) + B¢, (U))) . (3.19)

N | —

[ﬁu]rk ~

The jump term [Su,]r, is the second jump condition of (3.2) given as

k

[Buar, = Y. (3.20)

Further, we consider that diffusion coefficients f; in (3.1) are constants. From the first

equation of (3.1), we can have at interface point I';

u, = Bk_lu;x +f, zelp, (3.21)

and

uf = Bt + ff, x el (3.22)
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Subtracting from (3.22) to (3.21) and using first jump condition of (3.2), we obtain that

[6u$$]rk = ¢kt - [f]rk (323)

where the suffix ¢ expresses the time derivative, and [f]r, = f* — f~ at T';.

Therefore, at the irregular points next to interface I'y, where I'y, is located at x = ay,

from (3.19)(3.20)(3.23), we can define the corrected approximate fluxes as that

EkUZ,z—:ll - Bk—lUik+1 + (¥

—zn+l n+1
Qi = < (w5, (3.24)
n+1 n+1
x,n+1 Bk’Ui 1—5k—1Uz’ —\n
Q;; = Dt S + (X)L (3.25)

where the corrections (x. )i, and (xz)i+1 are explicitly defined

k

R = =5 (5084 B + 5 (B — o) (B, (U™) + B, (U7)
(X 11 — ) QH + %(%’Hl - ak)Q(@c?H - [fn+1]rk)>> (3.26)
(i =~ (50 + B + (B — Beo) (B, (U) + B, (U7)
s, = o+ 5 (o, — on (6607 — [7]n,)). (327)

Finally, using (3.7) for regular points and using (3.24) and (3.25) for irregular points

in subdomains, we can propose the mass-preserving solution-flux scheme for the multi-
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points interface parabolic equation as

Uin-i-l Un

. zn+l n+1
At 02 =i

and for regular point z;,

chJrn-i-l 6 (5 Un—i-ll’

and for the irregular points z;, and x; 41 next to interfaces I',

+1 +1

—zntl _ Bk zrxi+1 Br- 1Un n+1

Q2k+7 A:L’ + (Xm)zk Y
+1 +1

+zntl Bl Z-&-l er—le‘Z - \n+l

sz—z Ar + (Xx)ik+1-

i, €ly, k=0,1,...,m,

(3.28)

(3.29)

(3.30)

(3.31)

If the interface I'y is not located at the middle point Tipy ) of x; and z;, 41, ie.

Tip gl # oy, , then at these two irregular points z;, and z;, 41, scheme (3.28) is considered

as
UZZHAt UZ; _5 QI nt1 fn+1 RZCH’ at
Ui s g guott it 4 RO, at
where RZ;LI = —ﬁ(%‘k - ) (¢kn+1 L ey, RZ:Srll = ﬁ(xiwl

—[/" ).

The boundary conditions are provided by

zn+l _ nitl zn+l _ ntl
1 =Yq > QIJF% =9 b
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(3.33)

ar) (gt

(3.34)



and the initial condition is given by

U = Uy(x,), v €Iy, k=0,1,...,m. (3.35)

3.2.2 The Discrete Mass Conservation

We now prove the discrete mass conservation of our solution-flux scheme (3.28)-

(3.35).

Theorem 2. The solution-fluz scheme given in (3.28)-(3.35) satisfies the mass conser-

vation in the discrete form over whole domian, i.e.

N, m N¢—1 Ni—1 Ng
Z Ut Az +) 0> gpt At = Z UPAz+ Y ) [ AxAt
=1 k=1 n=0 1= th X n=0 i=1
+ Z mHL gty AL (3.36)

Proof: If the interfaces I'y, k = 1,2,...,m, are located at z; +1s then multiplying

the first equation of (3.28) by Az and summing ¢ from 1 to N,, we can obtain that

Ne U-n+1 Un il +1
But if there are interfaces I';, [ = 1,2,...m4, that are not located at TipyLs ie.

Tipy 1 # ay, for | = 1,2,...my, then multiplying equation (3.28) together with (3.32)
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(3.33) by Az, summing i from 1 to N, gets to

Nz
Uin+1 Un

~ Z 5,Q"" M A + Z Az + Z i+ Ris)Az (3.38)

i=1
Since, for that x; is the regular point,

zn+l  ~Azntl
o)

507" = @

3.39
A,:C Y ( )
and Q:E L= gntt Qiﬁrl = gy, then we have that
N, m < —z,n+1 Q+x n+1)
Zainx,nJrl Z lk+* Zk+2 Az + ( n+1 gg+1) . (340)
i=1 k=
Using (3.30) (3.31) and (3.26)(3.27), it further holds that
Ny 1 m 1
2 EQ A = ) {w + 5 (@i + @, = 200) (0 = 1) | Aa
( n+l Z+1) ) (341)

If the interface I';, is located at Tip gLy ie., ap = Tip gl then x;, y1 + x;, — 20y, = 0, and

thus (3.41) becomes

N
Z 5fo’n+1AI Z 2/}n+1 n+1 gCTLLJrl) (342)
=1

If there are interfaces I';, [ = 1,2,...my, that are not located at x; +1 Le. x; 41 # qy,
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for [l =1,2,...my, then (3.41) becomes

Ny m mi
X, n 1 n mn
D oGQI AT = =yt =y 5 @irer @ — 2a0) (¢ = [/,
=1 k=1 =1
+ (g —gat). (3.43)

If all interfaces I'y are located at the middle points z; , 1=y, substituting equation
(3.42) into (3.37); Otherwise, substituting equation (3.43) into (3.38), and multiplying
with At and summing n from 0 to N; — 1, we finally get equation (3.36). This ends the

proof.

3.3 Two dimensional multi-layer interface parabolic

equation and its solution-flux scheme

Consider two-dimensional parabolic equation with multi-layer interfaces. Let x = Ty,
k=1,2,...,m, be the interfaces of domain Q) = [a, b] X [c, d], and Q) = (['k, Tx11) X (¢, d),

k=1,2,...,m—1,and Qy = (a,I'1) X (¢,d) and Q,, = (I';,,b) X (¢,d). (see Fig. 3.2)

ou(z,y,t) . (Pulz,yt)  ulz,yt)

(z,y,t) € Q, x (0,T], k=0,1,2,...,m (3.44)
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and the solution-jump interface conditions and the flux-jump interface conditions

[U]Fk = ul—i_k - uljk = ¢k(y7t)a Yy e (Cv d)’ k= ]-a 27 cee, M, (345)

out our
a;k Bt =y t), y € (e,d), k=1,2,....m (3.46)

[5uz]rk = B o

The boundary condition is considered as the Neumann boundary condition

ou(a,y,t) ou(b, y,t)

5 = dalyst), —a == =aly.t),  ye(ed),te(0T] (3.47)
and
%fﬂ T %}f’ﬂ o ha(al),  ze(ab)te(0.T]  (3.48)
and the initial condition is
u(z,y,0) = uo(z,y), (z,y) € Q, (3.49)
where u(x,y,t) is the unknown function of interests, 5, k = 0,1, ..., m, are the diffusion

constant coefficients, and f(z,y,t) is a source term, and 7" > 0 is the time period. The

superscripts “ —” and “+ 7 denote the limiting value of a function from the left side

and the right side of interfaces respectively.
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Figure 3.2: The multi-layer domain

Let the z-flux and the y-flux be

0
q° = 5’“8_3’ (z,y) € (3.50)

ou

then, equation (3.44) can be written as

au(:gty,t) B (Qquaﬁyqy) — ), (o) € k=012, m.  (3.52)

3.3.1 The mass-preserving solution-flux scheme in 2D

We introduce the staggered mesh for u , ¢* and ¢¥Y. Let Az = b];: , Ay = dN—_; and

At = % be the space step sizes and time step size respectively. N,, N, and N; are

non-negative integers.
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Figure 3.3: The staggered grid: o, <, B for the points (4, j), (¢ + %,j), (1,7 + %)

Define,
IH%:a—l—iAI, i=0,1,...,N,, x;=a+(—=)Az, i=12,... N,

: : o1 :
yj+%:C+jAy7 jZO,].,---,Ny, y]:C+(.]_§)Ay7 .]:]-727-‘-7Ny'

The time interval (0,77 is discretized uniformly by
t" = nAt, n=20,1,2,..., N,

The nodes (xi+% . Y5), (24, yj+%) and (x;, y;) are nodes for the fluxes ¢”, ¢¥ and the solu-

: : T __ At Yy __ At : :
tion u respectively. Denote rj = ﬁkm, T, = ﬁkW' For grid functions W ;, VVH%J, Wi,jJr%,
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define the space center difference operators as

Mgy == MWW=
s o W =Wy o Wiy = Wiy
Y i,j—i—% - Ay ) yVVig — Ay .

On the staggered mesh, let U}"; denote the approximation to solution wu;'; = (s, y;,t")

, Q7" to denote the approximation to flux ¢*(x, +%,yj,t”) and Q?’;ﬂrl to the flux
) 2

i+3.]
¢*(zi, Y4 %,t”). The interface x = I'j, is not always at the vertical line of the mesh.
A grid point z; is called a regular point if it is not next to x = I'y and z;,, z;,_, are
called as the irregular points if they are next to x = I'y (see Fig. 3.3).

At the regular points, the central difference operator is applied to approximate the

fluxes. However, at the irregular points, we propose the corrected flux difference opera-

tors.

Lemma 3. Suppose that the interface x = Iy, locating at oy, lies between (z;,,y;) and

Zi11,Yi). Then the following approximations hold
k J

-z B +1,5 — Br—1; J
G, = A St (Xa)ig + O(A2?) (3.53)
x Bru; +1,5 — Br—1; J
Q;JF%J- == S (Xa)ipt1,g + O(A2?) (3.54)
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where

1

(s = =5 (1Bl + (s = @Bl + 5o = B,

J

(g = =5 Pl + (o, = awlBsln, + 5 = awlBundy, ) -

Remark 2. If the interface x =Ty lies at the midpoint of (z;,,y;) and (x;11,Y;), i€

Ty +Tip 41

ap = 3

, then the terms (Xz)ip; and (Xz)i,+1,; will be

1 Ax Az?
(Xa)ing = T Ar ([5“]% + —[Buz]r, + T[ﬁ%ﬁm)j ;

2
1 Ax Ax?
(Xediv+1s = =5 ([ﬁu]rk — 5 [Bualr, + ?[ﬁum]m)j - (3.55)
At the irregular points, the corrected approximate fluxes are defined as that
_@ BrUi415 — Br—1Uiy
Qi ==+ (e (3.56)
@ BrUiw+15 — Be—1Uiy
Q;;Jr%,j = : ij 2L 4 (Xa)ig 1,5 (3.57)
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and the corrections (x)i,; and (Xz)i.+1,; are defined by

(Xies =~ (508 + Ber)us + 556 = Boo) (B, (U5) + B, (U )
i = 0y + 5 (@ — O~ ), (359)

(s =~ (50 Be)ons + 58 — Bi) (B, (U.5) + B, (U,)
(o = arg + 50 — nP0rs — ), (3.59)

where extrapolation Efk(U.,j) is explicitly evaluated by the previous time level values
Ui, -2, Ui,—1 and U;, and extrapolation Ef (U.;) is explicitly evaluated using the previous
time level values U;, 11, U;, 12 and U;, 3.

Thus, based on these notations and with f = f; + fo, for example, fi = fo = 3 f, we
propose the mass-preserving splitting solution-flux scheme for two dimensional multi-

layer interface parabolic equation as:

Stage I:
ULy =Ul - o _ o
’JTJ — 0,0, = fujl, (i, y5) € U (3.60)
t
for the regular points, x;
Qf_;_*%’j = Bk5$Ui*+%,j7 (Ii—f—%?yj) e O (361)
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and for the irregular points x;,, z;, 11, the points next to I'y,

* *

o \n+l1
sz—i—%,j Az + (Xw)ik,j (3.62)
BeU; 11— Bre1U;
+,xk ip+1, ks - \n+1
it = ar Tk (3.63)

When the interface x = I'y, is not located at the middle line of = z;, and z = x;, 41,

le. aj # Tipp s then at the irregular points z;, and z;, 41, (3.60) is defined as

Ui, — Ui - n n
W — 6in1;7j = 1”:]1 -+ RZ]:JI, (l’ik, yj) - Qk (364)
Uz’*Jrl'_Uszrl' X% n n
- ’JAt - 6,Q0 = ful + R, (Tip+1,Y5) € Qi (3.65)
where RZ;LJ-I = —ot (z, — )’ ( Z:; —[f"*""r, ;) and RZTLJ' = 5a7 (Tis1 — o) (¢Z:jl
— ")
Stage II:
U UL
JTtJ - (Sy 757’] = fgi;_l, (.’L‘i,yj) € Qk (366)
e+l
Qz;:% — 5k(5yUZ;:L1%, (€5 Yj41) € U (3.67)
The boundary conditions are provided by
:;;- = gg,;'rla Q?f%,] = glﬁtj17 (xév yj)v (‘Tl—i-%v yj) € 00 (368)
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N3 1 n n 1 n
QZ%JF = hi:—l: Q?Jj__ - hl :’[_la (l’z,y%), (:L‘iv yJ-{-%) 6 aQ (369)

and the initial values are given by

Ui?j = Uo(xi,y;), (i, 9;) € Qg (3.70)

3.3.2 The discrete mass conservation in 2D

We analyze the mass conservation in the discrete form for the two dimensional mass-

preserving solution-flux scheme.

