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Abstract

Consider a population of individuals occupying some habitat, and assume that the
population is structured by age. Suppose that there are two distinct life stages,
the immature stage and the mature stage. Suppose that the mature and imma-
ture population are not competing in the sense that they are consuming different
resources. A natural question is “What determines the age of maturity?” A sub-
sequent natural question is “How does the answer to the latter question affect the
population dynamics?” In many biological contexts, including those from plant and
insect populations, the age of maturity is not merely constant but is more accu-
rately determined by whether or not the food concentration reaches a prescribed
threshold.

We consider a model for such a population in terms of a nonlinear transport
equation with nonlocal boundary conditions. The variable age of maturity gives
rise to an implicit state-dependent delay in the system of first order partial differen-

tial equations. We explain the relevance of this problem and provide a mechanistic
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derivation of the model equations. We address the existence, positivity, and conti-
nuity of the solution semiflow arising from the model equations, and then we discuss
the differentiability of the semiflow with respect to initial data, in a suitable weak
sense. The problem of the differentiability of the solution semiflow arising from
even ordinary differential equations containing state-dependent delays was a long
standing open problem for some time. Prior to this work, there were no results
which addressed the linearization of the solution semiflow corresponding to a par-

tial differential equation having a state-dependent delay.

iii



Acknowledgements

I would like to thank my doctoral advisor Dr. Jianhong Wu for recognizing my
strengths, teaching me how to use them at full capacity, and for providing me with
the opportunity to participate in conferences worldwide. I would like to thank
my co-advisor Dr. Yuming Chen for his patience and support. I am grateful
to Dr. Glenn Webb of Vanderbilt University for believing in me when I did not
believe in myself. I would like to thank Dr. Bernhard Lani-Wayda of Justus-Liebig
University for my visit to Giessen, and for visiting our group. I would like to thank
Dr. Laurent Pujo-Menjouet of Lyon 1 University for his advice, my visit to Lyon,
and his support. I am grateful to Dr. Yang Kuang, Dr. Hal Smith, and Dr. Horst
Thieme of Arizona State University for my visit and their advice. I would like to
thank Dr. Stan Kochman for his advice and utmost patience and support. I am
grateful to Dr. Juris Steprans for improving my teaching. I would like to thank Dr.
Peter Olofsson of Trinity University for teaching me about career options. Finally,

I would like to thank Dr. Jacques Bélair and Dr. Peter Gibson for their service.

v



Table of Contents

Abstract

Acknowledgements

Table of Contents

1

2

Introduction
1.1 The Big Picture . . . . . . .. ...

1.2 Mechanistic Derivation . . . . . . . . . . ..

Existence and Continuity of the Abstract Solution Semiflow

2.1 Comparison with Existing Results . . . . .. ... ... ... ...

2.2 Technical Preliminaries and Hypotheses . . . . . . ... ... ...
2.2.1 The Ambient Linear Space of Initial Data . . . . . .. . ..
2.2.2 Hypotheses . . . . . . . . . ...

2.3 Local Solutions in My . . . . . . . . . . ... ... ...

ii

iv



2.4 Maximal Solutions and a Semiflow on My . . . . . . . ... ... .. 28

2.5 The Model Equations: Part One . . . .. .. ... ... ... ... 32

Differentiability of the Abstract Solution Semiflow with Respect

to Initial Data 38
3.1 Background . . . .. ... 38

3.1.1 Outline and Main Results . . . . ... ... ... ... ... 45

3.1.2  Morally Finite or Infinite Dimensional Problem? . . . . . . . 47
3.2 Technical Preliminaries and Hypotheses . . . . . . .. ... .. .. 49

3.2.1 The Ambient Linear Space of Initial Data . . . . . . .. .. 50

3.2.2 Hypotheses . . . . . .. . ... .. 50
3.3 Differentiability of Solutions with respect to Time . . . . . . .. .. 54
3.4 The semiflow on M, and its Restriction to My . . . . . . . . . . .. 66
3.5 The Linear Variational System along Flowlines in My .. ... ... 69
3.6 Derivatives of Solution Operators Spon My . o oo 79
3.7 The Model Equations: Part Two . . . . . ... ... ... ..... 93
C’-Extendable Banach Manifolds 104
4.1 C'Banach Manifolds . . . . . . ... ... ... ... .. ..... 104
4.2 The C°-Extendable Smooth Structure . . ... ... ... ..... 106
4.3 (% Extendable Submanifolds . . . . . ... ... ... ....... 108

vi



5 Concluding Remarks 110

5.1 Summary . . ... 110
5.2 Future Research Directions . . . . . . . ... . ... ... ... ... 111
Bibliography 111

Vil



1 Introduction

We start off by discussing the big picture, that is, how the results presented in this
thesis complement existing works in the field of functional differential equations,
as well as their relevance for the broader research community. We then present a

mechanistic derivation of the model equations.

1.1 The Big Picture

The work presented in this thesis is a coherent integration of two different themes.
The two themes being integrated are ideas from the theory of differential equations
containing state-dependent delays [35, 36], and the modeling of age structured pop-
ulations using nonlinear transport equations [38]. The outcome is a general frame-
work for the analysis of a class of age structured population models, having two
distinct and non competing stages (the mature and immature stages), and with
the special feature that the age of maturity of an individual at a given time is

determined by whether or not the resource concentration, which depends on the



immature population, reaches a prescribed threshold. An upshot of this thesis is
that one can create new mathematics by letting oneself cross traditional interdisci-
plinary boundaries, instead of focusing on improving the technicalities of existing
work. Below I briefly explain first the mathematical, and then the interdisciplinary
significance of this work.

Differential equations containing state-dependent delays [ordinary differential
equations (ODEs), or partial differential equations (PDEs)] are the focus of much
of the current research on functional differential equations, and present the most
challenging problems in this field [9, 31, 36, 14, 29, 28]. This is because the nonlinear
term typically is not differentiable (or even Lipschitz!) on the initial history space
of continuous functions, and the corresponding Cauchy problem is not well posed.
Hence results from the well known monographs [7, 3, 8] do not apply to even ODEs
containing state-dependent delays. An alternative for the case of ODEs is to work
on a submanifold of the space of C! functions, or to work on the space of Lipschitz
functions. As a result, this class of equations does not fit well into any classical
framework for smooth semi-dynamical systems. In the case of PDEs containing
state-dependent delays this problem is more serious since in general, solutions of
PDEs are not locally Lipschitz in time. Consequently, there are very few works
which deal with differential equations containing both state-dependent delays and

partial differential operators.



Threshold phenomena in structured populations has been proposed in many
biological contexts. This is usually manifested as a variable transition age between
two distinct life stages. See [9] for examples in epidemiology, and [26, 6] for examples
in fish and insect populations. Other examples of state-dependent delays appearing
in population models, including one for hematopoiesis can be found in [1, 21]. The
model described in the first paragraph of this introduction incorporates this idea
for the case of a two stage population, in which there is no competition between
juveniles and adults, and for which the age of transition from the juvenile to the
adult stage depends implicitly on the history of itself and the history of the juvenile
population, giving rise to a state-dependent delay. Prior to this thesis there was no
mathematical apparatus in which these models, in their natural PDE setting, could
be embedded and mot to mention the linearization of the corresponding solution
semiflow. Furthermore, linearization of the solution semiflow for even ODEs with
state-dependent delays was a long standing open problem, see e.g. [35, 9]. Prior to
the work [35] many researchers used to treat the linearization of a state-dependent
delay equation in a purely formal way as in e.g. [16].

The situation above can be described in terms of a nonlinear transport equation
coupled to an algebraic-delay term. This gives rise to an abstract algebraic-delay
differential system. In Chapter 2, we establish sufficient conditions for the corre-

sponding initial value problem to give rise to a continuous semiflow, on a subset



of the ambient initial history space of continuous functions. In Chapter 3 we give
sufficient conditions for the differentiability of the semiflow (in a weak sense), and
in a certain phase space. The main challenge here is to come up with the right
notion of differentiability and the right phase space to recover the desired result.
In particular, this leads to the notion of a “C°-extendable submanifold”, which is
related to “almost Fréchet differentiable functions” introduced in [23]. We note
for the convenience of the reader, that Chapter 2 and Chapter 3 although closely

related, are entirely self contained and can be read in any order.

1.2 Mechanistic Derivation

The derivation below is adapted from [12] but morally goes back to [26].

Consider some abstract habitat and some population of individuals living in
this habitat. Let u(¢,a) be the density of individuals of age a at time t. Let the
immature population at time ¢ be given by I(¢). Let S(¢) denote the concentration
density of some resource per unit volume in the habitat at time ¢t. To derive a
deterministic model we need to make some assumptions.

First, we assume that S(t) satisfies S'(t) = Sy — (1:1(t) + C)S(t). Here Sy > 0
is a constant rate of food recruited in the habitat, «; > 0 is the rate of food
consumption of the immature population per unit time, and C' > 0 represents

the resource consumption rate by anything else in the habitat. Since the resource
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consumption happens on a much faster time scale than that of life of the population,
we can make a simplifying assumption. If we hold the immature population fixed,

we get the equation, S’(t) = So — (7,1 + C)S(t). The steady state is given by the

So

SWATSE Since this steady state is globally stable, the quasi steady state

formula S =

approximation gives

(1.2.1)

For further details see [25].
Second we assume that the age of maturity at time ¢, 7(¢), is defined by the

condition

t
/ S(o)do =T >0, (1.2.2)
t—7(t)

where T > 0 is a “size” threshold. This represents the difference between an
individual’s size at birth and their size 7 units of time after birth. Combining (1.2.1)

with (1.2.2) gives us

t T(o
Sy ' /()
——————do =T with I(o) = u(o,a)da
/t'r(t) vil(o) +C (@) 0 ()

or equivalently

-1

do=T.

t 7(o)
/ So |V / u(o,a)da + C
t—7(t) 0
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For convenience, let Sy = 7; = 1 and this can be achieved by rescaling the relevant
parameters.

Finally we assume that the individuals have maximum age 0 < m < oo
and u(t, a) satisfies the standard first order transport partial differential equations

(PDEs),

Owu(t,a) + Ouu(t,a) = —d(a)u(t,a), t >0 and 0 < a < m;

(1.2.3)
u(t, 0) = b( [ B(E)u(t,§)de),
where 7(t) is given by
0 T(t+0o) N
/ [/ u(t+o,a)da+C| do=T. (1.2.4)
—@ |Jo

Note that we ignore technicalities concerning whether 7(¢) is well defined by (1.2.4)

at this stage. To have solutions for ¢ > 0 we must specify the initial conditions,

7(t) = (1) for —a,, <t <0

and

u(t,a) = (t,a) for —a,, <t <0and 0 <a<m.

Here a,, € (0,m) is the maximal age of maturity.
A look at (1.2.4) reveals that 7(¢) depends on the history at time t of the
population density, u;, and the history of itself, 7. As usual, u(0)(-) = u(t + 6)(-)

and 1:(0) = 7(t + 0) for 6 € [—a,,,0] and we abuse the notation that u(t,a) =
6



We assume naively that 7(¢) is a function of w, and 7, 7(t) = H(us, 7¢)

u(t)(a),
(see Section (2.2) and Section (2.5)).

To summarize, we have obtained the initial value problem,

Owu(t,a) + Ouu(t,a) = —d(a)u(t,a),

u(t,0) = b( [ BE)u(t, E)dE), (1.25)

T(t) = H(ut, Tt>
for ¢ > 0 and 0 < a < m with initial conditions

7(t) = (1) and u(t,a) =(t,a) for —a,, <t <0and 0 <a <m. (1.2.6)

Uy
Note that for each t > 0, € My, where

Tt

My = v € some subset of C([—am, 0], L'[0,m) x R) | ¢(0) = H(¢, ¢)

'
The precise definitions of H and M, are given in Sections ( 2.2) and ( 2.5). Wi

can rewrite the initial value problem (1.2.5)-(1.2.6) abstractly as

P L N G0 . b( [y BE)u(t,€)dE)
u(t, -) —ua(t, ) —d(-u(t,-)
7(t) = H(u, 1),
Zo 77/}
= € My
7'0) )



This mechanistic derivation shows how we are naturally led to considering the
more general algebraic-delay differential system, the initial value problem (2.2.1) of

Section 2.2, which is the object of study in this thesis.



2 Existence and Continuity of the Abstract

Solution Semiflow

We make a comparison with related existing results in the literature and then pro-
ceed with our abstract framework. In Section 2.2, we state the relevant technical
preliminaries and hypotheses, including the appropriate notion of mild solutions in
the subset Mj of the ambient linear space of continuous functions. In Section 2.3
we prove the existence and uniqueness of local mild solutions in M, (Theorem 1).
In Section 2.4, we discuss the corresponding semiflow and show that it is contin-
uous (Theorem 2). In Section 2.5, we give an application of the general theory

(Proposition 3).

2.1 Comparison with Existing Results

Similar types of structured population models were already considered by Smith in
[32]. The models considered by Smith were reduced to a single retarded functional

differential equation whose nonlinear term is Lipschitz on the usual phase space
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of continuous functions. Due to the dependence of the age of maturity on the
immature population, this is not possible for the case we are considering. This
is because the second component of the system we are studying, which describes
the age of maturity in the mechanistic derivation above, depends not only on the
history of the population density but also on the history of itself. For a related
work on threshold type delay differential equations, see [15].

More recently, Hbid et al. [11] considered a stage structured population model
with the same feature determining the age of maturity that we have here. However,
based on a simplifying assumption, they reduced the model to an integral equation
containing a state-dependent delay, for which the immature population depends
only on the history of the state variable, and consequently, does not need to be
initialized.

The nonlinear semigroups approach we are using here was motivated by the
works of Thieme [34], and Magal and Ruan [20, 19], specifically for the case of
structured population models. For another semigroup approach for age structured
models, see [38]. The basic reference for semigroup theory is [27].

A unification of various fundamental results for PDE with ordinary delay is
given in [30], which uses a more general class of operators than we have here. It
would be nice to see if the results presented here can find such generalizations. For

a treatment of reaction diffusion systems with ordinary delay, see [39].

10



Also closely related is the recent work of Walther [36] on ODE algebraic-delay

differential systems. Walther considered systems of the form

2(t) = flzr(D)),

0 = A(r(t),zy),

where x(t) € RF and r(t) is defined implicitly by the history of the state, z,. As
long as the derivative of A in the first component is nonsingular, such systems will
be locally uniquely solvable thanks to the implicit function theorem. Unfortunately,
we cannot apply the implicit function theorem for the case we are considering, so
instead we impose a special Lipschitz condition on the function H given in the next

section.

2.2 Technical Preliminaries and Hypotheses

In this section we state the relevant technical preliminaries and hypotheses. All
Banach spaces are assumed to be over the real numbers. Whenever a product
of Banach spaces is considered, we view it as a Banach space equipped with the

corresponding product norm.
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2.2.1 The Ambient Linear Space of Initial Data

Let § > 0 and [ = [—0,0]. For F' C E, where E is a Banach space, C(I, F') denotes
the set of continuous functions mapping I into F. For ¢ € C(I, F'), we let ||| be
the supremum norm of ¢. Then (C(I, E),|| - ||) is a Banach space.

Suppose that 0 < 7' < oo and y : I U[0,7] — F is some map. As usual in
the literature on delay equations, for each ¢ € [0,7], we define y, : I — F by
y(0) = y(t + 0) for § € I and call y, the history of y at time ¢. If T = oo then the

same definition applies with ¢ € [0, T] being replaced with ¢ € [0, 7).

2.2.2 Hypotheses

(H1) Let (X,|-|) denote a Banach space and suppose that A : D(A) — X with
D(A) C X is a linear operator satisfying the estimates of the Hille-Yosida
theorem, that is, there is some M > 1 and some w € R such that the ray
(w,00) C p(A) and [[(A—=X)"|] < % for A > w and for each positive

integer n.

We let Xy = D(A) and Ay denote the part of A in X,. Actually this class of
operators falls under a more general class of well known operators as pointed out
in [30]. Set Ry = (A — XI)~'. Without loss of generality, assume that w > 0.

It follows from (H1) that Ay generates a C°-semigroup of linear operators on Xj,

12



{T(t)} 120, and that [|T(t)]| < Me“".

(H2) Let n > 0 be given. Suppose that K is some compact subset of R™ such
that K is contained in the closed ball of radius A > 0 centered at the origin.
Set I = [—h,0] C R and let Cy be some closed and convex subset of Xj.

Assume that Ry > 0 and f : RT — R is a strictly increasing function with
P

f(Ro) = 1. Let D(H) = e C(I,Co x K) | ||¥]] < Ry p and suppose
'

H : D(H) — K is a function which satisfies the following Lipschitz condition:

1
for each ) > 0 there is some Lg > 0 such that, for , € D(H)

with [|i]] < @ (i = 1,2), we have

|H (11, 01) — H(a, 02)| < f(Q) |01 — w2l + Lalltr — al].

For simplicity of notation, | - | has been used to denote the norm on X and

also the norm on R™. This will not cause any confusion.

(H3) Let M, = v € D(H) | ¢(0) = H(t,p) and ||¢|| < Ry p. Assume M, #

(H4) Suppose F' : Cy x K — X is a globally Lipschitz function, i.e., there is
some D > 0 such that, for ¢;, ¢; € Cy and ky, ky € K, we have |F(cq, k1) —

F(cg, k)| < D(ler — ca| + |k1 = k2l).
13



(H5) (Subtangential Condition) We assume that, for each (¢, k) € Cy x K,

dist (T(h)c+ lim foh T(s)uR,F(c, k)ds, Co>
J1—00

lim =0

R10 h

holds. Here, dist(z, B) = infyep |z — 0| for x € X and B € X. (H5) is a
well known condition which ensures the invariance of a closed and convex set,
sometimes referred to as positivity. We refer readers to [24, 30, 34] for more

detail.

Definition. Consider the following initial value problem,

/

2'(t) = Ax(t) + F(z(t),a(t)),

a(t) = H(xy, ay), (2.2.1)

Qo 2

\
By a mild solution of (2.2.1) on 1 U [0,7] in M, with T" < oo, we mean a pair of

x(t)
functions with the following properties:

a(t)

(i) a: ITU0,T] — K is continuous.