Theorem 4. Scheme (3.60)-(3.70) satisfies mass conservation, i.e.

I Ny n z NU
P NCICVED 'S Z Uit AyAt =3 U ATAy+ (3.71)
i=1 j=1 k=1 s=0 j=1 zlj—l
Ng
> (st awu + 055" 1) + z i3t = 023 Ay ) At
s=0 =1 j=1 i=1
Proof: If nodes (%H%a y;),k=1,2,...,m, are located at the interface x = I'j, then

multiplying by AzAy to equation (3.60) and summing ¢, j from 1 to N,, N,,, we can have

Ny Ny U*. N, Ny N, Ny
SN Ay = S S 80 Ay + 3OS A Ay (3.72)
=1 j=1 i=1 j=1 i=1 j=1

But if there are points Tipy £ I, 1 = 1,2,...,mq, then multiplying by AxzAy to
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equation (3.60) and equations (3.64)(3.65), and summing 7, j from 1 to N, N,, we get

N.. N,
T Yy U* z 7/ z U
D) PEILCIGIVE 30 JIETICIVES ) SI v
=1 j5=1 11]1 =1 j5=1 (373)
1 n
+ IZZ B %H + xi — 2041) (¢zt - [f +1]Fl)j Ay.
Noting that QE = g;”;l and Q";’:l ggjl, we can obtain
2 2
N y m Ny Q—x* _Q—i-z* Ny
S5 w0 Aeay = 303 S oy 4 5 it ) Ay
i=1 j=1 k=1 j=1 J=1
If all node (:viﬁ%,yj), k = 1,2,...,m, are located on the interfaces v = I'y, k =
1,2,...,m , from Lemma 3, we can further have

ZTZM? ArAy =~ ZZwZ Ay+z (gptt — gith) Ay (3.75)
7=1

i=1 7=1 k=1

If there are points Tipy L [ =1,2,...,mq, are not located on interfaces x # I';, | =
1,2,...,mq, then from Lemma 3 we can further get
Ny Ny mi Ny
Z 25 Q ArAy + Z Z (i1 + i, — 20y) (Cblt - [fn+1]rl)j Ay
i=1 j=1 =1 j=1 (3 76)
=—ZZ¢Z Ay+Z (95" = 9i3") Av
71=1 k=1
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Thus, from (3.72) (3.75) and (3.73)(3.76), we have

Nz Ny U* — Nz Ny
>N ” ”AmAy SN AR ArAy
i=1 j=1 =1 j=1

(3.77)

Ny m
— Ui Ay + ) (gt —gatt) Ay.
> Z g

j=1 k=1

Similarly, multiplying by AzAy to equation (3.66) and summing 4, j from 1 to N, N,

we can have

N, Ny Un—i-l

=1 j=1 =1 j=1 =1 j=1
N+1_

Using Q?’f“ = hZC“ and Q¥ ol h”Jrl and equation (3.67), we have
2

z NU Nz

DY 6,Qu  AvAy = (it — bt Au. (3.79)

i=1 j=1 i=1

Thus, we can get

N, Ny Un+1 Ny Ny
SOy ”Aa:Ay—ZZ fzflewaZ (hidt = hiiy Ax. (3.80)
i=1 j=1 i=1 j=1

From equations (3.77)(3.80), it follows the theorem.
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3.4 Numerical Experiments

In this section, we will conduct a number of numerical experiments to investigate the
accuracy, mass conservation and stability of our proposed scheme for solving multi-
layer interface parabolic problems. Piece-wisely defined analytical solutions will be
constructed in examples with interfaces. The initial values and Neumann boundary

conditions are chosen according the analytical solutions in all examples.

3.4.1 One dimensional case

Let u(z,t"*1) be the exact solution of problem and U/ be the approximation

solution, then we compute errors in discrete norms as
_ n+1 n+1 2y1 _ n+1 n+1
Err, = ( E Ax (u(a:l-,t ) — U, ) )2,  Err = miaxlu(xi,t )= UM
i

The order of convergence in space is calculated by

lo M lo % - r—92 0o
g Erry, s, g Az ’ ’
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when very small time step size At is taken in computation. Similarly, the order of

convergence in time can be calculated. And mass as

Nz n n Ny n
Mass, =Y UMAz+AtY ¢ =AY > flAz — ALY (g, —gh)
=1 =1 =1 =1 =1

N
Massy = E U A,
i=1

and the error of mass is defined as Mass — Error = |Mass,, — Massy|, where Ax is the

space step size and At is the time step size.

Example 3.1. We first consider the interface parabolic equation with zero-jump
interface conditions, where at the interface point I' : # = 0.5 in domain = [0, 1],
the jump conditions at = 0.5 are [u]r = 0, [Su,|r = 0, and the piecewise diffusion
coefficients are 8, for x € [0,0.5) and 3, for x € (0.5, 1] respectively.

The analytical solution is designed to be

xBe~t if £ <0.5

s (mg+2%) e ifz>05

The right side function is then given by

— (2% + 56812%) et if £ <0.5
fz,t) =

_% (ﬁ + 28+ 5652x6) et ifr>05
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Table 3.1: Errors and orders in space step size for the problem of Example 3.1

(a) Space order convergence for the problem(b) Space order convergence for the problem
with Be =2, 1 =1, At =1075 T =2 with By = 0.05, ;1 = 0.025, At =107°, T =1

N, Erry, Order FErrp,  Order N, Erry, Order  Err Order

25  1.935E-2 - 1.961E-2 - 25 4.364E-4 - 6.975E-4 -

50 4.843E-3 1.997 4.901E-3 2.000 50 1.058E-4 2.062 1.675E-4 2.058

100 1.213E-3 1.996 1.225E-3 1.999 75 4.899E-5 1.898 7.845E-5 1.871

200 3.051E-4 1.989 3.077E-4 1.991 100 2.597E-5 2.207 4.001E-5 2.340

400 7.610E-5 2.004 7.618E-5 2.019 150 1.159E-5 1.989 1.848E-5 1.905

Table 3.2: Errors and orders in time step size for the problem of Example 3.1

(a) Time order convergence for the problem(b) Time order convergence for the problem
with Az = 555, fo =2, /1 =1, T =2 with Az = 155, B2 = 0.05, 1 = 0.025, T =1

At Err, Order FErr,, Order At  Err, Order FErr,,  Order
> 1.300E-3 - 2.824E-3 - = 1.858E-3 - 6.434E-3 -

= 6.568E-4 0935 1.423E-4 0.989 4 9.331E-4 0.993 3.232E-3 0.993
& 4.405B-4 0986 9.516E-4 0.992 & 6.230E-4 0.996 2.158E-3 0.997
= 3.319E-4 0983 7.154B-4 0.992 o 4.676E-4 0997 1.619E-3 0.999
- 2.667E-4 0.981 5.634E-4 1.071 - 3.743E-4 0.998 1.295E-3 0.999

Table 3.3: Mass errors of problem of Example 3.1 with different time step At and space

step Ax = NLI and By = 0.05, 5, = 0.025,T =1

At \ N,

20

40

30

160

320

1
20

4.684E-17

1.5613E-17

5.2042E-18

1.5092E-16

8.1532E-17

1
40

1.3618E-16

5.1174E-17

5.8113E-17

7.3726E-17

5.1174E-17

1
60

1.5728E-18

9.7145E-17

3.8164E-16

1.8041E-16

8.1185E-16

1
80

3.3177E-16

1.5396E-16

9.5843E-17

1.1232E-16

1.7477TE-16

L
100

2.7756E-16

6.9389E-17

8.3267E-17

8.3267E-16

3.8752E-16
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We first examine the spatial accuracy. A small enough At = 1075 is taken so that the
temporal error can be neglected in this example. The numerical errors of the proposed
scheme with different mesh size and different diffusion coefficients are listed in Table
3.1(a) and Table 3.1(b). Numerical results achieve the second order of accuracy in space
step size in both /s and [, norms. For the temporal convergence, we take Az = NLI as

1 1 . . . .
505 and 155 and numerical errors are generated by using different At as shown in Table
3.2(a) and Table 3.2(b). Numerical results confirm that the scheme is of first order
convergence in time step size. Table 3.3 is performed to illustrate the errors of mass.

From Table 3.3, the errors of mass reach the accuracy at least 107°, which show that

it preserves mass over the whole domain €2.

Example 3.2. We next consider an interface parabolic problem with interface jump

conditions of solution and flux at interface. The interface I' is defined at © = % and the

domain size is 0 = [0, 7]. The piecewise diffusion coefficients are chosen as f; for x €
[0,2) and B, for = € (5, %]. The jump conditions are [u]r = (sin(kZ) — cos(k%)) cos(t)

74

and [Bug]r = k (82 cos(kZ) 4 B sin(kZ)) cos(t). The analytical solution is given as

cos(kz) cos(t) ifz <

ISP

u(z,t) =

sin(kx) cos(t) if x >

13
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and the right side function is

(k2B cos(t) — sin(t)) cos(kx) if x <

INE

fla,t) =
(k?Bq cos(t) — sin(t)) sin(kz) if z >

A~

where the wavenumber is chosen as k = 1.

Table 3.4: Errors and orders in space step size for the problem of Example 3.2

(a) Space order convergence for the problem (b) Space order convergence for the problem
with By =100, = 1, At =10"°,T =1 with B = 1,81 =15,At =10"5,T =1

N, Err, Order  Err,, Order N, Erry, Order  Err;,  Order

20 1.241E-2 - 1.086E-2 - 20 1.968E-3 - 1.733E-3 -

40  3.118E-3 1.989 2809E-3 1.989 40 4972E-4 1979 4.501E-4 1.925

60 1.404E-3 1.968 1.326E-3 1.852 60 2.258E-4 1.702 1.838E-4 1.838

80 8.101E-4 1.912 8.073E-4 1.724 80 1.315E-4 1.878 1.311E-4 1.699

100 5.200E-4 2.065 5.075E-4 2.079 100 8.454E-5 1.980 8.682E-5 1.845

Table 3.5: Errors and orders in time step size for the problem of Example 3.2

(a) Time order convergence for the problem(b) Time order convergence for the problem
withAz = 7/640, 82 = 1,5, = 100,7 =1 with Az = 7/640,82 = 15,6, =1,T =1

At FErr, Order Err,, Order At  FErr, Order Err,_,  Order
-+ 3.145E-1 -  3433E-1 - & L1I117E-1 - 1245E-1 -

+  2364E-1 0.665 2.497E-1 0.687 - 6.042E-2 0.924 6.59E-2 0.945
L 1.580E-1 0.752 1.605E-1 0.778 & 3.138E-2 0.963 3.378E-2 0.975
- 9.240E-2 0.850 9.168E-2 0.875 - 1.598E-2 0.982 1.709E-2 0.989
== 5.004E-2 0.923 4.870E-2 0.941 - T7.960E-3 1.004 8.487E-3 1.007

The spatial accuracy of Example 3.2 is studied in Tables 3.4(a) and 3.4(b) in different
meshes. Two different diffusion coefficients 5, and (B, are considered. Small temporal
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Table 3.6: Mass errors of the problem of Example 3.2 with different time step At and
space step Az = 55— and fp = 1,01 =15,T =1

At \N, 20 40 80 160
1 1.9539E-12 8.6991E-14 3.8187E-13 1.8479E-13

20

% 5.3342E-14  2.4920E-14 4.7601E-13 3.2325E-13

% 0.1348E-16 1.5936E-14 2.8370E-14 6.4832E-13

L 1.4159E-14 1.2617E-13 2.8604E-13 9.3786E-13

160

ﬁ 1.0607E-14 3.9028E-14 2.5752E-13 5.6792E-14

step size At = 107° is used to check the spatial convergence rates of the proposed scheme

(where Az = 53-). We can see that the spatial orders of convergence are two in both

discrete Lo and L., norms even the problem has the time dependent interface jump

U

510> the orders of convergence

conditions. Taking the uniformly spatial step size Ax =
in time step size are shown in Tables 3.5(a) and 3.5(b) by varying time step sizes. In this
example, the temporal convergent pattern is a little lower than the previous example

however as time step size refines it is of first order convergence in both discrete Lo and

L., norms. Table 3.6 presents the errors of mass at time 7" = 1 for different space and

™

53~ Which clearly shows that our scheme satisfies conser-

time step sizes (where Az =

vation of mass where the errors of mass have still reached within machine accuracy 10713,

Example 3.3. In this example, we consider the parabolic equation with two interface

s

points. The domain is 2 = [0, 7], where two interfaces 'y, k = 1,2, are defined at x = J

and x = 7. The piecewise diffusion coefficients are chosen as 3, for x < 7, s for 7 <

x < % and B5 for > Z. The jump conditions are [u]p, = 0, [fu,|r, = \%(61 + () cos(t)
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and [u]p, = —cos(t), [Bug|r, = —fscos(t) at I'y : = T and I'y : & = § respectively.

The analytical solution of the two interface point problem is considered as

(

12

cos(z) cos(t) ifx <

u(z,t) = sin(x) cos(t) if 7 <

IN
B

cos(x) cos(t) if x>

IR

\

The source term is then given by

(

(81 cos(t) —sin(t)) cos(x) if z <

INE

fla,t) = (B2cos(t) —sin(t))sin(x) if T <z

IA
B

(B3 cos(t) — sin(t)) cos(x) if x >

MIE

\

Table 3.7: Errors and orders in space step size for the problem of Example 3.3

(a) Space order convergence with f; = 1,82 =(b) Space order convergence with (1 =
5,03 =10,At=10"°,T =1 102,83, =20,83 =1, At =10"°,T =1

N, Erry, Order  Err;,,  Order N, Erry, Order  Err,,  Order

20  3.088E-3 - 2.617E-3 - 20 4.415E-2 - 3.157E-2 -

40 7.741E-4 1995 6.603E-4 1.982 40 1.104E-2 1.999 7.902E-3 1.997

80 1.940E-4 1.995 1.690E-4 1.954 80 2.773E-3 1.990 2.006E-3 1.969

120 8.677E-5 1.985 7.789E-5 1.910 120 1.244E-3 1.978 9.153E-4 1.935

160 4.852E-5 2.021 4.399E-5 1.986 160 7.012E-4 1.992 5.136E-4 2.008
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Table 3.8: Errors and orders in time step size for the problem of Example 3.3

(a) Time order convergence with Ax

160:801=1,82=75,83=10,T =1

(b) Time order convergence with Az =

1000 P1 =100,02 =20,83 =1,T =1

At Err, Order Err,, Order At  Err, Order FErr_,  Order
3% 5.213B2 - 6.009E-2 - 5% 5.202B-2 - 6.008E-2 -

4—10 2.643E-2 0986 3.035E-2 0.989 4—10 2.637E-2 0986 3.034E-2 0.990
8—10 1.330E-2 0.994 1.526E-2 0.995 8—10 1.328E-2  0.993 1.524E-2 0.995
1éo 6.667E-3  0.998 T7.657E-3  0.996 Téo 6.661E-3 0.997 7.641E-3 0.997
350 3.333E-3  1.000 3.842E-3 0.997 ﬁ 3.335E-3 0999 3.826E-3 0.998

1

08

0.6

0.4

02

0

0.2

04

06

0.8

E]

T=0.1
—T=0.5
—T=1 0

T=2.0

0

/4 wl2

3wl

(a) Numerical solutions at different time levels

x10°%

wl4 w2

3r/d

(b) Numerical error at t = 1

Figure 3.4: The piecewise diffusion coefficients 5; = 100, 82 = 20 and 3 = 1 for Example

3.3

Table 3.9: Mass errors of the problem of Example 3.3 with different time step At and
space and 1 = 1,0, =5,03=10,T =1

At \ N, 20 40 80 120 160
% 7.9936E-15 7.1054E-15 1.3323E-13 4.7073E-14 2.8155E-13
% 2.5757TE-14 8.8818E-15 4.6185E-14 8.8817E-15 3.3751E-14
% 1.7764E-15 2.4869E-14 2.3093E-14 9.4147E-14 1.0925E-13
% 1.2434E-14  9.7699E-15 1.5099E-14 1.5365E-13 2.9310E-13
ﬁ 7.1942E-14 1.0125E-13 6.2172E-14 7.1054E-15 2.4869E-14

73



Three sub-domains are studied and different piecewise diffusion coefficients (51, f2, 53)
are taken. From Tables 3.7(a) and 3.7(b) (where Az = 5%-), the second order of con-

vergence in space step size is found in both discrete L, and L., norms for the problem

with the time-dependent jump conditions at two interface points. Varying time step

1

355 » lables 3.8(a) and 3.8(b) show the temporal convergence rate to

. 1
sizes from 55 to
be first order in both discrete Ly and L., norms. Fig. 3.4 shows numerical solutions at
different time level and numerical error at t = 1. Table 3.9 presents the errors of mass

with different space and time step sizes, from which we can see clearly that the scheme

satisfies conservation of mass where mass errors have reached with accuracy of 10713,

Example 3.4: Further, we take three interface points problem with general interface

jump conditions. The domain is Q = [—%, %] The interfaces 'y, k = 1,2, 3, are defined
at v = —1, v = 0 and x = §, and four sub-domains are Q; = (—3,—71) , b = (—1,0)
, Q3 = (0, }1) and Qy = (%, %) The piecewise diffusion coefficients are chosen as 3

in sub-domain €y , [ in sub-domain €2y , (3 sub-domain 23 and [, in sub-domain

Q4. The interface jump conditions are [u]p, = <%§ + %) et | [Buglr, = 7T’8227—\/2§’816t at
v =—1, [ulr, = —€', [Buylr, = B3¢’ at © = 0 and [u]r, = (55 —sin (1)) €, [Bug]r, =

(% — B3 cos (i)) et at © = i'
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Three analytical solution is given as

sin(rz)e’  ifx < —1%

ol if L < <0

u(z,t) =

sin(x)e’ fo<az<i

(1 —x)et ifx>

=

\

and the right side function is given by

;

(4 firt)singra)e ite <L
[(1+ Bom?)cos(ma) +1] S if —1 <2 <0

(1 + B3) sin(x)e! if0<g< Z_1l

(284 +x —2?%) € if z >

\

Table 3.10: Errors and orders in space step size for the problem of Example 3.4

(a) Space order convergence with; = 1, 82 =(b) Space order convergence with, = 1,5y =
5,83 =10,6, =20,T =1 0.1,83=10"238,=103T =1

N, Erry, Order Err;,, Order N, Erry, Order  Err, Order

20  6.004E-3 - 6.473E-3 - 20  5.291E-3 - 9.596E-3 -

40  1.499E-3 2.002 1.614E-3 2.006 40 1.314E-3 2.013 2.356E-3 2.036

80 3.746E-4 2.001 4.027E-4 2.004 80 3.278E-4 2.005 5.832E-4 2.020

160 9.355E-5 2.004 1.003E-4 2.007 160 &8.191E-5 2.001 1.436E-4 2.031

320 2.335E-5 2.003 2.642E-5 1.974 320 1.869E-5 2.191 3.646E-5 1.968
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Table 3.11: Errors and orders in time step size for the problem of Example 3.4

(a) Time order convergence for the problem(b) Time order convergence for the problem with
with f1 = 1,02 = 5,03 =10,81 =20,T =1 f1=1,62=01,83 =102 =10"%T =1

At Err, Order Err,, Order At Err, Order FErr,,  Order
4.712E-2 - 8.453E-2 - €L 7.417E-2 - 1.678E-1 -

2.373E-2  0.993 4.254E-2 0.993 & 3.792E-2 0978 8.633E-2 0.972
1.191E-2 0.996 2.134E-2 0.997 - 1917E-2 00989 4.379E-2 0.986
5.964E-3 0.998 1.069E-2 0.998 - 9.638E-3 0.994 2.205E-2 0.993
2.685E-3 1.111 5.153E-3 1.037 4.833E-3 0.997 1.106E-2 0.997

1

40

1

80
L
160
L
320

640

Table 3.12: Mass errors of the problem of Example 3.4 in different time step At and
space step Ax and 1 = 1,0, =5,03 =10,6, =20,T =1

At\N, 20 40 80 160 320

% 1.0658E-14  7.1054E-15 1.5987E-13 4.2633E-14 1.8829E-13

% 4.6185E-14 5.3291E-14 5.6843E-14 5.7199E-13  7.8758E-13

1 7.1054E-15 7.1054E-15 6.3949E-14 5.6488E-13 8.7397E-13

80

% 1.2434E-16  1.9895E-15 1.4211E-14 2.1316E-14 2.2382E-13

ﬁ 7.1054E-15 1.7764E-13 1.8829E-13 8.5265E-13 2.0748E-13

The spatial errors and convergence orders are reported in Tables 3.10(a) and 3.10(b)
for this three interface point problem (where Az = NLI) The scheme clearly achieves
second order in space step size in both discrete Ly and L., . The scheme delivers the first
order of accuracy in time step size in Tables 3.11(a) and 3.11(b). Table 3.12 delivers the
errors of mass at time 1" = 1 with different space and time step sizes. It is clear that our
scheme satisfies conservation of mass and meets with machine accuracy of 1073, Fig.
3.5 shows the numerical solutions compared with exact solution of this three interface

point parabolic equation.
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Numerical solution T=001
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(a) Numerical solution and exact solution at t = 1 (b) Numerical solutions at different time levels

Figure 3.5: The piecewise diffusion coefficients 5, = 1,82 = 5, 3 = 10 and £, = 20 for
Example 3.4.

3.4.2 Two dimensional case

In this subsection, we present numerical experiments of 2D multi-layer interface
problems to illustrate the performance of our proposed scheme. Let u(z,y, ") be the
exact solution and Uﬁjﬂ be the numerical solutions. The numerical errors in discrete

norms are defined as

Z’J

Err, = \/Z (u(xi,yj, tn) — Ui’?j)2 ArAy, Err, =max|u(z;,y;,t") — US).

i3

The order of convergence in time are calculated by
ET’I"l At Atl -1
l A el B l —— =9
I (Errlr,mg) [Og <At2 e

7



when very small space step size Ax and Ay are taken in computation. Similarly, the

order of convergence in space can be calculated. The mass and error of mass are as

Ny Ny n Ny N r n Ny
Mass, = Y UlAzAy =Y Y Z FLAZAYAL+> 3 TN " up AyAt
i=1 j=1 =1 i=1 j=1 k=1 1=1 j=1
n Ny n Ny
=N (- L) Axar =30 (g — dl) Ay,
=1 =1 =1 j=1
Ni Ny H
Massy = Z Z UBijAy
i=1 j=1

and Error — Mass = |Mass,, — Massg|, where Az, Ay are the space step sizes and At

is the time step size.

Example 3.5. We consider the 2D parabolic equation with two interfaces 'y, k =
1,2, and different interface jump conditions. The domain is 2 = [0, 7] x [0, 7], where the
interfaces are at I'y : # = 7 and I'y : @ = . The piecewise diffusion coefficient is 3; =
1/160, s = 1/10, 53 = 1/100 on each layer respectively. The interface conditions are
[u]r, = —sin (72/4) sin(7y)e 27 [Buy]p, = — [7? cos (m2/2) sin(my)e 27t + 2sin(y)e 0!
at x = I, and [u]r, = sin(y) (e 7" + e2%), [Bu,|r, = 0 at @ = 3. The exact solution
is given as

(

sin(7z) sin(ry)e 2™t ifx < T

u(z,y,t) = cos(2x) sin(y)e P2 if

\ sin(x) sin(y)e 275t if x> 7%

and the right side function f(z,y,t) is zero.
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Table 3.13: Errors and convergence orders in space and time step sizes for the problem
of Example 3.5 with 5, = 1/160, 8, = 1/10, 83 = 1/100,T = 1 where N, = N,

(a) Space order convergence for the problem(b) Time order convergence for the problem

with (Az = Ay) and At = 1076 with Az = Ay = 555
N, Erry, Order  Err;,  Order At Erry, Order  Err;,  Order
40 1.097E-3 - 2.196E-3 - L 1.705E-2 - 3.733E-2 -

60 4.981E-4 1.946 1.059E-3 1.799 L 8557E-3 0.996 1.843E-2 1.013
80 2.821E-4 1977 6.172E-4 1.878 L 4.282E-3 0.999 9.143E-3 0.979
100 1.809E-4 1.988 4.027E-4 1.914 - 2137E-3 1.002 4.538E-3 1.007
120 1.258E-4 1.995 2.830E-4 1.935 -1 1.005E-3 1.005 2.245E-3 1.017

Table 3.14: Mass errors of the problem of Example 3.5 in different time step At and
space step Az = Ay and ; = 1/160, 5y = 1/10, f3 = 1/100,T = 1

AL\(N, = N,) 20 10 80 160 320
% 2.7658E-13 8.1054E-13 1.1433E-14 3.2336E-13 1.0688E-12
% 6.1458E-13 1.5923E-14 7.8758E-13 1.0719E-14 5.6843E-13
% 4.1074E-14 5.9263E-14 6.3949E-14 5.6488E-13 8.7397E-13
ﬁ 3.2434E-13  9.9895E-14 4.2421E-14 6.0131E-13  7.5038E-12
ﬁ 0.1752E-14 7.6764E-13 1.9280E-12 6.6268E-13 2.0918E-13
We choose Az = Ay (where Az = N%, Ay = N%/ and N, = N,) and vary its value

™

155 for checking the convergence rate in space step size where the small time

from J to
step size is taking as At = 107%. Numerical errors in discrete norms and rate of con-
vergence at time 7" = 1 are listed in Table 3.13 (a). It is clearly shown that our scheme
is of second order convergence in discrete L, norm as well as discrete L., norm. We
then fix Ar = Ay = 535 and use different time step size At, numerical errors and orders

of convergence in time step size are shown in the Table 3.13 (b), which confirms that

our scheme is of first order convergence in time step size. Table 3.14 further shows the
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( Jm i H\

(b) Numerical error between exact and numerical solu-
(a) Numerical solution (left) and exact solution (right) tions

Figure 3.6: The piecewise diffusion coefficients 8; = 1/160, 8, = 1/10 and 3 = 1/100
for Example 3.5.

errors of mass with different space and time step sizes. From Table 3.14, we can see that
mass errors reach around 10~!3 which is close to machine accuracy for different time and
space step size. Thus, it shows that the scheme preserves mass over the whole domain
Q. Finally, Fig. 3.6 shows the comparison of numerical solution and exact solution, and

numerical errors at t = 1.