(ii)) = : TU[0,T] — Cy is continuous such that, for each ¢t € [0, 7], fotzv(s)ds €

14



D(A) and

z(t) = x(0) + A/O z(s)ds + /0 F(x(s),a(s))ds.

Tt

(iii) For 0 <t < T, € My, i.e., a(t) = H(zy,ay) and ||z]| < Rp.

Gy

ag 2

We similarly define mild solutions in My on I U [0,T) for T = co.
Note that (H1) implies that (ii) is equivalent to

x(t) =T (t)y(0) + lim fot T(t—s)uR,F(x(s),a(s))ds for t € [0,T] (see [34]).

H—00

2.3 Local Solutions in M,

In this section we establish the existence and uniqueness of local mild solutions

for (2.2.1) in M.

Theorem 1 Suppose A : D(A) - X, H : D(H) — K, F : Cy x K — X,

and My are as in Section (2.2). Assume (H1)-(H5) hold. Then the initial value

z(t)
problem (2.2.1) has a unique mild solution in My on I U[0,7] for some

a(t)

0<71<o0.

15



Proof. We establish the existence and uniqueness of a local mild solution
of (2.2.1) in My by constructing a net of approximate solutions using a discrete
approximation scheme. This is done in such a way that the histories of the ap-
proximate solutions lie in M. We show that the net constructed converges to a
local mild solution of (2.2.1) in M. This method is a well known approach. See
(34, 24, 30], for example. The difference between our version and others is that we
must work on a “nonlinear submanifold” of the ambient space.

Step 1: Constructing an approximate solution of (2.2.1) in M.

We choose Ry > 0 such that ||[¢|] < Ry < Ry. Set R = Ry — ||¢||. Then
0 < R < Ry. Moreover, f(R;) < 1. By (H2) we can find J > 0 such that if |||,

|172l] < Ry then, for ¢1, 2 € C(I, K), we have

|H (v, 1) — H(v2, 02)| < f(R1) |01 — 2| + J|[71 — 72l

Let ¢(0) = 2° and ¢(0) = a°. Fix some number ¢ € (0,1). Pick some 0 < 7 <
R; (another upper bound on 7 independent of € will be imposed later). Using (H5),
the strong continuity of T'(¢), and the uniform continuity of ¢ and ¢, we can find

some 0 < t; < min{e, 27} such that

dlSt(G(tl),Co) < E’ (231)
t 2
if s € [0,¢1) then |T'(s)(z?) — 2°] <,

if s1, s9 € I with [s; — so| < 1 then |¢p(s1) — @(s2)], |¥(s1) — ¥ (s2)] <€,
16



where G(t;) = T(t)2° + lim [)' T(t; — s)uR,F(2°,a°)ds. Choose z' € Cy such
14— 00
that
t
2! — G(t)] < %1 + dist(G(t1), Cy) < ety
It follows that
t1
|zt — T(t)2°] < ety +/ M?e*"|F(2°,a°)|ds
0

< 27 4+ M?27e¥* | F(2°, a%)].

This, combined with |z! — 2% < |z! — T'(¢1)(2°)| 4+ |T(t1)(2°) — 2|, tells us that we
can choose 7 independently of € and #; so that |z! — 2% < R.

We define a function z' : T U [0,¢] — Cy by
P(t) ift €1,

ﬁxl + %xo if t € [0, t4].

Then, for t € [0,,], x'(¢) is a parameterization of the straight line segment joining
2% and z', meaning that x'(t) € Cy N Br(z"), where Bx(z°) denotes the closed
ball of radius R in Xy about zy, which is convex. Consequently, for ¢t € [0, ],
z; € C(I,Ch) and ||z}|| < Ry < Ry.

To find a corresponding approximation for the second component of the system,

we wish to solve the equation

o(t) iftel,
a'(t) = (2.3.2)

H(xl,a}) ifte|0,t].

17



To show that (2.3.2) has a unique solution, we construct an appropriate contrac-
tion on C'(1U[0, ¢;], K) which is a closed subset of the Banach space C'(1U[0,¢,], R")
since K is closed. Note that {z}} x C(I,K) C D(H) for t € [0,t]. So let
A:C(IUI0,t], K) — C(IUI0,t],R™) be given by the right hand side of (2.3.2).

It follows from (H2) that
(Aa)(s) € K for each s € T U|0,t] and that Aa is continuous on I U [0, 4]

and

|| Aa — Ab|| < W||a — b|| for some W < 1.

Therefore, equation (2.3.2) has a unique solution, denoted by a'.

This concludes the first step of our recursion and we have obtained appropriate
functions z' : TU[0,#1] — Cp and a' : TU[0,#;] — K. By relabelling if necessary,
we assume that ¢; is chosen maximally in the following way:

Let S; = sup{s € [0,27] | 0 < s < ¢, & € [0,s) = |T(&)z° — 20 <
€,if s1,80 € I and |s; — so| < s then |p(s1) — ¢(s2)] and [P (s1) — P(s2)] <€,
dist(7'(s)2® +limy oo [y T(s — &) uR,F(2(0),a(0))ds, Cy) < es/2}. Clearly, Sy # 0.
By a standard continuity argument, it is easy to see that sup(S;) € S; and we set
t1 = maz(Sh).

Let tg = 0. Suppose that £ > 1 and that we are granted a sequence of mesh

points (t;,27,a’(t;)), and corresponding functions, z7 € C(I U [0,¢,],Co) and o’ €

18



C(1U|0,t;], K) such that, for each 1 < j < k, the following properties hold:
If tj,1 < 7 then (Pl)*(P?) hold and if t]’,1 > 7 then tj = tjfl.
(P].) ij <27 and 0 < tj — t]’,1 <e.

(P2) If s € [0,¢; — tj_1) then |T(s)z?~! — 2971 < e. Moreover, for s, s, € I U
[O,tjfl], if ’81—82’ < tj—tj,1 then |aj_1(51)—aj_1(52)|, |Z17j_1(81)—$j_1(52)| S

€.

(P3) dist(T(t; —tj_1)z? !t +1lim, 00 j:jj—l T(t;—s)uR,F (3=t a? = (t;_1))ds, Cp) <

E(t]’ - tjfl)/2.
(P4) t; is chosen maximally with respect to (P1)-(P3).

Namely, ¢; = maxecp 2-{(P1)-(P3) hold with ‘¢’ in place of ‘¢;’}.

P5) |2 — T(t; — t; )it — lim, oo [7 T(t; — $)uR,F (2771, @~ (t;_1))ds| <
il i t,q L\ i j

E(tj — tjfl).

(P6) 2/ € Bp(a?).

19



(P7)

| 2i=1(t) itt <t;_4,
¥ (t) =
t—ti_ . ti—t ] — :
tj*gjfll ! + tjitj—lxj ' lft < [tj—h tj]
and
. aj—l(t) ift <t; 4,
a(t) =

H(xi,ag) ift e [tj—htj]'
Note that we denote by ‘z?” and ‘a’’ both members of Cjy and K, respectively,

and the corresponding functions since this should not cause any confusion.

In order to complete the recursion, we show that (P1)—(P7) hold for j = k
whenever 7 is small enough. It should be noted that 7 has not yet been chosen.

If it happens that t;_; > 7 then we set t, = t,_1, and we are done. Otherwise, by
the same procedure as in the first step of the recursion, we can find some t;, < 27
and zp € Cj such that (P1)-(P5) hold. We need to verify (P6), then (P7) will
follow exactly as in the first step of the recursion when (2.3.2) was solved using
the contraction mapping principle. The purpose of the tedious estimates below is
to show that 7 can in fact be chosen a priori depending only on the initial data.
These calculations are essentially those given in [34], but we repeat them here for
completion. It should be noted that we use the hypothesis w > 0 from (H1) to

establish (2.3.3) below.
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For j < k, it follows from (P5) that |27 — T'(t; — t;—1)2 | < e(t; — t;—1) +

| im0 ftt_j_l T(t; — s)uR,F(x7~t a?~(t;_1))ds|. Then

[F@’ " ()] < [F@7 a7 (o) — F(a% a")| + [F(2,d")

< D(l¢'7 =% + |7 (1) — a°]) + [F(2%, a"))|

< D(R+2h)+|F(2°,a%)|:= P.
Clearly P depends only on the initial data. Thus,
|27 — T(t; —t; )2’ < Z(t; —tj_1), where Z = (1 + M?e¥*" P).
Having this at our disposal, we next show that, for each 5 < k,
|27 — T(t;)2°| < MZe*'it;. (2.3.3)
In fact, we have

|27 —T(t; — tj—p)2’ 2|

IN

|07 = T(t; — tj—)a? 7+ |T(t; — tj-0)a? ™" = Tt — tj—a)a’ |

IA

Z(t; —tj-1) +[T(t; — tj1) (@77 = T(tj-1 — tj-2)2’ ™|

IN

Z(ty —tja) + Me* G0 Z (4 — 15 )

IN

MZGw(tj_tj_z)(tj — tj_g).
Continuing in this way, we can prove (2.3.3). It follows from (2.3.3) that

|2% — 2% < |oF — T(t)2° + |T(tp)a® — 2°| < M Ze** 27 +|T(t)2° — 2°|. (2.3.4)
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Then we can choose 7 > 0 such that 2* € Bg(z°) and note that, by virtue of (2.3.4)
and the strong continuity of 7°(¢), this choice is independent of e.

This completes the recursion and we conclude that for each positive integer j,
we can find appropriate mesh points and functions such that (P1)—(P7) hold if
t;_1 < 7 and otherwise t; = ¢;_;.

To obtain an approximate solution in M;,, we need to show that this process
ends after a finite number of steps. That is, we want to see that, for some positive
integer j, t; > 7. We assume, by way of contradiction, that t; < 7 for each j. So
there is some 0 < ¢ < 7 such that ¢; 1 ¢ and ¢t > ¢;. By the same calculations as
those on pages 32-33 of [34], we deduce that 27 — z for some z € Cy. Now we

define the function z : I U[0,¢] — Cy by

#i(s) if —h<s<ty,
o(s) = (2.3.5)

x it s =t.
Clearly, x is continuous. Since for each s € [0, ], ||zs|| < Ry, the Lipschitz estimate
for H with respect to R, and the contraction mapping principle give us a unique

continuous solution to the equation

©(s) if s eI,
afs) =
H(zs,as) if s € 0,1,
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where z is given by (2.3.5). By uniqueness, it follows that a(s) = a(s) for s €
I'U[0,t;]. By exploiting uniform continuity of z and a on I U [0,¢], and of the
map [0,t] © s — |T(s)x — x| we can find 0 < § < € such that ¢t + 0 < 27, and
|s1—s2] < 6 = |z(s1)—x(s2)], |a(s1)—a(sq2)| < €, and 0 < s < § = |T(s)z—z| < €/3.
Fix o € (0,6). Since t+ a > t;, by maximality, we see that for each j, one of (P1)-
(P3) is not satisfied when ‘t;" is replaced by ‘¢ + o’. It is clear that (P1) is not
satisfied for at most finitely many j when ¢; is replaced with ¢ + o, and similarly

for (P2). Therefore, there are infinitely many j such that
dist(T(t + a — t;_1)2’ ' + lim T(t+a—s)uR,F(x " o (t;_1))ds, Cp) >

U—>00 ti_a

e(t+a—tj_1)/2
Letting j tend to infinity and exploiting continuity shows that the subtangential
condition, (H5), is violated, a contradiction.
Step 2: Estimates for the e-approximate solution between mesh points.

The procedure in Step 1 granted us for each 0 < € < 1 an approximate solution,

()
which we denote by , where x : TU[0,7] = Cp and a : TU[0, 7] — K satisfy

a(t)
2(t) = 27(t) and a(t) = a’(t) if s <t
and [0, 7] C Ui<j<k(e[tj-1,1;] for some k(e) = k < oo such that ¢,y < 7and t > 7.
Before moving on to Step 3, we obtain crucial estimates for the components of our

approximate solutions.
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First we note that by (P2), (P5), and (P7) if s € [t;_1,t;] then |z(s) —z(t;—1)| <
|29 — 2771 < cye for some constant ¢; independent of €. Similarly, we wish to show

that there is some ¢ > 0 independent of € such that

la(s) —a(tj_1)| <ce  forse[tj_q,t] (2.3.6)

We achieve this by showing that ||a; — a;,_,|| < ce for each s € [t;_1,t;]. Let
6 € [—h,0] be given. If s +6 < t;_; then |a(s +6) —a(tj_1 +68)| < e by (P2) from
Step 1. Otherwise, s 46 > t;_;. In this case, we have, by (P2), by the definition of

a, and by the Lipschitz estimate for H with respect to Ry in Step 1, that

la(s +0) —alti1 +0)| < la(s+0) —a(tj—1)| +[a(tj—1) — a(tj—1 + 0)]

< la(s +0) —a(tj—1)| +€

IA

asro = x|+ F(R)|asro — ay L[] + €

Using (P2) and & € [tj_1,t;] = |2(§) — x(tj_1)] < cie, it is easy to see that
||2s40 — 24,_,|| < ge for some constant g > 0 independent of e. Therefore, we have

that, for each s € [t;_1,1;],

||a8 - atj—1|| < Jge + f(Rl) sup ||as+9 - atj—1|| + € (237)
QEIﬁ[tjflfs,O]

The function (s, ) + ||astg — as;_, || defined on the compact set Kq := {(s,0) | s €

[ti—1,tj], @ € IN[tj_y — s,0]} is continuous and hence attains its maximum for
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some (s*,0*) € Ky. By (2.3.7), we get
astor — ar; || < Jge+ f(Ri)l|asto- — ar; || + €.
This, combined with the fact that f(R;) < 1, gives us
llag-+or — ar, || < (Jg+ 1)(1 = f(R) e (2.3.8)

Then (2.3.8) and (2.3.7) together tell us that (2.3.6) holds with ¢ = (Jg + 1) +
f(R)(Jg+1)(1 — f(Ry))™* > 0. Clearly ¢ depends only on the initial data.
Step 3: The net of approximate solutions converges to a solution as € | 0.
Using (P1), (P2), (P5), and the estimate (2.3.6) from Step 2, then proceeding
exactly as on page 34 in [34], we obtain

tj

z/ —T(t;)z° — lim T(t; — s)pR, F(x(s),a(s))ds

p—oo Jq

< d ee“lit; (2.3.9)

for some constant d > 0 independent of e. With the help of (2.3.9), we can argue

in the same way as in [34] to get the critical estimate

t

z(t) = T(t)2" — lim [ T(t—s)uR,F(z(s),a(s))ds

p—o0 Jq

<de,

which holds for each ¢ € [0, 7]. The constant d is larger than before (we relabeled)

but still independent of e. To complete this step, we must show that the net

(1)
for € € (0,1) of approximate solutions converges to a solution of (2.2.1).

a“(t)
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First we show that is Cauchy in the complete metric space C'(I U
a/E
(1) Y () _ .
0,7],Co x K). If and for €, § € (0, 1) are approximate solutions,
ac(t) V(1)

then (dropping the superscripts) we get

(1) — y(1)|

lim fot T(t —s)puR,(F(x(s),a(s)) — F(y(s),b(s))ds(2.3.10)

pU—>00

< (e+0)d+

< erd+ [ M D((a(s) — y(s)] + [a(s) — b(s)])ds.
Since ||z, |lyt|] < Ry for t € [0, 7], we get
la(t) = b(t)| < Jllze — il + f(Ra)llar — bil|
and hence

sup  |a(t+0)—b(t+0) < (1—f(R))"'J sup |z(t+0)—y(t+0)]. (2.3.11)

—t—h<6<0 —t—h<6<0

Then, by (2.3.10), (2.3.11), and an application of Gronwall’s inequality, we have

sup |z(t+0) —y(t + 0)| J 0 uniformly with respect to t € [0,7] as €, 6 | 0.
—t—h<0<0

It follows that ||z — Y|l 4 0 and ||a — b||oc 4 0 as € L 0 and § | 0. Therefore,

z<(t)
converges uniformly to a mild solution of (2.2.1) on 7 U [0, 7] in My
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(t) y(t)
The uniqueness deserves a few remarks. We suppose that and

a(t) b(t)

are two mild solutions of (2.2.1) respectively on I U A; and I U Ay in M, with the
same initial data. Here A; = [0, ;] or A; = [0, 7;) for 0 < 7; < o0, for each i = 1, 2.
Let A = A; N As. We will show that the two solutions agree on A. Assume first
that x #y. Let a:=inf{t € A | z(t) # y(t)}. Then z(t) = y(t) for t < a. Choose
d > 0 such that (a,a + 6] C A and Ry > 0 such that for t € (a,a + 6], ||z,

l|ly:]| < Rz for some Ry < Ry. By (H2) we have that

la(t) — b(t)| < Lg,||ze — ye|| + f(R2)||ay — byl] fort € (a,a+46]. (2.3.12)

Now we are in a position to repeat the arguments for (2.3.11) and conclude
by (2.3.12) and Gronwall’s inequality, that z(t) = y(¢) for t € (a,a + 4], vio-
lating the minimality of . This shows that z = y on A. Using (H2) it is easily
seen that a = b on A.

This completes the proof of Theorem 1. O
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2.4 Maximal Solutions and a Semiflow on ),

Given ¥ = € My, the local solution granted in the previous section can be ex-
¥
Y
tended to a unique maximal solution of (2.2.1) in My defined for ¢ € TUJ[0,¢,)
v
a

for some 0 < t, < oo which depends on W. Namely,

x Lo
te = sup{r € (0,00) | (2.2.1) has a solution on IU[0, 7] in My, with =

}. In this section we discuss the semiflow on M, formed by these maximal

¥
solutions of (2.2.1) in M.

We first introduce some notations. Let 2 = {(¢,¥) € [0, 00) x M|t € [0,t.(V))}.
For ¢t > 0, let Q; = {V € M|t < t.(¥)} C My. Then Q2 C R x C(I, X, x R) and
0, C C(I,Xo xR). Both Q and ; are equipped with the relative topology. Define

S:Q — M, as

S(t, ) = for (¢, V) € €.

Theorem 2 The map S is a continuous semiflow on My. That is, S is continuous

and satisfies the following two properties:

(i) S(0,¥) =T for ¥ € M,.
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(ii) For each s, t > 0 with s < t.(V) and t < t.(S(s,V)), we have t + s < t.(V)

and S(t,S(s,V)) = S(t+s,¥) € M.