Example 3.6. We now consider interface parabolic equation of the diffusion process
with large difference piecewise diffusion. The domain is Q@ = [—1,1] x [—1,1] with
two interfaces I'y, k = 1,2, which has y— direction diffusion constant and is piecewise
constant 1, B2 and (3 along x—direction with large difference among 5, = 1, o = 1000

and (B3 = 1. The interface conditions are at I'; : at x = —% and at I'y :x = % The exact
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(a) Numerical Solution at ¢t = 0.1 (b) Exact Solution at ¢t = 0.1
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(e) Numerical Solution at ¢ = 1.0 (f) Exact Solution at ¢ = 1.0

Figure 3.7: The piecewise diffusion coefficients: f; = 1, 8o = 1000 and 3 = 1 and time
step size At = 107° and space step sizes Az = Ay = %.
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(a) 61 = 1762 = 1037 53 =1, Az = Ay = %]q)) ﬁl = 0'1752 = 10_3, 53 = 0.1, Az = Ay =
20

Figure 3.8: Numerical errors with different piecewise diffusion coefficients values and
step sizes space with At = 10~ 5for the solutions of problems of Example 3.6 at T' = 1.

solution is given as

( 22

46_ 5(t+1)
5m(t+1)

2

u(z,y,t) = { e XD i1 1
(z,y,1t) ey -3 <z <}
2:2

e B(t+1) 1
\ 4—5W(t+1) ifr >3

Numerical solutions and exact solution are shown in Fig. 3.7 (a) - (f), where space
mesh sizes are Ax = Ay = 4%. Numerical errors of numerical solutions with different set
of piecewise diffusion coefficients are shown in Fig 3.8 at T"= 1 and it clearly shows the
numerical errors are high accuracy. Table 3.15 shows that our scheme is of second order
convergence in discrete Lo norm as well as discrete L., norm. Also, the mass errors of
numerical solutions in the long time computing upto 7" = 100, where space step sizes are
Ax = Ay = % and time step size At = 1072, are shown in Fig. 3.9 by using different

piecewise diffusion values. This clearly shows that the proposed scheme satisfies mass
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conservation over long time simulation.

Table 3.15: Errors and convergence orders in space for the problem of Example 3.6 with
By =1,8y =1000, 85 = 1,T = 1,At = 10~° where N, = N,

N, Err, Order  Err;,  Order
20 1.806E-3 - 9.786E-4 -

40 4.544E-4 1987 2.867E-4 1.706
80 1.196E-4 1.899 7.440E-5 1.927
100 8.030E-5 1.906 5.273E-5 1.806
120 5.436E-5 2.052 3.753E-5 1.951

. :-f'm'“f
— - .}1=D.D1..52=1D..53=D.DI
2571 _.ﬁ1=D.1..ﬁz=D.DD1..£3=D.1
2 L
r L=
E ~
wm 1.5 Y-
73] rﬂ. o
o -
=

D 1 1 1 1 1 1 1 1 1
10 20 30 40 50 B0 L) 80 50 100

Time (T)

Figure 3.9: Long time mass error plot with Ax = Ay = %, At =1073
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Example 3.7. Finally, we compute the heat propagation in the multi-layer media.
The domain is Q = [0, 1] x [0, 1] with three layers of Q; = [0, 2) x [0, 1], Qs = [2, 2) x [0, 1]
and Q3 = (£,1] x [0,1]. The piecewise diffusion coefficient is as 8, = 1072, 8, = 107+
and (3 = 1072 on these three layers respectively, and the right side function is zero. We
consider four different cases of interface jump conditions at the interfaces x = % and
x = 2. The first case is that the jump conditions are continuous along interfaces, i.e.
[u]ng = [5%]5,;:% = [u]x:% = [Bux}x:% = 0. In this case, the initial heat distribution
is given as 1 at 4-specific points in sub-domains €2; and 3 and 0 for all other points in
Q; and €23 as well as in {25. The other three cases are that the no-zero jump conditions
[u]r and [Bu,|r are provided at interfaces, and the initial heat distribution is given as 1
at four specific points in sub-domains €2; and €23 and 0 for other points in €2; and {23
but the initial heat distribution is 1072 in all points of sub-domain{2,. In computation,
we take time step size At = 1075 and space step sizes Az = Ay = ﬁ.

Figs. 3.10 - 3.13 show the heat distribution at different time for the four cases with
different solution and flux jump conditions at the interfaces, where Figs. 3.10 - 3.13

(a)(c)(e) are the contours of heat distribution and Fig. 3.10 - 3.13 (b)(d)(f) are the

plots of heat distribution along line y = % From the figures, we can see clearly how
the heat propagates and how the interface conditions affect the propagation of heat

cross the interfaces x = % and x = % The highest heats at initial gradually decrease
and propagate smoothly in all directions as time increases. But, the shapes of heat
distribution oscillate when heat propagation crosses the interfaces of layers. We can see

that the mass-preserving solution- flux scheme works excellently for the multi-layer heat
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Figure 3.10: Heat distribution of Case 1: Both zero solution and flux jump conditions

at both interfaces, [u] =0, [fu,] = 0.
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Figure 3.11: Heat distribution of Case 2: Two solution jump conditions [u],_ 2 = %
and [u]x:% = —%, but two flux jump conditions are zero, [fu,] = 0.
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Figure 3.12: Heat distribution of Case 3: Two solution jump conditions are zero [u] = 0,
but two flux jump conditions are [ﬁux]x:5

(f) Plot at t = 1.0

= 1or and [Bug],—s = —15r.
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Figure 3.13: Heat distribution of Case 4: Two solution jump conditions are [u],_ 2 =

(140.01¢) _ (140.018) . . . o

L0 and [u]w:% = — g~ two flux jump conditions are [ﬂux]x:% = 157 and
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propagation problem as shown in these figures.

3.5 Conclusion

This work has developed a novel mass-preserving solution-flux finite difference scheme
for solving time-dependent multi-layer problems with external BCs and internal BCs at
the interfaces between adjacent layers. We apply the staggered mesh discritization to
solve the multi-layers interface parabolic equations. The solution and flux scheme was
established at regular grid points in each layer or subdomain. But at irregular points
next to interfaces, we developed corrected approximation fluxes from two sides of the
interface by combining with the interface conditions at interfaces. We proved the our
schemes to satisfy conservation of mass in the discrete form for 1D and 2D parabolic in-
terface equations with multi-layers. Numerical solutions in 1D and 2D problems showed
mass conservation and convergence orders in time and space step sizes. Moreover, the
numerical simulation for real applications of the diffusion process with large difference
piecewise diffusion and heat propagation in the multi-layer media showed the excellent
performance. As far as our understanding, this is the first work towards the solution of
multi-layer which maintain to preserve the mass. Thus, the major contribution of this
work is preserving mass while keeping accuracy in layered problems which will be very
useful in many applications like heat conduction in composite materials, transport of
contamination, chemicals and gases in layered porous media, brain tumor growth, heat

conduction through skin. Although, this scheme is designed for 1D and 2D problems,
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extension to 3D problems can be done. Moreover, it opens for study in curve interface

problems in this regards in the late future.
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Chapter 4

Efficient Conservative

Pressure-Velocity Scheme for the
Coupled Free and Porous Media
Flow Systems

4.1 Introduction

Fluid flows and species and energy transports in coupled free flow and porous medium
systems appear in a wide spectrum of environmental settings, industrial and biological
applications. The free flow system is termed so, because it contains only fluids, while
the porous medium system contains one or more fluids and a solid, and the fluids flow
through the porous medium. Among environmental applications, we can mention river,
lake or wetland interactions with the vadose zone, evaporation of water from the soil
system influenced by wind and transport of water vapor to the atmosphere, precipitation
of salts in drying porous media, and surface water/groundwater contamination. Design

of filters, insulators and oxygen sensors, industrial wood drying, modeling of flows in
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blood vessels and natural tissues, and transport of drugs and nutrients are only a few
examples of industrial and biological applications. Several numerical methods have
been studied for solving the problems such as finite volume method [78], finite element
method and finite difference method [50, 55]. However, there are significantly less efforts
to develop conservative numerical methods for the free and porous media flow systems.
The mass conservation is an important physical law in coupling surface and porous
media flows. To preserve the mass over the whole domain is important for developing
numerical methods to solve the time-dependent coupled system of free and porous media
flows, especially for long term simulations.

In this part of thesis, we develop an efficient conservative pressure-velocity scheme
for the coupled Stokes-Darcy flows with interface conditions in sharp interface. The
whole coupled Stokes-Darcy domain is partitioned into staggered meshes where free flow
velocities, Darcy velocities and pressures in both regions are defined over staggered grid
framework [83]. Based on the projection techniques in free flow, and proposing the effi-
cient treating of interface conditions, we construct a time-splitting discretization scheme
for the system. Further, applying the staggered finite difference operators, we develop
a conservative pressure-velocity scheme for the coupled free and porous media flow sys-
tem. The important features of the developed scheme are that it is mass conservative
and it is decoupled in computation. We theoretically prove that the scheme satisfies
mass conservation over the whole domain of free and porous media flows. Two model
problems for numerical experiments are first given to show mass conservation and the

convergence of proposed algorithm in time and space sizes. Then, we solve by using our
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scheme two famous problems in fluid flow lid driven cavity and inflow-outflow to show
mass conservation and the reliability of computation. At last, we compute a realistic
problem in inflow-outflow setting where porous media has two layers to verify the effec-
tiveness of scheme. Numerical results show numerically our proposed scheme performs
excellently.

The rest of this part is organized as follows. In Section 4.2, we describe the flow
systems of interest which include the surface flow and porous media flow; and interface
conditions at the fluid-porous media interface as well as the boundary conditions. Section
4.3 is devoted to propose conservative pressure-velocity scheme for the coupled systems
and prove the scheme to satisfy mass conservation. In Section 4.4, numerical experiments
are presented to analyze convergence of the scheme and show the performance of the
scheme for some popular real model problems existed in this coupled systems. The

conclusions are given in Section 4.5.

4.2 Governing equations with interface and bound-

ary conditions

Depending on the application, the porous medium system can contain single or mul-
tiple fluid phases, and the phases in both flow domains can be composed of single or
multiple chemical species (components). we consider a single fluid in the free flow do-
main (gas or water) which can be composed of several chemical species. For the porous
medium, we consider the pore space is fully saturated /unsaturated with the same fluid

as in the free flow domain.
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4.2.1 Governing equations

We consider the same fluid in a model of problem consisting of an incompressible
flow in the free flow region Q2 with the boundary 0€2; that the momentum balance is
described by the Stokes equations and a Darcy flow in the porous medium (2, with the
boundary 952,. The bounded regions §2; and €, C R? are interconnected and separated
by an interface I' (see Fig. 4.1).

In the fluid region €2f, two dimensional incompressible Stokes equations in free flow

are given by

ou

o= VPt vV?u+F, (z,y,t) € 2y x (0,T] (4.1)

V. =0, (x,y,t) € (2 x (0,77 (4.2)

Where p is the pressure, u = (u, v) the velocity of flow, F = (f,, f,) the external force,
and v kinematic viscosity.