Proof. Properties (i) and (ii) are straightforward. It suffices to show that S
is continuous. This is done in three steps, where Step 2 and Step 3 are merely
adapting the corresponding proofs in [36] to our framework.

Step 1: Let U € M,. We show that there is 7 > 0 and a neighborhood U of ¥
in My such that [0,7] x U C Q2 and the restriction S| xv is continuous.

We take 0 < Ry < R; < Ry such that ||V|| < Ry. Denote R = (Ry — Ry)/M,

gbl
where M > 11is as in (H1). Let & = € My such that ||® — V|| < R. Denote

¢2

the corresponding mild solution of ® in M, as . Then, for ¢t € [0, (D)),
a(t)

t

z(t) =T#)¢"(0) + lim [ T(t — s)uR, F(x(s),a(s))ds.

p—oo Jq

It follows that

t

|2()] < [T(t)(¢'(0) = & (0))] + |T(£)y" (0)] +/O M2 F(a(s), als))|ds.

Observing that

AN
i
£
>
=}
&
=
=
3
c
=
[\
c
_l’_
=
=
=
[\
c

|F'(x(s), a(s))|

< 2D(Ro+h) + [F(¥'(0),4*(0))|
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and setting C(¥) = 2D(Ry + h) + |F(¢(0),4?(0))|, we get
|2(t)] < (Ry = Ra)e" + |T()y"(0)] + tM*e* C().

By continuity, there is some 7 > 0 such that, for any ® € M, with ||® — V|| < R,
we have |z(t)| < Ry for each t € [0,7]N[0,¢.(®)). Thus if t € [0,7] N[0, t.(P)) then
||z:|] < R;. In particular, this shows that 7 < t.(®). Let U be the open ball of
radius R > 0 about ¥ in M. We have shown [0, 7] x U C €.

Now suppose we are given (tg, ®y) € [0,7] x U. Then for each (¢, ®) € [0, 7] x U,
[S(E, ) — S(to, Po)[| < [|S(¢, @) — S(t, Po)|| + |[S(¢, Do) — S(to, Po)||- To complete
the proof of Step 1, it is now clear that it suffices to show that the first term on the
right hand side of the latter inequality is bounded by c||® — ®y|| for some constant
¢ > 0 uniformly for ¢ € [0, 7].

Let z(t), a(t) correspond to @y and y(t),b(t) correspond to ®. Then we have

that for each t € [0, 7]
t
() — y(t)] < Me“T||® — | + / M D(Ja(s) — y(s)| + la(s) — b(s)|)ds
0
and |a(t) — b(t)| < Lg,||xe — yi|| + f(R1)||ar — be]|. It is not difficult to see that the
latter inequality implies
SUP_p<prg<ila(t +0) = b(t +0)| < c(sup_p<ppges|z(t +0) — y(t + 0)| + [|© — Dol[)

for some constant ¢ > 0 depending on R;. This information combined with a

Gronwall inequality argument completes the proof of Step 1.
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Step 2. Let W € My and t € [0,t.(V)). We show that ; C M is open and the
map 2 3 ¢ — S(¢,P) is continuous at V.

By continuity, we see that the set K7 = {S(s,¥) | s € [0,t]} C My is compact.
Therefore, applying Step 1, we find some u > 0 and some open subset N in M,
containing K such that [0,u] x N C Q and S|p.xn is continuous. Let J be the
smallest positive integer such that t/J < w. Obviously, (J — 1)u <t < Ju. Given

€ > 0, we find d; > 0 such that

if ||y — S((J —1)u,¥)|| < é; then v € N and

(2.4.1)
1S = (J = Du, S((J = Du, ¥)) = St = (J = Du,7)|| <e.
Recursively we can find 0; > 0 for j = 2, ..., J such that
if ||y — S((J — j)u, ¥)|| < 0, then v € N and
(2.4.2)

15w, ) = S(u, S((J = j)u, ©))|| < dj-1.

Using (2.4.1), (2.4.2), the semigroup property, and induction, we see that if & € M,
with ||® — V|| < 07 then ® € Q; and ||S(¢,P) — S(¢,¥)|| < e. This completes the
proof of Step 2.

Step 3. We prove that the map S : {0 — M, is continuous.

For (ty,Wg) € Q, let U be a neighborhood of S(tg, ¥y) in My. We want to
find a neighborhood W C € of (¢, ¥) such that S(W) c U. If t, = 0, by
Step 1, we are done. Otherwise, ty > 0. By Step 1, we find some 0 < u < t

and a neighborhood W; of Wy in M, such that [0,u] x Wi C Q and S|puxw, is
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continuous. Let 0 < u; < w. It follows from S(ty, Vo) = S(tg — u1, S(uq, ¥o)) that
S(uy, Vo) € Q4w By Step 2, we can find a neighborhood W5 of S(uy, V) in My
such that S(top — uy, W2) C U. Take 0 < § < uy such that (u; — &, u; +0) C (0,u)
and choose a neighborhood W3 of Wy in My with S((u1 — 0, uy + ) x W3) C Wy, If
s € (to — d,to + 9) then s = (to — u1) + (s — top + uy) and therefore the semigroup

property gives S((to — d,to + ) x W3) C U, which completes the proof. O

2.5 The Model Equations: Part One

In this section we present an application of the general theory. We will see that in
practice, it is non-trivial to check that all of the relevant hypotheses are satisfied.
Consider the following class of scalar age structured models with threshold de-

pendent age of maturity,

(

Owu(t, a) + Jgu(t,a) = —d(a)u(t, a),

u(t,0) = b(f7 BE)ult, &)de).

oy ulo, a)da + C)'do = T, (25.1)
Ug 1&
= € C([=am, 0], (L', [0,m)) x RT),
T0 (ﬁ

\

where t > 0, 0 < a < m, and a,, < m < co. Here m represents the maximum age

and a,, stands for the maximum juvenile age. We make the following assumptions:

(A1) d:[0,m) — Rt and §:[0,m) — R* are essentially bounded.
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(A2) b: RT — R* is bounded, globally Lipschitz, and 0 < max,cr+ b(z) < 6 for

some 6 > 0.

(A3) am = (Ro+ C)T <m < oo, where Ry = C’(\/#ﬁ —1)>0.

In order to apply Theorem 1, we rewrite (2.5.1) as follows. Let X = R x

L'([0,m),R) and define A : D(A) — X by

0 —2(0) 0
A = for € D(A) = {0} x WL([0,m), R).

Note that X = D(A) = {0} x L'[0,m). It is well known that A satisfies (H1) (see,

for instance, [34, 19]). Denote

0
Co = €0 x L'0,m)|0 < v(a) < fa.e. ac0,m)
Y
nd
(8
D(H) = € C([=am,0],Co x K) | [[¥]| < Ro ¢,
¥
where K = [0,a,,] C R. We prove that our “age of maturity function” is well

defined in the following result.

Lemma 1 The relation H : D(H) — K, which is given by (1, p,a) € H if and

only if fi)a [L[O(P(o) P(o,8)dE + Cl7tdo =T, is a function.
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Proof. Given € D(H), it suffices to show that there exists a unique o €
®
K such that (¢, ¢,a) € H. In fact, note that the map « — fi)a[ OSD(U) (o, €)dE +

C| 'do defined for a € [0, a,,] is strictly increasing and continuous. Moreover,

I 187 (0, €)de + C)7'do > ay/(Ro + C) = T. Now the result follows imme-
diately. U
Define f : RT — R" by f(Q) = @JFC—CQ)ZTQ. The coming result tells us that H

satisfies an appropriate Lipschitz condition.

Lemma 2 For any (Q > 0 there is some Lg > 0 such that, for , €

Y1 Y2
D(H) with ||¢s|]| < Q (i =1, 2), we have

[H (41, 01) = H (1, 02)| < f(Q) [lo1 = pal| + Lal[vr — 4.

Proof. Let t; = H(¢1,¢1) and to = H (1), p2). Without loss of generality,

assume that ¢; < t5. Then we have

/i [/Oew) Yi(o,)ds +C

-1

do =20

do — /‘; [ / sl EE 1 C
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or

-1

[ o re

0 v1(o)
do = ¢ + C
. / (/ (0, €)dE +
2(0) 1]
— (/ o(0o, €)dE + C’) do.
0

Using the fact that the function u +— 1/(u+ C) is globally Lipschitz on (0, co) with

Lipschitz constant 1/C?, we get

|t1—t2|§%/0
Qrc ~c2 /),

It follows that [t; — to] < (Q + CO)t1( |11 — ¥o|| + 0|1 — p2l| )/C?. Since t; <

v1(0) p2(0)
/ 1/11(075)615—/ Wo(o, &)dE| do.
0 0

(Q + C)T, we obtain

C)*T C)*T
|H (11, 01) — H(1, 02)| < %H% — o] + %QH% — pal|.
This completes the proof. O]
b(f," B(&)x(€)dE)
Define F': Cy x K — X by F(z,a) = . By (Al) and (A2)

—d(-)x(-)

it is clear that F' is Lipschitz on Cy x K. The verification of the subtangential
condition (H6) with respect to Cy, K, and F' follows exactly as on pages 12-14 of

the examples in [34]. Therefore, by Theorem 1, we have the following result.

Proposition 3 In addition to (A1)-(A3), assume that € C([—am, 0], LL[0,m)x
@

R™") satisfies the following two conditions:
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(i) For each o € [—am,0], 0 < ¢(0)(a) <0 a.e. a €[0,m) and $(c) € [0, an).

(ii) Foreacho € [—ay,0], [" ¢ (0)(a)da < C( ~1) and [° 50) fo (0,8)dé+
Cl 'do =T.
u
Then the initial value problem (2.5.1) has a unique mazximal solution €
T
Uo ?ﬁ
C([=am,te), LL[0,m) X [0,an]) on [—am,t.) (te > 0) with = in the
70 @

following sense:

(i) For 0 <t < te, a fg u(s,a)ds is absolutely continuous, and for a.e. a €

[07 m)7

w(t,a) = u(0,a) a/ sads—/d()(s,a)ds,

/Otu(s,())ds = /Ob( (5)5(> (s,a)da) ds.

(ii) For0 <t <t,, ft o fT(U) u(o,a)da+ C)'do =T.

(ili) Fort € [0,t.) the “total population” satisfies [," u(t,a)da < C( —1) and

0 <wu(t,a) <0 for a.e. a €[0,m).

Finally we note that, by Theorem 2, the corresponding semiflow is continuous.
The reader should be warned that under the present hypothesis it is not necessarily

true that the obtained semiflow is global, i.e. t, = co. In case for each t € [0,.)

36



l|ue|] < Ry for some Ry < Ry then t, = co. On one hand this is a limitation of
the present framework, on the other hand it has the advantage that the delay is a

priori bounded.
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3 Differentiability of the Abstract Solution

Semiflow with Respect to Initial Data

This chapter is devoted to finding general conditions under which the abstract semi-
flow from Chapter 2 is also differentiable with respect to initial data, in a suitable
weak sense. We commence with Section 3.1 explaining the technical difficulties
of the linearization problem for differential equations containing state-dependent
delays, why our results are not contained in the existing literature, as well as why
some well known approaches fail to resolve the linearization problem stemming
from the model equations derived in the Introduction. Subsection 3.1.1 provides
an outline for the main results of this chapter. This chapter is self contained and

can be read without reading Chapter 2, if desired.

3.1 Background

A fundamental problem in the study of dynamical systems concerns the lineariza-

tion of a flow or a semiflow along a trajectory. When the flow is induced by an
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ordinary differential equation (ODE) on R™ with a smooth nonlinearity, this prob-
lem is straightforward and the derivative of the semiflow with respect to initial data
is given by the solution of the corresponding linearized system along flowlines. For
semiflows on infinite dimensional spaces such as these given by solutions of cer-
tain nonlinear parabolic equations or solutions of delay differential equations with
constant delays, this problem is merely an extrapolation of the finite dimensional
ODE case with the help of an abstract variation of constants formula (see, for ex-
ample, [33, 34]). This is possible because the nonlinearity appearing in the relevant
equation is continuously differentiable on the appropriate function space and one
can proceed to obtain the differentiability of the corresponding semiflow relying on
Gronwall’s inequality. It is well known from the works [9, 23, 31, 35, 36, 37, 14, 4, 22]
that even ODEs containing a state dependent delay such as 2/(t) = z(t — z(t)) do
not fit into the standard frameworks for functional differential equations in [3, 7, 39].
The reason is that the nonlinear term is not differentiable (or even not Lipschitz!)
on the commonly used phase space of continuous functions. In particular, the cor-
responding initial value problem is not well-posed on this phase space. A resolution
for this problem is to restrict the phase space to a subset of the continuously differ-
entiable functions so that the nonlinearity is continuously differentiable on it and to
exploit the fact that its derivative has a bounded extension to the original space of

continuous functions and this extension satisfies a componentwise continuity prop-
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erty. This weaker type of differentiability (with respect to the supremum norm from
the space of continuous functions), sometimes called almost Fréchet differentiability
as in [23] or more appropriately extendable continuous differentiability as in [31], is
sufficient to obtain a continuously differentiable semiflow on a submanifold of the
space of continuously differentiable functions for a class of equations including the
one given above (see [37]).

Despite their emergence in the modeling of structured populations with de-
velopmental stages of variable length (see [11, 26, 32]), there are very few works
dealing with differential equations containing both state-dependent delays and par-
tial differential operators. The works [28, 29] deal with special classes of reaction
diffusion systems containing state-dependent delays, but use special assumptions
to circumvent the difficulties mentioned above.

Recall our model for a population structured by age with distinct juvenile and
adult stages, and with a variable age of maturity. It is assumed that juveniles and
adults are not competing for resources. As a result the model equations take the

form:
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ult, a) + dau(t, a) = —d(a)u(t, a),

u(t, 0) = b( [y B&)ult, §)dS),

Sl 7@ u(o,a)da + C)"'do =T, (3.1.1)
({2 (G

= € C’([—am,O],L1+[0,m) x R™).
To 2

\

(See Section 1.2 for a detailed derivation.) Here t > 0, 0 < a < m, a,, < m < 00,
and 0 < 7(t) < a,, represents the variable age of maturity. The parameter 7" > 0
represents a resource concentration density threshold, m represents the maximum
age, a,, the maximum juvenile age, and C([—a,, 0], L',[0,m) x RT) denotes the
space of continuous functions on [—a,,, 0] having values in L', [0,m) x R*. The
natural setting for age structured population models is L'[0,m) since the total
population at a given time is given by the L! norm of the population density. It
was shown in Chapter 2 that under suitable hypotheses, the second component of
system (3.1.1) can be written as an algebraic-delay equation and that system (3.1.1)

can be written abstractly as:

d 0 —u(t,0) b( [ B(E)ult, §)dE)
dt - + )
u(t, ) — g (t, ) —d()u(t,")
T(t) = H(u,m), (3.1.2)
To ’QD
- eMo.
T0 gp



Here My is a “nonlinear” subset of the ambient space of continuous functions in-
duced by the algebraic component (For precise definitions of My and H see Sec-

tion 3.2 and Section 3.7). It was also shown that the abstract system gives rise

(0 T

to a continuous semiflow on M, via S | t, = , where x; = w(+) €
¥ at
C([—am,0], L' ([0,m),R")) and a; = 7, € C([—am,0], RT). In this chapter we es-

tablish sufficient conditions which ensure that this semiflow is also continuously
differentiable in a suitable weak sense.

Without going into too many technical details, we list reasons (R1)—(R3) below
why the issue of differentiability of the semiflow induced by the above system is not

addressed in existing works. For system (3.1.2), let F: L'([0,m),R") x [0,m) —

b([™ x(&)d
R* x L'([0,m),R") be given by F(z(:),a) = (a6 (@)de) . Then (3.1.2)

—d(-)x(")

has the form (3.2.1) (see Page 53). For the purpose of illustration, we take b :
R™ — R to be the identity mapping and assume that both 3, d : [0,m) — R*

are the constant function with value 1.

(R1) Poor smoothness properties of nonlinearities. Here DyF(x(-),a) =

—x(a) [ y(€)de ,
and D1 F(z(-),a)y = . Tt is easy to see that Do F'(z(+), a)

0 (")
is not defined for general x € L'[0,m) and that D, F(z(-),a) € L(L'[0,m), Rx

L'[0,m)) is not continuous. Even if z is continuous, although it can be shown
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(R2)

(R3)

that the partial derivatives of F' exist at (z,a), F' will not be differentiable
with respect to the norm from L'[0,m) x R. This means, in particular, that
we cannot apply the results of e.g. [30] or [34] even indirectly since they require
continuous differentiability of the nonlinear term, albeit on possibly thin sub-
sets in [30]. Similarly, it will be seen in Section 3.7 that the other nonlinearity

H has a similar lack of smoothness on the space C'(I, L'[0,m) x R).

Classical change of variables. In the work of Smith [32] on ODEs con-
taining a threshold type state-dependent delay such as the one we have here,
a change of variables is employed to reduce the system to one with a constant
delay. Formally, employing such a transformation to system (3.1.1) amounts
to setting z(t) := fot[fof(a) u(o,a)da + C)*do. Clearly, z(t) is invertible. De-
note w(t,a) := u(z"'(t),a) and c(t) := 7(271(¢)). Then, after differentiating
c(t), the new system with a constant delay is given by
(
wit, @) + (f; wt, ) + Cywa(t, a) = —d(a)(f; w(t, )dg + Cyu(t, a),
w(t, 0) = () B w(t, E)dE),
) =[S w(t, €)de — [ w(t - T, €)de.

Although this (larger) system has a constant delay, it suffers from the same

\

lack of smoothness given in (R1). Additionally, w,(¢,a) is multiplied by an

integral nonlinearity.

Monotonicity of ¢ — t —7(t). Other works including [12, 32] on differential
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or integral equations containing threshold type delays exploit monotonicity
of the function ¢ — ¢ — 7(t), where 7(¢) is the variable transition age in
question. For instance, this property was used implicitly in (R2). We do not

use monotonicity in our rendition for several reasons:

e For the problem at hand, it is not clear how the analysis can be simpli-
fied by using the monotonicity property even if an explicit representation
formula is available such as for system (3.1.1) via the method of charac-

teristics.

e One can construct systems which do not enjoy this property but can

otherwise be included in the present framework.

e As we will show, the monotonicity property is not necessary to obtain

the desired result on differentiability.

To obtain the desired result on differentiability, the problems caused by the
poor smoothness of the nonlinearities are circumvented in an analogous fashion
to existing works for ODEs with state-dependent delays. However, for the model
equations (3.1.1), in contrast to the ODE case we will see that the appearance of

the partial differential operator 0, also plays a key role.
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3.1.1 Outline and Main Results

Although our results are of a more general nature, for clarity, we outline the struc-
ture of this chapter in terms of the model equations (3.1.1). The main goal of this
chapter is to prove Theorem 11 in Section 3.6.

In Section 3.2, we cover the basic functional analytic preliminaries and the
precise meaning of mild solutions of system (3.1.1). This functional analytic setup is
captured in the way the first equation along with the nonlinear boundary condition
for u(t,0) in system (3.1.1), is rewritten in system (3.1.2). This setup was motivated
by the studies [19, 20, 34]. Moreover, the ‘subtangential condition’ (H5) adopted
from [34] ensures that the population density remains non-negative for non-negative
initial data.

In Section 3.3 we address the differentiability with respect to time of solutions
of system (3.1.1). The existence and uniqueness of solutions of system (3.1.1) and
continuity of the corresponding semiflow was established in [13]. Due to the poor
smoothness properties of the nonlinearities discussed above, the methods used to
obtain the differentiability of solutions must differ from the standard techniques
from, e.g. [27]. This is where the assumption involving the Radon-Nikodym prop-
erty in (H1) comes into play. We finally obtain a positively invariant set for the

semiflow, denoted My, on which every trajectory is C! in time and for which the
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population density u(t, ) is absolutely continuous. The set MO is analogous to the
infinitesimal generator for system (3.1.1).

Let W10, m) denote the space of absolutely continuous functions in L'[0, m)
whose derivative lies in L'[0,m) (which, in the motivating example, contains the
population density u(¢,-)). In Section 3.4 we show that the set My is a C' subman-
ifold of the space C([—am, 0], W10, m) x R). We show that M, has an atlas of
manifold charts whose derivatives have the special extension properties discussed
above. In particular, for each p € Mg, we show that the tangent space TpM which
is a subspace of C([—a,, 0], W10, m) x R) has an extension to the larger function
space C([—an,, 0], L'[0,m) x R).

In Section 3.5 we show that the (formal) linear variational system along flow
lines in My can be solved uniquely for mild solutions for initial data belonging to
the corresponding extended tangent space.

Section 3.6 develops the main results of this chapter. We show that the solu-
tion operators 5} at time ¢ (whose domain is the set of initial data in MO whose
maximal interval of existence is bigger than t) are differentiable. Here the deriva-
tive at a point p € My is a linear operator whose domain is the interpolation
space T,M" := T, M N C"(|—am, 0], L'[0,m) x R) and whose codomain is the space
C([—=am,0],L'[0,m) x R). Additionally, it is shown that the derivative map ds,

which is defined on an appropriate subset of the tangent bundle is continuous.
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Finally, in Section 3.7, all of the relevant hypotheses are verified for the moti-
vating example system (3.1.1) and some abstract results are used to infer about the

regularity of its solutions.

3.1.2 Morally Finite or Infinite Dimensional Problem?

As mentioned above, in many cases the techniques used to obtain the differentia-
bility of a semiflow with respect to initial data, which arises from some type of
autonomous differential equation on an infinite dimensional phase space, having a
smooth nonlinearity, are a glorification of the same techniques used in the case of
an ODE. To bridge the gap, enough knowledge of functional analysis to manipulate
an abstract variation of constants formula suffices. The same is not true for the

model equations (3.1.1). We illustrate some reasons below.

o [ a(€)de |
The nonlinearity F(z(-),a) = can be written as a sum F =
—(-)
Jo w(§)dg 0
Fy + Fy, where Fy(z(+),a) = and Fy(z(-),a) = . The trou-
0 —z(+)

ble maker is clearly Fy. Although D;Fi(z(-),a) € L(L'[0,m),R) exists, the map
LY0,m) x [0,m) > (z(-),a) — DiFi(z(-),a) € L(L*[0,m),R) is not continuous.
However, it is easily checked that Fy is C' on the smaller set WH1[0,m) x [0,m),

where D1 Fy(z(+),a) € L(WH0,m),R), and W10, m) has the norm |y|y11 =
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V(O] + Y|zt + [7]11 for v € W0, m).
A key result used to obtain the differentiability of the corresponding semiflow

with respect to initial data is

[D1F1(27(s), a5 (s)) — DiFi(a(s), a"(s))] (274 (s) — 27 (s)))|

ap+§(s)
= | P (s)(0) — 2”(s)(0)do)

aP(s)

< a5 (s) — a”(s)] |27 (s) — 2P () wrfo,m)-

Here 2P*¢(s)(+), 2P(s)(+), aP**(s), aP(s) denote the first and second components
of solutions of (3.1.1) in My at time s corresponding to initial data p + & and p,
respectively (See Step 5 in the proof of Theorem 11).

In order to obtain the desired differentiability result, we need
[D1Fa(a”(s),a"*¥(s)) — DiFi(a”(s), a”(s))] (2775 (s) — 2”(s))] = o(€)
as & — 0 for each s. Since it will turn out that |a?*¢(s) — a?(s)| = O(|[€]]), we
require that, for each s, [#7¢(s) — 2P(s)|wrap,m) — 0 as &€ — 0. Here || - || denotes
the supremum norm on the space C([—an,0],L'[0,m) x R). For even further

illustration, we note that letting s = 0 gives us the requirement that

[D1Fy(27(0), a”*$(0)) — D1 Fy(2”(0), a”(0))](«+£(0) — 27(0))]

p2(0)+£2(0)
/ £1(0)(9)d6

2(0)

< =0(§) as & — 0,

where the subscripts 1 and 2 denote the first and second components of the initial

data. Note that it is impossible for the latter to hold merely as |[£|| — 0. We
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can only expect this to hold as & — 0 with respect to the supremum norm on the
space C([—ay,,0], WH1[0,m) x R). Namely, the supremum norm which includes a
contribution from the partial differential operator J, in system (3.1.1), since the
right hand side is bounded by |[£|| |£1(0)|w1.1(0,m)- That having been said, another
key result is showing that [277¢(s) — 2P (s)|w1.1j0.m) — 0 as & — 0 with respect to this
stronger norm. This part is given in Step 4 of the proof of Theorem 11 in Section 3.6,
which is achieved by showing that ||i27¢ — 2P|| — 0 as [|€]| + ||€'|] — O for each
s. Here the prime denotes differentiation with respect to time, not age. This leads
us to the interpolation space C'([—ay,, 0], L'[0,m) x R) N C([—a,, 0], W10, m) x
R). Due to the presence of the delay in system (3.1.1), we need to consider the
latter interpolation space with the norm containing contributions from both the
time derivative and the partial differential operator 0, in system (3.1.1) to obtain
the desired differentiability of the semiflow with respect to initial data, which is
Theorem 11 in Section 3.6. We will see in Section 3.7 that the partial derivative

D1 H of the other nonlinearity H has similar properties as Dy F; above.

3.2 Technical Preliminaries and Hypotheses

In this section we state the relevant technical preliminaries and hypotheses. All
Banach spaces are assumed to be over the real numbers. Whenever a product

of Banach spaces is considered, we view it as a Banach space equipped with the
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corresponding product norm.

3.2.1 The Ambient Linear Space of Initial Data

Let 0 < § < 00 and I = [—-04,0]. For F' C E, where E is a Banach space, C(I, F)
denotes the set of continuous functions mapping I into F. For ¢ € C(I, F), we let
||| be the supremum norm of ¢. Then (C(1, E), ||-]|) is a Banach space. Similarly,
we let C1(I, F') be the set of continuously differentiable functions mapping I into F.
If § = 00 and I = (—o00,0], we let BUC(I, F') denote the set of bounded uniformly
continuous functions mapping [ into F' and similarly BUC(I, E) is a Banach space
when equipped with the supremum norm.

Suppose that 0 < 7" < oo and y : I U[0,7] — F is a map. As usual in
the literature on delay equations, for each ¢ € [0,7], we define y, : I — F by
y(0) = y(t + 0) for 0 € I and call y, the history of y at time ¢. If T = oo then the

same definition applies with ¢ € [0, T] being replaced with ¢ € [0, 7).

3.2.2 Hypotheses

(H1) Let (X,|-]|) denote a Banach space. Suppose that A : D(A) — X with
D(A) C X is a linear operator satisfying the estimates of the Hille-Yosida
theorem, that is, there is some M > 1 and some w € R such that the ray
(w,00) C p(A) and ||[(A — M) 7"|| < 2L for A > w and for each positive

)
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integer n. In order to derive reasonable regualirty properties of solutions of
our system, we further assume that X has the direct sum decomposition,
X = X; & X,, where X; and X5 are closed subspaces and X has the Radon-
Nikodym property, that is, given an open subset O C R, every Lipschitz map

g : O — Xj is a.e. differentiable.

Let Xo = D(A) and Ap denote the part of A in Xy. Actually this class of
operators falls under a more general class of well known operators as pointed out
n [30]. Set Ry = (A — XI)~'. Without loss of generality, assume that w > 0. It
follows from (H1) that Ay generates a C%-semigroup of linear operators {T'(t)}+>o

on Xy and satisfies ||T(t)|| < Me“".

(H2) Let n be a given positive integer. Suppose that K is some compact subset
of R™ such that K is contained in the closed ball of radius A > 0 centered at
the origin. Set I = [—h,0] C R. Let Cy be some closed and convex subset
of Xy. Assume that there is some Ry, > 0, a strictly increasing function
f:R" — R" with f(Ryg) = 1, and a function H : D(H) — K satisfying

the following Lipschitz condition: for each @) > 0, there is some Lg > 0 such

(5 (e
that, for : € D(H) with ||¢]| < Q (i =1, 2), we have
Y1 P2

|H (Y1, 01) — H(a,02)| < f(Q) |01 — 2| + Lollthr — 2],

ol



(G
where D(H) = e C(I,Cox K) | ||| < Ry p (Both norms of the

2
spaces X and R"™ will be denoted by | - | since this should not cause any
confusion).
(8
(H3) Let M, = € D(H) | ¢(0) = H(t, ) and ||¢|| < Ry p. Assume My #
2
0.

Give D(A) the graph norm and view C(I, D(A) x R") as a Banach space.

We assume that Co N D(A) # (). Let D(H) := D(H)NC(I,D(A) x R™). We

let the function H with domain D(H) be the restriction of H to D(H).

A

Remark. When D(H) and D(H) are respectively given the relative topology

from C'(I, Xo x R™) and C(I, D(A) x R"™), we have the continuous inclusions,

D(H) — C(I, X, x R")

T T

D(H) — C(I,D(A) x R")

(H4) Suppose F' : Cy x K — X has the form F(c, k) = Fi(c, k) + Fy(c), where
F:Cox K — Xy and F; : Cy — X5. We assume that F} is globally Lipschitz
(there is some D > 0 such that, for ¢;, co € Cp and ky, ky € K, we have

|Fi(c1, k1) — Fi(co, k2)| < D(|ey — o] + |k — k2|)) and that F; is continuously
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differentiable on Cy (for each ¢ € Cp, there is a bounded linear operator

DF,(c) : Xo — X, which satisfies limg_,q, c+eecy, eex, ‘F2(C+5)_FT5(|C)_DF2(C)5| =0

and the map Cy > ¢ — DFy(c) is continuous with respect to the uniform
operator topology). We also assume that sup.cc, |[DFs(c)|| < oo so that [
is globally Lipschitz on Cj since Cj is convex. Note that it follows that F is

also globally Lipschitz.

(H5) (Subtangential Condition) We assume that, for each (¢, k) € Cy x K,

dist (T(h)c + lim foh T(s)puR,F(c, k)ds, CO)
U—>00

(i h =0
holds. Here dist(z, B) = infyep |z — b| for z € X and B C X.
Definition. Consider the following initial value problem,
(
a'(t) = Ax(t) + F(x(t), a(t)),
a(t) = H(xt, Clt),
< (3.2.1)
Zo (0
- € Mo.
Qo ¥

\
By a mild solution of (3.2.1) on 1 U[0,7] in M, with 0 < T' < oo, we mean a pair

x(t)
of functions with the following properties:

a(t)

(i) a: ITU0,T] — K is continuous.
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(i) z : TU[0,T] — Cp is continuous such that, for each ¢ € [0, T, fotx(s)ds €

D(A) and
t)=x(0)+ A d F , ds.
z(t) = z(0) + /0 x(s) s+/0 (z(s),a(s))ds
(iii) For 0 <t < T, " € My, i.e., a(t) = H(xy,a;) and ||z¢|| < Ry.
Qg
Zo (0
i) || =
o ¥

We similarly define mild solutions in My on I U[0,T) for T = co.
Note that (H1) implies that (ii) is equivalent to

z(t) = T(t)y(0) + lim fg T(t — s)uR,F(x(s),a(s))ds for t € [0,T]. See [34].

H—00
3.3 Differentiability of Solutions with respect to Time

(0
Under the assumptions (H1)-(H5), given € My, there is some t, > 0 such

¥
that (3.2.1) has a unique maximal mild solution on I U [0, t.) in M, (see Chapter 2

and [13]). In this section we discuss the differentiability of these mild solutions
with respect to time. In Theorem 4 below, we give sufficient conditions under which
mild solutions are locally Lipschitz in time. This result is used to derive Theorem 5,

which gives sufficient conditions for the C* smoothness of the 2 component. Finally,
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with the aid of an additional hypothesis, we derive sufficient conditions for the C*
smoothness of the a component in Theorem 6. We end Section 3.2 by identifying
a positively invariant set for the corresponding solution semiflow S(-,-), called Mo,

on which every trajectory is C! in time.

(0 x(t)
Theorem 4 Suppose that (H1)-(H5) hold. Given € My, let denote

v a(t)
the corresponding (maximal) mild solution on I U [0,t.) in My. If ¥(0) € D(A)

x(t)
and is Lipschitz on I, then is locally Lipschitz on I U [0,t.) and

¥ a(t)
a:1U[0,t.) = K is differentiable almost everywhere.

Proof. Fix T € [0,t.). Choose 0 < R; < Rq such that ||x;|| < Ry for t € [0,T].
Denote the trivial extensions of x and a to (—oo, T'| respectively by & and a, that is,

a(é) = and z(§) = Note that, for

a§)  if§e[=hT] z(§) it &e[=hT]
each t € [0,T], #; and G, are members of the Banach spaces BUC((—o0, 0], X) and

BUC((—o0,0],R™), respectively. Moreover, Lip(&o) = Lip(v), Lip(ag) = Lip(p).

The proof is done in the following four steps.
Step 1. A [ T(s)(0)ds = limy, oo [ T(h — s)pR, Ab(0)ds.

This follows easily from Lemma 1.8 of [34].
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Step 2. There is L > 0 (depending possibly on T') such that ||z — Zo|| < Ls and

llas — aol| < Ls for each s € [0,T].

Let s € [0,7T] be given. The result in Step 1 combined with 7'(s)¥(0) — 1(0) =
A [5T(€)y(0)d¢ implies that |z(s) — z(0)] < Cs for some C' > 0. Note that C
may depend on 7. Then, for each # < 0, we have |[Z(s + 0) — 2(0)| < |z(s +
0) — x(0)] + |x(0) — 2(0)| < Cs+ Lip(y)(—0) < Cs + Lip(yp)s if s +60 > 0 and
|z(s+0)—2(0)| < Lip(¢p)s if s+6 < 0. These observations imply that ||zs — Zo|| <
Ls for some L > 0 depending on 7. Now we turn to a. If s +6 < 0 then
la(s+0) —a(0)| < Lip(p)s; if s+6 > 0, then by (H2) there is some constant J > 0
depending on R; such that |a(s + 6) — a(0)| < |a(s 4+ 0) — a(0)| + |a(0) — a(0)| <
Szsro—=ol [+ [ (Ry)l|asro—aol[+Lip(p)(=0). With |z 9—zo|| < [|Zsro—Tol| < Ls
and ||asg—aol| < [|as—ao||+Lip(p)s, we get |a(s+0)—a(0)] < Qs+ f(R1)l]as—aoll
for some @) > 0 depending on 7. By virtue of f(R;) < 1 we can conclude that

||as — ao|| < Ls for a possibly larger constant L than the one found before.

Step 3. There is an L > 0 such that, for each t, h € [0,T] witht+h < T, we

have ||aprn — ae|| < L(||Zepn — Tel| + h).

Given 0 < 0, if t+h+0 < 0 then |a(t+h+0)—a(t+0)| < Lip(p)h; if t+h+60 >0
and t + 6 < 0 then using the result in Step 2 we have |a(t + h + 0) — a(t + 0)| <

la(t+h+0) —a(0)| + |a(0) —a(t+6)| < L|t +h + 6|+ Lip(p)h < Lh+ Lip(p)h =
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(L + Lip(p))h; ift+h+60 > 0and t+6 > 0 then |a(t + h+0) —a(t +0)| <

I @ernro = Tevoll + f(Ro)l|arsnro — arroll < J||Zern — Zel[ + f(R1)||Grsn — al|. The

required result is now obvious since f(R;) < 1.

Step 4. There is an L > 0 such that, for each t, h € [0,T] witht+h < T, we

have ||:%t+h — jt” S Lh and ||&t+h — &t” S Lh.