The porous medium region €2,, where the fluid and solid occupy with whole region
on the macroscopic scale is a homogeneous continuum domain. If the porous media is

weakly compressible [58, 77], then we can have

0
cpg +V.(u,) = fp, (x,y,t) € Q, x (0,T] (4.3)

and the Darcy’s law with no gravitational acceleration is given by
u, = —ngp, (x,y,t) € Q, x (0,7 (4.4)
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0Q¢ 0Qs

Figure 4.1: Schematic model of coupled Stokes-Darcy system.

Where p, is the pressure, u, = (u,,v,) is the velocity of flow in porous medium, f, is
source ( sink) term, ¢, = %ﬁ’? is the compressibility parameter, x is the permeability

and p is dynamic viscosity.

4.2.2 Interface conditions of flow at fluid and porous medium

Across the interface I', the governing equations have to couple appropriate conditions
[51]. First, the conservation of mass aross the interface requires the mass flux leaving
the free flow region to be equal to mass flux entering the porous medium which can be

written as

[u.n] = —[u,.n),
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where n is the unit normal vector outward from free flow region at the interface and

n, = —n. After simplified for the problem in Fig. 4.1, we get
U = Up, (I‘,y,t) el'x (Oa T] (45)

Second, the normal stress for Newtonian fluids at the interface from the free flow side is

given by
[n.T(u,p).n] = [n.(2vD(u) — pI).n|,

where D(u) = £(Vu + (Vu)”) is the deformation tensor. In the porous medium, slow

1
flow is assumed and Darcys law is used, thus viscous stress is not treated explicitly, it
is already accounted for in the permeability [78]. Therefore, pressure is the only force
acting on the interface that has to be taken into account from the porous medium domain
[n.T(u,p).n] = —p,. Therefore, the balance of normal forces across the interface can be
formulated as

19)
p— 2w = Dp: (z,y,t) € I' x (0,T] (4.6)

dy

Lastly, since the fluid model is viscous, a condition on the tangential fluid velocity
on interface I' must be given. In general, the simplest assumption of no slippage along
the interface I' is invalid due to large deviation from experimental measurements [51].

Therefore Beavers-Josep-Saffman (BTS) interface condition [8, 80] is applied which is
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stated as

2
u.T + ﬁn.D(u).T =0,
a

where 7 is the unit tangent vector along the interface I' and « is the positive Bevers-
Joseph parameter. After simplified we get for the problem in Fig.1.

- =0, (x,y,t) € I' x (0, 7] (4.7)

VE (Ov Ou
U+ 92 + ay
Further, in this whole continuum 2D domain, the interface line I' divides free flow

region {2; and porous medium region 2,,.

4.2.3 Boundary conditions

Since velocity and pressure in the free flow are primitive variables but in porous
media , the only pressure would be a primary variable. In this work, Dirichlet boundary
conditions for the velocity field in free flow will be considered. Also our model of equa-
tions will be based on two dimensions only. In the solid surfaces, most solid surfaces are
impermeable to fluid and the fluid sticks to their surface. Hence, there is no slip and no

penetration, and the fluid particles on the wall move with the velocity of the wall:

u==_G (x,y,t) € 0 x (0,T] (4.8)
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where G = (gu, g») is known velocity of the impermeable wall. In fact, where the walls

are stationary we have

u=20 (x,y,t) € 0 x (0,T] (4.9)

On the other case, many applications we are only interested in the behavior in a
small region.For instances, if we want to study the ventilation in a room; it would
be only model the room and treat its interaction with the rest of the world via treat
its inflow boundary conditions e.g. by prescribing the wind velocity through an open

window. Hence at inflow (or outflow) boundaries we prescribe the velocity, i.e.

un=W (x,y,t) € 0 x (0,T] (4.10)

where W = (w,, w,) is a prescribe function.

In porous media, we assume Neumann boundary conditions i.e.

9Py

an, =gy (x,y,t) € 0Q, x (0,T] (4.11)

where n,, is the unit normal vector outward from porous medium region at the boundary.
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4.3 Conservative Pressure-Velocity Scheme for Cou-

pled Free and Porous Media Flow Systems

4.3.1 Staggered grid and time discretization

The whole domain §2 is the union of free low domain 2; and porous medium domain

(2, together with fluid-porous interface I' i.e. Q = Q;JI'|JQ,. Q is divided into the

staggered mesh (see Fig. 4.2). For simplicity of description, let the middle points

of cell faces be (xH%,yj) and (xi,yj+%) ; and let cell center points be (x;,y;). Let
c—d

Ax = b’T“, Ay = <% are the positive integers. Define

X1 =a+iAr,i=0,1,2,. [, z;=a+ (i — 3)Az,i=1,2,..., 1, and
2

Vier =c+ Ay, j=0,1,2,. . Jy;=c+(j - DAy =1,2,...J,

Nodes (z; +1 y;) and (v, y; +%) are the nodes for horizontal velocity (u,u,) and ver-
tical velocity (v, v,) respectively ; and (x;,y;) are the nodes for pressure (p,p,). (U, U,),
(V,V,) be numerical solutions of (u,u,) and (v,v,) respectively. And (P, P,) is the
numerical solution of (p, p,) (see in Fig. 4.2).

Let At = L and t" = nAt,n = 0,1,...,N. Let w,;,w

N W; 41 be the values

i+35.5
of w(x,y) defined at the nodes (z;,y;), (xi%,yj) and (:cl-,yj%). Define space center

difference operators as

5 Wit1,5 — Wiy 5 W41 — Wi
eWitl Az 1 OyWi v L Ay

5w — Wiply — Wi 1 S — Wijpd — Wij-1
T =2, AI’ )Y L) Ay
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Figure 4.2: Staggered grid for finite difference scheme; ¢ : U velocity in free flow, [ : V'
velocity in free flow, ¢ : U, velocity in porous medium, B : V}, velocity in porous medium,
e : P pressure in free flow o : P, pressure in porous medium.

4.3.2 Time-splitting discretization scheme

We will develop the time-splitting discretization scheme. We first calculate the ver-
tical velocity of coupled system at the middle cell edges along horizontal line together
with fluid-porous interface I'. For doing this, from the limiting approach in ( 4.1), the y
momentum equation of free flow can have at interface I

ov op v v
- = _ 2z - - 4.12
otr 3yr+y(8x2r+8y2r) for (4.12)
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which will be used in the time-splitting discritization scheme. The time-splitting pro-
jection method for a temporal discretization is developed to calculate numerically the
primitive variables (U, V') and (P, P,) at the time level n+ 1 on the staggered grid. The
projection method begins from a temporal discretization of the Stokes-Darcy equations
which decouples the computation of velocity and pressure in Stokes equations.

Uur-u”

A vWAU* + F (4.13)

n+l *
% Y (4.14)

In free flow, we can see a key feature of the projection method by a time splitting
discretization that the system decouples the computation of velocity and pressure. In
the first step, an intermediate velocity field is computed using the momentum equation
and ignoring the incompressible constraint. In the second step, the intermediate velocity
is projected to the space of divergence free vector fields to get the next update of velocity
and pressure. This procedure ensures that it is locally conservative approach [92].
Firstly, at Step I, we propose a predictor intermediate vertical velocity V* at the in-
terface I'. Then, predictor intermediate vertical velocity V* and intermediate horizontal
velocity U™ are calculated. At Step II, the pressure Poisson equation of free flow can be
calculated by taking the divergence of (4.14) and using the fact that V.U = 0. Then,
the calculated pressure value can be substituted in (4.14) to get interior corrector value
of velocity U™*!. Pressure and velocity in porous media by coupling the interface verti-

cal velocity value are calculated after solved free flow system. Finally, corrected vertical
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velocity V™" at interface I' is calculated. The time-splitting scheme to the system is

given as in [t", t"*1].

Step I:
ur-u"
— =vVU L (my) ey (4.15)
U*=Gg"t v wrtt (z,y) € 08 (4.16)
VE (OV*  oU*
U* + +— =0 r 4.17
o Lar T oy , (zy)e (4.17)
Ve—-vnr 0PV PV I
= " r 4.1
A Ve tUae e mwE (4.18)
Step II:
Un+l o U*
A -vpPr (z,y) € Qf (4.19)
V.Ut =0, (z,y) € Q (4.20)
Ut =Gt v WL (z,y) € 09 (4.21)
pn+1
Cp é’t + V(U =0t (z,y) €Q, (4.22)
n K n
Uyt = —;VPP () e (4.23)
Vn+1 —V* a2vn+1 82Vn+1 1
= n r 4.24
At v 81'2 F_I—V ayg 1"+ v 0 ’ (a:,y)E ( )
V=Vt () €T (4.25)
avn—H
n—+1 n+1
P — 2y oy Pt (z,y) el (4.26)

102



op+1

“on, =g, (z,y) € 0% (4.27)

In Step II, for solving the pressure of free flow, taking the divergence in equation (4.19)

and substituting from equation (4.20) lead to

o2 prtt N o?prtt 1 foU* OV
Ox? Jy? At

o + 3y ) : (x,y) € Qy (4.28)

In the staggered grid, the pressure are calculated in cell center (see figure 4.2). In the
projection method, the pressure in equation (4.28) is provided Neumann boundary con-
ditions to avoid ghost cell, interpolation or extrapolation in over all external boundaries
[74]. According to [71, 74], the pressure P has a solution upto an arbitrary constant
when the equation (4.28) satisfies compatibility condition. Thus, the equation (4.19)
and the compatibility condition in equation (4.28) provides Neumann condition for P

on 082 to be zero, i.e.

a Pn+1
on

=0 (z,y,t) € 09 x (0,77, (4.29)

and zero for Neumann boundary condition on the interface I" [50].

103



4.3.3 The conservative pressure-velocity scheme for the sys-
tem

We further propose the space discritization to the system over staggered mesh.

Let U.

il V. i1 and P;; be denoted the discrete approximations of the flow velocity

ij+d
u(:z:H%, y;), v(z, yj%) and p(z;,y,) respectively. let Upit1 4> Vi jiy and By ; be denoted
the discrete approximations of the flow velocity up(a:H%, Yj), vp(s, yj+%) and py(z;,y;)
respectively. We consider interface I' at the grid line y =y, 11 Therefore, the conser-
vative pressure-velocity scheme for the system of free and porous media flow is proposed
as

Stage I:

(a) The predictor intermediate values for V* on the interface I' from the equation

(4.12), are computed by semi-implicit scheme,

Ve . 1=V"
Liots ijoty UV n . .
At = oz (Woagors = 2V iors + Vibsons)
L in _ * n n+1 .
+ Ay (VZ-,jo—g 2Viijors t Vi,jo+g> + fvi7j0+%7 l<i<1I
(4.30)
From (4.6), we have
(V?’L 3 ,n‘ 1)
n _ Z,]0+§ ,J0— 35 o n
Pl —2v Ay =P (4.31)

where ‘7;}0,; is the fictitious value at (xi,yjofé(i.e. it lies outside of domain Q). We
’ 2
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substitute the value of X//\;’; , from the equation (4.31) into (4.30) where P is

073

replaced by P .; and B} by PIZ_J_O.

’LJ0+1

(b) The intermediate variables {Vl*] I } and {U}, ! 7].} in the interior of domain €2

are computed by the implicit scheme,

V7J+2 V,J+2 o 52 + 52V* +fn+1 1<i<] i _|_§ < 1< J-=1
At x m—i—l Vo, z]+1 v 1’ St>4 Jo 2—]—
(4.32)
* — ,ntl * _ n+l x _ n+l .
ajty — T 10 Vb,j+% R Via = Jvia I<i<I, (4.33)

In a approximation of (59201/1*]. L1, the value of V7, il is obtained by averaging i.e.
’ 2 ’ 2

* n+1 _Y/* * _ n+l _ Y/* : 27 /%

V_l’j+2 2gUM+2 Vi T and similar for VI+1 jd = 2g7 B ‘/I,j-',-% in 51‘/1',]'—}-%

U;:'QJ UZ"%J 27 7% 27 7% n+1 . 1 . .
A7 :yézUi +1/5yUZ+]+fu i 1§2+§§I—1,30+2§]§J
(4.34)

WU 1 0r3 ™Y or

In the discretization of 62U* = 202 2oty , the value of §,U* ,

27.70+1 Ay +27 0+2

can be obtained from the interface condition.

* \/_ * *
Ui+%,jo+% + o <5 Vz+2,] +1 T 0 U’L+2,]0+2> =0, (4.35)
And from the Taylor expansion, we get U* = ”WOHQ T2 Thys, at § =

—l—2 ]O+*
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jo—i—landlﬁi—i—%ﬁ]—lwehave

* _ n * _ *
Ui-i—%,jo-i-l Ui+%7j0+1 — LS n v S.U n o 3Ui+%,jo+1 Uz‘+§,jo+2 n
At ST Ay \ YTt T 2

7 n+1
5~’vVi+%,jo+% ) +fui+%,jo+1

(4.36)

Ub,j ?