For each ¢ € [0, T], we have

z(t+ h) — x(t)

h
= (T({t+h)=T)(0)+ Hh_)rgo i T(t+h—s)puR,F(x(s),a(s))ds
+ lim i T(t = s)uRyu(F(x(s + h), a(s + h)) — F(x(s), a(s)))ds
= TOT(R)(0) —9(0) + lim i T(h = s)pR,F(x(s),als))ds)

+ lim [ T(t —s)uR,(F(z(s+h),a(s + h)) — F(z(s),a(s)))ds.

p—oo J

Using the result in Step 1 and the fact that T'(h)(0) — ¢ (0) = Afoh T(s)(0)ds,

we obtain

z(t+h) — x(t)

= T(t) ( lim /0 T(h—s)uR,(F(x(s),a(s)) + A1/J(O))ds>

HU—>00
t

+ lim [ T(t—s)uR,(F(z(s+h),a(s + h)) — F(z(s),a(s)))ds.

p—oo [
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Then there exists C' > 0, depending on T, such that, for each ¢ € [0, 7],

[zt + h) — x(t)]

IA

C <h + /t ) (| (s 4 h) — z(s)| + |a(s + h) — a(s)|)ds)

0

t
< Clht [ i |+ lasen — o) ds).
0

Now the result in this step follows from that in Step 3 and an application of
Gronwall’s inequality. The statement of the Theorem follows from Step 4 and

Rademacher’s theorem (see [5]) applied to the function a.

(& )
Theorem 5 Suppose (H1)-(H5) hold. Let € My and let denote
i a(t)
the corresponding (maximal) mild solution on I U |0,t.) in My. If 1(0) € D(A),

Ap(0) + F(1(0),0(0)) € Xy, and is Lipschitz on I, then, for each t € [0,t.),

¥
x(t) is continuously differentiable, x(t) € D(A), 2/(t) = Ax(t) + F(x(t),a(t)) € Xo,

and a : I U[0,t.) — K is differentiable almost everywhere.

Proof. Fix T € (0,t.). By Theorem 4, we know that both x(¢) and a(t) are
Lipschitz on [0,7]. Therefore, the function [0,7] 3 t — Fi(x(t),a(t)) € X; is
also Lipschitz and hence almost everywhere differentiable since X; has the Radon-

Nikodym property. Let g(t) = d/dtFy(z(t),a(t)). Consider the non-autonomous
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initial value problem
w'(t) = Aw(t) + g(t) + DFy(x(t))w(t), t 0,17,
w(0) = Az(0) + F(x(0),a(0)) € Xo,
which has a unique (continuous) mild solution w(¢) on [0,7]. By Theorem 1.9
of [34], we know that x is right differentiable at zero since x(0) € D(A) and Az(0)+
F(2(0),a(0)) € Xy. With standard arguments, we can finish the proof.
In order to derive C''-smoothness of a, we make the following hypothesis, which

is also crucial for the main theorem of this chapter in Section 3.6.

(H6) Equip D(A) with the graph norm. Assume that there is an open subset U of
the Banach space C(I, D(A) x R") such that D(H) c U and H : D(H) — K
has a continuously differentiable extension (in the Fréchet sense) to a map
H. : U — K with DiH.(v,¢) € L(C(I,D(A)),R") having rank n. We
further assume that, for each (¢, ) € U, the partial derivative D1 H (¢, ¢) €
L(C(I,Xy),R") exists as a relative Fréchet derivative on U (note the larger
space) and that the map U x C(I, Xy) 3 (¥, ¢,v) — Di1H.(¢,9)y € R™ is

continuous, where U inherits the topology from C(I, D(A) x R").

Remarks. Hypothesis (H6) deserves some remarks.

(i) By “relative Fréchet derivative on U”, we mean that

lim | He (Y + &, ) — He(¥, p) — DiHe (¢, 0)§|
€0, E€C(I1,Xo), (b+€,0)EU |§|C(1,X0)

59

=0



for (¢, p) € U.

(ii) For each (¢, ¢) € U, we can extend DH, (¢, ¢) € L(C(I,D(A) x R"),R") to
a linear operator DH! € L(C(I, XoxR"), R") using the fact that Dy H. (1, ¢)
has such an extension. Moreover, the map U x C(I, Xy x R™) 3 (¢, ¢,7) —

DH! (¢, ¢)y € R™ is continuous.
(iii) We will drop the subscript ‘e’ and the superscript ‘1’ from now on.

(iv) The second extension property of the derivative of the function H appearing

above is analogous to those appearing in [35, 36] and in (H7) below.

Theorem 6 Suppose (H1)-(H6) hold. Let v e D(H)N Myn CYI,Cy x K)
¥
with '(0) = Ay (0)+F(1(0),(0)) and ¢'(0) = D1 H (4, )"+ Do H (4, 0)¢". Then

x(t)
the corresponding mazimal mild solution on I U [0,t.) in My, , satisfies
a(t)
Ty .
€ D(H)NMynNCHI,Cy x K), o(t) = Azx(t) + F(x(t),a(t)), and a'(t) =
Gy
Dy H (x4, ap)xy, + DoH (24, a¢)a; for each t € [0,t.).
Proof. The fact that x; € C(I,D(A)) for t € [0,t.) follows from Theorem 5
since [0,t.) D t — a'(t) € X is continuous and Ax(t) = 2/(t) — F(z(t), a(t)) implies

that z € C(IU[0,t.), D(A)). It remains to prove that a is C' on I U[0,t.) and that
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its derivative is in fact given by the formula above. To this end, fix 0 < T < t..

Let Ry = maxcpo7||2s|| < Ro. The equation

¢'(s) if s el

Dy H (zs,a5)2 + DoH (s, as)bs if s € 0,7
has a unique continuous solution, b : 1 U [0,7] — R™, thanks to the contraction
mapping principle since ||DyH (x5, as)|| < f(Ry) < 1 for each s € [0,T]. We will

show that a'(t) = b(t) for each t € [0,T]. Firstly, for ¢t € [0,7] and r € [0, h] such

that t +r < T, we have

a(t +r) —a(t) —rb(t)
= H(wiip, aryr) — H(wy, a4r) + H(y, a40) — H(g, a0) — 70(t)
= DiH(xy,appr)(Tpsr — ) — D1 H (24, a0)rwy + w1 (24 — T4, T4, ag14)3.3.1)

+DoH (x4, a¢)(Qppr — ap — 7by) + Wo(Aqr — ag, T, ay),

where w; : € — R" and ws : €23 — R"™ are the remainder terms. Here 0y =
{(§,8,x) € C(1, Xo) x C(I, D(A)) x C(I,R") | (8, x) € U and (5+¢,x) € U} and
)y is given similarly. It follows from (H6) that ws is continuous on 2y where 2y
inherits the relative topology from C' (I, R")xC(I, D(A))xC(I,R"™) (Note carefully
how the assumption concerning the relative partial Fréchet derivative from (H6) is

used). By (H6) the function g : [0, 7] — R" given by g(s) = H(z,, asy,) is C! with
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g'(s) = D1H(xs, azy)x’,. Moreover,
W1 (Tppr — Tp, Ty, Ay
= g(t+r)—g(t) — Di1H(x, air)(Tpsr — 1)
= ¢ t)r+ (/01 g (t+sr)— g (t)ds)r — DiH (z¢, apyr) (Togr — a:t)
= DiH(zy, apy,)(xr — Toyr + 24)

1
+ </ D1 H(Zypsr, Qir) Ty, — D1 H (24, at+r)x;d8> T
0

Note that lim,_, wl(xtJ””ft’xt’“t*T) = 0. Secondly, it follows from Theorem 4 that a

is Lipschitz on I U [0,T] and hence it is clear that lim, o wrar=arian) _ () The

T

proof is finished in the coming two steps, where we will use the notation j = o(k)

for functions j and k£ to mean limxﬁo% =0.
Step 1. 1im, o, g<pcmingryny =20~ = 0,

Let 6 € [—h,0]. First, if r + 6 < 0, then

la(r +0) —a(0) —rb(0)] = |o(r+0) — p(0) —re'(0))
< /0 (0 + s1) — & (0)|ds r
< ax / (€ + 1) — £()lds v

= o(r).
Next, if r 4+ 60 > 0, then

la(r +0) —a(0) —rb(0)| < I + Iy,
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where
I = a(r +0) — (0) — (r + 0)¢'(0)]
and
I = [p(0) + (r + 0)¢'(0) — p(6) — ¢ (0)].

We have

I = |p(0)+ (r+0)¢'(0) — () — r¢'(0)]
= |@(0) = (0) — ¢'(0)0 +r(¢"(0) — '(0))]
< max [p(§) = ((0) — ¢ (0)¢] +r max [¢'(§) - ¢'(0)]

—r<£<0 —r<£<0

= o(r).

For I, using (3.3.1) for t = 0 with r being replaced by r + 6 and the continuity of

DyH (), )y in (¢, ¢,7) € U x C(I, Xy) from (H6), we obtain

I = la(r+6)—¢0) = (r+0)¢'(0)]
< o(r +0) + |wi (746 — 70, To, Arpe)|

+f(R1)||aryg — ao — (r + 0)bo|| + |w2(arte — ao, To, ao)|.
lo(r+€)|

Note that sup_, _c<o =" — 0 as r — 0. Since |w; (2,19 — To, To, ar49)| = o(r +0)

and |wa(a,+9 — ag, o, ap)| = o(r + 0), it follows that

Iy = f(By)llarto — ag = (r + 0)bo| + ofr).
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Let Ko := {(r,0) e R* | r+6 > 0,r € [0,T7]N[0,h], 6 € [~h,0]} and note
that the compactness of Ky and continuity of the function Ky 3 (r,0) — ||a, 1o —
ag — (r 4+ 0)bp|| € R implies that we can find (r*,6*) € Ky which maximizes this
function. Hence, collectively, we can conclude that, for each r € (0,h] N (0, 7],
lla, —ag —rbol| < o(r) + f(R1)||ar 1o« —ao — (r* +6*)bo||. As f(Ry) < 1, it is clear
that ||a, — ag — rbo|| = o(r) as desired.

atyr—at—rb
llattr o dll — .

Step 2. For each t € [0,T), lim, 0. t4r<T, 0<r<n
Let 6 € [—h,0]. If either t +74+60 <0ort+r+6 >0 with ¢t + 6 < 0, then by
Step 1 we have
la(t+7r+0)—a(t+60)—rb(t+0) = |a-(t+0)—ao(t+0) —rby(t+6)|
< lar — ao — rbol|
= o(r).

Now, if ¢ + 6 > 0, then it follows from (3.3.1) with ¢ + 6 replacing ¢ that

la(t +7+6) —a(t+6)—rb(t+0)]
< |DiH(Zty0, trosr)(Trrorr — Tovo) — DiH (7410, at+9)7’x§+9|
Hwr(Tero1r — Tevo, Tevo, Grropr)| + f(R1)|| Q1010 — aro — 7bi10]|

+|W2(at+9+r — A410, Ti40, at+9) |
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It follows from continuity that there is (¢*,6*) € {(s,&) | s € [0,T] and & €
[—s,0] N [=h,0]} such that the maximum in (¢,6) of the right hand side of the
above inequality is achieved at (t*,6*). Then, for s € [0,7) with s +r < T and

r € (0, h], we have

||as+r — Qs — Tbs“ < O(T) + f(Rl)Hat*—l-@*-H“ = Qgx40x — Tbt*+9*

(Note that o(r) does not depend on s). Applying this to s = t + 6* > 0 and
using the fact that f(R;) < 1, we obtain ||a;, — a; — rb|| = o(r) as desired. This
completes the proof.

We remark that although in general, a satisfies what is called a neutral dif-
ferential equation, for the concrete example given in the introduction and in Sec-
tion 3.7, this will turn out to be merely an ordinary differential equation with a
state-dependent delay.

The following result follows immediately from Theorem 6.

) (8 5
Corollary 7 Suppose (H1)-(H6) hold. The set My = { € D(H)N Myn

@
CHI,Cox K) |9'(0) = Ap(0)+F (1(0),(0)) and ¢'(0) = D1 H (1, 0)1)'+ Do H (1), 90)90’}

1S a positively invariant subset of My for the semiflow S.
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3.4 The semiflow on M, and its Restriction to MO

In this section we briefly discuss the semiflow on M, and the smaller positively
invariant set MO.

Denote the semiflow induced by maximal mild solutions of (3.1.1) in M, by
S Q — My, where Q = {(¢t,¥) € [0,00) x My | t < t.(¥)}. The fact that S
is a semiflow and is continuous with respect to the relative topologies from R X
C(I, Xy x R™) and C(I, X, x R™), respectively, is established in [13]. Let Q :=
QN ([0,00) x My) = {(t,¥) € [0,00) x My | t < t.(V) and U € M,}. Define
S:=5 |g- The coming lemma is immediate from the fact that S is a semiflow on

My (see Section (2.4)).
Lemma 3 The map S Q — My has the semigroup property, that is,
(i) S(0,%) = U for each U € My;

(ii) If W e My and 0 < s, t with s < t,(U) and t < t,(S(s,¥)), thent+s < (V)

and S(t,S(s,0)) = S(t + 5, ).

Next we introduce notations for the solution operators. Let €, :={¥ € M, | t <
te(®)} and S, : Q — My be given by S;(¥) := S(t,¥). Similarly, Q; := Q, N M,

and S, : Q; — M, is given by S, = St\Qt.

. (8
Let M := e U | p(0) = H(, ) p, where U is given in (H6) (see Page 59).
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Let D(A) be given the graph norm. We can turn C(I, D(A) x R") into a C'-
Banach manifold by assigning it the standard C'-smooth structure. For Banach

manifolds, we refer readers to the book by Lang [17].

Proposition 8 Suppose (H6) holds. The set M is a C'-Banach submanifold of
C(I,D(A) x R™) of codimension n. For each p € M, the tangent space at p, TPM,
is given by the kernel of the derivative of the map U > (¢, ¢) — ¢(0) — H(¢, ) at

the point p.

Proof. Let J(v, ) = ©(0) — H(¢,p) for (1, p) € U. Then J is C' on U. Fix

(10, o) € U. We have

DJ (o, 00)(71,72) = 72(0) — D1 H (%0, wo)71 — DaH (Yo, 00) 2

for (y1,72) € C(I,D(A) x R™). Let ey, ..., e, form a basis of R". For each j,
we set 7, = 0 € R™ and (by (H6)) choose v, such that DiH (v, po)11 = —e;.
Then DJ (o, v0)(71,72) = €. This shows that D.J (v, o) is surjective. Therefore,
we have the decomposition C(I, D(A) x R") = ker(DJ (1o, po)) & N for some n-
dimensional subspace N such that DJ (g, ¢o)|N is an isomorphism. Hence we can
write (1o, po) = ko+no for kg € ker DJ (g, po) and ng € N and J(kg+ng) = 0. We
can find relatively open neighborhoods U; of kg in the subspace ker(DJ (g, ¢o))
and V] of ng in the subspace N such that U; +V; C U. Define J:U xV; = R" by

J(K',n'") = J(K' +n'). Since DyJ(ko,no) is an isomorphism, the implicit function
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theorem gives relatively open sets Uy in the subspace ker DJ(1g, ¢o) and Vj in
the subspace N with (ko,vo) € Uy X Vi, and a C* map h : Uy — V} satisfying
J(K' +n') = 0 for (K',n) € Uy x Vg if and only if n’ = h(k'). It follows that
Uy + Vp is an open neighborhood of (g, ¢o). Let 8 : Uy+ Vo — K X N be given by
B(K' +n') = (K',h(k') —n'). Observe that 3 is a C'' homeomorphism and satisfies
B((Uy+ Vo) N M) = Uy x {0}. Tt is not difficult to verify the statement concerning
the tangent space at (g, ¢o).

Let us make some comments about the special manifold charts above and
the tangent spaces. In light of Proposition 8, we have T (Wo)]\}[ = {(m,72) €
C(I,D(A) x R") | 32(0) = DiH($, 9)y1 + DaH(, )72} for each (v,) € M,
Note that, by (H6), T(w,@)M has an extension to the larger space C(I, Xy x R"),
which we call T(y ;)M and is given by the same formula. For each p € M, we can
find ambient-open sets Uy C TpM and Vj such that (Uy 4+ Vp) N M is a neighbor-
hood of p in M, and a chart whose inverse is a map ¢ : Uy — Uy + Vi given by
g(k) = k + h(k), where h : Uy — V is C'. Since J(k + h(k)) = 0 for k € Uy,
differentiating with respect to ‘k” yields DJ(k + h(k))(1y, y + Dh(k)) = 0. Thus
Dh(k) = —(DJ(k—i—h(/{;))]Np)_lDJ(k—l—h(k))lTpM, where N, is the complementary
n-dimensional subspace. Notice that the right hand side of the expression for Dh(k)

is defined on the larger space T,,M by (H6) and that this induces a bounded linear

operator in £(T,M, N,), where T,,M is a Banach space with the weaker supremum
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norm. We denote this extension by Dh.(k) € L(T,M, N,) and lastly we note that,
by (H6), the map Uy x T,M > (k,7) + Dh.(k)y varies continuously.
Remark. It is natural to call M a C°-extendable submanifold of C'(I, D(A) x

R").

3.5 The Linear Variational System along Flowlines in M,

. Yo . (1)
Throughout this section, let ¥y, = € My and let be the corre-

o a(t)
sponding (maximal) (classical) solution of (3.2.1) on I U [0,t.) which lies in M.

We consider (for now formally) the linear variational system along the trajectory

A

S(t, Vo),

y(t) = Ay(t) + DiFa(x(t), a(t)y(t)

+D2Fy(x(t), a(t)b(t) + DFy(x(t)y(t), t€[0,t),

b(t) = DlH({Et?at)yt + DQH(fﬂt,a/t)bt, (351)
Yo Un
bo PY1

\

We make the following hypothesis concerning the partial derivatives of F} : Cy x

K-)Xl.

(H7) (i) For each (c,k) € Cy x K there is a bounded linear map D;Fi(c, k) €

L(Xo, X1) with lime_0 cseecy [F1(ct&k) —Fi (k) =DiFi (k)@ _

€l
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(ii) For each (¢, k) € (D(A) N Cy) x K there is a bounded linear map

DQFl(C, k’) S ;C(Rn,Xl) with

i ek +6) = Fi(e k) = DaFi(e.k)(©)

= 0.
£—0,k+E€K €]

(111) The maps (C(] x K X XO)XQXR”XXO = (C, k?,’y) — DlFl(C, k’)’}/ € X1
and [(D(A) N Cy) X Kl|payxrr 3 (¢, k) — DoFi(c, k) € L(R™, X;) are

continuous (The subscripts attached to the domains indicate the choices

of topology on the domains).

Remark. The weaker form of continuity of the partial derivative given in (H7)
is reminiscent of one given in [9, 35].

We start with the following definitions.