1
Usi = 9imys Ubg=9uy» Uia=gily 1<i+g<I jo+2<j<J (437)

*

In the approximation of 62U

*

as above the value of U’ is obtained by averaging

1 1
) ’L+§,J7 Z+§,J+1
. 1 *
ie. UF =2g"tt U .
i+3,J+1 gui%,d Jt+5.J

Stage 11I:

(a) The pressure {P/""'} can be solved by

1
2 pn+1 2 pn+1 * * . . .
P H P = = (LU +6,Vy),  1<i<I jo+l<j<J  (4.38)

6 PIH =6, P = 6,P" T =0, Pt =0, 1<i<I, jo+1<j<J (439

Z7]0+%

n+1 n+1 :
(b) Then, the {UH%J, ‘/i,j—i-%} is solved by

Vz'r;‘ill B V;*j+$ 11 3
9. 2 9. _ n . . = . _
A7 = 5yPi,j+%’ 1<i<I, jo—|—2 <j<J-1 (4.40)
1+3.7 14357 _ n41 . 1 . . .
A7 = (5IPZ.+%7]., 1§2+2 <I-1, jo+1<53<J (4.41)
Uit =gutl, Uyt =guth, Jo+2<j<J (4.42)
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(c) The correction values of {V:Z:L , } at the interface I' are approximated as
JOT 3

1 *

| A VA
ijot+3 ijoty U ( nl
. . 1
1_17]0+§

JAN  Ax?

. 2Vn+l ) + Vn—l—l )

Zaj0+§

v ~
+ 2 (V.".“ _ oyt 4
i,] i.jo+3

1
Jo—3%

Ay?

i+1jo+
vt il 1<i<I
ijo+3 * f”moJr%’ - =

where, the values of \A/Z’;:: , is substituted from the interface condition (4.6).
’ 2

~

( n+l _ ntl )
n+1 Zv]0+% 2'7j07% n
i,jo+3 QAy Pijo+3
n+l _  n+l .
‘/;,d - gvi,d ? 1 S ? S [7

(d) The {Pyi!, Upt!

1

Pn+1 _ pn

,Vp’ji ) } will be solved by

P L U g,V =t 1< < T 1< < g

At

n+l “5 prtl
p.1.  Yetp 1 o0
it5.7 N i+ 5]
n+1 _ E(S Pn+1
Do, 1 Y- p, . 17
1»]“’5 ILL 7,,]+7

with the interface condition (4.5)

n+1
ot

1
O<Z—|—§<I7 1<75<5
. , 1
1<:< 1, 0<]<]0—§
n+1 ;
ijo+3 l<i=<1
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(4.46)

(4.47)

(4.48)
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and boundary conditions

opPn+l opnt!
D = st g = 1Si<lo (4.50)
aPn—H

For the whole system of scheme, the initial values are provided by

Vi =V, ,(ﬂ =Uy ,, P’ =P, (4.52)

7,]+ Z"" 2J it35,7 Pi,j 4,7

4.3.4 Mass Conservation

For the scheme (4.32) - (4.52), we have the following mass conservation to the coupled

Stokes-Darcy system in discrete form.

Theorem 5. The scheme (4.32)- (4.52) satisfies the mass conservation, i.e.
LU +0,Vi5T =0, Vij, 1<i<I, jo+1<j<J (4.53)

and

I Jjo
cpz Z PttAzAy = ¢, Z Z By AzAy + Z ( Z (ggjjl - ggjf) Ay
=1 j=1

=1 j5=1

I
-3 (v ) A zzfn“m@/)

=1 =1 j=1

(4.54)
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Where the nodes (z;, yj0+%) are on the interface I’

Proof. From (4.40 ) and (4.41), we can have

n+1 n+1 * _U* n+1l n+1
Va+— V;,j—é _ Vm‘+é Vm‘—% _ A o P, J+3 5ypz;j—%
Ay Ay Ay ’

U”+1 -yt U, —U* iy 5, P — 45, Pt
23 Z-g] H-QJ 1= —At i
Az

+7

Adding (4.55) and (4.56), we obtain that

SUMT 4+ 6,V = [(6,U7; + 6,Vi5) — At (2P + 6o

T~ 1) Yy )

Thus, from (4.38), it follows that

SUMN + 6,V =0, V(i,))

(4.55)

(4.56)

(4.57)

(4.58)

Summing ¢ from 1 to I,jo, j from 1 to jo in the equation (4.46) and multiplying by

AxAy, we can have

Jo Pn+1 n

P I
szz Pz] pZJ:_Z

=1 j=1

Jo

(8035t + 8,V = fott) Andy

i=1 j=1
and from (4.47) (4.48), using (4.59), we get

Jo P]Zerl pn

I Jjo
Pz] Z < 6920P£+1+ 52Pn+1 f;tl) AzAy

=1 j5=1

¢ Z

=1 j=1
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Applying the flux difference in the second order derivatives of pressure P, and using

aryt opntt 8P"+1 apyT!

p .
43 39 _ n+1 I+35.3 n+1 3 n+1 K Ho+2 _
the boundary conditions —2 = o = Upy s —ay o and i

—V 1 in (4.60), then it gets

p; J0+%

I Jjo prtl _ pn
Di,j

BRI

i=1 j=1

Jo I
_K’ n+1 n+1 n+1
SN ORI EVED S (AR TR F
P 0

=1
I Jo
+Y 0Nt AzAy
=1

=1 j=1

Using interface condition (4.51), multiplying with At and summing n from 0 to N — 1;

we get (4.54). This ends the proof. O

4.4 Numerical Simulations

In this section, we take numerical experiments to show the convergence of the pro-

posed scheme and effectiveness of scheme from several realistic problems.

4.4.1 Model Problem

To verify the numerical convergence of our purposed numerical scheme (4.43)-(4.52),
we solve model problems by the scheme. The numerical errors in Ly norm are defined

by

2

1 J
Ju—Ul, = (Z > (u?:;] UT;) AxAy)

i=0 j=jo+1
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I J 9
o - Vi, = (ZZ( o, — VL) AM@) 7

=1 j=j

S

I Jjo 2
b= (353 (i, -0, ) o)

=0 j=1

I jo—1 2
_ — n+l _ y/ntl
len = Vol (Z. ( V) AasAy) ,

I J
||p—P||2=(Z SO (- Py AxAy) |

i=1 j=jo+1

and

NI

I Jjo 9
1 1
Py = Boll, = (ZZ (it = ptt) AxAy) :
i=1 j=0
where w, v, p, up, vy, pp are exact solutions, U, V, P,U,, V,, P, are numerical solutions.

Example 4.1: Consider the Stokes flow in —0.5 < x < 0.5,0 < y < 1 and the Darcy

flow in —0.5 <z < 0.5,—1 <y <0, the exact solution is given by
u(z,y,t) = — cos(wz) sin(my)e’

v(z,y,t) = sin(mx) cos(my)e’
1 .
(., 1) = 5 sin(r) cos(my)e'

1 .
pp(x,y,t) = 5 In [e(et(l’y) sin(me)) _ 9/2¢! sin(mc)] (4.62)
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with parameters u = }L,y =1l,¢p = 1,k = % and a = \/g The appropriate external
forces in free flow can be derived by substituting exact solutions into the momentum

equation (4.1)
fulz,y,t) = cos(nx) (g cos(my) — (1 + 27°v) sin(wy)) e’

and

folz,y,t) = sin(mx) ((1 + 27%v) cos(my) — gsin(wy)> el

Similarly, the source term in porous media can be obtained by substituting exact solution

of p, into the equation (4.3).

Table 4.1: Space discretization of the fluid horizontal velocity U, vertical velocity V and
Vr in free flow at At = $A2?, T =1, N, = 2N,.

N, |Jlu—U|, Rate Ju—V], Rate [|or—Vr|, Rate
40  2.1331E-03 - 1.9988E-03 - 4.7664E-03 -

80  6.0852E-04 1.7527 5.8197E-04 1.7173 1.3668E-03 1.7436
160 1.6310E-04 1.8655 1.6117E-04 1.8055 3.7042E-04 1.8449
200 9.5096E-05 1.9295 9.4897E-05 1.9107 2.1925E-04 1.9007
240 6.7004E-05 1.9712 6.7998E-05 1.9383 1.5839E-04 1.9226

The exact solution given in Example 4.1 satisfies the interface conditions equations
(4.5)-(4.7). The interface is at y = 0, also we consider Dirichlet boundary condition
at the external boundary of the domain which is obtained from the analytical solution.
The convergent tests are carried out for all primary variables U, V, P and P, as well

as U, and V,. Uniform step size with Az = Ay (where Az = N%,Ay = N%) in space
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Table 4.2: Space discretization of the fluid horizontal velocity U, and vertical velocity
V, in porous media at At = A2 T =1, N, = 2N,

N,
40
30
160
200
240

lup — Upll,  Rate
2.2352E-02 -
5.9594E-03 1.8754
1.5431E-03  1.9340
9.0936E-04  1.9090
6.3678E-04 1.9834

lvo = Vol
1.5596E-02
4.0219E-03
1.0049E-03
6.0076E-04
4.2765E-04

Rate

1.9389
2.0011
1.8818
1.9511

Table 4.3: Space discretization of pressure P in free flow and pressure P, in porous
media at At = JAz?, T =1, N, = 2N,

N, Rate
40
80

160

200

240

[o— P, Rate
5.4438E-02 -
2.7408E-02 0.9931
1.3763E-02 0.9957
1.0982E-02 1.0026
9.1895E-03 0.9985

Iy — PPHQ
2.2857E-03
5.8914E-04
1.4591E-04
8.5968E-05
6.0394E-05

1.9398
2.0188
1.9094
1.9770

Table 4.4: Time discretization of the fluid horizontal velocity U, vertical velocity V' and

pressure P in free flow at Az = Ay = ﬁ, T=1.

At

lu — U||2

Rate

v — VHQ

Rate

Jlor = Vel

Rate

1.00 x 1072
5.00 x 1073
2.25 x 1073
1.25 x 1073
6.25 x 10~*

3.4154E-01
1.9787E-01
1.1044E-01
5.3083E-02
2.6661E-02

0.8631
0.9477
0.9833
0.9955

2.3032E-01
1.3379E-01
7.0925E-02
3.6311E-02
1.8331E-02

0.8607
0.9432
0.9766
0.9904

9.2458E-01
5.5291E-01
2.9986E-01
1.5570E-01
7.9213E-02

0.8361
0.9219
0.9629
0.9828

discretization is considered in all refinement with time step size At = %sz. The grid

L
40

1

and decreases up to 535

refinement starts the step size from in space discretization.
The computations of time are performed up to time at 7" = 1. In addition, errors and

convergent rate in Ly norm for (U, V,Vr), (U,, V,) and (P, P,) are summarized in Tables
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L
320°

T=1

At

||“p - UPHQ

Rate

[vp = Vil

Rate

pr — Pp“z

Rate

1.00 x 1072
5.00 x 1073
2.50 x 1073
1.25 x 1073
6.25 x 10~

4.4932E-01
2.5233E-01
1.3698E-01
7.2229E-02
3.7090E-02

0.8904
0.9211
0.9482
0.9737

3.851E-01
2.2920E-01
1.2927E-01
6.9808E-02
3.6339E-02

0.8402
0.8865
0.9254
0.9605

3.9816E-02
2.1386E-02
1.1196E-02
5.7522E-03
2.8247E-03

0.9309
0.9550
0.9732
1.0182

Table 4.5: Time discretization of the fluid horizontal velocity U,, vertical velocity V,
and pressure P, in porous media at Az = Ay =

Table 4.6: Mass error for pressure in porous media at Az = Ay = %, At = iAxQ, K =
0.5, = 5, i = 0.25.