(4 .
Definition. Suppose (H6) holds. Let U = € M. For t € [0,t.), let

p
TM = € C(I, Xy xR") | x(0) = D1H(x4,a:)p + DaH (4, a1)x
X

Remark. TM; = Ts, w) M is simply an extension of the tangent space Tgt(q,)M

introduced in Section 3.5.

Definition. Suppose (H1)—-(H7) hold. By a mild solution of (3.5.1) on 1U[0, T]]

Y
for 0 < T < t, < oo we mean a pair of functions such that
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(i) b: TU[0,T] — K is continuous;

(i) y : TU[0,T] — X, is continuous and, for each ¢t € [0, 7], fg y(s)ds € D(A)

and

Yt
(111) For 0 S t S T, € TMS, z'.e., b(t) = DlH(l‘t, at)yt + DQH(QL}, at)bt;

In case T' = t., we make appropriate modifications to the above definition.

Remark. Given ty € (0,t.), we can also consider (3.5.1) for t € (to,t.) with

U1
initial data € TM{® and similarly define a mild solution on [ty —h, to]U[to, T

1
for to < T < t, or [to — h,to] U [tQ,T) for tg < T < t,.

It does not follow from [13] or other related works on partial functional differ-
ential equations such as [30, 34, 39] that (3.5.1) has a mild solution. We address

this issue with the following lemma and proposition.

Lemma 4 Suppose that (H6) and (H7) hold. The map Cox K > (¢, k) — D1 Fi(c, k) €

L(Xo, X1) is locally bounded in the following sense: Each Xy x R™-compact set J C
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Cox K has an X x R"™-open neighborhood N such that D1 F; : Cox K — L(Xo, X7)
is bounded on N N (Cy x K). Similarly, the map U > (Y1, ') — D H(', p') €
L(C(I,X0),R"™) is also locally bounded, where U has the relative topology from

O(I, D(A) x R™).

Proof. We only give the proof of the first part since that of the second part is
similar. Let J C Cy x K be compact. For each (¢, ko) € J, we show that there is a
relative neighborhood N, i, of (o, ko) and B > 0 such that || Dy Fi(c, k)||z(x0,x1) <
B for each (c,k) € N k). By way of contradiction, there is a (co, ko) € J and a
sequence (¢, kn) — (co, ko) in Cp x K such that || Dy Fi(cn, kn)|lzixo,x,) — 00 as
n — oo. It follows from (H7)(iii) that {D;Fi(cy, kn)7} is bounded for each v € X.
Then the uniform boundedness principle implies that {||D1Fi(cp, kn)||zixo,x0)} 18

also bounded, which is a contradiction. Now the result follows since J is compact.

(2
Proposition 9 Suppose (H1)-(H7) hold. If the initial data € TMY, then (3.5.1)
1

Y
has a unique mild solution on I UI0,t.).
b(t)

Proof. The proof is completed in three steps.
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(&
Step 1. Let 0 <ty < t. and € TM{ be given. Then there is T € (to,t.)

such that (3.5.1) has a mild solution on [ty — h, | with initial data
¥
Let T € (to,te) and C := {b: [to — h,T] — R™ | b is continuous and b;, = ¢}.

Note that C is a closed subset of C([tg — h,T],R™). Furthermore, for each b € C

the non-autonomous equation

(

y'(t) = Ay(t)+ DiFi(x(t), a(t))y(t)

+DyFy(z(t), a()b(t) + DFy(z()y(t),  te [t T],  (35.2)

yto = 77D

can be solved for a unique mild solution y = y(b) : [to — h,T] — X,. To

\

justify the latter statement, we note by (H7)(iii) that the map [0,7] > s
DyFi(x(s),a(s))b(s) € X is continuous. Therefore, it suffices to show that for each
fixed t € [to, T] the term G : [to, T|x Xo — X given by G(t,y) := D1 Fi(x(t), a(t))y+
DyFy(x(t),a(t))b(t) + DFy(x(t))y is Lipschitz on Xy uniformly in ¢ as we then can

apply Proposition 2.10 of [34]. Given y;, y2 € Xo, we have

Gt y1) = Gt ya)| = [DiFy(2(t), a(t) (1 — y2) + DE (2 (1)) (y1 — 42)]-
By Lemma 4, there is some B > 0 such that |[DFy(2(s),a(s))||zxe,x) < B for

each s € [to,T]. By (H4) there is some B’ > 0 such that ||DFy(z(s))|| < B’ for

each s € [ty,T]. It follows that G(t,-) is Lipschitz on X uniformly in ¢.
73



To obtain a solution for the second component of (3.5.1), we let A: C — C be

given by

AB)(E) = o(t —to) if t € [to — h, 1o, 353)
Dy H(xy,a:)y(b) + Do H (x4, ar) by if t € [ty, T,

where y(b) denotes the solution to (3.5.2). That (Ab) € C follows from the
continuity of the maps [to,7] > t — y(b); € C([to — h,to], Xo), [to,T] > t —
DyH (x4, a4)y(b), € R™, and [tg,T] > t — DyH(zy,a;) € L(C(I,R"),R"). The
continuity of the latter two maps is a consequence of (H6) while that of the former
is a consequence of the continuity of y(b) on [ty — h,T]. In the following, we show
that A is a contraction provided T is small enough.

Let Ty € (to,t.). It follows that max.cjon) ||zs|| = Ri for some Ry € [0, Ry).

Using (3.5.3), (H6), (H2), and Lemma 4 we have for ty < Ty < t. and ¢ € [to, To]

that

|(Ab1)(t) = (Ab2) ()| < |DyH (24, a0)(y(br)e — y(b2)s))|

+| Do H (x4, a0)((b1): — (ba)y)] (3.5.4)

IN

Clly(br)e = y(b2)el[ + f(R)I(b1)e — (b2)el],

where C' = supyeo ) || D1H (75, a5)||. Moreover, using the abstract variation of

constants formula (see the Remark following (3.2.1)), Lemma 4, (H7)(iii), (H4),
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and (H1), we have

where

IN

[y (b1)(t) — y(b2)(1)]
lim / T(t — s)uRu[D1Fi(x(s), a(s))(y(b1)(s) — y(b2)(s))

H—00 to

+DyFi(2(s), a(s))(bi(s) — ba(s))

+DFy(2(s))(y(b1)(s) = y(b2)(s))]ds

/ M2 (Chly(b1)(s) — y(B)(5)] + Collbr — bal[)ds

to

t
M?Cye ™| |by — by|t +/ M2 =90y |y (by)(s) — y(b2)(s)|ds, (3.5.5)
to

Ci = max{ sup [[D1Fi(x(s),a(s))|], max |[DFy(x(s))][},

s€[0,T0] s€[0,To]

Cy = max}HDgFl(:L‘(s),a(s))H.

SE[O,TO

An application of Gronwall’s inequality to (3.5.5) yields that, for each ¢ty <t < Ty,

ly(by)(t) —y(ba)(t)| < JCaot||by — bel| for some J > 0 which depends on Tj. It follows

from [[y(by)e — y(b2)el| < [[y(br) — y(bo)[| < JCLT[[by — bof| and (3.5.4) that

|(Ab1)(¢) — (Ab2)(t)] < CTCT[[by — bal| + f(R1)[|b1 — bof|

for each tg <t < T < Ty. Since f(R;) < 1, it is clear that A is a contraction

provided T' = 7 is chosen small enough.

Step 2. Local solutions of (3.5.1) are unique.
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Suppose that and are two mild solutions of (3.5.1) respectively

(00
on [ UA; and I U A, having the same initial data € TM?, where A; =

¥1
[0,7;] € [0,t.) or A; = [0,t.), i = 1, 2. We show that the two solutions agree on

A = AN Ay, For each T' > 0 such that [0,7] C A, by the same argument as in

Step 1 which established (3.5.5), we have

Y1 (t) — 12(t)] < /0 M (Chlya(s) — ya(s)| + Calbi(s) — ba(s)))ds  (3.5.6)

for t € [0,T]. Let

(

. 1(=h) if&<—h
bi(f) =
|bi&) & [=hT]
and )
Yi(=h) fE<—h
ﬁz(f) =
\yl(f) if£ € [_h7T]

be the trivial extensions of b; and y; to (—oo, T, respectively, i = 1, 2. Denote

Yt
Ry = max,cpo,r ||2s||. Clearly, € BUC((—0,0], Xy x R™). Arguing as in

by
Step 1, we have that [by(t) — by(¢)] < Cl(y2)e = (w2)ell + F(R1)[[(br)e — (ba)e| for

t € [0,7T]. It is not difficult to see that

1(01)e — (ba)e]| < C(1 = F(R)) (@) — (Ga)ell. (3.5.7)
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Combining (3.5.6) with (3.5.7) and using an application of Gronwall’s inequality,
we get y1(t) = ya(t) for t € T U0, T]. It now follows from (3.5.7) that by = by on

I'U0,T]. As T is arbitrary, this completes Step 2.

Step 3. Let

t. (Y1, 1) :=sup{p € (0,t.) | (3.5.1) has a mild solution (y,b) on I U0, p}.

Then t. ({1, p1) = te.

By Step 1, t. > 0. Suppose t, = py < t.. It follows from Lemma 4, (HT7)(iii),

and (H4) that

( )

sup ||D1Fi(x(s),a(s))]l,

s€[0,p0]

max §  max ||DFy(z(s))||, = oo
SE[O,po]

max || Dy Fi(z(s), a(s))]|

\ s€[0,p0] Y,

By Lemma 4, C" := sup,¢(g ) ||D1H (25, a5)|| < 0o. Let (y,b) : TU[0, pg) — XoxR”

U1

be the mild solution of (3.5.1) having initial data . Let Ry = maxejo,p] ||2s]|-
¥1

As in Step 2, let (§, D) : (=00, 0]U[0, po) be the trivial extension of (y, b) to [—oc, po).

It is not difficult to see that ||by|| < (1 — f(R1))Y|1|| + (1 — fF(R))*C"||g]| for
each t € [0, pg). Therefore, there is some C” > 0 (which depends on py) such that

[y(O)] < Me" 1 (0)|+C” [5(ly(s)|+1b(s))ds < Me="[eh1 (0)[+C" [ (I1sl+11bs])ds
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for t € [0, pg). It follows that there is C" > 0 such that

a1l < [[en]] + Me=t ]| + C" [ 1ds]] + || ||ds
< (Me=t+ )| |¢n || + C™ || l[t + C [7[195|ds

fort € [0, pp). Then the continuity of the map [0, pg) > t — 3, € BUC((—o0, 0], Xo)
and Gronwall’s inequality imply that y is bounded on TU[0, pg). By setting ¢(po) :=
T(o0)(0) + Tim [ Ty — )R, Dy (a(5),a())y(s) + DaFy(a(s),als)b(s) +
DF5(x(s))y(s)]ds, it is not difficult to see that y can be extended to a continuous

map § : I U0, py] = Xo. Then, the equation

wol(t) iftel

Dy H (g, a)ys + DoH (x4, ay) by if t € [0, po)
can be solved for a unique continuous map b : I U [0,p0] — R™ by using the
fact that f(R;) < 1, where Ry = maxXsc[ ) ||7s||, and the contraction mapping
principle. Note that it is obvious that b(t) = b(t) for t < py. Then applying Step 1
for ty = po and (¢, p) = (gpo,l}po) € TML®, we can extend (y,b) beyond pg, which
is a contradiction.

By applying similar arguments as those in Step 3 of the proof of Proposition 9,

we can obtain the following result.

Y

Corollary 10 Suppose (H1)-(H7) hold. For W € TM], let be the corre-
b

sponding mild solution to (3.5.1) on I U[0,t.). Then, for each T € [0,t.) and
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t € 10,7, < C||¥||, where C' depends on Vo and T. (Recall that Vg is

by
fized throughout this section).

3.6 Derivatives of Solution Operators S’t on Mo

Recall from Section 3.4 that Mj is a positively invariant subset for the semiflow S of
the C'-submanifold M of C'(I, D(A)xR™). At each point p € M, the tangent space
at p, denoted by TpM , is contained in a larger set T,M which is a Banach space
with the weaker supremum norm (i.e., the supremum norm which does not include
the contribution from the operator A). Moreover, we let TMy = {(p,7) | p €
M, and vy eT, pM } denote the tangent bundle of M restricted to My and point out
that it has an obvious extension which we call TMy = {(p,7) | p € My and v €

T,M}. In order to derive the desired differentiability of 5} on Qt, we consider the

interpolation space (C*(I, Xo x R")NC(I, D(A) x R™), || - ||1), where

S M
IKIERISYES . From now on, we let T,M" = T, MNC"(I, X, x
& | llew.payxre)
R"™) and view it as a Banach space with the || - ||; norm. We note that the norm

|| - |]1 is equivalent to the norm given by ||} = ||| + ||€]] + ||A& ]|, where § =
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S!

&2
hypotheses (H6) and (H7) as follows!:

€ T,M". Before stating the main theorem of this section, we strengthen

(H6)* In addition to (H6), we further assume that, for (1o, 0), (¥,¢) € My,
|DH (¥, 0) (4", ") = DH (4o, 00) (¢, £0)| < O([[¢ = ol + [l = o) + O([[ 0 —

eol)I[¥ol[+O([le—ol)llwol| and |[D1H (¥, ) =Dy H (Yo, o) || cc(1,0(a)) R <

O(||Yr = vol| + || — ol|) both hold uniformly.

(H7)* In addition to (H7), we assume that for each (¢, k), (¢co, ko) € (CoND(A)) x
K we have || DyFi(c, k) — DaFi(co, ko)l | crm,x) < O(le—colpay) + Zieo ko) (e —
col + |k — kol). Moreover, for (c,k) € (Co N D(A)) x K, D\Fi(c,k) €
L(D(A), X1) exists and satisfies the special Lipschitz condition: || Dy Fy(c, k)—

DyFi(co, ko)llzp(ay,x1) < O(le = ol + |k — ko) uniformly.

Remark. Note that the Lipschitz conditions in each of (H6)* and (H7)* involve
a weaker norm on the right hand side.

The following is the main result of this section.

Theorem 11 Assume (H1)-(H5), (H6)*, and (H7)* hold. Then the function S; :

I'Throughout this section we use the following notation for a function g defined on a neighbor-
hood of zero, in the product of two normed spaces, and whose image is contained in another normed
space. [g(§, w)| < o(|¢|) means that lime_,g lg(fé‘w)‘ = 0 pointwise. Similarly, |g(&, w)| < O(|§])
means |g(&,w)| < CJ¢| for some C' > 0 which depends on w. Lastly, |g(&,w)| = Z,(]¢|) means

lg(&,w)] — 0 as & — 0 pointwise.
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O, — M, is differentiable in the following sense: For each p € Qt, Dgt(p) €
L(T,M", Ts,,yM) and satisfies

lim ||gt(P+ §) — gt(p) — Dgt(p)ch(onan) _

£—0,p+E€ LET, M €] |T,,M1

0.

In fact, the mapping z : I U[0,t.(p)) — Xo x R™ given by z(t) = DS,(p)(€)(0) for
t €10,t.(p)) is a solution of the linear variational system (3.5.1) along S(t, p) with
initial data zo = €. Furthermore, the map dS, : TMy 0 (€ x CY(I, Xy x R™)) —
T My given by dSy(p,~) = (Si(p), DSy(p)y) is continuous when the domain inherits

the relative product topology induced from the || - ||; norm on CY(I, Xy x R™) N

C(I,D(A) x R™) and T My has the relative product topology from C(I, X, x R™).

A : 8 N
Proof. Givent > 0 and p = € )y, write S(t,p) = = € M.
¥ af a;
Y
Let : TUJ0,t.(p)) — Xo x R™ be the mild solution of the linear variational
b

. &1 .
system (3.5.1) along S;(p) having initial data & = € T,M. It follows from

13
&
Corollary 10 that <’ for a constant C' > 0 depending on p and
by 3
N Yt
t. In case £ € T,M*, we note that < (& . Wecan find 0 < R; < Ry
by T, M1

such that max.cjoq ||22]| < Ry. The proof is achieved in the following eight steps.
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Step 1. For s € [0,], p, p+ & € Q, |27 — 22| + [Ja2™ — a2|| < O(|[¢]])

uniformly in s and pointwise in p.

This follows from a standard argument using Gronwall’s inequality and (H2)

(See Step 2 of the proof of Proposition 9 or Step 1 in the proof of Theorem 2

in [13]).
. ah
Step 2. For p € )y, the pair 15 a mild solution of the linear variational
at
H
system (3.5.1) on I UJ0,t] along . In particular,
ak

Th(s) = Axk(s) + DiFy(z"(s),a"(s))x"(s)

+DyFy(z*(s), a’(s))ar(s) + DEy(x#(s))xk(s)
in the mild sense and

at(s) = D1H(2"(s),a"(s))x"s + DoH (z*(s), a*(s))aks.

By the proof of Theorem 5 and by Theorem 6, it suffices to check that

d%Fl(x“(s), a*(s)) = Dy Fi(a"(s),a"(s))z*(s) + Do Fy(x#(s),a’(s))ar(s).

Note that this is not an immediate consequence of the chain rule since in general

F7 is not differentiable. However, the same arguments as those before Step 1 in the
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proof of Theorem 6 (with the use of (H6) being replaced by (HT7)) can be used to

obtain the desired result here.

Step 3. Fors € [0,] and p, p+ € € O, [Jar™€ — az|| < O(/[€]l + |€l) holds
pointwise in p and uniformly in s.
Let 6 € [—h,0]. If s € [0,¢] and s + 6 < 0 then |a?*¢(s + 0) — a?(s + 0)| < [|€]|-

If s+ 6 > 0, then by Step 2, (H6)*, and Step 1, we have

|aP* (s +0) — aP(s + 0)|

< |DH(all5, allg) (@015, al15) — DH(al, g, al ) (d%,, d%4)|

< O(llEl) + O(IEIDN5, ol + OEID e g

IN

o(lllD),

where the constant coming from the latter big O depends on
max e rujo,q |47 (1) ], max,ec o [P (1) and clearly depends on p.

Therefore, |[a2t¢ — a2|| < O(|[¢]| + ||€']]) pointwise in p and uniformly in s.