T\¢,

0.01

0.05

0.10

0.50

1.00

T =0.10
T =0.25
T =0.50
T =0.75
T =1.00

6.3838E-16
1.7486E-15
3.8858E-15
6.1062E-15
7.7716E-15

1.5266E-15
4.1078E-15
9.2149E-15
1.3323E-14
2.0428E-14

2.5258E-15
7.1332E-15
1.7319E-14
3.2752E-14
0.2847E-14

1.8318E-15
4.9960E-15
1.2212E-14
1.9540E-14
2.9421E-14

8.0491E-16
2.5258E-15
6.6058E-15
1.0547E-14
1.8540E-14

Table 4.7: Total mass error at the interface where Ax = Ay = %, At = 1A2? K

0.5, = 75, =025
T\c, 0.01 0.05 0.10 0.50 1.00
T =0.10 3.4694E-15 5.1547E-16 6.9936E-16 4.9519E-15 5.3612E-15
T =025 6.9388E-15 3.9039E-15 7.2240E-15 8.9390E-15 9.2307E-15
T =0.50 9.2287E-15 2.1966E-14 6.2889E-15 4.2539E-15 1.9660E-14
T =075 29837TE-14 3.7243E-15 4.3786E-15 3.7868E-14 5.4297E-15
T =1.00 2.3939E-14 3.5371E-14 8.4799E-15 1.8396E-14 4.7992E-14

4.1, 4.2, and 4.3 respectively. These results demonstrate second-order convergence in
space for velocity and pressure in porous media and second-order convergence in space
for velocity in free flow, however, the pressure in free flow is of first-order convergence

in space.
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To test the convergence in time, the space size is taken small enough as Ax = Ay =
3710; and the computations are with different time step sizes At = 0.01, 0.005, 0.0025, 0.00125
and 0.000625. The errors and convergent rate in Ly norm of (U, V, P) and (U, V,, P,)
are summarized in Tables 4.4 and 4.5 at 7" = 1. Results show first order convergent in
time. Table 4.6 shows the errors of pressure mass in porous medium with different time
level and compressibility parameter values, it clearly shows that our scheme satisfies
conservation of mass where the errors of mass have reached within accuracy 1074 which
reaches the machine precision. Having conservation of mass at interface, the sum of mass
flow > > VZ::}F ! Az At across interface must be zero due to the boundary conditions of
free flow in this example. Table 4.7 justifies that sum of mass at interface I' is upto
the machine accuracy (at least 1071%) by taking different time level and compressibility

parameter values.
Example 4.2: Consider the stokes flow in 0 < x < 1,0 <y <1 and the Darcy flow
in0<z<1,—1<y <0, the exact solution is given by

u(z,y,t) = [8(z* — 22° + 2°)(4y® — 3y*)] e,

vz, y,t) = — [8(4a® — 62” + 22)(y" — ¢°)] e,

pla,y,t) = [(a(z = 1)) (y(y — 1))* = 1] e,

3

(T, y,t) = |(x(z —1))%° + % —1le? (4.63)
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with parameters v = 1,¢, = 1,k = 1 and a = 1. The appropriate external forces in free

flow can be derived by substituting exact solutions into the momentum equation (4.1)

fulz,y,t) = — [B{(z* — 22° + 2®) + 2v(62” — 6z + 1)} (4y® — 3y*)+

48v(xt — 22° + 2% (dy — 1) — (42° — 62° + 22) (y* — 2° + y?)]e”!

and

folw,y,t) = [16{(22” — 32® + 2) + 6v (20 — ) }(y" —¢°)+

96122 — 322 + 2)(2y% — y) + (2* — 22% + 2?)(4y® — 6% + 2y)]e "

Similarly, the source term in porous media can be obtained by substituting exact solution
of p, into the equation (4.3).
%

To(@,y,8) = = |epf(e(x = 1))%° + 5 = 1} + 26{(62° — 62 + 1)y” + (2(e = 1))* +y}| ™"

The analytic solution of Example 4.2 satisfies the interface conditions given in (4.5)-
(4.7). The interface is at y = 0, and we consider Dirichlet boundary condition at the
external boundary of the domain. The spatial accuracy for all primitive variables U, V, P
and P, and the variables U, and V,, of Example of 4.2 is studied in Tables 4.8, 4.9, 4.10

Ay = 2 and

in different meshes with uniform step size Az = Ay (where Az = ~
Yy

1
N’
N, = 2N, )and time step size At = Ax?. The grid refinement starts from the step size %
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Table 4.8: Space discretization of the fluid horizontal velocity U, vertical velocity V and
Vi in free flow at At = Az?, T =1, N, = 2N,

N, |Ju—U|, Rate Ju—=V], Rate [|or—Vr|, Rate
20 3.4900E-04 - 4.0431E-04 - 5.4941E-04 -

40  8.7407E-05 2.0041 9.7141E-05 2.0810 1.1731E-04 2.3586
80  2.1840E-05 2.0012 2.3497E-05 2.0671 2.5834E-05 2.2705
160 5.4749E-06 1.9946 6.0907E-06 1.9289 5.6285E-06 2.2981
320 1.3726E-06 1.9943 1.5389E-06 1.9789 1.3904E-06 2.0240

Table 4.9: Space discretization of the fluid horizontal velocity U, and vertical velocity
V, in porous media at At = Az*, T =1, N, = 2N,.

No |up = Upll, Rate [lv,—=Vy[l, Rate
20 3.0829E-04 - 3.6554E-04 -

40  7.6830E-05 2.0063 8.5734E-05 2.1318
80 1.9090E-05 2.0123 2.0897E-05 2.0513
160 4.7551E-06 2.0074 5.4478E-06 1.9179
320 1.1876E-06 2.0020 1.3966E-06 1.9504

Table 4.10: Space discretization of pressure P in free flow and pressure P, in porous
media at At = Az?, T = 1.N, = 2N,

N, |p—=Pl, Rate [p,—F5fl, Rate
20 9.7015E-03 - 1.6007E-03 -

40  3.8687E-03 1.2538 3.6806E-04 2.1745
80 1.3915E-03 1.3901 9.0373E-05 2.0003
160 5.2671E-04 1.3209 2.4968E-05 1.8098
320 2.0713E-04 1.2714 6.6521E-06 1.8767

and decreases up to ﬁ in space discretization. The computations of time are performed

up to time at 7' = 1. We can see that the spatial orders of convergence are of second

order in Ly norms except in pressure in free flow. For the temporal convergence, we take
1

small enough to Az = Ay = 55 and numerical errors are generated by using different
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L
320°

T=1.

Table 4.11: Time discretization of the fluid horizontal velocity U, vertical velocity V
and pressure P in free flow at Az = Ay =

At

lu — Ull,

Rate

lv =V,

Rate

|lvr — Vrll,

Rate

2.00 x 1072
1.00 x 1072
5.00 x 1073
2.50 x 1073
1.25 x 10~*

6.7776E-03
3.5668E-03
1.8356E-03
9.3179E-04
4.6955E-04

0.9501
0.9716
0.9850
0.9922

3.7735E-03
2.1770E-03
1.1927E-03
6.2981E-04
3.2477E-04

0.8667
0.9126
0.9469
0.9696

3.6992E-04
1.8170E-04
9.0331E-05
4.4237E-05
2.0311E-05

1.0179
1.0057
1.0210
1.0879

L
3207

T=1

Table 4.12: Time discretization of the fluid horizontal velocity U, vertical velocity V,
and pressure P, in porous media at Az = Ay =

At

Hup - UPHQ

Rate

va - VZD”Q

Rate

pr - PPHQ

Rate

2.00 x 1072
1.00 x 1072
5.00 x 1073
2.50 x 1073
1.25 x 1073

2.0726E-03
1.0394E-03
5.2069E-04
2.6062E-04
1.3038E-04

0.9970
0.9981
0.9989
0.9995

1.6317E-04
6.5053E-5
2.8576E-05
1.3392E-05
6.4905E-06

1.2541
1.1382
1.0669
1.0317

6.5106E-03
3.3225E-03
1.6786E-03
8.4375E-04
4.2299E-04

0.9798
0.9897
0.9947
0.9974

1

Table 4.13: Mass error for pressure in porous media at Ax = Ay =
La=1,u=1.

At = iAJ,’Q, K =

T\Cp

0.001

0.01

0.05

0.1

1.00

T =0.10
T =0.25
T =0.50
T =0.75
T =1.00

7.5806E-16
6.2924E-15
1.1797E-14
1.6616E-14
2.0901E-14

1.9608E-15
4.8364E-15
9.2005E-15
1.3133E-14
1.6726E-14

1.9050E-15
4.7068E-15
8.9695E-15
1.2822E-14
2.3354E-14

1.8979E-15
4.6905E-15
8.9406E-15
1.2783E-14
1.5307E-14

1.8918E-15
4.6759E-15
8.9147E-15
1.4538E-14
1.6265E-14

At as shown in Table 4.11 and Table 4.12. Numerical results of L, norm of (U, V, P) and
(Up, V,, P,) confirm that the scheme is of first order convergent in time. The pressure
mass errors in porous media with different time and compressibility parameter values

are shown in Table 4.13. It shows that our proposed scheme preserves mass; where the
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Table 4.14: Total mass error at the interface where Ax = Ay =

1

607

At = 1A2% Kk =

La=1,up=1.
T\¢, 0.001 0.01 0.05 0.1 1.00
T =0.10 8.5927E-15 1.9867E-14 1.9351E-14 1.9276E-14 1.9221E-14
T =0.25 23654E-14 1.8438E-14 1.8042E-14 1.7962E-14 1.7885E-14
T =0.50 2.0506E-14 1.6536E-14 1.6194E-14 1.6145E-14 1.6046E-14
T =0.75 1.8143E-14 3.7925E-14 2.4564E-14 2.7598E-14 4.3297E-14
T =1.00 1.6239E-14 1.3748E-14 1.3530E-14 1.3542E-14 1.3426E-14

errors of mass have reached at least accuracy of 10714, Since conservation of mass across
the interface requires the mass flux leaving the free flow region to be equal to the mass
flux entering the porous medium region. Thus, as equation (4.5), the sum of mass flow
>3 V;Z;ri ! Az At across interface must be zero due to the boundary conditions of free
flow. Mass errors at the interface are listed in Table 4.14 where we presents in various

time level and compressibility parameter values.

4.4.2 Real Model

Experiment 1 (Lid driven cavity problem)

The lid driven cavity is among the most popular problem in fluid flow systems which is
extensively investigated because of certain flow features like boundary layer on the wall,
separation and attachment of flow, vortices and bubbles. Here, Stokes-Darcy equations
are solved in square domain where the upper boundary moves with a uniform tangential
velocity (v = U = 10,v = 0). The no-slip boundary conditions are applied in left and

right side (u = 0,v = 0) in free flow. At left, right and bottom boundaries of the porous
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Figure 4.3: Lid driven cavity problem.

medium domain, the no flow condition % = 0 is considered. The boundary conditions

are described in Fig. 4.3. The initial velocities and pressure of §2; and (2, are zero.
Our proposed scheme is applied and the computation is done in different time-
marching 7" = 1,10 and 50, starting the initial condition using mesh size of Ax =
1

Ay = 5 and time step At =

Az

5 oince velocities values of porous medium are much

smaller comparing to surface flow velocities. Thus we enlarge sufficiently so that it can
be visible in plotting of velocity vector field. Fig. 4.4 depict the comparison of the flow
vector field using permeability x = 0.1, and Figure 4.5 using permeability £ = 1.

To clarify further the vector velocity field, we plot both horizontal and vertical veloc-
ity separately at different time level in different parts of region 2. Horizontal velocity (U
or U,) along x-axis and y-axis is shown in Fig. 4.6. Along x-axis at y = 1.5125 (almost

middle part of free flow region) and at y = 0.5125 (almost middle part porous medium
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Figure 4.4: Velocity field in different time level lid driven cavity problem with p =
10, 0=10"k=10" ¢, =10"* and a = 1

region), the value of (U or U,) is negative i.e. fluid is moving from right to left (see Fig
4.6 a and c¢). But at y = 1.9375 (near moving wall where main vortex is appeared), the
value of velocity is positive except near left and right wall (see Fig 4.6 b). Fig 4.6 d is
the horizontal velocity at x = 0.5 which is middle part of region €2 along y-axis. Since
in each level of given time, the direction of fluid flow is same; however, as time increases
the absolute value of velocity (U) increases in free flow region and decreases the velocity
(U,) in porous medium region along x-axis. Also vertical velocity (V' or V,) along x-axis

and y-axis is shown in Fig.4.7. The vertical velocity plot in various time level along
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Figure 4.5: Velocity field in different time level lid driven cavity problem with p =
103, 0 =10k =1,¢,=10"* and o = 0.1

x-axis at y = 1.5 (middle part of Q¢ ), y = 0.5 (middle part of 2, ) and y = 1.925 (near
moving wall) show that the fluid is entering from free flow region to porous medium
region in right side and from porous medium region to free flow region in left side from
half part of domain Q ( see Fig 4.7 a, b and ¢). At x = 0.5125 (almost middle part of
Q ), the value of vertical velocity is close to 107¢ or smaller in all time level (see Fig

4.7 d). Thus, the fluid from surface region €2y flows into the porous medium region €2,
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Figure 4.6: Horizontal velocities plot in different time level in different parts of regions
Q,Q, and Q along x-axis and y-axis with p = 103, u = 107",k = 107!, ¢, = 107* and
a=1

from right side and out from porous medium to surface region from left side; and the
flow also forms a vortex near the moving wall. Further, Table 4.15 shows the errors of
pressure mass in the porous medium with different time level and permeability values
which we can see clearly that the scheme satisfies conservation of mass where mass errors
have reached within 10716, For conservation of mass, the sum of the mass flow across
interface must be zero. Table 4.16 shows that our scheme ensures the discrete mass
balance errors > > V™!, AzAt across the interface I' almost upto machine accuracy

27.70+§
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Figure 4.7: Vertical velocities plot in different time level different parts of regions 1y, 2,
and  along x-axis and y-axis with p = 10%, p =107,k =107, ¢, = 107" and a = 1

Table 4.15: Mass error for pressure in porous media at Az = Ay = %, At = iAzQ, cp =
1074, a=1,u=10"%
T\x 10~ 1073 1072 1071 10°

T=0.10 1.4867E-18 1.5468E-18 1.4262E-18 1.4962E-18 1.2925E-17

T =1.00 1.4361E-18 1.3639E-18 9.6617E-18 6.0906E-18 6.0413E-18

T =5.00 5.7793E-19 1.7347E-18 2.9739E-18 3.4451E-18 3.5687E-18

T =10.00 4.6115E-18 6.6861E-18 7.9399E-18 8.4378E-18 8.6683E-18

T =20.00 1.0883E-16 1.6529E-17 1.7830E-17 1.8405E-17 1.8731E-17
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Figure 4.8: Vertical velocity at the interface I with different time level with p = 103, u =
107 k=10 ¢, =10 and a =1 .

Table 4.16: Total mass at interface I' where Ax = Ay = 4—10, At = iAxQ, cp=10"% a =
1L,y =10"

T\x 104 103 102 10T 10°
T =010 15263E-18 15849E-18 1.4592E-18 1.5237E-18 1.3272E-18
T=1.00 15421E-18 1.5382E-18 1.5232E-18 1.5473E-18 1.5568E-18
T =500 1.5396E-18 1.5463E-18 1.5523E-18 1.5398E-18 1.5481E-18
T =10.00 1.3916E-18 1.5432E-18 1.5443E-18 1.5500E-18 1.5407E-18
T =20.00 2.1938E-16 1.5391E-18 1.5577E-18 1.5413E-18 1.5446E-18

Experiment 2 (Inflow-outflow problem)

Another commonly utilized benchmark problem is inflow-outflow problem in order
to observe whether proposed numerical scheme is working properly when surface flow is
coupled with porous medium flow. A physical model is given in Fig. 4.9. We consider
Qp =10,8]x[1,2],Q, =[0,8] x[0, 1] and interface I = (0, 8) x {1}. The no-slip boundary

condition (v = 0,v = 0) is applied in the top side of free flow 0Q; = [0,8] x {2}. The
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Figure 4.9: Inflow outflow problem.

inflow boundary condition at the left side of free flow region 09y = {0} x [1,2] is given
by

u=U(1—4(y — 1.5)%), v=0 (4.64)

where U = 10 in this case. The outflow condition is prescribed as inflow at the right
boundary. The remaining boundaries of the porous region ; the no-flux boundary con-
dition Vp,.n = 0 is imposed. The initial velocities and pressure of {2y and €2, are set to
be zero.

The computation is done in different time-marching 7" = 1,10 and 50, starting the
initial condition using mesh size of Az = Ay = % and time step At = AT””Q. Fig. 4.10
shows the comparison of the flow vector field using permeability k = 1, special storage
coefficient ¢, = 107, kinematic viscosity v = 10~* and Beavers-Joseph parameter o = 1.
In each time level cases, the fluid from surface region €2y flows into the porous medium

region (2, from left side and out from porous medium to surface region from right side
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Figure 4.10: Velocity field in different time level in inflow-outflow problem with v =
103, k=1,¢,=10"*and a = 1.

as the natural flow nature. Moreover, when flow is in unsteady state (at beginning level
of time), the main stream of flow appear towards porous medium but as flows reach at
steady state (in long time), main stream of flow remain in surface region (see Fig. 4.10
a-c).

Furthermore, we plot both horizontal and vertical velocity separately at different
time (7' = 1, 5,10, 50) in different parts of region 2. Horizontal velocity (U or U,) with

various time marching along x-axis and y-axis is shown in Fig. 4.11. Along x-axis at
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Figure 4.11: Horizontal velocities plot at different time level in different parts of regions
Q,Q, and Q along x-axis and y-axis with v = 1072,k = 1,¢, = 107* and o = 1.

y = 1.525 (almost middle part of free flow region) , at y = 0.525 (almost middle part
porous medium region) and y = 1.925 (near top wall ), the value of (U or U,) is positive
i.e. fluid is moving from left to right (see Fig 4.11 a-c). The results show that flow is more
stable in middle of region than near the wall. Also in long time flow it becomes more
and more stable and reaches the equilibrium level. Moreover, velocity value in porous
media is higher than in free flow in the beginning time (7" = 1) ; however increasing in
time, the velocity value of porous media becomes much smaller than in free flow region

(see Fig. 4.11 d). Next, vertical velocity (V or V,) along x-axis and y-axis is shown in
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Figure 4.12: Vertical velocities plot at different time level in different parts of regions
Q,Q, and Q along x-axis and y-axis with v = 1072,k = 1,¢, = 107* and o = 1.

Fig. 4.12. The value of vertical velocity (V' or V,) is negative near left side wall region
and positive near right side wall region (see Fig 4.12 a and c); although, it is almost
opposite where flow is moving close by top wall (see Fig 4.12 b). Moreover, the net
velocity value (V or V,) is close zero as flow reaches to steady state (see Fig. 4.12 d).
Table 4.17 shows the errors of pressure mass in the porous medium with different
time level and permeability values which we can see clearly that the scheme satisfies
conservation of mass where mass error have reached within 10716, For conservation of

mass, the sum of the mass flow across interface must be zero. Table 4.18 shows that
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-10

¥-axis

Figure 4.13: Vertical velocity at the interface with different time level with v = 1073, k =
l,c,=10"" and o = 1.

Table 4.17: Mass error for pressure in porous media at Az = Ay =
1074 a=1,u=1073

1 2 —
I—O,At—zAZL‘ ,Cp =

T\k

1074

1073

1072

1071

10°

T=1
T =2
T =5

5.0834E-17
3.6288E-16
9.3913E-16

T'=10 1.6832E-15
T =15 2.2188E-16

4.1234E-17
2.8924E-16
2.4639E-16
3.7444E-16
4.6445E-16

7.3306E-17
3.7583E-16
2.9947E-16
2.3858E-16
4.3705E-16

2.5523E-16
1.4229E-16
2.5991E-16
1.6210E-16
1.1826E-16

1.8070E-16
2.2341E-16
1.2415E-16
6.8591E-17
3.9873E-17

Table 4.18: Total mass at interface I' where Az = Ay =

1,v=10"3

10°

At =1Az% cp =104 a =

1074

1073

1072

1071

10°

2.3735E-16
3.9996E-16
4.1668E-15
8.2895E-15
9.1894E-15

1.3932E-16
1.1848E-15
8.3627E-15
1.7705E-16
2.5518E-15

3.1124E-16
1.5171E-15
1.3559E-16
7.2437E-16
1.0505E-15

1.0417E-15
6.2369E-16
1.0405E-16
8.6096E-16
2.1519E-15

7.3493E-16
8.70583E-16
5.4411E-16
4.2145E-16
3.8819E-16
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Figure 4.14: The coupled free flow and two layers porous media flow.

our scheme satisfies the discrete mass balance errors across the interface I' almost upto

machine accuracy which is also confirmed by Fig. 4.13 (symmetry curve axis at y = 1).

4.4.3 Realistic Problem

Experiment 3 (Inflow-outflow problem of free and two layers porous media

flows)

The numerical simulations for the realistic problem are taken in this subsection. We
consider the coupled domain 32m x 2m presented in Fig. 4.14. The porous medium
contains two highly permeable layer [0,32m] x [0,0.5m] and [0, 32m] x [0.5m, 1m|. The
fluid is water with density p = 103[kg/m?] and dynamic viscosity u = 1073[Pas]. The soil
is isotropic with permeability x = 10~¥[m?] in the bottom layer and the permeability k =
107%[m?] is in the upper layer of the porous medium. The soil compressibility parameter
is ¢, = 107*[1/Pa]. The BeaversJoseph coefficient is o« = 1072, The gravitational effects
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Figure 4.15: Pressure distribution at different time level in the coupled domain with
Ar = Ay = 0.05 and At = 0.5A22.

are neglected. We consider the following coupled system as presented in Fig. 4.14,

(%_?:—Vp—i—VVQu, (z,y,t) € Qf x (0,77,
Vau=0, (z,y,t) € Qp x (0,77,
Cpagtp +V.a, =0, (z,y,t) € Q2 x (0,77,
u, = —*Vp,, (z,y,t) € Qp, x (0,7,

q U = =2V, (z,y,t) € Qp, x (0,17,
U = Up, (x7y7t)erl X (OvT]a
p_QVg_;_ppa (gjay7t)€]-—‘1 X (OaT]a
u+@<§—;+§—g)=0, (z,y,t) € Ty x (0, 7],

[ =0, [Ep) =0, (my.0) ey x(0.7)
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Figure 4.16: U-velocity distribution at different time level in the coupled domain with
Ar = Ay = 0.05 and At = 0.5A22.

and the right side function F and f, are zero; where I'y is the interface between free
flow and porous media flow and I'y is the interface between two layers of porous media.

We choose zero free flow velocity ug = 0,79 = 0 and the atmospheric pressure
Py = 10°[Pa] as initial conditions for pressure in both surface flow and porous medium.
The set of boundary conditions is prescribed in Fig. 4.14. The inflow conditions at
the left boundary of the free flow domain is taken same as Experiment 2, v = U(1 —
4(y — 1.1)%)[m/s] with U = 20 and v = 0. The no-flow condition at the left boundary

of the porous medium domain is given by dp/dz = 0 and the outflow conditions are
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Ou/x = 0,v/0z = 0. To demonstrate the effectiveness of our proposed scheme numerical
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Figure 4.17: V-velocity distribution at different time level in the coupled domain with
Ar = Ay = 0.05 and At = 0.5A22.

simulations are done by our Pressure-velocity scheme for coupled free and porous media
flow systems for T" = 1s, 10s, 50s and 200s where the mass preservingg solution-flux
scheme in chapter 3 is considered to solve layers problem in porous media. We use
Ar = Ay = 0.05 and At = 0.5Az°. Finally numerical solutions for pressure and
velocities in the coupled domain for realistic example at different times are produced.
Pressure distribution distribution is shown in Fig. 4.15. The amount of inflow of water

produces an increase of the pressure in the free flow domain and, as a result, a pressure
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difference in the porous medium generates the fluid flow in the porous layer. Since the
upper layer of porous medium is more permeable than the lower one, the pressure is
higher in upper layer region because the water can go through easier. Also by advancing
time, the coupled system approaches towards steady state.

Horizontal velocity distribution is shown in Fig. 4.16. The horizontal velocity appears
negative value (flow is in right to left direction) in small portion of region near inflow
wall and free-porous interface I'y at T' = 1. Also, the value of horizontal velocity in free
flow is much higher than in porous media. Further, as a flow approaches to a steady
state, the horizontal velocity value becomes constant in free flow region (main stream
flow region) except near inflow wall. Vertical velocity distribution is shown in Fig. 4.17.
Fig. 4.17 shows that flow is moving faster toward porous media through interface I'y
near inflow wall at T' = 1; but the flow is moving faster toward porous media through
interface I'y at T' = 10. However, as a flow approaches to a steady state, the vertical
velocity comes closer to zero. Also, vertical velocity value becomes almost same in whole
region. Thus, Fig. 4.16 and Fig. 4.17 show that the whole flow system in inflow-outflow

setting is dominated by horizontal velocity.

4.5 Conclusion

The interactions between the free flows and porous medium flows present commonly
in science and engineering work. Therefore, there is increasing interest to simulate

interactions in the free flow and porous medium systems. Only free flow or porous
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medium domains domains have been extensively studied, but a challenge of numerical
solution arises in case of coupling between the flow models at the interfaces.

In this work, we have studied the time-dependent Stokes-Darcy problems with a set
interface conditions to describe fluid flows and proposed a conservative pressure- velocity
scheme for solving such the systems. We developed an efficient method to approximate
the problem at the interface that ensures our scheme to preserve mass over the whole
domain including across the interface. Numerical simulations were provided two model
problems with known analytical solutions, two real problems and a realistic problem
to show mass conservation and the convergence of the proposed algorithm in time and
space sizes. The numerical results from two model problems showed that all primary
variables are second order accurate in Lo, norm except the pressure in free flow which
is first-order accurate in L, norm. Numerical results of two most popular benchmark
problems in fluid flows ( lid driven and inflow- outflow problem ) and the realistic setting
problem showed excellent performance of the proposed scheme.

Many extensions to this work are possible such as the proposed method provides a
fundamental and flexible way in solving coupled Navier-Stokes and Darcy flow problems
and it is readily extendible to multi-physics fluid flows for applications in various engi-
neering analysis. It can be developed in multi-time step algorithms, using higher order
schemes in time and application of various kinds of space discretization techniques in
both flow domains. The two-fluid-phase porous medium systems can be considered to
simulate evaporation from the soil influenced by the wind, wood drying or river interac-

tion with unsaturated ground water aquifers.
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