Step 4. For s € [0,t] and p, p+§ € Q,, [|2PT¢ — 2P|| — 0 as [|€]] +||€]] — O

uniformly in s and pointwise in p.
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Let w(s) := aP+€(s) — 27(s). From Step 2 we have

IN

w(s)] < |T(s)(£(0)] + /0 MO0 Dy B (7 (6), a7 (0)) € ()
— Dy Fy (27(6), a?(0))a7(0) + Dy Fy (a7+E(0), a”*€(0))ar+€(0)
— Dy Fy(a?(0), a?(0))a?(0) + DFy(aP*(0))ar+(6)
—DFy(2?(0))27(6)|d6

— [ZE)EO) + [ AP Olr@)as
0
for s € [0,¢]. Since the set {(zP(s),a?(s)) | s € [0,t]} C Cp x K is Xy x R”
compact, by Lemma 4 we can find an open neighborhood N of it in Xy x R™ such

that C' := sup(. kyenn(cox ) [1D1F1(c, k)|| < 0o. By Step 1, we can choose [[¢]| small

enough such that (zP*¢(s),a?*¢(s)) € N for each s € [0,¢]. Therefore, it follows
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from (H7), (H7)*, and Step 3 that

10)] < Clar+€(8) — a(6)]
+H D1y (a774(0), aPF4(0))ar (0) — DyFy (a7 (0), o (6)) 27 (0)]
H[D2Fy(2774(0), a"*4(0)) — Do Fiy(27(6), a”(6))Ja?+¢(0)|
Do Fy(27(6), a”(6))]] ar+£(8) — ar(9)]

+ DFy(a"5(0))i"(0) — DF3(a”(0))3" (0)]

IN

Clar+€(8) — 22(8)| + Ziaw(0).a0(0))(1€]])
+(|2PT5(0) — 2P(0) | peay + Ziar(o),av0)) ([[E]])) 1674 (0)]
+ max [ D2 (2 (1), a” ()| O(IE]] + 111D

HIDE(a" ()] [2744(0) — 27 (0)]

HIDFy(a"5(0)) — DFy(a(6))]] |27 (0)]-
Note that by Theorem 5 and Step 1,

[27H(0) — 2" (0)lpay = [a"TE(0) — 2P ()] + [AaPTE(0) — AP (0)]
< [aPTEO) — 2(0)] + |27 TE(0) — 27 (0)]

HEF(@P*E(0), a"*4(9)) — F(2*(0), a”(0))]

< O(lElD + [#7*¢(8) — @ (0)],
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where the constant coming from the big O depends only on p. Furthermore, by

Step 3 we have that
@HE(O)] < 1a7(6) — & (6)]+ |a7(O)] < O] + €1 + max 671,

where the constant coming from the big O depends only on p. Hence, choosing
1€]] + [|€']] small enough, we have |a?*$(0)] < 1 + max,eoq|aP(p)|. This gives
(127%4(0) — 2?(0)| p(a) + Zwr(o).arion (€)@ (0)] < O(IIE]] + [2774(0) — 27 (0)]) +
Z v 0).ar0) (||€]]). Then by (H4), the continuity of DF; on Cy implies that we can
find an Xy-open neighborhood, Ny, of the Xy-compact set {zP(u) | p € [0,¢]} and
some C; > 0 such that, for each ¢ € N1 N Cy, ||DF5(c)||z(x0,x,) < Ci1. By Step 1,
we can choose [|¢|| small enough such that xP*¢(u) € Ny for each p € [0,¢]. Hence
||DE,y(2P*4(9))|| < C,. Finally, we can conclude that, for |[£]]| + ||£'|| small enough

(depending on only p),
1(0)] < Clart$(0) — 27(0)] + Ziur(o).ar(0y) (11€]])
O( [€]] + |2775(8) — P (0)] ) + Zan@),ar o ([1€]])

O(IEN1+ 11€']1) + O(|a7*£(8) — 2P (O)]) + Zar (o (I1¢]])

< OllEll + [1€'11) + O(|27+€(8) = 22(8)]) + Ziar(ar.anceon (IIEI)-
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Therefore, for each s € [0, ],

|w(s)]

IN

Me[|¢|| +/OS M2 eC=10([¢]] + [€1]) + O(lw(@)])
+Z(ar(9).ar(0)) (11€]])]d0
< O(HSH+H£'H)+/OSO(Iw(9)DdQ+/O (e»(8).ar (o)) (|1€]])dO

< O(ENN+ 111 + /OSO(Iw(9)Dd9 +Z,(111D)-

Here we have used the dominated convergence theorem to obtain the last line above.

Step 4 now follows from Gronwall’s inequality.

Step 5. If p, p+& € Q and € € T,M, then [|#7 — & — gl < o [[¢]| +[1€'l]) +
[70(|[a2+¢ — @2 — || + ||zt — a2 — b||)ds pointwise in p, where * indicates the
trivial extension of the corresponding function to (—oo,0] by its value at —h for

0 < —h.
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For each s € [0,¢], it follows from (H4) and (H7) that

Fy(a"4(s), a"**(s)) — F1(2"(s), 0" (s)) — D1Fy(a*(s), a”(s))y(s)

—DyF1(a7(s), 0" (5))b(s) + Fo(a*¥(5)) — Fa(a”(s)) — DFy(a(s))y(s)
= Fi(a"*(s),a""(s)) — Fi(a"(s),a""(s)) + Fa(a”(s), a"(s))

—F(aP(s),aP(s)) = DiFy(2(s), a”(s))y(s) — D21 (2P (s), aP(s))b(s)

+DFy(a”(s)) ("4 (s) — a”(s) — y(s)) + wa(2**(s) — 2P (s), 2(s))
= DiFi(a%(s), a"**(s))(a"¢(s) — a”(s)) — D1Fy(a”(s), a”(s))y(s)

+wi (277 (s) — aP(s), 27(s), A" (s))

+Da P (27(s), 0" (s)) (a"4(s) — a”(s) — b(s))

+wa(a”E(s) — a”(s), 27 (s), ¥ (s))

+DFy(a”(s)) (" (s) — a”(s) — y(s)) + wa(a?**(s) — 2P (s), 2"(s))
= [DiFi(a"(s),a""*(s)) — DiFy(a”(s), a"(s))] (a7 (s) — a"(s))

+D1F1(27(s), 0" (5)) (2" (s) — 2" (s) — y(s))

+wi (277 (s) — a”(s),27(s), A" (s))

+DsF1(27(s), 0" (s)) (a"4(s) — a”(s) — b(s))

+wa(a”E(s) — a”(s), 27 (s), ¥ (s))

+DFy(a”(s)) (a7 (s) — a(s) — y(s)) + ws(2*4(s) — 2P (s), 2"(5)),

88



where wy, wy, and w3 denote the error terms associated with Dy F, Do F, and DF5,
respectively. By Step 1 and (H4), we know that |ws(zPT¢(s)—xP(s), 2P(s))| < o(|[¢]])
uniformly in s € [0,¢]. Similarly, by Step 1 and (H7), we know that |wy(aP*¢(s) —
af(s),zP(s),a?(s))| < o(||£||) uniformly in s. The meat of the matter lies in w;.
To this end, let g, : [0,1] — X; be given by g,(u) = Fi(2P(s) + p(xP(s) —

2P(s)), aP**(s)). By (HT7), gs is C' in p and
jwi(27FE(s) — aP(s), 2" (s), a"*(s))]
= [9(3.1.1) = g(0) — g'(0)|

:‘/ )i

< A\Dﬂﬂﬂw>+u@H%@—x%@%ﬁ%@»@ﬁ%w—x%@>

—DyFy (a7 (s), " *()) (@ () — 27(s))

N

N /o O([EIN]a"(s) = ”(s)|padu
< O(lElNa"(s) — 2" ()| p(a)-

N

Note carefully how the second last inequality follows from (H7)* and Step 1, and
that the constant coming from the latter big O depends only on p. Then |2P*¢(s) —
2P(s)|peay < O([[&]1) + 12744 (s) —2(s)| < Z,(|[€]]+11€']1), where the first inequality

7

follows from the argument starting with “Note that by Theorem 5 ...” in Step
4 and the second inequality follows from Step 4. This shows that |w;(2zP*¢(s) —

2P(s),2P(s),aP*¢(s))| < o(|[€]] + [|€’]|) pointwise in p and uniformly in s. Similarly,
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it follows from (H7)*, Step 1, and Step 4 that

[D1F1(27(s), () — DiF1(a"(s), a"(s))] (274 (s) — 27 (s)))|

IN

O([[€IN]="**(s) — 2"(5)) ()

< o(l[¢ll + 1<)

uniformly in s and pointwise in p. Therefore, it follows from the abstract variation

of constants formula that, for § € (—oo,0] and t 4+ 6 > 0,

| 2P (t 4+ 0) — 2P (t +0) — y(t + 0)|

VAN

t+6
/o Mo (|[€]] + 11€]])
+| Dy Fy (2P (s), aP(s)) (a7 (s) — aP(s) — y(s))| + o [I€]] + [€']])
Dy Fy (2P (s), aP(s)) (aP*E(s) — aP(s) — b(s))| + o(||€]])

+H DFy(a?(s)) (2" (s) — a"(s) — y(s))] + o([[€]]ds.

Since sup |[DyFy(a”(s), a(s))[], max [[DyFy(aP(s), a”(s))[|, max [|[DEy(x"(s))]| <

s€[0,4] s€[0,] s€[0,4]

oo (see (H7), Lemma 4, and (H4)), Step 5 follows.

Step 6. If s € [0,1], p, p+ € € Qy, and € € TpM, then ||arté — a2 — by|| <
o(||€l] + €] + [|A&L]]) + O(]|22T — &P — 4|]) uniformly in s and pointwise in p,

where the meaning of * is same as in Step b.
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Proceeding analogously as in Step 5 and using (H6), we have that

aP*e(s) — af(s) — b(s)

= H(al™*,al™*) — H(a?,ab) — DiH(a%, ab)ys — Do H (2%, ab)b,

s7 s §7 s §7 s

= (DiH(a%,af™®) — DiH (2%, a})) (a7 — af)

s s s) s

+DyH (a8, al) (a0 — ab — yo) + wi (' — ab, 2l al**)

57178 5719781 s

+DyH (2P, a?)(aP™ — aP — by) + wa(al™ — aP, 2?, aP)

S s R ERAR]

for all s € [0,¢]. It follows from (H6) that the error term |wy(a?™s — a?, 2P, a?)| <

o(|[£|]) uniformly in s € [0,¢] and pointwise in p. Arguing as in Step 5 and using

(H6)*, we can obtain

|W1(l’€+£ — P P ap+£)|

§71°78) s
1
< [ D (e = ), — o)
0

—DyHy(a?,a2%) (278 — a?)|dp

§7 s

IN

1
/ OIEIN N2 — 22l cxr.pay i
0

IN

O(IEIDN22* = 2 cr,pa)-

Now [|22%¢ — zP||c(.pa)y = maxger [2P75(s + 0) — xP(s + )| + |AaPTe(s + 6) —

AP (s + 0)| < [|&l] + [JA&GI + Z,(I[€]] + 11€']]). Hence |wy(af** — %, 2k, af )| <

o(|[A& ]|+ I€][+11€]|) pointwise in p and uniformly in s. Similarly, using (H6)* and

Step 1 gives |(DyH (2%, al™*) — Dy H(a%, af)) (22" — 2f)| < o[|A& || + [I¢]] + [1€']])
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pointwise in p and uniformly in s. Then, for 6 € (—o0,0] with s+ 6 > 0, we have

|aP™e(s + 6) — aP(s +0) — b(s + 0)|

< o(l[¢ll + A&l + [1E'11) + Cllali§ — 22l + f(R)Ila?G — ol

holds pointwise in p and uniformly in s, where C' = sup,¢(o 4 || D1 H (2%, af)|| < oo is
granted by Lemma 4. Hence ||a7*¢ — a2 —b|| < of|[€]|+[1¢']| + || A&I) + O(]]a2* —
#1)) + f(Ri)[|az+e — az||, which implies that [|a2*¢ — a2 — b,|| < o(|[¢]| + [1€']| +

[|A&|]) + O(||22+¢ — 27||) holds uniformly in s and pointwise in p since f(R;) < 1.

Step 7. If t > 0 and p € €, then DS’t(p) € L’(Tle,Tgt(p)M) exists and is

Yt

given by DS,(p)(§) = for & € T,M".

by
From Steps 5 and 6, and Gronwall’s inequality we see that if p + £ € O, and
& € TM, then ||2§7* — 2} — yl| < (|27 — 27 — ul| < o([[€][ + [1€/]] + | A&]|) holds
pointwise in p. By Step 6 it follows that ||a?™ — a2 — by|| < o(||€]| +1|€']| + || A&]|)

also holds pointwise in p. This completes the proof of Step 7.

~ A~

Step 8. dS’t(p, v) = (Si(p), DSi(p)y) is continuous with respect to the topologies

stated in the hypothesis of this theorem.

Step 8 follows from Theorem 4.2 of [13] (concerning the continuity of S;), (H4),
(H6), (H7), Lemma 4, Step 1, Step 4, and arguments similar to those used in Step 6,

which involve trivial extensions of the relevant functions to (—oo, 0] by their values
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at —h, the fact that f(R;) < 1, and Gronwall’s inequality.

3.7 The Model Equations: Part Two

In this section we present an application of the general theory.
Consider the following class of scalar age structured models with threshold de-

pendent age of maturity,

(

du(t, a) + dyult,a) = —d(a)ult, a),

u(t, 0) = b( [, B(E)u(t, €)de),

S ol ulo, a)da + C) 7o =T, (3.7.1)
Uo (G

= S Cl([—am,O],L1+[0,m) x RY),
70 2

\

where t > 0, 0 < a < m, and 0 < a,, < m < oo. Here m represents the
maximum age and a,, stands for the maximum juvenile age. We make the following

assumptions.

(A1) d:[0,m) — Rt and 5:[0,m) — R are bounded and continuous.

(A2) b:RT - RV is C? b, b, and V" are bounded, and 0 < max,cgr+ b(x) < 6 for

some 6 > 0.

(A3) @, = (Ry+ C)T <m < oo, where Ry = C(—& — 1) > 0.
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Next we rewrite (3.7.1) as follows. Let X = R x L!([0,m),R) and define
A:D(A) — X by
0 —z(0) 0
Al | = for € D(A) = {0} x WHL([0,m), R).

x —x x
Note that Xo = D(A) = {0} x L'[0,m). It is well known that A satisfies (H1) (see,

for instance, [19, 34]). Denote

Co = ’ € {0} x L'0,m) | 0 < y(a) < O a.e. a € [0,m)
Y
nd
(G
D(H) = €C(,Cox K) | |[¥]| <Ry,
¥
where K = [%, an) C R and I = [—ay,, 0] for simplicity of notation.

As in Lemma 5.1 of [13], it follows that the relation H : D(H) — K, which is

given by (¢, ¢, a) € H if and only if fi)a[f(;p(g) (0, €)déE+C)tdo =T, is a function
which satisfies the appropriate Lipschitz condition from (H2) with f(Q) = (QE—C;)QTH.

Let My be as in (H3). We give D(A) = {0} x W'0,m) the graph norm,
namely, |v[ = [v(0)| + |y[r: + |¥/[1 for v € D(A).

We would like to study the differentiability of the function H. To this end, let

( 3\

||| < Ro and, for o € I,

I'= € C(L,LY0,m) x [0,m) | [#) (5 ¢)dg > —C/2

and 0 < p(o) <m
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Define G : (0,a,,) x I' = R by G(a, f fo (o, €)dE + C)tdo —T. We

first study the differentiability of G. We commence with some lemmas.

~

Lemma 5 The set T is open in C(I,L'[0,m) x R). In particular, T' := T N

C(I,D(A) x R) is open in C(I,D(A) x R), where D(A) is given the graph norm.

(0
Proof. Let € I'. Fix ay, az € (0,m) such that a; < p(0) < ay. We find

¥
some r; > 0 such that if v, € C(I,R) with ||71 — ¢|| < 71 then a; < v1(0) < ag for

each o € I. The continuity of the map I 3 o foga(g) (o, €)dE € R implies that we
can find 7o > 0 such that, for any o € I, if |z — W(U z/)(a, £)d¢| < ro thenz > —C/2.

m
We note that, for each e C(I,L'0,m) x R) with ||y1 — ¢|| < r1, we have
V2

|7 o, €)ds— [ qa(0, €)de] < |[—al[+] [ ¥(0, €)dE|. Next observe that
the map 0 : I X [a1,a5] D (0,s) — |f;(0) (o, €)dE| is uniformly continuous. Then
7 (o, )t — [ (o, €)de] < h—nl| + 180, 1 (o). Note that [6(, 7 (o)
converges to zero uniformly as ||¢ — 71|| — 0. It follows that we can choose
[l —71]|+]]1> —72|| small enough such that |f0¢(0) VP(o, &)dEé — f (0,8)dE| < ra,

which gives the desired result.

Lemma 6 (i) The partial derivatives D1G(a, 1), @) and
G(a, v, p) € LIC(I,LY0,m)),R) exist in the Fréchet sense and are given

respectively by D1G(a, ¢, )1 = [|; ole ¢(—@>§)d§ +C!
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v( )
¥(o,§)d¢
( 2/) 90 fy f fga(o’) w( f)df-l—C)Q U fOT (a>¢790> € (O7am> X F

(i) The map (0,a,,) X Ty 3 (a, ) = D12G(a, 9, 9) € LR x C(I,L'[0,m)),R)

is continuous, where I', = {¢p € C(I,L*[0,m)) | (¢, ¢) € T'}.

A

(iii) The map G is continuously differentiable in the Fréchet sense on (0, a,,) x I’

and D3G(a, v, p)y = fo (f¢<1f)(¢ 0(525‘:0 do, where (0,a,,) x T inherits the

norm from R x C(I, D(A) x R).

(iv) For (a1, ) € U, the partial derivative DyG(a, ¢, ) € L(C(I,D(A)),R)
has a bounded extension to L(C(I,L'0,m)),R), L(a,v,¢), and the map
(0, am,) % I x C(I,L'0,m)) 3 (a, %, p,7) = L(a, v, ¢)y € R is continuous,

where T has the relative topology induced from C(I,D(A) x R).

Proof. Let (a,1,¢) € (0,a,,) x I'. It follows from the continuity of I 3 o —
JEp(0,€)de € R that DiG(a, 1, 9)1 = [T (—a,§)d¢ + €]~ and it is casy
to check that DG is continuous when I' is given the relative topology from R x
C(I,L'0,m) x R). We turn our attention to D2G(av, ¥, ¢). Define y : (=%, 00) —
R by y(o) = U%C, lo : C(I,R) = R by lo(y) = [° v(0)do, g, C(I, L}[0,m)) —
C(I,R) by g,(v = [P9y(0,6)de, and h : C(I,(~S,0)) — C(I,R) b

h(v)(0) = y(y(0)). Then G(c, ¥, p) = lo(h(9,(¢))) — T and the chain rule gives us

90(0)

y(o,€)de
f"’(")zp 6de 1 C)? do. This

G(a, 1, 9)7 = Dla(h(9,(1)) Dh(g, () Dgo(¥)y = [°

completes the proof of item (i).
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Next we verify item (ii). First, it is easy to check that D;G is continuous on
(0,a,,) x I'. Second, it is easily checked that when ¢ is fixed and («, 1) are allowed
to vary, each of the linear operators in the latter composition vary continuously,
which verifies item (ii).

To show (iii), given (a,, ) € (0,a,,) x I, define g, : C(I,(0,m)) — C(I,R)
by go()(0) = [ %(0,€)ds. Then G(a,,¢) = la(h(gu(¢))) — T and hence

G0, 1, 9)y = Dla(h(94(9)) Dh(gy(9)) Dgulehy = [, i St 2l do. Tt is

clear that the other two partial derivatives of G on (0, a,,) x I' (with respect to the
stronger norm) are given by the same formulas as in (i). Since D;G is continuous

on (0,a,,) x I, it suffices to check the continuity of DyG and D3G on (0,a,,) x I.

We have DI, (h(g,(¢))y = fi)a’y(o)da, which is clearly continuous. Furthermore,

(Dh(g,(¥))y) (o) = s ;(W(E))df—&-C)Z is easily checked to be continuous in (¥, @)
0 9y

(even with respect to the weaker norm) and Dg, (¢ fo (o, &)dE for
v € C(I,D(A)). So, for (¢, ") €T (i =1, 2), we have

©*(0)
D9 (01)3(0) = Do)l = | [ “atone)ie

©?(0) 3
_ / +(0,0) + / doy(o, 0)d0 de
(o) 0

" = &1 1V lea,peay),

IN

which shows that DG is continuous on (0, a,,) X r. Turning our attention to DsG,

it suffices to check that Dgy(p) varies continuously in (¢, ¢). If (¢, ¢") € T (i =1,
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2), then

|Dgyi (¢")v(0) — Dgy2(¢*)v(0)]

= @ (0, 9" (0) — (0, 9% (@)1 (o))

IN

¢*(0)
/ Ayt (o, ) de

(o)

(!W — ?||ew,pay +

)H’YH

and it is now obvious that Dgy () is continuous. This proves (iii).

The first part of (iv) follows from (i). In light of the above discussion, to
complete the proof of (iv), it suffices to check that the map I' x C(I, L[0,m)) 3
(1, 0,7) — Dg,(¥)y € C(I,R) is continuous. For (4%, ¢, 7%) € T' x C(I, L'[0,m))

(1 =1, 2), we have

|Dg1 (V1) (0) = Dy (0?72 (0)] < |Iy' =22 +

and the desired result is now obvious.

Let D(H) := D(H)NC(I,D(A) x R) and H = H|pz).

Lemma 7 (i) The function H : D(H) — K can be extended to a continuously
differentiable function H, : U — K, where U is an open subset of the Banach

space C(I, D(A) x R).

(i) For each (v,p) € U, DiH.(v,p) € L(C(I,L'[0,m)),R) exists as a rela-

tive Fréchet derivative on U and the map U x C(I,L'[0,m)) > (¥, p,7) +
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Dy H (v, )y is continuous when U has the relative topology induced from

C(I, D(A) x R).

Proof. For v € D(H), we have (H(1b, ), 1, ¢) € (0,an)xT, G(H (¥, ), ¥, ) =

¥
0, and D1G(H (¢, ¢),1, ) # 0. By Lemma 6(iii) and an application of the im-

plicit function theorem, we can find an open set U C I’ in C(I, D(A) x R) and
a C' extension H, : U — (0,a,,). The image of H, is actually contained in
K = [Z£, a,,] by the definition of I and G. To verify (ii), fix ¢ € C(I, (0,m)) and let
Gy : (0,am) x I'y, = R be given by Go,(o,¢) = G(a, 9, ). Note that I, is defined
in Lemma 6(ii) and it is open in C(I, L'[0,m)). By Lemma 6(ii), we know that G,
is C! in the Fréchet sense on (0, a,,) x I',. Therefore, if (¢, p) € U then ¢ € Ty,
Go(He (¢, 9),9) =0, and D1G,(H(¢,¢),1¢) # 0. The implicit function theorem
gives us an open set U(p) C Ty, of ¢ and a C'-function H(p) : U(p) — (0, ay)
satisfying H(yp) = H., on U, N U(p), where U, and H., are defined in the obvi-
ous way. Then for each ¢ € C(I,L'[0,m)) such that v + & € U N U(yp) we have

He(Y+&,0) = He(¢, 0) = DH(#)(§) = H(p) (¥ +&) = H(p)(¥) = DH(p)(£) = o(§).

This proves the first part of (ii). The continuity property stated in (ii) follows

from the formula Dy H, (¢, )y = —D1G(He (W, @), %, 0) 'DoG(H (1, ), 0, ©))7,

the continuity of D1G (see proof of Lemma 6), and Lemma 6(iv).
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It follows from Lemma 7 that

(o)
He(1/)7 QO)’Y = fE)He(w ©) fw{o)w (0.6) df—‘rC)? fO —He (4, 90) He<'¢, (p), f)df + C)

and

HoW, 007 = [y TSR o[£ (I (), 0),€)dE +C).

Then rank(DyH. (¢, ¢)) = 1 and hence (H6) is verified. It is not difficult to check

N @(=¢(0)) £)de+C :
that, for (v.¢) € Mo, DH(,¢)(i/¢/) = 1 — i CEDEEE and hence it

is easy to verify the first statement in (H6)* by using this formula. The second
statement of (H6)* can be checked using the above formula for D, H.
Remark. This is the ‘special property of the derivative of H’ mentioned in the

Future Work section of [13].

b(f," B(E)z(€)dE)
Define F : Cy x K — X by F(z,a) = . Then the ver-

—d(-)z()
ification of the subtangential condition (H5) with respect to Cy, K, and F fol-
lows exactly as in [34]. We write F(z,a) = Fi(z,a) + Fy(z), where Fi(z,a) =

b(fa BlE)x(§)de) and Fy(z) = ’ . Taking X; = R x {0} and

0 —d(-)z(")
Xy = {0} x L'[0,m) gives X = X; & X, and hypotheses (H7), (H7)*, and (H4) are

easily verified.

Therefore, by Theorem 5, we have the following result.
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(&
Proposition 12 In addition to (A1)-(A8), assume that e CY(I,LL x RY)

satisfies the following three conditions.
(1) (0,0) = (S, BE)(0,€)de) and B(0)() € WI[0,m).

(ii) For each o € I, 0 < (0)(a) < 0 for all a € [0,m) and p(c) € [ZE, a,,].

2

(ili) For each o € I, [;"4(0)(a)da < C( —1) and [° ol gD(U)z/J(a,E)alf +

Cl'de =T.

Then the initial value problem (3.7.1) has a unique mazximal solution €

C([—am,te), L'[0,m]xR) (t. > 0) in My, such thatt — u(t,-) € C1([0,t.), L*[0,m]),
Uo (0

7(t) is locally Lipschitz on [0,t.), and = . Moreover,
To ¥

(i) For 0 <t < t., [0,m) > a — u(t,a) is absolutely continuous, and for a.e.

€ [0,m),
Owu(t,a) + Ouu(t,a) = —d(a)u(t,a) for 0 <t <t
u(t, 0) _b(/ (e tfdf)
(i) For0 <t <t ft o fT(U) u(o,a)da+ C) 'do =T.

(ili) Fort € [0,t.), the “total population” satisfies [ u(t,a)da < C( —1) and

0 <wu(t,a) <0 for each a € [0,m).
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Actually, we can say more about the differentiability of 7(¢). From Proposi-

tion 12(ii), we note that, for a.e. t € [0,¢.),

[Tt — 7(¢), a)da + c
N " u(t, a)da + C

T'(t)=1-

Since a Lipschitz function with continuous a.e. derivative is continuously differen-
tiable, it follows that 7(¢) is C* on [0,t.). Note that Proposition 12 also implies
that the map [0,.) x [0,m) > (¢,0) — fo (t,a)da € R is C'. Therefore, we obtain

the following result.

Corollary 13 Under the hypothesis of Proposition 12, 7(t) is C? on [0,t.) and

fOT(t_T(t)) u(t—7(t),a)da+C
fOT(t) u(t,a)da+C

T'(t)=1-

This smoothing in time effect for the age of maturity function is caused by the
fact that it satisfies an ODE with a state-dependent delay. The same is not true
for the population density.

In order to derive the “integration along the characteristics” formula we make

the following observations. Define q : [—a,,,t.) x [0,m) — R? by

(

¥(0,a —t) exp(— [, d(0 if 0<t<a,

alt:a) = p( [ BO)u(t — a,0)d0) exp(— [y d(0)d6) ift > a,

Y(t,a) iftel.

\

It is not difficult to check that (g(t,-),7(t))" is a mild solution of (3.7.1) in My on

[—aum, te). By uniqueness, it follows that ¢(t,-) = u(t,-) for t € [—a,, te).
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We conclude this discussion by noting that classical solutions to (3.7.1) in My,
that is, solutions corresponding to initial conditions given in the hypothesis of
Proposition 12, will be even more regular than the abstract semigroup theory tells
us if we assume that the initialization ¢ (¢, a) and the model paramemters in (A1)-
(A3) are more regular. However, the population density can never become smoother
than the initialization v, which is clear from the integration along the characterstics

formula.
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4 (C'-Extendable Banach Manifolds

The purpose of this section is to give an intrinsic definition of a new class of Banach
manifolds and their submanifolds, which has appeared in this thesis concerning the
phase space for our state-dependent delay system. The definition is general enough
to include the “C-extendable submanifold” M introduced in Section 3.4. We begin

by recalling the definition of a C' Banach manifold in the way it is given in [17].

4.1 ' Banach Manifolds

Definition 14 Let X be a set. A C' atlas on X is a collection of pairs (U;, ¢;),1 €

I (for some index set I) satisfying the following conditions:

o (A1) Fach U; is a subset of X and the collection {U;}ier covers X.

e (A2) Each map @; is a bijection of U; onto an open subset p;(U;) of some
Banach space E;. For any 1,7, ©i(U; N Uj) is open in E;.
e (A3) For any i,j the map ;o ;. "« w;(U;NU;) = ¢;(U;NU;) is a C*-
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diffeomorphism.

Then the collection {U; }ier U {gaj_l(W) | W is an open subset of ¢(U;) and j €
I} is a subbasis for a topology on X in which each U; is open and for which each
map ¢; : U; — ¢(U;) is a homeomorphism. For each ¢ € I the pair (U, p;) is
called a chart of the atlas. Suppose that U C X is open and that ¢ : U — U’
is a topological isomorphism, where U’ is an open subset of some Banach space.
The pair (U, ) is said to be compatible with the atlas (U;, ¢;) if the conditions
(A2), (A3) are satisfied when ‘p,’ is replaced with ‘¢’ and ‘U;’ is replaced with ‘U’
for each ¢ € I. Two atlases are compatible if their charts are pairwise compatible.
The compatibility relation on the collection of all C! atlases on X is an equivalence
relation. Given a C' atlas on X, its equivalence class is said to define a C'! smooth

structure on X.

Definition 15 A set X together with a C* smooth structure on X is called a C*

Banach manifold.
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4.2 The C'-Extendable Smooth Structure

We will define a new smooth structure useful for our purposes below.

Definition 16 Suppose the collection (Us, ;) is a C* atlas for X. If in addition

to (A1)-(A3) from Definition 14, we assume the following:

e (A4) For each i the Banach space (E, || - ||i1) is contained in some larger

Banach space (E;, || - |]i0) such that || - ||io < || - |]i1-

o (A5) For any i,j and any p € ¢;(U;NU;), D(p; 0 0i ) (p) € E(EZ-,E]-) has

a bounded extension D.(p; 0 o; ) (p) € L(E;, E;) which is invertible.

e (A6) For any i,j the map p;(U;NU;) x E; 3 (p,7) = De(p; 0 pi 1) (p)y €
E; is continuous, where ¢;(U; N U;) inherits the relative topology from E;.
Furthermore, ¢;(U; NU;) X E; 3 (p,y) — [De(p; o @i V)(p) 'y € E; is

continuous.

We call (U;, ¢;) a C°-extendable atlas for X.
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Proposition 17 The relation (U, v;)ier =~ (Vj,4;)jes if and only if for each i,j
conditions (A2),(A3),(A5),(A6) hold (with v; in place of ¢; and V; in place of

U;), is an equivalence relation on the collection of C°- extendable atlases for X .

Proof. It is clear that (U;, ;) ~ (Ui, pi). Now suppose (U;, ;)ier = (Vj,¥;) e
It suffices to only check conditions (A5) and (A6). We have that for each i €
and each j € J, and any p € ¢;(U; N'V;), D(; o o, Y)(p) € L(E;, Fy) has a
bounded extension D, (v, o ¢;~')(p) € L(E;, F;) which is invertible. (Here v; :
Vi = 9;(V;) C Fj C F). Let g € ¢;(U; N V) then D(g; 0 ¢;7")(q) = [D(¢; o
0 ) (p)] ™! where ¥; 0 ;7 (p) = q. Let L. = D (¢ 0 0,7 ') (p) € L(E;, F;). Then
(L)™' € L(F}, E;) is an extension of D(y; o1; ')(q) having the desired property,
which verifies (A5). The continuity property (A6) is trivial. This shows that
(Vis¥5)jer = (Ui, @i)ier. Now suppose that (U, ¢;)ier == (Vj, ¥;)je0 = (Wi, Br)kex,
where i : Wy — Br(Wy) C G, C Gy Let p € U; N Wj, and choose some V; 3 p.
Then we have that (8, 0 ¢; ') (p) = ((Br o ¥; ") o (1hj 0 ¢;'))(p) and we are granted
bounded invertible extensions D (; 0 ¢; ')(p) € L(E;, Fy) and De(By o 15 ') (¢ 0
0 ) (p)) € L(Fy,Gg). We take D,.(By. o p;')(p) to be the composition of the latter
two in the appropriate order. The continuity property from (A6) follows from the
easily checked fact that the set o;(U; N'V; N W) is open in E; and ¢;(U; NV; N ;)

is open in ﬁ’] (Recall that V; depends on p).
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Definition 18 A set X together with a C°-extendable smooth structure is called a

C°-extendable Banach manifold.

4.3 (C’-Extendable Submanifolds

In this section we give the definition of a submanifold of a C°-extendable Banach
manifold, we then briefly point out why the examples encountered in this thesis are

an instance of these.

Definition 19 By a submanifold of a C°-extendable Banach manifold X we mean
a subset Y having the property that for each y € Y there is some chart (U, ) of X
at y such that ¢ is a homeomorphism of U onto a product Vi x V, where Vi, V5 are

open in some Banach spaces Ey, Ey, respectively, and such that o(YNU) = Vi x{0}.

The remarks following Proposition 8 in Section 3.4 shows that the set M is
a C%extendable submanifold of C'(I, D(A) x R") when the latter is viewed as a
(C%-extendable Banach manifold whose smooth structure is generated by the trivial
atlas, consisting only of the identity map on C'(I, D(A) x R™). It should be pointed
out that the solution manifolds appearing in other literature on state-dependent
delay equations such as [35] are not an instance of our definition. The reason
for this is that our examples are induced by a purely ‘algebraic-delay’ condition,

whereas in [35] a derivative term is involved. Despite this difference among the latter
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examples, both share the property that the tangent spaces of the solution manifolds
are embedded in a larger space with a weaker norm, and that this embedding is

continuous.
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5 Concluding Remarks

5.1 Summary

We have motivated an abstract algebraic-delay differential system in Chapter 1.2
via a two stage age structured population model, in which it is assumed that there
is no competition between juvenilles and adults for resources. The key feature of
the model is that the age of maturity at a given time depends on the history of
the population density, as well as the history of itself. With the help of semigroup
theory, we addressed the existence, positivity and continuity of the solution semi-
flow corresponding to the model equations. Finally, we showed that the solution
semiflow is differentiable with respect to initial data, in a suitable weak sense, in
Chapter 3.6. The latter was carried out by proving the well posedness of a formal
linear variational system in Chapter 3.5, and then finding the right interpolation of
spaces, for which the solution of the linear variational system is actually the deriva-
tive of the solution operator. In order to state the main differentiability result,

Theorem 11 of 3.6, we used the notion of a C-extendable submanifold of a Banach
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space. In Chapter 4 we gave an intrinsic definition of a new class of Banach mani-
folds, and their submanifolds to facilitate the latter and briefly indicated how they
differ with similar examples in other places in the literature on state-depdendent

delay equations.

5.2 Future Research Directions

There are various research directions which can be pursued related to the work
given in the present thesis. Since this work grants a linearization of an abstract
solution semiflow, one can try to derive a principle of local linearized stability. See
[34, 12, 3] for renditions of the linearized stability principle for semiflows generated
by delay differential equations and structured population models, and [9] in case
of ODEs with state-dependent delays. One can try to adpat a proof of the Hopf
bifurcation theorem in [7] and the corrected version in [18], which exploits only
O' smoothness of the solution semiflow, to the present case for the weak type of
differentiability introduced here. The problem of the higher order differentiability
(in the classical sense) for semiflows arising from even ODEs having state depden-
dent delays remains open, see [9]. The question of higher order differentiability (in
a weak sense) with respect to parameters for a system of state-dependent delay
equations is investigated in the work [2] (see also [10]). Perhaps a similar approach

may be looked into here.
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